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Abstract 

This report deals with the concepts: "condition of a problem" and "numeri

cal stability of an algorithm". 

The condition of a problem is generally expressed by means of the so-called 

condition number. A definition of this number that agrees with the current 

opinion is given. It is applied to some problems; especially for the linear 

least squares problem fairly sharp upper and lower bounds for it are derived. 

The numerical stability of an algorithm can be expressed in a similar way. 

To this end, a stability number is introduced and defined. The applicabili

ty of this number is demonstrated by some examples. 

AMS Subject Classification: 65G05, 65F35. 
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O. Introduction 

In numerical mathematics the concepts of condition and numerical stability 

are generally used to denote the quality of problems and algorithms. HoW

ever, these concepts are frequently used without being defined or even de

scribed: adescription, if given, is often vague. The interpretation of these 

concepts is not always the same. Particularly, about the concept of numeri

cal stability there are various views,' cf. [4], [5J, [6J, [7], [15J, [18J. 

The condition of a problem is usually expressed quantitatively, namely in 

terms of a number: the condition number, with which every one can determine 

for himself whether he judges a problem well or ill-conditioned. This is not 

customary for the numerical stability; an algorithm is declared to be either 

numerically stable or unstable. 

Via this report we try to improve this situation. In section 1 a definition 

will be given of the concept of condition number that agrees with the cur

rent opinion. Furthermore it will be shown that scaling of a problem (e.g. by 

equilibration of a matrix) is nothing but the choice of special norms for 

the parameter space and the solution space, and that the resulting so-called 

optimal condition nwuber • Bauer [1J, van der Sluis [11J) only has sense 

if the chosen norms are relevant. We give some examples of the determina

tion of the condition number of a problem. For the linear least squares pro

blem we derive fairly sharp upper and lower bounds for the condition number. 

In section 2 we introduce the concept of stability number, with which it 

will be possible to determine whether an algorithm is of practical use. We 

a number of examples in which we compute the stability number or de

rive bounds for it. Finally we show that a small stability number implies 

numerical stability in the sense of Stoer (cf. [15J), but that the converse 

is not necessarily true. 

As a starting point of our train of thought we shall explain what we under

stand by the following three concepts: 

- A mathematical problem; by this we mean a mathematically formulated de

scription of a problem. In general the problem will depend on a number of 

entities such as: scalars, vectors, matrices, functions which will be re

ferred to as the parameter, and we assume that for every admissible param

eter, there is a unique solution. We may also formulate this as follows: 
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A mathematical problem is a unique mapping ~ of a set A, the parameter 

space, into a set X, the solution space. Therefore we shall represent a 

mathematical problem by the formula 

(0.1) x = !.p(a) , 

where a represents the parameter and x the corresponding solution. 

Examples: Systems of (non-)linear equations, integrals, initial value pro

blems. 

- A numerical problem; by this we mean a mathematical problem in which both 

the parameter set and the solution set are finite dimensional. This can 
. m n be represented by formula (0.1) w~th a Em and x Em. Furthermore, !.p 

must be a computable function for the admitted values of a. 

A numerical problem may be originated from a mathematical problem as an 

approximation. In this case it is often called a numerical method. 

Examples: Systems of (non-)linear equations, quadrature rules such as the 

trapezoidal sum, discretized initial value problems. 

- An algorithm for a numerical problem; this is a recipe for the computa

tions through which the solution (output data) can be computed for any 

given values of the parameter (input data). Thus, tha algorithm is a real

ization of the function ~ in (0.1). 

We make a distinction between direct algorithms and iterative algorithms. 

A direct algorithm consists of a finite number of elementary (arithmetic 

and logical) operations. An iterative algonithm contains an infinite number 

of operations, e.g. due to an iteration process. In practice, an iterative 

algorithm will be made finite by means of a termination criterion. 

In this report we restrict ourselves to direct algorithms. An analysis for 

iterative algorithms, which is in some aspects comparable with our work, 

has been given by Wozniakowski (cf. [18J). 

The concept of condition is related to a (mathematical or numerical) problem, 

in particular to the sensibility of the solution of the problem to small 

perturbations of the parameter. The concept of numerical stability is re

lated to an al2orithm, especially to the influence of the rounding errors 

made during the computations upon the realization of the numerical problem 

by the algorithm. 

Consequently, our viewpoint agrees a.o. with [6], [14J, [15J, [17J, [18J. 
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1. Condition of a problem 

Throughout this report we assume that A, i.e., the input set or the set of the 

parameters a for which the problem (0.1) can be solved, and X, i.e., the 

output set or the set of the corresponding solutions x, are subsets of, gen

erally different, normed linear spaces. 

A A*) Let ~a be a perturbation of a E , such that a + ~a € and let fix be the 

corresponding perturbation of x, which means that the following relation 

holds 

(1.1 ) x + fix = ~(a + fla) • 

Definition 1.1. The condition number of ql at a, further to be denoted. by 

c(a), is 

(1.2) c(a) := lim sup 
dO Ii fla lI=e 

(II fix 11 / II fla II) 
II x II II all • 

Remarks. 

i) The condition number depends on the norms chosen. 

ii) The condition number is not defined if lIall or II xII is zero. 

iii) In first-order approximation, i.e., for "small" flat 

(1. 3) ill:.x II < () II fla II 
Hxll- ca II all 

holds. Moreover, c(a) is the smallest number for which this inequality 

holds for any small fla. 

iv) In the given situation the above definition is equivalent to the defi

nition of the concept of "asymptotic relative condition of the transform

ation qJ at the point a" in Rice [10J. Equivalent to the concept of 

"asymptotic absolute condition ••• " as defined in Rice [10J we may define 

an absolute condition number, say a(a), as follows: 

(1.4) a (a) : = lim sup (II fix II/lifla II) • 
.::+0 II fla lI=e 

1.1. If ~ is a bounded linear operator of a normed linear space A into a normed 

linear space X, then 

(l.S) 

*) In the sequel we shall always assume, without stating it explicitly, that 
fla as a perturbation of a, is such that a + Aa E A. 
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and consequently, if II <p II denotes the operator norm of q> induced by the vector 

norms (Le., II cpll:= max 1\ <pea) II), 
II a II =1 

(1.6 ) II cp II II 0.11 1\ L\a II 
IIx II 110. II • 

From the definition of II <p II it follows that there exists a L\a for which equal-

ity holds, which implies 

(1. 7) c(a) = IIcpliliall 
II x II • 

From IIxll::; 1I<pllliali we conclude that c(a) ;;:: 1. 

