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A two-phase optimization model combining Markov decision process and 
stochastic programming for advance surgery scheduling☆ 
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A B S T R A C T   

This paper addresses the advance scheduling of elective surgeries in an operating theater composed of operating 
rooms and a downstream surgical intensive care unit (SICU). The arrivals of new patients in each week, the 
duration of each surgery, and the length-of-stay of each patient in the SICU are subject to uncertainty. At the end 
of each week, the surgery planner determines the surgical blocks to open in the next week and assigns a subset of 
the surgeries on the waiting list to open surgical blocks. The objective is to minimize the patient-related costs 
incurred by performing and postponing surgeries as well as the hospital-related costs caused by utilization of 
surgical resources. Considering that the pure mathematical programming models commonly used in the litera-
ture mostly focus on the short-term optimization of surgery schedules, we propose a novel two-phase optimi-
zation model that combines Markov decision process (MDP) and stochastic programming to improve the long- 
term performance of surgery schedules. Moreover, in order to solve realistically sized problems efficiently, we 
develop a novel column-generation-based heuristic (CGBH) algorithm, then combine it with the sample average 
approximation (SAA) approach. The experimental results indicate that the SAA-CGBH algorithm is considerably 
more efficient than the conventional SAA approach, and that the optimal surgery schedules of the two-phase 
optimization model significantly outperform those of a pure stochastic programming model.   

1. Introduction 

Facing an increasing pressure caused by aging population, growing 
healthcare demands, and restrictive budgets, hospitals in many regions 
of the world are struggling to guarantee the quality and efficiency of 
healthcare services with limited medical resources. The operating the-
ater (OT), composed of operating rooms (ORs) and a surgical intensive 
care unit (SICU), is considered to be one of the main revenue sources of a 
hospital and consumes a large proportion of a hospital’s budget (Mon-
teiro, Meskens, & Wang, 2015; Tang & Wang, 2015). Accordingly, 
optimizing the surgery schedules in the OT is an effective way to reduce 
a hospital’s expense and improve the satisfactions of both the patients 
and the medical staff. 

Surgery scheduling is a complex problem due to various factors. First 
of all, planning the OR capacity independently does not yield high- 
quality surgery schedules, because the unavailability of downstream 
facilities might block the postoperative patients in ORs, deteriorate the 
ongoing schedule, and lead to surgery cancellations and delays (Jebali & 

Diabat, 2015; Jonnalagadda, Walrond, Hariharan, Walrond, & Prasad, 
2005; Min & Yih, 2010a). Therefore, the downstream SICU should be 
jointly planned with the ORs, which brings complex structured down-
stream capacity constraints into the mathematical model and increases 
the computational complexity significantly. Secondly, the new surgical 
demands in each week are unknown, and each surgery is associated with 
an uncertain duration and an uncertain length-of-stay (LOS) in the SICU. 
These sources of uncertainty strongly affect the availability and utili-
zation of surgical resources (Batun, Denton, Huschka, & Schaefer, 2011; 
Molina-Pariente, Hans, & Framinan, 2018). Taking uncertainty into 
consideration can improve the surgery schedule’s quality and robust-
ness, but brings stochastic parameters into the mathematical model and 
requires additional efforts to compute the optimal surgery schedule. Last 
but not least, surgery planners should trade off the contradictory in-
terests of different stakeholders. For example, a policy that schedules too 
many surgeries during a finite planning period results in short waiting 
times and high satisfactions of patients, but may lead to severe over- 
utilization of surgical facilities and increase the hospital’s expense; on 
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Table 1 
Summary of relevant research on advance surgery scheduling.  

Reference 
Problem settings  Problem scale  Methodologies 

Groups Policy Strategy Uncertainty Resources Objectives  Horizon OTs ORs Specialties Waiting list  Models Algorithms 

Fei et al. (2009) a a a – a c, d  1w 1 6 – 40–160  d d 
Denton et al. (2010) a a a a a c, e  1d 1 Unspecified – 10, 15  a, c a, b 
Min and Yih (2010a) a, b b b a, b, c a, b a, b, c  1w 1 10 9 203  a c 
Wang et al. (2014) a, b b a a, c a c, e  1d 1 Unspecified – 10–100  b d 

Jebali and Diabat (2015) a a a a, b a, b, c a, b, c, d, f  1w 1 4 – 26–30  a c 
Molina-Pariente et al. (2015) a a c – a, d g  1w, 2w, 4w 1 3, 9 1 50–816  d a 

Addis et al. (2016) a a b a, d a a, b  4w (rolling) 1 3, 4 1 80–176  c j 
Jebali and Diabat (2017) a, b b a a, b, c a, b a, b, c, d, f  1w 1 36 h/d – 28, 30, 32  b c 

Marques and Captivo (2017) a a b a a, d b, h  1w 1 10 11 4276–6395  c e 
Neyshabouri and Berg (2017) a a b a, b a, b a, b, c, f  1w 1 10 9 5–140  c f 
Rachuba and Werners (2017) a, b b b a, c a a, b, c  2w 1 4 5 100  e j 

Roshanaei et al. (2017) a a a – a, e a, b, e, i  1w 3 9, 15 – 20–160  d g 
Vancroonenburg et al. (2019) a a b a, b, d a, c b, c, d  1d, 1w 1 1, 2, 4 13 100, 200, 400  b a, c 

Zhang et al. (2019) a a a a, b, d a, b a, b, c, e, f  ∞  1 1 – 7–68  a, f c, i 
Roshanaei et al. (2020) a a a – a, e a, b, e, i, j  1w 3 9, 15 – 20–160  d g 

Zhang et al. (2020) a a b a, b a, b a, b, c, e  1w 1 10 9 25–150  a c, d 
Zhang et al. (2020) a a a a a c  1w 1 1, 2 – 16, 32  a c, h 

Lin and Chou (2020) a a a – a c, d  1w 1 4, 6, 10 – 20–200  d a 
Roshanaei and Naderi (2021) a a a – a k  1w 1 Unspecified – 40–120  d, g g, k 
Shehadeh and Padman (2021) a a b a, b a, b c, d, f  1w 1 10 9 40, 70, 140  c f 

This work a a b a, b, d a, b a, b, c, e, f  ∞  1 10 9 24–110  a, f c, d, i   

Groups: a–elective; b–emergency.  
Policy: a–dedicated; b–flexible.  

Strategy: a–open scheduling; b–block scheduling; c–modified block scheduling.  
Uncertainty: a–surgery duration; b–LOS; c–emergency demand; d–patient arrival.  

Resources: a–OR; b–SICU; c–ward; d–surgeon; e–OT.  
Horizon: d–day; w–week.  

Specialties: Number of specialties is indifferent under an open scheduling strategy.  
Waiting list: Number of patients (surgeries) on the waiting list.  
Objectives: a–scheduling cost; b–waiting cost; c–OR overtime cost; d–OR undertime cost; e–OR opening cost; f–downstream capacity excess cost; g–service level; h–surgeons’ memory; i–surgical suite opening cost; j–workload imbalance; k–total 

surgery duration.  
Models: a–stochastic programming; b–chance-constrained programming; c–robust optimization; d–(mixed-) integer programming; e–Robust multi-criteria optimization based on fuzzy sets; f–MDP; g–constraint programming.  

Algorithms: a–(meta-) heuristics; b–integer L-shaped method; c–SAA; d–CGBH; e–decomposition solution approach; f–column-and-constraint generation; g–logic-based benders decomposition; h–hill-climbing algorithm; i–ADP; j–commercial 
solver or not specified; k–branch-price-and-cut. 

J. Zhang et al.                                                                                                                                                                                                                                   



Computers & Industrial Engineering 160 (2021) 107548

3

the contrary, scheduling too few surgeries does not cause over- 
utilization, but the patients have to spend much more time on the 
waiting list before being treated. Therefore, a good surgery schedule 
must well balance the satisfactions of both the hospital and the patients. 

The aforementioned difficulties show the necessity of developing 
operations research methods to solve surgery scheduling problems. In 
this paper, we address the operational-level advance scheduling of 
elective surgeries in an OT composed of multiple ORs and an SICU with 
multiple beds. We establish a waiting list and assign each elective pa-
tient a dynamic priority score, which is dependent on his/her specialty 
(i.e., surgery type), urgency level, and actual waiting time. Emergent 
patients are not considered since they are treated in dedicated facilities 
(refer to the dedicated policy described in Van & Demeulemeester 
(2015)). Three sources of uncertainty including patient arrivals, surgery 
durations, and LOSs are taken into account. At the end of each week, the 
surgery planner determines the surgery schedule of the next week by 
selecting the patients to be treated from the waiting list, determining the 
surgical blocks (a surgical block is the combination of an OR and a 
workday) to open, and assigning the selected patients to open surgical 
blocks. The objective is to reduce the patients’ waiting times and the 
hospital’s expense. 

In the literature, the same or similar surgery scheduling problems are 
mostly formulated as pure mathematical programming models, such as 
stochastic programming (e.g., Jebali & Diabat, 2015; Min & Yih, 2010a; 
Pang, Xie, Song, & Luo, 2018; Zhang, Dridi, & El Moudni, 2020), chance- 
constrained programming (e.g., Jebali & Diabat, 2017; Wang, Tang, & 
Fung, 2014), and robust optimization (e.g., Marques & Captivo, 2017; 
Neyshabouri & Berg, 2017). These models optimize the surgery sched-
ules within one single planning period (usually one week) without 
considering the outcomes of the future periods. However, any two 
consecutive planning periods are in fact tightly correlated since the 
postponed surgeries will continue to incur waiting costs and/or surgery 
costs in the future. Therefore, optimizing the schedule of one single 
period cannot guarantee the global optimality in the long run. To 
overcome the shortsightedness of the pure mathematical programming 
models, we propose a novel two-phase optimization model that com-
bines Markov decision process (MDP) and stochastic programming: in 
the first phase, we formulate an MDP model to properly select the sur-
geries to be performed in each week and minimize the total estimated 
costs over an infinite horizon; based on the first-phase decisions, we 
solve a stochastic programming model in the second phase to optimize 
the detailed surgery schedule within each week. 

In practice, the size of a realistic problem often makes the conven-
tional solution approaches computationally intractable. In this paper, 
we solve the MDP model in the first phase using a reinforcement- 
learning-based approximate dynamic programming (ADP) algorithm, 
which is initially proposed by Zhang, Dridi, and El Moudni (2019) and 
then extended by Zhang, Dridi, and El Moudni (2021), so as to overcome 
the “curses of dimensionality” of the traditional dynamic programming 
algorithms (Powell, 2011). As for the second-phase stochastic pro-
gramming model, we develop in this paper a novel column-generation- 
based heuristic (CGBH) algorithm and combine it with the sample 
average approximation (SAA) approach. In the literature, SAA is widely 
used to translate stochastic models into their deterministic and solvable 
counterparts. However, the deterministic models translated by SAA are 
mostly solved by commercial optimization solvers with the default 
branch-and-bound (B&B) or branch-and-cut (B&C) algorithms (e.g., 
Jebali & Diabat, 2015, 2017; Min & Yih, 2010a). Considering that the 
solution quality of SAA relies on a sufficiently large sample size, which 
significantly increases the computational complexity of B&B and B&C, 
the applications of SAA may be highly restricted in large-scale problems. 
In comparison with the exact integer programming methods, the CGBH 
algorithm proposed in this paper produces high-quality near-optimal 
solutions and requires significantly less CPU time. As such, the second- 
phase stochastic programming model can be efficiently solved by the 
SAA-CGBH algorithm (i.e., the combination of SAA and CGBH) even for 

realistically sized instances. 
To summarize, this paper contributes to the literature on advance 

surgery scheduling in the following aspects:  

• We study a comprehensive advance scheduling problem with 
consideration of multiple specialties (with different patient charac-
teristics), dynamic (time-dependent) patient priority scores, OR and 
SICU capacity constraints, and uncertain surgery durations, LOSs, 
and patient arrivals. We minimize a cost function consisting of the 
patients’ surgery costs and waiting costs, which are proportionate to 
their priority scores, as well as the hospital’s block opening costs, OR 
overtime costs, and penalties for exceeding the regular SICU capac-
ity. Compared to the relevant literature, this paper is the first work 
that incorporates all the above mentioned factors simultaneously.  

• We propose a novel two-phase optimization model to overcome the 
shortsightedness of the existing advance scheduling models. The 
MDP model in the first phase optimizes the admission control of 
elective patients and focuses on the reduction of long-term costs. 
Then, given a patient selection determined in the first phase, the 
second-phase stochastic programming model optimizes the detailed 
intra-week surgery schedule.  

• We develop a novel CGBH algorithm to solve the deterministic 
counterpart of the second-phase stochastic programming model. This 
algorithm combines a column generation (CG) procedure for 
computing tight lower bounds and a heuristic rule for deriving high- 
quality near-optimal solutions. Embedding the CGBH algorithm into 
the conventional SAA approach, the SAA-CGBH algorithm can solve 
large-scale stochastic programming models efficiently and 
accurately. 

