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Many LED lighting applications involve the design of multiple optical surfaces. A prime example is a single lens
with two refractive surfaces. In this paper, we consider an LED light source approximated as a point and a far-field
target intensity. Using Hamilton’s characteristic functions, the design problem is converted into two generalized
Monge–Ampère equations by deriving a generating function for each optical surface. The generating function is
a generalization of the cost function in optimal transport theory. The generalized Monge–Ampère equations are
solved using an iterative least-squares algorithm. To compute the first optical surface, we choose an intermediate
far-field target intensity. By choosing different intermediate target intensities based on the source and target inten-
sity, we develop a “knob” to distribute the refractive power over both surfaces of the lens. We apply the algorithm on
two example problems and show it is capable of producing complicated target distributions. ©2021Optical Society

of America

https://doi.org/10.1364/JOSAA.411883

1. INTRODUCTION

The design of multiple freeform surfaces is gaining traction
in illumination optics design, with the aim to produce more
advanced and compact luminaires. In this paper, we use a point
light source approximation in the freeform lens design for LED
applications and a far-field target. We compute the shape of
two freeform surfaces of a lens using a Monge–Ampère-based
approach.

For many optical systems, we can derive an equation of the
form

u2( y)− u1(x)= c (x , y). (1)

The source coordinates x ∈X are related to the position or
direction of the rays incident on an optical surface, and the
target coordinates y ∈Y are related to the position or direction
of the rays reflected or refracted off the same surface. In Eq. (1),
u1(x) is a parametrization of a surface in terms of the source
coordinates x ∈X , u2( y) is a geometrical variable related to the
target coordinates y ∈Y , and c (x , y) is an optimal transport
cost function. However, not all optical systems belong to this
category. Prime examples of optical systems that cannot be put
in this optimal transport framework are systems with a near-field
target. Also, the equation describing the location of the second
freeform surface of the lens presented in this paper cannot be
put in the optimal transport framework. Instead, we formulate a

generating function G of the form

u1(x)= G(x , y, u2( y)), (2)

one for each surface of the lens. The generating functions can
be derived using Hamilton’s characteristic functions of optical
path length (OPL). Combining an optimal transport equation
Eq. (1) or a generating function Eq. (2) with energy conser-
vation leads to a nonlinear second-order partial differential
equation, also called a generalized Monge–Ampère equation.
Generalized Monge–Ampère equations associated with gener-
ating functions are also called generated Jacobian equations, and
the generating functions are generalizations of cost functions
in optimal transport theory [1]. Trudinger [2] introduced the
framework of generated Jacobian equations and drew examples
from geometrical optics that cannot be formulated as optimal
transport problems.

Generated Jacobian equations can be written in terms of
the underlying generating functions and are solved numeri-
cally using a least-squares algorithm. Originally, this method
was developed for the standard Monge–Ampère equation [3],
considering the design of a single reflector or lens for a parallel
incoming source beam and far-field target, and correspond-
ing to a quadratic cost function in optimal transport theory.
The numerical procedure was extended to non-quadratic cost
functions in [4] (parallel-to-parallel double freeform lens) and
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[5,6] (point-to-far-field single reflector/lens). The cost-function
approach was extended to a generating-function approach in
[1] and tested on a near-field problem. Currently, the algorithm
is applicable to any optical system that can be described by a
smooth generating function. The least-squares procedure itera-
tively optimizes the optical map and surface using a formulation
involving the unique inverse H of the generating function
G , such that u1(x)= G(x , y, H(x , y, u1(x)). In fact, the
function H is equal to Hamilton’s characteristic function.

In this paper, we use the least-squares procedure to design
double freeform lenses for a point source and far-field target,
where the incident wavefront is spherical and the outgoing
wavefront has a general shape. We derive two generating func-
tions, one for each optical surface. First, we run the least-squares
procedure to compute the first optical surface and a mapping
from the source domain to an intermediate target domain.
Subsequently, we run the least-squares procedure again to com-
pute the second optical surface and a mapping from the source
domain to the final target domain. We have an extra degree of
freedom in the design by choosing an intermediate target inten-
sity to compute the shape of the first optical surface. We will
present an example problem where we progressively translate
and scale the intermediate target distribution from the source to
the final target distribution, showing the effect of distributing
the refractive power over two optical surfaces. Motivated by
practical examples, the aim of this paper is to introduce the
generating-function approach to compute a double freeform
lens and demonstrate the flexibility of our numerical algorithm
to compute multiple solutions that differ in design. In future
work, we aim to apply our algorithm in an engineering setting,
and analyze whether the resulting designs satisfy compactness
requirements and are suitable for injection molding.

This paper is structured as follows. In the next section, we
provide a brief overview of methods available to compute
double freeform surfaces. In Section 2, we present the deriva-
tion of the generating functions and corresponding generated
Jacobian equations. The generalized least-squares method is
described in Section 3. In Section 4, we test the performance of
the algorithm. Finally, we make some concluding remarks in
Section 5.

A. Literature Review

The literature on inverse methods to compute freeform opti-
cal surfaces is extensive and can roughly be divided into three
categories: (1) methods that directly solve the generalized
Monge–Ampère equation of the optical system [7–10], (2) opti-
mization strategies for the corresponding Monge–Kantorovich
mass transportation problem [4–6,11–22], and (3) methods
that indirectly compute the surface by using ray mapping tech-
niques [23–28]. For an in-depth overview, we refer to [6]. We
mention a few numerical methods that are designed to compute
double freeform surfaces. Such optical systems can be further
categorized according to the shape of the source and target
wavefronts, i.e., (A) collimated and/or spherical, and (B) at least
one wavefront of general shape. We consider only light sources
with zero-étendue, which is conserved throughout the system
[29]. Methods in category (A) considering collimated and point
source and target distributions are applied to laser beam shaping

problems. The input beam may be collimated or spherical, and
the output beam is also collimated or converging to a point. The
aim is to construct two freeform surfaces to control the intensity
distribution or phase profile of the beam. For collimated and/or
point sources and targets, if the shape of one of the two free-
form surfaces is known, the other one directly follows using the
Theorem of Malus and Dupin (principle of equal OPL) ([30],
p. 130), or by showing that one of Hamilton’s characteristic
functions is constant.

