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Chapter 1 

Introduetion 

Consiclering depletion of natura! energy sourees and its relation to polintion of 
the environment, it is clear that an effective utilization of energy is of extreme 
importance for mankind. It is therefore not surprising that in the course of the 
last decades quite some effort ha.s been made to enhance the performance of heat 
exchangers [Kakaç et al., 1983]. 

Helically cailed tubes are widely used in heat exchangers since they are rel
atively ea.sy to produce, cheap and efficient. A typkal example eau be found in 
the starage vessel of aSolar Damestic Hot Water System (SDHWS), sketched in 
ligure (Ll), but many other technica! applications of helical heat exchangers can 
be found. 

collector storage vessel 

Figure 1.1: Cailed heat exchanger in aSolar Damestic Hot Water System 

ln a SDHWS the collector medium (water) is pumped through the collector 
where it is heated by solar radiation. To tide over tl!e time gap between eaUeetion 
(maxima! round noon) and utilization (mostly in the evening and morning) of 



2 Introduetion 
~~--~~-~----~--------~------~~~---

solar energy, heat is transferred from the collector medium to rnains water in the 
storage vessel by means of the coiled heat exchanger. An effective way to operate 
a SDHWS is according to the low-How principle: au equivalent amount of water 
stored in the slorage vessel (about 100 1), is pumped through the co!lect.or during 
a days time. In combination wlt.h a stratified storage, in this way exergy loss 
due to mixing is minimized [Hollands and Lightstone, 1989J. Since the flow rate 
through the collector circuit is relatively low, the flow is larninar. 

During operation there will be a temperaturc difference between the water in 
the coil and the mains water. Apart from the pressure forces on the medium, 
buoyancy forces then wil! infiuence the flow. When both pressure forces and 
bnoyancy forces are of importance, the flow situation is referred to as mixed forcecl 
and buoyancy-induced convection 1 or simply mixed r...onvectionk Furt.her. as \Vill 

be shown, eentri fuga! forces have their effect on the flow. Both buoyancy farces 
and centrifugal farces may give rise to a seconda.ry flow perpendicular to the main 
axial flow. The efficiency of helically cailed heat exchangers is largely influenced 
by secondary flow patterns by which temperature boundary-la)•ers renmin thin 
and heat transfer increases. 

1.1 Secondary flow 

Since the early studies of Eustice !1910] and Dean [1927), it 
is known that forced laminar flow in curved ducts is char
acterized by secondary vertices perpendîcular to the main 
(axial) How, as sketched in the tigure left. 

This secondary flow is a resnlt of the centrifugal force acting on the f!uid, which 
drives the 8uid from the core region of tbc duet towards the outer bcn<L As a 
consequence the dynamic pressure near the outer bend incrcases 1 opposîng thc 
cemrifugal force. Since the centrifugal for<:e is the lowest near the duct-wall 
(where the axial velocity approaches zero) the pressure gradient gives rise t.o a 
flow from the outer bend to the inner bend of the duet, alongsidc the duet wal!. 
This type of secondary flow wil! further be referred to as Dcan vortices. 

,(ffl) 
,\) \..f.t! 
'~V 

Buoyancy farces 

As is pointcel out first by Morton [1959], buoyancy farces 
may cause similar secondary llow patterns (as sketched in 
the picture left) in horizontal ducts, aithough the driving 
mechanism is different. 

are a result of a density dlfference between co1d and warm 
medium, which on its turn is a result of therrnal expansion. Assuming that 
the fluid 8owing through a horizontal duet is conled at the wall, the medium 
at the wall will have a higher density than the medium in the co re of the d net. 
The corresponding temperatnre gradient results in a buoyancy force which gives 
risc to a flow downwards near the side walls, causing the pressure to increase 



1.1 Secondary flow 

at the lower waiL When the resulting dynamic pressure gradient at the lower 
wal! exceeds the buoyancy force, the medium is forced to flow from the lower 
wal! towards the top of the duet. This type of secondary flow wil! be referred to 
as Morton vortices. lt lwwever should be remarked that the analysis of Morton 
contains some errors, as pointed out by Guiasu et al. [1995]. 

In a heated horizontally curved pipe both centrifugal and 
buoyancy farces may induce a secondary flow field: the first 
leading toa secondary flow with a horizontal orientation, the 
latter leading toa secondary flow with a vertical orientation. 

Intuitively one might expect that the resulting secondary flow is tilted with re
spect to the horizontal, but since the origin of the horizontal and vertical sec
ondary flow is essentially different, the resulting secondary flow is not that easy 
to predict. Consirlering tbe driving mechanism however, it is possible to make 
a first estimate of the magnitude of the secondary flow in a curved pipe ( see 
figure {1.1)). For the secondary flow due to centrifugal farces, one mar set up 
a balance between the work done by centrifugal farces and the resulting kinetic 
energy of the secondary flow (neglecting dissipation effects of viscosity). The 
specific work done by centrifugal lorces approximately equals W, "'ü!,/ Re· 2R; 
and the specific kinetic energy of the secondary fiow can be approximated by 
J(, "' ~üb", where Üa.x denotes the average axial velocity and ilnn denotes the 
average secondary velocity due to centrifugal farces, R.; is the internal radius of 
the pipe and Re is the radius of curvature. Thus the relative magnitude of the 
secondary flow due to centrifugal farces is of the order of 

~Dn = O (Dn) = O (J6) 
Uax Re 

(1.1) 

where Re = 2iïox R.;Jv denotes the Reynolds number, with v the kinematic vis
cosity of t.he ftuid, and Dn Re· "J6 denotes the Dean number, 6 = Ril Re being 
the curvature ratio. 

Analogous lor the secondary flow due to buoyancy farces, a balance may be 
set up between work done by specific buoyancy lorces and the resulting specific 
kinetic energy of the secondary flow: g(Jt:J.T · 2R.;"' iubr' where gis the acceler
ation due to gravity, (J denotes the coefficient of thermal expansion, l:J.T denotes 
a charaderistic temperature dîfference and ÜGr denotes the average secondary 
velocity due to buoyancy farces, also relered to as the Brunt-Väisälä velocity. 
The relative magnitude of the secondary flow due to buoyancy lorces tlms is: 

(1.2) 

where Gr denotes the Grashof number, defined as Gr g(Jt:J.T(2R.;)3 Jv 2• 

It is expeeted that the secondary flow due to buoyancy farces for high Prandtl 
number fluidg is lower than for low Prandtl number fluids (Pr = vJa, "denoting 

3 



Introduetion 

the thermal diffusivity). High Prandtl nmnber fiuids give risc t.o smaller temper
ature boundarr layers and thus thc effect of viscosity will be more prononnced, 
redudng the velocity. This effect on the secondary flow dne to buoyancy forccs 
may be appreciated when the study of Le Fem·e [1956] is considered. Le Fe11re 
[1956] stuclied buoyancy induced flow at a vertica! plate. From the similarity 
formulation for the boundary layer equations go'.<erning this flow, it was found 
that the upward flow scales as: 

·uup = 
2gf3D.TL 

l+Pr 

Taking into account this Prandtl number effect we find: 

:~: = 
0 

( Re~Pr)) 

(1.3) 

(14) 

Wang [1981] showed that torsion effects induced by the pitch of a coil may 
cause a swirling secondary flow t.o develop. The magnitude of this swirling flow 
can be estimated by: 

(15) 

where Gn is the Germa.no numbcr Gn = -Gf!R'+·I~ · Re, p, being t.he pitch of the 
< p, 

coil [Liu and Masliyah, 1993]. For low Germano numbers (lîke in a SDHWS: 
Gn"' :3.6) the influcnce of the pitch on the flow field may be neglected (sec also 
I Chen and Pan, 1986]). 

The physical situat.ion in the heat exchanger of a SDHWS further is charac
terized by the following parameters: R.e"" 500, 8 = 1/14, Gr = 0(105 ), Pr"" 5. 

Using these vah1es ît is est.imated that ·U.nn ~ fi,o,.. ;S Üax 1 and thus centrifugal 
forces: buoyancy forces and prcssure effects all have thcir infiuence on thc flmv 
field in the heat exchanger. 

As ment.ionedl due to the secondary flow 1 heat transfer fron1 t,he \Vall of the 
duet to the mediun1 insidc may considerably be more effident than in the case of 
a straight duet without, secondary flow. A goocl knowlcdge a.nd mlderstanding of 
this effect of course is important in designing coiled heat exchangers. 

1.2 Heat transfer 

The heat transfer from the medium inside the pipe to the pipe wallis an important 
practical aspect of the flow situations sl.ndied in this t.hesis. Historically the heat 
flux q11 is non-dimcnsionalized by divlding it by a characteristk flux: due topure 
conduction, cqual to A(T., ·- T•)f L, yielding the Nusselt nnmber Nu: 

q" L 
JV u = -:-::,i-'--=-c 

A(Tw - T,) 
(1.6) 



1.2 Heat transfer 

Herein À denotes the thermal conductivity of thc medium, L a characteristic 
dirneusion (e.g. the diameter of the duet), Tw the average wal! temperature and 
To t.he bulk temperature or mixing cup tempcrature: 

Tb= = Jv.axTdA 
Uax 

(1. 7) 

A 

where A is the cross-section area of the duet, Ua.x is the local axial velocity and 7' 
is the local ternperature. Fbr a constant property Huid the total amonnt of heat 
conveyed by the medium equals pep Tb (p being the Huid density and Cp the heat. 
capacity ), and as such the bulk tempera\ ure is a mea.sure of the heat contents of 
a fluid. 

In pract.ice heat transfer from thc medium to the pipe wal! often is described 
by the following relation: 

(1.8) 

whcre a is the so-called heat transfer coefficient. Tbe heat transfer coefficient is 
related to t.he :Vusselt number by o =Nu)./ L. 

A mechanica! engineer occnpied with thc de~ign of a heat exchanger bas to 
know about. the heat transfer properties of his concept. For this he is taught to 
use corrclations takeu from hand hooks, which yield the Nusselt numbcr forsome 
configurations as a function of flow pilrameters as the Reynolds and Grashof num
bers. Trying to use this technique to cstimate the Nusselt number for the heat 
exchanger of the !ow-flow SDHWS, the engineer encounters several problems. 
First, correlations are only avaHable for two tempcrat.urc boundary condîtions: a 
constant heat flux condition (q-boundary condition, related to the spatial deriva
tives of the temperature) or a constant temperaturc condition (T-boundary condi
tion). The SDHWS-situation may be somewbere in bet.ween: the situation varics 
from a constant te.mperature at the coil when the starage vessel is unloaded: to 
a more or 1ess constant heat flux boundary condition when the medium in the 
vessel is lincarly stratified. 
Secondly, correlations are generally limited t.o fu!ly developed flow, although in 
the SDHWS the flmv is under development in a grcat part of tbc coil (sce also 
chapter 8). 
·Thirdly, even for a frequently used heat exchanger as the cailed heat exchanger 
only a limited number of relevant studies are available, a.nd the N usselt numbcrs 
predicted from these studies vary substantially, as illustrated by table l.l. In 
t.his tablc the predieled Nusselt numbcr is given using the proposed correlation 
of the investigators mentioned, for fully devcloped flow. lt is secn that the case 
of mixed conveelion (i.e. Or = 105 ) is hardly studied, and that for the case of 
fully developed forced conveetien the predicted N usselt numbers vary to ±20% 
and more, For a discnssion of the results on mixed convcctîon in a curved pipe, 
obtained by t.he anihors mentioned in table !.!, the reader is referred to chapter 7 
and 8. 



lnt.roduction 

I Pr· 5· Re 500· D11 134 11 Gr 0 11 Gr 105 Cr - 10° 
' - ' 

.- - -

I In".-estigators . T 

Sch~îdt (1967) " 
! 

13.34 
Dra.vid ( 1971) E -
Singh e.a. (1974) E -
Kalb e.a. (1974) NE 11.37 

I Akiyama e.a. (1974) N 19.54 
Janssen e.a. (1978) E 15.04' 

' Baurmeister e.a. {1979) N 
' 

12.42 
i Akiyama e.a. (1987) N -

' Futagami e.a. (1988) N -

I 
Yang e.a. (1993) N -

Yang e.a. (1994) N -

T: tempera.ture boundary condition 
E: ex perimental research 
*: outside range of correlation 

i 

! 

q q q 

10.98 
14.26 i 17.96 43.09 
12.96 ·- -
14.13 - -
11.01' -

. 
-

- - -

14.87 

' 
14.89' 15.05' 

15.19 15.26 16.46 
11.45 

! 

-
- 12.03 13.54 

q: heat flux boundary condition 
N · numerical research 

' 

I 

' 

' 

Table 1.1: N!Lssell m,mber for a SDH WS according to literature data.. For flow 
in a straight pipe (Dn = 0} withno b1wyancy effects (CT= 0} a Nusselt nmnber 
of NuT = 3.66 rcspectively Nu.q = 48/11 4.36 wil/ be reached for Re= 500 and 
p,. = 5 (water at 35"C) {Sha.h and London, 1978}. 

1.3 Scope and outline of this work 

Due to buoyancy and centrifugal forccs t.he heat transfer from a medium in a duet 
to the duet wall may considerably be increased, However, quantitatîve knowledge 
of this increase ln heat transfer is limited. The scope of this work is to develop 
and apply methods to fill some of the gaps that exist in the knowledge of laminar 
mixed convedive heat transfer in ducts. The situat.ion occurring in the low-fiow 
SDHWS, sketched in figure (1.1), serves as a guideline for this work. Of course 
the met.hods described and the results obtained also can be usecl for the study of 
other coufigurations: such as cou1pact heat a"Xchangcrs. 

In the next chapt.er the equations descrihing the flow and the t.emperatnre 
field are discussed. Duc to the complexîty of the equations an analytîcal salution 
can in general nat be obtained; therefore) the equations are solveel numericaJly 
and t.he methods employed are described in chapter 3. In order t.o vlllidate the nu~ 
merkal model: la.bora.tory experiments have been performed. The experimental 
methods for measurement of velocity fields and temperat.ure field& are described 



1.3 and outline of this work 

in chapter 4. In chapter 5 a compa.rison between numerical aud experimental 
rcsults is made for the case of mixed couvcction în a horizontal square cha.n
nel. This speciflc situation is chosen since thc set-up could be made optically 
accessibie 1 whereas the physics in the cha.nnel is comparable to t,he situation in 
a low-fiow heat exchanger. :Mixed conveetien in a drcular straight tube is de
scribed in chaptcr 6, which start.s with a literaturc review on the subject. For 
this sîtuation tempera.ture dependent medium properties are also taken into ac
count. In chapter ï developing mixed conveelion in a horizontally curved pipe is 
descri bed, showing the influence of bath buoyancy and centrifugal farces. This 
chapter starts with a lit.erature review, too. Anothcr flow configuration. namely 
mixed convection in a hclically coiled tube, is described in chapter 8. l"inally in 
chapter 9 the resnlts are summarizcd and discussed briefiy. 

7 
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Chapter 2 

Governing equations and 
approximations 

2.1 Governing equations 

Most types of non-reacting flmv can be described by a set of three equations 1 

descrihing conservation of rnass, momenturn and energy [Bü·d et al., 1960]. In 
this section these equations will be discussed briefly. Sirree in the major part of 
this thesis stationary flmv situations will be considered, time derivatives will not 
be taken into account in the discussion. 

2.1.1 Equation of continuity 

The equation of continuity (conserva.tion of mass) states that at a fixed point in 
space the net spa.tial changes in the mass velocity vector pil are zero: 

v.(p,,J = o (2.1) 

where pis the clensity of the medium and ü the velocity vector. 

2.1.2 Equation of motion 

The equation of motion (also called the momenturn or Navier-Stokes equation), 
describing conservation of momentnm, states tha.t the momenturn gain by con
vection at a fixed point in space, the pressure forces, the viscous forces and the 
buoyancy forces acting on the fluid) are in equilibrium: 

(2.2) 

where P is the fluid pressnre; ii the gravitational field strengt.h and 1I' the stress 
tensor. 



10 Governing equations and approximations 

Defini;,g the dynamic pressure p ""p = P- po(!i•i), in which Po is a reference 
density, equation (2.2) can be writ.ten as: 

(2.3} 

For Newtonian fluids, the stress tensor 'Ir can be expressed as: 

(2.4) 

where f..L denotes thc dynamîc viscosity1 K the bulk viscosity and li represents 
t.he unit t.ensor. liJ is the rate of st.rain tensor: liJ = H'ilu + (Vu)T). The bulk 
viscosity "" is zero for low density gases~ but can he slgnificant compan~d t,o tbc 
dynamic viscosit.y in fluids (see appendix A). 

2.1.3 Energy equation 

The total internat energy e of the !luid per unit mass consists of the internat 
energy i, <J3sociatcd with the random translational and interaal motions of the 
molecules, the klnetîc cnergy !û•Ü, assocîated with the obser,1ahle ftuid motion1 

and the poten ti al energy 9!, resulting from the gravitat.ional field: 

e =i+ Ïü •Û + '11 (2.5) 

The energy equation (conservation of energy) states that energy input by con
vection, energy input by conductlOn 1 work done on the fiuid by pressure forces) 
and werkdoneon the fiuid by viseaus farces are in balance: 1 : 

v.(peu) + V·<ï+ v.(Pü) + V·('ll'·ii) = o (2.6) 

\Vhere ij dcnotes the heat-flux vector. 
Assumîng the gravitational field to be constant, so that V•(p9!u) = -pii •iJ, 

equation (2.6) can be written as: 

Multiplying equation (2.2} by uresultsin an equation for the transport of kinetic 
energy: 

(2.8) 

Subtracting equation (2.8) from equation (2. 7), and using the identity ü. (V• 'J!') = 
\l.{"U'·ii') -'Ir: 'Ç;?.Î: an equatlon for the transport of internal energy i îs found: 

(2.9) 

where : denotes the scala.r product (or dyadic product) of two tensors. 

tha.t radiatlon effects are 11eglec~d 
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Replacing the internal energy i by the enthalpy h = i + P results in: 

\'7. (phil)- \'7.(Pil) + \'7.if + p\'7.a + (11': \'7a) o (2.10) 

Differentiation by parts and using equation (2.1) results in: 

(2.11) 

From h = h(T, P) it follows that dh = cpdT + ( g~ )T dP, where the specific 
heat capacity at constant pressure Cp (~) p· Using these relationships, equa
tion (2.11) can be rewritten as: 

(2.12) 

For ideal gases (~) equals zero. In water (g~) = O(lo-3 )m3 jkg. 

The diffusive term in the energy equation can be rewritten using Fourier's law: 

(2.13) 

where >. is the thermal conductivity. 
Finally substituting p = P + Po(§•x) the energy equation reads: 

p71• \'7 ( cpT) [ 1 - p ( :; ) T] { U• \'7 p - Po§• Ü} 

- \'7. (>. \'7T) + (11' : \'7ü) = 0 (2.14) 

where the first term denotes convective transport of thermal energy, the term 
u• \'7p represents pressure work, the term Po§•Ü represents work clone by buoyant 
compression, the term \'7 • ( >. \'7T) denotes conduction of thermal energy and the 
last term is the viscous dissipation term. 

A large class of steady flows may bedescribed by equations (2.1), (2.3) (in 
combination with (2.4)) and (2.14). 

2.2 Normalization 

In this section equations (2.1), (2.3) and (2.14) are non-dimensionalized and nor
malized. Normalization makes the dimensionless variables to be of the order of 
one. There are two main reasons for doing this. In the first place, when a proper 
sealing is used, the dimensionless numbers are a measure of the relative impar
tanee of the different terms in the equations. This may lead to a better insight 
in the physical aspects of the flow. In the second place there are computational 
reasons. Non-dimensionalization makes it for instanee easier to use solutions to 
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the set of equations at lower Reynolds numbers as a starting value for further 
iteration to higher Reynolds numbers. Besides, since all dimensionless variables 
will he of the order of one, when numerically solving the equations roundoff errors 
will he minimized. 

The starting point for non-dimensionalization is the choice of suitable sealing 
parameters for the various variables. By dividing the variables by these parame
ters, the dimensionless variables, denoted by a prime, are introduced: 

ü'= ü uo 

c' =!:I!.... 
P cvo 

T'= p' p'=.!!... 
PO 

p,' = .1!:_ 
J.lO 

'1!'1 = ...1L §' = Il. V' = LV 
J.louo g 

where uo: characteristic velocity [m. s-1] 

characteristic temperature difference [KJ i:lT: 

1': 
po: 
J.to: 
t1>o: 
..\o: 
L: 

In the case of a prescribed specific heat flux q, 
a characteristic temperature difference i:lT* 
may be defined as i:lT* = q" · L / Ào 

mean temperature [KJ 
characteristic density [kg. m-3] 

characteristic dynamic viscosity [N s · m-2] 

characteristic heat capacity [J · (kgK)- 1] 

characteristic thermal conductivity [W · (mK)-1] 

length scale [m] 

This leads to the following equations: 
Continuity: 

Momentum: 

Energy: 

v'.(p'ü') o 

v'. (p'u'u') + v'p' + _!_v'.'JI'' Re 
1 {p'-1)§' ö 

p'u'. V'(ep'T')- Br [1 
Pr 

--
1-v'.(..\'V'T') + ~('JI": V'U') 

RePr PrRe 
pouoL 

where: Reynolds number: Re = -
P,o 

Prandtl number: Pr 

(2.15) 

(2.16) 

(2.17) 
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. JLouo2 
Bnnkman number: Br = >.o6.T 

Froude number: Fr uo2 

gL 

13 

The product of the Reynolds and Prandtl number also will be referred to as the 
Peelet number Pe. 

In fluid dynamics dimensionless numbers play an important role as character
istics of the type of flow that may be expected. This will be illustrated somewhat 
in the next section. 

2.3 Approximations 

For the physical situation in the SDHWS with an average velocity of about 
1.4 cm/ s, a charaderistic length scale of L 2Ri 2.3 cm and a characteris
tic temperature difference of 6.T = 0(1 10) °C, the following dimensionless 
numbers are appropriate: Re :::::: 500, Pr :::::: 5, Br 0(10-7), Fr = O(lo-3 ) and 
Gr = 0(105 - 106), where Gr = gfJ6.T 

2.3.1 Approximate continuity equation 

From the literature it is deduced that the Nusselt number for the situation in a 
SDHWS approximately equals Nu :::::: 15. Heat transfer thus results in a maximal 
temperature gradient in the medium at the wallof approximately 8Tj8riR :::::: 
-Nu(Tw- Tm)/L:::::: -Nu6.TmfL. In turn, this results in a density gradient of 
approximately 8pj8riR:::::: -pofJoaTf8riR:::::: pofJoNu6.TmfL. 

Equation (2.1) may be written as: 

(2.18) 

Sealing il by uo, ~ by L-1, p by Po and ~p by pof3oNu6.TmfL, equation (2.18) 
is rewritten in dimensionless form as: 

p'~'.ü'+Nu·Buil'•\l'p' 0 (2.19) 

with the Buoyancy number Bu = f3o6.T. 
Substituting the values of the dimensionless numbers, we find: Nu· Bu = 

0(10-2 - 10-3). Conservation of mass thus can be approximated by: 

(2.20) 

Note that for air equation (2.20) must be considered with some care, since for 
practical situations the Buoyancy number may be about ten times as high as 
for water. Especially at the walls, where the larger temperature gradients occur, 
effects of thermal expansion then may become of importance. 
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2.3.2 Approximate equation of motion 

Using the equation of continuity (2.15), equation (2.16) may be rewritten as: 

p' if • v' û' + v' v' + ~e v' ·11'' ;r (/ -1) §' ö (2.21) 

When furthermore the effect ofthermal expansion is neglected (i.e. equation {2.20) 
is valid) the stress tensor may be written as: 11' = -2pJD. 

2.3.3 Approximate energy equation 

Substitution of the values of the dimensionless numbers in energy equation (2.17) 
makes it possible to estimate the order of magnitude of the terms in this equation2 , 

relatively to the convective term: 

pressure work 
convection 

work by buoyant compression = ___!!_!____ = O(Io-5) 
convection Pr Fr 

ditrusion 
convection 

viscous dissipation = ___!!_!____ = O(l0_12 ) 

convection Pr Re 

Neglecting lower order terms, equation (2.17) may be written as: 

p'if · V'(c/T') -
1
-V' · (>..'V'T') = o 

RePr 
(2.22) 

Equation (2.22) is in the literature often referred to as the energy-equation. In fact 
however, as has been shown, equation {2.22) only is an approximation: pressure 
work, work by buoyant compression and viscous dissipation are neglected. 

2.4 The Boussinesq equations 

Equations (2.1), (2.3) and (2.14) are often simplified using the Oberbeck-Boussinesq 
approximations [ Oberbeck, 1888]: 

• The properties of the fluid are temperature- and pressure independent. 
Properties are taken to be constant: p =po, p, P,o, Cp Cp0 and À= Ào. 

2Note that the term [1 - is of the order of 1 (gasses) or smaller (water) 
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• The buoyancy term (p- po)g in the equation of motion is replaced by the 
term po/3o(T-T)g, where T is the average temperature of the medium. This 
may be interpreted as a first-order Taylor series expansion of the density 
around temperature f'. 

• The medium is Newtonian and Fourier's law holds. 
Since the flow is assumed to be divergence free, the stress tensor may be 
written as: 

'11' = -2JLID = -JL ((Vü) +(Vu)*] 

where * denotes the conjugate or transposed of the tensor. Thus: 

since again V • ü = 0, and using V • (V ü) = V2ü and V JL Ö, one may write: 

• Viscous dissipation, pressure work and work by buoyant compression are 
neglected. 

These simplifications lead to the following Boussinesq equations: 
Continuity: 

(2.24) 

Momentum: 
PoÜ. "Vu+ Vp +ILO V2ü- Po!3o(T- T)g (2.25) 

Energy: 
.... """'2 

PoCp0 Ü • "VT - Ào "V T (2.26) 

Normalized and written in a dimensionless form: 
Continuity: 

(2.27) 

Momentum: 

(2.28) 

Energy: 

iJ!. V'T' - - 1-V12T' 
RePr 

(2.29) 

Gray and Giorgini [1976] discussed the limitations to the Oberbeck-Boussinesq 
approximations. From a linearization of the fluid properties and requiring that 
the errors in the different terms of the Boussinesq equations remain smaller than 
10 %, they found that in the case of water the assumption of temperature inde
pendent properties may not be used when: 
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- the temperature difference exceeds 1.25 oe; limiting factor f3 
- the temperature difference exceeds 3.7 oe; limiting factor Jl (and ,8) 
- the temperature difference exceeds 59 oe; limiting factor À (and f3 and J.L). 
According to this approach Cp may be treated as temperature independent and 
all properties may be treated as pressure independent. 

However, from the errors in the different terros of the Boussinesq equations 
hardly any conclusions may be drawn with respect to the errors in the unknowns 
ü', p1 and T'. In order to study the errors in the velocity-field made by the 
Boussinesq approximation Heiss [1987] and Lankhorst [1991] compared the solu
tion of the Boussinesq equations to the salution to the set of mass, momenturn 
and energy equations for the case of laminar natural convection of water in a dif
ferentially heated cavity (see section 4.2.4). Heiss found an error in the velocity 
field of about 10% in the case of a temperature difference 6.T 5 oe and an 
error of about 20% when 6.T 12.5°e (for Ra= Gr · Pr 107 and around 
'Ï' = 50°e). In the case of a temperature difference of 10 oe Lankhorst found a 
maximal error in the velocity field of about 9% (Ra = 103; 'Ï' = 15 oe). and at 
a temperature difference of 80 oe he found a maximal error in the velocity field 
of a bout 20% (Ra = 103; 'Ï' = 50 oe). From these studies it may be concluded 
that the viscosity Jl, the coefficient of thermal expansion f3 and the thermal con
ductivity À of water may not be treated as temperature-independent when the 
temperature difference only exceeds a few degrees Celsius. Of course from these 
arguments no hard conclusions may be drawn with respect to the errors in the 
velocity field made by the Boussinesq equations in the case of mixed convection. 
For this a simHar approach as that of Heiss and Lankhorst is required. ' 

In chapter 6 temperature dependency of the viscosity, the coefficient of ther
mal expansion and the thermal conductivity will betaken into account for the case 
of mixed convection in a horizontal pipe. The temperature dependent Boussinesq 
equations then are written as: 
Continuity: 

fl' .iJ! = o 

Momentum: 

ü' • V' iJ! + V' p1 
- ~ V'• [JL' (T') V' iJ!] + Gr {31 (T') T' g = Ö 

Re Re2 

Energy: 

ü'.V'T' -
1-v'. [À1 (T') V'T'] 

RePr 

(2.30) 

(2.31) 

(2.32) 



Chapter 3 

Numerical methods 

3.1 Discretization of the elliptic equations 

Since the complete set of governing equations in general cannot be solved ana
lytically, one has to use numerical methods in order to solve the equations. In 
principle four different types of solution methods for the governing equations 
have been developed: Finite Difference Methods, in which the partial differential 
equations are discretized using a Taylor-series approximation for the different 
terms; Finite Volume Methods, in which the integral form of the equations is dis
cretized, Speetral Methods, which seek an approximate solution to the weighted 
residual formulation in a global high order function space; and Finite Element 
Methods. Since the Finite Element Method (FEM) allows one to define a geomet
rically complex computational domain (like to be found in heat exchangers), this 
method will be used in this research. The basics of the method will be described 
in this section. 

3.1.1 Discretization in space: Finite Element formulation 

With the Finite Element Metbod a solution to a partial differential equation on 
a certain calculation domain n is sought in a function space vh spanned by a 
finite number of so called basis functions. Since Vh only has a finite dimension, 
the exact solution to a problem generally can not be found. 

In this section a description of the FEM is given, applying the method to 
the temperature dependent Boussinesq equations in dimensionless form ( equa
tions (2.30), (2.31) and (2.32)). To construct the approximate solution to the 
equations, the computer package Sepran was used [Segal, 1984]. 

The first step consists of multiplying the equations by so called weight functions. 
This requires the residuals of the equations to be orthogonal to the function space 
spanned by the weight functions. Integrating the equations over the domain 0 
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and omission of the accents leads to: 

(3.1) 

fnwu• [ü.Vü+Vp+ ~eV·'ll'- ~~f3Tg]dn o (3.2) 

r [- 1- -] Jn WT Ü•\l(T)- RePr \lo(ÀVT) dfl 0 (3.3) 

where wp denotes the weight function for the continuity equation; illu the weight 
function for the momenturn equation; wr the weight function for the energy 
equation. 

Applying Green's formula and integration by parts yields: 
Continuity: 

(3.4) 

Momentum: ![ - - 1- ] Jn Wu•Û• \lü p\l•Wu- Re (V'iiiu)* : 1I' df! 

- L~~t3T(wu•g)dfl+ ip(wu•n)dA- ~ei Wu•('ll'·ii)dA=O (3.5) 

Energy: 

- ] 1 1 -(.\ VT) dfl- RePr JA wr .\(VT·n) dA = 0 (3.6) 

In deriving the above formulation of the momenturn equation, the 
following relationship is used: 

In Wu•(V·'ll')df! fA Wu•(n•'ll')dA- In ( (Viiiu)* : 1I') dfl 
where * again denotes the conjugate or transposed of the tensor and 
: is the scalar product of two tensors. Furthermore the stress tensor 
is a symmetrie tensor: 1I' 'll'*. 

The effect of integration by parts is that the maximum order of the derivatives is 
reduced by one. Equations (3.4), (3.5) and (3.6) therefore are said to be written 
in the weak form. 

The above equations can be discretized according to the FEM. Therefore 
the calculation domain is subdivided into a finite number Ne of non-overlapping 
subregions ( elements) by which n is completely covered. Then on every element 
a finite number of nodal points is chosen, resulting in Nu nodal points for the 
velocity components, Np nodal points for the pressure and Nr nodal points for 
the temperature on the complete domain n. 
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The next step is the definition of a basis function for each noclal point. The 
basis functions connected to the noclal points for the velocity are denoted by <Pi, 
those connected to the noclal points for the pressure by ï/Ji and those connected 
to the noclal points for the temperature are denoted by ~i· Using these basis 
functions an approximate solution ii(x) for the velocity vector û, an approxi
mate solution p(x) for the pressure p and an approximate salution T(x) for the 
temperature T are constructed: 

Nu Np NT 

I>Mx)ûi ; iJ( x)= L ï/J;(x)p; 'i(x) = I: E;(x)1i (3.7) 
i=l i=l i=l 

where û;(t) is the velocity vector in noclal point i; p;(t) is the pressure in noclal 
point i and 7i(t) is the temperature in noclal point i. 

Since we are looking for a salution to equations (3.4), (3.5) and (3.6), the 
function t/>; must have a non-zero 1 st order derivative. Wh en a polynomial is 
chosen as basis function t/>;, then the polynomial must be of degree du 2: 1. 
Analogously we find for ï/J;: dp 2: 0 and for Ç;: dr 2: 1. 

