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O. Introduction 

In this paper we consider the behaviour of a sufficiently regular solution u of the free boundary 
problem: 

(0.1) (Lr.u-f) u =0 

u=OonB =an 

a.e. inn 

Up here.n denotes an open bounded and connected set of /R", with a smooth boundary B. Let L t 

denote the elliptic differential operator: 

N a au N au 
Lr. u =-t I. - (ajj(x)-) + I. hj(x) - +u, x e n 

i.j=1 ax; aXj ;=1 ax; 
(0.2) 

where t > 0 is a small parameter and x the space variable. In this situation, the problem is of 
singularly perturbed type, in the sense that £ multiplies the highest order derivative in the equa
tion. 

The central topic in this paper is to give a simple method to proof the validity of a constructed 
approximation of order ~ , N arbitrarily high, of problem (1). This method arises from the study 
to dynamic free boundary problem, see the references [4] and [5]. Here we succeed in 
giving very accurate estimates. 0 (~) with N arbitrarily high, for the solution of (0.1) and for the 
location of the free boundary. where previously and accuracy 0 ere) was obtained. 

This work. extends the work. ofH.J.K. Moet, [7]. for stationary elliptic problems. In that 
reference [7]. H.J.K Moet constructed for problems. with constant coefficients. such as (0.1). an 
approximation, of order tv, N arbitraly high, in absence of a proof of the validity of the con
structed approximation. 
In this paper are dealt two problems: (i) the zero order degeneration of problem (0.1), (i.e. 
hi sO. "if i e (I, ... ,N}) and (ii) the first order degeneration of problem (1), (i.e. 
3 i e {I. ... • N} such that bi :I: 0). The solutions u of the zero and the first order degeneration 

of problem (0.1) have quite different behaviour. 
The analysis contains two main elements: 

(i) a discussion of the sttucture of a fonnal approximation and the free boundary for £ J- O. and 

(ii) concrete error estimates in the maximum nonn showing the correctness of the highest order 
term of the formal approximation. 

11le derivation of the error estimates is based on upper and lower barriers for the solution u of 
(0.1). which can be constructed from the fonnal approximation of the solution. 
In lL. Lions, [6]. convergence for t J- 0 of the solution of problem (0.1) to the solution of the 
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reduced problem, (Le. problem (0.1) with £=0), is shown in the Lrnonn on n. However, it is 

clear that such a convergence result does not say anything about the position of the free boundary 

for £ J, O. Here the results in [6] are extended in the sense that the behaviour of the solution and 

the free boundary are concretised and that a precise estimate on the location of the free boundary 

is proved. Free boundary problems are constructed of which the solution and the free boundary 

are explicitly known, such that the free boundary of problem (0.1) is 0 (~) close to the 

explicitly known free boundary, with a positive small £ and a positive bounded integer M, 

independent of £. 

The organisation of the paper is as follows. In each Section we discuss both the zero and first 

order degeneration of problem (0.1). In Section 1, we discuss some general properties of the solu

tions u and we introduce some further notation and some assumptions. In Section 2, we discuss 

the structure of the fonnal approximations of the solutions u for the cases, defined in Section 1. 

Finally in Section 3, we prove the correctness of the constructed approximations and we derive 

explicit error estimates. 
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1. Conditions on the data and general properties of the solutions 

We shall introduce some asswnptions concerning the coefficients aij and bi, the differential 
operator Lr. and the inhomogeneous term f. These asswnptions require among other things. 
sufficiently regularity of the coefficients aij , bi and a sufficiently nice location of the negative 
support of the inhomogeneous term f. 
Next we analyse some of the consequences of these assumptions and we discuss existence. 
uniqueness. regularity and some further properties of a solution of problem (0.1). 

To specify the precise form of our asswnptions. we need some more notation. Our notation for 
the negative support of a function h on some domain D with h e C (D) is 
supp_(h) = {p e D I h(P) < OJ. 

We confine ourselves to the simplest case: 

0.1) fe Coo (0) and f> 0 on B =d 0, 

(1.2) aij and bi e Coo (0), 'Vi.i e {I. . •.• N}, and 

0.3) 0 n supp-(f) is connected and not empty. 

min{ I gradf(x) I Ix e 0 andf(x)=O} =;., > 0, 

;., e R • independent of E • 

see figure 1. 

Conditions (1.1) and (1.3) imply, that d supp_(f) is bounded away from B and they also express 
the nondegeneracy of the zeros off. As a consequence of 0.1) and (1.3). the set 

0.4) Z= {x eO I f(x)=O} 

is a (N -l)-dimensional C--variety. 

Furthermore. the solution of the reduced problem, denoted by U o. will play an important role 
later on. Here we introduce some notation and we discuss some of its properties. 

In the first place we look at the reduced problem of the zeroth order degeneration of problem 
(0.1). (i.e. problem (0.1) with bj 5 0 'Vi e {I. ... • N}). The solution U 0 is explicitly given by: 

(1.5) U o(x) = min (O.f (x» on O. 

The function U 0 can be seen as the image of the inhomogeneous term funder a mapping Ao. i.e. 

(1.6) Uo =Ao(f). 

The free boundary of the reduced problem coincides with the set Z. defined in 0.4). 

For explicit calculations. we introduce the (N -1) dimensional surface coordinate s. The set Z can 
be covered by a finite nwnber of sets Wi. open in R N, such that each point x e Z has a 
parametric representation of the form: 
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(1.7) x E Wj : x = eMs). 

