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Abstract
Accurate simulations of the behavior of RF waves in hot, magnetized fusion plasmas have
traditionally been computationally demanding due to the integro-differential character of the hot
plasma wave equation. In this work a method is described that allows the integral in the
hot-plasma wave equation to be rewritten as a set of differential operators by fitting a
polynomial through the dielectric tensor components. This approach is applied to a
one-dimensional simulation with typical profiles and plasma parameters for the JET fusion
reactor. The accuracy and computational time are compared with an all-orders model and a
truncated Finite Larmor Radius model. It is shown that the proposed method can be used to
achieve accuracies previously only obtained with extremely heavy all-orders models like the
two-dimensional AORSA code, but at significantly reduced computational costs. The MATLAB
code that has been developed in this work is available under the GPLv3 licence.

Keywords: integro-differential, fusion plasma, finite Larmor radius, all-orders, electromagnetics

(Some figures may appear in colour only in the online journal)

1. Introduction

Ion cyclotron resonance heating (ICRH) is a heating method
that is commonly applied in nuclear fusion reactors. Amongst
others JET and ASDEX Upgrade have ICRH at their disposal
[1], and so will ITER and W7-X [2]. At a first glance, this
scheme looks straightforward; an antenna injects RF power
into the plasma, and the power gets absorbed at the location
where the antenna frequency matches an ion resonance fre-
quency or one of its harmonics.

However, due to the presence of various absorption, reflec-
tion, cut-off and mode conversion layers in the plasma, it
is difficult to determine where the injected power will end
up exactly, and which plasma species it will end up heat-
ing. Therefore, predicting where the injected power ends up,
and how efficient the power transfer is, requires numerical
simulations. In addition, design of the ICRH antenna system

requires deep insight in the physics of this heating strategy.
Finally, in preparation of experiments it is useful to design
heating strategies upfront, to make sure the power ends up
heating the desired species at the desired location.

In the past, various numerical models have been created
for this purpose. On the one hand there are all-orders codes,
where no assumption is made on the size of the Larmor radius,
ρL, in relation to the wavenumber perpendicular to the back-
ground magnetic field, k⊥. This type of codes produces accur-
ate predictions of the RF electric field, and are often seen as a
point-of-reference [3–5]. Examples are the All-Orders Spec-
tral Algorithm (AORSA) [6] and TOMCAT-U [7].

Unfortunately, these models are generally associated with
large, dense matrices that require a lot of computational
time to be inverted. For example, one of the early bench-
marks of the Oak Ridge National Laboratory’s Cray XT4
supercomputer showed that an AORSA 2D simulation for
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ITER, on a 500× 500 grid, required 40minutes on 28 900
cores to complete [8, 9].

Of course, more powerful, modern, supercomputers could
get the same job done much faster, as AORSA parallelizes
well [6]. Furthermore, some efforts have been made on run-
ning the AORSA matrix factorization on GPU’s due to a GPU
potentially having a better per-core performance and better
power efficiency [10]. Other acceleration with hardware could
come from high-speed storage, like Intel™Optane [11], which
might benefit out-of-core solvers. It is even not unthinkable
that hardware is designed, specifically created for inverting
large matrices.

However, in practice the problem size often becomes bigger
when the computational capabilities improve [12]. Increasing
the resolution of the images inevitably becomes a demand at
some point in the future. Likewise, simulations for machines
with more complex magnetic geometries, like stellarators,
require significantly more computational resources. There-
fore, in this work an attempt is made to reduce the amount
of work required in the first place.

Some codes, like TORIC [4], EVE [13] and TOMCAT [14],
partly tackle this problem by resorting to a truncated finite Lar-
mor radius (FLR) approximation. In this approximation, the
assumption is made that the Larmor radius is much smaller
than the perpendicular wavelength: ρLk⊥ ≪ 1 [7]. This results
in sparse matrices that require significantly less storage space
to store and CPU-time to invert [4]. For example, TORIC can
do the aforementioned 500× 500 simulation in just 115 CPU-
hours [4].

Unfortunately, this approach breaks down for certain
situations. Around the position where the ICRH waves
are absorbed, so-called Ion Bernstein Waves (IBW) might
arise through a process called mode conversion. The mode-
converted IBW typically has wavelengths comparable to the
Larmor radius: ρLk⊥ ≈ 1. Clearly, this violates the assump-
tions under which these models were created, which can lead
to an underestimation of the amount of damping of the IBW.
Depending on the scenario, the differences with an all-orders
model can be quite large, leading to wrong conclusions about
the amount and the location of the power absorption in the
plasma, and about the relative distribution of the absorbed
power per species [7, 15].

The goal is to develop a model that combines the accurate
prediction for the Ion Bernstein Wave damping from the all-
orders model with the computational cost of a truncated Finite
Larmor Radius model.

The hot-plasma wave equation is discussed in section 2. An
overview of the geometry and plasma properties used in the
1D model is provided in section 3. The three approaches to
the hot plasma simulations are introduced in section 4, includ-
ing the model with the new scheme. These models are imple-
mented in MATLAB, and made publicly available under the
GPLv3 licence3. The models are compared with each other in

3 The code is currently hosted at: https://github.com/Rickbude/EM-
fusionplasma

section 5. Some limitations of the new approach are discussed
in section 6.