Another demand to the basis functions is inter-element continuity. Because 
the integrals in equations (3.4), (3.5) and (3.6) have to remain finite, continuity 
is required for derivatives up to one order lower than the highest order occurring 
in the weak form. The basis functions t/>h and Ç; therefore have to be continuous 
over the element boundaries ( 0° continuity ). Basis function ï/J; only has to be 
continuous on each element [Fortin, 1981]. 

In the Galerkin formulation, the space of the weight functions is taken equal 
to the space of the basis functions. All possible weight functions thus can be 
written as a linear combination of basis functions: 

Np N,. NT 

L ï/J;(x)wpi ; wu(x) = L t/>;(x)wu; wr(x) = Lçi(x)wr; 
i=l i=l î=l 

(3.8) 
Substituting equation (3.8) and equation (3.7) in equations (3.4), (3.5) and (3.6), 
respectively, yields: 
Mass: 

(3.9) 

Momentum: 
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Nu 

L </>i(x). udn 
i=l 

Energy: 

In deriving the above formulation of the momenturn equation, the 
following relationship is used: 

(~(</>i(x)wui))* :'ll' (wui~</>i(x))* :'ll' 

'll': (~<h(x)wui) 
Wui• ('ll'•~</>i(x)) 

(3.10) 

Since the equations must hold for every possible weight function ( thus for i 
1 ... Np, for i = 1 ... Nu and for i = 1 ... Nr, respectively), the equations are 
equivalent to the following matrix equations (written in 3D Cartesian coordi
nates): 

Mass: 

(3.12) 

Momentum: 
~ - y- - -

[Su +Nu(U)]U + C P = F + Bu (3.13) 

Energy: 

(3.14) 
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where Velocity column U: (JT = [u1, v1, WJ, .. • , U Nu, V Nu, WNu] 
Pressure column P: f>T = [p1,p2, .. . ,pNp] 

- -r Temperature column T: T =[TI. T2, ... , TNT] 

Momenturn diffusion matrix (3Nu x 3Nu): 

where I represents the 3 x 3 identity matrix. 

Energy diffusion matrix (Nr x Nr ): 

s* =- Re~r k ( ÀVrçivçi) dn 

Momenturn convection matrix (3Nu x 3Nu): 

Energy convection matrix ( Nr x Nr): 

Divergence matrix (3Nu x Np): 

r.cTJij = -1 ( ~jv~i) dn 
. n 

Force column (3Nu x 1): 

pi = Gr 1 (/3 T) [ ~ l dQ 
n ~i 

Nabla operator V: 

[ 8~1 8~3 ] 

Normal column n: 

The boundary columns Bu and Br can be evaluated befarehand since 
in order to make a solution to the equations possible, boundary values 
are prescribed. 

21 
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Thesetof governing equations is now formulated as a set of three matrix equations 
with a finite number of unknowns. Before these matrix equations can be solved, 
there are still two problems to be dealt with: 

1 The convective term [Nu(U")]U in the momenturn equation is nonlinear. In 
order to perform numerical calculations this term has to be linearized. 
This has been done by using Picard's method of linearization: a solution 
to the nonlinear momenturn equation is sought iteratively by replacing the 
convective term by [Nu(Ui)]tfi-I, whete i denotes the iteration number. 
Whenever possible a solution at a lower Grashof number was used as an 
initia! guess U0 . Picard's metbod has the advantage over Newton's metbod 
that its region of convergence is larger: in the Finite Element computa
tions performed, starting with Newton linearization showed to be ineffec
tive. Furthermore, due to the iterative coupling of the momenturn equa
tion with the energy equation (see below), Newton's method did notshow 
quadratic convergence proporties. A solution to the momenturn equation 
has been found when the normalized difference in the velocity vector be
tween the present and the former iteration step has become very small 
(ll(tfi tfi-1)11/lltfill < w-4). 

2 The matrix equations can not be solved independently. 
Equation (3.13) can be seen as the equation by which the velocity field is 
governed. Equation (3.12) can in this respect be considered as a restrietion 
to the velocity field. Equation (3.13) and (3.12) therefore can not be solved 
independently. 
Analogously, equation (3.14) can beseen as the equation by which the tem
pcrature field is governed. It is obvious, however, that the energy equation is 
linked to the momenturn equation by means of the convective term, whereas 
the momenturn equation on its turn is linked to the energy equation by 
means of the buoyancy term. Equation (3.13) and (3.14) can therefore not 
be solved independently. 
These problems will be considered in the following sections. 

The penalty function method 

It has been shown that the continuity and momenturn equations are coupled by 
means of the velocity field. The continuity equation in this respect can be treated 
as a constraint on the velocity field which must be satified indirectly through the 
correct choice of the pressure field in the momenturn equation. This coupled 
problem can be solved by a so-called Lagrange multiplier method: the constraint 
on the velocity field is implied by the introduetion of a penalty on the violation 
of the constraint. As a consequence of this introduetion it can he shown that the 
pressure p in equation (2.21) is replaced by the term ~V· ü, E being the redprocal 
penalty function parameter [Reddy, 1982]. The discretized momenturn equation 
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then becomes: 

[Su +Nu(U)]U +!er M;1cU = F + Ëu 
€ 

(3.15) 

where the pressure matrix (Np x Np): 

Mij = f 1/Ji'l/Jjdn 
P ln 

Since the value of the pressure is 0(1) the continuity equation is approximately 
satisfied for small values of the parameterE [ Cuvelier et al., 1986]. Throughout 
this study a value of E 10-6 is used. A major disadvantage of the penalty 
function metbod is that matrix equation (3.15) results in a badly conditioned 
matrix and thus iterative matrix solvers can not be used1 

Decoupling of the discretized momenturn and energy equations 

When the number of unknowns increases, the size of the matrices in the Finite 
Element formulation of the problem increases. Particularly when a 3D domain 
is considered the size of the matrices may become a problem. 

In order to minimize the size of the matrices to be handled, the velocity field 
and the temperature field are therefore solved as separate problems in an iterative 
fashion. The solution of the momenturn and continuity equations ( velocity field) 
at a previous iteration step is used in order to solve the energy equation. The 
temperature field is then used to calculate the temperature-dependent properties 
of the fluid under consideration. Then again the velocity field may be calculated, 
etcetera. Since the number of extra iterations necessary to obtain a converged 
solution only is modest, this decoupled metbod needs less computing time than 
the coupled method. 

3.1.2 The Streamline Upwind/Petrov-Galerkin method 

The solution to the spatially discretized energy equation or any other convection
diffusion equation may be corrupted by spatial oscillations (wiggles) when the 
relative importance of the convective term is high. The actual occurrence of 
wiggles depends on the number of noclal points along the streamlines of the flow 
and on the boundary conditions [Sillekens, 1994). When the so-called mesh-Peclet 
number Pem exceeds a certain value (for the 1D convection-diffusion equation 
Pem > 2, both for linearand quadratic elements), wiggles might be expected. 

def ~ ~ 
The mesh-Peclet number is defined as Pem = Pe(h~c/L) · (il~cfuo), where h~c 

is the distance vector between two nodal points Xk and Xt and il~c is the velocity in 

1 Recently methods have been developed which make it possible to use iterative matrix sol vers. 
Reddy [1993] used a preconditioning technique to improve the condition of the matrix resulting 
from the penalty function method and showed that an iterative solution method was adequate. 
Vuik and Segal [1995] used a. special ordering technique and preconditioning to itera.tively solve 
the coupled velocity a.nd pressure unknowns. 
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the direction xk- Xl· Note that in a sense the mesh-Peclet number is directionally 
dependent. 

From the analysis of the finite difference method it is known that wiggle-free 
solutions are obtained when using first-order accurate upwind diffçrencing. It 
can be shown that upwind differencing is equivalent to adding artifiq:ial diffusion 
to a central difference method [Leonard, 1979]. The amount of artifi~ial diffusion 
can be chosen such that the numerical solution obtained is exact in noclal points 
for a simple 1D convection-diffusion equation. This procedure is referred to as 
optima! upwinding or exponentially-differencing. 

In more dimensions optima! upwinding works well when artificial diffusion 
only acts in streamwise direction, along which the directional mesh-Peclet number 
is the largest. Artificial diffusion acting in cross-stream direction gives rise to so 
called cross-wind artificial diffusion, which may yield overly diffuse first-order 
accurate solution [Leonard and Drummond, 1995]. 

Brooks and Hughes [1982] developed a consistent optima! streamline upwind 
method in a finite element formulation, called the Streamline Upwind/Petrov
Galerkin method (SUPG-method). Optima! upwinding is achieved by chosing 
weight functions wr(x) in another space than the basis functions: 

Nr Nr 

wr(x) =I: {Ç;(x) +(;(x)} wri = wr(x) +I: (Ax)wr; (3.16) 
i=l 

where wr(x) is the classica} Galerkin weight function (see equation (3.8)) and 
2:::~ (i ( x)wr; is the discontinuons optima} upwinding part acting in streamwise 
direction only, per element k corresponding to x: 

in which Xk is the artificial diffusion: 

uk• VÇi(x) 
llükll 

(3.17) 

(3.18) 

V being the physical diffusion, in the non-dimensional energy equation equal 
to 1/ Pe. For O(h3 ) accurate quadratic elements (which will be used throughout 
this study) the SUPG-method showed to be O(h3 ) accurate for smooth solutions, 
even when the Peelet number is high [Segal, 1993]. 

3.2 Discretization of the parabolized equations 

When it is known that a flow has a dominant direction, the Navier-Stokes and 
energy equations (which are elliptic in space) can be parabolized in this so called 
streamwise direction. The major advantage of parabalizing the equations is the 



3.2 Discretization of the parabolized equations 25 

opportunity to use a marching procedure: each cross-section is treated sepa
rately, using infonnation of the previous one. This may considerably decrea..."ie 
the requirecl computer eapadties) <Jspecially whcn the computational domain in 
streamwise direction is relatively long. When the secondary velocity components 
are smaH compared to the streamwise velocity: thc flow in a horizontally coiled 
pipe might be suited for a marching procedure. The marching direction in this 
case is the a.xial direction ~c. 

// 

?--':;..' .. /// 

Figv.re 3.1: H orizontally cv.rved pipe: definitions and geomctry 

3.2.1 Parabolized Navier-Stokes equations 

The Parabolized Navier-Stokes and energy equations are derived from the full 
equations by omission of shea.r stresses and diffusion fiuxes acting in streamwisc 
dircction. This prohibits information from downstrea.m to penetrate upstream 
and excludes the need for a downstmam boundary condition. Notc that when 
reverse flow regions are e:xpected, strcarnwîse shear ma.y bccome of thc sameorder 
a.s cross-stream shear and a parabolle procedure no longer makes sense. A further 
feature of the Parabolized Navier-Stokes equations is the role that is played by 
the pressure. In order to exclude the elliptic interaction between pressure terms 
iu the momenturn equation '\Vlth the terms in the continuity cqun.tion [Flelcker, 
1991J, the pressure dcrivatives are split up in a streamwisc component ~ and 
in the cross-strea.m componcnts ~ and rt, which are trea.tcrl quite differently, 
The cross-stream pressure derivatives are linked to loca.l continuityr whereas the 
streamwise pressure derivatîve is coupled to the streamwise velocity by rcquirîng 
global continuity over ea<:h cross-stream plane. Iu this sense t.he pressure p eau 
be interpreted as a space~averaged pressure over a cross-sect.ion~ which is more 
or less the driving force behind the flow. 

Assuming that the a.xîal x-dircctîon coînddes with the streamwise dîrection) 
the Parabolized Navier Stokes and energy equations, based on thc Oberbeck-
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Boussînesq approximationS 1 written m cylindrical polar coordinates: read (see 
figure {3.1)): 

continuit.y: 
uT Bur 8ue 8u7: 

0 -+-+-+-= r or roB ox 
{3.19) 

r-momentum: 

u2 Q,· 
R " . B sin B + -T cos B 
c- rsm Re2 

{3.20) 

0-momeutum: 

(3.21) 

::t:-momentum: 

(3.22) 

energy: 

aT 8T 81' _1 [ 8T 82T a2T l 
117 -0 + ua +u~ a·-= (RePr) -a +"" + "QB" r x r r vr- '!'~u ~ 

{3.23) 

where 1tr) uo and TL:r denote the velocity components1 T denotes the temperatnre, 
1' denotes the pressnre, Re is the Reynolds number, Q,. is the Grashof number 
and Pr is the Prandr,l number. Like in Patankar et al. [19ï4] in the cquations 
tenns of ordct ó jt smaller than the ieading terms are omitted. 

In order to eliminate the cross-stream prPA'):Ure derivatives the rand e momen
tum equations are cross-differentiated: & x(r-momentum) - .rt,:rx(B-momentum) 
yîelding an equation for the streamwîse component of the vortidty n: 

an an 
Ur +uerBB + an - aux fJ + au •. 8u,. - 8u'é Oll.o = 

ax rail élx ar 8x 

+ 2nx 
Re -1·sinO [

au, 
ar· cosB ~······- sm B + --, -smB + -cosfJ aux . 'j' Gr [aT . 8T ] 

raiJ Re• ar r8B 
(3.24) 
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where !l is defined as n = ~ - a~c:;). From equation (3.24) it is seen t.hat. 
centrîfugal forces and buoyancy farces (the last two termsin the equatîon) as i(, 

werc play a role as vorticity generators. 
When fluther a velocity potential <{; and a streamfunction 1/J are defined by: 

aq, a11; ae a~) " + a d ('.'.";) ~ = ar rae n " 0 = ,·ae - &r ' "" 
then thc continuity equatîon is replaced by: 

a2 cp aq, a2 q, anx 
ar2 + rar + r2aoz = - ax 

in combina-tion with the follmving equation for 11: 

a2,p äw a2t/J 
ä z +~8 + 2"f12 =n r T r T V-

(3.26) 

(3.27) 

Equations (3.19) - (3.23) are thus replaced by equations (3.26), (3.27), (3.24) 
(3.22) and (3.23). The salution of this system of equations wiJl be discusscd in 
the next section. 

3.2.2 Numerical salution procedure 

Since the governing eq_uations as derived in the previous section can in most cases 
nol be solved analytically, numerical methods are nceded to find a solution. The 
numerical methad used is a modification of the code developed by Krijger [1991]. 
It is based on a st.andard second-order fini te difference method (see for instanee 
Hirsch [!988]1'or a description). The obtained set of algebraic equations is solvcd 
by an Alternating Direction lmplicit methad (AD!), which will be explaincd 
in appendix B. As mentioned, for the salution of the equations a marching 
procedure îs employed. In the domain consîdered a number of cross~sections is 
chosen and on each cross-sectio u the equations are solveel usiug information of the 
previous cross-section. On the fi.rst cross-scction init.ial (boundary) values have 
to be prescribed. Although the governing equations are physically coupled, in 
the solution procedure each equation is treated independently~ and the coupling 
finds place via an iterativc Joop over the cquations as sketched in figure (3.2). 

At the first cross-sectÎOil (x = 0) initial values are prescri bed. These valnes are 
used as a first guess for the salution at the followîng cross~scction and for the evai
nation of the axial derivatives in the equations. Th en cquation (3.22) is solved and 
the axial pressure gradient is adjustcd by means of asecant methad [Briley, 19ï4j 
such that global continuity is preserved. The next step is to compute the temper
ature field (equation (3.2.3)). Then the velocit.y potential (cquation (3.26)) fol
Iowed by the vorticity (cquation (3.24)) and the streamfunction (equation (3.2ï)) 
are computed. Finally equations (3.25) are employed to calculate the secondary 
flow components. The salution procedure is repeated until convergence ltas been 
reached. Tben this salution on its turn is used to solve the equations for the next 
cross-sectîon. 
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Initia! val u es on x = 0 (i = 1) 

x=x+<ix 

Solution~ = Solution,_l 

( ' t j d d. t <Jp_i ,ompu e tLx; an a JUS dxt 

.. Com+eT{ 

Compute r/1 

Compute fli 

Compute ?/!, 
·~· I 

Compute ut, and 'lt.:~i 

Solutîon1 - SolutîonL1 < c ? 

Fînal axîal position reached ? 

Ftgm-e 3.2: Iternl'we solution pmcedm·e 



Chapter 4 

Experimental methods 

ln order t.o get information on thc type of flow to bc expcctcd in more complex 
geometries 1 and to vaHdate the numerical model: an experiment is set up to 
mea.sure the velocity and temperature field în a mixed convective -channel flow. 
Thc experiment.al configuration wil! bc described in cbapter 5: for the time being 
it is suflident to know that the measurement section of the channel is optkally 
accessible as to make optica! measurement methods possible. In this chapter 
the used optica! methods to measnre the velocity field and the temporature field 
will be described, which will be referred to as Partiele Tracking (PT) and Liquid 
Crystal Thermography (LCT), respectively. These methods show "·basic common 
feature. the measurement section is intersectod by a thin light sheet and from 
the light rellected by sorne particles in the flow tbc velocity field or temporature 
field can be reconstructed. PT uses the displacement in time of small particles to 
measure the velocity field. LCT uses the sclective reflection propcrty of Liquid 
Crystals to rneasure the temporature field. 

For processing of the refiected images a video system is composed as described 
iu appendix C. 

4.1 Partiele Tracking 

Partiele Tracking (PT) ( also referred to as Partiele Tracking Velocimetry or Low 
Image Density Partiele Image Velocimetry) is a methad for measuring the velocity 
field in a Huid by mcans of keeping track of individual particles suspended in 
the f!uid fAária.n, 1991]. Thc advantage of the metbod over methods like Laser 
Doppier Ancmarnetry is that it is possible to measure 2 D velocity componeuts 
in a 2D cross section of a flow field. Further the flow is hardly inlluenced by the 
partiele secding since the concentratîon of particles can bc kept very iow. In t.his 
study the PT facility of the computer package Diglmage is used and only a basic 
destription of the metbod wil! be given. Details of the metbod as implemented 
in Diglmage can be found in Dalziel [1992a] and [1992b]. 
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4.1.1 The principle 

Suppose that thc particles suspended in the !luid are infinitcsimally small and 
neutrally buoyant, such that. they follow the fluid flow perfectJy. The flow con
tiguration is intersected by a thin light sheet and the particles rcflect thc light. 
The rellect.ion is recorded on S- VllS tape. The video system is capable of grab
bing each field of the recording separately. Suppose that two subseqnent fields 
are grabbed, say field P and field Q at time tp and IQ, tQ = tp +D.I., wherc 
b.t. = 0.04 s, the time interval between t\\'0 complete video fields. When thc dis
tanee between the individual particles in field P is larger than the displacement 
of the partiele during tlt., then every partiele in field P can be matched exactly 
to a partiele in field Q. The average velocity in the light. sheet of a pitrt.iele at. po
sition xp in P then can be comput.ed using t.be Lagrangjan definition of vclocity: 
ü = (:i'p - XQ )/D.I., XQ being the position of the partiele in Q. 

In general it is not possible to match cach partiele in P to its counterpart in 
Q witbont amhiguity. Thcrefore, t.o every matching possibility of particles i in P 
with particles j in Q a cost ciJ is assigned accordîng to 

c,1 = kf;i 'x;+ ü,. tlt- x1 1
2 (4.1) 

Essentially the term x; +û; · b.t i u equation (4.1) is an estimation of the posit.ion 
of partiele i after timestep D.t in field Q. The cost of matching t;ilis partiele i 
to a partiele j in Q increases quadratically with increasing distance of partiele J 
from the estimated position of partiele i in Q. Since this procedure only can be 
snccessful if the difference between the estima.ted position and the actual posit.ion 
of i in Q is smal!, the flow should be "smooth" and not change too much within 
period ~t. Fnrther Mtj is a weighting parameter by which some properties of 
the particJe such as shape, size and intensity can be taken înto account. 'BruP 
particles in this way can be assigned a higher cost. In pract.ice, however. the 
matching procedure only is weakly dependent on thc wcightiug paramctei. 

The optimal matching is fonnd by rninimizing the total cast f; r = Ei.Ej O:ijCii, 

where O:tj 1 if partiele i is considered the samepartiele as part i de j: and O'ij ::::: 0 
otherwise (the costof matching i to j must only betaken into account if partiele 
i in P indeed is associa.ted t.o partiele J in Q). Finally, it is reqnired that the 
particles stay within the light sheet (or at least 5 times D.t) to ensure a proper 
matching. 

4.1.2 Error estimates 

In the expcriments Optimage particles were used \-..·ith a typîc..a.l diameter of 
100 p.m and in a concentration of about 0.001 Vol%. A cross section of the 
channel equal to 6 cm in axîal direction aud 3.1 cm in t-ransverse dj reetion was 
visnalized by a 3mm thick light sheet (sec figurc (4.1)). The acquired resolution 
was 85 pixels/cm in &.'•dal direction and 120 pixels/cm in transverse direction. 
res:pectively. 
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Figv.re 4,1: Typical image of the horizontal sqv.are channel flow examined. The 
channel is intersected by a vertical light sheet and sv.spended particles refiect the 
light. The axial (horizontal) fiv,id velocity in the channel is 0(1) cmjs. 

To avoid interlace effects, only the odd video fields were used and the effective 
transverse resolution is reduced to 60 pixels/ cm, Si nee the volume centraid of a 
partiele was used to determine its position, the particles could be located with 
subpixel accuracy [Dalziel, 1992a], The resolution of partiele location approxi
mately equals ±2 JJm and the velocity resolution then is equal to ±0.01 cm/ s, 

So far it is assumed that the used particles are capable of following the flow 
perfectly, This will only be the case for infinitesimally small particles, but un
fortunately such particles are not able to reflect any light For small particles in 
a viseaus flow there are mainly two effects that cause the partiele velocity to be 
different from the fl uid veloei ty: buoyancy effects d ue to a densi ty difference be
t ween the fl uid and the particles, and inert ia effects, which cause the particles to 
lag behind the flow and which may cause the particles to flow from the bounding 
walls. 

The density Pp of the used Optimage particles is only slightly higher than 
that of water, i,e, pp ~ 1000 kgjm3 , From the experiments performed it was 
estimated that the vertical velocity of the particles due to this density difference 
is less than 10-3 cmjs. 

The timescale on which suspended particles are able to follow rapid changes 
in velocity can be estimated by equating inertia forces and viscous forces acting 
on a particle. For the channel flow considered this timescale is about 5, 10-4 s. 
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A velocity increase of 1 cm/ s will be caught up with within 5 J.J,m . 
Further it is known from the experiments of Segré and Silberberg [1962] that 

small particles suspended in a Hagen-Poiseuille flow have a tendency to move to a 
specific radial position. From these experiments and from the analysis of Ho and 
Leal [1974] it can be concluded that this inertia induced migration (also referred 
to as the Magnus-effect) results in a transverse velocity of less than 0.01 cmjs. 

4.2 Liquid Crystal Thermography 

In this section a metbod for quantitative visualization of temperature-fields will 
be described, which is termed Liquid Crystal Thermography. The metbod is 
based on the optica) properties of a meso-phase between the solid and liquid 
phase of some organic compounds. This meso-phase is called Cholesteric liquid 
crystal. Before descrihing Liquid Crystal Thermography first some other optica! 
methods for the visualization of temperature fields will be described briefly. 

4 .2.1 Temperature visualization 

For the measurement of temperatures in a fluid techniques are frequently em
ployed in which a probe has to be inferred in the fluid . Examples of such tech
niques are hot-wire temperature measurements, thermometers and thermocou
ples. The main disadvantages of these techniques are that the fluid flow may be 
disturbed by the probe and that the method only yields local information. 

Optica! methods for the measurement of temperatures are in a sense more 
powerful than probe methods since they may yield information of temperature 
fields instead of a local temperature. Besides, optica! methods generally hardly 
influence the flow . Optica! methods for visualization of the temperature of water 
can roughly be classified into four methods: deflectometry, interferometry, total 
or speetral radiation methods and reflectometry. Here only some basic properties 
of these methods will be described . Details can be found in [Sillekens, 1992] . 

Deflectometry refers to optica! methods in which refraction of light due to 
temperature gradients is visualized. In principle a parallellight beam passes the 
experimental set-up where the light is retarded if the index of refraction is high, 
which generally corresponds to a lower temperature of the medium in the set-up. 
The resulting intensity distibution is then a measure of the temperature field . 
In a shadowgraph configuration the local light displacement due to refraction is 
visualized . According to the Gladstone-Dale equation the observed intensity is 
then approximately proportional to the second derivative of the temperature field 
[ Goldstein, 1976] . In a Schlieren configuration the angle of refraction is visualized, 
and the observed intensity is approximately proportional to the first derivative 
of the temperature field. Both methods are integral methods in a sense that they 
show an average value of the temperature derivatives in the fluid, integrated over 
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the path over which the light beam has travelled. Even when a 2D temperature 
field has to be visualized, the result is only qualitative. 

Interferometric methods such as Mach-Zehnder interferometry or holographic 
interferometry use the optical path difference between a monochromatic beam 
passing the experimental set-up and an undisturbed monochromatic reference 
beam to visualize the temperature field. The optical path difference causes 
the monochromatic beams to interfere and the difference between the result
ing fringes is a measure of the temperature difference. The method is also an 
integral method, but yields quantitative results when a 2D temperature field is 
visualized. When the set-up is optically accessible from all directions it is possible 
to get information from a large number of orientations. Tomographic techniques 
may then be employed to reconstruct a 3D temperature field. 

Total or speetral radiation methods such as infrared-scanners or pyrome
ters register the electromagnetic energy radiated by an object and use Stefan
Boltzmann's law or Planck's law to determine the temperature. These methods 
are frequently used for measurement of the temperature of an opaque surface at 
higher temperatures and are not well suited for measurement of a fluid temper
ature at environmental conditions. 

Reflectometry makes use of the selective reflection property of Thermosen
sitive Liquid Orystals (TLOs) to visualize the local temperature in a medium. 
When a white light sheet passes a medium in which TLOs are suspended, a 2D 
cross-section of a 3D flow configuration can be visualized. Therefore this metbod 
seems to be the most appropriate for the visualization of temperature fields in 
3D mixed convective flows. In the following the metbod will be described in more 
detail. 

4.2.2 Thermosensitive Liquid Crystals 

Cholesteric Liquid Crystal 

According to Fergason [1964] it was the Austrian botanist Reinitzer who in 1888 
discovered that the compound cholesteryl benzoate showed to have two distinct 
changes in phase: a change from solid to a cloudy liquid, and, at a higher temper
at ure, a change to a clear liquid [Reinitzer, 1888]. Later the cloudy meso-phase 
was termed Oholesteric liquid crystal (or Ohiral-Nematic liquid crystal), accord
ing to the classification of Friedel [1922]. Mechanically the Oholesteric liquid 
crystal phase resembles liquida, as it is a viscous substance. Optically it shows 
many of the properties of crystal, such as birefringence and optica! activity. 

A material is called hirefringent or double refractive if the propagation ve
locity of light in the material is dependent on the polarization of light [Hecht, 
1987]. Incident light can be thought of as composed of two linearly polarized 
components, one component being aligned with the so called optical axis of the 
material, and one orthogonal to the optica} axis. Both components experience a 
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different refraction index: nu for propagation along the optical axis and nl. for 
propagation othogonal to the optica} axis. In liquid crystal the optica} axis corre
sponds to a direction in which the atoms's longer axes are arranged symmetrically 
(see figure ( 4.2) ). 

Optica! activity refers to a property exhibited by some materials (such 
as quartz) which causes the electromagnetic field of an incident linearly polar
ized wave to undergo a continuons rotation as it propagates along the optica! 
axis of the materiaL Looking in the direction of the source, when the plane of 
vibration appears to have rotated clockwise, the material is referred to as dextro
rotatory and when the plane is rotated counterclockwise the material is called 
levo-rotatory1• Optica} activity is explained phenomenologically by Fresnel in 
1825. Fresnel suggested that an optically active material possesses two indices 
of refraction (nR and n.c), one for the clockwise rotating electromagnetic vector 
('R-state), and one for the counterclockwise rotating electromagnetic vector ( C
state). The material is therefore also said to be circularly birefringent. A Iinearly 
polarized beam can be represented as a superposition of R- and C-states, each 
propagating at a different speed. If nR > n.c the resulting electromagnetic vector 
will rotate counterclockwise and if nR < n.c the electromagnetic vector will rotate 
clockwise [Hecht, 1987]. 

In combination with the structure of Cholesteric liquid crystal, circular bire
fingence gives rise to a phenomenon which is called circular dichroisro and 
which occurs when the wavelength of the incident light "fits" within the struc
ture. Circular dichroism causes one of the R- and C-states to be transmitted 
through the crystal and the other to be reflected. It is this property that gives 
the Cholesteric liquid crystal phase its characteristic iridescent colours when it 
is illuminated by white light. In order to explain this2, first the structure of 
Cholesteric liquid crystal will be described. 

Cholesteric liquid crystal consists of very thin layers of flat and long molecules. 
The longer axes of a molecule are directed parallel to the plane where it is located, 
as sketched in figure (4.2). The average direction J of the long axes of the 
molecules in a layer changes slightly from the adjacent layers, so that a helical 
structure is formed. When a certain number of layers is passed through, the 
average direction dhas turned 360°, and the corresponding thickness of the layers 
is called the pitch length PLC· As has been seen previously, for each layer two 
refractive indices can be defined: nu parallel to J and n.L perpendicular to land 
p. 

Suppose a linearly polarized light beam with a wavelength .\11 enters the struc-

ture with its plane of polarization parallel to the director J. If its wavelength .\11 
is equal to the optica} wavelength of the helical structure nu · PLc, then one cir-

1 Dextro is the Latin word for right and leavo is the Latin word for left. 
2The theory behind circular dichroism in Cholesteric liquid crystal is complex and here only 

a basic description will be given. See De Vries [1951) for a description based on Maxwell's 
equations. 
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r 

Figure 4.2: The Oholesteric liquid crystal structure. The director d~ indicating 
the average orientation of the molecules in a layer, traces out a helical path within 
the medium. (The director is aligned with the optical axis of a layer.) 

cularly polarized component of the beam ( the one spiralling in the same sense 
as the helical structure) will notice a constant refractive index and will be trans
mitted. When the bçam propagates in the direction p, then the right circularly 
polarized light will be transmitted by a structure with a right sense of rotation 
along p. The left circularly polarized light (spiralling in the opposite sense as the 
structure), however, will notice a sinusoirlal variation in refractive index along 
the axis p with a period of !PLC· This spatial modulation of optical properties 
gives rise toa kind of Bragg reflection: the scattered light from each !PLc-plane 
constructively interferes and will be reflected. 

Analogously linearly polarized light with a wavelength .ÀJ.. and with its plane 
of polarization orthogonal to the director l will be reflected when ÀJ.. nJ.. · PLC· 
When ordinary white light is incident on the helical structure, all wavelengtbs 
between .x 11 and ÀJ.. will be reflected. The bandwidth of the reflected light is thus 
given by: .Ó.À = PLC (nu nJ..). In practice à.\= CJ(lOnm) [De Gennes, 1975]. 

The result of circular dichroism in Cholesteric liquid crystal is similar to Bragg 
reflection, where also constructive interference occurs. In Bragg reileetion how
ever only one wavelength is reilected. Furthermore Bragg reileetion shows higher 
order reilections which are not observed in Cholesteric liquid crystal reilection. 
Finally the reilected wavelength dependenee on the angle of incidence does not 
obey Bragg's law. Still the latter will be used to explain qualitatively the angle 
dependenee of Cholesteric liquid crystal reilection. 
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Bragg reftection and angle dependenee 

As has been shown, the structure of Oholesteric liquid crystal has a repetitive 
character. In this sense it can he modelled by layers with a distance tPLC and 
treated as a multilayer periadie system. At each layer incident light will partly 
be reflected and the reflected light from two or more layers will constructively 
interfere when the phase difference between the reflected waves equals m·360°, m 
being an integer. In Oholesteric liquid crystal a phase difference between reflected 
waves is due to the optical path difference. 

e: 

Figure 4.3: Constructive interference in a multilayer system due to the optical 
path difference. 

In figure ( 4.3) three reflecting layers are sketched. On each layer the incident 
light beam bo is reflected, yielding the reflected beams b1, b2 and b3. The optical 
path difference between beams b2 and b1 is equal to OPD = ec- ad = eb = 

PLc cos(O). Thus constructive interference occurs when PLC cos(O) = m)... 

It is seen that the constructively reflected wavelength of Oholesteric liquid 
crystal is dependent on the angle of incidence e. When the viewing angle is 
changed, the observed reflection corresponds to another angle of incidence and 
thus the wavelength of the reflected light is changed. Increasing the viewing angle 
corresponds to increasing the angle of incidence and the reflection is changed 
to smaller wavelengths. This phenomenon has been observed experimentally 
by Blom [1993]. 

Temperature effects 

As has been seen, there are two parameters influencing the resulting reflection 
of Oholesteric liquid crystal: the angle of incidence (J and the pitch PLC· When 
the temperature of Oholesteric liquid crystal is changed, the orientation of the 
molecules is changed such that the pitch decreases with increasing temperature. 
This phenomenon makes it possible to use the Oholesteric liquid crystal phase for 
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temperature visualization purposes: at a higher temperature the phase reflects 
shorter wavelengths, as sketched in figure ( 4.4). 

