
 

Effective and efficient circuit synthesis for LUT FPGAs : based
on functional decomposition and information relationship
measures
Citation for published version (APA):
Chojnacki, A. (2004). Effective and efficient circuit synthesis for LUT FPGAs : based on functional decomposition
and information relationship measures. [Phd Thesis 1 (Research TU/e / Graduation TU/e), Electrical
Engineering]. Technische Universiteit Eindhoven. https://doi.org/10.6100/IR582596

DOI:
10.6100/IR582596

Document status and date:
Published: 01/01/2004

Document Version:
Publisher’s PDF, also known as Version of Record (includes final page, issue and volume numbers)

Please check the document version of this publication:

• A submitted manuscript is the version of the article upon submission and before peer-review. There can be
important differences between the submitted version and the official published version of record. People
interested in the research are advised to contact the author for the final version of the publication, or visit the
DOI to the publisher's website.
• The final author version and the galley proof are versions of the publication after peer review.
• The final published version features the final layout of the paper including the volume, issue and page
numbers.
Link to publication

General rights
Copyright and moral rights for the publications made accessible in the public portal are retained by the authors and/or other copyright owners
and it is a condition of accessing publications that users recognise and abide by the legal requirements associated with these rights.

            • Users may download and print one copy of any publication from the public portal for the purpose of private study or research.
            • You may not further distribute the material or use it for any profit-making activity or commercial gain
            • You may freely distribute the URL identifying the publication in the public portal.

If the publication is distributed under the terms of Article 25fa of the Dutch Copyright Act, indicated by the “Taverne” license above, please
follow below link for the End User Agreement:
www.tue.nl/taverne

Take down policy
If you believe that this document breaches copyright please contact us at:
openaccess@tue.nl
providing details and we will investigate your claim.

Download date: 24. May. 2023

https://doi.org/10.6100/IR582596
https://doi.org/10.6100/IR582596
https://research.tue.nl/en/publications/803a12e0-43ef-4ff6-aef7-dbb81e97bbbc


Effective and Efficient Circuit Synthesis for

LUT FPGAs

Based on Functional Decomposition and

Information Relationship Measures

PROEFSCHRIFT

ter verkrijging van de graad van doctor aan de
Technische Universiteit Eindhoven,

op gezag van de Rector Magnificus, prof.dr. R.A. van Santen,
voor een commissie aangewezen door het College voor

Promoties in het openbaar te verdedigen op
donderdag 16 december 2004 om 16.00 uur

door

Artur Chojnacki

geboren te Warschau, Polen



Dit proefschrift is goedgekeurd door de promotoren:

prof.ir. M.P.J. Stevens
en
prof.dr.ir. R.H.J.M. Otten

Copromotor:

dr.ir. L. Jóźwiak
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Abstract

The narrowing opportunity window and the dramatically increasing development costs
of deep sub-micron application specific integrated circuit (ASIC) designs have presented
new challenges to the development process. The cost of ASICs development and fabri-
cation is presently so high that more and more companies are seeking alternative imple-
mentation platforms.

Today, programmable logic devices (PLDs), in particular the family known as look-
up-table (LUT) based field programmable gate arrays (FPGAs), provide this alternative
platform. Being introduced in 1984, LUT based FPGAs quickly evolved into sophis-
ticated re-configurable system-on-a-chip (SoC) platforms that contained huge arrays of
configurable logic blocks and interconnections for random logic implementation, efficient
memory blocks, and embedded processor or intellectual property (IP) cores. FPGAs and
FPGA-based re-configurable SoC platforms are from-the-shelf components produced in
huge quantities. This not only reduces their cost, but also increases their quality.

On the other hand, the complexity of the contemporary designs requires new efficient
and effective synthesis methods and tools for taking the designs from register transfer
level (RTL) to silicon.

The research reported in this thesis is aimed at development of an effective and efficient
method and electronic design automation (EDA) tool for the circuit synthesis targeting
LUT based FPGAs and FPGA-based SoC platforms. The method is assumed to be based
on the information-driven approach to circuit synthesis, general functional decomposition
and information relationships measures. Despite the fact that circuit synthesis methods
for FPGAs have been a standard research topic during the last two decades, the topic as
it is addressed here remains crucial for at least two key reasons.

First, earlier approaches tried to incorporate traditional synthesis methods based
on some minimally functionally complete systems of logic gates implementing only few
very specific functions (e.g., AND+OR+NOT). Such approaches require a post synthesis
technology mapping for other implementation structures. If the actual synthesis target
strongly differs from a given minimal system, as in FPGAs case, any technology mapping
cannot guarantee a good result because the initial synthesis is performed without close
relation to the actual target.

Second, the new methods, based on functional decomposition, are computationally
complex. Because of this computational complexity, it was important to develop adequate
approaches and heuristics to make the synthesis methods effective and efficient. To make
the heuristics robust, an adequate design decision-making apparatus that controls the
decomposition process is vital.
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In the late nineties, a very promising design decision-making apparatus was proposed
by Jóźwiak [Jóź97a].The apparatus was based on information flow modeling in discrete
finite functions and relations and analysis of information importance in the modeled flows
and information relationships between the flows. The early applications of that apparatus
confirmed its potential as a successful measurement apparatus for controlling the heuristic
optimization algorithms in the logic synthesis area. The research reported in this thesis
is a continuation of that research.

The primary goal of the proposed circuit synthesis process is to find the best trade-off
between the circuit area and speed represented by the number of look-up-tables and the
number of levels in the resulting network that implements a given multiple-output incom-
pletely specified Boolean function. A secondary goal is minimization of the number and
length of interconnections. The method developed in this work is unique in many ways. It
uses the (enhanced) compositional bottom-up approach to the functional decomposition.
Other methods use unordered or top-down reduction approach. In the proposed method,
all crucial decisions are made with the use of the theory of information relationships and
information relationship measures [Jóź97a] during the decomposition process. The most
important of these are: the predecessor sub-function input support construction and se-
lection, and the binary encoding of the multiple-valued sub-functions. Other functional
decomposition methods mainly use some structural properties of the resulting networks
for decision-making. Sometimes, even the most crucial decisions are made randomly.

A novel, exact, and heuristic methods for symmetry detection in the incompletely
specified Boolean functions were proposed and implemented in the scope of the presented
research. The proposed symmetry detection method is based on information modeling
using set-systems. The adequate usage of symmetries of Boolean functions results in a
significant simplification of the resulting network, but also expedites the decomposition
process.

The circuit synthesis method developed in the scope of this research was implemented
in the form of an electronic design automation (EDA) software tool called IRMA2FPGAS
(Information Relationship Measures Applied to FPGA Synthesis). Using this tool and
several benchmarks, including MCNC benchmarks used in academia, an extensive ex-
perimental study was performed. The experimental results prove the capability of the
information-driven functional decomposition approach and the proposed method to ro-
bustly construct high quality solutions for the FPGA-related circuit synthesis problems.
Our IRMA2FPGAS tool significantly outperformed all other tools used in the experiments
for both the circuit speed and area.



Samenvatting

Het steeds kleiner wordend mogelijkheidskader en de dramatisch groeiende ontwikke-
lingskosten van applicatiespecifieke gentegreerde schakelingen (ASICs) uitgevoerd in de
tegenwoordig deep sub-micron technologien creren nieuwe uitdagingen voor het ontwikkel-
ingsproces. De ontwikkelings- en productiekosten van ASICs zijn op het ogenblik zo hoog,
dat steeds meer bedrijven op zoek zijn naar alternatieve implementatieplatforms.

Thans wordt een dergelijk alternatief geboden door programeerbare logische bouwste-
nen (PLDs) en in het bijzonder door een klasse gekend als veldprogrammeerbare poort-
matrices (field programmable gate arrays FPGAs) gebaseerd op een opzoektabel (look-up-
table LUT). Gentroduceerd in 1984, hebben de LUT-gebaseerde FPGAs zich ontwikkeld
tot gesofisticeerde reeconfigureerbare platforms van systemen op een chip (SoC), die een
grote hoeveelheid matrices van configureerbare logische blokken en verbindingen voor im-
plementatie van algemene logica, efficinte geheugenblokken en kernen van gentegreerde
processoren of intellectueel eigendom (IP) bevatten. FPGAs en op FPGA gebaseerde
reeconfigureerbare SoC-platforms zijn vrij beschikbare onderdelen en worden in grote ho-
eveelheden geproduceerd. Dit verlaagt niet alleen hun kosten, maar verhoogt ook hun
kwaliteit. Aan de andere kant vereist de complexiteit van hedendaagse ontwerpen nieuwe
efficinte en doeltreffende synthesemethodes en gereedschappen om de ontwerpen van het
registertransfer niveau (RTL) naar silicium te brengen.

Het onderzoek, waarover in dit proefschrift gerapporteerd wordt, had als doel de on-
twikkeling van een effectieve en efficinte methode en een elektronisch ontwerp automatis-
eringstool (EDA-tool) voor de schakelingensynthese, gericht op LUT-gebaseerde FPGAs
en FPGA-gebaseerde SoC platforms. De methode wordt geacht gefundeerd te zijn op de
informatiegedreven aanpak voor schakelingensynthese, algemene functionele decompositie
en de maten voor informatierelaties. Ondanks het feit, dat schakelingensynthese meth-
odes voor FPGAs belangrijke onderzoeksonderwerpen zijn geweest gedurende de afgelopen
twee decennia, blijft het hierin aangesneden thema van wezenlijk belang om minstens twee
redenen.

Ten eerste hebben de eerste benaderingen geprobeerd om de traditionele synthesemeth-
odes in te lijven, die gebaseerd waren op minimaal functioneel complete systemen van
logische poorten, waarbij slechts een paar zeer specifieke functies gentegreerd waren (bi-
jvoorbeeld EN+OF+NIET). Dergelijke benaderingen vereisen voor andere implemen-
tatiestructuren, dat de technologieafbeelding wordt gemaakt na de synthese. Als het
werkelijke synthesedoel sterk verschilt van een gegeven minimaal functioneel compleet
systeem, zoals het geval is bij FPGAs, kan enig technologieafbeelding een goed resultaat
niet garanderen, omdat de initile synthese uitgevoerd wordt zonder een dichte betrekking
tot het werkelijke doel.
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Ten tweede worden de nieuwe methodes, gebaseerd op functionele decompositie, gecon-
fronteerd met zeer grote complexiteit van berekeningen. Door die moeilijkheidsgraad van
de berekeningen was het belangrijk om adequate benaderingen en heuristische methodes
te ontwikkelen om de synthesemethodes doeltreffend en efficint te maken. Om de heuris-
tische methodes krachtig te maken is een adequate besluitvormingsapparatuur voor het
ontwerpen, die het decompositieproces bestuurt, doorslaggevend.

Aan het eind van de jaren negentig is een zeer veelbelovende besluitvormingsapparaat
voor het ontwerpen voorgesteld door Jóźwiak [Jóź97a]. Het apparaat was gebaseerd op
het modelleren van de informatiestromen in discrete eindige functies en relaties en op de
analyse van de belangrijkheidgraad van de informatie in de gemodelleerde stromen en de
informatierelaties tussen de stromen. De vroege toepassingen van dit apparaat hebben
haar potentieel bevestigd om een geslaagde metenapparaat te zijn voor het besturen van
algoritmen voor heuristische optimalisatie op het gebied van de logische synthese. Het
onderzoek beschreven in dit Proefschrift is het vervolg op het eerstgenoemd onderzoek.

Het eerste doel van het voorgestelde syntheseproces is het vinden van de beste afweging
tussen de oppervlakte van de schakeling en de snelheid, uitgedrukt door het aantal op-
zoektabellen en het aantal niveaus in het resulterende netwerk, dat een gegeven meerdere
output incompleet gespecificeerde Booleaanse functie implementeert. Een van de doel-
stellingen is ook het minimaliseren van het aantal en de lengte van de verbindingen. De
methode ontwikkeld in dit werkstuk is uniek in vele opzichten. Het gebruikt de (verbe-
terde) bottom-up compositiebenadering voor functionele decompositie. Andere methodes
gebruiken de niet-geordende of top-down benadering. In de voorgestelde methode worden
alle beslissingen tijdens het decompositieproces genomen gebruik makend van de theorie
van informatierelaties en maatstaven voor informatierelaties [Jóź97a]. Om de belangri-
jkste daarvan te noemen: de input support constructie en selectie voor de voorgaande
subfunctie, en de binaire codering van subfuncties met meerdere waarden. Andere func-
tionele decompositiemethodes gebruiken voornamelijk sommige structurele eigenschappen
van de resulterende netwerken voor het nemen van beslissingen. Soms worden zelfs de
belangrijkste beslissingen willekeurig genomen.

Een nieuwe, exacte en heuristische methodes van het ontdekken van symmetrie in in-
compleet gespecificeerde Booleaanse functies was voorgesteld en gemplementeerd in dit
onderzoek. De voorgestelde manier van ontdekken van symmetrie is gebaseerd op het
modelleren van informatie op basis van set systemen. Het doeltreffend gebruik van de
symmetrie van Booleaanse functies leidt tot een significante vereenvoudiging van het re-
sulterende netwerk, maar versnelt ook het decompositieproces.

De methode voor de schakelingensynthese ontwikkeld tijdens dit onderzoek was gem-
plementeerd in de vorm van een elektronisch ontwerp automatisering (EDA) software
tool, genaamd IRMA2FPGAS (Informatierelaties Maten Toegepast op FPGA Synthese).
Gebruikmakend van deze tool en de standaard MCNC benchmarks, als ook additionele
benchmarks, is een uitgebreid experimenteel onderzoek uitgevoerd. De experimentele
resultaten bewijzen de capaciteiten van de informatiegedreven aanpak van functionele de-
compositie en de voorgestelde methode om op een stabiele wijze krachtig hoge kwaliteit
oplossingen te bouwen voor problemen, die gerelateerd zijn aan schakelingensynthese.
Onze IRMA2FPGAS tool steekt in experimenten duidelijk alle andere tools voorbij, zowel
als het gaat om schakelingsnelheid als ook om oppervlakte.
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Chapter 1

Introduction

The topic of this dissertation is the circuit synthesis for look-up-table field programmable
gate arrays.

In this chapter, the subject is introduced and an overview of the thesis is presented.
Section 1.1 contains a sketch of the main FPGA architectures and motivation for the
reported research.

Section 1.2 places the topic in the context of the digital circuit design process, and
shows the importance of the circuit synthesis step in the overall design flow.

In Section 1.3, the subject, motivation, aim, and main contributions of the presented
research are described in more detail. Also, the demand for new methods of circuit syn-
thesis dedicated to look-up-table field programmable gate arrays is explained.

The final section of this chapter describes the organization of this thesis.

1.1 Revolutionary development of FPGA integrated

circuits

Within the last several years, FPGA-based integrated circuits (ICs) have undergone dra-
matic technological transformation. Contemporary FPGA-based ICs contain huge arrays
of configurable logic blocks and interconnections, embedded memory blocks, specialized
functional blocks, embedded processors, and intellectual property (IP) cores. In this way,
the most advanced FPGA based ICs form programmable systems-on-a-chip (SoC) plat-
forms that can be used for effective and efficient implementation of a significant range of
digital designs. Historically, having been relegated to small, low-volume designs, FPGAs
and re-configurable SoC platforms have now become a viable alternative to many large
designs.

The FPGA technology has many undeniable advantages over the ASIC technology.
FPGAs are produced in large quantities, which significantly increases their quality and
simultaneously decreases their price. Moreover, FPGAs are produced with the most ad-
vanced CMOS fabrication processes. This results in their rapid complexity growth and
processing speed comparable to the hard-wired ASICs for many applications. Figure
1.1 illustrates the evolution of Xilinx Virtex family [Xil03], the most popular high perfor-
mance FPGA architecture in the industry, and compares it to Intel Pentium 4 and Itanium

1
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Figure 1.1: FPGAs complexity growth – Virtex family

microprocessors families [Int]. FPGA devices are programmable; hence, the equipment
manufacturer or end user is able to alter their functionality without involving the manu-
facturer of the circuit. This is the main feature that differentiates all field programmable
devices from either full-custom or application-specific counterparts. This flexibility is also
their main advantage. Product development time and cost can be considerably reduced
due to the ease of prototyping and exercising engineering changes.

FPGAs circuits enable better adjustment to specific requirements. In the traditional
microprocessors, program execution results in dynamic configuration of hard-wired pre-
defined logic blocks. On the contrary, FPGAs allow for flexible defining of blocks func-
tionality, and interconnections among blocks can be configured in close relation to the
computation tasks.

In general, a Field Programmable Gate Array (FPGA) is a digital device that contains
a matrix (array) of fine-grain configurable logic blocks and configurable routing resources
that connect these blocks. FPGA configuration, either logic blocks or interconnections, is
performed via programming of an embedded memory mechanism. The memory mecha-
nism can be volatile (SRAM) or nonvolatile (Flash Memory, EPROM), depending on the
technology chosen for the FPGA fabrication.

Although individual FPGAs architectures may differ significantly, they do share some
common characteristic features. The routing resources are usually organized hierarchi-
cally. The logic cells contain some basic configurable logic elements, flip-flops for sequen-
tial machines implementation, and auxiliary circuits like carry-chains supporting arith-
metic operations. The logic cells are clustered in slices or configurable logic blocks (CLBs).
Large memory blocks are typically placed at the peripheral regions of the die. Very often,
FPGAs contain programmable PLL (Phase Locked Loop) oscillators to generate internal
clock signals.

The routing resources are organized hierarchically to enable fast local interconnections
and limit the number of switches required to configure long interconnections. The switch
implementation depends on the FPGA technology. Usually, in RAM memory-based tech-
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Figure 1.2: Example of the LUT-based combinational cell

nologies (SRAM, Flash), the switch is implemented as a pass-transistor. In EPROM
technologies, the switch is implemented as an (anti)fuse. Very short paths within the
logic blocks are the most efficient routing resources at the lowest level of the hierarchy
because they use very short, dedicated interconnection lines. Routing resources on the
higher levels are more general. They vary in length (typically 1, 2, 4 adjacent logic blocks)
and run horizontally and vertically. The longest paths, on the top of the hierarchy, are
usually spanned across the entire matrix, and are dedicated for very long interconnections
with high load. They can be efficiently used, for example, for clock signals distribution.

SRAM-based FPGAs are the most popular high performance FPGA architectures.
Figure 1.2 shows an example of the combinational part of an SRAM-based configurable
logic block (CLB). (For simplicity, the sequential part, i.e., flip-flop and its control circuits,
is omitted.) 32-bit SRAM memory constitutes the main part of the block. This memory
can be configured to be two 4-input/1-output look-up tables, 5-input/1-output look-up
table, 32-bit random access (dual-port) memory, or 32-bit shift-register. Multiplexers
MCY, CY, and AND gate support carry-bit generation. In the look-up table modes, the
memory can generate two random Boolean functions with up to four input variables each,
or any Boolean function with up to five input variables. Since the look-up table mode is
the primary mode of the operation, SRAM memory is just called look-up table or LUT
for brevity, and FPGAs of this type are called LUT-based.

Another popular FPGA architectures are based on multiplexers. Figure 1.3.a shows a
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configurable combinational logic block implemented in the antifuse technology (EPROM),
and Figure 1.3.b shows configurable logic block implemented in the Flash technology.
Combinational cell in Figure 1.3.a is an 8-input MUX (data: D0-D3, select: A0, A1,
B0, B1). It also contains a special circuit to support the carry-bit generation. This
architecture, together with the adjacent cells that constitute the cluster, enables the
implementation of 4,000 functions of up to five inputs. For example, two such cells
together can implement a four-input XOR function in a single cell delay. Logic cell in
Figure 1.3.b has three inputs and one output. Each input can be inverted, and the
output can be connected to both ultra fast local and long routing resources. This cell can
implement any three-input Boolean function, except three-input XOR. Two multiplexers
with feedback through NAND gates can be configured as a (latch) flip-flop.

Fifteen years after the introduction of FPGAs into the market in 1984, Betz observed:
”Three factors combine to determine the performance of an FPGA: the quality of the CAD
tools used to map circuits into the FPGA, the quality of the FPGA architecture, and the
electrical (i.e., transistor-level) design of the FPGA” [BRM99]. The recent breakthroughs
in the FPGA technologies presented new design, verification, and synthesis challenges
that required new and unique methodologies.

One of the main objectives of the research presented in this dissertation was to develop
a new efficient method and Computer Aided Design (CAD) tool for effective circuits
synthesis targeting LUT-based FPGAs.

1.2 Digital circuit and system design

The call for a system starts the design process. The process continues until the design
problem is solved or it is impossible to solve the problem in a satisfactory way with avail-
able resources. The design process involves the problem analysis, solution requirements
specification, system’s architecture design, implementation, and verification.

The system’s hardware synthesis is a part of the system implementation process. We
will use term synthesis in relation to the system’s hardware synthesis. Because of the
complexity of the synthesis process, it is a common design practice to split it into a
number of consecutive steps that together form the synthesis flow. Figure 1.4 illustrates
the typical synthesis flow for the FPGA targeting designs.

The synthesis process takes three types of data on its input. They are the system
description, usually given in some Hardware Description Language (HDL, e.g., Verilog,
VHDL); the set of pre-synthesized modules encapsulated in the libraries; and the set of
design constraints that defines the required system properties. In the first step, HDL data
is compiled. A symbolic representation of the system is constructed, and the predefined
primitives from the libraries are instantiated. Subsequently, at the logic synthesis step,
the symbolic representation is optimized and transformed into an effective binary repre-
sentation that can be modeled with the binary relations, binary functions, or Boolean
formulas. The logic optimization step aims at optimization of the binary representation
created in the previous steps. This step is often called technology independent synthesis
or optimization. Circuit synthesis transforms the binary representation into a network of
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logic blocks (configurable logic blocks or LUTs) in the close relation to a technology chosen
for the final implementation. Since the circuit synthesis is executed in relation to the par-
ticular technology, this step is often called technology mapping. However, it is becoming
increasingly difficult to differentiate between the technology independent logic optimiza-
tion and circuit synthesis because these steps often use similar techniques and/or are
performed simultaneously. Placement and routing finalizes the system implementation.
Logic blocks synthesized in the previous step and those instantiated from the libraries are
assigned to the particular FPGA configurable logic blocks and other structural elements.
As a result, the configuration of the logic blocks becomes defined, and the routing re-
sources are allocated and configured to implement the network of interconnections among
the logic blocks.

If the required design constraints are not met, some or all steps of the flow can be
repeated. In this case, each subsequent iteration may use the knowledge gathered in
previous iterations.

In very hard synthesis problems, the number of the iterations necessary to achieve the
required properties can be enormous. To overcome this problem, a multi-stage synthesis
is often applied. In this approach, first a coarse synthesis is carried out to decompose
the problem into a set of simpler sub-problems. Then, the final circuit (re)synthesis is
executed on the simpler sub-problems.

The circuit synthesis plays a crucial role in the entire FPGA design flow. It determines
the final structure of the design implementation and most of its final properties. Moreover,
the circuit synthesis may be driven by a set of (partly) contradicting objectives (e.g.,
circuit area, performance and power dissipation). Therefore, it has to make difficult
design decisions very effectively in order to find the high quality trade-offs among the
objectives.

1.3 The subject, aim, and main contribution of this

thesis

There would be no success story of the FPGAs without effective and efficient synthesis
tools. Initially, engineers tried to apply to the FPGAs the classical logic synthesis meth-
ods and tools developed for AND-OR based old SSI, MSI and PLA technologies. Later
they applied classical approaches dedicated to synthesis of multi-level networks of simple
logic gates. Multiple-level network synthesis methods, originally devoted to synthesis of
hard-wired ASICs, were supplemented with algorithms specialized for FPGA technology
mapping. It became readily apparent that this approach could not guarantee a high
quality design. This was mainly due to different architecture of FPGAs. The traditional
synthesis methods and tools considered only some special cases of possible implementation
structures. However, FPGAs are completely prefabricated and their resources - number
of logic blocks, number of interconnections, the switching matrices, etc. - are fixed. Also,
each of the logic blocks has a fixed number of inputs and outputs, but can implement a
certain large set of complex logic functions. The blocks can be connected through pro-
grammable structures, but these structures are themselves restrictive; they are limited
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in quantity and implement only a small subset of all possible wiring schemes. The bot-
tom line is that FPGA architectures expose very hard structural constraints, while the
classical methods of logic synthesis do not take such constraints into consideration.

The gap between the classical methods of logic synthesis and the methods needed for
an adequate synthesis for FPGA architectures is even wider in the case of look-up table
(LUT) based FPGAs. LUT blocks can implement any Boolean function with a limited
number of inputs (typically 4, 5, or 6). The classical methods are based on some minimal
functionally complete systems of logic operators (e.g., AND, OR, NOT), while LUT,
CLB, or slice actually represents a maximal functionally complete system with limits on
the number of inputs and outputs. Thus the constraints are not imposed by the function
type, but by the structural characteristics (maximum number of inputs and/or outputs)
of a logic block. Also, the basic 4-input LUT area is fixed. Typically, 5 and 6 input LUTs
are constructed of a number of 4-input LUTs, but the area required for 2, 3, and 4-input
LUTs is the same (4-input LUT area).

In the traditional logic synthesis, the set of considered sub-functions is determined by
the set of operators used in the initial synthesis (e.g., AND, OR, NOT or EXOR, AND)
and by the set of gates in the library of logic blocks used in technology mapping. In
contrast, the 4-input LUT can implement 224

= 16, 384 different functions. Restriction
of the set of Boolean sub-functions considered during the synthesis process often results
in poor synthesis results for a large class of functions. For LUT based FPGAs, it is
extremely important to consider all available Boolean functions. Therefore, there has
recently been much research concerning the application of the functional decomposition
to the FPGA logic synthesis. In this approach, any Boolean function with a certain limited
number of inputs is a permissible sub-function; thus, the synthesis problem is modeled
and considered in a manner that perfectly reflects both the structural logic block and
interconnection constraints imposed by LUT-based FPGAs and the functional freedom
available.

The research reported in this thesis was embedded in the broader research program
on design and optimization of digital circuits and systems led by Dr. Jóźwiak. It was the
part of the logic synthesis project aimed at the development of a coherent methodology
for the sequential and combinational circuits synthesis targeting FPGA technology. The
methodology comprises the methods for sequential machine decomposition and encoding
[JS04][JSC03b][Jóź95], and the methods for the decomposition of combinational Boolean
[JC03][VJ95] and multi-valued functions and relations [PMSJ+97]. In particular, the
research reported in this thesis was a direct continuation of the previous research on
the use of general decomposition (formulated by Jóźwiak in [Jóź95]) to the combinational
circuits synthesis that was performed by Jóźwiak and Volf [Vol97]. The bottom-up general
decomposition approach proposed by Jóźwiak and the preliminary decomposition method
developed by Jóźwiak and Volf, as well as the early incomplete prototype tool used in
this approach, allowed as to verify that the bottom-up general decomposition was a very
promising approach to circuit synthesis for LUT FPGAs.

The main objective of the research reported in this thesis was to demonstrate that
the information-driven bottom-up general decomposition based on information relation-
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ships and measures can be performed effectively and efficiently, through the development
of an adequate circuit synthesis method, implementation of the corresponding EDA syn-
thesis tool, and execution of the related experimental research.

In the scope of the presented research, the fully automated bottom-up general de-
composition method was invented and implemented through development of an adequate
combination of several novel heuristic decision methods and algorithms. The methods
and algorithms were based on the information flow modeling and analysis in the systems
of discrete finite functions. The main contributions, or the outcome of the presented
research, are as follows:

• A novel general structure of the information-driven general functional decomposition
method, based on its outline proposed by Jóźwiak,

• A new method for the input-support of a predecessor sub-function construction
based on the novel block-mergeability measure,

• A novel heuristic method for the binary encoding of symbolic sub-functions based
on the information relationships analysis,

• A novel, exact, and heuristic method for the symmetry detection in the Boolean
functions,

• An improved algorithm for the bottom-up network construction was proposed and
implemented in two versions:

- for single-output Boolean function decomposition,

- for multiple-output Boolean function decomposition,

• A novel method for the Boolean re-substitution based on the information relation-
ships analysis.

• To evaluate the new circuit synthesis method, it was implemented in the form of
a prototype automatic synthesis CAD tool. The tool was named IRMA2FPGAS
(Information Relationship Measures Applied to FPGA Synthesis). IRMA is the
abbreviated form of the name and that will be used in the following chapters.

• The effectiveness and efficiency of the information-driven approach to circuit syn-
thesis and the developed method and tool were verified on a wide range of stan-
dard academic MCNC benchmarks, randomly generated benchmarks, and industrial
benchmarks.
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1.4 Organization of the thesis

Chapters 2 through 4 present and explain the basics of the theories used in the scope of
the reported research.

Chapter 2 briefly presents the fundamental theories used in this dissertation. First
the elementary definitions on set theory and discrete finite functions and relations are
provided, as well as the essentials of the partitions, set-systems, and covers theory. Then,
the Boolean functions, being the main interest of this thesis, will be introduced, with
emphasis on their practical contemporary representations.

Chapter 3, introduces the concept of functional decomposition. The classical formula-
tion of the variety of functional decomposition schemes is discussed, as well as the general
decomposition theory. Based on the general decomposition theory, the classification sys-
tem of the functional decomposition types is described. The last section of this chapter
contains the proof that the most popular functional decomposition scheme, the so-called
Roth-Karp decomposition, is a special case of the general decomposition scheme. This
way, we demonstrate that all decomposition schemes and theorems in the literature are
actually special cases of the general decomposition scheme and general decomposition
theorem.

In Chapter 4, the theory of information modeling in the systems of discrete finite
functions and relations is discussed. This theory provides us with the basic apparatus
of information relationships and measures proposed by Jóźwiak used for the heuristic
decision-making in our circuit synthesis method.

In Chapter 5, a review of the state-of-the-art in logic synthesis targeting LUT-based
FPGAs is presented.

Chapter 6 explains our circuit synthesis method in details. First, the research problem
is precisely formulated. Next, the proposed circuit synthesis method is discussed step by
step. In the main part of the chapter, we focus on the method of multiple-level network
synthesis for the single-output Boolean functions. Then, we present the extension of the
method for synthesis of the multiple-output Boolean functions.

Chapter 7 presents and discusses the experimental results obtained with the prototype
CAD tool - RMA2FPGAS.

Chapter 8 summarizes and evaluates the performed research.



Chapter 2

Basic definitions

The method of functional decomposition proposed in this thesis is based on the symbolic
representation of Boolean functions. This representation allows us to model the informa-
tion and information relationships in Boolean networks and, in general, in finite discrete
systems. The analysis of the information relationships among different information flows
in the Boolean networks and the implications of these results for effective and efficient
multiple-level Boolean networks construction is among the key contributions of this work.
In this chapter we recall some standard mathematical concepts concerning the symbolic
functions and relations necessary to explain the proposed method.

In this chapter, Section 2.1 recalls some basic definitions concerning discrete functions
and relations. The next three sections present the basics of partitions algebra (Section
2.2), set systems algebra (Section 2.3), and covers algebra (Section 2.4). Section 2.5
contains definitions for Boolean functions manipulations. In section 2.6 we discuss various
representations of Boolean functions.

2.1 Preliminary definitions

This section contains some standard mathematical concepts used in this thesis. Let us
start by recalling theoretic notation that describes the elements of some set S.

The set S consisting of all the elements that have some property P is written as

S = { s | s has property P }. (2.1)

Thus, the set of all even numbers less than 21 can be written as E = {s|s = 2k, k =
0, 1, 2, . . . , 10}. The number of elements in a set S is called cardinality of the set, and it
is denoted as |S|. The cardinality of the set E is |E| = 11.

We assume that a reader is familiar with sets and operations on sets. Readers not
familiar with set algebra are referred to textbooks on set theory (e.g., [Lip98]).

Definition 2.1. Power set
The power set of a set S, denoted as 2S, is the set containing all the subsets of S.

2S = { W | W ⊆ S } (2.2)

2

11
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D V
1 even
1 odd
1 prime
2 even
2 odd
2 prime
3 even
3 odd
3 prime
4 even
4 odd
4 prime

Table 2.1: The Cartesian product of two sets

The number of all possible subsets of a set S is equal to 2|S|. For example, the power
set of set S = {1, 2, 3} 2{1,2,3} = {{}; {1}; {2}; {3}; {1, 2}; {1, 3}; {2, 3}; {1, 2, 3}}. The
cardinality of set S, |S| = 3, and the cardinality of |2{1,2,3}| = 2|{1,2,3}| = 23 = 8.

Definition 2.2. Cartesian product
The Cartesian product of the sequence of sets S1, S2, . . . , Sn is the set of all n-tuples
(s1, s2, . . . , sn) with si ∈ Si, and we write

S = S1 ⊗ S2 ⊗ · · · ⊗ Sn = ⊗
1≤i≤n

Si = {(s1, . . . , sn)|si ∈ Si}. (2.3)

2

The Cartesian product of n sets defines all possible relationships of individual elements
from all n sets. Let D = {1, 2, 3, 4} and V = {even, odd, prime}. The Cartesian product
D ⊗ V contains twelve (|D||V |) ordered pairs of symbols

D ⊗ V = {(1, even); (1, odd); (1, prime); (2, even); (2, odd); (2, prime); (3, even);
(3, odd); (3, prime); (4, even); (4, odd); (4, prime)}.

It is common to represent the Cartesian product as a matrix. Each row in such a matrix
represents an individual n-tuple. Each column contains elements from specified set. Table
2.1 represents the Cartesian product D ⊗ V in the form of a matrix.

Definition 2.3. Binary relation
A binary relation R on set X and Y is a subset of the Cartesian product X ⊗ Y . The
notation xRy is used to denote that for x ∈ X, y ∈ Y (x, y) ∈ R. Thus

R = { (x, y) | xRy }. (2.4)

2
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D V
1 odd
1 prime
2 even
2 prime
3 odd
3 prime
4 even

Table 2.2: The binary relation

D V
1 odd
2 even
3 odd
4 even

Table 2.3: The single input/output function

Table 2.2 shows an example of the binary relation. This table was created by removing
some rows (2-tuples) from Table 2.1.

Definition 2.4. Complete single input/output function
Let X and Y be a non-empty sets. Let ∃! be the unique existential quantifier. The binary
relation F on set X and Y is called a (single input/output) complete function of X into
Y , if and only if

∀
x∈X
∃!

y∈Y
(x, y) ∈ F (2.5)

i.e., F assigns to each element x ∈ X exactly one element y ∈ Y . The function will be
denoted as:

F : X −→ Y (2.6)

and the assignment will be written as:

F (x) = y (2.7)

2

A complete function is sometimes called map or mapping from X to Y . Table 2.3 presents
the example of the single input/output function ”parity” P : D −→ V .

Definition 2.5. Partial single input/output function
The binary relation F that does not contain assignments for each symbol x from the set
X, is called a partial or incompletely specified (single input/output) function if and only
if the following holds:

∀
(x,y),(x′,y′)∈F

(x = x′)⇒ (y = y′) (2.8)

i.e., F assigns to each element x ∈ X at most one element y ∈ Y . The partial function
will be denoted as:

F̂ : X −→ Y (2.9)

and the assignment will be written as:

F̂ (x) = y (2.10)

2
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In practical cases, such as the Boolean functions that are considered in this thesis, it is
useful to explicitly consider functions having more than one input and/or more than one
output. The definition of the single input/output (complete or partial) function can be
extended into the definition of the multiple input/output function (complete or partial)
in the following way.

Definition 2.6. Complete multiple input/output function
Let ni be the number of inputs of the function, and let no be the number of outputs of
the function. Let Xi(1 ≤ i ≤ ni) and Yj(1 ≤ i ≤ no) be non-empty sets. Let

X =
⊗

1≤i≤ni

Xi (2.11)

and let

Y =
⊗

1≤j≤no

Yj (2.12)

The binary relation F on sets X and Y is an ni-input, no-output complete function
written as:

F : X −→ Y (2.13)

i.e., F assigns to each ni-tuple from X a no-tuple from Y . The assignment will be written
as:

F (x1, x2, . . . , xni) = (y1, y2, . . . , yno) (2.14)

2

In an analogous way we can extend the definition of partial function.

Definition 2.7. Partial multiple input/output function
Let ni be the number of inputs of the function, and let no be the number of outputs of
the function. Let Xi(1 ≤ i ≤ ni) and Yj(1 ≤ i ≤ no) be non-empty sets. Let

X =
⊗

1≤i≤ni

Xi (2.15)

and let

Y =
⊗

1≤j≤no

Yj (2.16)

The binary relation F on sets X and Y is an ni-input, no-output partial function written
as:

F̂ : X −→ Y (2.17)

F assigns to each ni-tuple from X at most one no-tuple from Y . The assignment will be
written as:

F̂ (x1, x2, . . . , xni) = (y1, y2, . . . , yno) (2.18)

2
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The Cartesian product X = ⊗1≤i≤niXi defines the space of the function F . The
number ni denotes the number of dimensions of that space.

In general, completely specified functions can be considered special cases of partial
functions. The synthesis method proposed in this thesis does not distinguish partial and
complete functions; rather, we consider all functions as partial functions. Therefore, in
the following chapters we use the same notation F : X −→ Y and F (x) = y for complete
functions and partial functions, unless explicitly stated otherwise.

Definition 2.8. Surjective function
If F is such a function that to each y from Y there is assigned at least one element x from
X, i.e.,

Y = { y | y = F (x), x ∈ X }, (2.19)

then F is called onto (surjective) function. 2

2.2 Partitions

The concept of partition was originally developed by Hartmanis and Stearns in [HS66]
and was used for the analysis and decomposition of sequential machines. Partition theory
is the key notion of general decomposition theory presented in Section 3.3.

Definition 2.9. Equivalence relation
A relation ≡ defined on S ⊗ S is called an equivalence relation if and only if for all
x, y, z ∈ S all three of the following properties hold:

1. reflexive property
x ≡ x (2.20)

2. symmetric property
x ≡ y ⇒ y ≡ x (2.21)

3. transitive property
x ≡ y ∧ y ≡ z ⇒ x ≡ z (2.22)

2

If ≡ is an equivalence relation on S ⊗ S, then all elements in S are divided into a
number of equivalence classes B≡(s) = {t|s ≡ t}.

Definition 2.10. Partition
Let S be a non-empty set of elements. Partition is a set of sub-sets B of S called blocks
of partition ΠS

ΠS = {Bi | Bi ⊆ S} (2.23)

if and only if the following conditions are satisfied:

1. Partition blocks are disjoint,

∀
i6=j

Bi ∩Bj = ∅ (2.24)
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2. Partition blocks are non-empty,

∀
i
Bi 6= ∅ (2.25)

3. Union of partition blocks is S. ⋃
i

Bi = S (2.26)

2

When it is unambiguous, we will omit symbol S (denoting the set of symbols on which
a partition is defined) in expression ΠS. Each partition Π defined on S can be inferred
as an equivalence relation defined on S. The blocks of Π define equivalent classes of this
equivalence relation. Therefore, the partition Π gives us information about the elements
of S with precision to the equivalence class. Using this information, it is possible to
distinguish elements from different classes (blocks) although it is impossible to distinguish
elements placed in the same class (block).

For a given symbol s ∈ S, a block of partition Π containing symbol s is denoted as [s]Π
while [s]Π = [t]Π denotes that symbols s and t are in the same block of Π. Analogously,
a block of partition Π containing set of symbols T , where T ⊆ S, is denoted by [T ]Π.

The partition containing each element of S in a separate block is called the zero
partition and is denoted by Π(0).

The partition containing all elements of S in one block is called the identity partition
and is denoted by Π(I).

The number of blocks of a partition is denoted by |Π|.

Example 2.1 Let S = {1, 2, 3, 4, 5, 6} be a set of symbols. Π = {{1, 2, 5}; {3, 4}; {6}} is a
partition defined on S. Π(0) = {{1}, {2}, {3}, {4}, {5}, {6}} and Π(I) = {{1, 2, 3, 4, 5, 6}}
are the zero partition and identity partition respectively. |Π| = 3, |Π(0)| = |S| = 6, and
|Π(I)| = 1.

For the sake of clarity, we express a block of partitions as the over lined collec-
tion of symbols. Hence, the partitions from example 2.1 are noted as follows: Π =
{1, 2, 5 ; 3, 4 ; 6 }, Π(0) = {1 ; 2 ; 3 ; 4 ; 5 ; 6 } and Π(I) = {1, 2, 3, 4, 5, 6 }.

Definition 2.11. Partition product
Let Π1 and Π2 be two partitions on S. The partition product Π1 · Π2 is the partition on
S such that

[s]Π1 · Π2 = [t]Π1 · Π2 if and only if [s]Π1 = [t]Π1 and [s]Π2 = [t]Π2 (2.27)

2

The computation of Π1 ·Π2 is very simple, since the blocks of Π1 ·Π2 are obtained by
intersecting blocks of Π1 and Π2 in such a way that [s]Π1 · Π2 = [s]Π1 ∩ [s]Π2.

Definition 2.12. Partition sum
Let Π1 and Π2 be two partitions on S. The partition sum Π1 + Π2 is the partition on S
such that

[s]Π1 + Π2 = [t]Π1 + Π2 if and only if there exists a sequence in S (2.28)
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s = s0, s1, s2, . . . , sn = t (2.29)

for which either
[si]Π1 = [si+1]Π1 or [s]Π2 = [si+1]Π2 (2.30)

for 0 ≤ i ≤ n− 1. 2

The computation of Π1 + Π2 is longer but straightforward. We compute Π1 + Π2

iteratively. Let
[s]1 = [s]Π1 ∪ [s]Π2 (2.31)

and for i > 1 let

[s]i+1 = [s]i ∪ {B|B is a block of Π1 or Π2 and B ∩ [s]i 6= ∅} (2.32)

Then
[s]Π1 + Π2 = [s]i (2.33)

for any i such that
[s]i+1 = [s]i. (2.34)

Definition 2.13. Partial ordering ≤ of partitions
Let Π1 and Π2 be two partitions on S. Π2 is greater or equal to Π1 (Π1 ≤ Π2) if and only
if each block of Π1 is included in a block of Π2. Thus Π1 ≤ Π2 if and only if Π1 ·Π2 = Π1

and Π1 + Π2 = Π2. 2

Example 2.2 Let S = {1, 2, 3, 4, 5, 6} be a set of symbols, and let Π1={1, 2 ;3, 4 ;5, 6 },
Π2={1, 2, 3 ;4 ;5, 6 } and Π3={1, 2, 3, 4 ;5, 6 } are the partitions defined on S. Π1+Π2 =
{1, 2, 3, 4 ;5, 6 }, Π1·Π2 = {1, 2 ;3 ;4 ;5, 6 }, Π1 ≤Π3 holds, Π2 ≤Π3 holds, but Π1 ≤Π2 does
not hold. 2

2.3 Set systems

In [HS66], Hartmanis and Stearns introduced an extension to partition theory that they
called set system theory. The set system theory can naturally model incompletely specified
functions. This feature is essential for effective synthesis of complex multiple-level circuits.

Unfortunately, the theory of Hartmanis and Stearns does not ensure a canonical repre-
sentation of set systems, and it also has some inconsistent properties [Vol97] with respect
to the information relationship theory presented in Chapter 4. Therefore, Volf reformu-
lated the set system theory for LUT synthesis purposes in [Vol97].

In this section the formulation of the set system theory presented in [Vol97] is recalled.
Only concepts required for the explanation of the proposed circuit synthesis method will
be presented. The interested reader is referred to [HS66] and [Vol97] for proofs and details
of this theory.

Definition 2.14. Compatibility relation
Let S be a finite non-empty set of symbols. A binary relation ' is called a compatibility
relation on S if and only if it is reflexive and symmetric, i.e.:

' ⊆ S ⊗ S (2.35)
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such that

∀
s∈S

(s, s) ∈ ' reflexive property (2.36)

and

∀
(s,t)∈'

(t, s) ∈ ' symmetry property (2.37)

2

A pair of compatible symbols is called a compatible pair. The notation a ' b will be
used to denote that (a, b) ∈ ' and (b, a) ∈ '. The set of all compatible pairs of a certain
compatibility relation ' is called a compatibility set.

Two symbols that are not compatible are called an incompatible pair, and the set of
all incompatible pairs is called the incompatibility set. The incompatible pair of symbols
si, sj ∈ S is denoted as si|sj.

Example 2.3 (A compatibility graph) Let S = {1, 2, 3, 4, 5, 6}, and '= {(1, 1)(1, 2)
(1, 3)(1, 4)(2, 1)(2, 2)(2, 3)(3, 1)(3, 2)(3, 3)(3, 4)(3, 5)(4, 1)(4, 3)(4, 4)(5, 3)(5, 5)(6, 6)}. The
compatibility relation ' can be represented as a compatibility graph (see Figure 2.1).
Each vertex in such a graph is associated with a symbol. There is an edge between the
two vertices of that graph if the related symbols constitute a compatibility pair in '.
Edges standing for pairs (s, s) are not shown in this graph.

1

6

5

4

3

2

Figure 2.1: A compatibility graph

In later text we use simplified representation of a compatibility relation. We do not
explicitly include pairs (s, s) and only one pair of symbols (s, v) from (s, v)(v, s) is shown.
In that representation, the compatibility relation from Example 2.3 would look as follows:
'= {(1, 2)(1, 3)(1, 4)(2, 3)(3, 4)(3, 5)}. The compatibility graph reflects this simplified

representation.

Definition 2.15. Compatible block CB'(B)
A set B ⊆ S is called a compatible block with respect to a compatibility relation ' ⊆
S ⊗ S (denoted as CB'(B)) if and only if each pair of symbols in B is compatible:

CB'(B)⇔ ∀
s,t∈B

s ' t (2.38)

2
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Definition 2.16. Set system π'
Let S be a finite non-empty set of elements. A set system π' is a representation for a
compatibility relation ' defined on S if and only if:

π' ⊆ 2S (2.39)

such that:
1. The subsets are compatible:

∀
B∈π'

CB'(B) (2.40)

2. The set system is non redundant:

∀
B,B′∈π'

B ⊆ B′ ⇒ B = B′ (2.41)

3. All pairs of ' are present:

∀
(s,t)∈'

∃
B∈π'
{s, t} ⊆ B (2.42)

2

The subsets of set systems are called blocks. The conventional notation for set systems
is similar to that for partitions: the blocks are over lined and the symbols in the blocks
are comma separated. The blocks themselves are separated by semicolons. If there is no
doubt as to which compatibility relation the set system represents, then π is used instead
of π'.