• We perform extensive numerical experiments to evaluate the pro-
posed model and algorithm. The results validate that the SAA-CGBH 
algorithm can efficiently solve the large instances for which the 
conventional SAA approach cannot produce optimal solutions within 
acceptable time scales, and that there is no significant gap between 
the solution qualities of SAA-CGBH and the conventional SAA. More 
importantly, comparing the simulation results of the two-phase 
optimization model and a benchmark pure mathematical program-
ming model, we demonstrate that the former leads to shorter waiting 
times of patients and lower total costs in the long term, and remains 
computationally tractable even when the instances are of realistic 
sizes. 

The remainder of this paper is organized as follows. Section 2 re-
views the recent works on advance surgery scheduling. Section 3 de-
scribes the studied problem in detail and presents the two-phase 
optimization model. The novel SAA-CGBH solution approach is devel-
oped in Section 4, then the results of numerical experiments are pre-
sented and discussed in Section 5. Finally, Section 6 concludes this work 
and proposes possible future extensions. 

2. Literature review 

According to the comprehensive reviews provided by Cardoen, 
Demeulemeester, and Beliën (2010), Guerriero and Guido (2011), Van 
and Demeulemeester (2015), Zhu, Fan, Yang, Pei, and Pardalos (2019), 
surgery scheduling problems can be classified into three hierarchical 
decision levels: the strategic level addresses the allocation of surgical 
resources among different specialties on a long-term basis; the tactical 
level involves the development of a master surgery schedule (MSS) for 
one or several months; the operational level concerns the assignments of 
surgeries to specific ORs and dates (advance scheduling) as well as the 
intra-block sequencing of the scheduled surgeries (allocation sched-
uling). This paper addresses the advance scheduling at the operational 
level; hence, this literature review focuses on the existing works on 
advance surgery scheduling problems. A summary of these relevant 
works is provided in Table 1. 

J. Zhang et al.                                                                                                                                                                                                                                   
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The patients involved in surgery scheduling problems are generally 
classified into two groups: elective patients and non-elective patients 
(Cardoen et al., 2010; Samudra et al., 2016). The former are added to a 
waiting list before being treated and their surgeries can be postponed, 
while the latter are emergent patients (emergencies) that should be 
treated as soon as possible. In the literature, two policies are commonly 
used to deal with the two different patient groups. The first one is a 
dedicated policy that channels all emergent patients to dedicated sur-
gical facilities. Under this policy, the surgery planner focuses on the 
planning of elective surgeries with the non-dedicated resources, while 
the emergent patients can usually be excluded from the scheduling 
problem (e.g., Addis, Carello, Grosso, & Tànfani, 2016; Denton, Miller, 
Balasubramanian, & Huschka, 2010; Jebali & Diabat, 2015; Marques & 
Captivo, 2017; Neyshabouri & Berg, 2017; Roshanaei, Luong, Aleman, & 
Urbach, 2017; Roshanaei, Luong, Aleman, & Urbach, 2020; Vancroo-
nenburg, De Causmaecker, & Berghe, 2019; Zhang, Wang, Tang, & Lim, 
2020). The second policy is a more flexible one under which all surgical 
resources are versatile and accessible to all patient groups. When this 
policy is employed, the authors usually assume the emergency demand 
as a stochastic parameter and then optimize the surgical resources 
reserved for emergencies as well as the elective surgery schedules (e.g., 
Rachuba & Werners, 2017; Wang et al., 2014). The performances of the 
two policies depend on the scenario and operative conditions, and any 
policy could be the better one under a specific problem setting (Duma & 
Aringhieri, 2019). 

For the advance scheduling of elective patients, block scheduling and 
open scheduling are two common scheduling strategies (Denton et al., 
2010; Hashemi Doulabi, Rousseau, & Pesant, 2016). Under a block 
scheduling strategy, an MSS specifies the preallocation of surgical blocks 
among specialties (Guerriero & Guido, 2011). Such a strategy reduces 
the complexity of advance scheduling in that every patient can only be 
assigned to one of the surgical blocks that are preallocated to the spe-
cialty to which he/she belongs (Zhu et al., 2019). In contrast, an open 
scheduling strategy does not restrict the patient-to-block assignments 
with an MSS, and allows the patients from different specialties to be 
treated in the same surgical block (Agnetis et al., 2014; Samudra et al., 
2016). Though open scheduling tends to produce better surgery sched-
ules than block scheduling (Fei, Chu, & Meskens, 2009), it brings 
inconvenience to the surgical staff and is rarely adopted in practice 
(Guerriero & Guido, 2011; Zhu et al., 2019). 

Surgical activities are subject to various sources of uncertainty. 
Accordingly, the mathematical models used to formulate advance sur-
gery scheduling problems can be classified into two categories: deter-
ministic models which do not incorporate any uncertainty, and 
stochastic models which include uncertain parameters explicitly. In 
deterministic models, such as (mixed-) integer programming, the au-
thors assume that surgery durations and LOSs are known in advance (e. 
g., Fei et al., 2009; Lin & Chou, 2020; Roshanaei et al., 2017, 2020; 
Roshanaei & Naderi, 2021) or use the expected values of these param-
eters (e.g., Molina-Pariente, Hans, Framinan, & Gomez-Cia, 2015). Since 
no stochasticity is involved, deterministic models are less sophisticated 
and easier to solve than stochastic ones. However, uncertainty strongly 
affects surgery schedules and leads to deviations between planning and 
implementation (Guerriero & Guido, 2011; Neyshabouri & Berg, 2017; 
Pang et al., 2018; Rachuba & Werners, 2017; Sperandio, Gomes, Borges, 
Brito, & Almada-Lobo, 2013). In order to strengthen the robustness of 
surgery schedules against uncertainty, stochastic models (e.g., stochastic 
programming, chance-constrained programming, and robust optimiza-
tion) are more widely adopted than deterministic ones in the literature 
(see Table 1). 

Notably, Min and Yih (2010a) and Jebali and Diabat (2015) 
emphasize the significance of incorporating uncertainty and down-
stream resources (e.g., SICU beds and ward beds) into advance surgery 
scheduling. Through numerical simulations, they confirm that stochastic 
programming produces better solutions than the deterministic models 
with expected surgery durations and LOSs. Despite the wide application 

of stochastic programming, the corresponding solution approaches are 
relatively limited. Min and Yih (2010a), Jebali and Diabat (2015), and 
Zhang et al. (2019) solve stochastic programming models by SAA and 
commercial optimization solvers, whose computational performance 
deteriorates fast as the problem scale or sample size increases. Zhang 
et al. (2020) develop a more efficient hill-climbing algorithm, but they 
do not consider downstream resources and hence their algorithm is not 
applicable to our problem. Recently, Zhang et al. (2020) propose a 
CGBH algorithm for their stochastic programming model, where the 
utilization of downstream resources is regulated by hard constraints 
which should not be violated. The experimental results show that their 
CGBH algorithm significantly outperforms a state-of-the-art optimiza-
tion solver in terms of efficiency, meanwhile leading to minor gaps 

Table 2 
Notations introduced in Section 3 (part 1 of 2)   

Notation Definition 

Sets I Set of patients (surgeries) indexed by i on the waiting list  
J Set of specialties indexed by j  
T Set of days indexed by t within a planning period (a week)  
B Set of surgical blocks indexed by b in the MSS  
Ω  Set of scenarios indexed by ω   
S State space of the MDP model  
A Action space of the MDP model  

Parameters τ  Index of week  
u Urgency group or urgency level  
w Actual waiting time (in weeks)  
Uj  Maximum urgency level of specialty-j patients  
Wju  Maximum allowed waiting time (in weeks) of patients 

from urgency group u of specialty j  
qi  Priority score of patient i  
vj  Relative importance of specialty j  
u(i) Urgency level of patient i  
w(i) Actual waiting time of patient i (in weeks)  
Wi  Maximum allowed waiting time (in weeks) of patient i  
cs  Unit cost of scheduling (i.e., performing) a surgery  
cw  Unit cost of postponing a surgery  
cb  Fixed cost of opening a surgical block  
co  Unit overtime cost of surgical blocks (per hour)  
cr  Unit penalty for exceeding the regular SICU capacity (per 

bed-day)  
t(b) ∈ T  The workday to which surgical block b is preallocated  
j(b) ∈ J  The specialty to which surgical block b is preallocated  
j(i) ∈ J  The specialty to which patient i belongs  
Lb  Regular time length of surgical block b  
D Total number of SICU beds  
Dt⩽D  Number of available SICU beds on day t  
eib  1, if patient i can be assigned to block b, i.e., j(i) = j(b); 0, 

otherwise   

dω
i  Surgery duration of patient i in scenario ω   

lωi  LOS of patient i in scenario ω   

dj  Average surgery duration of specialty-j patients  

lj  Average LOS of specialty-j patients  

γ ∈ [0,1) Discount factor of the MDP model  
nτ

juw  Number of type-{juw} patients waiting for surgery in 
week τ   

njuw  Number of type-{juw} patients waiting for surgery in 
some week   

ñτ
ju  Uncertain number of newly arrived type-{ju, 0} patients 

in week τ   
nju  Average number of newly arrived type-{ju, 0} patients 

during a week   

Subsets I′ ⫅I  Set of patients (surgeries) to be scheduled in the 
considered week  

Bj⫅B  Set of surgical blocks that are preallocated to specialty j  
Tω

ib⫅T  Set of days from t(b) to min(
⃒
⃒T
⃒
⃒, t(b) + lωi − 1)
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between the heuristic solutions and the exact ones. In this paper, we 
formulate a more complex stochastic programming model which allows 
violations of downstream capacity constraints and has an additional 
penalty term in the objective function. Inspired by Zhang et al. (2020), 
we develop a novel CGBH algorithm which is adapted to the complex 
model structure and can cope with realistically sized instances with well 
balanced accuracy and efficiency. 

Another limitation that can be noticed from the existing research is 
that most deterministic and stochastic models are based on pure math-
ematical programming and optimize the schedules in different planning 
periods individually. These models may lead to myopic scheduling 
policies, which achieve low costs only in the present period and fail to 
smooth the patient flow. Consequently, a large number of patients may 
be accumulated on the waiting list, making it impossible to lower the 
future costs. To address this issue, Zhang et al. (2019) propose a com-
bined MDP and stochastic programming model for a single-specialty, 
single-OR surgery scheduling problem, and validate the merits of 
considering long planning horizons. In this paper, we generalize the 
model of Zhang et al. (2019) to a novel two-phase optimization model 
which is better adapted to real-life cases. We substantially extend the 
objective functions and constraints of Zhang et al. (2019) so as to 
incorporate realistic problem settings, e.g., multiple specialties with 
different patient characteristics, and a large OT with multiple ORs and 
SICU beds. 

3. Problem description and formulations 

In this section, we provide a detailed description of the studied 
advance surgery scheduling problem and present the novel two-phase 
optimization model. The notations introduced in this section are sum-
marized in Tables 2 and 3. 

3.1. Description of the studied problem 

We deal with the advance scheduling of elective surgeries in an OT 
shared by multiple specialties. The OT is composed of multiple ORs and 

an SICU with a certain number of beds. At the end of each week, we 
make the following decisions to determine the surgery schedule of the 
next week: (1) select the patients to be treated from the waiting list; (2) 
determine the surgical blocks to open; (3) assign the selected patients to 
open surgical blocks. The main problem settings are depicted by the 
following assumptions: 

Assumption 1. A dedicated policy is adopted: the emergent patients are 
treated with dedicated surgical resources and are not considered in the 
studied problem. 

Assumption 2. A block scheduling strategy is adopted: an MSS specifying 
the preallocation of surgical blocks to specialties has been determined at the 
tactical level. 

Assumption 3. All the patients to be included in a surgery schedule must 
be selected from the waiting list. Direct admission for surgery is not allowed. 
The waiting list is updated at the end of each week by adding the newly 
arrived patients and removing the scheduled ones. 

Assumption 4. Every postoperative patient may be required to stay in the 
SICU for a number of consecutive days. If the regular SICU capacity is 
insufficient to accommodate all the patients in need of intensive care, some 
patients are transferred to the other recovery units with lower level of care, or 
extra beds are added into the SICU; consequently, a penalty for exceeding the 
regular SICU capacity is incurred. 

Assumption 5. Surgery durations and LOSs are assumed to be lognor-
mally distributed, while patient arrivals are described by Poisson processes. 
Further, we assume that the parameters of the lognormal distributions are 
specialty-dependent, and that the rates of the Poisson processes depend on 
both the specialty and urgency level. Similar assumptions can be seen in the 
relevant research (e.g., Min and Yih, 2010b; Min and Yih, 2010a; Ney-
shabouri and Berg, 2017). 