Example 1.1. Consider the integral 

b 

u I(f):= J f(x)dx 

a 

as a function of the integrand, so x := u, <p := I, a := f. 

The operator I is a bounded linear functional on L , since II I II = {b - a) 1-1/p / 
P p 

P ;;:: 1. If I Ifl 111 f II is small, then the condition number is large and we say 

that the integral is ill-conditioned as a function of the integrand. This 

situation may occur for all p if f has both positive and negative values in 

bJ. 

On the other hand, if f is of constant sign in [a,b] and p = 1/ then 

" If! =: II f II and II I II = 1 and consequently c (f) = 1. From this we see that for 

a definite (positive or negative) integrand the integral is well-conditioned 

under the i-norm. However, with other norms an integral with a definite in

tegrand may have a large condition number. E.g., if P = ~, then 

(1. 8) c (f) 

(b - a) max ( I f (x) I) 
xE:[a,bJ 

b 
r 

j 

a 

f(x)dxl 

and this number may be arbitrarily large. 

We see that a problem can have a small condition number with one norm and 

a large condition number with another one. 

Now the question arises which set of norms should be chosen in A and X. 
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In order to be able to give the answer to this question, we must realize the 

following: 

i) By the choice of a norm in a space we assess the magnitude of the ele

ments. 

ii) With respect to the condition number, it is essential that the propor

tion between the elements of A, particularly between ~a and a , and like

wise the proportion between the elements of X, is reflected properly by 

the norms chosen. And that depends on the problem! 

A method commonly used to influence the condition number is scaling of the 

problem. 

Let D1 and D2 be regular linear mappings of X and A respectively, onto it-

self. Let y := D1 (X)I 6y Dl (~X)I ~ := D2 (a)1 ~~ := D
2

(6a). Then (1.5) 

turns into 

from which we get 
-1 

1!6y II < II D1 <pD2 II II B II lLill 
II y II - II y II II f3 II • 

We may think of D1 and D2 as "scaling trans formations II and we suppose that 

there exists a set of such transformations for X, which we denote byID
1

, and 

a set for A, which we denote by ID
2

• Then 

( 1.9) c{a) := inf 

-1 
IIDlqlD211I1D2(a)1I 

IID1 (x) II D. € lD. 
1. 1. 

will be called the optimal condition number of <p in a with respect tolD
1 

andID2 • We may interpret this in a different way. 

(1.10) IIxllo := IID1 (x) II 
1 

is a norm in X, and 

(1.11) 

is a norm in A. The corresponding operator norm of <p then satisfies 

-1 
II (jl liD D = II Dl (jlD2 n • 

l' 2 

-1 
Consequently, IJ Dl cpD2 II II D2 (a) iVIl Dl (x) II is the condition number of rp in a 

with respect to the norms (1.10) and (1.11). 
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Example 1.2. In example 1.1 we saw that, in case of the maximum norm, the con

dition number of an integral may be arbitrarily large, though the integrand 

is a definite function. Now consider the case that the integrand f is defi

nite and define the scaling transformation ~ for any function g by 

02 (g) (x) := g(x)/f{x) • 

Then the corresponding condition number of the integral becomes 1 and is there

fore, evidently, optimal. This scaling is relevant, if we wish to describe 

the effect of a pointwise relative perturbation of the integrand on the value 

of the integral. 

1.2. If A C R
m 

and X C Rn and ~ is a F-differentiable function, then 

(1. 12) Ax = ~' (a)Aa + o(Aa) • 

Here ~'(a) stands for the F-derivative of ~ in the point a. A matrix repre

sentation of ~I (a) is given by the Jacobian matrix. If we neglect the order 

term in (1.12), then it follows that 

(1.13) 11 Ax II < II ~ I (a) II II a II IIlla II 
IIxll - II xII nail' 

and equality is attained for some Aa. From this we may conclude that the con

dition number is given by 

(1.14) () II f (a) 1111 all 
c a = II xII • 

In contradistinction to the former section it is in this case poss

ible that c (a) < 1, namely if x depends only "weakly" on a. Generally, this 

holds for every non-linear ~. 

In this case we can also define an optimal condition number, analogous to 

(1.9). We take as scaling transformations the non-singular diagonal matrices, 

SODl := Vn andD2 := Pm' where Pk denotes the class of k x k non-singular 

diagonal matrices. Then the optimal condition number reads 

(1.15) inf 

-1 
IID1CP' (a)02 II II D2a II 

II D1X II 

For the maximum norm II~' (a}D;l 11 = III~' (a) IID21-1 II and 1I02a II = II\D211alll hold 
-1 

and therefore IIcp' {a)D2 1IIl02all z III~' (a) llalll for every non-singular diagonal 

matrix 02' Consequently, the infimum in (1.15) with respect to 02 will be at-



- 7 -

* tained for that particular matrix 02 for which equality holds in the latter 
* -1 formula. If a i ~ 0 for all i, then D2 :~ diag(ai ) satisfies this requirement. 

This means equilibration of a. If a. ~ 0 does not hold for all i, then the 
~ 

minimal matrix 02 need not exist, but the infimum may be obtained, for in-
-1 

stance, with the help of 02(S) := diag«a
i 

+ s) ) and letting £ ~ 0 (cf. 

example 1. 3) • 

The matrix 01 for which the infimum in (1.15) is attained is, in case of the 
-1 maximum norm, a diagonal matrix for which 0lCP' (a)02 is "row-equilibrated" 

(cf. Bauer [lJ, van der Sluis [11, theorem 2.4]). This means equilibration of 

the vector I cP , (a) II a I . 

The next two examples are related to both section 1.1 and 1.2. 

