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1 Introduction 

Let Xl, X 2, .•. , be i.i.d. real-valued random variables with common distribution function F. 
Choose a sequence {an}~=l of positive constants converging to 0 and an x E JR. Introduce 
the local empirical fUl1ctiOlI at .1: 

(1.1) 

for some positive T. Observe that Ln,x(1 )/(2an) is the naive density estimator of the density 
f of F at x, assuming that f exists and is continuous at x . If it is also assumed that nan ---+ 00, 
classical weak convergence t.heory shows that the local empirical process 

t E [O,Tj , (1.2) 

converges weakly in D[O,Tj to (2f(x))1/2W, where 1V is a standard Wiener process. In De
heuvels and Mason (1994) a detailed study of functionalla.ws of the iterated logarithm for a 
generalized version of this local empirical process as well as examples of its applicability, e.g., 
to density estimation, are presented. 

N ow consider the tail e11l pirica! fu nction 

1 n 

Tn(t) = - "1[oto j(Ui), t E [O,Tj, T> 0, 
11 ~ 1 n 

;=1 

(1.3) 

where UI , U2 , · .• , are i.i.d. uniform-(O, 1) random variables. It can be easily verified that the 
tail empiri cal process 

(1.4 ) 

converges weakly in D[O, Tj to W, whenever an ---+ 0 and nan ---+ 00. The notion of the tail 
empirical process was introduced in Mason (1988) . In Einmahl and Mason (1988), Deheuvels 
and 1ifa.son (1990) and Einmahl (1992) its almost sure limiting behaviour is exhaustively 
studied and in Deheuvels and Mason (1991) numerous applications of its strong limiting 
properties in probability theory and stat.istics are detailed. 

Much is known about the asymptotic distribution of weighted versions of the tail em
pirical process. It is shown in r-.,fason (1983 ) that when an = lin, n E IN, then as n ---+ 00 

(1.5) 

for all ~ < v ::; 1, where N is a standard rate 1 Poisson process on [0,00). Under the 
assumption that an ---+ 0 a.lld nan ---+ 00, it. is proved in Csorgo and Mason (1985) that as 
n -. 00 
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sup 
0<t:51 

sup 
0<t:5 1 

IW(t)l/tV 
, 

for all a ~ /J < ~, whereas it is established in Mason (1985) that as n --+ 00 

(1.6) 

(1. 7) 

for all ~ < /J ~ 1. Notice that the original results (1.5)-( 1. 7) are stated in terms of the 
(global) empirical process and not in terms of the tail empirical process. However, (1.5)
(1. 7) and the remainder of this paper show that is is nat ural and sensible to consider these 
and related results from a tailor local empirical process viewpoint. 

We will show that it is much more effective to study local and tail empirical processes 
within a greatly generalized setup. Towards this end let 5 be a complete separable metric 
space (Polish space) with Borel a-field S. For each n E IN, let {Xn,i, i = 1,," ,n} be i.i.d. 
random elements taking values in (5, S). Denote the empirical measure at stage n by 

(1.8) 

and denote the true probability measure ".:iLh Pen), i.e. P(n)(B) = JP(Xn,1 E B), B E S. 
Further, let A be a. subset of 5, which satisfies properties to be specified later on. We shall 
study the \veighted approximation by Poisson processes or Gaussian processes of suitably 
normed versions of the centered empirical measure indexed by A 

(1.9) 

\,ve shall call such a process. when appropriately normed, a local empirical process, whenever 
P(n)(A) converges to a for all A E A. 

Here are sOllle important special cases of local empirical processes. 

(1) Setting, with :r E JRd , dE IN, 

Xn,i = (Xi - x)/an, for i = 1"" ,n, n E IN , 

where the Xi are i.i.d. random vectors in md , results, after norming in a generalization of 
the local empirical process in (1.2). 

(II) Set 

X n .i = Udall, for i = 1,,,, ,n, n E IN , 

where the Ui are as in (1.3) and choose A = {[a, t] : t E (0, T]}. With these choices we obtain 
the tail empirica.l process in (1.4). 
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(III) Set 

Xn,i = (Xi - bn)/nn, for i = 1,··· , n, n E IN , 

where the Xi are as in (I), the an, bn E lRd are norming vectors and, e.g., A = {(( -00, tIl X 

... X (-oo,tdW: ti ~ Ti for all 1 ~ i ~ d}. This results in a point process, important in 
(multivariate) extreme value theory; see, e.g., Reiss (1993, chapter 6). 

In sections 2 and 3 we will formulate weighted approximations to the local empirical 
process indexed by A, which constitute our main results. It will be seen that whether an 
approxima.tion by a Poisson process (section 2) or by a Gaussian process (section 3) is appro
priate depends on whether nP(n)(A), A E A, tends to a finite positive constant or to infinity, 
respectively. Among other results, the asymptotic distributions described in (1.5)-(1.7), 
along with their bivariate extensions (Csorgo and Horvcl.th (1990), Horvath (1991)) follow 
readily from our approximations. We shall also present applications of our results to (multi
variate) extreme value t.heory. Finally, all the proofs of our main results are given in section 4. 

2 Approxilllation with Poisson processes 

Before presenting the approximation of the local empirical processes by Poisson processes, 
we first give a sharp result which guarantees the finiteness of the supremum of the relevant 
weighted Poisson process, hence making our approximation useful. Recall the notation of 
section 1, see e.g. (1.8) and (1.9) . To state our results, we need more notation and assump
tions. 

vVe will use that 

(A.l ) A is a VC (Vapnik-Chervonenkis) class with index v (for the definition see, e.g., 

Alexander (1984)), 

and, to avoid measmabilit.y problems, that 

(A.2) there exists a countable su bset V of A such that for every A E A there exists a 

sequence {Dm}~:::l in V sHch that for every x E 5, 1Dm(x) --+ lA(X), as m ---. 00. 

Let q, t.he weight fUllction, be a positive real valued function defined on A. As in Alexander 
(1987), set for u > 0 

E(u) = U{ !l E A : q(A) ~ u} . (2.1) 

We shall assume that 
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(A.3) for each u > 0, E( n) is closed. 

Let It be a a-finite measure on (S, S) and set 

A(U) = Jl(E(u)) aile! h(u) = inf{v: A(V) 2:: u}. (2.2) 

We will also need that 

(A.4) A is continuous. 

Now let N be a Poisson process on (S, S) with mean measure p .. For u 2:: 0, set 

A1q(u) = sup{IN(A) - Jt(A)l/q(A): A E A , q(A) > u} V 0 . (2.3) 

PROPOSITION 2.1. Assume that A satisfies (A.1) and (A.2) and that q satisfies (A.3), 
(A.4) and 

(A.5) 7 ~ exp ( -e",:(U)) ,[" < 00, for all e > 0 . 