Detailed problem descriptions are presented as follows. We denote 
the set of specialties by J, and assign each specialty j ∈ J a factor vj 
indicating its relative importance. For example, heart surgeries are 
generally more important than nose surgeries; accordingly, the relative 
importance factor of cardiology should be higher than that of rhinology. 
The set of patients (surgeries) on the waiting list is denoted by I and each 
patient i ∈ I belongs to exactly one specialty j(i) ∈ J. When a new patient 
i is added to the waiting list, a static urgency level u(i) = 1, 2,…,Uj(i) is 
assigned to him/her by the surgical staff. As a result, the specialty-j 
patients are divided into Uj urgency groups. To avoid health deteriora-
tion caused by long waiting times, a maximum allowed waiting time Wju 

is stipulated for each urgency group u of each specialty j. The actual 
waiting time w(i) of any patient i ∈ I should not exceed Wj(i),u(i), and a 
time-dependent priority qi = vj(i)⋅u(i)⋅w(i) is assigned to each patient 
i ∈ I. For simplicity, the patients from specialty j with urgency level u 
and waiting time w are hereinafter referred to as type-{juw} patients. 

Surgery schedules are determined on a weekly basis, and we use T =

{1,2,…,7} to denote the set of days within a planning horizon. All 
surgeries should be performed on workdays, while the SICU is open 
throughout the week to serve the postoperative patients that are in need 
of intensive care during the weekend. Under the block scheduling 
strategy, the set B of available surgical blocks is given by an MSS, and 
each surgical block b ∈ B is preallocated to a specialty j(b) ∈ J and a 
workday t(b) ∈ {1,2,…,5}⊂T. Since no patient can be treated in a sur-
gical block that is not preallocated to the corresponding specialty, we 
introduce parameter eib to indicate whether patient i is allowed to be 
assigned to surgical block b : eib = 1 if j(i) = j(b); otherwise eib = 0. 

Shortening patients’ waiting times and avoiding over-utilization of 
surgical resources are well-known to be conflicting objectives (Cappa-
nera, Visintin, & Banditori, 2018; Marques & Captivo, 2017). In the 
relevant literature, the weighted-sum method is commonly used to trade 
off the conflicting interests of different stakeholders (e.g., Jebali & 
Diabat, 2015, 2017; Min & Yih, 2010a; Neyshabouri & Berg, 2017; 

Table 3 
Notations introduced in Section 3 (part 2 of 2).   

Notation Definition 

Decision 
variables 

xib  1, if patient i is assigned to surgical block b; 0, 
otherwise  

yb  1, if surgical block b is open; 0, otherwise  
zω

it  1, if patient i requires an SICU bed on day t in scenario 
ω; 0, otherwise   

oω
b  Non-negative integer variable capturing the overtime 

of surgical block b in scenario ω   
rω
t  Non-negative integer variable capturing the number 

of patients that are denied admission to the SICU on 
day t in scenario ω   

mτ
juw  Number of scheduled type-{juw} patients in week τ   

mjuw  Number of scheduled type-{juw} patients in some 
week   

Vectors s ∈ S  State of the MDP model with elements njuw   

sτ ∈ S  State of the MDP model in week τ with elements nτ
juw   

a ∈ A  Action of the MDP model with elements mjuw   

aτ ∈ A  Action of the MDP model in week τ with elements mτ
juw   

Functions and P(s,a, s′ ) Probability of transition from state s to state s′ when 
action a is executed  

mappings C(s,a) Instant cost of state-action pair {s,a}
π  Policy of the MDP model  
π(s) Action corresponding to state s under policy π   

π*  Optimal policy  

Vπ(s) Value function of state s under policy π   
f(ω) Probability density function of scenario ω   
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Roshanaei et al., 2020). The same method is adopted in this paper to 
integrate the patient-related and hospital-related costs into a single cost 
function. The patient-related costs are incurred by scheduling and 
postponing surgeries. Let cs and cw be the unit costs of scheduling (i.e., 
performing) and postponing a surgery, respectively, and we define cs <

cw so that the patient-related costs are minimized when all patients are 
scheduled. The actual costs of scheduling and postponing the surgery of 
patient i are then given by qics and qicw, respectively. The priority score 
qi is used as a multiplier of the patient-related costs; thus, it is preferable 
to schedule high-priority patients before low-priority ones. 

The hospital-related costs are incurred by opening and overusing 
surgical blocks as well as exceeding the regular SICU capacity. We define 
scenario ω as a realization of the surgery durations and LOSs of all pa-
tients i ∈ I, and define Ω as the set of all possible scenarios. Then, we 

denote the surgery duration and LOS of patient i by dω
i and lωi , respec-

tively. If the surgeries assigned to surgical block b are not completed 
within the regular time length Lb, block b can be overused but an 
overtime cost of co per hour is incurred. Exceeding the regular SICU 
capacity Dt on day t incurs a penalty of cr per bed-day, since some pa-
tients in need of intensive care have to be transferred to lower-level 
recovery units, or extra beds should be added into the SICU. In addi-
tion, we consider the fixed cost cb of opening a surgical block; thus, some 
surgical blocks can be closed to save the hospital’s expense when the 
actual surgical demand is low. We note that, since each surgical block 

b ∈ B is the combination of an OR and a workday and its time length is 
generally much longer than a surgery’s duration, the number of sur-
geries assigned to each surgical block is indeterminate. As a result, the 
number of open surgical blocks is not strictly proportionate to the 
number of scheduled surgeries, and hence the costs of scheduling sur-
geries and opening surgical blocks cannot be merged. 

The detailed surgery schedule is determined by decision variables xib 
and yb indicating whether patient i is assigned to block b and whether 
surgical block b is open, respectively. In addition, auxiliary variables zω

it 
are defined to indicate whether patient i requires an SICU bed on day t in 
scenario ω. Given a detailed surgery schedule (x,y) and a scenario ω, the 
values of zω

it are fixed and the total costs in the considered week can be 
computed by  

where (⋅)+ = max{⋅,0}. When formulating the test instances in the nu-
merical experiments, we determine the weights (cs, cw, cb, co, and cr) in 
(1) based on the realistic surgery scheduling problems studied in the 
relevant works. 

This work aims at improving the long-term performance of surgery 
schedules and hence the inter-week correlations should be considered. A 
major correlation between two consecutive weeks lies in the waiting list 
(i.e., the patient set I). In a week denoted by τ, we use nτ

juw to represent 
the number of type-{juw} patients on the waiting list, and use mτ

juw to 
represent the number of scheduled type-{juw} patients. As the waiting 
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Fig. 1. An example advance surgery scheduling problem.  

C(x, y|ω) =
∑

i∈I

∑

b∈B
csqixib +

∑

i∈I

[
cwqi

(
1 −

∑

b∈B
xib

) ]

⏟̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅ ⏞⏞̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅ ⏟
patient− related costs

+
∑

b∈B
cbyb + co

∑

b∈B

(∑

i∈I
dω

i xib − Lb

)+
+ cr

∑

t∈T

(∑

i∈I
zω

it − Dt

)+

⏟̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅ ⏞⏞̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅ ⏟
hospital− related costs

(1)   
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time of any patient is 0 before he/she joins the waiting list, we denote 
the number of newly arrived type-{ju,0} patients in week τ with ñju. 
Then, from week τ to week τ + 1, the waiting list is updated by the 
following formula: 
⎧
⎨

⎩

nτ+1
ju,1 = ñτ

ju ∀ j, u

nτ+1
ju,w+1 = nτ

juw − mτ
juw ∀ j, u, and w = 1, 2,…,Wju − 1

(2)  

Referring to Assumption 5, ñju is one of the three sources of uncertainty 
considered in this paper and is modulated by a Poisson process with rate 
nju. The other two sources of uncertainty are patients’ surgery durations 
and LOSs. They are assumed to follow lognormal distributions with 
specialty-dependent means and variations. 

Another correlation among consecutive weeks is the SICU capacity: 
although the regular SICU capacity D is constant, the number Dt of 
available SICU beds may vary, since some patients who have been 
treated in the previous week may have not been discharged. The two 
correlations imply that the surgery schedule of the current week strongly 
impacts that of the subsequent week, and hence optimizing the surgery 
schedule of each week separately does not result in the best performance 
in the long run. 

To better illustrate the advance surgery scheduling problem studied 
in this paper, we present in Fig. 1 the schematic of an example instance 
with 3 specialties, 5 ORs, and 4 SICU beds. The flows of 2 example pa-
tients are indicated by arrows: the patient belonging to the cardiology 
department waits on the waiting list with an urgency level u = 2 for 2 
weeks, then is treated in the 4th OR on the Tuesday of the third week, 
and finally stays in the SICU (occupying the 1st bed) for 5 days before 
being discharged or transferred to regular wards; in comparison, the 
other patient spends more time on the waiting list due to a lower ur-
gency level, and is directly discharged after surgery because he/she does 
not need intensive care. 

3.2. The two-phase optimization model 

We propose a novel two-phase optimization model in which the 
previously described problem is decomposed into two phases. In the first 
phase, we formulate an infinite-horizon MDP model to optimize the 
selection of patients to be treated in each week; in the second phase, we 
formulate a stochastic programming model based on the first-phase 
decision to determine the surgical blocks to open and assign the 
selected patients to open surgical blocks. Fig. 2 illustrates the overall 
structure of the two-phase optimization model. 

3.2.1. Phase 1: managing the patient waiting list using Markov decision 
process 

The first-phase problem is equivalent to the patient admission con-
trol problem studied by Zhang et al. (2021), and the MDP model pre-
sented in this subsection is derived from the one formulated by Zhang 
et al. (2021). In the MDP model, we regard the end of each week τ as a 
decision epoch, then define state s and action a as vectors of njuw and 
mjuw, respectively. Note that superscript/subscript τ can be dropped for 
simplicity in some cases, because an infinite-horizon MDP model is 
stationary, i.e., the transition probability function P(s, a, s′ ) and the cost 
function C(s, a) are independent of the decision epoch τ. Since the values 
of njuw are not upper bounded, the MDP model has an infinitely large 
state space S. For a given state s ∈ S, the action space A(s) is restricted by 
{

mjuw⩽njuw, if w < Wju
mjuw = njuw, if w = Wju

(3)  

The size of the action space is thereby 
⃒
⃒
⃒A(s)

⃒
⃒
⃒ =

∏
j∈J
∏Uj

u=1
∏Wju − 1

w=1 (njuw +

1). 
From (2), we can derive the transition probability function of the 

MDP model as follows: 

Fig. 2. The two-phase optimization model.  
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P(sτ,aτ,sτ+1)=
∏

j∈J

∏Uj

u=1

∏Wju

w=1
p(nτ

juw − mτ
juw = nτ+1

ju,w+1)×
∏

j∈J

∏Uj

u=1
p(ñτ

ju = nτ+1
ju,1 ) (4) 

The MDP model minimizes the expected total costs over an infinite 
horizon by properly selecting the patients to be treated in each week. 
Considering that the block-opening decisions and the patient-to-block 
assignments drastically increase the computational complexity and 
cannot be incorporated into the MDP model, it is impossible to calculate 
the exact hospital-related costs in the first phase. However, the instant 
costs of week τ can be estimated by the following cost function based on 
state sτ and action aτ: 

C(sτ, aτ) =
∑

j∈J

∑Uj

u=1

∑Wju

w=1
vjuw

[
csmτ

juw + cw(nτ
juw − mτ

juw)
]

+co

∑

j∈J

(
∑Uj

u=1

∑Wju

w=1
mτ

juwdj −
∑

b∈Bj

Lb

)+

+cr

(
∑

j∈J

∑Uj

u=1

∑Wju

w=1
mτ

juwlj −
∑

t∈T
Dt

)+

(5)  

The first term of (5) computes the exact patient-related costs, in which 
the patient priority score q = vjuw is used as a multiplier so that the 
patients of higher priority are more likely to be scheduled in the 
considered week τ. The subscript i of qi is dropped here because q = vjuw 
denotes the priority of a patient group (i.e., type-{juw} patients) instead 
of the priority of a single patient. The second term of (5) estimates the 
overtime costs from the total expected surgery duration of the selected 
patients and the total OR capacity, while the third term estimates the 
penalty for exceeding the regular SICU capacity based on the sum of 
mean LOSs of the selected patients and the total available beds. We also 
assume that all surgical blocks are open and hence the block-opening 
costs can be excluded from (5). The way we estimate the over- 
utilization of surgical resources is similar to the approximation 
method introduced by Astaraky and Patrick (2015), and it can achieve a 
satisfactory accuracy because the overall resource utilization is gener-
ally increasing in the number and expected resource requirements of the 
scheduled patients. Computing the exact hospital-related costs requires 
the realizations of stochastic parameters and the detailed surgery 
schedules, which are not addressed in the MDP model to avoid 
extremely large action spaces. Thus, we focus on the patient admission 
control in the first phase and leave the intra-week surgery scheduling to 
the second phase. 

