
 

The stability of a macro-economic system with quantity
constraints
Citation for published version (APA):
Heuvel, van den, P. J. (1981). The stability of a macro-economic system with quantity constraints. [Phd Thesis 1
(Research TU/e / Graduation TU/e), Mathematics and Computer Science]. Technische Hogeschool Eindhoven.
https://doi.org/10.6100/IR142690

DOI:
10.6100/IR142690

Document status and date:
Published: 01/01/1981

Document Version:
Publisher’s PDF, also known as Version of Record (includes final page, issue and volume numbers)

Please check the document version of this publication:

• A submitted manuscript is the version of the article upon submission and before peer-review. There can be
important differences between the submitted version and the official published version of record. People
interested in the research are advised to contact the author for the final version of the publication, or visit the
DOI to the publisher's website.
• The final author version and the galley proof are versions of the publication after peer review.
• The final published version features the final layout of the paper including the volume, issue and page
numbers.
Link to publication

General rights
Copyright and moral rights for the publications made accessible in the public portal are retained by the authors and/or other copyright owners
and it is a condition of accessing publications that users recognise and abide by the legal requirements associated with these rights.

            • Users may download and print one copy of any publication from the public portal for the purpose of private study or research.
            • You may not further distribute the material or use it for any profit-making activity or commercial gain
            • You may freely distribute the URL identifying the publication in the public portal.

If the publication is distributed under the terms of Article 25fa of the Dutch Copyright Act, indicated by the “Taverne” license above, please
follow below link for the End User Agreement:
www.tue.nl/taverne

Take down policy
If you believe that this document breaches copyright please contact us at:
openaccess@tue.nl
providing details and we will investigate your claim.

Download date: 24. May. 2023

https://doi.org/10.6100/IR142690
https://doi.org/10.6100/IR142690
https://research.tue.nl/en/publications/bac463d0-0032-4868-9176-e5da9b53fbc0


THE STABILITY OF A MACRO-ECONOMIC 

SYSTEM WITH QUANTITY CONSTRAINTS 

PAUL VAN DEN HEUVEL 



THE STABILITY OF A MACRO-ECONOMIC SYSTEM WITH QUANTITY CONSTRAINTS 



THE STABILITY OF A MACRO-ECONOMIC 

SYSTEM WITH QUANTITY CONSTRAINTS 

PROEFSCHRIFT 

TER VERKRIJGING VAN DE GRAAD VAN DOCTOR IN DE 
TECHNISCHE WETENSCHAPPEN AAN DE TECHNISCHE 
HOGESCHOOL EINDHOVEN, OP GEZAG VAN DE 
RECTOR MAGNIFICUS, PROF. IR. J. ERKELENS, VOOR 
EEN COMMISSIE AANGEWEZEN DOOR HET COLLEGE 
VAN DEKANEN IN HET OPENBAAR TE VERDEDIGEN OP 

VRIJDAG 11 SEPTEMBER 1981 TE 16.00 UUR 

DOOR 

PAUL JOSEPH VAN DEN HEUVEL 

GEBOREN TE WAALWIJK 

DISSERTATIE DRUKKERIJ ......... 
HELMOND. TEt.f:f"OON 0492Q-23981 



Dit proefschrift is goedgekeurd 

door de promotoren 

Prof.dr. H.N. Weddepohl 

en 

Prof.dr. M.L.J. Hautus 

Co-promotor Dr.ir. J.L.de Jong 



Aan mijn ouders 



CONTENTS 

1. INTRODUeTION 

1.1. Scope 

1.2. Relevant economie notions 

1.3. Walras Equilibria 

1.3.1. Definitions and background 

1.3.2. Existence and uniqueness 

1.4. Non-Walrasian Equilibria 

1.4.1. Definitions 

1.4.2. Background and some literature 

1.4.3. The logic of Non-Walrasian Equilibria 

1.4.4. Existence and uniqueness 

1.5. Dynamics and Stability 

1.5.1. Walras Equilibria 

1.5.2. Non-Walrasian Equilibria 

1.6. Outline 

2. MATHEMATICAL RESULTS IN OPTIMIZATION AND STABILITY 

2.1. Introduetion and notatien 

2.2. Some concepts in analysis and optimization 

2.3. Oefinitions and properties concerning stability 

2.3.1. Differential systems 

2.3.2. Stability properties of autonorneus 
differential systems 

2.3.3, Liapunov functions 

2.4. Stability of piecewise differentiable systems 

2.4.1. General results 

2.4.2. Continuous systems 

2.4.3. Discontinuous systems 

2 

3 

3 

4 

5 

5 

7 

8 

9 

10 

10 

12 

13 

14 

14 

15 

19 

19 

21 

24 

25 

25 

27 

34 

i 



3. STATIC MODEL 41 

3.1. Introduetion 41 

3.2. Description of the basic model 43 

3.3. Voluntary trades 50 

3.4. Properties of demand and supply functions 58 

3.5. Non-Walrasian Equilibrium states 64 

3.5.1. Definition and several types of Non-Walrasian 
Equilibrium states 64 

3.5.2. Existence and uniqueness results 68 

3.5.3. Differentiability of transaction with respect 
to the parameters 71 

3.6. Locations in the parameter space 74 

3.7. Extensions 77 

APPENDIX: Proofs with respect to Sectiens 3.2-3.4 78 

4. DYNAMIC MODEL 83 

4.1. Introduetion 83 

4.2. Formulation of a dynamic system 84 

4. 2. 1. Adjustments of stocks 84 

4.2.2. Adjustments of prices 87 

4.2.3. A differential system descrihing the 
dynamic model 89 

4.3. Analysis of the adjustment functions 90 

4.3.1. Adjustments of stocks 90 

4.3.2. Adjustments of prices 94 

4.3.3. The differentiability of the system 95 

4.4. Walras Equilibria in the dynamic model 97 

4.5. Locations in the parameter space 98 

4.6. The BGM-model 102 

,4.7. Extensions 104 

5, STABILITY PROPERTIES OF TBE DIFFERENT TYPES OF EQUILIBRIA 106 

5.1. Possible types of equilibria in the dynamic model 106 

5.2. Stability of equilibria in m2 107 

5. 2. 1 . Introduetion 107 

5,2,2, Inflation equilibria 108 

5.2.3. keynesian equilibria 110 

i i 



5.3. Walras Equilibria in lR2 

5.3.1. Introduetion 

5.3.2. Linearization of regimes and right-hand sides 

5.3.3. Stability of the subsystems 

5.3.4. Stability of the total system 

5.3.5. An alternative approach 

5.4. Stability of equilibria in lR3 

5.4.1. Introduetion 

5.4.2. Inflation equilibria 

5,4.3. Keynesian equilibria 

5,5, Walras Equilibria in :R
3 

114 

114 

114 

120 

122 

125 

132 

132 

132 

133 

135 

135 

135 

140 

141 

142 

5.5.1. Introduetion 

5.5.2. Linearization of regimes and right-hand sides 

5.5.3. Stability of the subsystems 

5.5.4. Stability of the total system 

5.5.5. A heuristic approach 

6, CONCLUSIONS 148 

6.1. General concluding remarks 148 

6.2. Conclusions concerning stability 150 

6.2.1. Same general stability results 150 

6.2.2. The weight factors 152 

6.2.3. Consequences of the addition of an inventory 153 

6.2.4. Specificatiens of excess demand functions 153 

6.3. Epilogue 154 

LIST OF SYMBOLS 155 

SUBJECT INDEX 157 

LIST OF ASSUMPTIONS 159 

REFERENCES 16 2 

SAMENVATTING 167 

CURRICULUM VITAE 169 

iii 



1. 1NTROVUCTION 

1. 1. Sc.ope 

A central concept in (neo-)classical economics is a general equilib

rium known as a "Walras Equilibrium". This equilibrium is character

ized by the equality of demand and supply for all goods. Such an 

equality may be reached, if the prices are fully jïexible. 

On the other hand, Keynes and the "(neo-)keynesian" economists have 

introduced models, in which rigid prices cause an inequality between 

demand and supply. Following a recent interpretation, some agents 

perceive quantity constraints. An equilibrium of these models is often 

called a "Non-Walrasian Equilibrium". 

One of these neokeynesian models is the Barro and Grossman/Malinvaud 

model (cf. Barro and Grossman, 1971, Malinvaud, 1977), where economie 

agents are aggregated into two sectors, the consumption sector and the 

production sector. There are three commodities: labeur, a consumption 

good and money. The consumption sector supplies labour and buys con

suroption goeds and the production sector uses labeur as an input to 

produce the consumption good. We allow the production sector to hold a 

stock of the consumption good. 

We will study this model in a somewhat longer run, in which the quan

tity constraints, caused by the rigid prices on the short term, give 

rise to price adjustments. Furthermore, the stock adjusts. The adjust

ments can be described by a system of differential equations. 

It is our purpose to study the stability properties of equilibria of 

this system. The fact that this system is piecewise differentiable 

raises mathematica! problems. Stability properties of piecewise 

differentiable systems have hardly been studied in mathematica! 

literature. 

In the present chapter some results from mathematica! economics are 

given that are relevant for our subject. 



Sectien 1.2 is a brief survey of some economie concepts that are 

frequently used in the rest of this thesis. 

In Sectiens 1.3 and 1.4, respectively, Walrasian and Non-Walrasian 

properties such as existence and uniqueness are given. 

In Sectien 1.5 some results are mentioned with respect te dynamics and 

stability of Walrasian and Non-Walrasian Equilibria. 

1. 2. Reie.va.n.t e.conomi.c no:ti..oYL6 

Befare going into some relevant results of mathematical economics, we 

give a brief explanation of some concepts. For a more extensive dis

cussion, the reader is referred to Debreu (1959), Arrowand Hahn 

(1971), Takayama (1974), a.o. 

Two types of economie agents are considered: consumers and producers. 

These agents are concerned with (private) cammodities or goods. 

Services (including labeur) and money may be reckoned among the goeds. 

A commodity bundle is a vector in the commodity space, in which the 

j-th component represents a quantity of the j-th good. 

A price is related to each commodity. Sametimes one of the goeds is 

given the unit price. Such a goed is called the numéraire. This role 

is aften played by money, which also holds for our model. The price 

vector is the vector in which the j-th component is the price of 

cammodi ty j • 

A market is a device of exchange of a commodity with ether cammodities 

where also the price of the commodity is determined. In a monetary 

economy the goed is exchanged against money and the price is fixed 

relative to the (unity) price of money. 

A consumption set is the set of possible commodity bundles for a cer

tain consumer. 

The budget set is a subset of the consumption set, bounded by the 

.budget equaZity or budget constraint. This budget equality depends on 

income and wealth of a consumer and on the prices. 

The production set is the analogue of the consumption set for a cer

tain producer. It represents the technologically feasible input-output 

combinations of the producer. 

The aonstroined budget set is a subset of the budget set, which is 

restricted by additional quantity constraints. Analogously, we will 

speak of a aonstrained produation set. 
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The commodity bundles of each agent are ordered by preferenee rela

tions. Objeotive funations are possible representations of the prefer

ences of the agents. A consumers objective function is called a 

utility funotion. This function may associate a real number to any 

commodity bundle from the consumption set. The consumer is assumed to 

maximize his utility function for commodity bundles in his (con

strained) budget set. Similarly, a producer maxirolzes his objective 

function on his (constrained) production set. This objective function 

depends on the profits corresponding with a commodity bundle. 

If the maximization problem of an agent depends on the commodity 

bundles of other agents, we have "external effects". 

An aZZoaation is an array consisting of commodity bundles of all the 

agents. An allocation is called feasible, if for each good the total 

demand equals the total supply. 

In a maoro-eoonomio model the agents are aggregated into a few sectors 

and the oommodities in some groups. In a miaro-eoonomio model, on the 

other hand, the preferences and the production actlvities of each of 

the agents are given separately. The model studled by us is macro

economie. 

I. 3. Wal.lttu EquLUb!Ua. 

1.3.1. Definitions and background 

The concept of "Walras Equilibrium" is based on the work of Walras in 

the nineteenth century. Walras was the first who constructed a general 

equilibrium model of an economy, i.e., a model in which all markets 

are considered simultaneously and all the equilibrium relations are 

specified. 

In this model there is a great (finite) number of agents. These agents 

cannot affect the prices individually. Their behaviour is "price 

taking" or "competitive". Though the agents have no individual in

fluence on the prices, the latter are considered to be the result of 

total demand and supply. 

In an economy with only private goods and no external effects (see 

Section 1.2), the following formulation can be given. 
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A Watras Equilibrium is an array consisting of a priae veator and an 

altocation such that 

(i) the allocation is feasible; 

{ii) the allocation consists of commodity bundles that maximize the 

objective functions 

of the consumers in their budget sets, 

- of the producers in their production sets. 

The price component of a Walras Equilibrium is called a WaZ.raa Equi

Ubrium Priae Veatol". The budget sets and the producers' objective 

functions (mostly determined by profits) depend on the prices. A 

Walras Equilibrium Price Vector represents a price constellation, such 

that there exists a feasible allocation corresponding with the solu

tions of the maximization problems of the agents. The agents do not 

perceive any additional quantity constraints so that the constrained 

budget (production) set of each consumer (producer) is equal to his 

budget (production) set. 

The decisions of the agents may also concern future goods and a Walras 

Equilibrium may also consist of contracts for future goods. 

Another possibility to link the present and the future is a stock of, 

for instance, money. If money can be aarried over to later periods, 

the money stock ambodies a potential resource to buy goods in the 

future. The savinqs behaviour depends on preferences and expectations 

with respect to prices. A Walras Equilibrium with respect to only 

present goods is called a TempOI'ai'JI Walras Equil.ibrium. Walras Equi

libria in the Barro and Grossman/Malinvaud model are of this type. 

1.3.2. Existence and uniqueness 

The existence of a Walras Equilibrium has already been studied by 

Walras. However, the techniques were then insufficient. In the 1950's 

the existence problem was solved with the help of Kakutani's fixed 

point theerem {McKenzie, 1954, Arrow and Debreu, 1954, Debreu, 1959). 

The question is, whether it is possible to carry out a number of 

maximization problems simultaneously, such that the solutions form a 

"feasible allocation". Under some conditions with respect to consump

tion sets, production sets and objective functions, the answer is 

positive. 
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With an additional (very streng) assumption the uniqueness of a Walras 

Equilibrium Price Vector (up to a positive scalar multipiel can be 

obtained, see Nikaido (1968) • 

1.4.1. Definitions 

For a given price vector the demands and supplies are not necessarily 

compatible. If the prevailing prices are rigid a Walras Equilibrium 

may not be realized. By introducing additional quantity oonstraints a 

feasible allocation can be obtained: extra upper and lower bounds for 

quantities may enforce the solutions of the maximization problems 

forming a feasible allocation. 

Imposing quantity constraints on demand and supply is called Pationing. 

the "rationing schemes" may be exogenous as well as endogenons in the 

model. 

A more extensive concept of an equilibrium in an economy is necessary. 

A Non-WaZPasian Equilibrium is an array consisting of a prioe veotoP, 

an allocation and quantity oonstPainta, such that 

{i) the allocation is feasible; 

{ii) the allocation consists of commodity bundles, that maximize the 

objective functions 

of the consumers in their constrained budget sets, 

of the producers in their constrained production sets; 

(iii) orl.ly the maximum of demand and supply (the "long" side) can be 

restricted by a quantity constraint; 

(iv) a demander can neither be forced to sell nor to purebase more 

than his demand; a supplier can neither be forced to purebase 

nor to sell more than his supply. 

It can be observed that a Walras Equilibrium is a special case of a 

Non-Walrasian Equilibrium. It is a Non-Walrasian Equilibrium without 

additional constraints. 

Conditions (i) and (ii), feasibility and optimality are also valid for 

a Walras Equilibrium. 
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Tha third condition is called "rationing on the Zong side only" or 

"f!'iationless market". It requires that demanders and suppliers of a 

certain good are not constrained at the same time. This dondition 

rastricts the number of rationing schames. 

Condition (iv) statas that the trede must ba "voZunta:r:v".·The agents 

cannot be forced to go downhill by treding. They always have the 

possibility of rafusing a trade which is worse than tha "no trada". 

Some Non-Walrasian Equilibrium concepts will be mentioned. The term 

"disequilibrium" is sametimes used as an equivalent of a Non-Walrasian 

Equilibrium. A "Fi:c-price Equilibrium" is a Non-Walrasian Equilibrium 

with fixed prices. 

A "Tempora:r:v Non-Walrasian Equilibrium" is the Non-Walrasian counter- . 

part of a "Temporary Walras Equilibrium" (see Sectien 1.3). In the 

former, expectations concerning constraints will play a role, as well 

as price expectations. This kind of equilibrium will be very important 

in our model. 

In order to make conditions {iii) and (iv) more precise, it is desir

able to have suitable definitions for "demand" and "supply". How 

should demand (and supply) be defined in case of rationing? 

We follow the sign convention to consider supply a negative demand. 

Let us start with an unconstrained agent, i.e. an agent who perceives 

no quantity constraints besidee his budget or production restriction. 

The demand can now be defined to be the component of the commodity 

bundle which maximizes the agents objective function in his budget/ 

production set. This demand is called notionaZ or Walr'aSian demand. 

If there are quantity constraints, a similar formulation with the 

addition of the word "constrained" to "budget/production set", yields 

the aonstrained demand. 

Finally, the effective demand for a commodity is the component of the 

commodity bundle which maximizes the objective function in the con

strained budget/production set, in which the eenstraint on the com

modity itself is neglected. Effective demand plays an important role 

in Keynesian literature. The demand in the definition of the Non

Walrasian Equilibrium is often considered to be effective demand. 
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1.4.2. B~ckground and some literature. 

In the thirties of this century the Walrasian Equilibrium model seemed 

te be net realistic anymore. Demand and supply (fer instanee of labeur) 

were not in equilibrium. To explain this, Keynes presented in his 

"General Theory" (1936) a model in which rigid prices give rise te a 

"disequilibrium". 

Keynes noticed that too low wages cause a low consumption demand, 

which leads to a small production, accompanied by unemployment. This 

conclusion contradiets the one of the classical economists. The latter 

contended that lowering the wage rate would induce an increase of 

labeur demand and a decrease of labeur supply. This would result in a 

smaller unemployment. 

Keynes' theory had an important influence on government policies. 

Hicks (1946) was an important precursor of the neokeynesian economists. 

Hicks studled fixed prices. Tagether with Patinkin (1956), Clower 

(1965) and Leyonhufvud (1968), he gave a new impulse to Keynesian 

theory. These "Neokeynesians" emphasized, just like Keynes had done, 

the impact of the interaction of several markets. After them, micro

and macro-economie studies emerged. Micro-economie disequilibrium 

models were given by Drèze (1975), Benassy (1975), a.o. Barre and 

Grossman (1971) ,Malinvaud (1977), a.o. developed macro-economie 

roodels with Non-Walrasian Equilibria. 

The basic ideas of Non-Walrasian economics come out in the terms "dual 

deelsion hypothesis" and "spillover". 

From Clower (1965) is the concept of "dual decision hypothesis". In 

the classical theory purchasing plans and financing plans are tacitly 

assumed to be made simultaneously. According to Clower, Keynes made a 

distinction between these plans. The decision process takes two steps. 

First, the purchasing plans are made. Then transactlens take place. 

Final demands are based on the income, which is a result of the trans

action. Thus the final demands that are expressed on the markets are 

the "effective" demands, as defined in the preceding subsectien. 

The term "spillover" is used by Patinkin (1956). A spillover is the 

extent to which the demand for a commodity is influenced by the con

straints on ether markets. Hence, the difference between effective and 

notienal demand represents the magnitude of a spillover. 
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In Patinkin's work the producers make production plansbasedon ex

peotations of the output they can ~ell. The resulting labeur demand 

rastricts the labeur supply and therefore the wage income of the con

suroers (werkers). 

Barro and Grossman (1971) and Malinvaud (1977) made fix-price models 

in which the works of Patinkin and Clower were combined. These models 

will be the basis for our study. 

We also mention some micro-economie literature. 

In Drèze (1975) a Non-Walrasian Equilibrium is introduced with an exo

genous rationing scheme. Drèze proves the existence of such an equi

librium: There exist a price vector, an allocation and veetors of 

lower bounds (related with supplies) and upper bounds (related with 

demands) that form a Non-Walrasian Equilibrium. Drèze's model gives 

rise to the problem of the specificatien of the rationing scheme. 

Drèze introduces a uniform rationing scheme, i.e., the constraints are 

equal for all agents. 

The work of Benassy (1975) is based on the Barre and Grossman model. 

Benassy puts forward a rationing schema, which associates to all ef

fective demands such a feasible allocation that price vector, alloca

tion and constraints form a Non-Walrasian Equilibrium. The quantity 

constraints that are perceived now, give rise to new effective demands. 

Benassy shows the existence of an equilibrium in which these new ef

fective demands are equal to the old ones. 

Extensive qualitative descriptions of sets of Fix-price Equilibria can 

be found in Laroque (1978a, 1978b) and Laroque and Polemarchakis 

( 1978) • 

1.4.3. The logic of Non-Walrasian Equilibria 

A theory of how Non-Walrasian Equilibria can occur, involves an inves

tigation of the synchronicity of the process of realization of a 

transaction (cf. Grandmont, 1977b and Drazen, 1980). If this process 

is fellewed step by step, it can be seen at which phase, which informa

tion is available to the agents. Price and quantity signals influence 

the decision processes. 

Let us consider an economy in several subsequent periods. During a 

period the pricés are fixed. Within a period the agents maximize their 

objective fubctions that concern both the present and the next period. 
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Cammodities are traded against money, successively on the markets. If 

these exchanges were synchronized, then possibly a "better" allocation 

could be obtained. However, as long as recontracting is impossible, 

there is no such allocation. 

The nonsimultaneous (market-by-market) trade is made easier by money 

as a medium of exchange. Nevertheless, as Drazen points out, money as 

a medium of exchange is not essential to "break" the synchronicity of 

the exchange process. It is a widespread misunderstanding that quan

tity constraints are possible only in a monetary economy (see Drazen, 

1980, p.299). 

The agents can hold a stock of an asset, for instanee money. This 

asset transfers values to the next period. The stock is adjusted ac

cording to the preferences and expectation with respect to the future 

period. The market-by-market trade will generally nat lead to the 

notional solutions of the agents. It might be said that assets enable 

the agents to accept quantity constraints. If an agent is forced to 

purchase less of a commodity than his notional demand, his stock of 

the asset, ceteris paribus, is larger than the originally planned 

stock. If the sales are less than the notional supply, the reversal 

holds. Thus, an asset is an indispensable element of a (Temporary) 

Non-Walrasian Equilibrium. 

1.4.4. Existence and uniqueness 

Drèze (1975), Benassy (1975) and Grandment and Laroque (1976) prove 

the existence of the equilibria they introduce in the articles con

cerned. (Local) uniqueness of Non-Walrasian Equilibria is studied by 

Laroque (1978b). A proef of the (existence and) uniqueness of a Fix

price Equilibrium (for given prices) in a macromodel à la Barro and 

Grossman can be found in Böhm (1978). This uniqueness will be impor

tant in Chapter 3, see Subsectien 3.5.2. 
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1 • 5. Vynamie6 and S.ta.lû.i.Uy 

1.5.1. Walras Equilibria 

In the Walrasian model prices are supposed to adjust rapidly enough to 

equalize demand and supply. The question can be raised, how a Walras 

Equilibrium is established. Which behaviour of the agents leads to a 

stable Walras Equilibrium? Does a process exist, leading to a Walras 

Equilibrium Price Vector and can anything be said about its stability 

properties? 

Several processas of this kind have been proposed, known as the 

tätonnement and the non-tatonnement processes. In the "t/ltonnement 

proaess" there is an auctieneer, who quotes the prices. The agents 

determine their demands and supplies at the quoted price levels and 

they inform the auctieneer of their exchange offers. The auctieneer 

compares demand and supply and adjusts the prices in such a way that 

they are raised in case of excess demand and lowered in case of excess 

supply. He quotes the new prices. The process is repeated until demand 

and supply are equal. Then a transaction takes place. There is no 

trade until the equality of demand and supply is established for all 

markets. Hence during the process endowments are constant. Two kinds 

of tätonnement processas are possible. The adjustments can take place 

successively, market by market. They can be simultanecue as well. In 

both processes there is only trading after a Walras Equilibrium Price 

Vector has been reached. 

Unfortunately, the existence of a price formation as above is unreal

istic in most cases. 

In "non-tatonnement proaeaaea" intermediate transactions are allowed 

out of an equilibrium. 

Since after a transaction the endowments are redistributed over the 

agents, the excess demands are influenced by the (disequilibrium) 

transaction. The process ends as soon as a Pareto Optimum has been 

established. 

The very crucial assumption of tätonnement and non-tätonnement lies in 

the competitive nature of the markets. As a consequence of the com

petitive behaviour the prices fellow the "'la:w of demand and supp'ly": 

prices increase in case of excess demand and decrease in case of ex

cess supply. So the prices will be constant only in the case of 

10 



equilibrium. We follow the sign convention to take (excess) demands as 

positive and (excess) supplies as negative, such that supply is con

sidered to be negative demand. 

The price increase is assumed to be a sign preserving, monotone, 

differentiable, real valued function of excess demand. Usually, this 

function is assumed to be linear. Both discrete and continuous time

adjustments have been studied in literature. Since in a Walras Equi

librium all excess demands are zero, it is an equilibrium of the 

resulting differentlal (difference) system (see Chapter 2) . 

The prices are the only information from the markets. There is no in

formation on quantities, like possible quantity constraints, etc. 

Stability of a Walras Equilibrium of an economy without production in 

the tätonnement process is proved by Arrow, Block and Hurwicz (1959) 

under conditions that will be successively mentioned below. These con

ditions are of course additional to the above price adjustment assump

tions. 

The first condition is known as "gross substitutability": the excess 

demand of a commodity increases if the price of any other good in

creases. (The term "net substi tutabili ty" is used if the effect of the 

price change on the real income is properly compensated.) 

The second assumption is "Walras' law": the price...,weighted sum of all 

excess demands equals zero, whether the economy is in equilibrium or 

not. 

Finally, "zero homogeneity" is assumed. This condition states that the 

price vector can be multiplied by a positive scalar without affecting 

the excess demands. 

Zero homogeneity and gross substitutability together imply that the 

Walras Equilibrium Price Vector is unique up to a positive scalar 

multiple. It is proved by Arrow, Block and Hurwicz that such a vector, 

if normalized, is a globally stable equilibrium, i.e., any sequence of 

normalized price vectors, generated by a process with the above as

sumptions, converges to the normalized Walras Equilibrium Price 

Vector. 

With respect to non-tätonnement processes it is necessary to introduce 

variable stocks of cammodities in the system, descrihing the process. 

Then the result of Arrow, Block and Hurwicz is not valid anymore. 
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Non-tätonnement processas leading to a Pareto Optimum are described by 

Negishi (1961), Uzawa (1962} and Hahn and Negishi (1962). 

1.5.2. Non-Walrasian Equilibria 

Non-Walrasian Equilibria are supposed to prevail, if pricès are rigid 

in the short run. Beside price adjustments, there are quantity adjust

ments, i.e., demands and supplies are made compatible not only via the 

prices, but also by means of direct adjustments on quantities (or via 

quantities only). It is assumed that these quantity adjustments are 

much faster than price adjustments. The fermer give rise to disequi

libria. In the medium run the prices are adjusted. 

We give a brief survey of these price adjustments in literature. 

Grandment and Laroque (1976) present a comparison of "neoclassical" 

and "neokeynesian" price adjustments. In neoclassical price adjust

ments the price is aresult of the "law of demand and supply". Hence 

the tätonnement and non-tatonnement processas can be reckoned among 

the neoclassical price adjustments. In these processas the demand and 

supply on which the "law of demand and supply" is based are the 

"notional" ones. In most roodels with quantity rationing the "effec

tive" demand and supply are considered instead. Examples are the price 

adjustments in Varian (1977) and Veendorp (1975). It can be remarked 

that although these adjustments are called "neoclassical" the concepts 

"effective demand and supply" are Keynesian! 

In neokeynesian price adjustments, the prices are determined by the 

sellers, in a monopolistic way. The approach of Benassy (1976) can be 

called neokeynesian. Prices depend on "perceived" demands, which is 

information the seller has with respect to the demand and saveral 

prices. 

Picard (1979) analyzes both types of price adjustments. Honkapohja 

(1979) and Malinvaud (1980) give ad hoc assumptions ·for each of the 

market statas separately. 

The new prices (again rigid in the short term) give rise to new 

quantity adjustments and a new Non-Walrasian Equilibrium, etc. 

As in the non-tätonnement processas the adjustments of endowments must 

be incorporated in the system. The phenomenon of rationing, however, 

and the introduetion of effective demand in the price adjustments make 
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Non-Walrasian Equilibria candidates for equilibria of the resulting 

dynamic systems. It should be notes that Walras' law (see Subsectien 

1.5.1} does not hold for effective demands. 

Fisher (1978) incorporates quantity constraints and spillovers in the 

Hahn-Negishi non-tätonnement process. He proves the converganee of the 

resulting system to some Walras Equilibrium. 

Varian (1977) on the other hand, shows the existence of a Non-Walrasian 

Equilibrium in addition to a Walras Equilibrium. The first one is an 

ineffient "self-fulfilling expectations equilibrium". It is stablein 

contrast to the Walras Equilibrium. 

Other papers on stability of Non-Walrasian Equilibria are Böhm (1978) , 

Veendorp (1975), Laroque (1979), Honkapohja (1979), Picard (1979) and 

Eckalbar (1980). These papers will be discussed in Chapters 2 and 5. 

Also the work of Malinvaud (1979) is worth mentioning. 

1 • 6. OI.Ltll..ne 

Chapter 2 is an introduetion to the mathematical problems, appearing 

in the subsequent chapters. The model to be analyzed is introduced in 

Chapter 3 in a static context, in which prices and stocks are constant. 

The possible types of Non-Walrasian Equilibria are described. 

In Chapter 4 a somewhat longer run is studied. The price and stock 

adjustments that can occur are analyzed. A differential system, 

descrihing the behaviour of the model, is introduced. Stability prop

erties of equilibria of this system are investigated in Chapter 5. 

Finally, some concluding remarks are made in Chapter 6. 
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2. MATHEMATICAL RESULTS IN OPriMIZATION ANV STABILITY 

2.1. I~ductLon and notation 

The purpose of this chapter is to provide the mathematica! background 

for the rest of the ,thèsis. We are especially interestad in two fields 

of mathematica: optimization and the theory of differential systems. 

Section 2. 2 contains, in addi ti on to some necessary analytic concepts ,, 

a theerem on the differentiability of a solution of a maximization 

problem with regard to the parameters of the problem. 

The major part of this chapter is devoted to autonomous differentiable 

systems and stability of these systems. In Sectien 2.3 some well-known 

results are mentioned for ordinary differentia.l systems with differ

enttabla right-hand sides. 

The systems that are investigated in Section 2.4 have piecewise differ

ent .. able right-hand sides. These systems will be very içorta.nt for 

the description of our dyna.mic model. Both systems with continuous and 

diE :ontinuous right-hand sides are considered. 

In ::his thesis the following symbols are used. 

~n n-dimensional real space 

En nonnegative, ortbant of lRn 
+ 

~:., posi ti ve ortha.nt of lRn 

F: S1 ~ S2 function from S1 into S2 

F: S1 ~ S
2 

multifunction from S 1 into S 2 

crs1 ~ S2> set of continuous functions from S1 into S2 

C' <S1 ~s2 > set of continuously differentiable functions from S1 into 

s2 
k C (S1 ~s2 > set of k times continuously differentiable functions from 

s1 into s2 

14 



derivative of the function F with respect to xi 

VF := (a'il:1 , • •., 'il'il:) gradient of the function F: JRn -+ :R 

~/ F Hessian of the function F, i.e., the matrix ( a
2

F ) 
:lxiaxj 

DF (x) Jacobian matrix of the function F: :Rn -+ :Rm evaluated at x 

F]S restrietion of the function F to the set S 

x~ F(x) function which attaches the value F(x) to the variable x 

Let x E :Rn and y E m.n. 

x > y for any i 1, ••. ,n: x. > yi 
l. 

x;;:: y for any i 1, ••• ,n: x i ;:, yi 
x' transpose of vector x 

llx 11 := [x'x]l:l Euclidean norm of vector x 

M set of real matrices with m rows and n columns mxn 

lAl determinant of matrix A 

tr A trace of matrix A 

cl S closure of set S 

int S interior of set S 

8(0;p) := {x ] llxll < p} 

sgn a sign of the scalar a 

In this sectien some mathematica! tools are given concerning (asymp

totic) analysis and optimization, that will be applied in the sequel. 