Example 1.3. computation of the inner product 

m 

x "" cp (a) : "" I 
i=l 

a. a. I 
~ ~ 

with constant a. 1 i = l,2, ••• ,m. We choose the maximum norm as a norm for 
1-

a E JR
m

• Then the condition number of this problem is given by 

(1. 16) c{a) = 
I I ail • max I ail 

IIa.a.1 
1- 1. 

This number can be arbitrarily large, even if all terms of the sum are of 

equal sign (cf. example 1.1). The optimal condition number is, if 

° := diag(d.> with d. ~ 0 for all i, 
1. 1. 

= inf II cpO -1 II II Oa II ::: 
OEV Ixl 

m 

Assertion. If x ~ 0, then 

IJa.a.1 
1. 1. 

Proof. We know that for any ° E V 
m 

inf 
DEV 

m 

Ilaid~llmaxldiail 
I Iaiail 
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Let D(g) := diag(d. (e» with d. eg) := (a. + £)-1 and £ sufficiently small, 
~ 1 1 

such that a i + g ~ 0 for all i. Then D(e) exists and E Vm• Furthermore, from 

the inequality 

and II D (e:) a II = 1 + 0 ( g) we may deduce 

Now the assertion follows easily from this and the first inequality. 0 

Corollary. Summation of a series of positive (or negative) terms is well-con

ditioned (e(a) = 1) with respect to small relative perturbations of the terms. 

Example 1.4. The system of linear equations 

Ax = b , 

in which the matrix A is supposed to be constant and thus a :- b, may be writ-

ten as 

(1.17) 
-1 x = ~(b) := A b. 

The condition number of this problem is given by 

c(b) 

In case of the maximum norm the optimal condition number will be obtained by 

equilibration of b and of jA-1
1 Ibl. This condition number describes the con

nection between relative perturbations of the b
i 

and the resulting perturba

tions of x. relative to (IA- 1
1 Ibl) .• 

1 ~ 

Remark. The condition number we defined in (1.2) is a local concept, namely 

lithe condition number of the mapping ~ in the point alt. We can also define 

a global condition number, namely lithe condition number of the mapping q! over 

the input set A", by' 

(1.18) C(qJ) := sup c(a) • 
aEA 

Now, a non-singular n x n matrix M may be seen as a representation of a linear 

mapping ~ of R
n 

onto itself: 
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(1.19) x = <P (y) : = My • 

The so-called local condition number of <p is, if Y ~ 0 and hence x ~ 0, 

c (y) = II M II II y II 
II xII • 

-1 By using the fact that II y II :s; II M II II x II and the existence of a y for which 

equality holds, we conclude that the global condition number of the mapping 

<p of (1.19) over the vectors y ~ 0 is given by 

c (q» =- II M II II M -111 • 

In the literature the number IC(M) :- II Mil II M- 1n is called the condition number 

of the non-singular matrix M. Thus we see that the condition number of the ma

trix M agrees with the global condition number of the mapping induced by M 

over the set of the non-zero vectors. Because of the symmetry of K(M) in M 
-1 

and M this also applies to the linear equations problem, that is, the con-

dition number of the matrix A agrees with the global condition number of the 

linear equations problem (1.17) over all non-zero right-hand sides b. 

1.3. Now we consider the case of a system of linear equations 

(1.20) Ax = b I 

where the input parameter a is made up of the non-singular matrix A and the 

right-hand side b. We may formulate this numerical problem as 

-1 
:= A b 

with a := (A,b). Hence the solution space X is Rn and the parameter space A 
consists of the elements (M,y) , with M a non-singular n x n matrix and Y€Rn. 

n 
InE we choose a vector norm. Then for given A and b ~ 0 we define in A 
the following norm 

(1.21) liMn W II (M,y) 11:= max(IIAII' IIbll) , 

in which the matrix norm is the norm induced by the vector norm. 

Let ~a := (~,~) with ~ so small that (A + ~)-1 exists and let Ax be the 

corresponding variation of x. Then 

(A + ~) (x + Ax) = b + ~ 

holds, whence we have 

-1 -1 
Ax = A Ab - A AAx + o(Aa) • 
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n2+n n 
The mapping ~, considered as a mapping of A c ~ into X = ~ , is therefore 

F-differentiable. The F-derivative ~. in the point a :- (A,b) is defined by 

-1 -1 
~. (a)~a := A ~b - A ~. 

We want to determine the norm of ~. (a) and with this the condition number 

of (1.20). To this end, we first observe that 

and that for every A and x there exists a ~a for which equality holds (cf. 

van der Sluis [11, theorem 6.1J). Secondly, we conclude from this inequality, 

together with the definition of II ~a II, that 

and that in this formula equality holds if ~a is chosen such that it satisfies 

the above requirements as well as II MII/IIAIl = II ~lI/lIblt = II ~all. From all this 

it follows that 

II ~ I (a) II = II A -1 II lib 1\ + II A -1 11 II A II II xII • 

If we finally realize that lIa II = 1, it becomes evident that the condition 

number of (1.20) for the chosen norms is given by 

(1. 22) 
-1 

c(a) = HA IIllbll + II A- 1 II II All 
II x II • 

By setting ~A = 0 in the above derivation, that is by assuming A to be con

stant and therefore no part of a, we find the condition number to be the first 

term of (1.22), in agreement with example 1.4. If we take ~b a 0, then the 

condition number becomes the second term of (1.22), which is equal to ~(A), 

the so-called condition number of A. 

1.4. A problem which is comparable with a system of linear equations is the linear 

least squares problem, which reads as follows: 

Find for a given m x n matrix A and a given b € ~m the vector x € ~n for which 

(1.23) 

holds. 

In the rest of this section norms of matrices and vectors will be Euclidean 

normSi furthermore A is s~posed to be of full rank, i.8., rank (A) • n. The 
+ pseudo-inverse of A will be denoted by A , the residual vector for the sol-

ution x is called r, so r := b - Ax. 
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1.4.1. As to the condition number of (1.23) with respect to b , we know that 

+ x = cp(b) := A b 

which implies 

IIA+ IIlIbll 
c (b) = II xII 

and 

1.4.2. Now we assume b to be constant and A to be the input parameter in (1.23), 

hence 

(1.24) + x = cp(A) := A b • 

If ~A is sufficiently small, then A + ~ is of full rank; in the sequel we 

assume that this is the case. 

