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o. Introduction 

The concepts of sufficiency and ancillarity in statistical inference were introduced by 
Fisher. Many authors contributed to the generalization of these concepts (see Bhap
kar (1989, 1991) for references). In this paper a measure-theoretic description of the 
il1variance, (partial) sufficiency and (partial) a.nciUarity principles is given. Measure
theoretic formulations of these principles are independent of particular parametriza
tions of the family of probability distributions. Consequently this approach allows for 
general and concise definitions. 
In section 1 we give the mathematical prerequisites that are used in the other sections. 
Section 2 describes in general terms the probability structure of the obs('rvaf.ional ev
idence. Section 3 and 4 describe its sufficient reduction and ancilla.ry conditioning. 
Statistical inference may have a given form, e.g. there may be a parameter of interest. 
This interest specification together with sufficiently reduced and conditioned proba
bility structure constitute an inference model as described in section 5. The interest 
specification makes invariant reduction possible as defined in section 6. Invariant re
duction as defined by Barnard (1963) is a special case. In section 7 and 8 the concepts 
of partia.lly sufficient reduction and partially ancillary conditioning are introduced. 
These definitions generalize other definitions of partial sufficiency and ancillarity (see 
Bhapkar). In section 9 we propose a sequence in which the transforma.tions described 
in the previous sections should be applied. Through this sequence of tra.nsformations 
every probability structure is changed into one or more reference models. In section 10 
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we discuss some aspects of our reduction and classification scheme. Section 11 gives a 
number of examples. 

1. Preliminaries 

In this section we collect preliminaries for reference in subsequent sections. There
fore the reading of the paper can start with section two and the relevant parts of this 
section can be read when they are referenced. 

1.1. Let A be a map from a set X into a set Y. We refer to X as the domain and to Y as 
the codomain of A. The powerset of X, i.e. the collection of subsets of X, is written 
as P(X). The maps 

A-+ : P(X) -+ P(Y) , 

A<- : P(Y) -+ P(X) , 

are defined as 

A-+(.4) := p(a) E Yla E A}, A eX, 
(1.1.1) 

A<-(B) := {b E XIA(b) E B}, BeY. 

Let F be a (1-field of subsets of the codomain Y, i.e. (Y, F) is a measura.ble space. We 
refer to 

(1.1.2) (1(A) := P<-(B) C XIB E F} 

as the (1-field of subsets of the domain X generated by the map A from X into the 
measurable space (Y, F). 

1.2. Let X be a set and let A c P(X) be a collection of subsets of X. The int('fsection 
of the (1-fields of su bsets of X containing A is said to be the (1-field (1( A) generated by A. 

1.3. Let (X,F) be a measurable space. For A C X we write 

(1.3.1) FIA:= {B n AlB E F} , 

and we refer to the (1-field FIA on A as the trace of Fan A. 

1.4. We now formulate a theorem for later use. 

Theorem. Let A : X -+ (Xl, Fd be a surjection from a set X into a measmable space 
(Xl, Fd, and let Fo C (1(A) be a (1-field on X. We have 
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1 ,\- ,\ ..... (A) A for all A E a('\) . 

11 {A ..... (A) I A E .ro} c .1'1 is a a-field. 

Proof. Let A E a('\). There exists B E .1'1 such that A '\+-(B). Since the map ,\ is 
a surjection, it follows that 

,\ ..... ,\ .... (B) = B , 

and we can then conclude that 

which proves i. 

It is easily verified that 

The collection on the right-hand side is a a-field, which completes the proof of the 
theorem. 

1.5. Let X be a set and let I be an index set such that to every i E I there correspond a 
measurable space (Xi,.ri) and a map '\i : X -+ Xi. The a-field on X generated by the 
collection 

of maps on X is written as a(A) and 

(1.5.1) 

see 1.2 and (1.1.2). 

1.6. Let (Xi,.rt) and (X2' .1'2) be two measurable spaces. A bijection ,\ : Xl -+ X2 is 
said to be a measurable isomorphism between (Xl, F l ) and (X2, F2), if both ,\ and its 
inverse ,\-1 are measurable. If (X1 ,F1 ) = (X2 ,F2 ), then we refer to'\ as a measurable 
automorphism on (Xl,.rd. 
Let ,\ be a measurable isomorphism between (XbFl ) and (X2 ,F2 ). Note that the 
bijection ,\ ..... : Fl -+ .1'2 satisfies 

(1.6.1) ,\ ..... (.4 n B) ,\ ..... (A) n ,\ ..... (B) 

for all 11, J] E Fl' 
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1.7. Let Ii be a measurable automorphism on the measurable space (X,F); see 1.6. The 
a-field 

(1.7.1) J(6) := {A E FIIi-.(A) = A} 

is called the a-field of invariant sets under Ii. 

1.8. Let (X 1, Fl) and (X 2, F2) be two measurable spaces. A bijection>. : F1 -;. F2 is said 
to be an isomorphism between the a-fields Fl and F2, if 

(1.8.1) >.(A n B) = >'(A) n >'(B) 

for all A,B E Fl. If (Xl,Fl ) = (X2 ,F2 ), then we refer to >. as an automorphism on 
the a-field Fl. It follows from (1.6.1) that a measurable isomorphism betw('cn (Xl, Ft) 
and (X2,F2) induces an isomorphism between the a-fields F1 and F 2. The converse, 
however, is not true in general. 

1.9. Let 7 be an automorphism on the a-field F of a measurable space (X,F); see 1.8. The 
a-field 

(1.9.1) J("'f) := {A E Fh(A) = A} 

is called the a-field of invariant sets under 7. 