Landau's o-symbol (small O) is defined as fellows (cf. De Bruijn, 

1961). 
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DEFINITION 2.1. Let f: S1 + S2~ where S1 e JJ.n and S2 e JJ.m and let 

a e: S 
1 

and k be a nonnegative integer. We write 

if 

f (x) = 0 (llx- allk) 

lim llf(x)ll =O. 

x+a llx- allk 

(x+ a) 

Continuous differentiability is usually defined on an open set, see 

Rudin {1976), p.219. The following definition is an extension for non

open domaLns: 

DEFINITION 2.2. LetS c: JJ.n and F: S + 'B.k. We liJrite 

F e: c, <S + 'B.k) 

if there e:dsts an open set !! e lRn which oontains S and a funotion 

F e: C' W + 'B.k) suoh that 'FIS = F. 

The derivatives of F at x e: S are defined as the derivatives of F at 

x. 

The "im.plicit function theorem" (see Rudin, 1976, p.224) will be 

applied saveral times. In the theorem below, x e lRn and y e Em. We 
n+m write (x,y) e: '1R • Furthermore, Dxf(x0 ,y0) denotes the Jacobian 

matrix of f as a function of x for y = y0 , evaluated at x0 • The matrix 

Dyf(x0 ,y0J is defined similarly. 

n+m THEOREM 2. 3 (im.plici t function theorem) • Let (! c: E ~ (! open and Z.et 

f e: C' en +lR) and forsome cx
0

,y
0

> e !!: fCx0 ,y
0

l = o and 

loxf<x0 ,y0 l I ~ o. 
Then there e::cist open sets n c: lRn+m and Y c: JJ.m, with cx

0
,y

0
l c: n and 

Yo e: Y, having the fol.Zowing property: 

To eve'l'!f y e Y co'l'I'esponds a unique x suoh that 

{x,y) e: n and f(x,y) = 0 . 

If this x is defined to be g(y), then ge C'(Y +En), g(y0) = x0, 

f(g(y),y] = 0 (y e: Y> 
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and 

consider the maximization problem 

(2.1) max {f(x) I gi (x) <:: 0, i = 1,2, ••• ,n} , 

where x € JRk, f: Ji: +:R, f is strictly concave onJRk and gi: Ji: ... JR, 

gi is concave on JRk (i .. 1,2, ••• ,n). 
* k * The vector x EJR, such that qi (x ) ;:: 0, i=1,2, ••• ,n, and 

f(x*> = max {f(x) I g
1 

(x) <:: 0, i = 1,2, ••• ,n} , 

is called the solution of (2.1). If a solution of (2.1) exists, it is 

unique. 

The inequalities qi (x} <:: 0, i = 1,2, ••• ,n, are called the conetraints 

of (2.1). We call the eenstraint gj(x} <:: 0 striatly active, if the 

solution x* of (2.1) is not the solution of the maximization problem 

max {f(x) I gi (x) 2: 0, i= 1,2, ... ,n, i# j} • 

THEOREM 2.4. Let V be an open subset of Em and X an open aonvex subset 
k 

~It. 2 

Let f"' C
2

{X x V> .. the Hessian v2 
f := (-H-) be negative d.Bfinite 

XX Xi X, 
for (x,y) E X x V. If the solution of J 

max {f(x,y) I x E X} 
x 

exists for aU y .;: V and is d.Bnoted by f.P(y}, then !.P <: C' (V .,. X} • 

PROOF. Since the set X is convex and the function f is strictly con

cave, !.P is a (single valued} function from Y into X. 
The definition of !.P implies 

(2.2} Vxf(f.P(y),y) = 0, 

where Vxf :=(af)~, ... , a"~). Since lv~xf(!,p(y),y) I"" 0, the implicit 

function theorem (Theorem 2.3) applied on (2.2) yields the continuous 

differentiability of f.P in y on V. 0 
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We will approximate sets by cones. To this extent some conoepts are 

defined. 

DEFINTION 2.5. A set C c 'JRn is aalZ.ed a !!.9!!!! if for any x I! (! and 

À e 'JR+ we have Àx e C. If~ in addition~ the set C is alosed~ C will be 

aalled a aloeed cone. 

DEFINTION 2.6. Let 0 e S c P.n, A vector b e :Rn is aalled a tangent 

~ of S in o. if there e::dsts a funation H e C' ([O,e) -+- S> for 

some E € 'JR ++ such that 

H(~) = ~b + ac~> (~ .... 0) • 

The alosure of the set of tangent veetoPS of S in 0 is called the 

tangent aone of S in a and is &moted by Co (S). 

The tangent cone {see Figure 2.1) can be considered as the lineariza

tion of the set S. It obviously bas the following properties. 

PROPOSITION 2.7. 

(i) Co(S) is a closed cone. 

(ii) If S
1 

c S2 and 0 e S 1~ then CoCS1) c Co(S2). 

Figure 2.1. 

0 tangent cone. 

The following theorem shows an alternative expression for a tangent 

cone of a partienlar set. 

THEOREM 2.8. Le~ GE C('JRn -+-'JR2) (n ~ 2)• with G(x) = Bx+a(llxll) 

{x+ O). !Jhere B € M2 • If s = {x € :Rn I G(x) > O} and G € C' es + :R
2

l 
xn 
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and B is of rank 2, then 

Co(S) = {x e ~n l Bx ~ O} • 

~ 
PROOF. Let the set C ba defined by 

C := {x e ~n I Bx ~ 0} • 

Since rank B = 2, int C # ~. 

We will first prove Cc Co(S). Let b e int C, or, equivalently, Bb > 0: 

G(b~) = Bb~ + 0(~) (~ + 0) 

~(Bb + 0(1)) (~ + 0) 

G(b~) is positive for sufficiently small positive ~. Hence b~ e S. 
Therefore, bis a tangent vector of S. Since C = cl(int C), this im

plies Cc Co(S). 

Now we have to prove Co(S) c C. Let q I C, equivalently, at least one 

of the components of the vector Bq is negative. 

If HE C1 ([0,E) ~~n) satisfies 

H(~l .. q~ + om <~ + OJ , 

then at least one of the components of the left-hand side of 

G[H(~)] =Bq~+ 0(~) (~ + 0) 

is negative for sufficiently small positive ~. Hence H(~) t S, so that 

q /. Co($). Therefore, Co(S) c C. 0 

2.3.1. Differentlal systems 

Since our main goal is to examina (asymptotic) stability of equilibria 

of systems, we will reeall some well-known results with relation to 

systems of differentlal equations. For a more complete introduetion 

the reader is referred to Bellman (1953), Caddington and Levinson 

(1955), Hille (1969), Hurewicz (1958), LaSalle and Lefschetz (1961) 

and Wilson (1971) • At the end of this sectien some special attention 
2 3 

is gi ven to systems in ~ and ~ • 
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DEFINITION 2.9. Let T be an intel'Va't in lR and Sc E.k, tE lR, x E lRk, 

f: S x T +lRk. The system of equatione 

~(t) c f[x(t),t] 

where 

0 
x(t) (

dx1 (t} dxn (t) )' 
:= dt I • • • I dt 

is a dif[erential system of [irst order. 

If the funation f is constant in t for eaah fixed x~ the above system 

is aalled an autonomous system. If F: S +Ja\ suah a system can be 

denoted by 
0 

(2. 3) x = F (x) • 

Byetem (2. 3) is aalled linear, if F is a linear function of x. 

In a similar üJay~ continuous and discontinuous systems can be ckfined. 

We will restriet ourselves to autonomous differential systems of first 

order. 

In the rest of this sectien we confine ourselves to continuous systems. 

If the right-hand side of a system is continuous, then the question 

how to define a solution of the system can be answered in the least 

difficult way. Then the following definition can be given. 

DEFINITION 2.10. LetS c lRk be open and aonneated and let Tc lR be an 

intel'Val and F E C (S + lRk). Then y E C (T + lRk) is a salution of the 

system ~ = F(xl if 

(i) y(t) € S for all t € T. 

(ii) y(t) = F(y(t)) for aZZ tEr. 

The initial value problem of finding a solution of the system ~ =.F(x) 

under the initial condition x(t0) = x0 will be denoted by IVP(F,x0 ,t0). 

The solution of IVP(F,x0,t0) is denoted by x(t;x0,t0J. The set 

{x(t;x0 ,t0J I t E T} is called a trajeatory. These notations and this 

concept of trajectory will also be applied if the function F is dis

continuous (see Subjection 2.4.3}. 

The concepts defined below are important with respect to existence 

and uniqueness of a solution of a continuous system. 
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DEFINITION 2.11. LetS c ~k beopen and connected and F E C(S ~~k). 
Then F is Lipsahitz aontinuoue on S if 

The funetion F is ZocaZly Lipsahitz eontinuous on S if for every 

x0 E SJ there is a neighbourhood ncx0lJ such that the above eondition 

is satisfied on ncx0 l insteadof onS. 

Now the following existence and uniqueness theerem can be given (cf. 

Bellman, 1953, p.68, Hille, 1969, p.60 and Hurewicz, 1958, p.28). 

THEOREM 2.12. LetS c ~k be open and aonneoted, F ZoeaZ~ Lipsehitz 

aontinuous on S, x
0 

E S and t 0 <: ~. There ea:ists an interval T c ~ 

sueh that toE intTand ajUnation y E eer ~~k) suah that y(t;xo,tol 

is the unique solution of IVP(F,x0 ,t0) of system ~ = F(x) on T. 

2.3.2. Stability properties of autonomous differentlal systems 

In this subsectien we consider (asymptotic) stability of equilibria 
0 k k 

of the autonomous differentlal system x = F(x), where F: ~ ~ ~ • 

First, definitions are given for "equilibrium" and (asymptotic) sta

bility of the system ~ = F{x). The Definitions 2.13 and 2.14 are valid 

for both continuous and discontinuous systems. 

0 

DEFINITION 2.13. The vector x is an e~uilibrium of the system x= F(x) 

if F(xl = o. 

DEFINITION 2.14. Let the origin be an equilibrium of the system 

~ = F(x). It is a stable equilibrium of this system, if for any E > 0 
----- k 

there is a ó > o, such that for any a E ~ 

If the origin is a stabZe equilibrium of the syetem x F(x) and there 

is an n > 0 suoh that 

llall < n ,.. lim 11 x(t;a,t
0

lll 0 , 
t--
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then the oPigin is aalled an asymptotiaaZZy stabZ~ equiZibPium of the 
0 

system x= F(x). 

In the rest of this section, A denotes a real k by k matrix. 

The following theorem gives a condition for the asymptotic stability 

of the linear autonomous system ~ = Ax (see Wilson, 1971, p.311). 

THEOREM 2.1s. The origin is an asymptotiaaZZy etabZe equilibrium of 

the system ~ = Ax~ if and onZy if eaah of the eigenvaZues of the ma

trix A hae a negative reaZ part. 

For nonlinear systems, the following theerem can be formulated {cf. 

Wilson, 1971, p.317). 

THEOREM 2.16 (Poincaré-Liapunov). Let f E C{'JRk + JRk) and f (x) = 0 {llxll) 

(x+ 0). 

If the origin is an asymptotiaaZZy stabZe equilibrium of the eyetem 

~ = Ax, it is aZso an aaymptotioaZZy stabZe equilibrium of the syatem 

0 
x= Ax + f(x) • 

k k Hence, if F e C' {lR + lR ) and F(O) = O, then it follows from Theorem 

2.16 that the crigin is an asymptotically stable equilibrium of system 
0 

x= F(x), if the Jacobian matrix of the function F evaluated at x= 0 

has only eigenvalues with negative real parts. ln order to verify the 

condition of Theorem 2.16 the so-called "Routh-Burwitz-criterion" can 

be applied (see Gantmacher, 19S4, Ch. XV). 

THEOREM 2.17 (Routh-Hurwitz). Let 

be the aharaateriatia equation of the matrix A and Zet the reaZ num

bers Ai, i= 1,2, ••• ,k~ be defined by 

al a3 as al a3 as a7 

Al A2 := lal a31 , A3 1 A4 := 
1 a2 a4 a6 al , := a2 a4 , 

. 1 a2 0 
0 al a3 as al a3 
0 1 a2 a4 
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etc. The o~g~n is an asymptotically stable equilibrium of the system 

~ = Ax, if and only ài > o, i= 1,2, ••• ,k. 

For two- and three- dimensional spaces the Routh-Hurwitz criterion can 

be formulated in a simple way. 

COROLLARY 2.18. For k 2, the origin is an asymptotically stable 

equilibrium of system ;:; = Ax, if and only if 

tr A < 0 

I Al > 0 • 

COROLLARY 2.19. For k 3, the origin is an·asymptotically stable 

equilibrium of system ~ = Ax, if and only if 

tr A < 0 

lAl < 0 

3 
lAl - (tr A} L Aii > 0 , 

i=1 

where A
11 

is the i 'th principal minor of A. 

Corollaries 2.18 and 2.19 yield the following property, which will be 

useful in the comparison of systems with two and three variables (see 

Chapter 5). 

THEOREM 2.20. Let the matrix A E M
3

x
3 

be defined as 

A := [B cl 
q' a 

where q,c E JR
2

, a E -:n\ and the matrix B E M
2

x
2 

has the properties 

tr B < o , lal > 0 • 

Let P E M
2

x
2 

be defined by 

p := [_~ ~] 
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The origin is an asymptotioaZZy stabZe equilibrium of system ~ = Ax~ 
if and onZy if 

a!BI + q'PB'Pc < 0 

2 
{-trB){a +a trB+IBil + q'(ai+B)c > 0. 

PROOF. The proef of this theorem is a direct application of the 

Corollaries 2.18 and 2.19. The left-hand sides of the inequalities in 

Corollary 2.19 can be expressed in B, q, c and a: 

tr A = a + tr B , 

lAl "'aJBI + q'PB'Pc , 

3 
lAl - (tr A) ! Aii = 

i==1 

- q'P'BPc- (tr B) lsl - (a+tr B) (atrB-q'c) 

2 {-trB)(a +cxtrB+ B) + q'(ai+B)c 

It is obvious that tr A < 0. Hence, according to Corollary 2.19, the 

crigin is an asymptotically stable equilibrium of the system ~ "' Ax 

if and only if aiBI + q'PB'Pc < 0 and (-trB)(a2 +atrB+IBJ) + 

+ q' (a.I+B)c > 0. 

REMARK 2.21. If a. ~ 0, the following equality holds: 

lAl== laB-cq'l. 

2.3.3. Liapunov functions 

In this subsectien a special kind of function is introduced. 

DEFINITION 2. 22. A funotion V: 1Rk + 1R is a Liapunov funation of the 

system 
0 

(2.4) x = F(x) 

ûJith F: 1Rk + 1Rk and F(O) o, if in some neighboUPhood of the origin 

{i) V(x} is aontinuous; 
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(ii) V(O) = 0, V(x) > 0 for x ~ 0; 

(iii) V(x) ia atrictl-y decreaaing on any salution path of system (2.4). 

Liapunov functions are very important for stability investigations. 

It should be noted that in most literature the Liapunov functions are 

defined as continuously differentiable functions (cf. La Salle and 

Lefschetz, 1961). The relevanee of Liapunov functions fellows from the 

following theorem, which can be found inLaSalle and Lefschetz (1961), 

p.37. 

THEOREM 2.23. If there exista a Liapunov funation of ayatem (2.4) 

~ = F(x), then the origin is an aaymptotically atable equilibrium of 

ayatem (2.4). 

REMARK 2.24. The Definitions 2.14 and 2.22, the Theorems 2.15, 2.16, 

2.20 and 2.23 and the Corollaries 2.18 and 2.19 can be formulated for 

any equilibrium x. (It is possible to select a translation of the 

coordinate system, such that this equilibrium is the origin of the 

new basis.) The matrix A in Theorems 2.15, 2.16 and 2.20 and Corolla

ries 2.18 and 2,19 is the Jacobian matrix of the function F in the 

right-hand side of system ~ = F(x), evaluated at x. 

2.4.1. General results 

Let B be a closed ball around the origin in Rk and let the sets 
n 

Si cRk, i= 1,2, •.• ,n, satisfy S. n S. = {O} for i~ j and B 
~ J 

We are especially interested in stability properties of the following 

type: 

(2.5) 
0 
x= F(x) 

where the function F: B ~Ek is defined as 

F(x) := A.x + f. (x) 
~ ~ 

for x E Si , i E { 1 , ••• , n} 

8 +:J#. for i= 1,2, ••• ,n. 

The relevant systems will be classified according to the conditions 

below. 
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CONDITION I. For i= 1,2, ••• ,n: 

(i) fi € C' (Si .... JRkl I 

(ii) f
1

(:x:) =O(IIxlll (x->0). 

CONDITION II. F E C (8 + JRk). 

DEFINITION 2.25, Under Condition I• the jUnction F in system (2.5) and 

system (2.5) itseZf are oaZZed piea~iae aontinuouaZy differentiabZe 

on Band the sets Si~ int Si and cl S1• i= 1,2, ••• ,n, are aaZZed the 

regimes oj.system (2.5), The syatems ~ = Aix + fi (x), i= 1,2, ••• ,n, 

are aaUed the subsystems of (2.5) 

Onder Condition II, the system (2.5) is continuous (see Definition 

2. 9) • 
k Onder Conditions I and II, f

1 
E C' (cl Si +JR) and the Jacobian matrix 

of F is bounded on the (compact) set B. As a consequence, the function 

Fis Lipschitz continuous on B (see Definition 2.11), so that initia! 

value problems of continuous, piecewise continuously differentiable 

systems have unique solutions (see Theerem 2.12). 

In the literature mentioned below, system (2.5) is also called a 

system with "regime switching" or a "patched up system". Since there 

are not many physical applications of piecewise differentiable sys

tems, mathematica! literature on this subject is scarse. In economie 

literature, however, a number of papers have appeared, in which 

several adjustment "regimes" surround an equilibrium: a.o. Henry 

(1972), Veendorp (1975), Aoki (1976), Varian (1977), Laroque (1979), 

Picard (1979), Ito (1979), Eckalbar (1980) and Honkapohja and Ito 

(1980). The papers of Veendorp (1975) and Laroque (1979) will be dis

cussed briefly in the next subsection. 

In the proof of his Theorem 1 (p.217), Aoki applies the following 
0 

property. On a trajectory of differentlal system x = Ax there are 

only a finite number of crossings over a hyperplane through the 

origin, if the Jacobian matrix A has real eigenvalues. However, this 

is only known to be true, if the Jacobian matrix is the same on both 

sides of the hyperplane. Picard (19.79) and Ito {1979) prove a theerem 

on the stability of a system in JR
2 with two regimes, divided by a 
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straight line on which the equilibrium is situated. Honkapohja and 

Ito ( 1980) use the complicated concept of a "Filippov solution". 

In Subsectien 2.4.2, system (2.5) will be investigated for k = 2 and 

for continuous functions F. Subsectien 2.4.3 will be devoted to dis-

continuous systems. 

2.4.2. Continuous systems 

We will start with a theerem of Laroque (1979) for continuous, piece

wise continuously differentiable, linear systems in ~2 ; both subsys

tems and regimes in system (2.5) are linear. Next, it will be shown 

that the ~inearity restrictions on both subsystems and regimes can be 

relaxed (cf. Theerem 2.16, Poincaré-Liapunov). 

THEOREM 2.26 (Laroque). Let Ci, i= 1,2, ••• ,n, be aZoeed aonee in~2 

with vePtiaea in the origin, with diajoint intePioPa and aueh that 

n 2 
u ei .. m. • 

i=l 

Let the numbePing of the aonea aPOund the oPigin be aZoakwise, with 

co :- en. 
If 

1, ... ,n 

and if G: ~2 
+ JR

2 defined by 

is aontinuous, then the oPigin ia an aaymptotiaaZZy stable soZution 

of the aystem 

(2. 6) J:: = G (x) 

The proof of Laroque's result consists of two parts. 

First he considers the case in which there exists a real eigenvector 

in one of the cones, let us say C
1

. He shows that trajectories cannot 

pass this eigenvector, so each trajectory stays ultimately in some 

fixed cone C. and converges to the origin. 
J 

The second part of the proof concerns the case, where there does not 
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exist such an eigenvector. Then the function E(x) defined by 

E (x) := I x,G(x) I 

is nonzero for x ~ 0. On account of the continuity of G{x) in system 

(2.6), E(x) is continuous and now it can be proved that 

Ê(x)E(x) < 0 

2 on a trajectory. Therefore, [E(x)] is a Liapunov function. 

Theerem 2.26 can be applied to prove the asymptotic stability of the 

(Walras) equilibrium of a linearized version of the system in Veendorp 

(1975). Veendorp proved this asymptotic stability incorrectly (see 

Laroque, 1979). The generalization of Theorem 2.26, which is proved 

below, can be used for the asymptotic stability of the (Walras) equi

librium in the original (nonlinearlized) Veendorp model. 

The rest of this subsectien is devoted to the proof of this generaliza

tion. The system we start with is system (2.5), Only B 2 is considered, 

hence the following restrietion is made. 

CONDITION III. k 2. 

Henceforth the following notations ans assumptions will be used. 
2 Let qi' i= 1,2, ... ,n, be veetors in B with llqill == 1, notwoof 

them equal. The numbering of these veetors is clockwise with regard 

to the crigin and q0 := qn. 

Let there be given n curves represented by 

(( ~ 0) , i= 1,2, ••• ,n • 

It is assumed that the radius of the ball B is sufficiently small to 

let B be divided by the curves x= h1 (~) into n subsets Si, i= 1,2, • 

•• ,n, that have only the origin in common and that are defined in the 

following condition. 

CONDITION IV. For i= 1,2,.,.,n: 

(i) hi e C' <m+> • 
(ii) si is ckfined as the aZ.osUPe of a subset of B~ !JJhiah has the 

boundaries· x = hi-l (() and x = h1 {() (and part of the boundary 

of B)~ but !JJith the exaeption of the set 
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{x hi-1 (~) I ~ > O} • 

It will be shown (see Lemma 2.29) that the continuity of the right

hand side is preserved, if both the subsystems and the regimes are 

lineariz~d. As a consequence of this proparty the same Liapunov func

tion that plays a role in Laroque's proof can be applied. We will also 

have to show that linearization of the regimes gives rise to differ

ences that are O(x). This linearization is handled in Lemma 2.30. 

With relation to the tangent cones (see Definition 2.6) the following 

lemma can be proved. 

LEMMA 2. 27. Undel' Conditions I-IV the funation G: :R.
2 

-+ JR
2 defined by 

is aontinuous on JR.2. 

PROOF. It suffices to prove that the function G(x) is continuous on 

the common boundary of Co(S 1l and Co{S2l. 

The common boundary of Co(S 1J and Co(S2 l is given by 

Since F(x) is continuous on x= h 1 (~); q 1 ~ + 0(~) (~ + 0), we have 

(~ + 0) • 

Since the right-hand side is 0(~), it fellows that 

(f; + 0) 

and this can only be true if 

This equation implies that the function G(x) is continuous on the 

boundary given by x= çq1 . (In a similar way it can be proved that 

this function is continuous on each of the boundaries.) 

It fellows from the lemma that G(x) is equal to 

for x € Co (S. ) 
l. 
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LEMMA 2.28. Let the jUnation gi{x) bedefinedon co(Si} n 8 by 

where F(x} ie defined in the same way as in eystem (2.5}. 

Then under Conditions I-IV 

gi (x} = 0 Cllxll> (x -+ 0} • 

PROOF. The proof will be given for i= 1. Note that g
1

CxJ - f 1 (x} can 

only be nonzero if 

Let ~ be defined by the property that ~q 1 is the orthogonal projection 

of x onto the ray generated by q 1• Then, if x .... 0 and x E Co cS 1J n int S 2, 

it is easily seen that 

(ç; + 0) • 

Hence 

(x .... 0) 

and 

(x .... Ol • 

Application of Lemma 2.27 yields 

(x .... 0) 

Therefore, for x € Co(S1J n int S2 

(x .... 0) • D 

It will be convenient to introduce the following definitions: 

y := x'x 

denotes the square of the Euclidean norm of the vector x; 

p := [_: :] 
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We will use a similar function as Laroque used for a construction of 

a Liapunov function •. 
2 2 Let E

1
: lR + R and E: lR + lR be defined by 

Ei (x) :::::. lx,A1xl for 1,2, .•• ,n, 

E (x) := Ei (x) for x € {0} u [Co(Si) \Co(S
1

_ 1JJ 

(i = 1, 2, ••• , n) • 

It can easily be seen that E(x) can be written as follows: 

for x E Co(S1l (i= 1,2, ••• ,n) 

Furthermore, E(x) is continuous onlR2 . 

LEMMA 2.29. Under Conditions I-IV 

Ë(x) = (tr A1JE(x) + o(y) 

PROOF, For x € Co(S.) we have, using the notatien of Lemma 2.28, 
l. 

Ê (x) 
0 • 

(x) ' P Ai x + x' P Ai x = 

[Aix+gi (x)]' PAix +x' PAi[Aix+gi (x)] 

2 
x'Ai PAix +x' PAix + (gi (x)]' PAix+x' PAigi (x) 

The first term equals zero. To the second term the Cayley-Hamilton 

theerem 

2 
Ai - (tr Ai)Ai + (det Ai)!= 0 

can be applied. The third and fourth terms are o <11 xll 2
l (x + 0) (cf. 

Lemma 2.30) and therefore they are O(y) (y f 0). Hence 

(y f 0) 

(tr Ai)E(x) + O(y) (y f 0) • 

LEMMA 2.30. Let Conditions I-IV hoZd. Let Yo E Co(Si) with IIYoll 

be an eigenveetor of Ai with reaZ negative eigenvaZue À0 • 

For x<:: Co(S
1

J 
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(y i- 0) • 

Th ere is a positive p and an open aone K auah that y0 € K and 

0 

fo1.' x € K n 8 y < 0 p 

ûJhel'e 8 
p 

is a baZZ a!'ound the origin ûJith l'adius p. 

PROOF. For x E Co(Si) we have 

0 0 

y=2x'x= 

Using Lemma 2.28 

g
1 

(x) = o <llxll> (x ... 0) , 

2x'gi (x) = O(y) (y + 0) 

0 

y = 2x'Axi + O(y) (y + 0) • 

Choose E such that E E (0,-À
0
). Then the setK defined by 

(2. 7) K := {x E JR
2 I x'G(x) < - E x'x} 

contains y0 and K is an open cone. 

For sufficiently small p for any x € K n SP 

0 
y < -Ey < 0 , 

The result of Lemma 2.30 is also valid if y0 lies on the common 

boundary of Co(Si) and Co(Si-l) (i= 1,2, ••• ,n). 

For the time being it is assumed that there is only one such eigen

vector as in Lemma 2.30) (with eigenvalue À0). 

We define 

(2. 8) v :=min {[E(xlJ
2 j !lXII 1, x t K) 

where Kis defined as in (2.7). 

Since the set {~ I llxll = 1, x I K} is compact and the function E(x) 
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is continuous, this minimum exists. For x i K the inequality 

[E(xJJ 2 
> 0 holds, hence 

\) > 0 . 

Define the real ~umbers 8 and a by 

(2.9) 8 := max max {IIA.xll lilxll 
j ] 

1} I 

(2.10) a. := -

where vis defined as in (2,8). 

Since v > 0 and 8 > 0, a is positive if for each j the inequality 

tr Aj < 0 holds. 

Now the following theerem can be proved. 

THEOREM 2.31, Let Conditions I-IV hold. If 

tr Ai < 0 and 1,2, ••• ,n 

then the funation V: 8 +B defined by 

2 2 V(x) := [E(x)] + a.(x'x) 

~here a. ie defined by (2.10), is a Liapunov function of system (2,5). 

PROOF. The function V(x) is continuous. Furthermore, V(O) 0 and 

V(x) > 0 for x # 0 • 

Along a solution path the following equation holds: 

0 0 0 
V(x) = 2E(x)E(x} + 2a.yy • 

The Lemmas 2.29 and 2.30 imply that for x E Co(Sil n B 

(y "' 0) 

From Lemma 2.30 we know that, if p is surficiently small, the inequal

i ty y < 0 holds for K n 8 . 
p 

Since also tr Ai < 0, it follows that 

V(x) < 0 for x <:: K n 8 
p 

For x ( K we have, by Cauchy-Schwarz and the definitions of B (see 

(2.9)) and y 
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He nee 

=> 11 x 11 • 11 A. x 11 => Bil x 11
2 = By • 

l. 

2ayx'A
1

x => 2ay
2

B < -(max 
j 

By definition of v and y 

2 2 
vy => [E(x)] • 

Therefore, for x € CoCS
1

l \ K 

0 2 2 
V(x) < (2trA. -maxtrA.)vy +O(y l 

J j J 

and V(x) is negative for sufficiently small y. 

(y .j. 0) 

It can be concluded that V(x) is a Liapunov function of system (2.5).0 

If there are several real eigenveetors such as in Lemma 2.30, Theerem 

2.31 still holds, since each of these eigenveetors belengs to the cone 

K defined in (2.7). 

Theorems 2.23 and 2.31 and Corollary 2.18 immediately imply: 

THEOREM 2.32. Let Conditions I-IV hoZd. If 

tr Ai < 0 and 

then the origin is an asymptotiaaZZy stabte equilibrium of system 

(2.5). 

2.4.3. Discontinuous systems 

For discontinuous systems a somewhat more general salution concept is 

necessary than the one of Definition 2.10. The definition below is 

first given by Caratheodory (1948), see also Hautus (1970), p.6. 

DEFINITION 2.33. LetS be an open set in En and T an open interval 

in m. Let x
0 

E S and F: S -+ mn. We aaU x: T-+ S a solution of the 

differential system with initial aandition 

on T, if t 0 ET, the funation t ~ F(x(t)l is loaally integrable on T 
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and 

x(t) ( F(x(s) )ds 

to 
foP t <' T . 

For continuous functions F the above definition is equivalent to 

Definition 2.10. In the rest of this section we take t 0 equal to 0. 

If the function F in Definition 2.33 is discontinuous on S1 it is not 

locally Lipschitz continuous onS (see Definition 2.11). Then Theorem 

2.12 cannot be applied. However1 local Lipschitz continuity is nota 

necessary condition for the existence of solutions. Theorem 2 on page 

9 of Hautus (1970) can be formulated as follows. 

k THEOREM 2.34 (Hautus). Let the set V c E be open and conneated, 

g " C 1 <V + E) and 

Go := {x E 

Gl := {x E 

G2 := {x E 

Let F: V+ E.k with 

V 

V 

V 

g(x) = 0} 1 

g (x) > 0} 1 

g(x) < 0} 

F (x) = Fj(x) fot> x E Gj (j = 0,112) , 

k whe:re Fj E C' (cl Gj +E. ), j = 1,2. 

Define the functions hj: G0 +E. by 

h.(c) := (llg(c))F.(c) 
J J 

(j 0,1,2) • 

If for every c E G0 

(2.11) 

hoZds, then fot> every x
0 

E V, thePe is a t 1 E E++ such that the ini

tial value pPoblem IVP(Fix0 ~o) of system ~ = F(x) has a salution on 

the time intet>val [O,t1>. 
If, in addition, fo:r evePy c E G

0 
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(2 .12) 

then this soZution is unique. 

Figure 2.2. 