1 

Then 

lim Mq( u) = 0 a.s. 
u-oo 

and 

Furthermore , if in addition, 

(A.6) lim A(U) = 0 
,,10 

and for some b > 0 

(A.7) q(A) 2:: bp(A) for all A E A with q(A)::; 1 , 

then 

Mq(O) < 00 a.s. 

(2.4) 

(2.5) 

(2.6) 

Now we j)J'esent t.he main result of this section along with a number of interesting 
corollaries (and tllcir proofs) , which demonstrate how powerful the theorem is. 

THEOREM 2.1. Le t. p(n), n E 11V, and II be as before and write Jln = nP(n). Assume 
that we have, in addition to (A.1)-(A.5), 
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(A.S) sup IPn(B) - IL(B)I---> 0 (n ---> 00), for all u> 0 , 
BES 

BCE(u) 

that for some C > 0, for all large n 

(A.9) Iln(E(u))::; CA(U), for all ·u > 0 , 

and that 

(A.I0) sup I/In(A) - IL(A)llq(A) ---> 0 (n ---> 00), for all u > 0 . 
AEA 

q(A)S;u 

Then the probability space on which the {Xn,i,i = 1,,,, ,n}, n E IN, are defined, can be 

enlarged to include a sequence of Poisson processes {Nn}~1 on (5, S), all with mean measure 
Ji., such that, as n --+ 00, 

sup l(nPn(A) -lln(A)) - (Nn(A) - Jl(A))l/q(A) --->JP 0 . 
AEA 

(2.7) 

COROLLARY 2.1. Under the assumptions of Theorem 2.1 and (A.6)-(A.7) we have, 
as n -> 00, 

sup 
AEA 

I ( 11 Pn ( A) - Jt" ( A) I 
q(A) 

--->d 
IN(A) - IL(A)I 

Slip (A) <a.s. 00 . 
AEA q 

(2.8) 

COROLLARY 2.2. (eL special case (1), section 1). Let .XI ,··· ,Xn be i.i.d. random 
vectors in IRd, d E IN, with fixed common probability measure P, let x E IRd and an = 
(an,I,'" ,an,d), an,j > O,j = 1,'" ,d. Define 

(2.9) 

Let A C [3, the Borel sets on IRd, and let Pn be the empirical measure of the Xi, i = 1,' .. , n. 
Then under the assumptions of Theorem 2.1 

(2.10) 

where anA = {(an,IYl,'" , fln,dYd): (YI"'" Yd) E A}. If, in addition, (A.6) and (A.7) hold, 
then 

sup 
AEA 

IN(A) - p(A)1 
sup (A) <a.s. 00 . 
AEA q 

(2.11) 

COROLLARY 2.3 (cL Theorem 3 in Csorgo and Horvath (1992)). Consider the sit
uation of special case (II), section 1, i.e. the tail empirical process but replace (0, T] by 
(0,00). Write for simplicity q(t) for q([O, tn and assume that q is strictly increasing and 
left-continuous. Then 
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Joo 1 (- Cq2(U)) 
~ exp u du < 00, for all C > 0 , (2.12) 

I 

implies 

sup InFn(t/n) - (t 1\ n) - (Nn(t) - t)l/q(t) -+1' 0 , 
t>O 

(2.13) 

where Fn is the uniform empirical distribution function (Fn(t) = ~ t l[o,tl(Xi), 0 ~ t ~ 1) 
i=l 

and the N n are standard rate 1 Poisson processes on [0,00). In particular, this result in 
conjunction with Proposition 2.1 yields (1.5). 

The next corollary is a generalization with respect to the dimension of (1.5) and a 
further specialization of Corollary 2.2. 

COROLLARY VI (d. Remark 2.2 in Csi::irgo and Horvath (1990». Consider the 
situation of Corollary 2.2 and let now P be the uniform distribution on (O,I)d and take 
;1: = (0",·,0). Denote with F and Fn the distribution functions, corresponding with P 
and Pn , respect.ively. Set A = {[O, t] = nJ=1 [0, ij]: t = (II,'" , td) , tj 2:: ej,j = 1"" ,d} 
for (el,'" ,Cd) E (O,oo)d. Let N be a standard rat.e 1 Poisson process on [O,oo)d. Assume 

(In,j -+ 0 (n ~ 00), for all j = 1"" ,el, and n1=IOn,j = ~ for all n E IN. Then, for all 

Vj > ~,j = 1"" ,d, 

sup 
tEn~=dcJ 'oo ) 

sup 
tEn~=dcj,oo) 

IN(t) - TId t·1 
d ~~I J <a.s. oo . (2.14) 

TIj=1 tj 

COROLLARY 2.5 (cf. Theorems 1 and 2 in Horvath (1991). Consider the situation 
of Corollary 2.2 with d = 2 . Let P be the uniform distribution on (0, !y andJake x = (0,0). 
Denote with F and Fn the dist.ribution functions corresponding with P and Pn, respectively. 

Set A = {[O, tl] X [0./2] : 0 < 11 ~ 1,0 < t2 < oo}. Let N be a standard rate 1 Poisson 
processes on [0,00)2 and \<>t. {un} ~1 bea secjllence of numbers in (0, 1] wi th nbn -+ 00 (n -+ 

00). Then for all [/1, /)2 satisfying ~ V VI < /)2 ~ 1 

sup 
0<1]<1 
0<t2<= 

-+d sup 
O<t] <1 

0<t2<00 

IN(tl , t2) - tlt21 
--'---t V-]---t V-2 --'- < a.s. 00 . 

1 '2 

(2.15) 

COROLLARY 2.6. (ef. special case (III), section 1). Let Xl,'" ,Xn be LLd. real
valued random variables with fixed common distribution F, which is in the domain of max
attraction of an extreme value distribution G. Denote the normalizing constants with an > 0 

and bn , i.e., we have with AI" the maximum of the Xi, 1 s: i s: n, 
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(2.16) 

for all t E IR. Define 

Let A = {(t,oo): 0 < G(t) < I} and let Fn be the empirical distribution function of the 
Xi, 1 ::; i ::; n. Define It by /l((t, 00)) = -log G(t), G(t) > O. Assume (A.3)-(A.5), and 
(A.8)-(A.10) hold, then 

-'-pO. (2.17) 

PROOF OF COROLLARY 2.1. Corollary 2.1 follows by combining Theorem 2.1 and 
Proposition 2.1. 0 

PROOF OF COROLLARY 2.2. Corollary 2.2 is a special case of Theorem 2.1 and 
Corollary 2.1. 0 

PROOF OF COROLLARY 2.3. The situation in Corollary 2.3 is a further specialization 
of Corollary 2.2. For (2.13) we have to check the conditions of Theorem 2.1. This however is 
rather trivial and will be olllitted. (Note that h == q in this situation, hence (2.12) trivially 
implies (A.5).) To sec (1.5) observe that for 1/ > ~. 