1.10. Let (X, F) be a m€'asurable space. The set of probability measures on F is denoted 
by F. For A E F consider the map 

(1.10.1) AA(p) := peA) E [0,1]' P E F 

from F into the unit intervaL The a-field of Borel subsets of the unit interval is written 
as 6[0,1]. The a-field generated by the collection 

of maps from F into the measurable space ([0,1],6[0,1]) is denoted by F; see (1.5.1). 
We refer to (F,F) as the space of probability measures on the a-field F. Let Pc F 
be a collection of probability measures on F. We refer to (P, FIP) as a span' of prob
ability measures on F; see (1.3.1). 

1.11. Let (X,F) be a measurable space and let Fo C F be a a-field on X. Furthermore, let 
(P,FIP) he a space of probability measures on F; see 1.10. The marginal probability 
measure on Fo corresponding to 1) E P is denoted by <pep). We refer to the map 

(1.11.1) <p : (P,FIP) -;. (Fo, Fo) 
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as the marginalization map on P corresponding to Fo. Here (Fo, Fo) is t.he space of 
probability measures in Fo; see 1.10. The a-field a( cp) generated by the map cp from 
Pinto (Fo,Fo) is the smallest a-field on P such that the map 

AA(p) := peA), pEP, 

from Pinto ([0,1], B[O, 1]) is measurable for all A E Fo. 
Hence, 

(1.11.2) a( cp) C FIP . 

Let Fo C FI C F be two a-fields on X. The marginalization maps on P corresponding 
to Fo and FI are written as CPo and CPI respectively. We have 

1.12. Let X be a set and let FI, F2 be two a-fields on X. The a-fields FI and F2 are called 
algebraically independent, notation FI ..1 F 2 , if every inclusion between sets of FI and 
F2 is trivial, i.e. for all A E FI and B E F2 we have 

(1.12.1) A c B =} A = 0 or B = X . 

1.13. Let (X, F) be a measurable space and let P C F be a set of probability measures on 
F. The space of all probability measures on F is written as (F, F); see 1.10. The 
a-field Fo C F on X is said to be regular, if there exists a measurable map '1/' from 
(X x P,Fo@ FIP) into (F,F) such that 

(1.13.1) J 'I/,(x,p)(B)p(dx) = peA n B) 
A 

for all A E Fo, BE F and pEP. Here Fo@FIP is the product a-field 011 the cartesian 
product X X P corresponding to the a-fields Fo and FIP on X and P respectively. 
For pEP we refer to the map 

(1.13.2) 'IjJ(.,p): (X,Fo) -. (F,F) 

as the regular conditional probability measure on F given Fo corresponding to pEP. 

A measurable map 5 from (X, F) into a measurable space is said to be a statistic on 
(X, F), if the a-field a(5) C F on X generated by 5 is regular. 

1.14. Let (X,F) be a measurable space and let P C F be a set of probability measures 
on F. The space of all probability measvres on F is written as (F,F), sec 1.10. Let 
Fo C F on X be a regular a-field; see 1.13. In general the map '1/' satisfying (1.13.1) is 
not unique. Let C be the nonempty collection of maps 'IjJ satisfying (1.13.1). 
Fix x E X and let a('I/'(x,·)) C FIP be the a-field on P generated by t.he map 'I/'(x,.) 
from Pinto (F, F). The collection C is partially ordered by ~; x defined as 
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2. Probability structure 

Consider an experiment. The set of possible outcomes of the experiment is denoted by 
n. The O"-field of events on n is written as E. The measurable space (n,~) is said to 
be the sample space of the experiment. Let (f;, E) be the space of probability measures 
on Ej see 1.10. The probability distribution on E corresponding to the outcome of the 
experiment is not known. However, a subset Pc f; is given such that the probability 
distribution of the outcome of the experiment is in the set P. The space (P,EIP) of 
probability measures on E is referred to as the probability model for the outcome of 
the experiment; see 1.10. 

Consider the O"-ring 

(2.1) N:= {A E Elp(A) = 0 for all PEP} 

of the so-called negligible subsets of the sample space. All equalities and inclusions 
between sets in E have to be interpreted modulo N, i.e. for all A, B E ~ 

(2.2) A c B :{:} A \ BEN. 

The two measurable spaces 

sample space: en, E), 

probability model: (P, EIP) 

are said to constitute the probability structure of the experiment. 

3. Sufficiency 

Let (n, E) be the sample space and (P, EIP) the probability model of a probabil
ity structure. Consider a statistic S on the sample space; see 1.13. The (T-field on n 
generated by S is denoted by 0"( S) C E; see (1.1.2). The marginalization map from P 
into the space (0"(8), 0"( S)) of probability measures on 0"( S) is written a.s !.pi see 1.11. 
Let 

(3.1) ~ : (n X P,O"(S) ® EIP) - (f;, E) 

be a map as described in (1.13). Here (f;, E) is the space of probability measures on 
E; see 1.10. Hence, for pEP the map ~(.,p) from (n,O"(S)) into (E, is a regular 
conditional probability measure given S corresponding to pEP. Fix wEn and 
consider the map 

(3.2) ~(w,·) : (P, EIP) - (E, E) . 
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The cr-field on P generated by the map \b(w,.) from Pinto (E, l:) is denoted by 
cr( \b(w,.)) C ~IP. 

The statistic 5 on (n,~) is said to be sufficient, if the conditional probability measure 
\b(w,p) given 5 5(w) is independent of PEP for all wEn, i.e. the map V' in (3.1) 
can be chosen such that 

(3.3) O'(V,(w,.» = {0,P} 

for all wEn. The sufficient statistic 5 is said to be minimal sufficient, if for all 
sufficient statistics 5' on (n,~) we have 

(3.4) cr(5') C cr(5) =? cr(51
) = cr(5) . 