Using the categories of inverse methods from the previous
paragraph, we mention a few laser beam shaping methods:
(1.A) Zhang et al. [31] derive the generalized Monge–Ampère
equation and solve the corresponding nonlinear boundary
value problem using Newton’s method. Yadav et al. [4] present
a formulation of the generalized Monge–Ampère equation by
first deriving the non-quadratic cost function of the optical
system in optimal transport theory. The freeform surfaces are
computed with a least-squares method using this cost function
as input. (2.A) Oliker et al. [32] use the Monge–Kantorovich
formulation of the problem and compute a unique solution
using the supporting quadric method, which involves a pixe-
lation of the target domain and an iterative adjustment of the
parameters of tangent quadrics to optical surfaces. Moiseev
et al. [33] design a collimator with two freeform optical surfaces
and introduce an angular deflection parameter to control the
refractive contributions of each optical surface. The surfaces
are calculated using Oliker’s method of supporting paraboloids
and the principle of equal OPL. It was found that the most
efficient angular deflection occurs when the required angular
deflection is divided equally among the two surfaces, such that
the total Fresnel losses are minimized. Doskolovich et al. [13,14]
reduce the optimal transport problem in its discrete version to
a linear assignment problem (LAP) for the mapping, by con-
structing an equal-flux grid in the source and target domains.
The LAP is solved using methods such as the Hungarian algo-
rithm and auction algorithm. B-splines are used to compute
the surface from the mapping. (3.A) Feng et al. [34,35] first
compute a ray mapping by using an adaptive mesh method
to numerically solve the standard Monge–Ampère equation,
i.e., det(D2u)= f (x , u,∇u), with D2u the Hessian matrix
of u and f a positive function. A ray mapping m=∇u is com-
puted. Subsequently, the two freeform optical surfaces are
constructed simultaneously. The first surface is constructed
point by point using the ray mapping and Snell’s law, and the
second surface follows by equaling the OPLs between the input
and output wavefronts. The construction of the first freeform
surface is analogous to Euler’s method for solving ordinary
differential equations (ODEs) and the simultaneous multiple
surfaces (SMS) method in three dimensions to connect the
wavefronts [36]. The initial mapping and surfaces are improved
in an iterative procedure to find an integrable ray mapping and
to improve the initial ray mapping, since it is calculated using
the standard Monge–Ampère equation and not the generalized
Monge–Ampère equation. Ray mapping techniques work well
under the paraxial and thin lens approximations.

Numerical methods for double freeform surfaces with a
source and/or target wavefront which is non-collimated or not
a singular point are scarce. To the best of our knowledge, we are
the first to present a method in category (1.B) and to introduce
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an extra degree of freedom in the system design. As far as we
know, there are no methods in category (2.B). (3.B) Examples of
ray mapping techniques are: Wei et al. [37] consider source dis-
tributions with wavefronts of general shape (i.e., non-collimated
and non-spherical source intensities). The authors use the least-
squares algorithm in [3] to compute an initial mapping and a
point-by-point procedure to compute an initial approximation
to the first freeform surface. The second freeform surface is
constructed according to the principle of equal OPL. The initial
mapping and surfaces are improved in an iterative procedure
to find integrable normal vectors to the surfaces, i.e., a surface
can be constructed with unit tangent vectors perpendicular to
the unit normal vectors derived from the mapping. Bruneton
et al. [38] consider a point source distribution, and using an
initial ray mapping, the two freeform surfaces are constructed
with a least-squares optimization algorithm, but the details
have been omitted. Similar to our approach, the authors dis-
tribute the refraction of the rays over two surfaces. However,
Bruneton et al. [38] use an angular redirection of the rays,
similar to Moiseev et al. [33], while optimizing the difference
between the light flux that arrives on the target within triangular
tubes of rays and the desired target distribution. In this paper,
we use an intensity-based approach: we use an intermediate
target intensity to compute the first surface, and subsequently
the second surface with the final far-field target intensity. Last,
we mention Gimenez et al. [36] who present an extension to
the two-dimensional SMS method first described in [39]. The
method builds upon the edge-ray principle [40], and, unlike the
previously described methods, two input and two output light
distributions are required for construction of the surfaces.

2. MATHEMATICAL FORMULATION

In this section, we derive the generating functions for the
two freeform surfaces, which we will combine with energy
conservation to derive the generalized Monge–Ampère
equations.

Figure 1 schematically illustrates a point source, a lens
with refractive index n, and a far-field target. A beam of light
emanates from the point source located at O of the Cartesian
coordinate system with (x , y , z) ∈R. The point source emits
rays of light radially outward in the direction ŝ = êr , where êr is
the radial basis vector in the spherical coordinate system. Unit
vectors are denoted by hats.

The first surface of the lens is described by L1 : r1(φ, θ)=

u(φ, θ)êr , where u(φ, θ) > 0 is the radial parameter that
describes the location of the surface, 0≤ φ ≤ π is the zenith,
and 0≤ θ < 2π is the azimuth in the spherical coordinate
system. The surfaceL1 refracts the ray ŝ in direction ι̂.

The second surface of the lens is described byL2 : r2(φ, θ)=

u(φ, θ)êr + v(φ, θ)ι̂, where v(φ, θ) > 0 is the parameter
that describes the location of the surface relative to the first
surface and is equal to the distance d(P1, P2) between the point
P1(u(φ, θ)êr ) on the first surface and a point P2; see Fig. 1. The
surfaceL2 refracts the ray ι̂ in direction t̂.

The intensity of the source is given by f (φ, θ) [lm/sr]. To
compute the first surface, we consider an intermediate target
intensity in the far field h(ψ1, χ1) [lm/sr], where (ψ1, χ1)

represents a different set of spherical coordinates, with zenith

Fig. 1. Double freeform lens converting the intensity f (φ, θ) of a
point source into a far-field target intensity g (ψ2, χ2).

0≤ψ1 ≤ π and azimuth 0≤ χ1 < 2π . Analogously, for the
second surface the final target intensity in the far field is denoted
by g (ψ2, χ2) [lm/sr], where (ψ2, χ2) represents yet another set
of spherical coordinates, with zenith 0≤ψ2 ≤ π and azimuth
0≤ χ2 < 2π . The origin of the coordinate system describing
the intermediate and final targets is the lens approximated
as a point in space (i.e., all directions ι̂ and t̂ emanate from
the same point). This approximation is called the far-field
approximation.

We transform the coordinates of the light rays from spheri-
cal to stereographic. This is convenient since the vectors
ŝ = (s 1, s 2, s 3)

T, ι̂= (ι1, ι2, ι3)
T, and t̂= (t1, t2, t3)T are

defined on the unit sphere S2. Hence, |ŝ | = |ι̂| = |t̂| = 1. We
define

x(ŝ)=
(

x1

x2

)

=
1

1+ s 3

(
s 1

s 2

)

=
1

1+ cos(φ)

(
sin(φ)cos(θ)
sin(φ)sin(θ)

)
, (3a)

y1(ι̂)=

(
y11

y12

)
=

1

1+ ι3

(
ι1
ι2

)

=
1

1+ cos(ψ1)

(
sin(ψ1)cos(χ1)

sin(ψ1)sin(χ1)

)
, (3b)

y2(t̂)=
(

y21

y22

)
=

1

1+ t3

(
t1
t2

)

=
1

1+ cos(ψ2)

(
sin(ψ2)cos(χ2)

sin(ψ2)sin(χ2)

)
, (3c)

with corresponding inverse projections
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Fig. 2. Schematic representation of the stereographic projections of
the unit sphere S2 from the south pole S (points P and Q are projected
to P ′ and Q′, respectively).