Lemma 1.1. (cf. van der Sluis [13, theorem 4.3J). 

The condition number of (1.24) satisfies the following inequalities: 

(1. 25) II rll 
c (A) ::; (K{A)U All II xII + IhdA) I 

(1.26) 

where Ie: (A) : = II A + II II A II is the so-called condition number of the matrix A. 

proo~. For convenience we introduce the abbreviations y IIrli 
:... idA) II A II II x II and 

"" A := A + t:.A. 

Let x + ~x be the solution of (1.24) with matrix A replaced by A. Then 
..... + 

x + 6x = A b, which implies 

(1.27) -+ -+ Ax = A r - A AAx • 

+ ...+ T T Ax .. ~ «A) (AA) r - ~x) 

or, in first-order approximation, 
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(1.28) 

From this it can be deduced that for any sufficiently small bA 

holds in first-order approximation, which proves (1.25). 

In order to prove (1.26) we use a special perturbation bAt namely 

(1.29) T T 6A := Aru - ~v x , n n 

where A and ~ are constants still to be chosen; u is the right singular 
n 

vector of A corresponding to the least singular value (m cr ) and v is the 
n n **) 

left singular vector of A corresponding to the same singular value of A. 

Remark. The choice of this particular bA is based on the fact that with the 

help of the first term of (1.29) the inequality c(A) ~ Y~(A) can be proved 

and from the second term the inequality c(A) ~ ~(A) follows (cf. van der 

Sluis [13, theorem 4.3(b),(c)]). 

For the chosen 6A 

holds. Furthermore 

T 2 T 
(AA) r == Allrll u - ~v rx 

n n 

*) In the same way as with the linear equations problem of section 1.3 we may 

interpret (1.24) as a mapping of A C JRmxn into X C JR
n • Then just like before 

~ is F-differentiable and the F-derivative " in the point A is defined by 

**) We write the singular value decomposition of A as A = VEUT• We denote 

by vk the k-th column of V and by ~ the k ... th column of U. Furthermore, 
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and therefore, since ATr ::: a and vTr = 0, 
n 

A+r = (AIA)-l(AA}Tr "" AllrIl2 (D)-lu 
n 

Substitution of these formulas into (1.27) yields 

or, in first-order approximation, 

2 T -1 2 + Ax = All r II (A A) u + 1111 x II A v , n n 

and consequently, because of the definitions of u and v 
n n 

2 
llllxll )u 

r:J n 
n 

+ -1 Since II A II::: a , it follows that 
n 

• 

0.30) 
II t..x II Ie (A) II M II 
li'iii::: (Ayll r II + llil x II) II AA II liAil • 

In this formula we have to get rid of IIAAU in the denominator. From (1.29) 

t
. T wege , SLnce r v 

n 
= 0 and II v II ::: 1, 

n 

IIIlA 112 := max II My 112 = 
lIyll=l 

2 T 2 2 2 T 2 
(X (u y) IIrlr + II (x y) ) • 

n max 
II y 11=1 

The maximizing vector y lies in the plane spanned by u and x. Let e be the 
n 

angle between u and x, and W the angle between y and x. Then 
n 

T 
u Y = coste - W) I 

n 
T 

x y = IIxllcos W , 

Consequently 

(1.31) IIMII2 = max(X2I1rIl2cos2
(e - W} + 112I1xlr'cos2w} • 

W 

x 

NOW we choose A and II such that All r 11 = 1111 x II, then it can easily be verified 

that 
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By substitution of this result into the denominator of the right-hand side 

of (1.30) we see that there exist arbitrarily small AAls for which 

lIf:.xll ( 1) IdA) II f:.A II '1ri11" y + , •• -
; 1 + I cos e I II A II • 

This proves (1.26). 

Remarks. 

i) TTl T From u x = II xllcos e and u x .. - v b it follows that n n (1 n 
n 

cos e 

where t is the angle between b and v • 
n 

ii) The inequality (1.26) can be sharpened slightly. To this end we conclude 

from (1.31) 

II AA 112 ~ A 211 r 112 + ill x ,,2 • 

If we substitute this into (1.30) and then choose A and p such that 

All r II .. \.III x lIy, or A .. II A + lip, we get 

(1.32) 

iii) Veltkamp [16J proves that, for AA and f:.x which satisfy (1.28), 

holds, and that the maximizing f:.A is given by (1.29) with A and lJ. chosen 

as in remark ii). (II. liE denotes the Frobenius norm of the matrix). 

This also yields (1.32) since IIf:.AIIE ;:: IlAAII2 • 
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2. Numeri~al stability of an algorithm 

We suppose that the numerical problem 

(2.1) x = cp(a) 

is solved by means of an algorithm P which supplies the exact solution pro

vided that the calculations are performed exactly. The algorithm P may there

fore be regarded as a realization of the mapping cp. 

In this report we confine ourselves to direct (= finite) algorithms. 

We suppose that the algorithm is performed on a computer with relative ma

chine precision n, that is, we assume that an arbitrary real number will be 

represented by a machine number with a relative error of at most n and that 

the performance of the arithmetic operation $ (which may be: +, -, x, /) on 

two machine numbers a and b yields a machine number c for which the relation 

(2.2) c = (a $ b) (1 + E ) 
C 

holds exactly for some E with IE I ~ n. We assume that c satisfies also the 
c c 

relation 

(2.3) c(1 + 6:') = a $ b c 

for some E' with Is.:' I ~ n. c c 
Let x be the computed approximation of x obtained by the algorithm P performed 

on a computer with finite machine precision n. Then there exist perturbations 

!:,.a and !:"x of a and x respectively, such that a + 6a e: A and 

x ::::: cp (Cl + 6Cl) + 6x • 

In general there is an infinite number of such pairs (6Cl,6x). If among them 

there is a specimen which is of order n relative to (a,x) ; i.e., 

II 6all/1I all ~ n and II 6x II/II x II II:j n I then it is quite an acceptable approximation 

of the solution and there will be no algorithm yielding an essentially better 

result. For then the error in it is of the order of magnitude of the inevi~able 
error *) in the solution due to the representation of the values of the 

parameter and the solution by machine numbers (cf. stoer [15J). 

