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THE A.S. BEHAVIOR OF THE WEIGHTED EMPIRICAL 
PROCESS AND THE LIL FOR THE WEIGHTED TAIL 

EMPIRICAL PROCESS 

BY JOHN H. J. EINMAHL' 

Eindhoven University of Technology 
The tail empirical process is defined to be for each n E RJ, wn(t)= 

(n/kn)1/2an(tkn/n), 0 < t < 1, where an is the empirical process based on 
the first n of a sequence of independent uniform (0, 1) random variables 
and {k nrn = 1 is a sequence of positive numbers with k n/n -O 0 and k n c>. 
In this paper a complete description of the almost sure behavior of the 
weighted empirical process ancan/q, where q is a weight function and 
(an ,j'=1 is a sequence of positive numbers, is established as well as a 
characterization of the law of the iterated logarithm behavior of the 
weighted tail empirical process wn/q, provided kn/log log n --. oo These 
results unify and generalize several results in the literature. Moreover, a 
characterization of the central limit theorem behavior of wn/q is pre- 
sented. That result is applied to the construction of asymptotic confidence 
bands for intermediate quantiles from an arbitrary continuous distribution. 

1. Introduction. Let U1, U2,... be a sequence of independent uniform 
(0, 1) random variables and for each n E a, let 

n 

Fn(t) = n- 1E[o, t](Ui) 0 < t < 1, 
i=1 

be the empirical distribution function based on the first n of these random 
variables. The uniform empirical process will be written as 

an(t) = n1/2(F (t)-t) 0 < t < 1. 

Let {k n}rn denote a sequence of numbers such that for all n EE N, 0 <k n < n 
kn/n -+ 0 and k n -? oo Now define the tail empirical process in terms of the 
sequence fknrn=lg by 

wn(t) = (n/k )J /2 an(tkn/n ) 0 0 < t < 1. 

Let Q be the class of weight functions defined by 

Q = {q: [0, 1] -> [0, oo): q continuous and strictly increasing). 

The aim of this paper is threefold. First, we will present a complete 
description of the almost sure behavior of the weighted empirical process 
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an a /q, where q E Q and {a , 1 is a sequence of positive numbers. Second, 
under the additional assumption that k n/log log n -x oo, we will characterize 
the almost sure behavior of (2 log log n)-1/2w /q, q E 0; that is, we will 
obtain necessary and sufficient conditions for the law of the iterated logarithm 
(LIL) for the weighted tail empirical process. Both results, which may be 
considered as final, unify and generalize several results in the literature. The 
method of proof, which is similar for both results, is classical: it consists of 
using a sharp exponential inequality in conjunction with a maximal inequality. 
This method is new, however, in this type of theorem. Third, necessary and 
sufficient conditions for the central limit theorem (CLT) for wn/q, q E 0, are 
presented. That result easily yields asymptotic confidence bands for intermedi- 
ate quantiles from an arbitrary continuous distribution. 

The statement and proof of the result for an an/q are deferred to Section 2. 
The strong and weak limiting behavior of wn/q are presented in Sections 3 
and 4, respectively. All the results are followed by a thorough discussion. 

2. The a.s. behavior of the weighted empirical process. In this 
section the subject of our study is the process an an/q. Introduce a subclass of 
Q by 

Go = {q E Q: q/1I1/2 nonincreasing), 
where I denotes the identity function. Furthermore, write 

A(q) = je 1/(q2(t)loglog( 1/t)) dt 

and I f II = supo<t<i If(t)I for a function f: (O, 1) -- R. The following law of 
the iterated logarithm is well known. 

FACT 1 [James (1975)]. Let q E Q0. If A(q) < 0, then almost surely the 
sequence ((2 log log n) -1/2an/q}n=l is relatively compact in 1B with the set of 
limit points equal to { f/q: f E F). Conversely, if A(q) = oo, then 

lim sup (2 log log n) -1/2|1Rn/q11 = cc a.s. 
fl --- 00 

(Here B denotes the space of bounded real-valued functions on [0, 1] with the 
sup-norm and F denotes the set of absolutely continuous functions f E B such 
that f(O) = f(l) = 0 and Jf( f t(t))2 dt < 1.) 

Fact 1 gives a complete description of the almost sure behavior of anan/q 
as long as A(q) < oo: we immediately have that a (log log n)1/2 -O 0 implies 
limn o a n 1an/qII = 0 a.s., whereas an(log log n)1/2 _* cc implies 
lim supn. a lan/qll = oc a.s. So for the present investigation we may and 
will restrict ourselves to the case A(q) = oo and because of the converse part of 
James' result we will assume in addition that a n(log log n)1/2 -- 0. 