[ 
dlP~l where lPi is an N-vecwr. such that! (lPi(S» = O. The matrix dS~ • lSjSN,1SkSN-lhas 

rank (N -1) on Uj. 

B 

Figure 1 Figure 2 

In the second place let us look at the reduced problem of the first order degeneration of problem 
(0.1), (Le. problem (0.1) with bi :;:. 0 for some i E {t •...• N}). 

To confine ourselves to the simplest case, we consider the situation of figure 2. Here it holds, that 

(1.8) {x E .0 I !(x) > O} =Pin uP out 

where Pin an P OUI are two non-empty, open and connected sets of 0, such that 

(1.9) Pin n Pout = 0. an dOC d Pout 

see figure 8a. In combination with (1.1) and (1.3) it is easily seen that: 

(1.10) Z= {x EO I !(x)=O} =dPin U (dPOIl,\dO). 

is a (N -1) dimensional Coo -variety. 

Furthennore. we make some assumptions about the characteristics of the reduced problem. 
We assume: 



N 
(1.11) L br(x)~ a> 0 for all x E O\Pin • 

i=1 

where a is a positive constant. Condition (1.11) implies that the set of first order differential equa

tions. describing the characteristics of the reduced problem. have no stationary points in O\Pin' 

To avoid that the characteristics are tangent to Z, we assume that: 

(1.12) 
N l.L L bj(X) a (x)S -l < 0 for all x E a Pin, and 

;=1 Xi 

(1.13) 
N at 
i;b;(x) aXi (X)~-'Y<OforallxE @pom\aO). 

The condition (1.12) and (1.13) fix also the direction of the characteristics with respect to a Pin 

and (ap out \aO). 

For explicit calculations. we introduce the (N -1) dimensional surface coordinate s. The set a Pin 

can be covered by a finite number of sets Vi open in /RN• such that each point yea P in has a 

parametric representation of the fonn: 

(l.14) Y E Vi :y=<I>i(S) 

<l>i E C-(Vj) , 

where'i is a N-vectDr. such that! ('i(S» = O. The matrix [ ~;~ 1 has rank (N -1) on Vi· 

We parametrize the characteristics k by the parameters s and t, where t denotes the length of the 

characteristic, measured from a Pin. in the direction of the characteristic: 

(1.15) 
{ 

k(s,t) = (k1 (s.t). "', kN(s,t» and 

k(s, 0) E a Pin . 

The functions kj , i E {I. ... • N} satisfy the following set of first order differential equations: 

d k} 
--;Jt (s,t) =bdk(s. t» 

(1.16) 

dkN 
-;It (s, t) = bN (k(s. t» . 

We assume that the characteristics start at a Pin and intersect both (a.p om \aO) and a 0 within a 

finite distance, measured along the characteristics. This prevents for example the occurence of 

limit cycles in the characteristics, etc. When the solution U 0 of the reduced problem is negative, 

it satisfies the following differential equation, along a characteristic k. 
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(1.17) 
{

dUo 
-;tt(k(s. t» + Uo(k(s,t» =/(k(s. t», with 

Uo(k(s,O»=O , k(S.O)E a Pin . 

The solution U o. along a chamcteristic, is explicitly given by 
, 

(1.18) Uo(k(s. t» = min (0. I I (k(s. t» exp(t) dt· exp(-t)). 
o 

for every k(s. 0) E apin. 

The function U 0 can be seen as the image of the inhomogeneous term I under a mapping A!. i.e. 

(1.19) Uo =A6(f). 

We assume that: 3 a > 0 such that 'Vk (s. 0) E a Pin 3 T > 0 such that 

T 

(1.20) k(s. T) E a 11 and J I (k(s. ,;» exp (t) dt exp(-T)~ a. 
o 

Condition (1.20) implies U 0 < '0 on Pout \ d 11 and U 0 > 0 on a 11. Define: 

(1.21) F 0 = {x E 11 \ (P in U supp-(f» I U o(x) = O} • 

F 0 is a first approximation of a part of the free boundary of (0.1). The complete free boundary of 
the reduced problem is given by a Pin uFo, To avoid that the characteristics are tangent to F o. 
we assume that: 

(1,22) 
N dUo 
L ~(x). bi(X)~ y> o for all X E Fo· 
;=1 Xl 

The conditions (1.20) and (1.22) imply that the set F 0 is a (N -1) dimensional Coo -variety, since 

grad U 0 IF 0 * O. It is clear that F 0 and a Pin are homeomorphic. 

The set F 0 can be covered by a finite number of sets Wj open in R N. such that each point Y E F 0 

has a parametric representation of the form: 

(1.23) ye Wi: Y = 9j(s) 

S=(Sb ···.SN-l)e WjopeninRN- 1 

OJ e C-(W;). 

where 8, is a N·vector, such that U 0(8,(s» = O. The matrix [ : ~] has rank (N -1) on W,. 

We assume that L£ is a uniform elliptic, i.e. for some constant a > 0, 

N 
(1.24) L Qij(X);i ;j~ a t ~ t 2 for all ~ E RN and all X e 11 . 

;J=1 

Since, aij. bi and f e C-(11), and condition (1.24). it can be shown that problem (0.1) has an 
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unique solution u e H2(fJ.) tl C 1.1L(fJ.) for any 1.1 e (0. I). 