2.1. To express as to how far a computed solution is acceptable, we introduce the 

concept of stability number. This concept has arisen from the fact that an 

algorithm must be performed on a computer which means that the arithmetic 

operations in the algorithm satisfy the relations (2.2) and (2.3) with € 
c 

and £~ fully determined by the machine. However, in the analysis given below 

*} In German; "unvermeidbare Fehler". 
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we admit arbitrarY values of g and g', so our analysis is not based on 
c C 

what actually happena in the machine but on the formulas (2.2) and 

(2.3) • 

D~finition 2,1. An €-performanc~ of an algorithm P, further to be denoted by 

pee), is a performance of P in which every arithmetic operation satisfies the 

relations (2.2) and (2.3) for some particular € and €' respectively. 
c c 

We may look upon € as a vector, consisting of all elementary rounding errors 

ec or e~. If e is the null vector, then the algorithm is performed exactly, 

so P(O) :: P. 

Definition 2.2. The n-neighbourhood of P, further to be denoted by Pen), is 

the set of the €-performances of P with II € II :::; n. In formula 
co 

Pen) :== {P(€) 1 lie II :::; n} • 
co 

Now let iCe) be the computed approximation of x obtained by a given e-perform

anee pee). Then we consider the pairs (~~,~x)t such that ~ + ~~ € A*) and 

(2.4) x(e) = ~(~ + ~~) + ~x • 

Since we are looking for an optimal distribution of the error over the input 

and output data, we define the following quantity 

This quantity may be given the following interpretation (cf. Paardeko~per [9]). 

In the product space A x X the graph M of ~ is defined by 

M := {(6,Q>(6) 1 6 € A} • 

If we define in this space the norm of an arbitrary point (StY) by 

.- w W II (e, y) II • - max (II ~ II I II x II) , 

then II (~~,Ax) II is the distance between the points (~/i(e» and 

(0 + Aa, ~(a + Aa» € M, and then AO(e) is the distance of (~,i(e» to M. 

*) See footnote on page 3. 
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-x 
M 

a + !J.a 

NOW we come to the definition of the stability number of an alqorithm. 

Definition 2.3. The stability number of an alqorithm P which solves (2.1) in 

a given point a, further to be denoted by Sea), is 

(2.5) Sea) ;= lim sup (Ao(e;)/n). 
ni-O P(6:)EP(n) 

Remarks. 

i) The stability number depends on the norms chosen. 

ii) The stability number is not defined if II a II or II x II is zero. 

iii) For each e-performance pee) € Pen) there exists a pair (!J.a;!J.x) which 

satisfies (2.4) and for which in first-order approximation 

(2.6) l!!J.all ~ 8(0.)110.1111# lI!J.xll ~ S(a)!lxlln 

holds, moreover, 5(0.) is the smallest value for which this statement 

applies. 

iv) In de Jong [6J a definition of numerical stability is given. This defi

nition says that an algorithm is numerically stable if there exists an 

upper,boundfor Sea) for all a E A. Numerical instability then means 

that x(e) need not converge to x as n + 0, and that the possible conver

gence is not uniform in A. Thus in [6] numerical stability is not meas-

ured by a quantitative measure. 

v) The quantity m(f;a,v), and to a greater extent k{f;a,v), as defined in 

Paardekooper[9], is related to the above-defined stability number (with 

a = a). The number c(f;a) defined there and called "mixed stability 

bound" is an upper bound for S(a)l1. Besides, only the Euclidean norm is 

used in [9]. 
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In consequence of the introduction of the stability number everyone can de

cide for himself whether he will call an algorithm numerically stable. We 

shall say that an algorithm is numerically stable in a if its Sea) is smaller 

than an "acceptable" upper bound, in the other case we call the algorithm ~

meri~ally unstable in a. 

In order to investigate the inequalities (2.6)# especially the question which 

of them is sharp, we consider the following case: A .,. Rm 
I X ... JRn and q> is an 

F-differentiable vectorfunction. This means that 

(2.7) q>{a + 8a) = q>(a) + J8a + 0(8a) , 

in which J is an n x m matrix, the Jacobian matrix. We assume that the order 

term in (2.7) may be neglected. For a given P(E), we denote by eX(E) the error 

in the computed value of the solution, so OX{S) := XCE) - x. Then (2.4) and 

(2.7) imply that the pair (8a,8x) satisfies 

(2.8) ox(s) = J8a + 8X • 

Lenuna 2.1. Let 

, ( ) .- i f (1I8all 118XIl) 
1\0 S .- ~a max ~ , -W 

under the condition (2.8). Then the infimum is a minimum and for each pair 

(8aO,8xO) for which the minimum is attained, 

(2.9) 
n 8aO 11 118XO II II a II ~ A 0 (e:) , \I xii = 1.0 ( e: ) 

holds. If, in addition, J is surjective, i.e., rank(J) = n, then in (2.9) the 

equality sign applies to 8a
O 

as well. 

Proof. From (2.8) it follows that "O{E) ~ II ox(e:)II/llxlI • As a consequence, the in ... 

fimum can be found in the sphere 118all ~ II all II Qx(e:)II/lIxll, which implies that the 

infimum is a minimum. 

Suppose that 
IIllxO II 118aO II 

IIxll < ilall = Ao(E) 

Then 8a := (1 - 6)8aO and Ax := AxO + 6J8aO form a pair that satisties (2.8) 

6 . 118all 118Xll and, if is a suffl.ciently small positive number, max(-rti1r f""1f'i'!r) < AO(e), 

which is in contradiction to the definition of AO{E). Therefore 
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which proves (2.9). 
lI.~aoll II llxO" 

Now suppose, in addition, that J is surjective and II a II < II x II • Since J is 

surjective, there exists a 110. 1 , such that llxO = Jlla1• Then, with 

llx := (1 - 6)l1xO and 110. := 110.
0 

+ 6110.
1

, we obtain a similar contradiction as 

above, which proves that in this case 

11110.
0 

II 
110.11 = 

Corollary. In the case under consideration the latter inequality in (2.6) is 

always sharp, the former need not be sharp if J is not surjective. For ex

ample, suppose that n > m and that the norm in the vector spaces is the Euclid

ean norm. Then the smallest possible llx that satisfies (2.8) with an appro

priate 110. is the perpendicular of ox on the column space of J. 