Two statistics are considered to be identical, if they generate the same a-field on the 
sample space. In that sense there exists in general a unique minimal sufficient statistic. 
Let 5 be the unique minimal sufficient statistic. So for every sufficient statistic 51 we 
have 

(3.5) cr(5) C cr(5') . 

We now transform the given probability structure and we refer to this transformation 
as the sufficient reduction of the probability structure under consideration. 
The sample space of the new probability structure is 

(3.6) (n,cr(5» . 

The probability model of the new probability structure can be written as 

where 

The conditional probability measure \b(w,p) is independent of]J E P and therefore the 
map 

is a measurable isomorphism; see 1.6. 
If 

(3.9) cr(5) = ~ , 

then the sufficient reduction of the probability structure is said to be trivial. 
For an illustration of the concepts in this section we refer to example 11.1. 
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4. Conditioning 

Let (n, E) be the sample space and (P, EIP) the probability model of a probabil
ity structure. Consider a statistic C on the sample space. The a-field on n generated 
by G is denoted by a( C) C Ei see (1.1.2). The marginalization map from P into the 
space (a(C),a(C» of probability measures on a(G) is written as <Pi s('<:' 1.11. The 
a-field on P generated by ep is written as a( ep) C EIP. The statistic G is said to be an 
ancillary statistic, if the probability distribution of G is independent of pEP, i.e. 

(4.1) O'(ep) {0, P} . 

The ancillary statistic G is said to be a maximal ancillary statistic, if for all ancillary 
statistics G' on (n, E) we have 

(4.2) 0'( G) C 0'( G') => a( G) := 0'( G') . 

In general there does not exist a unique maximal ancillary statistic. The proba.bility 
distribution of a maximal ancillary statistic C is independent of pEP and therefore we 
can consider the experiment as a mixture of experiments corresponding to the possible 
values of G. So we transform, for every wEn, the given probability structure in the 
following way. 
Let C be a maximal ancillary statistic on (n, E). Let 

be a map as described in (1.13). Fix wEn and suppose that '1/' in (4.3) has been 
chosen such that '!jJ is minimal with respect to the partial order ~; w in (1. 14.1). The 
sample space of the new probability structure is 

(4.4) (n,E). 

The probability model of the new probability structure can be written a.s 

where 

pw := {1;b(w,p) E ~Ip E P} . 

If 

(4.6) O'(G) = {0,n}, 

then the maximal ancillary statistic G is said to be trivial. For an illustration of the 
concepts in this section we refer to the examples 11.2 and 11.3. 
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5. Interest specification and inference model 

Let (n, L:) be the sample space and let (P, L:IP) be the probability model of a prob
ability structure such that the sufficient reduction is trivial, i.e. for every sufficient 
statistic S on (n, L:) we have 

(5.1) a(S) = I: , 

and every ancillary statistic is trivial, i.e. for every ancillary statistic C on (n, L:) we 
have 

(5.2) a(C) = {0,n} . 

Let Po be the probability distribution of the outcome of the experiment. It may be 
that one is interested only in a specific aspect of Po, i.e. a a-field n c ~IP is specified 
such that every inferential statement can be written as ]10 E .4 with .4 E n. We refer 
to n as the a-field of interest. 

The probability models (P,L:IP) and (PW, L:IPW),w E n, (see 4 .. 5) are not isomor
phic in general, and therefore the initial specification of the a-field n of interest should 
take place in a probability structure satisfying (5.2). 
The triple 

sample space: (n, L:) , 
probability model: (P, L:IP) , 
a-field of interest: n c L:IP , 

is said to constitute an inference model for the experiment. Specific a-fields of interest 
can be found in examples 11.4-11. 

6. Invariance 

Consider a group of transformations on the sample space such that the par<lmeter space 
is invariant under the induced transformations. If the distribution of some statistic can 
be parametrized by a set of parameters including the parameter of interest a.nd the 
statistk is constant on each orbit and takes different values on different orhits of the 
above group, then statistical inference should be based on the value of the statistic and 
its distribution. This is the invariance principle; compare G-sufficiency in Barndorff
Nielsen (1978). A measure-theoretic formula.tion is given below. 
Let (n,~) be the sample space, (P, L:IP) the probability model and R. C EIP the 
a-field of interest of an inference modeL The set of automorphisms of the a-field I: is 
denoted by r; see 1.8, and the set of measurable automorphisms of (P, EIP) hy ~; see 
1.6. Introduce the set 

(6.1) V := Hi, 6) E r x ~16(p)(")'(.4)) p(.4) for aU]J E P, A E E} . 
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For (t,o) E V let J{t) C E be the O"-field of invariant sets under 7, and let J(o) c EIP 
be the O"-field of invariant sets under 6; see (1.9.1) and (1.7.1). The ma.rginalization 
map on P corresponding to J{t) is written as <p .. p i.e. for (t, 6) E V 

(6.2) <p-y: (P,EIP)-+ (JrY),J{t» , 

where (J'(7), J( 7» is the space of probability measures on Jh); see 1.11. The O"-field 
on P generated by r.p-y is denoted by 0"( r.p-y) c EIP. 

Consider a statistic I on the sample space. The O"-field on n generated by I is de
noted by 0"(1) c E; see (1.1.2). The marginalization map from P into the space 
(;fi), O"(I» of probability measures on O"(I) is written as r.p; see 1.11. The O"-field on 
P generated by r.p is denoted by 0"( r.p) c EIP. The statistic I is said to be invariant, if 
the interesting aspect of pEP is a function of the marginal distrihution .,,(p), i.e. 

(6.3) RCO"(r.p), 

and there exists a set B C V such that 

(6.4) O"(I) = n J{t). 
(-y,cS)eB 

The invariant statistic I is said to be minimal invariant, if for all invariant statistics l' 
we have 

(6.5) 0"(1') c O"(I) => 0"(1') = 0"(1) . 