ŝ(x)= êr =
1

1+ |x |2

 2x1

2x2

1− |x |2

 , (4a)

ι̂( y1)=
1

1+ | y1|
2

 2y11

2y12

1− | y1|
2

 , (4b)

t̂( y2)=
1

1+ | y2|
2

 2y21

2y22

1− | y2|
2

 . (4c)

We represent the incoming rays ŝ , intermediate rays ι̂, and
outgoing rays t̂ using stereographic projections from the south
pole (0, 0,−1) of S2 onto the plane z= 0, as drawn schemati-
cally in Fig. 2. The stereographic projections in Eq. (3) are
undefined at the south pole, and we consider s 3, ι3, t3 6= −1
and 0≤ φ, ψ1,2 <π , i.e., the rays are assumed not to be
directed downwards parallel to the z axis, and the stereographic
projection is always defined. Transforming to stereographic
coordinates, we obtain a bounded source domain defined on a
plane. For more details, see [6].

We define our source domainX as the supporting domain of
f̃ (x)= f (φ(x), θ(x)), and our target domainY2 as the image
under the mapping m, i.e., Y2 =m(X ), and we introduce
g̃ ( y2)= g (ψ2( y2), χ2( y2)). We refer to m :X →Y2 as the
composite map y2 =m(x) from the source set of stereographic
coordinates X to the target set of stereographic coordinates
Y2. It is a composition of two mappings and can be written
as m= (m2 ◦m1)(x), where we refer to m1 :X →Y1 as the
intermediate map y1 =m1(x) from X to the image under the
mapping m1, i.e., Y1 =m1(X ), and we refer to m2 :Y1→Y2

as the successive map y2 =m2( y1) from Y1 to the image under
the mapping m2, i.e.,Y2 =m2(Y1)= (m2 ◦m1)(X ).

A. Generating-Function Approach

In the next two sections, we use Hamilton’s characteristic
functions to derive the generating functions. In Section 2.A.1,
we derive the generating function for the first surface. In
Section 2.A.2, we derive the generating function for the second
surface.

1. First FreeformSurface

Figure 3 illustrates an incident ray propagating in the direction
ŝ , which intercepts the freeform lens surface L1 at point P1 and
refracts in the direction of the unit vector ι̂.

Fig. 3. Sketch of lens with two freeform surfaces.

The position and direction coordinates of the ray ŝ at
z= 0 are given by the two vectors qs = 0 and ps = (s 1, s 2),
respectively. The position and direction coordinates of the
ray ι̂ at z= 0 are given by qι and pι = (nι1, nι2), respec-
tively. Note that the position vector of point P1 is given by
(u(ŝ)ŝ)= (u(ŝ) ps , u(ŝ)s 3).

The point characteristic V1 between point O(qs , 0) on the
source plane and Q1(qι, 0) (virtual image of the first surface) is
given by

V1(qs , qι)= u(ŝ)− nd(P1, Q1),

d(P1, Q1)=

√
|qι − u(ŝ) ps |

2 + (u(ŝ)s 3)
2
, (5)

where nd(P1, Q1) denotes the OPL between P1 and Q1, which
is equal to the Euclidean distance times n.

To derive a generating function, we introduce Hamilton’s
angular characteristic T1( ps , pι) as the OPL from O to Q′1
in Fig. 3, and show it is independent of ps [41]. Hamilton’s
angular characteristic for the first surface, which depends on the
direction coordinate of the source ray and the intermediate ray,
is given by

T1( ps , pι)= V1(qs , qι)+ qs · ps − qι · pι. (6)

The position coordinate qs at the source plane and position
coordinate qι are given as (p. 105, [41])

qs =
∂T1

∂ ps
= 0, qι =−

∂T1

∂ pι
. (7)

By the first equation, we conclude that the angular characteristic
T1 is independent of the direction coordinate ps ; thus,

T1( pι)= V1(q s , qι)− qι · pι = u(ŝ)− nd(P1, Q1)− qι · pι.
(8)

We can derive
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pι = n
u(ŝ) ps − qι
d(P1, Q1)

, ι3 =
u(ŝ)s 3

d(P1, Q1)
, (9)

and, using Eq. (5) and writing u = u(ŝ), we obtain

T1( pι)= u −
n

d(P1, Q1)
[|u ps − qι|

2

+ qι · (u ps − qι)+ (us 3)
2
]

= u −
n

d(P1, Q1)

[
(u ps − qι) · u ps

]
− nι3(us 3).

Rearranging terms and substituting pι from Eq. (9) gives

T1( pι)= u − nu
[

1

d(P1, Q1)
(u ps − qι) · ps + s 3ι3

]
= u − nu( pι/n · ps + s 3ι3)

= u(1− n ŝ · ι̂). (10)

Solving this equation for u(ŝ), we obtain

u(ŝ)=
T1( pι)

1− n ŝ · ι̂
. (11)

Changing to stereographic coordinates using Eqs. (4a) and
(4b) gives

u(x)= T1( pι)
(

1− n +
2n|x − y1|

2

(1+ |x |2)(1+ | y1|
2)

)−1

, (12)

where, for ease of notation, we continue to use the variable u
to represent the optical surface, but now as a function of x .
We construct the generating function G1 from the relation
u(x)= G1(x , y1, z), with z= T1( pι), as

G1(x , y1, z)= z
(

1− n +
2n|x − y1|

2

(1+ |x |2)(1+ | y1|
2)

)−1

. (13)

Note that z= T1( pι) is dependent on the outgoing ray ι̂, and
hence z= z( y1) is a function of y1.

2. SecondFreeformSurface

At z= 0, the position and direction coordinates of the ray t̂
are given by qt and pt = (t1, t2), respectively. Note that the
position vector of point P2 is given by

(u(ŝ)ŝ + v(ŝ)ι̂)= (u(ŝ) ps + v(ŝ) pι/n, u(ŝ)s 3 + v(ŝ)ι3).
(14)

The total point characteristic between point O(qs , 0) on the
source plane and Q2(qt , 0) (virtual image of the second surface)
is given by

V (q s , qt)= u(ŝ)+ nd(P1, P2)− d(P2, Q2),

d(P2, Q2)=

√
|(u(ŝ) ps + v(ŝ) pι/n)− qt |

2 + (u(ŝ)s 3 + v(ŝ)ι3)
2
,

(15)

where nd(P1, P2)= nv(ŝ) denotes the OPL between P1 and
P2, and d(P2, Q2) is the Euclidean distance between P2 and
Q2.