2. Wave equation for a hot, magnetized plasma

The assumption is made that all RF fields and current
densities in the plasma are time-harmonic, such that
E⃗(⃗r, t) = ℜ{E⃗(⃗r)eiωt}, with E⃗(⃗r) a complex-valued time-
independent vector phasor. By combining the Maxwell–
Faraday Equation and Ampère’s circuital law, the Helmholtz
equation for time-harmonic fields can be found [6, 16]:

−∇×∇× E⃗(⃗r)+ k20E⃗(⃗r) =−iωµ0⃗J(⃗r). (1)

Here k0 = ω/c is the free-space wavenumber. The plasma is
assumed to be source-free, such that the only contribution to J⃗
comes from the induced plasma current J⃗p. A one-dimensional
model is used, where the variation of E⃗ in the y and z dir-
ection is captured by a Fourier decomposition in those dir-
ections using wavenumbers ky and kz. Toroidal curvature is
accounted for by defining a toroidal mode number ntor, such
that kz = ntor/R, with R the radial coordinate as defined in
section 3. With this in mind, the curl-curl operator from (1)
is rewritten as the 3× 3 tensor ¯̄D:

−∇×∇× E⃗(x) = ¯̄D(x) · E⃗(x) , (2)

¯̄D(x) = ¯̄D0 (x)+ ¯̄D1 (x)
∂

∂x
+ ¯̄D2

∂2

∂x2
, (3)

¯̄D0 =

−(k2y + k2z ) 0 −ikz/R
−iky/R −k2z kykz
ikz/R kykz −k2y − 1/R2

 , (4)

¯̄D1 =

 0 −iky −ikz
−iky 1/R 0
−ikz 0 1/R

 , (5)

¯̄D2 =

0 0 0
0 1 0
0 0 1

 . (6)

Furthermore, an expression for the plasma current J⃗p is
required. The hot, magnetized plasma in a fusion reactor is
an inhomogeneous and anisotropic medium. In general, its
response to the electric field is non-local and dispersive in both
space and time, and it can be expressed as [6, 17]:

J⃗p (x, t) =
ˆ t

−∞

ˆ ∞

−∞
¯̄σ (x,x ′, t, t ′) · E⃗(x ′, t ′)dx ′dt ′. (7)

The spatial dependence of the conductivity tensor ¯̄σ is
caused by the spatially-dependent plasma properties like its

2
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density n and temperature T, and the background magnetic
field B⃗ [6]. However, it is not common to find expressions for
¯̄σ (x,x ′, t, t ′) directly in literature; most of the time expressions
are provided for the conductivity tensor in the spectral domain,
for homogeneous plasmas.

These expressions can be used by assuming that the plasma
is locally homogeneous, which means that the scale over
which the non-uniformities take place are much larger than
the wavelengths in the plasma [18, 19]. For the relatively
smooth profiles used in JET (section 3), this is a reasonable
assumption.

A first order approximation in this case, is that the spec-
trum of the plasma current at each position x in the plasma
can be written as the matrix product between the spectrum of
the conductivity tensor evaluated at that position, ¯̄σ (x,kx), and
the spectrum of the electric field, E⃗(kx) [6]. The inverse Four-
ier transform is then used to obtain an expression in the spatial
domain:

J⃗p (x) =
ˆ ∞

−∞
¯̄σ (x,kx) · E⃗(kx)eikxxdkx. (8)

Defining the dielectric tensor ¯̄ϵ as:

¯̄ϵ(x,kx) = ¯̄I+
i
ωϵ0

¯̄σ(x,kx), (9)

and putting all pieces together into the one-dimensional ver-
sion of (1) yields the integro-differential equation that is used
is this work:

¯̄D · E⃗(x)+ k20

ˆ ∞

−∞
¯̄ϵ(x,kx) · E⃗(kx)eikxxdkx = 0. (10)

Expressions for the dielectric tensor can be derived for any
differentiable equilibrium velocity distribution [20]. However,
similar to [6, 7], a simplification is made by using isotropic
Maxwellian velocity distributions without drifts. This leads to
relatively straightforward expressions for ¯̄ϵ [21]:

¯̄ϵ=

 K1 + s2K0 K2 − csK0 cK4 + sK5

−K2 − csK0 K1 + c2K0 sK4 − cK5

cK4 − sK5 sK4 + cK5 K3

 , (11)

s= sin(ψ), c= cos(ψ), ψ = tan−1

(
ky
kx

)
. (12)

The angle ψ between the perpendicular wavevector com-
ponent and the x-axis can be determined using the four-
quadrant arctangent atan2. The expressions for K0 . . .K5 are
given by [21]:

K0 = 2
∑
j

ω2
pje

−λj

ωkzvj

∞∑
n=−∞

λj (In− I ′n)Z(ζnj), (13)

K1 = 1+
∑
j

ω2
pje

−λj

ωkzvj

∞∑
n=−∞

n2In
λj

Z(ζnj), (14)

K2 = i
∑
j

qjω2
pje

−λj

|qj|ωkzvj

∞∑
n=−∞

n(In− I ′n)Z(ζnj), (15)

K3 = 1−
∑
j

ω2
pje

−λj

ωkzvj

∞∑
n=−∞

InζnjZ
′ (ζnj), (16)

K4 = i
∑
j

k⊥ω2
pje

−λj

2kzωΩcj

∞∑
n=−∞

nIn
λj
Z ′ (ζnj), (17)