If a statistic satisfies (6.4) for some B C V, then in literature the statistic is said to be 
maximal invariant with respect to B C V; see Giri (1982). 
Let I be an invariant statistic. So there exists B C 11" such that (6.3) and (6.4) are 
satisfied. If A E R, then A is invariant under 6 for every (7,6) E B, Le. 

(6.6) R C n J(6). 
(-y,cS)eB 

We now prove (6.6). For (t, 6) E V, A E J{t) and 0 :::; x :::; 1 consider 

. TV:= {p E Plp(A):::; x} E O"(<p-y) . 

For p E TV we get 

o(p)(A) = O(P)(7(A)) = p(A):::; x, 

o-l(p)(A) = 6-1(p)(7-1(A» = p(A):::; x . 

So we conclude W E J(o), and therefore 0"(f.P-y) C J(o) for all (7,6) E V. Use (1.11.3) 
to obtain 0"( <p) C 0"( 'P-y) for all (t, 6) E B. Hence, for all (;" 0) E n \ve have 

(6.7) R C O"(<p) C O"('P-y) C J(o) c EIP, 
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which completes the proof of (6.6). 
We now discuss the existence of a unique invariant statistic. Introduce the set 

(6.8) Q := ((/,C) E VIR C a(<p-y)} , 

and the a-field 

(6.9) Em:= n J(-y) c E . 
b.6)eQ 

Let 1m be a statistic such that 

(6.10) a(Im) = Em , 

and let <Pm be the marginalization map from P into the space (Em' Em) of probability 
measures on Em. The a-field on P generated by <Pm is denoted by a( <Pm) C ~IP. We 
have 

(6.11) a(<Pm) C n a(<p-y). 
(...,,6)EQ 

We now conclude the following. 
If 

then 1m is the unique minimal invariant statistic. 

We transform the given inference model and refer to this transformation as the in
variant reduction of the inference model under consideration. 
Let I be a minimal invariant statistic on the sample space. The sample spare of the 
new inference model is 

{6.13) (fi, a( I» . 
The probability model of the new inference model can be written as 

where 

PI := {<p(p) E ;U)lp E P} . 

For A ERe a( <p) we have by use of theorem 1.4 
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and 

is a a-field on Pl. 
Therefore the a-field Rl C 0'(I)IP1 is the a-field of interest in the new inf<'fE'nce model. 
If 

(6.15) 0'(1) = I: , 

then the invariant reduction of the inference model is said to be trivial. 
For an illustration of the concepts in this section we refer to the exam pIes 11.4 and 
11.5. 

7. Partial sufficiency 

If the distribution of some statistic can be parametrized by a set of parameters in
cluding the parameter of interest, and the conditional distribution of tIle observation, 
given the value of the statistic, is not informative with respect to the above set of 
parameters, then statistical inference should be based on the value of the statistic and 
its distribution. This is the sufficiency principle in the presence of incid(,l1taJ (or nui
sance) parameters; compare S-sufficiency in Barndorff-Nielsen (1978, pp. 47,50) and 
strong- and weak p-sufficiency in Bhapkar (1991, p. 188). In the case of S- sufficiency 
and strong- or weak p-suffidency the distribution of the statistic depends on the para
meter of interest alone. Moreover, in the case of S-sufficiency and strong ll-sufficiency 
the conditional distribution of the observation does not depend on the parameter of 
interest. So all these definitions are generalized by our concept of partial sufficiency. 
A measure-theoretic formulation is given below. 
Let (Q, I:) be the sample space, (P, I:IP) the probability model and n C ~I'P the 
a-field of interest of an inference model. Consider a statistic Ron (Q, ~). The a-field 
on Q generated by R is denoted by a(R) C I:; see (1.1.2). The marginalization map 
from P into the space (a(R),O'(R» of probability measures on a(R) is written as <Pi 
see 1.11. The a-field on P generated by <P is written as 0'( <p) C I:I'P. Let 

(7.1) 1ji:(QxP,a(R)®EIP)--(E,I:) 

be a map as described in (1.13). Fix wE Q and consider the map 

(7.2) 1ji(w,.): (P,~IP) -. (E,I:). 

The a-field on P generated by the map 1ji(w,·) from Pinto (E, E) is denoted by 
0'(1I'(W,·)) C I:IP. 

The statistic R is said to be partially sufficient, if the interesting aspect of]J E P is a 
function of the marginal probability distribution <p(p), i.e. 

(7.3) R C 0'( <p) , 
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and the conditional probability distribution '!f;(w,p) is not informative with respect to 
the marginal distribution <.p(p) for all w E fl, i.e. if'!f; in (7.1) can be cllOsen snch that 

(7.4) O'('!f;(w,·)) -L O'(<.p) 

for all w E fl; see (1.12). 

The partially sufficient statistic R is said to be minimal partially sufficient, if for all 
partially sufficient statistics R' on (fl, L:) we have 

(7.5) O'(R') c O'(R)::} O'(R') = O'(R) . 

We conjecture that there exists a unique minimal partially sufficient statistic in gen
eral. 
Let R be a minimal partially sufficient statistic. \Ve now transform the giV<lll inference 
model and refer to this transformation as the partially sufficient reduction of the in
ference model under consideration. 
The sample space of the new inference model is 

(7.6) (fl,O'(R» . 

The probability model of the new inference model can be written as 

where 

PI := {<.p(]) E O'(R)lp E P} . 