This result is derived in the book of Bensoussan. A. and Lions, 1.L. [2] by characterizing the solu

tion by means of variational inequalities. The authors impose the following condition to the 

coefficient bi : 

0.25) 
N abj 

I-t· ~ ~(x)~ f!>Oforallxe 0, 
i-I X, 

where f! is a positive constant. This condition is always satisfied by scaling of the coordinates 

Xi=AiYiwithAje R\{O},andie {I, ... ,N}. 

lt is easily seen from problem (0.1) that u can not be identically zero on any open subset of 

supp-(f) tl O. By the continuity of u. the set supp_(u) is open and from problem (0.1), it follows 

that u satisfies the equation: 

(1.26) N a [ au 1 N au -£ ~ -. aiix)-. + ~ bj(x)-. +u =fonsupp_(u). 
iJ=l ax, ax, i-I ax, 

The set a supp...(u) is called the free boundary. It has been shown that at any point of a supp_(u) 

all first order derivatives of u vanish: 

(1.27) 
{ 

u(x) =0 f.a.e. x e a supp_(u) and 

; ~ (x) = 0 f.a.e. xed supp_(u), 'Vi e {I. ''', N} . 
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2. On the structure of a formal approximation 

To get insight in the structure of a fonnal approximation of the solution and the corresponding 
free boundary of a singular perturt>ation problem such as (0.1) one can use the well-known 
method of matched asymptotic expansions, cf. Eckbaus' book, [3]. If one includes higher order 

tenns. a fonnal expansion contains several tenns having a regular character or a layer character. 
Here the emphasis is to get a 0 (eM) approximation of the solution of (0.1) and its free boundary. 

The approximations are notated by U~ and FB, the integer M > 0 corresponds with the order of 

accuracy and t > 0 is a small parameter. The approximation FB is considered as a function of the 

surface coordinate s, see (1.7) and (1.21). Our first step is to detennine the asymptotic expansion 
with the approximation FB unknown. In view of the behaviour of the solution u of (0.1) along the 

free boundary, see (1.9). we construct an expansion U~ which satisfies exactly the conditions 

cUM 
ul! IFB =0 and ~ IFB =0 Vi E {I, ... ,N} . 

oX; 
(2.1) 

The second step is to determine the asymptotic expansion FB using (2.1). Next. we shall demon

strate that the constructed approximation U!' is negative on its domain of existence. The zero 

order and the first order degenerations of problem (0.1) require separate handling, because the 
free boundaries have a quite different behaviour. 

2.1. The expansion 'Of U!' and FB of problem (0.1) with a zero order degeneration 

We know that the solution u of (0.1) satisfies condition (1.26). In a certain sense, the solution u of 

(0.1) satisfies the following boundary value problem: 

(2.2) 

N C [ au] 

{

-e L ~ aij(x)~ +u=!onsupp_(u) 
i,j=l oX, aX, 

u I asupp_(u) = 0 

The free boundary of problem (2.2) is unknown. The approximation FB is considered as a 

function of the (N -1) dimensional surface coordinate s, introduced in chapter I, see (1.7). In 
general the free boundary doesn't coincide with the set Z defined in (1.4), therefore we introduce 

besides the variable s, also the I-dimensional variable t. such that we have the local coordinates: 

(2.3) xes, t) = tieS) + t· niCs) , 

with ti ERN, see (1.7) and the DonnaI to Z, nj E RN is defined by: 
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see figure 3. 
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N al\l" 

{ 

L ::l ',J • ni,j = 0 'tI k e {I, "', N -I} and Iinil! = I 'tis e Vi and 
j=l aSk 

f(x(s, t» > 0 for t > 0, x(s.1) , 
I -

-
1>0 

Figure 3 

The index i of the functions ihij and ni, we omit to avoid misunderstanding with other indices 
used to the construction of U~ and FB. 
The structure of the equation in (2.2) suggests a regular approximation: 

M 
(2.5) U!s(X) = L e" U,,(x;e) ,(M~ I). 

,,=0 

We find that: 

{ 

Uo(x)=/(x), and 

N a aU,,-l 
U,,(x;e)= L ~ (aij(x) a. (x; e», n e {I, ... ,M} . 

i,j=l aX, XJ 

(2.6) 

The assumptions imply that the various functions have C"" -regularity on O. 

In general the regular approximations don't fulfill the boundary condition in (2.1). We therefore 

study local corrections in a neigh1:x:>urhood of FB: xes, (1)£(s», with the function 
00£('): /RN-l -+ /R unknown. The fact, that the free 1:x:>undary lies in an 0 (v';)-neigh1:x:>urhood 
of the set Z, suggest an approximation: 

2M 
(2.7) (1)£(s) = L (v';)'I. 00,,(8) . 

11=1 

The unknown functions 0011(')' n = {I, ... ,2M} can be found by studying local layer correc
tions in the neighbouIbood ofFB. The regular expansion doesn't fulfill the 1:x:>undary condition in 

(2.1) and layer corrections are introduced to correct this. The structure of the problem suggests a 
local variable: 

(2.8) ~= ~~-t ~ 0), 

and a fonnal expansion: 



-10-

M 2M 
(2.9) uis(x) = L e" U,.(X;£) + L £,,/2 'I',,(s.;) 

,,=0 ,.=1 

with 

(2.10) 

The functions IH,.(;. s). n = {I ••.. ,2M} can be obtained by substituting (2.5) into expression 

(2.2) and next tayloring the previously obtained expression. around the free boundary, into 

powers of..J;. The functions IH,,~,.) are polynomials in; multiplied with 

exp [ - 1 . ; 1 (;~ 0). 
(nToQij(tP(s»on)112 J 

From the boundary condition, in (2.2), it is logical to impose: 

"'1 (s. 0) 
1 

=- ..J; Uo(tP(s) + Cl\:(s) n(s» , 

(2.11) "'211+1 (s. 0) = 0 • n = {I, ..• , M -I} and 

'l'2n(s.0) =-U,.(4)(s) + f1)t(s) n(s); e). n = {I, ...• M} • 

with '1'1 (s. 0) = 0 (1) for e ! 0, because U o(4)(s)) = O. 