J
oo 1 (- Cq2(U)) Joo 1 - exp d1l = - exp( _cII2v

- 1 )d1l < 00 . 
u U U 

1 1 

The condition 1/ ::; 1 is needed for (A.7), which in turn is needed for the a.s. finiteness of the 
right hand side of (1.5). 0 

PROOF OF COROLLARY 2.4. For convenience vv'e take Cj = 1, for all j = 1"" ,d; 
it is easy to adapt the proof for general positive Cj. Again we have to check (A.1)-(A.I0). 
It is straightforward to do so, except for (A.5), which we discuss briefly now. Set 1/ = 
minj=I , .. ,d //j. Observe that /\ ::; ~, where ~ is defined as >. in (2.1)-(2.2), but with q([O, t]) = 
nJ=1 t? replaced by (jUO, III = (n;=1 Ij)"'. From this observation it is not hard to show that 

>.(u) = O(1l1/V(logu)d-l), for 1l -- 00, hence uV /(log1l)"'(d-l) = O(h(u)). But this yields 
(A.5), since 1/ > ~. 0 

PROOF OF COROLLARY 2.5. We have to check (A.1)-(A.10). If 1/1 ::; 0 everything 
is easy, so we can confine ourselves to the case //1 > 0, i.e. we have 1/1 > 0, ~ < 1/2 ::; 1, and 
//1 < 1/2, Now still most of the conditions are trivially fulfilled, but in this corollary we have, 
ill contrast with the previous two, a situation where E( 1/) is unbounded. Therefore we will 
check (A.5)-(A.8) and (A. 10). 

The function>. can easily be ca.lculated explici tly: >.( u) = U 1/ V2 fol t~VJ/1/2 dtl = U1/V2 / (1-
1/1/1/2)' This yields (A.5) and (A.6). Now we prove (A.7) for b = 1. Let q(A) = u ::; 1. So 
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we have t~lt~2 = u, which implies t2 = ul/1I2t~IIJ/1I2. Hence J.l(A) = tlt2 = Ul/lI4t~-1IJ/1I2 < 
Ul / 1I2 ~ U = q(A). For (A.8) observe that 

sup Illn(B) - p(B)1 = J.l(E( u)\[O, 1] x [0, nbnD , 
BES 

BCE(u) 

which tends to zero (n ~ (0) since jt(E(u)) = A(1l) < 00. Remains to show that (A.10) 
holds. Take u > 0 and for A E A with q(A) ~ u write u = q(A). Then we have 

Ul / lll 

lJ.ln(A) - p(A)1 ~ Il(E(u)\[O, 1] x [0, nbnD = (/ )( b ) / 1 
V2 Vl - 1 n n 112 111-

Hence 

sup 
AEA 

q(.4)~1! 

Ifln(A)-p(A)1 < 
q(A) 

This completes the proof. o 

PROOF OF COROLLARY 2.6. This corollary follows immediately from Theorem 2.1. 
It suffices to note the well-known fact that (2.16) implies (take logarithms) 

17(1- F(ont +b,J) - -logG(t) (n - (0), 

for all t with G(t) > O. o 

DISCUSSION OF TllE HESULTS. First of all let us emphasize that the local empirical 
process approach is the natural one for the results in this paper, since then the 'index' A 
(or t) is th e same for the empirical process and its limit. Presenting results like, e.g., (1.5) 
or (2.11) for global empirical processes is of course possible, but then these results look less 
obvious, since there is no corresponding approximation result (like (2.13) for (1.5)) then. Also 
note the importance of Proposition 2.1 since a statement like (2.8) is rather weak if there 
is no guarantee that the limiting random variable is finite almost surely. E.g., if we replace 
n;=l[Cj, (0) by (O,oo)d, in Corollary 2.4 it is easy to see that the right hand side of (2.14) 
is equal to infinity almost surely (cf. Theorem 2.2 and Remark 2.2 in Csorgo and Horvath 
(1990)). For the proper rE-suit in that situation, see Einmahl (1995). All this explains why 
Corollary 2.4. is not a cOlllplete multivariate analogue or (1.5), i.e. why some truncation is 
needed. Finally, for more background about these results, the reader might wish to consult 
the books by Reiss (1993) or Hesnick (1987) and some of the references therein. 
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3 ApproxiIllation with Gaussian processes 

In this section we will approximate the local empirical processes by Gaussian processes. The 
structure of this section and, strikingly, also the results will be quite similar to section 2. We 
will also use the notation and conditions of the previous section(s). 

Let W be a Wiener process with 'time' J.L on A, i.e. a continuous mean zero Gaussian 
process with covariance structure 

EW(A)W(A') = JL(A n A'), A, A' EA. (3.1) 

For all u ~ 0, set 

Mq(u) = sup{IH' (A)I/q(A): A E A,q(A) > u} V O. (3.2) 

PROPOSITION 3.1. Assum e that (A.l )-(A . .5) hold, t.hen 

lim Mq(u) = 0 a.s. 
1/-->00 

(3.3) 

and 

Mq(l) < 00 a.s. (3.4) 

Throughout this section let {kn}~l be a sequence of positive numbers satisfying kn -+ 00 
and kn /n ---' 0 (n ---' 00). Write Jln = 1IP(n)/kn and define the local empirical process by 

1/2 (np,,(A) .) 
vn(A) = kn "'n - Pn(A) , A EA. (3.5) 

Set A(u) = {A E A: q(A ) ~ u} , A(u) = A(lI) U {E(u)}, and A(II) = {An A': A,A' E A(u)}. 

THEOREM 3.1. Assume that we have (A.1 )-(A.5), (A.9) and either 

(A.11) q(A) > 1 for all A E A , and 

sup IJln(A) -p(A)I-+ 0 (n -+ 00) for all u> 0 , 
AEAcu ) 

or 

(A.12) for all large u: PnCA) = p(A) for all A E A(u), for large 71, 

p(A)/q(A) , A E A(u), is bounded, and 
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where v = 11/'x( u), Vm is the empirical measure based on a random sample of size m from v, 
and B is a bounded, continuous mean zero Gaussian process with covariance structure 

EB(A)B(AI) = v(A n AI) - v(A)v(AI), A, AI E A(u) . (3.6) 

Then the probability spa.ce on which the {Xn,i,i = 1"" ,n}, n E IN, are defined can be 
enlarged to include a sequence of \Viener processes {Wn}~=l' on A, all with 'time' 11, such 
that, as n -+ 00, 

COROLLARY 3.1. Under the assumptions of Theorem 3.1 we have, as n -+ 00, 

sup 
flEA 

IW(A)I 
q(A) 

<a.s. 00 

(3.7) 

(3.8) 

COROLLARY 3.2 (c1'. special case (I), section 1). III the setup of Corollary 2.2 we 
have under the assumpt.ions of Theorem 3.1. 

and 

sup 
flEA 

I ;'2 (Pn (.1' + an A) - P( .1: + an;l ) ) I 
k" 
~------------------------+d 

q(;l ) 
sup 
AEA 

IW(A)I 
q(A) <a.s. 00 . 

