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Anti-cycling lexicografic simplex algorithms 

by 

J • F·. Benders 

Summary. The main subject. of this paper is to derive some insight in the rela

tion between the lexicografic simplex algorithm that employs a lexicografic 

nonnegative righthand side matrix of size (m,m+ 1) and Wolfe's anti-cycling 

algorithm that uses apart from the right hand vector b only one extra column. 

a.Introduction. Although operational linear programming programs in general do 

not contain any precautions for avoiding cycling, it is cormnon opinion that 

cycling never occurs when using them for solving practical problems. When 

solving linear complementarity problems by the Lemke-Howson algorithm, which 

uses also the simplex transformation, the possibility of cycling in case of 

degenerated problems may not be neglected. In [IJ the Lemke-Howson algorithm 

is treated in a lexicografic fashion quite similar to the lexicografic sim

plex algorithm [ J. This treatment however needs an extension of the right 

hand side column b to an (m,m+ I) right hand side.matrix. Recently [3J the 

question has been posed whether Wolfe's anti-cycling algorithm for linear 

prograrmning problems [4J, which uses only one extra column instead of an ex

tra (m,m) matrix can be applied for avoiding cycling in the Lemke-Howson al

gorithm. As a contribution to answering this question it is shown in this 

paper that Wolfe's anti-cycling algorithm is actually an economized version 

of a generalized lexicografic simplex method. 

For completeness in section 1 the usual lexicografic simplex algorithm is 

developed, followed in section 2 by an other lexicografic algorithm that is 

more general in the way the right hand side matrix is constructed. 

Finally, is section 3 Wolfe's anti-cycling algorithm is shown to be equiva

lent to this generalized lexicografic algorithm. 

1. The lexicografic si~lex algorithm. The lexicografic simplex algorithm uses 

a simplex tableau in which the initial right hand side vector b is replaced 

by an (m,m+ 1) right hand side matrix P. The columns of P will be denoted by 

P.I,···,P.m+l' the rows by PI , ••• ,p • The matrix P must be chosen such that • m. 

l)p. 1 : = b. 

2) its rows are linearly independent. 

3) its rows are lexicografically positive. 
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The "value coefficient" dO is replaced by an (m + I)-value vector PO' defined 

by 

Po I : == cE' b, V. - 2 l' PO' : == cE
I 
p . 1- , ••• ,m+ 1 .1 

where cE is that part of the objective vector that belongs to the initial 

uni t basis. Given a pivot a ,the simplex tableau including the m + 1 right 
rs 

hand side columns is transformed in the usual way. 

In each iteration the pivot column a is chosen such that d < O. If such 
. s s 

a column is not present, the tableau is optimal. 

The pivot row is chosen in such a way that after the simplex transformation 

the right hand side rows remain lexicografically positive, i.e. r is taken 

such that 

--= 
a rs 

p. 
minI ex {..2:.!.. 

a. 
1S 

a. 
1S 

> O} . 

If such an index r is not present, the problem has an infinite solution. 

Now the following properties hold: 

1) the right hand side rows remain linearly independent; for the right hand 

side matrix is multiplied in each iteration by a non singular matrix. As 

a consequence, there is never an all zero right hand side column. 

2) the right hand side rows remain lexicografically positive; for by the 

rule for chosing the pivot row the right hand side rows after each trans

formation are lexicografically nonnegative. By the preceding property 

however also nonzero. 

A simplex transformation with pivot a transforms the value vector by 
rs 

d 
s 

PO. := PO. - a-- Pro 
rs 

hence, since ds < 0 and Pre > lex 0, 

po. > lex PO .• 

It follows that the value vector increases lexicografically in each itera

tion. 

If Bt is the basis in the t-th iteration, clearly 

(p~.)' 
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Thus, P~ is completely determined by the basis Bt , and it follows from the 

lexicografic increase of p~. in each iteration that no basis can reappear 

when applying this lexicografic simplex algorithm. This proves that this al

gorithm always ends in a finite number of steps (there are only a finite num

ber of bases) with the conclusion that the problem at hand has m infinite so

lution, or with an optimum solution if one exists. 