Temperature 

Figure 4.4: Temperature dependenee of the reftected wavelength. 

The temperature at which the red component of the speeturn is reflected 
is called the red start temperature. The bandwidth over which all colours of 
the spectrum are reflected, is called the temperature bandwidth. The red start 
temperature and the temperature bandwidth can be controlled by selecting ap
propriate compounds. Oholesteric liquid crystal is commercially available with 
red start temperatures ranging from -30° C to 115° C and with bandwidths from 
l°C to 50°C [Parsley, 1991J. 

Encapsulation and timescales 

Besides the temperature, there are several other mechanisms which may cause the 
pitch to change, such as mechanica! stress, electromagnetic fields and chemica! 
mechanisms. In order to avoid mechanica! stress iniluences and chemica! inilu
ences, the Oholesteric material can be encapsulated in Arabic gum. When elec
tromagnetic fields are minimized, only the temperature influences the structure 
of the Oholesteric liquid crystal. Encapsulation further prevents liquid crystal 
to be contaminated, which is important for use in for instanee water. A major 
disadvantage of encapsulation is that the reileetion of encapsulated liquid crystal 
is less intense than the reileetion of unencapsulated liquid crystaL 

The time response of encapsulated Oholesteric liquid crystal is dependent on 
the intrinsic time response of the liquid crystal and on the time response of the 
capsule materiaL According to Fergason (1968J, the intrinsic time response (the 
time the molecules need to rearrange as a result of a sudden increase in temper
ature) is of the order of 0.1 s. Blom [1993] estimated the response time of the 
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capsule material to be less than 0.1 s. 

In the following the Cholesteric liquid crystal phase will be referred to as 
Liquid Crystals, or LCs and the capsules with Cholesteric liquid crystal will be 
referred to as Encapsulated Liquid Crystals or ELCs. 

4.2.3 Processing of Liquid Crystal images 

A brief review 

Although Reinitzer in 1964 already pointed at the possibility to use LC as temper
ature indicators, it lasted until the beginning of the seventies before the first use 
of LCs as temperature indicators in heat transfer studies was reported. These 
first studies primarily used LCs as a qualitative visualization tooi for surface 
temperatures (see Cooper et al. [1975] for a review). The first quantitative mea
surements of surface temperatures were performed using smali-band LCs or using 
the human eye to determine the onset of red, green and blue reileetion (see ap
pendix D for a briefdescription of hu man colour vision and colour measurement). 
In these ways some distinct temperatures could be measured with an accuracy 
of ±0.1 ° C, both from direct view [ Cooper et al., 1975] and after photographic 
registration [Den Ouden and Hoogendoorn, 1974]. In the second half of the sev
enties, suspended LCs were used for temperature visualization in iluids (Kimura 
[1974] seems to have been the first). 

In the second half of the eighties, the first studies appeared in which the 
reileetion of LCs was quantified independent of human observation for colour in
terpretation. 
Wilcox et al. (1986] used photographic film to evaluate the colour reileetion of 
LCs. After eaUbration of the emulsion layers of the colourfilm, tbe separate red, 
green and blue reilections of LC at several temperatures were recorded using 
narrow band filters. These recordinga were digitized and a calibration curve was 
distilled. The accuracy of tbe metbod was about ±0.3° C in a range of 31.8° C 
33.35° C for LCs suspended in oil. Since the metbod requires tedious calibration 
of each film used, it is not very practical. 
Akino et al. [1987] developed a calibration metbod involving 18 narrow band fil
ters and digital image processing to locate different isotherms on a surface. The 
accuracy reached in this way was about ±0.1° C between 29.5° C and 31.4° C and 
about ±0.5° C in the range 27° C - 35° C. This metbod requires calibration of 
the response for each filter used and for a measurement eighteen images are re
quired. The procedure is very time consuming and time dependent measurement 
can not be performed. 
Akino et al. [1989] used tbree broad-band filters and a monochromatic video 
camera to describe and calibrate the colour play of ELCs. The temperature was 
calibrated as a function of the relative intensities of the three acquired images. 
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The method was found to be accurate within ±0.2° C in a range of 26.7° C -
31.3° C for measurement of the surface temperature. 
Hollingsworth et al. [1989] employed a standard video camera to register the RGB 
values of LC reileetion (see appendix D). The recorded red, green and blue values 
of the reflection were transformed using digital image processing into a hue value 
which is similar to the angle T in figure (D.3). The advantage of using a hue 
value instead of the red, green and blue components for colour processing is that 
the colour information is held in only one variable. The temperature then can 
be calibrated as a function of the hue. This method is far less tedious than the 
previously mentioned and makes time-dependent measurements possible. The 
uncertainty in measurements typically is ±0.6° C in a range of 28° C - 34° C for 
measurement of surface temperatures. 
Dabiri and Gharib [1990], [1991] also employed the hue method to measure LC re
flection in water using the HSJ-transformation3 . They used a 3 CCD-camera and 
aS- VHSvideo recorder to register the refl.ected colour play and an IBM/ATbased 
computer to process the images. The error in the measurements was ±0.2° C in 
a range of 22.5° C - 23.8° C and ±1 ° C when the range was extended to 26° C. 

The hue-method shows to be the most practical method to calibrate the LC 
colour display. The accuracy of the hue-method is comparable to other calibration 
methods, provided that the calibration set-up is equal to the measurement set-up, 
that is: the same light source, a uniform reflection intensity, the same camera 
settings, the same LC concentration and so forth. In practice this might not be the 
case, in which case, due to non-linearities of the video equipment, the accuracy of 
the metbod will decreasé. The hue-method therefore can be improved when the 
characteristics of the video apparatus are improved. After thorough analysis of 
the used video equipment the system can be linearized, yielding a rather robust 
method of calibrating and measuring LC images. Farina et al. [1994] used a 
rather simple way of calibrating the video system and showed that this improved 
the accuracy of the method substantially. In the following section the problems 
of using commercially available video equipment and the methods employed to 
overcome these problems will be discussed briefly. 

System calibration 

Appendix C gives a description of the video system composed to perform Par
tiele Tracking and Liquid Crystal Thermography. For LCT the system has to 
be able to register colour images accurately, and therefore the system has to he 

3The HSI colour space is only slightly different from the YST colour space described in 
appendices D and E (Van Gompel, 1994]. In this study the YST colour space is chosen since 
random R, G and B values yield a random value for the hue T, whereas the HSI space showed 
a preferenee for some hue values H [Van Beers, 1994]. 

4 Braun et al. [1993] for instance, showed that for different camera settings different calibration 
curves should be made. 
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calibrated. In this section the two fundamental problems of commercial video ap
paratus will be considered: the White-Balance correction and the non-linearity 
of the S- VHS camera. For a full description of the calibration procedure of all 
componentsof the system, see Van Gompel [1994]. 

A basic requirement for video equipment is that it produces colour images 
which are acceptable for the human eye, that is: that what we expect to be 
blue should be blue, and that what we expect to be pink should be pink. Since 
video cameras are used under different ty.pes of illumination, a camera sometimes 
has the possibility to "correct" its output, such that not all people look Chinese 
when lit by yellow light. This is simply achieved by multiplying the red, green and 
blue components inside the camera, such that the red, green and blue outputs 
are equal when white light should be reproduced. Although the camera used 
offers the possibility of such White-Balance correction, this possibility is not 
used since it influences the non-linearity of the camera output. White-Balance 
correction is therefore implemented in the software which is developed to evaluate 
LC images. The digitized red, green and blue frames of a colour image are 
multiplied by a constant rwb, 9wb and bwb, such that the red, green and blue 
values are equal when white light should be reproduced. The constauts rwb, 9wb 
and bwb are determined after illuminating a Porta-PatternR Gray-White chart by 
the halogene light souree used for the experiments. 

For LC measurements the influence of White-Balance correction is two-fold. 
First: direct reflection of the light souree does not affect the measured hue; and 
second: the hue range over which LC reflection takes place is extended. 

The built-in non-linearity of television cameras is due to the non-linearity 
of television tubes. The intensity of the red, green and blue components of the 
television display is a nonlinear function of the voltage difference over the tube: 
Is Vi"Y, where Is represents the intensity of the display, Vi the voltage diffence 
over the tube, and 1 is the Gamma-factor 1 ::::::: 2.8. Since there are far more 
televisions than cameras it was decided to equip the cameras with nonlinear 
circuits, such that the intensity on the television screen varies linearly with the 
recorded intensity, and thus: V0 I;.h, where V0 represents the output voltage 
of the camera and Ir the registered intensity. It was not possible to eliminate this 
so-called Gamma correction in the camera used. Therefore the shape of the Ir-V0 

curve is measured for the red, green and blue output from which a linear relation 
between the intensity of the red, green and blue components and the digitized 
values for hue evaluation is constructed and implemented in the software. It was 
shown that in this way the computed hue was nearly independent of the intensity 
of a colour image [Van Gompel, 1994]. 
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Liquid Crystal calibration 

Before calibration of a certain type of LCs, a suspension in demineralized water 
of approximately 0.04 Vol% LC is made. To calibrate the reflected colours of LCs 
against temperature, a small transparant container is used in which the LC sus
pension is cooled slowly, starting from the higher temperature in the temperature 
bandwidth. The 90° reflection of a 3 mm halogene light sheet crossing the con
tainer, is recorded on a S- VHS video tape and the temperature of the suspension 
is registered simultaneously using a thermocouple. During the measurement the 
suspension is stirred by a mixer. The space averaged (100 x 100 pixels) hue of 
the recorded reflection is computed in the YST colour space, yielding calibration 
data as shown in figure ( 4.5). 

Temperature in ° C 

Figure 4.5: Measured LC reflection (Hue T) as a function of temperature. 

In figure (4.5) the calibration data are shown for ELC type R20C20W, pro
duced by Hallerest Ltd .. The red start of this type is stated to be 20° C with a 
bandwidth of 20° C for 0° reflection. For 90° reflection the red start is at about 
19° C, which is due to the angle dependenee as described before. It was observed 
that the intensity of LC reflection at smaller angles of observation was higher 
than 90° reflection. Although the temperature bandwidth seemed to be about 
20° C, the major part of it is accompanied by blue reflection and not very useful 
for temperature calibration since the hue value hardly changes. The calibration 
is therefore limited to a range of 19.7° C-21.2°C. From the calibration data an 
unambiguous calibration curve is distilled. Using this curve the recorded LC re
flection is reprocessed and in a small area of 10 x 10 pixels the temperature is 
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computed. Figure ( 4.6) shows the measured temperature using Liquid Crystal 
Thermography against the real temperature (which is the temperature measured 
by thermocouples). 
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Figure 4.6: Measured temperature against real temperature 

It is seen that in the range between 19.7° C and 20.2° C LCT perfarms very 
well: the deviation between the LCT measurement and the thermocouple mea
surement is within ±0.1 ° C. At higher temperatures the calibration curve be
co mes flat and a small deviation in the hue corresponds to a larger deviation 
in measured temperature. As a result of this the deviation between the LCT 
measurement and the thermocouple measurement increases with increasing tem
perature. When an area of 3 x 3 pixels was used to compute the temperature, 
the deviation in temperature became ±0.15° C between 19.7° C and 20.1° C and 
±0.5° C between 20.6° C and 21.2° C. In the experiments performed averaging in 
space can not he clone. Since only stationary processes will he considered, how
ever, averaging in time is feasible. To achieve a reasonable accuracy, averaging is 
performed over 100 frames. 

4.2.4 A fi.rst experiment: the differentially heated cavity 

Before using Liquid Crystals as a visualization tool in a 3D mixed convective flow, 
some orienting experiments have been performed to examine the possibilities of 
LCT. One of these experiments concerned the so-called Differentially Heated 
Cavity. This problem was chosen since it has been stuclied extensively in the last 
decades and since it in some sense is a 2D analogon to the 3D problem described 
in chapter 5. The Differentially Heated Cavity in its most elementary form is a 
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2D rectangular enelosure of which the two verticil.l walls are kept at a contant 
different temperature, as sketched in figure (4.7:b) . The upper and lower walls 
are thermally insulated and are treated as adiabatic walls. Suppose that the left 
vertical wal! is kept at a higher temperature than the medium in the cavity. The 
medium at the left wal! will be heated, the density will decrease and the medium 
will tend to flow to the upper wal!. Similarly, when the right wal! is cooled the 
medium wil! tend to flow downward along the right wal!. Thus a recirculating 
flow pattem may develop as indicated in figure (4.7:b), by which heat is conveyed 
from the left wal! to the right wal!. Wh en the Grashof number is relatively modest 
(GrH < 108 ), an evolution toa steady state may be expected (see Henkes [1990], 
Le Quéré and Alziary de Roquefort [1985]). 
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Figure 4. 7: Differentially Heated Cavity. a: Set up; b: Boundary conditions and 
numerically computed streamlines for Gr H = 1.3 · 106 

The ex perimental set-up is sketched in figure ( 4. 7:a). The cavity is bounded 
by two aluminium heat exchangers, which form the two vertical walls. The tem
perature of the heat exchangers can be kept constant to ±0.05° C using two 
Julabo P heating bath circulators. The left heat exchanger was kept at a tem
perature of 18.5 ± 0.05° C and the right heat exchanger at 22.8 ± 0.05° C. The 
horizontal walls of the cavity, as wel! as the front and back lateral walls are 
made of 15 mm thick transparant P MMA. The heat loss through these wal! is 
estimated to be less than 5% compared to the heat flux from the left to the 
right wall. In order to minimalize 3D effects a slender cavity is constructed of 
H x B x D = 5.25 ·10-2 x 2.25 ·10- 2 x 12 · 10-2 m. The aspect ratio of the cavity 

def / equals RA = H B = 2.33. 
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The cavity is filled with a 0.04 Vol% suspension of R20C20W ELC in de
mineralized water. A 2D cross-section of the cavity is made by a 4 mm halogene 
light sheet and the reflection of the LCs is recorded on S- VHS tape when a 
steady flow field was developed. Over a period of 2 min 100 R, G and B frames 
were averaged and the average hue was computed in the YST colour space. The 
resulting hue field then was converted to a temperature field using the ca.libration 
described above. The measured temperature field is shown in figure ( 4.8). For 
comparison figure ( 4.8) also shows the numerically computed temperature field 
for the situation considered. The numerical results are obtained by solving the 
stationary Boussinesq equations in a Finite Element formulation on a 2D mesh 
consisting of 3000 6-nodal point triangles. 

As described previously, due to buoyancy effects, water near the left wall rises 
and water near the right wall flows downward. This results in a recirculating flow 
pattem along the walls, whereas the care region of the cavity remains relatively 
quiet (see figure (4.7:b)). At the left wall heat is diffused to the water at the wal! 
and conveyed towards the top. This results in a smal! temperature boundary 
layer which grows with beight. Similarly a temperature boundary layer develops 
at the right wal!. In the care diffusion causes a stably stratified region to be built 
up. 

Figure ( 4.8) shows a satisfactory agreement between the experimental and 
numerical results, although it seems that the measurered temperature field is 
somewhat shifted towards lower temperatures, which may wel! be due to the 
experimental uncertainties in the boundary conditions described before. The 
tempera.ture boundary layers are resolved quite well by LCT, showing a good 
spatial resolution ofthe method. In the core region in the lower temperature range 
the agreement between the experiment and the numerical result is fair. In the 
higher range the agreement is worse. This observation reflects the uncertainties 
of the LC calibration as shown in figure (4.6). 

From the experiments performed it may be concluded that Liquid Crystal 
Thermography is a very powerfut tooi for visualizing temperature structures in 
water (see also Blom [1993] and Sillekens et al. [1993]). Quantitative measurement 
can be performed, but the result is dependent on the performance of the ELC 
used, which is not guaranteed. For measurement of temperature fields in mixed 
convective flows LCT still seems to be a useful method. 
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19.8 20 20.2 20.4 20.6 20.8 21 21.2 
Figure 4.8: Measured temperatures using LCT {left) and computed temperatures 
{right) in a differentially heated cavity with aspect ratio 2.33. 
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Chapter 5 

Developing mixed convection 
in a horizontal channel 

Laminar mixed convection in a horizontal channel has been investigated by several 
researchers due to its relevanee for Chemica! Vapour Deposition (CVD) processes 
and its occurrence in compact heat exchangers. The literature on the subject up 
to 1989 has been reviewed by Hartnettand Kastic [1989] and by Shah and Joshi 
[1987]. The resulting flow field is determined by a relative large set of parameters: 
the Grashof, Reynolds and Prandtl numbers, the temperature boundary condi
tions on the walls and the aspect ratio of the channel. Buoyancy driven fiows 
cause the heat transfer rate to increase, an effect which is more pronounced when 
the duet is flatter (larger width than height). It is shown that for sufficiently high 
Grashof numbers, buoyancy effects may give rise to the occurrence of two or more 
steady longitudinal vortices [Nandakumar et al., 1985a] and recirculation zones 
[Kleijn, 1991] . The temporal stability of the flow for several boundary conditions 
at higher Grashof number ( Gr > 105 ) has been investigated recently by H osokawa 
et al. [1993], Evans and Greif [1993] and Huang and Lin [1995]. Air flow heated 
from below becomes unsteady at Gr > 5 · 105 for Re = 220 [Hosokawa et al., 
1993]. Evans and Greif [1993] and Huang and Lin [1995] show that the critica! 
Grashof number (above which the flow becomes unsteady) is smaller when the 
Reynolds number decreases. In most of the studies the case of air (Pr ~ 0. 7) 
is considered. The case of water in a horizontal channel heated from below was 
investigated numerically by Biswas et al. [1990], who showed the existance of 
several longitudinal vortices near the lower wal!. Water in a horizontal channel 
heated both from above and below was stuclied experimentally by Incropera et al. 
[1987]. lt was shown that at the top wall a stably stratified layer occurred, which 
was hardly influenced by the buoyancy-induced flow from the lower wal!. 

In this chapter water flow in a horizontal square channel heated from the side 
walls wil! be investigated both numerically and experimentally. It will be shown 
that the resulting secondary flow causes a substantial increase in heat transfer, 



48 Developing mixed convection in a horizontal channel 
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Figure 5.1: Cross-s eetion of the measurement section. Water fiows through the 
channel along the x -axis and is heated at the side walls. The arrows indicate the 
flow of the heating medium. 

knowledge of which is of importance for the design of heat exchangers. 

5.1 The experimental set-up 

The considered configuration is sketched in figure (5.1). Water flows through a 
horizontal square channel of ifl3 .1 cm cross-section. The medium is symmetrically 
heated at the side walls by water flowing through the heat exchangers. The flow 
through the heat exchangers is separated from the flow through the channel by 
0.25 mm thick polycarbonate (Lexan) sheets. Due to the high flow rate through 
the heat exchangers and due to the thin dividing walls , the temper at ure of the side 
walls can be kept at a relatively uniform temperature of T2 ± 0.15 oe, compared 
to a typical temperature difference of Tz - T1 = 1.5 oe, T1 being the entrance 
temperature of the channel flow . 

Figure (5.2) shows a scheme of the total experimental set-up. The set-up 
consists of two separate circuits. With the main circuit the axial flow through 
the channel is controlled. Conditioned water flows from basin b1 through an inflow 
section, which is sufficiently long (65 H) for the flow to become hydrodynamically 
fully developed. The developed flow with temperature T1 = 19.7°e enters the 
measurement section where it is heated by the heat exchangers (temperature 
Tz = 21.35 oe) of the secondary circuit. The flow through the main circuit is 
measured by flow meter V and is pumped by a peristaltic pump p1 from basin 
bz to basin b1. The flow rate can be adjusted using a valve at V . The tempe
rature of the water in the main circuit is controlled by cooler c and by a Julabo 
P 1 thermostatic heater h1 . The flow through the channel is heated by two heat 
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Figure 5. 2: The experiment al setup. The ma in cirwit ( dark gray) deals with the 
conditioning of the axial flow through the measuTement section. The secondaTy 
circuit (light gray) maintains the heat exchangers of the measurement section at 
a constant temperatuTe Tz. 
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exchangers in the measurement section. Water is pumped by centrifugal pump 
P2 from the lower basin to the higher basin from which it flows through the 
heat exchangers. The temperature of this circuit is controlled by a Julabo Pl 
thermostatic heater h2. 

Although the main circuit was very well insulated by 20 cm thick insulation 
plates, a heat flux of about 1 W m - 2 from the medium in the inflow section to 
the surrounding air could not be avoided. As a result of this smal! heat ft u x 
the medium in the inflow section experienced a buoyancy effect with a Grashof 
number of GTq" :::::: 5·103 . It will be shown that as aresult of this effect the velocity 
profile at the entrance of the measurement section (x = 0) was somewhat shifted 
with respect to the fully developed velocity profile without this buoyancy effect. 

The total accuracy of the set-up in terms of Reynolds and Grashof numbers 
approximately equals Re±3% (Re:::::: 500) and GT±15% (GT:::::: 105), respectively. 
The accuracy of the latter can be improved by using a channel of smaller cross
section (to the cost of worse optica! accessibility) and thinner dividing walls 
between the main channel and the heat exchangers (to the cost of rigidity). 

5. 2 The numerical proeed ure 

o o i_o o 
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The channel flow was solved numerically by solving the 
Boussinesq-equations in a fini te element formulation (see 
chapter 3, the height H is used as the lengthscale). The 
considered domain for the momenturn equation consisted 
of 31 x 5 x 10 triquadratic hexahedral Crouzeix-Raviart 
elements in the x, y and z-d irection , respectively. The 
element distribu tion in cross-section (x = constant -
plane) is shown in the left figure, where nodal points 
are marked by a circle. From the experimental results it 
is seen that the flow in the channel is symmetrie with re
spect to the plane y = 0. For the computations therefore 
only half of the channel is discretized. 

From boundary layer analysis it is known that thermal boundary layers are 
thinner than hydrodynamic boundary layers for PT > 1 [Schlichting, 1979]. For 
this reason, and in order to reduce the mesh-Peclet number, the energy equation 
was solved on a 50 x 8 x 12 mesh of triquadratic hexahedrals. The number of 
elements was such that the sizes of the resulting matrices for the momenturn and 
energy equat.ions were approximately equal. To evaluate the temperature in the 
nodal points of the mesh for the momenturn equation and to evaluate the velocity 
values in the nodal points for the energy equation, a triquadratic interpolation 
between the meshes is employed. Computer memory limitations prevented us 
from performing significant mesh refinement studies. 

The physical situation is approximated by the following boundary conditions: 
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At x= -H u(y,z) = { 1- [Y/0H)] 2'2 } · { 1- [z/(!H)] 2·2 } 

v=w=O in flow 
T=O condition 

at x= 10 H 2Re -1auj8x- p = o 
8uj8y + 8vj8x = 0 outflow 
8uj8z + 8wj8x = 0 condition 
8Tj8x = 0 

at y = 0 v=O 
8uj8y = 8wj8y = 0 symmetry 
8Tj8y = 0 condition 

at y = ~ H u=v=w=O no-slip 
for x< 0: 8T joy = 0, for x~ 0: T = 1 wall-temp. 

at z = ±~ H u=v=w=O no-slip 
8Tj8z = 0 adiabatic 

The prescribed inlet profile u(y, z) at x= -H is an approximation to within 
±2% accuracy of the exact profile for a fully developed channel flow [Shah and 
Joshi, 1987]. The outflow boundary conditions at x= 10H for the velocity field 
can also be written as: [(pli + Re-11!') · ii] · ii = 0 tagether with [1!' · ii] · [1 = 0 
and [1!' · ii] · ~ = 0, i; and ~ indicating two independent tangential directions. 
These boundary conditions, as well as the Neumann boundary conditions on the 
other boundaries are natura! boundary conditions in the Galerkin weak formula
tion, andresult in a well-posed problem [Sani and Gresho, 1994]. The condition 
2 Re-18uj8x- p = 0 sets the dynamic pressure p(x = 10 H) to be approximately 
zero, since Re ~ 1. A secondary flow generally gives rise to a non-uniform pres
sure distribution at a cross-section of the channel, and thus the used outflow 
condition is physically not valid. By similar arguments it can be deduced that 
the other boundary conditions at x = 10 H are physically incorrect. However, it 
will be shown that this only affects the salution near the outflow boundary. 

The problem is solved numerically on a Silicon Graphics Super Challenge 
(MIPS RBOOO processor). When using a salution at a lower Grashof number as 
a starting solution, typically 25 iterations were necessary to obtain a converged 
solution. Each iteration took 33 minutes CPU-time. 

5.3 Results 

5.3.1 The velocity field 

As a result of the heat transferred from the side walls to the medium in the 
channel, the density of the medium in the temperature boundary layer decreases. 
Since this gives rise to a volume force, the medium flows upwards near the side 
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Figure 5.3: M easured velocity in symmetry-plane y = 0 (Re = 500, G r = 105 , 

Pr = 6}. The arrows indicate the velocity vectors. The gray-scaled background 
indicates the absolute magnitude of the shear: a high shear is represented by a 
dark background, zero shear is represented by white. 
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Figure 5.4: Measured velocity in symmetry-plane y = 0 (Re = 500, Gr = 105 , 

Pr = 6). The arrows indicate the velocity vectors. The gray-scaled background 
indicates the absolute magnitude of the shear: a high shear is represented by a 
dark background, zero shear is represented by white. 



5.3 Results 53 

wall and returns in the core of the channel, similarly as described in chapter 1. 
The relative magnitude of the secondary flow compared to the primary flow can be 
estimated to be VGr/(ReJ(1 + Pr) = 0.24 for the case of Re= 500, Gr = 105 

and Pr = 6 described in this section. Due to the onset of these secondary 
vortices, the dynamic pressure in the upper region of the channel increases and 
the axial velocity profile will change along the channel. This clearly is observed 
when camparing figure (5.3) with figure (5.4). Both figures present the measured 
velocity field at the symmetry plane of the channel for Re = 500, Gr = 105 and 
Pr = 6, The measurements are performed using Partiele Tracking, as described 
in section 4.1 . 

In figure (5.3) it is seen that the velocity field (indicated by the arrows) still 
is rather symmetrie with respect to the plane z = 0. From the gray background 
field, indicating the magnitude of the shear ~~, it can be observed that the 
maximum in the axial velocity (indicated by the white band) remains at about 
z = 0. Figure (5.4) shows that the maximal axial velocity has shifted towards 
lower values of z and a remarkable change in the velocity profile is observed, 
which is due to the convective transport of the medium by the secondary motion. 

Both figure (5.3) and (5.4) show that Partiele Tracking is a very powerful tooi 
for quantitative visualization of this flow field. lt would, however, be interesting to 
measure the secondary flow field in a cross-section of the channel at a certain axial 
position. Unfortunately this is not feasible: as will be shown, the axial velocity is 
an order of magnitude larger than the secondary velocity and therefore particles 
would pass through the light sheet too fast to be tracked ( see sec ti on 4.1). 

In order to compare the numerical results to the experimental results the 
axial and vertical veloeities at the symmetry plane y = 0 will be considered 
at three axial positions x: x = -H, where a fully developed velocity profile is 
expected; x = 4.1 H, where the magnitude of the secondary velocity has reached 
its maximum; and further downstream at x = 8 H . 

From figure (5.5) it is seen that the measured inflow velocity profile somewhat 
differs from the analytica! profile for fully developed channel flow. As has been 
mentioned before, this is due to buoyancy effects in the inflow section, where the 
flow is cooled slightly by the environment. The resulting secondary velocity causes 
the inflow profile to be slightly shifted upwards. The right graph of figure (5.5), 
however, shows that the magnitude of the secondary flow is very low and is of 
the order of the uncertainty of the measurement. 

Figure (5.6) shows the axial and vertical velocity components at axial position 
x = 4.1 H. The computed vertical velocity shows to be in a good agreement 
with the experimental result, the measured axial velocity, however, still seems to 
suffer from the shifted inflow effect. A fair comparison between the numerical 
and experimental result is therefore not possible. It can be observed, however, 
that the downward movement of the maximum in the axial velocity profile from 
the inflow profile (figure (5.5)) is about 0.07 H, both for the measured and for 
the computed profile. 
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At x = 8 H the maximum in the axial velocity profile shows to be shifted by 
about 0.16 H. Although the measured profile still seems to suffer from the shifted 
inflow, the agreement between the measured and the computed profile is good. 
There again is a good agreement between the measured and computed vertical 
velocity. The measured vertical velocity, however, suffers from the fact that in 
the upper region of the channel (z > 0.3) hardly any particles were observed. 
The reason for this is that the particles used were slight ly heavier than water, 
resulting in a particle-free upper layer in the channel. Since this particle-free 
layer is conveyed to the symmetry plane by the secondary flow (see figure (5.9)), 
in the upper region of the channel effects of noise in the video system become 
important, resulting in spurious mappings. 

5.3.2 The temperature field 

In order to visualize the temperature field in the channel, Liquid Crystal Thermo
graphy is employed. As explained before, the medium in the channel flows up
wards near the side walls of the channel, and flows downward in the core region. 
In the symmetry plane y = 0 the medium thus becomes stratified: the warmer 
medium, coming from the heated side walls, pushing away the colder medium. In 
figure (5.8:B) the build up of the warmer layer in the symmetry plane is clearly 
visualized. The experimentally visualized temperature field is indicated by the 
colour field, whereas the numerical result is given by means of contours of equal 
temperature. Both from the experimental and from the numerical results it is 
seen that the size of the hot layer grows in axial _direction, indicating the down
ward transport in the symmetry plane. 

Figure (5.8:A) shows that this downward transport is the largest near the cen
tre of the channel. Both the experimental and numerical results exhibit a typical 
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Figure 5.8: Measured temperatures using LCT and computed temperature con
tours (Re= 500, Cr= 105 , Pr = 6) . A: in the symmetry plane 8 H <x < 9 H, 
y = 0; B: in cross section at x= 8 H (Cr= 105 ). 
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M-shaped temperature houndary layer, showing that, although the magnitude of 
the secondary flow is small, its influence on the temperature field ( and thus on 
the heat transfer) is large. From this figure it is also seen that the physical situ
ation iudeed shows symmetry in the plane y = 0. The blue spots at the left and 
right upper corners in figure (5.8:A) are the result of reflections at the wallof the 
channel. 

From the experimental results it can be concluded that the numerical metbod 
employed is sufliciently accurate to model the velocity and the temperature fields. 

In figure (5.9) both the temperature (left half of each picture) and the velocity 
fields (right half) are displayed at two axial positions x = 4 H (left side of the 
page) and x 8 H ( right side of the page) for three different values of the Grashof 
number: A: Gr = 5 ·104 , B: Gr = 105 and C: Gr = 2 ·105 • The temperature field 
is given by contours of constant temperature; the difference between the contours 
is é:::.T /10. The velocity field is given by contours of constant axial velocity ( with 
a difference of ü/2.5) and by veetors indicating the direction and the magnitude 
of the secondary flow field. 

All pictures show that the temperature boundary layer at the side wall remains 
small. The heated medium flows upwards at the side wall, along which the 
temperature boundary layer grows. This is quite similar to the flow along a 
heated vertical plate. At the top wall, the medium has to bend and initially a 
flow develops, similar to a density current as can be observed in figure (5.9:A), 
left side. Ft1rther downstream the warmer medium starts to fill up the upper 
part of the channel, and in the core a stably stratified flow develops. At higher 
Grashof numbers the warm fluid layer in the core is thicker than at a lower 
Grashof number, indicating that the secondary flow is more intense at a higher 
Grashof number. 

Gomparing the velocity fields belonging to the different Grashof numbers (i.e. 
comparing pictures A, B and C), it is seen iudeed that the secondary flow rela
tively intensifies with a higher Grashof number. Near the side wall the secondary 
veloeities dearly are larger than in the core region. The secondary flow however 
remains an order of magnitude lower than the primary flow. The secondary flow 
consists of one vortex in either side of the channel. The centre of this vortex is 
observed to shift downward along the channel, an effect which is more pronounced 
when then Grashof number is higher. 

It further is interesting to observe that for the case of Gr = 2 · 105 , at x = 8 H 
the medium "bounces" against the upper wall, and a corner structure similar 
as observed in a Differentially Heated Cavity (see figure (4.7:b) and Lankhorst 
[1991]) forms: first the medium reflects from the upper wall, then flows slightly 
upwards, hut flows downward again near the symmetry plane. 

Fînally, as discussed before, the axial velocity profile is seen to be shifted 
downward. The upper left picture resembles the prescribed (fully developed) 
inlet velocity profile the most, the lower right picture shows how this profile has 
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c 
Figure 5.9: Cross-sectionat x= 4H (left) and at x= 8H (right) for Re= 500, 
Pr = 6. A: Gr = 5 · 10\ B: Gr = 105; C: Gr 2 · 105 • Left half: computed 
isotherms; right hall computed isotachs and secondary velocity veetors (a vector 
length equal to the height of the channel corresponds to the mean axial velocity). 
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changed due to buoyancy. 

5.3.3 Flow and heat transfer parameters 

The analysis of the mixed convective flow in the channel will he completed with 
a discussion of the heat transfer from the side walls to the medium, in relation 
to the magnitude of the secondary flow, foliowed hy a discussion of the friction 
experienced by the flow in the channel. 