K5 = i
∑
j

k⊥qjω2
pje

−λj

2|qj|kzωΩcj

∞∑
n=−∞

(In− I ′n)Z
′ (ζnj). (18)

These definitions make use of some common plasma prop-
erties: the cyclotron frequency Ωcj, the plasma frequency ωpj,
the thermal velocity vj and the Larmor radius ρLj [6]:

Ωcj =
|qj|
∣∣∣B⃗∣∣∣
mj

, ωpj =

√
njq2j
ϵ0mj

. (19)

vj =

√
2kBT
mj

, ρLj =
vj
Ωcj

. (20)

Furthermore, λj is the argument of the modified Bessel
function of the first kind of order n, In (λj), and ζnj is the argu-
ment of the plasma dispersion function, Z(ζnj) [22, 23]:

λj =
1
2
k2⊥ρ

2
Lj, (21)

ζnj =
ω+ nΩcj

k∥vj
=
ω/Ωcj+ n
k∥ρLj

. (22)

I ′n (λj), the derivative of the modified Bessel function of
order n with respect to λj, and Z ′ (ζnj), the derivative of the
plasma dispersion function with respect to ζnj, are respectively
given by [22, 24]:

I ′n (λj) =
1
2
[In−1(λj)+ In+1(λj)], (23)

Z ′ (ζnj) =−2[1+ ζnjZ(ζnj)]. (24)

In the case where k⊥ = 0 and/or k∥ = 0, appropriate lim-
its for (13)–(18) are used. A series expansion is used for

3
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Figure 1. A simple sketch of a tokamak with JET-like proportions
(top), and the corresponding 1D simulation domain (bottom). The
metallic walls are at x = −a and x = a.

e−λjIn (λj) for largeλj ([25], equation 9.7.1), since this product
has poor numerical properties for large λj. Furthermore, vari-
ous approximations for Z(ζnj) are used to speed up the calcu-
lation of K0 . . .K5 [26, 27].

Note that in principle, an infinite number of terms should be
added to the sums over n in K0 . . .K5. However, the sum con-
verges at a reasonable speed for low λj, which is why n was
limited to [−4,4] in all simulations. Furthermore, K0 . . .K5 are
position-dependent, because the density, magnetic field and
temperature vary throughout the plasma.

3. Description of the one-dimensional plasma
model

The one-dimensional simulation geometry used in this work is
based on a tokamak with JET-like proportions, having a major
radius R0 = 2.97 m and minor radius a= 1.05 m. A sketch of
such a tokamak, with corresponding 1D simulation domain, is
given in figure 1. A shifted radial coordinate x is used, such that
x= R−R0, R being the radial distance from the machine axis.
The chosen operating frequency and toroidal mode number are
representative for the JET ICRH antenna in dipole phasing:
f = 51 MHz and ntor = 27 [28].

The boundaries of the simulation domain are located at
x=±as =± L/2, with as = 1.35 m. The region between a
and as is a non-physical ‘spill-over’ region that allows the elec-
tric field to be periodic across the simulation domain, a require-
ment for the Fourier-type approach of the all-orders model.
This makes it easier to deal with the aperiodicity caused by
evanescent regions in the plasma edge and the one-sided excit-
ation. In post-processing these spill-over areas are removed.
An equidistant grid is used with N grid points.

3.1. Environment properties

The simplification is made that the background magnetic field
has no poloidal component. For the toroidal component, Bz,
a 1/R decay is used [29]. The magnetic field strength on the
magnetic axis, B0, is equal to 3.45 T:

-1.5 -1 -0.5 0 0.5 1 1.5

0

2

4

6

-1.5 -1 -0.5 0 0.5 1 1.5

0

2

4

6

Figure 2. Electron density (top) and electron temperature (bottom)
for JET parameters. The transition point between the parabolic-like
core plasma profiles and the exponentially decaying edge plasma
profiles at x = ap is indicated with the dashed lines.

Bz (x) = B0
R0

R
= B0

R0

x+R0
. (25)

Simplified profiles are assumed for the density and the tem-
perature profiles as well, based on work of Van Eester and
Lerche [7]. In the core plasma, the profiles are defined by the
parabolic-like functions Gcore (x), and in the plasma edge the
profiles decay exponentially according to Gedge (x):

Gcore (x) = (G0 −Gp)

(
1−

(
x
ap

)2
)α

+Gp, (26)

Gedge (x) = Gpe
−|x−ap|

λ . (27)

G0 is the temperature or density value on the magnetic axis.
ap is the transition point between the parabolic-like core pro-
file and the exponential decaying edge profile.Gp is the density
or temperature at this point. α and λ are shaping parameters
for the core and edge profiles respectively. The density profile
is parabola shaped with αn = 1, while the temperature pro-
file has a stronger peaked nature with αT = 1.5. Both for the
temperature and the density λT = λn = 0.05 is chosen. In all
models, ap = 0.95 m, n0 = 7× 1019 m−3, ns = 2× 1019 m−3,
T0 = 5 keV and Ts = 100 eV. The profiles are plotted in
figure 2. The plasma mixture is a fully ionized deuterium
plasma with a 5% hydrogen minority. The same temperature
is used for the electrons and the ions.