A situation in which (2.11) 

is true. 

Figure 2.3. 

A situation in which (2.11) 

is false. 

Theerem 2,34 is illustrated in the plane, in Figures 2.2 and 2.3. 

An application of Theerem 2.34 in R2 yields Theerem 2.35 below. 

THEOREM 2.35. Let V, g, Gj, F and h be defi.ned as in Theo:vem 2.34 and 

k = 2. In addition, Zet the vector q be defined by 

q := P[Vg(O)]' 

where P is defined by P := (-~ ~) and suppose the foUornng equaUties 

hold: 

g(O} = 0 , 

(c + o, c e: G0 > , j .. 0,1,2 • 

If 

where. Ei (x) =x' PAix, i= 0,1,2, then the:ve e:x:ists a p € R++ such 

that for every x0 € B(O;p) \ {0}, the:ve is a t 1 € R+ euch that the 

initial value p:voblem IVP{F,x0 ,0l of syetem x= F(x) has a solution 

on the interval [O,t1>. If in addition E0 (q) # 0, this salution is 

unique. 
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PROOF. From the definition of q it fellows that 

~g(c) = q'P + 0(1) 

Hence, the following equality holds: 

h, (c) = q' PA.c + O(licll) 
J J 

(c + 0, c E G
0

l . 

The definitions of q and g(O} = 0 imply that, if p E m++ is suffi

ciently small, there exists a unique a E m \ {0} for every 
c 

c E G0 n BCOn>l \ {0}, such that 

Therefore we find 

He nee 

(a + 0) • 
c 

where Ei (q} is independent of ac. Hence for sufficiently small a
0 

the 

inequality E1 (q}E 2 Cq) > 0 implies h 1 (c)h2 (c) > 0 and the inequality 

E
0

(q} # 0 implies h
0

(c) ~ 0. Application of Theerem 2.34 yields the 

assertions. [ 

The vector q in Theerem 2.35 generatea the tangent to the curve 

determined by g(x) = 0 in the origin. This tangent is the common 

boundary of the tangent cones Co(G1l and Co(G2J of the sets G1 and G2 • 

It can be observed that the functions Ei also play a role in the proef 

of Theerem 2.32. We can even formulate a generalization of Theerem 

2.32 for discontinucue systems. For this, however, a generalization of 

the concept "Liapunov function" is necessary (cf. Moisseev, 1936). 

DEFINITION 2.36. A fun:Jtion V: :Rn +:Ris a generaZized Liapunov func-
. f h 0 

• h k k d ..... t-ton o te system (2.4) x= F(x)~ w-tt F: R +:R an F(Ol, 1.-J 1-n 

some neighbourhood of the origin 

(i) V(O) = 0, V(x) 0 for x I 0. 

(ii) V(x) is striatly deareasing on any salution path of system (2.4) 
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One candispense with the continuity requirement in Definition 2.22 

and prove an analogue of Theorem 2.23 (see Moisseev, 1936). 

THEOREM 2.37. If there exists a generaZized Liapunov function of 

system (2.4) ~ = F(xl, then the origin is an asymptoticaUy stabZe 

equilibrium of system (2.4). 

We return to system (2.5) from the beginning of this sectien and do 

not assume Condition II (continuity) to hold. Instead of Condition I 

we consider 

CONDITION I'. For i= 1,2, ••• ,n: 

(i) fi E C' (cl si .... :Rk); 

(ii) f
1 

(x) = a (11 x 11> (x + 0). 

It has been noticed already, that under Condition II, Condition I' is 

an immediate consequence of Condition I. Under Condition I', the func-

tion F j defined b~ F j := Ajx + fj (x) 

F j E C' (cl S j + ::R ) , j = 1, 2, ••• , n, 

applied. 

(x E 8), satisfies 

and Theorema 2.34 and 2.35 can be 

Now the "discontinuous version" of Theorem 2.32 can be formulated. 

THEOREM 2.38. Let Conditions I'~ III and IV hoZd. if 

1) tr Ai< 0 and IA
1

1 > 0 for i= 1,2, ••• ,n 1 

where Ei: R
2 +:Rand E: JR

2 +Rare defined byE. (x)= x' PA.x, 
l. l. 

i= 1,2, ••• ,n, and E(x} :=Ei (x) for x E {O} u [Co(Sil \Co{Si_1lJ 

(i= 1,2, ••• ,n>. then the origin is an asymptotiaaZZy stabZe equi

librium of system (2.5). 

PROOF. Condition 2) implies that there is a solution of the initial 

value problem IVP(F,x0 ,0) of system (2.5) for x0 in some neighbour

hood of the crigin (see Theorem 2.35). 
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Let the inequality E(x) > 0 held fer all x~ 0. It can be ebserved 

that E1 (x) > 0 cerresponds with anti-cleckwise motionsof trajecto

ries. Hence the ray generated by qi is crossed by a trajectory, coming 

frem the tangent cone Co(Si} and going into Co(Si_
1
J. 

Therefore, the functien E is non-increasing on the cemmon boundary of 

Co(Si) and Co(Si_1). Furthermore, E(x) is positive fer x~ 0. 

If, analegously, E(x) < 0 for all x ; 0, then trajectories have a 

clockwise motion. Therefore, trajectories go from Co(Si_ 1l into Co(Si) 

and the function - E is non-increasing on the common boundary of 

Co(Si) and Co(Si_
1
). Clearly, -E(x) is a Liapunov function of system 

(2.5). If there is ani € {1,2, ... ,n} and an x € int Co(Si) such that 

Ei {x) = O, then i is an element of co(Si) and also an eigenvector of 

Ai (cf. the proof of Theerem 2.31). In this case a cone K can be 

defined like in the proof of Lemma 2.30. 

The theerem can now be proved similar to Theerem 2. 32, wi th the func

tion V defined in Theerem 2.31. This function V is now a generalized 

Liapunov function. Due te Theerem 2.37, the existence of a generalized 

Liapunov function of system (2.5) is sufficient for asymptotic stabil-

ity of the crigin as an equilibrium of this system. 0 

In Chapter 5 we will meet three-dimensional systems of a special type. 

The following definition will be useful. 

DEFINITION 2.39, A aommon Zine partition CC 1, ••• ,Cn) ofE3 ia an n

tuple of aZosed aones (see Definition 2.5) with the foZZowing p~oper

tiea: 

(i) 3 
3qEE:C1 n ... nCn {Àq I À € E} 

{ii) C1 u .•• u Cn =E 
3 

(iii) Vi,j E {l, ... ,n}: int cl n int cj ÇD. 
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q 

Figure 2.4. 

Common line partition. 

The intersections of the cones of a common line partition with a plane 

r, such that q t r, are closed cones again (in the plane). See Figure 

2.4. Any vector is an element of the same cone as its projection along 

the vector q on the plane r is. The top ángles of the planar closed 

cones are invariant with respect to parallel translations of the plane 

r. The sets of a common line partition can be numbered clockwise (cf. 

Theerem 2.26). 

In Chapter 5 systems play a role, in which the regimes form common 

line partitions. A theorem on the existence of such a system is given 

below. It is a consequence of Theorem 2.34. 

THEOREM 2.40. Let cc1, ••• ,C l be a aommon Zine paPtition of~3 and the 
3 n 

veatoP a. E ~ be the normaL of the halfpZane ri~ ~hiah sepaPatea the 
~ 3 3 

aonea C. 
1 

and C.~ ~here C0 := C • Let the funation F: ~ + ~ of 
~- ~ n 

system ~ F(x} be given by 

~here Ai E M3x3 for iE {1,2, ••• ,n}. If 

then~ for every x0 E ~3• the initial value problem IVP(F,x
0

,o) of 

ayatem ~ c F(x) haa a solution. 
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3. STATIC MOVEL 

3. 1. I~oduction 

In this chapter a short run macromodel is considered with three com

modities. This model is similar to the ones of Barro and Grossman 

(1971, 1976), Malinvaud (1977), Böhm {1978), Muellbauer and Portea 

(1978) and Gepts (1977) (cf. Chapter 1). In .the model there is a 

consumption sector and a production sector. The two sectors take into 

account the future. The preferences of the consumption sector are 

represented by a utility function. The preferences concerning the 

future are supposed to be worked up in the utility function via a 

money variable as one of the arguments. The utility for money reflects 

the preferences and expectations of the consumption sector with re

spect to future expenditure and income. Nevertheless, for sake of 

simplicity, the utility function is assumed to be independent of 

present prices and quantity constraints. 

The objective function of the production sector is assumed to be the 

sum of the real cash flow and a "valuation function of stock". The 

latter function represents the preferences with respect to the quan

tity of consumption goeds that are kept in stock. It depends on the 

expected future profits and quantity constraints. We shall, however, 

introduce a very simple "valuation function of stock", which is in

dependent of present prices and constraints. The role of inventory in 

the objective function of the production sector is similar to the role 

of money in the utility function of the consumption sector. 

There are two markets, where cernmodities are exchanged against money: 

the labeur market and the consumption goeds market. We understand by a 

"trade" a pair repreaenting quantities of labeur and consumption goeds. 

Following Subsectien 1.4.1, a Non-Walrasian Equilibrium is associated 

with the concepts "voluntary", "optima!" and "rationing on the long 

side only". A trade is "optima!" for a sector 1 if it maximizes the 
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objective function on the constrained budget c.q. production set. A 

trade is called "voluntary" for the consumption sector if this sector 

is neither forced to supply more labeur nor to consume more goeds than 

desired. A similar definition can be given for the production sector. 

The "long side" is the sector related with the maximum of demand and 

supply on a certain market. If demand and supply are unequal, the 

"long side" is rationed, but not the other sector. 

We specify a Non-Walrasian Equilibrium (NWE-) state as a sequence of 

parameters, a trade and upper bounds, such that the trade is the solu

tion of the maximization problems of both sectors, under the given 

parameters and upper bounds. Furthermore, the condition "rationing on 

the long side only" holds, i.e., it is not allowed that both sectors 

meet "strictly active" constraints (see Sectien 2.2) on a single 

market. The trade of an NWE-state is "optimal" and "voluntary". 

NWE-states are classified following Malinvaud (1977) and Muellbauer 

and Portes (1978). 

The subdivision of this chapter is as fellows. 

Sectien 3.2 contains the basic model and assumptions on the objective 

functions of the two sectors. The maximization problems of the sectors 

are formulated. In the case of "rationing", these maximization prob

lems have to be adjusted slightly. These new problems lead to the 

introduetion of "voluntary trades" that are dealt with in Sectien 3.3. 

Furthermore, the "effective demand and supply functions" are intro

duced. Some properties of demand and supply are investigated in Sec

tien 3.4. 

In Sectien 3.5 attention is given to the trade which takes place 

between the sectors as a result of the interaction. A Non-Walrasian 

Equilibrium state, as mentioned above, is defined. 

In Sectien 3.6 it is investigated for which values of the parameters 

the different types of NWE-states occur. Some extensions are mentioned 

in Sectien 3.7. 

All the proofs concerning utility function, voluntary trades and 

effective demand and supply functions can be found in an appendix. 
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3. Z. Vue!Uption o6 .the. beu-i.c. model. 

We consider an economy with two sectors: a consumption sector and a 

production sector. There are three commodities: money, labour and a 

single consumption good. 

The preferences of the consumption sector are represented by a utility 

function. The consumption sector maximizes this utiZity funotion given 

a budget eenstraint and, if it is rationed (see Subsectien 1.4.1), 

given quantity constraints imposed by the markets. 

The production sector uses labour, supplied by the consumption sector, 

to produce the consumption good. The production process is described 

by a pPOduation jUnation. 

Government is considered to be part of the production sector. An exo

genous amount of the production goes to the government. This govern

ment demand is not rationed. The production function represents the 

relationship between the level of labeur input and the maximum output 

of consumption goods, that remains after satisfying government demand. 

The production sector can hold an inventory of the consumption good. 

The value of this inventory is determined by a vaZuation funation of 

stook. The production sector maximizes an objeative funation, which is 

assumed to be the sum of the real cash flow and the value of stocks. 

This sector may be rationed as well as the consumption sector. 

The profits are not supposed to be distributed among the consumers. 

The exact destination of the profits will not be specified further. 

In this sectien the short run will be studied. This means that the 

wage rate and the price of the consumption good are fixed. Capital is 

neglected. 

The following notations will be used: 

~ number of units of labeur; 

r number of units of the consumption goed; 

zn amount of nomina! money in the consumption sector after 

the exchange on the markets; 

mn initial amount of nominal money in the consumption sector; 

wn nominal wage rate, i.e., the price of óne unit of labeur; 

p price of one unit of the consumption goed; 
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y initial inventory of consumption goeds in the production 

sector; 

q inventory of consumption goeds in the production sector 

after the exchange on the markets; 

tmax maximum nurnber of units of labeur, that can be supplied 

by the consumption sector; 

r number of units of production of the consumption good; 

z real money in the consumption sector after the exchange 

on the markets; 

m initial real money stock in the consumption sector; 

w real wage rate; 

x triple (m,w,y) '. 

With respect to the price p of goeds, the nominal wage rate wn' the 

initial nominal money stock mn' the initial inventory y and the 

maximum labeur supply tmax' only positive values are considered. 

The exchange of labeur, goeds and money takes place simultaneously. 

A pair (t,r), repreaenting the amounts of labeur and goods exchanged, 

is called a t~de. The amount of money in the consumption sector, 

after the realization of the trade (t,r) is defined by 

(3.1) 

where wn~ is income and pr is expenditure. 

(3.1) will be called the budget equation. 

Similarly, the inventory of the production sector after trade (~,r) is 

defined by the invento~ equation 

(3.2) q := y + r - r • 

The increase of the stock equals the difference of production r and 

sales r. Stocks are the stores of value that can be carried over to 

the next period. They are not rationed. 

Real values of final money stocks, initial money stocks and the wage 

rate are defined as fellows (p > 0) 
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Clearly, the budget equation (3.1) can be written as 

(3. 3) z = m + w! - r • 

The eoneumption set ~ c ~~ (cf. Sectien 1.2) is the set of possible 

commodity bundles {~,r,z} reprasenting a quantity of labeur, goeds and 

real money holdings. The consumption sector as a whole is assumed to 

have a single utitity funetion U: ~ ~ E+ (cf. Sectien 1.2). This 

sector could, for instance, consist of identical agents, rationed at 

the same levels. 

ASSUMPTION As 1. The eoneumption eet ~ ia given by 

In the next assumption, we shall make use of the "bordered Hessian". 

The hordered Hessian of the function u evaluated at (t0,r0 ,z0) E int ~ 

is the following matrix: 

(3.4) [~: 
ut u 

UZ J 
r 

u u uir ~tz 
ur.l'. u rr rz 

uzi u uzz zr 

where 

etc. 

and each of the derivatives is evaluated at (t0 ,r0 ,z0). 

It will be assumed that the utility function U has a negative definite 

hordered Hessian. (This implies that the function u is quasi-concave, 

see Arrow and Enthoven, 1961, Theorem 5.) 

ASSUMPTION As 2. The utility funation of the eonsumption sectoP 

u: t. ~ JR+ aatisfies 

1) U I int ö E C2 (int ö-+ JR+) and U E C(ö ~ E+l; 

2) u has a negative definite hordered Hessian for all (~,r,z) E int 8; 

3) u is monotonousty inareasing in r and z and deareasing in t. 
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The production sector can be considered as an aggregate of producers 

and of government. This sector as a whole has a single production 

function F: JR+ + JR, a valuation function of stock Q: JR+ + JR+ and an 

objective function V: JR +JR+. Forthese three functions assumptions 

are given below. 

ASSUMPTION As 3. The production function of the production sector 

F: JR+ + JR has the foUowing properties: 

1) 

2) 

3) 

4) 

5) 

6) 

F € C(JR+); 

F(O) ~ 0; 

F is strictly concave; 

F is increasing; 

lim F(R.) 
R.--

lim FR. (R.) 
R.--

= 00 • • 

0. 

The properties 1) and 3) together imply F I JR++ € c2 
(lR++). For the 

production "decreasing returns" are assumed (properties 3) and 4)). 

Since government demand is subtracted from the production, the value 

of the production function at a zero level of input might be negative. 

The value -F(O) can be considered to be the government demand. 

The properties 1) and 3) - 6) of the above assumption are compatible 

with assumptions in Böhm (1978) and Bildenbrand and Bildenbrand (1978). 

In Muellbauer and Portes (1978) the objective of the production sector 

is the expectation of present and future profits. We will "summarize" 

the future profits in a valuation function of stock. This function 

represents the subjective value for the production sector of a stock 

of goeds, which can be hold. 

ASSUMPTION As 4. The vaZuation function of stock of the production 

sector Q: JR+ + JR+ has the foUowing properties: 

1) Q € c (lR+ .... JR+); 

2) Q(O) = 0; 

3) Q is strictly concave; 

4) Q is increasing. 
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The properties 1) and 3) imply Q I IR++ E C 1(JR++ + JR+). The function Q 

is independent of the price of goods p and the nominal wage rate wn' 

which is a rather restrictive assumption. An increase of the inventory 

is considered to be favourable (4)) but every extra increase is ap

praised less (3)). The production sector tries to avoid a too large 

accumulation of stock. 

In the Barro and Grossman/Malinvaud roodels there is no inventory. This 

is equivalent with Q(q) 0 and y = 0 in our model. This case will be 

dealt with later (see Section 4.6). 

For the objective function of the production sector we assume the 

following 

ASSUMPTION As 5. The objeative funation of the produation seator 

V: JR: x JR++ + :R satisfies the equaUty 

V(.t,r,q;w) - wt + r + Q(q) U,r,q;w) E JR~ x JR++ • 

The value of the objective function is equal to the sum of cash flow 

wt + r and the valuation of stock Q(q). Equivalently, the objective 

function could be assumed to have the following form 

- wt + r - Q(y) + Q(q) , 

so that it represents the sum of real profits and the valuation of 

stock. Since Q(y) is given, maximization of the latter function gives 

the same solution as maximization of the function V of Assumption As 5. 

The feasible solutions for the production sector are elements of the 

production correspondence. Befere an assumption is made concerning 

this map, a remark can be made with respect to the production een

straint; ~ F(t). Since extra goods are always favourable for the 

production sector (cf. Assumptions As 4 and As 5), this eenstraint is 

always active (efficient production). Therefore, the production 

variable; can be replaced by F(t). The inventory equation (3.2) can 

be written as 

(3.5) q y + F(O - r • 

Henceforth, the vector (m,w,y)' will be denoted by x. 
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ASSUMPTION As 6. The produation aoi'respondence op: m.~ =* :R! satisfies 

The production correspondence is such that the production and the in

ventory after the trade are nonnegative. Note that it is independent 

of m and w. 

Now the maximization problems of the sectors can be given: 

(3.6) max {U(JI.,r,z) I (JI.,r,z) E IJ., z,. m+wJI. -r} 

(3.7) max {V(JI.,r,q;"W) I (JI.,r) E op (x), q == y +F(JI.) - r} • 

(3.6) is the maximization problem of the consumption sector. lts solu-
C* C* * C* tion is denoted by (JI. (x),r (x),z (x)), where Jl. (x) is called the 

notionaZ Zahoui' suppl.y and rC* (x) is called the notionaZ demand of 

goods. It can be observed that the solution of (3.6) is independent of 

the initial inventory y in the production sector. 

(3.7) is the maximization problem of the production sector. The solu-
P* P* * . ·p.., tion of (3.7) is denoted by (JI. (x),r {x),q (x)), 1n which Jl. (x) and 

rP* (x) are called, respectively, the notionaZ ZahOUI' demand and the 

notionaZ 8U'f?T?l.Y of goods. The notional labour demand is determined as 

follows: 

if lim F Jl. (JI.) ::> w , then JI.P* (x) == 0 , 
uo 

P* . 
The value of Jl. (x) is finite as a consequence of Assumption As 3.6. 

It is easy to verify that the notional labour demand JI.P*(x) is inde

pendent of both inventory y and real money stock m of the consumption 
P* . 

sector. The notional supply of goods r (x) is independent of m. 

Since we are especially interestad inthespace of trades (1,r), we 

will reformulate the maximization problems (3,6) and (3.7) by elimi

nating the stock variables z and q. For this reason a budget oorre

spondenee and adapted formulations of objective functions are intro

duced. 
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:= {(!,r) E :F? lt :&: R. , m+w!-r <?: O}. + max 

abserve that a trade (!,r) in the budget correspondence DC(x) corre

sponds with a triple (R.,r,z) E ~. which satisfies the budget equation. 

The z-component in the utility function can be eliminated by substitu

tion of the budget equation (cf. Svensson, 1977). 

T1.- • d ·~ • A,~ • - 2 3 • DEF'INITION 3.2. '"" restnate ut-z. .. -z.ty .JWI:at-z.on U: :R+ x :R++ + :R 1.-8 

defined by 

Ü(.t,r,xl := U(R.,r,m+w!-r) if (R.,rl E Dc(x) 

:= 0 eZsewhere 

!ûhere U ie the utility fu.:nation of the aonsumption sector. 

Some possible contour curves of the function Ü in (R.,r)-space are 

depicted in Figures 3.3 and 3.4 in the next section. From Assumption 

As 1 concerning the utility function, differentiability and concavity 

properties can be derived for the restricted utility function u. 

THEOREM 3.3. Uniier Aeeumptions As 1 and As 2» the funation u is t!ûiae 

continuoueZy differentiable in x on :R!+ and in (R.,r) on int Dc(x) 
3 • - • h (x E :R++). Furthermore, the Hess1.-an of u !û-z.t respect to (!,rl on 

int Dc(x) (x E :R!+> is negative definite. 

Similar to the function Ü, a "restricted objective function" of the 

production sector can be defined. 

DEFINITION 3.4. The restriated objeative function of the production 

seator ia the function V: :R: x :R:+ + ll.+ defined by 

V(!,r;x) := V(R.,r,y+F(R.)-r;w) if x E DP(x) 

: = 0 e Zaewhere . 
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Obviously, the following equality holds: 

V(R.,r;x) "'- w.t + r + Q[y+F(.t) -r] 

contour curves of the function v in the (.t,r)-plane can be depicted 

analogously to the Fiqures 3.3 and 3.2 (see Sectien 3.3). 

The analogue of Theorem 3.3 is the followinq. 

THEOREM 3. 5. Under Assumptions As 3-6~ the j'unction V is wice con

tinuously differentiable in x on JR!+ and in (R.,r) on int DP (x) 

(x EJR!+>. FU1'thermore~ the Hessian of V with reepeet to {.t,r) on 

int oP(x) (x E JR!+> is negative definite. 

The maximization problems of the sectors can now be written as 

(3.8) {Ü(R.,r;x} (.t,r) € Dc(x)} 3 
malt (x € :JR++) 

(3.9} max {V(R.,r;x) (R., r) E: DP(x)} (x E: JR3 ) 
++ 

where the solution of (3.8} equals the solution components 

(.tC*(x),rC*{x)) of {3.6) and the solution of (3.9) equals tne solution 
P* P* components (.t (x),r (x)) of (3.7), Fora qiven parameter vector 

x E: JR!+ the sectors choose a trade {.t,r) in a feasible set, These 

trades maximize the "restricted" objective functions, that are strict

ly concave (see Theorems 3.3 and 3,5). 

REMARK 3.6. It has already been noticed that the nötional labour 
P* ~ demand .t (x) is finite. The notional qoods supply r (x) satisfies 

rP* (x) !> y + F[.tP* (x)] and is also fini te. Since the objective function 

Ü in {3.8) is continuous and the feasible set Dc{x) is compact, the 

solution (.tC*(x),rC*(x)) exists as well. 

3. 3. Votun:taJr.y i:Jta.du 

If for given values of the parameters m, w and y, the optimal trades 

that are derived as the solutions of the maximization problems (3.8) 

and (3.9) do not coincide, one of the sectors, or both of them, have 

to be rationed •. Then extra constraints must be imposed to make the 

solutions of {3.8) and (3.9) equal. 
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In Subsectien 1.4.1 it is mentioned that one of the conditions of a 

Non-Walrasian Equilibrium is "voluntariness". A trade is· "voluntary" 

for a buyer, if he is neither forced to buy more than he wants, nor 

forced to sell. For a seller a similar definition holds. 

We shall impose the condition of "voluntariness" on the trades that 

are candidates to be realized. Extra constraints will be added to the 

maximization problems (3.8) and (3.9). Next, it can be investigated 

which of the solutions of the new maximization problems are "voluntary 

trades". A definition will be given which is of specific use for our 

model. 

- - -2 2 Let { .e, r) E E. +. The bar on lR + indicates that infini te values of R. and 

r are allowed. If the scalar I is an extra upper bound on labour 

SUpply and r iS an eXtra Upper b0und On gQodS demand 1 the maximization 

problem of the consumption sector becomes 

{3 .10) max {Û(t,r;x) I {t,r) € Dc(x) I R, s I, r s r} 3 
(x E JR++) • 

Similarly, the maximization problem of the production sector becomes 

{3.11) 

The ("constrained") solutions of (3.10) and (3.11) are denoted, re

spectively, by 

-P - - -P - -L (t,r;x) 1 R (t,r;x) 

Clearly, the solution of (3.10) is independent of the initial inven

tory y and the solution of (3.11) is independent of initial real money 

holding m in the consumption sector. 

If neither of the constraints t S i and r S r is strictly active (see 

Sectien 2.2}, the solutions of (3.10} and (3.11) are the "notional 

solutions" of the preceding section. Hence 

etc. By definition of Lc we have 
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Therefore, Remark 3.6 implies that Lc(Ï,r;x) is finite. In this way it 

can be shown that the solutions of (3.10) and (3.11) exist. 

At this moment, the definitions of a "voluntary trade" and "voluntary 

trade correspondences" can be given. 

DEFINITION 3. 7. The vo'lunta!'y t:mds ao1'1:'espondenae He: m.~ '* JR; of the 

aonsumption seator is de~ned by 

c 2! -- 2 -e-- -e--H (x) := { (R.,r) € JR+ 3(-t,r) E: JR+: R. = L (R.,r;x) Ar = R (R.,r;x)} • 

An e'lement of Hc(x)is aa'l'led a Vó'luntaru trade foP the aonsumption 

seator. 

The voluntaru t:mde ao1'1:'espondenae HP: JR!+ '* JR~ of the proodu.ation 

seator is defined by 

p 2 I - - 2 -P - - -P - -H (x) := { {t,r) E: :R+ 3(t,r) E JR+: R. = L (t,r;x) Ar = R (R.,r;x)} • 

An element of rl (~) is aalled a vo'luntaru t:mde foP the production 

sector>. 

A trade is called voluntary for a sector, if it is the optimal solu

tion of the maximization problem of that sector for soma pair of upper 
-- 2 bounds (t,r) E JR+. Since lower bounds are not considered, nobody is 

forced to buy or sell more than he wishes. A (potential) buy~r is not 

forced to become a seller or vice versa, since the solutions of (3.10) 

and ( 3, 11) are elements of the nonnegati ve orthant. 

As a consequence, Definition 3.7 is compatible with the definition of 

"voluntary" given in Section 1.4. 

From the solutions of (3.10) and (3.11) the following functions can be 

derived. 

DEFitHTION 3.8. The effeative Zabouro supply funation Le: JR+ x JR! + JR+ 

is defined by 

(.,,r;x) • 

The effective goods dsmand funation Re: JR x JR
3 

· + JR is defined by 
+ ++ + 
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The effeative Zabour demand funation LP: JR+ x JR.! -+JR.+ is defined by 

p -P 
L (r;x) := L ("',r;x) • 

The effec:tive goods suppZy funation RP: JR x JR.
3 

-+JR. is defined by 
+ + + 

The functions of Definition 3.8 are considered to repreaent the 

demands and supplies that are actually expressed on the markets, in

stead of the "notional" demands and supplies. 

The effective demands and supplies play a role in Keynesian theory. 

Keynes stated that, since the demand of workers is based on wage 

income, the employment rate of the economy is important for the 

demands on the markets of consumption goods. If unemployment is large, 

the expenditure of the workers is low (cf. the "dual decision hypo

thesis" in Clower, 1965, and also Section 1.4). If consumption is low, 

the producers will hire few workers, so that unemployment prevails. 

Likewise, a lack of consumption goods supply may cause a decrease of 

labour supply and the production of goods may be low as a consequence 

of a shortage of labour input. 

In each of these situations markets are influenced by a deficiency on 

another market, The functions of Definition 3.8 have a variable, eer

responding with the other market, as an argument. 

The relation of the effective demand and supply with the constrained 

demand and supply appears in the following lemma. 

3 
LEMMA 3.9. Under Assunrptions As 1 and As 2~ if x E JR++• for eve1•y 

<'i,rJ E JR
2 
+ 

-c - -
L (.t,r;x) 

-c - -
R ( .t, r; x) 

With Lemma 3,9 the set of voluntary trades of the consumption sector 

can be expressed in terms of effective demand and supply functions. 
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THEOREM 3.10. Under Aesumptions As 1 and As 2, if x e: :m!+• the set of 

voluntary trud8s 

Hc(xl := { (t,rl ,. :m: 3(Ï,rl ,. :m!: R. = Lc(Ï,rrxl,r = Rc(Ï,r;x)} 

is identical to the set 

Theorem 3.10 implies that a voluntary trade is identical to an 

"acceptable trade" as defined by Gepts (1977). 

In Figure 3.1 an illustration of Theerem 3,10 is given. 

r 

Figure 3.1. 

Voluntary trades of the 
consumption sector. 

r 

p 
r 

l* 
Fiqure 3.2. 

Voluntary trades of the 
production sector. 

With Lemma 3.9 the following corollaries are straightforward. 

COROLLARY 3 .11. Under Assumptions As 1 and As 2~ if x € :R!+• the 

following equalities hold: 

3 
COROLLARY 3.12. Under Assumptions As 1 and As 2, if x.,; JR++ and 

r € (O,rC*(x)), LC(r;x) is the solution of 

max {U(R.,rrxl I (R.,r),. Dc(x)}. 
R. 
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• - C* c-Analogously, ~ft E (0,! {x)), R {!;x) is the solution of 

max {Ü(Ï,r;x} I (t,r) E Dc(x)} 
r 

For the production sector, analogues can be formulated of Lemma 3.9, 

Theorem 3.10 and Corollaries 3.11 and 3.12. These analogues can be 

proved in a similar way. 

THEOREM 3.14. Under Assumptions As 3-6, if x E E!+, the set of volun

tary trades 

HP (x} := { (t,r) E E! - - 2 -P - - -P - -3 (R.,r) E E+: R. = L (R.,r;x) Ar = R (!,r;x)} 

is identiaal to the set 

In Figure 3.2 {see below Theorem 3.10) an illustration of Theorem 3.14 

is given. 

COROLLARY 3.15. Under Assumptions As 3-6, if x E JR!+' the foUowing 

equalities hold: 

COROLLARY 3.16. Under Assumptions As 3-6, if x E E!+' for 
rE (O,rP*(x)), LP(r;x) is equal to the solution of 

max {V(.~,,r;x) I (t,r) € Dp (x)} 
R. 
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- P* p -AnaZogousZy, for ~ E (0,~ (x)], R (t;x) equals the salution of 

ma x 
r 

According to Theorems 3.10 and 3.14, the sets of voluntary trades of 

both sectors can be expressed in terms of effective demand and supply 

functions. In the Figures 3.3 and 3.4 it can be seen, how these func

tions can be determined. Foralabour volume 1 € (O,~C*(x)) the effec

tive demand Rc(1;x) is the volume of r, where the line t c 1 is 

tangent to the contour curve, etc. When the indices C are replaced by 

P, the Figures 3.3 and 3.4 illustrate the effective demand and supply 

of the production sector. 

corollaries 3.12 and 3.16 show the way todetermine the effective 

demand and supply functions. 

r 

Figure 3. 3. 

Increasing effective demand 

and supply functions {Ur~ > 0) • 

Fiqure 3.4. 

Decreasing effective demand 

and supply functions {Url. < 0). 