As mentioned in chapter 1, heat transfer will be expressed in terms of the 
Nusselt numher. Figure (5.10) gives the computed value of the Nusselt number 
as a function of the axial position in the channel, for five different values of the 
Grashof numher and for Re 500 and Pr = 6. Heat transfer is thought to be in 
a close relation with the magnitude of the secondary flow: when the heat transfer 
is high, the buoyancy forces will he relatively large and thus the magnitude of 
the secondary flow; when a strong secondary flow is present, the temperature 
boundary layer at the side wall will be small and thus the heat transfer will he 
high. The magnitude of the secondary flow is expressed as a ratio of the kinetic 
energy of the secondary flow to the kinetic energy of the primary flow and will 
be referred to as the relative kinetic energy K: 

J u;ecdydz 
K A (5.1) J u~xdydz 

A 

where Usec )v2 + w2 and Uax is the axial velocity. 
Near the entrance of the channel the Nusselt numher is the highest, and fairly 

equal for all Grashof numbers considered. Since the magnitude of the secondary 
flow here is small (see figure (5.11)), conduction of heat from the side wall to 
the medium is equal at all Grashof numbers. The temperature houndary layer 
still is very thin, and therefore the relative heat transfer is high. From position 
x = 0.5 H effects of the secondary flow hecome important. 

In figure (5.11) it is observed that for all situations considered except for 
Gr = 0, the relative kinetic energy initially grows, reaches a maximum and 
then decreases. The sudden increase at the end of the channel (x > 9 H) is a 
result of the physically incorrect outflow houndary conditions (a similar effect 
is noticable in the results of Evans and Greif [1993]). In the first part of the 
channel the secondary flow gains momenturn due to huoyancy forces. Due to the 
rise in temperature of the medium in downstream direction, the huoyancy forces 
in the channel gradually decrease, resulting in a decrease of the magnitude of the 
secondary flow. Note that since the huoyancy forces become zero when the flow 
is in thermal equilibrium with the side · walls, the relative kinetic energy finally 
will stabilize at a value of zero. 

This behaviour of the secondary flow is reflected in the Nusselt number. The 
Nusselt number reaches alocal maximum (at x 5.5H for Gr = 105) and then 
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Axial position x/ H 

Figure 5.10: Nusselt number for Re = 500, Pr = 6 and for various Grashof 
numbers: I: Gr = 0; II: Gr = 5 · 104; III: Gr 105; IV: Gr 1.5 · 105; V: 
Gr = 2 ·105 . 

Axial position x/ H 

Figure 5.11: Relative kinetic energy for Re = 500, Pr = 6 and for various 
Grashof numbers: I: Gr 0; Il: Gr = 5 · 104; III: Gr = 105; IV: Gr = 1.5 · 105; 

V: Gr = 2 · 105
• 



5.3 Results 61 

decreases slightly. Note that the occurrence of the maximum is somewhat lagging 
behind the occurrence of the maximum in the kinetic energy ratio, indicating that 
at this stage the heat transfer is increased by the secondary flow. 

Gomparing the Nusselt number for the different Grashof numbers considered, 
it is clear that due to the secondary flow the heat transfer is much better for 
high Grashof numbers than for low Grashof numbers. The Nusselt number for 
Gr 2 · 105 is up to three times as large as the Nusselt number for Gr = 0. For 
all cases, in the fully developed situation a Nusselt number of Nu00 = 3.72 will 
be reached [Shah and Joshi, 1987]. 

In figure (5.12) the Fanning friction factor is shown as a function of the axial 
position for the different valnes of the Grashof numbers. The Fanning friction 
factor f is defined as: 

f(x) = 1 fw-2 
?.PU 

where f w is the average wall shear stress at a certain axial position: 

(5.2) 

(5.3) 

Here, 0 denotes the perimeter of the channel, and n denotes the local normal to 
the perimeter. The Fanning friction factor is a measure of the local skin friction 
experienced by the flow. For fully developed flow in a square channel a value of 
foo ·Re= 14.2271 will be reached [Shah and Joshi, 1987]. 

Axial position x/ H 

Figure 5.12: Fanning friction factor for- Re = 500, Pr 6 and for various 
Grashof numbers: I: Gr = 0; II: Gr = 5 · 104 ; III: Gr 105; IV: Gr 1.5 · 105 ; 

V: Gr = 2 · 105 . 
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Gomparing the different curves, it is seen that friction is increased by buoy
ancy forces. As has been shown before, the axial velocity profile changes due to 
buoyancy and especially in the lower half of the channel the normal axial velocity 
gradient substantially increases (see figure (5.9) ). Surprisingly, also the friction 
for Gr = 0 changes with axial position. Although the prescribed inlet velocity 
profile only differs to ±2% from the analytica} profile, this difference is enough 
to observe a development towards the analytica} value for the friction coefficient. 
The exact analytica! velocity profile is given by a rapid convergent series solution, 
given in Shah and Joshi [1987]. The first 15 termsof the series are within ±0.02% 
accurate. 

x=BH 
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-2o:---------=-o.'::25::-----------:"o.s 

Position y / H 

Figure 5.13: Relative di.fference between prescribed axial velocity profile at x = 
- H and the analytica/ profile (-), and the relative di.fference between the com
puted profile at x = 8 H and the analytica/ profile (--- ). 

The dashed line in figure (5.13) shows the relative difference in percent be
tween the prescibed velocity profile (at x= - H) and the analytica} profile (first 
15 terms) on the symmetry axis y = 0. The solid line shows the relative difference 
between the profile at x = 8 H and the analytica! profile. Although the difference 
at the inlet is small (less than 2%), a development towards the analytica} axial 
velocity is evident. It is clearly this effect that determines the initial development 
(to x = 0) of the friction, also when buoyancy effects are present. The Fanning 
friction factor does not show a local maximum like the relative kinetic energy or 
like the Nusselt number. It is interesting, however, to observe that the rate of 
increase of the friction factor in axial direction is closely related to the magnitude 
of the relative kinetic energy: the higher the magnitude of the secondary flow, 
the more the axial velocity profile changes, and thus the higher the increase in 
shear. It is expected that a maximum in shear will he reached when the axial 
velocity profile is maximally shifted. In the fully developed situation again a 
value of foo ·Re= 14.2271 is expected to he reached. 



Chapter 6 

Mixed convection in a 
horizontal straight tube 

As an intermediate between mixed convection in a straight channel and mixed 
convection in a curved tube, in this chapter mixed convection in a horizontal 
straight tube will he considered. This topic also is referred to as the extended 
Graetz problem, to the honour of the Oerman scientist Leo Graetz (1856-1941) 
who was the first to solve the problem of laminar forced convective heat transfer 
in a straight tube [ Graetz, 1885]. Like in the straight channel, for not too high 

Figure 6.1: Horizontal straight tube: definitions 

Grashof and Reynolds numbers, the flow can be considered as being symmetrie 
with respect to the plane y 0. Therefore, only half of the tube is considered, 
which is computationally very convenient. First, the literature found on the 
subject will be addressed. Then solutions of the Boussinesq equations will he 
discussed, both for the medium air and for the medium water, where also the 
spatial stability of the flow and the correctness of the symmetry assumption wîll 
he investigated. Finally non-Boussinesq effects in water will he considered. 



Reference Metbod Considered case Bound. co Remarks 
Morton [1959] analytica} fully developed heat flux perturbation technique 
Jackson et al. [1961] experimental developing temperature air 
Oliver [1962] experimental developing temperature glycerol-water; alcohol 
Iqbar and Stachiewich [1966] analytica} fully developed heat flux perturbation technique 
Mori et al. [1966] experiment al fully developed heat flux air 
McComas [1966] experiment al fully developed heat flux air 
Mori and Futagami [1967] analytica! fully developed heat flux core-boundary layer 
Petukhov and Polyakov [1967] experimental fully developed heat flux water 
Shannon and Depew [1968] experimental fully developed heat flux water 
Faris and Viskanta [1969] analytical fully developed heat flux perturbation technique 
Shannon and Depew [1969] experimental fully developed heat flux ethylene glycol 

~ 

[ 
Siegworth et al. [1969] experimental fully developed heat flux ethylene glycol 8 
Depew and Zenter [1969] experimental developing temperature glycerol-water; alcohol 
Newell and Bergles (1970] numerical fully developed heat flux 
Petukhov and Polyakov [1970] experimental fully developed heat flux water 

= 
~ 
~ .... 
0 

Depew and August [1971] experimental developing temperature water; alcohol; glycerol = 
Morcos and Bergles (1975] experiment al fully developed heat flux water & ethylene glycol 
Hong and Bergles (1976] analytica! fully developed heat flux large Pr, boundary layer 
Ou and Cheng [1977] numerical developing temperature large Pr, parabolk 
Yousef and Tarasuk [1982] experimental developing temper at ure air 

Table 6.1: Overview of literature on mixed convection befare 1982, discussed by Aung {1987/ 
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6.1 Literature overview 

In this section first a brief overview of the results obtained till 1982 will be given, 
following Aung [1987]. Then the literature from the period 1982 - 1995 will be 
discussed. 

In table 6.1 an overview of the work on the subject till 1982 is given [Aung, 
1987]. In the first column of this table, the researchers are mentioned. In the 
second column their method of investigation is given. It is seen that the vast 
majority of the work up to 1982 is experimentally oriented, in which cases heat 
transfer correlations were aimed at to be found. The third column indicates 
whether fully developed or developing flow is studied. The considered boundary 
condition for the temperature is given in the fourth column. In the last column 
some appropriate remarks are made consiclering the salution metbod and the 
medium studied. 

As already described in chapter 1, buoyancy effects cause a symmetrie sec
ondary flow to develop, existing of two D-shaped1 longitudinal Morton vortices. 
It was found by several of the researchers mentioned, that the secondary flow 
increases heat transfer considerably (locally more than 300 %) at the cost of an 
increase of the friction factor. Some investigators who stuclied developing flow 
observed that the secondary flow in the entrance section first increases and then 
decays. In those cases a wavy behaviour in axial direction of the Nusselt number 
is found, which is a result of convective transport of energy by the secondary 
flow, and will be discussed in chapter 8. 

It is stated by Aung that analytica! results are of limited accuracy. Pertur
bation solutions yield too high Nusselt numbers. Boundary layer solutions are 
in good agreement with measurements but only for large Grashof numbers. Cer
tainly when the development of the flow is considered, for accurate calculations of 
thephysical phenomena numerical procedures have to be used. Although it has 
been pointed out by Aung that the governing equations are essentially elliptic, 
numerical results based on the full elliptic equations are very scarce. 

Hishida et al. [1982] probably were the first to consider the full elliptic Navier
Stokes equations for the problem. In their study developing mixed convec
tion (plug flow) with a constant temperature boundary condition is treated 
(Pr = 0.71; Re 100; Gr = 0; 4 · 10\ 8 · 104

). They used a finite difference 
method and time integration to compute the steady-state solution. It was found 
that the secondary flow increases with axial position until a maximum value has 
been reached at x ~ 2 d. At this position a local maximum in the heat trans
fer rate was found, similar as has been found using boundary layer analysis by 
Hieber and Sreenivasan [1974]. Yousef and Tarasuk [1981] whostuclied a similar 
problem experimentally, pointed at a maximum of the buoyancy force near the 

1 (In fact one of which being G-shaped) 
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pipe entrance. However, they did not reportalocal maximum in heat transfer. 
Further downstream the magnitude of the secondary flow decreases, as a result 
of the disappearance of the free convection effects. According to Hishida et al. 
[1982] and Hieber and Sreenivasan {1974] the Nusselt number then monotonically 
decreases to the value Nu 3.66, which is the value for fully developed forced 
convection in a tube. Surprisingly, Yousef and Tarasuk [1981] report a decrease 
of the Nusselt number towards values lower than 3.66, which is attributed to 
buoyancy effects, but not explained. 

Nguyen and Galanis [1987] solved the stationary Navier-Stokes equations nu
merically on a staggered grid. Axial diffusion is only neglected in the energy 
equation. They considered the case of developing plug flow under the condition 
of a constant heat flux (Pr 7; Re = 500; Grq" = 1.4 · 105 , see appendix F 
for the different definitions of the Grashof number). The secondary flow is found 
to reach a maximum intensity after 18.9 d and is fully developed after 40 d. In 
contrast to Hishida et al. [1982] a local maximum in the Nusselt number is not 
observed. 

Ghou and Hwang [1988] solved the parabolized Navier-Stokes equations in 
a vorticity-velocity formulation using a finite difference method. They stuclied 
the case of a constant heat flux wall boundary condition for mixed convection in 
the entrance section of a horizontal tube for Pr = 0. 7, 2, 5 and oo at Raq" = 
0, Raq" = 1.6 · 106 and Raq" = 6 · 106 (inlet: Poiseuille flow). It is shown 
that the secondary flow increases heat transfer up to a factor 3 with increasing 
Rayleigh and Prandtl number (the increase with Prandtl number being of minor 
importance). The development of the secondary flow is affected by both the 
Rayleigh and Prandtl number. Larger Rayleigh and Prandtl numbers result in 
smaller development lengths. Also the pressure drop over the tube increases 
with increasing Rayleigh number, an effect which considerably decreases with 
increasing Prandtl number. 

Orfi et al. [1991] stuclied fully developed mixed convection in inclined uni
formly heated tubes numerically (Pr = 0.7; Re 250; Grq" = 1.6 · 104 ; 6.4 · 104 ; 

1.6 · 105). In inclined tubes the maximum axial velocity increases substantially 
with the Grashof number. The maximum average Nusselt number is found at 
an incHnation of about 30°. Orfi et al. [1993] extended these studies to the case 
of Pr = 7. It is found that the effects of natura! convection on the intensity of 
the secondary flow field is more pronounced for Pr = 0. 7 (air) than for Pr = 7 
(water). However, the Nusselt number is lower for Pr 0.7 than for Pr = 7 
(water bas a higher viscosity and a lower thermal diffusivity than air). 

Using a symmetry condition, Nandakumar et al. [1985b] found numerically 
that fully developed flow in a horizontal tube with a uniform wall temperature 
and an axially uniform heat flux, showed two possible solutions: the two-vortex 
solution as described previously, and a four-vortex solution, similar to that shown 
in figure (6.8). Coexistence of both types of flow at Pr = 5 was found for 
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Gr ql ,.(, 3 · 105 and at Pr 0. 7 for Gr ql ,.(, 8 · 105 . At lower values for Gr qt only the 
two-vortex solution was found. Remarkable is that, although the flow pattern 
of the dual solutions is quite different, there is very little difference in Nusselt 
number and friction coefficient. 

The spatial stability of the four-vortex type of flow has been investigated by 
Goering and Humphrey [1993], who used asecond-order finite volume metbod to 
solve the time-independent equations. For fully developed flow with a constant 
wall heat flnx boundary condition, they found the coexistence of two-vortex and 
four-vortex solutions in the range Grqn = 4.4 · 105 - 8 · 107 for Pr 1 and 
Re 1000. When they used these solutions as an inlet-condition for further 
elliptic computations on a full cross-section grid, it was observed that the four
vortex type was unstable to asymmetrie perturbations and that it developed 
axially to the two-vortex solution. 

Dual solutions for fully developed flow subject to a constant wall heat flux 
also have been found by Orfi et al. [1994] for Pr = 0. 7 and Gr qll 106 , using a 
finite difference method. Guiasu et al. [1995] employed a perturbation analysis 
for the fully developed flow, similar to Morton [1959], and found a two-vortex 
solution for Pr = 0.73; Gr7 = 3 · 103 and a four-vortex solution for Pr = 5; 
Gr7 = 5 · 103, again for the case of a constant wall temperature and a uniform 
axial heat flux. They indicate that the series salution is less reliable for higher 
Prandtl numbers, however. 

Transition to turbulence, finally, has already been addressed by Kern and 
Othmer [1943] and Metais and Eckert [1964]. For the case of developing flow 
in an isothermally heated tube, they found experimentally that buoyancy effects 
cause an early transition to turbulence, that is, at a Reynolds number lower than 
2300, the critica! Reynolds number for pipe flow. Abid et al. [1995] analyzed tem
perature fluctuations at the tube wall for the case of a uniform heat flux to the 
water inside. For Gr q :::::: 105 , a chaotic behaviour was measured for Re 2100 
and higher, again indicating that buoyancy effects cause an early transition to 
turbulence. On the other hand, Ghajar and Tam [1995] performed a set of exper
iments for a uniform heat flux boundary condition, but did not find any influence 
of buoyancy on transition to turbulence. Probably unaware of the workof A bid 
et al. [1995], they state that the disagreement concerning transition betweentheir 
work and the work of Metais and Eckert [1964] is likely due to the difference in 
boundary conditions. 

6.2 Numerical model 

The numerical model employed is quite simHar to the numerical model described 
in the previous chapter. The governing equations are discretized in space using 
the Finite Element Method. The boundary conditions prescribed are similar to 
the conditions described in the previous chapter. At the entrance (x = - d) the 
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Hagen-Poiseuille velocity profile for fully developed pipe flow is assumed. At the 
tube wall no-slip conditions for the velocity and at the plane y = 0 symmetry 
conditions are prescribed. At the outlet (x 11 d) the stress-free boundary con
ditions are used for the momenturn equations and the zero heat flux condition for 
the energy equation. The dimensionless temperature of the inflowing medium is 
set to Tinlet = 1. The medium is cooled by the tube wall to Twall = 0. At the 
wall a gradual decrease following a eosine function (~À) of the temperature from 
T = 1 at x = -! d to T 0 at x ! d is given to prevent a singularity at x = 0. 

0.5 

-0.5 
0 0.5 

For Pr = 0.7 (air) simulations took place using a mesh 
consisting of 30 x 23 triquadratic hexahedral Crouzeix
Raviart elements in cross-section x axial direction, re
spectively. The discretization was refined near the pipe 
wall, where the largest gradients occur. The picture left 
shows the distribution in cross-section. The nodal points 
are marked by a o. For the case of Pr = 5 (water at 
35° C), when thermal boundary layers are thinner (as 
will be shown), the energy equation is discretized on a 
grid of 62 x 40 triquadratic elements. The stationary 
Navier-Stokes and energy equations were solved using the 
Picard method for linearization of the convective term in 
the N avier-Stokes equation. 

Each computation typically took 20 iterations to converge, using a solution 
at a lower Grashof number as the initia! guess. Per iteration approximately 9 
minutesCPU-time on a Silicon Graphics Power Challenge (MIPS R8000 proces
sor) was required for thè half cross-section computations. The full cross-section 
computations described in section 6.3.2 were performed on a Cray C-90 computer 
and took about 12 minutes CPU-time per iteration. 

6.3 Results 

6.3.1 Results for air (Pr = 0.7) 

Description of velocity and temperature fields 

In tigure (6.2) results of the computations are shown for Re= 500 and Pr = 0.7 
at two axial positions: x = 4 d (left half of the page) and x 8 d ( right half 
of the page) and for three different valnes of the Grashof number. The left side 
of the pictures shows temperature contours with a difference in value of 0.2 !:lT. 
The right side shows contours of equal axial velocity (isotachs) and veetors of the 
secondary velocity components. 

Apparently, the secondary flow consists of two secondary Morton-type vor
tices. Buoyancy forces cause the medium at the tube wall to flow downwards, 
while by continuity it returns through the core of the tube. Analogous to the 
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Figure 6.2: Cross-section at x= 4d {left) and at x 8d {right} for Re 500, 
Pr = 0.7. A: Gr 5 · 104 ; B: Gr = 105; C: Gr 2 · 105 . Left half: computed 
isotherms; right half: computed isotachs and secondary velocity veetors (a vector 
length equal to the diameter of the pipe corresponds to the mean axial velocity). 
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previously considered flow in the horizontal channel, the region of downward flow 
at the wall clearly is smaller than the region of upward flow, and correspondingly 
the magnitude of the secondary flow is the highest near the wall. The secondary 
flow remains an order of magnitude smaller than the axial flow. It is seen that the 
magnitude of the secondary flow at x 4 d is higher than at x 8 d, similar as 
described in chapter 5, and reflected by figure (6.6). At x= 4d the centre around 
which the secondary flowrotatesis dragged downwards by the strong secondary 
flow near the wall. When the magnitude of the secondary flow is decreased (at 
x = 8 d), the centre of the vortex is positioned near the z 0 -plane 

From the isotachs it is seen that the convective transport of the secondary 
vortices transforms the parabolk inflow profile substantially: near the wall the 
medium is transported downwards and in the core the medium is transported 
upwards. As a result the O-shaped contours at inflow become 0-shaped, and 
the maximum in the axial velocity is shifted to the top of the tube. This effect 
is stronger at a higher Grashof number, where the secondary velocity is larger. 
The temperature field shows a simHar distortion towards a 0-shape. In the lower 
region of the tube a stabie stratification builds up. From the velocity veetors it 
is seen how the Morton vortices reflect on the stabie stratification, due to which 
the secondary flow in the lower region remains small. In the upper region the 
stratification is unstable, the colder medium remairring on top of the warmer 
medium. Insection 6.3.2 it will be shown that for water this may have a drastic 
impact on the secondary flow field. 

Flow and heat· transfer parameters 

The heat transfer rate from the medium to the pipe wallis shown in figure (6.3) 
in terms of the peripherally averaged Nusselt number. For x < d the Nusselt 
number shows to decrease exponentially for all Grashof numbers considered, as 
in the forced convective Graetz problem. In this region, due to inertia of the 
fluid, the secondary flow only starts to grow and the Nu-curve corresponds to 
the curve for forced convection. Near x 0, the Nusselt number is large since 
the temperature boundary layer is still thin and the temperature gradient is high. 
From x ~ 1 d it is seen that the curves for the different Grashof numbers start 
to deviate. The curve for the case of Gr 104 is almost equal to the Nusselt 
number for the case without buoyancy effects: at x = 10 d the difference in Nusselt 
number is 4%. For higher Grashof numbers it is seen that the heat transfer is 
higher for x > d. A secondary flow has developed near the wall and, as has been 
seen in figure (6.2), this results in a relatively thin temperature boundary layer, 
and consequently in a higher heat transfer than in the forced convective case. 
Looking at the solid curve for Gr 105 it is seen that a local minimum in the 
Nusselt number is reached at x ~ 2.2 d, which is in accordance to the results of 
Hishida et al. [1982] and quite similar to the channel flow discussed previously 
(figure (5.10)). From this position on, convective effects of the secondary flow 
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Axial position x/ d 

Figure 6.3: Nusselt number for Re = 500, Pr = 0.7 and for various Grashof 
numbers: l: Gr = 10\ II: Gr = 5 · 104 ; III: Gr = 105; IV: Gr = 1.5 · 105 ; V: 
Gr = 2 ·105 . 

become important at the wall of the tube and the Nusselt number grows. At 
x ~ 9 d a local maximum in the Nusselt number is reached. Since the medium 
in the tube has lost most of its heat, the buoyancy forces decrease and a gradual 
decrease of the N usselt number to a value of 3.66 is expected. A similar behaviour 
of the heat transfer ra te is seen for the other Grashof numbers considered, except 
for the case of Gr = 104 , where buoyancy effects are negligible. For Gr 2 ·105 a 
loc al minimum number is reached at x ~ 1.5 d, for Gr = 1.5 · 105 at x ~ 1. 7 d and 
for Gr = 5 · 104 at x ~ 2.3 d, reflecting the fact that the secondary flow is smaller 
for lower Grashof numbers, in which case inertia effects are relatively strong and 
it takes more time for the secondary flow to develop (see also figure (6.6)). For 
Gr 1.5 ·105 and for Gr = 2 ·105 the solution is somewhat corrupted by spurious 
wiggles, indicating that the discretization is not fine enough. The fact that at a 
higher Grashof number a convergent solution could not he reached also is thought 
due to discretization problems, although physical reasouscan not be excluded. 

Perhaps a more practical measure for the heat transfer is the dimensionless 
bulk temperature Tb, which is defined in chapter 1. The dimensionless bulk tem
perature can he considered as representative of the total thermal energy content 
of the fluid at a certain axial position. When the tot al amount of available heat in 
the medium is transferred to the pipe, the dimensionless bulk temperature equals 
zero. The development of the dimensionless bulk temperature in axial direction 
is given in figure (6.4) for various Grashof numbers. In figure (6.4) also the bulk 
temperature for forced convection (Gr 0) in a straight tube is plotted as a 
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Figure 6.4: Dimensionless bulk temperature for Re = 500, Pr 0.7 and for 
various Grashof numbers: I: Gr = 104 ; II: Gr = 5 · 104 ; III: Gr = 105 ; IV: 
Gr = 1.5 ·105; V: Gr = 2 ·105. 

dotted line. This line, however, almost coincides with line I (Gr = 104 ) and is 
thus hardly noticeable. As explained in section 1.2, the slope of the n-curve is 
a measure of the Nusselt number: the steeper the slope, the higher the Nusselt 
number. Since the rate of heat transfer for higher Grashof numbers is higher 
than for lower Grashof numbers, the thermal energy contents of the medium at 
a certain position is lower for higher Grashof numbers. Although the difference 
in bulk temperature between the different Grashof numbers may not be too ex
treme, it should be appreciated that the required length of a pipe heat exchanger 
to transfer 50% of the heat contents of the fluid, reduces from more than 11 d 
for Gr = 0 to only 7 d for Gr = 2 · 105• Wh en more heat should have been 
transferred, the difference in required length even increases. 

In figure (6.5) the computed bulk temperature is compared to the analysis 
of Hieber and Sreenivasan [1974]. Hieber and Sreenivasan employed a boundary 
layer analysis to study laminar developing plug flow in an isothermally heated 
tube for large Prandtl number fluids. Sealing analysis reveals that for Pr :» 1 
convective terms in the momenturn equations are negligible and that buoyancy 
forces are balanced by viscous forces in the boundary layer. It was further as
sumed that the core region of the flow remained axially invariant, which, as has 
been seen, is not true for air. In the range (!GrPr)-314 < ~xjd(RePr)-1 < 
(i Gr Pr)-114 , Hieber and Sreenivasan [1974] found that the bulk temperature 
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Hieber's parameter 3 

Figure 6.5: Dimensionless bulk temperaturefor Re= 500, Pr = 0.7 as ajunetion 
of Hieber's parameter, defined by equation (6.2} and a comparison to the boundary 
layer analysis of Hieber and Sreenivasan {1974}. I: Gr = 10\ H (dotted line): 
analysis of Hieber. The other curves correspond to the curves in the previous 
figure, from lower to higher values: -·: Gr = 104 ; ---: Gr = 5 ·104; -: Gr 105; 

---: Gr = 1.5 ·105; -·: Gr = 2 ·105 . 
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was described by: 
00 

Tb (Twall - 7in!et) L Cn ::;::n (6.1) 
n=l 

where for n = 1 · · · 6, Cn = 0.87052, -0.47363, 0.20615, -0.07851, 0.02734, -
0.00892, and the parameter 3 is defined by: 

S = ~ (RePr)- 1 ~ Gr Pr)-114 x/d (6.2) 

Hieber [1981] showed that his theory is able to describe the available experimental 
and numerical results quite well. Despite the large discrepancies in conditions 
between the present case and the case considered by Hieber and Sreenivasan 
[1974], figure (6.5) shows a good agreement between the present computation 
and the analysis of Hieber. Note that due to the axial sealing with the Grashof 
number, the sequence of the lines in this figure is opposite to the sequence in 
figure (6.4). The relative difference between the analysis and the computation is 
less than 3% for Gr = 5 · 104 , Gr 105, Gr 1.5 · 105 and for Gr 2 · 105 • 

For Gr = 104 the relative difference is larger, but stillless than 8%. According 
to Hieber and Sreenivasan, buoyancy effects are unimportant in simultaniously 
developing flow when Gr < 0(1/ Pr ). This seems to be substantially different 
from the present case, for which the results indicate that already at Gr 104 

buoyancy effects are of minor importance. For even smaller Grashof numbers 
equation (6.1) thus is expected to be no longer applicable to the present situation. 
For these cases it will be more appropriate to use the relationships for thermally 
developing forced convection summarized by Shah and Joshi [1987]. A further 
limitation of the theory of Hieber and Sreenivasan is that it is not able to predict 
the rise in friction factor or pressure drop related to mixed convective effects. 

Figure (6.6) shows the development in axial direction of the magnitude of the 
secondary flow in terms of the relative kinetic energy K, defined by equation ( 5.1). 
It is seen that tbe relative kinetic energy reaches a maximum value at a certain 
axial position and then decreases monotonically. The increase near x. = 11 d 
again is attributed to the incorrect outlet boundary conditions. For Gr = 104 

the secondary flow is very small and this behaviour is not observed. In general, 
the higher the Grashof number, the stronger the secondary flow and the sooner 
the maximum in K has been reached. This behaviour is similar as reported 
in the previous chapter (figure (5.11)) and is discussed there. As mentioned, a 
maximum in the secondary flow near the entrance of the pipe is also observed 
experimentally by Yousef and Tarasuk [1981]. 

Although one perhaps expects a close relationship between the strenght of the 
secondary flow and the heat transfer rate, a comparison between figure (6.3) and 
figure (6.6) reveals that a maximum in the secondary flow at a certain axial po
sition, does not correspond toa maximum in the Nusselt number. This probably 
is due to a viscous delay effect: The secondary flow has the largest magnitude at 
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Axial position x/ d 

Figure 6.6: Relative kinetic energy for Re = 500, Pr = 0.7 and for various 
Grashof numbers: I: Gr = 104; II: Gr = 5 · 104 ; III: Gr = 105 ; IV: Gr = 1.5 · 105 ; 

V: Gr 2 ·105 . 

a small distance from the wall. When the secondary flow there increases, it takes 
a while before this is noticeable at the pipe wall, where the heat is transferred. 
The magnitude of the secondary flow as such is thus not directly related to the 
heat transfer. 

In figure ( 6. 7} the development of the Fanning friction factor multiplied by 
the Reynolds number f · Re is shown. In this case the Fanning friction factor is 
defined as: 

f(x) = 1 fw-2 
2PU 

where f w is the average wall shear stress at a certain axial position: 

(6.3) 

(6.4} 

where o denotes the perimeter of the tube, and n denotes the local normal to the 
perimeter. For a Hagen-Poiseuille flow the factor f ·Re equals 16. Figure (6.7) 
shows that the friction rises due to effects of secondary flow, similarly as explained 
in the previous chapter. Alocal maximum in the friction is observed for Gr ~ 105 , 

and also expected for the other cases, since in the fully developed situation again 
a value of f ·Re = 16 should he reached. For Gr = 104 the effects of buoyancy are 
again found to he minimaL The solutions for Gr 1.5 · 105 and for Gr = 2 · 105 

suffer from spurious oscillations. Note that the Fanning friction can become as 
much as twice the value for a Hagen-Poiseuille flow. In this case the pressure 
losses may also become twice as high. As pointed out before, the total pipe 
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Axial position x/d 

Figure 6. 1: Fanning friction factor multiplied by the Reynolds number for Re = 
500, Pr = 0.7 and for various Grashof numbers: I: Gr 10\ II: Gr = 5 · 10\ 
III: Gr = 105 ; IV: Gr 1.5 ·105; V: Gr = 2 ·105 . 

length required to exchange a certain amount of heat is smaller for higher Grashof 
numbers, and thus the extra pressure loss over the pipe may remain small. Taking 
into account the cost of the heat exchanger, which in general will he lower for 
smaller devices, buoyancy effects seem to he of advantage, and form a natura} 
heat transfer augmentation mechanism. 

6.3.2 Results for water (Pr = 5.0) 

Description of temperature and velocity fields 

In tigure (6.8) results of the computations are shown for Re 500 and Pr = 5 at 
two axial positions: x = 4 d (left half of the page) and x = 8 d (right half of the 
page) and for three different valnes of the Grashof number. The left side of the 
pictures again shows temperature contours with a difference in value of 0.2 b.T. 
The right side shows contours of equal axial velocity (isotachs) and veetors of the 
secondary velocity components. 

The secondary flow consistsof a Morton type of vortex pair, as was observed 
in the case of air. Also, the magnitude of the secondary flow decreases in axial 
direction. At the Grashof numbers of Gr = 105 and Gr 1.5 · 105 a second 
vortex pair at the top of the tube is observed. This second pair grows in axial 
direction for both cases, while it clearly is stronger for Gr = 1.5 · 105 than for 
Gr = 105. The second vortex pair can he attributed to a Rayleigh-Bénard type 



6.3 Results 77 
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Figure 6.8: Cross-section at x = 4 d (left) and at x = 8 d (right) for Re = 500, 
Pr = 5. A: Gr = 5 · 104 ; B: Gr = 105 ; C: Gr = 1.5 · 105

. Left half: computed 
isotherms; right half: computed isotachs and secondary velocity veetors (a vector 
length equal to the diameter of the pipe corresponds to the mean axial velocity). 
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of instability2 , for in the thin temperature boundary layer at the up per side of 
the tube, the medium becomes unstably stratified. A second vortex pair then 
can evolve when the buoyancy force at the top exceeds the stahilizing effects of 
viscous forces at the wall and of the inertia forces of the returning Morton vortex. 
Close observation reveals that also in air (Pr = 0. 7) for Gr = 2 · 105 at x 4 d 
(figure (6.2C):left) a very small second vortex pair is observed at the upper side 
of the tube. At x = 8 d, however, this pair however is not visible anymore, which 
might he associated to the fact that the development of the flow in axial direction 
for Pr = 0.7 is faster than for Pr = 5 (this issue will be addressed to later). The 
second vortex pair also is reflected in the temperature contours for Pr = 0.7 at 
Gr 2 · 105: figure (6.2:C) shows that at x = 4d the temperature boundary 
layer at the top of the tube is slightly conveyed downwards, an effect which is 
still noticed at x 8 d. 