(3.9) 

(3.10) 

COROLLARY 3.3 (cf. Theorem 5 in Csorgo and Horva.th (1992)). In the setup of 
Corollary 2.3 we have uncleI' (2.12) 

(3.11) 

where the H'n are standard Wiener processes on [0,00). In particular, this result in conjunc
tion with Proposition 3.1 yields (1.7). 

COROLLARY 3.4 (d., ('.g., Theorem 3 in Einmahl (1992) and Theorem 1 in Csorgo 
and Horvath (1992)). In t.he setup of Corollary 2.3 we have under 

/

1 1 (-cq2 (Ul) 
- exp dll < 00, for all c > 0 
u U 

(3.12) 

o 

that 
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(3.13) 

where H'n is as in the previous corollary. In particular, this results yields (1.6). 

COROLLARY 3.5 (d'. Theorem 2.3 in Csorgo and Horvath (1990)). In the setup of 

Corollary 2.4, but with TI;=l an,j = kn/n for all n E IN, we have for all Vj > ~, j = 1,' .. , d, 

sup 
tEn1=dcj,oo) 

sup 
tEn1=dcj,oo) 

IW(t)1 
d Vj <a.s. 00 , 

TIj=l tj 
(3.14) 

where W is a standard Wiener process on [0,00 )d, i.e., in particular EW(s)W(t) = s 1\ t, 
where ' 1\' denotes the coordinittewise minimum. 

COROLLARY 3.6. (cf. Theorem 2.1 in Csorgo and Horvath (1990)). In the setup of 

Corollary 2.4, but with 0 < (In,j ::; 1 and TI1=1 (In,j = h:n/n for all n E IN, we have for all 

Vj < t,j = 1,··· ,d, 

sup 
tE(O,l)d 

where IV is as in the previolls corollary. 

sup 
tE(O,l)d 

II-V(t)1 

TI
d tVj <a.s. 00 , 
)=1 ) 

(3.15) 

COROLLARY 3.7 (cf. Theorelll 3 in Horvath (1991)) . In the setup of Corollary 2.5 
k 

but with A = {[O,i l ] X [O,/:.d: 0< tl ::; 1,12 ~ e}, e E (0,00), itnd with -b
n 

-+ ° (and 

kn -+ (0), we have for all VI < t and //2 > ~ 

sup 
O<tl <1 
t2~c 

sup 
O<tl <1 
t2~c 

<a.s. oo , 

where W is a standard Wiener process on [0,00)2. 

n n 

(3.16) 

COROLLARY 3.8 (d. Lemma 1 (p. 30) and Remark 5 (p. 43) in Huang Xin (1992)). 
Let F be it distribution fUlIction on IRd,d E IN, with uniform-(O,l) marginals and as
sume lim u loF(ut1,'" ,utd)/U =: R(tl,'" ,td) > 0, for all (tI,'" ,td) E [O,oo)d. Now let 
Xl, ... ,Xn be i.i.d. random vectors with distribu tion function F. Then for all C1, ••• , Cd > ° 

sup 
tEn;=1 (O,Cj] 

11 

(3.17) 



where Fn is the empirical distribution function of the "Yi and W is a Wiener process with as 
'time' the measure induced by R. 

The next corollary, just like the previous one, comes from multivariate extreme value 
theory. For its presentation we have to specify our setup and introduce more notation. For 
more background, see Resnick (1987, Chapter 5) or de Haan and Resnick (1993); cf. also 
special case (III), section 1. Let Xl,'" , Xn be i.i.d. bivariate random vectors with fixed 
common distribution F, which is in the domain of max-attraction of a bivariate extreme 
value distribution G. Denote the normalizing vectors with (a1(n),a2(n)),a1(n),a2(n) > 0, 
and (b1(n),b2(n)), i.e. we have (cf. Corollary 2.6 and its proof) 

(3.18) 

for all (t 1 ,t2 ) E JR2 . Note that (3.18) can be written a.s 

for all t], t2) with G(t1 , t2) > 0, where 1t now ranges through lR, instead of IN. Define our 

Xn ,i = (.X n,i,l, .Xn ,;,2), i = 1,··· ,n , by 

• ,J J k" . 

( (
X;' _b(:!:!...)))1hJ 

'\ n, i,j = 1+),) aj(k~) ,J=1,2, 

where the )'1,)'2 E 1H arc the so-called extreme value indices (of the marginals). (For l+ba ::; 0 
redefine (1 +ba)l/b as 0, interpret (1 +ba)l/b as en for b = 0. Note also that we have chosen the 
aj and bj such that the margillals of G are of the form exp( -(1 +)'jU)-1 h J ).) Let () E [0, 1l' /2] 
and write Co = {(tl,t 1 ) E [0,00)2: tl V t2 ~ 1, tdt2::; tanH}. For 0: E (0,00)2, {3,'T] E 1R2

, 

write 

( ( 
C'1 _ (1 1) ) ) 1 h 

Do = Do ( 0', (3, 17) = ( 1, 1) +,' 0' 0 17 ' + (3 , 

with)' = ()'1,)'2), where all the vector operations are mea.ns coordinatewise e.g., C; = 
{(ti,tD: (t 1,t2) E Co). (For 17 = O, (C; - 1)/1] has to be int.erpreted as 10gCo = 
{(logt1,10gt2): (i1,t 2) E Co}.) Write E = {(t1,t2) E [0,00)2: t1 V t2 ~ D. Finally set 
A = {Do: Do C E,B E [0,1l'/2], 0' E (0,00)2,{3, 17 E JR2 } U E, and A' = {An A': A,A' E A}. 

COROLLARY 3.9 (cf. Proposition 4 in Einmahl, de Ha.an a.nd Sinha (1995)). Assume 
that, as n -+ 00, 

where JI is a so-c(I\Jed ('X]lOllcnt. measure, dpfincd by 
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Then 

(3.19) 

with Wn , Pn and p(n) as in Theorem 3.1. 

The next corollary is not really a corollary to Theorem 3.1 but more a modification; 
the final corollary is a special case of it. Let q be a function on [0,1]' with q> ° on (0,1]. 
Assume 

(A .13) I/q (I the identity function; % := 0) is continuous on [0,1]. 

Let A, etc., be as before but assume that 

(A.14) there exists an .4 E A such that .4 C A , for all A E A. 

Set kn = nP(n)(A) and assume as before that kn -+ 00 and kn/n -+ O. 