If r < rC*(x) and (~,r) € int Dc(x), then t should satisfy 

etc. (The function Ü is differentiable by Theorem 3.3;. 

The equali ty 

yields 
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p -
by which .t ~ L (r;x) is determined if .t > 0 and F(.t} > r-y. 

The equali ty 

yields 

V (Ï,r;x) 0 
r 

Q (y + F (t) - r) ~ 1 
q 

This equality determines the optimaZ inventor.y y*. 

* It is obvious that the level y is independent of the parameters m, w 

and y. 

The effective supply of goeds is, if 0 ~ y* ~ F(Ï} +y, 

(3 .12} p- - * R (!;x) = F(.t) +y-y • 

P* P* P Relation (3.12) and the definitions of .t , r and R imply 

(3.13) 

r 

FigUre 3.5. 

Illustration of inventory change. 

An illustration of the behaviour of the production sector with respect 
p 

to inventory is given in Figure 3.5. In the point (.t
1

,R C.t
1
;x)), where 

P* t 1 < .t (x), the inventory change is ruled by 

* y -y 

cf. (3.12). This point corresponds with a situation in which the 
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production sector is unconstrained on the goods market. In the point 
p 

(~ 1 ,r 1 l with ~ 1 = L (r1;x), on the contrary, we have 

Now the production sector is constrained on the goods market and is 

bound to make an additional inventory. 

If inventories in the production sector are impossible (Q(q) : 0, 

y = 0), thesetof voluntary trades HP(x) of the production sector 

deqenerates to a part of a curve. In this case the functions LP and RP 

coincide with the production function for ~ € [O,~P*(x)] and 

r € [O,rP*(x)]. A similar argument holds for the consumption sector, 

if the preferenee for money (in the utility function) disappears. 

In the preceding sections, "notional" and "effective" demands and 

supplies have been introduced. The notional demands and supplies are 

functions of the parameters real initial money stock m, real wage rate 

w and initial inventory y. The effective demands and supplies are 

functions of these parameters and, in addition, of a eenstraint vari

able related with the ether market. In this sectien it is investigated 

how the demand and supply functions depend on their argument$. 

The values of the parameter vector x = (m,w,y) ' will be restricted to 

the sets defined by: 

(3.14) XC := {x € lR3 
++ 

lR2 
++ 

n He (x) c int Dc(x)} , 

(3.15) xP {x 3 2 n HP (x) c int DP(x)} := € lR++ lR++ , 

(3.16) x := {x € XC n XP I Hc(x) n HP(x) .;. ~} . 
The sets He (x) and HP (x) in (3.14) - (3 .16) are sets of voluntary 

t~ades (see Definition 3.7) for x € lR!+• Also for x € lR!+' the set 

D (x) is the budget set of the consumption sector (cf. Definition 3.1) 

and DP(x) is the production set (cf. Assumption As 6). Thus the sets 

~. XP and X ar~ defined in such a way, that the positive voluntary 

58 



trades of the sectors are elements of (open) sets in which the eerre

sponding objective functions U and V are continuously differentiable 

(see Theorema 3.3 and 3.5). The set XC depends on the utility function 

u, as well as on the maximum labeur supply ~max· The set xP depends on 

the production ftinction F and the valuation function of stock Q. 

(Since, however, tmax' U, F and Q are fixed, they are not denoted as 

arguments. ) 

The set X is defined in such a way, that for parameter values in X, 
trades exist that are voluntary for both sectors. This existence will 

be an important aspect in the following section, where we regard the 

interaction of the sectors. 

The first theerem of this sectien concerns the notional and effective 

demand and supply functions of the consumption sector. 

TBEOREM 3. 17. UniieP Assumptions As 1 and As 2 

The j'u:ru:Jtion Lc is continuously diffe!'entiable in x on Xe and~ if 

Xe. C* J x e ~ ~n r on (O,r (x) ~ whePe we define 

(3.17) c -lim Lr(r;x) 

rtrC*(x) 

The function Re is oontinuously diffe:Pentiable in x on XC and~ if 

XC . C* J h ""- • x e ~ ~n t on (O,t (x) , w e:Pe we c.u:ft-ne 

(3.18) C C* Rt (t (x) ;x) := 

(3.19) C* fop rE (O,r (x)] 

(3.20) c* foP 1 E (0,1 (x)] 

c-
L (r;x) 

r 

c -
R

1 
(1;x) 

- c-Utr[L (r;x) ,r; 

~ c- -u
1
t[L (r;x) ,r;x] 

~ - c -
ur1[1,R (1;x) ;x] 

u [Ï,Rc(Ï;x);x] 
rr 
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The analogue of Theorem 3.17 ~or the production sector is: 

THEOREM 3.18. Under Asswrrptions As 3-6, 

The function Lp is continuously diffe~ntiable in x on XP and, if 
XP • P* ] h P P* ) • def' d . 'l x € , ~n r on (O,r (x) , w ere Lr(r (x ;x) ~s ~ne s~ ar to 

(3.17) 

The function Rp is continuously differentiable in x on XP and, if 
P P* PP* x € X • in~ on (0,~ (x)], whe~ R!(! (x);x) is de~ned simitar to 

(3.18) 

Furthepmore, if x~ XP: 

P* for r € (O,r (x)] 

"" p- -V!r[L (r;x) ,r;x] 

- p - - , v
11

[L (r;x) ,r;x] 

P* fort " (O,t (x)] 
p-

R~ (!;x) 

Theorems 3.17 and 3.18 give differentiability properties of the func

tions introduced in the preceding section, both with respect to the 

variables ~ and r and the parameters m, w and y. We shall first in-
C C P vestigate when the effective demand and supply functions L , R 1 L 

p 
and R are increasing in the variables ! and r, that correspond with 

the upper bounds in the other sector. In view of monotoni ei ty of the 

function LC in r and the function Re in !, we assume: 

ASSUMPTION As 7. 

For every x ~ XC and r € (O,rC*(x)]: - c- "' o
1
r[L (r;x),r;x] > 0 • 

~and"i~ (O,tC*(x)]: - - c- > 0 • For every x ~ ur
1
[t,R (t;x);x] 

REMARK 3.19. Werking out the differentlal Utr[Ï,r;x], where 

I= Lc(r;xl, yields 
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With the help of Assumption As 7, it can be shown that the effective 

demand and supply functiens LC and Re have the following monotonicity 

proparty (see also Figures 3.3 and 3.4). 

THEOREM 3. 20. Under Assumptions As 1, As 2 and As 7, if x" Xe, 

the tunetion L c ie increasing in r on (O,rc*cxl], 

the f . c wzat1-0n R is increasing in ,t on co,tc*cxJJ, 

For the production sector an analogue of Theerem 3.20 can be formul

ated, even without an additional assumption like Assumption As 7. 

THEOREM 3.21. Under Assumptions As 3-6, if x € XP, 

the fUnation LP ie increasing in r on (O,rP*<xl], 

the fUnation RP ie inareaeing int on (O,~P*(x)]. 

The above theerem fellows from Theorema 3.5 and 3.18. 

For the production sector it can also be shown that the boundary of 

thesetof voluntary trades HP(x), which corresponds with the function 

RP, lies "above" the one eerrasponding with the function LP •. (The 

mutual locations of these twe boundaries are, for instance, like the 

enes in Figure 3.2.) 

LEMMA 3.22. Under Aeeumptions As 3-6, if x<: XP, 

p - p p -
R.l'- {~;x} • Lr[ Rt ( R-; x) ; x] < 1 • 

The rest of this section is devoted to the sensitivity analysis of the 

demand and supply functions for the parameters m, w and y. This sensi

tivity will be important in the next chapter. The relevant derivatives 

for the consumption sector can be expressed in terms of the hordered 

Hessian of the utility function U (see (3.4)). This way is followed by 

Veendorp (1975). However, the expressions in terms of the hordered 
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Hessian in our model are rather untransparant. Therefore we simply 

assume: 

ASSUMPTION As 8. 

Fot' every x € t=: C* C* tm < O, tw > 0, C* C* 
rm > 0, rw > 0 ; 

fot' every (r;x) with x € 'Jf and r € (O,rC*(x)]: Lc < o, Lc > 0 ; m w 

fot' every (!;x) with x € t=ana.t€ (O,tC*(x)]: Re > o, Re > 0 • m w 

If the real money stock m of the consumption sector increases, the 

labeur supply decreases. An increase of the real wage rate w has an 

opposite effect. The demand for consumption goods goes up at an in

crease of m as well as an increase of w. 

Assumption As 8 is compatible with Assumptions (Cl) - (C2} in B6hm 

(1978). 

An analogue of Assumption As 8 for the production sector is not 

necessary. The following property can be obtained. 

THEOREM 3.23. Let Assumptions As 3-6 hoZd. Evaluated at any x € x!~ we 

have 

* P* P* * 1/F U < 0 , ty • 0 , rw = w/F .U < 0 , 

* P* whe!'e F11 := F11 ct ). 

If x € XP and r € (O,rP*(x)], we have L!(r;x) < 
p-=- Lr(r;x) < 0. 

If x € XP and 1 € (O,tP*(x)], we have RP(t;x) 
w 

1 , 

We end this section with some special relations concerning the effec

tive demand and supply functions, that hold if the derivatives are 

evaluated at the notional solutions (cf. Veendorp, 1975, relations c~ 

and ei>· In these relations Definitions ,3.17) etc., are important. 

THEOREM 3.24. Let Assumptions As 1 and As 2 hoZd and x € Xe. The fol

lowing equalities a!'e valid fot' the consumption secto!'~ where the 
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d • · C* -~" C* 1 d C C e~vat~ves of ~ ur~ r are evavuate at x and those of L and R , 

respeativeZy, at (rC*(x);xl and (~C*(x);x): 

Lc tC* - Lc C* 
r 

m m r m 

Lc g_C* Lc C* r w w r w 

Re C* Re tC* r 
m m ~ m 

Re C* c g_C* r - RR, w w w 

THEOREM 3.25. Let Assumptions As 3-6 hoZd and x E XP. The foZZowing 

equaZities are vaZid for the produetion sector, ~here the derivatives 
P* P* P P of t and r are evaZuated at x and those of L and R • r>espectively, 

at (rP*(x);x) and (tP*(x);x): 

p tP* LP P* 
L r y y r y 

Lp g_P* - Lp P* r 
w w r w 

Rp P* Rp ~P* r 
y y i y 

RP P* RP g_P* r 
w w R, w 

Furthermor>e, • * P* * * and x "~-fFu := Fu<R. ), Qqq := Qqq(y ) (m,w
0

,y) 

p [ * 2 * -1 
L wo +FuJ < 0 

w Qqq 

Lp p * * 2 * -1 - L Q qqwO[QqqwO+Fu] > 0 • 
r y 

The results of Theorems 3.24 and 3.25 can be expressed in terms of 

matrices. For instance, 

C* r 
w 
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3.5.1. Definition and saveral types of Non-Walrasian Equilibrium 

states 

The preceding sections were an investigation of the maximization 

problems of the sectors separately and the effective demand and supply 

functions that can be derived. Now, attention must be given to the 

trade, which is a result of the interaction between the sectors. 

As mentioned in Subsectien 1.4.1, a Non-Walrasian Equilibrium satis

fies certain conditions. First, the corresponding trade bas to be 

optimal for the agents within the constrained budget/production sets. 

Second, at most one side is rationed (the "long" side). Finally, the 

trade must be "voluntary". 

The concept of "voluntary trade" is elaborated already and a specific 

definition is given for our model. In this sectien the conditions of 

"optimality" and "long side rationed only" are considered and a spe

cific definition of a Non-Walrasian Equilibrium (state) is given. 

A trade is considered to be optimaZ for a sector, if it is the solu

tion of the maximization problem of the sector under the given quan

tity constraints. Hence, a condition that has to be imposed on the 

quantity constraints, perceived by the sectors, is that they generate 

the same solution for both maximization problems (3.10) and (3.11). 

The concept of "optimality" is closely related to "voluntary" from 

Sectien 3.3. An optimal trade is also voluntary. Since we look for a 

trade which is optimal for both sectors, this trade must be an element 

of the intersectien of the sets of voluntary trades for the given 

parameters. 

The consumption sector is a damander of goods and a supplier of labour 

and the opposite holds for the production sector. If the two sectors 

were restricted on the same market, they could realize a trade which 

were better for both, if the damander would demand more and the 

supplier would supply more. For a Non-Walrasian Equilibrium it is 

required, that at most one of the sectors is rationed on each of the 

markets. This condition is called "I'ationing on the Zong side onZy", 

where the "long side" stands for the maximum of unequal demand and 

supply. This condition is a further restrietion of the admissible 

rationing schemes. 
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The phenomenon "rationed on a market" can be described by a "strictly 

active" eenstraint (see Section 2.2}. On both markets at least one of 

the sectors does not meet a strictly active constraint. 

The above reflections lead us to the following definition. 

DEFINITION 3.26. A Non-Walrasian Equilibrium state (NWE-state) is a 
-c -c -P -P 3 2 -2 -2 sequenae {x,(t,f},(! ,r ), (! ,r J} E ~++x~+ x~+ x~+' whiah satis-

fies 

1} 

2} at least one of the aonstraints ! ~ ie and t s ip and at least 
-P • one of the aonstraints r $ and r $ r ~s not striatly aative. 

The trade (t,r} of the sequenae is aaZZed a transaation. 

The suffix "state" is used to avoid confusion with the concept of an 

"equilibrium of a differential system". 

There are nine types of NWE-states. Following the narnes given by 

Malinvaud (1977) and Muellbauer and Portes (1978), thesestatescan be 

characterized as in Table 3.1 below. (In this table the argument x, 

which is the triple of parameters, is omitted). 

TABLE 3.1. The types of NWE-states. 

~=tc=LPCrP> < tC* ie;::: Lc(rcl=~ ic;:::Lc(rcl 

Ip? Lp crp> -P p -P A 

! ? L (r }=! ~=IP =L c ere> < tP* 

r=J:S.RP (ÏP l <r C* Classical Classicall (Repressed) 

i?? Rp (ÏPJ 
(unemployment) inflation inflation 
state state state 

rC? RC(tC}=f Keynesian/ Walras inflation/ 

-P P -P classical Equilibrium underconsumption 
r ;::, R (t l=r state state state 

re? RC(tc} Keynesian underconsumption; underconsumption 

-P c -c P* 
(unemployment) Keynesian state 

f:r =R (t ) <r state state 

65 

• 



C* r =r 

66 

r 

P* 

r 

; (î,r> 

Fiqure 3.6. 

Walras equilibrium. 

Figure 3.8. 

Keynesian Unemployment. 

r 

_Figure 3.10. 

Underconsumption. 
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r 
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C* 

P* 
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p 
r 

Fiqure 3.7. 

Repressed Inflation. 

Fiqure 3.9. 

Classical Unemployment. 

r 

Figure 3. 11. 

Two transactions. 



A Walras Equilibrium state is an NWE-state with no rationing. The 

transaction equals both notional solutions of the two sectors, i.e., 

it is the solution of both maximization problems (3.8) and (3.9) 

simultaneously. This formulation of a Walras Equilibrium state is 

compatible with the definition of a Walras Equilibrium in Sectien 1.3. 

A representation of a Walras Equilibrium state is given in Figure 3.6, 

where (t,f) is the transaction. 

In Figure 3.7 a Repreaeed intzation state is depicted. In such a 

state there is an excess demand on both markets. Formally, 

-c 
r 

where tP* is the notional labeur demand, LC is the effective labeur 
~ p 

supply, r is the notional goods demand and R is the effective goeds 

supply. 

A Repressed inflation state is the consequence of a situation in which 

firms produce at a lower level than their notional supply, in view of 

a labeur input shortage. The werkers, on the ether hand, are not pre

pared to werk at their notional labeur supply level, because they can 

buy only a limited quantity of goods. According to the "law of demand 

and supply", excess demands lead to price increases. As long as the 

prices are fixed, such increases are repressed, which explains the 

name. 

In a Keynesian unemployment state (see Figure 3.8) both supply sides 

are rationed. In the theory of Keynes, unemployment is explained as 

fellows. The firms hire little labeur because of the fact that con-

sumption demand is low. The eensurners (werkers) have a low expenditure, 

since their total income is lew as a consequence of the high unemploy

ment. Keynes' remedy for unemployment was a stimulation of consumption 

demand. A Keynesian Unemployment state can be characterized by 

-P 
r 

icxl 

r (x) = R~ Î (x) ; x] < rP* (x) 

CZassiaaZ unempZoyment is the context in which the Classica! econo

mists used to place unemployment. The cause of this unemployment is 
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much different from the Keynesian explanation. The producers choose 

for a relatively small production in view of the high real wage costs 

that make labeur input expensive. Therefore the Classical economists 

emphasized the necessity of wage decreases. 

In a Classical unemployment state (see Figure 3.9) the production 

sector reaches its notional solution and the consumption sector is 

rationed on both markets. 

Underaonsumption (see Figure 3.10) is the counterpart of Classical 

unemployment, i.e., the consumption sector is satisfied and the pro

duction sector is rationed on both markets. 

In Figures 3.6- 3.10, the intersectien of the sets of voluntary trades 

is indicated by the shaded areas. It can be observed that a transac

tion is always an intersectien of an "effective goods curve" and an 

"effective labour curve". For instance, fora Keynesian NWE-state 

(x,(~,!), (Ïc,w), c~.rp)) the following equations hold: 

Application of Corollaries 3.11 and 3.15 yields 

3.5.2. Existence and uniqueness results 

NWE-states depend on the parameters initial money stock m, real wage 

rate w and initial inventory y. Therefore, transactions are dependent 

of these three variables as well. A relevant question is whether NWE

states exist and are unique fora given triple x= (m,w,y)'. 

The existence of NWE-states and transactions is warranted, if the 

intersectien of the sets of voluntary trades HC(x} and ~(x) for the 

given x E ~~ is nonempty. A sufficient condition for existence is 

x EX, where the set X is defined by (3.16). 

However, the above condition does not imply uniqueness of NWE-states. 

In Figure 3.11 an example is given of two transactions for a given 

triple of parameters. The pairs (t1,r1) and (!,f} are both transac

tions related with a Repressed inflation state. 

With respect to uniqueness, the following assumption is made (cf. 

Böhm, 1978, Assumption (A), (ii} and (iii}}, 
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- P* - -ASSUMPTION As 9. Por aU x EX and f E (O,t (x)]: -U f/U < F 2 (t), _ _ C _ r rr 
where the derivatives of u are evaluated at (t,R (f;x) ;x). 

- P* - ,..., ""' ,..." 
Por all x EX and rE (O,r (x)]:u2r;uH > v 2r;vu, where the deriv-

atives of u are evaluated at (Lc(r,x),r,x) and those of V at 

(LP(r;x),r;x). 

In view of Theorems 3,17 and 3.18, Assumption As 9 states that the 

effective demand and supply functions of the production sector with 

respect to the constraints on the other markets are steeper than the 

ones of the consumption sector. 

As a consequence of Assumption As 9, the following theerem can be 

obtained, which is proved by Böhm, 1978, Theorem 1. 

THEOREM 3.27. Under Assumptions As 1-9, there is a unique NWE-state 

for every x E X and the set X of paPameters aan be subdivided in dis

joint sets, that aover"X and are defined as follows: The set WE is the 

set of triples that have a Walrasian Equilibrium state as the oorre

sponding NWE-state. Similarly, the following sets àre defined: 

C aorTesponds with a Classical state, 

I with an Intlation state, 

U with an Underaonsumption state, 

K with a Keynesian state, 

CI with a Classiaal/Inflation state, 

IU with an Inflation/Underaonsumption state, 

UK with an Underaonsumption/Classiaal state, 

KC with a Keynesian/Classiaal state. 

It is important to notice that Theerem 3.27 implies not only the 

unicity of a transaction, but also the unequivocal determination of 

the strictly active constraints (see Sectien 2.2) for any x " X. In 

other words, there is a one-to-one relation between parameters and 

NWE-states. 

As a consequence of the restrietion to elements of the set X, the 

differentiability properties of Theorems 3.17 and 3.18 hold for every 

x inthesets defined in Theerem 3.27. 

A direct consequence of the definitions of the sets in Theerem 3.27 is 

the following. 
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THEOREM 3.28. Under Assumptions As 1-9~ if the sets C~ 1~ U and K are 

nonempty~ 

X n cl c c u C1 u KC u WE 

X n cl 1 1 u C1 u IU u WE 

X n cl u= u u UK u 1U u WE 

X n cl K = K u UK u KC u WE 

cl I n cl K = WE 

cl C n cl U= WE 

In addition to Theorem 3.27, we can prove the following existence and 

uniqueness theorem for Walras Equilibrium states. 

THEOREM 3.29. Let Assumptions As 1-9 hold. 

For eVeT'!J y there is at most one pair (m,w), such that (m,w,y}' E WE, 

for eVeT'!J w there is at most one pair (m,y), such that (m,w,y)' E WE, 

for eVeT'!J m there is at most one pair (w ,y), such that (m,w,y)' E WE. 

PROOF. Let y be fixed on the value y 
0

• Define the functions 4>R-: :R: .... :R 
and 4>r: :R! .... lR by 

<l>
2 (m,w) := 

The definition of the set WE (see Theorem 3.27) implies, for 

x .. 
0 

and xo € XC and xo E xP . 
. ~ C* For x

0 
E À- the derivatives 2 (x

0
), etc., exist (see Theorem 3.17). 

p P* Analogously, x0 EX implies the existence of the derivatives! (x0), 

etc. (see Theorem 3.18). 

Let the functions w2 and wr be implicitly defined by 
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and consider the derivatives 
r 

and ~m • Wi th the aid of the im-

plicit function theerem (Theorem 2.3), it can be found that the first 

derivative is 

which is positive (cf. Assumption As 8 and Theerem 3.23), and the 

secend derivative is 

which is negative. 

C* r m 
C* P* ' 

r - r w w 

Therefore, at most ene pair (m,w) can exist fer which ~~(m,w) c 

tr(m,w) = 0 holds. Theether two assertions can be proved in a similar 

way. 

3.5.3. Differentiability of transactlens with respect to the 

parameters 

It can be concluded from Theerem 3.27 that the transaction is a func

tion of the vector x of parameters. In this subsectien we investigate 

differentiability properties of this function. For that purpose the 

following lemma is useful. It is a consequence of Assumption As 9 and 

Lemma 3.21. 

LEMMA 3.30. Undsr Assumptions As 1-6 and As 9~ the funations xi: 

X n cl 1 + lR and xK: X n cl K + JR, dsfined by 

where (~,r) is the transaction, have positive vatues. 

The value of XI(x) corresponds with the difference of the slopes of 

the functions that determine the Inflation transaction (~(x) ,r(x)). A 
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zero value of XI is related with coincidinq tangents to the graphs of 

these functions. The value of XK has a similar interpretation. 

In the main theorem of this subsectien it is proved that the transac

tion, under the "uniqueness assumption" As 9, is a continuously dif

ferentiable function of the parameter vector x = (m,w,y)' on subsets 

of the set X. Since these subsets are non-open, Definition 2.2 of 

continuous differentiability is used. The derivatives of the transac

tion (Î,f) with respect to the parameters m, w and y on the common 

boundaries of these subsets are defined with the aid of the functions 

~C*, Lc, etc., that are differentiable in x on the whole set X (see 

Theorems 3.17 and 3.18)_. Furthermore, the transaction is a continuous 

function of x on the whole set X. 

TBEOREM 3.3L Under Assumptions As 1-9. for the transaction CÎ,fl the 

foZlowing relatione hold: 

for Z 

For x € 

! € c (X + lR+) I f € C(X + lR+l , 

~: I <X n cl ZJ € C' eX n 

tl <X n cl ZJ € C' (X n 

c. I. U., K. 

Xncli: 

l = Lc /xi < o , m m 

t =Lc/x >O, 
w w I 

cl z +1\) 

cl z + lR+) 

, 

, 

where x I is defined as in Lerrma 3. 30• the de'Pivatives of t and f are 

evaluated at x. the de'Pivatives of Lc at [f(x) ;x] and those of F at 

t (x). 
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For x er X n cl K: 

t = LP /x < o , 
y y K 

where xK is defined as in Lemma 3.30~ the derivatives of t and 1' are 

evaZuated at x~ the de:r>ivatives of Re at [Î(x);x] and those of LP at 

[i' (x) ; x]. 

PROOF. The transactions can be subdivided, in the sense of Theorem 

3.27, in Classica! transactions, etc. 

For x E cl C: 

For x er cl 1: 

t (x) = Lc[!'(x);x] , 

r(x) = RP[Î(x) ;x] . 
Por x er cl U: 

i (x) = te* (x) A 1' (x) rC'Ic {x) . 

For x E cl K: 

t {x) = LP[f(x);x] , 

f(x) = é[t(x);x] . 
Specificatiens on the boundaries are compatible and lead to a single 
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value of (i,fl as a function of x. Continuity of this function on X 
P* fellows from continuity of the functions! , etc., on the correspond-

ing sets (see Theorems 3.17 ·and 3.18). Together, this gives the con

tinuity of i and f as functions of x. 

Continuous differentiability fellows from the above specifications and 

continuous differentiability of the functions tP*, Lc, etc. (see 

Theorems 3.17 and 3.18). 

For x € X n cl I, for example, the value of i can·be determined by 

solving 

H(Î,m) 0 

where 

With the help of the implicit function theerem (Theorem 2.3), the 

derivative Î can be found: 
m 

where x1 is positive by Lemma 3.30. 

Each of the ether derivatives can be found in a similar way. The signs 

are a result of Assumption As 8 and Theorems 3.19-21. 

REMARK 3.32. For x € X n cl U the signs of the derivatives t etc., m 

D 

fellow from Assumption As a. For x € X n cl C these signs are given by 

Theerem 3.23. 

We shall regard the locations of the sets KC, CI, IU and UK in (m,w,y)

space when, successively, the parameter y is fixed at a level y0 , w at 

w0 and m at m0 • It wil! be assumed that Assumptions As 1-9 hold. 

Let y be fixed at the level y0• Then the set KC is determined by the 

equation 

(x € Xl 

where x 
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It can be noted that the notional labour demand is independent of the 

parameters y (see Theorem 3.23) and m. Furthermore, the effective 
c goods demand R does not depend on the inventory y. 

Let wKC(m) be defined in such a way that (m,wKC(mJ,y
0

J E KC. Then we 

can write, omitting all irrelevant arquments, 

C P* KC KC P* KC * 
R [t [w (m)];m,w (m)]-F(t [w {m)]) -y

0
+y 0 (x E Xl • 

By the implicit function theorem (Theorem 2.3) the following equality 

can be found for x E X with x
3 

= y
0

, 

C P* where R is evaluated at [t (x);x], etc. m 
It follows from Assumptions As 8 and As 9 and Theorem 3,23 that the 

KC 
derivative wm is negative. 

In analogous terms the slopes of the curves corresponding with the 

intersections of the sets CI, !U and UK with the plane y = y0 can be 

determined. Thus we find 

CI C C P* -1 
w = - L • [L - R. • X J m m w w I 

where XI is defined as in Lemma 3.30. Assumption As 8, Lemma 3,30 and 

Theorem 3.23 imply that the derivative wCI is positive. 
m 

The term r~ -F
1 

• t~* is positive, but the sign of w!U is indefinite. 

Now, the term LP • rC* +LP-tC* is negative. 
r w w w 

Figure 3.12 is a representation of the relevant sets in the plane 
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KC 
c er 

K I 

UK 

'-----------m 
Figure 3.12. 

Situation of the regimes 

for y = y 0 

y 
UK 

1U 

m 

Figure 3.13. 

Situation of the regimes for 

Similar results can be derived for the plane w = w0 (see Figure 3.13): 

KC C 
ym ,. -~ > 0 • 

Finally, in the m .. m0 - plane ( see Figure 3. 14) : 

It can be observed that, if the curve in Figure 3.12 corresponding 

with the set UK has a positive slope, it bas a negative slope in 

Figure 3.14. The same goes for the set !U. 
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UK KC 
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1U er 

1------------w 

Fisure 3.14. 

Situation of the regimes 

for m == mo. 

It is important to investigate what happens with the location of the 

subsets C, I, K and U, if the preferences for stocks tend to zero. 

If the importance of money in the utility function of the consumption 

sector disappears, the boundaries KC and CI are going te coincide. The 

new boundary of the sets I< and I can be represented by a vertical half 

line in Fiqure 3.12 and a horizontal half line in Fiqure 3.14. 

If the valuation of stock in the production sector tends to zero, the 

boundary UK tends to the boundary IU. The latter is independent of the 

valuation of stock. 

If the preferences for both money stocks and stocks of goods disappear, 

the model becomes inconsistent (see Muellbauer and Partes, 1978). 

3. 1. Ext~i.on4 

In this sectien little attention has been paid te the intertemporal 

character of the models. Since the sectors have te decide about two 

periods, present and future, expectations with respect te prices, 

consumption, etc., are very important. Until this far, these expecta

tions are assumed te be implicit in the objective functions U and v. 

The specificatien of the expectations, however, causes many difficul

ties {see Muellbauer and Partes, 1978}. 

There are many possibilities with relation te the stocks in the models. 

For instance, the money stocks of the production sector may be regard

ed. The consumption sector can be given a possibility to held an in

ventory of goods, etc. 
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Not much is said until this far about the destination of profits. In 

this thesis profits are not paid to the consumption sector, but, for 

instance, taxed away completely by the government. One could think of 

several ether possibilities with relation to the profits. 

APPENVTX: PJLoo6-!> wUh Jte6pec.t .to Sec.tiotU> 3.2-3.4 

PROOF OF THEOREM 3.3. 

~ 2 c 3 
U € C (int D (x) +m+)' for given x € m++' is implied by Assumption 

As 2 and the definitiori of u (Definition 3.2). 

The Hessian of the function U with respect to (~,r) on int Dc(x) 

satisfies 

·f u~ u 

::z]~ j r 

~u ~~~] [~ 0 u u u~r 

r~ 
0 -1 U. ur~ u rr r rr · rz 

u UZ~ u u w z zr zz 

This hessian is thus also negative definite by Assumption As 2.2. 

PROOF OF THEOREM 3.5. 

For the Hessian of the function V with respect to (~,r) the following 

equality holds. Evaluated at (~ 0 ,r0 ) € int DP(x) 

~~r] 
rr 

where the derivatives of F are evaluated at ~O and those of Q at 

y + F(~0 l - r 0 • Hence we have the equalities 

(~ ~~r] [:] = rr 2 2 2 
{Q (F.l +Q F •• lt -2(Q F.ltr+Q r qq ~ q ~~ qq ~ qq 
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This latter expression is negative, since Q > 0, F •• < 0 and Q < 0 q x-:v qq 
(see Assumptions As 3, As 4). Therefore the function V has a negative 

definite Hessian with respect to (R-,r). 

PROOF OF LEMMA 3.6. 

In this proef the argument x is omitted from the notation. Let 

i ~ Lc(r). Suppose Lc(I,rJ < I. Note that the following inequality 

will always be true: 

Consider the convex combination 

and note that there will be real numbers Àl E (0,1) such that 

Lc(I,~l < t
1 

< I. 

0 

Since furthermore, r
1 
~rand m+wR. 1 -r1 ~ 0, the convex combination 

(R.
1
,r1l is a point in the feasible region of the maximization problem 

(3.10). 

From inequality (Al) and strict concavity of Ü it fellows that 

This is a contradietien tothefact that (Lc(i,r),Rc(Ï,r)) is the 
-c - - -optimal solution of (3.10). Therefore, L (R.,r) ~ R.. 

- -c - -c - -c -If 9. > L (00 ,r), then the point ( (L (oo,r) ,R ("',r)) lies in the feasible 

region of the maximization problem (3.10) and therefore will be the 

solution of (3.10). The first equality of Lemma 3.9 is proved now. The 

proef of the secend one is analogous. 

PROOF OF THEOREM 3.10. 

In this proof the argument x is omitted from the notation. 

Let (R.,r) E SC. Then by Lemma 3.9 it fellows that LC{R.,r) 9. and 

Rc(R.,r) = r. Therefore, (R.,r) E He. 