As already mentioned, the spatial stability of the second vortex pair has been 
investigated by Goering and Humphrey [1993]. It was shown that the pair was 
unstable to an asymmetrie disturbance on the symmetry plane. One of the top 
vortices then grows when conveyed in axial direction, travels to the other half of 
the tube, where the other top vortex disappears, and finally merges with one of 
the Morton vortices. It must be stressed, however, that the spatialstability of the 
top vortex pair has been stuclied by Goering and Humphrey (1993] for the case of 
a heat flux boundary condition. The case of a constant wall temperature, which is 
considered here, might he different. In order to investigate the spatial stability of 
the four-vortex case in the present situation, the symmetrie solution was projected 
on a mesh covering the full tube cross section. The element distribution was 
equal to the distribution in the half cross section, that is, 60 x 23 were used. The 
projected salution was modified by a white noise perturbation with zero mean 
and 0.01 Üax amplitude on the three velocity components. Time-independent 
computations using the perturbed salution as the starting solution, showed that 
the four-vortex salution was stabie to this random perturbation.3 It is interesting 
to note that a salution of the parabolk Navier-Stokes equations did not show 
a second vortex pair for all the cases considered, independently of whether a 
symmetry condition at y = 0 was prescribed or not. Although Orfi et al. [1994] 
did report both a two and a four-vortex salution for the fully developed flow 
(as discussed in section 6.1), their parabolk computation of the development 
of the flow also revealed only the Morton-type of flow. This may point at a 

2Rayleigh-Bénard convection denotes natural convection between horizontal isothermal 
plates, the upper plate with a lower temperature than the bottorn plate 

3 A simHar procedure was used to solve the 2D Rayleigh-Bénard problem on a 4 x 1 (width x 
height) domain, the upper wall kept at a lower temperature than the lower wall. A salution (S1) 
to this problem is an unstably stratified Huid layer with zero velocity. For Rayleigh numbers 
higher than Rac = 1707.76 this salution is spatially unstable, and a bifurcation to steady 
convective rolls (S2) is expected [Busse, 1985]. Perturbing St at Ra= 1707 converged again to 
St, whereas perturbing St at Ra = 1710 converged to S2, showing that the spatial instability 
adequately can be stuclied by thls procedure. 
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bifurcation in the solution or at a shortcoming of the parabalie procedure (for 
instanee elliptic effects becoming important). Lack of time, however, prohibited 
a thorough investigation of this problem. 

A 

z 

x Od B lld 
Figure 6.9: Cross-section at the symmetry plane y 0 for Re 500, Pr = 5 
and Gr 105 • A: isotachs of equal axial velocity and axial11elocity profiles. B: 
isotherms. 

Also the temporal stability of the four-vortex salution may be doubted. Since 
a thorough analysis of stability is computationally very expensive, bere only some 
brief remarks concerning the temporal stability will be made. Since the second 
vortex pair seems to be associated to a Rayleigh-Bénard type of flow, it is inter
esting to know when this flow may become time dependent. According to Krish
namurti [1970] for Pr = 5 a bifurcation to time dependency in Rayleigh-Bénard 
flow may be expected for Rayleigh numbers larger than Ra 6 ·104 • Gallub and 
Benson [1980] experimentally found a periodic solution at Ra = 5.3 · 104 in a fiat 
box. Referring to figures (6.9:B) and (6.10:B), where a cross-section at y = 0 
of the temperature field is shown, the maximal Rayleigh number based on the 
thickness of the up per unstably stratified layer approximately equals respectively 
Ra :::::: 104 and Ra :::::: 105. Especially the flow field at Gr 1.5 · 105 thus seems 
to be critical. From figures (6.9:A) and (6.10:A), it is observed that the unstably 
stratified fiuid layer is situated in a shear flow. Effects of shear have been analyzed 
by Deardorf [1965]. He employed a linear stability analysis for the case of a plane 
parallel horizontal shear flow between two plates (plane Couette flow), where the 
lower plate was kept at a higher temperature (as in the Rayleigh-Bénard case). 
lt was shown that for Ra > 1708 the occurring vortices are aligned with the 
mean flow (like in the present case) and that transverse vortices are suppressed 
by shear effects. It is not clear how shear effects infiuence the transition to time 
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Figure 6.10: Cross-section at the symmetry plane y 0 for Re= 500, Pr 5 
and Gr 1.5 · 105 . A: isotachs of equal axial velocity and axial velocity pro .files. 
B: isotherms. 

dependent flow, but it may be expected that this occurs at a higher Rayleigh 
number than in the real Rayleigh-Bénard case (Racr > 6 · 104 ). If this is the 
case, then it can be concluded tentatively that the presented solutions are stable. 
Especially the stationary solution obtained for Gr = 1.5 · 105 , however, must be 
taken with some caution. 

Similar as in the case of Pr = 0.7, figure (6.8) shows an axial development of 
the isotachs and isotherms towards a 0-shape for the case of Gr = 5 · 105 . For 
the higher Grashof numbers, the secoud vortex pair shows its influence. At the 
top of the tube the medium is conveyed towards the core. Both the secondary 
velocity field and the axial velocity profiles for the case of Gr = 1.5 · 105 at 
x 8 d show a great similarity to the fully developed four-vortex salution for 
Grq" = 8 · 105 presented by Goering and Humphrey [1993]. Especially near the 
wall, the isotherms, however, are quite different, which is due to the difference in 
thermal boundary condition mentioned previously. 

The difference in Prandtl number between water and air is well observed 
when camparing the temperature contours of figure (6.2) with the contours of 
figure (6.8). At the same axial position, the temperature boundary layer is con
siderably thicker for Pr 0.7 than for Pr = 5, which reflects the relatively 
higher thermal diffusivity of air when the Reynolds number is kept the same. For 
developing forced convective flow it can be deducedusing boundary layer analy
sis that the thermal boundary layer approximately scales with Pr-113 for larger 
Prandtl numbers (i.e. Pr > 1) [Schlichting, 1979]. In the forced convective case, 
the thermal boundary layer for water thus should be approximately twice as thin 
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as the thermal boundary layer for air. Correspondingly, the Nusselt number for 
water is therefore also twice as high as the Nusselt number for air (compare the 
curves I in figures (6.3) and (6.11)). In the fully developed region both for air 
and for water, however, a Nusselt number of 3.66 will be reached. 

Flow and heat transfer parameters 

Axial position xjd 

Figure 6.11: Nusselt number for Re = 500, Pr = 5 and for various Grashof 
numbers: I: Gr = 104; II: Gr = 5 · 10\ III: Gr = 105; IV: Gr = 1.5 · 105 • 

The development of the Nusselt number for Pr 5 is given by figure (6.11). 
As mentioned the Nusselt number for water is substantially higher than for air. 
For the case of Gr = 104 and for x < 3 d, the Nusselt number for water is 
approximately twice as high as for air. At higher Grashof numbers the relative 
difference decreases, for Gr = 105 the ratio of the Nusselt number for water to 
the Nusselt number for air approximately equals 1.7. This is due to the fact 
that the secondary flow in water is less intense than the secondary flow in air, as 
indicated by figures (6.6) and (6.12), and thus convective effects of the secondary 
flow are smaller. As mentioned insection 6.1, a similar observation was made by 
Orfi et al. [1993]. the relative kinetic energy for air approximately equals 0.35. 
This effect already briefly has been discussed in chapter 1, where an estimate 
of the magnitude of the secondary flow was made. According to equation (1.3), 
the ratio Kwater/Kair can be approximated by (1 + 0.7)/(1 + 5) 0.28. The 
difference in strength of secondary flow between water and air thus can at least 
partly be attributed to the relative importance of viscous effects. 

The ratio between the relative kinetic energy for water to 
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Axial position x/ d 

Figure 6.12: Relative kinetic energy for Re = 500, Pr = 5 and for various 
Grashof numbers: I: Gr 104 ; II: Gr = 5 ·104 ; III: Gr = 105 ; IV: Gr = 1.5 ·105 . 

The development of the N usselt number for water further is similar to that for 
air. Remarkable, however, is the plateau between x= d and x= 2 d for the case 
Gr = 1.5 ·105 , which seems to point at a different physical phenomenon occurring 
near the entrance of the tube. Apart from the fact that near the entrance the 
secondary flow for Gr 1.5 · 105 is higher than for lower Grashof numbers, 
no striking differences in the solution could be observed. The early shift from 
the forced convective case for Gr = 1.5 · 105 is therefore attributed to strong 
convective effects of the secondary flow. 

As mentioned, in the developing region the thermal boundary layer in water 
is thinner than in air, and thus the amount of transferred heat to the tube wall, 
compared to the total amount of heat in the fluid, is smaller. This is reflected 
in figure (6.13), where the dimensionless bulk temperature is displayed: the bulk 
temperature for water is substantially higher than the bulk temperature for air 
(figure (6.4)). The curve denoting the case Gr = 104 (curve I) corresponds to the 
case of Gr = 0, and thus buoyancy effects can be neglected for Grashof values 
less than 104 . 

In figure (6.14) the computed bulk temperature again is compared to the 
analysis of Hieber and Sreenivasan [1974] (equation 6.1). Like for the case of Pr = 
0.7, a surprisingly good agreement between the computation and the analysis of 
Hieber is found. The relative difference between the analysis and the computation 
is less than 2% for Gr = 5 · 104, Gr = 105 and for Gr 1.5 · 105• For Gr = 104 

the relative difference is less than 3%. The agreement between the analysis and 
the computation for Pr 5 thus is even better than for Pr 0.7. Of course, 
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83 

Figure 6.13: Dimensionless bulk temperature for Re 500, Pr = 5 and for 
various Grashof numbers: 1: Gr 104 ; 11: Gr = 5 · 104 ; lil: Gr = 105 ; IV: 
Gr = 1.5 ·105 . 

Hieber's parameter 3 

Figure 6.Lf.: Dimensionless bulk temperature for Re= 500, Pr 5 as a function 
of Hieber's parameter, defined by equation {6.2} and a comparison to the boundary 
layer analysis of Hieber and Sreenivasan {1974]. I: Gr = 104 ; H ( dotted line): 
analysis of Hieber. The other curves correspond to the curves in the previous 
ft gure, from lower to higher values: -·: Gr = 104 ; ---: Gr = 5 · 104; Gr = 105; 
---: Gr = 1.5 · 105

• 
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the large Prandtl number assumption holds better for Pr = 5 than for Pr = 0.7. 
Furthermore, it must be taken into account that for Pr = 5 only a relative 
small fraction of the region of validity of Hieber's analysis is considered, whereas 
the numerical results for Pr = 0. 7 cover the complete region of validity. Like 
pointed out for air, also for water at Grashof numbers of 104 and lower it is 
better to use correlations for forced convection in order to compute the heat 
transfer characteristics. 

0 2 3 4 5 6 7 8 9 10 

Axial position x/ d 

Figure 6.15: Fanning friction factor for Re = 500, Pr 5 and for various 
Grashof numbers: I: Gr 104 ; II: Gr = 5 ·104 ; III: Gr = 105 ; IV: Gr = 1.5 · 105 . 

Finally, in figure (6.15) the Fanning friction factor for water flow with buoy
ancy effects is plotted. Again a great similarity with the results for air is seen, 
although the value of the friction factor for water is in general smaller than for 
air, which is in agreement with the results obtained by Ghou and Hwang [1988]. 
Due to the lower value of the secondary flow, the shift of the axial velocity profile 
toward the upper side of the tube is smaller and thus the increase in shear is 
smaller. 

6.3.3 Temperature dependent properties 

In order to estimate non-Boussinesq effects on the heat transfer rate and on the 
strength of the secondaxy flow, in this section solutions of the non-Boussinesq 
equations (2.30)1 (2.31) and (2.32) 1 will be discussed briefly for the case of warm 
medium flowing in a cold pipe, like is the case in a SDHWS. These solutions are 
obtained using the Boussinesq solutions as a staxting value, and by employing the 
tempen1.ture dependency correlations for the viscosity, the expansion coefficient 
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and the thermal diffusion coefficient given in appendix A. The solution procedure 
typically took another ten iterations to converge. 

Since property variations are not only dependent on the total temperature 
difference considered, but also on the absolute temperatures, two extra param
eters are introduced: an absolute reference temperature Ta and a temperature 
difference flTa, both in degrees Celsius. Due to these extra parameters, non
Boussinesq results are in principle always associated with a specific problem, and 
therefore lose much of the generality of Boussinesq results. In the present sectio u 
this specHic problem is related to the SDHWS-system described in chapter 1, 
and is defined by Ta Tinlet = 35 oe and by the following temperature differ
ences: flTa = 0°0 (equal to the Boussinesq results), flTa = 5°0, flTa = 10°0 
and flTa = 20 °0, where the tube wall is at the lower temperature. The dimen
sionleas numbers are defined on the base of the medium properties at the inlet 
temperature and are Re 500, Gr = 105 and Pr 5. 

2 3 4 s a 1 a 9 10 

Axial position x/ d 

Figure 6.16: Nusselt number for Re = 500, Pr 
temperafure dependent medium properties: -: flTa 
flTa 10°0; ---:flTa 20°0. 

5 and Gr = 105 , effect of 
0°0; ··: flTa = 5°0; -·: 

Results of these computations are displayed in figures (6.16) and (6.17), rep
reaenting the Nusselt number and the relative kinetic energy, respectively. 

Since the viscosity at the tube wall is higher than at infl.ow, close to the 
wall the axial flow decreases. In the core region the axial flow then becomes 
higher due to continuity and near the wall therefore medium (and its associated 
heat) is transported from the wall to the core. The temperature boundary layer 
correspondingly becomes thicker and the Nusselt number decreases compared to 
the reference case of flTa 0°0. The decrease of the Nusselt number eau also 



86 Mixed convection in a horizontal straight tube 

Axial position x/ d 

Figure 6.17: Relative kinetic energy for Re= 500, Pr 
of temperature dependent medium properties: .6.Ta 
-·: .6.Ta 10°C; ---:.6.Ta = 20°C. 

5 and Gr = 105 , effect 
0°C; ··: .6.Ta = 5°C; 

partly be attributed to a decrease of the thermal diffusivity at the wall, although 
this effect is substantially smaller. 

Shome and Jensen [1995] discussed the ways in which temperature dependent 
properties are taken into account in the heat transfer correlations constructed by 
several researchers. Most of them employ a Sieder and Tate like approach, in 
which the Nusselt number is corrected by a factor (ttb/ ttw)0·14 , ttb being the bulk 
viscosity and ltw the viscosity at the wall [Sieder and Tate, 1936]. In the present 
case using this correction factor, it can be estimated that 

The results show that this fraction varies from 0.90 at x = 1.5 d to 0.98 at x = 4 d, 
indicating that the Sieder and Tate correction seems to be quite adequate. 

At the wall also the secondary flow decreases, as a result of a higher viscosity 
and a lower thermal expansion there. Since the temperature boundary layer 
becomes thicker, however, a larger area develops in which medium is forced to 
flow downward. To support this, it is indeed observed that at a small distance 
from the wall the secondary flow was stronger. This effect is reflected in the 
relative kinetic energy and explains why the secondary flow grows, whereas the 
buoyancy force decreases and viscous forces increase. Besides, also a secondary 
flow develops due to the transport of medium from the wall region tö the core. 

Changes in the Nusselt number and in the magnitude of the secondary flow 
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due to temperature dependent properties can thus probably he attributed largely 
to viscous effects. The differences for the case of water however remain well below 
10%, even when the temperature difference is 20 °C, and the Boussinesq solutions 
thus are a good approximation. 
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Chapter 7 

Mixed convection in the 
entrance section of a curved 

• p1pe 

Having investigated the effects of buoyancy forces in laminar pipe flow, it is in
teresting to consider the effects of centrifugal forces on tbe flow. In a borizontally 
curved pipe, wbich will be considered in this chapter, the centrifugal forces act 
in a plane perpendicular to the buoyancy forces, and the combined effect of both 
volume forces will he shown1. First, tbe literature found on the subject will be 
a.ddressed. Then solutions of the Boussinesq equations will be discussed, both for 
the medium air and for the medium water. Here also a comparison will be made 
between elliptic results and results obtained from tbe parabolized Navier-Stokes 
equations. 

7.1 Literature overview 

The most important studies on the subject of flow in curved pipes until 1986 
are reviewed by Berger et al. [1983] and Shah and Joshi [1987]. Purely forced 
convection bas been paid far more attention to than to mixed convection. Only 
the work of Yao and Berger (1978], Abul-Hamayel and Bell (1979], Prusa and 
Yao (1982] and Lee et al. [1985] is mentioned by Shah in which buoyancy effects 
are considered. Berger et al. [1983] point out that a good understanding of the 
entry flow in a curved pipe is of great practical importance, e.g. with respect to 
development length and with respect to tbe contribution of tbe entry flow to the 
overall pressure drop and heat transfer. Nevertheless, even for the case of forced 
convection, entry flow bas been paid relatively little attention to up to 1986. 

1 In fact centrifugal forces only act Hke volume forces and essentially they are part of inertia 
forces. 



90 Mixed convection in the entrance section of a curved 

Yao and Berger [1978] stuclied fully developed mixed convective heat transfer 
in curved pipes. The specific case considered is that of a constant temperature 
gradient in axial direction and a peripherally uniform wall temperature. The 
governing equations of motion and energy are solved by perturbations in the 
Dean-number and in the Rayleigh number Ra-r (see appendix F for its defini
tion). The unknowns - axial velocity, streamfunction and temperature are 
expanded as power series in the Rayleigh and the Dean number squared, and 
substituted in the equations. The analysis is limited to Dn .:S 15.8 and Ra-r .:S 104 

(no restrietion on Prandtl number) and thus of only small practical interest. The 
results presented, however, clearly show that the secondary vortex pair is influ
enced by both centrifugal and buoyancy forces, revealed by the direction of the 
streamlines. The secondary flow resembles the Dean and Morton type of sec
ondary flow, although the symmetry between the two vortices was found to be 
broken. 

Prusa and Yao [1982] overcame the restrictions on Dean and Grashof number 
by studying fully developed mixed convection in a horizontally curved pipe numer
ically, using finite differences. The equations were written in a streamfunction
vorticity formulation and terms of order 0(6) were dropped. Results were ob
tained for 0 ::::; Dn < 177 and 0 ::::; Gr r < 7 · 104 and Pr 1 for the case of a fixed 
axial temperature gradient and a peripherally uniform wall temperature. For the 
flow field a fixed pressure drop was prescibed. Again a secondary flow field was 
observed consisting of two vortices in all situations considered. The obtained 
results for mixed convection were compared to the case of a straight pipe with 
the same axial temperature gradient and the same axial pressure gradient. It 
was found that the secondary flow increases the friction factor up to a factor 1.5 
compared to the flow in a straight pipe. Perhaps somewhat surprisingly, the heat 
transfer rate is decreased correspondingly, which is due to a decrease in flowrate 
(since the axial temperature gradient is prescribed, the convective heat transport 
then decreases). 

Lee et al. [1985] solved the governing equations for fully developed flow and 
heat transfer in a finite difference formulation for Pr = 0.1, 1 and 10, Dn::::; 320 
and Grq" ::::; 106 (the latter limit said to be due to the validity of the Boussinesq 
approximation for gasses). They considered the case of axially uniform temper
ature gradient and peripherally uniform wall temperature. Further the flow rate 
was taken constant. Lee et al. [1985] found a higher friction factor and a higher 
heat transfer rate (compared to a corresponding straight pipe) as the Grashof 
number and the Dean number increase, the increase in heat transfer rate be
ing higher than the increase in. friction. The work of Prusa and Yao [1982] was 
criticized for the condition of fixed axial temperature and pressure gradients not 
being a practical one, yielding the impression that secondary flow deereases heat 
transfer. 
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Padmanabhan [1987] stucliedentry flow in heated curved pipes. The fluid was 
taken to enter the pipe at a constant pressure and two types of heating at the wall 
were studied: hy a constant wall temperature (case I) and hy a constant heat 
flux at the wall (case IJ). Padmanahhan divided the flow into two regions: the 
core region, where centrifugal forces are halanced hy the pressure gradient ( effects 
of viscosity and heat conduction are there neglected), and the houndary layer, 
for which the houndary layer equations are solved. The houndary layer flow is 
solved hy expanding the variables in powers of the axial distance and employing 
a numerical integration method. The analysis is limited hy Gr «: Ré12 ( which is 
not severe) and to small axial distances. Results of Nusselt numher and friction 
factor are given, which show an oscillatory hehaviour in axial direction. For 
instance, near the entrance of the pipe the maximum Nusselt numher is located 
at the inner hend, while it shifts towards the outer hend with increasing axial 
position. This oscillatory hehaviour decreases with increasing Prandtl numher. 
Further it is found that the direction of the secondary flow is dependent on the 
ratio Gr/Dn2 and remains the same at every cross-section for case I. In case II 
the direction varies with axial position. 

Akiyama et al. [1987] stuclied developing mixed convection in curved pipes 
hoth experimentally and numerically. At the entrance of the pipe a fully devel
oped velocity profile for a curved pipe was assumed and the case of a uniform 
heat flux in axial direction with a peripherically constant temperature was stud
ied. The numerical work was hased upon the paraholized Navier-Stokes and 
energy equations, which were solved hy finite differencing. A rather good agree
ment hetween flow visualization experiments and numerical results was ohtained 
for the forced convective case studied. The study of mixed convection is limited 
to Re = 300, Dn = 100 and Gr7 ~ 4 · 106 . The calculated Nusselt numhers 
showed quite a large discrepancy with the experimentally ohtained Nusselt num
hers when huoyancy effects were taken into account. For Pr 0.7 it was found 
numerically that in the case where Grr/Dn2 = 400 downstream xjd 10 the 
secondary flow is dominated hy huoyancy effects (which seemsin agreement with 
the result of Padmanabhan [1987], although the considered houndary conditions 
are different), and the flow appears to he fully developed. 

Cheng and Yuen [1987a] conducted flow visualization experiments using smoke 
injection in air to ohserve the secondary flow pattem at the outlet of a 180° 
isothermally heated curved pipe. In the case of a horizontally curved pipe, six 
secondary vortices were observed for Dn > 600, of which four vortices remain at 
Dn = 425 and three vortices at Dn = 304 and Dn = 243 for all Grashof numbers 
stuclied (Gr = 2.57 · 104 ; Gr 3.67 · 104 and Gr = 4.31 · 104 ). Forsmaller Dean 
numhers two vortices were observed. Although in general the centrifugal effect 
shows to he dominant in the stuclied cases, the dividing streamline between the 
two vortices appears to bend from the horizontal at the inner bend, as a result 
of the buoyancy effect. For smaller Dean numbers, however, the visualizations 
seem to suffer from a thermal plume rising from the outlet of the tube. 
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Quite similar to Lee et al. [1985], Futagami and Aoyama [1988] stuclied fully 
developed flow and heat transfer for the case of uniform wall heat flux and pe
ripherally uniform wall temperature numerically. Futagami and Aoyama [1988] 
present results for a larger range of Dean (limited to 8 « 1, however), Grashof 
and Prandtl numbers, to which the computed Nusselt numbers are correlated. 
The authors presented an henristic analysis to extend the correlations to the case 
of a cailed tube, and measurements with water were performed to validate the 
correlations. The experimental results agree with the predictions within 30%. 

Yang and Ebadain [1994] investigated fully developed mixed convection in a 
coil with a constant wall temperature peripherally and a constant axial heat flux. 
The governing equations were solved using a finite difference discretization for 
Re::::::: 626, Dn::::::: 200, GrT 0 and 8 · 105 and Pr = 1 and 10. The Germano 
number Gn, characterizing the pitch effect, was given the valnes 0 and ::::::: 6. For 
the case of downward flow, at Gn::::::: 6 it was observed that the upper vortex is 
somewhat enlarged compared to th:e case of Gn = 0. Furthermore it was seen that 
with downward flow in a coil in which the medium is heated, the heat transfer is 
decreased with increasing pitch (keeping the axial pressure gradient constant). 

Yang and Chang [1994] extended the results of Lee et al. [1985] and Futagami 
and Aoyama [1988] to higher curvature ratio's for 0.7 < Pr < 100, 3.2 < Dn < 
158 and 0 < GrT < 6.4 · 105, using a finite difference formulation of the fully 
developed flow. 

Further, related studies still seem to focus on the case of purely forced con
vection in curved ducts. Yang and Chang [1993], for instance, extended former 
results for the fully developed case. Acharya et al. [1993] stuclied the developing 
case and explained the oscillatory behaviour in axial direction of the peripheri
cally averaged Nusselt number (see also chapter 8). A further interesting point is 
the bifurcation to a four-vortex salution due to only centrifugal farces, similar as 
observed in the previous chapter for buoyancy forces. Nandakumar and Masliyah 
[1982] numerically found dual solutions (both the two-vortex and the four-vortex 
solution) for fully developed curved pipe flow when Dn > 113. Similar dual vor
tex structures also have been observed in the experiments of Cheng and Yuen 
[1987b], who employed smoke visualizations in air. Daskopoulos and Lenhoff 
[1989] showed that the two- and four-vortex solutions were stabie to symmetrie 
perturbations. They also found another type of four-vortex solution, which is 
unstable. Similar to the studies described in the previous chapter, Goering and 
Humphrey [1993] investigated the spatial stability of the fully developed four
vortex solution, and found it to be unstable to asymmetrie perturbations. They 
suggest that the four-vortex flow observed by Cheng and Yuen [1987b] would 
eventually evolve to a two-vortex flow. 

Notwithstanding its practical importance, there appears to he a serious lack 
of knowledge concerning mixed convection in curved pipes. Especially developing 
flow in an isothermally heated pipe needs more study. Since the major part of 
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heat transfer generally occurs in the entrance section, a good understanding of the 
developing flow and temperature fields is, besides of academie interest, of great 
practical importance. The present study aims at partially filling this gap. In 
this chapter the development of a Hagen-Poiseuille flow in a horizontally curved 
pipe during the first 90° (i.e. 11 d in a bend with {j 1/14) will be investigated. 
The pipe wallis set at a lower temperature than the inflowing medium (air and 
water will be considered, respectively). The situation is further characterized by 
Re = 500, Dn 134 and Gr = 0 - 2 · 105. 

7.2 Numerical models 

7.2.1 Elliptic computations 

The numerical model employed for the elliptic finite element computations is 
practically equal to the numerical model described in the previous chapter. The 
difference of course is that presently a curved pipe is considered. The meshes 
employed are a transformation of the meshes described in section 6.2, although 
now consisting of the full cross-section, since a symmetry condition is not appli
cable. The domain consists of a 2 d straight inflow section and a 11 d (90°) curved 
section with curvature ratio 15 = 1/14. The boundary conditions are the same 
as described in chapter 6. The results for air were obtained using a Cray Y-MP 
4/464 computer and a converged solution (i.e. the maximal normalized differ
ence in the velocity and temperature fields between two subsequent iterations 
becoming less than 10-4 ) was reached within 25 iterations, using the solution at 
a lower Grashof number as an initial guess. Each iteration took 7 minutes CPU
time. The computations for water were performed on a Silicon Grapbics Power 
Challenge (MIPS R4400 processor), taking 100 minutes CPU time per iteration. 
Since also in the present computations convergence problems were obtained for 
higher Grashof numbers, the used meshes were refined twice in axial direction 
and for Pr 5 the effect of axial refinement was investigated. U nfortunately no 
improverneut of convergence was observed, and a converged solution could not 
be obtained for Grashof numbers higher than 2 · 105 . This probably is due to 
the fact that at higher Grashof numbers the boundary layers near the pipe wall 
become thinner and then are unsufficiently resolved by the used mesh. Mesh 
refinement in cross-section therefore might be needed, but this was not feasible 
on the available computers. 

7 .2.2 Parabolic computations 

The parabolic solution procedure has been described insection 3.2.1. The bound
ary conditions per cross-section are equivalent to those prescribed for the elliptic 
computations: no-slip conditions for the velocity and a constant value for the 
temperature at the wall, varying from Tinlet = 1 at x = -0.5 d to Twall 0 at 
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x = 0.5 d (see tigure (3.1) ). Since a stream-functionjvorticity formulation is used 
to solve the velocity field, the following boundary conditions for the streamfunc
tion, the potential and the axial vorticity are prescribed at the pipe wall: 

1/J 0; aq, - O· 
8r- ' (7.1) 

The parabolk equations are discretized using 40 x 180 points in r x 0 direction. 
For the results described in this chapter 500 marching steps were employed. Mesh 
refinement to 80 x 360 points using 1000 marching steps showed a relative vari
ation in the computed Nusselt number of less than 1%. The computations were 
performed on a Silicon Grapbics Super Challenge (MIPS R4400 processor); each 
computation took approximately 2.5 hours CPU-time per computation. 

7.3 Results 

7.3.1 Results for air (Pr = 0.7) 

Description of velocity and temperature fields 

In tigure (7.1) the velocity field is shown as obtained from the elliptic computa
tions for Re = 500, Dn 134 and Pr = 0. 7 at three axial positions: x = d (at the 
left si de of the page), x 4 d and x = 8 d (at the right si de of the page) and for 
four different val u es of the Grashof number: Gr = 0, Gr 5 · 104 , Gr = 105 and 
Gr = 2 · 105 . As described in chapter 1, the relative magnitude of the buoyancy 
driven secondary flow to the magnitude of the flow driven by centrifugal effects, is 
ofthe order of ~· This ratio equals 0, 1.23, 1.81 and 2.56 for the different 

Dn (l+Pr 
Grashof values considered, respectively, and both the effects of centrifugal forces 
and buoyancy forces are thus expected to be of importance. Like in the previous 
chapters, in figure (7.1) the velocity field is visualized by isotachs for the axial 
component and by velocity veetors for the secondary components. The difference 
in velocity magnitude between the different isotachs equals 0.2 · Üax· The sealing 
of the secondary flow is such that a vector length equal to the diameter of the 
pipe corresponds to twice the average axial velocity. 

Figure (7.1:A) shows a situation in which only centrifugal effects are of impor
tance (Gr = 0). The flow shows to be symmetrie with respect to the horizontal 
plane of curvature. As explained in chapter 1, the centrifugal force is stronger 
where the axial velocity is higher, and thus the medium in the core of the tube 
is forced to flow to the outer bend. As a result two symmetrie secondary Dean 
vortices emerge, which already are clearly visible at axial position x d. The net 
volume flow towards the outer bend ( defined as the cross-section surface integral 
of the horizontal component of the secondary flow) bere is equal to 3. 72% of the 
axial volume flow, indicating that the flow from the outer to the inner bend along 
the tube wall is weaker than the flow through the core. Further downstream, the 
strong ontward flow bonnces against the outer wall and returns along the upper 
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Outer 
bend 

Figure 7.1: Cross-section at x = d {left), x 4 d and at x 8 d (right) for 
Re = 500, Dn = 134, Pr 0.7. A: Gr 0; B: Gr = 5 · 10\ C: Gr = 105; 

D: Gr 2 · 105 ; elliptically computed isotachs and secondary velocity veetors 
(a vector length equal to the radius of the pipe corresponds to the mean axial 
velocity). 
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Outer 

Figure 7.2: Cross-s eetion at x d (lejt), x = 4 d and at x = 8 d (right) for 
Re 500, Dn 134, Pr = 0.7. A: Gr = 0; B: Gr = 5 ·104 ; C: Gr = 105 ; D: 
Gr = 2 · 105; elliptically computed isotherms. 
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and lower wall. At x = 4 d, the secondary flow along the tube wall has markedly 
increased, whereas the secondary flow through the core has decreased. This is 
because in the core region the axial velocity is decreased and thus the centrifugal 
forces are smaller. The net outward volume flow equals -0.75% of the axial flow, 
indicating that there is stronger flow towards the inner bend than to the outer 
bend. At x 8 d, the relative net outward flow equals -0.09%, and in the fully 
developed situation it will become zero. At x = 8 d the secondary flow shows 
to be much weaker than at the positions shown previously (see also figure (7.6) 
where the relative magnitude of the secondary flow is shown). Soh and Berger 
[1984] also reported a local maximum intensity of the secondary flow in forced 
curved pipe flow. They numerically solved developing plug flow and found that 
for Re= 484 a maximum intensity was reached at about x = 3.4d forti 1/7, 
and at about x = 6 d for ti = 1/20. 