A set system containing each element of S in a separate block is called a zero set
system and denoted by π(0).

A set system containing all the elements of S in one block is called an identity set
system and is denoted by π(I).

In this way, we can represent compatibility relations by set systems. However, more
than one set system can represent the same compatibility relation. Let S = {1, 2, 3, 4}
and let ' ⊆ S ⊗ S be a compatibility relation defined as:

' = {(1, 2); (1, 3); (2, 3); (2, 4)}.

This relation can be represented by two different set systems:

π1 = { 1, 2, 3 ; 2, 4 }, or π2 = { 1, 2 ; 1, 3 ; 2, 3 ; 2, 4 }.

The set of all set systems representing a particular compatibility relation ' is called
the set system set and is denoted as SetSys(').

Definition 2.17. Set system set SetSys(')
SetSys(') is the set of all set systems that represent a certain compatibility relation '.

Because a certain compatibility relation can be represented by a set of set systems,
there is no consistent relation between comparisons of compatibility relations and set sys-
tems (e.g., we can not check if two compatibility relations are equal by simply checking
the equality of the set systems that represent them). To remove this inconsistency, Volf in
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[Vol97] redefined the partial order operator for set systems and defined a unique (canon-
ical) representative of the compatibility relation. A canonical set system representative
is defined as a collection of maximal compatible blocks that are nothing but the maximal
cliques in the related compatibility graph (see Example 2.3). For details we refer the
interested reader to [Vol97].

The following definition shows the relationship between partial order operator of set
systems and the inclusion operator of the corresponding compatibility relations. This
definition was introduced in [Vol97].

Definition 2.18. ≤ operator defined on set systems
Let S be a finite non-empty set of symbols and let ' ⊆ S ⊗ S and '′ ⊆ S ⊗ S be
two compatibility relations defined on S. Set system π' ∈ SetSys(') is called smaller or
equal to π'′ ∈ SetSys('′), written as π' ≤ π'′ , if and only if ' ⊆ '′. 2

Definition 2.19. Maximal compatible block MB'(B)
A set B ⊆ S is called a maximal compatible block with respect to a compatibility relation
' ⊆ S ⊗ S (denoted as MB'(B)) if and only if the block is compatible and no other

symbol from S is compatible with all the symbols in B:

MB'(B)⇔ CB'(B) ∧ ∀
t∈(S\B)

∃
s∈B

s 6' t (2.43)

2

Definition 2.20. Canonical representative of '
Let S be a finite non-empty set of symbols. Canonical representative of compatibility
relation ' ⊆ S ⊗ S is defined as

M' = { B ⊆ 2S | MB'(B) } (2.44)

2

For canonical representatives, we can simplify the definition of the partial order oper-
ator in the following way:

Definition 2.21. ≤ operator defined on canonical representatives
Let S be a finite non-empty set of symbols and let ' ⊆ S ⊗ S and '′ ⊆ S ⊗ S be two
compatibility relations defined on S. Then

M' ≤M ′
' ⇔ ∀

B∈M'
∃

B′∈M ′
'

B ⊆ B′ (2.45)

2

Originally [HS66], the above definition was used as the partial order operator on set
systems. However, for non-canonical set systems, this definition does not uphold the re-
quired relation between partial order operator and the inclusion operator on corresponding
compatibility relation. To illustrate this, let us consider relation:

' = {(1, 2); (1, 3); (2, 3); (2, 4)} defined on S = {1, 2, 3, 4}.
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This relation can be represented by two different set systems:

π1 = { 1, 2, 3 ; 2, 4 }, or π2 = { 1, 2 ; 1, 3 ; 2, 3 ; 2, 4 }.

Please note that blocks of π2 are not maximal blocks. Now, if we ask if π2 ≤ π1, the
answer is ”yes” and ' ⊆' is true, but if we ask if π1 ≤ π2 the answer is ”no”, and
we would expect (according to Definition 2.18) that ' 6⊆ ', what in turn is false. This
makes the application of Definition 2.21 for non-canonical set systems, in the context of
information relationship theory presented in Chapter 4, inappropriate.

Definition 2.22. Set system product
Let π' ∈ SetSys(') and π'′ ∈ SetSys('′). The product of two set systems π' · π'′ is
defined as follows:

π' · π'′ = { B| ∃
B1∈π'

∃
B2∈π'′

B = B1 ∩B2 ∧

∀
B′

1∈π'
∀

B′
2∈π'′

B ⊆ B′
1 ∩B′

2 ⇒ B = B′
1 ∩B′

2} (2.46)

π' · π'′ is a set system representing the following compatibility relation:

'′′= {(s, t) ∈ S ⊗ S| ∃
B∈π'·π'′

{s, t} ∈ B } (2.47)

i.e. π' · π'′ ∈ SetSys('′′). Moreover, π' · π'′ ≤ π' and π' · π'′ ≤ π'′ 2

Informally speaking, each block B of π' · π'′ is an intersection of a certain block
B1 ∈ π' with a certain block B2 ∈ π'′ . Each block B = B1 ∩ B2 that is contained in
any other block B′ = B′

1 ∩ B′
2 is discarded. For example, let us consider two set systems

π' = { 1, 2, 3 ; 3, 4 ; 4, 5 } and π'′ = { 1, 2 ; 3, 4, 5 }. The intersections of blocks are
as follows: {1, 2}, {3}, {}, {3, 4}, {}, {4, 5}. Since an empty block is contained in any
other block, the empty blocks are always discarded. The block {3} ⊆ {3, 4} and it also
is discarded. In result, π' · π'′ = { 1, 2 ; 3, 4 ; 4, 5 }.

The following definition shows that the product of two canonical set systems is a
canonical set system.

Corollary 2.1. The set system product preserves canonicity
Let M' ∈ SetSys(') and M'′ ∈ SetSys('′) be two canonical set systems, and let the
set system product M' ·M'′ ∈ SetSys('′′). Then

M'′′ = M' ·M'′ (2.48)

2

2.4 Covers

Covers are a generalization of set systems. Unique block covers (blankets) were formally
introduced by Brzozowski and Luba in [BL98] for the decomposition of Boolean func-
tions specified by cubes. Next, in [BL97], this concept was extended to multiple-valued
functions.
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Definition 2.23. Unique block cover
Let S be a non-empty set of elements. The unique block cover is a set of sub-sets B of S
called blocks of the unique block cover βS

βS = { Bi | Bi ⊆ S } (2.49)

if and only if the following conditions are satisfied:

1. The unique block cover blocks are non-empty,

∀
i
Bi 6= ∅ (2.50)

2. Each block in the unique block cover is unique:

∀
B,B′∈βS

B′ ⊆ B and B′ ⊇ B ⇒ B = B′ (2.51)

3. The union of unique block cover blocks is S.⋃
i

Bi = S (2.52)

2

The number of blocks of a unique block cover is denoted by |β|. The product of two
unique block covers β1 · β2 is a collection of blocks resulting from the intersection of each
block of β1 with each block of β2. Duplicate blocks are removed.

Definition 2.24. Unique block covers product
Let β1 and β2 be two unique block covers on S. The product of two unique block covers
β1 · β2 is defined as follows:

β1 · β2 = { B | ∃
B1∈β1

∃
B2∈β2

B = B1 ∩B2 ∧

∀
B′

1∈β1
∀

B′
2∈β2

B ⊆ B′
1 ∩B′

2 ∧B ⊇ B′
1 ∩B′

2 ⇒ B = B′
1 ∩B′

2 } (2.53)

2

For example,

{ 1, 2, 3 ; 3, 4 } · { 1, 2, 3 ; 3, 4 } = { 1, 2, 3 ; 3 ; 3, 4 }

Analogous to partitions and set systems we define identity unique block cover denoted
by β(I) and zero unique block cover denoted by β(0). Zero unique block cover contains
each symbol of S in a separate block. Identity unique block cover contains all the symbols
of S in one block.

Definition 2.25. ≤ operator defined on unique block covers
Let β1 and β2 be two unique block covers on S. β2 is greater or equal to β1 (β1 ≤ β2) if
and only if each block of β1 is included in a block of β2. 2
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The relation ≤ defined on unique block covers is reflexive and transitive but not
antisymmetric, since { 1 ; 1, 2 } ≤ { 1, 2 } and { 1, 2 } ≤ { 1 ; 1, 2 }. Also, the following
property exists:

β1 ∗ β2 ≤ β1 and β1 ∗ β2 ≤ β2. (2.54)

Covers are an extension of the unique block covers presented above. A cover may contain
duplicate blocks. In theory, this can lead to covers that have an infinite number of blocks.
However, covers are produced as a product of covers ζ =

∏
i ζi. If each cover ζi has a

limited number of blocks (denoted by |ζ|), then the number of blocks in the resulting
cover |ζ| is less or equal to

∏
i |ζi|. In practice, we use covers for the representation of

finite discrete functions. Each block of the related cover represents an individual value of
a particular finite function; in consequence, the number of blocks in such a cover is finite.

Definition 2.26. Cover
Let S be a non-empty set of elements. Cover is a set of sub-sets B of S called blocks of
cover ζS

ζS = { Bi | Bi ⊆ S } (2.55)

if and only if the following conditions are satisfied:

1. Cover blocks are non-empty,

∀
i
Bi 6= ∅ (2.56)

2. Union of cover blocks is S. ⋃
i

Bi = S (2.57)

2

Definition 2.27. Cover product
Let ζ1 and ζ2 be two covers on S. The covers product ζ1 · ζ2 is the cover on S such that

ζ1 · ζ2 = { B | ∀
Bi∈ζ1

∀
Bj∈ζ2

B = Bi ∩Bj and B 6= ∅ } (2.58)

2

The definition of the partial order operator on covers is exactly the same as the defi-
nition of partial order operator on unique block covers. We recall it here only to ensure
clarity of the presentation.

Definition 2.28. ≤ operator defined on covers
Let ζ1 and ζ2 be two covers on S. ζ2 is greater or equal to ζ1 (ζ1 ≤ ζ2) if and only if each
block of ζ1 is included in a block of ζ2. 2

For example, for ζ1 = { 1, 2, 3 ; 3, 4, 5 }, and ζ2 = { 1, 2 ; 3, 4 ; 5 } we have:

ζ1 · ζ1 = { 1, 2, 3 ; 3 ; 3 ; 3, 4, 5 } and ζ1 · ζ2 = { 1, 2 ; 3 ; 3, 4 ; 5 },
ζ2 ≤ ζ1, ζ2 ≤ ζ1 · ζ1, but also ζ2 ≤ ζ1 · ζ2, and ζ1 · ζ2 ≤ ζ2.



24 BASIC DEFINITIONS

2.5 Boolean functions and Boolean algebra

Binary Boolean algebra is defined by the set B = {0, 1} and two operations denoted by
+ and ·, which satisfy the commutative and distributive laws. The identity element of
+ operation is denoted by 0. The identity element of · operation is denoted by 1. The
operation + is called disjunction, sum, or OR. The operation · is called conjunction,
product, or AND. Each element a ∈ B has a complement, denoted by a . a + a = 1, and
a · a = 0. A literal is an instance of a variable or its complement. Bn stands for the
multi-dimensional space spanned by n binary Boolean variables. This space is referred to
as the n-dimensional cube.

A product of n literals represents a point (zero-dimensional cube) called minterm in
the n-dimensional cube. A minterm in n-dimensional Boolean space can be represented
by binary-valued vector v of size n, v ∈ {0, 1}n. To each position i (1 ≤ i ≤ n) in vector
v, there is assigned a particular binary variable vi. v[i] = 0 corresponds to literal v i,
v[i] = 1 corresponds to literal vi.

A product of m literals (m ≤ n) represents a (n − m)-dimensional sub-cube called
term. Term (sub-cube) in n-dimensional Boolean space can be expressed by ternary-
valued vector v of size n, v ∈ {0, 1,−}n. The meaning of symbols 0 and 1 is the same as
those in the case of minterm. v[i] = − denotes that variable vi is not present in term and
can take any value.

000

001

010

011

100

101

111

110

x

y

z
xyz

xz

Figure 2.2: The three-dimensional Boolean space

Example 2.4 Let us consider three-dimensional Boolean space {0, 1}3 (see Fig. 2.2)
spanned by variables x, y, z. Each vertex in this Boolean space can be expressed by a
certain product of three literals and a corresponding vector, for example, by the product
x yz and corresponding vector [010]. Any sub-space (sub-cube) can be expressed by the
product of literals, for example xz , or by corresponding vector [1 − 0]. ”−” means that
variable y can take any value. 2
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Definition 2.29. Completely specified Boolean function
A completely specified n-input, m-output Boolean function f is a mapping between
Boolean spaces:

f : Bn −→ Bm (2.59)

2

m-output function can be considered a vector of m single-output functions defined on
the same domain.

An incompletely specified Boolean function is defined over the sub-set of Bn. The
points where the function is not defined are called don’t care conditions, or simply don’t
cares. Don’t care conditions arise when a function f is embedded in an environment
(network of functions). Predecessors of f may not produce some combinations of values
and then vectors related to these combinations never occur on inputs of f . The set of
such input vectors of f is called (local) controllability don’t care set - CDC. On the other
hand, successors of f may not transmit some values of f . Therefore, these values will
never be observed on the network output. The set of input vectors of f related to values
not being observed is called (local) observability don’t care set - ODC.

Example 2.5 Consider function F = [z0, z1, z2, z3] in Fig. 2.3 embedded in some net-
work. Function F has six inputs a0, b0, a1, b1, a2, b2. ai = xiyi and bi = xi⊕yi for i = 0, 1, 2.
It is easy to verify that ai = bi = 1 can never appear and therefore cannot be an input to
F . Thus, the input controllability don’t care set is CDCF = a0b0 + a1b1 + a2b2.

The output of function N2 is never observed at output o0 when a0 = 0. Therefore, z0

and z1 may have any value when a0 = 0. As a result, the observability don’t care set of z0

and z1 is represented by a0. Analogously, the observability don’t care set of z2 and z3 is
represented by b3. Finally, the observability don’t care set of F is represented as a vector
of observability don’t care set of F members. ODCF = [a0, a0, b3, b3].

[DM94] presents a detailed description of local don’t cares, including methods of their
computation. 2

A function decomposition process produces a network of sub-functions that realizes
the behavior of the original function. As a result, the decomposition process can produce
an incompletely specified sub-function, even though the original function is completely
specified.

However, don’t care conditions provide additional freedom for logic optimization and
can be successfully exploited during decomposition.

Definition 2.30. Incompletely specified Boolean function
An incompletely specified Boolean n-input, m-output function f̂ is a mapping:

f̂ : Bn −→ {0, 1, ∗}m (2.60)

where ∗ denotes don’t care condition. 2

For each single-output function, the subsets of the domain for which the function takes
value 0, 1, and * are called respectively the off-set, on-set, and dc-set, and are denoted
by f̂OFF , f̂ON , and f̂DC .



26 BASIC DEFINITIONS

x0

y0

x1

x2

y1

y2

a0

a1

a2

b0

b1

b2

z0
z1

z2
z3

o0

o1

B2

B3

N2

N3

F

Figure 2.3: Example of a Boolean function embedded in an environment

Completely specified function may be properly represented by its on-set (off-set) only.
In this case missing off-set (on-set) can be calculated as fOFF = {0, 1}n \ fON (fON =
{0, 1}n \ fOFF ), where \ denotes the sets difference. In the case of incompletely specified
function f̂ , two of three subsets have to be known in order to compute the third one, e.g.,
f̂DC = {0, 1}n \ (f̂ON ∪ f̂OFF ).

Next, we review some definitions and properties of Boolean functions. For the sake of
simplicity, we consider only single-output functions. Let f(x1, x2, . . . , xn) be a Boolean
function of n variables. The set {x1, x2, . . . , xn} is called the support of the function.

A completely specified Boolean function has only one realization; the function itself.
In contrast, an incompletely specified Boolean function may possess many realizations by
properly assigning binary values to don’t care conditions.

Definition 2.31. Realization of an incompletely specified Boolean function
An (in)completely specified Boolean function ĝ is a realization of an incompletely specified

Boolean function f̂ (by don’t care assignment), if and only if:

f̂ON ⊆ ĝON ⊆ (f̂ON ∪ f̂DC), and (2.61)

f̂OFF ⊆ ĝOFF ⊆ (f̂OFF ∪ f̂DC) (2.62)

2

Definition 2.32. Cofactor
The cofactor of f(x1, . . . , xi, . . . , xn) with respect to xi is f |xi

= (x1, . . . , 1, . . . , xn). The
cofactor of f(x1, . . . , xi, . . . , xn) with respect to x i is f |x i

= (x1, . . . , 0, . . . , xn). 2

Boole’s expansion of a function f , often called Shannon’s expansion, is described by
the following theorem. The proof of that theorem can be found in several textbooks, e.g.,
[Bro90].

Theorem 2.1. Boole’s (Shannon’s) expansion
Let f : Bn −→ B. Then ∀ i = 1, 2, . . . , n

f(x1, . . . , xi, . . . , xn) = xi · f |xi
+ x i · f |x i

= (xi + f |x i
) · (x i + f |xi

).
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2

Example 2.6 Let us consider function f = ab + bc. Its cofactor with respect to (w.r.t.)
a is computed by setting a to 1, therefore; f |a = b. Similarly, cofactor w.r.t. a is
computed by setting a to 0, resulting in f |a = bc. The function can be re-written as
f = af |a + a f |a = ab + a bc. Next, expand cofactors f |a and f |a w.r.t. b and b . We
obtain, f |ab = 1, f |ab = 0, f |a b = c, f |a b = 0. Thus f = a(b1+b 0)+a (bc+b 0) = ab+a bc.
By repeating computation w.r.t. c we obtain f |abc = 1, f |abc = 1, f |a bc = 1; and other
cofactors are equal to 0. Finally, we obtain f = abc + abc + a bc.

The above example illustrates that recursively applying Boole’s expansion with respect
to all variables in its support to a function f , we obtain its minterm representation.

Theorem 2.2. Davio expansion
Let f : Bn −→ B. Then ∀ i = 1, 2, . . . , n

f(x1, . . . , xi, . . . , xn) = f |x i
⊕ xi · (f |xi

⊕ f |x i
), and (2.63)

f(x1, . . . , xi, . . . , xn) = f |xi
⊕ x i · (f |xi

⊕ f |x i
). (2.64)

Where ⊕ denotes Exclusive OR (XOR) operation a ⊕ b = a b + ab . Formulas 2.63 and
2.64 are respectively called the positive Davio expansion and negative Davio expansion.
2

Example 2.7 Let us consider again function f = ab + bc. f |a = b, f |a = bc and
f |a ⊕ f |a = bc . Now, the function can be re-expressed in the form of positive Davio
expansion as: f = bc⊕a(bc ), or in the form of negative Davio expansion as: f = b⊕a (bc ).
Applying recursively the positive (negative) Davio expansion we can eliminate all inverted
(positive) literals in the Davio factored form expression. For example, applying recursively
the positive Davio expansion to f = ab + bc we obtain f = bc ⊕ ab ⊕ abc, and applying
recursively the negative Davio expansion we obtain f = 1⊕ b ⊕ a c ⊕ a b c .

The above definitions and properties of single-output Boolean function can be
extended to multiple-output functions by representing the functions and its cofactors as
an m-dimensional vector, where each element of the vector corresponds to a particular
function.

Some Boolean functions possess property called symmetry. This class of Boolean func-
tions is very important from the practical viewpoint. Many of the typical processors’ data
path and transmission channels functions are symmetric, and some checking and control
functions are also symmetric. On the other hand, symmetries can be successfully ex-
ploited in functional decomposition, technology mapping, and binary decision diagrams
minimization. Therefore, there is much research in the field of symmetric Boolean func-
tions [KD91][PSP94][CJW95][Die93][SYN97][WD98][Sie98][CMS99][JC99][KS00b].

Definition 2.33. Symmetric Boolean function
A single-output function f̂(x1, . . . , xn) is symmetric with respect to a subset SY M =
{xi|i ∈ {1, . . . , n}} of all input variables if there exists a don’t care assignment ĝ such
that ĝ is invariant under any permutation of variables in SY M . 2
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The subset SY M is called the symmetry set of f̂ . f̂ is totally symmetric if f̂ is
symmetric in respect to the whole set {x1, . . . , xn}. Otherwise, f̂ is partially symmetric.
Symmetry set SY M is a maximal symmetry set if there is no other symmetry set that
properly contains SY M . Two disjoint symmetry sets SY M1 and SY M2 are compatible
symmetry sets if there is a don’t care assignment ĝ such that ĝ is invariant under any per-
mutation of variables from SY M1 and SY M2. If symmetry sets SY M1, SY M2, . . . , SY Mk

exists such that SY M1 ∪SY M2 ∪ . . .∪SY Mk = {x1, . . . , xn} (where SY Mi ∩SY Mj = ∅,
i 6= j), f̂ is completely symmetric.

The majority function f = ab + bc + ac and the parity function f = a ⊕ b ⊕ c are
examples of totally symmetric functions. Function f = ab + cd is completely symmetric.

2.6 Representation of Boolean functions

Perhaps the most three popular classes of Boolean function representations are the
following: tabular forms, logic expressions and binary decision diagrams.

Tabular forms are two-dimensional tables that contain input and output parts. The
input part corresponds to inputs, and the output part corresponds to outputs of the
function. The most popular tabular form is a list of multiple-output implicants. The
input part of an implicant represents a cube in the n-dimensional Boolean space and is
represented as a vector in {0, 1,−}n, where n denotes the number of input variables. To
each input vector (cube) there is assigned an output part that is a vector of values from the
set {0, 1, ∗}m, where m denotes the number of outputs. Each element of the output vector
denotes a value implied by a particular cube (input vector) for an individual function.

a b c f1 f2

0 0 0 0 1
0 0 1 * 0
0 1 0 * *
0 1 1 1 0
1 0 – * *
1 1 0 1 *
1 1 1 1 1

Table 2.4: A 3-input, 2-output incompletely specified Boolean function

a b c f1 f2

1 1 – 1 ∼
– 1 1 1 ∼
0 0 0 0 1
1 1 1 ∼ 1
0 – 1 ∼ 0

Table 2.5: On-set/off-set specification of the function from Table 2.4
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Example 2.8 Table 2.4 shows an 3-input, 2-output incompletely specified Boolean func-
tion f̂ : {0, 1}3 −→ {0, 1, ∗}2. f̂ON

1 = ab + bc, f̂OFF
1 = a b c , f̂DC

1 = b c + ab + a bc .
f̂ON

2 = a b c + abc, f̂OFF
2 = a c, f̂DC

2 = bc + ab + ac . It is possible to reduce this specifi-
cation. Table 2.5 shows the alternative representation, that specifies only the on-set and
off-set of f̂1 and f̂2. Symbol ∼ in the output part of that table denotes that the relative
input part has no meaning for a particular function.

Expression forms. A single-output completely specified Boolean function can be rep-
resented by the expression of literals linked by the primitive operators. Most often the
following two primitive operators are used: + (sum) and · (product) operator (· operator
is often omitted). All Boolean functions can be expressed in the sum of product of lit-
erals form and the product of sums of literals form. Multiple-level forms are created by
arbitrary nesting of expressions using parentheses. A particular multiple-level form is the
factored form [BRSVW87].

Definition 2.34. Factored form
A factored form is one and only one of the following:

1. A literal.

2. A sum of factored form.

3. A product of factored form. 2

In the factored forms, complementation can be applied to single variables only (rep-
resented by literals). For example, a b is a factored form, while a + b is not. Factored
forms include sum of products and product of sums and therefore can represent arbitrary
functions.

Example 2.9 Let us consider function f = ab +ac+ b c. This function can be expressed
in the sum of products (as above) or as product of sums, e.g., f = (a + b )(a + c)(b + c).
f = b (a + c) + ac is a one of possible factored forms. Many factored form representations
of the same function may exist. 2

A single Boolean expression cannot represent an incompletely specified Boolean
function, but a single expression can characterize an on-set (off-set or dc-set) of the
function (see Example 2.8).

Binary decision diagrams. Binary decision diagrams (BDDs) were introduced by Lee
[Lee59] and later by Ackers in [Ake78] to represent single-output Boolean functions. The
present popularity of BDDs is due to research of Randal Bryant. In [Bry86] he presented
algorithms that efficiently manipulated BDDs assuming ordering of the variables. He de-
veloped a method to reduce the size of BDDs, and proved that the reduced representation
is canonical in respect to a given variable ordering.

Definition 2.35. Binary decision diagram (BDD)
A binary decision diagram is a rooted directed acyclic graph (DAG) with vertex set V .
The graph has terminal vertices called leaves. To each leaf vertex there is assigned a value
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0 or 1 that represents respectively the constant Boolean function 0 (false) and 1 (true).
Each non terminal node v ∈ V is labeled with a Boolean variable x = var(v) and has two
children, low(v), high(v) ∈ V . 2

BDD is a representation of a set of binary decisions. Each decision is represented
by a vertex in BDD. The edge connecting vertex v with its high(v) is called then (or
1) edge and denotes the true value assigned to a variable x = var(v) allocated to that
vertex. Respectively, the edge connecting vertex v with its low(v) is called else (or 0) edge
and denotes the false value assignment to a variable x = var(v). Leaves of the diagram
represent the overall value (true - leaf 1, and false - leaf 0) of the series of decisions
corresponding to a path from the root vertex to a leaf. Examples of binary decision
diagrams are shown in Figure 2.4.

Ordered decision diagrams (OBDDs) are very important, type of BDDs.

Definition 2.36. Ordered binary decision diagram (OBDD)
An ordered binary decision diagram is a BDD where an ordering < over set of variables
is defined, and var(v) < var(low(v)) and var(v) < var(high(v)), where neither v, nor
low(v), nor high(v) is a leaf vertex. 2

With OBDDs, in each path from a root vertex to a leaf, variables assigned to individual
vertices follow the decided order. The following definition shows how a Boolean function
is represented by OBBD.

Definition 2.37. OBDD representation of a Boolean function
OBBD with root vertex v denotes a Boolean function f v such that:

1. If vertex v is leaf 0, then f v = 0.

2. If vertex v is leaf 1, then f v = 1.

3. If vertex v is not a leaf and var(v) = x, then f v = x f low(v) + xfhigh(v). 2

In other words, fhigh(v) denotes the positive cofactor f v|x of f v with respect to variable
x and f low(v) denotes the negative cofactor f v|x of f v.

Two OBDDs are isomorphic if there is one-to-one mapping between the vertex sets
that preserves adjacency, ordering, and leaf values. Two isomorphic OBDDs represent
the same function, but the same function can be represented by several OBDDs. Bryant
in [Bry86] showed that removing redundancy in OBDDs results in the canonical repre-
sentation of Boolean functions.

Definition 2.38. Reduced ordered binary decision diagram (ROBDD)
A reduced ordered binary decision diagram is an OBDD that has no vertex v such that
low(v) = high(v); for no pair {u, v} sub-graphs rooted in v and u are isomorphic. 2

Due to their canonicity, ROBDDs are very widely used in logic verification. Equiva-
lence checking of two Boolean functions consists in deciding whether two ROBDDs rep-
resenting these functions and having the same variable order are isomorphic.

ROBDDs are a very effective representation of Boolean functions as far as good variable
ordering. The basic operation, called reduce, that transforms OBDD into ROBDD has
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complexity O(|V |log(|V |)). |V | denotes number of vertices in the graph. The operation
apply is used to combine two ROBDDs. The complexity of apply is O(|V ||G|) [Bry92],
where |V | denotes the number of vertices in the first ROBDD and |G| denotes the number
of vertices in the second.

The size of ROBDDs depends on the variable ordering. For example, OBDD represent-
ing any function of any bit of an integer adder can have linear size with respect to number
of input variables in the best case and exponential in the worst case [Bry92]. On the other
hand, the ROBDD representing function of middle bit of integer multiplier has exponen-
tial size regardless of the variable order [Bry92]. Moreover, it has been proven [GM93]
that performing operations on two BDDs with different ordering is NP-hard; therefore,
such operations require the same variable ordering for both BDDs, even if that ordering
is not good for both BDDs. Figure 2.4 shows two ROBDDs of function f = ab + cd + ef
with two variable orders [Bry92].

a

f

b

c

d

e

0 1

f

(a) Variables order (a, b, c, d, e, f)

a

b

d

f

e

c

e e e

bb b

d

0 1

c

f

(b) Variables order (a, c, e, b, d, f)

Figure 2.4: ROBDD representation of function f = ab + cd + ef

OBDDs became widespread only with the use of good automatic variables ordering.
The following were proposed:
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1. heuristic methods based on a structure of a combinational circuit implementing a
Boolean function [MWBSV88] [BRB90] [BRKM91],

2. iterative improvement methods based on variables exchanging (sifting) [ISY91]
[Rud93],

3. sampling based methods, [JAF98] [SM98] [LJCF00], and

4. exhaustive methods of finding optimum variable order [FS90] [ISY91].

Variable ordering may be static or dynamic. Dynamic ordering allows the OBDD to
alter its size during the computation process. Dynamic reordering is usually performed
automatically by BDD package.

Although proper variable ordering can reduce the size of ROBDD significantly, there
are classes of Boolean functions that can not be represented efficiently with ROBDDs
with any variable order.

One solution is to eliminate or relax variable order. Complete elimination of variable
ordering [ADG91] has significant disadvantages. This representation has no canonical
form and the algorithms for many operations have exponential worst case complexity.
Another solution is to relax variable order in such a way that BDD can be reduced and
the advantageous algorithmic properties of OBDD are preserved. [GM94] and [SW95]
proposed relaxation, which allows variables to occur in any order, but at most, once
along any path from a root to a terminal node, and all functions to be represented by a
common ordering. These BDDs are called free-BDDs or a 1-time branching program. It
was shown in [BMS95] that free BDDs can be implemented by extended standard OBDD
package. In this approach, the reordering of variables is considered a transformation
of the function input space. Many operations are independent of this transformation if
all functions are transformed uniformly. Many previously intractable functions can be
handled by this transformation. Unfortunately, this approach does not solve the problem
of representation of multipliers functions.

Another proposed approach to gain a compact representation of Boolean function mod-
ifies the interpretation of the ROBDD’s nodes. It was observed that arithmetic functions,
for example, have a very compact XOR-based representation. In classical ROBDD, each
node represents the Shannon expansion (see Definition 2.37 and Theorem 2.1). Authors
of [KSR92] proposed using the negative Davio expansion in place of the Shannon ex-
pansion. They called this graph representative of Boolean functions: Ordered Functional
Decision Diagrams (OFDD). In their representation, low(v) edge of a node v allocated
with Boolean variable x, represents the negative cofactor f v|x and the high(v) edge rep-
resents the Boolean difference f v|x⊕ f v|x. Nodes having the property f v|x⊕ f v|x = 0 are
removed from the graph (different reduction rule than in the case of ROBBD). Neverthe-
less, for some classes of functions, FDDs are exponentially less compact than ROBDDs.
To combine the advantages of ROBDDs and FDDs in [DST+94], the Ordered Kronecker
Functional Decision Diagrams (OKFDDs) were introduced. In this representation, each
variable is assigned an expansion, which can be Shannon, negative Davio, or positive
Davio expansion. All functions in a graph use the same variable ordering, and all nodes
associated with a particular variable use the same expansion. During variable reorder-
ing, all expansions are tried for each variable, and the best one, in terms of OKFDD
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size reduction, is selected. Experiments on a set of standard benchmarks show the graph
size reduction by 35%. An overview of OKFDDs and its applications is presented in
[PCJSS95].

Another node interpretation was proposed by Karplus in [Kar88a]. He generalized
the concept of BDD to the if-then-else directed-acyclic-diagram (ITE-DAG). Each non-
terminal node of ITE-DAG represents a function sg + sh (if s then g else h), where
function s has the meaning in ITE-DAG analogous to the meaning of variable allocated
to a node of BDD. He determined the conditions necessary to make representation using
ITE-DAGs canonical [Kar92].

Madre and Billon proposed [MB88] keeping only one ROBDD sub-tree that represents
both sub-function f and its inversion f . They added complemented edges to the graphs,
indicating the inversion of f . To preserve canonicity of the ROBDDs, only an edge
leading to a vertex low(v) can be complemented. This reduces size of the ROBDDs and
also speeds up some operations. One can find this extension in all main available BDD
packages.

Recently a non-deterministic variant of ROBDDs called Parallel Access Diagrams
(PADs) was introduced [BD96]. A PAD is a multi-rooted directed acyclic graph, with two
terminal nodes 0 and 1. Non-terminal nodes are labeled by a Boolean variable and have
two non-empty sets of outgoing edges, denoted by 0(v) and 1(v). Each path in the graph
must be consistent with the predefined variable order. A PAD is reduced if it does not
contain two isomorphic sub-graphs. Each non-terminal node v of a PAD defines a logic
function

fv = x
⋃

ni∈0(v)

fni
+ x

⋃
nj∈1(v)

fnj
(2.65)

The condition necessary to obtain canonical PAD for a given function f and variable
ordering was presented in [BD96]. PADs appeared less sensitive to variable ordering than
ROBDDs.

Minato in [Min93] proposed Zero-suppressed Binary Decision Diagrams (ZBDDs) for
Boolean function representations. Although ZBDDs are, in general, less effective than
classical ROBDDs, they were successfully used in sparse sets representation [Min93], two-
level SOP minimization [Cou95] [Min96], and the solving of graph optimization problems
[Cou97]. They differ from ROBDDs by a new reduction rule. In ROBDD the node v is
removed when its two outgoing edges low(v) and high(v) point to the same node, whereas
in ZBDDs, a node v is removed if its high(v) edge points to the terminal 0. When ZBDD
represents a set of bit vectors, a Boolean variable in a ZBDD corresponds to a certain
position of vectors. A reduction occurs if when 1 is at a certain position and this vector
is not in the set. This condition appears frequently for sparse sets; hence the significant
reduction of nodes in ZBDDs is possible. For a more detailed review of ZBDD properties
and applications we refer the interested reader to [Min95][Mis01a].

In [Jóź97b] another type of BDDs called term trees (TTs) was introduced. TT is a
BDD in which each non-terminal node has an extra edge called don’t care edge. TT can
compactly represent a set of product terms. In the paper the heuristic algorithm for TT
minimization was presented. TTs were successfully applied for the automatic test pattern
generation (ATPG). In the same paper [Jóź97b] it was shown that stack-at-zero and stuck-
at-one faults can be efficiently identified in a term tree. Based on this identification, the
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heuristic algorithm that is able to find very compact test vectors sets for AND-OR or
AND-EXOR circuits was proposed [Jóź97b][JŚed].

The major drawback of the BDDs described above is their inability to represent in-
completely specified Boolean functions. In [CJZT91], modified BDDs were introduced
(MBDs). In MBDs, an additional terminal for don’t cares was introduced that made
possible construction of a single MBD for an incompletely specified Boolean function.

Nevertheless, available BDD packages do not support that representation. Instead,
researchers use representations of incompletely specified Boolean functions that can be
handled by any standard BDD package. An incompletely specified function is expressed
as the interval of two completely specified Boolean functions [fON , fON∪DC ], each one
represented as separate BDD [Lin93][SSN95]. Function fON is a characteristic function
of ON -set of f and fON∪DC is a characteristic function of ON -set and DC-set of f .



Chapter 3

Functional decomposition

”Functional decomposition consists of breaking down a complex system of discrete func-
tions or relations into a network of smaller and relatively independent coherent sub-
functions (sub-relations), in such a way that the original system’s behavior is preserved,
some constraints are satisfied, and some objectives are optimized. A sub-function (sub-
relation) in the network can be any sort of function (relation) satisfying certain specific
structural constraints” [CJ00b].

Functional decomposition has been attracting the attention of scientists since the early
years of switching circuits development. In 1949, Shannon described in his classical work
[Sha49] a specific type of functional relation of Boolean functions that he called functional
separation and proved that most functions are not functionally separable. In spite of this
argument, functional separation was found to be a very useful property. Its existence
and usage may result in the radical simplification of a function’s implementation [SYN97]
[MDM98][SYN98]. Povarov [Pov54] and Ashenhurst [Ash59] presented the conditions
necessary to find a functional separation for Boolean functions. Curtis [Cur61] general-
ized these conditions. Then, Roth and Karp [RK62] developed a theorem about abstract
decomposition that could be used for decomposition of incompletely specified Boolean func-
tions. The next breakthrough was due to the development of Binary Decision Diagrams
(BDDs) and their application to functional decomposition.

In parallel, the theory of sequential machine decomposition, based on information
modeling with partitions and set systems, was introduced by Hartmanis and Stearns
[HS66]. This theory was then extended by Jóźwiak to the general decomposition theory of
discrete functions, relations, and sequential machines [Jóź95]. The general decomposition
theory covers the functional decomposition of Boolean functions (combinational machines)
as its special case. This theory was successfully applied to the decomposition of sequential
machines, Boolean functions, and relations. The general decomposition theory is one of
the main foundations of this thesis.

In this chapter, we discuss the classical formulation of the functional decomposition
problem (Section 3.1), how the classical functional decomposition is represented with the
usage of modern data structures (Section 3.2), and the generalization of the functional
decomposition - general functional decomposition (Section 3.3.2).

35
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3.1 Classical functional decomposition

In this dissertation, we address the functional decomposition of Boolean functions. There-
fore, we limit the review of functional decomposition methods to functions of this kind.
We refer the interested reader to [PMSJ+97],[BL97], [JB00] for additional discussions of
the application of functional decomposition to the multi-valued functions and/or relations.

Functional decomposition transforms an original function (or relation) into a network
of simpler sub-functions (sub-relations). The transformation is executed recursively step
by step, until structural constraints (e.g., maximal number of inputs of sub-functions,
maximal number of product terms of sub-functions) are met and some optimization ob-
jectives (e.g., area, delay) are optimized. The network that satisfies structural constraints
is called the feasible network. In the case of functional decomposition of Boolean func-
tions targeting LUT-based FPGAs, the main structural constraint is a maximal number
of inputs of sub-functions. The type of sub-functions is irrelevant, since each k-input LUT
can implement any Boolean function with up to k inputs. The network that consists of
k-input (or less) functions can be directly mapped onto k-input LUTs. Networks of this
kind are called k-feasible networks or k-bounded networks.

Due to the immense number of all viable networks that may implement a certain
Boolean function, the construction of the final network is performed in the form of some
heuristic search. In this approach, after each single decomposition step, some partial
solution of the network is constructed. Each partial solution has to preserve the behavior
of the original function being decomposed. The decomposition methods do not address
optimization issues explicitly. Rather, they provide generators for the correct networks.
The differences among methods are implied by the ways, they address the fundamental
issues of the functional decomposition:

• How to ensure correctness of the decomposition?

• What network structures can be constructed with a given network generator?

The classical methods of the functional decomposition are some extensions of a cardinal
Shannon’s observation. In his fundamental work [Sha49], Shannon noticed that the more
adequately one can decompose a circuit synthesis problem into a combination of simpler
problems, the simpler is the final circuit implementation. He pointed out that a special
property of Boolean functions, called functional separability, could be effectively used
for decomposition. Boolean functions that have this property can be expressed by the
following formula:

f = h(g(x1, . . . , xs), xs+1, . . . , xn) = h(g(U), V ). (3.1)

Figure 3.1 shows the scheme of functional decomposition of this kind in a graphical form.
The set of input variables of function f is split into two disjoint subsets. The subset
of the input variables {x1, . . . , xs} (denoted as U) is called a bound-set, while subset
{xs+1, . . . , xn} is called a free-set (denoted as V ). Function h is called a composition
function, image function of f , or simply successor function. Sub-function g is often called
a bound-set function or predecessor function. Nowadays, this kind of decomposition is
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g

x1x2

xs

...

h

xn

xs+1 ...

f

Figure 3.1: Simple disjoint decomposition scheme

known as simple disjoint decomposition.

Although Shannon sketched the basic decomposition scheme, he did not provide a
systematic method for finding decompositions of this type. In 1954, Povarov [Pov54]
presented the necessary and sufficient condition for the existence of functional separation
in the form of the following theorem.

Theorem 3.1. Existence of functional separation [Pov54]
Boolean function f(x1, x2, . . . , xn) has functional separation (simple disjoint decomposi-
tion) if and only if for at least one subset {v1, v2, . . . , vn−s} = V of variables x1, x2, . . . , xn,
where 1 < s < n−1, such a function g of the remaining s variables exists that all different
from 0 and 1 cofactors of f with respect to v1, v2, . . . , vn−s (see Definition 2.32) are equal
to g or g . 2

In 1959, Ashenhurst reformulated the above theorem in terms of decomposition chart.
The decomposition chart is a matrix 2|U | × 2|V |. The chart has as many columns as
minterms induced by bound-set variables (xi ∈ U) and as many rows as minterms in-
duced by free-set variables (xj ∈ V ). Each cell in the matrix represents a certain value
of f for the corresponding minterm of input variables. Each column (row) is labeled by
a minterm of bound-set (free-set) variables. Each column ck corresponds to a cofactor
f |x1=m

ck
x1

,...,xs=m
ck
xs

, where mck
xi

denotes the value of variable xi in a minterm that labels col-

umn ck. Analogously, each row rk corresponds to a cofactor f |xs+1=m
rk
xs+1

,...,xn=m
rk
xn

, where

mrk
xi

denotes the value of variable xi in a minterm that labels row rk. The number of
distinct column patterns in the decomposition chart (the number of distinct cofactors) is
often called column multiplicity. Since each column pattern corresponds to a certain co-
factor induced by bound-set variables, the column multiplicity corresponds to the number
of distinct cofactors f |xs+1=m

rk
xs+1

,...,xn=m
rk
xn

induced by these variables.

Theorem 3.2. Existence of simple disjoint decomposition [Ash59]
A Boolean function f(x1, x2, . . . , xn) possesses a simple disjoint decomposition in terms
of h(g(u1, u2, . . . , us), v1, v2, . . . , vn−s) and g(u1, u2, . . . , us) if and only if its u1u2 · · ·us ×
v1v2 · · · vn−s decomposition chart has column multiplicity ν ≤ 2. 2
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ab\cde 000 001 010 011 100 101 110 111
00 1 1 1 1 1 1 1 1
01 0 1 1 1 0 0 1 0
10 1 0 0 0 1 1 0 1
11 0 0 0 0 0 0 0 0

cv1 cv2 cv2 cv2 cv1 cv1 cv2 cv1

Figure 3.2: Example of a decomposition chart

cde 000 001 010 011 100 101 110 111
g 0 1 1 1 0 0 1 0

cv1 cv2 cv2 cv2 cv1 cv1 cv2 cv1

Figure 3.3: g sub-function construction

Figure 3.2 shows an example of a decomposition chart of f(a, b, c, d, e) where bound-
set U = {c, d, e} and free-set V = {a, b}. The chart has two distinct column vectors:
first cv1 = (a b = 1, a b = 0, ab = 1, ab = 0) is present in columns {c d e , cd e , cd e, cde};
second column vector cv2 = (a b = 1, a b = 1, ab = 0, ab = 0) is present in columns
{c d e, c de , c de, cde }. We arbitrarily assign value 0 to vector cv1 and value 1 to vector cv2.
Function g is constructed by assigning a certain column vector’s value to each minterm of
bound-set variables that induces the column vector. Figure 3.3 illustrates that procedure
for the example given in Figure 3.2. To build image function h, in the decomposition
chart, we collapse all columns that hold vector cv1 into one column labeled with cv1’s
value (0), and respectively collapse all columns that hold vector cv2 into one column
labeled with cv2’s value (1). Figure 3.4 presents the resulting image function h.

However, as Shannon pointed out, simple disjoint decomposition occurs very rarely.
The next big advance in the theory of functional decomposition was made by Curtis. In
[Cur61], Curtis published a theorem on generalized disjoint functional decomposition. In
this approach, more than one bound-set sub-function g can be constructed in a single
decomposition step. The graphical representation of that decomposition scheme is shown
in Figure 3.5.

ab\g 0 1
00 1 1
01 0 1
10 1 0
11 0 0

cv1 cv2

Figure 3.4: h function construction
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Figure 3.5: Generalized disjoint decomposition scheme

Theorem 3.3. Generalized disjoint decomposition [Cur61]
A switching function f(U, V ) is expressible as a composite function h(g1(U), . . . , gk(U), V )

where the sub-functions are k in number, if and only if its 2|U |× 2|V | decomposition chart
has at most 2k distinct column vectors. 2

Symbol k denotes a minimal number of sub-functions gi that satisfy the decomposition.
The difference |U ∪ V | − (|V |+ k) is called a convergence. If convergence is equal to zero,
decomposition is considered trivial. Curtis’ theorem finds a greater number of possible
decompositions than does simple disjoint decomposition. As a side effect, however, this
decomposition scheme introduces a new problem known as sub-function binary encoding
to the functional decomposition domain. This problem is thoroughly discussed in Chapter
6.3.11, but here we also describe it briefly.

Figure 3.6 presents a decomposition chart of 5-input function f(a, b, c, d, e). There
are ν = 4 distinct column vectors cvi, where i ∈ {1, 2, 3, 4} in the chart. In result,
dlog2(4)e = 2 binary sub-functions g1g2 are needed to implement this decomposition.
Decomposition is consistent if and only if values of sub-functions g1g2 differentiate each
pair of column vectors. These distinctions can be easily achieved if to each column vector
we assign some unique binary code. Since there are two g sub-functions and four distinct
column vectors in our example, we need four codes that are at least 2-bits long. Usually,
the shortest possible codes are used in order to increase convergence. Nevertheless,
we can assign codes in many ways (see Section 6.3.11). This freedom can be used to
simplify function g, or function h, or both g and h simultaneously. Figure 3.7 shows
two sample code assignments. Figure 3.7.a shows the resulting sub-functions g1,and g2

for assignment cv1 = 00, cv2 = 01, cv3 = 10, cv4 = 11. Figure 3.7.b shows the resulting
sub-functions for assignment cv1 = 10, cv2 = 01, cv3 = 00, cv4 = 11. Image function h
is constructed in an analogous way as in simple disjoint decomposition. Figures 3.8.a
and 3.8.b show the image functions resulting from g sub-function encoding presented in
Figure 3.7.a and Figure 3.7.b, respectively.