0 

Let (R.,rl E He. Then there exists a pair {Ï,r) E lR: such that (R.,r) is 

the solution of the maximization problem 
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see Theorem 3.3. The pair (l,r) is then also the solution of the 

maximization problem 

Hence, by definition of i C, we have l = iC(i,r) • 

Therefore, since iC(i,r) s iC(oo,r) = LC(r), the inequality l 5 LC(r) 

holds. 

Similarly, it can be proved that r 5 RC(l), so that (l,r) E HC and the 

equality H
C HC is proved. 0 

PROOF OF LEMMA 3.13: similar .to Lemma 3.9. 

PROOF OF THEOREM 3.14: similar to Theorem 3.10. 

PROOF OF THEOREM 3.17 

This theorem is an application of Theorem 2.4. The choice of x in the 

set XC and r E (O,rC*(x)] imply (LC(r;x) ,rl E int DC(X). Furthermore, 

by Corollary 3.12, LC(r;x) is the solution of 

max (u (l, r; x) 
l 

By Theorem 3.3, U E C2 (int DC(X) + ~+), hence 

(A2) C - -
Ul[L (r;x) ,r;x] = 0 • 

Strict concavity of the function U (see Theorem 3.3) implies 

(A3) - C - -
Ull[L (r;x) ,r;x] < 0 . 

The implicit function theorem (Theorem 2.3) applied on (A2) together 

with (A3) implies that LC(r;x) exists and satisfies (3.19). 
r 

The other assertions can be proved in a similar way. 

PROOF OF THEOREM 3.18. 

IJ 

P 
The equality (3.12) implies Rl Fl. The rest of the proof is similar 

to the proof of Theorem 3.17. o 
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PROOF OF THEOREM 3.20. 

c - c 
(3.19) and (A3) imply that for every x E X the function L is in-

creasing on (O,rC*(x)] if 

~ c - -u1r[L lr;x),r;x] > 0. 

Hence, the function LC is increasing on (O,rC*(x)] under Assumption 

As 7. 

A similar proof can be applied to show that the function Re is increas
C* ing in 1 on (0,1 (x)]. 0 

PROOF OF LEMMA 3.22. 

Cbserve that the relevant derivatives exist according to Theerem 3.18 

(even for r ~ rP* and I= lP*). It follows from Theerem 3.18 and the 

proef of Theerem 3.5 that 

p -
where the derivatives of Q are evaluated at y + F[L (r;x)] -rand 

p 
these of F at L (r;x). By the Assumptions As 3 and As 4, the term 

p 
QqF11 is negative. Furthermore, Theerem 3.18 implies F1 ~ R1 . Now the 

first assertien can easily be derived. The proef of the secend one is 

similar. 

PROOF OF THEOREM 3.23. 

The solution IP*(x) is determined by 

P* With the implicit function theerem (Theorem 2.3) we find Iw (x) = 

* = 1/F11 , which is negative by Assumption As 3. Clearly, IP*(x) = 0. 
y 

0 

P* * The relati.ons rw (x) = w/F 11 < 0 and rP* 
y 

= 1 fellow easily from (3.13). 

RP(I;x) = 0, if x e: XP and 
y 

Likewise, (3.12) implies RP(I;x) 
P* w 

Ie: (0,1 (x)]. 

= 0 and 

For x= (m,w,y)' E XP and re: (O,rP*(x)], the function Lp is determined 

by 1 in the following equation: 

Qiy + F (1) - r] • F I (I) - w 0 • 
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With the implicit function theerem (Theorem 2.3) and the Assumptions 

As 3 and As 4, we find 

(A4) 
p- -

Lw (r;x) 
2 -1 

'" [Qqq(Ft) +QqFU] < 0 , 

(A5) p - - 2 -1 
Ly(r;x) = - Q F • (Q (F ) + Q F ] < 0 , qqt qqt qU 

(A6) p - -
Lr(r;x) 

2 -1 
"' Qqq Ft • [ Qqq (Ft) + QqF U] > 0 , 

where the derivatives of F are evaluated at LP (r;x) and those of Q at 

y + F[Lp(r;x>J- r. o 

PROOF OF TBEOREM 3.24. 

·The following equation holds by definition 

Differentiation of the left-hand side with respect to m yields 

This expression equals the derivative with respect to m of the right
C* hand side, i.e., tm • Therefore 

The ether equali ties can be proved in a similar way. 

PROOF OF TBEOREM 3.25. 

The derivatives LP, LP and LP immediately follow, if we substitute 
* w r y * 

Ft • w, Qqq • Qqq' Qq .. 1 and Ftt = Ftt in relations (A4)-(A6) in 

Theorem 3.23. The other assertions can be checked easily with the 

results of Theorem 3.23. 
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4. VYNAMIC MOVEL 

4.1. lnt4oda~n 

In the preceding chapter the models covered a period, during which the 

price of goods and the wage rate were fixed. The present chapter con

tains an analysis of a somewhat longer term, in which prices are 

variable (capital and investments, however, ·are still neglected). 

A continuous time is introduced. Stocks and prices adjust over time in 

the following way. 

To begin with, it is assumed that the process of quantity rationing, 

leading to a transaction, is infinitely faster than adjustments of 

stocks and prices. This assumption is usual in literature on dynamics 

of disequilibria, cf. Hicks (1946) ("fix-price method"), Barre and 

Grossman (1971), Benassy (1975), Veendorp (1975) and Grandment (1977b). 

A disequilibrium transaction initiates adjustments in stocks and 

prices. On the one hand, it may lead to (dis-)savings and changes of 

inventory. On the ether hand, the differences in demand and supply 

give rise to an increase or a decrease in prices, according to the 

"law of demand and supply". 

The adjustments of stocks and prices reflect the uncertainty of the 

agents, which is implicit in the model, i.e., worked up in the prefer

ences (see Sectien 3.1). 

Oynamic models with quantity rationing have been investigated by 

Veendorp (1975), Dehez and Jaskold Gabszewicz (1977), Böhm (1978), 

Honkapohja (1979), Picard (1979), Laroque (1979), Eckalbar (1980), a.o. 

Böhm (1978) and Dehez and Jaskold Gabszewicz (1977) introduce discrete 

time models in which money holdings are variable, but prices remain 

fixed. In Veendorp (1975), Picard (1979), Laroque (1979) and Eckalbar 

(1980), on the ether hand, time is continuous and the prices of two of 

the three goeds are varying, while stocks are neglected (Picard also 

considers investments and capital accumulation). Honkapohja's continu-
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ous time approach includes both price and {money) stocks dynamica. 

However, Honkapohja does not investigate Walrasian states. It is our 

goal to combine the mentioned models in a continuous time context and 

add a varying inventory in the production sector. We will integrate 

both stock and price dynamica (and examine stationary Walrasian equi

libria as wellas Non-Walrasian equilibria in the naxt chapter). 

A formulation of dynamic stock and price relations can be found in 

Section 4.2. The stockand price adjustment functieins :are analyzed in 

Section 4.3. In Section 4.4 special attention will be dewted to 

Walras Equilibria and their relations to stock adjustments. Section 

4.5 is the analogue of Section 3.6 for the continuous time models. In 

Section 4.6 we conside~ the consequences of the omission of the possi

bility of an inventory of qoods. Finally, some extensions are mention~ 

ed in Section 4. 7 • 

4.2.1. Adjustments of stocks, 

In this section the adjustments of the stocks and the prices over time 

are described. It is assumed that the preferences and the technoloqy 

are constant over time. 

ASSUMPTION As 10. The utility function u .. the p:ttoduction function F 

and the vatuation function of stock Q a.r'6 constant ove:tt time. 

As a result of Assumption As 10 the transaction (Î,f) {see Definition 

3.26) is a time-independent function of x • {m,w,y)'. The objective 

function V of the production sector is constant as well. 

Ass.umption As 10 implies that technical progress is absent and that 

price expectations are constant. The latter obviously is a severe 

restriction. 

Benceforth time indices will be omitted, if this will not lead to 

misunderstendings. 

The model of the preceding chapter is reformulated in a dynamic model 

with continuous time. The budget equation is now assumed to be gi ven 

by 
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(4.1} 

The consumers assume that the present flow of nominal savings wnJ1.- pr 

will be constant over some arbitrary time interval km. They base their 

decisions on the·fictitious money stock given by (4.1}. It can beseen 

that the dimension of km is such that the dimension of km (wn.t- pr) is 

compatible with the one of the nominal money stock mn' The variable zn 

in (4.1} must be nonnegative: 

(4. 2) 

For negative savings, (4.2) is an expression of the consumers' wish to 

"keep it up" with their money holdings a period of km time units. 

(4.1) can, of course, be given in real terms as well: 

(4.3) z = m + km (wR.- r) • 

Similarly, the inventory equation in the new model is 

(4. 4) 

where 

(4,5) 

q y + k [F(R.l -r] 
y 

y + k [F (.11.) - r] ~ 0 • 
y 

(k > 0) , 
y 

The unconstrained maximization problem of the consumption sector 

beoomes 

max {U(R.,r,z) I (t,r,z) E /:;,. A z = m + k (wt- r)} , m 

where /:;,. is the consumption set (see Assumption As 1) • The unconstrain

ed maximization problem of the production sector can be found in a 

similar way. 

The following functions will play a role in the sequel. It is assumed 

that Assumption As 9 holds, se that the transaction defined in Defini

tion 3,26 is a function of x. 

DEFINITION 4.1. Let Assumption As 9 hoZd. 

The reaZ savings [unation S: X + :1< is de[ined by 

S(x) := wi{x) - f(x) 

~here (~,r) is the t~nsaation and X is de[ined in (3.16). 
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The inventory adjuatment [unation Y: X + JR is defined by 

Y(x) := F[l(x)] -_!(x) • 

Since savinqs and inventory adjustment are determined by the transac

tion (!,!), the functions s and Y have different specifications on the 

sets C, 1, U and K, as have the functions ! and f. 

REMARK 4.2. If ll': X + :R denotes the real profits of the production 

sector excluding qovernment demand - F (0), the following equality 

holds: 

S(x) + n(x) t F(O) 0 (x E XJ • 

The stock adjustments are formalized as fellows: 

(4.6) 
0 

mn = pS (x) (x E X) , 

(4.7) y = '!f(x) (x E X) • 

If the production sector is not rationed on the goods market, i.e •. , if 

x E cl (C u 1) , then the following equation holds, cf. ( 3 • 12) , 

Bence, by (4. 7), the inventory change is given by 

0 -1 * y = k (y - y) • 
y 

-1 * The salution of IVI?(Y,y0 ,0J with Y(y) = ky (y -y) is given by 

* * y(t) = (yo-y) exp[-t/ky] + y • 

As·long as the production sector is unconstrained on the qoods market, 

it adjusts its inventory continuously upto the optimal inventory level 

* * y • For the initial value y 0 = y the inventory is kept constant, of 

course. 

For a point x € K u UK u U, eerreeponding with an NWE-state, in which 

the production sector is rationed, we have 

0 -1 * -1 * y = k (y - y) + p[l (x)] - r (x) > k (y - y) • y y 

This is illustrated in Fiqure 3.5. 
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4.2.2. Adjustments of prices 

We have met some specifications of price adjustments in economie theo

ry in Beetion 1.5. In the present subsectien we will confine ourselves 

to neoclassical adjustments of the two prices {the price of goods and 

the nominal wage ratel • Hence, it is assumed that these adjustments 

are based on excess demands. 

We introduce exaess demand funatione Ere, ErP, E~e and E~P defined on 

the set X (see {3.16)) and into~. These functions are supposed to 

repreaent the excess demands. The upper indices correspond with the 

market and the constrained sector. It is assumed that the dynamic 

behaviour of the price of goeds and the nominal wage rate depend on 

the excess demand functions in the following way: 

{4. 8) 

(4.9) 

re rP ~P te The positive scalars k , k , k and k are weight factors, eerre-

sponding with the adjustment speeds of the price changing process. If 

the agents are easily prepared to make concessions in the determina

tion of a price, then the corresponding weight factor is large. 

Some examples of excess demand functions are given that are to be 

evaluated in the next chapter: 

Ere (x) = Re[Î(x);x] - r(xl (x E X) , 

ER.P (x) = LP[r(x);x] - i {x) (x E X> , 
(4.10) 

ErP(x) RP[i(x);x] - r(x) (x E X> 

E~e (x) L c(r (x) ;x] - i (x) {x E X) , 

where (Î,r) is the transaction at x, Re is the effective goods demand 

function and LP is the effective labeur demand func~ion, etc. 
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Ere (x) = é[!(x};x]/f(x) -1 (x e: X) (f (x) > 0) • 
E.tp (x} .. LP[r(x);x]/t(x) -1 (x e: X> ei (x) > 0} , 

(4.11) 

ErP (x) = RP(Î(x);x]/f(x) -1 (x e: X> (t{x) >0) , 

E.tc (x) = Lc[f(x) ;x] I i(x) - 1 (x e: X> ei (x) > 0) 

Erc(x) = rC* (x) - f(x) for x € X n cl 1 , 

= Rc[i(x);x]- f(x) elsewhere, 

ElP (x) P* A = t (x) - .t (x) for x € X n cl I , 

= LP[f(x);x]- l(x) elsewhere, 
( 4 .12) 

ErP(x) = rP* (x) - r(x) for x e: X n cl K , 

= RP[l(x);x]- f(x) elsewhere, 

ER.C (x) C* A 

= R. (x) - 1 (x) for x e X n cl K , 

= Lc[f(x);x]- !(x) elsewhere. 

In the examples (4,10)-(4.12) the value Ere(x) is positive for 

xe:CuC1u1, i.e., if the consumption sector is rationed on the 

goods market. lts value is zero for x e Cu Cl u 1. Since only one 

side of the market can be constrained in an NWB-state, at most one 
re rP value of the pair (E (x) ,E (x)) can be positive. The same goes to 

the pair (E1P(x),E.tc(x)). 

We consider the.following equivalencies to be necessary conditions for 

excess demand functions: 

(4.13) x € (liE-p=~ 
n = 0 I 

(4.14) c " 0 
x € -p > 0 1\ w < 0 , 

n 

(4.15) u 0 
0 1\ 

0 
> 0 • x € -p < w n 

Furthermore, the price p must be constant on the set KC u WE u 1U and 

the nominal wage rate constant on thesetUK u (tiE u Cl. 
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These necessary conditions can be stated alternatively. The sets C, 1, 
U and K can be expressed in terms of the excess demand fUnctions: 

c {x " x Etc(x) > 0 A Ere (x) > O} 

1 = {x € x E~P (x) > 0 A Ere(x) > 0} , 

u= {x " x E~P (x) > 0 A ErP (x) > O} , 

K = {x " x E~c(x) > 0 A ErP (x) > O} 

In a similar way, the boundaries and the set WE can be expressed with 

the help of equalities and inequalities. 

A distinction can bemadebetween (4.10) and (4.11) on the one hand 

and (4.12) on the other hand. (4.10) and (4.11} define eontinuous ex

aess demand funations on X, while {4.11) is the specificatien of a 

disaontinuous exaesa demand funation on X. For instance, the function 

is discontinuous, due to the specificatien on the boundary CI. 
We shall come back on this distinction several times. 

Specificatien (4.12) is basically the same as the one in Veendorp 

(1975). 

4.2.3. A differentlal system descrihing the dynamic model 

Since the following equalities hold 

(4.16) ~/m = ; /m - p/p n n 

(4.17) ~/w = ~ /w - p/p , n n 

the equations (4.6)-(4.9) can be written in terms of x 

Let the functions M: X+~ and W: X +R be defined by 

(4.18) 

(4.19) 

(m,w,y) •. 

Then the dynamic behaviour of the model can be represented by the fol

lowing autonorneus system of first order differentlal equations: 
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{

: = M(m,w,y) 

{4.20) w = W{m,w,y) 

y = Y(m,w,y) 

(m,w,y)' € X. 

System {4.20) is not necessarily continuous (see Definition 2.9). 

It can be observed that the specifications (4.10) and (4.11) lead to 

continuity of the right-hand sides of (4.8) and (4.9), and hence of 

system (4.20), on the whole domain. Veendorp's adjustment (4.12), how

ever, leads to discontinuities on the boundaries. 

4. 3. 1, Ad.justments of stocks 

In this sectien continuity and differentiability properties of the 

adjustment functions are investigated. We start with the functions 

that correspond with the stocks, i.e., the real savings functions S 

and the inventory adjustment function Y, both defined in Definition 

4.1. It is nota restrietion to take the arbitrary intervals k and k m Y 
from Sectien 4.2 as unity. 

ASSUMPTION As 11. k = k = 1. 
m Y 

An alternative way to formulate Assumption As 11 is to say that the 

periods km and ky' considered by the consumption sector, respectively 

the production sector, are equal. Then the time units can be chosen in 

such a way that both constants are uni ty. Due to Assumption As 11, the 

theorema of Chapter 3 still höld unchanged. 

The restrietion s I ex n cl C) will be denoted by se. In a similar way, 
I U K C I U K . 

the functions S , S , S , Y , Y , Y and Y can be defined. The fol-

lowing theerem can be proved. 

THEOREM 4.3. Under Aeeumptions As 1-11~ the fo'lZOIJ)inq properties hoZ.d: 

(i) s € C<Xl and Y € CC1fl. 

(ii) sz € C' CX n cl Zl and ./ € C' (X n cl Zl Z = C, I, U, K. 
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(iii) Signe or values of derivativea are given by the foZZowing table: 

in interior of regime at Walras Equilibrium 

Furthermore, 

SU 
m 

SU 
w 

l· 
m 

l 
y 

evaluated at x
0 

Yu C* C* w R, - r 
m 0 m m 

* Yu C* 
- R, = w 2 

w 0 w 

y 

-1 

+ 

m 

0 

w 

0 

m 

0 

0 

0 0 

(mo,wo•Yol' E WE, 

C* - r 
w 

YK = * p c 
m - FH LwRm /xK 

YK p * c 
wo) I XK y = Lw Qqq w0 (RQ, 

w 

y 

-1 

0 

* ~ ~ * ~ ~ * where R.. := R. (x
0

J .e <x0), r := r (x
0

l = r <x
0

l , F H := 

Q* := Q (y*), LP is evaluated at (r*;x
0

l and the derivatives 
qq * qq w 

at (t ;x
0

J and other functione at x
0

• The funotion xK is 

Lemma 3.30. 

y 

-1 

-1 

0 

* FH(R, ), 
c 

of R 

as in 

PROOF. The properties (i) and (ii) are immediate consequences of 

Theorem 3.31. For x E X n cl C the following equalities hold: 

c s (x) P* P* C wQ, (x) - r (x) A Y (x) * y -y • 

Therefore, by Theorem 3. 23, SC = 0 and SC w.e P* - rP* = - 1 and ob-
CC Cm y y y 

viously, Y = Y = 0 and Y = - 1, where all the derivatives are m w y 
evaluated at x E X n cl C. 

91 



For x e X n cl K we have 

Application of Theerem 3.31 yields 

K p c A s (x) = [wL (f(x) :x) -1] • R [t-(:1) ;x] /xK(x) m r m 

The "decreasing returns"-Assumption As 3.3 implies w:;;; FR.[Î(x)]. Hence 

by Lemma 3 • 22 

where L~ is evaluated át (f(x);x), FR. at Î(x) and R~ at (Î(x);x). 

This implies, together with Assumption As 8 and Lemma 3.30, that 

Sm(x) < 0. In addition, the value of this derivative in a Walras 

Equilibrium can be determined. Let x0 e WE. Theorem 3.25 implies 

In a similar way it can be found that 

for x e X n cl K 

l= c p 
< 0 y (FR. - RR.) Ly I XK 

for x e X n cl I : 

SI = c 
m (w - FR.) Lm I x1 <:: 0 , 

where LP is evaluated at (f(x);x), etc. 
r 

For x € I: the derivatives of the function Y are the same as these for 

x € c. 
Finally, we have, evaluated at x € X n cl U 
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.u C* C* 
< 0 s w'l- - r I m m m 

u C* C* < 0 y F '1- - r I m '1- m m 

u C* C* 0 y F '1- - r y 'I_ y y 

The assertions that are net proved yet can be found in a similar way. D 

According te the theerem above, the stock adjustment functions s and Y 

are continuous and piecewise continuously differentiable on the domain 

x. The continuous differentiability of the restrictions se, etc., is 

in the sense of Definition 2.2. The derivatives of these restrictions 

are defined by Definition 2.2. Thus the derivatives in a Walras Equi

librium are defined as well. Suppose there is a sequence of points in 

the interior of a regime and with a Walras Equilibrium as a limit. 

This sequence generates a sequence of derivatives, evaluated at the 

elements of the first sequence, The limit of the sequence of deriva

tives must be equal te a derivative evaluated at the Walras Equilibri

um. It is noticeable that in the interior of the Inflation regime, we 

have SI > 0 and at a Walras Equilibrium SI 0. In each of the ether 
m m 

cases, the sign of the limit derivative is the same as the sign in the 

interior of the corresponding regime. 

The signs that are net given in Theerem 4.3 are indefinite under our 

assumptions. 

For all x E X 

S (x) 
w 

~(x) + wî (x) - r (x) 
w w 

The sign of the value S (x) depends on the labeur level Î as wel! as 
w 

on the derivatives Î and r It seems reasonable that Sw(x) is posi-w w 
tive. 
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4.3.2. Adjustments of prices 

The right-hand sides of the specifications of the excess demand func

tions, as, for instance, in (4.10)-(4.12), are supposed to be continu

cue functions, defined on the whole set X, Furthermore, we assume that 

these right-hand sides are continuously öifferentiable on· the sets 

X n cl Z, Z = C, 1, U, K. 
The restrietion of the right-hand side of the specificatien of the 

re c ree function E to the set X n cl is denoted by E • 

The functions Erc1, E~cc, etc., are given similarly. Thus the notatien 
c of the restrictions S , etc., is analegeus to the notatien given above: 

the (extra) upper index Z, Z = C, 1, U, K, denotes the domain X n cl Z. 
The assumption which is made above already can now be expressed as 

fellows. 

ASSUMPTION As 12. 

EreC e C' (X n cl Cl , Ere! e C' (X n cl Il , 

EtcC e C' (X n cl Cl I 
E~cK e C' <X n cl /() , 

EtPI e C' <X n cl Il , E~PU e C' (X n cl U) , 

ErPK e C' (X n cl /() , ErPU e C' (X n cl Ul 

The derivatives in Assumption As 12 are defined by Definition 2.2. 

With respect to the signs of these derivatives, the following assump

tion is given. 

ASSUMPTION As 13. In the interior of the regimes, the signs of the 

dePivatives of the excess demand jUnctions are given by the fott~ing 

tab'Le. 

ER.C m w y Ere m w y 

third upper index c + + c + + 

/( + 1 + 

ER.P m w y ErP m w y 

third up per index 1 + u + 

u + /( + 
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The above assumptions are made in view of the stability properties in 

the next chapter. The given examples of excess demand functions satis

fy these assumptions. This is a consequence of Theorems 3.17, 3.18, 

3.23 and 3.31 and Assumption As 8. 

PROPOSITION 4.4. Under Assumptions As 1-10 and if the sets C, I, U and 

K are nonempty, the specifications (4.10)-(4.12) satisfy Assumptions 

As 12 and As 13. 

Proposition 4.4 shows that Assumptions As 12 and As 13 are reasonable. 

The derivatives that are not mentioned in Assumption As 13 depend on 

the exact specifications of both excess demand functions and objective 

functions. With the help of Theorems 3.24 and 3.25 and Lemma 3.30, a 

property can be proved for derivatives at a Walras Equilibrium. 

PROPOSITION 4.5. Under Assumptions As 1-10 and As 12, the specifica

tions (4.10)-(4.12) have the following properties, for x E WE, 

sgn E.tPU - sgn E.tcK sgn [.tP*- .tC* +Lp (rC*- rP*l J 
w w w w r w w 

sgn ErPU - sgn Ere I sgn (w.tC*- rC*l 
w w w w 

where Lp 
r is evaluated at (rP* (x) ;x). 

Each of the derivatives in Proposition 4.5 concerns the real wage rate 

w. This parameter is important for both sectors in contrast with the 

other two parameters m and y. 

4.3.3. The differentiability of the system 

In the two preceding subsections, continuity and differentiability of 

the stock adjustment functions and the excess demand functions are 

dealt with. Now we can regard the right-hand side of system (4.20) 

which is built up of these functions. 

Following the restrictions of the stock adjustment functions and ex

cess demand functions, that are denoted with an (extra) upper index, 

we define the following functions: 
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Mc(xl :m se (x) - m kre ErcC (x) , 
(4.21) 

WC (xl := - w [ktc E~cC (xl + kre EreC <x> J (x E X n cl C) 1 

icxl 
I re rei :m S (x) - m k E (x) , 

{4.22) 

WI {x) := w[ktP EtPI (xl _ krc Erei (x)] (x E X n cl 1) 

Mu(xl :"' SU (x) + m krP ErPU (x) , 
(4.23) 

wu<x> := w[ktP E!PU (x) + krP ErPU (x)] (x E X n cl Ul 

MK(xl SK ( ) k rP rPK ( ) := x + m E x , 
(4. 24) 

~(x) := w[-k!CE.tcK(x) +krPErPK(x)] (x E X n cl Kl . 
~ 

It can be checked that there exist four pairwise disjoint sets C, 1, U 

and K, that have the set X as a union and have the properties 

Z c Z c cl Z , 

for x E Z , 

W(x) = w2 (x) for x E Z , 

where Z = C, 1, U, K. 
These sets depend on the specificatien of the excess demand functions. 

For continuous excess demand functions, the {not pairwise disjoint) 

closures of the regimes can be filled in in the three relations above, 

instead of the sets Z. 

Due to definitions (4.21)-(4.24), Assumption As 12 and Theerem 4.3, 

the restrictions of M and W in the right-hand side of system (4.20) 

are continuously differentiable on the intersections of the set X with 

the closures of the sets C, 1, U and K. 

THEOREM 4.6. Under Assumptions As 1-10 and As 12, 

i E C' <X n cl Zl and w2 
E C' <X n cl Zl for Z == C, I, U, K. 

Hence, the right-hand side of system (4.20) is (although not necessar

ily continuous) piecewise continuously differentiable. 
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4. 4. Wal.Jz.M EqtUUbJUa. .in. :the dyn.ami..c. model. 

A Walras Equilibrium state is defined in Sectien 3.5 as an NWE-state 

without strictly active constraints. Therefore, with the price adjust

ments (4.8) and (4.9) nominal wage rate wn and price p of consumption 

goeds are constant. Hence also real wage rate w is constant. 

In this section, Walras Equilibria are related to changes in stocks. 

DEFINITION 4.7. The sets MWE, IWE and SWE are defined by 

MWE := {x E WE S(x) O} 

IWE := {x E WE Y(x) 0} 

SWE := MWE n SWE 

An element of the set MWE will be called a Money Walras Equilibrium. 

An element of the set IWE will be called an Inventory Walras Equilib

rium. 

An element of the set SWE will be called a Stationary Walras Equilib

rium. 

In a Money Walras Equilibrium the money stock m and the price p are 

constant. Hence, the real money stock m is constant. Therefore, an 

element of the set SWE is an equilibrium of system (4.20) (see Defini

tion 2.13). 

PROPOSITION 4.8. Under Assumptions As 1-10, the following relations 

hold, where y* is the optimal inventory (see Beetion 3.3), 

y F y* • x i IWE , 

y = y* ~ there is at most one pair (m,w) such that x E IWE. 

PROOF. If the production sector is unrationed on both markets, the 

following holds (cf. (3.13)): 

For x E IWE the equality y = y* holds, hence 
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That proves the first relation. The second relation fellows immediate-

ly from Theerem 3.29. D 

Proposition 4.8 immediately leads to uniqueness of an Inventory Walras 

Equilibrium, if such an equilibrium exists. Hence, Inventory Walras 

Equilibria and therefore also Stationary Walras Equilibria can only 

exist at an optimal inventory level y*. The set MWE may be empty. A 
r· 

fortiori, the set S(rJE may be empty. 

In Proposition 4.8 we have had use of the fact that the optimal inven

* tory q (see Sectien 3.2) is independent of the parameters m, w and y. 

(4.25) * y 

There is no counterpart of (4.25) for real savings. The analogue of 

Proposition 4.8 can be formulated as fellows. 

PROPOSITION 4.9. Under> Assumptions As 1-10, the fol:lObJing r>e"lations 

ho"ld, ~her>e z* is the optimaZ money stook ZeveZ (see Beation 3.2), 

m # z* (x) • x i M((IE , 

m = z* (x) • ther>e is at most one y E: :R++ suoh that x E MWE. 

4. 5. Loc.a.:ti..on-6 in :the paJLame:teJt .&pac.e 

For a more complete understanding of the dynamic models it is neces

sary todetermine in (m,w,y)-space the loci where the variables remain 

constant over time. 

Thus we will try to find the sets where, respectively, 

0 0 0 0 0 0 

p = 0 , wn = 0 , mn = 0 , m = 0 , w = 0 , y = 0 • 

In ·Subsection4.2.2 it is mentioned that thesetofpoints in the set X, 

where p = 0, coincides with the set KC u WE u IU. Analogously, the 
0 

points in X where wn 

For the set {x E X 
Theerem 4.3(iii). 
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0 are the elementsof thesetUK u WE u CI. 

O} the following properties are implied by 



PROPOSITION 4.10. Let Assumptione As 1-10 ho~d. 

{i) If for {m,w,y) E K u UK u U the equaZity 

{m,w,y) E K u UK u U we have 

~ < 0 if ; > m , 
n 

~ > 0 if m < m n 

{ii) If for {m,w,y) E 1 the equaZity ~ = 0 hcZds~ then for (~,w,y) E 1 
n 

we have 

0 -mn > 0 if m > m , 

~ < 0 if; < m 
n 

0 

(iii) If for {m,w,y) E C, mn = 0, then this equaZity hoZds for 
{~,w,y) E C as weU. 

{iv) If for (m,w,y) E C u CT u 1 the equaZity ~ 0 hoZds, then for 
n 

(v) 

(m,w,y) € c u er u 1 we have 

~ > Q if y < Y I 
n 

~ < 0 if y > y 
n 

If for {m,w,y) E U the equaZity ~ 
n 0 hoZds~ then it hoZds for 

{m,w,y) E U as weZl. 

w w 

c + 

+ 

K 1 
I I 

-I o I \ m =0 I 
I n 

m 

Fi!l!!re 4.1. Fiqure 4.2. 
0 

Points with m 0 in a n Points with ~ 0 in a 
n 

plane y = y 1• plane y = y2• 
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0 y y m =0 

'------------m 

Figure 4.3. 
0 

Points wi th mn 0 in a 

plane w = w1 

Figure 4.4. 
0 

Points with mn 

plane m = m1• 

· Proposition 4.10 is illustrated in Figures 4.1 - 4.4. 

)I 

0 in a 

Now attention will be paid to the set of points, where real money 

stocks are constant. The set {x € X ~ = 0} coincides with the set 

{x € X I ~ = O} on the set KC u WE u IU, where the price p is con-
n 

stant. That is the point on the latter set, where real wage rate w 

reaches its maximum level (see Figures 4.1 and 4.2), cf. Proposition 

4,10 (i) 1 (11) • 

PROPOSITION 4.11. UndeP Assumptions As 1-10, 

foP x € K u UK u U, ~ = 0 implies ~n < 0, 

for x€CuC1u1, 0 0 
m = 0 implies mn > o. 

PROOF. The assertien fellows immediately from equation (4.16} and the 

fact that p < 0 for x € K u UK u U and p > 0 for x € Cu Cl u I. 0 

Figure 4.5 is an illustration of Proposition 4.11. 
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w 

Figure 4.5. 
0 

1 

0 
m =0 

n 

Points with mn = 0 and points 

with ~ = 0 in a plane y = y
1

• 

"The relations (4.10) (4.12) imply that the points with constant real 

wage rate can only be elementsof the set cl K u cl 1: 

~ 0 • x E cl K u cl 1 

Finally, the set of triples with a constant inventory can be examined. 