3.2. Boundary conditions

In this system, the boundary conditions are chosen such that
the left wall, at x=−a, is a Perfect Electric Conductor (PEC),
forcing Ey and Ez to 0. At the right wall, at x = a, the excita-
tion is modeled by setting a finite value for Ey. This effectively

4
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models a situation where a Faraday screen is present in front
of the ICRH antenna, preventing the electric field component
parallel to the backgroundmagnetic field from passing through
[30]. This gives four Dirichlet boundary conditions for Ey
and Ez:

Ey|x=−a = 0, Ey|x=a = 1, (28)

Ez|x=−a = 0, Ez|x=a = 0. (29)

These boundary conditions are added to the system matrix
via Lagrange multipliers [31]. A total of 4 rows and 4 columns
are added to the system matrices by conditions (28) and
(29). Additionally, periodic boundary conditions are applied
at x = ±as.

4. Hot plasma models

Three one-dimensional hot plasma models have been cre-
ated, each with their own strengths and weaknesses. First, an
‘all-orders model’ is discussed, which is accurate, but com-
putationally demanding. Secondly, a ‘truncated Taylor series
model’ is discussed, which is very fast, but fails to predict the
damping of the Ion Bernstein Wave correctly. Finally, a ‘trun-
cated polynomial fit model’ is discussed, which aims to com-
bine the best from both. The results of the three models are
compared in section 5.

4.1. All-orders model

The first hot plasma model that is discussed, is an all-orders
model. All-orders refers to the fact that no assumption is made
on the value of λj. It has been created based on the All-Orders
Spectral Algorithm (AORSA), from the work by Fred Jaeger
[6]. This model was recreated for a one-dimensional case, with
a few minor changes. It will be considered to be the point of
reference for the differential models.

The core of the AORSA code is the usage of the spectral
collocation method, in which the electric field is expanded
in a sum of Fourier modes. In a one-dimensional simulation
domain of length L, these Fourier modes have wavenumbers
kn = 2πn/L, with integer n ranging from −N/2 to N/2. In this
method, N is simultaneously the number of gridpoints and the
number of modes. The goal of the all-orders simulation is find-
ing the complex magnitudes E⃗n corresponding to each Fourier
mode kn. Under this discretization scheme, E⃗ is given by:

E⃗(x) =
∑
n

E⃗ne
iknx. (30)

Using a similar expansion for the plasma current, an expres-
sion is obtained that is linear in E⃗n. At each position in the
plasma, the plasma current can be found based on the local
spectrum of the hot plasma dielectric tensor [6]:

J⃗p (x) =
∑
n

¯̄σ (x,kn) · E⃗neiknx. (31)

The expressions for the electric field and the plasma cur-
rent can be substituted directly into the Helmholtz equation
(1), which yields a system of equations in which E⃗n are the
unknowns:∑

n

[
¯̄D(x,kx)+ k20¯̄ϵ(x,kn)

]
· E⃗neiknx = 0. (32)

Due to the plane wave approximation, ¯̄D from (3) reduces
to:

¯̄D(x,kn) = ¯̄D0 (x)+ ikn ¯̄D1 (x)− k2n
¯̄D2 (x) . (33)

The curl-curl tensor ¯̄D can be grouped together with the
dielectric tensor ¯̄ϵ to produce the combined tensor ¯̄Mn, which
allows for a very compact notation of equation (32):∑

n

¯̄Mn (x,kn) · E⃗neiknx = 0, (34)

¯̄Mn(x,kn) = ¯̄D(x,kn)+ k20¯̄ϵ(x,kn) . (35)

A Galerkin-type method is then used for writing down a
weak formulation of (34), by multiplying both sides with a
test functionGn(x), and integrating over the entire domain. The
test functions are chosen to resemble the Fourier harmonics of
which E⃗ is also constructed:

ˆ as

−as

Gn(x)
∑
n

¯̄Mn (x,kn) · E⃗neiknxdx= 0, (36)

Gn(x) = e−ik ′n x. (37)

Discretizing the integral in (36) leads to an expression
that can efficiently be evaluated using the Fast Fourier Trans-
form (FFT). One additional optimization applied to the mat-
rix setup phase is the sampling of the dielectric tensor at only
Nk ≈ N/10 points in k-space. The intermediate values are cal-
culated using spline interpolation, with a negligible effect on
the final results. The resulting system matrix for this weak
problem is diagonally dominant, with a fill-factor nearing
100%. Each grid point adds N 3× 3 tensors to the matrix, so
there is a total of 3N× 3N contributions to the system matrix
in a one-dimensional case.

4.2. Truncated Taylor series model

An alternative to the approach taken for the all-orders model,
where the Helmholtz equation is solved in the spectral domain,
is writing a model in the spatial domain. The description
that follows in this section shows just one of the possible
routes that can be used. It was suggested by Dirk Van Eester
and adapted for 1D application. This model will assume that
λj ≪ 1, which is correct for the fast wave, but incorrect for
mode-converted Bernstein waves. However, it is much faster
than the all-orders model discussed in section 4.1. Further-
more, the elegant method of combining the spectral domain
and the spatial domain in this model lays the foundation for

5
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Figure 3. Comparison between the calculated spectrum of the
dielectric tensor component ε11 (solid line) and the second order
Taylor expansion (dashed line) around kx = 0. Note how the
approximation only holds in a relatively narrow region.

the truncated polynomial model, which will be discussed in
section 4.3.