11110. II 11i1x II If the corresponding minimal 110. satisfies ~ < ~II I then we have 
. 11110.011 a II x II 

optimal pair (110.0 , l1XO) for which 110.11 < AO' In particular, this can 

case if ox is almost perpendicular to the column space of J. 

got an 

be the 

Remark. Lemma 2.1 is formulated under the assumptions A =~m and X = Bn. How-
110.11 m ever, in the proof of (2.9) only the fact that the sphere B (0.'11 xliii oX II) c JR 

is entirely contained in A is used, and for the proof that in (2.9) the equal

ity sign also holds for 110.0 it is sufficient that the sphere 

B(x,lioxll) c <p(A) c~n. 

Condition number and stability number together supply an estimate of the error 

in the computed value X. 

D 
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Lemma 2.2. Let c(a) be the condition number of ~ in a and let Sea) be the sta

bility number of a corresponding algorithm P, both with respect to the same 

norms in A and X. Then for x(g)j computed by an arbitrary g-per£ormance peg), 

the inequality 

(2.10) IIx(g) - xII < S( ) ( ( ) + 1) ilx II - a can 

holds, in first-order approximation. 

Proof. Let (8a,8x) be a pair that satisfies (2.4) and (2.6), which implies 

x(g) - x = ~(a + 8a) - ~(a) + 8x • 

Then, in first-order approximation, 

II T (a + 8a) - ~ (a) II < () II 8a II 
Uxll - ca ll'"a1r 

holds (cf. (1.3», and consequently 

(2.11) II x (g) - x II < () 118a II II 8x II 
IIxll - c a 1j"';jj + IIxll' 

By application of (2.6) the result in (2.10) follows. o 

The quality of the inequality depends on whether (1.3), (2.6) and (2.11) are 

sharp. We expect that many a time in practice (2.10) will be an overestimate. 

However, if x €lR and a € Rm, then (2.10) is sharp, which becomes ~parent 

from the following lemma. 

Lemma 2.3. Let X C R and A clRm• Let ~ be an F-differentiable functional and 

let ~'(a) # O. Let c(a) and Sea) be as stated in lemma 2.2. Finally, define 

(2.12) m(a) := lim sup (I Ci~r Iyn) . 
n-l-O P(g)eP(n) 

. Then 

(2.13) S (a) = m (a) 
c(a) + 1 • 

Proof. For a given pes), relation (2.8) turns into 

(2.14) ox(e) = ~'(a)8a + 8x , 

where ~'(a) is the 1 x m matrix (If-, l1- , ... ,11-). Since ~' (a) # 0, ~' (a) oa
1 

aa
2 

aam 
is surjective and consequently each optimal pair (8aO,8xO) from lemma 2.1 sat-
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isfies IAxol/lxl = IIAClOIVIlClIl = AO(d. From (2.14), in which AaO and flxo are 

substituted, and I cp I (a) fla
O 
I S II cp t (a) II II ACl

O
" we get 

From lemma 2.1 it follows that any pair (fla
l

,Axl ) that satisfies (2.14), 

and II Aa 111/11all = AO(e:), also satisfies loxCe)! > Icp'(a)ofla11 and 

Iflx1 1/!xl ~ AO(£)' Now we choose as fla 1 a maximizing vector of cp' (a), i.e. 

/cp'(Cl).Aa 1 1 = Ilcp'(a)lIl1fla111, such that sign(cp'(a)'Aa
1

) = sign(Ax
1

) holds. Then, 

by substitution of Aa.1 and AX
1 

into (2.14) we obtain 

!ox(e)! = Icpt(Cl).Aa11 + IAxll;;:: (lIcp'(Cl)lIlIall+ Ixlp·o(s). 

consequently equality holds or 

(2.15) 

from which (2.13) immediately follows by use of the definitions of m(Cl) and 

sea). o 

Remark. From (2.13) it follows that the distribution of the rounding errors 

into forward and backward errors in successful in the sense of [9J if c(a) 

is large. This is in agreement with the result in Paardekooper [9, chapter 2]. 

2.2. In this section we shall give a few examples of the computation of the sta

bility number or the determination of an upper and/or lower bound for it. 

Example 2.1. The computation of 

2 
x = cp (a) : = 1 - Cl 

with lal < 1 can be performed in two ways. We shall investigate which way is 

to be preferred (cf. Stoer [15, chapter 1 for a similar example]). 

P (e:) 

(2.12) : 

CP1 (a) := 1 

2 

2 - Cl 

-Cl s1 + xe:2 
a 2 1 =-x+ 1 =---2~ 

1 - a 

C(Cl) ... 

<1>2 (a) := (1 - a) (1 + Cl) 

02x = 3xE:3 

m
2

(a) = 3 
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(2.13): 
1 

S1 (a) = 2 
1 + a 

On account of this result we say that either algorithm is numerically stable. 

For I a I > ./2/3 the algorithm on the right is numerically stabler than the one 

on the left and is therefore to be preferred; this holds specifically if 

lal ~ 1. For lal < 12/3 the converse holds but then Sl (a) is only slightly 

smaller than S2(a), so the preference for ~1 (a) is only marginal in this case. 