Additional progress in the area of functional decomposition was made by Hartmanis in
1960 and Roth and Karp in 1962. Hartmanis introduced the theory of symbolic analysis
of decomposition of sequential machines [Har60][Har62]. Roth and Karp introduced a
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ab\cde 000 001 010 011 100 101 110 111
00 1 0 1 1 0 1 1 0
01 0 1 0 0 1 1 1 1
10 1 0 1 1 1 1 1 1
11 0 0 0 0 0 1 1 0

cv1 cv2 cv1 cv1 cv3 cv4 cv4 cv3

Figure 3.6: Decomposition chart for generalized functional decomposition

(a)

cde 000 001 010 011 100 101 110 111
g1 0 0 0 0 1 1 1 1
g2 0 1 0 0 0 1 1 0

cv1 cv2 cv1 cv1 cv3 cv4 cv4 cv3

(b)

cde 000 001 010 011 100 101 110 111
g1 1 0 1 1 0 1 1 0
g2 0 1 0 0 0 1 1 0

cv1 cv2 cv1 cv1 cv3 cv4 cv4 cv3

Figure 3.7: Predecessor function g encoding in generalized functional decomposition

ab\g1g2 00 01 10 11
00 1 0 0 1
01 0 1 1 1
10 1 0 1 1
11 0 0 0 1

cv1 cv2 cv3 cv4

(a)

ab\g1g2 00 01 10 11
00 0 0 1 1
01 1 1 0 1
10 1 0 1 1
11 0 0 0 1

cv3 cv2 cv1 cv4

(b)

Figure 3.8: Resulting h functions for two different g sub-function encodings
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concept of abstract (symbolic) decomposition of discrete functions that could be applied to
the decomposition of incompletely specified (partial) Boolean and multi-valued functions
[RK62]. Their proof of the existence of abstract decomposition was based on symbols
compatibility relation (see Definition 2.14), which is similar to the concept introduced by
Hartmanis.

Let U ,V be arbitrary finite sets (of symbols) and let E be a subset of Cartesian
product U × V . We say that u1 ∈ U and u2 ∈ U are compatible with respect to some
function f (denoted as u1 ∼ u2) if for all v ∈ V such that (u1, v) ∈ E and (u2, v) ∈ E ,
f(u1, v) = f(u2, v) or f(u1, v) is don’t care or f(u2, v) is don’t care; otherwise, u1 is
incompatible with u2, denoted u1 6∼ u2.

Theorem 3.4. Existence of abstract decomposition [RK62]
Let U ,V ,Z, andW be arbitrary finite sets (of symbols) and let E be a subset of Cartesian
product U × V . Let

g : U → W and (3.2)

h :W ×V → Z. (3.3)

Function f : E → Z has a decomposition in form

f(u, v) = h(g(u), v) for all (u, v) ∈ E (3.4)

if and only if U can be partitioned into k classes of mutually compatible elements (symbols)
and if and only if W has at least k elements (symbols). 2

If function f is completely specified, then k is simply the number of maximal equiv-
alence classes. If function f is incompletely specified, the compatibility is no longer an
equivalence relation, and the determination of a minimum number of compatible classes
is nontrivial. The minimal number k of compatible classes can be computed as a minimal
number of cliques that partition the compatibility graph or as the minimal number of
colors that the incompatibility graph can be colored (see Figure 3.11). However, parti-
tioning the graph into cliques and graph k-colorability are both NP-complete problems
[GJ79]; that makes the decomposition of partial functions much more computationally
complex than the decomposition of complete functions. On the other hand, the maximal
clique construction and graph coloring are not unique, and this gives us additional free-
dom during the decomposition process. This freedom can be used to optimize the final
circuit implementation.

Having the apparatus for decomposition of incompletely specified Boolean functions,
Roth and Karp studied the non-disjoint decomposition (see Fig. 3.10) of Boolean functions
[RK62]. They considered decomposition in the form

f(x1, x2, . . . , xn) = h(g1(U), g2(U), . . . , gl(U), V ) (3.5)

where U and V , respectively, are specifications of subsets λ = {x1, x2, . . . , xs} and µ =
{xt, xt+1, . . . , xn} of input variables, together exhausting x1, x2, . . . , xn (see Fig. 3.9). The
decomposition is called disjoint if λ ∩ µ = ∅, and otherwise, non-disjoint.

Non-disjoint decomposition can be found in decomposition chart if a common vari-
able(s) of U and V is (are) duplicated in columns and rows. In that case, satisfiability
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h
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g1

gmxt ...
...

xs+1
xn

Figure 3.9: Non-disjoint decomposition scheme

cab\cde 000 001 010 011 100 101 110 111
000 1 0 1 1 ∗ ∗ ∗ ∗
001 0 1 0 0 ∗ ∗ ∗ ∗
010 1 0 1 1 ∗ ∗ ∗ ∗
011 0 0 0 0 ∗ ∗ ∗ ∗
100 ∗ ∗ ∗ ∗ 0 1 1 0
101 ∗ ∗ ∗ ∗ 1 1 1 1
110 ∗ ∗ ∗ ∗ 1 1 1 1
111 ∗ ∗ ∗ ∗ 0 1 1 0

cv1 cv2 cv1 cv1 cv1 cv2 cv2 cv1

Figure 3.10: Decomposition chart for non-disjoint functional decomposition

don’t care conditions appear in the decomposition chart. Satisfiability don’t cares are
placed in all that cells, where the duplicated variable has a different value in a row label
and in a column label. These two values of the variable are inconsistent and are never
satisfied. According to theorem 3.4, we merge compatible columns. Columns ci and cj are
compatible if and only if for each row k, the value in cell fik is compatible with value fjk.
fik is compatible with fjk if and only if fik = fjk or fik = ∗ (don’t care) or fjk = ∗.

In our example (see Fig. 3.10) variable c is common for bound-set U and free-set V .
There are two groups of compatible columns. Figure 3.11.a shows example clique covering
of column compatibility graph, and Figure 3.11.b shows related column incompatibility
graph coloring. Figures 3.12 and 3.13 respectively, show resulting g and h functions after
decomposition.

3.2 ROBDD based functional decomposition

ROBDDs facilitate very compact representation of many Boolean functions. Several years
after Bryant’s famous paper [Bry86] on decision diagrams, Chang and Marek-Sadowska
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Figure 3.11: a) Column compatibility graph, b) Column incompatibility graph

cde 000 001 010 011 100 101 110 111
g 0 1 0 0 0 1 1 0

cv1 cv2 cv1 cv1 cv1 cv2 cv2 cv1

Figure 3.12: Predecessor function g resulting from non-disjoint decomposition

ab\cde 0 1
000 1 0
001 0 1
010 1 0
011 0 0
100 0 1
101 1 1
110 1 1
111 0 1

cv1 cv2

Figure 3.13: Image function h resulting from non-disjoint decomposition
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[CMS92], and Lai and Pedram [LPV93] discovered that ROBDD allows for a simple verifi-
cation of the existence of disjoint decomposition of completely specified Boolean functions.
They observed the equivalence between function’s f decomposition chart and a structure
of ROBDD representing f if some specific ROBDD variable ordering is applied. The
equivalence between the decomposition chart and corresponding OBDD and/or ROBDD
allows for the verification of Curtis’ disjoint decomposition based on the ROBDD diagram
structure. Lai and Pedram also proposed a method to verify the existence of non-disjoint
decomposition directly on the ROBDD structure.

The equivalence between the decomposition chart of a function f and structure of a
corresponding ROBDD may be easier explained by first showing the equivalence between
the decomposition chart and the structure of a corresponding OBDD. Next, one may
show that the equivalence property remains after is removed from the OBDD. Since
redundancy removal transforms the OBDD into ROBDD, the equivalence property is also
true for ROBDD.

For each ordered binary decision diagram (OBDD), in each path from a top vertex
to a leaf vertex, variables assigned to individual vertices follow the decided order O (see
Definition 2.37). Root vertex is implicit. It has no variable assigned, and hence, is usually
not shown in the OBDD diagram. Let a first variable xO(1) in the order O be assigned to
the top vertex v1

0. The top vertex has two child nodes low(v1
0) = v2

0, and high(v1
0) = v2

1.
Since the order of variables in each path is the same, to vertices v2

0 and v2
1 the same

variable xO(2) is assigned. Analogously, each child node v3
i of v2

0 and v2
1 is assigned the

same variable xO(3). Each OBDD diagram may be considered as levelized, where level
l denotes the distance of the vertex vl

i (in vertices count) from the root vertex. The
top vertex has the level l = 1 assigned, its children have level l = 2, and so on. Since
variable xO(l) is assigned to all vertices at level l, and only to the vertices at level l, the
one to one mapping between level l of the OBDD and variable xO(l) may be defined. On
the other hand, each vertex vl

i labeled by variable xO(l) (i.e., var(vl
i) = xO(l)) represents

function f vl
i = x O(l)f

vl
i |x O(l)

+ xO(l)f
vl

i |xO(l)
, where f vl

i |x O(l)
and f vl

i |xO(l)
are respectively

negative and positive cofactors of f vl
i (see Definition 2.37). If an OBDD with variables

order xO(1), . . . , xO(n) represents a certain function f(x1, . . . , xn), then for a root node v1
0

we obtain:
f = x O(1)f |x O(1)

+ xO(1)f |xO(1)
,

where cofactors f |x O(1)
and f |xO(1)

are respectively represented by sub-trees rooted at

vertices low(v1
0) = v2

0, and high(v1
0) = v2

1 at level 2. Each vertex at level 2 has two
children at level 3. Hence, there are four vertices at level 3. Substituting f |x O(1)

and
f |xO(1)

with cofactors represented by their children vertices at level 3, we obtain:

f = x O(1)(x O(2)f |x O(1)
|x O(2)

+ xO(2)f |x O(1)
|xO(2)

)+

xO(1)(x O(2)f |xO(1)
|x O(2)

+ xO(2)f |xO(1)
|xO(2)

)

= x O(1)x O(2)f |x O(1)x O(2)
+ x O(1)xO(2)f |x O(1)xO(2)

+

xO(1)x O(2)f |xO(1)x O(2)
+ xO(1)xO(2)f |xO(1)xO(2)

.

The above formula can be further recursively re-expressed in terms of variables {xO(1),
xO(2), xO(3)}, then {xO(1), xO(2), xO(3), xO(4)}, and in general, in terms of set of k vari-
ables stacked on the top of OBDD diagram {xO(1), . . . , xO(k)}. Each factor in such an
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expression is a product of a set of values assigned to variables at the top of the OBDD
xO(1) = mxO(1)

, . . . , xO(k) = mxO(k)
and a cofactor f |xO(1)=mxO(1)

,...,xO(k)=mxO(k)
induced by

the assignment.
In general, there are 2k unique value assignments for a set of k binary variables. Each

value assignment xO(1) = mxO(1)
, . . . , xO(k) = mxO(k)

is represented by a certain (sub)path

from the root vertex to a certain node vl
i at level l = k+1. Therefore, there are 2k distinct

(sub)paths linking the root vertex with vertices at level l = k + 1. Analogously, there are
2k cofactors f |xO(1)=mxO(1)

,...,xO(k)=mxO(k)
each of which is represented by a sub-tree rooted

at a certain node vk+1
i (0 ≤ i ≤ 2k − 1). In the results, function f can be represented by

the following formula:

f =
2k−1∑
i=0

mi
O(1) . . . mi

O(k)f |mi
O(1)

...mi
O(k)

, (3.6)

where mi
O(j) denotes a value assigned to variable xO(j) in the path from the root node of

the OBDD to a certain vertex vk+1
i .

On the other hand, in the decomposition chart, the bound-set variables u1, . . . , us label
the columns of the chart. The label of the column represents a unique value assignment
u1 = mck

u1
, . . . , us = mck

us
to the bound-set variables. The column in the decomposi-

tion chart represents cofactor f |u1=m
ck
u1

,...,us=m
ck
us

. Therefore, if the bound-set variables are

stacked at the top of the OBDD u1 = xO(1), . . . , uk = xO(k) strict correspondence between
OBDD and decomposition chart can be established.

Theorem 3.3 on the existence of disjoint functional decomposition requires counting
the number of distinct column patterns induced by the bound-set variables. This number
is equivalent to the number of distinct cofactors induced by the bound-set variables.
OBDDs do not ensure that each sub-function (cofactor) is represented uniquely. Hence,
in the case of an OBDD, the equivalence check between cofactors is required to find a set
of distinct cofactors. However, ROBDDs are the specific mutation of OBDDs that ensure
that each sub-function (cofactor) is represented uniquely (see Definition 2.38). Therefore,
a set of distinct cofactors can be trivially found in ROBDDs as shown below.

Let ROBDD’s nodes representing bound-set variables U be stacked at the top, and
free-set variables V be placed on the bottom of the diagram. The border between the
bound-set and free-set variables’ nodes is called cut (see Figure 3.14). The set of nodes
below a cut directly linked to nodes above the cut is called a cut-set.

Definition 3.1. Cut-set
In the ROBDD of a function f with variable ordering O, let cut set(f, O, l) denote the set
of nodes whose levels are greater than l and have edges from nodes of level lower or equal
to l (root node has level 0, top node has level 1, etc.). 2

Figure 3.14.a shows ROBDD with ordering O = (c, d, e, a, b) for 5-input
Boolean function f shown in Figure 3.6. Cut at level 3 defines the set of nodes
cut set(f, O, 3) = {v7, v8, v10, v12}. Variables {c, d, e} above the cut, correspond to the
bound-set variables in decomposition chart in Figure 3.6.
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Each node of a cut-set w ∈ cut set(f, O, l) originates unique sub-function fw (co-
factor) in the ROBDD. The branch between vertex v labeled with bound-set variable
ui ∈ U and vertex w labeled with free-set variable v ∈ V represents a correspondence
between a certain value assignment (or a set of value assignments) to variables from
the bound-set and cofactor fw induced by this assignment. A path from the top ver-
tex to a certain vertex w may contain as many vertices as the number of variables
in the bound-set or less. Each vertex in the path has a different variable assigned
to it. If some variable ui is not assigned to any node in the path, both assignments
u1 = mu1 , . . . , ui = 0, . . . , ul = mul

and u1 = mu1 , . . . , ui = 1, . . . , ul = mul
induce the

same cofactor, i.e. fw = f |u1=mu1 ,...,ui=0,...,us=mul
= f |u1=mu1 ,...,ui=1,...,us=mul

. If more than
one path links the top vertex with a certain vertex w, value assignments represented by
these paths induce the same cofactor fw.

Since each node of a cut-set w ∈ cut set(f, O, l) represents a certain (unique) cofac-
tor, and as a result, a corresponding column vector pattern in the decomposition chart,
determining the number of equivalence classes of column vectors in ROBDD is as easy
as counting the number of nodes in a cut-set. Lai and Pedram proposed a method for
verification. Existence of the disjoint decomposition can be verified on ROBDD using the
following lemma (similar to one found in [LPV93]).

Lemma 3.1. ROBDD based disjoint decomposition
For an n variable function f with variable order O, if |cut set(f, O, l)| ≤ 2k and k < l,
there exists (non trivial) decomposition in the form

f(U, V ) = h(g1(U), . . . , gk(U), V )

where U = {xO(1), . . . , xO(l)} and V = {xO(l+1), . . . , xO(n)}. 2

Figures 3.14.b and 3.14.c show two image functions h resulting from decomposition
with two different encodings of functions g as in Fig. 3.7.a and 3.7.b.

In [LPV93], Lai and Pedram showed that non-disjoint decomposition can be found
directly on a ROBDD. However, Roth and Karp’s technique cannot be used here di-
rectly because classical ROBDD does not support representation of incompletely specified
Boolean functions. The concept of the non-disjoint cut-set was used instead to define the
conditions necessary for verification of the existence of non-disjoint decomposition.

Definition 3.2. Non-disjoint cut-set
In the ROBDD of a function f with variable ordering O, let cut set nd(f, O, l, b1, . . . , bk)
means cut set(f(xO(1) = b1, . . . , xO(k) = bk), O, l), where bi ∈ {0, 1}. 2

The non-disjoint cut-set cut set nd(f, O, l, b1, . . . , bk) defines a set of vertices vm
i below

level l (m > l) that can be reached following a path xO(1) = b1, . . . , xO(k) = bk in the
ROBDD. For example, for cut-set cut set(f, O, 3) at level 3 in Figure 3.14, we obtain the
following two sets of nodes:

cut set nd(f, O, 3, 0) = {v7, v10} cut set nd(f, O, 3, 1) = {v8, v12}

for k = 1, and for k = 2 we obtain four sets (2k) of the following vertices:
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Figure 3.14: a) ROBDD for function from Figure 3.6, b) Image function h from Figure
3.8.a c) Image function h from Figure 3.8.b
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Figure 3.15: ROBDD for function from Figure 3.6
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cut set nd(f, O, 3, 00) = {v7, v10} cut set nd(f, O, 3, 01) = {v10}
cut set nd(f, O, 3, 10) = {v8, v12} cut set nd(f, O, 3, 11) = {v8, v12}

Note that for each permutation of variables above cut, the sets cut set nd(f, O, l, b1, . . . , bk)
are different, even though cut set(f, O, l) remains the same. To verify the existence of non-
disjoint decomposition and detect variables to be repeated, the following Lemma 3.2 was
proposed in [LPV93].

Lemma 3.2. ROBDD based non-disjoint decomposition
For an n variable function f with variable order O, if for all vectors b1 . . . bk ∈ {0, 1}k,
|cut set nd(f, O, l, b1 . . . bk)| ≤ 2t there exists decomposition in the form

f(U, V ) = h(g1(U), . . . , gk(U), V )

where U = {xO(1), . . . , xO(l)}, V = {xO(1), . . . , xO(k), xO(l+1), . . . , xO(n)} and t denotes the
number of functions gi to be implemented. 2

In Figure 3.14, non-disjoint decomposition exists for U = {c, d, e}, V = {a, b, c} because
|cut set nd(f, O, 3, 0)| = 2 ≤ 21 and |cut set nd(f, O, 3, 1)| = 2 ≤ 21. In this case t = 1.
This means that we have to implement only one function gi and to duplicate variable c,
which is placed at the top of the ROBDD. The variables to be repeated need to be stacked
on the top of the ROBDD. Therefore, to check all possible non-disjoint decompositions
with k of l bound-set variables

l−1∑
k=1

(
l
k

)
= 2l−1 − 1

variable orders need to be exercised.

In [CMS92] a method referred to as substitution was proposed, for decomposition
of Boolean functions represented by ROBDD (see also [SS95]). The idea was to re-
place sub-graphs of a given ROBDD with new variables. Let a ROBDD with vari-
ables order x1, . . . , xk, . . . , xn represent a certain Boolean function f(x1, . . . , xn). A sub-
graph ROBDD[v] rooted at node v, where var(v) = xk, represents Boolean function
gv(xk, . . . , xn) (see Chapter 2.6). One can replace the sub-graph ROBDD[v] in the orig-
inal ROBDD by an ROBDD corresponding to the function gv. The original function f
can be expressed as:

f(x1, . . . , xn) = h(x1, . . . , xn, g
v(xk, . . . , xn)), (3.7)

where gv(xk, . . . , xn) is nothing but a bound-set function. In this case, the bound-set
variables xk, . . . , xn are placed at the bottom of the ROBDD, bound-set functions are
determined by the current ROBDD structure, and the binary sub-function encoding can
be avoided. Moreover, non-disjoint decomposition can be performed easily. Figure 3.16
shows an example of the substitution decomposition method. Sub-function gv represented
by the sub-tree rooted at node v, is extracted from the original diagram that repre-
sents the original function f . Next, the sub-function gv is substituted by new variable gv.
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Figure 3.16: Substitution based ROBDD decomposition example (a) Original function
(b) Function gv being substituted by new variable y (c) Resulting image function h

Application of ROBDD did not change the overall picture of functional decomposi-
tion; the decomposition schemes remained the same. The ROBDD cutting decomposition
method is equivalent to the Curtis decomposition method, while the ROBDD substitu-
tion method is similar to Shannon’s simple disjoint decomposition. Both methods have
the ability to perform non-disjoint decomposition. Unfortunately, these ROBDD-based
techniques cannot be applied to the decomposition of incompletely specified Boolean func-
tions. Nevertheless, due to the efficiency of ROBDD representation and manipulation,
we can decompose more complex functions [LWE98][WSEA99] than using former rep-
resentations (decomposition chart [Ash59][Cur61] and tabular form [RK62]). Recently,
ROBDD based functional decomposition was the most popular research stream in the
functional decomposition area [Sch01]. A very promising decomposition alternative based
on the information-driven approach to circuit synthesis, general decomposition theory,
and information relationships and measures is the subject of this dissertation. In the
next section, we discuss a part of the general decomposition theory of Jóźwiak related to
discrete functions and combinational circuits.

3.3 General decomposition

The theory of general decomposition of sequential machines has been formulated by
Jóźwiak [Jóź95] and then extended in [JS04]. In this thesis we consider the synthesis
of combinational circuits. However, the combinational machine is a special case of the
sequential machine with one state and trivial next state function. Therefore, general
decomposition theory can be applied to the decomposition of combinational machines
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MI O

Figure 3.17: Graphical representation of combinational machine

(representing binary and multi-valued discrete functions and relations), and particularly
to combinational circuits synthesis in a natural way.

The theory of general decomposition constitutes one of the foundations of this thesis.
This theory supplies a generator for all correct circuit structures. Using this generator
in a certain way, it is possible to construct each particular circuit. In this section, we
present a part of the general decomposition theory related to combinational machines
and combinational circuits synthesis. We also discuss a number of decomposition types
that can be derived from the general decomposition model. The definitions and theorems
below are quoted from [Jóź95][JS04] and [Vol97].

3.3.1 Combinational machines

In general decomposition theory, discrete functions and combinational circuits are repre-
sented by a mathematical model called a combinational machine [Jóź95][VJ95][Vol97].

Definition 3.3. Completely specified combinational machine
A completely specified combinational machine M is an algebraic system defined by:

M = (I, O, λ) (3.8)

where:
I - is a non-empty finite set of input symbols,
O - is a non-empty finite set of output symbols,
λ - is an output function λ : I → O. 2

Figure 3.17 shows the graphical representation of a combinational machine. It is
considered purely from the symbolic point of view. It takes a set of input symbols and
transforms them into a set of output symbols. In the digital system design practice, it is
convenient to specify multiple input and output machines. In such cases, the following
(mathematically equivalent) model can be used.

Definition 3.4. Completely specified multiple i/o combinational machine
A completely specified combinational machine M with ni inputs and no outputs is an
algebraic system defined by:

M∗ = (I∗, O∗, λ∗) (3.9)

where:

I∗ = ⊗
1≤j≤ni

Ij - and Ij is a non-empty set of symbols of input j,
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O∗ = ⊗
1≤k≤no

Ok - and Ok is a non-empty set of symbols of output k,

λ∗ - is an multiple input/output function λ∗ : I∗ → O∗. 2

The machines are not always completely specified. Some input combinations can never
appear and some output combination may not be observed. These don’t care conditions dc
(denoted as ”∗”) should be included in the model in order to increase the search space for
an adequate realization of a machine. In order to incorporate the don’t care conditions,
the basic model was extended in the following way.

Definition 3.5. Incompletely specified multiple i/o combinational machine
An incompletely specified combinational machine M with ni inputs and no outputs is an
algebraic system defined by:

Mdc = (Idc, Odc, λdc) (3.10)

where:

Idc = ⊗
1≤j≤ni

Ij - and Ij is a non-empty set of symbols of input j,

Odc = ⊗
1≤k≤no

Ok ∪ {∗} - and Ok is a non-empty set of symbols of output k,

λdc - is an multiple input/output function λdc : Idc → Odc. 2

In general, these don’t care conditions represent the ”generalized” don’t cares
(gdc). The generalized input don’t care condition defined on input j contains all
sub-sets of symbols from Ij, and the analogously generalized don’t care condition
defined on output k contains all sub-sets of symbols from Ok [PMSJ+97][BL97][JS04].
Note however, that in this thesis, we consider only binary machines and Boolean func-
tions and their binary implementations. In the case of binary machines dc = gdc = {0, 1}.

To formally define the realization of an incompletely specified machine, we have to
introduce the notion of symbol covering.

Definition 3.6. Symbol covering
We are given a non-empty set of symbols S and set Sdc = S ∪{∗}. Symbol b ∈ Sdc is said
to cover symbol a ∈ Sdc (denoted as a ≤ b) if and only if (a = b) ∨ (b = ∗). 2

Informally, b covers a means that a is more specific than b.

Definition 3.7. Realization of incompletely specified combinational machine
An incompletely specified machine M ′ = (I ′, O′, λ′) is a realization of an incompletely
specified machine M = (I, O, λ) if and only if the function Ψ : I → I ′ and surjective
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Figure 3.18: Realization M ′ of an incompletely specified combinational machine M

partial function Θ : O′ → O exists, so that

∀
x∈I

Θ(λ′(Ψ(x))) ≤ λ(x) (3.11)

2

Figure 3.18 visualizes the structure of a system (Ψ, M ′, Θ) introduced in the above
definition. Function Ψ encodes the input symbols I into a set of symbols I ′ being ”under-
stood” by the realization machine. Function Θ translates (decodes) the output symbols
of the realization machine into output symbols of the originally specified machine M .
Definition 3.7 requires that for all input symbols x ∈ I of the original machine M , the
output symbol λ′(Ψ(x)) of the realization machine M ′ (decoded by Θ(λ′(Ψ(x)))) is cov-
ered by the corresponding output symbol λ(x) ∈ O of the specification machine M . In
other words, the realization machine must not be less specific than the original machine.
In this way the behavior of the specification machine is preserved.

Example 3.1 (Realization of a combinational machine) In Table 3.3.1, the func-
tion table of a three input (x1, x2, x3), two output (y1, y2) incompletely specified Boolean
function f is given. To each input combination a unique symbol (a, b, c, d, e, f, g, h) was
assigned. This function is modeled as the following one-input/two-output combinational
machine M = (I, O, λ), where

I = {a, b, c, d, e, f, g, h},
O1 = {0, 1, ∗}, O2 = {0, 1, ∗},
O = O1 ×O2 = {(0, ∗)(1, 1)(∗, ∗)(1, ∗)(1, 0)(0, 0)}, and
λ : I → O.

Machine M ′ = (I ′, O′, λ′) such that
I ′ = {A,B,C,D},
O′ = {I, II, III} and
λ′ = {(A, I)(B, III)(C, II)(D, III)}

realizes the machine M , since the mappings
Ψ : I → I ′, Ψ = {(a, A)(b, D)(c, B)(d, B)(e, C)(f, A)(g, C)(h, D)} and
Θ : O′ → O, Θ = {(I, (0, 0))(II, (1, 0))(III, (1, 1))}

satisfy the relation 3.11.

Let us take x = e: λ(e) = (1, 0) and Θ(λ′(Ψ(e)) = Θ(λ′(C)) = Θ(II) = (1, 0) ≤ (1, 0).
Analogously, λ(d) = (1, ∗) and Θ(λ′(Ψ(d)) = Θ(λ′(B)) = Θ(III) = (1, 1) ≤ (1, ∗). In
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I x1 x2 x3 y1 y2

a 0 0 0 0 ∗
b 0 0 1 1 1
c 0 1 0 ∗ ∗
d 0 1 1 1 ∗
e 1 0 0 1 0
f 1 0 1 0 0
g 1 1 0 1 0
h 1 1 1 1 1

Table 3.1: Boolean function f for the realization example

I I ′

a A
b D
c B
d B
e C
f A
g C
h D

(a)

I ′ O′

A I
B III
C II
D III

(b)

O′ O
I 00
II 10
III 11

(c)

Figure 3.19: A realization of the machine from Example 3.1 (a) The encoder function Ψ,
(b) The realization machine function λ′, (c) The decoder function Θ

the latter case, don’t care at the second output of λ(d) = (1, ∗) was substituted by 1
at the second output of Θ(III) = (1, 1). Verification for other input combinations can
be performed in the same way. Figure 3.19 shows the functions of the input encoder Ψ,
realization machine λ′, and output decoder Θ in tabular form. Table 3.3.1 shows the
function f ′ : I → O (where f ′ = Θ(λ′(Ψ(I)))) realized by the described system (Ψ, λ′, Θ).
2

3.3.2 General decomposition theorem

The formal representation of a network of the interconnected component combinational
machines is called general composition and is defined as follows:

Definition 3.8. General composition
A general composition of n combinational machines Mi : GC({Mi}, {Coni}) is a structure
(network) that consists of:

1. A set of component machines{
Mi = (I∗i , Oi, λi) | I∗i = Ii ⊗ I ′i, 1 ≤ i ≤ n

}
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I x1 x2 x3 y1 y2

a 0 0 0 0 0
b 0 0 1 1 1
c 0 1 0 0 0
d 0 1 1 1 1
e 1 0 0 1 0
f 1 0 1 0 0
g 1 1 0 1 0
h 1 1 1 1 1

Table 3.2: Realization function f ′ of function f from Fig. 3.3.1

2. A set of surjective functions referred to as connection rules{
Coni :

⊗
1≤j≤n

Oj → I ′i, 1 ≤ i ≤ n

}

Each component machine Mi processes information available on its inputs and exposes
the results of the processing on its output. The input information of Mi is represented
by the set of symbols I∗i . The set I∗i contains all possible combinations of the symbols
incoming from the environment the network is embedded in (Ii), and the symbols
incoming from the component machines (I ′i), including Mi as well. The connection rule
Coni determines the Cartesian product of (sub)sets of output symbols of each individual
component machine Mj that are transferred to the inputs of Mi.

In general, a decomposition of a combinational machine M = (I, O, λ), a certain
composition of n cooperating partial machines Mi = (Ii, Oi, λi), and the corresponding
mappings

Ψ : I → ⊗
i

Ii (3.12)

Θ : ⊗
i

Oi → O (3.13)

are constructed in such a way that the composition of all partial machines Mi together
with the mappings Ψ and Θ realizes machine M . Thus, the implementation of the gen-
eral decomposition model requires three components, all implemented as combinational
circuits:

• the input encoder Ψ (preprocessor that translates the symbols from the environment
in which the machine M is embedded, into symbols accepted by the component
machines),

• the concurrently operating and communicating component machines Mi (main pro-
cessors that transform information), and

• the output decoder Θ (postprocessor that transforms the network symbols into sym-
bols accepted by the environment in which the machine M is embedded).
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The model is general because it contains all elements necessary for the construction of
circuit networks that implement incompletely specified combinational functions. The task
of an input encoder is to abstract, split, and represent the input information in a form
appropriate for processing in component machines. Component machines constitute the
main (concurrent) processor of the model. That processor has an ability to exchange
information among its components. The output decoder combines information from the
component parallel processors and represents it in a required form on its output. Formally,
the general composition machine is defined as follows:

Definition 3.9. General composition machine
A general composition GC of n combinational machines defines the general composition
machine MGC(GC) = (IGC , OGC , λGC) = MGC({Mi}, {Coni}) with:

• Set of inputs
IGC =

⊗
i

Ii,

• Set of outputs
OGC =

⊗
i

Oi,

• Realized output function
λGC : IGC → OGC ,

where
λGC :

⊗
i

λi(xi, Coni(yi, . . . , yn)),

and yi represents the output of component machine i.

2

The general composition machine MGC(GC) is a general decomposition of the machine
M , if and only if, MGC(GC) realizes M . No distinction between general composition and
the composition machine it defines will be made, until it may lead to misunderstanding.

The input alphabet (set of input symbols) of a machine M can be different than its
output alphabet. To prove that decomposition exists for such a machine, the link between
input and output alphabet has to be defined.

Definition 3.10. Input-output (I-O) partition pair
Given M = (I, O, λ), let ΠI be a partition on a set of input symbols I and let ΠO be a
partition on a set of output symbols O. (ΠI , ΠO) is an input-output partition pair if and
only if

∀
A∈ΠI

∃
C∈ΠO

λ(A) ⊆ C (3.14)

where:
λ(A) = {λ(x)|x ∈ A} (3.15)

2
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In other words, (ΠI , ΠO) is an input-output partition pair if there is unambiguous
mapping of ΠI ’s blocks into ΠO’s blocks. The mapping is unambiguous if and only
if, after mapping all symbols from each block of input partition ΠI onto corresponding
output symbols, the set of all output symbols resulting from this mapping is completely
contained in a block of output partition ΠO. The following theorem was proven by Jóźwiak
in [Jóź95]:

Theorem 3.5. Existence of general decomposition
A combinational machine M(I, O, λ) has a general decomposition into n component ma-
chines if and only if n partition doubles (Πi

I , Π
∗i
I ) exist that satisfy the following conditions:

1.
Πi

I · Π′i
I ≤ Π∗i

I (3.16)

where:
Π′i

I ≥
∏

i=1...n

Π∗i
I (3.17)

2. ∏
i=1...n

Πi
I ≤ Π∗i

I (3.18)

3. ( ∏
i=1...n

Π∗i
I , ΠO(0)

)
is I-O partition pair (3.19)

2

The above theorem does not exclude trivial decompositions, such as decompositions con-
taining empty or duplicated component machines. A general decomposition is said to
be not trivial if each of the component machines is necessary for obtaining the output
of the machine being decomposed, and none of the partial machines is the same as the
original. We discuss below the meaning of each condition, using the special case of general
decomposition - decomposition with two component machines.

Theorem 3.6. General decomposition with two component machines
A combinational machine M(I, O, λ) has a general decomposition with two partial ma-
chines without local connections if and only if two partition doubles (ΠI , Π

∗
I) and (ΓI , Γ

∗
I)

exist that satisfy the following conditions:

1.
ΓI · Π′

I ≤ Γ∗
I and ΠI · Γ′

I ≤ Π∗
I (3.20)

where:
Π′

I ≥ Π∗
I and Γ′

I ≥ Γ∗
I (3.21)

2.
ΠI · ΓI ≤ Π∗

I and ΠI · ΓI ≤ Γ∗
I (3.22)

3.
(Π∗

I · Γ∗
I , ΠO(0)) is an I-O partition pair (3.23)
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Μ1

Ψ

Μ2

Con2,1

Con1,2ΠI'

ΠI

ΓI

ΓI'

ΠΙ
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ΓI
*

I Ο

M
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Figure 3.20: General decomposition using two component machines

2

Figure 3.20 illustrates the above theorem. The combinational machine M1 has no
memory. It computes its output information Π∗

I directly from information provided by
ΠI and Γ′

I . ΠI represents information obtained from primary inputs. Γ′
I represents

part of the information computed by machine M2. Similarly, combinational machine
M2 computes its output information from ΓI and Π′

I . Equation 3.20 states that
information provided to both machines M1 and M2 has to be sufficient to compute
their output. Equation 3.21 describes the information capacity [Vol97] of the con-
nection rules Con1,2 and Con2,1 that can transmit part of the output information
of a certain machine to the other machine. Equation 3.22 ensures that the output
information of each component machine can be computed from information available
on primary inputs. The last equation (3.23) guarantees that the output information
of the component machines is sufficient to calculate the output of the original machine M .

Various decomposition types can be determined upon the type of connections among
component machines and the type of the input/output encoding/decoding. In the general
composition, each component machine can use the (partial) output information of any
other submachine to compute its own output. Two well-known special cases of general
composition are parallel and serial compositions. In parallel compositions, each subma-
chine works independently there is no information exchange between sub-machines. In
serial composition, sub-machines are ordered, and sub-machine Mi can only use informa-
tion from the predecessor sub-machine Mj (j < i). Although general decomposition allows
use of the output of a combinational machine as the input of this machine (so-called local
connections) as well as the bidirectional communication, it may lead to transformation of
the time-independent combinational machine into a time-dependent sequential machine,
or in worst case scenario, to an unstable circuit [Jóź95]. To overcome this problem, the lo-
cal connections and combinational loops should be prohibited at the elementary (binary)
physical signal level or additional computational effort that ensures maintenance of the
combinational character of the circuit should be required [RB03]. Even if introduction of
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the loops reduces the area (logic blocks count) of the final circuit, it increases delay. In
practical solutions, an ordering over the component machines is often introduced. Ma-
chine Mi can only use the output of the component machine Mj (1 ≤ j < i). In that
way, general decomposition loses something of its true character, but this seems to be
a relatively small price to pay for the correct solution. The method presented in this
thesis is based on the bottom-up decomposition approach, i.e., successive logic blocks
are built from the primary inputs to the primary outputs of the final network level by
level; therefore, ordering of the component machines is intrinsic to the method. In the
following text, composition without loops, i.e., the serial composition of partial machines,
will be considered. Below, the formal definitions of: ”general” composition, ”general”
composition machine, and ”general” decomposition without loops are shown.

Definition 3.11. ”General” composition without loops
A ”general” composition without loops of n combinational machines Mi :
GCNL({Mi}, {Coni}) is a structure (network) that consists of:

1. A set of component machines{
Mi = (I∗i , Oi, λi) | I∗i = Ii ⊗ I ′i, 1 ≤ i ≤ n

}
2. A set of surjective functions referred to as connection rules{

Coni :
⊗

1≤j<i

Oj → I ′i, 1 ≤ i ≤ n

}

2

Definition 3.12. ”General” composition machine without loops
A ”general” composition without loops GCNL of n combinational machines defines
the ”general” composition machine MGCNL(GCNL) = (IGCNL, OGCNL, λGCNL) =
MGCNL({Mi}, {Coni}) with:

• Set of inputs
IGCNL =

⊗
i

Ii,

• Set of outputs
OGCNL =

⊗
i

Oi,

• Realized output function

λGCNL : IGCNL → OGCNL,

where
λGCNL :

⊗
i

λi(xi, Coni(yi, . . . , yn)),

and yi represents the output of component machine i. 2
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Definition 3.13. ”General” decomposition without loops
The combinational machine MGCNL(GCNL) is a ”general” decomposition without loops
of machine M , if and only if MGCNL(GCNL) realizes M . 2

In this way, the general decomposition theorem provides a generator of systems of
partitions that are in direct one-to-one correspondence with functionally correct combi-
national circuit structures. The theorem can thus be directly used to compute (generate)
functionally correct combinational circuit structures. However, the general decomposition
theorem does not specify procedures for finding such systems of partitions that produce
optimal decompositions. The main contribution of this work is the development of the
effective and efficient heuristics that control decomposition process in such a way that
the resulting networks of partial machines (logic blocks) are compact (contain a small
number of logic blocks and interconnections) and fast (critical path is close to minimum).
Chapter 4 discusses the concept of information relationships and information relationship
measures that constitute the basic apparatus for decision-making during the decomposi-
tion process. Chapter 6 presents developed techniques that are used for effective circuits
synthesis.

I x1 x2 x3 x4 f
0 0 0 0 0 1
1 0 0 0 1 1
2 0 0 1 0 1
3 0 0 1 1 0
4 0 1 0 0 1
5 0 1 0 1 1
6 0 1 1 0 1
7 0 1 1 1 0
8 1 0 0 0 1
9 1 0 0 1 0
10 1 0 1 0 1
11 1 0 1 1 1
12 1 1 0 0 0
13 1 1 0 1 0
14 1 1 1 0 0
15 1 1 1 1 0

Table 3.3: Boolean function f general decomposition example

Example 3.2 (Network construction with general decomposition) Figure 3.3
shows the completely specified Boolean function f . Let us decompose this function into
a network of two-input one-output logic blocks. We assume, that each logic block can
implement any two-input Boolean function.

Minterms of f define the input alphabet (set of symbols) I = {0, 1, 2, 3, 4, 5, 6, 7, 8, 9,
10, 11, 12, 13, 14, 15}. The output alphabet O = {0, 1}. In the first decomposition step,
we decompose the original function f into two parallel machines A and B (see Figure 3.21.
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Machine A takes information from two primary inputs x1 and x2 represented respectively
by partitions:

Πx1 = { 0, 1, 2, 3, 4, 5, 6, 7 ; 8, 9, 10, 11, 12, 13, 14, 15 }
Πx2 = { 0, 1, 2, 3, 8, 9, 10, 11 ; 4, 5, 6, 7, 12, 13, 14, 15 }

and transforms its total input information

ΠA = Πx1 · Πx2 = { 0, 1, 2, 3 ; 4, 5, 6, 7 ; 8, 9, 10, 11 ; 12, 13, 14, 15 }

into partition

Π∗
A = { 0, 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11 ; 12, 13, 14, 15 }

Machine B takes information from three primary inputs: x3 and x4 represented respec-
tively by partitions:

Πx3 = { 0, 1, 4, 5, 8, 9, 12, 13 ; 2, 3, 6, 7, 10, 11, 14, 15 }
Πx4 = { 0, 2, 4, 6, 8, 10, 12, 14 ; 1, 3, 5, 7, 9, 11, 13, 15 }

and from primary input x1 (non-disjoint decomposition). Machine B then transforms the
information from its inputs, represented by partition

ΠB = Πx1 · Πx3 · Πx4 = { 0, 4 ; 1, 5 ; 2, 6 ; 3, 7 ; 8, 12 ; 9, 13 ; 10, 14 ; 11, 15 ; }

into partition

Π∗
B = { 0, 1, 2, 4, 5, 6, 8, 10, 11, 12, 14, 15 ; 3, 7, 9, 13 }

Since there is no communication between machines A and B, both partitions Π′∗
A and

Π′∗
B are identity partitions Π(I). Condition 3.16 of Theorem 3.5 can be expressed as

follows:

ΠA ≤ Π∗
A and ΠB ≤ Π∗

B

It is easy to show that each of conditions above holds; i.e., machines A and B can compute
their output from their input. In this example, the above conditions validate condition
3.18, which tells us, that the output of each component machine has to be computable
from primary inputs of the machine being decomposed.

Then, we prove that the information provided by machines A and B is sufficient
to compute the output information of the original function f (condition 3.19). The
information provided by machines A and B is equal to

Π∗
A · Π∗

B = { 0, 1, 2 ; 3, 7, 9 ; 4, 5, 6, 8, 10, 11 ; 12, 13, 14, 15 }.

Function’s f output partition

Πf = { 3, 7, 9, 12, 13, 14, 15 ; 0, 1, 2, 4, 5, 6, 8, 10, 11 } ≥ Π∗
A · Π∗

B,
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which ensures that (Π∗
A · Π∗

B, ΠO(0)) is indeed the input-output partition pair.
Machine B has three inputs; therefore, it does not satisfy the structural requirements

and is further decomposed serially into two machines C and D. The partitions

ΠC = Πx1 · Πx3 = { 0, 1, 4, 5 ; 2, 3, 6, 7 ; 8, 9, 12, 13 ; 10, 11, 14, 15 }
Π∗

C = { 0, 1, 4, 5, 10, 11, 14, 15 ; 2, 3, 6, 7, 8, 9, 12, 13 }
ΠD = Πx4 = { 0, 2, 4, 6, 8, 10, 12, 14 ; 1, 3, 5, 7, 9, 11, 13, 15 }
Π∗

D = Π∗
B = { 0, 1, 2, 4, 5, 6, 8, 10, 11, 12, 14, 15 ; 3, 7, 9, 13 }

realize the behavior of machine B.
Since machine D uses output information from machine C, but machine C does not use

any output information from machine D, it is enough to validate the simplified condition
of Theorem 3.5:

1. ΠC ≤ Π∗
C and ΠD · Π′

C ≤ Π∗
D, where Π′

C ≥ Π∗
C

2. ΠC · ΠD ≤ Π∗
C and ΠC · ΠD ≤ Π∗

D

3. Π∗
C · Π∗

D ≤ Π∗
B

Partitions Π∗
C ,Π∗

D and Π∗
B are defined on I. Therefore no output decoder is required,

and condition (3) of the Theorem 3.5 can be reduced to the ≤ property. All output
information of machine C is provided to machine D, Π′

C = Π∗
C and condition (1) is

satisfied whenever condition (2) is satisfied. To justify condition (2) we calculate:

ΠC · ΠD = { 0, 4 ; 1, 5 ; 2, 6 ; 3, 7 ; 8, 12 ; 9, 13 ; 10, 14 ; 11, 15 },

and we see that this condition is satisfied. Finally, for condition (3) we calculate

Π∗
C · Π∗

D = { 0, 1, 4, 5, 10, 11, 14, 15 ; 2, 6, 8, 12 ; 3, 7, 9, 13 }

Since condition (3) is also satisfied, the decomposition is correct. Figures 3.21 and 3.22
show the resulting network and Boolean functions of logic blocks in the network, respec-
tively. 2

For modeling incompletely specified machines (functions), set-systems are used. The
input-output set-system pair is a natural extension of the input-output partition pair.
Therefore, the concept of input-output set-system pair allows for decomposition of in-
completely specified machines (functions). The above discussed theorems can be directly
translated to the corresponding theorems for incompletely specified machines by substi-
tution of partitions by set-systems.