A second-order Taylor expansion of the dielectric tensor
around kx = 0 is used to obtain an approximation of its beha-
vior around the origin:

¯̄ϵ(x,kx)≈ ¯̄ϵ(x,0)+ kx¯̄ϵ
′(x,0)+

1
2
k2x ¯̄ϵ

′ ′(x,0), (38)

where ¯̄ϵ ′(x,0) and ¯̄ϵ ′ ′(x,0) denote respectively the first and
second derivatives of ¯̄ϵ(x,kx) with respect to kx, evaluated at
kx = 0. These derivatives can in principle be derived analyt-
ically from (13)–(18), but in this work they are determined
numerically using a second order finite difference method. A
graph of ϵ11 (x,kx) in the core of JET is provided in figure 3,
together with its Taylor expansion around kx = 0. The domain
is normalized with the hydrogen Larmor radius ρLH.

A neat property of the inverse spatial Fourier trans-
form is now used, which is the key to both the truncated
Taylor series model, and the truncated polynomial fit model
from section 4.3. For an arbitrary function f(kx), the inverse
Fourier transform of (ikx)nf(kx) results in an nth derivative
of f(x) [32]:

ˆ ∞

−∞
(ikx)

n f(kx)e
ikxxdkx =

dn

dxn
f(x) . (39)

This property is the key to writing the integro-differential
wave equation from the hot plasmamodel, (10), as a purely dif-
ferential model. Sparse, banded matrices are obtained, instead
of the completely filled matrices, common to the all-orders
model.

When the approximation for the dielectric tensor (38) is
substituted in the wave equation (10), the inverse Fourier trans-
form property (39) can be used, which transforms the powers
of kx into derivatives of E⃗(x) respect to x. It is at this point that
the integro-differential equation becomes a purely differential
Equation, which can be solved much faster. The definitions for

¯̄D0, ¯̄D1 and ¯̄D2 are used to write the Helmholtz equation in a
compact form:

2∑
p=0

¯̄Mp ·
dp

dxp
E⃗(x) = 0, (40)

M0 =
¯̄D0 + k20¯̄ϵ(x,0) , (41)

M1 =
¯̄D1 − ik20¯̄ϵ

′(x,0), (42)

M2 =
¯̄D2 − k20

1
2
¯̄ϵ ′ ′(x,0). (43)

The derivatives of E⃗(x) with respect to x are discretized
using a second order central difference scheme [33].

4.3. Truncated polynomial fi t model

This model is the novel contribution of this work. It is based on
the observation that the dielectric tensor is, undermost circum-
stances, a smooth and slowly varying function of k⊥, see for
example figure 3. This observation is exploited by fitting anNth

p
order polynomial through the dielectric tensor components.
Fourier transform property (39) is then used, which allows a
reduction from an integro-differential equation to an Nth

p order
differential equation. This offers significant benefits regarding
computational complexity compared to the all-orders model,
while not sacrificing too much accuracy, as will be shown in
the results.

ICRH simulations with the all-orders model suggest that
ion Bernstein waves with wavelengths comparable to the Lar-
mor radius are formed: kxρL ≈ 1 [6]. Therefore, a polynomial
in kx of order Np is fitted through this window:

ϵij (x,kx)≈
Np∑
p=0

cij,p (x)k
p
x . (44)

This is visualized in figure 4, where a sixth order polyno-
mial is fitted through ϵ11 in the domain −1< kxρLH < 1. The
earlier mentioned JET parameters are used, close to the hydro-
gen resonance layer, at x = −0.1 m.

The inverse Fourier transform property, (39), can be used
again to deal with the integral in the Helmholtz equation. As
such, the hot plasma current can be translated to a sum of deriv-
atives, up to order Np. Per grid point xi 9 fits are performed,
one for each dielectric tensor component ϵij. The coefficients
for each power p of kx are contained in the 3× 3 tensor ¯̄cp,
yielding:

ˆ ∞

−∞
¯̄ϵ(x,kx) · E⃗(kx)eikxxdkx =

Np∑
p=0

(−i)p¯̄cp (x) ·
dp

dxp
E⃗(x).

(45)
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Figure 4. Demonstration of a sixth order fit through
−1< ρLHkx < 1, for JET-like parameters around the hydrogen
resonance layer. The fits are the dashed red lines, the actual lines
are solid. Note that, compared to figure 3, the approximation is
more accurate over a much wider range.

Rewriting the curl-curl as the operator ¯̄D, comparable to
(2), and inserting (45) in the general Helmholtz equation, (10),
yields a differential form of the Helmholtz equation: ¯̄D(x)+ k20

Np∑
p=0

(−i)p¯̄cp (x)
dp

dxp

 · E⃗(x) = 0. (46)

A clean expression remains for the Helmholtz equation:

Np∑
p=0

¯̄Mp ·
dp

dxp
E⃗(x) = 0, (47)

¯̄Mp =
¯̄Dp+ k20(−i)p¯̄cp (x) . (48)

Here ¯̄Mp is the 3× 3 tensor containing the contributions
from ¯̄Dp and ¯̄cp. ¯̄Dp delivers the three contributions ¯̄D0, ¯̄D1 and
¯̄D2 from (4)–(6), while ¯̄cp delivers contributions up to p= Np.