Example 2.2. computation of a finite sum. Suppose that the finite sum 

m 
x = ~(a) := I a

i i=1 

is computed by the following algorithm: 

(2.16) 
Sl := a l 

Sk ;= sk_1 + ak; k == 2,3, ••• ,m • 

The error in the computed value of x is, in first-order approximation, given 

by 

m 
ox = - I EkSk , 

k=2 

In this case formula (2.14) reads 

m 

ox I 
i=1 

fla. + t:.x • 
~ 

As in the preceding example m{a) can be computed explicitly, namely, 

m 

m(a) = L Iskl/x. 
k=2 

By substituting this into (2.13) we find the stability number 

m 

S{a) = Ixl 

I Iskl 
k=2 
+ 1I~'{a)lIlIall • 

Since for an arbitrary p-norm 

II cp 1 (a) II II all IIcp'(a)1I IIlajll 

the stability number satisfies the inequality 
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m 
I Iskl 

S(o.) :s; k=2 
m m 

I I o.i I + r 10., I 
i==l i:=l ~ 

in which the equality sign occurs if p == 1. From this it follows that 

S(o.) :s; m - 1 for every p-norm. Therefore, we say that (2.16) is a numerically 

stable algorithm for the determination of a sum. 

Remark. If 0., 
l. 

> 0 for all i, then 

m 
1: (m - i + l)o.i - 0. 1 i=l S(o.) = m 

2 L 0., 
i=l ~ 

holds for p :::: 1, from which we may infer that it is advisable to add up a 

series of positive numbers in increasing order. 

In general it is not easy, if not impossible, to acquire the stability number. 

At best a forward, backward or mixed error analysis yields reasonable esti

mates for II 60. II and II 6x II, with which an upper bound for S (o.) can be established. 

From this it maybe possible to conclude that the algorithm is numerically 

stable. 

If on the other hand we want to show that an algorithm is numerically unstable, 

we need a lower bound for S(o.). We may obtain this, for example, by the deter

mination of AO(g) for a particular peg). We can also get a lower bound for 

S(o.) by making use of the inequality (2.10), if we are able to find the error 

nX(E) - xII (or a lower bound for it) explicitly as a function of n. 

Remark. Sometimes an error analysis yields the following result 

60. = nHa, ~x == nKx, 

where H is an m x m matrix and K an n x n matrix. Numerical stability then 

may be concluded from the magnitude of II H II and II K II. 

Example 2.3" (cf. de Jong [6]). Suppose that the system of linear equations 

Ax = b, in which 
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is to be solved by the Gaussian algorithm without pivoting. Decomposition of 

A supplies the following triangular matrices 

As e-performance P(E) we take the performance of the Gaussian algorithm in 

which just 

U
22 

:= 1 -

U22 = (1 -

one rounding error is made, namely, in the computation of 

w- 1• We assume that the value of this rounding error is nt so 
-1 

w ) (1 + n). The computed solution then is x = x + ox, with 

ox = n -1 T l+n(W ,-1) • 

The numerical problem can be written in the form 

(2.17) -1 
x = ~(a) := A b , 

with a 2 := (A,b). In X = lR we choose as a norm the maximum norm. The parame-

ter space A consists of the elements (M,y), in which M is a 2 x 2 matrix and 
2 y €IR • As a norm in A we choose (cf. (1.21» 

Let sea) be the stability number of the Gaussian algorithm for the solution 

of (2.17). Then, from the formulas (1.22) and (2.10) we find 

(2.18) 116xU s (IIA-ill IIbl! + IIA- 1 11I1AI! + l)S(a)n • 
IIxll II xII 

In the present case we have IIA-1
11::::: II All :a 2, IIbll ::::s 11 xII .,. 1, provided w is 

small, i.e., negligible with respect to 1. From this, together with 

II ox II ,.. !!.(1 + O(n», it follows that 
w 

(2.19) Sea) ~ 71wI • 

From this example the well-known conclusion may be drawn that the Gaussian 

algorithm without pivoting is numerically unstable if during the decomposi

tion a small pivot occurs. 
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Example 2.4. The solution of an arbitrary system of linear equations Ax = b 

by the Gaussian algorithm is an approximation x which is the exact solution 

of the perturbed system (A + E)x = b. If the maximum norm is used one can de

rive the following,estimate for E (cf. Geurts en Veltkamp [5J, Stoer [15J): 

II E II ~ 2nll I L II u III n • 

From this it follows that the stability number S(A,b) of the Gaussian algo

rithm, by the use of the norm in A as defined in example 2.3, satisfies the 

inequality 

S (A, b) < 2 II I L II u III 
- n II A II • 

We notice that this result is independent of whether or not pivoting is ap

plied in the Gaussian algorithm, but that pivoting will influence the magni

tude of II I L 11 u III. We also notice that the error in this case is totally inter

preted as being caused by a perturbation of the matrix. We do not expect that 

an essentially smaller estimate for S(A,b) can be obtained by interpreting 

the error partially as due to a perturbation of band/or x. This expectation 

is reinforced by Wozniakowski [19, p. 207J. 

Remark. In Dahlquist and Bj5rck [4, section 2.4.1J a "condition number C of 
p 

the algorithm pIt is introduced which is comparable with our stability number 

S(a). The authors regard the computed solution as "the exact output data of 

a problem of the same type in which the input data has been changed (relative

ly) by a few n. That change, measured with n as a unit, is called the con

dition number of the algorithm" (cf. p. 52). In our terminology this may be 
• II flail 

stated as follows: The condition number C ~s an upper bound for ~/n, 
p II all-

where ~a and flx = 0 are a pair that satisfies (2.4). Furthermore, the authors 

claim: "Clearly, the condition number has a small value for a good algorithm 

and a large value for a poor algorithm". 

However, one cannot always interpret the error in the computed solution sole

ly as a backward error. On the other hand a good algorithm may well have a 

large condition number cp as appears from the following trivial example. 

Example. Let x = cp (a):= 1 + a, x E: m., a E: m.. Then the computed value is 

x = x(l + s), with lsi ~ n. So loxl/]xl = s, and with this we get from (2.12) 

and (2.13) 
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Ix] 
s(a) = Ixl + lal • 

So S(a) ~ 1 for every real 

ber if 1 a I « 1. 

a. However, C = 11 + 11 and this is a large num-
p a 

2.3. In this section we shall investigate the relation between the notion "Gutar

tigkeit" as defined in Stoer [1SJ which may be translated as "numerical sta

bility" and the stability number defined by us. 