Now we are prepared to present the results of this section. For notational 
convenience we set bn = q - 1(an/n1/2) and work with the sequence {bn}n=l 
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Define the following conditions: 

(2.1) n1/2q(bn)(loglogn)1/2 __+ 0, n -a 00, 

(2.2) nbn I X 

(2.3) ncbn t for some (large) c > 1, 

(a) q/1I 1/2 t and q/1I 
(b) q/I1/2 . and q/PT T for some 7 > 0. 

THEOREM 1. Assume q e Q and A(q) = o0. 

(i) If E bn = o? and (2.4) holds, then 

(2.5) lim sup n1/2q(bn)Iarn/qj1 = 00 a.s. 
nf -400 

(ii) If E bn < 00 and (2.1)-(2.4) hold, then 

(2.6) lim n1/2q(bn)I1an/qII = 0 a.s. 
fl --i0 o 

COROLLARY. If q E 0, A(q) = o0, (2.1), with bn = (n(log n)l+6)-1, holds for 
any E > 0 and (2.4) holds, then 

-lg nq1 (1/211a/q ) lim sup -o1 a.s. 
n00 loglog n 

DISCUSSION. Theorem 1 has been proved in the literature for various 
special choices of the sequence {bn1n=l or the weight function q. Cs6.ki (1975, 
1982) proved the result for q = I 1/2, Shorack and Wellner (1978) for q = I and 
Mason (1981) for q = Ia, 1/2 < a < 1. Moreover, Lai (1974) and Wellner 
(1977, 1978) established the theorem for an - n- 1/2, Andersen, Gine arid Zinn 
(1988) for a - n-1/2, 0 <p6 < 1/2, and Einmahl and Mason (1989) for 
a n '-1/2/(log log n)P, 0 < p < 1/2. However, the general result, that is, 
leaving both {bn}n=l and q arbitrary, seemed inaccessible. Note that it is 
pointless to consider the process anan/q itself instead of an11Ian/qjj, since it 
follows from the theorem that no proper standardization of the process is 
possible. It is also pointless to consider weight functions which are "infinitely 
smaller" than the identity function I, since limt A 0 q(t)/t = 0 trivially implies 
tna/qll = ?. Finally, note that the most interesting and hardest part of the 

theorem concerns the weight functions satisfying (2.4b) and A(q) = 00. These 
weight functions bridge the gap between James' (1975) LIL and Csoki's (1975, 
1982) theorem. The corollary is the appropriate generalization of Corollary 3.2 
in Cs.ki (1975). 

Before we present the proof of Theorem 1 we state, for convenient reference 
later on, a number of facts. 
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FACT 2 [Csiki (1975, 1982)]. Let {b,}l= 1 be a sequence of positive numbers, 
with E bn < oo and nbn I , then 

lim (nbn)l/2tlan/I1/211 = 0 a. s. 
n -00 

FACT 3 [Shorack and Wellner (1986), page 446]. Let 0 < a < b/2 < b < 
1/2. Then for q E Q, 

P sup lan(t)l/q(t) 2 A) 
a<t<b 

rb 1 ( -A2 q2(t) Aqt d, A>0 
?8] -expl 1/t tI >I 

a/2 t \128 t Jn 
(Here fi: [0, cc) -> (0, cc) is defined by 

fi(x) = 2x-2{(1 + x)log(1 + x) -x} 

we will use the properties: (a) if 1, (b) x 2 10 implies 4f(x) 2 (log x)/x.) 

FACT 4 [cf. James (1975) and Einmahl (1987), page 20]. Write nk = 2 
k e RJ; let 0 <a <b ? 1/2 and q e 0. Then we have for all k e R-I and 
A > (8b)1/2/q(b): 

P max sup Ian(t)l/q(t) 2 A < 2P( sup llnkl(t)l/q(t) A 1/2 
nk <nf<nk+l a<t<b at<t<b 

PROOF OF THEOREM 1. (i) Assume E bn = cc and (2.4). We have for any 
6 > O P(Un < Sbn i.o.) = 1 and 

n 1/2 q(bn)llanlqll 2t n1/2 q(bn)/(2n 1/2 q(Un)) 
Hence 

lim sup n1/2 q( bn) llanlql 11 limsup q (bn)/(2q ( bn)) > 8`-7/2 a.s. 
n -oo n -oo 