Fora point x é X n cl(C u 1), where the production sector is uncon-

strained on the goeds market, y * y -y holds. 

y 
\ 

y=O y 

y 
y 

c 1 
1 

'------------m 
..______________ w 

Figure 4.6. Figure 4.7. 
0 

Points with y 0 in a plane 
0 

Points with y 0 in a plane 

w = w1• m = m1• 

0 * For such a point the equalities y 0 and y = y are equivalent. 

Fora point x EK u UK u U (x i cl(Cu1)), we have y > y*-y (cf. Sub

sectien 4.2.1). Therefore, the inventory can only be constant in x, if 

* the inventory in x exceeds the optimal inventory y (see Figures 4.6 

and 4.7). 
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4. 6. The. BGM-model 

Befere investigating the stability properties of system (4.20), the 

next chapter will start with the analysis of the (original) Barro and 

Grossman/Malinvaud model. We shall refer to the model of this chapter 

with the exception of the possibility of an inventory of consumption 

goods as the "BOM-mode Z". 

In the BGM-model we have 

Q(q) = 0 and y 0 , 

where q is inventory, y is initial inventory and Q is the valuation 

function of stock. 

For any function f defihed in Chapters 3 and 4, which has the arguments 

m, w and y, we will omit the argument y in the notatien and write 

f(m,w) insteadof f(m,w,O). The pair (m,w) 1 again will be denoted by x. 

For the BGM-model the graphs of the effective demand and supply func

tions of the production sector in (t,r)-space coincide with the graph 

of the production function (for labour inputs that do not exceed the 

notional labeur demand). A consequence for the effective labeurdemand 

function is 

which is the reetprocal of the value of the derivative of the produc

tion function evaluated at the notional labour demand. By substitution 

of the above equality into Proposition 4.5 and by the equality 
P* P* rw = wtw , we get 

(4.26) 

The. set of voluntary trades of the production sector for a given pair 
2 of parameters x = (m,w) • E: :R++ degeneratea to a part of a curve. With 

the help of Theorem 3.14 we find 

(4. 27) p 2 I P* B (x) = {(t,r} E: :R+ r = F(t), t s 1 (x)} 

The set of voluntary trades of the consumption sector for the parame

tersmandwis still given by Theorem 3.10. 
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The analogues of (3.14)-(3.16) in the BGM-model are the following 

definitions: 

(4. 28) ~ := {x E: JR2 JR2 n Hc(x) c Dc(x)} 
++ ++ 

(4.29) ~ {x JR2 .tP* (x) P* > O} := > 0 A r (x) , 
++ 

(4.30) xb := {x E Xe 
b n ~ J é(x) n HP (x) i- 0} 

It can be observed that x 

lim FR. (Ï) < w. 

(m,w) 1 is an element of the set XP only if 
b 

Ï-1-0 

The BGM-model can be described by the following system: 

(4. 31) 1 ~ = 
w = 

M(m,w) 

W(m,w) 
(m,W) I E: xb t 

where the functions MandWare specified as in (4.18) and (4.19). 

System (4.31) has nat gat an Underconsumption regime as a consequence 

of the fact that the set HP(x) of voluntary trades for the production 

sector has an empty interior. For the BGM-model the following set will 

be defined: 

(4.32) KI : = (cl K n cl 1) \ WE . 

The NWE-state corresponding with an element of KI is called a Keynesian/ 

Inflation state. 

Furthermore, since there is na inventory of goeds in the BGM-model, the 

following equalities held (see Definition 4.7): 

IWE = WE A MWE = SWE 

Instead of Assumption As 13, the following assumption will be made for 

the BGM-model. 

ASSUMPTION As 14. In the interiors of the regimes the signs of the 

derivatives of the excess demand functions are given by the following 

table. 
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third upper index·c 

K 

third upper index I 

m 

m 

+ 

w 

+ 

w 

c 
I 

K 

rei tcK 
The derivatives Ew and Ew are mentioned in (4.26). 

m w 

+ + 

+ 

m w 

Clearly, the production sector is constrained in a Keynesian/Inflation 

state {see (4.32)). Nevertheless, it can be checked that 

for x ê cl K: RP[Î(xltx]- t(x) 0 

for x € cl 1: LP[r(xltx]- Î(x) 0. 

Therefore, the excess demand specifications (4.10} and (4.11} do not 

signalize the restrietion of the production sector in a Keynesian/ 

loflation state. That makes these specifications unrealistic. Further-

more, for these specifications Assumption As 14 does not hold in the 
tP BGM-model: the derivatives related with the production sector Em , 

tP rP rP 
Ew , Em and Ew are all equal to zero. These objections hold for 

every continuous excess demand specification. 

In this chapter it is assumed explicitly that the preferences of the 

sectors are constant over time (Assumption As 10). This assumption 

implies that expectations of both sectors are constant. Bence a lot of 

information about the price formation in the past is ignored. It should 

be more realistic if, for instance, the sectors would take account of a 

price increase in a situation of Repressed Inflation. Such expectations 

could be incorporated in the model, buth then the differential system 

would not be of first order anymore. 

Dynamic models can be introduced with discrete time as well. Instead 

of (4.1} we then get 
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m (t+1) = m (t) +w (t) •Î[m(t),w(t),y(t)]-p(t) •f[m(t),w(t),y(t)], 
n n n 

in which wn(t) and p(t) are the nominal wage rate and the price of 

consumption goed, both fixed during period t. The terms mn(t) and y(t) 

denote the stocks of nominal money and goeds at the beginning of 

period t. Real money holdings and real wage rate are given by m(t) and 

w(t). The values of i and f are the quantities of labeur and the con

suroption goed, that are traded among the sectors during period t. The 

nominal money holdings at the end of period t (beginning of period 

t + 1) are denoted by mn (t + 1). Prices are adjusted at the beginning of 

the new period. For instance, 

re re rP p(t + 1) = p(t) +p{t) [k E (m(t) ,w(t) ,y(t) J - k (m(t),w(t),y(t))]. 

In this way a difference system can be obtained. 
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5. STABIL1TY PROPERTIES OF THE V1FFERENT TYPES OF EQU1L18R1A 

In this chapter some stability properties of equilibria of the models 

from the preceding section will be investigated. 

The system 

[

: == M(m,w,y) 

(4.20) w = W(m,w,y) 

0 
y = Y(m,w,y) 

(m,w,y)' € X 

bas several types of equilibria. As already pointed out in section 

4.5, for any element of the sets C and U the inequality ; ~ 0 holds. 

So, equilibria of system (4,20) within these sets are impossible. 

There may be equilibria in the sets cl K and cl 1. Equilibria in the 

sets K and 1 will be called Keynesian and Inflation equilibria, re

spectively. In an Inflation equilibrium the price of the good, the 

nominal wage rate wn and the nominal money stocks mn grow at the same 

rate. Thi~ inflation, however, does not affect the traded quantities 

of labour i and goods f, that are constant over time. In a Keynesian 

equilibrium the variables p, wn and mn decrease proportionally, so 

that there is a constant deflation and the quantities ! and ! are 

constant again. 

An equilibrium of system (4.20), which is an element of the set WE of 

Walras Equilibria is also an element of the set SWE of Stationary 

Walras Equilibria (see Definition 4.7). In the latter set money and 

goods stocks are constant over time, as well as the price p of goods, 

the nominal wage rate w and the transaction ci,t). 
n 

In the next section we will start with the analysis of equilibria in 

the BGM-model (see Section 4.6). It will be assumed to be impossible 

for the production sector to hold an inventory of goods, such that 
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the model can be described by the two-dimensional system 

(4.31) [~. 
M(m,w) 

W(m,w) 
(m,w) 1 E Xb 1 

which has the same three types of equilibria as system (4.20). Infla

tion and Keynesian equilibria of system (4.31) have been studied by 

Honkapohja (1979) and are also the subject of the Subsectiens 5.2.2 

and 5.2.3. Stationary Walras Equilibria will he investigated in Sec

tien 5.3. 

In Sectiens 5.4 and 5.5 also the inventory of consumption goods in the 

production sector will be considered, as we study the stability prop

erties of system (4.20). 

In this chapter much attention will be paid to the weight factors krc 

etc., in the price adjustment relations (4.8) and (4.9) and their in

fluence on stability. 

It will be assumed henceforth that the set 1WE of Inventory Walras 

Equilibria (see Definition 4.3) is nonempty. Since this set contains 

at most ene element by Proposition 4.8, this assumption implies that 

the set 1WE contains a single element denoted, respectively, by 

x*= (m*,w*,y*)• and x*= (m*,w*> '. 

* We select a translation such that x is the crigin of the new coor-

dinate system. The same notatien will be used for the variables with 

regard to the new coordinate system. Hence, m with regard to the new 

coordinate system corresponds with m+m* with regard te the old one. 

5.2.1. Introduetion 

In the present and the next sectien we consider the BGM-model and 

system (4.31) (see Sectien 4.6), in this sectien the stability prop

erties of Inflation and Keynesian equilibria of system (4.31). In 

these equilibria the right-hand side of (4.31) is continuously dif

ferentiable. The stability properties can be derived from the analysis 

of the Jacobian matrix of the right-hand side of system (4.31), 
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evaluated at the equilibrium, Assumption As 14 and Theerem 4.3 are 

important for the determination of the siqns of the elements of this 

Jacobian matrix. 

5.2.2. Inflation equilibria 

First, the existence of an Inflation equilibrium of system {4.31) is 
M M investigated. Let w {m) be implicitly defined by M[m,w (m)] = 0 and 

w w w (m) by W[m,w (m)] = o. If real savings are positive in the origin, 
M then there can only exist an Inflation equilibrium if the slope of w 

exceeds the slope of ww {see Figure 5.1). The opposite is necessary if 

real savings are negative in the crigin (see Figure 5.2). In the case 

of zero savings in the crigin the set SWE is nonempty and consists of. 

the órigin. Then there may exist an Inflation equilibrium of system 

{4.31) as well. In none of the situations mentioned above, it is ex

cluded that there exists two or more (Inflation or other) equilibria. 

I 
I 

f! 
I 

I 

Figure 5.1. 

;..o 

Stable equilibrium S(O) > 0. 

w 

Figure 5.2. 

Unstable equilibrium S(O) < o. 

An Inflation equilibrium is determined by 

(5. 1) 

where S is the real savings function and Ere and EtP are excess demand 

functions (see Sectien 4.2). Let x = (m,;) E I satisfy the above equa

tions. The location of x depends on the values of the weight factors 
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kre and k P. The first equality of (5.1) determines the set 

{x E 1 I M(x) = O} of points with a constant real money stock m. It 

can be noticed that the location of the set {x E 1 I M(x) = O} is in

dependent of k~P (see Figure 5.4). If the value of the weight factor 
re 

k changes, the values of m and w for which this equality bolds, 

change. The effects of such a change depend on the derivatives of the 

real savings function S to the variables m and w. The direction of the 

shift of the set {x E 1 I M(x) = O} for varying kre is determined by 

the signs of the terms 

~ ~ ~ * re 
Let, for instance, Sm(x) -S(x) I (m+m) < 0. If k is increased, 

solutions of the first equation of (5.1) must have lower m-components; 

the set {x E 1 I M(x) = O} is shifted leftward (see Figure 5.3). In a 

similar way, the latter set is shifted upward if Sw(x) > 0 and down

ward if Sw(x) < 0. The intersectien of the sets {x E 1 M(x) = 0} and 

KT u WE u KC is the same for all values of kre. 

The set {x E 1 I W(x) = 0} of points with a constant real wage rate is 

determined by the secend equation of (5.1). This set is shifted down

ward when kre is increased or k~P is decreased. For every value of the 
re ~P weight factors k and k the latter set contains the origin. 

Of course the mentioned effects should be considered simultaneously. 

w 

I 
/ 

Figure 5.3. 

I 
/ 

I 

er 
I 

I 
0=0 

0 

w=O 

Possible shift at an increase 
re ~ ~ ~ * 

of k if Sm- S I (m + m ) < 0. 

w 

I 

I 

\ 

I 

' 

Figure 5.4. 

I 
I 

\ 
\ 

er , 
" 

\ 

KT 

~=0 

0 

w=O 

Shift at an increase of k~P. 

109 



Following Honkapohja (1979), we can take a linear approximation around 

the equilibrium (cf. Theorem 2.16 andRemark 2.24). The right-hand 

side of system (4.31) is continuously differentiable in a neighbour-
2 hood of the equilibrium x. Por any function f: :R + E we will denote 

f(~) by f. The Jacobian matrix of the right-hand side of system (4.31) -evaluated at x is 

BI r~ •!] -r -1 w w m w 

where 

(cf. (4.20)), where Ere etc. are the excess demand functions. 

Benceforth, we will somatimes write the siqns as implied by Theorem 

4.3 and Assumption As 14 below the terms. 

From corollary 3.18 it follows that the eçuilibrium (m,;) is asymp

totically stable, if tr B1 
< 0 and IB11 > 0. The elements of the 

-1 matrix B can also be evaluated at the origin (cf. Theorems 4.3 and 

4.6). The resulting matrix will be worked out in the next section. 
-I The siqns of the elements of the matrix B are indefinite. They depend 

re on the values of the weight factors k etc. of the excess demand 

functions. Honkapohja (1979) assumes that the derivative of the excess 

demand function of goods is sufficiently large compared to the one of 

labour. A consequence is that (in a neighbourhood of the origin) the 
-1 -1 inequality Wm < 0 holds. The siqn of Honkapohja's Ww is indefinite. 

Changes in the weight factors are very inportant for stability. For 
re .tP sufficiently large values of the weight factors k and k we might 

have 
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-1 so that tr B is negative. 

For high values of real savings S(O) in the Walras Equilibrium, phase 

diagrams indicate stability of the Inflation equilibrium, at least if 

it is unique (see Figure 5.1). The opposite is true for low values 

(see Figure 5.2). However, the slope of wM, defined by M[m,wM(m)] 0, 

in Figure 5.2 aeems to be less usual than the one in Figure 4.5. 

For an investigation of the dependenee of stability of Inflation 

equilibria 

the weight 

the linear 

on the weight factors, it is important to notice that if 
re tP factors k and k change, then the evaluation point of 

~r . 
approximation matrix B changes. This feature complicates 

a thorough investigation. If the effects of a movement of the equi

librium are large, the effects of an increase of the weight factors 
- -re ~tP ~Ere ~re 

on the terms Sm, Em , Ew , w and especially E might be unfavour-

able for stability. On the other hand, if these effects are small (if 

- """ - * -the terms Sm-SI (m + m ) and Sw are approximately zero) an increase 
re tP . in the weight factors k and k m~ght be in favour of stability. It 

is also possible that the effects of a movement of the equilibrium 
~re 

are favourable for stability, for instance, if the term E increases. 

5.2.3. Keynesian equilibria 

With respect to the conditior.s for the existence of a Keynesian 

equilibrium of system (4.31) we can refer to the preceding subsection. 

Only the signs of the real savings at the origin must be reversed 

(see Figures 5.5 and 5.6). 

The locations ofthe sets {x~:: K I M(x) = O} and {x E K I W(x) = 0} 
- ,..." - * -once again depend on the terms Sm (x) - S (x) I (m + m ) and sw (x) • 

Possible shifts are depicted in Figures 5. 5 - 5. 8. 

The Jacobian matrix in an equilibrium x ~:: K of system (4.31) is 

-K m 

[
t/ 'ifw] 

a : .. ~ w~ 

where 
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\ 

Fiqure 5.5. 

KC 
\ 

\ 

w 

Stable equilibrium s (0) < 0. 

~=0 

:Fo 

Figure 5.7. 

• I 
: I 

I 
I 

KI 

w 

Possible shift at an increase 
rP - - -of k if sm-S/{m+m) < 0. 

Figure 5.6. 

\ 
\ 

' \ 

w 

Onstabla equilibrium S (0) > 0 

Figure 5.8. 

( 

I 
I 

I 

KI 

I 

I 
I 

I 

w 

Shift at an increase of k1c. 



'i! c s + (i;';+m*)krP ËrP + krP ËrP 
m m m + 

'i! - * rP ËrP s + (m +m )k 
w w w 

-K w (; +w*> [-k.tc Ë.tc + krP ErP] 
m m m -

-K w c. (;+w*> [-k.tc E.tc + krP ErP] 
w w w 

(cf. (4.24)), where s S(x), etc. 
-K The matrix B , evaluated at the Walras Equilibrium, is worked out in 

Section 5.3. 

If the weight factor ktP is sufficiently large compared with ktc, then 
-K the derivative Ww is negative. Sufficiently close to the Walras Equi-

librium the eenstraint of the production sector on the goods market 

(related with the term ErP) is so small that the derivative MK is 
-K m 

negative. Hence, close to a Walras Equilibrium tr B < 0, if the price 

flexibility in case of a rationed production sector is sufficiently 

large compared with the wage flexibility in case of a rationed con

sumption sector. 

The derivative M~ is positive, if the 

the real wage rate Sw is sufficiently 

de fini te. 

sensitivity of real savings for 

large. The sign of 'il is in-
m 

Similar to w!, Honkapohja concludes that the derivative ~ is negative. 

Once more, the underlying assumption of Honkapohja is, that the deriv

ative of the excess demand function of goods is sufficiently larg~ 

compared to the one of labour. The signs of the elements of the 
-K Jacobian matrix B lead Honkapohja to the conclusion that a Keynesian 

equilibrium (in a neighbourhood of the origin) is asymptotically 

stable. Under our assumptions, however, stability is not guaranteed. 

Figures 5.5 and 5.6 indicate, that a stable Keynesian equilobrium is 

more likely for small values of the real savings function S(O) in the 

origin. For stability in relation with the weight factors the same 

conclusions can be obtained as for an Inflation equilibrium: For most 

cases an increase in the weight factors is positive for stability, 

but the effect of an increase may be spoiled by the fact that the 

location of the equilibrium is influenced as a result of a change in 

the weight factors. 
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A movement of the equilibrium may again have positive as well as 

negative effects on stability. 

Summarizing this section we can say that the location of Inflation 

and Keynesian equilibria of system (4.31) depends on the magnitude of 

the weight factors of the excess demand functions, relative to the 

real savings. Furthermore, these weight factors influence stability 

of an equilibrium. Unfortunately, unequivocal stability results cannot 

be given. The stability depends on too many factors. 

In the next section it will appear that we can say more about the 
~I ~ 

matrices B and B if these matrices are evaluated at the Walras 

Equilibrium. 

5.3.1. Introduetion 

In this sectien the case of zero savings at the origin will be inves

tigated for the BGM-model of Sectien 4.6. So it will be assumed that 

the origin is an equilibrium of system (4.31). System (4.31) is a 

discontinuous, piecewise differentiable system (see Sectien 2.4). 

Even for continuous excess demand functions the right-hand side of 

system (4.31} might be discontinuous on the boundary KI. We start 

with an investigation of the subsystems. Henceforth, derivatives 

evaluated at the origin will be denoted without arguments. 

5.3.2. Linearization of regimes and right-hand sides 

The sets C, I and K will be approximated by tangent cones (see Defini

tion 2.6). It follows from the conditions concerning the effective 

demand functions in Subsectien 4.2.2 that these sets can be represent

ed as follows: 

I .te re 
C = {x E Xb E (x) > 0 A E (x} > 0} 1 

. I R.C rP } K {x € xb E {x) > 0 A E (x) > 0 I 
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where the set Xb is defined in (4.30). 

By writing the regimes in this way, the tangent cones can be found 

with the aid of Theerem 2.8. The tangent cones can be expressed in 

terms of the gradients of the effective demand functions evaluated at 

the origin. 

As an example the common boundary of the tangent cones Co(Cl and co(1) 

is taken. This common boundary is equal to the set Co(C1). The common 

boundary of the sets C and I is characterized by the fact that for its 

elements (cf. Subsectien 4.3.2) 

The gradients of the functions E~CC and E~PI, both evaluated at the 

origin, are dependent, but their directions are opposite. These gradi

ents can be found easily from the equation 

P* P* which determines the common boundary er, where (~ (x) ,r (x)) is the 

notional solution of the production sector and LC is the effective 

labour supply function (cf. Section 3.6). 

The gradient of the left-hand side of the above equation evaluated at 

the origin is defined by 

(5.2) :~ -

where the derivatives of LC are evaluated at the Walras Equilibrium. 

Similarly, the gradients bKI and bKC are defined: 

(5. 3) bKI := (w*~C* -rC* 
m m 

w* ~e*- re*> 
' m m 

, 

(5 .4) bKC := (Re RC +Re ~P*_ rP*) 
m' w ~ w w 

where (~C*(x),rC*(x)) is the notional salution of the consumption 

sector and Re is the effective goods demand function. With respect to 

(5.3) it can be recalled that in the BGM-model for the production 

sector the following equalities hold: 

{5.5) w 
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which is valid for all x= {m,w,y)' EX. 

If the two by two matrix z is defined by 

(5.6) z := 

C* P* 
r -r m m C* P*] r -r w w 

!C*- !P* w w 

P* P* . CI where, under our assumptions, !m • rm = O, then the gradients b , 

bKI and bKC can be written as follows {cf. cs.s) and Theorems 3.23-

3.25): 

(5.7) CI c KI * KC c 
b = (Lr 1 -1.J.z , b = (-1,w )Z , b = {1,-R!)Z • 

Furthermore, we have the following dependencies 

.. -

where ti' i= 1, ••• ,6, are eertain positive numbers. 

The veetors that generate the tangent cones can be found in a simple 

way. Let P := (_~ ~).We define 

CI The vector q generatea the half line cocCI), etc. (see Figure 5.9). 
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It is important to remark that the veetors in Figure 5.9 can be de

scribed by (5.2)-(5.4) and (5.8), independent of the specifications of 

the excess demand functions (under the necessary conditions for excess 

demand functions mentioned in Subsectien 4.2.2)! Hence, these veetors 

are unequivocally determined for both continuous and discontinuous 

excess demand functions. A consequence is that we can dispense with an 

assumption like Assumption As 14, if Stationary Walras Equilibria are 

concerned. 

We continue the analysis of the linearized regimes of system (4.31). 

For that purpose we define the following two by two matrices 

(5.9) 

Each of the matrices in (5.9) has rank 2. According to Theerem 2.8 

the tangent co nes of the set C, I and K are the following sets 

Co(CJ {x E ]R2 Be x ~ 0} 

co <IJ {x E :R2 BI x ~ 0} I 

Co(Kl {x E]R 2 K B x ~ O} . 

KC The cone CO(C) is also the convex cone generated by the veetors q 
CI 

and q , etc. 

It is obvious from (5.7) and (5.9) that we can write (cf. Laroque, 

1978a) 

-1 -R~l Z , BI 
1 

* -w 

z . BK 
Lc -1 

r 

Under Assumptions As 1-6 and As 8 the determinant IZI is positive. 

If, additionally, the "unicity assumption" As 9 holds, then ~~Cl is 

positive and !BI! and ~~KI are negative. Moreover, the next propost

tion is valid. 
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PROPOSITION 5.1. Under Assumptions As 1-6, As 8 and As 9, 

bKI KC bKC KI 
q == - q 

c c where R~ and Lr are the slopee of the effective demand and eupply 

functions of the aonsumption sector at the Walras Equilib~um and 
where bKC• l 1 .. etc •• are defined by (5.2)-(5.4) and (5.8) and z by 
(5 .6). 

Obvioudy, the top angles of the tangent cones Co(C), Co(!) and Co(K) 

are determined by the slopes of the effective demand and supply func

tions at the Walras Equilibrium. 

r 

Figure 5.10. 

Linearization of the effective 
demand and supply functions at 
the Walras Equilibrium. 

Figure 5.10 represents the slopes of the effective demand and supply 

functions at the Walras Equilibrium. Line I is the tangent of the 

effective goods demand function, line II of the effective labour 

supply function and line III of the production function, all at the 

Walras Equilibrium (~*,r*), The slope of the production function is w* 

(cf. (5.5)). It can be checked that the angle y 1 corresponds with the 
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* e . *e . e e term w -RR., y 2 wl.th 1-w Lr and y 1 +y 2 Wl.th 1-RR. Lr. 

It is important to notice that Figure 5.10 is depicted under Assump

tion As 9, the unicity assumption. Due to this assumption the terms 

between brackets in Proposition 5.1 are positive. 

After the linearization of the regimes, the subsystems of system (4.31) 

can be linearized as well. We shall analyze the matrices 

z 
M 

rl 
m 

:= wz z C,l,K I 

m 

where the functions in the right-hand side are defined by (4.21), 

(4.22) and (4.24) and where the derivatives are evaluated at the 

origin. Thematrices Be, BI and BK are the Jacobian matrices of the 

right-hand sides of the subsystems of system (4.31) in the regimes C, 

1 and K, respectively, and evaluated at the origin. 

With the aid of (4.21), (4.22) and (4.24) and Theerem 4.3(iii) we find 

(5.10) 

(5 .11) 

(5.12) + 

[ 

* re -m k 

* re -w k 

[ 

* rP m k 

* rP w k 

Q I 

* tej' 
w k 

where R.* is the Walrasian labeur level. The signs of the derivatives 

in (5.10)-(5.12) fellow from the signs of the vectorcomponentsin 

(5.2)-(5.4). In their turn the latter are implied by Assumptions As 3, 

As 8, As 9 and Lemma 3.30. With respect to the first row of BK the 

following 

<ll, m' w 

can be noticed. According to Theerem 4.3, the vector 

(o,t*l is dependent of the gradient bKC (see (5.4)). By 

Assumption As 3, Theerem 3.23 and Lemma 3.30 these two veetors have 

the same direction. 
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Now, thematrices Be, BI and BK can be expressed alternatively as 

(5.13} Be 
[: :·] [81 o J!c 

82 83 

(5.14) BI .. 
[: :·] [84 o ]!I 

85 -86 

(5.15) K [o ,.] - [-•, 0 ]l B ,. 
0 o -e8 89 

C 1 K where 8
1 

> 0, i= 1, ••• ,9, and thematrices B, B and B are given by 

(5.9). It can be observed that the terms MC ,-MI ,-:f as ;ell as WC are 
m m m w 

negative. 

It has already been noticed that the matrices ~C, ~I and ~K determine 

the tangent cones of the regimes of system (4.31). In the case of 

absence of stock adjustments, these three matrices rule the right

hand side of system (4.31). 

5. 3. 3. Stabil i ty of the subsystems 

According to Corollary 2.18, the asymptotic stability of the origin as 

an equilibrium of the subsystems depends on the traces and determin-
C 1 K nants of the Jacobian matrices B , B and B • The traces are given by 

(cf. (5.10)-(5.12)) 

(5.16) * ktcE.tcC - w , 
+w 

(5.17) 

(5. 18) * .krPErPK + w • 
w 

Obviously, tr BC < 0. In the right-hand sides of the latter two 

equalities there can be at most one positive term. Due to (4.30) we 

have 
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Even if the derivative Ere! is negative, tr s1 is negative, if the 
w 

weight factor kiP is sufficiently large relative to krc. If, on the 

h h d th d · i tcK · · h K · · ot er an , e er~vat ve Ew ~s negat~ve, t en tr B ~s negat~ve, 

if the weight factor krP is sufficiently large relative to kR,C Hence 

a sufficient condition for negativity of the traces is that the wage 

and price adjustments in the case the producers are rationed are more 

rapid than in the case the consumers are rationed. This condition, 

however, is by no means necessary. 
C I K The determinants of the matrices B , B and B can be investigated as 

well. We can write 

for certain values of the scalars Ài' i= 1, ••• ,6. 

For large values of the weight factors of the excess demand functions 

the positive scalars 8
1

, i= 1,2, ••• ,9 arealso large. Hence, for 

large values of the weight factors the terms that are quadratic in 

the Si's dominate. Then the sign of the determinant laCI determines 

the sign of lacl, etc. The signs of the determinants Ï~CI, 1~1 1 and 

~~KI are determined by Proposition 5.1. It can be observed that the 

coefficients of the quadratic terros 8183, s4a6 and s7s9 in the above 

equations are all positive. Hence, it can be concluded that for suf-
C ficiently large values of the weight factors the determinants la 1. 

!a11 and laK! are positive. 

If the weight factors of the excess demand functions are zero, that is 

if there are no price adjustments at all, then it can be seen in 

(5.13) (5.15) that 

Since each of these matrices has at least one eigenvalue which is 

equal to zero, the subsystems of system (4.31) are not asymptotically 

stable in this case. Obviously, price adjustments are necessary to 

obtain asymptotically stable subsystems. 
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The conclusion of this subsectien can be represented formally as 

follows. 

TBEOREM 5.2. Let in eystem (4.31) the equality S{O) = 0 ho"ld. TlndB:r> 

Aesurnptione As 1-12~ the:r>e are nonnegative eca"lare a~ 8~ y and ö such 

that if 

k.tP ;:: akrc ;:: Y 

krP <:: Bk.tc ~ ö 

then the ol'igin is an aeymptoticaU.y etab"le equiZibl'ium of each of 

the subeysteme ofsystem {4,31). 

J!,p rP 
It should be noted that k and k must be sufficiently large com-

rc .te pared with k and k to ensure negativity of the traces of the 
1 K matrices B and B , respectively. 

Thus, especially in the case the producers are rationed, a flexible 

price adjustment behaviour is favourable for stability of the sub

systems. 

Our conclusion is weaker than the conclusion of Veendorp (1975) with 

respect to a model without a (money) stock. Veendorp shows the asymp

totic stability of his subsystems, which is independent of the weight 

factors under his qross substitutability assumption. 

5.3.4. Stability of the total system 

For the stability of the total system the followinq theorem fellows 

immediately from Theorem 2.38. 

TBEOREM 5.3. Let in system (4.31) the equaZity S(O) 

Aseumptione As 1-12 and if 

0 hoZd. Unde:r> 

(1) tr Be< o, tr BI< o, tr BK< o, !Bel > o, IBII > o, IBKI > o, 

and if {4.31) ie diecontinucue 

<2> bei Be qci • bei Br qci > 0 , 

bKI Bill • bKI BK li > 0 , 

bKC 8KlC bKC Be le > 0 , 
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(3) C1 C C1 
E (x) '# 0 fo:r aU x '# 0 • b B q ~ 

b
K1 1 KI 

B q ~ 

bKc BK lc ~ bKC Be l-c , 
C1 CI whe:re b etc. a:re given by (5.2)-(5.4)> q etc. a:re given (5.8) 

and E: JR
2 

-+ JR is defined by 

E(x) lx,BCxl fo:r x E {0} u [Co(C) \Co(K)J 

lx,B
1

xl for x E {0} u [Co(I) \Co{C)] 

lx,BKxl for x E {0} u [Co(KJ \co(1)] 

then the origin is an asymptotically stable.equilibrium of system 

{4 .31). 

If system (4.31) is continuous, then the conditions (2) and (3) can be 

ignored. However, it has been noticed in Sectien 4.6 already that this 

continuity is not very realistic. 

Condition {1) requires that the three subsystems of system (4.31) have 

the Stationary Walras Equilibrium as an asymptotically stable equi

librium. This asymptotic stability is dealt with in Theorem 5.2 in the 

preceding subsection. Hence, condition {1) is satisfied if the weight 

factors of the excess demand functions are sufficiently large and the 

weight factors related to the production sector are sufficiently 

large relativa to these of the consumption sector. 

Condition (2) is the condition of the existence of solutions of a dis

continuous system (4.31) in a neighbourhood of the equilibrium. 

Condition (3) is a sufficient condition under which the function IEl 

attaching the absolute value of E to x, is a Liapunov function. The 

terros in conditions (2) and (3) are worked out below: 

(5.19) 

(5.20) 

(5.21) 

(5.22) 

b
C1 1 CI 

B q 

* CT * Cl (m b
1 

+w b
2 

) (1 
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(5. 23) ~~,* (bi<.C) 2 - w*bi<.C (w*- Re) •I Zl•k!I,C /11 bKI 11 
1 2 !1, 

(5. 24) bi<.C BClC "'!l,*(bi<.
1

C> 2 - w*bi<.C(l-Rc Lcl•IZI•k!I,C /llbCI 11 
2 11. r 

er · . where the matrix z is given by (5.6), b etc. by (5.2)-(5,4) and where 

the subindices of the veetors repreeent the components. 