The advantage of this methode is that the fonnal approximation uis (.) is exactly zero in the free 

boundary f1)tC-). Note that, the functions '1';<-), i = {I, ... ,2M} are..J; dependent. 

Since the correction tenns only contribute in a small neighbourhood ofFB, they satisfy the condi

tion: 

(2.12) lim 'I',.(s,;)=O,n={l, ...• 2M}. 
~--.-

The constructed approximation uis doesn't fulfill both boundary conditions in (2.1). For an 
asymptotic expansion. which satisfies exactly the conditions, given in (2.1), one can take: 

(2.13) U!' (x) = U;s (x) - eM • Cl (s)· (Cl\:(s)-t) 

with 

(2.14) ,-M d 2 
Cl(s)=-e • dt (Uas(x(s, t») I t-'(3) = 

M N auis 
-£- • L -0- (x(s. Cl\:(s»). niCs) . 

;=1 Xj 

When the functions CD",. n = {I. • •• ,2M}. of the expansion for the function Cl\:(.). are suitable 

chosen then we have 
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(2.15) Cl(S) = 0(1) fort: J, O. 

The functions ro", n = {I •... ,2M} can be obtained by substituting (2.7) into expression (2.14) 
and next tayloring the tenns of the previously obtained expression into JX>wers of";;. One obtains 
after an elementary, but extremely tedious computation 

(2.16) Cl)1 (s) = [i i Qij(CP(s»ni(s)nj(s)11/2 I i(ni(S)Y 
j~M J i~ 

Because of condition (1.3) the other tenns in the expansion can be obtained by applying the 
above procedure. The correction tenns, which are added to the regular expansion (2.5) only have 
their contribution to the corrected regular expansion (2.9). along an 0 (";;)-neighboutbood of the 
free boundary of the reduced problem. Outside an O(1)-neighbourhood of the free boundary of 
the reduced problem. the correction tenns have no appreciable contribution to the regular expan
sion (2.5). Therefore we introduce the cut-off function X(" .). which has Coo -regularity on 0, such 
that 

{
I for t';2-8 

(2.17) X(x(s, t» = 0 for t S -8 - 'Y 

'V s e Vi. with 0 < 8 e R. 0 < 'Ye JR, which are independent of £. and suitable chosen. 

With the defined cut-off function X. we are able to give the complete expansion for the solution u 
of problem (O.I),withbj 50 'Vie {I .... ,N}: 

(2.18) U~(x)= 

M 
I: e" U,,(x; £) + 

111=0 
'}M 

x(x). (I: £nl2''If,,(s,~)-eM Cl(S)' (ro£(s)-t)} 
,,=1 

for x e supp_(U~) 

o for 0 \ supp_(U~) . 

The constructed approximation U~ in (2.18) is only valid in a certain neighbourhood of Wi. see 

(1.7). If Wi ("'\ Wi ¢ 0, i ¢ j. we have an overlap of the sets Wi and Wi' In such overlap we are 
able to construct an apprOximation using either of both parametisations. It is easily seen that the 
approximations constructed on Wi. resp. Wi are identical on Wi ("'\ Wj. Using partition of unity, a 
global approximation in a neighbourllood of Z can be constructed. 

After some straight forward calculations. we see that 

d2 ~I 
-2 (U!' (cp(s) + (ro£(s)-V£~). n(s») I~=o = 
d~ 

(2.19) 



and S E Ui' Looking at the function U~, the boundary conditions in (2.1) and the result in (2.19) 
give that the function U~ is negative on its domain of existence. 

The assumptions imply that the various functions have C'" -regularity on n. We see that the con
struction of the unknown function m.:(' ) can be done without obstructions. 

Analogous to our definition of A 0 (in Section 1) we now introduce A l, as follows: 

(2.20) U~ =Al,(f) . 

This operator will be useful in the next section where we prove correctness of the fonnal approxi
mation. 

2.2. The expansion of U~ and FB of problem (0.1) with a first order degeneration 

Just like in Section 2.1, the solution u of (0.1) satisfies condition (1.26) and in a certain sense, it 
satisfies the following boundary value problem 

N a au N au 

{ 

-£ r, -a . (aij(x)-a .) + r, b/x) -a . + u = f on supp_(u) 
i,j=l X, xJ j_1 xJ 

(2.21) u Idsupp.(II) = 0 

The free boundary of problem (2.21) is unknown. We know from Section 1. that the free boun
dary belonging to the reduced problem consists oftwo parts a Pin and F 0 see (1.8) ... (1.24). 
The approximation FB is considered as a function of the (N -1) dimensional surface coordinate s, 
introduced in chapter 1, see (1.14). In general the free boundary doesn't colncide with the set 
a Pin uFo, but will lie in an 0 (e) neighbouIbood of it, see figure 4. 
The structure of the equation in (2.21) suggest a regular approximation 

Fa 

Figure 4 
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M 
(2.22) U!s(x)= L ell UII(x;e). 