Definition 3.14. Input-output (I-O) set-system pair
Given M = (I, O, λ), let πI be a set-system on a set of input symbols I and let πO be a
set-system on a set of output symbols O. (πI , πO) is an input-output set-system pair if
and only if

∀
A∈πI

∃
C∈πO

λ(A) ⊆ C (3.24)
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Figure 3.21: Network implementing function f constructed using general decomposition
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Figure 3.22: Boolean functions of blocks in network implementing function f

where:
λ(A) = {λ(x)|x ∈ A} (3.25)

2

Input-output set-system pair ensures that an incompletely specified realization ma-
chine is not less specific than an incompletely specified original machine; therefore, this
condition is correct. The general decomposition theorem of incompletely specified func-
tions can be expressed as follows [JS04]:

Theorem 3.7. General decomposition of incompletely specified machine
An incompletely specified combinational machine M(I, O, λ) has a general decomposition
into n component machines if and only if n set-system doubles (πi

I , π
∗i
I ) exist and they

satisfy the following conditions:

1.
πi

I · π′i
I ≤ π∗i

I (3.26)

where:
π′i

I ≥
∏

i=1...n

π∗i
I (3.27)

2. ∏
i=1...n

πi
I ≤ π∗i

I (3.28)
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Figure 3.23: Parallel general decomposition using two component machines

3. ( ∏
i=1...n

π∗i
I , πO(0)

)
is I-O set-system pair. (3.29)

2

The interested reader is referred to [JS04] by Jóźwiak and Ślusarczyk, for proof of the
above theorem.

3.3.3 Special cases of general decomposition

Special cases of general decomposition can be classified in many ways. In the following
section we present classification based on types of connections among component ma-
chines, the type of input encoder, and the type of output decoder. This classification was
originally introduced in [Jóź95].

Three special cases of general decomposition can be defined with respect to type of
connection type:

• General decomposition - (see Figure 3.20 for two component general decomposition)
In this decomposition scheme no restriction is imposed on connections between
component machines.

• Parallel decomposition - (see Figure 3.23 for two component parallel decomposition)
There is no connection between any two-component machines in this decomposition
scheme. Component machines work independently.

• Serial decomposition - (see Figure 3.24 for two component serial decomposition) In
this decomposition, component machines are ordered in a sequence M1, M2, . . . ,Mn.
Machine Mi can use output of machine Mj only if j < i, i.e. if Mj is predecessor of
Mi in the defined order. Classical decomposition schemes are included in this type.

Two types of general decomposition are defined according to presence or absence of the
nontrivial input encoder.
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Figure 3.24: Serial general decomposition using two component machines
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Figure 3.25: Input-bit general decomposition using two component machines

• A special case – input-bit decomposition. The input encoder is reduced to the ade-
quate selection and distribution of the primary inputs and the primary inputs are
connected directly to component machines. Each machine uses only those inputs
that are necessary to compute its output (see Figure 3.25 for two component input-
bit decomposition). Classical serial decomposition schemes are of this type.

• The nontrivial general case. A nontrivial input encoder in the form of a discrete
function (combinational circuit) is used. Since this is a general case, no special name
is assigned.

Analogously, two types of general decomposition are defined with respect of presence to
absence of the nontrivial output decoder.

• A special case – output-bit decomposition. The output decoder is reduced to collect-
ing the outputs of particular component machines that provide properly structured
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Figure 3.26: Output-bit general decomposition using two component machines

information to the outputs of an original machine (see Figure 3.26 for two com-
ponent output-bit decomposition). This type of decomposition is often called just
output decomposition or parallel decomposition [JV92][LS95].

• The nontrivial general case. A nontrivial output decoder is used in the form of a
discrete function (combinational circuit). Again, no special term is assigned in this
case.

If decomposition is both an input-bit decomposition and an output-bit decomposition,
it is called bit-decomposition.

3.4 General versus classical decomposition schemes

All classical decomposition schemes discussed in Section 3.1 can be expressed as special
instances of the general decomposition. The Roth-Karp abstract decomposition scheme
is actually serial bit decomposition into two component machines, as shown in Figure
3.27. Machine M specifies an original function λ : I → O; machine M2 realizes function
g : U → W ; and machine M1 realizes function h : W ×V → O (see Theorem 3.4).
Since this is bit decomposition, the nontrivial input encoder and output decoder are not
required. The entire output information of machine M2 is transferred to the machine M1;
hence γ′′I = γ∗I . Similarly, all information from machine M1 is transferred to the output
of M ; hence π∗

I = πO. The Theorem 3.6 can be simplified in the following way:

Theorem 3.8. Serial bit decomposition with two component machines
A combinational machine M(I, O, λ) has a serial bit decomposition with two partial ma-
chines if and only if a set-system πI and set-system double (γI , γ

′
I) exist that satisfy the

following condition:

πI · γ∗I ≤ πO (3.30)

where γ′I ≥ γI . 2
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To prove the above theorem and simultaneously show the equivalence of Roth-Karp
abstract decomposition with serial bit decomposition, we show that there exists corre-
spondence between pairs: (E , I), (U , γI), (W , γ∗I ), (V , πI), (Z, πO) and that γ∗I represents
the set U partitioning into mutually compatible elements (see Theorem 3.4).

Machine M specifies function λ : I → O. According to the Roth-Karp theorem, the
input alphabet I of M is defined on I = E ⊆ (U × V) and each symbol s ∈ I represents
a pair (u, v), where u ∈ U and v ∈ V . If E = (U × V), function λ is completely specified;
otherwise, λ is incompletely specified.

Set-system γI represents information induced by set U only. Therefore, γI is a set of
blocks Bi, where each block Bi contains symbols s = (ui, v) defined by pairs of a certain
symbol ui ∈ U with each symbol v ∈ V .

γI = {Bi|Bi = {(ui, v)|ui ∈ U , v ∈ V}} (3.31)

Analogously, πI represents information induced by set V . Each block Bj ∈ πI describes
the partial information provided by set V . πI is defined as follows:

πI = {Bj|Bj = {(u, vj)|u ∈ U , vj ∈ V}}. (3.32)

Please note that γI · πI = {Bij|Bij = Bi ∩ Bj, Bi ∈ γI , Bj ∈ πI} = πI(0) is zero set-
system; hence, it allows representation of any function defined on U × V. It justifies our
construction of γI and πI .
Z is the set of the function’s λ distinct values; i.e., Z = O by definition. Let o ∈ O

be a certain value of function λ : U × V → O. Symbol (ui, vi) is contained in block Bo

(denoted as (ui, vj) ∈'o) of output set-system πO if and only if its value λ(ui, vj) = o or
value λ(ui, vj) is a don’t care condition (see also Chapter 4).

πO = {Bo|Bo = {(ui, vj)|ui ∈ U , vj ∈ V and (ui, vj) ∈'o}} (3.33)

Machine M2 transfers part or entire information from its input to output. This fact
is denoted as condition γ∗I ≥ γI in Theorem 3.8. Since we can only abstract information
from γI , blocks B′ ∈ γ∗I can be created only by merging blocks Bi of the input set-system
γI .

γ∗I = {B∗|B∗ = {(ui, v)|ui ∈ U∗ ⊆ U , v ∈ V}} (3.34)

Product πI ·γ∗I represents the Cartesian productW×V . Please note, we do not require
that πI · γ∗I result is canonical set-system; it can also be unique block cover.

πI · γ∗I = {B|B = Bj ∩B∗) = {(ui, vj)|ui ∈ U∗ ⊆ U , vj ∈ V}} (3.35)

From the definition of operator ≤ defined on canonical set-systems and unique block
covers:

πI · γ∗I ≤ π∗
I ⇔ ∀

B∈(πI ·γ∗I )
∃

Bo∈π∗I

B ⊆ Bo (3.36)

where,

B ⊆ Bo ⇔ {(ui, vj)|ui ∈ U∗ ⊆ U , vj ∈ V} ⊆
{(ui, vj)|ui ∈ U , vj ∈ V and (ui, vj) ∈'o} (3.37)

⇔ B = {(ui, vj)|ui ∈ U∗ ⊆ U , vj ∈ V and (ui, vj) ∈'o} (3.38)

⇔ B∗ = {(ui, v)|ui ∈ U∗ ⊆ U , v ∈ V and (ui, v) ∈'o} (3.39)
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πI
*

γI'I Ο

M

Figure 3.27: Roth-Karp decomposition as serial bit decomposition with two component
machines

Equation 3.39 denotes that each block B∗ has to contain only elements (ui, vj) that
are mutually compatible according to the Roth-Karp theorem. The number of blocks
U∗ in γ∗I corresponds to the number of classes of mutually compatible elements. This
completes the proof.

The general decomposition scheme and theorem provide yet another implementation
structure of the Roth-Karp decomposition (see Figure 3.28). In this structure, machine
M1 (depicted as an empty oval) implements identity function π∗

I = πI . Similarly, as in
the example discussed above, machine M2 implements function g, whereas function h is
implemented by output decoder Θ.

In a similar way, through mapping each cell in the decomposition chart as an individual
symbol, one can show that Ashenhurst’s and Curtis’ decomposition schemes and theorems
are also special instances of the general decomposition schema and theorem. Since, in fact,
Ashenhurst’s and Curtis’, as well as ROBDD-based decompositions are special cases of
the Roth-Karp decomposition, we have proven that all known functional decomposition
schemes are special cases of general decomposition.
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Figure 3.28: Roth-Karp decomposition as serial bit decomposition with output decoder



Chapter 4

Information and information
relationships analysis

When designing digital information systems, design decisions should be based on analysis
of the relationships between the information streams in a system and the design constraints
and objectives. In the information-driven decomposition approach, modeling and analysis
of information and information interrelationships are of primary importance for adequate
design decision-making.

To make effective design decisions, an appropriate measurement mechanism that allows
for reliable qualitative and quantitative analysis and comparison of the proposed design
solutions has to be used.

This chapter explains how the information is represented in finite discrete systems. We
also discusses an adequate measurements apparatus: the analysis apparatus of information
relationships and information relationships measures proposed by Jóźwiak [Jóź97a][Jóź98].
The theory of information relationships and information relationship measures, together
with the theory of general decomposition constitutes the theoretical basis for circuit synthe-
sis methods and tools being the subject of the research reported in this thesis. The theory of
general decomposition defines a generator of all correct circuit structures. The apparatus
of information relationships and measures allows for the intelligent selective application
of this generator through usage of the analysis and measurement results obtained from the
apparatus of information relationships and measures. Circuit structures constructed in
this manner satisfy the design constrains and optimize the design objectives.

In Section 4.1, the concepts of elementary information item and elementary abstrac-
tion item are introduced, and information and abstraction modeling with set-systems
[HS66] is explained. In Section 4.2 we explain usage of the concept of elementary
information for analysis of information relationships between different information
streams. Section 4.3 discusses the quantitative measurements of these relationships. It
describes simple quantitative measures, normalized measures and measures for modeling
of information importance.

69
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4.1 Information representation in discrete systems

Let us consider a certain finite set of elements S called symbols. S can be any set of
elements and symbols. Information about symbols (elements of S) means the ability to
distinguish certain symbols from other symbols. If a system is provided with information
that distinguishes among certain subsets of symbols from S, it can base its decisions on
this information. In particular, for each of the subsets, it can compute a different output
or perform a transition to a different internal next-state.

Basically, information is represented in digital systems by values of some discrete
signals (in most of today’s systems, these are binary signals). Therefore, distinguishing
between the elements from a certain set S is realized by different values of certain signals
for various subsets of S, by different values of variables that represent the signals, or
abstract variables that represent some combinations of simpler variables. Information
on elements from S is thus typically represented by some subsets of elements from S,
such that if a certain value of a certain signal or variable x is known, it is possible to
distinguish a certain subset B of elements from S from other subsets or from all other
elements of S; but it is impossible, however, to distinguish among the elements from B.

Elementary information describes the ability to distinguish a certain single symbol si

from another single symbol sj, where: si, sj ∈ S and si 6= sj. Any set of such atomic
portions of information can be represented by an information (incompatibility) relation I
or information set IS defined on S ⊗ S as follows:

IS = {(si, sj)| si is distinguished from sj by the modeled information }, (4.1)

ISS = {{si, sj}| si is distinguished from sj by the modeled information }. (4.2)

Elementary abstraction describes the inability to distinguish a certain single symbol si

from another single symbol sj. Any set of such atomic portions of abstraction can be
represented by an abstraction (compatibility) relation A or abstraction set AS defined on
S ⊗ S as follows:

AS = {(si, sj)| si is not distinguished from sj by the modeled information },(4.3)

ASS = {{si, sj}| si is not distinguished from sj by the modeled information }.(4.4)

The following part of this section explains how we can model information and ab-
straction in discrete functions (relations) using set-systems. Usually, we omit the index
S.

Each discrete function (relation) (either binary or multi-valued [PMSJ+97][GP98]
[BL97]) can be represented as a collection of terms (cubes). In general, to variable x,
any subset of its values can be assigned in a term. To each term ti of binary or multi-
valued function (relation) we can assign a unique symbol si, where i = 1, . . . , n and n is
a number of terms in function’s (relation’s) representation. Let vali(x) denote a set of
values of a variable x for a term ti. Symbol si, and val(x) =

⋃
i vali(x) represents the set

of all values a variable x may take; v ∈ val(x) is a value of variable x.
The inability to distinguish two symbols si,sj with the usage of a certain variable x,

defines the abstraction relation induced by the variable. It is important to note that if the
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value of variable x is not defined for a symbol si (i.e., vali(x) = ∅), variable x does not
provide any information about symbol si, and we can not distinguish it from any other
symbol sj using x.

Definition 4.1. Abstraction relation induced by a discrete variable x
Relation Av

x, which denotes that we can not distinguish two symbols si, sj ∈ S, i 6= j by a
value v of a variable x, is defined on S ⊗ S in the following way:

siA
v
xsj ⇐⇒

(
(v ∈ vali(x) ∧ v ∈ valj(x)) ∨ vali(x) = ∅ ∨ valj(x) = ∅

)
(4.5)

Abstraction relation A(x) and corresponding abstraction set AS(x) induced by a discrete
variable x are defined as follows:

A(x) =
⋃

v∈val(x)

Av
x, (4.6)

AS(x) = {{si, sj}|(si, sj) ∈ A(x)} (4.7)

2

In this way we can model, for example, the terms that have no meaning for a particular
function (see Section 2.6, Example 2.8). The abstraction relation A(x) induced by a
discrete variable x combines all abstraction relations Av

x induced by individual values of
this variable x and contains all pairs of symbols (si, sj) that can not be distinguished by
x.

An abstraction relation can be represented by a corresponding set-system (see Section
2.3). The following definition shows how such a set-system can be created.

Definition 4.2. Set-system induced by a discrete variable x
Set-system πx defined on S induced by a discrete variable x is a collection of nonempty
blocks (sub-sets of S) such that

πx = {Bv
x| ∀

v∈val(x)
∀

si,sj∈S
si, sj ∈ Bv

x ⇐⇒ siA
v
xsj} (4.8)

2

In other words, to each block Bv
x of πx there is implicitly assigned a value v (also

called a label if a value is assigned explicitly [GP98]). Such a block contains all symbols
si representing the value v of a variable x (v ∈ vali(x)) and symbols sj, x assigns no value
to (valj(x) = ∅). The set-system block created in this way is maximal (i.e., no other
symbol can be added to a block) and corresponds to a maximal compatibility block (see
Definition 2.19). Therefore, set-system πx built in that way is a canonical representative
of a corresponding abstraction relation A(x).

Exploiting the above interpretation, set-system πx representing any variable x of a
discrete function f can be created directly from a tabular representation of f . The
abstraction (compatibility) relation A(x) can be derived next from the set-system πx

using formula A(x) = A(πx).
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Definition 4.3. Abstraction relation A induced by a set-system π
Let π be a set-system defined on S and Bk be a block of π. The set-system π induces the
following abstraction relation defined on S ⊗ S.

A(π) = {(si, sj)| ∃
Bk∈π

si ∈ Bk and sj ∈ Bk, i 6= j} (4.9)

and the corresponding abstraction set:

AS(π) = {{si, sj}| ∃
Bk∈π

si ∈ Bk and sj ∈ Bk, i 6= j} (4.10)

2

Analogously we can derive an information (incompatibility) relation induced by a
set-system π.

Definition 4.4. Information relation I induced by a set system π
Let π be a set-system defined on S and Bk be a block of π. The set-system π induces the
following information relation defined on S ⊗ S.

I(π) = {(si, sj)|¬ ∃
Bk∈π

si ∈ Bk and sj ∈ Bk} (4.11)

and the corresponding information set:

IS(π) = {{si, sj}|¬ ∃
Bk∈π

si ∈ Bk and sj ∈ Bk} (4.12)

2

Definitions 4.3 and 4.4 imply that abstraction relation A(π) and information relation
I(π) as well as abstraction set AS(π) and information set IS(π) are always disjoint .

A(π) ∩ I(π) = ∅, (4.13)

AS(π) ∩ IS(π) = ∅, (4.14)

In Section 2.3 we defined zero and identity set-systems. Zero set-system π(0) defined
on a set of symbols S contains each symbol in a separate block. It means that π(0)
does not induce any nontrivial elementary abstraction and the amount of elementary
information is maximal. Identity set-system π(I) defined on a set of symbols S contains
all symbols in one block. π(I) does not induce any elementary information and the amount
of elementary abstraction is maximal.

Definition 4.5. Maximal information relation and set
Let π(0) be a zero set-system defined on a set of symbols S. Maximal information relation
and maximal information set on the set of symbols S is defined as follows:

IS
max = I(πS(0)) (4.15)

ISS
max = IS(πS(0)) (4.16)

2
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Definition 4.6. Maximal abstraction relation and set
Let π(I) be an identity set system defined on a set of symbols S. The maximal abstraction
relation and maximal abstraction set on the set of symbols S is defined as follows:

AS
max = I(πS(I)) (4.17)

ASS
max = IS(πS(I)) (4.18)

2

The neutral relation defined on S⊗S describes the reflexive property of a compatibility
relation and contains all trivial compatible pairs of symbols of a given set of symbols S.
Neutral relation N(S) and neutral set NS(S) are as follows:

N(S) = {(s, s)|s ∈ S} (4.19)

NS(S) = {{s, s}|s ∈ S}. (4.20)

In the abstraction model, this set of symbol pairs is not considered; it would only
add not required offset to abstraction relationships and measures defined in the following
sections.

The abstraction relation (set) and information relation (set) are complement with the
accuracy to the neutral relation (set).

A(π) ∪ I(π) ∪N(S) = S ⊗ S (4.21)

and respectively,
AS(π) ∪ IS(π) ∪NS(S) = {S ⊗ S} (4.22)

For any two set-systems π1 and π2 defined on S, A(π1) ∪ I(π1) = A(π2) ∪ I(π2) and
AS(π1) ∪ IS(π1) = AS(π2) ∪ IS(π2). For two canonical set-systems π1 and π2 we also
have the following property:

AS(π1) ⊆ AS(π2) ⇔ π1 ≤ π2 (4.23)

IS(π1) ⊆ IS(π2) ⇔ π2 ≤ π1 (4.24)

There is a strict correlation between modeling information with set-systems and with
information (abstraction) sets. This property allows us to transform all set-system models
directly into information (abstraction) set representation. The following lemmas describe
this correlation.

Lemma 4.1. Information set induced by a product of two set systems
Let π1 and π2 be two set-systems defined on S. The information set induced by product
of π1 and π2 is represented by the following formula:

IS(π1 · π2) = IS(π1) ∪ IS(π2) (4.25)

Proof : It is enough to show that: 1) product of π1 and π2 preserves elementary information
(incompatible pairs) induced by π1 and π2, and 2) product π1 · π2 does not introduce any
new elementary information.
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1. Let {si, sj} ∈ IS(π1) be an incompatible pair induced by π1. By Definition 4.4,
there is no block in π1 containing both si and sj. On the other hand, π1 · π2 ≤ π1

(see Definition 2.22); therefore, there is no block in π1 · π2 containing both these
symbols. Hence, π1 · π2 preserves IS(π1). In an analogous way, one can prove that
π1 · π2 preserves IS(π2).

2. Let {si, sj} 6∈ IS(π1) and {si, sj} 6∈ IS(π2). By Definition 4.4, there is at least one
block B1 ∈ π1 and one block B2 ∈ π2 containing both si and sj. As a result, there
is at least one block B ≥ B1 ∩ B2 in π1 · π2 (see Definition 2.22) containing both
symbols si and sj. Therefore, {si, sj} 6∈ IS(π1 · π2). 2

Lemma 4.2. Abstraction set induced by a product of two set systems
Let π1 and π2 be two set-systems defined on S. The abstraction set induced by a product
of π1 and π2 is represented by the following formula:

AS(π1 · π2) = AS(π1) ∩ AS(π2) (4.26)

Proof ⇒: {si, sj} ∈ AS(π1 ·π2)⇔ ∃B∈π1·π2 si ∈ B∧sj ∈ B. This implies that ∃B1∈π1 si ∈
B1 ∧ sj ∈ B1 and ∃B2∈π2 si ∈ B2 ∧ sj ∈ B2. In consequence {si, sj} ∈ AS(π1) and
{si, sj} ∈ AS(π2).
Proof ⇐: {si, sj} ∈ AS(π1) and {si, sj} ∈ AS(π2) ⇔ ∃B1∈π1 si ∈ B ∧ sj ∈ B and

∃B2∈π2 si ∈ B ∧ sj ∈ B. As a result, ∃B∈π1·π2 B ≥ B1 ∩ B2 ∧ si ∈ B ∧ sj ∈ B. Therefore,
{si, sj} ∈ AS(π1 · π2). 2

Information and abstraction are modeled with partitions and set-systems in such
a way, that is both very useful and commonly applied for modeling information
and information flows inside and between the information systems [HS66][Jóź95]
[Jóź97a][BL98][PMSJ+97] [Vol97][Jóź98][BPGJ98][JC99][BL97].

It is important to emphasize that the model of information streams based on infor-
mation (abstraction) sets is explicitly more accurate than model based on partitions or
set-systems. It gives us explicit information about an information stream with accuracy
to an individual symbol, or pair of symbols, whereas the model based on partitions or
set-systems gives us explicit information about an information stream with accuracy to a
block (a set of symbols).

S x1 x2 x3 x4 x5 x6 y1 y2 y3 y4

1 0 1 1 0 {0,1} 1 1 1 {0,1} 0
2 1 {0,1} 1 0 {0,1} 0 0 0 1 0
3 0 0 1 1 {0,1} {0,1} 0 {0,1} 1 ∅
4 0 0 0 1 1 0 1 0 0 {0,1}
5 0 0 1 1 0 1 {0,1} {0,1} {0,1} 1

Table 4.1: An incompletely specified multiple-output Boolean function
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Example 4.1 Table 4.1 presents an incompletely specified multiple-output Boolean func-
tion. We express don’t care conditions ’–’ as a collection of possible values i.e., {0,1}.
Symbols 1, . . . , 5 represent terms on input variables x1, . . . , x6 (patterns of the input vari-
able values that define some input subspaces). Different values of the input variable x4

enable us to distinguish between the subsets {1, 2} and {3, 4, 5} for symbols 1 and 2
x4 = 0, and for symbols 3, 4, and 5 x4 = 1. Thus, knowing that x4 = 0, we know that
1 or 2 occurred, but we do not know which of the two symbols occurred. Knowing that
x4 = 1, we know that 3, 4, or 5 occurred, but we do not know which of the three symbols
occurred. In this case we say that variable x4 provides information about (or is able to
distinguish) the following pairs of symbols : {1, 3}, {1, 4}, {1, 5}, {2, 3}, {2, 4} and {2, 5}.
On the other hand, variable x4 abstracts information about (or is not able to distinguish)
the following pairs of symbols: {1, 2}, {3, 4}, {3, 5} and {4, 5}.

For each input or output variable, we can group symbols into blocks in such a way that
any symbol in a block represents the same value of the variable. The number of blocks
corresponds to the number of values the variable can take. For example, for variable x4

we obtain two blocks: {1, 2} for x4 = 0 and {3, 4, 5} for x4 = 1. For variable x6 we obtain
the following blocks: {2, 3, 4} and {1, 3, 5}.

Symbol 3 has no meaning for function y4 since the set of function y4 values assigned
to this symbol is empty. There is no information about this symbol in the scope of y4 and
this symbol is inherently added to the abstraction set of y4 (see Definition 4.1).

Set-systems induced by input and output variables of the Boolean function from Table
4.1 are the following:

πx1 = { 1, 3, 4, 5 ; 2 } πy1 = { 2, 3, 5 ; 1, 4, 5 }
πx2 = { 2, 3, 4, 5 ; 1, 2 } πy2 = { 2, 3, 4, 5 ; 1, 3, 5 }
πx3 = { 4 ; 1, 2, 3, 5 } πy3 = { 1, 4, 5 ; 1, 2, 3, 5 }
πx4 = { 1, 2 ; 3, 4, 5 } πy4 = { 1, 2, 3, 4 ; 3, 4, 5 }
πx5 = { 1, 2, 3, 5 ; 1, 2, 3, 4 }
πx6 = { 2, 3, 4 ; 1, 3, 5 }

Abstraction sets induced by input and output variables of the Boolean function from
Table 4.1 are the following:

AS(πx1) = {{1, 3}{1, 4}{1, 5}{3, 4}{3, 5}{4, 5}}
AS(πx2) = {{1, 2}{2, 3}{2, 4}{2, 5}{3, 4}{3, 5}{4, 5}}
AS(πx3) = {{1, 2}{1, 3}{1, 5}{2, 3}{2, 5}{3, 5}}
AS(πx4) = {{1, 2}{3, 4}{3, 5}{4, 5}}
AS(πx5) = {{1, 2}{1, 3}{1, 4}{1, 5}{2, 3}{2, 4}{2, 5}{3, 4}{3, 5}}
AS(πx6) = {{1, 3}{1, 5}{2, 3}{2, 4}{3, 4}{3, 5}}
AS(πy1) = {{1, 4}{1, 5}{2, 3}{2, 5}{4, 5}{3, 5}}
AS(πy2) = {{1, 3}{1, 5}{2, 3}{2, 4}{2, 5}{3, 4}{3, 5}{4, 5}}
AS(πy3) = {{1, 2}{1, 3}{1, 4}{1, 5}{2, 3}{2, 5}{3, 5}{4, 5}}
AS(πy4) = {{1, 2}{1, 3}{1, 4}{2, 3}{2, 4}{3, 4}{3, 5}{4, 5}}

Information sets induced by input and output variables of the Boolean function from
Table 4.1 are the following:
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IS(πx1) = {1|2, 2|3, 2|4, 2|5} IS(πy1) = {1|2, 1|3, 2|4, 3|4}
IS(πx2) = {1|3, 1|4, 1|5} IS(πy2) = {1|2, 1|4}
IS(πx3) = {1|4, 2|4, 3|4, 4|5} IS(πy3) = {2|4, 3|4}
IS(πx4) = {1|3, 1|4, 1|5, 2|3, 2|4, 2|5} IS(πy4) = {1|5, 2|5}
IS(πx5) = {4|5}
IS(πx6) = {1|2, 1|4, 2|5, 4|5}

4.2 Information relationships

When analyzing or designing digital information systems, we often ask for relationships
between information in various information streams. For instance, we may be inter-
ested in relationships between information delivered by certain inputs and information
necessary for computing certain outputs. We may ask: what information necessary
for computing certain outputs is present in given inputs, what information is missing,
what inputs provide the missing information, what inputs provide the whole required
information, etc. In general, we are interested in information relationships that express
similarity (affinity), dissimilarity, missing information, extra information, and in the
context of information usage, useful and redundant information. Below, some information
relationships that express these elementary properties are introduced [Jóź97a][Jóź98].
They are defined here for two set-systems, but they can easily be extended to any number
of set-systems.

The following relationships are specified between two information sets IS1 and IS2 defined
on S ⊗ S (and between their corresponding set-systems and variables):

Definition 4.7. Basic information relationships
Common information; i.e., information that is present in both IS1 and IS2:

CI(IS1, IS2) = IS1 ∩ IS2 (4.27)

Total (combined) information; i.e., information that is present either in IS1 or IS2:

TI(IS1, IS2) = IS1 ∪ IS2 (4.28)

Missing information; i.e., information that is present in IS1, but missing in IS2:

MI(IS1, IS2) = IS1\IS2 (4.29)

Extra information; i.e., information that is missing in IS1, but present in IS2:

EI(IS1, IS2) = IS2\IS1 (4.30)

Different information; i.e., information that is present in one of the information set and
missing in the other:

DI(IS1, IS2) = IS1 ⊕ IS2. (4.31)

2
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Analogous relationships can be defined for the abstraction of two abstraction sets AS1

and AS2.

Definition 4.8. Basic abstraction relationships
Common abstraction:

CA(AS1, AS2) = AS1 ∩ AS2 (4.32)

Total (combined) abstraction:

TA(AS1, AS2) = AS1 ∪ AS2 (4.33)

Missing abstraction:
MA(AS1, AS2) = AS1\AS2 (4.34)

Extra abstraction:
EA(AS1, AS2) = AS2\AS1 (4.35)

Different abstraction:
DA(AS1, AS2) = AS1 ⊕ AS2. (4.36)

2

Common information (CI), total information (TI), different information (DI), as well
as common abstraction (CA), total abstraction (TA), and different abstraction (DA) are
symmetric relations, i.e.:

CI(IS1, IS2) = CI(IS2, IS1) (4.37)

TI(IS1, IS2) = TI(IS2, IS1) (4.38)

DI(IS1, IS2) = DI(IS2, IS1) (4.39)

CA(AS1, AS2) = CA(AS2, AS1) (4.40)

TA(AS1, AS2) = TA(AS2, AS1) (4.41)

DA(AS1, AS2) = DA(AS2, AS1) (4.42)

We can also easily see that:

EI(IS1, IS2) = MI(IS2, IS1) (4.43)

EA(AS1, AS2) = MA(AS2, AS1) (4.44)

If IS(π1), AS(π1) are induced by set-system π1 and IS(π2), AS(π2) are induced by set-
system π2 (both defined on a set of symbols S), we can derive the properties describing the
correlation between the information and abstraction of two set-systems. This correlation
is implied by the fact that IS(π1)∪AS(π1) = IS(π2)∪AS(π2) and the fact that IS(π1)∩
AS(π1) = IS(π2) ∩ AS(π2) = ∅ (see Equations 4.14 and 4.22).

MI(IS(π1), IS(π2)) = IS(π1)\IS(π2)

=
( (

IS(π2) ∪ AS(π2)
)
\AS(π1)

)
\IS(π2)

=
(
IS(π2)\AS(π1)\IS(π2)

)
∪
(
AS(π2)\AS(π1)\IS(π2)

)
= AS(π2)\AS(π1)

= EA(AS(π1), AS(π2)) (4.45)
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Figure 4.1: Graphical representation of information relationships induced by two set-
systems

In an analogous way we can show that:

EI(IS(π1), IS(π2)) = MA(AS(π1), AS(π2)) (4.46)

Figure 4.1 presents information and abstraction relationships induced by two set-
systems in a graphical manner.

We use simplified notation to express the information relationships in the following
text. For example, to show common information induced by two variables x and y, we
write CI(πx, πy) or even CI(x, y) instead of CI(IS(πx), IS(πy)).

Example 4.2 Let us consider set-systems, abstraction sets, and information sets from
Example 4.1. Below the common information of input variable x1, . . . , x6 and output
variable y1 is shown.

CI(πx1 , πy1) = {1|2, 2|4}
CI(πx2 , πy1) = {1|3}
CI(πx3 , πy1) = {3|4}
CI(πx4 , πy1) = {1|3, 2|4}
CI(πx5 , πy1) = ∅
CI(πx6 , πy1) = {1|2}

We observe that variable x5 does not provide any information that is necessary to compute
the function of y1. Information 3|4 is provided only by variable x3, and this variable is
necessary to implement function y1. Variables x1 and x6 provide information 1|2; variables
x2 and x4 provide information 1|3. Variables x1, x3 and x4 provide information 2|4. There
exist four minimal sets of variables, namely {x1, x2, x3}, {x1, x3, x4}, {x2, x3, x6} and
{x3, x4, x6}, providing all information required to compute y1. All information provided
by these sets of variables follows:
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IS(πx1) ∪ IS(πx2) ∪ IS(πx3) = {1|2, 1|3, 1|4, 1|5, 2|4, 2|5, 3|4, 4|5} ⊇ IS(y1),
IS(πx1) ∪ IS(πx3) ∪ IS(πx4) = {1|2, 1|3, 1|4, 1|5, 2|3, 2|4, 2|5, 3|4, 4|5} ⊇ IS(y1),
IS(πx2) ∪ IS(πx3) ∪ IS(πx6) = {1|2, 1|3, 1|4, 1|5, 2|4, 2|5, 3|4, 4|5} ⊇ IS(y1)
IS(πx3) ∪ IS(πx4) ∪ IS(πx6) = {1|2, 1|3, 1|4, 1|5, 2|3, 2|4, 2|5, 3|4, 4|5} ⊇ IS(y1),

Analogously, we can analyze common abstraction, missing information etc.:

CA(πx1 , πy1) = {{1, 4}, {1, 5}, {3, 5}, {4, 5}} MI(πx1 , πy1) = {2|3, 2|5}
CA(πx2 , πy1) = {{2, 3}, {2, 5}, {3, 5}, {4, 5}} MI(πx2 , πy1) = {1|4, 1|5}
CA(πx3 , πy1) = {{1, 5}, {2, 3}, {2, 5}, {3, 5}} MI(πx3 , πy1) = {1|4, 4|5}
CA(πx4 , πy1) = {{3, 5}, {4, 5}} MI(πx1 , πy4) = {1|4, 1|5, 2|3, 2|5}
CA(πx5 , πy1) = {{1, 4}, {1, 5}, {2, 3}, {2, 5}, {3, 5}} MI(πx5 , πy1) = {4|5}
CA(πx6 , πy1) = {{1, 5}, {2, 3}, {3, 5}} MI(πx6 , πy1) = {1|4, 2|5, 4|5}

2

The above presented relationships give us qualitative information about the correlations
of information streams. In other words, they allow us to analyze what information (ab-
straction) is common, missed, different, etc. The following section explains how we can
measure modeled information and abstraction, as well as information and abstraction
relationships.

4.3 Information relationship measures

The basic information (abstraction) measure is defined as a quantity of elements in an
information (abstraction) set.

Definition 4.9. Information quantity
Let IS be an information set. Information quantity IQ provided by IS is defined as:

IQ(IS) = |IS| (4.47)

Definition 4.10. Abstraction quantity
Let AS be an abstraction set. Abstraction quantity AQ provided by AS is defined as:

AQ(AS) = |AS| (4.48)

Utilizing the above definitions and relationships defined in Section 4.2, we can define
information measures for two information sets IS1 and IS2 defined on S ⊗ S.

Definition 4.11. Information measures
• Information similarity measure: ISIM(IS1, IS2) = |CI(IS1, IS2)|

• Total information quantity: TIQ(IS1, IS2) = |TI(IS1, IS2)|

• Information decrease measure: IDEC(IS1, IS2) = |MI(IS1, IS2)|

• Information increase measure: IINC(IS1, IS2) = |EI(IS1, IS2)|
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• Information dissimilarity measure: IDIS(IS1, IS2) = |DI(IS1, IS2)|
2

Analogously, we can define abstraction measures for two abstraction sets AS1 and AS2

defined on S ⊗ S

Definition 4.12. Abstraction measures
• Abstraction similarity measure: ASIM(π1, π2) = |CA(AS1, AS2)|

• Total abstraction quantity: TAQ(AS1, AS2) = |TA(AS1, AS2)|

• Abstraction decrease measure: ADEC(AS1, AS2) = |MA(AS1, AS2)|

• Abstraction increase measure: AINC(AS1, AS2) = |EA(AS1, AS2)|

• Abstraction dissimilarity measure: ADIS(AS1, AS2) = |DA(AS1, AS2)|
2

Usually, we analyze information streams in the context of information systems. Such
a system is provided with some information on its inputs and produces some information
on its output. Some information has to be transferred from its inputs to its output,
some information present on the inputs has to be removed. Information that has to
be transferred to the system’s output is referred to as required or useful information.
Information that has to be removed is referred to as redundant information. Let ISf

model the information that has to be transferred to the output of a system, and let ISx

model the information on its input(s). Formally, the required information measure and
redundant information measure is defined as follows:

• Required (useful) information measure: IRQ(ISx, ISf ) = |CI(ISx, ISf )|,

• Redundant information measure: IRD(ISx, ISf ) = |MI(ISx, ISf )|.

If information and abstraction sets are induced by certain set-systems, and these set-
systems are in turn induced by binary or multi-valued variables, we use simplified notation
to express the information relationship measures. For example, we write ISIM(πx, πy)
or even ISIM(x, y) instead of ISIM(IS(π(x)), IS(π(y))).

Example 4.3 Some information relationships between the input and output variables of
the Boolean function from Example 4.1 (Table 4.1) are shown below.
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ISIM(πx1 , πy1) = |{1|2, 2|4}| = 2
ISIM(πx5 , πy1) = |∅| = 0
TIQ(πx1 , πx2) = |{1|2, 1|3, 1|4, 1|5, 2|3, 2|4, 2|5}| = 7
TIQ(πx3 , πx4) = |{1|4, 2|4, 3|4, 4|5}| = 4
IDEC(πx1 , πy1) = |{2|3, 2|5}| = 2
IDEC(πx2 , πy1) = |{1|4, 1|5}| = 2
IINC(πx1 , πy1) = |{1|3, 3|4}| = 2
IINC(πx2 , πy1) = |{1|2, 2|4, 3|4}| = 3
IDIS(πx1 , πy1) = |{1|3, 2|3, 3|4, 2|5}| = 4
IDIS(πx2 , πy1) = |{1|2, 1|4, 1|5, 2|4, 3|4}| = 5

IRQ(πx1 , πy1) = |{1|2, 2|4}| = 2
IRQ(πx2 , πy1) = |{1|3}| = 1
IRD(πx1 , πy1) = |{2|3, 2|5}| = 2
IRD(πx2 , πy1) = |{1|4, 1|5}| = 2

2

Each of the absolute measures discussed above can be normalized. There is no general
normalization factor. The way a normalization factor is selected depends on the aim of
the measure. For example, to measure how much information provides an information set
IS in relation to a maximal information set we can define the measure as:

IQN(IS) =
IQ(IS)

IQ(ISmax)
. (4.49)

To know the normalized measure of how much information provides a variable x modeled
as ISx to a function f modeled as ISf , we could define measure:

ISIMN(ISx, ISf ) =
|CI(ISf , ISx)|

IQ(ISf )
. (4.50)

We can also evaluate how much the redundant information variable x provides to the
function f :

FREDIN(ISx, ISf ) =
|MI(ISx, ISf )|

IQ(ISf )
, (4.51)

and size of this redundant information in relation to information provided by x:

V REDIN(ISx, ISf ) =
|MI(ISx, ISf )|

IQ(ISx)
, (4.52)

To know how much common information is in two information streams modeled respec-
tively by IS1 and IS2 we would define the measure as:

ISIMN(IS1, IS2) =
|CI(IS1, IS2)|
|TI(IS1, IS2)|

(4.53)

In a similar way we can define normalized measures of abstraction.
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Example 4.4 It is straightforward to prove that maximal information quantity that can
be defined on a set of symbols S is IQS

max = |S|(|S| − 1)/2 (equal to the number of all
possible symbol pairs). Then the normalized information quantity provided by variable
x1 in Example 4.1 is

IQN(πx1) =
IQ(πx1)

IQ
{1,2,3,4,5}
max

=
4

10

Knowing the information sets of the input variables x1, x2, x3, x4, x5, x6 and output vari-
able y1 from Examples 4.1 and 4.2, we can calculate normalized information similarities
(the degree of similarity) of these variables to output variable y1:

ISIMN(IS(πx1), IS(πy1)) = 2/4 = 0.5

ISIMN(IS(πx2), IS(πy1)) = 1/4 = 0.25

ISIMN(IS(πx3), IS(πy1)) = 1/4 = 0.25

ISIMN(IS(πx4), IS(πy1)) = 2/4 = 0.5

ISIMN(IS(πx5), IS(πy1)) = 0/4 = 0

ISIMN(IS(πx6), IS(πy1)) = 1/4 = 0.25

FREDIN(IS(πx1), IS(πy1)) = 2/4 = 0.5

FREDIN(IS(πx2), IS(πy1)) = 2/4 = 0.5

FREDIN(IS(πx3), IS(πy1)) = 2/4 = 0.5

FREDIN(IS(πx4), IS(πy1)) = 4/4 = 1

FREDIN(IS(πx5), IS(πy1)) = 1/4 = 0.25

FREDIN(IS(πx6), IS(πy1)) = 3/4 = 0.75

2

When designing or analyzing information systems, we often ask how important is the
information given. Information provided by only one input variable can be considered as
more important than information provided by all variables. Information that is required
by all output variables can be considered more important than information required by
only one or no output variable. Thus, an input variable providing more important in-
formation can be considered more important than a variable providing less important
information.

We can model the importance of information by associating an appropriate importance
weight wS(si|sj) with each elementary information. The function:

wS : S ⊗ S → [0 . . . 1] (4.54)

is called the information weighting function. It associates a real number between 0 and
1 inclusive to each elementary information. If no uncertainty is possible, we omit the
index S. Weight 0 assigned to a particular elementary information si|sj denotes that the
elementary information si|sj is unimportant. Weight 1 stands for the most important
information. We can now define, the weighted information quantity measure and relative
weighted information quantity.
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Definition 4.13. Weighted information quantity measure

WIQ(IS) =
∑

si|sj∈IS

wS(si|sj) (4.55)

2

Definition 4.14. Normalized weighted information quantity measure

WIQN(IS) =

∑
si|sj∈IS

wS(si|sj)∑
si|sj∈ISmax

wS(si|sj)
(4.56)

2

The weighted information similarity measure of two set-systems is defined below.

Definition 4.15. Weighted information similarity measure
Let S be a set of symbols and IS1, IS2 be two information sets defined on S ⊗ S. The
weighted information similarity of IS2 to IS1 can be calculated as follows:

WSIM(IS1, IS2) =
∑

si|sj∈CI(IS1,IS2)

wS(si|sj) (4.57)

where wS(si|sj) is an importance weight for an elementary information si|sj. 2

The above measure can be normalized in the following way:

Definition 4.16. Normalized weighted information similarity measure
Let S be a set of symbols and IS1, IS2 be two information sets defined on S ⊗ S. The
relative weighted information similarity of IS1 to IS2 can be calculated as follows:

WSIMN(IS1, IS2) =

∑
si|sj∈CI(IS1,IS2)

wS(si|sj)∑
si|sj∈IS2

wS(si|sj)
(4.58)

2

Several weighting functions can be defined dependent on specific objectives. In the
method developed in the scope of this research, a new weighting function is used to model
the decrease of information importance with the number of (binary or multi-valued) inputs
or intermediate variables xi of a certain function f at which this information is present.
Building our heuristic weighting function, we make the following assumptions:

• w(si|sj)=0 if information si|sj is not required for the computation of a function f ,

• w(si|sj)=1 if information si|sj is necessary for the computation of a function f , and
si|sj is available only once,
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• the sum of weights of the less important information can not dominate the weight
of the more important information,

• the weighting function is built in a context of some information set IS, which often
denotes the information set IS(f) induced by a function f .

Definition 4.17. Support of elementary information item
Let X be a set of binary or multi-valued variables. A set of binary or multi-valued
variables denoted as sup(si|sj)|X is the support of elementary information item si|sj if
and only if:

∀
xn∈sup(si|sj)

(si|sj) ∈ IS(πxn), (4.59)

and

∀
xm /∈sup(si|sj)

(si|sj) /∈ IS(πxm). (4.60)

In other words, support of the elementary information item si|sj is the maximal subset
of variables providing this information. 2

If the set of variables X is unambiguous, we use notation sup(xi, xj) in the following
text. We call si|sj a unique information when it is provided by only one binary or multi-
valued variable i.e., if and only if |sup(si|sj)| = 1. If unique information is required to
implement some function f , we call it critical information. Formula |sup(si|sj)| represents
an occurrence multiplicity of the elementary information si|sj.

Let IS denote a set of elementary information items under consideration. To ensure
that the sum of weights of the less important information does not dominate the weight
of the more important information in IS, the weights of the elementary information in
IS are normalized. Formula

ISk = {si|sj

∣∣∣|sup(si|sj)| = k ∧ si|sj ∈ IS}. (4.61)

divides the elementary information items from IS into classes of equally appearing multi-
plicity. Each class ISk called a k-multiplicity information set. Each elementary informa-
tion item in a class ISk is provided by certain k variables. |ISk| stands for the number of
elementary information items in IS, each of which is provided by k variables. The weight
normalization function in a context of IS is defined as:

h(k)|IS =

{
1 if k ≤ 1

h(k − 1)|IS +
∣∣∣ISk

∣∣∣ if k > 1
(4.62)

The above rule expresses the normalization coefficients dependent on the number of ele-
mentary information items in particular k-multiplicity classes. Finally, we formulate the
weighting function in the context of IS as follows:

w(si|sj)|IS =

 0 if si|sj 6∈ IS ∨ sup(si|sj) = ∅
1

2k−1h(k)|IS
if si|sj ∈ IS ∧ sup(si|sj) 6= ∅ (4.63)

where k = |sup(si|sj)|.
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4 0

3 0 1

2 0 0.063 0

1 0 0 0.167 0.167

si|sj
5 4 3 2

Figure 4.2: Weighting function of Boolean function y1 from Example 4.1

Example 4.5 Information set representing function y1 from Example 4.1 is equal to
IS(πy1) = {1|2, 1|3, 2|4, 3|4}. Supports for all elementary information items from IS(πy1)
and two classes of k-multiplicity sets are shown below.

sup(1|2) = {x1, x6} |IS1(πy1)| = |{3|4}| = 1
sup(1|3) = {x2, x4} |IS2(πy1)| = |{1|2, 1|3}| = 2
sup(2|4) = {x1, x3, x4} |IS3(πy1)| = |{2|4}| = 1
sup(3|4) = {x3}

In consequence, the weights normalization function h(k), where k = 1, 2, 3, for IS(πy1) is
denoted by the formula below. The resulting weighting function is shown in Figure 4.2.

h(1) = 1
h(2) = 3
h(3) = 4

Since for each elementary information item si|sj 6∈ IS(πy1) the weight w(si|sj) is equal to
zero, WIQ(π) = WISIM(π, πy1).