For every position in the plasma, the hydrogen Larmor
radius ρLH is determined. The window over which the fit is per-
formed, ranging from−kxmax . . . kxmax, is then scaled with ρLH .
Effectively, this means that for the lower temperatures near the
edge, a wider spectrum is considered for the fit. A ‘window
size’ parameterW is introduced for this purpose, such that the
quantity kxmaxρLH stays constant across the simulation domain:
W= kxmaxρLH. Note that W bears a lot of similarities with λj,
equation (21).

The dielectric tensor is sampled at a minimum of Np+1
points in the range −kxmax . . . kxmax. A least squares fit is per-
formed through these points to find Np+1 coefficient matrices
¯̄cp. The contributions from the curl-curl are then added accord-
ing to (48) to find Np+1 matrices ¯̄Mp. The derivatives of E⃗(x)
with respect to x are discretized using a central difference
scheme. The central difference coefficients required for the
derivatives up to order Np can be found in literature [34].

5. Comparison of hot-plasma models

In order to quantify the accuracy of the three models with
respect to each other, a simple error metric is desired. Physics-
based metrics could for example be the position of the peak
power deposition, the heating efficiency, or the relative distri-
butions over the different species in the plasma. However, the
current model lacks a description for the kinetic flux, which
means that part of the power absorption is not accounted for.
As such, these models cannot give a quantitative answer to
those questions, making these metrics unreliable.

Therefore, the more abstract Root Relative Squared Error
(RRSE) [35] of the electric field is used to represent the relat-
ive difference between two simulation results. When the com-
plex electric field samples from the reference simulation are
denoted by E ref

n , the samples from the tested simulation by
E sim
n , and the number of samples involved in the comparison

by Ncmp ⩽ N, the RRSE is given by:

RRSE=

√√√√√∑Ncmp

n=1 |E sim
n −E ref

n |2∑Ncmp

n=1

∣∣∣E ref
n −E ref

∣∣∣2 , (49)

where E ref is the mean of E ref
n . The RRSE is calculated for

Ex, Ey and Ez separately, since these have very different mag-
nitudes. When the resolutions of the two models are not the
same, spline interpolation is used to map the reference results
onto the low-resolution grid. The advantage of this metric is
that it provides an error relative to the total signal strength,
without magnifying errors around zero-crossings. A poten-
tial disadvantage is that shifts in the data can be punished
strongly.

The errors in the following sections are all calculated with
respect to a high-resolution result from the all-orders model.
Specifically, 12 601 gridpoints were used, which requires a
machine with about 50GB available memory. Higher resolu-
tions require more RAM,memorymanagement optimizations,
or techniques like out-of-core solvers. Only the fields within
the core plasma, spanning from x =±ap are considered in the
error computations.

5.1. Comparison of the electric field generated by the three
hot-plasma models

While discussing the results, it should be noted that there are
three electric field components:Ex,Ey andEz. However,Ez has
a much smaller amplitude compared to Ex and Ey due to the
large conductivity parallel to the magnetic field. Furthermore,
Ey does not contain the mode-converted ion Bernstein wave
for the JET-case under consideration. Therefore, only |Ex| is
shown in figure 5. The focus is on the region where the ion
Bernstein Wave is present, which is to the left of the funda-
mental hydrogen ion cyclotron resonance layer, near x = 0.

The main difference between the three graphs can be
found in the amount of damping of the mode-converted
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Figure 5. Results for |Ex| in the region −ap < x< 0 by each
model, in the order they were treated in section 4. A resolution of
N = 2017 is used. The RRSE is calculated with respect to a
high-resolution all-orders simulation (N = 12 601). The truncated
polynomial fit model more accurately predicts the small-wavelength
IBW damping.

ion-Bernstein wave from right to left. The IBW attenuates sig-
nificantly slower in the truncated Taylor series model, com-
pared to both the all-orders model and the truncated polyno-
mial fit model. The truncated polynomial fit model and the all-
orders model show very similar results, testified by the low
RRSE.

5.2. Absorbed power—all-orders compared to truncated
Taylor series

In order to rigorously describe the absorbed power, the model
requires a description for the kinetic flux [7]. Without it, only
the Poynting flux can be calculated from the electric fields
[36]:

Pabs(x) =
1
2
ℜ{E∗(x)Jp(x)} . (50)

The fact that a flux component is missing becomes apparent
in figure 6, where the absorbed power is seemingly oscillating
around 0, which is not physically correct. Therefore, only
a qualitative comparison between the all-orders model and

-1.5 -1 -0.5 0 0.5 1 1.5

0

0.02

0.04

0.06

0.08

0.1

e

H

D

total

-1.5 -1 -0.5 0 0.5 1 1.5

0

0.02

0.04

0.06

0.08

0.1

e

H

D

total

Figure 6. Comparison of the absorbed power, based on the
Poynting flux, between the all-orders model (top) and the truncated
Taylor series model (bottom). The all-orders model predicts a faster
absorption to the left of x = 0 of the short-wavelength IBW.

the truncated Taylor series model can be made. The results
from the truncated polynomial fit model are not included
in figure 6, as they are visually identical to the all-orders
model.

Note how for the truncated Taylor series model, the power
absorption by deuterium to the left of x = 0 is less concen-
trated and smeared out over a longer distance. The appar-
ent reduced damping of the IBW in the truncated Taylor
series model, compared to the all-orders model, is in line with
[7, 15].