For A E 'R C 0'( <.p) we have by use of theorem 1.4 

a.nd 

. 'Rl := {<.p ..... (A)IA E 'R} 

is a O'-field on Pl' 
Therefore the O'-field 'Rl C 0'( R)IP1 is the O'-field of interest in the new inrer<'llce model. 
If 

(7.8) O'(R) = L: , 

then the partially sufficient reduction of the inference model is said to he trivial. For 
an illustration of the concepts in this section we refer to the examples] 1.6 and 11.7. 
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8. Partial conditioning 

If the conditional distribution of the observation, given the value of some statistic, 
can be parametrized by a set of parameters including the parameter of interest and 
the distribution of this statistic is not informative with respect to the parameter of 
interest, then statistical inference should be based on the observation and its condi
tional distribution. The marginal distribution of the statistic may be essential for the 
verification of inference rules; see Fisher (1961). This is the conditioning principle 
in the presence of incidental parameters; compare S-ancillarity in Barndol'ff-Nielsen 
(1978, pp. 47,50) and strong- and weak p-ancillarity in Bhapkar (1989, p. I,ll). From 
similar arguments as in Section 7 it follows that all these definitions are generalized by 
our concept of partial an cillarity. A measure-theoretic formulation is given below. 
Let (11,~) be the sample space, (P, ~IP) the probability model and R C ~IP the 
a-field of interest of an inference model. Consider a statistic A on (11, ~). The a-field 
on 11 generated by A is denoted by a(A) C ~; see (1.1.2). The marginalization map 
from P into the space (a(A) , 0'( A)) of probability measures on 0'( A) is written as 'P; 
see 1.11. The a-field on P generated by 'P is written as 0'( 'P) C EIP. Let 

(8.1) 1jJ: (11 X P, a(A) ® EIP) -+ (~, ~) 

be a map as described in (1.13). Fix w E 11 and consider the map 

(8.2) 1jJ(w,·): (P,~IP) -+ (~,E). 

The a-field on P generated by 1jJ(w,·) is denoted by a(1jJ(w,·)). 

The statistic A is said to be a partially ancillary statistic with respect to w E 11, if the 
marginal probability distribution 'P(p) is not informative with respect to the interesting 
aspect of PEP, i.e. . 

(8.3) 0'( 'P) 1.. R ; 

see (1.12), 
and the interesting aspect of pEP is a function of the conditional probahility distri
bution 1jJ(w,p), i.e. the map 1jJ in (8.1) can be chosen such that 

(8.4) R C a(1jJ(w,·)). 

The partially ancillary statistic A is said to be a maximal partially ancillary statistic, 
if for all partially ancillary statistics A' on (11,~) we have 

(8.5) a(A) C a(A') ~ a(A) = a(A') . 

In general there does not exist a unique maximal partially ancillary statistic with re
spect to w E 11. 

Let A be a maximal partially ancillary statistic on (11,~) with respect to w E 11. 
We transform the inference model in the following way. 
The sample space of the new inference model is 

14 



(8.6) (n, E) . 

Let CW be the nonempty collection of maps ¢ in (8.1) satisfying (8.3) and (8.4). Let 
¢ E CW be minimal with respect to the partial order :::;;w in (1.14.1). 
The probability model of the new inference model can be written as 

where 

pw := {¢(w,p) E ~Ip E P} . 

For A E 'R C u(¢(w,·)) we have by use of theorem 1.4 

and 

(8.8) 'Rw := {¢_(A) E EIPtAllA E 'R} 

is a u-field on ptAI. Therefore the u-field 'Rw C EjPW is the u-field of interest in the 
new inference model. 
If 

(8.9) u(A) = {0, n} , 

then the partially ancillary statistic A is said to be trivial. 
For an illustration of the concepts in this section we refer to the exampl('s 11.8 and 
11.9. 

9. Reference model 

In this section we propose a sequence in which the transformations desrrib('d in the 
previous sections should be performed. We refer to this scheme of data red lIction as 
the SCIRA data reduction, where 

s: sufficiency, 
C: conditioning, 
I: invariance, 
R: partial sufficiency, 
A: partial conditioning. 

Let (n, E) be the sample space and (P, EIP) the probability model of a probability 
structure. By use of the unique minimal sufficient statistic S we transform the proba
bility structure [en, E), (P, EIP)] as described in section 3. 

Let ens, Es) be the sample space and (Ps, Esj'Ps) the probability mode] of the l1ew 
probability structure. Hence, for every sufficient statistic S on (ns, Es) we have 
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(9.1) u(5) = ~s ; 

see (3.9). By use of a maximal ancillary statistic C we transform the probability struc
ture [ens, ~s), CPs, ~sIPs)] as described in section 4. 

Let (ne , ~e) be the sample space and (Pc, ~eIPe) the probability model of the new 
probability structure. Hence, for every ancillary statistic C on (ne, ~e) we have 

(9.2) u(C) = {0,ne}; 

see (4.6), and for every sufficient statistic 5 on (ne,~e) we have 

(9.3) u(5) = Ee ; 

see (5.2) and (5.1). \Ve now specify the u-field 'R C EelPe of interest. The triple 
[ene, ~e), (Pc, EeIPe), 'R] constitutes the inference model under consideration; see 
section 5. By use of a minimal invariant statistic I on (ne, Ee) we transform the 
inference model under consideration as described in section 6. 

Let (nI,EI) be the sample space, (PI,EIIPI) the probability model and 'RI C ~IIPI 
the u-field of interest of the new inference model. As illustrated by example 11.4, 
there may exist a nontrivial invariant statistic on (nI, EI). In that case the invariant 
reduction of the inference model [(nI'~I),(PI,EIIPI),'RI] as described ill section 6 
must be applied. Now suppose that every invariant statistic on (nI' ~I) is trivial. By 
use of a minimal partially sufficient statistic R on (nI, EI) we transform the inference 
model [(nI'~I),(PI,EIIPI),'RIl as described in section 7. 