COROLLARY 3.10. Assume that we have (A.2), (A.13), (A.14) and 

(A.15) sup I/ln(.4) -II.(A)I-+ 0 (n -., 00), and 
AEA 

where Iln .m is the empirical measure based on a random sample of size m from J.ln and B is 
as in (3.6), but with [/ replaced by It. Then, as n --. 00, 

1 

Vn ( A ) IV" ( A) 1 sup - ---/pO. 
AEA q(l'n(A)) q(!I(A)) 

(3.20) 

COROLLARY 3.11. Let .X l ,·· · , Xn be i.i.d. positive random variables with common 
distribution function F. Let {(In}~:1 be a sequence of positive numbers such that F(an) -+ 0 
and kn:= nF(an) -., 00 (n -., 00). Set Gn(t) = F(tan)/F(an ), 0 S t::; 1, and assume 

sup IGn(t) - G(t)1 -+ 0 , 
O:St~l 

(3.21) 

for some distribution function G 011 [0,1]. Then if qis continuous, non-decreasing and satisfies 
(3.12) we have, as n --- 00 , 

sup 
O <t~l 

W n ( G(t)) 
q(G(t)) 

-+/po, (3.22) 

where Fn is the empirical distribution function of the .. 'C and lVn is a standard Wiener process 
on [0,1]. In particular, this yields again (3.13) and hence (1.6). 
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PROOF OF COROLLARY 3.1. If (A.ll) holds, Corollary 3.1 follows by combining 
Theorem 3.1 and Proposition 3.1. If (A.12) holds, we also have to show that 

sup 
AEA(l) 

IW(A)I 
( ) 

< 00 a.s., 
q A 

but this follows from the third statement in (A.12); see, e.g., Lemma 3.1 in Alexander (1987). 
o 

PROOF OF COROLLARY 3.2. Corollary 3.2 is a special case of Theorem 3.1 and 
Corollary 3.1. 0 

PROOF OF COROLLARY 3.3. The proof follows readily along the lines of the proof 
of Corollary 2.3. 0 

PROOF OF COROLLARY 3.4. Immediate; condition (A.12) is satisfied, mainly be-
ca lise of the Chibisov-O'Reilly th eorem. 0 

PROOF OF COROLLARY 3.5. The proof is very much the same as that of Corollary 
2.4 . 0 

PROOF OF COROLLARY 3.6. Immediate; the third statement in (A.12) is the weak 
convergence of the wE'igh\.ed multivariat.e uniform empirical process indexed by points, see, 
e.g., Theorem 3.1 in Einmahl (1987) or Corollary 3.9 in Alexander (1987). 0 

PROOF OF COROLLARY 3.7. For the proof of Corollary 3.7 some work has to be 
done. Actually Corollary :3.7 is not a direct corollary to Theorem 3.1 and Proposition 3.1, 
since neither (A.ll) nor (;\.12) is satisfied. Note that the first statement of (A.12) is not 
fulfilled , since E(1I) is unbollndecl. On the other hand, since 1',(E(u)\[O, 1] x [O,nbn/kn)) -t ° 
(n -> (0), it is possible to adapt the proof of Theorem 3.1 such that it covers the situation of 
the present corollary, For the sake of brevity, we will omit this, we will suffice with checking 
the conditions of Theorem 3.1, apart from the just discllssed first statement in (A.12), and 
proving the almost sure finiteness of the limiting random variable in (3.16). 

We will assume /1 ] > 0, /1'2 ~ 1 and c = 1. The other cases can be easily deduced from 
this , Checking most. of the conditions is trivial. Therefore we will only consider (A.5), the 
rest of (A.12) and tl1<' finiteness of the limiting random variable. Just like in the proof of 
Coroll ary 2.5 we have, for 1l > 1, ){u) = 1l 1/ 112 /(1 - Vt!V2), hence (A .5). Now we show the 
second statement of (1\.12). Set q(A) = trlt~2 = u ~ u. Then p(A)/q(A) = t1t2/(trlt~2) = 
t~-1IJ/1I2U1/112-1 ~ U 1/ 1I2 - 1 , so sUPAEA(1L) Il(A)/q(A) ~ U 1/ 112 - 1 < 00. For the third statement 

in (A,12), we apply Theorem 3.4 in Alexander (1987). vVe need to show v(E(c)) = 0(c2), as 
c -> 0, and B(A)/q(A) -> 0 a.s. as v(A) -> 0. For c < 1 we have ).(c) = (1 - Vt!V2)C1/1I1, 
hence v(E(c)) = ).([)/).( u) = [1/111 /U 1/ 112 = 0(c2) = ([ -> 0), since VI < !. An easy way to 
see t.hat B(A)/q(A) - ° a.s. as /I(A) -t ° and also the almost sure finiteness of the limiting 
random variable in (:3 .1.5), is to note that if W(tl, t2) is a standard Wiener process on [0,00)2, 
then 12W(tl , 1/t2) is also a standard Wiener process on [0,00)2 (and relating B to W). This 
transforms (0 , 1] x [1 , 00) to (0 , IF, where we can apply well-known results (note that also 
th e weights transform). We omit de tails. 0 

PROOF OF COROLLARY 3.8. This is an easy corollary, since q = 1. So since we 
only have to prove (4.3/1) below with u = 1 and q = 1, there is no need to check (A.4) and 

14 



(A.9). Obviously q(A) > ~ is also sufficient instead of q(A) > 1 in (A.11). The second part 
of (A.ll) follows since R is continuous and increasing in each coordinate. 0 

PROOF OF COROLLARY 3.9. Similar remarks as in the proof of the previous corol
lary apply, but (A.l) and (A.2), especially (A.l), are not immediate here. Checking (A.I) 
and (A.2) is rather cumbersome, but it is carried out , for a slightly easier situation, in the 
appendix of Einmahl, de IIaan and Sinha (1995). Therefore it is omitted here. 0 

PROOF OF COROLLARY 3.10. The proof is very much the same as a combination 

of the proof of (4 .34) under (A.11) and (A.I2) respectively (see (4.38) and (4.42); note that 
I Pi is bounded and uniformly continuous. 0 

PROOF OF COROLLARY 3.11. We only consider the second statement in (A.I5), the 
others are readily checked. But this follows rather easily from the Chibisov-O'Reilly theorem, 
the fact that, in th e notation of (A.15), m 1/ 2 (Gn ,m - Gn ) = mI / 2(f m 0 Gn - Gn ), where f m 

is a uniform-(O,l) empirical distribution function, and the uniform continuity of the sample 
paths of Blq in combination with (3.21). 0 

DISCeSSION OF TITE RESULTS. First note that most of the discussion of section 2 
holds also true for the results of this section. Condition (A.5), the main condition for the 
finiteness of the limiting ralldom variables, see Propositions 2.1 and 3.1, is, for the uniform
(0,1) empirical process setup , sharp for Theorems 2.1 and 3.1 and 'almost' sharp for Corol
laries 2.1 and 3.1, see Csorgo and Horvath (199:2). Conditions (A .11) and (A.I2), required to 
prove Theorem 3.1, are of diJTc'rent nature. Condition (A.11) is the main condition to prove 

weak convergence of ml/2(vn,m - V(1/)) (see (4.36)), whereas in (A.12) the weak convergence 
itself of the weight.ed empirical process is assumed. See Alexander (1987) for conditions for 
the latter weak convergence. Also, the second and third statement in (A.I2) are very much 
related, see (3.2) in Theorell1 :~.4 of Alexander (1987). Corollaries 3.8 and 3.9 are extremely 
useful in the estimation of multivariate extreme value distributions, especially in estimating 
the dep end ence structure. A corollary, that is a kind of mixture of Corollaries 3.8 and 3.9, 
is also possible but is omitted for the sake of brevity. Such a corollary would playa similar 
role for the estimat.or in de Jlaan alld Hesnick (1993) as Corollaries 3.8 and 3.9 do for the 
estimators in the papers cited in these corollaries. Finally, for a paper related to the setup of 
Corollary 3.11, but ill the 1II0re complicated random censorship mod el, the reader is referred 
to Einm a hl and Ruymgaart (1995). 