5.3. RRSE as function of N-comparison between models

To show the effect of increasing resolution, a comparison
between the three models is made. For the truncated polyno-
mial fit model, the choice is made for a fit window ofW = 1.2
and a polynomial order ofNp = 8. For the JET case under con-
sideration this choice provides all-orders-like results across a
large range of resolutions, as demonstrated in figure 7.

Only grids that have nodes both at x = ±a and at x = ±as
are used, such that the boundary conditions can be set exactly
at x=±a. With as = 1.35m and a= 1.05 m this works out to
resolutions satisfying N= g ∗ 18+ 1, for any integer g.

The truncated Taylor series model does not benefit a lot
from increasing the resolution beyond about 1000 grid points.
Beyond this point, the fast wave results are correct, but the
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Figure 7. Error as function of the number of grid points, in
comparison to a high-resolution all-orders model. For the truncated
polynomial fit model, Np = 8 and W = 1.2 is used. Note how the
truncated Taylor series model does not improve much after about
1000 grid points, while the truncated polynomial fit model can
produce much lower errors.

damping of the Ion Bernstein Wave is not, as demonstrated in
figure 5. Increasing the resolution does not solve this issue.
Meanwhile, the truncated polynomial fit model can produce
more accurate predictions of the Ion Bernstein Wave damp-
ing, which manifests itself in a lower achievable RRSE. Note
that aroundN = 6500 the RRSE of the truncated polynomial fit
model increases rapidly. This is likely due to numerical pollu-
tion: the reciprocal condition number of the systemmatrix is of
the order 1021 for N = 6000, up from about 1015 at N = 2000.
Higher polynomial orders and higher resolutions tend towards
worse matrix conditioning.

5.4. Comparison of the computational complexity

All of the one-dimensional models under consideration com-
plete within minutes, even the all-orders model. The largest
benefit of using a differential-based model comes from the
scaling of the computational timewith respect to the total num-
ber of gridpoints. This will have the clearest effect in 2D and
3D applications. In order to clarify this statement, the three
one-dimensional models are run for different resolutions, and
the runtime is recorded. The results are presented in figure 8.
The computational effort is split in the preparation phase and
the matrix solve phase, since these scale differently.

For the all-orders model, simulations up to N = 9000 have
been performed, as this is about where memory limitations
come into play for a decent workstation equipped with 32GB
RAM. The two finite difference models can be run with much
higher resolutions due to the sparsity of the matrices, and
as such they have been calculated up to N = 100 000, even
though the error of the truncated polynomial fit model rap-
idly increases for N> 5000. Linear fits have been calculated
through the log-log plots, to determine the Nα scaling of the

102 104

10-2

100

102

All-orders
Polynomial
Taylor

102 104

10-2

100

102

Figure 8. Computational time taken for the electric field calculation
by the three different models. The left image shows the time needed
in the preparation stage, while the right image shows the time
needed for the matrix inversion. The straight lines are the fits used to
determine Nα scaling of the computational time, and the found
values are added in the plot. The legend applies to both graphs. The
vertical scaling is aligned for easy comparison.

Table 1. Extrapolation of the computational time for each model to
2D and 3D, based on figure 8.

Truncated
Taylor

Truncated
polynomial All-orders

Matrix setup ∝N0.8 ∝N0.8 ∝N1.8

Matrix invert ∝N1.0 ∝N1.0 ∝N3.0

Stencil size 3 9 —
N = 200 (1D) 0.15 s 0.9 s 2.2 s
N = 4E4 (2D) 3 s 110 s 19 h
N = 8E6 (3D) 14min 24 h 14 ky

computational time required for both the preparation phase
and the matrix solve phase. For the fits only the values for
N> 2000 into account, as this is approximately where the lin-
ear regime starts for all three models.

For the two finite difference models, the time required to
solve the linear system scales approximately with N, while
it scales with N3.0 for the all-orders model. The preparation
phase consumes a significant amount of time for all three mod-
els, but scales less strongly with N for high resolutions.

In table 1 these findings are extrapolated to 2D and 3D
situations, under the assumption that each direction requires
200 modes in the multi-dimensional cases. Additionally, the
approximation is made that multi-dimensional finite differ-
ence schemes influence the computational time by raising the
stencil size s to the number of dimensions D: t∝ sD. Finally,
the assumption is that the same hardware would be used for
the 2D and 3D simulations: a hexacore Ryzen 5 3600, with
32GB RAM.

9
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Figure 9. RRSE as function of the fit windowW, for five different
polynomial orders. Higher polynomial orders can lead to a lower
error, but the fit window must be chosen appropriately. The dashed
line shows the RRSE of the truncated Taylor model at the same
resolution.

6. Effect of the polynomial order and fit window

For the results in the previous chapter, an 8th order polyno-
mial was used with a window size ofW = 1.2. However, both
the polynomial order Np and the fit window W can be chosen
freely, and both significantly influence the quality of the fit
and the description of the dielectric tensor in k-space. For a
fixed resolution of N = 2017, the RRSE for various polyno-
mial orders and fit windows is given in figure 9.

Higher polynomial orders tend to be able to achieve a lower
minimum RRSE, assuming an appropriate choice for the fit
window is made. This is not trivial, since especially the high-
order polynomials show a very strong, and at times stochastic,
response to changes in W. A further complicating factor is
that the optimal choice for Np andW is also dependent on the
chosen resolution and the plasma properties. High polynomial
orders seem to be limited to lower resolutions for example.
For most of the plots in this work, Np = 8 and W = 1.2 were
chosen, but clearly a 12th order polynomial could have worked
even better for these settings and plasma profiles. The dif-
ference in computational time required between Np = 8 and
Np = 12 is less then 10% in this particular case.