Let (nR, ER) be the sample space, (PR, ERIPR) the probability model and 'RR C 
ERIPR the u-field of interest of the new inference model. Suppose that every invariant 
or partially sufficient statistic on (nR, ~R) is trivial. If this is not true, t]len we start 
with the invariant reduction again. By use of a maximal partially ancillary statistic 
A we transform the inference model [(nR, ER), (PR, ~RIPR)' 1('R] as descrihed in sec
tion 8. 

Let (nA, EA) be the sample space, (PA, ~AIP A) the probability model and 'RA C 
~A IP A the u-field of interest of the new inference model. If every invariant or partially 
sufficient or partially ancillary statistic on (nA' ~A) is trivial, then t he in ref(lllCe model 
[(nA, EA), (P A, EAIP A), 'RA] is said to be a reference model. If the ne'" inf(>l'ence model 
is not a reference model, then we start with the invariant reduction again. Hence, the 
SCIRA data. reduction ultimately yields a reference model. 

The SCIRA data reduction scheme is depicted in the figure below. Double arrrows 
should be followed only if the corresponding reduction is nontriviaL 
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probability structure 
11t · 1t • 1t 

---.... 5-- C J -- R-- A --- ... 
& 
I 
I 

inference model 

reference model 

The scrRA data reduction is illustrated in the examples 11.10 and 11.11. 

The reduction and conditioning transformations described in the previous sections 
seem to be self-evident. However, the specific sequence described above may be open 
to debate. The J-, R- and A-steps in the SCIRA scheme are only possible after interest 
has been specified. So the 5- and C-steps should come first. Reduction of the obser
vation should precede conditioning. So the 5-step precedes the C-step. Similarly, the 
A-step is preceded by the reducing J- and R-steps. The authors conjecture that J- and 
R-steps may be interchanged without changing the outcome. The authors considered 
other alternative sequences but all of these seem to be inadequate in th(' sense that for 
every sequence there is a crucial example where it leads to unsatisfactory r('sults. 
So, in statistical inference, every probability structure should be transform('(l according 
to SCIRA and every statistical inference problem is equivalent to the construction of 
inference rules in the reference models resulting from SCIRA. 

10. Discussion 

This paper does not solve any particular statistical inference problem. However, it 
formulates the principles of reduction and ancillary classification of the obs('1'vation( s). 
This formulation should be independent of the parametrization of the probability model 
under consideration. Therefore we formulate these principles in a measure-theoretic 
context. As mentioned in the previous section the solution of a statist.ical inference 
problem is equivalent to the construction of inference rules in the ref('r(,l1r(' models 
resulting from SCIRA. In two forthcoming papers the authors will descrihe a gen
eral method to construct inference rules and their confidence levels. Agai n. like the 
SCIRA data reduction and classification, this method is an elaboration and extension 
of Fisher's work, especially of his idea of sampling the reference set (Fisher (1961)). In 
Fisher's terminology SCIRA gives "the set to be sampled". \Ve shortly illustrate the 
idea of this general method by use of the inference model in example 11.9. In this case 
the set to be sampled can be written as 

where 8 2 is the observed value of the statistic 52. The confidence level of an inference 
rule for the parameter Ii should be based 011 the conditional distribution of X given 
52 ,~2. However, this distribution depends on (T2 also. By use of the marginal distri
bution of the partially ancillary statistic 52, a fiducial distribution for (T2 is obtained 
for every observation 8 2 of 52. The confidence level of an inference rule ror Jt is calcu
lated by use of these fiducial distributions. 
Many authors criticized the use of fiducial distributions because supposedly they are 
not unique. However, in our first forthcoming paper we present a general definition 
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of inference rules and the corresponding fiducial distributions parametrized by the 
observation and we show that the fiducial distribution is uniquely determined by the 
inference rule and the observation. In another forthcoming paper we describe a. general 
method to construct inference rules and their confidence levels. The ba.sic idea.s in this 
construction differ essentially from the methods in decision theory; see Fisher (1956, 
pp. 99-103). However, there is not necessarily a conflict between the relevan t prind pIes 
of decision theory and the SCIRA reduction and classification scheme prcRented in this 
paper. In a reference model several incomparable inference rules can he constructed, 
each with its own unique fiducial distribution, and decision-theoretic crit(>ria may be 
used to select the 'best' of these rules. It is our opinion that SCIRA should be applied 
before the construction of inference rules. Especially the omission of the conditioning 
steps in SCIRA can lead to erroneous inference rules; see example 11.2. 

11. Examples 

In this section we give some examples to illustrate the concepts giv(>u in s('('\.ions 2-9. 
In some of these examples both the set n of the sample space (n,~) and the Ret P of 
the probability model (P, ~IP) are finite. First we present the notation that we use in 
such examples. 
The probability structure is represented by a matrix .M as shown below. 

P A' 
I 

1 B· 

C Al 

1 2 3 
n -+ 

Here the possible outcomes are denoted by 1,2,3, ... and the probability measures on 
~ by A, B, C, ... . The (1-field ~ of events is equal to the powerset P( n). By use of the 
matrix }.If we can compute probabilities as follows. The probability of the event {j}, 
corresponding to a probability measure pEP on ~, is equal to 

(11.1) p({j}) mii/(I:mii)' 
iEn 

where i is the number of the row that corresponds to the measure p. 