WIQ(πx1) = WISIM(πx1 , πy1) = w(1|2) + w(2|4) = 0.2391
WIQ(πx2) = WISIM(πx2 , πy1) = w(1|3) = 0.1667
WIQ(πx3) = WISIM(πx3 , πy1) = w(2|4) + w(3|4) = 1.0625
WIQ(πx4) = WISIM(πx4 , πy1) = w(1|3) + w(2|4) = 0.2391
WIQ(πx5) = WISIM(πx5 , πy1) = 0
WIQ(πx6) = WISIM(πx6 , πy1) = w(1|2) = 0.1667

The weighted information similarity of each particular input variable xi (i = 1 . . . 6) in
relation to output variable y1 allows us to analyze the importance of these variables, and,
as a result, to build some heuristics. For example, we can use input variables importance
to find the near-optimal support of a function.

Variable x5 does not provide any information required to implement y1. This variable
is redundant and can be removed from the support of y1. On the contrary, variable x3

provides some required information that is available only on this variable. Therefore, x3

is essential and has to be a member of any consistent support of y1.
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Variables x1 and x4 are of the same importance; both provide information that is
available on some other variables. Variables x2 and x6 are also of the same importance,
but their importance is less than that of x1 and x4. x1, x2, x4, and x6 do not provide
unique information; hence, any one of them, but only one xi (i ∈ {1, 2, 4, 6}), may be
removed from the support of y1. For example, we can remove the least important variable.

In order to find another input variable xj that can be removed from the support
of y1, we need to build a new weighting function for an updated set of input variables
sup(y1) = x3∪{x1, x2, x4, x6})\xi, and analyze the importance of the remaining variables
in the new context. Variables can be iteratively removed one by one from the support
until all variables become essential. 2



Chapter 5

State of the art in synthesis for LUT
based FPGAs

In this chapter a review of the most representative approaches to circuit synthesis for
LUT-based FPGAs is given. The discussion focuses on methods for combinational circuits
synthesis.

Section 5.1 introduces the graph-based representation of combinational circuits, and
describes the main methods for combinational logic optimization that usually preface the
circuit synthesis process. In Section 5.1.1 we discuss network simplification methods.
Section 5.1.2 briefly describes methods of a function simplification with don’t cares im-
posed by the network, in which the function is embedded, while we focus on new and the
most general method of design flexibility expression called Set of Pairs of Functions to be
Distinguished (SPFD). We show a strict correspondence between SPFD and information
modeling in the networks. Section 5.1.3 is devoted to division-based decomposition.

In Section 5.2, the methods of circuit synthesis based on Technology Mapping for LUT
networks are presented and discussed.

In Section 5.3, we discuss the circuit synthesis methods based on the functional de-
composition. These methods correspond most strongly with the research presented in this
thesis. The discussion is split into three parts, each of which is focused on one of the
main problems to be solved during the functional decomposition process. Hence, in Sec-
tion 5.3.1, we discuss input-support construction for predecessor sub-function. Section
5.3.2 discusses methods of binary encoding of predecessor sub-functions, and the final
section 5.3.3 discusses functional decomposition methods for multiple-output functions.

5.1 Logic optimization

Logic optimization attempts to transform the original representation of a combinational
binary design into a functionally equivalent representation that is more suitable for circuit
synthesis. Due to the flexibility of LUTs, good quantitative measures of logic optimization
operations have yet to be found. Rather very coarse upper-bound estimations are used,
or the logic optimization is performed separately from the implementation technology. In
the latter case, the logic optimization is often called technology independent synthesis.

87
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Most often, a combinational circuit is represented as a directed acyclic graph1 (DAG)
N = (V, E). Each vertex v ∈ V represents a logic function or primary input or primary
output, and each directed edge (v, w) ∈ E represents a connection between the output of
gate v and some input of function w. Vertex v is called fanin of w (predecessor of w), and
w is called fanout of v (successor of v). A primary input node has no fanin nodes, and
a primary output node has no fanout nodes. Primary input and output nodes carry the
output and input signals from the sequential elements of a design or its pads. The nodes
that are neither primary inputs nor primary outputs are called internal nodes. Each
internal node represents some Boolean function as shown in Section 2.6. Each Boolean
variable of the function is assigned to a particular input edge of the corresponding node.
Because the network is DAG, a certain level can be assigned to each node v. Level is
defined by the maximal number of edges that connect the node with any of the primary
inputs (traversing edges in reverse direction). The levels assigned to all nodes of the
network define a partial topological order of the nodes.

In general, logic optimization starts from an original network and then tries to reduce
the complexity of the network in terms of number of nodes in the network, and in terms
of complexity of logic functions in the nodes. The three following techniques are used:

• network simplification

• node simplification

• node decomposition

Network simplification removes a node from the network by collapsing the node’s
function into its all successor nodes. In this way, the number of interconnections in the
network (edges in a corresponding graph) is reduced with the added cost of complicating
the function in the successor node.

A function of a node is embedded into a certain environment defined by the network.
Therefore, some combinations of its input values may not be produced by its predecessors
(controllability don’t cares - see Section 2.5), and some values generated by the function
may not be observed by its successors (observability don’t cares - see Section 2.5). Node
simplification procedures compute these don’t care conditions and use them to simplify
the node’s function.

If a node’s function is considered too complex, node decomposition splits the function
into an equivalent set of functions. However, due to flexibility of LUTs, no good measure
of a function’s complexity exists. Very coarse upper bound estimations are used: a number
of function’s inputs, a number of function’s product terms, and a number of literals in a
function.

Application of logic optimization methods may depend on an initial structure of a
network to be implemented and on the circuit synthesis method being used after logic
optimization. For example, in the technology mapping approach, the nodes in a network

1In general, combinational circuits may contain loops (see Section 3.3.2); however, synthesis of circuits
without loops is of concern for all main combinational synthesis methods, and the method proposed in
this thesis.
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are first decomposed into sub-networks of simple gates (AND, OR, XOR, MUX, etc.), and
then the entire network of gates is simplified. In this case, simplification aims at packing
the simple gates into LUTs. When functional decomposition is used for circuit synthesis,
a network is first simplified in order to construct coarse granularity functions in graph
nodes. Then, the coarse functions are decomposed into feasible sub-functions that can be
directly mapped onto LUTs.

5.1.1 Network simplification

Networks produced by HDL compiler may contain logic redundancy, resulting, for ex-
ample, from a local re-convergence. This kind of redundancy can be removed when one
Boolean representation is used for the entire network. However, for larger networks, such
representations can be prohibitively huge.

A reasonable trade-off is achieved by partial collapsing. In partial collapsing, a set of
nodes in an original network are merged together. Partial collapsing alters the structure
of the network because some nodes and interconnections are removed. Also, the functions
in super-nodes are more complex than the functions in an original network. The goal
of partial collapsing is to transform an original network into such a network that the
following circuit synthesis procedure can process the super-nodes, and the structure of
the final network complies with design constraints, e.g., area and speed.

Partial collapsing is implemented in the procedure eliminate [SSJ+92][SISRL]. This
procedure attempts to collapse nodes in such a way that some granularity of the network
is achieved. The procedure is controlled by two parameters. The first parameter limits
the maximal number of cubes in the node’s function, and hence determines the network
granularity. The second parameter, a value of a node, decides what nodes are to be
collapsed. The value of a node represents the number of literals saved in the literal
count for the network by leaving the node in the network. If the value is less than some
threshold, the node will be collapsed into each of its fanouts.

The use of cube counting as a measure for node function complexity is not desirable
when the function is supposed to be implemented with LUTs, particularly when the
network contains many XOR sub-functions. Similarly, counting literals is not a good
measure for network structure simplification.

Methods that evaluate the complexity of a function upon its ROBBD representation
seems more accurate. For example, considering ROBDD with complemented edges, each
of 4-input AND, OR, and XOR function is represented with a graph having 4 nodes, and
each one can be implemented with 4-LUT. However, for more complex functions, this
kind of evaluation is not perfect.

Although the collapsing methods based on BDDs were developed mainly for the syn-
thesis of pass-transistor circuits, they can be directly applied to the synthesis of LUT-
based circuits.

In [BNNSV97], Buch et al. proposed a greedy heuristics to control the size of a BDD
when constructed. In this approach, a BDD is constructed depth-first from primary
inputs to primary outputs. When BDD grows by a disproportional amount or exceeds
some threshold value, the previous BDD becomes a node in a network. It is possible that
breaking the composition of BDD prevents its Boolean simplification. Hence, composed
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in the greedy way to discover some of the possible simplifications. Since the size of a BDD
depends on the variables order, a good strategy for adding consecutive input variables is
crucial, either for the size of local BDDs, or for the Boolean simplification. This approach
ignores the specific structure of an original network. In result, it often stops at boundaries,
which do not reflect its good natural structure.

Chaudhry et al. proposed a more global approach [CLAB98]. In this approach, an
initial network contains several nodes, each of which is represented by a BDD. The elim-
ination gain (collapsing gain) of a network node is equal to the number of BDD nodes
reduced in the BDD representation of all the network’s nodes after elimination of the
node. Two approaches to the node elimination were investigated: greedy and iterative. In
the greedy approach, elimination gain is evaluated for each node in the network. Nodes
gaining the best are eliminated first. In the iterative approach, the nodes that gain above
a predefined threshold value are eliminated. The procedure iterates until no more nodes
can be eliminated. The experimental results show these two methods produce networks
with comparable node counts, but up to 50% fewer nodes than the method by Buch et
al..

In general, network simplification techniques are important in the two following cases:
(1) when it is impossible to represent all functions in a network as individual nodes due
to their representation explosion, and (2) when an initial network has a good structure
that could be lost due to a partial or complete collapsing.

Proper use of the structural properties of the initial networks may result in a more intel-
ligent partial collapsing, and hence, better final circuits. However, to the best knowledge
of the author, only a few attempts have been reported thus far. An interesting approach
to structural symmetry detection in AND/INV networks was presented by Wang et al.
in [WKSV03].

5.1.2 Node simplification

A network does not have don’t cares by definition; they are due to environment driving
(and being driven by) the network itself. The input controllability don’t care set includes
all input patterns that are never produced by the environment at the network inputs.
The output observability don’t care set (ODC) denotes all output patterns that are never
observed by the environment (see Section 2.5).

The above observation can be extended to the network internal nodes. The combina-
tion of the controllability and observability don’t cares at a node is called local don’t cares.
Hence, each node in a network is associated with a local Boolean function and a local
don’t care set (local CDC are also called satisfiability don’t cares SDC). The local don’t
care set increases a design freedom that may result in a significant reduction of the node
implementation cost. The essentials of local don’t care sets computation can be found
in [DM94]. We also refer the interested reader to an experimental study by Mishchenko
[Mis01b].

Local don’t cares represent the functional flexibility of a node implementation when
the network’s behavior is preserved. However, functional flexibility can also be expressed
with compatible sets of permissible functions CSPF [MKLC89] (called also compatible
observability don’t cares CODC [SB91]), Boolean relations [BS89], and sets of pairs of
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Representation Computation Reference
SDC [BBH+88]

Incompletely specified function ODC CODC [SB91]
CSPF [MKLC89]

Boolean relation [BS89] [SB89]
SPFD [YSN96] [YSN00]

Table 5.1: Classification of functional flexibility representations

functions to be distinguished SPFD [YSN96]. Table 5.1 [YSN00] shows classification of
functional flexibility representations; the more general methods are at the bottom of this
table.

Classical approaches to the computation of local don’t cares assume a certain imple-
mentation of the node’s function. However, when a circuit is designed at a level indepen-
dent of technology, the internal logic of the node does not need to be fixed. Moreover, if
LUT-based FPGAs is a target technology, one can assume that the internal logic of each
node is not fixed, even at the technology-dependent level.

SPFDs provide a method for expressing functional flexibility without assuming nodes’
logic. The method is based on observation that values of function f must be different
between certain primary input patterns and other input patterns; i.e., function f has to
propagate information that distinguishes a certain set of functions from another set of
functions. Function f distinguishes a pair of functions ga and gb if and only if either one
of the following conditions is satisfied:

ga ≤ f ≤ gb (5.1)

gb ≤ f ≤ ga (5.2)

SPFD is a set of all function pairs {(gai, gbi)} that need to be distinguished. A certain
function f satisfies a given SPFD if it distinguishes each pair of {(gai, gbi)}. When SPFD
contains only one pair of functions, it represents two incompletely specified functions, each
being negation of the other. However, if an SPFD has more than one pair, the functional
flexibility cannot be represented by an incompletely specified function [YSN00]. In general
SPFD, represents a set of incompletely specified functions.

Please note that strict correspondence between SPFD and elementary information
items (Section 4.1) exists. To explain this correspondence, let us cite a representation
of SPFD presented in [SB98]. The functions to be distinguished are simply character-
istic functions of minterms that need to be distinguished. Hence, each function to be
distinguished, can be represented as a symbol assigned to a given minterm. Although
the SPFD is represented as a bipartite graph (as shown in Figure 5.1.a) it can also be
represented by a symbols incompatibility graph (shown in Figure 5.1.b).

An algorithm to compute SPFD for the entire network can be explained using the
notion of information flow in a network. For each primary output of a network, propagate
external don’t cares to a node driving the primary output. This way, the global don’t
cares are mapped onto the local don’t cares of the output nodes. A function of the output
node and local don’t cares together determine information that has to be computed by the
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Figure 5.1: Comparison of SPFD and information items

output node. This information is represented by SPFD. At each node, the information
required to compute the output function is distributed over inputs of the node. Hence,
an information that must be provided by a corresponding connection is determined. The
total information of the output connections, constitutes the information (SPFD) that
needs to be provided by the node. The procedure is repeated for all nodes in the network
in reverse topological order from primary outputs to primary inputs. This way, the
information (SPFDs) is distributed over all nodes in the network.

Figure 5.1.c illustrates how the information (SPFDs) can be distributed over the
inputs of a node. Two minterms (function pair) that need to be distinguished, determine
a support (set of variables) an elementary information item can be computed on. For
example, Figure 5.1 shows three elementary information items {000|010, 000|011, 001|100}
that need to be computed by some function f(a, b, c). The minterms in the first pair differ
on variable b. Since variable b is the only variable that distinguishes these two minterms,
elementary information item 000|010 has to be assigned to b. Elementary information
item 000|011 can be computed from variable b or c, and 001|100 can be computed from
a or c. That means that each elementary information item can be assigned to any non-
empty subset of input variables being in its support (see Definition 4.17). In particular, it
can be assigned to a single input variable. Next, the information required at a particular
input must be provided by a node connected to the input, i.e., its fanin node.

A certain node has to provide information (SPFD) required by all nodes connected to
its output. However, information at its fanout nodes is represented on different symbols
(minterms); and needs to be mapped onto some common representation to be combined.
A common representation for all the nodes in the network is defined on minterms spanned
on primary input variables (primary input space). However, this representation can be
prohibitively huge. An alternative approach is to map this information onto the input
space of the predecessor node to which the information is propagated. An example of
such mapping procedure is shown in [SB98]. SPFD are propagated toward the primary
inputs of the network until local SPFDs for all nodes in the networks are computed.
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[SB98] shows an efficient method of SPFD computation. In this approach, SPFDs are
modeled as relations represented by BDD.

The main problem with SPFD theory is the method of assignment of SPFDs
(elementary information items) to the inputs of a given node. In [YSN96][SB98], random
assignments are used. In [CLL02], Cong et al. reported a study on a circuit rewiring
method based on SPFD. In this work, two heuristic methods of SPFD assignment were
studied: one for delay optimization, and the other for area optimization. For the delay
optimization, SPFDs were assigned first to the inputs that belonged to the least critical
paths in a circuit. Hence, only a small amount of information needed to be transferred
through critical paths. For area optimization, as few SPFDs as possible were assigned
to nodes that had low fanout numbers, because this kind of node had a higher likelihood
of being removed. Experimental results show that for LUT-based FPGAs, the rewiring
ability of this algorithm is 70% higher than SPFD-based rewiring algorithm that uses
random SPFD assignment [YSN96].

The characteristic feature of SPFD – that it can be computed independently of a node
representation – has attracted the attention of researchers. In [Bra01], the computation
of compatible observability don’t cares (CODC) was generalized so that the result was
independent of implementation at the node. In [SK04], a robust algorithm computing
approximation of CODCs was presented.

5.1.3 Division based node decomposition

Any method that decomposes a Boolean function into a set of simpler functions can be
used for node decomposition. Functional decomposition is the most general method.
Functional decomposition based methods are described in both Chapter 3, and in Section
5.3 of this chapter. The review below is restricted to more specialized techniques based
on algebraic and Boolean division.

The goal of division-based decomposition is to find Boolean divisors to factorize a
Boolean expression. A factored form a Boolean expression is an arbitrary parenthesized
expression with the constraint that complementation can be applied only to single
variables. For example, the expression (a + b )(c + d) + e is the factored form of the
expression ac + ad + b c + b d + e. Factored forms include sum of products and product
of sums ; therefore, they can represent arbitrary functions. Note that the parenthesis in
the factored form define the structure of Boolean function implementation.

The fundamentals for the division-based Boolean function decomposition method were
established by Robert K. Brayton in [BM82][BCH+82][BRSVW87]. The method is based
on the observation that any completely specified Boolean function f can be represented
as follows:

f = g · h + r, (5.3)

where g, h, and r are called respectively divisor, quotient, and remainder. If g and h have
disjoint supports (i.e., sup(g) ∩ sup(h) = ∅), then expression g · h is called the algebraic
product ; otherwise it is called the Boolean product.
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In the case of an incompletely specified Boolean function f̂ = {f̂ON , f̂OFF , f̂DC}, the
Boolean divisor is defined as follows.

Definition 5.1. Boolean divisor
A completely specified function g is a Boolean divisor of an incompletely specified function

f̂ = {f̂ON , f̂OFF , f̂DC}, if two completely specified functions h and r exist so that

g · h 6= ∅ and g · h 6⊆ f̂DC (5.4)

and
f̂ON ⊆ g · h + r ⊆ f̂ON + f̂DC (5.5)

where g · h represents a Boolean product. 2

Usually, the number of Boolean divisors can be huge and the best divisors cannot
be found efficiently. Brayton and McMullen suggested simplifying Boolean division by
limiting it to a special case called algebraic division [BM82].

Definition 5.2. Algebraic divisor
A completely specified function d is an algebraic divisor of a completely specified function
f if q and r exist, such that d · q 6= ∅, and

f = d · q + r, (5.6)

where p · q is the algebraic product; i.e., supports of d and q are disjoint. 2

The quotient q is denoted as q = f/d, and r denotes the remainder. Note that divisor
and quotient can be freely interchanged. When the remainder r = 0, an algebraic divisor
d is called a factor. An expression is said to be cube free when it cannot be factored by a
cube. For example, ab+ac is not cube free, because it can be factored by cube a, yielding
a(b + c). ab + c is cube free, because it cannot be factored by any cube a, b, c, or ab.

The quotient of f divided by a cube is called a primary divisor. If the primary divisor
can not be factored by any cube, it is called a kernel ; the cubes used for dividing f to
obtain the kernel are called cokernels. For example, if f = a(b+ c)+ d, (b+ c) is a kernel;
with a being the cokernel of f . Kernels and cokernels are considered good divisors, and
systematic algorithms for their computation were proposed [BRSVW87][BHSV90][DM94].

In [BM82], Brayton and McMullen proved that the sets of kernels K(fi), fi ∈ f , gen-
erated for a set of functions f , provide information for detecting common sub-expressions
in f . They showed that two functions fi and fj have a common multiple-cube divisor p,
if and only if there exist kernels ki ∈ K(fi) and kj ∈ K(fj) such that |ki ∩ kj| > 1.

Example 5.1 Let consider a network with the two following functions:

f1 = acd + ae + bcd + be + g

f2 = ad + bd + cde + ge

The kernel set of f1 is K(f1) = {(cd+ e), (a+ b), (acd+ae+ bcd+ be+g)}. The kernel set
of f2 is K(f2) = {(a + b + ce), (cd + g), (ad + bd + cde + ge)}. Note that a multiple-term
expression is a kernel of itself when it is cube free. Its cokernel is 1. There are two kernels
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intersections; first, between (cd + e) ∈ K(fi) and (cd + g) ∈ K(f2); second, between
(a + b) ∈ K(fi) and (a + b + ce) ∈ K(f2). The first intersection is cd. However, |cd| = 1
(cd is a single cube), and hence it is not a multi-cube divisor. The second intersection is
(a + b). |a + b| = 2 (contains two cubes: a and b); hence, it is a multi-cube divisor that
can be extracted from f1 and f2 to yield:

fw = a + b

f1 = wcd + we + g

f2 = wd + cde + ge

2

The factorization methods use a number of literals in a factorized expression as an
implementation quality measure. The optimization goal is to minimize the number of
literals in the factorized function. This is a good measure for complexity of small expres-
sions implemented with CMOS AND-OR-NOT based libraries. In this technology, each
literal corresponds to 2 transistors (one PMOS and one NMOS) [BRSVW87]. Thus, it
correlates very strongly with the circuit area used for implementing active elements. How-
ever, if more complex functions are available in a certain library, a non-trivial technology
mapping needs to be applied after factorization. Usually, the technology mapping has
different objectives than the factorization; thus, it is very difficult to obtain near optimal
final results, both when the circuit’s active area is considered, and when a final circuit
routing and timing is to be optimized. Implementation of a heavily parenthesized expres-
sion with a large number of divisors requires a significant number of interconnections that
additionally are often very long. Such interconnections significantly increase the routing
area and delays in the synthesized circuit.

The main drawbacks of the standard factorization method described above are as
follows:

1. The method uses a very simple algebraic model for the division. This model exploits
only a limited subset of possible Boolean divisors that are denoted as algebraic
divisors. An algebraic model neglects a number of Boolean algebra properties.
Namely, absorption (a+ab = a, a(a+b) = a), idempotence (a+a = a, aa = a), and
de Morgan’s a + b = a b , ab = a + b ) cannot be exploited. Only one distributive
law applies, namely a(b + c) = ab + ac, but a + bc 6= (a + b)(a + c). Variable
complement is undefined, so identities aa = 0 and a + a = 1 cannot be identified.

2. The method can only handle completely specified functions. As a result, to reduce
computational effort and/or improve final circuit structure, the factorization pro-
cedure is preceded by two-level minimization (e.g., with ESPRESSO [BHMSV84])
of the functions being decomposed. In this way, design freedom expressed by don’t
care conditions is lost.

3. After each division, the kernel/cokernel sets need to be recalculated, because some
of the already computed kernels and cokernels will have become invalid.

4. The number of kernel/cokernel pairs can be huge, especially in the case of symmetric
functions.
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5. Heavily factorized expressions result in circuits that require many routing resources.

To overcome some of these drawbacks of algebraic division and factorization, several
extensions have been proposed. The extensions try to either improve the routability of
constructed networks or substitute the algebraic model of division by Boolean. Below,
the fundamental method for routability optimization is briefly described, as well as the
most promising recent methods that utilize the Boolean model of division.

Lexicographical factorization [ASSP90][SFA93] aims at improving the routing
of multiple-level implementations of factorized expressions. In this method, a certain order
is defined on input variables of each function being decomposed. The earlier a variable is
placed in the order the closer to the function’s output it is processed. Variables are not
distributed randomly across a circuit network; rather, they are assigned to certain levels
of logic blocks in the network.

The lexicographical (partial) order is implied by the assumption that the cokernel
variables precede the kernel variables. However, part of the variable order can be decided
by some external requirements, e.g., signal arrival times to the inputs. he division proce-
dure successively considers the cokernels containing literals of the lexicographical order.
Literals corresponding to the same variable (complements) are processed immediately one
after the other. The product terms containing the corresponding literals are factorized
as long as this factorization does not violate some total order. Note that the total order
does not need to be known up front. Each partial order defines a set of total orders. A
consecutive division can be performed by a certain kernel/cokernel pair if the partial order
induced by the pair is compatible with any of total orders defined by previous divisions.
After each division, the partial order of the kernel/cokernel pair is added to the partial
order defined thus far.

Figure 5.2 illustrates lexicographical factorization of the expression y = a ce + cef +
a cd + a d fh + a e df + gh + a g = c[a (d + e) + ef ] + a f(d h + e d) + gh + a g for the
order {cagfedh} [SFA93].

It was proven [SFA93] that lexicographical compatible kernel/cokernel pairs are also
algebraically compatible. Therefore, lexicographical factorization does not require the
recalculation of the kernel/cokernel pairs after selection of the pair from a set. Thus,
lexicographical factorization is much more efficient than standard factorization algorithms.
Since the order of variables is known and the number of kernel/cokernel pairs is limited,
the extraction of common sub-expressions is also very efficient.

Experimental results have shown that lexicographical factorization produces networks
with much smaller routing areas than does the standard factorization method. However,
the active area is larger because a fixed variable order prevents some good kernels from
being exploited.

Boolean division and factorization The method proposed by Stanion and
Sechen in [SS94] extends the concepts of algebraic division to its Boolean counterpart.
The basic features that distinguish this method from classical algebraic division are as
follows:

• A factored form (see Definition 2.34) is extended as follows:
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Figure 5.2: Example of lexicographical factorization

– A literal is factored form,

– If g and h are factored forms, then (g · h) is factored form (AND).

– If g and h are factored forms, then (g + h) is factored form (OR).

– If g and h are factored forms, then (g ⊕ h) is factored form (XOR).

• When a function of a form f = d
⊙

q + r is generated, supports of d and q do not
need to be disjoint (except when

⊙
is ⊕).

• When a function of a form f = d
⊙

q + r is generated (where
⊙

is one of: AND,
OR, XOR), r is used as a don’t care set for d

⊙
q, and symmetrically, d

⊙
q as a

don’t care set for r.

• Divisors are generated using ROBDD properties through generation of generalized
cofactors (see Definition 5.3).

Definition 5.3. Generalized cofactor
Let f and c be two Boolean functions. The generalized cofactor cof(f, c) is defined as
the interval:

cof(f, c) = [f · c, f + c ],

where interval [g, h] is a set of functions, such that [g, h] = { f | g ⊆ f ⊆ h }. 2

Using the concept of generalized cofactor, Boolean division formula f = d · q + r is
expressed in the form of Shannon expansion with the generalized cofactors [Bro90] as
follows:

f = d · cof(f, d) + d · cof(f, d ), (5.7)
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where d is a divisor, quotient q = cof(f, d), and reminder r = d · cof(f, d ).
The division algorithm can be outlined as follows. First, an existence of factorization

in the form f = g⊕h is verified by analyzing the structure of the ROBDD representing f .
If such a decomposition is encountered, then two functions g and h are generated and the
factorization is performed immediately. Otherwise, an existence of disjoint factorization
forms f = g · h and f = g + h is verified, where disjoint means that support of g and
h are disjoint. Function f has a factorization f = g · h if ROBDD representing f has
1-dominator. Function f has a factorization f = g + h if ROBDD representing f has
0-dominator. 1-dominator is a node v in a ROBDD such that every path from the root
node to the leaf 1 node must pass through v [Kar88b]. Analogously, 0-dominator is a
node v in a ROBDD such that every path from the root node to the leaf 0 node must
pass through v [Kar88b]. If such factorizations exist, the one implying the smallest cost
(described below) is performed. Otherwise, more general divisors are generated.

Three types of general divisors were proposed upon the following assumptions:

1. Multiple fanin divisor - Let fanin W of a node v in a ROBDD representing a certain
function f , denotes a number of nodes wi ∈ W such that v is child of wi. Since node
v defines a certain sub-function ϑ, and the set of sub-paths from the root node to the
node v implies set of cubes

∑
ci (each path is a single sub-cube), the function f can

be rewritten as f = (
∑

ci)ϑ + r. Hence, it is assumed that ϑ is a good divisor when
the number of cubes ci is large, i.e., when the fanin of v is large and the function ϑ
is the good divisor.

2. Best Shannon expansion - The best Shannon expansion is an expansion that induces
the fewest strong edges (see below) in both cofactors f |x and f |x .

3. Smallest implicant divisor - The smallest implicant, i.e., implicant with fewest lit-
erals, is detected as the shortest path in ROBDD from the root node to any leaf
nodes.

The standard algebraic division method uses literals count as the basic cost measure
of a division’s. Note that the number of literals in the function representation being used
in this approach is minimized by some two-level minimizer (e.g., ESPRESSO). ROBDDs
do not possess such properties. Therefore, measures that mimic the literals count were
proposed in [SS94]. The measure is based on the following observation. Let us assume
that a node v in a ROBDD represents a certain function f v = x f low(v) + xfhigh(v). Let
us assume that f low(v) ⊂ fhigh(v) that means that node low(v) belongs to the sub-tree
high(v). Then, f v = x f low(v) + xfhigh(v) + xf low(v) = f low(v) + xfhigh(v). In this case, the
edge from the node v to low(v) is called the weak edge, and the edge to node high(v) is
called the strong edge. Analogously, if f low(v) ⊃ fhigh(v), then f v = x f low(v) + fhigh(v), and
the edge from the node v to high(v) is called the weak edge, and the edge to node low(v) is
called the strong edge. When extracting the sum-of-product from ROBDD, enumerating
paths to leaf node 1, when the strong edge is traversed, a literal has to be added to a
product term. Hence, strong edges can serve as an estimation of literals count.

Although it was experimentally shown that this method constructs networks with
fewer literals than algebraic division, it has a number of shortcomings. To enumerate the
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main drawbacks: (1) XOR-like decomposition is limited to disjoint support. The ability
to detect this kind of decomposition depends on structure of ROBDD; (2) divisors are
selected in a such a way that some good divisions may be lost; (3) the manner in which
don’t cares are used for sub-function simplification may lead to incorrect results, and a
verification of division correctness is required.

Bi-decomposition In this approach, a function f(X) is expressed as a composition
of two sub-functions f = h(g1(X), g2(X)). It is not difficult to prove that h can only
be an AND, OR, XOR function when neglecting complements of h and g1, g2. Then, a
function f can be expressed in the three following basic forms:

f = g1 · g2 - conjunctive decomposition,
f = g1 + g2 - disjunctive decomposition,
f = g1 ⊕ g2 - XOR decomposition.

Although bi-decomposition can be considered a generalized case of Ashenhurst decompo-
sition (see Section 3.1) we consider it rather as a special case of Boolean division.

In [YSC99][YCS00][YC02], Yang and Ciesielski proposed a very efficient method of
logic optimization based on a bi-decomposition paradigm. In this method, the concept of
generalized dominator plays the key role. The generalized dominator is an extension of the
0− dominator and 1− dominator introduced by Karplus [Kar88b] for logic minimization
with if-then-else diagrams (ITE-DAG, see Section 2.6).

Let a ROBDD represent a certain completely specified Boolean function f ,
∑

0(f)
denotes a set of edges connected to the leaf node 0, and

∑
1(f) denotes a set of edges

connected to the leaf node 1.

Definition 5.4. Generalized dominator
Let a cut (not necessarily a horizontal cut) of ROBDD, partition the set of internal
ROBDD nodes V into two disjoint sets VD and V \VD, where the nodes in VD are stacked
at the top of the ROBDD and the nodes in V \VD are stacked at the bottom of the
ROBDD. The portion of ROBDD defined by VD – i.e., all nodes v ∈ VD and edges that
are connected to v ∈ VD – is copied to form a separate graph D as follows: (1) edges
e ∈ ∑

0(f) connected to any node v ∈ VD remain connected to leaf node 0; (2) edges
e ∈ ∑

1(f) connected to any node v ∈ VD remain connected to leaf node 1; (3) edges
starting at nodes v ∈ D and pointing to a node w ∈ V \VD are left dangling at nodes v;
(4) edges between nodes in D, i.e., e = (v, w), v, w ∈ D, are copied. The resulting graph
is called the generalized dominator of f with respect to a given cut and is denoted as
gdom(f). The edges that remain dangling, are called free edges. 2

Figure 5.3.a shows a cut (marked as bold dashed line) in ROBDD of a certain function
f (taken from [YC02]). Left part of Figure 5.3.b illustrates a generalized dominator, where
all free edges are attached to the gray node.

The Boolean divisor d of a certain completely specified Boolean function f can be con-
structed from generalized dominator gdom(f) by redirecting all free-edges to the terminal
node 1 (see Figure 5.3.b). The corresponding quotient q is constructed by redirecting the
edges

∑
0(f) emanating from nodes VD to don’t care nodes and a consequent ROBDD
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Figure 5.4: Boolean XNOR decomposition

minimization. The procedure is illustrated in Figure 5.3.c. In this case, the function f
has conjunctive decomposition in the form f = d · q.

A disjunctive decomposition f = g + h can be found using the generalized dominator.
Sub-function g is obtained by redirecting all free edges of gdom(f) to the terminal node
0. The function h is obtained from f by redirecting the

∑
1(f) edges in f to don’t care

nodes and a consequent ROBDD minimization.
Only cuts which contain at least one leaf edge e ∈ ∑(f) can lead to nontrivial Boolean

decomposition. ROBDD cuts are equivalent if they share the same subset of
∑

0(f) or∑
1(f) edges. This fact dramatically reduces the number of valid cuts. To increase

efficiency of the method, only horizontal cuts are considered.
Boolean XNOR decomposition f = g⊕h is detected with generalized x-dominator. A

generalized x-dominator can be efficiently found when ROBDD contains complemented
edges (see Section 2.6).

Definition 5.5. x-dominator
Node v ∈ V is an x-dominator if it is pointed by at least one complemented and one
regular (high or low) edge. 2

Node v, being an x-dominator, defines function f v = g. Function h = g⊕f is computed
using standard ROBDD operator. Figure 5.4 illustrates XNOR decomposition of function
f = (c⊕d)⊕(a(b + cd)) (complemented edges are marked by circles, taken from [YC02]).
Function f has two x-dominators as shown in Figure 5.4.a. For the decomposition x-
dominator defined by node c is chosen. Figure 5.4.b shows resulting functions g and
h.

Experiments show that Boolean division by Yang and Ciesielski is an order of magni-
tude faster than SIS [SSJ+92]. For arithmetic circuits that usually contain a large number
of XOR sub-functions, produces circuits with fewer gates and shorter delays. The inability
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to handle incompletely specified functions is the main drawback of this method. The sec-
ond disadvantage is that set of dominators, which can be exploited in the decomposition
process, is limited by ROBDD variable order.

The described above logic optimization method revokes the bi-decomposition ap-
proach, particularly in technology mapping for LUT FPGAs, where a good structure
of an initial network of gates is vital. As a result, a number of new approaches have
been proposed. A method proposed by Mishchenko, Perkowski, and Steinbach [PSM01]
is based on ROBDDs and deals with incompletely specified functions. The resulting cir-
cuits are compact, well balanced, and have short delays. These circuits are non-redundant
and facilitate test pattern generation for stuck-at faults. In [Cor01], Cortadella proposed
another timing-driven synthesis method based on bi-decomposition. Steinbach [Ste03]
proposed a method of bi-decomposition of incompletely specified functions that is based
on Boolean Differential Calculus.

5.2 Technology mapping

Section 5.1 describes techniques for the minimization of Boolean expressions. Boolean
expressions comprise a technology independent description of a design and hence must
be translated into a network of blocks available in the library of an implementation
technology. The blocks from the library are called the basic building blocks. The
translation process from a Boolean expression onto a network of basic building blocks is
called technology mapping. In this section a number of technology mapping techniques
for LUT-based implementations are discussed.

The technology independent logic optimization is useful only if the technology map-
ping can preserve the network structure decided by an optimization algorithm. To ensure
consistency between logic optimization and technology mapping, a certain library of basic
building blocks should provide blocks implementing at least basic operators being used
in Boolean expressions representing a design. On the other hand, to use the library effec-
tively, the operators used in Boolean expressions should reflect the most effective building
blocks in the library. This is an important problem in the case of LUT-based technology.
The LUT-based building blocks can implement any Boolean function (operator) with
structural limits imposed by a maximal number of its inputs. No representation that
adequately reflects this property exists. In fact, an optimal network of LUTs would be
the optimal representation. Therefore, the distance between any Boolean representation
that uses a limited set of operators and a library containing LUTs is great. Technology
mapping is more difficult and less effective if the distance between the available building
blocks and the used operators is larger.

The technology mapping methods for LUT-based architectures are derived from meth-
ods that map a network of gates onto a library of gates. In these techniques, the Boolean
expression to be implemented is represented by a directed acyclic network graph (DAG),
as described in Section 5.1. Each gate in the library is represented by some pattern DAG.
Technology mapping tries to find an optimal-cost covering of the subject DAG using the
collection of pattern DAGs (so-called pattern matching method).
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A result of technology mapping is determined to a large degree by structure of
the initial DAG. Although efficient algorithms exist if the network DAG is a tree,
the technology mapping problem is NP-hard in general. Moreover, pattern matching
approaches are impractical in the case of LUTs, since each k-LUT can implement 22k

functions, and the library describing k-LUT needs to contain 22k
patterns2. Therefore, a

number of approaches for technology mapping onto LUTs network have been proposed.
Most often, the mapping methods for LUT networks do not use pattern matching
techniques. Rather, they partition an initial network into a set of sub-networks in such a
way that each sub-network can be implemented by a single LUT. The sub-networks do
not need to be disjoint.

The main technology mapping methods for LUT-based FPGAs can be roughly divided
into three classes depending on optimization criterion or criteria [CD96]:

• Methods for area optimization that minimize LUTs count in the mapped network.
This class includes MIS-pga and its enhancement MIS-pga-new by Murgai et al.
based on several synthesis techniques [MNS+90][MSBSV91a], Chortle and Chortle-
crf by Francis et al. based on tree decomposition and bin packing techniques
[FRC90][FRV91a], Xmap by Karplus based on the if-then-else diagrams decompo-
sition, the method by Woo that uses the notion of edge visibility [Woo91], the ap-
proach by Sawkar and Thomas based on clique partitioning [ST93], and the method
by Cong based on efficient network cuts enumeration [CWD99].

• Methods for delay minimization. This class includes: MIS-pga-delay by Murgai et
al. [MSBSV91b], Chortle-d that minimizes the depth increase at each bin packing
step [FRV91b], DAG-Map by Chen et al. based on Lawler’s nodes labeling algorithm
[CCD+92], its improvement, FlowMap, by Cong, that uses node labeling based on
minimum height k-feasible cut in a network [CD94], and the method by Schabas
and Brown that duplicates logic to improve performance [SB03].

• Methods for routability optimization. This class includes methods proposed by
Bhat and Hill [BH92], by Chan et al. [CSZ93], Shlag et al. [SKC94], and Chang
[CCWMS94].

Before we describe the most representative technology mapping methods for LUT-
based FPGAs, we briefly present basic concepts used in this research area. Figure 5.5
shows an example of a network DAG. The nodes in the graph represent the Boolean
functions. A node v is k-feasible if the number of its inputs is less then or equal to k,
i.e., sup(v) ≤ k. If the node is not k-feasible, it cannot be mapped onto k-LUT, and the
node needs to be decomposed to find a network of feasible nodes that provide the same
functionality. If all nodes in a network are k-feasible, the network is called k-feasible or
k-bounded. A node v is called fanout-free if it has no more than one output connection.
A cone Cv is a sub-network rooted at node v that contains v and some of its predecessor
nodes w, such that a path from w to v lies entirely in Cv, and w is not a primary input.

2The number of patterns can be decreased when inputs’ permutations are considered. This complicates
the mapping algorithm, however, and the number still remains high in typical cases when k = {3, 4, 5, 6}.
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Figure 5.5: Basic concepts of technology mapping for LUT-based FPGAs

A support sup(Cv) of a cone is a set of nodes that are not members of the cone but
feed the nodes in the cone. If |sup(Cv)| ≤ k, the cone is called k-feasible and can be
implemented by a k-LUT. A maximum cone MCv of v contains all of its predecessors
except primary inputs. A fanout-free cone (FFCv) is a cone in which the fanouts of
every node other than the root node v are in the cone. A maximum tree rooted at
node v (MTv) is a sub-graph of MFFCv that does not contain nodes (other than v)
with reconvergent fanout. A cut of a cone Cv is a bi-partition (X, X) of the nodes in
Cv ∪ sup(Cv) such that sup(Cv) ⊆ X, v ∈ X, and X is a sub-cone of Cv, i.e., X ⊆ Cv.
The size of a cut is defined as |sup(X)|. A cut is k-feasible if |sup(X)| ≤ k.

The MIS-pga family of technology mapping algorithms for LUT FPGAs is based
on algebraic division described in Section 5.1.3. It is applicable to general networks
for area minimization [MNS+90]. Infeasible nodes of a network graph are decomposed
into a k-bounded network. The infeasible nodes are decomposed using a factorization
technique based on kernel extraction, Roth-Karp functional decomposition, and AND-OR
decomposition. Then, the feasible nodes are collapsed into fanout nodes to decrease the
number of LUTs required to implement the network, while preserving k-feasibility of
the nodes. Nodes are collapsed in an heuristically determined order. In the mapping
step, this method produces all possible LUT implementations, called super-nodes. A
subset of super-nodes is then selected, such that each node has to be covered by some
super-node, and all inputs of all super-nodes are either primary inputs or outputs of other
super-nodes. The super-nodes selection algorithm is formulated as a binate-covering
problem (which is NP-hard) and is solved exactly or heuristically. MIS-pga-new uses
additional logic optimization techniques, including cube-packing, cofactoring, and
cube-partitioning [MSBSV91a]. It tries all decompositions and selects the best result.
The constraint on nodes k-feasibility during collapsing is relaxed, and collapsed nodes
that are not feasible are re-decomposed. MIS-pga-delay [MSBSV91b] targets delay
optimization. Initially, nodes on critical paths are collapsed in topological order. The
collapsing is performed if the resulting node remains feasible or can be decomposed into
feasible nodes without introduction of an additional delay. The mapping solution is
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improved using a two-dimensional grid representing the typical structure of LUT-based
FPGAs. The feasible nodes are placed in the grid and the simulated annealing algorithm
that swaps the nodes in the grid iteratively improves the delay of the solution. MIS-pga
algorithms are embedded in the SIS system that is our main reference tool used in the
experimental part of the reported research.

The Chortle family is one of the earliest mapping algorithms. The more advanced
algorithm of this group is Chortle-crf [FRV91a]. Chortle-crf accepts two-level AND/OR
expressions on its input. The decomposition of the input expression and the mapping
procedure are coupled in the bin-packing procedure, where LUTs are bins and AND
terms are objects to be packed. In general, bin packing problem is NP-hard. For such a
problem, the heuristic first-fit decreasing [FRV91b] and best-fit decreasing [MSBSV91a]
algorithms construct optimal solutions when the number of LUTs inputs is less then
or equal to 5. The Chortle-d [FRV91b] is an extension of Chortle-crf algorithms for
delay minimization. It minimizes the depth of a final network along critical paths, and
the number of LUTs in non-critical portions of the network. Although the networks
constructed by Chortle-d have on the average 35% fewer levels of LUTs than those
constructed by Chortle-crf, they require almost 60% more LUTs. Chortle-crf/d algo-
rithms are very efficient, and they solve the bin-packing problem optimally. However, the
possible decomposition schemes are limited to AND/OR decomposition. Thus, the func-
tional capabilities of LUTs cannot be fully exploited, and the final results are not optimal.

The Xmap algorithm by Karplus [Kar90] was the first attempt to use decision
diagrams for LUT mapping. The algorithm converts the input network into an if-then-
else graph and maps the graph directly onto LUTs. The recent methods based on
decision diagrams instead use the functional decomposition paradigm. This methods are
described in Section 5.3. The simpler methods exploit the method called substitution
[CMS92][SS95] that is described in Section 3.2. In this approach, a certain sub-graph
of a ROBDD is re-expressed by new variables. Such a sub-graph represents a certain
Boolean function. If the support of this function has a number of input variables smaller
than or equal to k, it can be directly mapped into k-LUT. The sub-graph is extracted
from the ROBBD, and the new variables represent outputs of the corresponding LUTs.
A ROBBD variable ordering procedure determines the structure of the graph, as well as
a set of sub-graphs to be extracted and mapped. Techniques of this type, have proven
to be very efficient. However, in this approach, when the structure of the diagram is
determined solely a BDD package, it is difficult to predict the structure of the final
network. Moreover, it may be impossible to build a single ROBDD for a large network.
In such a case, ROBDD needs to be partitioned and processed portion by portion.

The FlowMap family is a successor of DAG-Map algorithm [CCD+92]. Both meth-
ods optimize performance (delay) of a final network of LUTs. FlowMap [CD92][CD94]
works in two main steps. In the first step, an initial (general) network is decomposed into
a depth optimal network of 2-input gates (so-called gate network) using AND/OR and
Huffman tree decomposition [CCD+92]. In the second phase, the gate network is packed
into LUTs. In this case, the mapping problem is formulated as DAG covering by feasible
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cones and is solved using flowpack operation. Computation of the minimum height
k-feasible cut and the best cut selection based on the Max-flow min-cut theorem ensures
the minimal depth of the mapped network. It was shown that the minimum height
k-feasible cut can be found very efficiently in O(km) time, where m is a number of edges
in the graph. FlowSyn [CD93] extends FlowMap by incorporating a logic optimization
into the technology mapping procedure. FlowSyn tries to re-decompose the input cones
of a node when it is impossible to find a k-feasible cut for the node. The decomposition
procedure is based on functional decomposition, where bound-set variables are selected
from nodes of smaller depth. A decomposition is accepted when it decreases the depth
of the node or reduces the area but not increases the critical path depth. This algorithm
improves the results of FlowMap by 20% for area, and by 13% for depth of the mapped
circuits. It also illustrates how important it is, to consider the functional properties of
nodes during the technology mapping procedure.

Technology mapping is necessary when logic optimization is performed without consid-
eration of the final implementation technology. Technology mapping remains a problem,
although a number of sound methods have been developed.

In [FS94], Farrahi and Sarrafzadeh showed that a greedy algorithm is able to find an
optimal mapping with a minimum number of LUTs if a network has a tree structure.
However, the real networks are rarely trees.

In [FS94], it was proven that mapping for area minimization of k-feasible general
networks onto k-LUTs is an NP-complete problem when k ≥ 5. It was also shown that for
k = 4, technology mapping is NP-hard. This problem results from the fact that LUTs may
cover the same portion of a network, and the covering cannot be performed independently
in each node. This means that duplication-free technology mapping methods (i.e., when
each node in a network is covered only by one LUT) for LUT area minimization will not,
in general, be optimal.