As in the previous section, we introduce Hamilton’s angular
characteristic T( ps , pt) as the OPL fromO to Q′2 in Fig. 3, and
show it is independent of ps [41]. Hamilton’s angular charac-
teristic for the second surface, which depends on the direction of
the source ray and the final ray, is given by

T( ps , pt)= V (qs , qt)+ qs · ps − qt · pt . (16)

The position coordinate qs at the source plane and position
coordinate qt are given as (p. 105, [41])

qs =
∂T
∂ ps
= 0, qt =−

∂T
∂ pt

. (17)

By the former equation, we conclude that the angular character-
istic T is independent of the direction coordinate ps , and

T( pt)= V (qs , qt)− qt · pt

= u(ŝ)+ nv(ŝ)− d(P2, Q2)− qt · pt . (18)

We can derive

pt =
u(ŝ) ps + v(ŝ) pι/n − qt

d(P2, Q2)
, t3 =

u(ŝ)s 3 + v(ŝ)ι3
d(P2, Q2)

,

(19)
and, using Eq. (15) and writing u = u(ŝ) and v = v(ŝ),

T( pt)= u + nv −
1

d(P2, Q2)
[|u ps + v pι/n − qt |

2

+ qt · (u ps + v pι/n − qt)+ (us 3 + vι3)
2
]

= u + nv −
1

d(P2, Q2)

×
[
(u ps + v pι/n − qt) · (u ps + v pι/n)

]
− t3(us 3 + vι3).

Using Eq. (19) and reordering terms gives

T( pt)= u + n v −
[

1

d(P2, Q2)
(u ps + v pι/n − qt)·

(u ps + v pι/n)+ us 3t3 + vι3t3
]

= u + nv −
[

pt · (u ps + v pι/n)+ us 3t3 + vι3t3
]

= u(1− ŝ · t̂)+ v(n − ι̂ · t̂).
(20)

Hence, we arrive at T( pt)= u(ŝ)(1− ŝ · t̂)+ v(ŝ)(n − ι̂ · t̂).
Note that we can also derive that T( pt) is the sum of T1( pι)

and T2( pι, pt), where T2( pι, pt) is the angular characteristic
from Q1 to Q2. Indeed, the expression for T2( pι, pt) is

T2( pι, pt)= V2(qι, qt)+ qι · pι − qt · pt

= nd(P1, Q1)+ nv(ŝ)− d(P2, Q2)+ qι · pι − qt · pt ,

(21)

and adding Eq. (8), we see that qι · pι and nd(P1, Q1) cancel
and that
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T1( pι)+ T2( pι, pt )= T( pt )= u(ŝ)+ nv(ŝ)− d(P2, Q2)− qt · pt ,

(22)

as in Eq. (14).
Solving Eq. (20) for v(ŝ), we obtain

v(ŝ)=
T( pt)− u(ŝ)(1− ŝ · t̂)

n − ι̂ · t̂
. (23)

Changing to stereographic coordinates using Eq. (3) gives

v(x)=
(

T( pt)− u(x)
2|x − y2|

2

(1+ |x |2)(1+ | y2|
2

)

×

(
n − 1+

2| y1 − y2|
2

(1+ | y1|
2)(1+ | y2|

2)

)−1

, (24)

where we use the variable v to represent the optical surface,
but now as a function of x . Next, we construct the generating
function G2 from the relation v(x)= G2(x , y2, z), with
z= T( pt), as

G2(x , y2, z)=
(

z− u(x)
2|x − y2|

2

(1+ |x |2)(1+ | y2|)
2

)

×

(
n − 1+

2| y1 − y2|
2

(1+ | y1|
2)(1+ | y2|

2)

)−1

.

(25)

Note that z= T( pt) is dependent on the outgoing ray t̂, and
hence z= z( y2) is a function of y2.

B. G-Convex Solutions

In this paper, we first consider the generating function G1 in
Eq. (13) to compute the first surface u(x) and intermediate
mapping m1, and subsequently the generating function G2 in
Eq. (25) to compute v(x) and the composite mapping m.

1. First FreeformSurface

The equation G1(x , y1, z)= u(x) with G1 given in Eq. (13)
and z= z( y1) has many solutions for u(x). For the compu-
tation of the first surface, we let y= y1, u1(x)= u(x), and
u2( y)= z( y). Then we have

∀ x ∈X , ∀ y ∈Y : u1(x)= G1(x , y, u2( y)). (26)

We define H1(x , y, G1(x , y, u2( y)))= u2( y) as the unique
inverse of G1 for a given x ∈X and y ∈Y , assuming a unique
inverse exists. Then, for all x ∈X , y ∈Y , we have

u1(x)= G1(x , y, u2( y))⇔ u2( y)= H1(x , y, u1(x)),
(27)

i.e., for fixed x , y, we have that G1(x , y, ·) and H1(x , y, ·)
are each other’s inverses. Hence, for the existence of a unique
inverse, we require that for all x ∈X , y ∈Y, z ∈R, we have
G1,z > 0 or G1,z < 0, since G1 should be injective w.r.t. the
third argument (G1,z = 0 is possible at an isolated point); see
Section 2.C.

For the first freeform surface, the function H1 is the angular
characteristic T1( pι) rewritten in stereographic coordinates, cf.

Eqs. (12) and (13), i.e.,

H1(x , y, z)= z
(

1− n +
2n|x − y|2

(1+ |x |2)(1+ | y|2)

)
. (28)

Energy conservation: by transferring the light from source
to intermediate target, we require that all light from the
source ends up at the intermediate target and energy is
conserved, i.e.,∫

A
f (φ, θ)dS(φ, θ)=

∫
ι̂(A)

h(ψ1, χ1)dS(ψ1, χ1), (29)

for an arbitrary set A⊂ S2 and image set ι̂(A)⊂ S2. Note that
this image set corresponds to the far-field approximation. If we
substitute ŝ = ŝ(x) and ι̂= ι̂( y1) from Eqs. (4a) and (4b), we
can write Eq. (29) as∫

x(A)
f̃ (x)

∣∣∣∣ ∂ ŝ
∂x1
×
∂ ŝ
∂x2

∣∣∣∣ dx =
∫

y1(ι̂(A))
h̃( y1)

∣∣∣∣ ∂ ι̂∂ y11
×

∂ ι̂

∂ y12

∣∣∣∣ d y1,

(30)
where f̃ (x)= f (φ, θ), and h̃( y1)= h(ψ1, χ1). We can derive
that∣∣∣∣ ∂ ŝ
∂x1
×
∂ ŝ
∂x2

∣∣∣∣= 4

(1+ |x |2)2
,

∣∣∣∣ ∂ ι̂∂ y11
×

∂ ι̂

∂ y12

∣∣∣∣= 4

(1+ | y1|
2)

2 .