Clearly, the terms in Proposition 5.1 play a role in (5.19)-(5.24). 

The right-hand sides of (5.19)-(5.24) are linear functions in the 

weight factors of excess demand functions (kre etc.). For small values 

of these weight factors the left-hand sides of (5.19)-(5.24) are 

positive. This positivity corresponds with a clockwise motion of tra

jeetorles of system (4:31). Bowever, for small values of the weight 

factors the conditions of Theorem 5.2 may be violated. The coeffici-
1/.C ents of k in (5.23) and (5,24) are negative. Bence, for sufficiently 

large values of kii.C the motion of trajectories crossing the tangent 

cone CO(I<.C) is anti-clockwise. The signs of the coefficients of krc, 

kii.P and krP are indefinite. Nevertheless, the signs of the coefficients 

of krc in (5.19) and (5.20) are equal. It can be observed that the 

followinq terms, respectively, determine the validity of the inequali

ties in condition (3): 

The calculation of these terms is very unattractive. 

It has been shown by Laroque ( 1979) that discontinu! ties in the stock

lees model of Veendorp (1975) do not cause any existence problems 

relateà with solutions of the correspondinq system. However, this con

clusion does not holà in the present model with a money stock. The 

existence of solutions depende on the sizes of the weiqht factors of 

the excess demand functions. 

Summarizinq, we can say: The conditions in Theerem 5.3 depend on the 

flexibility of the price of consumption goeds and the nominal wage 

rate and therefore on the price adjustment behaviour. Furthermore, in 

conditions (2) and (3) the sensitivity of effective demand and supply 
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functions with respect to the constraints on the other market and the 

sensitivities of the notional solutions with respect to m and w, play 

a role (see Proposition 5.1). Especially the relevanee of the top 

angles of the cones Co(C), Co(I) and Co(K) (cf. Figure 5.9) for condi

tion (3} is noticeable. 

5.3.5. An alternative approach 

Since condition (3) of Theerem 5.3 has not led us to a very satis

factory result, an alternative approach will be followed for discon

tinuous systems (4,31). This approach is similar to the one of 

Veendorp. We will make use of the special structure of system (4.31). 

The regimes C, 1 and K can be characterized by the signs of the 

changes of the price p and the nominal wage rate wn in the dynamic 

models. It is also possible to consider the signs of changes of real 

money stock m and real wage rate w. Then the following definitions can 

be made (see also Figure 5.11), in which the set~ is defined by 

(4.30): 

~++ :; {x E ~ I M(x) > 0 A W(x) > 0} , 

~+- :; {x E ~ I M(x) > 0 A W(x) < 0} , 

~-+ :; {x E ~ I M{x) < 0 A W(x) > 0} , 

~ :: {x E ~ I M(x) < 0 A W(x) < 0} 

0 
w=O 

Figure 5. 11 • 

w 

m 

Possible representation of the sets where 
0 0 
m = 0 and w : 0. 
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System (4.31) is not necessarily continuous on the sets ~++' etc. 

Since the crigin is a Stationary Walras Equilibrium, it is surrounded 

by the above four sets. The goal of the new approach is to relate 

trajectories of system (4.31) with the slopes of the boundaries of the 

sets t++' etc. It will be shown that these ~ajectories stay within 

clockwise spirals. 

The real wage rate is increasing in the set KI and decreasing in the 

set C (cf. (4.14), (4.15)). It will be assumed provisionally, that the 

real money stock is decreasing in KI and increasing in C. This is 

equivalent to 

(5.25) KI c t_+ an!l c c ij) • 
+-

In Subsectien 5.3.3 it has been investigated under which conditions 
C I K the traces of the matrices B , B and B are negative (cf. (5.16)-

(5.18)). If the price and wage flexibility of the production sector 
tP rP (related with the weight factors k and k ) is sufficiently large 

te re compared wi th the one of the consumption sector (k and k ) , then we 

have 

(5.26) and ~<0. 

Under (5. 26) , each of the elements on the main diagenals of the 
C I K matrices B , B and B is negati ve and hence the traces are negati ve 

(see (5.16)-(5.18)). (5.26) can be expressed in termsof the inequali

ties in Theerem 5.2. 

A possible representation of the sets iJ)++' etc., satisfying (5.25) is 

given in figure 5.11. This figure corresponds to Veendorp's Figure 1. 

Veendorp, however, conaiders the regimes based on only price adjust

ments. 

If (5.25) holds, the beundarles of the sets t++' etc., are given, at 

least in a neighbourhood of the origin, by 

{x E I M(x) O} 

{x E I W(x) 0} 

{x E K M(x) 0} , 

{x €. K. W(x) 0} 
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Making use of the implicit function theerem (Theorem 2.3) and Assump

tion As 12 and (5.26), these sets coincide with differentiable half 

curves and the tangents to these half curves in the origin exist and 

they can be represented by expressions of the following farm: 

K K I m = - (~I Mm)w : tangent to { (m,w) E K M (m,w) 0} in (0,0) , 

etc. A possible representation of these tangents is depicted in Figure 

5.12. 

w 

Figure 5.12. 
0 0 

Sign pattern of (m,w) in the origin. 

We will have use for a property which is based on the slopes of the 

tangents mentioned above and the sign pattern of (m,w) as it is repre

sented in Figure 5.12. Let a trajectory of system (4.31) start in a 

point (m0 ,w0)' E ~++' As long as this trajectory has not left ~++' it 

will stay on the right-hand side of a vertical line through (m0 ,w0J '. 

If the sign pattern of (~,~) near the crigin can be represented by 

Figure 5.12, then such a trajectory will cross the curve determined by 
0 
w = 0. Then the trajectory shows a clockwise motion and stays within a 

spiral, which is defined in the following lemma (see also Figure 5,13), 
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Figure 5 • 13. 

Convergsnee of the sequence <n1,v1)', 1 1,2,3, •••• 

LEMMA 5.4. Given ar>e the fun,ations f
1

: lR +lR" ûJith f 1 (~) = O(~) 
(~ + Ol" i= 1,2, ••• , and for i= 5,6, ..... f

1 
: .. f 1_

4
• Let y1, 

1 = 1,2,3, ..... be positive saaLars ûJith,. for 1 = 5,6, ..... Y1 := Y1_4 • 

Let the sequence <n
1

,v
1
l' ~ lR

2, i= 1,2, ..... bedefinedas follOûJs: 

If 1 

If i 

is even: ni := 111-1 

is 

vi := - Y i 111 + fi <ni> . 
odd: vi :• vi-1 

ni :"' y i vi + fi (vi) • 

ln 11 < ö •lim 11 <n1 ,v1 l' 11• 0 
i -+<x> 

PROOF. The elements of the sequence can be determined as follows: 
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Since the following equalities hold: 

0 

we have 

(1') 1 ..... 0) • 

Proceeding in the same way yields 

Analogously, it can be proved that v 1+4k and 11 (nj+4k,vj+4kl' 11 for 

j ~ 2,3,4, converge to zero if Jn 1 J < o and ö is sufficiently small. 0 

Lemma 5.4 shows that the slopes of the tangents to the sets 

{x € I J M(x) = 0}, etc., are related to the stability of system 

(4.31). This is the essence of the following lemma. 

LEMMA 5.5. Under (5.25) and (5.26), in Theorem 5.3 condition (3) ean 

be replaced by the following condition: 

(3') MK > 0 w 
MK vl MI •i 

w1 < 0 
w m w m < 1 • ... 

MK WK Ml Wt m 

WK < 
m w m w 

0 
m 
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PROOF. It should be noted first that the inequality M! > 0 holds, 

since the boundary Cl has a positive slope (see Beetion 3.6), which 
r 1 r 

exceeds the slope - Mw I Mm (wi th Mm < 0) • 

On the basis of the antecedence of implication (3') two cases can be 

distinguished. 

Case I. Let the antecedence in (3') be false. 

and J< ; O. Since IBKI > 0 and hence WK /WK > w m w 
we have 

Suppose, wK ~ 0, w1 < 0 m m 
J< IJ< in this situation m · w 

Bence, in a neighbourhood of the origin a trajectory of system (4.31) 

which is in the cone Co(~++) cannot leave this cone and converges to 

the origin. It can be checked with the help of phase diagrams, that 

all trajectories end up in the cone Co(~++)' likewise to the cone Kin 

LeDlila 2 • 30 • 

As a consequence of the fact that M! > 0, in each of the subcases of 

case I there exists at least one cone in which trajectories are 

"captured" and forced to converga to the origin. Therefore, in Case I 

the origin is an asymptotically stable equilibrium of system (4.31). 

Case II. Let the antecedence of ( 3 1 } be true. Then trajactori es of 

system (4.31) show clockwise motions, so that Lemma 5.4 is applicable. 

It can beseen easily, that a trajectory beginning with (m1,w1) •, 

sufficiently close to the origin, stays within a spiral as constructed 
K K in LeDlila 5.4 with y 1 = Mw I Mm' etc. Therefore, under (3'), such a 

trajectory converges to the origin and the origin is an asymptotically 

stable equilibrium of system (4.31). 0 

The construction of the spiral in Case II comes to the same thing as 

the construction of a Liapunov function of system (4.31). In comparison 

wi th Theorem 2. 31 , Case I of the above proof corresponds wi th the case 

that there exists an eigenvector of the matrix Ai in the cone CoCS1 >, 
such that the equality E(x) = 0 holds for some x ~ 0. Case II oorre

sponde with the situation E(x) < 0 for x~ 0 in Theorem 2.31. 

In fact, it is not necessary in Lemma 5.5 to impose conditions with 

respect to the Classica! regime. This corresponds with the fact that 

the real wage rate is decreasing in the set C, which makes Classica! 

Unemployment a transitory phenomenon. 
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Another important remark is that the clockwise motions appearing in 

Case II of Lemma 5.5 imply that condition (2) of Theorem 5.3 is satis

fied (see also Theerem 2.35). Hence 1 in Case II existence of solutions 

of system (4.31) in a neighbourhood of the crigin is warranted. 

The main theerem of this subsectien can be formulated as follows. 

THEOREM 5.6. Let in system (4.31) the equality S(O} = 0 hoZd. Under 

Assumptions As 1-12, there are nonnegative soalars a, S, y and ö suah 

that if 

k~P ~ akrc 2 y 1 

krP 2 Sk~c 2 ö 
1 

and the existenoe condition (2) of Theorem 5.3 holde, then the origin 

is an asymptotiaally stable equilibrium of system (4,31). 

PROOF. In the case that system (4.31) is continuous 1 existence of solu

tions in a neighbourhood of the origin is warranted. If (4.31) is dis

continuousl this condition is ensured by condition (2) of Theorem 5.3 

(cf. Theorem 2.35). 

Following Theerem 5. 2 1 there exist nonnegati ve scalars a, B, y and 

oS such that1 if the inequalities in Theorem 5.6 are satisfied, 

the subsystems of system (4.31) have the origin as an asymptotically 

stable equilibrium, which by Corollary 2.18 is equivalent to condition 

(1) of Theorem 5.3. Similarly to Theorem 5.2 the traces of the matrices 

BI and BK must be negative (negativity of tr BC is satisfied already). 

If (5.25) and (5.26) hold in some neighbourhood of the origin instead 

of condition (3) of Theorem 5.3, condition (3') in Lemma 5.5 can be 

taken. Under (5.25) 1 it can be noticed 

factors yield low values of MK MK MI 
w' m' w 

that high values of the weight 
I K and Mm, such that either Mw ~ 0 

is true (remember MI > 0 or the consequence 
K I 

Mm,Mm < 0). 

of implication (3') W I 

If there is no neighbourhood of the origin in which (5.25) and (5.26) 

done. If1 for instance1 the set hold, the following is 

Co({x E C I ~ = 0}) is I 1 non-empty 1 the slope - M I M in condition (3') 
C C w m 

can be replaced either by - Mw I Mm or by the slope of the half line 

Co(C1). Then we get an alternative form for Lemma 5.5 in which condi-

tion (3') is satisfied for sufficiently high values of the weight 
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factors as well. 

Now, the assertion is proved straightforwardly. 0 

Following Theorem 5.6, a flexible price and wage adjustment behaviour 

is favourable for stability. Especially if there is a large propensity 

to rise the wage rate in the case of Inflation and lower the price in 

the case of Keynesian umemployment, asymptotic stability of the 

Stationary Walras Equilibrium prevails (of. Bubseetion 5.3.3). 

The merit of Theorem 5.6 compared with Theorem 5.3 is that the role of 

the weight factors comes out even more: It is not so clear in Theorem 

5.3 that high weight factors are favourable. We can now dispense with 

a condition like condit~on (3) in Theorem 5.3. Furthermore, in Theorem 

5.6 we make use of the fact that under Assumptions As 1-12, the deter~ 

minante of the matrices BC, BI and BK are positive for sufficiently 

large weight factors. on the other hand, we cannot dispense with the 

existence condition (2) of Theorem 5.3. 

Finally, it can be remarked that the directions of trajectories for 

large weight factors may be counterclockwise, so that Lemma 5.4 cannot 

be applied. Bowever, that does not matter, since for large values of 

the weight factors the antecedence of implication (3') in Lemma 5.5 is 

false, so that implication (3') itself is true. 

5.4.1. Introduetion 

After the analysis of the BGM-model in the preceding sections, the 

original model with the possibility of an inventory in the production 

sector will be considered. Hence we will investigate stability proper

ties of Inflation and Keynesian equilibria of system (4.20). Walrasian 

equilibria of this system will be the subject of the next section. 

5.4.2. Inflation equilibria 

In Section 4.2, p.86, it was stated that trajectories in the set ! 
tend to the y = 0 - plane (related to the y = y * - plane in the original 

coordinate system). Let i .. (;,;,y) I € r be an equilibrium of system 

(4.20). The application of Theorem 2.20, in which a= Y (iJ and 
y 
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q' = (0,0) can be substituted, leads to the conclusion that the equi

librium x is asymptotically stable, if and only if the corresponding 

equilibrium (;,;,' of system (4.31) is asymptotically stable. There

fore, we can refer to the stability analysis of Subsectien 5.2.2 and 

conclude that the addition of the inventory variable does not affect 

stability. 

5.4.3. Keynesian equilibria 

Let~= (;,;,y)' E K be an equilibrium of system (4.20) and let the 

Jacobian matrix in this equilibrium be 

'i!- -;;,K ~K 
M m w y 

-K -vl wK wK A := 
m w y 

y_K -yK -yK 
m w y 

~K -K -K -K 
where Mm' Mw, Wm and Ww are similar to Subsectien 5.2.3 and 

'MK := s + (;;; + m*JkrP ËrP 
y y +y 

WK := (; +w*) [-kR.C ËR.c +krP ËrP] , 
y +y +y 

-yK '"" F lt (~)]î (~) - f (~) < 0 , 
m m m 

-yK := Ft[t(~)Jt (~) -f (~) < 0 , 
w w w 

~K 
Ft[~<~lJ~ <~J-r (~J < 0 y := y y y 

-K -K -K 
The signs of Ym, Y and Y fellow from Theerem 4.3. w y 
We are especially interested in the way the variable y, related with 

the inventory in the production sector, affects the stability analysis 

of Subsectien 5.2.3. Again Theerem 2.20 will be useful. 

Let (m,w)' be an asymptotically stable equilibrium of the correspond-
-K -K ing system (4.31). Since Y < 0, then also trA < 0 holds. Hence, 

y -
Theerem 2.20 and Remark 2.24 imply that x is an asymptotically stable 

equilibrium of the system (4.20), if the following expressions are 
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positive: 

(5. 27) 

(5. 28) 

where 

2 
- (trB)(a + atrB+IBI) + q'(ai+B)c, 

- I B I a - q' PB' Pc , 

M!] , 
wK w 

-K 
a=Y <0, 

y 

-K ~K • 
c = U!" ,w l • y y 

with tr B < 0 and IBI > 0 , 

The coefficients of a 2 in (5.27) and -a in (5.28) are positive. 

Hence, (5.27) and (5.28) are positive, if the derivative ~ is suffi

ciently low. The same conclusion prevails, of course, if the elements 

of the veetors q and c are small in absolute value. Changes of the 

weight factors do not yield unequivocal changes in (5.27) and (5.28). 

Also movements of the equilibrium have to be considered (cf. Subsectien 

5.2.3). 

If the pair (;;;,;) ' is an unstable equilibrium of the corresponding 

system (4.31), the triple (;,;,y)' can still be an asymptotically 

stable equilibrium of system (4.20). In particular, this is the case 

for low values of YK and high values of YK and yK, such that the in-
~ y m w 

equality tr A < 0 holds and expressions (5.27) and (5.28) are posi-

tive. 
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5. 5. Wal..tt.M EquJ.lib4La. .ln. :JR
3 

5.5.1. Introduetion 

Similar to Section 5.3, the stability properties of a Stationary 

Walras Equilibrium in system (4.20), the system with three variables, 

will be analyzed. The origin is assumed to be a Stationary Walras 

Equilibrium of system (4.20), i.e., savings and inventory adjustments 

are equal to zero in the origin. We try te fellow the lines of the 

preceding chapter as much as possible. The linearizations of the 

regimes and the right-hand sides are determined analegeus te Sectien 

5.3. Next, the (asymptotic) stability of the subsystems of (4.20) is 

evaluated, When the stability of the total system is considered in 

Subsectien 5.5.4, it comes out that we cannot simply generalize the 

results of Sectien 5.3. Therefore, a beuristic approach is followed in 

which rather heavy conditions are imposed. Furthermore, only a linear

ized version of system (4.20) is investigated. 

The derivatives in which the arguments are omitted are supposed to be 

evaluated at the Walras Equilibrium. 

5. 5. 2. Linearization of regimes and right-hand sides 

The set C in the model with the variables real money stock m, real 

wage rate w and inventory y can be represented as fellows: 

The sets 1, U and K can be expressed in a. similar way. 

The boundary C1 is determined by the equalities 

that are satisfied if 

where (~P*(x),rP*(x)) is the notional solution of the production sec-
C C1 tor and L is the effective labour supply function. The gradient a 

of the left-hand side of the latter equality evaluated at the crigin 

is given by 

(5. 29) C1 
a := -
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where the derivatives of LC are evaluated at the Walras Equilibrium. 
Cl Cl The vector a is the analoque of the gradient b in Section 5.3. 

1U UK KC The gradients a a and a are given similarly by 

(5.30) 1U (te*RP- re* te*RP- re* 1) a := mR. m'wt w' , 

(5. 31) UK (R.e* _ rC*LP R.C* _ re*LP Lp) a := m m r' w w r' r , 

(5.32) KC (Re Re+ R.P*RC _ P* -l) a := m' w w R. rw ' 

~ 

In order to arrange these veetors conveniently the matrix Z below is 

introduced: 

C* P* e* P* ~ P*] r -r r -r r - r m m w w y y 
(5.33) z := . 

R.e* _ R.P* R.C* _ R.P* R.C* _ R.P* 
m m w w y y 

It can be observed that, under our assumptions, rP* = R.P* = rC* m m y 
= R.C* = R.P* 0 and rP* = 1 (see Theorem 3.23). Furthermore, 

y y y 

(5.34) 

where the matrix Z is given by (5.6) and e 1 = (1,0) •. 

The row vector aCl is also the gradient of the functions ER.cC and ER.Pl 

evaluated at the origin. Similar relations hold for a1U, aUK and aKC 
C 1 K The analoques of the matrices ! , ! and! defined in (5.9) are the 

following matrices: 

(5.35) 

The tangent cones of the regimes of system (4.20) are given by 

3 I c {x E: :R A x :?: O} , 

etc. It follows from (5.29)-(5.33) and {5.35) that 

-R~lz 
-1 
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-1 R~]· z . 
1 

-1 

The Jacobian matrices of the subsystems of system (4.20) evaluated at 

the Walras Equilibrium are denoted by Ac, AI, AU and AK, respectively. 

They are defined similar to thematrices Be, BI and BK inSection 5.3. 

We will derive a convenient expression for the fermer matrices. 

First, the third rows of the Jacobian matrices are analyzed. These rows 

are gradients of the inventory adjustment function Y (see Definition 
C I U 

4.1) evaluated at the origin. We denote these veetors by d , d , d and 

dK, respectively. The application of Theorems 3.23, 3.24 and 4.3 yields 

the following relations: 

(5. 36} c 1 
d = d = (0,0,-1) , 

(5.37) ,.. UK 
"1 a 

(5. 38) 

(5.39) 

where 1;; 1 and ~;; 2 are certain positive scalars. 

With Theerem 4.3 and (5.36)-(5.39) it can be found that if the matrix 

rr is defined by 

rr := [~ ~* -~] 
0 0 -1 

the Jacobian matrices of system (4.20) can be expressed as fellows 

(cf. (5.10)-(5.12)): 

(5.40) c 
(X1 

;,]~' A "' rr - (X2 

0 

Ar 
(X4 -~ ]·1 !I - a5 6-
0 0 

(5,41) 

137 



(5 .42) u ["' ;.]~· A = TI + (18 

1 

["to ~12k AK = TI + a
11 

a13 

(5.43) 

where a1, i • 1, ••• ,13, are certain positive scalars. 

Thus it comes out that the Jacobian matrices of the subsystems of 

(4.20) and (4.31) can be decomposed in a matrix corresponding with the 

stock adjustments and a matrix product corresponding with the price 

adjustments. The "stock adjustment matrix" has a simple structure. In 

(5.10)-(5.13) the only nonzero element of the relevant matrix is t*, 

the Walrasian labeur input level. The matrix TI has two elements that 

are equal to -1. These elements correspond with the derivatives of 

savings function s and inventory adjustment function Y with respect to 

the inventory variabie y. 
. C 1 U K Clearly, the matrJ.ces !. , !. , !. and !. rule the "price adjustment 

part" of the Jacobian matrices in (5.40)-{5.43). The premultiplication 

matrices correspond with the weight factors of the excess demand 

matrices. A large value of ai is related to a large value of one of 

the weiqht factors. It is obvious that according as the weight factors 

are larqer the relative role of the price adjustments is more impor

tant. 

Next, we address oursel ves wi th the linearized regimes of system 

(4.20). Thesetof Walras Equilibria WE is determined by 

Therefore, the line CoCIVEl is the intersectien of the planes with the 
C* C* P* C* C* P* normals, respectively, (tm ,tw -tw ,0)' and (rm ,rw -rw ,-1)' 

that are the rows of the matrix z. This line is generated by the 
WE following vector q with positive components: 
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WE 
q := 

C* P* 
R, - R, 
w w 

C* -R, 
m 

where the matrix z is defined by (5.6). Clearly, the vector qWE is the 

normal of the plane generated by (transposes of) the rows of the 

matrixzand each of the gradients acr, etc., is perpendicular to the 
WE 

vector q • Hence, the quadruple 

(Co(C) ,Co(!) ,co (U) ,Co(K)) 

is a common line partition of ~3 (see Definition 2.39 and Figure 2.5). 
er Another consequence of the fact that the gradients a etc., are per-

WE pendicular to the vector q is that the tangent cones 

Co({x E 1 W(x) 0}) 

Co({x E K W(x) 0}) 

WE 
both contain the line Co(WEJ generated by the vector q It can be 

concluded that the linear terms of the real wage adjustment function 

form a continuous function on the tangent cones of the regimes. 

We will derive a similar conclusion for the inventory adjustment func-
UK U K tion Y. Since the veetors a , d and d are dependent (see. (5. 35)-

(5.37)), the three corresponding planes (through the origin) 

{x E :IR? I a UK x = 0}, {x E :JR
3 I dU x = 0} and {x E lR3 I dK x = 0} have 

1U 
a single line in common. A similar property holds for the veetors a 
U 1 KC C K CI C 1 d , d , the veetors a , d , d and for the veetors a , d , d • This 

implies that the linear terms of the (continuous) function Y form a 

continuous function on the "linearized" regimes. 

There is no analogue of this conclusion for the adjustment function M 

of real money stock. If a discontinuous excess demand specificatien is 

chosen, it can be expected that the linear terms of the function M are 

discontinuous on the tangent cones of the regimes, as is the function 

M itself. 
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5.5.3. Stability of the subsystems 

C 1 U K The Jacobian matrices A , A , A and A can be analyzed further with 

the aid of Theorem 2.20. For that purpose it is necessary that each of 

the traces of these four matrices is negative. Reeall that under our 
C I K assumptions tr B is negative and tr B and tr B are negàtive for 

sufficiently large values of the weight factors k!P and krP relative 
. re te to, respectively k and k (see Sectiop 5.3). 

By Theorem 4.3 the following equalities hold: 

-1 

It can be concluded from Theorem 2.20 that the origin is an asymptotic

ally stable equilibrium of the system ~ .. AC x, if and only if the 

origin (in lR2l is an asymptotically stable equilibrium of the system 
Q c 2 
x = B x (x € lR ) • There exists a similar relation between the systems 
-; r- - 3 .. 1 2 
x = A x (x € lR ) and .!. • B .!. (.!. € :R ) • 

The case of Underconsumption is absent in system (4.31), We define 

[•" ~] [~]· U m u <Yu Yul u 
B := w~ u , q := m' w and c := 

WW 

First, we consider the trace of the matrix BU: 

tr BU = 8U + m krP ErPU + w* ktP E!PU + w * krP ErPU • 
m m 

1
w 

1
w 

The latter two terros in the right-hand side of the above equality 

depend on the specifications of the objective functions (cf. Proposi
U tion 4.5). Clearly, tr B < 0 for small values of the weight factors 

rP f.P k and k • Bowever, it is not a necessary condition that these fac-

tors are small. Furthermore, we concluded in Section 5.3 that Zarge 

values of these factors are favourable for stability of the subsystems 

of system (4.31)! 

Let us assume tr BU < o. With the definitions of BU, qU and cU given 

above, Theorem 2.20 can be applied once again. Since Y~ = 0 by Theorem 

4.3, the origin is an asymptotically stable equilibrium of the system 
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0 u 
x A x, if and only if the following inequalities held: 

u I u I u (q ) P(B ) Pc < 0 • 

It can be proved with Theorems 3.23-3.25, Assumption As 8 and Lemma 

3,30 that the second inequality is satisfied, With respect to the 

first inequality, we regard the highest powers in the weight factors, 
U> 2 rP R-P rP 2 . 

(k ) k and k (k ) • It can be proved aga~n wi th Theorems 3. 23-

3.25, Assumption As 8 and Lemma 3.30 that the coefficients of these 

terms are positive. Hence, the origin is an asymptotically stable 

equilibrium of the subsystem ~ = AU x, if the weight factors ktP and 

krP are sufficiently large and for these valües of the weight factors 

still tr AU is negative. A similar conclusion holds for the subsystem 
0 /( 

x= A x. 

Thus, in most cases an increase of the weight factors of the excess 

demand functions is favourable for stability of the subsystems. 

This result is not so elegant as Theerem 5.2. The fact that the signs 

of E!PU and E:PU are unknown spoils the extension of this Theorem. For 

the two terms mentioned above more data are necessary with respect to 

the objective functions. 

It can be observed that for a zero value of the weight factors, the 
C I U K matrices A , A , A and A have eigenvalnes that are equal to zero, so 

that the origin is not an asymptotically stable equilibrium of the 

subsystems of system (4,20). 

5.5,4, Stability of the total system 

Let us first consider the case in which excess demand functions and 

hence system (4.20) are continuous. Since the functions in the right

hand side of system (4,20) are continuously differentiable on the 

(closure of the) regimes, continuity here implies Lipschitz continuity 

of the right-hand side of (4.20) (see Definition 2.11 and Theerem 

2.12). Therefore, the existence of solutions is warranted on a compact 

neighbourhood of the origin. 

If the excess demand functions are discontinuous, Theerem 2.41 can be 

applied, The following conditions are sufficient for the existence of 

solutions of system (4,20) in a neighbourhood of the equilibrium (cf. 
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condition (2) of Theorem 5.2): 

Vqeco(C!): a er A e q • a er AI q > 0 1 

Vq E Co(!U): a !U AI q • aiU AU q > 0 1 

V q E Co (UK): aUK Auq. 11UK AKq > 0 , 

Vq e Co{KCl: a KC A K q .lC AC q > 0 • 

If the existence of solutions in a neighbourhood of the origin is 

warranted, the main problem remains: Is the origin an asymptotically 

stable equilibrium of system (4.20)? This question will be tackled in 

a beuristic way in the last subsectien of this chapter. 

For the stability results of Stationary Walras Equilibria, Assumptions 

As 13 and As 14 are not necessary. The 'signs of the derivatives of the 

excess demand functions evaluated at the Walras Equilibrium are im

plied by Assumptions As 1-9. Again the importance of Assumption As 8 

and Theorem 3.23 can be stressed. Since the signs of the derivatives 

mentioned above are the limits of the signa in Assumptions As 13 and 

As 14, it still has to be checked if Assumptions As 13 and As 14 are 

compatible with .the foregoing assumptions. This appears to be the case. 

5.5.5. A beuristic approach 

In this subsectien the following system is considered: 

(5.44) 0 z 
x= A x for x E l!o(Z) , Z = e,I ,U,K, 

where the sets eocZ> are defined in such a way that they are disjoint, 

their union covers :R
3 and 

int Co(Z) c êo(Z) c Co(Z) • 

System {5.44) can be considered to be the linearized version of (4.20). 

The metbod which will be followed is a generalization of condition (3) 

in Theorem 5.4. 

We start with Assumptions As 1-12 and (5.26), so that the following 

inequalities hold: 

(5.45) i , J' 1 WJ , ~ < 0 • m m w w 
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In addition, we restriet by assuming 

(5. 46) 

Since the second row of A in (5.41) is perpendicular 

qWE which has positive components, it follows from w1 
m 

that w1"is positive. Similarly, WK is positive, 
y y 

(5,47) Wr wK>o y, y • 

to the vector 

< 0 and w1 
< 0 w 

It is also assumed that in the y = 0 - plane the situation of Figure 

5,10 holds. ln this situation the real money stock m and the real wage 

rate w for the optima! inventory only grow simultaneously in the case 

of Keynesian unemployment and only decrease simultaneously in the case 

of Inflation (see also Figure 5.14) • 

If we define 

(5 .48) 1/JI := MI w1 I MI WI (MI WI > 0) , w m m w m w 

(5.49) l := MK WK /MK WK (MK WK > 0) , 
w m m w m w 

where the signs are given by (5.45) and (5.46), then condition (3') of 

Lemma 5,5 is satisfied, if 

(5. 50) vll < 1 • 

I K Under our assumptions, the terros 1jJ and 1jJ are negative. 

The stability conditions will be derived from the construction of a 

block which has the property that trajectories of system (5.44) point 

inward on the sides. Such a blockis called a "Liapunov block". 

DEFINITION 5.6. A Ligrunov bZock of system (5.44) ie a bZoak aonsisting 
3 - 3 of Z.ower bounds ~ E - JR++ and upper bounds x .:: JR++ suah that for 

i = 1,2,3, 

1) 
0 

0 A ~ # 0 x i = x .. x. ~ t -i ~ 

2) - 0 

~ # 0 x i xi .. xi ::;; 0 A 
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Scalar multiplication of a Liapunov block of system (5.44) yields an

other Liapunov block. A Liapunov block corresponds with a Liapunov 

function (see Definition 2.25). The existence of a Liapunov block is 

sufficient for asymptotic stability of tha crigin as an equilibrium of 

system (5.44). 

We will construct a block in (m,w,y)-space with the sides m = ~· w = ~· 

y = z, m = m, w = w and y = y, where ~·~·~ < 0 an6 m,w,y > o. 
Let x e Co(Z) (Z = C,I,U,K> be a vertex of such a block. Then the 

following conditions have to be satisfiad: 

m ... m .. MZ m + Mz w + Mz ;:: 0 1\ ~" 0 , - m w yY 

- z M; w + Mz. ~ 0 1\ ;; " 0 , m• m .. M m + m yY 

z z z ~OA~,to, w•w .. w m +W w+W y 
- m w y 

etc. We only consider tha case in which the four vertices on the side 

m = .!!! are elements of the set Co (Kl and those on the side m = m are 

elements of the set Co(!) {cf. (5.25)). 