Remark. A convenient choice for the initial right hand side matrix P is the 

matrix (b,E) where E is the (m,m) unit matrix. Obviously, after the t-th 

iteration, governed by tbe basis B
t

, the right hand side matrix in updated 
-I -I 

form becomes (B b,B ). Hence all information required is contained in the 

updated right hand side and in the inverse basismatrix. It follows that in 

case a straightforward or an explicit inverse algorithm is used, the addi

tion of an extra right hand side matrix is not necessary. 

2. A generalized lexicografic simplex algorithm. The generalized lexicografic 

simplex algorithm presented here is also performed in a simplex tableau with 

a right hand side matrix P. However, contrary to the matrix P in the preced

ing algorithm, now it depends on the iteration number. In fact, only the 

first column of P is known in advance: p.] = b all other columns being de

fined and sometimes redefined in the course of the operations. The number 

of columns of P is even not fixed; it may change from iteration to iteration 

but will never exceed m + I. For ease of presentation, this number will be 

taken exactly equal to m + 1. In the initial simplex tableau the first column 

is taken to be equal to b, all others are zero columns. Again the value coef

ficient dO is replaced by a value vector PO. such that 

P .'= c'b', V. 2 p • = 0 
OlE ~=, ... ,m+ 1 O~ 

where cE is .that part of the objective vector that corresponds to the initial 

basis. 

Given a pivot a the simplex tableau including the m + 1 right hand side cors 
lumns are transformed in the usual way. In each iteration the pivot column 

a is chosen such that ds < O. If such a column is not present the tableau .s 
is optimal. 
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In the course of the operations the row i will be marked by a nonnegative 

integer marker k •• lVhen searching for the pivot row index only those rows 
1 

i are taken into account for which k. is maximum. This maximum value k may 
1 

alter in each iteration; it indicates the column P.k of the right hand side 

matrix which is used in the actual iteration for the selection of the pi:vot 

row index. Before starting the algorithm all markers k. and also their maxi-
1 

mum value k are set equal to 1. 

Now aSSume that the t-th iteration has been performed and that Bt is the ac

tual basis matrix. Then give a pivot column a the search for the pivot row 
.s 

starts by inspection of the k-th right hand side column in the updated sim-

plex tableau. Three situations may occur 

1) Vi,k.=k a is $ 0. 

Then
1
if k = 1, the algorithm stops; the problem has an infinite solution; 

if k > 1, the pivot row choice must be based on the preceding right hand 

side column; hence V. k k k. := 
1, i= 1 

2) there is an index r such that k 
r 

k. - 1 and k := k - 1. 
1 

= k.and 

P P'k ° < ~ = min{ __ 1_ 
a a. a. > 0, k. = k} . 

1S 1 rs 1S 

Then a is the pivot element; all markers remain unchanged. rs 

3) there is an index i, such that 

k· = k, a > 0, P1'k = ° . 1 is 

Then the pivot row choice m~st be based on the next right hand side co

lumn which must now be defined. The column P.k+l may be chosen arbitrari

ly apart from the fact that V. k =k Pi,k+l ~ 0, but not all equal to 0. 
1, i 

For case of presentation, here P.k+l is defined by V. k k p. k 1 = 0, 
1, i< 1, + 

Vi,ki=k Pi,k+l = 1 and PO,k+l = cBP.k+l· Moreover, Vi,k1=k ki := k i + 1 

and k := k + 1. This definition of P.k+I has the advantage that a pivot 

row choice now based on P.k+l leads to simplex transformation with pivot 

ars such that the value of PO,k+l increases by the positive amount 

-(p k/a )d. 
r rs s 
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The elements po., i "S k + 1 remain unchanged. It follows that the value vec-
t. ~ 

tor PO. ~ncreases lexicografically in each iteration. 

The structure of the updated right hand side matrix is shown in figure 1. 

It will be shown that this algorithm is finite, i.e. that it ends in a finite 

number of steps either with an indication that the problem has an infinite 

solution or with an optimum solution. As in the case of the usual simplex 

algorithm, the prove is completed if it can be shown that no basis can be 

met more then once during the simplex operations. 