Letting 5 1 0 completes the proof of this part. 
(ii) Assume E bn < c and (2.1)-(2.4). It is easily seen, since E Mbn < c for 

any M > 1 and since q/I l , that it suffices to show for some K e (0, cc), 

lim sup nl/2 q(bn )lan/qll < K a.s. 
n -~ 00 

Note that P(min1:i n U. < 2bn i.o.) = 0. Hence 

2bn 
lim supn"/2q(bn) sup Ian(t)l/q(t) < limsupnq(bn) 2b) 

n-ooo O<t<2bn n- q(2bn) 

< limsup2nbn = 0 a.s. 
n - 00 
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So it remains to prove that 

limsupn'/2q(bn) sup lan(t)l/q(t) ?K a.s. 
n -oo 2b_<t<1 

First assume (2.4a) holds. Then 

n"'2q(b.) sup lan(t)l/q(t) < nl/2q(b ) SUP ti t"_ 
2b_5t < 1 - bn~Xt'< q(t) 

? ( nbn )l/2 Ilan/I 1/211. 

An application of Fact 2 completes the proof for this case. 
Now assume (2.4b) holds. Because of (2.1) and Fact 1, it suffices to show for 

some small 8 > 0, 

lim sup n1/2q(bn) sup Ian(t)l/q(t) ? K a.s. 
n - w 2bn<t<s 

From Fact 4 and the Borel-Cantelli lemma, it is enough to prove, for nk = 2 
that 

(2.7) E P( sup lanlk+1(t)l/q(t) > K/((8n+l) 1/2q(bnl))) < X- 
k 2bnk+l t5 / 

Now we use Fact 3 to obtain sharp upper bounds for the probabilities in (2.7), 
assuming that k is large. We get 

( bP 
sup 

lnk+ l(t)llq(t) 2 KI (8nk+l) 1/2 
q(bnk)) 

(0, 81 exists set tk = 8. We then have, if K is such that K2q2(8)+p(1O v e'/7) ? 
3 ' 22048b, 

tkt ( -K~q2(t) { Kq(t) dt 
1 / 1 (n3+lt (bnk~t (bnk) ) dt 

xis dst -K2q2(8)tWh(10 v eK/li) iss gh K 
- ) 3 

tk t i 2048nkq2(bnk)a | tk nkq 2(bnk) 

<?lognk exp(-3loglog nk) = (log n k) 

which is summable. 
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Finally, consider 

ftk 1 ( -K 2q2(t) ( Kq(t) d 

nk _exp 1024nkl bnkb )t 8 /nk+lq (bnk)ti 

blt e 512 (b) log 1/2 (nk )lq )nII 

From q/I' T, we see that 

q ( 81/2n+lq(bn)I) on (0, tkl. 

Hence, using (2.3) and (2.4b) and taking K large enough, the right-hand side 
of (2.8) is bounded from above by 

fi -dtexp512 .2c/2 (l( (8 2c)1/2nk+lbfk) 

1 2 
? log nk+lbnk+,) 

So it remains to show that this last expression is summable in k. Using (2.3), 
we see that it suffices to prove that 

Ob k(nkbnk)2 < 00. 

Observe that Fn bn < oo and b,, imply E kfnkbnk < 0. But E knkbnk < 0 and 

nfkbnk I imply knkbnk -* 0, k -* oo, and hence k(nkbnk)2 ? 
n-br, 

for large k. 
This completes the proof. 0 

PROOF OF THE COROLLARY. Apply Theorem 1 with bn = (n log n)' and 
bn = (n(log )l+e)-l, e > 0. Letting e I 0 gives the desired result. 0 

3. The LIL for the weighted tail empirical process. In this section 
we will deal with the process (2 log log n) -1/2Wn/q. For the sequence {knrn= 
define condition 

(C) 0 < kn < n, kn/n I 0, kn 1 and kn/1logogn -*oo. 

For the unweighted process (q 1), the following is known. 

FACT 5 [Mason (1988)]. Let {knrn=1 satisfy condition (C). Then almost 
surely the sequence {(2 log log n) -1/2w }0 1 is relatively compact in 13 with the 
set of limit points equal to K. [Here K is the non-tied-down version of F, i.e., 
apart from f(1) = 0, K satisfies the same conditions as F does.] 
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It is the purpose of this section to establish the analogue of James' (1975) 
LIL for the tail empirical process, that is, to give necessary and sufficient 
conditions for the LIL for the weighted tail empirical process. For q E Q define 
the following condition: 

for any M > 0 and n large, the function 

{j( ( n lo lo n /2 

attains, on 

(3.1) [qi( (kn loglog n)1/2 o g n ] 

its minimum in one of the two endpoints; 
moreover, if this is the right endpoint, then for large n, 

q4 ( (kn loglog n) 1/2 ? - 

for some (large) c > 1. 