11=0 

We find that: 

N auo 
L bi(x) -a- + Uo =/ 
i=1 Xi 

(2.23) 
N aUIi N a aUI'I_l 
Lb;(x)-a. +UI'I= L -a (aij(x) a. )=gll(x).n={l ... · .M}. 
i-I X, i.,j-l Xi XI 

Using the coordinates given in (1.15) and (1.14) we get 

{ 

:t (U o(k (s. t); e» + U o(k (s. t); e) = / (k(s, t» • 

(2.24) ! (UI'I(k(s. t);e» + UI'I(k(s. t);e)=gl'l(k(s, t». n = {t, ...• M}. 

The parametrisation of one part of the free boundary FB. which lies in an o (e)-neighbourhood of 

a P in. is given by the unknown function Z £(. ), with 

(2.25) z £0 = 0 (e) for e J., 0 . 

The fact, that the free boundary lies in a o (e)-neighbourhood of the set a Pin suggests an 

approximation: 

M 
(2.26) Z£(5) = L £n zn(s) . 

11=1 

Since the regular expansion has to satisfy the boundary condition given in (2.21), we obtain the 

following initial conditions for the differential equations in (2.24) 

U o(k(s, 0); e) = 0 

(2.27) 

Un(k(s, z£(s»; e) = 0 

fore> 0 small enough and n e {2. . ..• M}. 

One finds that: 
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I 

Uo(k(s, I); e) = J I(k(s, t»exp(t)dtexp(-t) , 
o 

1 0 
U 1 (k(s, t); e) = (-. J I (k(s, t» exp(t) dt + I gl (k(s, t» exp(t)dt)· exp(-t), 

e I.(S) I.(S) 

I 

UIl(k(s,t);e) =( I gll(k(s,t»exp(t)dt)exp(-t) n=2, ···.M. 
1.(8) 

When the variable t is taken positive, the solution U o~ •. ) equals the solution of the reduced prob

lem. 

The constructed approximation u!s doesn't fulfill both boundary conditions in (2.1). For an 

asymptotic expansion which satisfies on ze(') exactly the conditions. given in (2.1). one can take: 

(2.29) Uis(k(s. t»= U!,(k(s, 1»+ (Z£(S)-I)· cz(s). ~+1 

with 

(2.30) C2(S)=t:-M- 1• ! (U~(k(s. I») J,=:.(s) • 

The expansion given in (2.29) is only valid in a certain neighbourhood of the free boundary FB. 

When the functions %11 , n = {I. .,. ,M} of the expansion for the function z &(.) are suitable 

chosen then we have 

(2.31) C2(S) = 0(1) for e J.. o. 

The functions ZIl • n = {I, ... ,M} can be obtained by substituting (2.26) into expression (2.30) 

and next tayloring the tenns of the previously obtained expression into powers of e. 

One obtains after an elementary computation 

N a auo 
- L T (ajj(x) ~(x;£» 1'x=k(8.o) 

i,j-l aX, fJXJ 
(2.32) %1(S)= N a 

L bi(k(s, 0»· a~ (k(s. 0» 
i=1 X, 

with ~ bi(k(s. 0». ~x: (k(s. O»S -1 < O. see (1.12). Because of condition (1.12), the other 

tenns in the expansion can be obtained by applying the above procedure. 

After some straight forward calculation, we see that 

d2 N al I 
-z (Uis (k(s, t») 11=:.(8) = L bj(k(s, 0» a. (k(s, 0» + o (e) < 0 fore", O. 
~ w ~ 

(2.33) 

The constructed approximation U:s fulfills the boundary conditions in (2.1), on the free boundary 

which lies in an o (e) neighbourhood ofa Pin. 
The correction tenn C2, given in (2.30), only contributes 0 (eM+1) everywhere. Let us go back to 
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the regular expansion U!s, given in (2.22), but now with the function z £ (. ) known. In general U!s 

does not fulfill the boundary condition in (2.1) on the free boundary which lies near F o. We 
therefore study x = k(s, v£(s», with the function lI£O: /RN-1 ~ /R unknown. We make the 

hypothesis that the free boundary lies in an O(e) neighbourhood of the set F 0 and this suggests an 
approximation: 

M 
(2.34) lI£(S) = 9j(s) + l: E" lI,,(S) , 

,,=1 

with the function cpj as defined in (1.14). We omit the indices i of the functions cpj to avoid 
misunderstanding with other indices. In order to construct the unknown functions 

lI" (. ) , n = {I, ... t M}, we study the local layer correction in the neighbourhood of FB. 

The structure of the problem suggests a local variable: 

(2.35) ~ = lI£(S) - t (~O) 
e 

and a layer correction to the regular expansion as follows 

M 
(2.36) uis (k(s, t»=U!s(k(s, t»+ l: e" ",,,(S,~) 

,,=1 

with 

N N auo auo a2
",,, 

-(l: l: ajix ) ~(k(s, 9(s»; e) --;-:-(k(s, 9(s»; e»· ~ + 
j=1 j=1 Xl aX, a~ 

(2.37) N au 0 d'If" 
(~bj(k(s, 9(s»;e) ~(k(s, 9(s»;e» ~ =IH,,(s,~) 
,=1 X, ., 

n={I, ···,M}. 

The functions IH,,(s, ~), n = {I, ... ,M} can be obtained by substituting (2.36) into expres

sion (2.21) and next tayloring the previously obtained expression, around the free boundary, into 

powers of E. The functions IH ,,(., . ) are polynomials in ~ multiplied with 

N auo T 
exp(-(l:bj-a-/«(gradUo) 0 (ajj(x» 0 gradUo»·~) 

j=l Xl 

From the boundary condition, in (2.21), it is logical to impose: 

{ 

'l'l(S, 0) =- ! Uo(k(s, v£(s»;e) - U1(k(s, v£(S»;E) and 

(2.38) 
",,,(s,O) =-U,,(k(s, v£(S»;E) ,n = {2, ...• M} . 