4 Proofs of the 111aill results 

PROOF OF PROPOSITION 2.1. It is not hard to see that (2.4) and (2.5) hold true if 
limt_co >.(t) < 00. Therefore ill the proof of (2.4) and (2.5) we assume that limt-+oo >'(t) = 00. 

First consider (2.4) . For any k E IN, set Ak = {A E A: h(2k-l) ::; q(A) < h(2k)}. Obviously 

sup{IN(A) - Jl( i l)lfq(;l): A E Ad 

::; sup{IN(A) - I'(A)l/h(2 k
- 1 ): A E Ad V 0 =: Nk . 
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Therefore to prove (2.4) it suffices to show that 

lim Nk = 0 a.s. 
k-+oo 

(4.1) 

Let Xl, X 2 ,···, be i.i.d. random elements taking values in E(h(2k)) with distribution 

Further, let N(2k) be a Poisson(2k ) random variable, independent of the Xi. As in Gaenssler 
(1983, p. 7) we have 

whE'I'e the empty sum is defilled to be zero. J[('nce for any E > 0 and k E IN 

IP(Nk > 2E) = IP(slIp{IS(N(2k), A) -ll(A)l/h(2k- l ): A E Ad > 2E) 

where for Tn E IN 

Write 

and set 

We have 

Also 

m 

5 ( m, A) = 2:: 1 A ( Xi ) an d 5 (0, A) = 0, A EA. 
i=l 

p(A) = IP(X, E A), A E A , 

T(m, A) = S(m, 11) - mp(A), A EA. 

Pk(c)~ JP(sup{IT(N(2k), A)l/h(k-l): A E Ad > c) 

+lP(sup{IN(2k)p(A) -ll(A)l/h(2k- l ): A E Ad > c) 

16 

(4.2) 

(4.3) 

( 4.4) 



< lP(sup IT(m,A)I/h(2k
-

1
): A E Ad> c:) 

( 4.5) 

Observe that we have from (A.5), that for all c > 0 

fOO l (-Ch2(U)) I:oo J2
k 

1 (-Ch2(1l)) 
00 > - exp d'lI. = - exp du 

U 11- U U 
1 k=1 2k-1 

Hence 

00 (-Ch2(2k)) I: exp 2k < 00 for all c > 0 . 
k=1 

(4.6) 

To proceed we need the follO\ving t\vo inequalities. The first one follows from Theorem 2.11 
in Alexander (1984). 

FACT 4.1. For all 111 E LV and .1; ;::: c, where c depends only on the index v of the VC 
class A, 

lP(sup{IT(m,A)I: A E A} > x)::; exp(-x 2 /m). 

The second inequality is a probability bound for the tails of a centered Poisson(r) random 
variable Y. Introduce the decreasing, continuous function 'lj; defined on [0,(0) by 

'1/' (x ) = 2.T-2 {(1 + .1:) log(l + .1:) - x}, X > 0; 'lj;(0) = 1 . 

FACT 4.2. For all .1: ;::: 0 

(
_x

2 (X)) IP(IY - rl ;::: x) ::; 2exp 2'r 'lj; ; 

This follows from, e.g., (2.16) in Einmahl (1987). 

By Fact 4.1 and an ('lelllontary arguTllent we have for large k 

(4.7) 
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which is summable in k by (4.6). vVe also have by Fact 4.2 for large k 

P < 2 exp . 1, < 2/k3 / 2 
(

-2k+210gk (2~+1(10gk)1/2)) 
4,k - 2k+1 'f/ 2k - , ( 4.8) 

implying that P4,k is also summable in k. We also use Fact 4.2 to deal with P2,k(£). Note 
that for A E Ak, 2kp(A) = IL(A), hence 

( 4.9) 

This yields, using that hi' (J the identity function) is increasing and applying (4.6) 

co 

LP2,k(E) 
k=l 

+2 L exp (-~E21/}([)h(2k-l)) 
h(2 k - 1 »2k 

+2 L exp( -~E2tP(£)2k) < 00 . (4.10) 
k=l 

Now (4.7), (4.8) and (4.10) when combined with (4.5), (4.4) and (4.2), along with the Borel
Cantelli lemma give (4.1) by the arbitrary choice of £ > O. This proves (2.4). 

It is easy to see that 

sup{IN(A) -p(A)I/q(A): A E A, 1 < q(A)::; u} 

::; sup{IN(A) - p( A)I: A E A, A C E( un 
::; N(E( u)) v ,X( 1/) < 00 a.s., 
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which with (2.4) implies (2.5). 

Towards a proof of (2.6) we observe that we have by (A.7) 

.Mq(1):= snp{!N(A) - Jl(A)!/q(A): A E A,q(A) ~ I} 

~ sup { j~(~j : A E A, q(A) ~ I} V t . 
This last bound is in turn on the event {N(E(u)) = O}, 0 < u ~ 1, bounded from above by 

N(E(l)) 1 
V -b • 

1l 

This event has probability exp( -A( u)), which converges to 1 as u 1 0 by (A.6). Therefore 
Mq(1) < 00 a.s., which when combined with (2.5) yields (2.6). 0 

For the proof of Theorem 2.1 we need a result, comparable to (2.4), for the local 
empirical process. Towards this aim set for 1l > 0 

Mn,q(u) = sup{!lIPn(A) -lln(A)!/q(A): A E A,q(A) > u} . (4.11) 

PROPOSITION 4.1. Assume (A.1)-(A . .5) and (A.9) are satisfied, then for any c; > 0 
there exists au> 0 snch that. 

limsup JP(j\[n,q(u) > c) ~ c; • (4.12) 
n-oo 

PROOF. vVe follow the lines of the proof of (2.4). As in that proof we assume w.I.o.g. 
that 1imt_oo A(t) = i)O, also recall the definition of A" there. Everywhere in this proof we 
tacitly assume that n is so large that (A.9) holds. Obviollsly 

sup{!nPn(A) - Jln(A)!/q(A): A E Ad 

~ sup{!nPn(A) - Jln(A)!1 11.(2"-1): A E Ad =: Nn,k . 