THEOREM 2. Let {kn}n=1 satisfy condition (C) and assume q E Q0. 

(i) If 

En (n loglog n) <0 

for all M > 0 and (3.1) holds, then almost surely the sequence 
{(2loglogn)-Y/2wn/q)n=j is relatively compact in B with the set of limit 
points equal to { f/q: f E K6}. 

(ii) If 

n (kn loglog n)l/2 ) 
for some M > 0, then almost surely the sequence {(2 log log n) 1/2wn/q}n = 

fails to be relatively compact in B$. 

The theorem has the following neat corollary. 

COROLLARY. Let {knrn=1 satisfy condition (C), let q E 00 and assume in 
addition q/I1 T for some 7q > 0. 
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(i) If 

n (n loglog n12) 

then almost surely the sequence ((2 log log n ) - 1/2 wn/q}n = 1 is relatively com- 
pact in B with the set of limit points equal to { f/q: f E K)}. 

(ii) If 

n (k( n loglog n) /) 

then for any 0 < a < 1, 

lim sup sup (2 loglog n) l/2,wn(t)l/q(t) = oo a.s. 
n-oo O<t<? 

DIscussION. Theorem 2 is the generalization of Corollary 5 in Mason 
(1988) to arbitrary q; of course, it also generalizes Theorem 1 in Einmahl and 
Mason (1988). It is striking that in Theorem 2 the class of weight functions for 
which there is a functional LIL depends on the sequence {kn}1n=, whereas in 
its weak analogue (Theorem 3 in the next section), the class of weight 
functions for which the functional CLT holds does not depend on {knrn=l On 
the other hand, under the assumption of the corollary, it is easily shown that 
the summability condition does not depend on {knrn=l for the special, but 
interesting, choice k = na, 0 < a < 1. In fact, from some analysis it follows 
that in this case E(k /n)q'-((kn log log n)-1/2) < 0 is equivalent to the old 
James condition A(q) < oo (see Fact 1). Finally, it should be noted that the 
weight functions (log(1/I))-, if > 0, satisfy the first part of condition (3.1) 
and that, if (3 < 1, E(kn/n)q-l(M(kn log log n)-1/2) < 0, all M > 0, for all 
{knrn=1 satisfying condition (C). Loosely speaking, this shows that Theorem 2 
works on the whole range of sequences {kn}n=l1 that is, from sequences 
slightly smaller than n, down to sequences slightly larger than log log n. 

PROOF OF THEOREM 2. This theorem is an easy consequence of the follow- 
ing proposition combined with Fact 5. O 

PROPOSITION. Let {kn}n=1 satisfy condition (C) and let q E 00. If 

(3.2) E kn -1( M) IM (3.2) q 11121 < 00 for alliM> 0, n \(knloglog n) 

and (3.1) holds, then for every E > 0 there exists a 0 < 8 < 1 such that 

(3.3) lim sup sup 1wn(01 < E a.s. 
n--oo O<t<s (loglogn) 12q(t) 

If the summation in (3.2) is infinite for some M > 0, then for any 0 < a < 1 
the lim sup in (3.3) is greater than or equal to 1/(2M) a.s. If, in addition, 
limt I 0 t1/2/q(t) > 0, then for any 0 < 8 < 1 the lim sup in (3.3) is infinite a.s. 
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PROOF. Write 

kn ~ M -n 
(3.4) rn = rn(M) = -q- 1I andvn n n (kn loglog n J V k n 
We first prove the second part. We have P(Un < rn(M) i.o.) = 1 for the M for 
which the summation in (3.2) is infinite. Hence for any 0 < 8 < 1, 

lwn(t)I 
urn sup sup )/ n--+o O <t < ( log log n ) q (t ) 

n 1/2 

kn lan(s)l 
= lim sup sup 

n - ?,oo0< s< An/n (log log n) 1/2qsn 

(Lkn 122n 2M 2 lim sup (~ k ) l22 =M a.s. 
n -) (loglogn)1/2 ( o n 

Note that the last statement of this part is easy, since in that case q < ? 1/2 
for some c > 0, which implies 