Even the optimal algorithm for network depth minimization by Cong cannot guarantee
the optimal solution because it optimizes k-bounded networks that may be not optimal for
mapping. Moreover, construction of the k-bounded networks for optimal depth minimizing
mapping is NP-hard [CH00].

5.3 Functional decomposition

In functional decomposition approaches, an original function is decomposed into a
multiple-level network of simpler sub-functions. The sub-functions can be Boolean func-
tions of any type and are decided by the decomposition algorithm. When all sub-functions
in the final network have fewer than k inputs, the network can be trivially mapped onto
any FPGA architecture providing k-LUTs. In this way, logic optimization and technology
mapping can be performed simultaneously.

Chapter 3 describes the main methods based on the functional decomposition
paradigm. In this section we discuss techniques that solve three main problems of func-
tional decomposition:

1. A bound-set construction (Section 5.3.1),
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2. Binary encoding of multi-valued sub-functions(Section 5.3.2),

3. Multi-output decomposition (Section 5.3.3).

5.3.1 Input support selection for sub-functions

Input support (bound-set) U construction is the initial step of the predecessor sub-
functions gi(U) construction. This step not only determines the input variables of gi(U)
functions, but also (partially) determines the variables that will not be available in the
next steps of the decomposition process (e.g., in disjoint decomposition, input variables
of gi(U) cannot be reused). As a result, the bound-set selection procedure has a strong
impact on the structure of the final network.

In the early years of functional decomposition, scientists applied a systematic (exhaus-
tive) approach when selecting the best input support U [Cur61][RK62]. The systematic
approach was also used in early tools based on ROBDD [LPV93][LPP94][SSN95]. In the
systematic approach, the quality of each support having k variables was verified, and the
support implying the best quality factor was selected. The number of output variables
necessary to implement symbolic function g was the dominating support quality

evaluation procedure. Each systematic procedure enumerates all supports of size
k; therefore, systematic methods become inefficient when n and k grow (e.g., n > 20,
k > 3). To surmount the computational complexity of the systematic method, heuristic
algorithms were proposed. The heuristic algorithms significantly reduce the number of
supports to be enumerated.

Contemporary heuristic approaches to input support construction are strongly tied to
the Boolean function representation they use. For this presentation, we divide them into
three categories:

1. A bound-set construction based on the analysis of tabular representation [SHC95],

2. A bound-set construction based on ROBDD manipulation [JJHW97][Sch95],

3. A bound-set construction based on information modeling (set-systems and infor-
mation relationships) [RJLC98][CJ01].

A bound-set construction based on analysis of tabular representation

In [SHC95], Shen et al. proposed a method based on the concept of a µ-orthogonal matrix
(where µ denotes free-set variables). µ-orthogonal matrix m × n for function f contains
as many rows as product terms (cubes) ci in the on-set fON and as many columns as
product terms dj in the off-set fOFF . For each partitioning of the input variables into
a bound-set and a free-set, the related µ-orthogonal matrix O is created in such a way
that a cell Oij = 1 if ci

µ ∩ dj
µ = ∅, i.e., when sub-vectors ci

µ and dj
µ defined on free-set

variables µ do not intersect (are orthogonal); otherwise Oij = 0. For each sub-vector cµ

(dµ), a correlated λ sub-vector cλ (dλ) exists. The λ sub-vectors are defined on variables
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from the bound-set. It was observed that if Oij = 0 then any two minterms mk
λ ∈ ci

λ

and ml
λ ∈ dj

λ becomes incompatible. Since the objective was to minimize the number
of compatible classes, the derived heuristic selects the bound-set variables that produce
minimal number of 0’s in the related µ-orthogonal matrix.

This approach can analyzed in terms of information relationships. Each cell in the
µ-orthogonal matrix, where Oij = 1, corresponds to an information item induced by free-
set variables. Since for a given function f the size of Omn is constant, minimizing the
number of 0’s is, effectively, maximizing the amount of information provided by free-
set variables. This heuristic was integrated with SIS environment. The results were
promising; networks constructed with Shen’s algorithm had 27% fewer LUTs than the
Roth-Karp decomposition algorithm implemented in SIS. It was also more than 6 times
faster than the decomposition algorithm implemented in SIS.

A bound-set construction based on ROBDD representation

In [Sch95], Schlichtman proposed a heuristic bound-set construction method called itera-
tive improvement. It was applied afterwards in [LWE96b][LWE96a][LWE98][WSEA99].

The algorithm starts from an initial partition of function f input variables (with
bound-set cardinality b and free-set cardinality n−b). A sequence of cost-reducing variable
exchanges is then performed between the free-set and the bound-set, provided that the
decomposition cost reduction is being achieved. The initial partition is obtained from the
cutting of a ROBDD representing function f . The ROBDD is minimized with respect to
the number of nodes. The implementation cost of an n-input sub-function is based on
Boole’s expansion:

cost(n) =

{
1 : n ≤ k
3
2
2n−k : n > k

(5.8)

The decomposition cost (dcost) estimates the number of logic blocks necessary to imple-
ment function f . It is defined as the sum of costs of a predecessor sub-function g and a
successor sub-function h implementation.

dcost(f,g) = cost(|sup(f)| − |sup(g)|+ c) + c · cost(|sup(g)|), (5.9)

where c = log2(|Πg|) is the number of output variables required to implement g. |Πg|
denotes the number of nodes in a cut-set, as well as the number of equivalence classes
induced by g.

In each iteration, the best free variable and the best bound variable are selected. The
best bound variable is determined by temporarily moving each bound variable xi into the
free-set, thus decreasing the bound set size b− 1 and computing the dcost. The best free
variable is computed in a similar way by temporarily moving each free variable xj into
the bound set and computing the dcost. The best bound and the best free variable are
exchanged if this results in a cost reduction. The dcost measure is also used for the final
selection of the best bound-set size.

This method was a significant step in the area of efficient heuristic bound-set
construction. The experimental results showed that the iterative improvement approach
is superior to previous approaches. For example, networks built with input supports
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constructed by the iterative improvement algorithm have 58% fewer LUTs than networks
constructed with Shen’s µ-orthogonal matrix algorithm. However, this approach has
some drawbacks. The initial structure of ROBDD may prevent construction of some
good bound-sets. All decisions are made in a greedy manner. If the cost reduction is
equal to 0, two or more alternative solutions are of the same quality. No alternative
solution is verified, even if it leads to a better final result.

Wurth et al. extended the iterative improvement bound-set construction method
to multiple-output functions decomposition [WSEA99]. The extension only defines a
new decomposition cost for a set of functions; the input-support construction mechanism
remains the same. Decomposition cost dcostM for a set of Boolean functions was defined
as follows:

dcostM(f ,g) =
∑
fi∈f

cost(|sup(fi)| − |sup(g)|+ ci) + q · cost(|sup(g)|), (5.10)

where q denotes the number of predecessor sub-functions to be constructed for all functions
fi ∈ f . However, in the decomposition method presented in [WSEA99], the number q is
not known before g is finally encoded.

Hence, the upper bound of the dcostM (dcost′M) was defined in the following way:

dcost′M(f ,g) =
|f |∑
i=1

(cost(|sup(fi)| − |sup(g)|+ ci) + ci · cost(|sup(g)|)) (5.11)

=
|f |∑
i=1

dcost(fi,gi) (5.12)

In the above equation, ci = log2(|Πgi
|) denotes the number of output variables required

to implement the specific predecessor sub-function gi for a certain function fi.

In [JJHW97], Jiang et al. published another heuristic bound-set construction method
based on ROBDD representation. The idea was to find an order of variables in ROBDD
that bound-set variables, being stacked at the top of ROBDD, induce the smallest cut-set
(number of equivalence classes) possible. To find such an order, the difference between the
cut-set in a binary tree and the related cut-set in ROBDD is defined as a benefit measure.
In the first step, all variable pairs are evaluated, and the pair having the highest benefit is
selected as the top two variables in ROBDD. If there is more than one such a pair, one is
picked up randomly. In the second step, the variable that allowed for maximal reduction
of the cut-set at the current ROBDD level is selected as the second one variable in the
order being constructed.

The second step is repeated until the overall order is constructed. The cost of a
bound-set is defined as follows:

cost = #LB + |sup(h)| − |sup(f)|, (5.13)

where #LB denotes a number of logic blocks required to implement function g, and
|sup(h)| and |sup(f)| are the number of input variables of the image function h and
original function f , respectively.
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The main drawback of this approach is that all decisions are made in a greedy manner.
Therefore, potentially misleading decisions made at some step of the ROBDD ordering
construction may make finding a good final order impossible. Another drawback is related
to the Boolean function representation - this method can be used only for completely
specified functions.

A bound-set construction based on information modeling

In [RJLC98], Rawski et al. presented heuristic bound-set construction algorithm based on
information relationships analysis. The approach is based on the experimental observation
regarding characteristics of the bound-set and the free-set variables. Rawski’s approach
states that a good bound-set variable should do the following:

• carry relatively little information necessary for computation of an output informa-
tion of a function f ,

• carry relatively much information unnecessary for computing output information,

• carry relatively much information delivered by variables from free-set V ,

• carry information that the structure is similar to other variables in the bound-set U

Simultaneously, variables from the free-set V should:

• carry relatively much information necessary for output information computation,

• carry information that the structure is similar to the output information.

The following, four-step algorithm of a bound-set U construction was proposed.

1. Select the first variable xi ∈ X (where X is the support of a function f) that carries
the smallest amount of information necessary for computing function’s f output
information. Variable xi has the minimal value of information relationship measure:

ISIMN(IS(πxi
), IS(πX)) =

|CI(πxi
, πf )|

|
⋃

xi∈X

IS(πxi
)|

The initial bound-set U1 that contains one variable is constructed.

2. Variables xj that yield the maximal value of the measure of the structural similarity
of xj to the previous partial solution Un−1:

SSIM(IS(πxj
), IS(πUn−1)) = |CI(πxj

, πUn−1)|+ |CA(πxj
, πUn−1)| −

(|DI(πxj
, πUn−1)|+ |DA(πxj

, πUn−1)|)

are added iteratively to the previous partial solution Un−1
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3. In this step, the structural measure of redundant information SRI(Un) provided
by variables from partial solution Un plays the main role. The SRI(U) measure is
defined as follows:

SRI(U) =

∑
Bi∈πU

|IS(Bi)\IS(πf ) ∪ (IS(Bi) ∩ (IS(πV ))|
|(IS(Bi) ∩ IS(πf ))\IS(πV )|

|IS(πU)|
,

where IS(Bi) denotes the information provided by symbols from block Bi ∈ πU .
The SRI measure expresses the relation of the redundant information provided
by bound-set’s U variables (i.e., information that is either not required for f or is
provided by variables from free-set V ) to all of information provided by U . It is
assumed that the more redundant information contains bound-set U the easier is
the construction of πg with fewest number of blocks. Therefore, variable xk that
yields the maximal value of the SIR(Un) measure is added to the previous partial
solution Un−1.

4. The last variable is added in an exhaustive manner. Each remaining variable is
added to the partial solution UK−1. The corresponding set-system πg is computed
for UK , where K denotes the maximal number of variables in the bound-set be-
ing constructed. The bound-set that gains with the minimal number of blocks in
corresponding πg is selected as the final solution of that algorithm.

What differentiates the information modeling based bound-set selection algorithms
from other approaches is the fact that they not only yield in the sub-optimal func-
tions g, but these functions have specific characteristics enforced by the construction
method. These characteristics go beyond simple evaluation of the number of equiva-
lence (or compatibility) classes and provide the next degree of bound-set selection quality.

In Chapter 6 we describe another method for bound-set construction based on in-
formation relationship measures. This method was developed in the framework of the
reported research project and was partially presented in [CJ01].

5.3.2 Predecessor sub-function binary encoding

A bound-set U induces a multi-valued function (relation) G : {0, 1}|U | → V , where
each value v ∈ V represents some set of compatible (or equivalent) minterms spanned
on binary variables from U . The set of compatible minterms is called the compatibility
class. To implement G with contemporary hardware, it needs to be transformed into
a set of binary functions {gi(U)}. The transformation process is called the binary
encoding. When the binary predecessor sub-functions gi are known, a resulting binary
image function h, such that f(X) = h(g1(U), . . . , gl(U), V ), can be computed. The
number of values in V determines the minimal length lmin = dlog2 |V |e of a binary code.
If the length of a code l = lmin, the encoding is called rigid. If l > lmin, the encoding
is called pliable. The length of the code determines the number of binary sub-functions gi.
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In [MBSV94], Murgai et al. observed that the problem of determining binary sub-
functions g and h can be considered an input-output encoding problem because functions
gi are outputs of a block g and inputs to a block h. From the viewpoint of the encoding
objective, one can divide the encoding algorithms into the following classes:

• output encoding : dedicated to functions gi simplification,

• input encoding : dedicated to a function h simplification,

• input-output encoding : dedicated to concurrent simplification of functions gi and h.

The ratio of relative complexity of the predecessor and successor sub-functions can
be used to select the encoding type that yields the most effective decomposition. For
example, if the successor sub-function has significantly more inputs than the predecessor
sub-functions, one can reason that this successor sub-function has a greater potential
for simplification, and input encoding should be performed. Conversely, when the
predecessor sub-function has significantly more inputs than the successor sub-function,
the predecessor sub-function should be simplified by some output encoding method.
When the complexity of the predecessor and successor sub-functions are comparable,
input-output encoding should be used. A simple and effective strategy for encoding
method selection was proposed in [BPGJ98].

Different techniques of code assignment to compatible classes were used in previous
works:

• strict encoding : where unique code is assigned to each compatibility class, and

• non-strict encoding : where two or more codes can be assigned to a compatibility
class.

Non-strict encoding offers more freedom for sub-functions simplification, but it
significantly increases the computational complexity of the encoding algorithms (see
Section 6.3.11). On the other hand, the strict encoding preserves symmetries in the
predecessor sub-functions [SM95].

Below, we briefly describe the most representative predecessor sub-function encoding
approaches being used in the synthesis of FPGA circuits.

Output encoding methods

Output encoding minimizes the complexity of the predecessors a sub-functions gi. Since a
number of inputs to sub-function gi is a strong evaluator of the complexity, the most pop-
ular output encoding approaches try to assign codes to compatibility classes in such a way
that the number of inputs of binary functions implementing the encoding is minimized.
In particular, if a predecessor sub-function depends on only one input variable x, there is
no LUT required to implement the function. In such a case, function f(x) is trivial and
can be merged into image function h, which results in a non-disjoint decomposition.
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Initially, this approach was motivated by limited routing resources in early FPGAs
architectures. For example, FPGAs of Xilinx X3000 series contained configurable logic
blocks that could implement one 5-input LUT, or two 4-input LUTs. However, the two
4-input LUTs could have no more than a total of 5 inputs in total.

In [HJS95][HJS99], Hunag et al. proposed an algorithm for strict compatible class
encoding for 2-output LUTs. In this approach, compatible class encoding algorithm
constructs a set of minimal length encodings that results in as many predecessor sub-
functions gi(U) independent of at least of one their input variables (x ∈ U) as is possible.
The idea was that two values v1, v2 ∈ V being respectively represented by two minterms
m1 and m2 spanned on variables from U , belong to the same minimum independent set
ISk (i.e. {v1, v2} ⊆ ISk) of variable xi ∈ U , if and only if m1 and m2 differ only on
variable xi. In such a case, it is possible to build a function gi independent of xi because
xiY +xi Y = Y , where Y denotes the common part of minterms m1 and m2. A set {ISk}
of minimum independent sets induced by xi constitutes a partition over values in V .
Each pair (ISm, ISn) is represented as a dichotomy [Tra66], and an exhaustive algorithm
(with efficient pruning) constructs a strict encoding that satisfies a maximal number of
dichotomies. Maximizing the amount of satisfied dichotomies allows for construction of
the functions gi independent on as many variables from U as possible.

The experimental results showed 20% improvement in LUT count over an analogous
decomposition method without encoding strategy. However, strict encoding limits the
ability to find maximal independent functions, and the exhaustive encoding procedure is
not efficient for large bound-sets. A breakthrough approach was proposed by Legl et al.
as described below.

In [LWE96b][LWE98], Legl et al. proposed an implicit non-strict encoding algorithm
minimizing the support of a predecessor sub-functions gi. In this approach, the minimum
independent sets (called here xi-adjacent vertices) are implicitly represented by ROBDD.
Using this compact representation, a set of all functions independent on each of xi ∈ U
is efficiently computed on ROBDD.

To satisfy the encoding constraints, the encoding procedure selects functions gi one
by one, thus constructing the encoding bit by bit. At each iteration, a function that
is simultaneously independent of the maximal number of variables and does not violate
encoding constraints (assignable function) is selected.

Assignable function is defined as follows. Let V be a set of values vi representing a set
of compatible classes. Each encoding binary function gi defines a bi-partition Πi on V .
At the k-th step of the algorithm, k− 1 of assignable functions g1, . . . , gk−1 is constructed
and selected for the encoding. A function gk is assignable at the k-th step, if and only if
no partition block Bm ∈ Πk

A

Πk
A =

k∏
i=1

Πi

contains more than 2l−k values vi from V , where l denotes a length of the code being
constructed. In other words, the remaining functions gj (j = k+1, . . . , l), must distinguish
any two values vi, vj ∈ V not yet distinguished.
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This approach was implemented in the academic tool called ISODEC (see Section 7.3
for comparison with the proposed decomposition approach). The improvement reported
in [LWE98], in terms of LUTs count, was about 28% on standard MCNC benchmarks
[MCN], and about 50% on a set of industrial benchmarks, in comparison to the usual
methods. It was also reported that with this approach, decompositions with up to 53
bound variables were performed. The drawback of this solution is that sub-functions
gi are selected in a some greedy manner. Hence, the decisions at the early stages of
the algorithm can block some good solutions, because a function with a small support,
although assignable at an early stage, might not be assignable later on.

In [QIA01], Qiao et al. presented an approach similar to ISODEC, but limited to
small bound-sets |U | ≤ 5. Qiao’ approach differs from Legl’s by selection strategy of the
assignable functions. Moreover, when the support of an image function h resulting from
a given decomposition has less than 5 variables, the method uses pliable encoding that
allows for more than lmin gi functions, provided the support of h is not larger than 5
variables.

The proposed function assignment strategy is rule-based and strongly prefers sub-
functions that depend on just one variable. Functions that depend on one variable lead
to non-disjoint decomposition. The method considers only convergent bound-sets (i.e.,
l < |U |) that have less than or equal to 5 variables. For each length of code l = 2, 3, 4, a
specific rule describing a strategy of the functions assignment is defined.

The encoding method was incorporated into SIS system [SSJ+92][SISRL]. The re-
ported experimental results on MCNC benchmarks showed that networks constructed
with this encoding approach have on average 25% fewer LUTs than networks constructed
by ISODEC.

Input encoding methods

In [MBSV94], Murgai et al. proposed an encoding method aimed at simplifying an im-
age function h. In this approach, a multi-valued predecessor sub-function G is initially
encoded with 1-hot code3. Each code represents a certain value v in V . The initial 1-hot
codes are substituted into a function f being decomposed. In this way, a multi-valued
representation H of an image function h is constructed. Subsequently, the multi-valued
function H is minimized. The minimized multi-valued minterms impose a set of face
embedding constraints that describes an objective of a code assignment procedure. In this
case, the objective is to place as many codes as possible on each particular face (sub-cube)
of the final code binary space determined by the minimal number of outputs of encoded
predecessor sub-function g. The second set of encoding constrains ensures that each final
binary code will be unique. These two sets of constraints are provided to a constraint sat-
isfier that generates the final binary codes. Unused codes imply a set of don’t cares that
are used to further simplify the functions gi and h. A satisfaction of the face embedding
constraints results in fewer product terms and fewer literals in a two-level representation

3A 1-hot code has as many bits as there are values in V . Each code has exactly one bit set to 1, at
a position that uniquely corresponds to a certain value v ∈ V . The 1-hot code is also called positional
cube notation.
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of the binary image function h.
The experimental results showed 20% improvement in LUTs count over a dumb

encoding procedure.

Another method of input encoding is related to multiple-output functional decompo-
sition. In this approach, the objective is to encode a multi-valued function G (or a set
of functions Gi) in such a way that the resulting sub-functions gi can be used for the
decomposition of as many single-output functions fi as possible.

In [SM95], Scholl and Molitor proposed method that computes a maximum number
of common sub-functions for a set of functions f = {f (1), . . . , f (n)}. In this method,
decomposition of a given function f (i) is represented as follows:

f (i) = h(i)(g1(U), . . . , gt(U), g
(i)
t+1(U), . . . , g(i)

m (U), V ),

where the sub-functions g1, . . . , gt are common for all the functions in f , and the functions
g

(i)
t+1, . . . , g

(i)
m are specific for each f (i). The presented algorithm takes a set of multi-

valued functions G(i) : {0, 1}|U | → V and constructs a set of assignable sub-functions

(see above, Subsection ”Output encoding methods”) g1, . . . , gt and g
(i)
t+1, . . . , g

(i)
m one by

one. The objective is to construct a maximal number of common sub-functions g1, . . . , gt

while the set g1, . . . , gt, g
(i)
t+1, . . . , g

(i)
m of sub-functions for each individual function f (i) is

minimal (minimal length codes). First, the shared sub-functions are constructed. When
a shared sub-function gj is constructed, the algorithm assigns bits to the j-th position of
the constructed codes, trying to satisfy as many common incompatibilities between values
vi, vj ∈ V as possible. When a bit assignment leads to some non-assignable function, the
algorithm backtracks and continues its search until all codes are constructed.

Although this method computes only one binary encoding from all possible encodings,
a search space traversed by the codes construction procedure may be huge. Moreover, the
actual size of the traversed search strongly depends on an order of the bits assignment
to the individual values vi ∈ V . A good assignment order should lead to non-assignable
functions as early as possible. This way, the number of backtracks could be significantly
reduced. The choice of a set of functions f to be decomposed together is not a trivial
task. In [SM95], the rugged script from MIS (predecessor of the SIS system) was used
to cluster the functions in benchmarks used for the experiments. Since the rugged script
also performs a logic optimization, it is difficult to make conclusions about the quality of
this encoding approach when applied directly to the benchmark functions.

Input-output encoding methods

In [BPGJ98], Burns et al. proposed a heuristic method of column-based input-output
encoding for incompletely specified functions. In this approach a function to be im-
plemented is represented by a decomposition chart (Karnaugh map, See Section 3.1).
Columns of the decomposition chart constitute sub-minterms implied by the bound-set
variables xi ∈ U . A multi-valued relation G : {0, 1}|U | → V , is modeled with a canonical
set-system πC

g (cover-set), where each symbol ci ∈ C represents a certain column {0, 1}|U |
in the decomposition chart, and each block Bj ∈ πC

g represents a corresponding value
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vj ∈ V . Each block of πC
g represents a maximal set of compatible columns; hence, the

blocks may contain some common columns. Since any π′
g ≤ πC

g covers all incompatibilities
between columns, a number of π′

g can be generated from πC
g through simple removal of

the repeating columns from the corresponding blocks of πC
g .

When a column ci belongs to a set of blocks of πC
g it can be assigned with the combined

code (supercube4 of codes). A column ci can only be assigned a combined code if the
supercube of the codes does not contain any code of column cj incompatible with ci (face
embedding constraint). Assigning columns with combined codes introduces don’t cares
into the predecessor sub-functions, which can be used for its simplification.

The encoding algorithm incrementally constructs the Edge Weighted Connection
Graph (EWCG) using a subset of column incompatibility constraints at each iteration.
If all the constraints cannot be satisfied, one bit is added to the code, a new cover-set is
selected, and the procedure resumes. When all constraints and objectives are satisfied,
the EWCG is quickly embedded in a hypercube of the code space, and the supercubes of
codes and combined codes are assigned to the corresponding columns.

The EWCG is constructed in a manner that maximizes the number of don’t cares
produced in the predecessor sub-function and minimizes both the Hamming distances
between rows in the decomposition chart (cofactors of the image function) and the
codes assigned to the cells of the Karnaugh map of the predecessor sub-function.
The minimization of the Hamming distances aims at simplification of the successor
sub-function.

In [MBS00], Muthukumar et al. proposed a method very similar to that described
above. In their approach, a multi-valued relation G : {0, 1}|U | → V is modeled with a
pair of canonical set-systems: G : π(u) → πg. The blocks of π(U) represent input cubes
{0, 1}|U |. The blocks of πg represent values V . The encoding algorithm transforms the
relation G into a function F : π(U)→ Πg. The repeating blocks are assigned to only one
block of Πg. The proposed encoding algorithm attempts to maximize assigned codes (i.e.,
codes that have many don’t care symbols) and the input cubes by appropriate placement
of the repeating blocks in blocks of Πg. In this way, the blocks of Πg represent fewer
input cubes with fewer literals (enables the functions gi simplification). The codes can be
merged into larger cubes and the number of literals in the image function can be decreased.

Both approaches are unique because they deal with incompletely specified functions,
while most other methods can be directly applied only to the completely specified func-
tions. The experimental results presented in [BPGJ98] show more than 60% improvement
of the DFC5 measure on benchmarks from MCNC laboratory, mapped onto 5-input
LUTs, in comparison to MISII from University of California, Berkeley (predecessor of
SIS). Unfortunately, the experimental results presented in [MBS00] do not contain data
about circuits constructed with this method.

4A supercube of a certain set of cubes is the smallest cube that contains all the cubes in this set.
5DFC(N) =

∑
i 2|Ui|, where Ui is the support of an i-th logic block in the network N . DFC precisely

expresses the network routing complexity. However, for k-feasible networks mapped onto k-LUTs, it
tends to underestimate the LUT count.
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5.3.3 Multiple-output decomposition

Functional decomposition of multiple-output functions aims at extraction of common sub-
functions for a given set of single-output functions. This way, a number of sub-functions
in a final network can sometimes be significantly reduced. However, sub-function sharing
can also reduce concurrency of information processing in the network, and thus decrease
the total speed of the network. Therefore, a trade-off between area and speed has to be
considered when network speed is an important factor.

Usually, network area minimization is a main objective of the methods implementing
multiple-output decomposition. A first approach to functional multiple-output decom-
position was proposed by Karp in 1963. This approach, however, was applicable only to
two-output functions, so many other methods followed. Let us discuss a few of them,
which have been published in recent years.

In [SSN95][SSN97], Sawada et al. published a method of multiple-output decompo-
sition based on Boolean re-substitution. In this method, for each incompletely specified
single-output function f̂i(Xi), some multiple-output completely specified predecessor sub-
function gi(Ui) is constructed through exhaustive enumeration of all possible bound-sets
U . Then, the sub-function gi(Ui) is re-substituted into each f̂j(Xj), such that Ui ⊂ Xj.

In this method, gi(Ui) can be re-substituted into f̂j(Xj) if and only if such an image

function ĥj(gi(Ui), X
′
j) (X ′

j ⊂ Xj) that ĥj is compatible with f̂j; exists i.e., if ĥj is some

realization of f̂j (see Definition 2.31).

The goal of the re-substitution is to minimize support sup(ĥj) of the image function.
The function gi that induces maximal gain

gain(gi) =
∑

gi re-substituted in fj

|sup(f̂j)| − |sup(ĥj)|

is selected as the best common sub-function and is used for the decomposition.
Although this method can deal with incompletely specified functions, its implemen-

tation significantly reduces this capability. Namely, the (local controllability) don’t
cares resulting from the re-substitution are immediately used to simplify the ROBDD
representing a resulting image function. Hence, the functions to be decomposed are
always completely specified and design freedom is lost. Moreover, in this method, trivial
predecessor sub-function encoding is used. Nevertheless, the experimental results for
standard MCNC benchmarks showed the LUT count decrease by 37% and of the number
of LUT levels increase by less than 5% in comparison to single-output decomposition.

In [WSEA99], Wurth et al. extended the ISODEC [LWE96b][LWE98] decomposition
approach, based on support minimization of a predecessor sub-functions, to multiple-
output decomposition. In this approach, called IMODEC, the goal of predecessor sub-
function encoding is to construct sub-functions gi(U) that can be used to decompose a
set f = {f (1), . . . , f (m)} of single-output functions. The total number of sub-functions gi

is smaller than the sum over the numbers of sub-functions g
(k)
i (k = {1, . . . ,m}) needed

to decompose each individual function f (i) ∈ f , and a subset of sub-functions gi needed
to decompose a particular function f (k) is not greater than set g

(k)
i . The functions gi are
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constructed as in ISODEC, with an additional condition that must be satisfied during
the gi construction: namely, each gi must be assignable and constructable. Function gi is
constructable when each block of a global partition Πf is completely contained in either
the ON-set or the OFF-set of gi. The global partition Πf is a product of all local partitions
Πgi

constructed for each individual single-output function f (i). A local partition Πgi
is

defined by compatible minterms {0, 1}|U | in f (i). A set of assignable and constructable
functions gi is efficiently generated through an implicit computation on ROBDD.

The bound-sets U are constructed using the extended iterative improvement algorithm
described in Section 5.3.1. A bound-set U computed for a set of functions f may not be
optimal for each of its components f (i). Hence, the number of sub-functions needed to
decompose f (i) may be larger than the number of sub-functions needed for separate single-
output decomposition of f (i). This effect reduces benefit of sub-functions sharing and it
may also increase the number of LUT levels in the network.

When a multiple-output decomposition is performed, another problem known as out-
put partitioning, output-bit decomposition, or parallel decomposition must be addressed.
Output partitioning groups single-output functions in such a way that the multiple-output
decomposition of all functions in a group results in a maximal sub-functions sharing gain.
In this method output partitioning is solved in a greedy way. A function with a maximum
number of inputs initializes a group. Then, a function that has a maximum number of
inputs in common with the group function(s) is added to the group, and multiple-output
decomposition is performed. If the decomposition gain decreases in comparison with
single-output decomposition of each member of the group, the partial solution is rejected.
The procedure iterates over all functions suitable to be combined with the group.

The IMODEC method is extremely fast and is able to cope with bound-sets having
many variables (up to 32). However, it can decompose only completely specified functions.
The experimental results of IMODEC were superior to the previous multiple-output
decomposition methods regarding LUT and CLB count in the constructed networks.

Another class of methods, includes the method proposed by Luba and Selvaraj in
[LS95]. In this method, a multiple-output Boolean function is considered a multi-valued
function, where each output value corresponds a certain output vector (pattern) of the
set of binary single-output functions. The multiple-output incompletely specified function
F : {0, 1}|X| → {0, 1, ∗}|Y |, where X is the union of all input variables of single-output
functions fi, is modeled by a set of two-block input set-systems π(xi) (xi ∈ X) and multi-
block output set-system πF =

∏
π(yi) being a product of two-block set-systems induced

by the binary output variables yi ∈ Y . Each output variable yi corresponds to the output
of a particular function fi. The method performs a serial decomposition for F as long as
it results in a non-trivial decomposition. Serial decomposition (Section 3.3.3) is a special
type of general decomposition using two component machines (see Theorem 3.5), which
one of the machines implementing an identity function(s).

A serial decomposition of F exists for a given bound-set U and free-set V (X = U∪V ),
if it possible to construct a set-system πg(U) that

πg(U) ·
∏

xi∈V

π(xi) ≤ πF ,
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where π(U) ≤ πg(U). The decomposition is considered non-trivial when dlog2 |πg(U)|e <
|U |; i.e., when it is possible to reduce the number of F inputs.

When no non-trivial serial decomposition can be found, a parallel decomposition is
performed. Parallel decomposition divides a set of output variables Y into two disjoint
sets Y1 and Y2 in such a way that the corresponding input supports X1 and X2 are minimal.

Results presented for a number of circuits show that this method works very well for
both LUT-based and multiplexor-based architectures.

Published results prove that approaches to circuit synthesis for LUT FPGAs based
on the functional decomposition generate better circuits than do technology mapping
approaches. The circuits contain fewer LUTs and fewer LUT levels.

The algorithms based on functional decomposition work directly on the functional
description of a circuit and perform logic optimization during the circuit synthesis pro-
cess. This way, circuit synthesis of this type can take full advantage of an implementation
freedom that is either imposed by a design specification or arises during the circuit synthe-
sis process. Moreover, the decomposition into sub-functions of any type, while restricting
some structural properties, ideally reflects the real constraints of LUT-based architectures.
Therefore, the methods based on functional decomposition have a better theoretical and
practical foundation.

General character of functional decomposition makes it the most promising method
for solving various circuit synthesis problems. Today, technology mapping onto gates
from a library is prevailing circuit-synthesis method for ASIC and full-custom designs.
However, a few successful attempts to library-based circuit synthesis based on functional
decomposition were reported in recent years [RJL99b][KS00a][JBC03].
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Chapter 6

Circuit synthesis with information
relationship measures

The previous chapters introduced the subject of this dissertation and placed the research in
context. We presented basic definitions and concepts related to the subject and discussed
state-of-the-art in logic synthesis, while focusing on circuit synthesis for look-up table
FPGAs.

This chapter discusses the main contribution of the presented research - a new effective
and efficient technology driven circuit synthesis method for look-up table FPGAs. This new
method and related EDA tool have been named IRMA2FPGAS (Information Relationship
Measures Applied to FPGA Synthesis).

Section 6.1 defines the problem being solved in the scope of the presented research. The
assumptions and limitations are described and discussed.

In Section 6.2, our original information-driven bottom-up synthesis approach is dis-
cussed and compared to top-down approaches commonly used in functional decomposition.

Section 6.3 presents the method of a single-output function decomposition. In Section
6.3.1 we discuss the algorithm for the single synthesis step. In the successive sections,
we address the three main problems that have to be solved in the functional decomposition
based Boolean network synthesis: 1) input support construction and selection for a sub-
function; 2) symbolic (multi-valued) function construction and selection; and 3) binary
encoding of the symbolic (multi-valued) function. In these sections, we discuss solutions
based on the information relationship analysis.

Section 6.4 presents the application of the information relationship measures to the
functional decomposition of multiple-output Boolean functions.

Section 6.5 explains a simple post-processing restructuring method of the network con-
structed by the main decomposition process.
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Feature/Product XC2VP2 XC2VP4 XC2VP7 XC2VP20 XC2VP50
CLB Slices 1,408 3,008 4,928 9,280 22,592
Logic Cells 3,168 6,768 11,088 20,880 50,832

Block RAM (Kbits) 216 504 792 1,584 3,888
PowerPC Processors 0 1 1 2 4

18x18 Multipliers 12 28 44 88 216
Max Available User I/O 204 348 396 564 852

Table 6.1: Virtex-II Pro FPGA Product Table [Xil].

6.1 Problem definition

6.1.1 The FPGA architecture as the focus of this thesis

The synthesis method discussed in this thesis is dedicated to LUT-based FPGAs. This
choice is not accidental. During the past two decades, FPGA circuits, especially those
based on look-up tables, evolved in a tremendous way. Once an alternative to PLA/PLD
devices and a simple replacement for ASICs and other hard-wired systems in short pro-
duction series in the late 80-ties, nowadays the FPGA circuit are a base of complete
complex system-on-a-chip (SoC) platforms used for (re)configurable computing. Huge
arrays of configurable logic blocks and interconnections, embedded memory blocks, spe-
cialized functional blocks and even embedded processors or IP cores (see Table 6.1) and
are embedded in numerous specific re-configurable SoCs. Being standard components,
FPGAs and re-configurable SoC platforms are produced in large quantities, which sig-
nificantly increases their quality and simultaneously decreases their price. The newest
FPGA family from Xilinx, the Virtex II Pro, illustrates the trend of incorporating hard
cores into fully programmable FPGAs structures (see Table 6.1). On the other hand, the
ASIC and SoC designs start to contain embedded (re)configurable FPGA blocks. In this
way, the worlds of ASIC and FPGA designs will be getting closer and closer.

The fact that FPGAs also can be programmed by the user offers a number of other
advantages: fast prototyping, easy modification of the functionality, and separation of
integrated circuit manufacturer from the product fabrication. This greatly reduces the
time it takes to get the product onto the market.

The contemporary FPGAs may differ significantly in the physical topology (layout).
The physical topology consists of a number of logic blocks, wires, and switching matrices at
fixed positions and with particular properties. Use of the physical topology characteristics
during logic synthesis is often prohibitively expensive, and often restricts a method to
one specific architecture. Therefore, most synthesis methods and tools do not work on
a particular physical topology directly, but on a simplified (and generalized) topology
model. A certain topology model is useful when it enables the same synthesis method to
be applied to a wide range of FPGA architectures, and at the same time, is an adequate
abstraction for each of the particular architectures taken into account. The drawback of
the topology model is that it is naturally not completely accurate; therefore, a translation
from the model to the actual physical topology is required. This translation is performed
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by placement and routing. Another sort of abstraction often utilized in synthesis is called
the logic model. A model of this kind is used for logic minimization not related or not
closely related to any particular topology. Methods based on such a model (e.g., division
based methods [BM82][BCH+82][BRSVW87][SSJ+92]) are called technology independent
methods. The transformation from a logic model into a topology model is called technology
mapping [BRSVW87][SSJ+92].

We decided to develop a synthesis method for the most commonly used LUT-based
FPGA architectures: Xilinx XC3000, XC4000, and Altera’s FLEX. This decision was
based on assumptions of FPGA architecture potential for the future complex SoC, and
reconfigurable SoC platforms. During the project, a number of new architectures were
introduced on the market. Xilinx introduced Virtex and the Virtex II family, while Altera
introduced APEX and the APEX II family of FPGAs. The first (re-configurable) SoCs
processors use embedded FPGAs of this sort. Thus, the assumptions made at the start
of the project remained fully valid and were confirmed by these new architectures. The
importance of the LUT based architectures and the practical applications of the LUT
based applications grew rapidly during this time.

The network of 1-output Logic Blocks (LBs) with a limited number of inputs and
limited (long) interconnections was chosen as the logic model for the circuit synthesis
method reported in this thesis. The maximal number of LB’s inputs ni is specified by
the user and is applied to each LB in the network. The maximal number of LB’s inputs
ni = 4 . . . 6 (can be larger if needed). Each logic block behaves like a look-up table and can
implement any Boolean function that has no more than ni inputs. An assumption is made
that the number of interconnections is limited, particularly for longer interconnections.
Longer interconnections also introduce more delay. The topological model consists of 4-
input LUTs. Logic blocks that have more than four inputs are realized as a composition
of 2ni−4 4-LUTs (analogous to the Xilinx Virtex architecture). As result, decomposition
into 4-input LBs does not need any technology mapping. Technology mapping of LBs
with more than four inputs is trivial. It is reduced to the ni− 4 times repeated Shannon
expansion, which is local within a logic block. All the mentioned numbers correspond
to the Xilinx FPGA architectures. Nevertheless, they allow for logic synthesis of the
Altera’s and other LUT-based FPGA architectures too. Furthermore, research performed
by the FPGA manufacturers has determined that the near-optimal number of LUT inputs
should not be bigger than four-five [BFRV94]. As a consequence, individual LUTs with
more than four inputs are not being manufactured at the moment. LUTs with more
than four inputs (five or six) are virtually always built as the composition of 4-LUTs.
The logic model assumptions related to the interconnections are fully justified by the
topological models of the contemporary Xilinx (and other) FPGA architectures, where
the more global interconnection resources are scarcer and more likely to introduce longer
delays due to the usage of switches implemented with the same technology as LUTs.

6.1.2 The research problem formulation

In this section we formulate the problem that constitutes the main subject of the
presented research, for which an effective and efficient solution has been proposed in this
thesis.
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The research presented here is aimed at the development of an effective and efficient
logic synthesis method and prototype synthesis tool for multiple-output, incompletely
specified combinational Boolean functions targeting LUT-based FPGAs.

The following initial assumptions and decisions have been made regarding the resulting
network structure:

1. The FPGA architecture is modeled as a LUT network, in such a way that the
technology mapping will be trivial.

2. Each LUT is able to implement any Boolean function with a limit ni on the maximal
number of inputs, where ni ∈ {4, 5, 6}. (ni can be larger if needed, because it is
just a parameter in our method and tool.)

3. LUTs that have more than 4 inputs (ni ≥ 4) are to be modeled as the composition
of 2ni−4 basic LUTs. Basic LUTs have ni = 4 inputs. (This can be very easily
extended if needed.)

4. The number of inputs of a certain LUT in the constructed network will be decided
automatically by the method/tool, based on adequate analysis of the original func-
tion and the LUT network under construction. Only the maximal number of inputs
to a LUT (characteristic to a specific FPGA family) will be predefined by the user.

The following initial assumptions and decisions have been made regarding the synthesis
approach:

1. The method will implement the information driven approach to circuit synthesis
proposed by Jóźwiak.

2. Information relationships and information relationship measures are the basic anal-
ysis apparatus that deliver the information necessary for the synthesis decision-
making.

3. The method performs general decomposition without loops.

4. A resulting network is constructed bottom-up; i.e., level by level from the primary
inputs to the primary outputs simultaneously for all single binary primary output
functions.

5. There are three simultaneous optimization criteria: minimization of the number of
LUTs, minimization of the number of LUT levels, and minimization of the number
and length of interconnections in the final network. This corresponds to the con-
current area and speed optimization of the resulting network. However, the LUTs
count and interconnect minimization are not performed at the cost of the larger
number of LUT levels.

6. The approach and the prototype EDA tool implementing the approach have to
enable easy modification of the optimization target, and particularly to adopt them
to the timing-driven synthesis.
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Many practical functions are originally incompletely specified. A typical example are
sequential controller circuits (finite state automata - FSMs). Most FSMs do not have
precisely 2k states, and after their state assignment, all unused combinations of state-
variable values result in don’t cares. The state and output logic of an FSM controller
thus has several don’t cares. These don’t cares can be used to significantly simplify the
circuit implementation. During the decomposition process, a completely specified func-
tion may be converted into an incompletely specified image function. Therefore, in order
to build a general effective method for Boolean functions synthesis, it is very important to
account for the incompletely specified functions. In the approach presented in this thesis,
we assume that Boolean functions to be synthesized are incompletely specified, multiple-
output Boolean functions. These functions are to be specified by function tables. We also
use tabular representation as an internal representation of the Boolean functions in the
prototype tool. This kind of representation assures the straightforward transformation of
Boolean functions into the corresponding set-systems as the basis for information rela-
tionship analysis. Of course, other forms of Boolean function specification (e.g., ROBDD,
netlist, HDL, etc.) can, more or less easily be translated into the tabular form. The main
focus of the method is on functions of the controller type circuits and other ”irregular”
circuits that have to be synthesized anew for each new application, as opposed to the
regular data path circuits, which are easier to synthesize and often are pre-synthesized,
collected in libraries, and reused for other applications. The controller type functions
characterize themselves as having often many primary inputs and outputs, but relatively
few product terms compared to all possible minterms. The tabular representation is thus
very efficient for this type of circuits; moreover, efficient automatic synthesis is most
needed for this type of circuits as the data path circuits are more regular, and in many
cases are pre-synthesized (ready made macros in the library). Of course, the method can
also be used with success for the data path and other circuits.

As explained above, the method does not directly incorporate the FPGA topology;
hence, it does not find the layout for any particular FPGA architecture, but it directly
accounts for most important characteristic features of the LUT FPGA structures. The
floor planning, placement, and routing of the LUT network has to be done independently
as the post processing step of the proposed method. Adding topology to the method would
require changing the network model and modifying of the decision algorithms. However,
since at each decomposition step, the partial network is fully represented in our method,
and decision algorithms are isolated from the network construction process, it would not
be difficult to empower the proposed method with the actual FPGA topology account.
Nevertheless, this was not within the scope of this research.

In the next sections, the proposed method is presented in detail.

6.2 Decomposition strategy

Functional decomposition consists of breaking down a complex system of discrete functions
into a network of smaller and relatively independent co-operating sub-functions in such a
way that the original system’s behavior is preserved, some specific constraints are satisfied,
and some objectives are optimized. A sub-function in the network can be any function
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Figure 6.1: Classical top-down decomposition algorithm

that satisfies certain specific structural constraints. A Boolean function with at most k
inputs is called k-feasible or k-mappable. If all sub-functions in a certain logic network
are k-feasible, the network is k-feasible and can directly be mapped into LUT based
FPGAs, where each logic building block is a k-input LUT (or CLB) that can implement
any function with up to k inputs. Functions that have more than k inputs are denoted
as k-infeasible or infeasible.

Figure 6.1 illustrates the classical unorganized or top-down algorithm of functional
decomposition. In a single step of the functional decomposition, function f (being decom-
posed) is divided into two sub-functions (see Chapter 3): the (possibly multiple-output)
predecessor sub-function g (bound-set function) and successor sub-function h (image func-
tion). This single decomposition step is recursively applied to both the predecessor and
successor functions until a k-feasible network is constructed.

Since in this approach functions g and h are decomposed independently, this can easily
lead to a situation where k-mappable parts of the partial network solutions are interleaved
with some infeasible sub-functions. In such a structure, it is very difficult to analyze the
influence of the current decomposition step on the final total network structure, the area,
timing, and other characteristics of the structure. Although such knowledge is not so
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Figure 6.2: Classical top-down network construction example

compulsory as when optimization of the LUT count is the only objective of the synthesis
process, it becomes crucial when the objective is network performance (minimal delay),
power dissipation or a high-quality trade-off between (some of) these factors.

Let us have a closer look at Figure 6.2. At some stage of the top-down decomposition
process, the original function f is divided into three components: image function h3 and
two predecessor sub-functions y1 and y2 that are in turn divided into two components:
3-feasible function LB1, infeasible predecessor sub-function z1 and 3-feasible LB2 prede-
cessor sub-function and infeasible successor function h2. One can not evaluate the delay
of h3, z1 and h2 because the networks are not known yet at this stage. As a consequence,
we also cannot evaluate the delay of the entire implementation of f . If, in the next de-
composition step, sub-function h3 is decomposed, we have the information about signal
arrival time to the primary inputs x1 and x2, but we have no information about the arrival
time to the inputs y1 and y2; consequently, we are not able to conclude which of inputs is
critical. On the contrast, we can easily see that, if decomposing y2, the critical signal is
z2. The arrival time of signal z2 can be evaluated with accuracy of the delay model being
used by the synthesis algorithm. This information is sufficient to make an appropriate
design decision regarding how to decompose the function y2 in the next synthesis step in
order to minimize the delay of y2.