The isotachs reveal that at x d the maximum in the axial velocity is slightly 
shifted towards the outer bend. Further downstream, at x = 4 d, this maximum 
is located near the outer bend. The maximal axial velocity is decreased from 
2 · Uax at the entrance of the tube, to 1.92 · Uax· At x 8 d the maximal axial 
velocity is further decreased to 1. 71 · îiax. Similar to the observations described 
in the previous chapter (figure (6.2)), the isotachs show a change from a o-shape 
to a ;:) -shape, which is a reileetion of the convective transport by the secondary 
flow: towards the outer bend in the core of the tube and towards the inner bend 
near the upper and lower regions of the tube. Similar phenomena are observed 
in the studies of Rindt [1989], Akiyama et al. [1987] and Patankar et al. [1974], 
amongst others. 

The figures (7.l:B-D) show how the velocity field is affected by increasing 
buoyancy effects. The medium is cooled at the tube wall and thus experiences a 
force downwarcis near the wall. In the previous chapter is has been shown that 
this may result in symmetrie Morton vortices in a straight tube. In figure (7.1:B
D) it is seen, however, that due to the interaction of buoyancy and centrifugal 
forces, the flow loses all symmetry. From the direction of the secondary flow 
it eau be derived that the centrifugal effects are dominant over the buoyancy 
effects near the entrance of the curved pipe (at x d). This is due to the fact 
that centrifugal forces are present from the beginning of the bend, whereas a 
temperature boundary layer first has to grow to give rise to buoyancy forces (as 
has been seen in the previous chapters). The orientation of the secondary flow 
at x d, however, changes from Dean type towards Morton type with increasing 
Grashof number, and for Gr = 2 ·105 centrifugal and buoyancy effects seem to be 
almost equally important. Here the contours of the axial velocity are markedly 
shifted upwards, in the direction of the secondary flow. 

At x = 4 d buoyancy effects have become more pronounced. A complex 
secondary flow has developed, consisting of two asymmetrie longitudinal vortices. 
In general, the direction of the secondary flow in the core region is outwarcis where 
the axial velocity (and thus the centrifugal force) is high, and is upwards where 
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the axial velocity is low (where buoyancy forces take over). Although the pattem 
of the flow changes severely with increasing Grashof number, it is noteworthy that 
the strength of the secondary flow hardly changes. This again will he addressed 
to later. The axial isotachs show how the medium in the tube is conveyed by 
the secondary flow. The 0 -shape observed in figure (7.1:A) has rotated towards 
a 0 -shape, but is no longer symmetrie. The maximal axial velocity remains 
positioned near the outer bend and is only slightly moved upwa.rd. This reflects 
the fact tha.t the centrifugal forces are strong where the axial velocity is high. 

Further downstream, at x = 8 d, the magnitude of the secondary flow has 
become smaller, similarly as observed for Gr 0 (figure (7.1:A)). Compared to 
x = 4 d, buoyancy effects seem to have decreased, due to the decrease in bulk 
temperature: In the fully developed situation buoyancy effects are present no 
longer, and the motion will he a purely Dean-type flow. 

In figure (7.2) the development of the temperature field is visualized by con
tours of equal temperature. The difference between the successive isotherms is 
0.1, where the temperature at the wallis equal to 0. At x d, the temperature 
field still is almost axially symmetrie. A tempera.ture boundary layer has been 
built up by conduction of heat from the medium to the wall, almost similar to 
the axisymmetric forced convective Graetz problem. Secondary convective effects 
show to have been of minor importance, although in figure (7.2:D) convection has 
caused the temperature boundary layer to grow at the lower side of the pipe, and 
to become thinner at the upper side. Further downstream secondary convective 
effects have become far more important. There is a great similarity between the 
axial velocity field and the temperature field, indicating that convective effects 
approximately are equally important for the velocity and temperature field (for 
Pr ~ 1 ). At x = 8 d the maximal temperature of the medium in the pipe is less 
than 0.8 é:J.T, and the medium has already lost much of its heat in the first 65° 
of the bend, as will be seen later. 

Comparison between elliptic and parabalie results 

In this section a comparison will be made between the elliptic results described 
above and the parabalie results for Gr = 105 shown in figure (7.3). Perhaps it 
is appropriate to summarize the fundamental differences between the elliptic and 
parabalie approaches first. 

The elliptic approach is based on the full Navier-Stokes and energy equa
tions, given in chapter 2. These equations are essentially elliptic, and thus on 
every boundary of the considered computational domain conditions have to be 
prescribed for the velocity and temperature [Hirsch, 1988]. Unfortunately, the 
outflow boundary conditions are in general unknown, and thus physically in
correct boundary conditions have to be prescribed (see chapter 5). Since the 
behaviour of the flow upstream may influence the flow downstream, the veloc
ity and temperature fields have to be computed by solving the equations on the 
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Figure 7.3: Cross-section at x = d {left), x = 4 d and at x 8 d (right} for 
Re= 500, Dn = 134, Pr = 0.7, Gr = 105 . A: parabolically computed velocity 
field; B: parabolically computed temperature field. 
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whole 3D domain, which requires much computer power. 
The parabolle approach neglects diffusion effects in axial direction. In gen

eral axial convective effects are more important than axial diffusive effects in 
the situations considered, but locally (for instanee near the tube wall, where the 
axial velocity is small), axial diffusion may be of importance. A further feature 
of the parabolic approach is the inconsistent treatment of the pressure, the ax
ial pressure gradient being decoupled from the cross-sectional pressure gradient. 
This treatment causes the governing equations to become parabolic in axial direc
tion. Information of the flow downstream is not present, and the equations can 
he solved using a marching technique, treating each 2D cross-section separately. · 
Using this approach. interesting topics such as the transition route to turbulence 
or phenomena with recirculation zonescan thus not be studied. Since 'only' a 
large number of 2D problems have to he treated, the computer power needed is 
relatively modest. 

By comparing figure (7.3:A) and figure (7.3:B) to figure (7.1:C) and fig
ure (7.2:C), it is seen that the features of the velocity and temperature fields 
are the same for the elliptic and parabolic computations. The direction and the 
magnitude of the local secondary flow are practically the same at each position 
in the cross-sections. Also the shapes of the isotachs and isotherms show a great 
similarity, although the parabolk results possess a higher maximal axial velocity 
than the elliptic results. At x d the maximal axial velocity is 1% higher, at 
x = 4 d it is 5% higher and at x 8 d almost 6%. Close observation further re
veals that the branches of the 0 -shaped contours are slightly smaller than in the 
elliptic results. These small differences are also observed for the other Grashof 
numbers considered. They may be attributed to the slightly higher secondary 
flow in the elliptic case (as will he seen). However, it may be concluded that the 
parabalie procedure is able to give a good prediction of the physics of the flow 
considered. 

In this section, in the further discussion of the flow and heat transfer param
eters connected to the physkal situation, the parabalie results will be presented .. 
The elliptic results are presented by in Sillekens et al. [1994a]. The differences 
between the elliptic and parabolk computations might be due to the approxima
tions made in the parabolk computations, but may also he due to small errors in 
the elliptic results. As mentioned previously, substantial mesh refinement studies 
for the elliptic computations could not be performed, unfortunately. Especially 
the cross-section discretization for the elliptic computations, however, should be 
refined in order to make a well-founded statement on the accuracy of the elliptk 
computations. Further the parabalie prodecure does not suffer from physically 
incorrect outflow boundary conditions. The relative differences between the el
liptic and parabolic results for the case Gr = 105 in termsof the Nusselt number 
and K-number amount to maximal6% and 4%, where the Nusselt and K-number 
reach their respective local maxima, while the shapes of the curves are the same. 
The relative difference in bulk temperature amounts to maximal 4% near the 
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entrance of the curved pipe and is less than 1% at the end of the 90° bend. 

Flow and heat transfer parameters 

Axial position x/ d 

Figure 7.4: Nusselt number for Re= 500, Dn 134, Pr = 0.7 and for various 
Grashof numbers: -· (I): Gr = 0; ---: Gr = 5 · 104; -: Gr = 105; (IV); Gr 
2 · 105 . As a reference also the Nusselt number for developing forced convection 
is plotted as the dotted line 0 [Shah, 1987]. 

The heat transfer rate from the medium to the pipe wallis shown in figure (7.4) in 
terms of the peripherally averaged Nusselt number. This figure shows an initial 
decrease of the Nusselt number towards a value of about 8 near x d, like 
observed in figure (6.3). In this part of the tube the secondary flow does not yet 
influence the temperature boundary layer at the wall (as shown in figure (7.2)), 
and the heat transfer characteristic is similar to the forced convective case. From 
x = d the secondary flow starts to influence the temperature boundary layer 
and cooled medium is transported from the wall to the core of the tube, where 
it cools the core region. The relatively warm air from the core region on its 
turn is transported to the tube wall. As explained in the previous chapters, 
this mechanism increases the heat transfer from the medium to the wall and 
thus the Nusselt number increases. It bas been observed in figure (7.1) that at 
x = 4 d a strong secondary flow is present near the tube wall. The relatively 
st rong convective transport of warm air by this flow explains the local maximum 
in the N usselt number around x = 4 d, which is observed for all Grashof numbers 
considered. At higher Grashof number this local maximum occurs somewhat 
sooner, showing that buoyancy forces become more important and that a stronger 
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secondary flow near the wall develops. The differences for Grashof numbers 
smaller than 105 are minor, however, although it was seen in figure (7.1:B) that 
buoyancy forces do change the velocity field substantially for Gr = 5 · 104 . 

0 2 4 6 8 10 

Axial position x/ d 

Figure 7.5: Dimensionless bulk temperature for Re= 500, Dn = 134, Pr = 0.7 
and for various Grashof numbers: -· (I): Gr = Oi ---: Gr = 5 · 104 i -: Gr = 105 i 
--- (IV): Gr = 2 · 105 . As a reference also the bulk temperature number for 
developing forced convection is plotted as the dotted line 0 {Shah, 1987}. 

The development of the dimensionless bulk temperature in axial direction 
is given in figure (7.5). In figure (7.5) also the bulk temperature for forced 
convection ( Gr = 0) in a straight tube (Dn = 0) is plotted as a dotted line 
(0). The influence of buoyancy effects in the curved pipe flow again seems to 
be relatively small since the difference in bulk temperature between Gr = 0 and 
Gr = 2 · 105 remains modest, while the difference in bulk temperature between 
the forced convective straight tube flow (0) and the forced convective curved tube 
flow (I) is considerable. The air flowing in the curved bend has already lost most 
of its heat (up to almost 70%) after 11 d, whereas in the Graetz problem (curve 
0) the thermal energy content still is more than 50% at 11 d. On the other hand, 
looking back to figure (6.4) it is remarked that the total heat transfer in the 
first 11 d for the case Gr = 2 · 105 in a straight tube is only slightly less than 
in the present case, where also centrifugal effects are present. It could thus also 
be concluded that centrifugal effects in this region are of minor importance for 
Gr = 2 ·105 . In fact, as has been seen from figure (7.1:B-D) both centrifugal and 
buoyancy forces have their influence on the flow. 

Figure (7.6) shows the development in axial direction of the magnitude of the 
secondary flow in terms ofthe relative kinetic energy K, defined by equation (5.1). 
As was probably to be expected, the K-number does only show a modest increase 



7.3 Results 103 

Axial position x/ d 

Figure 7.6: Relative kinetic energy for Re 500, Dn 134, Pr = 0.7 and for 
various Grashof numbers: -· (I): Gr = 0; ---: Gr = 5 · 104 ; - (III): Gr 105 ; 

(IV): Gr = 2 ·105 . 

with increasing Grashof number, although the increase for Gr = 2 ·105 compared 
to Gr = 0 is quite substantial. The shape of the different curves is similar in 
the sense that the K-number gradually increases from zerotoa local maximum 
around x = 3 d and then decreases to a local minimum around x = 7 d. As seen in 
figure (7.1:A), the secondary flow starts to grow from the core region, where the 
centrifugal forces are high (see x = d), gains momentum, and is then decreased 
by viscous effects when it flows along the wall (see x 4d). In the meantime, 
the secondary flow has conveyed the maximal axial velocity towards the outer 
wall, where viscous effects are more important. Since also the maximum value 
of the axial flow has decreased, centrifugal effects are less important than in the 
first part of the bend, and the K-number will finally stabilize at a value of 0.0049 
(see chapter 8). 

In figure (7.7) the development of the Fanning friction factor multiplied by 
the Reynolds number f ·Re is shown. The Fanning friction factor again is defined 
by equations (6.3) and (6.4). At x= 0, the factor f ·Re is equal to 16, the value 
for fully developed Hagen-Poiseuille flow, which is prescribed at the entrance 
of the pipe. Since the medium in the pipe is transported towards the outer 
bend by the secondary flow, the velocity gradient perpendicular to the tube wall 
there increases. This results in an increase in friction to a maximum just before 
x = 5 d. The exact position and value of this maximum is slightly dependent on 
the magnitude of the Grashof number, and only for Gr = 2 · 105 a significant 
increase in the Fanning friction is observed. Further upstream the maximal axial 
velocity decreases, and consequently the large velocity gradient at the outer bend 
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Axial position x/ d 

Figure 7. 7: Fanning friction factor for Re 500, Dn = 134, Pr 0.7 and for 
various Grashof numbers: -· (I): Gr 0; ---: Gr 5 · 10\ - (III): Gr 105 ; --

(IV): Gr = 2 ·105• 

decreases, leading to a deercase in friction. The computations described in the 
next chapter reveal that the Fanning friction factor will finally stabilize at a value 
of f ·Re= 25.78. This value is in good agreement with the value 25.64, which is 
found using Van Dyke's correlation f ·Re 7.54176Dn114 (valid for 20 < Dn < 
200) and with the value 25.94, which is found using the correlation proposed 
by Liu and Masliyah f ·Re = 16 + (1.4528 v'D1ï- 3.2)/(1 + 49/ Dn) (valid for 
5 ~ Dn ~ 5000. Van Dyke [1978] established his correlation by extending Dean's 
series solution for fully developed froced curved pipe flow. Liu and Masliyah 
[1993] correlated a large set of numerically obtained data for fully developed flow 
in a coil, with maximal 2% deviation. 

7.3.2 Results for water (Pr = 5.0) 

Description of temperature and velocity fields 

In figure (7.8) the veloeity field is shown as obtained from the elliptic computa
tions for Re 500 and Pr = 5 (water) at three axial positions: x = d (at the left 
si de of the page), x 4 d and x = 8 d (at the right si de of the page), again for 
the following valnes of the Grashof number: Gr 0, Gr = 5 · 104 , Gr 105 and 
Gr = 2 · 105 . For the different Grashof val u es considered, the relative magnitude 
of the buoyancy driven secondary flow to the magnitude of the flow driven by 
centrifugal effects, is approximately equal to 0, 0.68, 0.96 and 1.36, respectively, 
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Figure 7.8: Cross-section at x = d (lejt), x = 4 d and at x = 8 d (right) for 
Re = 500, Dn = 134, Pr = 5. A: Gr = 0; B: Gr = 5 · 104 ; C : Gr = 1 · 105 ; 

D: Gr = 2 · 105 ; elliptically computed isotachs and secondary velocity veetors 
(a vector length equal to the radius of the pipe corresponds to the mean axial 
velocity). 
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Outer 
bend 

Figure 10 9: Cross-section at x = d (left), x = 4 d and at x = 8 d (right) for 
Re= 500, Dn = 134, Fr= 50 A: Gr = 0; B: Gr = 5 ° 104 ; C: Gr = 1 ° 105 ; D: 
Gr = 2 ° 105 ; elliptically computed isothermso 
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and both the effects of centrifugal forces and buoyancy forces thus are expected 
to be of importance. The velocity field is again visualized by isotachs for the axial 
component and by velocity veetors for the secondary components. The difference 
in velocity magnitude between the different isotachs equals 0.1· Üax· The sealing 
of the secondary flow is such that a vector length equal to the diameter of the 
pipe corresponds to twice the average axial velocity. 

The reader might have noticed that figure (7.8:A) is equal to figure (7.1:A). 
When buoyancy effects do not play a role (Gr 0), the only difference between 
the physical situation considered in this section and the physics described in 
section 7.3.1 is the Prandtl number of the medium. As has been seen in chapter 2, 
the Prandtl number only occurs in the energy equation, and since for Gr 0 
the temperature field does not influence the velocity field, the curved pipe flow 
is the same. However, it will be shown later that the temperature field for water 
(Pr 5) is different than for the case of air (Pr = 0.7). 

In figures (7.8:B-D) it is seen how buoyancy effects change the velocity field. 
Reeall that the medium is cooled at the wall, and that due to the resulting 
lower density there, the medium experiences a downward force near the wal!. 
Consequently, in the core region the medium flows upwards. This phenomenon is 
observed at x = d, although here centrifugal effects are dominant. Gomparing the 
results for Pr = 5 to the results for Pr 0.7 (figure (7.1)), it is seen that for air 
buoyancy effects in some degree have a greater impact on the flow at x = d than 
for water. Although also for Pr = 0. 7 centrifugal effects are the most important, 
for Gr 2 ·105 the secondary flow is noticeably stronger than for Pr 5 with the 
same Grashof number, and also the upward shift of the axial velocity maximum 
is larger for air than for water. As we will see, the temperature boundary layer is 
about twice as small for water than for air and thus the layer in which buoyancy 
effects are active is smaller and the Morton type of flow for Pr = 5 is so to say 
more retained by viscous effects at the wall. 

At x 4 d, the flow field for water does not differ very much from the case 
of air. The largest differences are seen again for Gr 2 · 105 • The downward 
secondary flow at the left side of the tube is in a thinner layer for water than 
for air, and the left vortex as a whole seems to have decreased in magnitude. 
This also has its reflection in the axial velocity field, in which one observes that 
the isotachs are 'less 0 -shaped' for water than for air. These differences can be 
attributed to the stronger viscous effects in water. 

At x = 8 d some remarkable differences are visible in the velocity fields for 
water compared to air. The most înteresting of these differences is the occurrence 
of a third vortex near the center of the tube for water. This vortex is seen for all 
Grashof numbers considered except for Gr = 0. Insection 7.1 it was mentioned 
that a three-vortex solution was found experimentally in air by Cheng and Yuen 
[1987a], but as far as known it has never been reported for the case of water. 
From the experiments it was found that for air the third vortex is located near the 
outer bend and is attributed to a centrifugal instability. The presently observed 
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third vortex probably is driven by shear effects of the lower right vortex. In 
figure (7.8:A) it is seen that at x = 8 d in the central region an area with very 
small secondary veloeities exists for Gr = 0. Due to the establishment of Morton 
type flow, the lower vortex becomes stronger and affects the central region. The 
third vortex also shows its influence on the axial velocity field. The characteristic 
0 -shape in the isotachs observed for air is severely deteriorated by the third 
vortex, an effect which is stronger with increasing Grashof number. At x = 8 d 
buoyancy effects seem to be stronger for Pr = 5 than for Pr = 0.7. In the latter 
case the medium at this position is already substantially cooled, whereas for 
Pr = 5 the medium still contains more than 75% of its heat, as will be discussed 
later, and temperature differences between the tube wall and the medium are 
larger. 

The development of the temperature field is visualized by contours of equal 
temperature in figure (7.9). The difference between the successive isotherms 
is 0.1, where the temperature at the wall is equal to 0, and the medium at 
inflow has temperature 1. Similar as for air, at x = d an almost axisymmetric 
temperature boundary layer is seen. However, for water the boundary layer is 
about twice as thin, which, as explained in section 6.3.2, is due to the lower 
thermal diffusivity of water. At x = 4 d, the cooled medium near the tube wall is 
conveyed towards the inner bend for Gr = 0, and merely towards the lower pipe 
region for Gr 2 · 105 • The cooler medium just starts to penetrate the core of 
the tube, which is a situation considerably different from the case of air, where 
the whole cross-section shows to be filled by cooled air at x = 4d. Since the 
cooled water near the outerbendis continuously removed by the secondary flow, 
the temperature boundary layer there is prohibited to grow, and even shows to 
become thinner compared to x = d. At x = 8 d, the heated medium is conveyed 
further through the core of the pipe. For Gr 0 the isotherms depiet a beautiful 
0 . At the higher Grashof numbers the vertical orientation of the secondary flow 
is recognized in the isotherms. For Gr = 2 ·105 the effect of the third longitudinal 
vortex in the core is reflected by the dip in the isotherms. lt may be expected 
that even at x 8 d, the water in the tube still contains most of its heat since a 
large part of the core region seems to be unaffected by the cooled secondary flow. 

Preliminary time dependent computations 

In order to check whether or not the physical situation investigated in this sec
tion could indeed be described by the stationary equations, for Gr = 105 the 
time dependent Navier-Stokes and energy equations were solved using a Cranck
Nicholson scheme for the discretization of the time derivatives. The steady so
lution was perturbed at the first time step by increasing the Grashof number 
momentarily to Gr = 106 . The time step was chosen such that the Bruut-Väisälä 
time scale was resolved by 30 time steps. The dimensionless Bruut-Väisälä time 
scale is given by OBv ~~ · ~' and the corresponding Brunt-Väisälä frequency 
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!Bv is equal to 1/BBV· The Brunt-Väisälä frequency is an indication (in fact 
it is an overestimation [Turner, 1973]) of the characteristic frequency of gravity 
waves which might occur in the flow. lt can be expected that if buoyancy farces 
give rise to time dependency of the flow, the Brunt-V äisälä frequency wil! be the 
mode to be resolved (see also Opstelten [1994], who experimentally found a first 
bifurcation to an unsteady air flow in a differentially heated cavity at C r ::::::: 5 ·107 

with a frequency of 0.15 · !Bv ). The first results, however, show that a develop
ment in time towards the steady solution presented t akes place within 2 · () BV, 
and hence with some caution it may thus be concluded that the flow described in 
this chapter is indeed steady. It must be emphasized that these time-dependent 
computations are very expensive. Each time step took about 30 min. CPU-time 
on a Cray Y-MP 4/464. For an adequate analysis of a time-dependency of the 
flow, a substantial larger number of time steps might be required. 

Comparison between elliptic and parabalie results 

Figure 7./0: Cross-section at x = d (lejt), x = 4 d and at x = 8 d (right) for 
Re = 500, Dn = 134, Pr = 5, Gr = 105 . A: parabolically computed velocity 
field; B : parabolically computed temperature field. 

In figure (7.10) the parabolically computed velocity and temperature fields are 
shown for wat er at Gr = 105 . A great similarity between t he elliptically computed 
results and the parabalie results is noticed. In the velocity field at x = 8 d even 
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a subtie phenomenon as the third vortex is present. In the temperature field 
some differences can be observed, but these are most likely due to interpolation 
errors produced in the postprocessing of the results rather than to differences in 
the solution. The stream of caoled water ftowing into the core of the pipe shows 
to be approximately equal, and thus the differences in heat transfer between the 
elliptic and parabalie results are expected to be small. 

Again the parabalie results will be presented in the next section, wereas the 
elliptic results are presented by Sillekens et al. [1994b]. The relative differences 
between the elliptic and parabalie results for the case Gr = 105 in terms of the 
Nusselt number and K-number amount to maximal 6% and 10%, respectively, 
where the Nusselt and K-number reach their local maxima. The relative differ
ence in bulk temperature remains less than 1%. 

Flow and heat transfer parameters 

10 . . . 

· .. ... •.. ··... ... 0 

Axial position xjd 

Figure 7.11: Nusselt number for Re = 500, Dn = 134, P r = 5 and for various 
Grashof numbers: -· (I): Gr = 0; ---: Gr = 5 · 10\ -: Gr = 105 ; --- (IV) : Gr = 
2 · 105 . As a reference also the Nusselt number for developing forced convection 
is plotted as the dotted line 0 (Shah, 1987]. 

The axial evaJution of the Nusselt number for Pr = 5 is given by figure (7.11), 
and exhibits a similar shape as the Nusselt number evolution for P r = 0.7 (fig
ure (7.4)). A high Nusselt number at the entrance, where a thermal boundary 
layer is growing, a local minimum at about x = 1.5 d, where convective effect of 
the secondary flow start to play a role, and local maximum at a bout x = 4 d, 
where the thermal boundary layer is largely influenced by t he strong secondary 
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flow near the wall. The magnitude of the Nusselt number compared to the case of 
air shows to he roughly twice as high, due to the thinner temperature boundary 
layer for water. Further it is seen that also for water buoyancy effects start to 
have a substantial effect on the Nusselt number for Gr = 2 · 105 . 

Figure 7.12: Dimensionless bulk temperature for Re 
and for various Grashof numbers: I: Gr = 0; 11: Gr 
Gr 2 ·105 • 

500, Dn = 134, Pr = 5 
5 · 10\ III: Gr 10\ IV: 

In figure (7.12) the dimensionless bulk temperature is displayed for the con
sidered case of cooled water in a curved pipe. Initially the dotted curve 0 for 
forced convection in a straight pipe is followed. At about x = 2 d the curved pipe 
lines I-IV start to deviate from line 0, due to the manifestation of the secondary 
flow. The water loses its thermal energy more readily in a curved bend than 
in a straight tube (compare curve I to curve IV), and also buoyancy effects on 
their turn show to encourage heat transfer (compare curve IV to curve I). By 
comparing figure (7.12) and figure (6.13) for the case Gr = 2 · 105 , it is seen that 
the total amount of heat transferred at the end of the pipe is approximately equal 
for the curved and straight pipe situations. Also for the case of water, buoyancy 
driven convection then seems to be the major heat transfer mechanism. By com
paring figure (7.12) to figure (7.5), which show the bulk temperature for air, it 
is seen that water still contains most of its thermal energy after the first 90° of 
the bend. This is due to the relative thin thermal boundary layer for water, as 
pointed out before2 . It should be kept in mind, however, that the gain in heat 

2This also can be explained as follows. From an approximate energy balance it can be 
deduced that Tb(x)::::: exp( -1rNu., · x/(Re Pr)), where Nu., is the average Nusselt numberfrom 
the entrance of the bend to x. In the entrance section a first-order Taylor series expansion is 
a good approximation: T& (x) ::::: 1 ( 1r Nu., · x)/ (Re Pr). From this equation it is seen that 
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transfer compared to the Graetz problem (curve 0) is considerable. 

Axial position x/ d 

Figure 7.13: Relative kinetic energy for Re = 500, Dn 134, Pr = 5 and 
for variaus Grashof numbers: I: Gr = 0; II: Gr 5 · 104 ; UI: Gr = 105 ; IV: 
Gr 2 ·105 . 

In tigure (7.13) it is seen that the relative kinetic energy of the secondary 
flow grows from zero at the entrance of the bend to a local maximum at about 
x = 3 d, and then decays to a local minimum at about x 7.5 d. This local 
minimum is not found for Gr 2:: 105, where the secondary flow is stronger due 
to the effect of buoyancy. By camparing tigure (7.13) to tigure (7.6) it is found 
that buoyancy forces for water only show a minor influence on the magnitude 
of the secondary flow up to 5 d, whereas for air buoyancy effects show their 
presence almost from the beginning of the bend. This can be attributed to the 
slower growth of the thermal boundary layer in water and a correspondingly later 
manifestation of buoyancy effects. Surprisingly for water the maximal magnitude 
of the secondary flow shows to be smaller for Gr 2 · 105 than for lower Grashof 
numbers. A probable explanation for this effect lies in to the convective transport 
by the buoyant secondary flow, by which the location of the maximum in the axial 
velocity for Gr = 2·105 up to x 3 dis shifted upward. Due to this effect, viscous 
effects become more important, and thus the secondary flow is decreased slightly 
compared to the case of Gr = 0. It should be emphasized, however, that these 
effects are very subtle, resulting from nonlinear interactions of buoyancy and 
centrifugal forces. 

Finally, in tigure (7.14) the Fanning friction factor for the flow considered is 

although the Nusselt number for water is about twice as high a.s for air, the decrease in bulk 
temperature intheentrance sectien for water is about 2/7 times a.s large a.s the decrease for air, 
since the Prandtl number of water is about 7 times larger. 
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Axial position x/ d 

Figure 1.14: Fanning friction factor for Re = 500, Dn = 134, Pr = 5 and 
for various Grashof numbers: I: Gr = 0; II: Gr 5 · 104 ; III: Gr = 105; IV: 
Gr 2 ·105 . 

plotted. The influence of buoyancy on the friction in the curved pipe is mini
mal, but a slight increase in friction is observed with increasing Grashof number. 
Oomparing these results to results for air, as presented in figure (7.7), it is seen 
that buoyancy forces for air are more pronounced than for water, in agreement 
with what has been mentioned before. 

Summarizing the results obtained for flow in a 90° curved bend subject to 
buoyancy forces ( VGr/ Dn 1.7, 2.4 and 3.3), it can he stated that both cen
trifugal and buoyancy effects show their influence on the velocity and temperature 
fields, both for the medium air and water. The resulting secondary flow consisted 
of two longitudinal vortices, which, in general terms, transformed from a Dean
type flow near the entrance of the bend, to a more or less Morton type flow at 
the half of the bend when buoyancy effects are present. A major difference to 
the Dean and Morton flow, is that the present flow is no longer symmetrie. In 
water further downstream even a third longitudinal vortex is found. 

The fact that both centrifugal and buoyancy effects are noticeable was to 
he expected, since the approximate ratio of secondary flow due to centrifugal 
and buoyancy forces was known to he of order 1. On the other hand, it was 
not entirely expected that the rate of heat transfer, or the friction experienced 
by the flow, was practically only influenced by the most dominant volume force 
present. For a Dean number of 134, buoyancy forces became more dominant than 
centrifugal forces for Gr = 2 · 105 . 
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The parabolized Navier-Stokes and energy equations showed to be able to 
predict the axial flow evolution quite accurately. Since the parabolic code only 
requires modest computer capacities, it has the capability to become an efficient 
engineering tooi. A disadvantage of parabolizing the equations is that interest
ing topics such as the possible occurrence of recirculation zones in the flow, or 
transition to turbulence cannot be studied. 



Chapter 8 

Developing mixed convection 
in a coiled heat exchanger 

In the previous chapter it has been shown that a large part of heat transfer from 
the medium to the duet wall occurs in the first part of the duet, which emphasizes 
the importance of knowledge of entry flow. For the case of water, however, the 
major part of the heat contents of the flow still has to be transferred, and in 
practice a heat exchanger should be longer than the entry part considered before. 
In this chapter the total development of the flow in a coiled pipe with small pitch 
will be considered. It bas been mentioned in chapter 1 that when the pitch is 
sufficiently small, pitch effects can be neglected [Wang, 1981]. Since this is the 
case in many practical coiled heat exchangers, only the case of zero pitch will be 
treated bere. 

In the first section of this chapter the development of an isothermally cooled 
water flow will be considered. Referring to the Solar Dornestic Hot Water System 
(SDHWS) described in the first chapter (figure (1.1)), this situation corresponds 
to a fully unloaded system: the rnains water in the storage vessel is uniformly 
at a lower temperature than the water entering the coiled heat exchanger. In 
section 8.2 a situation will bedescribed in which the water in the vessel is linearly 
stratified. The dimensionless wall temperature of the coil is then varied linearly 
with axial position from 1 at the entrance to 0 at an axial posit.ion of x = 
240d, corresponding to a typkal coillength in a SDHWS [Van Berkel, 1991]. 
This situation may occur during operation of the system. Furthermore, thermal 
stratification of the water in the vessel is likely to occur during the night time, 
when there is no flow through the collector. 

8.1 Flow development in an isothermally caoled coil 

In this section the development of isothermally cooled water flow in a coiled 
pipe will be analysed. The charaderistic dimensionless variables are Re = 500, 
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Dn = 134, Pr 5 and Gr = 0 106 , valnes related to the flow in a SDHWS. 
The results are obtained by solving the parabolized Navier-Stokes and energy 
equations, as described insection 3.2.1. In the previous chapter it was shown that 
the parabalie procedure was able to give a good prediction of the flow in a cooled 
bend, whereas an elliptic computation of the flow in a complete coil is presently 
not feasible. The employed discretization is camparabie to the discretization used 
in obtaining the results presented in the previous chapter: 40 x 180 points in r x f) 
direction. Further 7500 marching steps were employed to resolve an axial domain 
of 200 d. The axial discretization was refined 5 times near the entrance of the coil. 
With this procedure an accurate salution is obtained for the Graetz problem at 
Re= 500 and Pr = 5. The relative difference in the computed Nusselt number or 
bulk temperature with the salution given by Shah and London [1978] is maximal 
3%, at x = 200 d, which again is an indication that the metbod is quite accurate. 

8.1.1 Description of velocity and temperature fields 

In figure (8.1) the velocity field is shown for Re = 500, Dn = 134 and Pr = 5 
at three axial positions: x = 20 d (at the left side of the page), x = 50 d and 
x = lOOd (at the right side of the page) and for four different valnes of the 
Grashof number: Gr = 0, Gr = 105, Gr = 5 · 105 and Gr = 106 . In principle 
the results for Gr = 0 and for Gr = 105 represent the further development of the 
results given in section 7.3.2. Like in that section, the velocity field is visualized 
by isotachs for the axial component and by velocity veetors for the secondary 
components. The difference in velocity magnitude between the different isotachs 
equals 0.2 · üax. Again, the sealing of the secondary flow is such that a vector 
length equal to the diameter of the pipe corresponds to twice the average axial 
velocity. 