A policy of the MDP model is a mapping π : S→A that specifies the 
action π(s) to be executed for each state s ∈ S, and the value function of 
policy π is a mapping Vπ : S→R that captures the expected total costs 
under policy π from each state s ∈ S over an infinite horizon. The 
objective of solving the MDP model is to find the optimal policy π* that 
leads to the lowest value function Vπ* (Mausam & Kolobov, 2012): 

π*(s) = argmin
a∈A(s)

[

C(s, a) + γ
∑

s′ ∈S

P(s, a, s′

)Vπ* (s
′

)

]

, ∀s ∈ S (6)  

where discount factor γ ∈ [0,1) prevents the value function from being 
infinite and reflects the model’s degree of attention to the costs incurred 
in the future: the model becomes more shortsighted as γ decreases, and 
vice versa. Since the MDP model is stationary, π* is a stationary 
Markovian policy under which the selection of an action only depends 
on the current state s. 

3.2.2. Phase 2: optimizing intra-week schedules with stochastic 
programming 

Based on the values of mjuw (components of action a) optimized in the 
first phase, we can determine the set I′ of patients that are to be 
scheduled. Then, the patient-to-block assignments xib and the block- 
opening decisions yb are optimized in the second phase. Since surgery 
durations are usually discretized as integer time intervals (e.g., 30 min) 
in practice (Min & Yih, 2010a), we use discrete surgery durations in the 
second phase so that the scenario set Ω is finite. The probability mass 
function f(ω) of scenario ω satisfies 

∑
ω∈Ωf(ω) = 1. 

Then, the second-phase problem is formulated as the following two- 
stage stochastic programming model with recourse (SP): 

(SP) min
∑

b∈B
cbyb +E[Q(x, y|ω)] (7)  

s.t.
∑

b∈B
xib = 1, ∀ i ∈ I ′ (8)  

xib⩽eibyb,∀ i ∈ I ′

, b ∈ B (9)  

xib, yb ∈ {0, 1}, ∀ i ∈ I
′

, b ∈ B (10)  

where E[Q(x, y|ω)] represents the objective value of the following 
recourse problem: 

(SP − R) min
∑

ω∈Ω
f (ω)

(
∑

b∈B
cooω

b +
∑

t∈T
crrω

t

)

(11)  

s.t. oω
b ⩾
∑

i∈I′
dω

i xib − Lb,∀ b ∈ B, ω ∈ Ω (12)  

zω
it ⩾xib,∀ i ∈ I ′

, b ∈ B, t ∈ Tω
ib, ω ∈ Ω (13)  

rω
t ⩾
∑

i∈I′
zω

it − Dt,∀ t ∈ T, ω ∈ Ω (14)  

zω
it ∈

{
0, 1
}
,∀ i ∈ I ′

, t ∈ T, ω ∈ Ω (15)  

0⩽oω
b , rω

t ∈ Z, ∀ b ∈ B, ω ∈ Ω (16) 

The value of the patient-related costs is a constant for a given patient 
selection I′ , hence only the hospital-related costs are minimized in the 
objective function (7). Specifically, the first term of (7) computes the 
opening costs of all the surgical blocks, and the second term is the ex-
pected objective value of a recourse problem capturing the other 
hospital-related costs that are under the impact of uncertainty. Con-
straints (8) guarantee that each selected patient is assigned to exactly 
one surgical block, and constraints (9) require each patient to be 
assigned to an open surgical block which is preallocated to his/her 
corresponding specialty. xib and yb are declared as binary decision var-
iables in constraints (10). 

The objective function (11) of the recourse problem optimizes the 
expected costs of exceeding the regular capacities of surgical blocks and 
SICU. Constraints (12) compute the overtime oω

b of each surgical block in 
each scenario based on the patient-to-block assignments and the surgery 
durations. Constraints (13) specify that each patient i needs an SICU bed 
from the surgery date t(b) for lωi consecutive days. Constraints (14) 
calculate the shortage rω

t of SICU capacity on each day and in each 
scenario. Finally, constraints (15) define zω

it as binary variables, and 
constraints (16) define oω

b and rω
t as non-negative integer variables. 
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4. Solution approach 

Solving the two-phase optimization model requires efficient algo-
rithms to ensure that any realistically sized problem can be solved 
within a reasonable computation time. The biggest challenge for solving 
an MDP model is the so-called “three curses of dimensionality”, i.e., 
large sizes of state space, action space, and outcome space (Powell, 
2011). In order to solve the first-phase MDP model efficiently, we 
employ the ADP algorithm developed by Zhang et al. (2021). Generally, 
an MDP model is solved by improving an arbitrarily initialized policy, 
but improving this policy requires repeatedly computing the value 
function of the entire state space. The ADP algorithm of Zhang et al. 
(2021) is based on the RLS-TD(λ) method, a reinforcement learning 
technique proposed by Xu, He, and Hu (2002) for estimating the value 
functions of Markov chains (note that an MDP model becomes a Markov 
chain when a policy is given). The RLS-TD(λ) method continually up-
dates a low-dimensional linear function to approximate the high- 
dimensional value function, so that the curse of dimensionality of the 
state space can be solved. Moreover, the ADP algorithm is embedded 
with a mechanism that reduces the number of actions to be evaluated for 
each state. This mechanism is based on the structural properties of the 
MDP model and can drastically improve the efficiency of exploring the 
action space. Besides, the ADP algorithm does not evaluate all the sub-
sequent states for each state-action pair; instead, it randomly selects 
only one of the subsequent states to visit and avoid exploring the entire 
outcome space. As all the details regarding the reinforcement-learning- 
based ADP algorithm have been elaborated in Zhang et al. (2021), this 
section focuses on the solution approach for the stochastic programming 
model (SP) in the second phase. We first present the SAA approach 
which is used to translate the SP model into its deterministic counter-
part, then develop an efficient CGBH algorithm to solve the determin-
istic model translated by SAA. 

4.1. The SAA approach 

For a stochastic programming model, it is usually too difficult or 
even impossible to enumerate all the possible scenarios ω ∈ Ω. In order 
to overcome this computational challenge, Kleywegt, Shapiro, and Mello 
(2002) propose the SAA approach which solves stochastic programming 
models without enumerating all the possible scenarios or computing the 
probability mass function f(ω). SAA replaces the complete scenario set Ω 
with a relatively small scenario set K, in which the scenarios are 
randomly sampled by Monte-Carlo simulations. Then, the average 
objective value under the |K| scenarios provides an approximation for 
the exact objective value. It has been proved that SAA produces an 
optimal solution to the true stochastic programming model with prob-
ability approaching one exponentially fast as the sample size |K| in-
creases (Kleywegt et al., 2002). 

Using the SAA approach, we can translate the stochastic program-
ming model SP in the second phase into the following deterministic 
integer programming model (SP-SAA): 

(SP − SAA) min
∑

b∈B
cbyb +

1
|K|

(
∑

b∈B
cook

b +
∑

t∈T
crrk

t

)

(17)  

s.t.
∑

b∈B
xib = 1, ∀ i ∈ I ′ (18)  

xib⩽eibyb, ∀ i ∈ I ′

, b ∈ B (19)  

ok
b⩾
∑

i∈I′
dk

i xib − Lb,∀ b ∈ B, k ∈ K (20)  

zk
it⩾xib,∀ i ∈ I ′

, b ∈ B, t ∈ Tk
ib, k ∈ K (21)  

rk
t ⩾
∑

i∈I′
zk

it − Dt,∀ t ∈ T, k ∈ K (22)  

xib, yb, zk
it ∈

{
0, 1
}
,∀ i ∈ I ′

, b ∈ B, t ∈ T, k ∈ K (23)  

0⩽ok
b, rk

t ∈ Z, ∀ b ∈ B, t ∈ T, k ∈ K (24)  

where k is the index of the sampled scenarios in K. 
Considering that the computational complexity of solving SP-SAA 

increases faster than linearly in the sample size |K|, it is beneficial to 
replicate the solution procedure of SP-SAA with a relatively small 
sample size (Kleywegt et al., 2002). In this paper, we solve the SP-SAA 
model M times with M independently generated scenario sets. A lower 
bound (LB) on the optimal objective value of SP is then provided by the 
mean vM

K of the M resulting objective values v̂m
K :  

vM
K =

1
M

∑M

m=1
v̂m

K (25)  

The variance of vM
K can then be computed by 

σ2
vM

K
=

1
M(M − 1)

(
vM

K − v̂m
K

)2 (26) 

For the mth solution {X̂
m
K , Ŷ

m
K} (m = 1,2,…,M), we compute its upper 

bound (UB) ̂gK′ (X̂
m
K , Ŷ

m
K ) by evaluating the objective function (17) with a 

sufficiently large scenario set K′ , in which the scenarios are also gener-
ated by Monte-Carlo simulations. The variance of UB is computed by the 
following formula:  

σ2
ĝ

K′ (X̂
m

K ,Ŷ
m

K)
=

1
|K ′

|(|K ′
| − 1)

∑

k∈K ′

[
ĝk

(
X̂

m
K , Ŷ

m
K

)
− ĝK′

(
X̂

m
K , Ŷ

m
K

)]2
(27) 

We select the solution indexed by m* with the lowest optimality gap 
as the optimal solution:  

m* = argmin
m

[

ĝK′

(

X̂
m
K , Ŷ

m
K

)

− vM
K + Φ− 1

(

1 − α
) ̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

σ2
ĝ

K′ (X̂
m

K ,Ŷ
m

K)
+ σ2

vM
K

√ ]

(28)  

where Φ(x) is the cumulative distribution function of the standard 
normal distribution and α ∈ (0,1) is the tolerance probability. 

Finally, the complete SAA approach employed in this paper is 
derived from the general SAA procedure proposed by Kleywegt et al. 
(2002) and is presented in Algorithm 1. The solution quality and 
computational complexity of Algorithm 1 are both increasing in M, |K|, 
and |K′

|, and the optimal parameter values achieving the best trade-off 
between accuracy and efficiency are problem-dependent. In our nu-
merical experiments, the values or ranges of M, |K|, and |K′

| are deter-
mined according to the results of our preliminary computations.  
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Algorithm 1. The sample average approximation (SAA) approach  

4.2. A novel CGBH algorithm 

In step 4 of Algorithm 1, SP-SAA can be directly solved by com-
mercial optimization solvers with B&B or B&C algorithms. However, the 
computational resources consumed by these conventional algorithms 
increase greatly as the problem size or the sample size grows. In order to 
solve large-sized problems efficiently, we develop a novel CGBH algo-
rithm to be employed in step 4 of Algorithm 1. Combining a CG pro-
cedure with a heuristic rule, the CGBH algorithm computes near-optimal 
solutions and tight lower bounds for SP-SAA, while requiring much 
fewer computational resources than the conventional algorithms. 

4.2.1. Column-oriented reformulation 
The CGBH algorithm consists of two main steps: first, a CG procedure 

is employed to solve the linear relaxation of the reformulated SP-SAA 
model, yielding a column set and a lower bound; second, a heuristic 
rule is used to derive a feasible solution. In order to take advantage of the 
CG procedure’s high efficiency in solving linear programs with large 
number of variables, SP-SAA should be reformulated as a column- 
oriented model (i.e., a set-partitioning model). Referring to the rele-
vant works in which CGBH algorithms are employed to solve advance 
surgery scheduling problems, each column of the column-oriented 
model usually represents the surgical plan for one OR and one day (e. 
g., Fei et al., 2009; Fei, Meskens, Combes, & Chu, 2009; Fei, Meskens, & 
Chu, 2010; Lamiri, Xie, & Zhang, 2008; Wang et al., 2014; Zhang et al., 
2020). However, most of these works are significantly different from this 
work in that they only optimize the utilization of ORs. Although Zhang 
et al. (2020) take downstream resources into account, they require the 

downstream capacity constraints to be strictly respected; as a result, 
there is no penalty for violating these constraints and their objective 
function is simpler than that of SP-SAA. In this work, term 

∑
t∈Tcrrk

t /
⃒
⃒K
⃒
⃒

in the objective function (17) cannot be represented as a linear function 
of any parameter of surgical plans; hence, SP-SAA has to be properly 
transformed before being reformulated. Specifically, we convert deci-
sion variables rk

t capturing the excess of SICU capacity to fixed param-
eters r̂k

t , and change the downstream capacity constraints (22) to the 
following strict constraints 
∑

i∈I′
zk

it⩽Dt + r̂k
t , ∀ t ∈ T, k ∈ K (29)  

Thus, term 
∑

t∈Tcrrk
t /
⃒
⃒K
⃒
⃒ in the objective function (17) can be dropped 

because it becomes a constant 
∑

t∈Tcr r̂
k
t /
⃒
⃒
⃒K
⃒
⃒
⃒, and the transformed SP- 

SAA model in which constraints (22) are replaced by (29) can be 
easily reformulated as a column-oriented model. 