The advantage of this method is that the formal approximation U~s (.) is exactly zero on the free 
boundary v £(.). Note that the function ",j, i = {I, ...• M} are E-dependent. 
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The correction tenns satisfy the condition: 

(2.39) lim 'I'II(S,~) = 0, n = {O, ...• M} . 
~ ..... -

The constructed approximation U! doesn't fulfill ooth ooundary conditions in (2.1) along the 
free ooundary FB. As an asymptotic expansion, which satisfies exactly the conditions, given in 
(2.1). one can take 

(2.40) U!(k(s. t» = uis (k(s, t» + e!' . (v £(s)-t) C3(S) 

with 

(2.41) 

The expansion given in (2.40) is valid in a certain neighoourllood of the free ooundary FB. 
When the functions VII(-)' n = {I. . .. , M} of the expansion for the function v £(.) are suitable 
chosen then we have 

(2.41) c3(s)=O(1) foreJ,O. 

Because of condition (1.13) the functions VII , n = {I, ...• M} can be obtained by substituting 
(2.34) into expression (2.41) and next tayloring the tenns of the previously obtained expression 
into powers of E. 

The assumptions imply that the various functions have Coo -regularity on O. We have now seen 
that the construction of the unknown functions Zt(') and lI t (-) can be done without obstructions. 

Let us introduce the cut-off functions xJ and xi, which have Coo ·regularity on their domain of 
existence, such that: 

xl(k(s,t» ={ ~ for tS 0 
for o+yS t 

(2.43) 

xl(k(s,t» ={ ~ for tS -Pi(s)- (o+y) 

for t;;:: eMs) - 0 

'Vs E Vi. with 0 < 0 E IR, 0 < Y E R, which are independent of e, and suitable chosen. 

With these defined cut..off functions xJ and xi, we are able to give the complete expansion for the 
solution u of the first order degeneration of problem (0.1): 
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M 
1: til UII(k(s. t);t)+xf(k(s, t»· (Zt(S)-t)· C2(S)' £!I+1 

11=0 

M 
+ xi(k(s. t»· (1: £11 'l'1I(S, ~)+ (Vt(S)-t)·C £(S)· eM) 

1t=1 

o forxeQ\supp_(U~). 

for x e supp_(U~) 

Analogous to the definition of A1 (in Section 2.1) we now introduce an operator Att as follows 

(2.45) U~ =AttCf) . 

This operator will be useful in the next section where we shall prove correctness of the fonnal 
approximation. 



-18 -

3. Correctness of formal approximation proved by lower and upper barriers 

The purpose of this section is to prove the correctness of the fonnal approximations U~ and FB 
constructed in the sections 2.1 and 2.2. 

Our method to prove the correctness of U~ and FB is based on the construction of so-called 
lower and upper barriers for the solution U of problem (0.1). Lower and upper barriers are expli
citly known functions vI and Viol, satisfying: 

(3.1) vi(x, t)S u(x, t)S vlol(x, t) a.e. on n . 

A comparison lemma, given in Section 3.1, makes it possible to construct explicitly known lower 
and upper bani ers , vI and Viol, see section 3.2. 
With the use of these barriers we also get explicitly known bounds for the free boundary problem 

(0.1), see section 3.3. The main results concerning the asymptotic behaviour of the solutions U of 

problem (0.1) and the free boundaries are as follows 

Theorem I: 

Under the assumptions given in section 1, the solution u of problem (0.1) with a zero order 

degeneration satisfies: 

{ 

U~(x)-Nl' ~Su(x)S U~(X)+N2' ~ 
(3.2) unifonnly on 0 as E J, 0 . 

The function U~ is the constructed expansion A1Cf) given in section 2.1. 
The free boundary lies in an 0 (eM)-neighbourhood of the (N -1) dimensional surfaces 

xes, CIlt(S» defined as 

k 

U {u B fII (x(s, me(s»)} 
i-I J'E Vj 

with 

{

Vi C /RN-l • 

(3.3) U:'+l (x(s, IDees»; E) = 0, and 

BfII (x(s. me(s») = {y e 0 I Iy -xes, me(S»lIES N'3' eM} 

for £ J, 0 and the positive constants N 1 , N 2 and N'3 independent of E. [] 

and 

Theorem 2. 

Under the assumptions given in section 1. the solutions u of problem (0.1) with a first order 
degeneration satisfies: 
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{ 
u~ (x) - N 4' ~ 'S, U (X)'S, U~ (X) + N s . r!tI 
unifonnly on 0 as e J. 0 . 

The function U~ is the constructed expansion AX,(f) given in section 2.2. 
The free boundary lies in an 0 (eM)-neighbourhood of the (N -1) dimensional surfaces 
k(s, %e(s» U k(s. ve(s» defined as: 

t 
U { u (Bf!I (k(s. ze(s)))u Be'" (k(s. ve(s»» } 
i-1 IE Wi 

with 

Wi C /RN-1 , 

U~+l (k(s, %e(S»;t:) = 0, U~+1 (k(s, Ve(S»; e) = 0 • 
(3.5) 

Bf!I (k(s. %e(s))) = {y e 0 Illy -k(s, %e(s»IIES, N6 eM} • and 

Bf!I (k(s, Ve(s») = {ye 0 Illy-k(s,vt(s»IIE'S,N7eM} 

for e J. 0 and the positive constants N 4 • N s • N 6 and N 7 independent of e. 