7. Discussion

From the last section it should be clear that there are three non-
plasma-related parameters that influence the model perform-
ance: the number of grid points N, the fit window W and the
polynomial order Np. By carefully choosing a suitable com-
bination of these parameters, all-orders-like accuracy can be
achieved with a much faster differential-only approach.

However, this poses a problem for the applicability of this
model: without a-priori knowledge of the location of the min-
ima in the error, a reference model is required to find a suit-
able combination of these parameters. In order to increase
the applicability of the model, the exact effect of resolution,
fit window and polynomial order on the accuracy should be
investigated.

0 0.5 1 1.5 2
0

0.5
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1.5
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0
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Figure 10. Comparison between a fourth order fit and a fourth order
Taylor polynomial of In(λ)e−λ, an important component of the
dielectric tensor.

Furthermore, it was noticed that the system matrices suf-
fer from very high condition numbers, typically of the order
1015–1019. The source of this poor conditioning has not been
identified yet. The conditioning gets worse when high-order
derivatives are used, associated with high polynomial orders.
Some preliminary testing with quad-precision has been done
using the Advanpix Multiprecision Computing Toolbox [37]
forMATLAB, and although this offers some improvement, the
performance loss is quite significant. Possibly, other numer-
ical schemes like finite elements offer a solution, which have
as added advantage that it is possible to assign higher resolu-
tion to areas where it is needed.

One could argue that the comparison between the truncated
polynomial fit model and the truncated Taylor series model
is incomplete, since a second order Taylor expansion is com-
pared with an eighth order fit. However, the Taylor expansion
of some of the components in the dielectric tensor quickly
loose accuracy away from the origin. One such component is
In(λ)e−λ. In figure 10a fourth order Taylor expansion of this
function around kx = 0 is compared to a fourth order fit over a
windowW = 2.

The behavior near the origin is generally better approxim-
ated with a Taylor series, but the overall representation of the
function within the chosen fit window is better using a fit.
Furthermore, a fit can be made, no matter how complex the
expressions for the dielectric tensor. While the Taylor expan-
sion of (13)–(18) can relatively easily be determined analyt-
ically for the case considered in this work, it becomes much
more difficult when the assumption of isotropic Maxwellians
and absence of poloidal magnetic field are dropped.

8. Future work

An interesting follow-up question would be to investigate
whether this approach can be ported to a 2D or 3D case. Instead
of fitting a polynomial through ¯̄ϵ(kx) |x=xt , this would trans-
late to fitting curved planes through ¯̄ϵ(kx,ky) |x,y=xt,yt in a 2D
simulation, by treating the two perpendicular directions on a
similar footing. A hybrid approach is also imaginable, where
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the truncated fit method is used for the radial direction, and
the spectral collocation method for the poloidal and toroidal
direction. These directions are better suited for fourier-type
approaches, as they are periodic by definition. Exploring these
possibilities and evaluating the issues involved will be part of
future work.

The model could be improved by taking a DC plasma cur-
rent into account, which adds an additional poloidal magnetic
field component. In this case, the assumption that kz = k∥ is
not valid anymore, which would probably require some sort
of coordinate transformation [6].

Furthermore, a proper description of the kinetic flux would
allow for more accurate predictions of the power absorp-
tion and current drive efficiency. The TOMCAT [14] and
TOMCAT-U [7] papers by Dirk Van Eester discuss how to
correctly account for the kinetic flux, but retrofitting this to
the existing model is not feasible. Starting from scratch with
the proper equations is the preferable route, as demonstrated
in recent follow-up research on this work [38].

Finally, an investigation of other methods for approximat-
ing the spectrum of ¯̄ϵ would be interesting follow-up research.
This could include piecewise splines, or special families of
polynomials like Hermite polynomials or Chebyshev polyno-
mials. Other methods that might be of interest are the spectral
element method [39] or wavelets [40].

9. Conclusion

The novel contribution from this work, the truncated polyno-
mial fit model, produces results for electric fields in a JET-like
ICRH scenario that closely resemble results from an accurate
all-orders model, but at a significantly reduced computational
cost. Like the truncated Taylor series model, an N scaling is
obtained for the time taken in the matrix inverse stage, instead
of an N3.0 scaling for the all-orders model. This translates to
significant savings on the computational resources required to
run the simulations, especially for hypothetical 2D and 3D
cases. Compared to a more traditional FLR2-like model, the
new approach is able to correctly predict the damping of the
Ion BernsteinWave. This was demonstrated in figures 5 and 7,
both by visual inspection and through the usage of the RRSE
metric.

Some issues have been identified, including the fact that
there are three non-plasma related parameters that signific-
antly affect the model accuracy. However, the fact that this
work shows that full-domain methods like AORSA’s spec-
tral collocation method are not always required for accurate
predictions of the wave behavior in fusion plasmas is per-
haps the most surprising. An approach that has a finite width
both in the spatial domain and the spectral domain can pro-
duce very accurate results, for only a fraction of the compu-
tational effort. This opens the door for other approaches that
take both the behavior in the spatial domain and the spectral
domain into account, like the spectral element method [39] or
wavelets [40].
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