To guarantee the solution quality, parameters ̂rk
t should be optimized 

before the transformed SP-SAA model is solved. In the original stochastic 
programming model SP, we introduce decision variables rω

t to ensure 
that SP-R is a complete recourse problem (i.e., any solution satisfying all 
the first-stage constraints is feasible at the second stage). In fact, 
exceeding the regular SICU capacity brings great inconvenience to the 
implementation of surgery schedules and is even more undesirable than 
overusing ORs. Accordingly, the unit penalty for exceeding the regular 
SICU capacity is usually defined as a large number so that the down-
stream capacity constraints are respected in most cases (e.g., Jebali & 

Table 4 
Notations introduced in Section 4   

Notation Definition 

Sets and subsets Ξ  Set of feasible surgical plans (column set)  

Ξ*⫅Ξ  Restricted set of feasible surgical plans (restricted column set)  

I′b⫅I′ Set of scheduled patients that can be assigned to surgical block b  

Tb⫅T  Set of days from t(b) to |T|

Index ξ  Index of surgical plans in Ξ or Ξ*  

Parameters αiξ  1, if patient i is assigned to plan ξ; 0, otherwise   
βbξ  1, if surgical block b is assigned to plan ξ; 0, otherwise   

γk
tξ  Number of SICU beds required by plan ξ on day t in scenario k   

ok
ξ  Overtime of surgical block incurred by plan ξ in scenario k   

Cξ  Cost of plan ξ   

σξ  Reduced cost of plan ξ   

πi,πb ,πk
t  Optimal dual values of the constraints of LMP  

r̂k
t  

Estimated excess of SICU capacity on day t in scenario k  

Decision variable λξ  1, if plan ξ is accepted; 0, otherwise   
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Diabat, 2015, 2017; Neyshabouri & Berg, 2017). Therefore, it is 
reasonable to give r̂k

t the lowest values guaranteeing the model’s feasi-
bility (see Section 4.2.2), and changing the downstream capacity con-
straints (22) to strict ones (29) has little impact on the resulting solution. 

The transformed SP-SAA model is reformulated as a column-oriented 
model composed of a master problem and a pricing problem. The master 
problem is a variant of the set-partitioning problem with each column 
representing a feasible surgical plan for a specific surgical block, while 
the pricing problem is a pure integer programming problem that 
searches for feasible surgical plans with negative reduced costs. The 
notations introduced in this section are summarized in Table 4. 

The master problem (MP) of the column-oriented model is presented 
as follows: 

(MP) min
∑

ξ∈Ξ
λξCξ (30)  

s.t.
∑

ξ∈Ξ
αiξλξ = 1, ∀ i ∈ I ′ (31)  

∑

ξ∈Ξ
βbξλξ⩽1, ∀ b ∈ B (32)  

∑

ξ∈Ξ
γk

tξλξ⩽Dt + r̂ k
t , ∀ t ∈ T, k ∈ K (33)  

λξ ∈
{

0, 1
}
,∀ ξ ∈ Ξ (34)  

The objective function (30) of MP, derived from the objective function 
(17) of SP-SAA, minimizes the total costs of all the accepted surgical 
plans, except for the costs of exceeding the regular SICU capacity. In MP, 
the cost Cξ of each surgical plan ξ includes the fixed cost cb of opening a 
surgical block as well as the costs incurred by overtime: 

Cξ = cb +
1
|K|

∑

k∈K
cook

ξ (35)  

Constraints (31) are equivalent to constraints (18) of SP-SAA, indicating 
that all the patients in I′ should be treated in the considered week. 
Constraints (32) require each surgical block to be occupied by at most 
one accepted surgical plan. Constraints (33) correspond to constraints 
(29), ensuring that the number of patients in the SICU does not exceed 
the sum of the regular SICU capacity Dt and the estimated excess r̂k

t . 
Constraints (34) define λξ as binary variables, so that MP is a 0–1 pro-
gramming problem. 

As the set Ξ of all the feasible surgical plans can be extremely large, 
MP contains a huge number of columns and cannot be solved explicitly. 
Nevertheless, the linear MP (LMP) in which the integrality constraints 
(34) are relaxed as 0⩽λξ⩽1 can be efficiently solved by a CG procedure. 
The CG procedure replaces set Ξ with its subset Ξ*⫅Ξ, thus converting 
LMP to the restricted LMP (RLMP). Referring to the simplex theory for 
solving linear programs, the elements of Ξ* should be generated by 
solving a pricing problem that seeks for feasible surgical plans with 
negative reduced costs σξ (Desaulniers, Desrosiers, & Solomon, 2005). 
Hence, the CG procedure solves RLMP and the pricing problem alter-
natively and iteratively while updating the restricted column set Ξ*. 
When no more feasible surgical plan with negative reduced cost can be 
found, the latest optimal solution of RLMP is the optimal solution of 
LMP. For the column-oriented reformulation of SP-SAA, the pricing 
problem (PP) is formulated as follows: 

(PP) min σξ = Cξ −
∑

i∈I′
πiαiξ −

∑

b∈B
πbβbξ −

∑

k∈K

∑

t∈T
πk

t γk
tξ (36)  

s.t. αiξ⩽eibβbξ,∀ i ∈ I ′

, b ∈ B (37)  

∑

b∈B
βbξ = 1, (38)  

ok
ξ⩾
∑

i∈I′
dk

i αiξ −
∑

b∈B
βbξLb,∀ k ∈ K (39)  

zk
it⩾αiξβbξ,∀ i ∈ I ′

, b ∈ B, t ∈ Tk
ib, k ∈ K (40)  

γk
tξ =

∑

i∈I′
zk

it⩽Dt + r̂ k
t ,∀ t ∈ T, k ∈ K (41)  

αiξ, βbξ, z
k
it ∈

{
0, 1
}
, ∀ i ∈ I ′

, b ∈ B, t ∈ T, k ∈ K (42)  

0⩽ok
ξ, γ

k
tξ ∈ Z, ∀ t ∈ T, k ∈ K (43)  

The objective function (36) of PP minimizes the reduced cost σξ of the 
surgical plan ξ which is to be added to Ξ*, where πi, πb, and πk

t are the 
optimal dual values of constraints (31), (32), and (33), respectively. 
Constraints (37) correspond to constraints (19) in SP-SAA, requiring that 
every patient and the surgical block to which he/she is assigned should 
belong to the same specialty. Constraint (38) guarantees that surgical 
plan ξ occupies exactly one surgical block. Constraints (39) are equiv-
alent to constraints (20) and they compute the overtime of surgical block 
caused by surgical plan ξ. Constraints (40) and (41) are equivalent to 
constraints (21) and (29), respectively. They determine the number of 
SICU beds needed by the patients scheduled by surgical plan ξ and 
prevent the demand for intensive care from exceeding Dt + r̂k

t . Finally, 
αiξ,βbξ, γk

tξ, and ok
ξ are defined as binary or integer decision variables by 

constraints (42) and (43). 
From the above formulation, we can observe that the pricing prob-

lem PP includes 
⃒
⃒I′
⃒
⃒×
⃒
⃒B
⃒
⃒×
⃒
⃒Tk

ib
⃒
⃒×
⃒
⃒K
⃒
⃒ quadratic constraints (40). In 

order to reduce the complexity of PP, we can decompose PP into |B|
subproblems, each of which corresponds to exactly one surgical block. In 
the subproblem for surgical block b: we have βbξ = 1 and βb′ ξ = 0 for any 
b′

∈ B⧹{b}, then the quadratic constraints (40) turn into linear con-
straints; the patient set I′ can be replaced by its subset I′b which only 
contains the patients that can be assigned to block b (i.e., eib = 1); the 
domain of t can be restricted to Tb = {t|t⩾t(b),t ∈ T}; variables γk

tξ can be 
dropped since they are equivalent to 

∑
i∈I′ zk

it. Thus, the decomposed 
subproblems are much simpler than the original pricing problem PP. The 
subproblem PPb for surgical block b ∈ B is as follows: 

(PPb) min σξ = cb +
1
|K|

∑

k∈K
cook

ξ −
∑

i∈I′b

πiαiξ − πb −
∑

k∈K

∑

i∈I′b

∑

t∈Tb

πk
t zk

it (44)  

s.t. ok
ξ⩾
∑

i∈I′b

dk
i αiξ − Lb,∀ k ∈ K (45)  

zk
it⩾αiξ,∀ i ∈ I

′

b, t ∈ Tk
ib, k ∈ K (46)  

∑

i∈I′b

zk
it⩽Dt + r̂ k

t ,∀ t ∈ Tb, k ∈ K (47)  

αiξ, zk
it ∈

{
0, 1
}
, ∀ i ∈ I ′

b, t ∈ Tb, k ∈ K (48)  

0⩽ok
ξ ∈ Z, ∀ k ∈ K (49)  

Further, the following additional SICU capacity constraints can be added 
to PPb to tighten the formulation: 

zk
it⩽1 − αiξ, ∀ i ∈ I ′

b, t ∈ Tb⧹Tk
ib, k ∈ K (50)  

zk
it⩽αiξ, ∀ i ∈ I ′

b, t ∈ Tb, k ∈ K (51) 
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Constraints (50) specify that no patient stays in the SICU before his/her 
surgery date t(b) or after the end of his/her recovery t(b) + lki − 1; con-
straints (51) specify that the unscheduled patients do not need SICU 
beds. These constraints are not incorporated into our original formula-
tions SP and SP-SAA because they increase the problem size and 
computational complexity. On the contrary, in the column-oriented 
model, constraints (50) and (51) guarantee that the SICU occupation 
of each surgical plan is accurately computed, so that the CG procedure 
can converge faster. 

4.2.2. CG procedure and heuristic rule 
LMP and RLMP may be infeasible because constraints (31) require all 

the patients in I′ to be scheduled, while constraints (33) limit the de-
mand for SICU beds to Dt + r̂k

t . In order to guarantee their feasibility, at 
the beginning of the CG procedure, we generate the initial columns in set 
Ξ* and determine the values of r̂k

t by solving the following integer 
programming model IP-R̂, which is derived from SP-SAA: 

(IP − R̂) min
∑

k∈K

∑

t∈T
r̂k

t (52)  

s.t.
∑

b∈B
xib = 1, ∀ i ∈ I ′ (53)  

xib⩽eibyb, ∀ i ∈ I ′

, b ∈ B (54)  

zk
it⩾xib,∀ i ∈ I ′

, b ∈ B, t ∈ Tk
ib, k ∈ K (55)  

r̂ k
t ⩾
∑

i∈I′
zk

it − Dt, ∀ t ∈ T, k ∈ K (56)  

xib, yb, zk
it ∈

{
0, 1
}
, ∀ i ∈ I

′

, b ∈ B, t ∈ T, k ∈ K (57)  

0⩽r̂ k
t ∈ Z, ∀ t ∈ T, k ∈ K (58)  

In IP-R̂, the objective function (17) of SP-SAA is simplified as the sum of 
r̂k

t because we only need the least excess of SICU capacity to guarantee 
the feasibility of RLMP (refer to Section 4.2.1). The scenario set K used in 
IP-R̂ is the same as that used in SP-SAA and MP. Moreover, constraints 
(20) of SP-SAA are dropped in IP-R̂ since they are always satisfied. IP-R̂ 
is much simpler than SP-SAA and can be efficiently solved by com-
mercial optimization solvers. Before RLMP is solved for the first time in 
the CG procedure, the values of r̂k

t are determined by solving IP-R̂, and 
all the surgical plans extracted from the optimal solution of IP-R̂ are 
added to Ξ*; as such, constraints (31) and (33) can both be satisfied and 
there exists at least one feasible solution for RLMP. 

In the CG procedure, the new columns added to Ξ* are generated by 
solving the decomposed pricing problems PPb. Three CG strategies can be 
employed: the all-negative strategy and the best-negative strategy both 
solve PPb for all b ∈ B in each iteration, but the former adds all the columns 
with negative reduced costs σξ to Ξ*, while the latter only adds the column 
with the lowest negative σξ to Ξ*; the first-negative strategy only adds the 
first encountered column with negative σξ to Ξ* and does not solve the rest 
of the pricing problems in each iteration. In this paper, we employ the all- 
negative CG strategy because it has been proved to be more efficient than 
the other two in Lamiri et al. (2008) and Zhang et al. (2020). 

The optimal solution for LMP produced by the CG procedure is not 
guaranteed to satisfy all the integrality constraints. Therefore, a heu-
ristic rule is needed to derive feasible solutions for MP. In this paper, we 
employ a straightforward heuristic rule that solves MP with the 
restricted column set Ξ* when the CG procedure terminates. The 
restricted MP (RMP) is an integer linear program that can be directly 
solved by commercial optimization solvers. Combining this heuristic 
rule with the CG procedure, we develop the CGBH algorithm presented 
in Algorithm 2.  