3.1. The comparison lemma 

This comparison lemma compares the solutions v of the following free boundary problem 

(3.6) 
(Le v-g) v =0 

VEO onB=aO 

with solution U of problem (0.1). 

Lemma 1: 
Suppose that g e L2(O) and 

(3.7) g'S, / a.e. on 0 

a.e. inO 

with/the inhomogeneous tenn of problem (0.1). Then 

(3.8) v'S, u a.e. on 0 

The proof of this lemma is given in the book of Bensoussan and Lions, [2]. 

o 

o 

The function U~ can be seen as the image of the inhomogeneous tenn /under a mapping A~ 
(with i = 1 or i =2): 



(3.9) u!' =A1,(f). 

The structure of A 1, was derived in the sections 2.1 and 2.2. 

Lower and upper barriers will be constructed using a function u: =Ai,(g) with a suitably 

chosen function g close to f. 

3.2 Barriers for the solution of problem (0.1) with a zero order degeneration 

The constuction of upper and lower barriers is based on the heuristic idea that the function U~. 
see (2.20). lies already in a certain small neighbourhood of the solution U of problem (0.1). How
ever. this function itself is neither a lower barrier nor an upper barrier in the sense of the com
parisonlemma given in section 3.1. We have on supp_(U~) that: 

NaN a 
-to ~ -a . (~aji<X)-a . U:'(x»+U~(x)= 

;=1 X, j=l XJ 

M NaN aUM 
J+E (-t> ~-(~aj-(x)-(x» 

i=l ax; j=l 'J aXj 
(3.10) 

+ k(E..x, ~.s» 

with 

(3.11) 

and 

2M 
(3.12) I-il= ~ £,,12 'VII(S, ~)-~ Ct(S)· (~(S)-t) 

11=1 

In general the function k (E. X, ~. s) has no fixed sign as required in the conditions in section 3.1. 

3.2.1. Construction of a lower barrier 

Our candidate for a lower barier is of the following form: 

(3.13) vI =Aj,(ft) 

with!l = f - N· ~-l. We shall use Lemma 1 to show that vi is indeed a lower barrier. 

In this comparison lemma we take 
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NaN a 
g = (-e :E - (:Eaiix) -)+ 1)v/ . 

i ... l aXj j=l aXj 
(3.14) 

Note that (3.6) is satisfied. Moreover, vi and g posses the regularity to apply the lemma. Hence 
we only have to check that g S j. for e sufficiently small. We shall show that this is the case if the 
positive constant N is sufficiently large. 

The difference between g and f can be written as: 
1 NaN aUM 

{

g-f=-N.eM- +eM· {-e:E-(:Eaij(X)-(x;e» 
i=1 ax; j=1 aXj 

(3.15) + k 1 (e, x, ~, s) } 

with 

(3.16) 

and 

2M 
(3.17) [-2]=:E e!lt2W!l(s,~)-~Cl(S)' (iOe(s)-t) 

,,=1 

The order of the functions UM. W". Cl • i and iOe in the function k i • is the same as the 
corresponding functions U M , '1'" , C 1 , X and CI>e in section 2. 

The following coefficient in (3.16) 

NN ~X S a aaijS :E :E (aij(X)( . [-z]+2· . -[-2])+- [-z]) 
i=1 j=I aXjaXj aXj aXj aXj aXj 

(3.18) 

only contributes to the function kl when the partial derivatives of the cut-off functions X are not 
identical zero. 

We notice that the width of the boundary layer along the free boundary 01&, measured along the 
normal n. see Section 2.1 .• is of order ...r; for £ small enough. We also notice that the partial 
derivatives of the cut-off function X have their support. on a distance 0,(1), measured along the 
normal n, of the boundary layer, for £ > 0 small enough. The partial derivatives of X are bounded 
on their supports, independent of e. The coefficient in (3.18) is of 0 (eM), for e > 0 small enough, 
outside the boundary layer. 

The following coefficient in (3.16): 
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(3.19) 

does not contribute to the function k 1 when the cut-off function X is identical zero. 

Following the construction of the correction tenns WII' n E {I. ... • 2M} and the correction 
factor C 1 (s) in section 2.1.. it is easily seen that the coefficient in (3.19) is of order eM. 
With these remarks we have that 

(3.20) k 1 (e, x, ~. t) = 0 (1) fort: 10 . 

The conclusion is that Lemma 1 is indeed applicable and as a consequence we find 

(3.21) vi S u on Q • 

for N = 1 and for E > 0 sufficiently small. 

3.2.2. Construction of an upper barriers 

Our candidate for an upper barrier is 

(3.22) v" = Alt(f2) 

withh=f+N. eM-I. 
Completely analogous to section 3.2.1.. Lemma 1 is applicable and as a consequence we find 

(3.23) u S v" on Q , 

for £ > 0 sufficiently small if we choose N = 1. 