In [15, chapter lJ Stoer treats the numerical problem x = ~(a)i where a €]Rm, 
n x €IR and ~ is a vectorfunction with components that are continuously differ-

entiable. An algorithm for solving this problem is regarded as a decomposi
(i) 

tion of ~ into elementary mappings ~ : 0i + 0i+l' i.e., 

(2.20) (r-l) 
cp o ••• 0 

(0) 
cp • 

The remaining mapping (Restabbildung) $(i) after the i-th step of the algo

rithm is defined by 

(2.21) $ (i) (r) (r-1) (i) 
:= ~ ° ~ 0 ••• 0 cp • 

The concept of inevitable error (unvermeidbare Fehler) is introduced; it is 
o denoted by ~ x and defined by 

(2.22) 

in which O~(a) denotes the Jacobian matrix of cp in a. The over-all error ox 

in the computed value x, as the result of rounding errors made during the 

performance of the algorithm (2.20), is given, in first-order approximation, 

by 

(2.23) 

(') (i) 
Here E, := diag(Ek~ ) in which E stands for the relative error due to 

roundi~9 the k-th component of x~i) to a machine number, so IE~i) I ~ n. The 

algorithm is said to be numerically stable (gutartig) if each of the terms 

of (2.23) is at most of the order of magnitude of the inevitable error, i.e., 

(2.24) 

For simplicity we shall do our investigation.by means of the case that E,x(i) 
~ 

for just one i, 0 ~ i ~ r, and E 1x are the only rounding errors that occur r+ 
in the performance of the algorithm. So we actually consider an algorithm 

that consists of only two steps 
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(2.25) 

(0) 
Here ~ stands for the mapping made up of 

remaining mapping denoted above by ~(i) • 
Let y t= ~ (0) (a), then x == ql (1) (y). 

the first i steps and ,(1) is the 

a ~ ______ + ___ * x 

y 

As has been stated, the computation of y and x brings about the rounding errors 

EOY and E1X respectively. The over-all error ox in the computed value x in 

first-order approximation then reads 

(2.26) 

We assume that none of the quantities a, yand x is zero and define the condi

tion numbers 

c(a) II D2 «(1) II II a II 
:= 1I:It II ' 

: = II DT (
0

) (a) Il II a II 
lIy II ' 

First we consider the scalar case, i.e., a, y and x are scalars. Then 

ox = SOD~(l) (y)y + slx, with I~il ~ n and consequently it follows from (2.12) 

and (2.13) 

c
1 

(y) + 1 

sea) == c(a) + 1 

Now c 1 (y)/(c(a) + 1) is just the ratio of the largest possible error inx due 

to EOY and the inevitable error. From this we see that in the scalar case nu

merical stability according to Stoer agrees with a stability number of the 

order of magnitude of 1. 
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Remark. A comparable result holds in the analysis of Wozniakowski for itera

tive algorithms (cf. [18, lemma 4.1J). 

m k n Next we consider the general case: a E lR , Y E E. and x E lR • For convenience 

we introduce the abbreviations J O := Dcp (0) (a), J
1 

:= Dcp (1) (y), J := Dcp (a). 

The term E1X in (2.26), being the rounding of the solution, is actually of 

no significance and is therefore, for the sake of simplicity, omitted in the 

sequel. Then, from lemma 2.2 we get 

II J 1 EOY IVII x II II J 1 EOY II 
~ I'II-~--

(c(a) + l)n 1It.0xll 
sea) , 

provided II t.°xll I'll (II J 1111 a II + II x II) n. 

From this formula and (2.24) we conclude that a small Sea) implies numerical 

stability according to Stoer. 

Now we shall demonstrate that the converse is not necessarily true, namely, 

we shall show by means of an example that IJ
1
E

O
yi ~ t.°x and Sea) large 

can occur at the same time. 

Example 2.5. Let in (2.25) 

in which 

Then 

cp (0) (a) := v + JOa 

cp(l) (y) := w + J
l
y 

[1] [~-1 0] 
v:= 0' J o := a l' 

We assume that ~ > 1. 

W := J "= 1 " 

T Let a := (1,1) 1 then y = (1 + ~-l,l)T and x = (l,l)T. Then the inevitable 

error is t.°x = (~ + 2)n(1,1)T. The rounding error in the computation of y is 
T 

at most (nYl'O) and this quantity is taken for EOY. Then J1EOY = (~ + l)n(l,l)T 

from which for large ~ it follows that 

50 according to Stoer there is numerical stability. 

From now on II. II means the Euclidean norm. 
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In the given situation formula (2.8) turns into 

(2.27) 

The optimal pair (~aO'~xO) of lemma 2.1, which is the pair that satisfies 

(2.27) and for which the infimum AO is attained, is in this case uniquely 

determined and can be given explicitly. To this end we first observe that 

from lemma 2.1, it follows that II ~xO II = 116aO II = A012. Next we consider the 

vectors f3 :- J~a with constant II ~a II, say II ~a II = y. These vectors lie on the 
T -T -1 2 . 

ellipse S J J f3 = y • Thisel~lpse has its center at the origin, its minor 

and major axes coincide with the vectors (1,1)T .and (1,-1)T and have lengths 

2y 12 and 2lly12 respectively. 

T = y(I,I) 

Of all pairs (6a,nx) that satisfy (2.27) and lI~all = y, the pair (~a1t~x1) is 

the one with the smallest II ~x II iff both B1 := Ji:la1 and ~1 lie on the minor 

axis since J1EOY lies on it. So 6x1 = J1EOY - 81 = ({ll + 1)n - y) {l,l)T. For 

the optimal pair we have y = AOI2 and therefore lI~xO" = «ll + 1)n - AO{2) 12 = 

= AOI2, from which AO appears to be 

A =).1+1 n. 
a 1 + 12 

By means of the definition of Sea) it then follows 
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II + 1 
S (a) ~ •• 1--

1 + 12 

and this is a large number if ~ » 1. 

Remark. In the same way one can prove that for an arbitrary p-norm 

S(o.) ~ ell + 1)/(1 + 21/ p ) holds. 

The large value of S(o.) means that the indicated algorithm is numerically un

stable and it suggests that there must be an essentially better algorithm. It 

is easy to check that this is the case, but this is left to the reader. 
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