Algorithm 2. The column-generation-based heuristic (CGBH) algorithm for solving MP   
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4.3. The SAA-CGBH algorithm 

In the previous sections, we have presented the SAA approach (Al-
gorithm 1) for translating the second-phase stochastic programming 
model SP into the solvable model SP-SAA, as well as the CGBH algorithm 
(Algorithm 2) for solving SP-SAA efficiently. Thus, we can solve SP with 
the combination of Algorithms 1 and 2, i.e., the SAA-CGBH algorithm. 
The flowchart of SAA-CGBH presented in Fig. 3(a) illustrates that, after 
the model translation from SP into SP-SAA with scenario set K (corre-
sponding to step 3 of Algorithm 1), we do not solve SP-SAA directly with 
a commercial optimization solver; instead, we reformulate SP-SAA as 
MP using the techniques proposed in Section 4.2.1, then call the CGBH 
algorithm (Algorithm 2) to solve MP. The solutions and objective values 
computed by CGBH are then returned to the SAA approach (corre-
sponding to step 4 of Algorithm 1) for post-processing and selection. By 
comparison, the flowchart of the conventional SAA approach (i.e., 

Fig. 3. Flowcharts of the SAA-CGBH algorithm and the conventional SAA approach.  

Table 5 
Master surgery schedule (MSS).  

No. of OR Monday Tuesday Wednesday Thursday Friday 

1 ENT ENT ENT   
2   ENT ENT ENT 
3 OBGYN  OBGYN  OBGYN 
4 ORTHO ORTHO  ORTHO ORTHO 
5  ORTHO  NEURO  
6 GEN GEN GEN GEN  
7  GEN GEN GEN GEN 
8 OPHTH OPHTH  OPHTH OPHTH 
9 VASCULAR  CARDIAC  VASCULAR 
10 UROLOGY  ORTHO    
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Algorithm 1 with commercial optimization solver) is presented in Fig. 3 
(b), where the step marked by dashed borders indicates the main dif-
ference between the conventional SAA approach and the SAA-CGBH 
algorithm. 

5. Numerical experiments 

The reinforcement-learning-based ADP algorithm for solving the first- 
phase MDP model has been tested through extensive numerical experi-
ments (including sensitivity analyses) in Zhang et al. (2021). The results of 
Zhang et al. (2021) show that the ADP algorithm consumes significantly 
less CPU time than the conventional solution approaches (value iteration 
and real-time dynamic programming), and that the gaps between the near- 
optimal solutions produced by ADP and the exact solutions are below 
3.16%. Zhang et al. (2021) have also validated the capability of the ADP 
algorithm in solving realistically sized problems. Hence, in the numerical 
experiments of this paper, we focus on evaluating the computational per-
formance of the SAA-CGBH algorithm and the solution quality of the two- 
phase optimization model. Specifically, in Section 5.1, we introduce the 
parameter settings of the test instances; in Section 5.2, we employ the SAA- 
CGBH algorithm and the conventional SAA approach to solve the second- 
phase stochastic programming model (SP) and compare the results; in 
Section 5.3, we formulate the studied problem as a traditional pure sto-
chastic programming model, which serves as a benchmark, and compare 
the surgery schedules obtained by solving the two-phase optimization 

Table 6 
Parameter settings.  

Specialty j dj  σ(dj) lj  σ(lj) vj  u Wju  pct. (%) 

ENT 1 1.23 0.38 0.10 0.10 1 1 20 21.34  

OBGYN 2 1.43 0.44 2.00 2.00 2 1 15 6.17        
3 6 3.09  

ORTHO 3 1.78 0.54 1.50 1.50 2 1 15 15.51        
3 6 7.75  

NEURO 4 2.67 1.65 2.00 2.00 5 1 8 5.04 
GEN 5 1.55 0.67 0.05 0.05 1 1 20 14.75        

2 15 7.37  

OPHTH 6 0.63 0.10 0.05 0.05 2 1 15 2.98  

VASCULAR 7 2.00 1.03 3.50 3.50 4 1 10 2.73        
2 5 4.10        
4 2 1.37  

CARDIAC 8 4.00 2.95 2.00 2.00 5 1 8 0.81        
2 3 1.22        
6 1 0.41  

UROLOGY 9 1.07 0.75 0.80 0.80 3 1 12 3.57        
2 6 1.79 

Unit of dj and σ(dj): hours; unit of lj and σ(lj): days; pct.: percentage of surgeries. 

Table 7 
Comparison of the conventional SAA approach and the SAA-CGBH algorithm while solving SP (M = 10, |K′

| = 50000).  

|I′ |-D-|K| Conventional SAA  SAA-CGBH 

LB std.LB UB std.UB Gap Risk Opt. CPU  LB std.LB UB std.UB Gap Risk CPU 

30-6-10 18,041 309.84 19,515 16.04 8.17 52.86 10 10  18,587 275.91 19,397 16.38 4.36 60.53 19 
30-6-50 18,803 82.68 19,351 16.23 2.91 48.56 10 73  18,832 238.75 19,338 16.12 2.68 51.68 118 
30-6-100 18,840 70.85 19,345 16.21 2.68 48.32 10 230  19,002 122.77 19,337 15.98 1.76 49.43 367 
30-6-150 18,933 94.29 19,367 16.31 2.30 48.34 10 409  19,228 91.15 19,329 16.24 0.53 48.93 869                  

30-9-10 17,254 150.62 17,842 12.49 3.41 6.03 10 10  17,269 104.78 17,875 12.61 3.51 9.07 27 
30-9-50 17,444 90.03 17,818 12.30 2.15 2.44 10 111  17,563 97.25 17,795 12.42 1.32 3.50 168 
30-9-100 17,608 67.50 17,801 12.41 1.10 1.52 10 892  17,612 86.91 17,790 12.34 1.01 1.76 379 
30-9-150 17,607 95.10 17,837 12.46 1.30 1.40 10 1,936  17,642 78.95 17,792 12.29 0.85 0.85 599                  

35-9-10 18,985 229.50 20,358 14.46 7.23 0.37 10 67  19,180 282.06 20,336 10.00 6.03 2.90 40 
35-9-50 19,553 108.78 20,323 10.10 3.94 0.58 10 7,799  19,729 122.92 20,320 9.98 2.99 0.70 166 
35-9-100 19,913 64.52 20,330 9.96 2.09 0.28 6 16,729  19,831 66.35 20,322 10.01 2.48 0.15 302 
35-9-150 19,842 45.67 20,314 9.94 2.38 0.17 3 25,917  19,884 65.01 20,305 9.91 2.12 0.07 582                  

35-12-10 19,854 175.57 20,339 10.00 7.31 0.00 10 12  18,931 288.60 20,343 14.33 7.46 0.00 39 
35-12-50 19,764 102.26 20,323 9.98 2.83 0.00 10 106  19,700 132.12 20,319 14.16 3.15 0.01 153 
35-12-100 19,875 63.12 20,313 9.93 2.20 0.00 10 716  19,807 84.62 20,325 9.99 2.61 0.00 328 
35-12-150 19,925 59.69 20,312 9.91 1.94 0.00 10 969  19,902 73.42 20,320 9.93 2.10 0.00 551                  

40-12-10 20,545 307.02 22,139 10.98 7.76 0.01 10 13  20,740 272.06 22,146 15.02 6.78 0.00 53 
40-12-50 21,225 101.48 22,142 10.92 4.32 0.00 10 52  21,424 139.80 22,127 11.01 3.28 0.00 208 
40-12-100 21,651 95.90 22,142 11.06 2.27 0.01 10 574  21,636 96.97 22,129 14.99 2.28 0.00 328 
40-12-150 21,799 64.99 22,132 10.97 1.53 0.00 8 7,374  21,776 65.57 22,137 11.10 1.66 0.00 548                  

40-15-10 20,522 153.58 22,131 14.91 7.84 0.00 10 12  20,639 140.11 22,134 11.01 7.24 0.00 48 
40-15-50 21,403 144.41 22,122 10.93 3.36 0.00 10 35  21,325 106.54 22,122 11.03 3.73 0.00 212 
40-15-100 21,602 75.76 22,122 10.96 2.41 0.00 10 69  21,618 79.09 22,115 10.94 2.30 0.00 387 
40-15-150 21,680 43.48 22,144 11.12 2.14 0.00 10 168  21,782 80.34 22,121 10.87 1.56 0.00 666                  

45-15-10 21,395 212.84 22,892 16.85 6.99 0.07 10 22  20,927 187.51 22,879 16.85 9.32 0.56 69 
45-15-50 21,924 137.54 22,877 16.84 4.34 0.01 6 14,659  22,023 115.65 22,876 16.81 3.88 0.23 379 
45-15-100 22,271 115.03 22,870 16.85 2.69 0.03 4 22,064  22,185 122.24 22,861 16.82 3.05 0.14 824 
45-15-150 22,387 63.55 22,867 16.87 2.14 0.00 1 32,649  22,350 81.71 22,849 16.80 2.23 0.00 1,588 

LB–lower bound of SAA; std.LB–standard deviation of LB; UB–upper bound of SAA; std.UB–standard deviation of UB; Gap–relative gap between LB and UB (unit: %); 
Risk–average violation risk of downstream capacity constraints of the M solutions (unit: %); Opt.–number of optimal LBs obtained (LBs are not optimal in some cases 
because the preset maximum computation time, one hour, is reached); CPU–computation time (unit: s); 
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model and the benchmark model; in Section 5.4, we further discuss the 
generality and managerial implications of our numerical results. All pro-
grams are coded in C++ and GUROBI 7.5.2 is employed as the optimiza-
tion solver. All experiments are carried out on a PC with an Intel(R) Core 
(TM) i7-3770 CPU @3.40 GHz and a RAM of 8 GB. 

5.1. Test problems 

The test problems are derived from the real-life instances presented 
by Min and Yih (2010a) and Neyshabouri and Berg (2017) with 
reasonable minor modifications. In the considered OT, there are 10 
versatile ORs and a number of SICU beds shared by 9 specialties: ENT 
(ear, nose, and throat), OBGYN (obstetrics and gynecology), ORTHO 
(orthopedics), NEURO (neurosurgery), GEN (general surgeries), OPHTH 
(ophthalmology), VASCULAR, CARDIAC, and UROLOGY. An MSS con-
taining 32 available surgical blocks per week has been fixed and is 
shown in Table 5. The time length of each surgical block is Lb = 8 hours, 
and the length of a time interval is 30 min. The overtime cost and 
opening cost of each surgical block are co = 780 per time interval (i.e., 
1560 per hour) and cb = 1560, respectively; the cost of exceeding the 
regular SICU capacity is cr = 1560 per bed-day; and the unit costs of 
performing and postponing a surgery are cs = 400 and cw = 600, 
respectively. 

From the statistical data provided by Min and Yih (2010a) and 
Neyshabouri and Berg (2017), for each specialty j, we can obtain its 
relative importance vj, percentage of surgeries (pct.), mean surgery 
duration dj, standard deviation of surgery duration σ(dj), mean LOS lj, 
and standard deviation of LOS σ(lj). Further, we arbitrarily determine 
the urgency groups and maximum allowed waiting times for every 
specialty, based on the principle that the patient groups with the higher 
priority scores should be assigned the shorter maximum allowed waiting 
times. All these parameter settings are presented in Table 6. When 
generating the surgery duration or LOS of a patient by Monte-Carlo 
simulations, a continuous value is firstly sampled using the data in 
Table 6 as lognormal distribution parameters; then, this value is rounded 
to an integer. The way we generate surgical demands (i.e., patient sets) 
will be described in Sections 5.2 and 5.3. 

5.2. Comparison between SAA-CGBH and the conventional SAA 

In this subsection, we compare the computational performances of 
the two solution approaches proposed for the second-phase SP model: 
the SAA-CGBH algorithm (Fig. 3) and the conventional SAA approach 
(Algorithm 1 and Fig. 3(b)). As SP optimizes the detailed surgery 
schedule within a single week, each test instance in this subsection is 
associated with a static patient set I′ and a specific number D of SICU 
beds. We vary the values of |I′ | (i.e., the number of patients to be treated) 
and D, and randomly generate the patients in I′ according to the dis-
tribution parameters presented in Table 6. Specifically, we assume that 
the expected number of specialty-j patients with urgency level u is equal 
to the product of |I′ | and the corresponding percentage of surgeries 
(pct.), and that the type-{juw} patients are expected to be two times 
more than the type-{ju,w+1} patients. For each instance, we test the 
two solution approaches with the sample size |K| varying from 10 to 150 
and, based on the results of our preliminary experiments, we fix the 
number of replications and the size of the large samples (for evaluating 
UBs) to M = 10 and |K′

| = 50000, respectively. 
Table 7 presents the computational results, including the two SAA 

bounds (i.e., LB and UB) and their standard deviations, the relative gap 
between the two bounds, the violation risk of downstream capacity 
constraints, as well as the CPU time in seconds. The quality of a solution 
is mainly indicated by UB and the violation risk, which reflect the “true” 
objective value of the solution and the probability that the solution leads 
to a shortage in SICU beds, respectively. We can observe that the solu-
tion qualities of the two approaches both improve in general as the 

sample size |K| increases. Moreover, when the SICU capacity is relatively 
insufficient (e.g., |I′ | = 30 and D = 6 or 9), increasing |K| results in sig-
nificant reductions in the violation risk of downstream capacity con-
straints. Comparing the solutions of the two approaches, we find that the 
gaps in UBs are smaller than 1% in all cases, indicating that the two 
approaches are at the same accuracy level. In addition, the risks of 
exceeding the regular SICU capacity under the schedules computed by 
the two approaches are very close in most cases; hence, it is clear that 
transforming the downstream capacity constraints from (22)–(29) poses 
little impact on the resulting solutions for SP. 