(31)
Substituting Eq. (31) and the mapping y1 =m1(x) into the
energy conservation relation Eq. (30) gives∫

x(A)
f̃ (x)

4

(1+ |x |2)2
dx

=

∫
x(A)

h̃(m1(x))
4

(1+ |m1(x)|2)
2 det(Dm1(x))dx , (32)

where we omit the absolute value sign of the determinant and
restrict ourselves to a positive Jacobian of the mapping. We can
rewrite Eq. (32) to the generalized Monge–Ampère equation

det(Dm1(x))=
f̃ (x)

h̃(m1(x))

(1+ |m1(x)|2)
2

(1+ |x |2)2

= F1(x ,m1(x), u1(x)), (33a)

where we introduce F1(x ,m1(x), u1(x)) to denote the
total right-hand side with u1(x)= u(x). The right-hand
side also depends on u1(x)= u(x) since the mapping
y1 =m1(x)=m1(x , u1(x),∇u1(x)) is a function of u1

and its gradient. An explanation will be given in Section 2.C.
We define the corresponding transport boundary condition

to Eq. (33a) as

m1(∂X )= ∂Y1, (33b)

stating that all light from the boundary of the source X is
mapped to the boundary of the targetY1 [3,42].

We use the algorithm in [1] to compute y1 =m1(x) and
u1(x)= u(x).
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2. SecondFreeformSurface

After computing u1(x)= u(x) and y1(x) as functions of x for
the first surface, we proceed to compute v(x) and the composite
mapping y2 =m(x). The equation G2(x , y2, z)= v(x),
with G2 given in Eq. (25) and z= z( y2), has many solutions
for v(x). For the second freeform surface, we let y= y2,
u1(x)= v(x), and u2( y)= z( y). Then the unique inverse
function H2(x , y, z), with z= u1(x), is the angular character-
istic T( pt) rewritten in stereographic coordinates, cf. Eqs. (24)
and (25), as

H2(x , y, z)= u(x)
(

2|x − y|2

(1+ |x |2)(1+ | y|2)

)

+ z
(

n − 1+
2| y1(x)− y|2

(1+ | y1(x)|
2)(1+ | y|2)

)
.

(34)

Energy conservation: by transferring the light from the source to
the final target, we require that all light from the source ends up
at the target and energy is conserved, i.e.,∫

A
f (φ, θ)dS(φ, θ)=

∫
t̂(A)

g (ψ2, χ2)dS(ψ2, χ2), (35)

for an arbitrary set A⊂ S2 and image set t̂(A)⊂ S2. Following
the arguments of the previous section, if we substitute ŝ = ŝ(x)
and t̂= t̂( y2) from Eqs. (4a) and (4c), and substitute the map-
ping y2 =m(x)=m2(m1(x)), we obtain the generalized
Monge–Ampère equation

det(Dm(x))=
f̃ (x)

g̃ (m(x))
(1+ |m(x)|2)

2

(1+ |x |2)2

= F2(x ,m(x), u1(x)), (36a)

where we introduce F2(x ,m(x), u1(x)) to denote the total
right-hand side with u1(x)= v(x), and we have the transport
boundary condition

m(∂X )= ∂Y2. (36b)

Hence, we have a first-order partial differential equation for the
composite mapping m. We proceed by using the algorithm in
[1] to compute y2 =m(x) and u1(x)= v(x). The numerical
algorithm uses the function H2 in Eq. (34) after we have first
computed and substituted u(x) and the intermediate mapping
y1(x)=m1(x). In the next section, it will be explained how
we can use functions H1 and H2 to find a unique solution u(x)
and an expression for the intermediate mapping m1(x) for the
first surface and a unique solution v(x) and composite mapping
m(x) for the second surface, respectively.

C. Using H to Compute the Mapping and Surface

For both surfaces, we can find a unique solution by assuming
that u1 is a G-convex or G-concave function. Recall for the
first surface, G = G1, H = H1, u1(x)= u(x), y= y1, and
u2( y)= T( pι), and for the second surface, G = G2, H = H2,
u1(x)= v(x), y= y2, and u2( y)= T( pt). In this section, we

continue in general terms, which applies to both optical sur-
faces. The function u1(x) is G-convex and u2( y) is H-concave
if

∀ x ∈X : u1(x)=max
y∈Y

G(x , y, u2( y)), (37a)

∀ y ∈Y : u2( y)=min
x∈X

H(x , y, u1(x)), (37b)

or u1(x) is G-concave and u2( y) is H-convex if

∀ x ∈X : u1(x)=min
y∈Y

G(x , y, u2( y)), (38a)

∀ y ∈Y : u2( y)=max
x∈X

H(x , y, u1(x)). (38b)

For the second surface we have the property G z > 0, cf.
Eqs. (23) and (25), since n − ι̂ · t̂> 0 with n > 1, which results
in the max/min pair in Eq. (37) for a G-convex solution u1 or in
the min/max pair in Eq. (38) for a G-concave solution u1, as in
[1]. For the first surface, this is not necessarily true; see Eqs. (11)
and (13). For G z > 0, we require 1− n ŝ · ι̂> 0. Whether this
inequality is satisfied depends on the choice of source and target
domains. Otherwise, G z < 0, which results in a max/max pair
for a G-convex solution and min/min pair for a G-concave
solution, analogous to Eqs. (37) and (38), but this does not have
an effect on our numerical method. In our numerical examples
in Section 4, we compute a G-concave solution for u (min/min
pair), after verifying that G z < 0 at all points of the domain, and
a G-convex solution forv since G z > 0 (max/min pair). We note
that we can also choose other combinations of G-convex and
G-concave surfaces for the double freeform lens, which results in
different designs.

By the implicit function theorem, the mapping
y=m(x , u1(x),∇u1(x)) is given implicitly as the critical
point of Eq. (37b) or Eq. (38b), i.e.,

∇x H(x , y, u1(x))+ Hz(x , y, u1(x))∇u1(x)= 0. (39)

If H is given by Eq. (28) and u1(x)= u(x), this equation
implicitly defines y1 =m1(x). If H is given by Eq. (34) and
u1(x)= v(x), this equation implicitly defines y2 =m(x). In
the following, we drop subscripts and simply refer to y=m(x)
as the mapping corresponding to a general H.