Figures (8.1:A) indicate that the velocity field for forced flow ( Gr = 0) in 
a coiled pipe is almost fully developed at x = 20 d, since there are only minor 
changes compared to x 50 dor to x = 100 d. The velocity field is characterized 
by two longitudinal Dean-type vortices and the axial velocity contours show the 
familiar 0 -shape. Referring back to x = 8 d in figure (7.8:A), it is seen that at 
x = 20 d the magnitude of the secondary flow has somewhat increased compared 
to x = 8 d. This was already indicated by the growth in the relative kinetic 
energy K from x = 8 d, seen in figure (7.13). 

The results obtained at higher Grashof numbers show how buoyancy effects 
take over from centrifugal effects at x 20 d, and decrease with increasing ax
ial position, since buoyancy forces diminish due to the cooling of the fluid (as 
also will he seen in figure (8.11)). In general the flow consistsof two longitudi
nal vortices, but the orientation of these vortices differs substantially from case 
to case. The three-vortex flow observed at x = 8 d in the case of Gr = 105 

( figure (7.8:C)) bas ceased to exist at x 20 d. Further downstream this flow 
develops to Dean-type flow, although the influence of buoyancy is visible even at 
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Figure 8.1: Cross-section at x = 20 d (lejt), x = 50 d and at x = 100 d (right) 
in an isothermally caoled coil for R e = 500, Dn = 134, Pr = 5. A: Gr = 0; 
B: Gr = 105 ; C: Gr = 5 · 105 ; D: Gr = 106 ; computed isotachs and secondary 
velocity veetors (a vector length equal to the radius of the pipe corresponds to the 
mean axial velocity). 
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Developing mixed convection in a coiled heat exchanger 

Figure 8.2: Cross-section at x = 20 d (left), x = 50 d and at x = 100 d (right} in 
an isothermally caoled coil for R e = 500, Dn = 134, Pr = 5. A: Cr = 0; B : 
Cr = 105 ; C: Cr = 5 · 105 ; D: Cr = 106 ; computed isotherms}. 
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x = 100 d. At higher Grashof numbers buoyancy effects are far more pronounced. 
At x = 20 d the axial velocity field possesses a maximum at the up per side of 
the pipe for Gr = 5 · 105 and for Gr = 106 . The influence of centrifugal effects 
are minimized due to the location of the maximal axial velocity sirree Dean-type 
flow is bounded by the tube wall. Furthermore, the major part of the medium 
in the tube is now stably stratified (as seen in figure (8.2:C&D)) and the cen
trifugal farces seem not strong enough to overcome this stahilizing effect . In fact 
there only is a thin fluid layer at the upper half of the tube where an unstable 
stratification exists. Sirree wal! effects here are strong, and downward flow in the 
lower half of the tube is prevented by the stabie stratification, only a relatively 
small downward Morton-type flow has grown. The velocity field for Gr = 106 

at x = 20 d is remarkably similar to the two-vortex result obtained by Goering 
and Humphrey [1993] for mixed convection in a straight tube at GrT = 8 · 105 

(see appendix F) . This indicates that initially the secondary flow for Gr = 106 is 
mainly governed by buoyancy farces (see also section 8.1.3, where only buoyancy 
effects are considered). Also for Gr = 5 · 105 and for Gr = 106 , eventually buoy
ancy farces decrease and centrifugal farces begin to show their influence. This is 
observed at x= 50 d and x= 100 d. At x= 200 d (not shown here), the velocity 
field is almast equal to the velocity field for Gr = 0 at x = 100 d (fully developed 
Dean-type flow). 

In figure (8.2) the development of the temperature field is visualized by con
tours of equal temperature at axial positions x = 20 d, x = 50 d and x = 100 d. 
The difference between the successive isothermsis 0.1, where the temperature at 
the wall is equal to 0. For Gr = 5 · 105 and for Gr = 106 the water in the tube 
at x= 100 d was caoled that much that even the isotherm of 0.1 was not visible. 
In these cases the difference between successive isotherms was set at 0.02. 

Consiclering first the flow in the coil without buoyancy effects, (figure (8.2:A)), 
it is seen that at x = 20 d the 0 -shaped temper at ure contours observed in fig
ure (7.9:A) have been split into two relatively autonomous warm areas. This 
splitting is a result of cold medium transported from the pipe wal! through the 
core to the outer wall. Sirree the thermal diffusivity of water is modest, the cold 
medium passing the core only is moderately heated by the surrounding warm wa
ter and remains colder than the surrounding water when it almast has reached the 
outer wall. In the centre of the two resulting warm areas the secondary velocity 
is smal! and recirculating, and thus ditfusion of heat becomes a major mechanism 
of heat transfer there. This phenomenon has also been described by Akiyama and 
Cheng [1974], who numerically stuclied the development of the temperature field 
in a fully developed velocity field in a curved, isothermally heated pipe. For the 
case Pr = 10 and Dn = 37.1, they showed that the 'kidney'-shaped isotherms 
split up in two 'eyes' of isothermals at x = 0.298 ·Re · d. Since in the present case 
the secondary flow is substantially stronger (Dn = 134), the splitt ing up phe
nomenon already occurs before x = 0.04 ·Re · d. This feature wil! be addressed in 
the next section. Further, it is interesting to mention that Akiyama and Cheng 
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[1974] did not observe any splitting up of isotherms for the case of Pr = 0.7, 
in which case the thermal diffusivity is higher and the fluid passing the core is 
sufficiently heated to avoid the occurrence of the two 'eyes' . Further downstream 
in figure (8.2:A) it is seen that the relatively warmer areas remain to exist. From 
the numbers of contours it further can be deduced that the energy contents of 
the medium decreases with axial position. Gomparing the results at x = 100 d 
for the different Grashof numbers considered, it is clear that the energy contents 
of the water at this position is lower when the Grashof number is higher. Note 
that the isotherms plotted for Gr = 5 · 105 and for Gr = 106 at x = 100 d do no 
correspond to the isotherms plotted in the other pictures. 

For the case of Gr = 105 also two relatively warm areas exist for x = 20 d 
and further downstream. The temperature field, however, has become very com
plex due to the complex secondary flow field here , in which both centrifugal and 
buoyancy effects manifest themselves. For Gr = 5 · 105 and Gr = 106 the ve
locity field at x = 20 d was seen to be largely influenced by buoyancy effects. 
The secondary flow here was less intense than at lower Grashof numbers , and 
a splitting up of the temperature contours is not present. The isotherms here 
exhibit the CJ-shape, known from chapter 6. As described, further downstream 
centrifugal effects become increasingly important. These are observed first near 
the outer bend where the axial velocity is higher. At x = 50 d two warmer areas 
have formed , which persist at x = 100 d. 

8.1.2 Flow and heat transfer parameters 

The rate of heat transfer as a function of axial position in the coil is presented by 
tigure (8.3) . The first 11 dor 90° of the coil for the cases Gr = 0 and Gr = 105 

have been described in section 7.3.2. It was explained there that the Nusselt 
number first decreases, following the forced convective case, then increases, due 
totheset-up of the secondary flow and then decreases again (see tigure (7.11)). 
Mainly due to centrifugal forces, initially astrong secondary flow develops in the 
core of the pipe, which subsequently passes the lower and upper wall of the pipe. 
Since the medium associated with this flow is relatively warm, as it originates 
from the warm core region , heat transfer from the medium to the cold tube 
increases. Further downstream , the magnitude of the secondary flow near the 
tube wal! decreases, and although relatively warm water is transported along 
the tube wall, the rate of heat transfer decreases due to the weaker secondary 
convective effects. From x = 8 d the Nusselt number increases again. 

For Gr = 0 and Gr = 105 (lines I and II in tigure (8.3)) it is observed 
that at x = 16 d again a Jo cal maximum in the N usselt number is reached . For 
Gr = 0 this is foliowed by a local minimum at x = 29 d, a local maximum at 
x = 38 d, and so on, with decreasing difference between maxima and minima. 
This wavy behaviour of the Nusselt number has been observed before by Dravid 
et al. [1971], who numerically and experimentally stuclied the development of 
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Figure 8.3: Nusselt number as a function of the axial position in an isothermally 
cooled coil for Re = 500, Dn = 134 and Pr = 5: -· (I) : Gr = 0; -- (II) : Gr = 105 ; 

--- (III): Gr = 5 · 105 ; -· (IV): Gr = 106 . As a reference a lso the Nusselt number 
for developing forced convection is plotted as the dotted line 0 {Shah, 1987}. 

the temperature field in a fully developed forced curved pipe flow, subject to a 
constant wall heat flux, and by lanssen and Hoogendoom [1978], who numerically 
and experimentally studied higher Prandtl number fluids, also for the case of a 
constant wal! temperature. Also Akiyama and Cheng [1974] observed a wavy 
behaviour, but attributed this to numerical artifacts. A physical reason for the 
behaviour of the Nusselt number is found in the circulating secondary flow along 
the tube wall, and in a sense it is a reflection of the splitting up phenomenon 
described previously. Before the flow penetrating through the core of the tube 
has reached the outer bend, fresh water is conveyed along the pipe wal! by the 
secondary flow. After the penetrating flow has reached the outer bend, water 
transported along the cold wall has already been there once before, and was 
cooled then. As can be seen in figure (8.1:A), at x = 20 d the secondary flow 
has just made one Q -shaped circulation. This explains the local maximum in 
the Nusselt number at x = 18d, which is the axial location where the first 
circulation is finished. The following Nusselt waves are a reflection of the first 
one. The wavelength A of this recirculation effect can roughly be approximated 
by estimating the axial distance that a fluid partiele has travelled while it went 
through one 0-shaped circulation: A~ (1rj2 + 1) §~ · d (see equation (1.1)), and 
for the present case A ~ 10 d. From figure (8.3) it is seen that this indeed is the 
correct order of magitude (in fact A amounts to about 17.5 d) . As was indicated 
before, the wavy behaviour is correlated to the splitting up phenomenon in the 
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temperature field. Correlating the estimated A to the axial distance from the 
entrance of the coil where splitting up occurs, it is estimated that this may be 
expected at about x = 0.02 ·Re· d for Dn = 134 and at about x = 0.07 ·Re · d 
for Dn = 37.1, which corresponds reasonably to the values given in the previous 
section. It can be deduced that the splitting up phenomenon is less intense 
with decreasing Prandtl number and Dean number. In the first case the thermal 
diffusivity becomes larger and the penetrating cold fluid is heated more. In the 
second case the cold fluid remains longer in the core region since the secondary 
flow is less intense and thus the fluid is heated more. Dravid et al. [1971] and 
lanssen and Boagendoorn [1978] indeed report a decrease in the Nusselt wave 
amplitude with increasing Dn and Pr. Referring to figure (8.3), for the case 
Gr = 105 a similar wave phenomenon occurs, although the amplitude of the 
waves is larger than for Gr = 0. This can be understood by taking into account 
that when relatively warm water flows along the cold wal!, buoyancy causes the 
secondary flow to become stronger. As a result, secondary convective effects 
increase and the waves in the Nusselt number intensify. 

For Gr = 5 · 105 and Gr = 106 it has been observed that initially the flow is 
mainly influenced by buoyancy effects and that a relatively weak secondary flow 
has developed . In the first 75 d of these cases a wavy behaviour in the Nusselt 
number is hardly observed, which seems due tothesmaller secondary flow. The 
Nusselt number is substantially higher than for Gr = 0 and Gr = 105 , however. 
Buoyancy effects have seen to cause the fluid in the pipe to be translated towards 
the upper pipe wall, and here the thermal boundary layer has become very thin , 
yielding a large heat transfer. It has been described that eventually centrifugal 
forces take over, and from x = 75 d the Nusselt number exhibits a wavy behaviour 
with an approximately equal wavelength as for Gr = 0. Here the secondary flow 
has become stronger and the splitting up phenomenon occurs. 

Note further that at x = 200 d, the temperature field is still not fully de
veloped for Gr = 5 · 105 and Gr = 106 . In the fully developed case the Nus
selt value does no Jonger change and stahilizes at Nu = 11.4 (figure (8.3)). 
This value is also found using the correlation given by Kalb and Seader [1974]: 
Nu = 0.836 Dn°·5 Pr0·1 for fully developed forced convection in a curved pipe 
with uniform wall temperature. The correlation is based on numerical solutions 
of the equations descrihing the fully developed flow and is claimed to be valid in 
the region 0. 7 ~ Pr ~ 5 and Dn ~ 80. 

Probably the most useful data from the computations performed are given 
by figure (8.4), where the axial development of the bulk temperature is given 
for the cases considered. At the end of the 200 d coil the water shows to have 
released more than 95% of its thermal energy contents. Also the bulk temperature 
development for the Graetz problem is shown (line 0), which shows that at the 
end of a 200 d straight tube the energy release is about 75%. It has been seen 
in the previous chapter (figure (7.9)) that the bulk temperatures for Gr = 0 and 
Gr = 105 deviate only slightly in the first 11 d of a curved bend. As indicated 
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Figure 8.4: Dimensionless bulk temperature as a function of axial position in an 
isothermally cooled coil for Re = 500, Dn = 134 and Pr = 5: - ·- (I): Gr = 0; 
-: Gr = 105 ; ---: Gr = 5 · 105;- ·-(IV): Gr = 106 . As a reference also the bulk 
temperature number for developing forced conveelion is plotted as the dotted line 

0 (Shah, 1987}. 

by tigure (8.3), further downstream, from about x = 20 d, the Nusselt number 
for Gr = 105 becomes substantially higher than for Gr = 0. This is reflected in 
the axial evolution of the bulk temperature, where line II shows a steeper slope 
than line I at about x = 20 d. The !i nes for the higher Grashof numbers show a 
steeper slope from the entrance of the bend, and for Gr = 106 (line IV) the water 
has lost 75% of its heat at about 40 d. 

The development of the magnitude of the secondary flow has been described 
qualitatively before, but is quantitied in tigure (8.5). On the left side of this 
figure the initia! development ( to x = 20 d) of the K -number is shown. The right 
side shows the further development. Note that the sealing of the axes between 
the left and right side is different. The initia! growth and decrease of the K
number has been discussed in sec ti on 7.3.2 for Gr = 0 and Gr = 105 . The axial 
evolution for Gr = 5 · 105 is comparable to the axial evolution for Gr = 2 · 105 in 
tigure (7.13). For Gr = 106 the relatively large magnitude of the secondary flow 
near the entrance is due tostrong buoyancy effects. Further downstream a similar 
wavy behaviour as for the Nusselt number is observed. This is again due to the 
convective circulations of the secondary flow. For Gr = 105 the waves in the 
K-number show to correlate wel! with the waves in the Nusselt number. A high 
N usselt number yields stronger buoyancy effects and thus a stronger secondary 
flow. For higher Grashof numbers the K -number exhibits a continuous decrease 
from the maximum near the entrance to a minimal value around x = 30 - 40 d. 
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Figure 8. 5: Relative kinetic energy as a ju netion of axial position in an isother
mally cooled coil for Re= 500, Dn = 134 and Pr = 5: - ·- (I): Cr= 0; - (II): 
Cr= 105 ; ---:Cr= 5 ·105;- ·-(IV): Cr= 106 . 

As will be shown by figure (8.8) the axial evolution of the K-number for Cr= 106 

largely fellows the axial evolution of mixed convective flow in a straight tube. It 
bas been indicated previously that the secondary flow is decreased due to the 
stahilizing effect of the stratification in the core of the tube. While the medium 
in the pipe loses its heat, the stratification decreases and centrifugal effects cause 
the secondary flow to increase. This happens from x = 40 d, say. From x :::::: 60 d 
the wavy behaviour observed in the Nusselt number shows its reflection in the 
relative kinetic energy of the secondary flow. Finally the K-number stahilizes at 
K = 4.9 · 10- 3. 

8.1.3 Comparison to straight tube flow 

It has been indicated that the flow in the coiled pipe up to a certain axial distance 
is largely influenced by buoyancy effects for Cr = 5 · 105 and Cr = 106 . In this 
sectien the flow in a straight tube for Cr= 106 will be described, to show that for 
Cr = 106 the considered coiled pipe flow exhibits great similarity to the straight 
pipe flow. This sectien has been referred to before, and most of the features of 
the flow are known by now. The discussion wil! therefore be kept brief. 

By cernparing figure (8.1:D) and figure (8.6) it is indeed observed that cen
trifugal effects do hardly influence the flow field at x = 20 d in the coiled pipe 
case. The mixed convective flow in the straight tube is characterized by a weak 
secondary flow, downward in a thin layer at the upper half of the tube and return
ing through the full width of the core. The isotachs are egg-shaped and a slow 
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Figure 8. 6: Cross-s eetion at x = 20 d (left), x = 50 d and at x = 100 d (right) in 
a isothermally cooled straigh tube for Re= 500, Dn = 0, Pr = 5 and Gr = 106; 

shown are isotachs and secondary velocity veetors (a vector length equal to the 
radius of the pipe corresponds to the mean axial velocity). 

development towards a Hagen-Poiseuille flow is visible at the more downstream 
positions. In the case of a coiled pipe centrifugal effects were seen to take over 
gradually. 

25.-------~-------.--------.-------, 
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Figure 8. 7: Nusselt number for Re = 500, Pr = 5, Dn = 0 (-) and Dn = 134 
(---), Gr = 105 (lower pair of lines) and Gr = 106 (upper pair of lines). 

This also is observed in figure (8.7) and in figure (8.8) for the development of 
the Nusselt and K-number. In these figures the dashed tines represent the case of 
both centrifugal and buoyancy effects, and have been shown before in figure (8.3) 
and figure (8.5). The solid lines represent the cases in which only buoyancy effects 
are active. In figure (8.7) both results for Gr = 105 and Gr = 106 are given. It 
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Figure 8.8: Relative kinetic energy, for Re = 500 Pr = 5 and Gr = 106 , Dn = 0 
(-) and Dn = 134 (---). 

was observed before that for Gr = 105 the centrifugal effects are dominant. For 
Gr = 106 it is seen that buoyancy driven convection is the important heat transfer 
mechanism. Only for x > 125 d the solid and the dashed line start to deviate 
substantially. 

In figure (8.8) it is observed that the solid and dashed line already deviate from 
x ;:::::: 30 d. However, in the curvecl-tube geometry, the secondary flow resulting 
from centrifugal effects has only a minor influence on the rate of heat transfer 
until x > 125 d. 

Eventually the solid lines should reach values of Nu = 3.66 and K = 0, 
respectively, since buoyancy effects disappear when the medium temperature ap
proaches the wall temperature, and a fully developed Hagen-Poiseuille flow wil! 
establish. 

8.2 Development In a coil with axially vary1ng wall 
temperature 

In this section the development of the flow in a coil with axially decreasing wal! 
temperature will be considered. This is an approximation of the situation occur
ring in a SDHWS when the rnains water in the storage vessel is linearly stratified. 
Since at the entrance of the coil the medium entering the coil is at the same tem
perature as the coil wall, the local Grashof number increases with increasing axial 
position, as will be shown later. It is convenient to define a Grashof number on 
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the basis of the total temperature difference in the system, which will be indicated 
by Gr D.T· Although this number may have little relevanee for the interpretation 
of the local physical phenomena, its definition is camparabie to the one used in 
the previous section. The considered characteristic variables are then Re = 500, 
Dn = 134, Pr = 5 and Gr D.T = 0, 5 · 105 , 106 and 5 · 106 , which are typical values 
fora SDHWS. A Grashof number of GrD.T = 5 · 106 in the SDHWS corresponds 
to a total temperature difference in the starage vessel of about 65° C . It wil! 
be shown in figure (8.11) that the corresponding local Grashof numbers Grx, 
based on the difference between the bulk temperature and the wall temperature 
at a certain axial position, are Grx = 0, Grx ~ 8 · 104, Grx ~ 1.5 · 105 and 
Grx ~ 5.9 ·105 . 

The employed numerical method and discretization used for the computations 
described in this section are similar to those described in section 8.1. 

8.2.1 Description of velocity and temperature fields 

In figure (8.9) the velocity field is shown for R e = 500, Dn = 134 and P r = 5 
at three axial positions: x = 20 d (at the left side of the page), x = 50 d and 
x = 100 d. The considered Grashof numbers are from the upper side to t he lower 
side: Gr D.T = 0, Gr D.T = 5 · 105 , Gr D.T = 106 and Gr D.T = 5 · 106 . The velocity 
field is visualized by isotachs for the axial component and by velocity veetors 
for the secondary components. The difference in velocity magnit ude between the 
different isotachs equals 0.2 · iiax· As before, the sealing of the secondary flow is 
such that a vector length equal to the diameter of the pipe corresponds to twice 
the average axial velocity. 

Since buoyancy forces are zero for the case of Gr D.T = 0, the pictures shown in 
figure (8.9:A) are equal to the pictures in figure (8.l:A), where buoyancy effects 
are also absent. Like in figures (8.1 :B-D), in figures (8.9:B-D) buoyancy effects 
show their presence by an upward oriented secondary flow in the core of the 
tube. A major difference between the situation described befare and the situation 
discussed in this section, is that buoyancy effects now seem to increase from 
x = 20 d, whereas from figure (8.1) it was seen that buoyancy effects decreased 
from this position. Gomparing for instanee figure (8.1:B) (the constant wall 
temperature case) with figure (8.9:B) (the stratified case, with linearly varying 
wal! temperature), it is seen that the velocity field at x = 100 d in the stratified 
case exhibits several of the featuresshown at x = 20 d in the constant temperature 
case. Vice versa the velocity field at x = 20 d in the stratified case shows some 
similarity with the velocity field at x = 100 d in the constant wall temper at ure 
case. 

This inverse analogy can be understood by consiclering the local value of the 
Grashof number, defined by Grx = ~ b..Tx. The local temperature difference 
b..Tx is the local wall temperature minus the local bulk temperature. The latter 
is shown in figures (8.4) and (8.13) for the respective cases considered. The 
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Figure 8. 9: Cross-s eetion at x = 20 d {lejt), x = 50 d and at x = 100 d {right) in 
a coil with axially decreasing walt temperature for R e = 500, Dn = 134, Pr = 5. 
A: Gr.6.r = 0; B : Gr.6.r = 5 ·105 ; C: Gr.6.r = 106 ; D: Gr.6.T = 5 ·106 ; computed 
isotachs and secondary velocity veetors {a vector length equal to the radius of the 
pipe corresponds to the mean axial velocity). 
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Figure 8.10: Cross-s eetion at x = 20 d {left), x = 50 d and at x = 100 d (right) in 
a coil with axially decreasing wall temperature for R e = 500, Dn = 134, Pr = 5. 
A: Grt::.r = 0; B : Grt::.r = 5 ·105 ; C: Grt::.r = 106 ; D: Grt::.r = 5 · 106 ; computed 
isotherms. 
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Figure 8.11: Local Grashof number for the constant wall temperature case (left) 
and for the axially varying wall temperafure case (right). Left: ll: Gr = 105 ; lil: 
Gr = 5 ·105 ; IV: Gr = 106 . Right: 11: Gre:.r = 5 · 105 ; III: Gre:.r = 106 ; IV: 
Gr t:.T = 5 · 106 . 

axial variation of the local Grashof number is given in figure (8.11 ), both for the 
case of flow in a coil with a constant wall temperature (left), and for the case 
of flow in a coil with an axially varying wal! temperature (right). In the first 
case it is seen that the local Grashof number is high at the entrance of the coil 
and then gradually decreases to a value close to zero, when the medium has lost 
its heat contents. In the second case, the local Grashof number starts at zero, 
where the medium has the same temperature as the pipe wall, and then gradually 
increases towards a practically constant maximum value. The wall temperature 
decreases linearly and from a certain point the bulk temperature also exhibits 
an almost linear decrease. The inverse analogy in the velocity field , found by 
camparing figures (8.1:B) and (8.9:B), can now be explained on the basis of the 
corresponding local Grashof values. At x = 20 d, the local Grashof number in 
the constant temperature case equals Grx = 6. 7 · 104 , which is camparabie to the 
local Grashof number in the stratified case at x = 100 d, which is Grx = 7.8 ·104 . 

The local Grashof number in the constant temperature case at x = 100 d is 
Grx = 1.1 · 104 , which is somewhat lower than the local Grashof number in the 
stratified case of Grx = 3.5 ·104 at x= 20 d. A similar analogy between the local 
velocity fieldscan be found between Gr = 5 ·105 at x = 50 d in figure (8. l:C) and 
Gr t:.T = 106 at x = 50 d in figure (8.9:C). A lso the velocity fields of Gr = 106 at 
x = 20d in figure (8.1:D) and Gre:.r = 5 · 106 at x= lOOd in figure (8.9:D) show 
this similarity. 

In figure (8.10) the development of the temperature field is visualized by 
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contours of equal temper at ure at axial positions x = 20 d, x = 50 d and x = 100 d. 
The difference between the successive isotherms is 0.05, where the temperature 
at the wall changes with axial position. At x = 20 d the wall temper at ure equals 
0.917, at x = 50 d it equals 0. 792 and at x = 100 d the wall temperature is 0.583. 
These values are visualized by the dasbed line. 

Since the wall temperature from the entrance of the coil only slowly starts to 
deviate from the temperature of the water inside, the cooling of the water occurs 
at a much slower rate than observed in the previous section. The temperature 
boundary layer at the tube wal! therefore seems to have hardly grown at x = 20 d, 
where only the isotherm of T = 0.95 in the medium is observed . However, when 
the temperature boundary layer is defined as the region in the medium where the 
temperature is less than Twall + 95% (n - Twau), then practically the full cross
section of the tube at x = 20 d shows to be in the boundary layer. Further it is 
seen that at x = 20 d convective effects infiuenced the temperature field . This, 
of course, was to be expected from the observed velocity field. More downstream 
two warmer areas in the temperature field are visible, like in the previous section, 
except for the case of Gr t:,.T = 5 · 106 . In the latter case, where a stably stratified 
core region has developed, the secondary flow has been seen to be relatively 
modest. Still this case shows the steepest temperature gradient at the upper 
wall, and a high rate of heat transfer is therefore expected. 

8.2.2 Flow and heat transfer parameters 

25.------.-------,------.------.-----. 
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Figure 8.12: Nusselt number in a coil with axially decreasing wall temperature for 
Re= 500, Dn = 134 and Pr = 5: -· (I): Grt:,.T = 0; - (II): Grt:,.T = 5 · 105 ; --

(III): Grt:,.T = 106 ; -·(IV): Grt:,.T = 5 ·106 . 
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The rate of heat transfer, expressed by the local Nusselt number, is given by 
figure (8.12). Near the entrance of the coil, where the temperature boundary 
layer is under development, an initially high and gradually decreasing Nusselt 
number is observed. When a secondary flow begins to grow the Nusselt number 
increases again. For Gr t:.T = 0 (line I) local maxima at a bout x = 3 d and x = 20 d 
are reached, which are due to the relatively strong convective transport of warm 
medium along the tube wall, as described before. Like in the previous section, the 
Nusselt number in this case then gradually stabilizes. At the end of the coil a value 
of Nu= 12.7 is reached, which agrees well with the value Nu= 13.0, obtained by 
using the correlation given by Kalband Seader [1972]: Nu = 0.913 Dn°476 Pr0 200 

for fully developed curved pipe flow with an axially uniform wall heat flux and 
a peripherally uniform wall temperature. The correlation is based on numerical 
solutions of the equations descrihing the fully developed flow and is claimed to 
be about 2% accurate in the region 0.7 ~ Pr ~ 5 and Dn 2: 80. 

For non-zero Grashof numbers, in contrast to the situations described in sec
tion 8.1, the Nusselt number in the present case does nat stabilize at a value 
equal to that of the zero Grashof number case. This is again due to the fact 
that in the previous section the local Grashof number decreased, whereas in the 
present situation the local Grashof number reaches a maximum. As a result, also 
the Nusselt number reaches a maximal level in the course of the development. 
For the cases Gr t:.T = 5 · 105 and Gr t:.T = 106 a wavy behaviour in the N usselt 
number is observed. Careful inspeetion reveals that also in the cases of Gr t:.T = 0 
and Gr t:.T = 5 ·106 a wavy N usselt number exists, but the amplitude of the waves 
is much smaller. The Nusselt number for Grt:.r = 5 · 106 reaches a value of 22.0. 
The wavelength of the observed waves corresponds to the wavelength observed in 
figure (8.3), and can be attributed to the same phenomenon as described before: 
periadie convection of relatively warm water along the tube. Buoyancy effects 
can emphasize this effect, but when the Grashof number is large the secondary 
flow is relative small and the amplitude of the waves decreases. 

A means to quantify the global rate of heat transfer is the bulk temperature 
Tb, given in figure (8.13). The general axial course of the bulk temperature for 
the cases considered is a slow decrease near the entrance of the coil, developing 
to a stronger decrease further downstream, where a practically equal slope of the 
curves wiJl be reached. Near the entrance the difference between the temperature 
of the medium and the wall temperature (indicated by line 0) is very small and 
the medium can hardly lose its heat. Only when a certain temperature difference 
between the medium and the wall temperature is established, the water is able to 
exchange its thermal energy to the tube wall more readily. The larger the Grashof 
number, the smaller the scaled temperature difference between the medium and 
the wal!. In the absence of buoyancy effects, 80% of the heat contents of the 
collector water is transferred to the stratified store. When the Grashof number 
equals Gr t:.T = 5 · 106 , the water lost about 88% of its heat. 

Finally the secondary flow will be referred to, quantified by the value of the 
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Figure 8.13: Bulk temperature in a coil with axially decreasing wall temperature 
for Re= 500, Dn = 134 and Pr = 5: -· (I): Gr;:,.r = 0; · - (11): Grt::.r = 5 · 105 ; 

--- (III): Gr t>.T = 106 ; -· (IV) : Gr t>.T = 5 · 106 . As a reference also the local wall 
temperature is plotted in this jigure as the dotted line 0. 

1-< 
Cl) 

..0 s g 5 . 

~ 

2 

50 100 150 200 

Axial position xjd 

Figure 8.14: Relative kinetic energy in a coil with axially decreasing wall tem
perature for Re = 500, Dn = 134 and P r = 5: -· (I): Gr;:,.r = 0; - (II): 
Gr;:,.r = 5 ·105 ; --- (III): Gr;:,.r = 106 ; -·(IV): Gr;:,.r = 5 ·106 . 
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relative kinetic energy of the secondary flow K , shown in figure (8.14). For clarity 
of presentation, the curve for Gr t:.T = 5 ·105 has been omitted. This curve showed 
a similar wavy behaviour as curve III for Gr t:.T = 106 , albeit at a higher level. 

Curve I (Grt:.r = 0) is equal to curve I in figure (8.5), where also buoyancy 
effects are zero. From about x = 50 d, curve III exhibits a strong fluctuating 
behaviour. Due to the circulation of the secondary flow, periodically relative 
warm medium is transported along the cold pipe, and thus periodically buoy
ancy effects increase and decrease in magnitude. Correspondingly the buoyancy 
driven secondary flow intensifies and decreases periodically, as was explained in 
section 8.1. There it was also seen that, when the Grashof number is increased 
more, the secondary flow diminishes. This is reflected by curve IV. At x = 240 d, 
the K -number for Gr t:.T = 5 · 106 has reached a value of K = 3.4 · 10-3 . 

It has been shown in this thesis that it is possible to analyse engineering 
mixed convective flows using the parabolic solution procedure. For the design of 
for instanee a SDHWS relevant data are obtained . However, only a variation in 
the Grashof number is made here. In order to establish a new correlation formula 
for the heat transfer in a coil, an extense variation of the other parameters char
acterizing the flow (Re, Dn, Pr) should be made. It has been shown, however, 
that a large part of the flow is in the developing region, and thus correlations for 
the fully developed case are of limited value. 



Chapter 9 

Concluding discussion 

In this thesis a study is described of laminar mixed convection in three different 
geometries: a horizontal straight channel, a horizontal pipe, and a horizontally 
curved pipe. A literature survey revealed that the knowledge about the develop
ment of these types of flow is limited, and the aim of this study was to describe 
this development. The flow in the configurations stuclied was found to consist of 
a primary, axial component, and a developing secondary component perpendic
ular to the axis of the duet. The secondary velocity is a result of the buoyancy 
forces which are initialized by a temperature difference between the wal! of the 
duet and the fluid inside. Besides, in a horizontally curved pipe also centrifugal 
farces cause a secondary flow to develop, with an orientation perpendicular to the 
buoyancy driven secondary flow. The relative magnitude of the buoyancy driven 
secondary flow to the axial flow can be estimated to be of the order of ..;c:;. j Re, 
Gr being the Grashof number and Re the Reynolds number. Centrifugal effects 
cause a secondary flow to grow with a relative magnitude of the order of Vb, 
where ó is the ratio of curvature of the bend. From these estimates it was shown 
that in practical situations, such as in a some Solar Dornestic Hot Water Systems 
(SDHWS), both types of secondary flow are of importance. 