Regarding the computational efficiency, Table 7 reveals that, as the 
sample size |K| increases, the CPU time consumed by the conventional 
SAA approach grows much faster than that consumed by the SAA-CGBH 
algorithm. For some large instances (e.g., |I′ | = 45,D = 15, and |K|⩾50), 
the optimization solver GUROBI usually fails to solve SP-SAA to opti-
mality within one hour (i.e., the preset maximum computation time), 
leading to several hours of total CPU time for the conventional SAA 
approach; by contrast, the SAA-CGBH algorithm can finish all compu-
tation with less than 30 min of CPU time. To summarize, the SAA-CGBH 
algorithm significantly outperforms the conventional SAA approach in 
terms of computational efficiency and does not cause any deterioration 
of solution quality. 

5.3. Comparison between the two-phase optimization model and a 
benchmark model 

In order to validate the advantages of the two-phase optimization 
model (MDP  + SP) over the conventional models used in the literature, 
we formulate a pure stochastic programming model SP′ in Appendix A as 
a benchmark. SP′ can be solved by the conventional SAA approach or the 
SAA-CGBH algorithm. The deterministic counterpart of SP′ and its 
column-oriented reformulation are presented in Appendix B. The 
experimental results of solving SP′ using the two solution approaches are 
presented in Appendix C. 

In this subsection, we redefine |I| as the expected total number of 
newly arrived patients in each week. As some patients may have to wait 
more than one week before being treated, the actual size of the waiting 
list may be larger than |I|. The size of each test instance is determined by 
a constant demand rate |I| and a constant SICU size D. For each test 
instance, we simulate the implementations of the two surgery schedules, 
which are obtained by solving the two models, over a time period of 20 
consecutive weeks. The patient arrivals in different weeks are assumed 
to be independently and identically distributed. Specifically, the number 
of newly arrived specialty-j patients with urgency level u in each week is 
sampled from a Poisson process with the arrival rate nju equal to the 
product of |I| and the corresponding percentage (i.e., pct. (%) in 
Table 6). Patients’ surgery durations and LOSs are sampled from 
lognormal distributions in the way described in Section 5.1. 

We solve the two-phase optimization model using the reinforcement- 
learning-based ADP algorithm developed by Zhang et al. (2021) and the 
SAA-CGBH algorithm (Fig. 3(a)) proposed in this work. As for the 
benchmark model SP′, Table C.1 illustrates that the SAA-CGBH algo-
rithm performs better than the conventional SAA approach in most 
cases, but the solution quality of SAA-CGBH deteriorates when the SICU 
capacity is relatively insufficient. Hence, the conventional SAA 
approach is used to solve SP′ when [|I|,D] = [30, 5] and [|I|,D] = [50,10], 
while the SAA-CGBH algorithm is employed to solve SP′ in the other 
cases. Based on the experimental results presented in Section 5.2 and 
Appendix C, the algorithm parameters |K|, |K′|, and M are set to 100, 
50000, and 10, respectively. In order that every test instance can be 
solved with an acceptable CPU time, we limit the maximum computa-
tion time of GUROBI in the conventional SAA approach to 1000 s. 

To be more specific, the surgery schedules of each test instance are 
simulated as follows: 
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Table 8 
Comparison of the solution quality of the two models: patients’ waiting time and overtime of ORs.  

|I|-D  Model Variable ENT OBGYN ORTHO NEURO GEN OPHTH VASCULAR CARDIAC UROLOGY 

u = 1  u = 3  u = 1  u = 3  u = 1  u = 2  u = 1  u = 2  u = 4  u = 1  u = 2  u = 6  u = 1  u = 2  

30-5 MDP + SP wju  1.039 1.049 1.000 1.039 1.000 1.063 1.012 1.000 1.308 1.000 1.000 1.000 1.500 1.000 1.000 1.067 1.000   
oj  0.322 0.015 0.187 0.692 0.283 0.000 0.118 0.161 0.013  

SP′ wju  2.017 2.730 1.118 2.648 1.061 2.258 2.620 1.658 2.077 1.909 1.304 1.000 2.000 1.818 1.000 1.813 1.000   
oj  0.175 0.049 0.305 0.227 0.256 0.000 0.124 0.161 0.011  

30-10 MDP + SP wju  1.070 1.075 1.000 1.059 1.000 1.063 1.024 1.000 1.071 1.091 1.043 1.000 1.000 1.000 1.000 1.188 1.091   
oj  0.273 0.086 1.501 0.753 0.549 0.000 0.110 0.161 0.013  

SP′ wju  2.208 1.439 1.000 1.904 1.000 1.656 2.844 1.892 2.077 1.727 1.000 1.000 2.000 1.000 1.000 1.313 1.182   
oj  0.176 0.088 0.485 0.223 0.271 0.000 0.116 0.161 0.017  

30-15 MDP + SP wju  1.008 1.125 1.056 1.010 1.000 1.000 1.034 1.000 1.143 1.167 1.130 1.000 1.000 1.000 1.000 1.071 1.000   
oj  0.610 0.065 2.394 0.751 0.496 0.000 0.149 0.161 0.013  

SP′ wju  2.222 1.220 1.000 1.863 1.000 1.625 2.873 1.892 2.077 1.727 1.000 1.000 2.000 1.000 1.000 1.313 1.182   
oj  0.135 0.087 0.498 0.221 0.234 0.000 0.116 0.161 0.018  

50-10 MDP + SP wju  1.053 1.016 1.000 1.039 1.000 1.082 1.022 1.000 1.167 1.028 1.000 1.000 1.000 1.154 1.000 1.077 1.059   
oj  1.875 0.082 1.417 3.074 1.548 0.000 1.103 1.500 0.080  

SP′ wju  2.080 1.932 1.000 2.178 1.000 3.246 2.600 1.642 1.478 1.694 1.029 1.000 2.286 1.385 1.000 1.205 1.059   
oj  0.264 0.095 0.663 1.472 0.385 0.000 0.436 0.625 0.057  

50-15 MDP + SP wju  1.024 1.078 1.111 1.019 1.000 1.055 1.066 1.000 1.250 1.083 1.029 1.000 1.200 1.154 1.000 1.077 1.118   
oj  1.279 0.107 2.938 2.820 1.004 0.000 0.482 1.693 0.072  

SP′ wju  2.168 1.556 1.000 2.000 1.000 3.030 2.762 1.791 1.478 1.583 1.000 1.000 2.143 1.385 1.000 1.179 1.059   
oj  0.342 0.190 0.758 1.566 0.407 0.000 0.349 0.578 0.066  

50-20 MDP + SP wju  1.100 1.000 1.000 1.052 1.000 1.068 1.007 1.000 1.167 1.083 1.000 1.000 1.067 1.231 1.000 1.051 1.118   
oj  1.304 0.152 1.786 3.161 1.196 0.000 0.532 1.694 0.076  

SP′ wju  2.138 1.413 1.000 1.939 1.000 2.985 2.811 1.939 1.478 1.444 1.000 1.000 2.143 1.385 1.000 1.179 1.059   
oj  0.356 0.193 0.746 1.660 0.407 0.000 0.310 0.580 0.066  
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• Step 1 Let I1 and I2 be two empty waiting lists and let τ = 1;  
• Step 2 Generate the newly arrived patients of the first week and add 

them to I1 and I2;  
• Step 3 Solve the two models with the current waiting lists (I1 and I2 

correspond to the two-phase optimization model and the 
benchmark model, respectively);  

• Step 4 Assume that the two resulting surgery schedules {X1,Y1} and 
{X2,Y2} are independently implemented in the current week τ 
({X1,Y1} and {X2,Y2} correspond to the two-phase optimiza-
tion model and the benchmark model, respectively), then:  
–Step 4.1: Compute the patient-related costs of {X1,Y1} and 

{X2,Y2} by the first two terms of (1);  
–Step 4.2: Generate a new scenario set K′ via Monte-Carlo 

simulations;  
–Step 4.3: Compute the expected hospital-related costs of {X1,

Y1} and {X2,Y2} with K′ by (17);  
–Step 4.4: Compute the expected total costs of {X1,Y1} and 

{X2,Y2} by adding the patient-related and expected 
hospital-related costs;  

• Step 5 Generate the newly arrived patients of the current week τ, then 
update I1 and I2 by removing the patients scheduled by {X1,

Y1} and {X2,Y2}, respectively, increasing the waiting times of 
the non-scheduled patients by one, and adding the newly 
arrived patients;  

• Step 6 For the two models, obtain the SICU availability of the next 
week τ+1 by Dt = D −

∑
i∈I ẑit (t ∈ {8,9,…,14}), the values of 

ẑit can be determined according to {X1,Y1} and {X2,Y2} as 
well as the expected LOSs;  

• Step 7 Let τ = τ + 1, then: if τ⩽20, go to Step 3; otherwise, simulation 
terminates. 

In the simulation process presented above, the newly arrived patients 
in each week are identical for the two models, but the surgery schedules 
of the two models are not always the same, thus leading to differences in 
the waiting lists and costs. 

The simulation results are presented in Tables 8 and 9. Table 8 
compares the average waiting times of each patient group and the 
average block overtimes in each specialty under the surgery schedules of 
the two models. It can be seen that the two-phase optimization model 
leads to shorter waiting times for most patient groups. The reductions of 
waiting times are the most significant (i.e., − 1.05±0.46 weeks) in spe-
cialties ENT, GEN, and OPHTH, where the patients require relatively 
modest surgical resources (dj⩽1.55 hours and lj⩽0.1 days) and the pre-
allocated surgical blocks are relatively sufficient to meet the average 
surgical demands (see Tables 5 and 6). On the other hand, the two-phase 
optimization model causes more over-utilization of surgical blocks in 
many specialties than the benchmark model. The largest increase in 
block overtime, 1.13±0.75 h per week, is observed in specialty ORTHO, 
where the surgical demand is the heaviest (pct.= 23.26%) and the mean 
surgery duration (dj = 1.78 hours) and LOS (lj = 1.5 days) are consid-
erably longer than those in specialties ENT, GEN, and OPHTH. 

Table 9 compares the overall solution qualities of the two models. It 
is clear that the two-phase optimization model favors more the patients’ 
interests than does the benchmark model: the patient-related costs in the 
former are averagely 62.20% lower than those in the latter. These large 
gaps can be explained by the fact that patients spend less time on the 
waiting list under the schedules of the two-phase optimization model, as 
shown in Table 8. Table 9 also illustrates that the two-phase optimiza-
tion model results in more excess of the regular OR and SICU capacities 
as well as higher occupation rates of surgical blocks; accordingly, its 
hospital-related costs are averagely 33.71% higher. Despite this disad-
vantage, the two-phase optimization model significantly outperforms 
the benchmark model in general because it reduces the total costs by 
47.00% on average. Regarding the computational complexity, the two- 
phase optimization model can be solved more quickly, and the average Ta
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relative gap between the CPU times required for solving the two models 
is 64.43%. 

5.4. Discussion 

In our numerical experiments, the advantages of the proposed al-
gorithm and model are justified in comparison with the benchmarks 
which represent the state-of-the-art operations research methodologies. 
First of all, the conventional SAA approach is frequently used to solve 
stochastic optimization models (see Table 1) for its high practicability 
and accuracy. Our experimental results imply that, as the computational 
efficiency of the conventional SAA approach is drastically improved by 
the CGBH algorithm without loss of solution quality, the SAA-CGBH 
algorithm is highly likely to dominate the majority of the existing so-
lution methods for the second-phase SP model. Second, stochastic pro-
gramming is the most common mathematical programming model for 
the surgery scheduling problems subject to uncertainty (see Table 1). 
Hence, it is reasonable to anticipate that the two-phase optimization 
model produces better surgery schedules than not only the benchmark 
stochastic programming model, but also the other commonly used pure 
mathematical programming models with short planning horizons (i.e., 
one week). Moreover, all our test instances are derived from the well- 
known case studies presented by (Min & Yih, 2010a & Neyshabouri & 
Berg, 2017). The test instances capture the important features including 
weekly-based MSS, heterogeneous patient characteristics, multiple ORs 
and SICU beds, etc., which are shared by many real-life surgery sched-
uling problems (see the instances of e.g., Jebali & Diabat (2017) and 
Vancroonenburg et al. (2019)). To further generalize our conclusions, 
we vary the instance size in the numerical experiments. We note that, 
although only two arrival rates (i.e., |I| = 30 and 50) are tested when 
comparing the two models, the waiting list size dynamically changes 
during simulations between around 25 to more than 100, thus covering 
a wide range of cases with from low to high surgical demands. 