For simplicity, since u1 = u1(x), we define H∗(x , y)=
H(x , y, u1(x)) and rewrite Eq. (39) to the shorter form

∇x H∗(x , y)= 0 (40)

and use the implicit function theorem to denote the mapping
y=m(x) as a function of x only.

A sufficient condition for a minimum in Eq. (37b)
or a maximum in Eq. (38b) is for the Hessian matrix
−Dx x H∗(x ,m(x))= P(x) to be symmetric negative def-
inite (SND) or symmetric positive definite (SPD), respectively.
For an SND matrix P , we need tr(P)≤ 0 and det(P)≥ 0.
On the other hand, for an SPD matrix, we need tr(P)≥ 0 and
det(P)≥ 0. Note that P is symmetric. In this paper, we choose
to compute a G-concave (and H-concave) solution (min/min
pair) for u and a G-convex (and H-concave) solution (max/min
pair) for v. In both cases, we require P to be SND.
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Substituting y=m(x) in Eq. (40) and differentiating again
with respect to x gives

Dx x H∗(x ,m(x))+Dx y H∗(x ,m(x))Dm(x)= 0, (41)

where Dx x H∗ is the Hessian matrix of H∗ with respect to x ,
Dx y H∗ is the matrix of mixed second-order partial derivatives
with respect to x and y, and Dm(x) is the 2× 2 Jacobi matrix of
m with respect to x . Using−Dx x H∗(x ,m(x))= P , we find

P =Dx y H∗(x ,m(x))Dm(x)

= (Dx y H(x , y, u1(x))

+∇u1(x)(∇ y Hz(x , y, u1(x)))T)Dm(x). (42)

We define the matrix C =Dx y H∗(x , y), which we call the
mixed Hessian matrix, and rewrite Eq. (42) as

P(x)= C(x ,m(x), u1(x))Dm(x). (43)

Assuming the mixed Hessian matrix C is invertible, the map-
ping m(x) is given by the critical point of Eq. (40).

3. NUMERICAL METHOD

We first apply the iterative least-squares algorithm from [1] on
Eq. (43) using H = H1 in Eq. (28) to compute u1(x)= u(x)
and y1 =m1(x). Subsequently, we substitute u(x) and
m1(x) into H2 in Eq. (34) and run the least-squares algo-
rithm from [1] again on Eq. (43) using H = H2 in Eq. (34)
to compute u1(x)= v(x) and the composite mapping
y2 =m(x)= (m2 ◦m1)(x). In the next section, we present a
short summary of the least-squares procedure in [1] for a general
H and associated mapping written as y=m(x).

A. Generalized Least-Squares Algorithm

In this section, we will give a short overview of the numerical
algorithm to compute the mapping m in Eq. (33) (subscript
dropped) or Eq. (36), and the surfaces u1 = u or u1 = v, respec-
tively, denoting F = F1 or F = F2, and using Eq. (40) with
H = H1 or H = H2, respectively.

The computation of m is an iterative procedure; in every
iteration, we minimize four functionals, displayed in Eq. (37).
First, to solve Eq. (33a) or Eq. (36a), we use Eq. (43) with H
from Eq. (28) or Eq. (34), respectively, for the interior domain
and minimize

J I [m, P] =
1

2

∫
X
||CDm− P ||2dx , (44a)

under the constraint det(P)= F (·,m)det(C(·,m)). The
norm used is the Frobenius norm. To impose the transport
boundary condition in Eq. (33b) or Eq. (36b), we minimize the
functional

J B [m, b] =
1

2

∮
∂X
|m− b|2ds , (44b)

where | · | denotes the L2-norm, and b : ∂X → ∂Y . We
minimize a weighted average of functionals J I and J B as

J [m, P, b] = α J I [m, P] + (1− α)J B [m, b], (44c)

with 0<α < 1 the weighting parameter. Last, to compute u1 =

u1(x) from m, we use Eq. (39) and minimize the functional

I [u1,m] =
1

2

∫
X
|∇x H(x ,m, u1)+ Hz(x ,m, u1)∇u1|

2dx .

(44d)
We iterate starting from an initial guess m0 and mixed

Hessian matrix C(·,m0):

bn+1
= argminb∈B J B [mn, b], (45a)

Pn+1
= argminP∈P(mn) J I [mn, P], (45b)

mn+1
= argminm∈M J [m, Pn+1, bn+1

], (45c)

un+1
1 = argminu1∈U I [u1,mn+1

], (45d)

where the minimization steps are performed over the spaces

B= {b∈C 1(∂X )2|b(x) ∈ ∂Y}, (46a)

P(m)= {P ∈C 1(X )2×2
|P SND,

det(P)= F (·,m)det(C(·,m))}, (46b)

M=C 2(X )2, (46c)

U =C 2(X ). (46d)

After each iteration, we compute the matrix C(·,mn+1, un+1
1 ).

The minimization steps (45a)–(45d) are described in detail in
[1,5,6]. The operations in Eqs. (45a) and (45b) are point-wise
minimization steps. In contrast, the minimization step Eq. (45c)
cannot be performed point-wise. Applying calculus of variations
to J , we obtain a coupled elliptic boundary value problem for
the two components m= (m1,m2), which can be written as

∇ · (CT CDm)=∇ · (CT P), x ∈X , (47a)

(1− α)m+ α(CT CDm)n̂= (1− α)b+ αC Pn̂, x ∈ ∂X ,
(47b)

where n̂ is the normal outward to the surface. We discretize
Eq. (47) using the finite volume method [6].

Applying calculus of variations to I , we obtain the Neumann
problem

∇ · (Hz∇x H∗)=
1

2

d

dz
|∇x H∗|2, x ∈X , (48a)

Hz∇x H∗ · n̂= 0, x ∈ ∂X . (48b)

Substituting mn+1 and the function H(x ,mn+1, u1) at
iteration n, this is a Neumann problem for u1 that has a cor-
responding finite volume matrix with incomplete rank. We
calculate a unique solution by prescribing the average value of u1

as a constraint. For the details, we refer to [1].
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4. NUMERICAL RESULTS

In this section, we apply the generalized least-squares algorithm
to two example problems. For both test cases, we chooseα = 0.2
as a weighting parameter for functional J . The laptop used for
the calculations has an Intel Core i7-7700HQ CPU 2.80 GHz
with 32 GB of RAM.

A. Targets Corresponding to Known Surfaces

To test the accuracy of the algorithm, we solve the generalized
Monge–Ampère equations for a double freeform lens where
we pre-compute the right-hand sides in Eqs. (33a) and (36a)
corresponding to two known surfaces. We choose

u(x)= 1+ |x |2, v(x)= 1, (49)

such that u(x) represents an elliptic paraboloid. We use the
implicit relation for the mapping in Eq. (39) to solve for the
mappings m1(x) and m(x) using Eq. (28) and Eq. (34), respec-
tively. These are long expressions that are not included in this
paper for brevity.