There are 8 x 3 = 24 conditions of the above kind. The strategy of the 

construction of a block is to situate its vertices in such a way that 

only two conditions remain to make the block a Liapunov block. The 

construction is similar to the construction of the spiral in Lemma 5.3. 

We start with arbitrary values of the bounds w, y and I.• The other 

bounds are determined in such a way that as much conditions of Defini

tion 5.6 as possible hold. The two remaining conditions yield an exis

tence problem in the original upper bounds w, y and I.• 
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We construct a rectangle in the y = 0- plane with the sides m = m, 

m = ~' w = w, w = ~ (see Figure 5.14), where m,w > 0 and,~,~ < O. 

Let w E ~++ be given. Then m is defined by 

(5.51) m := - (MI < 0) • 
m 

Clearly, mis positive under our assumptions (cf. (5.45) and (5.46)). 

The lower bound ~ is given by 

(5. 52) 1 1 -w := - (W /W )m 
- m w 

Then, ~ is negative and 

(5. 53) 1-
~ = 1j! w. 

cw! < Ol • 

Finally, the side m =~is determined by 

(5 .54) 

The term~ is negative. 

(MK < 0) • 
m 

With respect to the inventory variable y an important remark can be 

made. The half space of negative y values is included in the set in 

which y increases. Formally, 

Furthermore, the inventory y cannot converge to a negative value. 

It can be concluded that trajectories of system (5.44) cannot stay in

finitely long in the half space of negative y values. Consequently, 

the value of the lower bound ;[_ can be taken arbitrarily close to 0. 

Even then, y is increasing on every point of the side y = z. There

fore, the bound y can be considered to be equal to zero in the inequal

ity conditions. Furthermore, a condition like, for instance, 
K K K W m + W w + W v ~ 0, is automatically satisfied by choosing v close m- w- y&. ._ 

to 0. 

As a consequence of the fact that the sets {x E Co(!) I y = 0} and 

{x E Co(1) I y = 0} coincide, the elements of the set Co(!) satisfy 

the conditions with respect to the inventory change. Since 

(.;<, YK, YK)' is a vector with negative components, we only have to , m w y 
check the sign of the inventory change in the vertex (~1~1 y) '. 
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It can be checked that for ~close to 0, due to the signs of the com

ponents of the veetors cw1 , w1 , w1} ' a.nd (WK , wK , WK) ' all the points m w y m w y 
on the side w = ~ satisfy the condition that the real wage rate is 

nondecreasing, 

Suff!cient conditions for the block determined by w, etc.-, to be a 

Liapunov block are given by the following inequalities: 

(5,55) 

(5.56) 

Under our assumptions, all the other inequality oonditions are satis

fied if (5,55) and (5.56) hold. 

Substitution of m, ~ and ~ into (5,55) and {5.56} with the help of 

(5,51}-(5,54) yields a system of two linear inequalities intheupper 

bounàs w and y; 

(5.57) 
I(JK- I(_ 

W"{!/1 !/1 - l}w- w-· y > 0 , 
w V 

(5,58) 

Inequality {5.50) is a necessary condition for (5.57), 

Under (5.50), there exists a pair (w,y) e lR~, which satisfies (5,57) 

a.nd (5.58), if a.nd only if 

MK "' 0 m w 

(5.59) ·l ~1!/11 { > 0 • m w 

YK YK ~ m w y 

Hence, if (5.59) holds, then under our assumptions, the origin is an 

asymptotically stable equilibrium of system (5,44}. 

We have investigated only one of many possible cases. Nevertheless, a 

method has been followed which can be applied in other situations as 

well. For instance, (5.46) is certainly not essential. 

Moreover, it should be emphasized, that it is not proved that asymp

totic stability of the origin as an equilibrium of the linearized sys

tem (5.44) implies asymptotic stability of the original system (4.20). 
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Unfortunately, the conclusions with respect to system (4.20} are less 

pronounced than those with respect to system (4.31} (see-Section 5.3}. 

The results are less general. The reasen of this is that we were not 

able to extend Theorems 2.32 and 2.38 to higher dimensions. More data 

concerning Specificatiens of objective and excess demand functions are 

necessary to verify the conditions of this subsection. 
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6. CONCLUSIONS 

6.1. Gen~ conetading 4em~ 

In the models introduced in this thesis Non-Walrasian Equilibria 

appear, The conditións for Non-Walrasian Equilibria can be summarized 

as "optimatity", "voZunta:ri11688" and "rationing on the Zong sids onZy" 

(see Subsectien 1.4.2). We have investigated the Non-Walrasian Equi

libria of the Barro and Grossman/Malinvaud model (see Barre and 

Grossman (1971) and Malinvaud (1977)) extended with the possibility of 

an invento:cy change in the production sector. 

This invento:cy is introduced in a rather simple way via a valuation 

function of stock. The objecti ve function of the production sector is 

the sum of the real cash flow and the valuation function of stock. 

The "voluntariness" condition leads to the introduetion of "voZuntary 

trailss". A trade is called volunta:cy for a sector, if there exists a 

pair of upper bounds such that the trade is the solution of the 

maximization problem. The graphs of the effective demand/supply func

tions, that give the demand/supply for given constraints on the ether 

market, are boundaries of the "sets of volunta:cy trades". 

A "Non-walrasian Equilibrium (NWE-) state" is introduced as a sequence 

of a parameter vector, a "transaction" and two pairs of upper bounds. 

The transaction ·is the optimaZ solution for both sectors simultaneous

ly under the gi ven upper bounds. For the two pairs of upper bounds the 

condition "rationing on the Zong sids onZy" holds. Under Assumption 

As 9 the transaction is unique for gi ven parameters.. Under this as

sumption the transaction is the voZuntary trade which is optimaZ for 

both sectors. 

Assumption As 9 implies that the parameter space can be divided into 

disjoint sets, that correspond with Walras Equilibrium, Classica! 

Unemployment, Repressed Inflation, Underconsumption and Keynesian 

Unemployment ~-states. The names of the market states are given 

following Malinvaud (1977) and Muellbauer and Portes (1978). The loca

tions of the above sets are investigated. 
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We have studied a dynamic version of the Barre and Grossman/Malinvaud 

model. In this model the price of the consumption goed and the wage 

rate are adjusted following "excess demand functions". Assumptions 

As 12-14 have been made with respect to the differentiability and 

signs of derivatives of the excess demand functions. Stock relations 

for the dynamic model have been formulated. The dynamic model can be 

described by a differentlal system with a piecewise differentiable 

right-hand .side. This right-hand side may be discontinuous, which 

causes existence problems with respect to solutions of the system. 

A set on which the right-hand side is differentiable is called a 

"regime". 

The stability properties of equilibria of two systems have been in

vestigated. The first system is based on the Barre and Grossman/ 

Malinvaud model extended with price adjustments and an adjustment of 

money holdings (cf. Honkapohja, 1979). In the secend system, addition

ally a variable stock of goeds in the production sector is incorperat

ed. 

Under the "Law of demand and supply", these systems can have Walrasian, 

Inflation and Keynesian equilibria. In each of these three kinds of 

equilibria the transaction is constant. The nominal money stock, the 

price of goeds and the nominal wage rate grow at the same rate, which 

is, respectively, zero, positive and negative in Walrasian, Inflation 

and Keynesian equilibria. 

The first system mentioned above has two variables and the secend has 

three. The transaction from the two-variable into the three-variable 

model leads to difficulties. The results from the two-variable model 

cannot be generalized. Fortunately, the regimes of the three-variable 

model have a pleasant struct11re, which is called a "common line parti

tion". This structure enables us at least to solve existence problems 

of solutions. 

The main conclusions with respect to stability can be found in Sectien 

6.2. 
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6. 2. ConciU6.ion.6 eonee.Jtning .t.:ta.bUUy 

6.2.1. Some general stability results 

In this section some stability conclusions are given. They are pre

sented, in particular, in comparison with the results of Arrow, Block 

and Hurwicz (1959), Veendorp (1975) and Honkapohja (1979). Similar to 

the tätonnement process in Arrow, Block and Hurwicz and the adjustment 

process of Veendorp, the price adjustments are based on the "Law of 

demand and supply". The great difference is that the tätonnement 

process starts with "notional" excess demands, while Veendorp considers 

"effective" excess demands. The latter are based on the "dual decision 

hypothesis" (see Subseçtion 1.4.2) and can be called (neo-) keynesian 

concepts. We also consider price adjustments based on excess demands 

and, additionally, we consider adjustments of both money stock and 

inventory. One of the crucial assumptions of both Arrow, Block and 

Burwicz and Veendorp is "gross substitutability" (see Section 1. 5). 

Instead of "gross substitutability" we have made Assumptions As 8, 

As 13 and As 14, These assumptions are not expressed in derivatives to 

prices only, but in derivatives with respect to the real money stock, 

the real wage rate and the inventory of goods in the production sec

tor. The Assumptions As 13 and As 14 seem to be reasonable, especially 

under Assumption As 8. 

Other important assumptions made by Arrow, Block and Hurwicz are 

"Walras' Law" and "homogeneity" (see Section 1.5). 

Walras' Law does not hold for effective excess demands! A homogeneity 

assumption is implicit. We have normalized the price of money. 

The differential systems descrihing the models of Arrow, Block and 

Hurwicz and of Veendorp have only one type of equilibrium. This is 

the Walras Equilibrium, which has been proved to be asymptotically 

stable in both systems. 

In systems (4.20) and (4.31) equilibria can be Walrasian as wellas 

Inflationary and Keynesian. These equilibria are not necessarily 

stable. Stability depends on the excess demand functions and on their 

weight factors. 

The values of the functions x1 and xK defined in Lemma 3.30 are also 

important. For high values of these functions the derivatives in 

Theorem 3.31 are small in absolute value. For small (positive) values 
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of x1 and xK the transaction is sensitive for changes in the real 

money stock, real wage rate and the inventory. 

Inflation and Keynesian equilibria of system (4.31) have been investi

gated in Honkapohja (1979). Honkapohja's conclusion is that Keynesian 

equilibria and most of the Inflation equilibria are asymptotically 

stable. However, he assumes that the nominal wage rate is more sticky 

than the price, which is not assumed by us. 

The obvious way to compare our results concerning Stationary Walras 

Equilibria with the results of Arrow, Bleek and Hurwicz and of 

Veendorp is to analyze the Jacobian matrices of the subsystems. 

Let us denote the matrix corresponding with regime i by Ai. Then the 

matrix Ai can be worked out as fellows: 

The matrix ll can be called the "stock adjustment matrix". Its first 

row contains derivatives of the real savings function. Its third row 

contains derivatives of the inventory adjustment function. The matrix 

~i can be called the "excess demand matrix". The rows of this matrix 

are the gradients of the excess demand functions relevant for regime 

i and evaluated at the Walras Equilibrium. These rows are dependent 

with the boundaries of the tangent cone of regime i. The matrix Ki 

can be called the "weight factor matrix". 

If the matrix ll is absent, then the Stationary Walras Equilibrium is 
0 

an asymptotically stable equilibrium of the systems x = Aix, 

i= 1, •• ,4, irrespective the weight factors in the matrix Ki (under 

"gross substitutability"). 

The "linearized" differential systems in Veendorp (1975) can be 
0 

represented by x !1i x, i = 1, •. , 4, where the matrices ~i are "excess 

demand matrices". Veendorp's systems are particular cases of our 

systems and for each of the regimes the crigin is an asymptotically 

stable equilibrium of the corresponding subsystem. 

In Arrow, Block and Hurwicz (1959) there is only one regime. The 

differential system on this regime can be expressed in terms of an 

excess demand matrix. Under "gross substitutability", this matrix can 

be multiplied by a diagonal weight factor matrix without affecting 

the stability of the equilibrium. 
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The conclusions with respect to stability depend. on many factors. For 

strenger results, however, we need strenger assumptions and our as

sumptions are streng already. Especially Assumption As a·is very im

portant for the stability results. We have to admit that this assump

tion is rather arbitrary and restrictive. Assumptions As l3 and As 14 

are important for the stability of Inflation and Keynesian equilibria. 

For Stationary Walras Equilibria the signs of the derivatives of ex

cess demand functions are implied by the foregoing assumptions. The 

signs that fellow in this way are compatible wi th Assumptions As 13 

and As 14. Assumption As 9, which implies the unicity of an NWE-state 

for given parameters is also relevant for the stability results. 

6.2.2. The weight factors 

re The weight factors k etc., of the excess demand functions can be in-

terpreted as the propensity to change the price of a commodity for 

which a sector is rationed. For instance, if the consumption sector is 

rationed on the goeds market and is is prepared to pay a much higher 

price, then the value of krc is large. 

Arrow, Bleek and Hurwicz 11959} assert that under gross substitutabil

ity the weight factors, that they call "speeds of adjustment", are 

immaterial for the stability of a Walras Equilibrium in the tltonne

ment process. They choose the units of maasurement in such a way that 

the values of the weight factors are unity. 

We consider the value of a weight factor to be the relativa value with 

regard to the weight factors of the stock adjustments (see Subsectien 

4.2.1). A proportional changè of both weight factors and stock adjust

ment factors does not influence stability. Hence, a change in the 

period length does not effect stability. 

In our models the weight factors of the excess demand functions are 

really important. It has been shown that due to stock adjustments 

they play a role in the location of Inflation and Keynesian equilibria 

of systems (4.20) and (4.31) and in the stability properties of equi

libria of these systems. Furthermore, values of the weight factors are 

important for the existence of solutions of systems (4.20} and (4.31). 

Not only the si?e but also the mutual proportions may be important. 

It has been shown that it is favourable for stability if especially 
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the weight factors are large in the cases the producers are rationed. 

Following Theorem 5.6 higher levels of the weight factors make asymp

totic stability of a Walras Equilibrium of system (4.31) ("Stationary 

Walras Equilibrium") more likely. The same conclusion holds for a 

Stationary Walras Equilibrium of system (4.20). It is obvious that an 

increase of the weight factors weakens the relative importance of the 

stock adjustment matrix rr in the preceding subsection. Hence, such an 

increase enlarges the resemblance between the systems (4.31) and (4.20) 

on the one hand and the system of Veendorp on the other. 

6.2.3. Consequences of the addition of an inventory 

From a camparisen of Sectiens 5.2, 5.3 with Sectiens 5.4, 5.5 the 

consequences of the addition of a variable inventory of goods in the 

production sector to the Barro and Grossman/Malinvaud model appear. 

For Inflation equilibria this variable does not play an important role 

since in an Inflation NWE-state the production sector is uncon

strained on the goods market. In a Keynesian NWE-state, on the other 

hand, inventory increases may appear. The variabie inventory may be 

favourable or unfavourable for stability of a Keynesian equilibrium. 

6.2.4. Specificatiens of excess demand functions 

The price adjustments can be based on neoclassical and on monopolistic 

excess demand functions specifications (see Subsectien 1.5.2). We have 

only investigated the farmer, although the latter are very worthwhile 

studying. The neoclassical price adjustments presurne competitive 

behaviour of a great number of agents. Hence the consumption and pro

duction sector in our models are built up of a large group of in

dividual agents. If the aggregate groups acted as units, then a mono

polistic specificatien would be a better choice. The actual fur"ction

ing of market mechanisms in practice will be somewhere between neo

classical and neokeynesian, depending on the sart of commodity. 

The excess demand functions can be either continuous or discontinuous. 

The continuous specifications are not very attractive for two reasons: 

they are unrealistic and unfavourable for stability of a Stationary 

Walras Equilibrium. Continuous specifications are unrealistic since a 

rationing of the production sector on bath markets is not or hardly 
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expressed (see Sectien 4.6). Assumption As 14 does not hold forthese 

specifications. The set in which the real wage rate is nondecreasing 
' 

degeneratea to (a neighbourhood of) the set in which the,production 

sector is constrained. A Stationary Walras Equilibrium is unstable in 

most of these cases. 

Discontinuous price adjustment functions, on the other hand, lead to 

existence problems with respect to solutions of systems (4.20) and 

(4.31). In Sectiens 5,3 and 5.5 sufficient conditions are'given to 

warrant the existence. These conditions do not seem to be very 

restrictive. It is shown by Laroque (1979), that existence of solu

tions is nota problem in the model of Veendorp (1975). Nevertheless, 

in our models cases can be constructed in which the given sufficient 

conditions are violated. 

6.3. Epilogue 

Some simplifications in this thesis need to be mentioned. 

The specifications of the utility function and valuation function of 

stock presuppose that expectations concerning prices and constraints 

are implicit. In this respect Assumption As 10, the stationarity as

sumption, is hardly satisfactory. 

A complete long term analysis has to include investments, capital 

accumulation and a thorough treatment of money flows. The incorpora

tion of these topics could be the subject of further research. 

154 



LIST OF SYMBOLS 

14 

C(S
1

l 1 C' (S
1
l, Ck(S

1
l 1 F , F 1 VF, V

2
F, DF(x) I F I SI 

xi xixj 
x» F(x), Mmxn' lAl, trA, elS 1 int S, B(O;p), sgn a 15 

0( ) 16 

Co(S) 18 

0 
x, IVP(F,x

0
,t

0
l, x(t;x

0
,t

0
) 20 

R., r, z n' mn' wn, p 43 

y, q, R, , r, z, m, w, x 
max 

44 

IJ., u 45 

F, Q 46 

V 47 

48 

I u, V 49 

-c -P -P , R ' L I R 51 

He, p 
H ' 

Lc 52 

Re, LP, 
p 

R 53 

* y 57 

x:-, XP , x 58 

(t,f) 65 

WE, C, 1, U, K, CI, IU, UK, KC 69 

155 



y 

M, W 

* * R, ' r 

IIIAJE, IWE, SWE 

.{, _,ç, -\,• KI 

* * * m , w , x 

Cl KI KC z, q , q "' q 

!_C, !_1, BK 

BC, BI, BK 

WE 
q 

156 

72 

73 

85 

86 

87 

89 

90 

91 

94 

96 

97 

103 

107 

115 

116 

117 

119 

135 

136 

137 

139 

143 



SUBJECT INVEX 

allocation 

asymptotically stable 

autonorneus 

3 

22 

20 

Barre and Gressman/Malinvaud 

model 

BGM-model 

berdered Hessian 

budget eenstraint 

- correspondence 

equation, - equality 

Classica! unemployment 

commodity, - bundle, - set 

common line partition 

competitive 

cone, closed -, tangent -

constrained budget set 

- demand/supply 

- production set 

consumption set 

continuously differentiable 

continuous system 

differentlal system 

discontinuous system 

disequilibrium 

dual decision hypothesis 

effective demand/supply 

equilibrium 

excess demand function 

feasible 

fix-price equilibrium 

frictionleas market 

102 

45 

3 

49 

3,44 

67 

3 

39 

3 

18 

3 

3 

6 

3,45 

16 

20 

19 

20 

6 

7 

6,52 

21 

87 

3 

6 

6 

gross substitutability 

implicit functien theerem 

initial value problem 

inventory adjustment function 

inventory equation 

Inventory Walras Equilibrium 

Keynesian unemployment 

Landau's o-symbol 

law of demand and supply 

Liapunov function 

Lipschitz condition, - constant, 

- continuous (locally) 

long side 

macro-economie 

micro-economie 

Money Walras Equilibrium 

neoclassical (price setting) 

neokeynesian (price setting) 

non-tätonnement 

Non-Walrasian Equilibrium 

notional demand/supply 

NWE-state 

objective function 

optimal 

optima! inventory 

piecewise differentiable 

production function 

quantity constraints 

rationing, scheme 

real savings function 

regime 

11 

16 

20 

86 

44 

97 

67 

16 

10 

24 

21 

6 

3 

3 

97 

12 

12 

10 

5,65 

6,48 

65 

3 

5,64 

57 

26 

46 

5 

5 

85 

26 

157 



Repressed inflation 

restricted objective/utility function 

solution 

spillover 

stability 

Stationary Walras Equilibrium 

strictly active 

system of first-order differential equations 

tangent cone, - vector 

titonnement 

Temporary Walras/Non-Walrasian Equilibrium 

trade 

trajectory 

transaction 

Underconsumption 

utility function 

valuation function of stock 

voluntary 

- trade 

Walras Equilibrium, - Price Vector 

Walrasian demand 

Walras' Law 

weight factor 

zero homogeneity 

158 

67 

49 

7,20,34 

7 

21 

97 

17 

20 

18 

10 

4, 6 

44 

20 

65 

68 

3,45 

46 

6 

52 

4,67 

6 

11 

87 

11 



LIST OF ASSUMPfiONS 

As 1: The consumption set 6 is given by 6 = {(~,r,z) E m! R. $ ~ } 
max 

As 2: The utility function of the consumption sector U: 6 +:R+ satis

fies 

1) u I int 6 E c2 
(int 6 + :R+) and u E c (6 + E+) I 

2) u has a negative definite berdered Hessian,for all 

U,r,z) E int 6, 

3) U is monotonously increasing in r and z and decreasing in t. 

As 3: The production function of the production sector F: :R+ + E satis

fies 

1) F E C (E+ + E) , 

2) F (0) $ 0 , 

3) F is strictly concave, 

4} F is increasingl 

5) lim F (t) = co , 

t--

6) lim F ~ (t} = 0 • 

~--

As 4: The valuation function of stock of the production sector 

Q: m+ + m+ has the following properties: 

1) Q E c (E+ +:I\) I 

2} Q(O) = 0 I 

3) Q is strictly concave, 

4} Q is increasing. 
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As 5: The objective function of the production sector V: :R! x :R++ +JR. 

satisfies the equality V(R.,r,q;w) == -w~+r+Q(q), for all 
3 

(t,r,q;wl € JR.+ xJR++• 

p 3 2 
As 6: The production correspondence I> : JR.++ :; 1\ satisfies 

I>p(x) .. {(~,rl € m: I F(~) ~ o, y+F(~) -r ~ 0}. 

As 7: For every x € XC and r € (O,rC*(x)J: 

For every x € XC and t € (O,tC*(x)J: 

As 8: For every x € XC: tC* < 0
1 "c* > o 

m w , 

- c- -Utr[L (r·;x) ,r;x] 

- c -ur1[t,R (t;x);x] 

rC* > 0, rC* > 0. 
m w 

> 0. 

> 0 • 

For every (r;x) with x € XC and r € (O,rC* (x) : Lc < o, Lc > o. 
m w 

For every (t;x) with x € XC and t € 
C* (O,f. (x)J: Re > a, Re > o. m w 

As 9: For all x € X and I € (O,tP*(x)J: -Ü .IÜ < F.(Ï), where the r,. rr ., 
derivatives of Ü are evaluated at (Ï,Re(t;x);x}. For all x € X 

- P* - f'W - -and r € (O,r (x)]: u1r I U .U > V tr /V U, where the derivatives 

of Ü are evaluated at (Lc(r;x),r;x} and those of vat 

(LP(r;x),r;xl. 

As 10: The utility function u, the production function F and the 

valuation function of stock Q are constant over time. 

As 11: k = k = 1 • 
m y 

As 12: ErCC € C' CX n cl Cl , Ercl 
€ C' CX n cl 1> , 

EtcC € C' ex n cl Cl , EtcK € C' <X n cl Kl , 
EtPl 

€ C' eX n cl 1l , ER.PU € C' eX n cl U) , 

ErPK € C' CX n cl Kl , ErPU € C' eX n cl U) . 

As 13: In the interiors of the regimes the signs of the derivatives of 

the excess demand functions are given by the following table: 
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ER-e m w y Ere m " y 

third upper index c + + c + + 

K + 1 + 

EtP m w y ErP m w y 

third upper index r + u + 

u + K + 

As 14: In the interiors of the regimes the signs of the derivatives of 

the excess demand functions are given by the following table: 

ER-e m w Ere m w 

third upper index c + c + + 

K 1 + 

EiP m w ErP m w 

third upper index r + K 
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SAMENVATTING 

In dit proefschrift wordt het Barro en Grossman I Malinvaud -model (zie 

Barro and Grossman, 1971, en Malinvaud, 1977) uitgewerkt, teneinde de 

"iets langere termijn" te beschrijven. Dit model beschrijft een econo

mie, waarin twee groepen agenten optreden, een consumptiesektor en een 

produktiesektor. Er zijn drie goederen: arbeid, een consumptiegoed en 

geld. Het belangrijkste kenmerk van het model is dat op korte termijn 

de prijzen vast zijn. Hierdoor kunnen vraag en antwoord niet op elkaar 

afgestemd worden, zodat hoeveelheidsrantsoenering op kan treden. 

Een toevoeging aan het Barro en Grossman/Malinvaud-model is de moge

lijkheid voor de produktiesektor om een voorraad 'consumptiegoed aan te 

leggen. 

De begrippen "Niet-Walrasiaanse evenwichtstoestand" (NWE-toestand) en 

"transaktie" worden gespecificeerd. Een NWE-toestand is een vektor, 

die bestaat uit een parametervektor, een transaktie en beperkingen 

voor de beide sektoren. De transaktie van een NWE-toestand is een 

paar, dat de simultane optimale oplossing voor beide sektoren op de 

arbeids- en goederenmarkt weergeeft, met de genoemde beperkingen als 

extra voorwaarden. 

NWE-toestanden voldoen aan de eisen van "optimaliteit", "vrijwillig

heid" en "slechts rantsoenering van de lange kant". Ze kunnen onder

scheiden worden in o.a. Walrasiaanse, Klassieke, Inflationaire, 

Onderconsumptieve en Keynesiaanse NWE-toestanden. Bij een Walras Even

wicht zijn vraag en aanbod op elkaar afgestemd. In de andere NWE

toestanden is rantsoenering noodzakelijk om gelijkheid tussen vraag en 

aanbod te krijgen. 

Onder de "iets langere termijn" dient hier verstaan te worden de 

tijdspanne waarover men voorraden en prijzen als variabel kan beschou

wen. Voorraad- en prijsaanpassingen worden in het model ge!ncorporeerd. 

De prijsaanpassingen geschieden volgens de "Wet van vraag en aanbod". 
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Het nu ontstane model kan beschreven worden met behulp van een auto

noom differentiaalsysteem in drie variabelen, te weten de reële geld

voorraad van de consumptiesektor, het reële loon en de voorraad con

sumptiegoederen van de produktiesektor. Investeringen worden buiten 

beschouwing gelaten. 

Het betreffende differentiaalsysteem kan drie soorten evenwichten 

hebben: Walrasiaanse, Inflationaire en Keynesiaanse. 

Bij Walrasiaanse evenwichten treedt de moeilijkheid op dat ze even

wichten zijn van stuksgewijs differentieerbare rechterleden. Mogelijk 

zijn de rechterleden zelfs discontinu. Aan de problemen die uit deze 

moeilijkheden voortvloeien wordt aandacht besteed, vooral in systemen 

met twee of drie variabelen. 

In plaats van de veel in literatuur over stabiliteitstheorie voorko

mende veronderstelling van "bruto substitueerbaarheid" worden veronder

stellingen gemaakt ten aanzien van de afgeleiden van de vraagoverschots

funkties naar de drie genoemde variabelen. Vanwege het voorkomen van 

voorraadaanpassingen in het model spelen de weegfaktoren van de vraag

overschotsfunkties een rol. Voor voldoende grote weegtaktoren zijn 

Walrasiaanse evenwichten over het algemeen asymptotisch stabiel. 

Verder spelen de weegtaktoren een rol in de lokatie en stabiliteit van 

Inflationaire en Keynesiaanse evenwichten. 

De toevoeging van een variabele "voorraad" aan het oorspronkelijke 

Barro en Grossman/Malinvaud-model maakt de stabiliteitsanalyse aan

zienlijk gecompliceerder. De resultaten voor een systeem met twee 

variabelen blijken niet te gelden in het systeem met drie variabelen. 

De gevolgen van de toevoeging voor stabiliteit zijn niet eenduidig te 

geven. 

Ten aanzien van vraagoverschotsfuncties zijn discontinue specificaties 

het meest bevredigend. Deze hebben echter wel tot consequentie dat er 

existentieproblemen bestaan met betrekking tot oplossingen van de 

onderzochte systemen. 
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De in definitie 3.26 van dit proefschrift gedefinieerde "transaction" 

(~,r) voldoet onder de Assumpties As 1-6 en As 9 aan de volgende 

eigenschap: 

u<î,r> 

v<î,r> 

max {U(R,,r) (R.,r) e: He n HP} 

max {V(R.,r) (R.,r) e: He n HP} 

waarin u de "restricted utility function" van de consumptiesector, V 

de "restricted objective function" van de produktiesector en He en HP 

de verzamelingen van "voluntary trades" van respectievelijk de con

sumptiesector en produktiesector. 

Vgl. van den Heuvel, P. (1979), Disequilibria in a macro-economie 
model, COSOR-memorandum 79-02, Theorem 3.4. 

2 

Theorem III-1 in Honkapohja en Ito (1980) (zie ook Ito (1980) en 

Picard (1979)) kan beschouwd worden als een bijzonder geval van Theo

rem 2.38 in dit proefschrift. 

Honkapohja, s. enT. Ito (1980), Stability with regime switching, 
June 1980, presented at ESWe '80, Aix-en-Provence. 

Ito, T. (1980), Disequilibrium growth theory, Journalof Economie 
Theory 23, no. 3. 

Picard, P. (1979), Dynamics of temporary equilibria .in a macroeconomie 
model, Université Paris I. 

3 

Met behulp van Theerem 2.32 van dit proefschrift is te bewijzen dat 

één van de twee door Picard (1979) beschreven Walras Evenwichten, 

onder de veronderstelling van de "wet van vraag en aanbod" een asympto

tisch stabiel evenwicht is. 

Picard, P. (1979), Dynamics of temporary equilibria in a macroeconomie 
model, Université Paris I. 



4 

Theerem 4 van Eckalbar (1980) is geen nieuw resultaat ten opzichte van 

het door Laroque (1981) correct bewezen resultaat van Veendorp (1975) 

en is zelfs minder algemeen. 

Eckalbar, J.C. (1980), The stability of non-Walrasian processes: Two 
examples, Econometrica 48, No. 2. 

Laroque, G. ( 1981), A camment on "Stable spillovers among substitutes", 
Review of Economie Studies ~, no. 2. 

Veendorp, E. (1979), Stable spillovers among substitutes, Review of 
Economie Studies 42, no. 3. 

5 

De ontwikkeling van computermodellen waarin de in Hoofdstuk 5 van 

Malinvaud {1980) genoemde uitbreidingen zijn geïncorporeerd, zou de 

toepassingsmogelijkheden van "onevenwichtigheidstheorieën" belangrijk 

kunnen verruimen. 

Malinvaud, E. (1980), Profitability and unemployment, Cambridge 
University Press. 

6 

Van de vijf verschijnselen, die Gibbon (1776-1788) noemt met betrek

king tot de laatste dagen van het Westromeinse rijk, kan men "de grote 

kloof tussen arm en rijk" als oorzaak van de andere vier beschouwen. 

Gibbon, E. {1776-1788), Decline and fall of the Roman Empire. 

7 

De verdeling van de oppervlakte bouwland in de gemeente Son en Breugel 

in granen, knol- en wortelgewassen en overige gewassen in 1970 ver

toont grote gelijkenis met de verdeling in 1832. Tengevolge van de 

snelle opkomst van de intensieve veehouderij is de verdeling in 1976 

volledig veranderd. 

Van den Heuvel, P. {1980), Sen en Breugel in 1832, een onderzoek van 
kadastergegevens, Heemschild _!!, nr. 4. 



8 

Als alle historische rechten van alle volken erkend zouden worden, zou 

de wereld veel te klein zijn. 

9 

In verband met de lengte van adressen en straatnaamborden is het af te 

raden in een wijk de straten te noemen naar negentiende eeuwse politici. 