The most important managerial implication of this work is that 
extending the planning horizon of advance surgery scheduling to mul-
tiple weeks can significantly improve the overall performance of surgery 
schedules. On the contrary, the schedule which minimizes the cost of the 
current week only may lead to long waiting lists and high expenses in the 
future. Our computational study also implies that the patients with long 
surgery durations and LOSs are difficult to schedule, resulting in long 
waiting times and high resource over-utilization in certain specialties (e. 
g., VASCULAR and CARDIAC). Accordingly, when planning the pre-
allocation of surgical resources at the strategic and tactical levels, pri-
ority should be given to not only the specialties with heavy surgical 
demands, but also those in which the patients tend to spend long periods 
of time in the OT. Furthermore, the two-phase optimization model along 
with the simulation procedure presented in Section 5.3 can serve as a 
simulation tool to examine whether a resource preallocation plan can 
balance the resource utilization rates among specialties and achieve 
satisfactory waiting times of patients. 

6. Conclusions 

This paper addresses the advance scheduling of elective surgeries 

with consideration of two capacity constraints, three sources of uncer-
tainty, time-dependent dynamic patient priority, block-opening de-
cisions, and multiple specialties with different patient characteristics. To 
the best of our knowledge, this is the first work that simultaneously 
incorporates all these factors into advance surgery scheduling. On a 
weekly basis, we optimize the numbers and types of surgeries to 
perform, the surgical blocks to open, and the assignments of surgeries to 
surgical blocks. Our objective is to minimize the patient-related costs 
incurred by performing and postponing surgeries as well as the hospital- 
related costs caused by opening surgical blocks and exceeding the reg-
ular OR and SICU capacity. 

In order to overcome the shortsightedness of the pure mathematical 
programming models widely used in the literature, we propose a novel 
two-phase optimization model: the MDP model in the first phase de-
termines the surgeries to be scheduled in each week and minimizes the 
expected total costs over an infinite horizon; then, the stochastic pro-
gramming model in the second phase optimizes the block-opening de-
cisions and the surgery-to-block assignments. The first-phase MDP 
model can be efficiently solved by a reinforcement-learning-based ADP 
algorithm, while the second-phase stochastic programming model is 
solved by a novel SAA-CGBH algorithm, in which the conventional SAA 
approach is integrated with a CGBH algorithm developed in this paper to 
improve computational efficiency. 

The experimental results show that the novel SAA-CGBH algorithm 
produces high-quality near-optimal solutions and, when solving me-
dium and large test problems, consumes considerably less CPU time than 
the conventional SAA approach. Comparing the proposed two-phase 
optimization model with a benchmark stochastic programming model, 
we discover that the surgery schedules of the former are more stationary 
in the long term and lead to much shorter waiting times of patients, 
lower patient-related costs, and lower total costs. Therefore, we can 
conclude that the proposed model (characterized by a long planning 
horizon) produces significantly better surgery schedules than the 
commonly used pure mathematical programming models (which only 
focus on intra-week scheduling). The experimental results also show 
that solving the two-phase optimization model requires less CPU time 
than solving the benchmark model, which further enhances the feasi-
bility of implementing the two-phase optimization model in practice. 

For future research, the two-phase optimization model could be tested 
on a larger number of instances, so as to evaluate its performance under a 
wider range of parameter settings and identify the conditions under 
which it brings the highest/lowest benefit. Moreover, the model could be 
incorporated with more surgery-related issues, such as availability of 
surgeons and rescheduling of canceled surgeries. The allocation sched-
uling decisions, including intra-block sequencing and optimization of 
surgery starting times, could also be integrated into the two-phase opti-
mization model; as such, all the operational-level decisions could be 
optimized in a unified way. Besides, considering that the stochastic 
programming model in the second phase relies on distributional infor-
mation to estimate the uncertain parameters, it could be replaced by a 
robust optimization (RO) model to reduce the dependency on statistical 
data. Furthermore, extending this work in the aforementioned directions 
would change the model structure substantially and might require more 
efficient and adapted solution approaches to be developed.  

Appendix A. The benchmark stochastic programming model 

Pure mathematical programming models are widely used in the relevant works on advance surgery scheduling. The following stochastic pro-
gramming model (SP′) is formulated for the studied problem and serves as a benchmark for the proposed two-phase optimization model. 

(SP′

) min
∑

i∈I

∑

b∈B
(cs − cw)qixib +

∑

b∈B
cbyb + E[Q′

(x, y|ω)] (A.1)  

s.t.
∑

b∈B
xib⩽1, ∀ i ∈ I with w(i) < Wj(i),u(i) (A.2) 
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∑

b∈B
xib = 1,∀ i ∈ I with w(i) = Wj(i),u(i) (A.3)  

xib⩽eibyb, ∀ i ∈ I, b ∈ B (A.4)  

xib, yb ∈ {0, 1}, ∀ i ∈ I, b ∈ B (A.5)  

where E[Q′

(x, y|ω)] represents the objective value of the following recourse problem: 

(SP′

− R) min
∑

ω∈Ω
f (ω)

(
∑

b∈B
cooω

b +
∑

t∈T
crrω

t

)

(A.6)  

s.t. oω
b ⩾
∑

i∈I
dω

i xib − Lb, ∀ b ∈ B, ω ∈ Ω (A.7)  

zω
it ⩾xib,∀ i ∈ I, b ∈ B, t ∈ Tω

ib, ω ∈ Ω (A.8)  

rω
t ⩾
∑

i∈I
zω

it − Dt, ∀ t ∈ T, ω ∈ Ω (A.9)  

zω
it ∈

{
0, 1
}
,∀ i ∈ I, t ∈ T, ω ∈ Ω (A.10)  

0⩽oω
b , r

ω
t ∈ Z, ∀ b ∈ B, ω ∈ Ω (A.11)  

It can be seen that the benchmark model SP′ is very similar to SP in the two-phase optimization model (refer to Section 3.2.2). Different from SP that 
only determines the surgical blocks to open and the patient-to-block assignments, SP′ addresses all the decisions including the selection of patients. 
Accordingly, there are three differences between SP and SP′: first, the objective function (A.1) of SP′ incorporates both the patient-related costs (the 
first term) and the hospital-related costs (the second and the third terms), while the objective function (7) of SP only includes the latter; second, set I′

(selection of patients determined by the first phase) in SP is replaced by set I (including all the patients on the waiting list) in SP′; third, constraints (8) 
of SP specify that each selected patient in I′ should be assigned to a surgical block; whereas in SP′, constraints (A.2) and (A.3) only require the patients 
reaching the maximum allowed waiting times (w(i) = Wj(i),u(i)) to be scheduled in the considered week. 

Appendix B. Solution approaches of the benchmark model 

The benchmark model SP′ can be solved by the conventional SAA approach (Algorithm 1 and Fig. 3(b)). Its deterministic counterpart SP′-SAA is as 
follows: 

(SP′

− SAA) min
∑

i∈I

∑

b∈B
(cs − cw)qixib +

∑

b∈B
cbyb +

1
|K|

(
∑

b∈B
cook

b +
∑

t∈T
crrk

t

)

(B.1)  

s.t.
∑

b∈B
xib⩽1, ∀ i ∈ I with w(i) < Wj(i),u(i) (B.2)  

∑

b∈B
xib = 1,∀ i ∈ I with w(i) = Wj(i),u(i) (B.3)  

xib⩽eibyb, ∀ i ∈ I, b ∈ B (B.4)  

ok
b⩾
∑

i∈I
dk

i xib − Lb,∀ b ∈ B, k ∈ K (B.5)  

zk
it⩾xib,∀ i ∈ I, b ∈ B, t ∈ Tk

ib, k ∈ K (B.6)  

rk
t ⩾
∑

i∈I
zk

it − Dt, ∀ t ∈ T, k ∈ K (B.7)  

xib, yb, zk
it ∈

{
0, 1
}
,∀ i ∈ I, b ∈ B, t ∈ T, k ∈ K (B.8)  

0⩽ok
b, r

k
t ∈ Z, ∀ b ∈ B, t ∈ T, k ∈ K (B.9)  

SP′ can also be solved by the SAA-CGBH algorithm (Fig. 3(a)) proposed in this paper. The column-oriented reformulation of SP′-SAA is 

(MP′

) min
∑

ξ∈Ξ
υξC′

ξ (B.10) 
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s.t.
∑

ξ∈Ξ
αiξυξ⩽1, ∀ i ∈ I with w(i) < Wj(i),u(i) (B.11)  

∑

ξ∈Ξ
αiξυξ = 1, ∀ i ∈ I with w(i) = Wj(i),u(i) (B.12)  

∑

ξ∈Ξ
βbξυξ⩽1, ∀ b ∈ B (B.13)  

∑

ξ∈Ξ
γk

tξυξ⩽Dt + r̂ k
t , ∀ t ∈ T, k ∈ K (B.14)  

υξ ∈
{

0, 1
}
, ∀ ξ ∈ Ξ (B.15)  

where the cost of surgical plan ξ is defined as 

C
′

ξ =
∑

i∈I
(cs − cw)qiαiξ + cb +

1
|K|

∑

k∈K
cook

ξ (B.16)  

Similar to PPb, the decomposed pricing problem PP′

b is formulated as follows: 

(PP′

b) min σ′

ξ =
∑

i∈Ib

(cs − cw)qiαiξ + cb +
1
|K|

∑

k∈K
cook

ξ −
∑

i∈Ib

πiαiξ − πb −
∑

k∈K

∑

i∈Ib

∑

t∈Tb

πk
t zk

it (B.17)  

s.t. ok
ξ⩾
∑

i∈Ib

dk
i αiξ − Lb,∀ k ∈ K (B.18)  

zk
it⩾αiξ,∀ i ∈ Ib, t ∈ Tk

ib, k ∈ K (B.19)  

zk
it⩽1 − αiξ, ∀ i ∈ Ib, t ∈ Tb⧹Tk

ib, k ∈ K (B.20)  

zk
it⩽αiξ, ∀ i ∈ Ib, t ∈ Tb, k ∈ K (B.21)  
∑

i∈Ib

zk
it⩽Dt + r̂ k

t , ∀ t ∈ Tb, k ∈ K (B.22)  

αiξ, zk
it ∈

{
0, 1
}
, ∀ i ∈ Ib, t ∈ Tb, k ∈ K (B.23)  

0⩽ok
ξ ∈ Z, ∀ k ∈ K (B.24)  

where Ib is a subset of I and only contains the patients that can be assigned to surgical block b. 
Similar to IP-R̂, the integer programming problem to be solved at the beginning of the CGBH algorithm for SP′-SAA is formulated as follows: 

(IP′

− R̂) min
∑

k∈K

∑

t∈T
r̂k

t (B.25)  

s.t.
∑

b∈B
xib⩽1, ∀ i ∈ I with w(i) < Wj(i),u(i) (B.26)  

∑

b∈B
xib = 1,∀ i ∈ I with w(i) = Wj(i),u(i) (B.27)  

xib⩽eibyb, ∀ i ∈ I, b ∈ B (B.28)  

zk
it⩾xib,∀ i ∈ I, b ∈ B, t ∈ Tk

ib, k ∈ K (B.29)  

r̂ k
t ⩾
∑

i∈I
zk

it − Dt, ∀ t ∈ T, k ∈ K (B.30)  

xib, yb, zk
it ∈

{
0, 1
}
, ∀ i ∈ I, b ∈ B, t ∈ T, k ∈ K (B.31)  

0⩽r̂ k
t ∈ Z, ∀ t ∈ T, k ∈ K (B.32)  

Appendix C. Experimental results of solving the benchmark model 

We employ the SAA-CGBH algorithm and the conventional SAA approach to solve the benchmark model SP′. The way we generate test instances is 
the same as that described in Sections 5.1 and 5.3. The experimental results with M = 10 and |K′

| = 50000 are shown in Table C.1. Similar to the 
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results presented in Table 7, we can see from Table C.1 that the “true” objective value (UB) and the violation risk are both generally decreasing in the 
sample size |K|, and that the SAA-CGBH algorithm is more efficient in solving large cases than the conventional SAA approach. For |I| = 50,D = 15, 
and |K|⩾50, GUROBI (invoked by the conventional SAA approach to solve SP′-SAA) usually reaches the maximum computation time (one hour) 
without providing an optimal solution, whereas SAA-CGBH requires less than 6 min to compute a near-optimal solution. 

Comparing the UBs of the two solution approaches, we can observe that the gaps are below 2% in most cases. However, the solution quality of SAA- 
CGBH degrades when the SICU capacity is relatively insufficient. When |I| = 30 and D = 6, the optimal schedules computed by the conventional SAA 
approach allow the regular SICU capacity to be exceeded, so that more patients are scheduled and the patient-related costs are reduced. By contrast, 
the SAA-CGBH algorithm minimizes the excess of SICU capacity (by solving IP′-R̂) before optimizing the total costs, and the strict downstream ca-
pacity constraints (B.22) limit the SICU occupation to a fixed level Dt + r̂k

t . As a result, the solutions produced by SAA-CGBH are more conservative: 
they minimize the hospital-related costs, but schedule fewer patients and lead to higher patient-related costs and total costs. 
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