Example 11.1. 
The probability structure is given by 

A 0 0 5 
B 2 2 1 
C 1 1 3 

1 2 3 
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Consider the statistic 5 defined by 5(1) = 5(2) = 1, and 5(3) 
described in (3.1) satisfies 

- .,p(1, A) = .,p(2, A) can be chosen arbitrarily in E, 

3. The map .,p 

- .,p(3, A) = .,p(3, B) = .,p(3, G) is the probability measure on ~ concentrated in {3}, 

- .,p(1, B) = .,p(2, B) = .,p(1, G) = .,p(2, G) such that 1/'(1, B)( {i}) = ~, i = ],2. 

If we choose .,p( 1, A) = .,p(1, B), then 

a(.,p(w,·)) = {0,P} 

for all wEn. So the statistic 5 is sufficient; see (3.3). 

After sufficient reduction the probability structure is represented by 

A 0 5 
B 4 1 
G 2 3 

1,2 3 

Example 11.2. 
A well-known example in the literature concerns the case where there arc two measur
ing instruments available with different measurement standard deviations. A fair coin 
is tossed to decide which to use. The statistic G defined by G = i if the i-th instru
ment is used (i = 1,2), is an ancillary statistic. Conditioning leads to two probability 
structures. See Dawid (1982) for more details. 

Example 11.3. 
The probability structure is given by 

A 1 
B 0 

1 

234 
343 
234 

In this example there exist two maximal ancillary statistics. Consider th(' statistic G 
defined by G(l) = G(2) = 1, G(3) = G( 4) = 2. The statistic G is ancillary since 

. a(<p) = {0, P} , 

and is maximal. By conditioning on the value of G we obtain two probability structures. 
They are represented by 

G = 1 
A 1 2 0 0 
B 0 3 0 0 

123 4 
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G = 2 
A 0 0 3 4 
BOO 4 3 

1 234 



The ancillary statistic Gt defined by Gt(l) = G'(3) = 1,G'(2) = C'(4) = 2 is also 
maximal. 

In the next examples we have to deal with a O'-field of interest n.. In the examples 
with a finite set P and a finite set fl, we denote the O'-field of interest as follows. The 
probability measures are written as Al,A2, ... ,AnA'Bt,B2, ... ,BnB' .... This notation 
means that the O'-field of interest n. is equal to 

Example 11.4. 
The inference model is given by 

Al 1 0 2 1 
Aa 0 1 2 1 
As 1 1 1 1 
Bl 1 1 2 0 

123 4 

The only nontrivial element of the set V of (6.1) is the pair (,,6), where 

,({I}) = {2},,({2})= {1},,({3}) {3},,({4}) {4}, 
and 

Using (6.8) (Choose Q = F), and (6.9)-(6.12), we conclude that there exists a unique 
minimal invariant statistic Im with O'(Im) = 0'( {I, 2}, {3}, {4}). After invariant reduc
tion the following inference model results 

A l •a 1 2 1 
As 2 1 1 
Bl 2 2 0 

1,2 3 4 

In this inference model there again exists a nontrivial invariant statistic. Invariant 
reduction leads to the inference model 

Remark. 

3 
4 

1 
o 

1,2,3 4 

Barnard (1963) demands that the group of transformations on P operates t.ransitively 
on {Al' A2, As}. So, according to his definition invariant reduction is not allowed in 
this case. 
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Example 11.5. 
Let X and S2 be independent random variables with X '" N (fl, ( 2) and S2 / a2 '" X2. 
So, n = JR X JR+ and every probability measure in P can be represented by (IL, ( 2). 
The interesting aspect of pEP is a2 • The groups of translations on the first component 
of (fl, ( 2) and the first component of (X, S2) respectively, lead to the uniqu(' minimal 
invariant statistic defined by J(X, S2) = S2. In the transformed inf('renc(' model the 
set n of the sample space can be represented by {s21s2 E m+} and th(' sel P l of the 
probability model by {a21a2 E JR+}. 

Example 11.6. 
The inference model is given by 

Al 2 4 14 
A2 3 3 14 
A3 4 8 8 
A4 6 6 8 

Bl 6 12 2 
B2 9 9 2 

1 2 3 

The statistic R is defined by R(1) = R(2) = 1, R(3) = 3. We have 

and 

Conditions (7.3) and (7.4) are satisfied, so R is a partially sufficient st.a.tistic. R is 
minimal and unique. After partially sufficient reduction the following in f(')"('nce model 
results 

Al ,2 3 7 
A3 ,4 6 4 
B l ,2 9 1 

1,2 3 

Example 11.7. 
Let X l ,X2 and Y be independent random variables such that Xt.X2 '" N(p,an, and 
Y '" N(O, an, with Il E JR, a~ E JR+ and a~ < 1. The minimal sufficient statistic is 
(X(l),X(2), Y), where X(l) and X~2) are order statistics. The set P of the probability 
model is represented by {(fl,a~,a2)lfl E JR,a~ E JR+,a~ < I}. The interesting aspect 
of PEP is Il. The statistic R defined by R(X(l), X(2), Y) = (X(1), X(2») is not invariant. 
However it is the unique minimal partially sufficient statistic. In the transformed 
inference model the set P l is represented by {(fl, anl/l E JR, a~ E m+}. 
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Remark. 
The statistic (X(I),X(2») is not weakly p-sufficient in the sense defined by Bhapkar 
(1991), and it is not p-sufficient in the complete sense, because the a-field of interest 
is a proper subset of a(~); see (7.3) and Definition 3.2 of Bhapkar (1991). 