Iwn(t)I 
lim sup sup 

1n0 
n -- oO<t<s (loglog n )1/ q (t) 

Ian( s)I 
> lim sup sup 1/21/2 ?? a.s. 

nfl O<s<(nlogn)-1 (cloglogn) s 
Now we prove the first part. Assume (3.1) holds and E rn(M) < 0 for all 

M > 0. Note that P(min,<i <n Ui < 4rn i.o.) = 0. Hence, since q/II'/2b 
Iwn(t)I 

tim sup sup 
1n0 

n oo 0 < t < 4vn ( log log n )1 q( t ) 

( n ) 1/2 

= lim sup sup n 
(3.6) ~~~n--3ooo<s<4rn (loglogn) 1/2qs n 

(3.5) k 
/ n 1/2 n 1/2S 

< lim sup k 1/2 sup 
n - kn l<oglog n 0<s<4rn q Ls- 

4nrn < limsup M = 0 a.s., 

where for the last equality it is used that rn I and E rn < 0. 
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Hence it remains to show that for every small E > 0 there exists a 0 < 8 < 1 
such that 

(3.6) urn sup sup (n) <nEt?) 
n-oo 4vnz<t< 

6 (log log n) 12q(t) 

Note that Eq'-((n log log n)-l/2) < oo, since q'-/12T, and hence 
q- l(t)lt2__ 0, t IO, which in turn implies q(t)/t1/2 _* oo, t I0. We will use 
this several times. From the change of variables tkn/nj = s, we see that (3.6) 
is equivalent to 

n 1/2 

k( lan(S)I 
limsup sup ? < E a.s. 

n-o 4rn<sSk6n/n (log log n) 1/2 q s kn 

Applying Fact 4, we obtain from the Borel-Cantelli lemma that it suffices to 
prove for n1 = 2j, 

( ) E Pl ~~~~~lanj,,(s)l (loglogn) 1/2 
kn,+l) 

1/ 

(3.7) EP ( sup ?8> __ _ _ 
< 00nj+ 

4rn < s?Sk n/nj I n1() 8 1/2k /1/ 
fj+1- q~ k~ 

Now we use Fact 3 and take j sufficiently large. The probability in (3.7) is then 
bounded from above by 

1 -2 log log nj k n 1q (s k) 
2 1' -s 1024nj+1 s 

e (log log nj)kn, +1 knj)| 

From the change of variables snj/k = t, we obtain as an upper bound 

8(8 1 (-E 2loglognjq 2(t) (loglognj)2 q(t) d 
8 -expl .1/22048t ' kk/2t dt. 
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Define tje (0, ] by (log log n1)/2q(tj)/(knj+ltj) = 10 for large j, and observe 
that for 8 small enough, 

1 (|-2 loglog njq2(t) (loglog nj) 'q(t)2 

tjexpl/,t j dt 

(3.8) dt(exp log lg ( 1(10)) 

? log -(log nj) < (log nj) 
tj 

We also have for large j, 

tj 1 ( -e2 loglog njq2(t) (lo ' log nj) q(t) 

( tj og o2(goexpg2(glog)/2q(t)k1/2 d 

<lof i )exp| e(olg) n(lo 10) dtglgn 

? log njeXp( 3loglogn2) = (log 

From (3.8) and (3.9) it follows that the proof is complete if we show that 

(3.10 j(loglog n()/k 1 - 
1 k1/2 l n t og log nj )q(t) d 

(3 log |e 2048t k k jt d 

is summable in j. The expression in (3.10) is bounded by 

t(21oglognj+1)/k 1 ( lg(llog log) (l) g lkojgq(t) 

(3-10) J- expe1p24096 J~~~) t I tkn~l n.i + 1 
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For large M this expression is in turn bounded by [use (3.1)] 

1 -E2(1oglog nj)'/2k1/M 
log exp nj+) 

vnj +l 4096 k 1/2 l(log log n j + 1 ) 1/2 

( (log log n+ 1)"12M xlog 1"2 12 1 1T JJ 
knj/+1 knj+,(1oglog nj, 1) Vnj+l 

( -2(log log nj)"/2 k 1j (log log n + +1 
Vc log nj+l exp 49 q, ) loglO) 

1 ( 82M ( M 
< log exp 8192 log, 

vc log nj+1 exp(-3 loglog nj+1) 

122 < log -~(nj+jrnj+1)2 V c(lognj+1)2 
rnj+l 

Since the second term is easily seen to be summable in j, we restrict our 
attention to the first term. Observe that we may assume without loss of 
generality rn > n -2which reduces our problem to showing that " j(nj 'r)2 < 
oo. The proof can now be completed as the proof of Theorem 1. 0 

PROOF OF THE COROLLARY. (i) Observe that 
k - 1/2) < -1/ foralM> ,s n/n)q-'(M(k n loglog n) ,2 <00 all M>0, since q1/I l . 