The right hand side columns, when introduced, are defined above in terms of 

the updated simplex tableau. It is more convenient however to define them 

in terms of the initial tableau: 

If P.k is introduced in a simplex tableau characterized by the basis B, then 

this k-th column is reflected in the initial tableau by BP.k' Now, assume 

that during the t-th iteration, k right hand side columns are present. If 

the T-thright hand side column is introduced in a simplex tableau charac

terized by a basis B , then the initial right hand side matrix would have 
T 

been 

Is Bt the actual basis, then the t~th value vector is 

Let the basis B reappear after v iterations, i.e. 
n 

B = B u+v U 
for some v ;?: 2 • 

Then consider the sequence of intermediate bases 

B ,B +l, ••. ,B + ' u u u v 

and of intermediate right hand sides 

u u+J u+v 
p ,P , .. "P • 

The algorithm is such that value vector increases lexicografically in each 

iteration, i.e. 
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v c' B- 1 pU+T < lex' B- 1 pU+T+l 
T=O, ••• ,v-1 U+T U+T cu+T+ l u+T+l • 

All intermediate right hand side matrices have the same first column b. 

Suppose their common part consists of the first T columns 

Clearly 

in pU. 

b,B IP 1,···,B P • 
• T • T 

~ T ~ k where k is the number of nonzero right hand side columns 

If T ~ k - I, there is at least one iteration u + p, 1 ~ p ~ v in which the 

pivot row selection was based on the right hand side column B p • Hence in 
T .T 

T T 
that iteration the corresponding component PO,T of the value vector PO.1 has 

been increased. This, however, would mean that 

-1 
cB' B B P u T .T 

U 

which is impossible if B = B • u+v U 

If T = k and B = B then the simplex tableau up to the first k columns u+v u 
of the right hand side matrix at the end of iteration u+ v is identical to 

that at the end of iteration u. Also B~!vBk+lP.k+l. Hence, when chosing the 

pivot row in the (u + v)-th iteration one was confronted with exactly the same 

situation as when chosing the pivot row in the u-th iteration. Therefore, 

this is based either on the k-th or on the (k+ I)th right 'hand side column, 

resultinp, in an increase of the corresponding component of the, valuation 

vector; i. e. 

or 

pU+v 
O,k 

pu+v 
O,k+l 

= c' B- 1 B > c' B- 1 B P 
B u+v k+l,P .k+l B I u+l k+l .k+l u+v . u+ 

which again is impossible if B = B • 
u+v U 

The contradictions obtained prove that reappearance of a basis B when ap
U 

plying the algorithm, is impossible. 
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3. The relation between Wolfe's anti-.cyc1ing algorithm and the generalized le

xicografic simplex algorithm. Considering the generalized lexicografic algo

rithm one observes that in each iteration, both for the pivot choice and 

for updating the tableau, either a right hand side column P.k is not re-

levant, hence set equal to zero, or only those elements Pik of P.k are of 

importance for which Pi,k-l = O. Noting, now that Pi,k-l 0 implies 

V <k 1 p. k = 0 it follows that all relevant information concerning the ,- - 1,-, 
right hand sides may be stored in one m-column, provided for each row a 

marker is used, saying to which right hand side the i-th component of this 

column actually belongs. Doing this, however, Wolfe's anti-cycling algorithm 

Bas been obtained. It follows thatWolfe's algorithm follows exactly the same 

steps as the generalized lexicografic algorithm. Hence it is also finite and 

solves a linear programming problem without any danger for cycling. 
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B- 1b -1 -I r -1 I k. Bt B2P.2 Bt B3P. 2 I Bt B4P.4 P.5 w. 
t ~ ~ 

a * * I * a 1 

a * * I * a 1 

b * * b 2 

b * * b 2 

c * c 3 

d d 4 

1 1 5 

1 1 S 

1 1 S 

c * c 3 

c * c 3 

b * * b 2 

a * * * a 1 

Figure 1. The structure of the updated right hand side matrix immediately 

after the introduction of the 5-th right hand side column p.S' 

Entries indicated by letters are nonnegative. 

* indicates possibly nonzero elements; they are irrelevant in the course of 

the calculations. 

The w-column represents the right hand side column in Wolfe's anti-cycling 

algorithm; the k-column contains the row markers both in the generalized le

xicografic as in Wolfe's algorithm. 