The high quality tradeoff between the final network area (LUTs count) and network
performance was one of the main objectives of the presented research. Therefore, an intel-
ligent network construction strategy became one of the crucial points. In [VJ95] [Vol97],
the initial bottom-up approach for network synthesis was proposed and discussed. In this
approach, the network is built level by level, starting from the primary inputs, towards the
primary outputs of a given multiple-output Boolean function and its realization circuit.
This method assures that the arrival time to each input of the function being decomposed
is known, which allows for appropriate design decision-making regarding the structure and
timing characteristics of the network under construction. However, the prototype bottom-
up construction method developed and implemented in [Vol97] was only the preliminary
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solution used solely for demonstrating the approach’s potential. The method accounted
for feasible functions during the decomposition process and only used one of the many
information relationship measures. The research reported in [Vol97] was aimed solely at
confirming the potential of bottom-up functional decomposition, not at developing an
effective and efficient practical synthesis method and tool.

Figure 6.3 presents the extended bottom-up decomposition algorithm developed in the
scope of the research presented in this thesis. For the simplicity’s sake, we only discuss
here a version of the algorithm for single-output Boolean functions. The algorithm starts
at level l = 0 - primary inputs. Then, all the successive levels are built one by one. Before
a certain single-output function fi ∈ fl (where fl is the set of infeasible functions to be
synthesized at level l) may be decomposed, the support of fi is determined (sup(fi)). The
algorithm the calculates the set of variables not permissible at the current level npv(fi).
Variable xj is not permissible if and only if the origination level of xj (denoted as ol(xj))
is greater or equal to level l. Origination level of the primary input is equal to zero. If
the origination level of xj is unknown ol(xj) = +∞. The level of variable xj is unknown
if and only if it is the output of some infeasible function. Formally:

npv(fi) = {xj|ol(xj) ≥ l}. (6.1)

Only permissible variables pv(fi) = sup(fi)\npv(fi) can be used to construct a sub-
function g at the level l. If |pv(fi)| < 2, it is impossible to build any sub-function g for
fi; therefore, level l is considered as closed for the function and fi is added to the set of
functions fl+1 to be decomposed at the next level. If level l is closed for all functions in f ,
the entire level is considered closed, and the algorithm starts to build the next level of the
network. If sub-function gi ∈ g resulting from the single decomposition step is infeasible,
it is added to the set Fl of functions to be decomposed on level l and it is decomposed in
the next iteration of the algorithm (at the current level). If image function hi is infeasible,
it is also added to Fl and is further decomposed.

Please note that the npv(f) set can be chosen in an arbitrary manner. The choice of
npv(f) alters the behavior of the original bottom-up up algorithm. For example, if we
decide that at each decomposition step we do not assign any variable to the not permissible
variable set (npv(fi) = ∅), then our bottom-up decomposition algorithm behaves similarly
to the classical unorganized or top-down functional decomposition algorithm.

Figure 6.4 illustrates the bottom-up network construction procedure. In the first
iteration of the algorithm, the feasible sub-function y1 and the infeasible sub-function y2

were constructed. In the next iteration, the feasible sub-functions z1, z2 and z3 of y2 were
constructed on the first level. It was also decided that the primary input variables x1 and
x2 would be propagated to the next level. Then, the algorithm is restarted to construct
the second level of the final network. It has built two feasible sub-functions v1 and v2. At
the current stage of the network construction sup(y2) = {x5, z1, v1, v2}, npvy2 = {v1, v2},
and hence pvy2 = {x5, z1}.

Contrary to the classical top-down decomposition process, the proposed algorithm en-
sures that infeasible sub-functions are always placed at the top of the constructed network.
Interleaving of feasible and infeasible sub-functions is avoided, and signal variables with
only feasible predecessor sub-functions can be used for sub-function g construction. This
ensures that the accuracy of the arrival time estimation to a certain input is only limited
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Figure 6.4: The bottom-up network construction example

by the delay model of a LUT. Furthermore, the LUT count and other characteristics of
the constructed part of a network are known accurately. This demonstrates the biggest
advantage of our ordered bottom-up functional decomposition - predictability. Of course,
in the complete method and tool, we perform top-down decomposition as well. However,
bottom-up decomposition is the main decomposition process, and top-down decomposi-
tion is only used as a supporting process in some special situations. Its use is strictly
controlled to not loose the advantages of the bottom-up approach.

The proposed method also has another very useful property. The set of variables
considered as potential inputs to block g is restricted to the set of permissible variables
pv(fi). Set pv(fi) is generally significantly smaller than the set of all possible input
variables of the function fi. As a consequence, the computational complexity of finding a
high-quality support for sub-function g can also be significantly reduced.

6.3 Single output decomposition

6.3.1 Single decomposition step

In the single decomposition step s, the current image function hs (h1 = f), where f is the
original function to be decomposed) is split into a set of sub-functions: a set of the prede-
cessor sub-function(s) {gi} and one successor sub-function hs+1 (new image function). At
some point of the single decomposition step, a set of sub-functions {gi} is represented as
a single multi-valued function g. The predecessor sub-functions are carefully constructed
in the framework of some (usually heuristic) search, while the successor sub-function hs+1

is derived straightforwardly from the function hs being decomposed and the predecessor
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sub-functions gi constructed in the current decomposition step. The choice of the prede-
cessor sub-functions gi has a strong impact on the overall multiple-level network structure
that implements a given function f . This choice directly effects all main properties of the
sub-network that implements the predecessor sub-function, but it also influences the main
properties of the successor sub-function. Output variables of the predecessor sub-function
constitute a part of the input support of the successor sub-function and selection of vari-
ables to the input support for the predecessor sub-function ascertains the input support
of the successor sub-function. In this way, the choice of the predecessor sub-functions in
the total multi-step decomposition process determines the quality of the multi-level logic
network resulting from this process. It decides both the complexity of the resulting net-
work (logic block count) and its delay (number of logic levels of the network). Therefore,
construction of the appropriate predecessor sub-functions is the vital issue in functional
decomposition.

Figure 6.5 shows the overview of the algorithm for the single decomposition step
developed in the framework of the presented research. The algorithm for single decompo-
sition step takes as its arguments both single-output function to be decomposed hs and
the number of a network level under construction at a given moment. In some cases, a
strong simplification of the input function hs is required to process the function efficiently.
Such simplification can be made for instance by making an appropriate expansion of the
function. Therefore, initially it is decided whether simplification of hs is required. If
expansion is required, the best expansion is selected and function hs is roughly decom-
posed into a set of sub-functions fj. Each of the sub-functions fj is then decomposed
using our method. If simplification is not required, a set of the most promising feasible
supports PFS = {supk} for function g is constructed. Each support supk in PFS has to
result in a convergent symbolic predecessor sub-function. If it is impossible to construct
any convergent symbolic predecessor sub-function g (PFS = ∅), the algorithm tries to
construct the most promising infeasible supports PIS = {supk}, resulting in some con-
vergent sub-functions g. If construction of the infeasible predecessor sub-function also
fails, simplification of the input function hs is requested. If a non-empty set of promising
predecessor sub-function supports PS = PFS ∪ PIS is constructed, for each support
supk ∈ PS, the set of symbolic sub-functions {gi

k} is built. In the next sub-step, the best
symbolic sub-function gi

k is transformed into the corresponding set of Boolean functions
{gi} through binary encoding of gi

k. Finally, a new image function hs+1 is derived from hs

and sub-functions {gi}. All design decisions outlined in the above algorithm are based on
information relationship analysis among the input and output variables of the function hs

and function g under construction. Information relationships and relationship measures
permit an adequate quantitative and qualitative analysis of information streams in the
function being decomposed and in the circuit under construction.

In the following sections, we discuss possible solutions for all partial problems in
functional decomposition: near optimal support (bound-set) construction and selection for
predecessor sub-function g, the selection of the best predecessor sub-function g, promising
binary encoding of the predecessor sub-functions g, and the rough simplification of the
image function hs.
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6.3.2 Basic input support construction and selection for sub-
functions

A set of input variables xi ∈ U constitutes the input support for block g. Usually
U is called a bound-set. The total information induced by all variables from U and
delivered to the block’s g inputs is represented by set-system πU being a product of the
particular set-systems induced by all particular variables from U (i.e., πU = Ππxi

, where
xi ∈ U). Set-system πg models the information transmitted to block’s g outputs. The
minimum number of block’s g binary outputs, equal to the minimum number of the
Boolean predecessor sub-functions gi, is given by dlog2(|πg|)e.

In [RJLC98][RJL99a], a strong positive correlation showed between the number of
blocks in the set systems πg used in the decomposition process and the number of LUTs
and LUT-levels in the resulting multi-level network, has been shown. The greater is the
difference |U |−dlog2(|πg|)e, the greater is the reduction of the number of input variables of
image function hs being decomposed. This significantly simplifies function hs. Therefore,
using an appropriate information relationship measure (block merge-ability), our input-
support construction procedure tries to construct a limited set of the bound-sets U that
result in πg’s having as few blocks as possible.

Set-system πg is created by merging some blocks of πU . The number of all possible
merges of any two blocks of a |π|-block set system π is given by the formula:

bmerge(π) =
|π| · (|π| − 1)

2
. (6.2)

Let bo(si, π) denote the number of blocks of set-system π in which the symbol si is
included. If a particular elementary information (incompatible pair) si|sj belongs to the
information set IS(π) induced by π, there is no block in π that contains both si and sj.
Thus bo(si, π) + bo(sj, π) ≤ |π|. The probability of merging two symbols si, sj, where
si|sj ∈ IS(π), by merging two blocks of π is expressed as follows:

ipmerge(si|sj, π) =
bo(si, π) · bo(sj, π)

bmerge(π)
(6.3)

Of course, only set-systems that have more than one block provide any elementary
information items. Function ipmerge(si|sj, π) represents the probability of information
loss while merging the blocks of set-system π.

Corollary 6.1. Probability of information loss
Let π be a set-system defined on a set of symbols S. If si, si ∈ S and si|sj ∈ IS(π), then
probability of losing information can be expressed as follows:

0 < ipmerge(si|sj, π) =
bo(si, π) · bo(sj, π)

bmerge(π)
≤ 1, (6.4)

Function ipmerge(si|sj, π) = 1 if and only if |π| = 2 and bo(si, π) = bo(sj, π) = 1. 2
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Proof: Let us note that 0 < bo(si, π) < |π|, 0 < bo(sj, π) < |π|, bo(si, π) + bo(sj, π) ≤ |π|
and bo(sj, π) = |π| − bo(si, π)− k, where k denotes number of blocks that do not contain
si or sj. The formula for ipmerge(si|sj, π) can be represented as follows:

bo(si, π) · (|π| − bo(si, π)− k)

bmerge(π)
(6.5)

However, since |π| − bo(si, π)− k ≤ |π| − bo(si, π):

bo(si, π) · (|π| − bo(si, π)− k)

bmerge(π)
≤ bo(si, π) · (|π| − bo(si, π))

bmerge(π)
, (6.6)

and it is enough to prove that:

0 <
bo(si, π) · (|π| − bo(si, π))

bmerge(π)
=

2bo(si, π) · (|π| − bo(si, π))

|π| · (|π| − 1)
≤ 1 (6.7)

Let us assume that 0 < bo(si, π) ≤ b|π|/2c; then

0 <
2bo(si, π)

|π|
≤ 1 and 0 <

|π| − bo(si, π)

|π| − 1
≤ 1, (6.8)

end therefore

0 <
2bo(si, π)

|π|
· |π| − bo(si, π)

|π| − 1
≤ 1, (6.9)

Analogously, if b|π|/2c < bo(si, π) < |π|, then

0 <
2(|π| − bo(si, π))

|π|
· bo(si, π)

|π| − 1
≤ 1 (6.10)

which ends the first part of the proof. Now, let us observe that

2bo(si, π)

|π|
· |π| − bo(si, π)

|π| − 1
= 1 ⇔ 2bo(si, π)

|π|
= 1 and

|π| − bo(si, π)

|π| − 1
= 1, (6.11)

i.e., if and only if bo(si, π) = 1 and |π| = 2, which ends the proof. 2

Intuitively, we can always lose information by merging blocks of a certain set-system
π; therefore the probability of information loss is never equal to zero. If the set-system has
only two blocks, merging of these two blocks always results in complete information loss.
Therefore, probability of information loss for two-block set-systems is always equal to one.

Let sup(f) be the support of a function f at a certain decomposition step, at some
level l being constructed at a given moment. In our bottom-up decomposition, variables
originated at the current level l can not be used for the bound-set construction at this
level. These variables are included in the set of non-permissible variables denoted as
npv(f). Variables from npv(f) are assigned to a free-set. Since it is guaranteed that



6.3. SINGLE OUTPUT DECOMPOSITION 135

information provided by free-set variables is directly transferred to inputs of f , we des-
ignate this kind of information as covered information. The covered information does
not need to be considered during the bound-set construction process at the current level.
The remaining portion of information, that is required to compute f is designated as not
covered information and is expressed by the formula:

NCIS(f, npv(f)) = IS(πf ) \
⋃

xi∈npv(f)

IS(πxi
) (6.12)

A bound-set with size k is constructed using the permissible variables pv(f) = sup(f)\
npv(f), where k ≤ |pv(f)|. However, if the elementary information si|sj is provided by
more than k variables from pv(f) set (|sup(si|sj)∩pv(f)| > k), it is guaranteed that infor-
mation si|sj can be transferred independently of the bound-set constructed at the current
stage to the inputs of the new image function. Hence, we also do not consider this kind
of information during the bound-set construction procedure. The remaining information,
which is actually required to compute function f , has to be certainly preserved. This is
denoted as preserved information set - PIS.

PIS(f, npv(f), k) = NCIS(f, npv(f)) \
{

(si|sj)
∣∣∣ |sup(si|sj) ∩ pv(f)| > k

}
(6.13)

Information UPIS(πU) that has to be preserved from a proposed bound-set U (where
U ⊆ pv(f) and |U | ≤ k) is computed as follows:

UPIS(πU , f, npv(f), k) = IS(πU) ∩ PIS(f, npv(f), k) (6.14)

The mergeability measure of a set-system πU induced by the bound-set variables, with
respect to function f , npv(f) variables and the maximal size of a bound-set k is defined
as follows:

mergeability(πU , f, npv(f), k) =
∑

(si|sj)∈UPIS(πU ,f,npv(f),k)

1− ipmerge(si|sj), (6.15)

where each factor 1− ipmerge(si|sj) expresses the probability that the elementary infor-
mation si|sj to be preserved and being provided by variables in U , will be transferred
after merging of πU ’s blocks.

Since the entire blocks of πU are always merged, we define the block mergeability
measure as follows:

bmergeability(πU , f, npv(f), k) =
mergeability(πU , f, npv(f), k)

bmerge(πU)
, (6.16)

where bmerge(πU) denotes all possible merges of πU .
If bmergeability is extremely low, the information quantity of πU is very low, and

many symbols are placed multiple times in various blocks of πU . In this case, we can
merge blocks of πU containing the same symbols without loss of the information to be
preserved. If bmergeability is extremely high, the information quantity of πU is high,
but many blocks of πU can also be merged. In this case, the probability of losing some
required information is very low, because the probabilities ipmerge(si|sj) of merging si, sj

such that si|sj ∈ IS(π) are very low.
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Figure 6.6: Block merge-ability example distributions

Using the block-merge-ability measure, the most promising bound-sets (input sup-
ports) for the predecessor sub-function g are constructed. Initially, the bmergeability
measure for a targeted bound-set of size k, is computed for all pairs of variables from
pv(f). Next, two sub-sets of pairs are built: the lower-bound set (lb), containing the
pairs of variables with low values of bmergeability measure, and the upper-bound set
(ub), containing the pairs with high values of this measure.

To select pairs for the lower-bound and upper-bound sets, the distribution of the
bmergeability measure is analyzed. Figure 6.6 presents some possible block merge-ability
distributions when bound-sets are sorted according to the block merge-ability value. In
the case of totally symmetric functions specified by minterms (and also for some specifi-
cations with larger terms) the bmergeability measure is the same for all pairs of inputs.
For asymmetric functions, we can observe the non-decreasing curve (because of pairs
sorting), spanned between some minimal and maximal value of bmergeability measure.
To construct the most promising bound-sets, we look for the input variable pairs having
extremely low and extremely high values of the measure. To find the maximal value of
the block merge-ability measure for lower-bound pairs, we calculate standard deviation
bmstdev of the measure at a current decomposition step:

bmstdev(f, npv(f), k) =

√√√√√
∑
U∈P

bm(U)2

n
−
(
bm
)2

, (6.17)

where:

P = {{xi, xj} |xi, xj ∈ pv(f) and i < j} (6.18)

bm(U) = bmergeability(πU , f, npv(f), k) (6.19)
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n =
|pv(f)| ( |pv(f)| − 1)

2
(6.20)

bm =

∑
U∈P

bm(U)

n
(6.21)

The value of the standard deviation bmstdev is considered an uncertainty margin of the
input variable pairs analysis. Since we look for extremely promising variable pairs, a given
pair Ui is added to the lower-bound set of pairs lbp, provided its bmergeability measure
is not higher than the minimal value of the measure increased by the uncertainty margin
bmstdev, i.e.:

bmergeability(πUi
, f, npv(f), k) ≤ min(bmergeability(πU , f, npv(f), k))+

bmstdev(f, npv(f), k).

Our early experiments showed that good upper bound bound-sets appear less fre-
quently than do good lower bound. However, constructing such bound-sets is worthwhile
because they transfer relatively large amounts of information, which is very useful in
bottom-up decomposition. If this significant amount of information is transferred by a
certain block g, it is easier to construct the subsequent blocks g because the input variables
that remain at a current level provide less information and can form good lower bound
bound-sets. This strategy produces bound-sets that are rare (and are not constructed by
other approaches) at the beginning of the level construction. Variables that may produce
good bound-sets with higher probability tend to remain for the next decomposition steps,
where the freedom of choice decreases due to the decreasing number of available variables.

Since the good upper-bound input supports appear less frequently we are even more
restrictive when selecting variable pairs of this kind. Namely, we constrain the range of
the upper-bound bmergeability measure using the second order standard deviation of the
measure.

bmstdev2(f, npv(f), k) =

√√√√√
∑
U∈P

δ(U)2

n
− (∆)2, (6.22)

where:
δ(U) = |bmergeability(πU , f, npv(f), k)− bm| (6.23)

∆ =

∑
U∈P

δ(U)

n
(6.24)

A given pair Ui is added to the upper-bound set of pairs ubp if

bmergeability(πUi
, f, npv(f), k) ≥ max(bmergeability(πU , f, npv(f), k))−

bmstdev2(f, npv(f), k).

In the next step, the algorithm determines variables in lower-bound lbv = {xi |xi ∈
U and U ∈ lbp} and upper-bound ubv = {xi |xi ∈ U and U ∈ ubp}. To correlate
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variables from lower-bound and upper-bound, a number of pairs {xi, xj} (xi ∈ lbv and
xj ∈ ubv) having the lowest bmergeability measure are added to the lbp and a number
of pairs {xi, xj} having the highest bmergeability measure are added to the ubp. Figure
6.7 presents the algorithm in a graphical manner.

A number of the lower-bound pairs with the lowest values of bmergeability measure
are selected to became the lower-bound seeds (lb). Analogously, a number of pairs with
the highest value of bmergeability measure are selected to became the upper-bound seeds
(ub).

In the successive steps, the algorithm creates a number of partial solutions. To each
seed U ∈ lb (U ∈ ub), an input variable xj is added for which such a pair {xi, xj} ∈ lb
({xi, xj} ∈ ub) exists that xi ∈ U and xj /∈ U . The bmergeability measure is computed
for each new partial solution U ′. Each new partial solution is inserted into the set of the
lower-bound partial solutions lb′ and the set of the upper-bound partial-solutions ub′.
Only a beam number of bound-sets with lowest (highest) bmergeability measure from
lower-bound lb′ (upper-bound ub′) is preserved for the next iteration of the algorithm.
Preference is given to the partial solutions with inputs from the lower levels (or with early
arrival times). Several partial solutions constructed this way are passed on as seeds for
the next iteration of the algorithm. The process is repeated until some supports of size k
are built.

Finally, for each support U , an appropriate output set system πg is constructed from
the corresponding πU , using a heuristic minimal coloring of the block incompatibility graph
IG(πU). The block incompatibility graph is constructed using the following corollary,
derived from Theorem 3.8, Lemma 4.1, and property 4.24:

Lemma 6.1. Existence of serial decomposition.
Let f be a multiple-input multiple-output incompletely specified discrete function f :
X → Y . Let U ⊂ X be a bound-set and V ⊂ X be a free-set. If there is a set system πg

on f , such that:

IS(πg) ⊆ IS(πU) (6.25)

and

IS(πY ) ⊆ IS(πg) ∪ IS(πV ), (6.26)

where:

IS(πY ) =
⋃

yi∈Y

IS(πyi
) = IS(

∏
yi∈Y

πyi
), (6.27)

IS(πU) =
⋃

xi∈U

IS(πxi
) = IS(

∏
xi∈U

πxi
), (6.28)

IS(πV ) =
⋃

xi∈V

IS(πxi
) = IS(

∏
xi∈V

πxi
), (6.29)

then f has a serial functional decomposition with respect to (U, V ) in the form f =
h(g(U), V ). 2

The block incompatibility graph IG(πU) of a set-system πU is created as follows. The
set of all incompatible pairs of symbols induced by two blocks Bi and Bj of a given set
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For each
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Figure 6.7: Bound-set construction - lower/upper bound pairs selection algorithm
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system π constitute the set of block incompatible pairs defined as:

BIP (Bi, Bj) = {(sk, sl)|sk ∈ Bi \Bj and sl ∈ Bj \Bi}. (6.30)

Since another block Bk, that contains both symbols si and sj might exists, the block
incompatible pair does not guarantee that pair (si, sj) induces an elementary information
si|sj. The set of elementary information items of π that are induced by Bi and Bj is given
by the formula:

BIS(π, Bi, Bj) = IS(π) ∩BIP (Bi, Bj). (6.31)

Block merging removes all information from BIS(πU , Bi, Bj). According to corollary
6.1, two blocks of πU can be merged if their merging does not remove any information
UPIS provided by the variables from the bound-set U only and required to compute f .
Hence, two blocks Bi and Bj of πU are compatible (denoted as Bi ∼ Bj) if and only
if BIS(πU , Bi, Bj) ∩ UPIS(πU , f, npv(f), k) = ∅, and they are incompatible otherwise.
A node of the block incompatibility graph IG(πU) represents a block of πU . There is
an edge between two nodes of IG(πU) if and only if the two corresponding blocks of πU

are incompatible. For each constructed U , its corresponding block incompatibility graph
IG(πU) is minimally colored to construct πg with the minimum number of blocks. A
limited sub-set of supports U with the lowest number of blocks in their corresponding
set systems πg is passed to the multi-valued function modification procedure. Figure 6.8
illustrates this algorithm.

Bound-sets constructed this way can sometimes be further improved using the algo-
rithm presented in Section 6.3.3.

Example 6.1 (Basic bound-set selection algorithm) 9sym is a totally symmetric
function from the MCNC benchmark suite [MCN]. Three two-output blocks g were
constructed at the first level of the circuit implementing this benchmark. As a result, we
obtained the image function h4 shown in Figure 6.2. At this step of decomposition, six-
input image function h4(x1, x2, x3, x4, x5, x6) becomes partially symmetric; hence, bound-
set construction is not a trivial task. Set systems for the function h4 and its inputs are
as follows:

πx1 = {0, 1, 6, 7, 8, 9, 10, 12, 18, 19, 20, 21, 22, 23, 24;

1, 2, 3, 4, 5, 6, 7, 11, 13, 14, 15, 16, 17, 18, 24}
πx2 = {0, 2, 3, 4, 5, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 19, 20, 21, 22, 23;

0, 1, 2, 4, 5, 6, 7, 8, 10, 11, 16, 17, 18, 21, 22, 24}
πx3 = {0, 3, 4, 5, 6, 7, 9, 10, 11, 12, 13, 14, 16, 17, 18, 19, 21, 22, 23, 24;

0, 1, 2, 5, 6, 7, 8, 9, 13, 15, 16, 19, 20, 21}
πx4 = {0, 1, 2, 6, 8, 9, 11, 12, 13, 14, 15, 16, 17, 18, 20;

1, 2, 3, 4, 5, 7, 8, 10, 15, 19, 20, 21, 22, 23, 24}
πx5 = {0, 1, 2, 3, 5, 6, 11, 12, 14, 19, 20, 21, 22, 23, 24;

0, 1, 4, 5, 7, 8, 9, 10, 13, 14, 15, 16, 17, 18, 23}
πx6 = {2, 3, 4, 6, 7, 8, 9, 10, 11, 12, 13, 15, 16, 17, 18, 19, 20, 21, 22, 24;
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Figure 6.8: Bound-set construction algorithm
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S x1 x2 x3 x4 x5 x6 h4

0 0 – – 0 – 1 1
1 – 1 1 – – 1 1
2 1 – 1 – 0 – 1
3 1 0 0 1 0 – 1
4 1 – 0 1 1 – 1
5 1 – – 1 – 1 1
6 – 1 – 0 0 – 1
7 – 1 – 1 1 – 1
8 0 – 1 – 1 – 1
9 0 0 – 0 1 0 1
10 0 – 0 1 1 0 1
11 1 – 0 0 0 0 1
12 0 0 0 0 0 0 1
13 1 0 – 0 1 – 0
14 1 0 0 0 – 1 0
15 1 0 1 – 1 0 0
15 1 – – 0 1 0 0
17 1 – 0 0 1 – 0
18 – 1 0 0 1 0 0
19 0 0 – 1 0 – 0
20 0 0 1 – 0 0 0
21 0 – – 1 0 0 0
22 0 – 0 1 0 – 0
23 0 0 0 1 – 1 0
24 – 1 0 1 0 0 0

Table 6.2: Boolean function for bound-set construction example
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0, 1, 2, 3, 4, 5, 6, 7, 8, 13, 14, 17, 19, 22, 23}
πh4 = {0, 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12; 13, 14, 15, 16, 17, 18, 19, 20, 21, 22, 23, 24}

Information similarity ISIM(πxi
, πh4) of each input xi to the function f :

ISIM(πx1 , πh4) = 50
ISIM(πx2 , πh4) = 24
ISIM(πx3 , πh4) = 28
ISIM(πx4 , πh4) = 50
ISIM(πx5 , πh4) = 50
ISIM(πx6 , πh4) = 26

Let us assume that the proposed algorithm constructs bound-sets having three vari-
ables at the second level of the network being built, and the maximal number of bound-
set seeds bw = 3. The set of non-permissible variables npv(h4) is empty, and we can
use any input of the image function h4. At the first step, the algorithm computes the
bmergeability(πU , h4, 2, 3) measures for 6(6-1)/2=15 pairs U = {xi, xj} of input variables
(see Table 6.3). Next, the analysis of the bmergeability measure is performed: bm =
8.12963, bmstdev(h4, 2, 3) = 1.95483, ∆ = 1.42346, and bmstdev2(h4, 2, 3) = 1.33983. As
a result, the pairs that have bmergeability(πU , h4, 2, 3) measures lower that 7.23261 are
assigned to the lower-bound (see Table 6.4):

lb = {{x2, x3}, {x2, x6}, {x3, x6}},

and pairs that have bmergeability(πxi
πxj

, h4, 2, 3) greater than 10.2157 are assigned to
upper-bound:

ub = {{x1, x4}, {x1, x5}, {x4, x5}}.
These pairs constitute seeds for the next iteration of the algorithm. The initial variables
in the lower-bound lbv = {x2, x3, x6} are verified for correlation with the upper-bound
variables, and the initial variables of the upper-bound ubv = {x1, x4, x5} are verified for
correlation with the lower-bound variables. A number of pairs that contain correlated
variables from the upper-bound are added to the initial lower-bound, and a number of
pairs that contain the correlated variables from the lower-bound are added to the initial
upper-bound set (see Table 6.4). The resulting two sets of pairs constitute the output
from the pair analysis procedure. These constructed lower-bound and upper-bound pairs
are used in each subsequent iteration of the bound-set construction algorithm.

A bound-set of size n is built from a seed being a bound-set of size n − 1. To each
seed bound-set from the lower-bound lb, the one variable of a pair from the lower-bound
pairs set lbp that has a variable in common with a particular bound-set is added. The
mergeability measure of a new bound-set is evaluated and the new bound-set is inserted
into a collection lb′. Collection lb′ is organized as the priority queue with limited size.
The size limit corresponds to the beam search width, denoted as bw. Only bw number
of new partial solutions, with the lowest value of bmergeability measure is preserved and
transferred to the next iteration of the algorithm.

In an analogous manner, the upper-bound bound-sets are constructed, but partial so-
lutions that have the highest value of bmergeability measure are preserved and transferred
to the next iteration of the algorithm.
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U bmergeability δ U bmergeability δ
{x2, x6} 5.27778 -2.85185 {x1, x3} 8.05556 -0.07407
{x2, x3} 5.50000 -2.62963 {x3, x5} 8.05556 -0.07407
{x3, x6} 5.83333 -2.29630 {x5, x6} 8.11111 -0.01852
{x2, x5} 7.38889 -0.74074 {x3, x4} 8.52778 0.39815
{x2, x4} 7.38889 -0.74074 {x1, x4} 11.5556 3.42592
{x1, x2} 7.69444 -0.43519 {x4, x5} 11.5556 3.42592
{x1, x6} 7.72222 -0.40741 {x1, x5} 11.5556 3.42593
{x4, x6} 7.72222 -0.40741

Table 6.3: bmergeablity measure for all variable pairs

Seed pairs from lbp Seed pairs from ubp
U bmergeability U bmergeability

{x2, x6} 5.27778 {x1, x5} 11.5556
{x2, x3} 5.50000 {x4, x5} 11.5556
{x3, x6} 5.83333 {x1, x4} 11.5556

Added pairs to lbp Added pairs to ubp
U bmergeability U bmergeability

{x2, x5} 7.38889 {x3, x4} 8.52778
{x2, x4} 7.38889 {x5, x6} 8.11111
{x1, x2} 7.69444 {x3, x5} 8.05556
{x1, x6} 7.72222 {x1, x3} 8.05556
{x4, x6} 7.72222 {x4, x6} 7.72222
{x1, x3} 8.05556 {x1, x6} 7.72222
{x3, x5} 8.05556 {x1, x2} 7.69440
{x5, x6} 8.11111 {x2, x4} 7.38890
{x3, x4} 8.52778 {x2, x5} 7.38890

Table 6.4: Pairs in lower-bound and upper-bound

Table 6.5 shows the adequately sorted solutions constructed for 3-input bound-sets.
Three (bw=3) solutions with the lowest value of bmergeability measure from the lower-
bound, as well as three solutions that have the highest value of the measure in the upper-
bound, are selected for the final evaluation with respect to the number of blocks in the re-
sulting set-system πg. Since bound-set {x2, x4, x5} results in πg with the smallest number
of blocks |πg|, it is selected as the result of the procedure. Note that any other bound-
set results in a non convergent sub-function g. It is possible that the same bound-sets
are constructed from lower-bound and upper-bound pairs. Table 6.6 shows bmergeability
measure and a number of blocks in corresponding set-system πg for all possible bound-sets
with three variables.

Figure 6.9 shows the block incompatibility graph IG(π{x1,x4,x5}) of the blocks of the
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bound-sets from lbp bound-sets from ubp
U bmergability |πg| U bmergability |πg|

{x2, x3, x6} 2.10714 5 {x1, x4, x5} 4.16327 4
{x2, x4, x5} 2.58418 8 {x3, x4, x5} 3.55612 8
{x2, x4, x6} 2.58418 8 {x1, x3, x4} 3.54847 8
{x2, x3, x5} 2.64286 8 {x1, x5, x6} 3.50255 8
{x1, x3, x6} 2.69133 8 {x4, x5, x6} 3.50255 8
{x1, x2, x6} 2.72194 8 {x1, x3, x5} 3.31888 7
{x1, x2, x3} 2.78061 8 {x1, x4, x6} 3.29847 7
{x2, x3, x4} 2.83673 8 {x3, x4, x6} 2.88903 8
{x1, x2, x5} 3.44898 8 {x3, x5, x6} 2.86097 8
{x1, x2, x4} 3.45663 8 {x1, x3, x6} 2.69133 8

Table 6.5: bmergability measure of bound-sets with size 3

U bmergability |πg| U bmergability |πg|
{x1, x2, x3} 2.78061 8 {x1, x2, x4} 3.45663 8
{x1, x2, x5} 3.44898 8 {x1, x2, x6} 2.72194 8
{x1, x3, x4} 3.54847 8 {x1, x3, x5} 3.31888 7
{x1, x3, x6} 2.69133 8 {x1, x4, x5} 4.16327 4
{x1, x4, x6} 3.29847 7 {x1, x5, x6} 3.50255 8
{x2, x3, x4} 2.83673 8 {x2, x3, x5} 2.64286 8
{x2, x3, x6} 2.10714 5 {x2, x4, x5} 3.27806 7
{x2, x4, x6} 2.58418 8 {x2, x5, x6} 2.75000 8
{x3, x4, x5} 3.55612 8 {x3, x4, x6} 2.88903 8
{x3, x5, x6} 2.86097 8 {x4, x5, x6} 3.50255 8

Table 6.6: bmergability measure of all bound-sets with size 3
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Figure 6.9: Example of πg construction. πU block incompatibility graph

set-system:

π{x1,x4,x5} = {0, 1, 6, 12, 20; 0, 1, 8, 9, 18; 1, 19, 20, 21, 22, 23, 24; 1, 7, 8, 10, 23;

1, 2, 6, 11, 14; 1, 13, 14, 15, 16, 17, 18; 1, 2, 3, 5, 24; 1, 4, 5, 7, 15}

Fast heuristic graph coloring algorithm similar to the one presented in [WP92] finds the
best coloring for the πg’s block incompatibility graph (see Figure 6.9). To each block of
π{x1,x4,x5} a color is assigned. Color represents a block in resulting set system:

πg = {0, 1, 4, 5, 6, 7, 12, 15, 20; 0, 1, 2, 3, 5, 8, 9, 18, 24;

1, 13, 14, 15, 16, 17, 18, 19, 20, 21, 22, 23, 24; 1, 2, 6, 7, 8, 10, 11, 14, 23}

All blocks of π{x1,x4,x5} colored with the same color (surrounded by gray oval in Figure
6.9) are assigned to the same block in πg. Bound-set {x1, x4, x5} and the corresponding
set-system πg is the output data of the bound-set construction procedure.

6.3.3 The algorithm for the input support improvement

Due to its heuristic character, the block’s g input support (bound-set) construction
method (Section 6.3.2, may produce supports that are not strictly minimal with respect
to the number of blocks in the related set-system πg. It is especially important to know
whether for a given bound-set U , the bound-set U ′ exists such that:

d|πg′|e < d|πg|e, (6.32)

where πg′ is a set-system induced by U ′ and πg is a set system induced by U . In that
case, the corresponding block g′ has fewer binary outputs than block g, and the successor
sub-function h has fewer inputs. Usually, implementation of block g′ results in a more
effective network with fewer logic blocks and logic levels than does implementation of the
g block.

To verify if for a given bound-set U there exists such a bound-set U ′ that |U ′| < |U |,
we propose and implement an algorithm that is actually an extension of the iterative



6.3. SINGLE OUTPUT DECOMPOSITION 147

Stop

Start

{ U, πg(U)} , V, beam

to_improve ← { U, πg(U) }

For each U ∈ to_improve

No

Yes

improved = ∅

improved = ∅

to_improve = improved

improved = to_improve
Exchange Variables

x∈U  ↔  y∈V

Figure 6.10: Iterative support improvement algorithm

bound-set improvement algorithm published in [Sch95] and [WSEA99]. In the original
algorithm [Sch95], all decisions are performed in a greedy (best-first search) manner. In
our algorithm, we use a beam-search. A beam-search modifies the breadth-first search. In
each iteration of the beam-search, a number of the best partial solutions are constructed
and then handed over to the next iteration for further expansion. The number of partial
solutions transferred to the next iteration is called beam-width.

Figure 6.10 shows the top-level view of the proposed iterative improvement procedure.
The procedure takes an initial bound-set U , corresponding free-set V , and the beam width
on its input. At each iteration, a set of bound-sets improved = {U ′| |πg′| < |πg|} is
constructed by exchanging a variable in the bound-set with a variable in the corresponding
free-set. The cardinality of the improved set is limited by the beam width parameter.
Figure 6.11 illustrates the variables exchange procedure.

Initially, the variables exchange procedure detects a number of the worst variables
xi ∈ U and a number of variables yi ∈ V that correlate most strongly with variables in
the original bound-set U . The procedure assumes the number of blocks in πg(U) as the
cost function. The difference

cost reduction(xi) = |πg(U)| − |πg(U\xi)| (6.33)

denotes the cost reduction in the block g implementation. If for a given variable xi the
corresponding cost reduction is high, it means that variable xi is weakly correlated with
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other variables in U , and its removal from U is highly desirable. Analogously, the cost
reduction for variable yi ∈ V is defined as:

cost reduction(yi) = |πg(U)| − |πg(U∪yi)| (6.34)

If for a given variable yi the corresponding cost reduction is high, variable yi strongly
correlates with the variables in U , thus, that variable should be added to U .

A set of variables BU = {xi} and a set of variables BV = {yi} resulting in the highest
cost reductions are handed over to the final step of the algorithm. In that step, for each
pair xi, yi, where xi ∈ BU and yi ∈ BV , the resulting set-system πg(U\xi∪yi) is evaluated.
If the number of blocks in πg(U\xi∪yi) is smaller than the number of blocks in the original
πg(U), bound-set U ′ = U\xi ∪ yi is judged as improved by. The number of improved
bound-sets being by the variable exchange procedure is limited by the beam width.

Input variables of Boolean functions often posses very specific properties that can
be used for rapid construction of very high-quality input supports of a predecessor sub-
function g. Input supports built in such a way may be used for block g construction or
as seeds for general input support construction algorithms (see Section 6.3.8).

In the following sections, we present three specialized algorithms for input support
construction. The proposed algorithms respectively exploit: the symmetric variables,
information-symmetric variables, block-unate variables, and variable pairs that have
bmergeability measures equal to zero. These algorithms efficiently detect whether it
is possible to quickly build input supports of a given class, and produce sets of input
supports.

6.3.4 Symmetric input supports

A very important class of Boolean functions, and perhaps the one most commonly re-
searched one (see Section 2.5), is the class of symmetric functions. Symmetric functions
are invariant on the input variables permutation; hence, all subsets of input variables of
the same cardinality have the same properties. Therefore, input support construction is
trivial once the symmetry is detected. Even if a certain function is not totally symmetric
with respect to its whole input support, some of its sub-functions can be symmetric in
some input sub-sets (symmetry sets, see Definition 2.33). Having such a symmetric input
sub-set for a certain function, it is always possible to disjointly decompose this function
into a symmetric sub-function computed from the symmetric input sub-set and the re-
mainder [KD91]. This ability follows just from the fact that the function values depend
only on a certain abstraction (function) from the number of 1s (0s) in the symmetric input
subset [JC99]. A k-input block g built during the decomposition process, using a set of
symmetric variables as its support, ”counts” a number of 1s at its inputs for each input
vector, and groups (abstracts) these vectors into equivalence classes having the same 1s
(0s) count. Each such equivalence class is represented as a block of the corresponding
πg set-system. Usually, at the bottom level of a network implementing a certain sym-
metric function, the logic blocks abstract (count), in the most proper way, the number
of 1s (number of 0s is equal to number of function inputs minus number of 1s). In the
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worst case, there may be k +1 classes representing 0, 1, . . . , k 1s in input vectors, and the
maximal number of blocks in πg is k + 1. The lowest convergence of block g built upon
a set of symmetric input variables U (denoted as cv(U)) can be computed as:

cv(U) = |U | − dlog2(|U |+ 1)e. (6.35)

Hence, each symmetric bound-set having more than 2 variables and constructed upon a
set of symmetric variables U is convergent; i.e., |U | − dlog2(|U |+ 1)e > 0.

This possibility, combined with the fact that symmetric and many near symmetric
functions have very compact disjoint decompositions [WD98], enables us to construct
compact circuit structures by disjoint decomposition, which extracts the symmetric sub-
function and further separated decomposition of the extracted symmetric and asymmetric
sub-functions. Strict application of such an approach may result in substandard networks
being in terms of the number of levels.

According to definition 2.33, each (in)completely specified symmetric function f is
invariant under any permutation of its input variables that belongs to a symmetry-set
SY M . The value of a symmetric sub-function defined on SY M does not depend on its
input vector positions (input variables) which take corresponding values of 0 (literal x i)
or 1 (literal xi); but it depends only on the number of 1s (0s) in the input (sub)vector
defined on variables in SY M . As a result, values of g(SY M) define a partition on 1s (0s)
counts in the related input vectors.

The main purpose of the research presented in this chapter is to develop an efficient
method of high-quality input support construction. Therefore, we reformulated the clas-
sical problem of symmetry detection. Instead of asking whether input variables of an
(in)completely specified function f are symmetric, we ask if it possible to build a good
input support for sub-function g(U) on variables in U being symmetric.

In general, when block’s g output set-system πg is built, we abstract some portion of
information that is provided by its input variables from U . In the same time, we have to
preserve certain information that we denote as UPIS(πU , f, npv(f), k) (see Section 6.3.2).
In the case of symmetric input support construction, we group blocks of cover

ζU =
⋃

xi∈U

πxi
(6.36)

that represent the input sub-minterms having the same 1s count on literals that represent
variables from U . We obtain minimal symmetric set-system πsymmin

U . Each block in
πsymmin

U represents the unique number of 1s count: 0, 1, . . . , |U |. The number of blocks in
πsymmin

U is equal to |U |+ 1. If

UPIS(πU , f, npv(f), k) ⊆ IS(πsym
U ), (6.37)

we can represent all information requiring preservation with some symmetric set-system
πsym

U ≥ πsymmin
U for which UPIS(πU , f, npv(f), k) ⊆ IS(πsym

U ).

Example 6.2 (Symmetric input support) Table 6.7 contains an incompletely spec-
ified partially symmetric function f . Variables x1, x2, and x3 constitute symmetry-set
SY M . Set-systems and information sets for all input and output variables are as follows:
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S x1x2x3x4 f
1 1 – 0 0 1
2 – 0 1 0 1
3 0 0 0 - 0
4 1 1 1 - 0
5 – – – 1 0

Table 6.7: Incompletely specified Boolean function for symmetric input support example

πx1 = {
x1=0

2, 3, 5 ;
x1=1

1, 2, 4, 5 } IS(πx1) = {1|3}

πx2 = {
x2=0

1, 2, 3, 5 ;
x2=1

1, 4, 5 } IS(πx2) = {2|4, 3|4}

πx3 = {
x3=0

1, 3, 5 ;
x3=1

2, 4, 5 } IS(πx3) = {1|2, 1|4, 2|3, 3|4}

πx4 = {
x4=0

1, 2, 3, 4 ;
x4=1

3, 4, 5 } IS(πx4) = {1|5, 2|5}

πf = {
xf=0

3, 4, 5 ;
xf=1

1, 2 } IS(πxf
) = {1|3, 1|4, 1|5, 2|3, 2|4, 2|5}

We assign a label to each block of input and output set-system that corresponds to the
variable’s value (see also [GP98]). Each block of cover ζx1x2x3 = πx1πx2πx3 represents a
value (minterm) of an input sub-vector defined on [x1x2x3]. The value of the sub-vector
is the label of the cover’s block. Each symbol in a block contains a minterm that labels
the block.

ζx1x2x3 = {
000

3, 5 ;
001

2, 5 ;
010

5 ;
100

1, 5 ;
011

5 ;
101

2, 5 ;
110

1, 5 ;
111

4, 5 }. (6.38)

Merging blocks whose labels contain the same number of 1s (denoted as SP - symmetry
pattern), we obtain the following minimal symmetric set-system:

πsymmin
x1x2x3

= {
SP=0

3, 5 ;
SP=1

1, 2, 5 ;
SP=2

1, 2, 5 ;
SP=3

4, 5 } = {
SP=0

3, 5 ;
SP={1,2}

1, 2, 5 ;
SP=3

4, 5 } (6.39)

Since further merging of block 3, 5 with block 4, 5 does not remove any information that
has to be preserved UPIS(πx1πx2πx3 , f, ∅, 3) = {1|3, 1|4, 2|3, 2|4}, we obtain the following
maximal symmetric set-system:

πsymmax
x1x2x3

= {
SP={1,2}

1, 2, 5 ;
SP={0,3}

3, 4, 5 }.

2

Example 6.3 (Symmetric input support with inverted variables) Because we
assume that all variables in a symmetry-set are in their positions, the above discussion
limits the types of symmetries that can be detected. Let us consider once more function
from table 6.7, but let variable x3 be inverted (see Table 6.8). In this case, we obtain the
following cover and minimal symmetric set-system for variables x1, x2, x3:

ζx1x2x3 = {
000

2, 5 ;
001

3, 5 ;
010

5 ;
100

2, 5 ;
011

5 ;
101

1, 5 ;
110

4, 5 ;
111

1, 5 }.
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S x1x2x3x4 f
1 1 – 1 0 1
2 – 0 0 0 1
3 0 0 1 – 0
4 1 1 0 – 0
5 – – – 1 0

Table 6.8: Incompletely specified Boolean function for inverted symmetry example

πsymmin
x1x2x3

= {
SP=0

2, 5 ;
SP=1

2, 3, 5 ;
SP=2

1, 4, 5 ;
SP=3

1, 5 }.