We consider a square source domain X = [−1, 1]2. Using
the mapping m1(x), we compute the target domain Y1 and the
corresponding target boundary. Using the mapping m(x), we
compute the target domain Y2 and the corresponding target
boundary. We use H in Eq. (28) and compute the right-hand
side F1(x ,m1(x), u1(x)) in Eq. (33a) using the exact m1(x)
and u(x), which corresponds to any source intensity f̃ (x) and
intermediate target intensity h̃( y1), such that the last equality
in Eq. (33a) holds. We use an initial mapping that maps the
source to a bounding box around the target, and spherical initial
surface as in [1], and run the algorithm to compute u(x) and the
intermediate mapping m1(x). The results are shown in Fig. 4, in
the left column.

After computing m1(x) and u(x), we run the algorithm
again using H in Eq. (34). We evaluate the right-hand side
F2(x ,m(x), u1(x)) in Eq. (36a) using the exact m(x) and
v(x), which corresponds to any source intensity f̃ (x) and
target intensity g̃ ( y2), such that the last equality in Eq. (36a)
is satisfied. We use a G-convex initial mapping and constant
initial v as in [1], and run the algorithm to compute v(x) and
the composite mapping m(x). The results are shown in Fig. 4,
in the right column.

We use refractive index n = 1.5 and α = 0.2. Figures 4(c)
and 4(d) show the difference in the mappings for the two com-
ponents m1 and m2 with the exact solutions for several N × N
grids with logarithmic least-squares fits. Figures 4(e) and 4(f )
show the difference in the surfaces with the exact solutions. We
observe a second-order convergence to the exact solution. The
convergence of J I and J B is shown in Figs. 4(g) and 4(h). Note
that functionals J I and J B reach a plateau at a certain iteration
number, due to discretization and rounding errors. The first and
second surfaces for N = 100 are plotted in Fig. 4(i). The second
surface deviates slightly from the exact solution, with the abso-
lute difference displayed in Fig. 4(j). Details on the number of
iterations and computation time of the algorithm are presented
in Table 1, where we use the stopping criterion presented in [1].

(a) (b)

(c) (d)

(e) (f)

(g) (h)

(i) (j)

Fig. 4. “Double-freeform-lens” problem: we calculate solutions
to u and v with parameter values α = 0.2 and n = 1.5. (a) Mapping
m1(x ). (b) Mapping m(x ). (c) Maximum absolute error in m1(x ).
(d) Maximum absolute error in m(x ). (e) Maximum absolute error
in u(x ). (f ) Maximum absolute error in v(x ). (g) First surface error,
N = 100. (h) Second surface error, N = 100. (i) First and second
surfaces, N = 100. (j) Absolute error second surface N = 100.

The number of iterations required increases sublinearly with N.
The computation time increases quadratically. Last, we see that
J I and J B have approximately fourth-order convergence.
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Table 1. Number of Iterations, Total Computation Time (in Seconds), and Residuals in the Least-Squares Algorithm
for the “Exact Lens” Problem

Algorithm to Compute u(x) and y1 =m1(x)

Grids 20× 20 40× 40 60× 60 80× 80 100× 100 Fits

Iterations 67 97 124 148 170 ∝ N0.58

Time [s] 4 11 21 36 56 ∝ N1.6

J I 2.0× 10−5 1.2× 10−6 2.3× 10−7 7.4× 10−8 3.0× 10−8
∝ N−4.0

J B 3.2× 10−7 2.2× 10−8 4.3× 10−9 1.4× 10−9 5.7× 10−10
∝ N−3.9

Algorithm to Compute v(x) and y=m(x)

Iterations 79 148 206 259 309 ∝ N0.8

Time [s] 3 9 22 44 83 ∝ N2.0

J I 2.5× 10−6 1.2× 10−7 2.0× 10−8 6.0× 10−9 2.4× 10−9
∝ N−4.3

J B 9.6× 10−8 4.1× 10−9 7.5× 10−10 2.3× 10−10 9.3× 10−11
∝ N−4.3

B. Picture on a Projection Screen in the Far Field

We consider a square source domain X = [−0.5, 0.5]2 with
a Lambertian source intensity f (φ, θ)= cos(φ) inside the
square, i.e., the emittance is proportional to the cosine of the
zenith φ described in Section 2. Using Eq. (3a), we derive that
f̃ (x)= (1− |x |2)/(1+ |x |2) in stereographic coordinates.

The twice refracted rays are projected on a screen P in the
far field, parallel to the plane z= 0. The required illuminance
L(ξ, η) [lm/m2

], with (ξ, η) the Cartesian coordinates on
the projection screen, is derived from the gray-scale values of
a famous painting by Vermeer: “Girl with a Pearl Earring,”
1665, Mauritshuis, The Hague [43]. The gray-scale picture has
contrast ratio 22:1. The conversion from the colored image to
gray-scale values creates black regions in the target distribution
for which g̃ ( y2)= 0. To avoid division by zero in the right-hand
side of Eq. (36a), we increase values of g̃ ( y2) that are below a
threshold of 15% of its maximum value to this threshold. The
updated contrast ratio is 6.7:1. The target distribution g̃ ( y2) is
a deformation of the illuminance L(ξ, η); the conversion from
L(ξ, η) to g̃ ( y2) is explained in detail in [3,30].

We discretize the source domain by a 250× 250 grid and use
the parameter valuesα = 0.2 and n = 1.5.

To compute the first freeform surface, we need to choose an
intermediate target intensity h̃( y1)= h(ψ1( y1), χ1( y1)). For
this purpose, we consider the generating function

G(x , y, z)= x · y+ z. (50)

Using this generating function, the generalized Monge–Ampère
equation in Eq. (36a) reduces to the standard Monge–Ampère
equation involving the determinant of the Hessian matrix of u1,
and the matrix C in Eq. (43) is the identity matrix (multiplied
by a minus sign). We use the least-squares algorithm to compute
a mapping y2 =m∗(x) fromX toY2. Note that u1 is not equal
to u or v in this case, but a scalar potential of the mapping m∗.
The generating function in Eq. (50) describes optical systems
involving a parallel incoming source beam and far-field target,
for which the cost function in optimal transport theory is quad-
ratic and can be written as c (x , y)= x · y [44]. This simplifies
the boundary value problems in Eqs. (47) and (48) and gives us
an initial mapping m∗ equivalent to the initial mapping used
in most ray mapping methods. In fact, using this generating

function, the numerical algorithm reduces to the first version
presented in [3,42]. We consider the intermediate mapping

m∗1 = βx + (1− β)m∗, 0≤ β ≤ 1 (51)

as a weighted average of the identity mapping and the ini-
tial mapping m∗(x). Subsequently, we set the intermediate
intensity h̃ as

h̃( y1)=
f (x)

det(Dm∗1(x))
. (52)

We consider different values of β ranging from zero to one.
Choosing the intermediate target intensity in this way is akin
to choosing Wasserstein barycentric averages with a quadratic
cost function in [45]. The intermediate intensity h̃ can be inter-
preted as an intermediate target intensity that results from a
collimated light source and a single optical surface.