3.3. Barriers for the solution of the first order degeneration of problem (0.1) 

Just like section 3.2., the construction of upper and lower barriers is based on the idea that the 
function U~, see (2.45), lies already in a certain neighbourhood of the solution u of problem 
(0.1). However, this function itself is neither a lower barrier nor an upper barrier in the sense of 
the comparison lemma, given in section 3.1. We have on supp_(U~) that: 

NoN a N a 
-£ :L -a . (:L 6jix) -a . U~ (x» + L bj(X) -a . U~ (x) + 

i=1 lX, j=1 xJ j=t lXJ 

(3.24) 
NoN a 

u~ (x) = f + r!' (-t:- L -a . (L 6ij(X) -a . UM(X; £»+ 
j .. l x, j=1 XJ 

with 
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(3.25) 

and 

(3.26) 
{ 

[-3] = (zt:(s)-t)· C2(S)' eM+1 , 

[-4] = ~1 £" 'I'1I(s, ~)+ (vt:(s)-t)· C3(S)' tf4 . 

In general the function k 2(£, x. ~, t, s) has no fixed sign as required in the conditions in section 
3.1. 
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3.3.1. Construction of a lower barrier 

Our candidate for a lower barrier is of the following fonn: 

(3.27) vi = AXti(3) 

with h = f - N· F!" -1. We shall use Lemma 1 to show that vi is indeed a lower barrier. 
In this comparison lemma we take 

Na NaN a I 
g = (-e L - (:Eo;ix)-)+ :E bix) -+ 1)v . 

i-I ax; j-I aXj j-I aXj 
(3.28) 

Note that (3.6) is satisfied. Moreover. vi and g possess the regularity to apply the lemma. Hence, 
we only have to check that g S f. for e sufficiently small. We shall show that this is the case if the 
positive constant N is sufficiently large. 

The difference between g and f can be written as _ 
1 NaN aUM 

{ 

g -f=-N· F!"- +F!". {-e:E -. (:E Oij(X) -. ) + 
;=1 ax. j e 1 ax} 

(3.29) k3(e, X.~, s)} 

with 

(3.30) 

and 



(3.31) 
{ 

-) -&1+1 [-5] = (Zt(S -t)'C2(S)'£">- , 

[-6] = f e" 'ii,,(s, ;) + (vt(s)-t) C3(X), eM . 
,,=1 

The order of the functions UM' ." t C2. C3. xf. xi. It and vt in the function k3 is the same as 
corresponding functions UM. V" t C2 t c3. xJ .xi , Zt and Ve in section 2. 

The following coefficient in (3.30): 

(3.32) 

only contributes to the function k3 • when the cut-off function xf is not identically zero. The 
coefficient in (3.32) is of 0 (eM +1 ), for £ > 0 small enough, this follows a1most immediately from 
the construction. 

The following coefficient in (3.30) 

NaN a N a 
(-£ I: - (I: aj'(x) -)+ I: bj(,x) - + 1) ([-6]) 

i=I ax; j-I lJ dXj j_1 aXj 
(3.33) 

only contributes the function g when the cut-off function xi is not identically zero. Because of 

the construction of the correction tenns 'ii" , n e {I, ... ,M} and the correction factor c 2 (s) in 
section 2.2., it is easily seen that the coefficient in (3.33) is of order eM. 
The following coefficient in (3.30) 

N N ;PxY axr a 
(-EI:I:(a··(x)·( .1+2-·-)+ 

i=1 j-I IJ aXjdXj aXj aXj 

aaij axr N axi 
-(x)· -·1)+ I:bj (x)-.I)«(-6]) 
aXi aXj j-l aXj 

(3.34) 

only contributes to the function g when the partial derivatives of the cut-off function xi are not 

identically zero. The width of the boundary layer along the free boundary v t' measured along the 
characteristic k, see section 2.2 .• is of order E. The partial derivatives of the cut-off function xi 
have their support, on a distance 0,,(1), of the boundary layer. The partial derivatives of xi are 
bounded on their support, independent of E. The coefficient in (3.34) is of 0 (eM), for E > 0 small 
enough, outside the boundary layer. 

Hence, we have that 
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(3.35) k 3(£, x. ;, t, s) = 0 (1) for £ ..I- 0 . 

The conclusion is that Lemma 1 is indeed applicable and as a consequence we find 

(3.36) vi S u on.Q. 

for N = 1 and for E > 0 sufficiently small . 

.3.3.2. Construction of an upper barrier 

Our candidate for an upper barrier is: 

(3.37) Viol = AX,(f4) 

with 

i4=f+N.r!'-l. 

It is easily seen that, as in section 3.3.1.. Lemma 1 is applicable and as a consequence we find 

(3.38) uS Viol on.Q. 

for E sufficiently small, if we choose N = 1. 

3.4. Estimates of the free boundary and the solution of problem (0.1) 

The estimates for the location of the free boundary of problem (0.1) and the estimates in (3.2), 

(3.3). (3.4) and (3.5) follow almost immediately from the construction of the lower and upper bar
riers. 
In the construction of the lower and upper barriers, we used the construction methods of section 
2. only with perturbed inhomogeneous tenns II ,fz, h and /4. In the sections 3.2. and 3.3., the 
number M is arbitraly chosen. If we take (M + 1) instead of M we find that 

{ 

U!'+l(X)_p._r!'S u(x)S U!'+I(X)+q.r!' 
(3.39) 

unifonnly on .Q as E ..I- 0 

with p and q JXlsitive numbers, independent ore. We know that 

(3.40) I U!'+l (x) - u!' (x) J SR· r!' unifonnly on .Q, as ..l. 0 • 

with R a JXlsitive number, independently of £. 

With the estimates given in (3.39) and (3.40), we find the results given in 3.2. and 3.4., details are 
left to the reader. Since a supp_(u) c supp-(v' ) \ supp_(v ") the results for the free boundaries of 
Theorem 1 and Theorem 2 follow at once. 
This completes the proof of Theorem 1 and Theorem 2. o 
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