It is clear that for every /':0 E IN there exists a 11 > 0 sllch that 

!P(Mn,q(u) > E) ~ IP (sup Nn,k > c) ~ f !P(Nn,1.-) > c) . 
k>ko - k==ko 

( 4.13) 

Let 1"1,1"2," " be i.i.d. random elements taking values in E(h(2k)) with distribution 

We also need a binomial random variable with parameters nand P(n)(E(h(2k ))), independent 
of the 1"i, which we will denote by Nn (2k). Now we have that 
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where the empty Sllm is defined to be zero. Hence for any [ > 0 and k E IN 

IP(Nn,k > c) 

( 4.14) 

where Sn(m, A) is dcftnpd silllilarly as SCm, A) in (4.3). Also define Pn(A) and Tn(m, A) 
similarly as in the proof of Proposition 2.l. 

\Ve have, similar to (4.4), 

]J~n)([)~ JP(slIp{IT1I (iVn(2k), A)I/h(2k-I): A E Ad > ~[) 

+JP(sllp{INn (2k)p1I(A) - Jln(A)I/h(2k-l): A E Ad > ~[) 

_. p(n)( .:-) + 1)(n)(.:-) 
-. l,k'" 2, k ~ , 

and, as in (4.5) 

])n)( .:- ) l,k ... 

< 

+IP(IA,,(2k) - Jln(E(h(2k)))1 > 2~+I(Clogk)1/2) 

=: P~':~([) + P~~A~ . 

Since Iln(E(h(2k)) ~ Cp(E(h(2k))) = C2k and hence for large k, Iln(E(h(2k))) 
+2~+1(Clogk)1/2 ~ C2k+ l, we obtain from Fact 4.1 that for large k 

Now it follows fr0111 (A.G) and (<I.G) t.1l at for some large k~l) 

00 

L ]J~~~(E) ~ ~E . 
k=k~l) 
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(4.15) 

(4.16) 

(4.17) 

( 4.18) 



We need a probability inequality for the tails of a binomial random variable, cf. Fact 4.2, 
which readily follows from Bennett's (1962) inequality using the fact that J'ljJ is increasing. 

FACT 4.3. Let B(n,]J) denote a binomial random variable with parameters nand p. 
Then for all x 2 a 

IP(IB(n,p) - npi 2 x) :S 2exp (_x
2 

'ljJ (~)) 
2np np 

We use Fact 4.3 to deal with p~n~ and p~n~([). We obtain , , 

p < 2exp 'ljJ (n) (-21.:+2CIOgk (2~+1(CIOgk)1/2)) 
4,k - 21',,(£(h(2k))) 1'/1(£(11.(21.:))) 

( 4.19) 

Using again that h p is increasing and that lim~'lo'ljJ(x) = 1, we obtain from (4.19) that for 
large /,; 

]) < 2 eXI) . w <_ 2/k3 / 2 • 
(n) (-i,;+2CIOgl,; (2~+1(C10gl,;)1/2)) 
4,1.: - C21,;+1· C21.: 

Hence for some large k~2) 

00 

Finally consider ]J~',I~(E). For A E AI,; we see tha.t 

So 

Now using a. similar argument as in (4.10) (cf. (4.9)) we have that for some large k~3) 

00 

'" p(n)(c-) < 1 cL 2,k ~ - 3~ . 

( 4.20) 

(4.21) 

( 4.22) 

Hence, with 1.:0 = max(k~1),k~2),/,;~3)), we obtain from (4.17), (4.21) and (4.22), when 
combined with (4.14)-(4.1G) that 
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00 

L fP(Nn,k > £) ::; £ . ( 4.23) 
k=ko 

Now (4.13) completes the proof. o 

PROOF OF THEOREi\I 2.1. We have to show that for all £ > 0, there exists an no 
such that for n 2: no 

fP( sup l(nPn(A) - Jln(A)) - (Nn(A) - Jl(A))l/q(A) > 3£) ::; 3€ . 
AeA 

From (2.4) in Proposition 2.1 we have the existence of au> 1 such that for all n E IN 

IP ( Slip I Nn(.4) - JI(A)l/q(A) > c) ::;.s. 
AEA 

q(A}>tt 

Frolll the just proved Proposition 4.1 we have (possibly enlarging u) 

limslIp IP ( Slip InP,,(A) - 11n(A)llq(A) > E) ::; E . 
n-oo AEA 

q(A»1L 

From (4.24) and (4.25) it remain s to show that for large n 

1P ( sup l(l1Pn (A) - I[,,,(A)) - (Nn(A) -11(A))l/q(A) > €) ::; € . 
...lEA 

q(A}:SlI 

Because of (A.ll) it is 1I0W sllfficit'llt. to show for large n 

fP ( Slip InPn(A) - Nn(A)llq(A) > 0) ::; € . 
,.lEA 

q(A) :S tt, 

or, more simple, 

fP ( Slip 11IP'I(A) - N,,(A)I > 0) ::; [ . 
,.lEA 

q(A}:Su 

( 4.24) 

( 4.25) 

( 4.26) 

( 4.27) 

( 4.28) 

This, however, follows readily from the litera.ture. Let dn be the total variation distance, 
on E( u), between the laws of nPn and Nn , respectively. Then according to, e.g., Dobrushin 
(1970, p.472) we can const.rllct versions of nPn and Nn sllch that 

22 



( 4.29) 

But from (A.8) and Theorem 3.2.3 in Reiss (1993) we have dn -+ 0, as n -+ 00. This essen
tially completes the proof. 

There are two remarks lIeeded to make the proof mathematically rigorous. First, the 
processes N n depend, unwanted, on c. This, however, can be overcome by a routine diagonal 
selection argument. Second, to get the processes of (4.24), (4.25), and (4.29) on one proba
bility space, (the one of the Xn,i) we make repeated use of Lemma A.l in Berkes and Philipp 
(1979), cf. also Csorgo and Revesz (1981, p. 140) and Csorgo (1983, p. 21-23). 0 

PROOF OF PROPOSITION 3.1. The proof of this proposition is similar to, but 
easier than the proof of Proposition 3.1. Therefore we only sketch it, with emphasis on the 
differences. vVe again assume limt_oo AU) = 00. First consider (3.3). Recall the definition of 
Ak and define 

Nk = sup{IW(A)I/h(2k
-

1
): A E Ad V 0 . 

To prove (3.3) it suffices to show that 

lim Nk = 0 a.s. 
k--+ oo 

For (4.31) we need the following ineqllality. 

( 4.30) 

(4.31) 

LEMNIA 4.1. For all ;7: ~ c, where c depends only on the index v of the VC class A, 

( 4.32) 

PROOF. Write I) = JI/2k and let B be as in (3.6). Now it follows from Fact 4.1 and a 
weak convergence argument that 

JP(sup{IB(A)I: A E Ad > :/:) ::; exp( _x2 ) • ( 4.33) 

d 
But HI = 2k/2(B + Zv), 011 Ak, where Z is a standard normal random variable, independent 
of B. Hence by (4.33) 

JP(sup{llV(A)I: A E Ad > x) 

where for the next to last inequality Ivlill's ratio is used. o 

Now we have by Lemma 4.1 for arbitrary E > 0, for large k, 
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Hence (4.6) in combination with the Borel-Cantelli lemma completes the proof of (3.3). 