Developing mixed convection has been analysed both experimentally and nu
merically. A Liquid Crystal Thermographic system was developed to realize tem
perature measurements in a 2D cross-section of the flow. In addition , Partiele 
Tracking was employed to quantify the velocity components in a cross-section. 
The elliptic equations descrihing laminar mixed convection were solved numer
ically in a Galerkin finite element formulation . The velocity field was solved 
decoupled from the temperature field . Furthermore, a parabalie procedure to 
describe the flow and temperature field in curved pipes was developed, based on 
a finite difference formulation of the parabolized governing equations. 

In chapter 5 flow of water in a horizontal channel is analysed for the case 
in which the fluid was heated at the side walls. Although some probieros were 
encountered to condition the experimental set-up ( especially heat losses to the 
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environment seemed to cause inaccuracies), the agreement between the experi
mental and the numerical results was found to be satisfactory. 
The flow considered exhibited two symmetrie longitudinal secondary vortices. 
The strength of these vortices first showed to increase, reached a maximum and 
then decreased. Due to convective effects of these vortices, the rate of heat trans
fer from the channel wal! to the water inside was found to be up to three times 
as high as in the forced convect ive case. 
From the experiments it was further concluded that LCT is a powerful visu
alization tool for complex three-dimensional temperature fields. However, for 
quantification of the temperature field some problems (such as the difference in 
quality between different batches of Liquid Crystals) still have to be resolved. 

Chapter 6 describes the developing flow of a warm medium (bot h air and wa
ter are treated) in a cooled horizontal pipe. Finite element computations reveal 
that for the case of air the flow is characterized by two longitudinal Morton-type 
vortices. Again these vortices showed to be an effective heat transfer augmenta
tion mechanism. 
At the larger Grashof numbers, the water flow showed the existence of a sec
ond pair of vortices in the upper region of the tube, which was attributed to 
a Rayleigh-Bénard type of flow. A four-vortex flow in a fully developed heated 
horizontal tube has been reported before in the literature, although Goering and 
Humphrey [1993] claim that this is an unstable flow. The stability of the present 
four-vortex flow has been addressed briefly, which led to the tentat ive condusion 
that t he flow probably is stabie in the entrance region. An experimental and 
numerical study of this type of flow to determine the transition to turbulence, 
seems to be a very interesting and challenging topic for future research. 
It was noticed that the correlation for the bulk temperature for mixed convection 
in a horizontal tube proposed by Hieber and Sreenivasan [1974] is able to predict 
the present results in terms of bulk temperature with great accuracy, both for 
the air and the water flow. 

In chapter 7 the additional effect of curvature is taken into account, both 
for air and water as a medium. Both finite element computations, based on 
the elliptic governing equations, and finite difference computations, based on the 
parabolized equations, revealed that a complex flow field develops in the first 90° 
of a curved bend. 
The air flow consisted of two secondary vor tices which are no Jonger symmet
rie. The orientation of t he vortices was found to be dependent on t he relative 
magnitude of the buoyancy and centrifugal forces , of which the latter influenced 
the flow field the most intense in the first part of the bend. At larger Grashof 
numbers, buoyancy forces become the dominant in the second part of the bend . 
A similar behaviour is observed for the water flow, although at larger Grashof 
numbers due to the interaction of buoyancy and centrifugal forces, a third vor
tex in the core region is manifested, which (as far we are aware) has never been 
observed before. 
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This subtie phenomenon is found in bath the elliptic and parabalie formulations 
of the problem. Despite the approximations made with the parabalie procedure, 
it is able to accurately describe the physics of the flow considered. Mesh re
finement studies for the elliptic case should be performed in order to judge the 
accuracy of bath methods. 
Experimental validation of the three-vortex solution, as wel! as determination of 
the route to turbulence are interesting topics for future research. With respect 
to the latter it is interesting to note that buoyancy effects seem to destabilize the 
flow, whereas centrifugal effects are sirree long time known to stabilize the flow 
[Taylor, 1929] . 

Although a large part of heat transfer occurs in the entrance section of a duet 
(which can greatly be attributed to secondary convective effects) in practice, es
pecially for water, a heat exchanger should be langer than the domain considered 
in chapters 5 to 7. It was shown that the marching procedure is able to adequately 
describe the important parameters of the flow in a curved caoled pipe. Since a 
fully elliptic computation of the flow in a complete cailed heat exchanger is at 
present not feasible, the parabalie methad was employed to study the develop
ment of the flow. However, at larger Grashof or Dean numbers (when a stronger 
secondary flow or even recirculation zones can be present) the parabalie proce
dure may yield unacceptable results. In these cases the full elliptic equations have 
to be solved for an accurate description of the flow. For this, the flow field in a 
complete coil may be resolved by using a segmented elliptic procedure. The coil 
is then covered by a number of axially partly overlapping domains (segments), 
in which a salution of the elliptic equation is computed, using the salution on a 
previous segment to prescribe the inflow condition for the present segment. It is 
computationally efficient to use segments which are axially as small as possible. 
A problem which then becomes important is that, especially near the outflow 
surface of the domain, the elliptic computations seem to suffer from the incorrect 
outflow conditions imposed. In the development of a segmented elliptic procedure 
this problem also should be addressed to. 

Using the parabalie procedure, two situations which may occur in a SDHWS, 
are stuclied as described in chapter 8. In the first case the coil is at a lower con
stant temperature than the inflowing water, whereas in the second case the coil 
wall temperature decreases linearly with axial position. In bath cases the Nusselt 
number exhibited a wavy behaviour, which is due to the circulating secondary 
convective transport of water along the wall, as was observed bath experimen
tally and numerically before. This study has shown that for certain values of the 
Grashof number, buoyancy effects increase the amplitude of the waves, reflecting 
the fact that when the heat transfer is higher, also buoyancy effects are higher. 
When buoyancy effects become more dominant than centrifugal effects, the mag
nitude of the secondary flow was found to decrease, and the waves in the Nusselt 
number damp out. This can be attributed to the strong stahilizing effect of the 
stratification in the pipe. 
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A numerical solution of the parabolized Navier-Stokes and energy equations for 
engineering flows like those described in chapter 8 can at present be obtained 
on a PC, with acceptable computing time. The parabalie procedure may thus 
become a proruising engineering tool. 
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Appendix A 

Properties of water at 
atmospheric pressure 

T p (3. 104 Cp >. · 10J J1 . 104 
[Kj kgjm3 1/K Jj(kg · K) Wj(mK) Nsjm2 

273.16 999.84 -0.68143 4209.3 568.7 17.531 
278.15 999.96 0.15985 4201.0 578 15.012 
283.15 999.70 0.87902 4194.1 586.9 12.995 
288.15 999.10 1.5073 4188.5 595.3 11.360 
293.15 998.20 2.0661 4184.1 603.4 10.017 
298.15 997.05 2.570 4180.9 611.0 8.904 
303.15 995.65 3.0314 4178.8 618.2 7.972 
308.15 994.03 3.4571 4177.7 625.1 7.185 
313.15 992.21 3.853 4177.6 635.1 6.517 
318.15 990.22 4.226 4178.3 637.6 5.939 
323.15 988.04 4.578 4179.7 643.2 5.442 
333.15 983.19 5.233 4184.8 653.5 4.631 
343.15 977.76 5.840 4192.0 662.3 4.004 
353.15 971.79 6.413 4200.1 669.8 3.509 
363.15 965.31 6.962 4210.7 675.9 3.113 
373.15 958.35 7.500 4221.0 680.7 2.789 

"'. 104 Pr 
Nsjm2 -

80 12.976 
68 10.911 
60 9.286 

7.991 
47 6.946 

6.093 
37 5.388 

4.802 
29 4.309 

3.892 
24 3.535 
21 2.965 
17 2.534 
14 2.201 

1.939 
1.729 

Data taken from Gebhart et al. [1988] and Kanmand Rosenhead [1952]. 

The values can be approximated by the following equations: 

p(T) = (999.8396 + 18.224944 * T - 0.00792221 * T 2 - 55.44846 . w-6 * T 3 

+149.7562 · 10-9 * T 4 - 393.2952 · 10-12 * T 5 )/(1 + 18.159725 · 10-3 * T) 

(3(T) = ( - (18.224944- 0.0158444 * T- 1.6635 · 10-4 * T 2 + 5.9902 · 10-7 * T 3 

- 1.9665. 10-9 * T 4 - 18.159725 . 10- 3 * p))/((1 + 18.159725. 10- 3 * T) * p) 
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J..L(T) = 2.414. 10- 5 * 10(247.8/(T+I33.15)) 

>.(T) = 0.569015 + 0.001858 * T- 7.446369. 10-6 * T 2 



Appendix B 

Alternating Direction lmplicit 

The different algebraic equations described in section 3.2.2 are solved by the 
Peaceman Rachford Alternating Direction Implicit method (ADI). Although a 
steady salution to the equations is sought, the ADI method in priciple solves 
the associated time-dependent equations. A steady salution then corresponds to 
a salution where the time derivatives are neglegible. The ADI method wil! be 
explained starting from an instationary equation for the streamfunction: 

(B .l) 

Written out in a 2D cylindrical coordinate system: 

8'1/J = _ 82'1/J _ 8'1/J _ 82 '1/J + n 
8t 8r2 r8r r28()2 

(B.2) 

Second-order discretization in space yields: 

8'1/Ji,j =- '1/Ji+l,j- 2'1/Ji,j + '1/Ji-l,j- '1/Ji+l,j- '1/Ji-l,j- '1/Ji,j+l - 2'1/Ji,j + '1/li,] -l +0 . 
8t (b.r)2 2rb.r r2(D.())2 t,J 

(B.3) 
By rearranging one may write: 

8~;·j =- (2r~r + (D-~)2) '1/Ji+I,j- C;:)2) '1/Ji,j- (2;~r + (D-~)2) '1/Ji-I,j 

- ( r2(~())2) '1/Ji,j+l - ( r2(-:..B)2) '1/Ji,j - ( r2 (~B) 2 ) '1/Ji,j - l + n i,j (B.4) 

The spatial discretization can be considered as a matrix operator S, such that 
equation (B.4) may be written as: ~~ = -S'IjJ + n (see also [Hirsch, 1988]). 
By separating the operator S into submatrices acting on the 'ljJ components in a 
specific direction, such that S =Sr +Se, equation (B.4) becomes: 

8'1/J at= -(Sr + Se)'I/J + n (B.5) 
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Discretization in time is performed via the 8-method: 

7/Jm+l 7/Jm 
--~-~- = e {-(Sr+ Se)7/Jm+l + nm+l} + (1- 8) {-(Sr+ So )7/Jm + nm} 

(B.6) 
Taking e = 1/2 (Cranck Nicholson) and assuming that nm+l = nm = S1 (which 
is true for a steady solution) yields: 

The basic concept bebind AD! is to split the operator (Sr+ So) such that Sr can 
be performed separately from S0• For this reason equation (B.7) is replaced by: 

Developing equation (B.8) leads to: 

.1,m+l .1,m 1 
'I' l~~ 'I' = -(Sr+So)7/Jm+l_(Sr+Se)'l/,m+2Sl+2~tSrSe(7/Jm+l_ 'lj;m) (B.9) 

2 

Camparing equations (B.9) and (B. 7) it is seen that the error in 'Ij; resulting from 
. equation (B .8) is of the order of O(~t2) and thus negligible for small time-steps. 
(Note that the last term in equation (B.9) approximately equals ~~t2SrS0 ~.) 
When a stationary salution is reached, equation (B.8) even will reduce to equa
tion (B.7). 

Equation (B.8) may be split into two steps, referred to a step A and step B , 
tagether yielding equation (B.8) : 

A: (B.10) 

B: ( ~~t + So) 7/Jm+l = ( ~~t -Sr) ;j; + S1 (B.ll) 

The advantage of this metbod is that equations (B.10) and (B.ll) result in tri
diagorral matrices which can be solved very efficiently. 

When a stationary solution is sought, the time-step ~t can be chosen to 
obtain a stationary soltution as soon as possible. According to Fletcher [1991] 
the optima! time stepthen equals ~t ~ (~)2 , where ~ is a measure for the spatial 
discretization ~ = O(~r) or O(r~e). 



Appendix C 

The video system 

The video system used to record and process experimentally obtained images of 
the velocity and temperature field in a flow, is composed of commercially available 
video equipment (figure (C.1)). The images are registered by a 3CCD JVC KY
F30 camera and recorded on S- VHS tape by a Panasonic A G-7350 video cassette 
recorder. The recorded video framescan be grabbed in digital format onto a DT-
2862 framegrabber and processed using a IBM-comp 486DX computer. For colour 
images a DT-2859 video multiplexer is used to switch between the R, G and B 
input. 

The JVC KY-F30 camera is basedon the S- VHS Pal wide-band colour system. 
It consistsof three CCD chips (one chip for each colour component R, G and B) 
which gives a horizontal colour resolution that is up to three times better than 
a single CCD camera. The horizontal x vertical resolution is about 625 x 625, 
although consisting of interlaced odd and even fields. The composite video output 
Y /C of the camera is used to transfer information to the video recorder. 

The Panasonic A G-7350 VCR is based on the S- VHS CCIR Pal colour sys
tem. lts resolution is H x V > 400 x 625, the horizontal resolution being almost 
twice as good as a VHS VCR. The VCR can be controlled by a computer. Fur
thermore the VCR offers the possibility of time-code recording which can be used 
to grab the exact video frame required. The Y /C output of the VCR is converted 
to Pal RGB via the Y /C-RGB decoder. 

The Data Translation DT-2862 frame grabber is used to store digitized frames 
to a maximum of 16. The resolution of a frame is H x V = 512 x 512 of 8-bits 
val u es. 
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1 2 

7 

Figure C.l: Components of the video system. 1: Halogene light sou ree; 2: Light
sheet creating opties; 3: Measurement set-up; 4: 3 CCD camera; 5: S-VHS video 
recorder; 6: Y /C-RGB decoder; 7: PC with video multiplexer and framegrabber. 
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Colour representation 

Electromagnetic waves with a wavelength between 380 and 780 nm can be de
tected by the human eye, which is sketched in cross-section in figure (D.l ) [Feyn
man et al., 1963]. 

b 

c 

Figure D.l: Cross-section of the hu man eye. a: Cornea; b: Iris; c: Lens; 
d: Retina; e: Nervus Opticus. 

The eye is enveloped by the Cornea, which protects the more vulnerable 
parts of the eye. The Iris regulates the amount of light reaching the Lens. The 
Lens focusses the light on the Retina, where it is absorbed and transformed into 
electrical impulses which are transmitted by the optie nerve (Nervus Opticus) to 
the Gelebral Cortex in the brain. The Gelebral Cortex decodes the signa! and 
creates the perception of colour. 

The Retina possesses two types of energy sensitive photoreceptor cells, which 
are called Cones and Rods. The eye consistsof about 120 million Rods and about 
6 million Cones. The Rods more or less account for the perception of gray-scales. 
Rods are very light-sensitive and make it possible to see in the twilight . When the 
intensity of light is sufficient, the Cones take over from the Rods. The Co nes more 
or less account for the perception of shape and colour. There are three types of 
Cones, each of which have a maximum sensitivity at a different wavelength. One 
type is especially sensitive to wavelengths between 420 and 480 nm (Violet-Blue 
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light), one type is especially sensitive to wavelengths between 520 and 600 nm 
(Green-Yellow light) and one type is sensitive to wavelengths between 560 and 
640 nm (Orange-Red light). 

The sensitivity of the Cones to monochromatic light at a specific wavelength 
can be expressed by so-called Colom-matching functions, which show the relative 
stimulus of the three types of Cones as a function of the wavelength of light (see 
figure (D.2)) 1. 

Wavelength >.. in nm 

Figure D.2: Colour-matching functions according to CIE 1931 XYZ data 

The total stimulus by a certain light souree which is experienced by the Cones 
can be expressed by the integral over the visual spectrum of the speetral distri
bution of this light multiplied by the Colom-matching functions x, fi and z. The 

1 In fact tigure (D.2) shows the CIE 1931 XYZ data., which are a transformation of the 
Colour-ma.tching functions as measured in the 1920s independently by Guild and Wright [ Wright, 
1969]. Guild and Wright let a group of people match the colour of speetral light at a certain 
wavelength to the colour obtained by mixing red (650 nm), green (530 nm) and blue (460 nm) 
light (primaries) and registered the relative intensity of the primaries required. These data 
became the Colour-matching functions i', g and b. The CIE (Commission Internationale de 
I'Eclairage) transformed these functions to the XYZ-Colour-matching functions x, fi and z so 
that the function fj represents the luminous efficiency function V(.X), which is the perceived 
brightness of monochromatic light with a certain power. The con esponding primaries are not 
real colours. 
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total stimulus of the Violet-Blue sensitive cones X is thus expressed by: 

780 

x = j P(>.) x(>.) d>. (D.l) 
380 

the tot al stimulus of the Green-Yellow sensitive con es Y is expressed by: 

780 

Y = j P(>.) y(>.) d>. (D.2) 

380 

and the total stimulus of the Orange-Red sensitive cones Z is expressed by: 

780 

z = j P(>.) z(>.) d>. 

380 

(D.3) 

where À denotes the wavelengthof the light and P(>.) denotes the specific power
distribution of the light source. The relative stimulus of the three different cones 
is some measure of colour. When the cones are stimulated equally (X = Y = Z) 
a white light is observed. Sirree it is possible that several speetral distributions 
of light stimulate the three Cones equivalently, the same colour sensation of light 
does not imply that the speetral distribution is the same. 

The colour-measurement system which is employed in this study consists of 
commercial PAL2 -RGB video apparatus (actually the same apparatus as used for 
partiele tracking), which is based on human colour perception. Therefore it is 
not possible to register the speetral distribution of the light refiected by Liquid 
Crystals, but only some integrated values, which wil! be called the Red (R), 
Green (G) and Blue (B) components (or Tristimulus coordinates) of the light. 
The PAL-RGB colour system is a linear transformation of the CIE 1931 colour 
system, such that the primaries (the three basic colours by which a colour system 
is defined) correspond to the red, green and blue phosphors of television tubes: 

( 
R ) ( 3.0627 -1.3928 -0.4759 ) ( X ) 
G = -0.9689 1.8756 0.0417 · Y 
B 0.0677 -0.2286 1.0690 Z 

(D.4) 

In order to represent colour in a 2D plane, the Tristimulus coordinates X, Y 
and Z can be normalized by dividing them by the intensity I= X+ Y + Z. 

In figure (D.3) the visible spectrum is shown in this so-called Chromacity 
diagram. Figure (D.3) also shows the domain of the PAL-RGB-system. It is seen 
that the PAL-RGB-system is not able to represent speetral colours. Speetral 
colours are mapped on the boundary of the PAL-RGB-domain. In practice this 

2Phase Alternating Line: the European television colour transmission system 
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0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 

X/I 

Figure D.3: Chromacity diagram showing the speetral colours {labelled by their 
wavelength in nm) and the colour domain of the PAL-RGB-system, indicated by 
the shaded area. The point D65 represents white or gray light. 
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is not a problem sirree highly saturated colours as speetral colours hardly ever 
occur. The point D65 is the point where the Tristimulus coordinates of the 
PAL-RGB-system are equal, which corresponds to white or gray light. 

Figure (D.3) also shows an alternative methad of representing a colour in a 
point P . The colour P can be specified by the angle T between the lines D65- P 
and D65 - R tagether with the length S = ID65 - P j. The angle T then is a 
measure of the hue of the colour (e.g. green, blue, orange) and the length S is a 
measure of the saturation or Chroma: the purity of the colour. 

The methad based on this so-called YST-colour space is employed to cali
brate and process Liquid Crystals in this study. Befare going into the details of 
the methad first some methods used by other researchers wil! be discussed. A 
description of the YST-co!our space is given in appendix E. 
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Appendix E 

The YST colour space 

In order to represent colour as a single variable, the Y ST colour space may be 
used. The Y ST space is a transformation of the PAL-RGB space according to: 

S - _ min(R,G,B) 
-l 3 (R + G + B) 

T = cos-1 { t [(R - G) +(R - B)] } 

V(R- G)2 +(R-B) (G- B) 
(E.l) 

The value of T is a measure of the angle as sketched in figure (D.3) and as 
such a measure of the hue (figure (E.l)). Y represents the total intensity of the 
light and S is a measure for the saturation of the hue. 
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Wavelength in nm 

Figure E .l: Hue angle T of speetral colours. 
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Grashof number definitions 

In this work the Grashof number is defined as follows: 

Gr = g/3d3 b.T 
v2 

(F .l) 

where g is the acceleration due to gravity, /3 is the thermal expansion coefficient, 
v is the kinematic viscosity, d is the diameter of the pipe and 6.T is t he temper
ature difference between the medium at inflow and the pipe wall. Since in the 
literature not only prescribed temperature boundary conditions are used , three 
other definitions of the Grashof number, based on different characterist ic tem
perature differences, will be given. In discussing the literature these definitions 
are referred to. 

In those cases where a wall heat flux q11 is prescribed, a characteristic tem
perature difference b.Tq" = q" dj).. is used to define a Grashof number as 

g/3d4 q" 
Gr " =---

q v2 ).. 

where).. is the thermal conductivity of the medium and i/' = >.VTiwall · 

(F .2) 

When an axial heat flux per unit length q' =pep J u~; dA is prescri bed, an 
A 

approximate energy balance can be used to relate the axial heat flux to the wal! 
heat flux: q" ~ ,:d · q', and thus a characteristic temperature difference is found 
of: b.Tq' = "'\ · q'. The Grashof number then is defined by: 

g/3d3 q' 
Gr, = - - --

q v2 7r).. 
(F.3) 

When an axial temperature gradient T = ~~ is prescribed, the following 
approximation, based on a uniform velocity profile, can be used to relate the 
temperature gradient to the axial heat flux: 

7rd2 
q' ~ pc"Au · r =pep - u · r 

4 
(F.4) 
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and thus a characteristic temperature difference of 6.T,. = E!!J!'- d4
2 u· T can be used 

to define: 
1 g{3d4 PCpV du 1 • 

Grr = ---T · -- ·- = -Gr · Pr ·Re 
4 v 2 À v 4 

(F.5) 

where Gr* = g/3~4 T is the Grashof number similar to the one defined by Morton 
1/ 

[1959]. 
In all cases the corresponding Rayleigh number is defined as the product of 

the Grashof and Prandtl number, thus Ra= Gr · Pr. 
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Frequently used symbols 

Although most of the symbols are treated as being dimensionless, the physical dimension 
is given between square brackets. 

d internal tube diameter (2 R;) [m] 
Dn Dean number, equation (1.1) [-] 

(after W.R. Dean (1896-1973)) 

f friction factor, equations (5.2) and (6.3) [-] 
g acceletation due to gravity [ms-2] 
Gr Grashof number, appendix F [-] 

(after Franz Grashof (1826-1893)) 
H internal channel heigth [m] 
J{ relative kinetic energy of secondary flow, equation (5.1) [m] 
Nu Nusselt number, equation (1.6) [-] 

(after Ernst K.W. Nufielt (1882-1957)) 
p dynamic pressure [Nm-2], 
Pr Prandtl number, equation (2.17) [-] 

(after Ludwig Prandtl (1875-1953)) 
q" heat flux [wm-2] 
Re radius of curvature, figure (3.1) [m] 
Ri intern al tube radius, figure (3.1 ) [m] 
Ra Rayleigh number = Gr Pr [-] 

(after John W. Strutt, Lord Rayleigh (1842-1919)) 
Re Reynolds number, equation (2.16) [-] 

(after Osborne Reynolds (1842-1912)) 
T temperature (J<;oCJ 
!::.T temperature difference [K;oCj 
Tb bulk temperature, equation (1. 7) [K;oCj 
1f stress tensor [Nm-2] 
u (axial) velocity [ms-1] 
Üax average axial velocity [ms-1] 
ÜDn average secondary velocity due to centrifugal effects [ms- 1] 
ÜGr average secondary velocity due to buoyancy [ms-1] 
V velocity in y-direction [ms-1] 
w velocity in z-direction [ms-1] 
x axial coordinate (figures (3.1), (5.1) and (6.1)) [m] 
y horizontal coordinate, perpendicular to the axis x [m] 
z vertical coordinate [m] 

Cl' thermal diffusivity [m2s - l] 

!3 coefficient of thermal expansion [K-1] 
ó curvature ratio [-] 
>. thermal conductivity [wm-1K-1] 
fJ, dynamic viscosity [N sm-2] 
V kinematic viscosity [m2 s - 1] 
p density [kgm- 3 ] 
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Summary 

In this thesis the development of laminar mixed conveetien in ducts is analy
sized. Mixed conveetien is a flow influenced by the combined effect of buoyancy 
and pressure farces. Furthermore centrifugal farces may have their effect on the 
flow . Such a flow situation for instanee occurs in helically cailed low-flow heat 
exchangers, as frequently used in aSolar Dornestic Hot Water System (SDHWS), 
which serves as a background for this research. 

The experimental methods employed are based on flow visualization. The 
temperature field in water is measured by means of Liquid Crystal Thermog
raphy, using the selective reflection property of liquid crystals to quantify the 
temperature in a cross-section of the flow . The velocity field in a cross-section 
on its turn is measured by following reflecting particles suspended in the flow 
(Particle Tracking Velocimetry). 

The elliptic equations descrihing the flow are discretized in space using the 
Finite Element Method. The numerical procedure is validated by comparison to 
experimental results for the case of mixed conveetien in a horizontal channel, and 
further employed for the analysis of entrance flow in a horizontal straight tube 
and in a horizontally curved tube. 

The parabolized equations are discretized using a Finite Difference Method . 
The results obtained are compared to the elliptic computations and a good agree
ment was found. The parabolized methad further is used to model the flow in a 
complete SDHWS heat exchanger. 

From these studies it was found that due to the interaction of the different 
farces on the medium, a complex flow develops, consisting of secondary vortices 
perpendicular to the main flow direction. The flow in the channel and in the 
straight tube is characterized by two symmetrie longitudinal vortices , resulting 
from buoyancy effects (Morton-type vortices). In the straight tube a second pair 
of vortices was found for water, which is attributed to a Rayleigh-Bénard type 
of flow. In the curved pipe a Dean-type flow is observed, which interacts with 
the Morton-type flow . The development of these flow patterns, and the effects 
of the flow on the temperature field is investigated. Since the occurring vortices 
prohibit the temperature boundary layers to grow, the heat transfer from the 
medium to the duet wall considerably increases. 
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Samenvatting 

Het onderzoek beschreven in dit proefschrift heeft zich gericht op de analyse van 
de ontwikkeling van interne laminaire gemengde-convectie stromingen, waarbij 
zowel drukkrachten en centrifugaalkrachten als opwaartse krachten de stroming 
beïnvloeden. Een dergelijke stroming treedt bijvoorbeeld op in de spiraalvormige 
"!ow-flow" warmtewisselaar, van bepaalde typen zonneboilers. 

De gebruikte experimentele methoden laten zich groeperen onder de term 
quantitatieve visualisatie. Er is een methode ontwikkeld (Liquid Crystal Ther
mography) waarmee de temperatuurafhankelijke reflectie van vloeibare kristallen 
kan worden gequantificeerd. Op grond daarvan kan het temperatuurveld in een 
doorsnede van de stroming worden gemeten. Het snelheidsveld in een doorsnede 
van de stroming is gemeten door reflecterende deeltjes in de stroming te volgen 
middels Partiele 'fracking Velocimetry. 

De beschrijvende elliptische vergelijkingen zijn gediscretiseerd middels een 
Eindige Elementen Methode. Deze numerieke methode is getoetst aan experi
menten aan een inlaatstroming in een horizontaal kanaal. De methode is verder 
toegepast op de analyse van de inlaatstroming door een rechte pijp en door een 
gekromde pijp. 

Daarnaast zijn geparaboliseerde vergelijkingen gediscretiseerd middels een 
Eindige Differentie Methode. De behaalde resultaten zijn getoetst aan de el
liptische berekeningen. De geparaboliseerde methode bleek geschikt te zijn voor 
de analyse van de stroming door de volledige zonneboiler warmtewisselaar. 

Uit het onderzoek blijkt dat door de interactie van de afzonderlijke volu
mekrachten complexe secundaire wervel patronen ontstaan. Zowel in de kanaal
stroming als in de stroming door de rechte pijp ontstaan twee symmetrische lon
gitudinale wervels (Morton-type wervels). In de horizontale rechte pijp ontstaat 
daarnaast een tweede paar wervels in water, dat toegeschreven wordt aan een 
Rayleigh-Bénard type stroming. In een gekromde pijp vindt een interactie plaats 
tussen Morton-type wervels en Dean-type wervels. Het ontstaan en de groei 
van deze secundaire stroming is in kaart gebracht en de interactie met het tem
peratuurveld is geanalyseerd. Omdat ten gevolge van de secundaire wervels 
voorkomen wordt dat de temperatuurgrenslagen groeien, blijkt de warmteover
dracht aanzienlijk (tot een factor drie) vergroot te worden. 
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Nawoord 

De tijd is verstreken. Vier jaar lijken zo kort, maar toch is er in die tijd veel 
gebeurd binnen de alsmaar groter groeiende groep WET. De grote kale ruimte 
in W-laag is omgetoverd tot volwaardig laboratorium. De oudbakken TeleVideo 
terminals zijn vervangen door flitsende SG-workstations. Een jonge staf heeft 
expertise opgebouwd. 

Ik heb een leerzame tijd gehad in een prettige werkomgeving. Daar wil ik 
de hele sectie voor danken. Met naam wil ik noemen Anton en Rian, omdat 
die daar in ieder geval een grote bijdrage aan hebben geleverd. Daarnaast wil 
ik Anten danken voor zijn vertrouwen en geduld en voor de discussies over de 
materie. Camilo wil ik bedanken voor zijn aanstekelijke enthousiasme, voor het 
stellen van vragen en voor het meezoeken naar de antwoorden. 
De overige leden van de promotiecommissie, prof. Hoogendoorn, prof. van Heijst 
en dr. Jansen, ben ik dank verschuldigd voor hun suggesties en voor de op
bouwende kritiek in de eindfase van het promotiewerk. 
Verder wil ik de volgende mensen bedanken: 
Joop, Edwin, Gerard, Jasper, Sander en Wilhert voor hun bijdragen aan dit werk, 
Johan Krijger voor het tot mijn beschikking stellen van zijn code, 
Frits, Lambert en Frans, en Ad, Rein en Ion, voor hun hulp met de experimentele 
en numerieke hardware, 
Rob, Jacob, Peter, JanKees, Gert en Ton voor de discussies over (over)stromingen, 
milieu (dat slappe groene spul langs de autoweg), Duitsers, oorlog (vaak in re
latie tot het vorige en volgende), Joegoslavië (waar zelfs wij niet goed raad mee 
wisten) en een breed spectrum aan andere zaken, 
en als laatste maar vooral Peet, voor haar belangrijke rol in mijn leven, en 
daarmee ook aan dit proefschrift. 
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Stellingen 
behorende bij het proefschrift van Jos Sillekens: 

Larninar Mixed Convection in Ducts 

Discretisatie van de 1D convectie-diffusie vergelijking met de Eindige Elementen 
Methode resulteert voor tweede orde basisfuncties, net zoals voor eerste orde 
basisfuncties, in niet fysische oscillaties (wiggles) voor een mesh-Peclet getal 
gebaseerd op de afstand tussen knooppunten (Pm) dat groter is dan 2. Het 
criterium van Belytschko en Eldib (Pm > J6) is daarom niet volledig. 

T. Belytschko and I . Eldib [1979] 
Analysis of a finite element upwind seheme 
In: Finite Element Methods for Convection Dominaled Flows 
ADM-Vol.34 ASME, New York 

Sillekens, J.J M. [1994], TUE WOC-WET 94.038 

II Kleurmetingen gebaseerd op huidige commerciële video systemen zijn in wezen 
niet nauwkeuriger dan kleurmetingen gebaseerd op het menselijk waarnemingsver
mogen. Zij elimineren echter wel de menselijke subjectiviteit. 

111 Gezien de exponentiële groei van de capaciteit van computers, zullen in de toe
komst, naast de interpretatie van de resultaten, de te stellen randvoorwaarden 
het grootste probleem vormen binnen het gebied van de numerieke stromings
modellering. 

IV Promovendi een studentenstatus geven is een typisch voorbeeld van afschuiven 
van budgetteringsproblemen op de zwakkeren. 

V De huidige rijkdom aan voedselkeuze vindt haar oorsprong in grote armoede. 
Pointing, C. [1991]. A Green History of the World 
Penguin, ISBN G-14-016642-4 

VI Und Gott ist das, -was wir nicht fassen können. 

Leopold Schefer [1834], Laienbrevier 

VII De instandhouding van het koningshuis is in strijd met de artikelen 1 en 3 van 
de grondwet. 

Grondwet voor het Koninkrijk der Nederlanden 
Deel 1, bewerkt door A. Kors [ 1988] 
Tjcenk Willink Zwolle, ISBN 90-271-2935-5 
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VIII Het opleggen van wijn sterkt zowel het karakter van de wijn als dat van hem die 
de wijn oplegt. 

IX De onsterfelijkheid van de Griekse en Romeinse helden en goden is voor een 
aanzienlijk deel te danken aan kruiswoordpuzzels. 

X Wit aan zet kan mat geven in precies vier zetten. 