Example 11.S. 
The inference model is given by 

Al 0 3 3 3 
A2 0 6 3 0 

Bl 3 0 0 6 
B2 6 0 1 2 

1 2 3 4 

The statistic A is defined by A(l) = A(2) = I,A(3) A(4) = 2. We have 

a(¢(1, .)) = 0'( ¢(2,')) = 0'( {AI, A 2 }, {Bt. B2 }) , 

0'( ¢(3, .)) = 0'('1/,(4, .)) = 0'( {AI}, {A2 }, {BI }, {B2 }) , 

and 

Conditions (8.3) and (8.4) are satisfied for all w E fl, so A is a partia.J1y ancillary 
statistic with respect to every wEn. It is also maximal and unique. After conditioning 
on the value of A the following inference models result 

A=l A 2 

A 1,2 0 1 Al 3 3 
B 1,2 1 0 A2 6 0 

1 2 Bl 0 6 

B2 2 4 
3 4 

where columns with only zeroes are deleted; see (2.1) and (2.2). 

Example 11.9. 
Consider the probability structure defined in example 11.5. However, th(' interesting 
aspect of pEP is /1. The statistic A defined by A(X, S2) = S2 is the uniqne maximal 
partially ancil1ary statistic. For every S2 we transform the inference model as follows. 
The set fl of the sample space can be represented by {( x, s2)lx E IR} and 1.11(' set p.

J 

of the probability model by {(ll,a2 )l/l E lR,a2 E JR+}. 

Remark 1. 
The statistic A is not weakly p-ancillary in the sense defined by Bhapkar (1989), and it 
is not p-ancillary in a complete sense, because the a-field of interest is a proper subset 
of 0'( 1P(S2 •. ); see (SA) and Definition 2.3 of Dhapkar (1989). 
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Remark 2. 
The statistics X and S2 are independent. So, the conditional distribution of X, given 
S2 = 82 , is independent of 8 2 • On the other hand, the distribution of X depends on 
u2• Fisher (1961) indicated a method to construct inference rules in this and similar 
cases; see also Section 10. 

Example 11.10. 
In this example all the transformations of the SCIRA data reduction occur once. The 
initial probability structure is given by 

A 0 0 12 6 6 0 12 2 
B 0 0 12 6 6 12 0 2 
C 0 0 12 3 9 6 G 2 
D 0 0 24 6 6 0 0 2 
E 0 0 24 3 9 0 0 2 
F 4 8 0 0 0 12 12 2 
G 8 16 0 2 2 4 4 2 
H 8 16 0 1 3 4 4 2 

1 2 3 4 5 6 7 8 

Sufficient reduction leads to the probability structure 

A 0 12 6 6 0 12 2 
B 0 12 6 6 12 0 2 
C 0 12 3 9 6 6 2 
D 0 24 6 6 0 0 2 
E 0 24 3 9 0 0 2 
F 12 0 0 0 12 12 2 
G 24 0 2 2 4 4 2 
H 24 0 1 3 4 4 2 

1,2 3 4 5 6 7 8 

There exists a unique maximal ancillary statistic. Conditioning on its valllt' leads to 
the two following probability structures. 

1. A,B,C,D,E,F,G,H 1 
8 

2. A 0 12 6 6 0 12 
B 0 12 6 6 12 0 
C 0 12 3 9 6 6 
D 0 24 6 6 0 0 
E 0 24 3 9 0 0 
F 12 0 0 0 12 12 
G 24 0 2 2 4 4 
H 24 0 1 3 4 4 

1,2 3 4 5 6 7 

In probability structure 1 only a trivial u-field of interest ca,ll be specified; s('c section 
5. We specify the O'-field of interest n in probability structure 2 as follows 
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R = u({A,B,C,D,E},{F,G,H}). 

Define accordingly A1 :== A, A2 := B, Aa := C, A4 := D, As := E and B1 := F, Ba := 
G, B3 := H. There exists a unique minimal invariant statistic defined by [(6) = 1(7) = 
5,1(1,2) = 1,1(3) = 2,1(4) = 3,1(5) 4. The transformed inference model is given 
by 

A l ,2 0 12 6 6 12 

A3 0 12 3 9 12 

A4 0 24 6 6 0 

As 0 24 3 9 0 
B1 12 0 0 0 24 
B2 24 0 2 2 8 
Bs 24 0 1 3 8 

1,2 3 4 5 6,7 

There exists a unique minimal partially sufficient statistic defined by R( 4) = R( 5) = 
1, R(1, 2) 2, R(3) 3, R(G, 7) = 4. The transformed inference model is given by 

A1,2,3 0 3 3 3 
A4 ,5 0 6 3 0 
B1 3 0 0 6 
Ba,s 6 0 1 2 

1,2 3 4,5 6,7 

There exists a unique maximal partially ancillary statistic defined by A( 1,2) A(3) = 
1,A(4,5) = A(6,7) 2. Conditioning on the value of A leads to the two following 
reference models 

1. A1,2,3,4,5 0 1 
B1,a,s 1 0 

1,2 3 

2. A1,a,3 3 3 

A4 ,5 6 0 

B1 0 6 

Ba,3 2 4 

4,5 6,7 

Example 11.11. 
The inference model is given by 

A1 0 3 3 3 1 8 

Aa 0 12 6 0 0 0 
B1 6 0 0 12 0 0 
B2 6 0 1 2 0 9 

1 2 3 4 5 6 
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This is an example where one has to condition twice on the value of a maximal partially 
ancillary statistic. The invariant and partially sufficient statistics are trivial. The 
statistic A defined by A(l) = A(2) = A(3) = A(4) = 1,A(.5) = A(6) 2, is the 
unique maximal partially ancillary statistic. After conditioning on the value of A two 
inference models result 

A=l A=2 
1. Al 0 3 3 3 2. Al 1 8 

A2 0 6 3 0 B2 0 9 

Bl 3 0 0 6 5 6 

B2 6 0 1 2 
1 2 3 4 

Model 2 is a reference model, since the invariant, partially sufficient and partially 
ancillary statistics are trivial. Model 1 is the model in example 11.8, so W(' have to 
condition again on the value of a maximal partially ancillary statistic. 
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