Moreover, 

lo(g log n 12 q | on(0 2 log log n 

and hence (3.1) is satisfied. Applying Theorem 2 completes the proof of part (i). 
(ii) Note that now E(k n/n)q-l(M(kn log log n)-1/2) = ao, for all M > 0. 

Hence, letting M I 0 in the second part of the proposition yields part (ii). 2l 

4. The CLT for the weighted tail empirical process and confidence 
bands for intermediate quantiles. Here we present, without proof, the 
weak analogue of Theorem 2. This result may be viewed as the Chibisov- 
O'Reilly theorem for the tail empirical process. The sufficiency part follows 
easily from Corollary 4.2.1 in Cs6rg6, Cs6rg6, Horvdth and Mason (1986). Also 
a direct proof (with the aid of Fact 3) of that part is rather straightforward. 
The proof of the necessity part is standard. Note that the conditions on {k r = 
are milder than those in Theorem 2. 
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THEOREM 3. Let {k,,)r1 be as in Section 1 and let q E Q. If 

(4.1) -exp )dt < oo foral A > O, 

then there exists a sequence {Wn}n-1 of standard Wiener processes such that 

(4.2) II(wn - Wn)/qll -p O as n -> oo. 

Conversely, (4.2) holding true for some sequence {Wnjn=l of standard Wiener 
processes implies (4.1). 

This theorem has an interesting application to the construction of asymp- 
totic confidence bands for intermediate quantiles. The result is given in the 
following corollary, but first some notation has to be introduced. Let X1, X2, ... 
be a sequence of independent random variables with common distribution 
function F. For 0 < t < 1 define the quantile function Q by 

Q(t) = infix: F(x) ? t}, 

and for each integer n ? 1 and 0 < t < 1 the empirical quantile function by 

Qn(t) =Xk, nf (k - 1)/n < t < k/n, k = 1,...,n, 

where X1, n < ... < Xn n are the order statistics based on X1,..., Xn. For 
t < 0, set Qn(t) = -mo. 

COROLLARY. Let F be continuous, {k nr=n as in Section 1 and let q E Q. If 
(4.1) holds, then we have for any 0 < a < 1, 

PQ n 1-tl |)< Q( n ) <Q -1 + 0k/ ) < t < 1) P Qn n tk 1j2) ? n:~ < Qn n +tk 1/2))Otj 

-1-za asn-*oo, 

where, with W a standard Wiener process, c = c(a, q) is defined by 

P sup IW(t)l/q(t) c) = a. 
O<t<1 

DISCUSSION. It should be emphasized that continuity is the only condition 
on F which is needed in the corollary. Usually results of this type are 
established under additional (mostly extreme value type) conditions. Recall 
that even for the definition of the standardized quantile process, which is often 
used to generate confidence bands for quantiles, one has to assume that F has 
a density. See, for example, Corollary 3.2 in Einmahl (1991), where asymptotic 
confidence bands for intermediate quantiles are derived along the above lines. 
Hence the present corollary improves the results there as far as the conditions 
on F (and also on q) are considered. 
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PROOF OF THE COROLLARY. From Theorem 3 it follows that with probability 
tending to 1 - a, n -a 00, 

-c? k /2 (F l) - n)/q(t) < c, O < t < 1. 

Rewriting this yields 

(4.3) 1 - t2 ) < F( ) < ( 1 + t/2) < t < 1. 

Let Qn [set Qn(s) = 0 for s < 0] be the uniform quantile function and 
observe that for 0 < s, t < 1 we have 

{FJ(t) < s) = {Qn(s) > t}. 

Hence (4.3) can be written as 

(4.4)n q~t tkn tkn~ +q(t) 
( ) Qnt tk 1/2 ))-n, Ql n n tk 1/2), In I 

Now assuming without loss of generality that Xi = Q(Ui) and noting that 
Qn= Q o Qn and that Q is strictly increasing on (0, 1) (F is continuous), we 
see that (4.4) is equivalent to 

QnT c e te/2 ) Q < Qnp r/2 
This completes the proof. C 
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