Once we have computed h̃( y1), we use H1 in Eq. (28) and
use the algorithm to solve the generalized Monge–Ampère
equation Eq. (29) to compute the intermediate mapping m1(x)
and u(x). Subsequently, we use H2 in Eq. (34) and run the
algorithm to solve Eq. (36) to compute the composite mapping
m(x) and v(x).

Figure 5 shows the results of the mappings and surfaces for
various β. When β = 1, the mapping m1 is simply the identity
mapping, and u is a spherical surface that does not alter the
direction of the incoming rays. For smaller β, more detail of
the Vermeer picture is incorporated in the first optical surface.
Table 2 shows details on the number of iterations and com-
putation times. The number of iterations and computation
time to compute the first surface increase for smaller β, with a
maximum computation time of 112 s. To compute the second
surface, the number of iterations and computation time are
similar for all values ofβ, with a mean computation time of 55 s.

In Fig. 6, the ray trace results of the lens are displayed, using a
self-programmed ray tracing algorithm in MATLAB performed
with 5× 105 rays from quasi-random positions (quasi-Monte
Carlo) on the source domain. We triangulate the surfaces u and
v, and for each ray, we calculate the intersection with the surfaces
and corresponding normal vector to the faces of the triangles
using the Möller–Trumbore ray-triangle intersection algorithm
[46]. Subsequently, we compute the direction of the light rays ι̂
and t̂ using the vectorial law of refraction twice and determine
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Fig. 5. “Vermeer-lens” problem: intermediate target intensities h̃( y1), mappings m1(x) and m(x), and optical surfaces u(x) (bottom surface) and
v(x) (top surface) plotted in Euclidean space. Vermeer: Mauritshuis, The Hague [43].

Table 2. Number of Iterations, Total Computation Time (in Seconds), and Residuals in the Least-Squares Algorithm
for the “Vermeer-Lens” Problem

Algorithm to Compute u(x) and y1 =m1(x)

β 0 0.25 0.5 0.75 1

Iterations 87 63 51 47 10
Time [s] 112 91 64 61 13
J I 1.2× 10−3 6.2× 10−4 2.7× 10−4 6.5× 10−5 2.3× 10−26

J B 2.4× 10−5 1.1× 10−5 4.6× 10−6 9.7× 10−7 6.6× 10−27

Algorithm to Compute v(x) and y=m(x)

Iterations 49 48 46 45 44
Time [s] 56 61 51 55 51
J I 5.0× 10−2 4.8× 10−2 4.8× 10−2 4.7× 10−2 4.6× 10−2

J B 7.5× 10−5 9.0× 10−5 1.0× 10−4 1.2× 10−4 1.2× 10−4

the corresponding bin on the target domain, divided into 200
× 200 bins. The ray trace results match the picture of Vermeer
for all β. None of the traced rays missed the first or the second
surface. Note that in the generating function approach of this
paper, we assume that each ray ŝ refracts at the optical surfaces
and always reaches the target plane. Hence, we circumvent the

occurrence of total internal reflection (TIR). The vectorial law
of refraction (p. 140, [47]) gives

ι̂=
1

n
ŝ −

(
1

n
(ŝ · n̂1)+

√
1−

1

n2

(
1− (ŝ · n̂1)

2)) n̂1, (53a)
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Fig. 6. “Vermeer-lens” problem: ray-traced images and optical surfaces, which are small relative to the distance the light rays travel to the projection
screen in the far field, together with a subset of rays traced. Vermeer: Mauritshuis, The Hague [43].

t̂= nι̂−
(

n(ι̂ · n̂2)+

√
1− n2

(
1− (ι̂ · n̂2)

2)) n̂2, (53b)

requiring that the terms under the square roots 1− 1/n2(1−
(ŝ · n̂1)

2)≥ 0 and 1− n2(1− (ι̂ · n̂2)
2)≥ 0 for the first and

second surfaces, respectively, where n̂1 is the normal to the
first surface and n̂2 is the normal to the second surface. Both
conditions are satisfied for all rays traced.

To verify the quality of the ray trace results, we take the dif-
ference between the target intensity on the projection screen
(interpolated bilinearly onto the ray tracing grid) and the ray
tracing irradiance. For all values of β, the RMS error is approx-
imately 0.11 and the correlation 0.88. Hence, for all values of
β, the ray tracing irradiance closely matches the target intensity.
This suggests that even for complicated and detailed target
distributions, we can distribute the refractive power over both
surfaces of the lens in any way we like.

5. CONCLUSION

In this paper, we presented a method to compute a double
freeform lens that converts the light from a point source into
a far-field target. Using Hamilton’s characteristic functions,
we derived the generating functions for both surfaces of the
lens and showed that the optical mappings can be derived by
considering G-convex and/or G-concave solutions for the
locations of optical surfaces u and v. Combining the optical
mappings with energy conservation resulted in two generalized
Monge–Ampère equations.

We used a least-squares approach to solve the generalized
Monge–Ampère equations. First, we ran the algorithm using the
generating function for u to compute the optical mapping and
surface u. Subsequently, we substituted the mapping and surface
u in the generating function for v and re-ran the least-squares
algorithm to compute the final mapping and surface v.

We tested the numerical algorithm on two example problems.
For an exact solution, we checked the accuracy of the algorithm.
We also tested the algorithm for a lens converting the light of a
point source into a picture on a screen in the far field and verified

the solution via ray tracing. We introduced a parameter to divide
the required refraction over the first and second surfaces.

In future work, we will apply the method to a wider variety
of real optical design problems, using various source and target
distributions. For practical design examples, we would like to
investigate the added flexibility of our numerical algorithm. By
dividing the refractive power over two surfaces, we showed that
we can compute multiple solutions. We would like to compare
these multiple designs for qualities such as compactness and
suitability for injection molding. In addition, we aim to explore
another degree of freedom in our numerical procedure: comput-
ing other combinations of G-convex and G-concave surfaces for
the first and second optical surfaces of the double freeform lens.
Furthermore, we will consider extended light sources and take
into account Fresnel reflections, scattering phenomena, and
aberration theory.
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