Obviously, since p(A)::; Il(E(Il)) = A(ll) < 00 for A E A ,vith q(/l)::; u 

sup{IW(A)l/q(A) A E A, 1 < q(A)::; u} 

::; sup{IW(A)I: A E A(u)} < 00 a.s., 

which with (3.3) implies (3.4). o 
For the proof of Theorem 3.1 we lleed an analogue of Proposition 4.1. Its proof is very 

much the same as that of Propositioll 4.1 and hence will be omitted. Set for u ~ 0 

Mn ,q(1l) = SUp{ll'lI(A)l/q(A): A E A,q(A) > u} . 

PROPOSITlO~ 4.2. Assume (A.l)-(A.5) and (A.9) are satisfied, then for any [ > 0 
there exists all> 0 such that 

limsup JP( i\I,!,q(ll) > E) ::; c . 
n-co 

PROOF OF TTlEOH [7\1 3.1. The first part of this proof resembles very much that 
of Theorem 2.1 with the applications of Proposition 2.1 and 4.1 replaced by applications of 
Propositions 3.1 and 4.2. Th(,11 \\'(' arrive at a stat.ement similar to (4.26). More precisely, it 
is sufficient to show that for large 11. 

IP( sup IVn{A) - H',,(A)l/q(A) > c) ::; c . 
AE.A( ul 

In fact we will show that there exist versions of Vn (which we still denote with vn ) and one 
single \Viener process, with time jl, IV, such that, as 11. -. 00, 

sup IVn(A) - W(A)l/q(A) -. 0 a.s. 
AE.A(ul 

( 4.34) 

'vVe have to prove (4.34) under (A.ll) and uncler (A.12), respectively. First assume 
(A.ll) holds. Then we can omit q(A) in (4.34). Write again II = pIA(ll) (u so large that 
A(1l) > 0) and set lI(n) = p(n)IP(n)(E(ll)). First we show that for all large u 

We have for A E A' (II) 
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P(n)(A) 
v(n)(A) - v(A) = ~ (E( » 

(n) U 

p(A) 
Il( E( u» 

Iln(A) -p(A) (A)ll(E(u» -Pn(E(1l» :::: +p 
Pn( E( u)) Il( E( u) )lln(E( u» 

p(A) 
p(E( u» 

Applying the second statement in (A.11) immediately yields (4.35). 

Now we will prove (4.34). Set Tn:::: nP(n)(E(u» and observe that, as n --+ 00, Tnlkn:::: 
nP(n)(E(u»lkn --+ A(U) and hence Tn --+ 00 and Tnln --+ O. Using (4.35) it follows from 
Corollary 3.1 in Sheehy and Wellner (1992) in conjunction with Dudley (1987, p. 1310) that, 
as m 1\ n --+ 00, 

( 4.36) 

where vn,m is the empirical measure based on a random sample of size 717, from v(n) and B is 
again as in (3.6) . Applying the Skorohod-Dudley-Wichura construction (see, e.g., Gaenssler 

d - d 
(1983, p. 82)), we can find on.m :::: O'n,m and B :::: B such that 

lim Slip 
n-co trn:Sm :S2r" 

sup IOn,m(A) - JJ(A)I :::: 0 a.s. 
AE.A("l 

( 4.37) 

Define Rn :::: nPn(E(u)) and observe that Rn is binomially distributed with parameters nand 
Tn/n. Using the central limit theorem and again applying the Skorohod construction gives 

_ d 
us Rn = R" and a standard normal random variable Z such that, as n --+ 00, 

Rn - I'n 
Zn := 1/2 ~ Z a.s. 

1'1/ 

Moreover {an .m } and {Z1/} are independent and Band Z are independent. 

\Ve have 

Now the following crucial observation readily follows 

\:\Trite W'(A) :::: B(A) + ZII(A), A E A(u)' Then W' is a. Wiener process with 'time' v. So 
we have 
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sup Iv~(A) - W'(A)I 
AE.A(u) 

sup 
AE.A( .. ) 

lan,R
n 
(A) - B(A)I + ( 

Rn) 1/2 
- -1 
l' n 

+IZnl sup IV(n)(A) - v(A)1 + IZn - ZI sup v(A). 
AE.A( u) AE.A( u) 

sup 
AE.A(u) 

IB(A)I 

( 4.38) 

Now we show that the right hand side of (4.38) converges to zero almost surely as n -+ 00. 

The first term can be dealt with using Rn/rn -+ 1, Rn -+ 00 a.s. and (4.37). For the second 
term we use again Rn/rn ~ 1 a.s. and the a.s. bounded ness of B on A. The third term 
vanishes since Zn -+ Z a.s., in combinat.ion with (4.35). Finally the fourth term tends to zero 
a.s. since Z" -+ Z a.s. and sUPAEA(u) v(A) ~ v(E(u)) = 1. So we have from (4.38) 

sup Iv~(A) - II"(A)I ~ 0 a.s. 
AE.A(u) 

( 4.39) 

Observe that 

_ .1/'2 (11Pn ) 1/. d (1'n)1/2 , 
lin - k" -.- - p." = 172 ( Pn - p(n)) = I"

n 
Vn' on A(u) . 

kn k n " 
( 4.40) 

Set WeAl = >'(U))1/21Y'(A), A E A(lI)' Then we have 

But now (4.34) is immediate from (4.39), rn/~~n -+ >.(u) and the a.s. bounded ness of Band 
hence of W' on A(lI)' This completes the proof of (4.:34) under (A.ll). 

Now assume (A.12) holds. The proof of (4.34) is similar to the proof under (A.ll). 
We sket.ch it briefly. Froll1 the third statement in (A.12) we have by the Skorohod-Dudley
Wichura construction, similar to (4.37), 

lim sup sup lam(A) - B(A)I/q(A) = 0 a.s., 
n---oo trn~ m:S 2rl1 AE.A(u) 

where am is similar to an,JII' but with 1/(n) replaced by v. Now we can proceed as below 
(4.37), arriving at an expression like (4.38), namely 

sup Iv~(A) - W'(A)I/q(A) 
AE.A( u) 
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(
Rn)1/2 + - -1 
Tn 

sup 
AE.A(u) 

IB(A)I/q(A) + IZn - ZI sup v(A)/q(A). 
AE.A(u) 

( 4.42) 

The right hand side of (4.42) converges to zero almost surely as n ~ 00, for similar reasons 
as those given below (4.38). As in (4.40) and (4.41) this yields (4.34). 

After noting that similar remarks apply as at the very end of the proof of Theorem 2.1, 
the proof is complete. 0 
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