Since variable inversion does not change the information that has to be preserved, we
observe that two elementary information items 1|4 and 2|3 from this information set can
not be represented by πsymmin

x1x2x3
. Hence, symmetry can not be simply detected in this case.

In order to detect this kind of symmetry we have to invert variable x3. After inverting
x3, blocks of set-system πx3 have the same labels as those in Example 6.2. Symmetry can
be now detected as shown above.

2|SY M | possible variable inversions exist for symmetry set SY M = {x1, . . . , xi, . . . xk}.
However, if {x1, . . . , x i, . . . xk} is symmetric, then {x 1, . . . , xi, . . . x k} is symmetric. As a
result, for a given symmetry-set SY M , only 2|SY M |−1 unique inversions have to be verified
in order to detect all possible symmetries. 2

Below, our new efficient method for finding the minimal symmetric set-systems is
explained. Let symmetric set-system πsymmin

U for a given set of variables U be defined on
a set of symbols S. Let s denote a symbol in S. Set-system πsymmin

U contains |U |+1 blocks
BU

0 , BU
1 , . . . , BU

|U |. Block BU
0 = { s | SP (s, U) = 0}, block BU

1 = {s | SP (s, U) = 1}, . . .,

BU
|U | = {s | SP (s, U) = |U |}. For a given variable x ∈ U , block 0 (πx) = {s | SP (s, {x}) =

0}, and block 1 (πx) = {s | SP (s, {x}) = 1}. For U that contains only one variable x,

B
{x}
0 = block 0 (πx), and B

{x}
1 = block 1 (πx). In the case when |U | > 1 we can compute

blocks of πsymmin
U using the following iterative formula:

BU∪x
c =


BU

c ∩ block 0 (πx) if c = 0
BU

c−1 ∩ block 1 (πx) if c = |U + x|
BU

c ∩ block 0 (πx) ∪BU
c−1 ∩ block 1 (πx) otherwise

Informally, multiplication of the blocks of a partial symmetric set-system by block 0 (πx)
of a certain variable x, does not change the number of 1s (SP (s, U) = SP (s, U ∪ x))
assigned to these blocks. On the other hand, multiplication of the blocks of a partial
symmetric set-system by block 1 (πx) increases the number of 1s assigned to each block
BU

c by one. Additionally, a new block B|U∪x| is created at each iteration. Figure 6.12 shows
the algorithm that constructs the minimal symmetric set-system πsymmin

U for a provided
vector of two-block set-systems [π0, . . . , πk−1] (|U | = k).

Example 6.4 (Minimal symmetric set-system calculation) Let U = {x0, x1, x2},
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Require: [π0, . . . , πk−1]
Ensure: πsymmin

0,...,k−1 = [B0, . . . , Bk]
B0 ← block 0 (π0);
B1 ← block 1 (π0);
for x← 1 to k − 1 do

for c← 0 to x do
B′

c ← Bc ∩ block 0 (πx)
end for
Bx+1 ← Bx ∩ block 1 (πx)
for c← x downto 1 do

Bc ← B′
c ∪Bc−1 ∩ block 1 (πx)

end for
B0 ← B′

0

end for

Figure 6.12: Minimal symmetric set-system calculation algorithm

and let set-systems for variables be as follows:

πx0 = {
0

1, 2, 3, 4, 5 ;
1

5, 6, 7, 8, 9 }

πx1 = {
0

1, 2, 7, 8, 9 ;
1

3, 4, 5, 6, 9 }

πx2 = {
0

2, 4, 5, 8, 9 ;
1

1, 3, 6, 7, 8 }

The table below shows blocks BU
c as computed by the algorithm in Figure 6.12.

U BU
0 BU

1 BU
2 BU

3

{x0} {1, 2, 3, 4, 5} {5, 6, 7, 8, 9}
{x0, x1} {1, 2} {3, 4, 5, 7, 8, 9} {5, 6, 9}
{x0, x1, x2} {2} {1, 4, 5, 8, 9} {3, 5, 7, 8, 9} {6}

2

In the following paragraphs, we present a method of symmetric input supports con-
struction based on information relationships. First we construct all pairs of input variables
of function f that are pair-wise symmetric. Next, if necessary, we combine the pairs in
order to construct block’s g k-size input support (bound-set) that is symmetric. In the
case of a completely specified function f ([KD91]), symmetry is an equivalence relation.
Therefore, the pair-wise symmetries are sufficient to construct disjoint symmetry-set(s)
on input variables of function f . This condition does not hold for potentially symmet-
ric incompletely specified functions because the actual existence of symmetry in these
functions depends on the output don’t care assignment. The don’t care assignment for
variables pair {xi, xj} may conflict with the don’t care assignment for pair {xj, xk}. It
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Case 1a 2a 3a 4a 5a 6a 7a 8a 9a
a(xixj) 00 00 00 0– 0– 0– 01 01 01
b(xixj) 10 1– 11 10 1– 11 10 1– 11

(a)

Case 1b 2b 3b 4b 5b 6b 7b 8b 9b
a(xix j) 01 01 01 0– 0– 0– 00 00 00
b(xix j) 11 1– 10 11 1– 10 11 1– 10

(b)

Table 6.9: Possible configurations of two variable sub-vector xixj.

was shown [SMHM97] that the problem is NP-hard; heuristic approaches were proposed
in [SMHM97][CMS99]. Since our approach aims at the best k-size input support con-
struction we do solve the maximal symmetry-set problem. This way, we can avoid the
don’t care assignment. However, the polarization assignment to symmetric variables also
has to be solved.

Let s ∈ S be a symbol that represents an input vector of an incompletely specified
function f(X). Let s(U) (U ⊂ X) denote the sub-vector of s defined on variables in U .
Let the symmetry-pattern defined on U SP (s, U) denote the set of possible 1s assignments
to variables x ∈ U ⊂ X in function’s f input vector, which is represented by the symbol
s. For example,

SP (0–101–, {x1, x2}) = {0, 1};

i.e., it is 0 if we assign 0 to the first don’t care condition (denoted as ”–”), or 1 if we
assign 1 to this don’t care.

Let two symbols a, b appear in an elementary information item (incompatible pair)
a|b, and a|b ∈ IS(xi). Without loss of generality, we can always assign the value xi = 0
to symbol a, and xi = 1 to symbol b. If SP (a, {xi, xj}) ∩ SP (b, {xi, xj}) = ∅, then a|b
is a positive symmetric incompatible pair on variables xi, xj and we can distinguish two
symbols a, b by counting 1s in a(xixj) and b(xixj). Similarly, if we invert variable xj, we
can distinguish symbols a, b by counting 1s in a(xixj ), and b(xixj ) and we call a|b an
inverted symmetric incompatible pair on variables xi, xj.

Table 6.9.a (Table 6.9.b) shows all possible configurations of sub-vector xixj (xix j)
for two symbols a, b, where a|b ∈ IS(xi). The above configurations can be modeled with
set-systems and covers by symbols distribution analysis. The distribution of symbols a
and b in set-system πxi

is the following:

πxi
= {

xi=0

. . . a . . . ;
xi=1

. . . b . . . }.

Tables 6.10 and 6.11 respectively show all possible distributions of symbols a, b in set-
system πxj

and in set-system πx j
that represents xj inversion. It is enough to consider the

symbol distribution only for these two cases, because the symbol distribution for {πx i
, πxj
}

is equivalent to the {πxi
, πx j
} distribution, and {πx i

, πx j
} distribution is equivalent to
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C πxj
ζxixj

= πxi
πxj

SP (a, xixj) SP (b, xixj) SC

1a {
xj=0

..ab.. ;
xj=1

....... } {
xixj=00

...a ... ;
xixj=01

......... ;
xixj=10

... b... ;
xixj=11

......... } {0} {1} S

2a {
xj=0

..ab.. ;
xj=1

.. b.. } {
xixj=00

...a ... ;
xixj=01

........ ;
xixj=10

... b... ;
xixj=11

... b... } {0} {1, 2} S

3a {
xj=0

..a .. ;
xj=1

.. b.. }{
xixj=00

...a ... ;
xixj=01

......... ;
xixj=10

......... ;
xixj=11

... b... } {0} {2} S

4a {
xj=0

..ab.. ;
xj=1

..a .. }{
xixj=00

...a ... ;
xixj=01

...a ... ;
xixj=10

... b... ;
xixj=11

......... } {0, 1} {1} A

5a {
xj=0

..ab.. ;
xj=1

..ab.. }{
xixj=00

...a ... ;
xixj=01

...a ... ;
xixj=10

... b... ;
xixj=11

... b... } {0, 1} {1, 2} A

6a {
xj=0

..a .. ;
xj=1

..ab.. }{
xixj=00

...a ... ;
xixj=01

...a ... ;
xixj=10

......... ;
xixj=11

... b... } {0, 1} {2} S

7a {
xj=0

.. b.. ;
xj=1

..a .. }{
xixj=00

......... ;
xixj=01

...a ... ;
xixj=10

... b... ;
xixj=11

......... } {1} {1} A

8a {
xj=0

.. b.. ;
xj=1

..ab.. }{
xixj=00

......... ;
xixj=01

...a ... ;
xixj=10

... b... ;
xixj=11

... b... } {1} {1, 2} A

9a {
xj=0

....... ;
xj=1

..ab.. } {
xixj=00

......... ;
xixj=01

...a ... ;
xixj=10

......... ;
xixj=11

... b... } {1} {2} S

Table 6.10: Symmetry modeling with set-systems for two Boolean variables xi, xj.

C πx j
ζxixj

= πxi
πx j

SP (a, xix j) SP (b, xix j) SC

1b {
xj=1

..ab.. ;
xj=0

....... } {
xixj=01

...a ... ;
xixj=00

......... ;
xixj=11

... b... ;
xixj=10

......... } {1} {2} S

2b {
xj=1

..ab.. ;
xj=0

.. b.. } {
xixj=01

...a ... ;
xixj=00

........ ;
xixj=11

... b... ;
xixj=10

... b... } {1} {1, 2} A

3b {
xj=1

..a .. ;
xj=0

.. b.. }{
xixj=01

...a ... ;
xixj=00

......... ;
xixj=11

......... ;
xixj=10

... b... } {1} {1} A

4b {
xj=1

..ab.. ;
xj=0

..a .. }{
xixj=01

...a ... ;
xixj=00

...a ... ;
xixj=11

... b... ;
xixj=10

......... } {0, 1} {2} S

5b {
xj=1

..ab.. ;
xj=0

..ab.. }{
xixj=01

...a ... ;
xixj=00

...a ... ;
xixj=11

... b... ;
xixj=10

... b... } {0, 1} {1, 2} A

6b {
xj=1

..a .. ;
xj=0

..ab.. }{
xixj=01

...a ... ;
xixj=00

...a ... ;
xixj=11

......... ;
xixj=10

... b... } {0, 1} {1} A

7b {
xj=1

.. b.. ;
xj=0

..a .. }{
xixj=01

......... ;
xixj=00

...a ... ;
xixj=11

... b... ;
xixj=10

......... } {0} {2} S

8b {
xj=1

.. b.. ;
xj=0

..ab.. }{
xixj=01

......... ;
xixj=00

...a ... ;
xixj=11

... b... ;
xixj=10

... b... } {0} {1, 2} S

9b {
xj=1

....... ;
xj=0

..ab.. } {
xixj=01

......... ;
xixj=00

...a ... ;
xixj=11

......... ;
xixj=10

... b... } {0} {1} S

Table 6.11: Symmetry modeling with set-systems for two Boolean variables xi, x j.
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{πxi
, πxj
}. In Table 6.10, we observe that the symbol distribution in πxj

can be divided
into two symmetry classes that we denote as SC(a|b)|xixj

:

• Symmetry (SC(a|b)|xixj
= S): SP (a, {xi, xj}) ∩ SP (b, {xi, xj}) = ∅

• Asymmetry (SC(a|b)|xixj
= A): SP (a, {xi, xj}) ∩ SP (a, {xi, xj}) 6= ∅

Analogously, in Table 6.11 for πx j
we obtain:

• Symmetry (SC(a|b)|xix j
= S): SP (a, {xi, x j}) ∩ SP (b, {xi, x j}) = ∅

• Asymmetry (SC(a|b)|xix j
= A): SP (a, {xi, x j}) ∩ SP (b, {xi, x j}) 6= ∅

Function g has to transfer only part of the information provided by its input variables
in U . This information is denoted as UPIS(πU , f, npv(f), k) (see Section 6.3.2). If each
elementary item of information in UPIS(πU , f, npv(f), k) can be represented consistently
as a difference in the 1s count, then U is a set of symmetric variables. This reasoning
leads us to the following lemma for a pair of symmetric variables.

Lemma 6.2. Symmetric variable pair
Let xi, xj ∈ X be a pair of permissible input variables of f(X) (i.e., xi, xj 6∈ npv(f)), and
let UPIS(πxi

πxj
, f, npv(f), 2) denote the set of elementary information items provided

by variables xi, xj that have to be preserved when building πg. Variables xi, xj constitute
(a consistent) symmetric pair if and only if (a) or (b) holds.

(a) Positive symmetry pair (PSP):

∀
si|sj∈UPIS

SC(si|sj)|xixj
= S (6.40)

(b) Inverted symmetry pair (ISP):

∀
si|sj∈UPIS

SC(si|sj)|xix j
= S (6.41)

If both (a) and (b) hold, pair {xi, xj} is denoted as a neutral symmetric variable pair
(NSP). 2

Proof: If condition (a) holds, then there is no elementary information item si|sj ∈
UPIS(πxi

πxj
, f, npv(f), 2) that

SP (si, {xi, xj}) ∩ SP (sj, {xi, xj}) 6= ∅.

In this case it is possible to construct πsymmin
xixj

and

IS(πsymmin
xixj

) ⊇ UPIS(πxi
πxj

, f, npv(f), 2).

Analogously, if (b) holds, there is no elementary information item si|sj such that

SP (si, {xi, x j}) ∩ SP (sj, {xi, x j}) 6= ∅
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and πsymmin
xixj

can be constructed as well. 2

The challenge here is to find an efficient method of construction for all symmetric
variable pairs. Below, we propose one such method, based on the threshold information
set.

Definition 6.1. Threshold information set THIS
Let ISS(X) = {IS(πxi

)} be a set of information sets defined on a set of variables X,
where xi ∈ X. Let sup(si|sj) denote the set of variables from X providing elementary
information si|sj. The threshold information set is defined as follows:

THISk(ISS(X)) = {(si|sj) | sup(si|sj) ≥ k}. (6.42)

2

The threshold information sets provides us with the elementary information items
classification that depends on multiplicity of occurrence within the set of variables X.

Using threshold information sets, we can compute unique information doubled infor-
mation (etc.) in a straightforward way. For example, the unique (critical) information
IS1(X) (see formula 4.61) that is provided by a set of variables X can be computed as:

IS1(X) = THIS1(ISS(X)) \ THIS2(ISS(X)).

A set of elementary information items that are provided only twice can be computed as:

IS2(X) = THIS2(ISS(X)) \ THIS3(ISS(X))

In general, if k denotes the occurrence multiplicity of the elementary information items,
the set ISk(X) can be computed as:

ISk(X) = THISk(ISS(X)) \ THISk+1(ISS(X)). (6.43)

Figure 6.13 presents an algorithm that calculates threshold information sets THIS1,
THIS2, . . . , THISthmax for a given set of information sets ISS(X), where thmax states
for maximal threshold of interest (thmax ≤ |X|). Initially, all threshold information sets
THIS2, . . . , THISthmax are initialized with empty sets of elementary information items
and THIS1 is assigned with information provided by a first variable x1. Next, at each
iteration, information provided by a particular variable xi is accumulated in such a way
that THISj is increased by information already provided by j−1 variables and by variable
xi. The whole information provided by xi is being added to THIS1. The computational
complexity of this algorithm is O(thmax · |X|).

Let X be a support of function f(X). ISk
f (ISS(X)) denotes the information provided

by k variables from X that is required to compute function f ; i.e.,

ISk
f (ISS(X)) = ISk(ISS(X)) ∩ IS(πf ). (6.44)

For a given input variables pair {xi, xj} of function f(X) (xi, xj ∈ X), information that is
provided uniquely by these variables and has to be preserved, can be computed as follows

UPIS(πxi
πxj

, f, ∅, 2) = IS1
f (ISS(X)) ∩ IS(πxi

) ∪ (6.45)

IS1
f (ISS(X)) ∩ IS(πxj

) ∪ (6.46)

IS2
f (ISS(X)) ∩ IS(πxi

) ∩ IS(πxj
) (6.47)
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Require: [IS(πx1), . . . , IS(πxn)], thmax
Ensure: [THIS1, THIS2, . . . , THISthmax]

for i← 2 to thmax do
THISi ← IS(π(1))

end for
THIS1 ← IS(πx1)
for i← 2 to n do

for j ← min(thmax, i) downto 2 do
THISj ← THISj ∪ (THIS(j−1) ∩ IS(πxi

))
end for
THIS1 ← THIS1 ∪ IS(πxi

)
end for

Figure 6.13: Threshold information set calculation algorithm

Informally, we have to preserve information that is provided only by variable xi (equa-
tion 6.45), information that is provided only by variable xj (equation 6.46), and informa-
tion that is provided by both variables xi, xj but is not provided by any other variable
(equation 6.47).

All of these observations lead us to the following Corollary 6.2, which we use to verify
the symmetry of a certain pair of variables.

Corollary 6.2. Symmetry verification for pairs of variables
Let {xi, xj} be a pair of input variables of a Boolean function f(X) (xi, xj ∈ X). Variables
xi, xj constitute a symmetric variables pair if and only if

PPIS(xi, xj) ⊆ IS(πsymmin
xi,xj

), (6.48)

or

PPIS(xi, xj) ⊆ IS(πsymmin
xi,xj

). (6.49)

When condition 6.48 holds, the pair is called a positive symmetry pair (PSP). If 6.49
holds, the pair is called a inverted symmetry pair (ISP). 2

Figure 6.14 shows the overview of the symmetric bound-sets construction algorithm.
First, a set of symmetric variable pairs svp = {(xi, xj)|xi, xj ∈ pv(f)} is constructed,
where each variable xi, xj belongs to the set of permissible variables pv(f). Each pair
is marked with symmetry type: positive symmetry pair (PSP) or inverted symmetry
pair (ISP). If the number of symmetric variables pairs is less than three, it is impossible
to construct any symmetric bound-set with more then two variables, and the algorithm
terminates. In the next step, the positive symmetry graph psg(V, E) is constructed. Each
node vi ∈ V in the psg represents a symmetric variable xi. There is an edge e(vi, vj) ∈ E
if and only if (xi, xj) ∈ svp; i.e., (xi, xj) is a positive symmetric variables pair. In the
next step, a set of maximal cliques sclq = {U |U = {x}, x ∈ pv(f)} in psg is found. The
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cliques constitute basic symmetric bound-sets {U}. In the next step, each bound-set U
is expanded by variables that constitute inverted symmetry pairs with variables in U .

Figure 6.15 illustrates the problem of a positive symmetry bound-set expansion. Let
us assume that in the first step of the algorithm, the set of symmetric variables pairs was
found for a function f(x1, x2, x3, x4, . . . , xn) (see Figure 6.15.a):

{x1, x2} → PSP positive symmetry pair
{x1, x3} → ISP inverted symmetry pair
{x1, x4} → ISP inverted symmetry pair
{x2, x3} → ISP inverted symmetry pair
{x2, x4} → ISP inverted symmetry pair
{x3, x4} → PSP positive symmetry pair

In the second step of the algorithm, two positive symmetry bound-sets U1 = {x1, x2}
and U2 = {x3, x4} are found. Bound-sets U1 and U2 can be merged because polarization
assignment x1, x2, x3 , x4 results in consistent symmetric relationships among variables
x1, x2, x3, x4 as defined below.

Definition 6.2. Consistent symmetric relationship between two variables
Let {xi, xj} be a symmetric variable pair. Let pol(x) denotes polarization of a variable x.
The symmetric relationship between two variables xi, xj is consistent if and only if:

pol(xi) = pol(xj) and {xi, xj} is PSP (6.50)

or
pol(xi) 6= pol(xj) and {xi, xj} is ISP (6.51)

A set of variables U is symmetrically consistent for a given polarization assignment, if
and only if, the symmetric relationship between variables in each symmetric variable pair
{xi, xj} (xi, xj ∈ U) is consistent. 2

In the case of function f ′(x1, x2, x3, x4, . . . , xn) shown in Figure 6.15.b, it is impossible
to construct a four-element consistent symmetry set U , although two the identical initial
symmetric bound-sets U1 = {x1, x2}, U2 = {x3, x4} exist (Figure 6.15.a). Expanding U1,
we can add inverted variable x4 to U1 because polarization assignment x1, x2, x4 results
in consistent symmetric relationships among variables in U1 ∪ x4. However, we cannot
add variable x3 because it would require the positive polarization of x3 to satisfy the
positive symmetry between {x1, x3}, and simultaneously, the inverted polarization of x3

to satisfy the inverted symmetry between {x2, x3}. Analogously, we can add variable x2

to the symmetric bound-set U2, but we cannot add variable x1 to U2.

Figure 6.16 shows a greedy expansion algorithm that aims at adding as many inverted
variables to the initial positive symmetric bound-set U as possible. The algorithm takes
as its input the set of all positive symmetric bound-sets, and information about symmetric
variable pairs. First, the positive polarization is assigned to each variable xi ∈ U . Next,
each variable xj in each positive symmetric bound-set V (V 6= U) is verified for consistency
with the actual bound-set U . The inverted polarization is assigned to variable xj. If for



160 CIRCUIT SYNTHESIS WITH INFORMATION RELATIONSHIP MEASURES

Start

f, pv(f)

find set of symmetric
variables pairs svp

| svp | < 3 Yes Stop

build positive symmetry graph
psg

No

find in psg maximal cliques
sclq={U | U={ xi}, xi∈pv(f) }

For each U ∈ sclq

Expand U  by
inverted variables

Figure 6.14: Algorithm for symmetric bound-sets construction

P
SP P
SPISPIS

P

ISP

ISP
x1

x2

x3

x4

(a)

P
SP P
SPISPISP

ISP

PSP
x1

x2

x3

x4

(b)
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each variable xi ∈ U there exists a consistent symmetric pair {xi, xj} ∈ svp, then variable
is added to U , and the process is continued until all variables from V are verified. This
algorithm can be easily extended to construct all possible expansions of the bound-set U .

6.3.5 Information-symmetric input supports

In the previous section, we presented a method for input support construction based on
symmetry analysis of variables. That method can efficiently construct symmetric bound-
sets for partially (

⋃
i SY Mi ⊂ sup(f)), completely (

⋃
i SY Mi = sup(f)), and totally

(SY M = sup(f)) symmetric functions. In this section, we show a heuristic method for a
high-quality input support construction for completely and totally symmetric completely
specified functions (i.e.,

⋃
i SY Mi = support(f)) that is based on information stream

analysis.
Let xi, xj be two input variables of a certain function f . We define variables xi, xj as

information-symmetric if both of them provide the same amount of information that is
necessary to compute f ; i.e., ISIM(πxi

, πf ) = ISIM(πxj
, πf ). Below we discuss when

and how this simple fact can be applied for an efficient construction of a promising input
support for sub-function g.

According to Definition 2.33, each symmetric function f is invariant under any per-
mutation of its input variables that belongs to its symmetry-set SY M . The value of a
symmetric sub-function defined on SY M does not depend on its input vector positions
(input variables) which take corresponding values of 0 (literal x i) or 1 (literal xi); rather,
the value depends only on the number of 1s (0s) in the sub-function’s input (sub)vector
defined on the variables in SY M . This means that two variables xi and xj (i 6= j) in a
totally symmetric function f have the same number of xi and xj literals (x j if one consid-
ers inverted variable xj), as well as x i and x j (xj if one considers inverted xj) literals in
the on-set fON . Analogously, these variables have the same number of the corresponding
literals in the off-set of f fOFF . Let |x|fON denote the number of appearances of the literal
x in the on-set representation of f and let |x|fOFF denotes the number of appearances of
the literal x in the off-set representation of f . Variables xi and xj are symmetric if there
exists such a representation of the on-set of f that:

|xi|fON = |xj|fON or |xi|fON = |x j|fON . (6.52)

Similarly, variables xi and xj are symmetric if there exists such a representation of the
off-set of f that:

|xi|fOFF = |xj|fOFF or |xi|fOFF = |x j|fOFF . (6.53)

Let us assume that function f is represented in such a way that conditions 6.52 and 6.53
are both satisfied. Since we consider information the ability to distinguish the symbols
from each other, and the literals x and x distinguish the symbols to which x belongs from
the symbols to which x belongs, the information similarity ISIM(πxi

, πf ) = |CI(πxi
, πf )|

can be represented as follows:

ISIM(πxi
, πf ) = (|xi|fON · |x i|fOFF ) + (|x i|fON · |xi|fOFF ) (6.54)
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S x1x2x3 y
0 1 0 0 1
1 0 1 0 1
2 0 0 1 1
3 0 0 0 0
4 0 1 1 0
5 1 0 1 0
6 1 1 0 0
7 1 1 1 0

(a)

S x1x2x3 y
0 1 0 0 1
1 0 1 0 1
2 0 0 1 1
3 0 0 0 0
4 – 1 1 0
5 1 1 – 0
6 1 – 1 0

(b)

Table 6.12: Example of representation of the totally symmetric Boolean function

Additionally, if input variables xi and xj are information-symmetric symmetric, then

ISIM(πxi
, πf ) = ISIM(πxj

, πf ) (6.55)

Figure 6.12 shows two representations of the totally symmetric function ”1 of 3”:
a) the minterm representation, and b) the minimized representation. Both represen-
tations satisfy conditions 6.52 and 6.53. For minterm representation in Figure 6.12.a
|x1|fON = |x2|fON = |x3|fON = 1, |x 1|fON = |x 2|fON = |x 3|fON = 2, |x1|fOFF = |x2|fOFF =
|x3|fOFF = 2, and |x 1|fOFF = |x 2|fOFF = |x 3|fOFF = 1. The set-systems of input and
output variables and common information CI of the input set-systems with the output
set-systems are as follows:

πx1 = { 1, 2, 3, 4 ; 0, 5, 6, 7 }
πx2 = { 0, 2, 3, 5 ; 1, 4, 6, 7 }
πx3 = { 0, 1, 3, 6 ; 2, 4, 5, 7 }
πf = { 0, 1, 2 ; 3, 4, 5, 6, 7 }

CI(πx1 , πf ) = {0|3, 0|4, 1|5, 1|6, 1|7, 2|5, 2|6, 2|7}
CI(πx2 , πf ) = {0|4, 0|6, 0|7, 1|5, 2|6, 2|7, 1|5, 1|3}
CI(πx3 , πf ) = {0|4, 0|5, 0|7, 1|4, 1|5, 1|7, 2|3, 2|6}

For the minimized representation of f shown in Figure 6.12.b

| x1 |fON = | x2 |fON = | x3 |fON = 1,
| x 1 |fON = | x 2 |fON = | x 3 |fON = 2,
| x1 |fOFF = | x2 |fOFF = | x3 |fOFF = 2, and
| x 1 |fOFF = | x 2 |fOFF = | x 3 |fOFF = 1.

The set-systems of input and output variables and information similarity ISIM of input
set-systems to the output set-systems are as follows:

πx1 = { 1, 2, 3, 4 ; 0, 4, 5, 6 }
πx2 = { 0, 2, 3, 6 ; 1, 4, 5, 6 }
πx3 = { 0, 1, 3, 5 ; 2, 4, 5, 6 }
πf = { 0, 1, 2 ; 3, 4, 5, 6 }

CI(πx1 , πf ) = {1|5, 1|6, 2|5, 2|6}
CI(πx2 , πf ) = {0|4, 0|5, 2|4, 2|5}
CI(πx3 , πf ) = {0|4, 0|6, 1|4, 1|6}
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S x1x2x3x4 y
0 1 1 0 – 1
1 1 1 – 0 1
2 – 0 1 1 1
3 0 – 1 1 1
4 1 1 1 1 0
5 0 – 0 – 0
6 0 – – 0 0
7 – 0 0 – 0
8 – 0 – 0 0

Table 6.13: Example of a completely symmetric Boolean function with two symmetry
sets.

One can easily verify that condition 6.55 is satisfied for both representations.
If a totally symmetric function is represented by minterms, it is ensured that condi-

tions 6.52 and 6.53 are satisfied; hence, we can always detect symmetry using minterm
representation. However, this kind of representation grows exponentially and may be pro-
hibitively costly. Nevertheless, symmetric functions like AND, OR, have minimized term
representations that satisfy conditions 6.52 and 6.53. This was the primary motivation
to develop a special algorithm for the information-symmetric supports construction.

Above we showed the conditions that must be satisfied by function specification in
order to detect symmetry using information relationship measures. The next problem
that we will address involves detecting a subset of input variables that constitutes a good
information-symmetric input support for block g.

Table 6.13 represents function y = x1x2 ⊕ x3x4. Function y has two symmetry sets:
SY M1 = {x1, x2}, and SY M2 = {x3, x4}. The information sets for each input and output
variables are as follows:

IS(πx1) = {0|3, 0|5, 0|6, 1|3, 1|5, 1|6, 3|4, 4|5, 4|6}
IS(πx2) = {0|2, 0|7, 0|8, 1|2, 1|7, 1|8, 2|4, 4|7, 4|8}
IS(πx3) = {0|2, 0|3, 0|4, 2|5, 2|7, 3|5, 3|7, 4|5, 4|7}
IS(πx4) = {1|2, 1|3, 1|4, 2|6, 2|8, 3|6, 3|8, 4|6, 4|8}
IS(πy) = {0|4, 0|5, 0|6, 0|7, 0|8, 1|4, 1|5, 1|6, 1|7, 1|8,

2|4, 2|5, 2|6, 2|7, 2|8, 3|4, 3|5, 3|6, 3|7, 3|8}

The common information sets and the information similarities between each input
variable xi and output variable y are shown below.

CI(πx1 , πy) = {0|5, 0|6, 1|5, 1|6, 3|4}
CI(πx2 , πy) = {0|7, 0|8, 1|7, 1|8, 2|4}
CI(πx3 , πy) = {0|4, 2|5, 2|7, 3|5, 3|7}
CI(πx4 , πy) = {1|4, 2|6, 2|8, 3|6, 3|8}

ISIM(πx1 , πy) = 5

ISIM(πx2 , πy) = 5

ISIM(πx3 , πy) = 5

ISIM(πx4 , πy) = 5
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As we can see, |ISIM(πx1 , πy)| = |ISIM(πx2 , πy)| = |ISIM(πx3 , πy)| = |ISIM(πx4 , πy)|.
Using only the information similarity measure of the input variables to the output variable,
we could falsely conclude that function y is totally symmetric. Additional analysis is
required in order to enable more precise detection of symmetry sets.

CI(πx1 , πx2) = ∅
CI(πx1 , πx3) = {0|3, 4|5}
CI(πx1 , πx4) = {1|3, 4|6}
CI(πx2 , πx3) = {0|2, 4|7}
CI(πx2 , πx4) = {1|2, 4|8}
CI(πx3 , πx4) = ∅

ISIM(πx1 , πx2) = 0

ISIM(πx1 , πx3) = 2

ISIM(πx1 , πx4) = 2

ISIM(πx2 , πx3) = 2

ISIM(πx2 , πx4) = 2

ISIM(πx3 , πx4) = 0

The proposed algorithm for the symmetric and near-symmetric input support con-
struction is based on information relationships analysis. The information model is invari-
ant on the variable inversion; hence the algorithm can analyze symmetries that contain
inverted variables. However, since the information model depends on a function’s tabular
representation, which can obscure symmetries, some symmetries might not be detected.
Figure 6.17 shows the algorithm.

First, all permissible variables at the current decomposition step are clustered ac-
cording to the information similarity to the output variable. All variables in a symmetric
variables group svg[k] have the same value of ISIM(πxi

, πf ) measure. If too many groups
are created, the algorithm can not detect any set of symmetric variables. In this case,
we deal with the asymmetric function, or the tabular representation of function f , which
does not reflect the symmetry, and the algorithm terminates.

In the next stage of the algorithm, each group of information symmetric variables is
analyzed further. Subgroups of the symmetric variable pairs (xi, xj) svp[l] are constructed
for a certain group svg[n]. Each variable pair in a subgroup l has the same information
similarity measure ISIM(xi, xj) = ISl between variables in the pairs. The value ISl is
the subgroup’s l tag, depicted as svi[l]. If the number of variable pairs sub-groups svp is
equal to the maximal number of pairs in the group svg[n], it is assumed that this group
is not a symmetric group, and analysis of this group is terminated. Otherwise, a set of
symmetric variables pairs graphs svpg is constructed as follows.

A group of the variable pairs, for which ISIM(xi, xj) = 0, is selected. Most often,
two variables xi and xj of this kind constitute two-input (N)AND or N(OR) sub-function.
Each pair is then added to a symmetric variables subgroup svp[m] if the subgroup svp[m]
contains two variable pairs (xi, xp) and (xj, xp). This approach allows us to construct
symmetric combinations of (N)AND and/or N(OR) sub-functions.

In the next step of the algorithm, the symmetric variable pairs graph svpg[l] is con-
structed for corresponding symmetric variable pairs subgroup svp[l]. A node ni in the
graph svpg[l] represents a certain input variable xi. There is an edge between two nodes
ni and nj of the svpg[l] graph if and only if the pair (xi, xj) belongs to svp[l]. Maxi-
mal clique in the svpg[l] induces an input support U assumed to be symmetric. In the
next step the (near) symmetry is verified. We assume that the (near) symmetry of U
is confirmed if the number of blocks in a resulting set-system πg(U) is less than or equal
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Figure 6.17: Information-symmetric supports construction algorithm.
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to the number of blocks in a minimal symmetric set-system defined on U . If the (near)
symmetry of U is confirmed, U is added to the final set of input supports bs.

The algorithm presented above is able to detect the entire sub-function y = x1x2⊕x3x4

as the four-variable input support if the function y is a sub-function of a completely
symmetric function.

In [KS00b], Kravets and Sakllah proposed a generalized approach that allows for
combining of symmetry sets into symmetry groups of a higher order. In their method,
function y = x1x2 ⊕ x3x4 has the second-order symmetry group {{x1, x2}, {x3, x4}}.

6.3.6 Boolean block-unate input supports

In general, information modeling ignores the polarization of the considered variables. For
the purpose of the research presented in this thesis, we extend the standard definition of
Boolean (positive and negative) unate variables by introducing the concept of block-unate
variables. Boolean positive and negative unate variables can be treated uniformly using
this approach.

Definition 6.3. Boolean block-unate variable
Let f(X) be a single output Boolean function. Let x ∈ X be an input variable of f
modeled by a two-block set-system πx, and let the function f be modeled by a two-block
set-system πf . Let BO be a block of πf . Variable x is a block-unate variable in the block
BO: BO ∈ πf if and only if there exists a block BI ∈ πx, such that BI ⊆ BO. 2

Let π1 = { B0
1 ; B1

1 } and π2 = { B0
2 ; B1

2 } be two set-systems corresponding to
block-unate variables in the same block BO. Without loss of generality, let us assume
that B0

1 ⊆ BO and B0
2 ⊆ BO. The product π1π2 is represented as

π1π2 = { B0
1 ∩B0

2 ; B0
1 ∩B1

2 ; B1
1 ∩B0

2 ; B1
1 ∩B1

2 } (6.56)

Since B0
1 ⊆ BO, (B0

1 ∩ B0
2) = B1 ⊆ BO and (B0

1 ∩ B1
2) = B2 ⊆ BO. Analogously, since

B0
2 ⊆ BO, (B0

1 ∩ B0
2) = B1 ⊆ BO and (B1

1 ∩ B0
2) = B3 ⊆ BO. (B1

1 ∩ B1
2) = B4. Merging

B1, B2 and B3 together, we can create a two-block set-system

π = { B1 ∪B2 ∪B3 ; B4 } (6.57)

that is also a block-unate set-system in block BO ((B1 ∪ B2 ∪ B3) ⊆ BO). Information
induced among blocks B1, B2 and B3 is not needed to compute function f ; hence, merging
B1, B2 and B3 as shown in Equation 6.57 removes no information required to compute f .

The two-block set-system π transforms all the information required by f that is pro-
vided by the product set-system π1π2. Therefore, using a set of block-unate (in the same
block of the output set system) variables as the input variables to block g, it is always pos-
sible to create two-block output set-system πg. One can create the bound-sets containing
any number of block-unate variables using this property iteratively.

The block-unate supports, especially those including more input variables, have ex-
cellent convergence. This observation is actually not actually original, because similar
properties of unate variables were observed earlier by Jóźwiak and were used by ordering
BDDs and similar diagrams [JM92].
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S x1x2x3x4x5 y
0 0 1 0 1 0 1
1 1 0 1 1 0 1
2 – 1 1 1 0 1
3 1 0 1 1 0 0
4 1 1 0 – 0 0
5 1 0 0 – – 0
6 – 0 1 0 – 0
7 0 1 0 0 – 0
8 – 1 0 0 1 0
9 – 1 1 – 1 0

Table 6.14: Example of a Boolean function with block-unate variables.

Example 6.5 (Block-unate variables) Let us consider the Boolean function shown in
Table 6.14. The set-systems for input and output variables are as follows:

πx1 = { 0, 2, 6, 8, 9 ; 1, 2, 3, 4, 5, 6, 8, 9 }
πx2 = { 1, 3, 5, 6 ; 0, 2, 4, 7, 8, 9 }
πx3 = { 0, 4, 5, 7, 8 ; 1, 2, 3, 6, 9 }
πx4 = { 4, 5, 6, 7, 8, 9 ; 0, 1, 2, 3, 4, 5, 9 }
πx5 = { 0, 1, 2, 3, 4, 5, 6, 7 ; 5, 6, 7, 8, 9 }
πy = { 3, 4, 5, 6, 7, 8, 9 ; 0, 1, 2 }

Variables x4, x5 are block-unate variables in block B0
y = {3, 4, 5, 6, 7, 8, 9}. For set-system

πx4 , block B0
3 = {4, 5, 6, 7, 8, 9} ⊆ B0

y , and for set-system πx5 , block B1
4 = {5, 6, 7, 8, 9} ⊆

B0
y . The (not minimized) product set-system of the block-unate variables is as follows:

πx4πx5 = { 4, 5, 6, 7 ; 5, 6, 7, 8, 9 ; 0, 1, 2, 3, 4 ; 5, 9 }.

Merging blocks {4, 5, 6, 7}, {5, 6, 7, 8, 9}, {5, 9} we obtain the following block-unate set-
system πg:

πg = { 4, 5, 6, 7, 8, 9 ; 0, 1, 2, 3, 4 }.

Information {4|8, 4|9} that was provided by the merged blocks is not required to compute
function y. 2

Using this property, we develop an efficient algorithm for the bound-set construction
that exploits the block-unate variables. Figure 6.18 shows the algorithm.

Initially, the set b0uv (b1uv) of input variables being block-unate in block B0 (block
B1) of the output set-system is detected. If there are too few block-unate variables in the
set, the algorithm terminates. These variables can be successfully used for the bound-set
construction by the general algorithm. If the number of the block-unate variables is at
least equal to the number of logic block inputs k, the bound-set size k is created randomly.
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Figure 6.18: Block-unate supports construction algorithm.

6.3.7 Mergeability-zero input supports

The general bound-set construction algorithm presented in Section 6.3.2 analyzes the
lower- and upper-bound sets of the input variable pairs in order to find subsets of variables
that would constitute good input supports for the predecessor sub-function g. As we
described in that section, variables from the lower-bound of variable pairs (low value of
bmergeability measure) constitute a good bound-set more often than do variables from the
upper-bound set. We distinguish, however, a very specific kind of variable that appears
in the lower-bound. The set of such variables has bmergeability measure (see Equation
6.15) equal to zero; hence, we call it the mergeability-zero input support. A pair of input
variables that has bmergeability measure equal to 0 is called a mergeability-zero pair.

Let us assume that U is a subset of the input variables of a certain function f . Since
each factor in Equation 6.15 is greater than or equal to zero, it is trivial to show that for a
set of input variables U , the bmergeability measure is zero if and only if ipmerge(si, sj, πU)
is equal to 1 for each (si|sj) ∈ UPIS(πU , f, npv(f), k); i.e., if and only if |πU | = 2 (see
Corollary 6.1).

If πU is a two-block set-system, it means that πU can be directly used as an output
set-system π of a corresponding block g; i.e., πU = πg, and the corresponding block g
has only one output: the best possible convergence that is equal to |U | − 1. Supports of
this kind produce logic blocks g, which combine the information that is provided by each
particular variable xi ∈ U .

One can detect the mergeablity-zero pair using the bmergeability measure. However,
it is interesting to consider the conditions that produce such kind of variable pairs. Below
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Condition Block inclusion Reduction condition

1a B0
i B

0
j ⊆ B0

i B
1
j ⇔ B0

i ⊆ B1
j

1b B0
i B

0
j ⊆ B1

i B
0
j ⇔ B0

j ⊆ B1
i

1c B0
i B

0
j ⊆ B1

i B
1
j ⇔ B0

i ⊆ B1
j or B0

j ⊆ B1
i

2a B0
i B

1
j ⊆ B0

i B
1
j ⇔ B0

i ⊆ B0
j

2b B0
i B

1
j ⊆ B1

i B
0
j ⇔ B0

i ⊆ B0
j or B1

j ⊆ B1
i

2c B0
i B

1
j ⊆ B1

i B
1
j ⇔ B1

j ⊆ B1
i

3a B1
i B

0
j ⊆ B0

i B
0
j ⇔ B0

j ⊆ B0
i

3b B1
i B

0
j ⊆ B0

i B
1
j ⇔ B0

j ⊆ B0
i or B1

i ⊆ B1
j

3c B1
i B

0
j ⊆ B1

i B
1
j ⇔ B1

i ⊆ B1
j

4a B1
i B

1
j ⊆ B0

i B
0
j ⇔ B1

j ⊆ B0
i or B1

i ⊆ B0
j

4b B1
i B

1
j ⊆ B0

i B
1
j ⇔ B1

j ⊆ B0
i

4c B1
i B

1
j ⊆ B1

i B
0
j ⇔ B1

i ⊆ B0
j

Table 6.15: Set-system’s block reduction conditions.

we present analysis of this theoretical problem.
Let us assume that there are two binary input variables xi, xj of a function f . Addi-

tionally, let πxi
6≤ πxj

and πxj
6≤ πxi

; i.e., πxi
πxj
6= πxi

and πxi
πxj
6= πxj

, respectively. In
the case when πxi

≤ πxj
(πxj

≤ πxi
) holds, variable xj (xi) is redundant in the support

of f . Variable xi is modeled with two-block set-system πxi
= { B0

i ; B1
i }, and variable

xj is modeled with two-block set-system πxj
= { B0

j ; B1
j }. General (not minimized)

product πxi
πxj

can be modeled as the following four-block set system:

πxi
πxj

= { B0
i B

0
j ; B0

i B
1
j ; B1

i B
0
j ; B1

i B
1
j }

To reduce the generalized product set-system into a two-block set-system, its two
blocks have to be a subset of some other block(s). Table 6.15 presents reduction condi-
tions for each individual block from generalized set-system πxi

πxj
. Conditions 1(a,b,c)

describe the situation when block B0
i B

0
j is a subset of the other block. Analogously,

conditions 2(a,b,c), 3(a,b,c), 4(a,b,c) respectively represent conditions when block B0
i B

1
j ,

B1
i B

0
j , B1

i B
1
j is a subset of some other block from πxi

πxj
. Condition 1c for block B0

i B
0
j is

satisfied if any of 1a or 1b holds; therefore, it is redundant. Similarly, conditions 2b, 3b,
and 4a are redundant as well. We do not consider redundant conditions in the following
analysis.

In the next step we construct the reduction matrix shown in Table 6.16. The reduction
matrix has a specific reduction condition attached to a row and a column. Each cell in the
reduction matrix represents a combined condition. If the condition in a cell is satisfied,
the conditions that label the corresponding row and column are both satisfied. Since this
matrix is symmetrical, we show only half of it in Table 6.16. We also do not show cells
corresponding to the combined reduction conditions for the same block of πxi

πxj
, i.e.,

1a/1b, 2a/2c, 3a/3c, 4a/4b.
The combined conditions can be divided into the following classes:
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1. B0
i ⊆ B1

i or B1
i ⊆ B0

i , which correspond to one-block set-system πxi
, which in turn

violates the requirement that xi is not redundant.

2. B0
j ⊆ B1

j or B1
j ⊆ B0

j , which correspond to one-block set-system πxj
, which in turn

violates the requirement that xj is not redundant.

3. πxi
≤ πxj

, which violates the requirement that variable xj is not redundant.

4. πxj
≤ πxi

, which violates the requirement that variable xi is not redundant.

5. B0
i ∪ B1

i ⊆ B0
j or B0

i ∪ B1
i ⊆ B1

j , which respectively requires that B0
j = S and

B1
j = S, hence violates the requirement that variable xj is not redundant.

6. B0
j ∪ B1

j ⊆ B0
i or B0

j ∪ B1
j ⊆ B0

j , which respectively requires that B0
i = S and

B1
i = S, hence violates requirement that variable xi is not redundant.

7. B0
i ⊆ B0

j B
1
j or B1

i ⊆ B0
j B

1
j , which respectively results in three-block set-systems:

πxi
πxj

= { B0
i ; B1

i B
0
j ; B1

i B
1
j }, and

πxi
πxj

= { B0
i B

0
j ; B0

i B
1
j ; B1

i };
therefore, variables pair {xi, xj} is not a mergeability-zero pair.

8. B0
j ⊆ B0

i B
1
i or B1

j ⊆ B0
i B

1
i , which respectively results in three-block set-systems:

πxi
πxj

= { B0
i B

1
j ; B0

j ; B1
i B

1
j }, and

πxi
πxj

= { B0
i B

0
j ; B1

i B
1
j ; B1

j };
therefore, variables pair {xi, xj} is not a mergeability-zero pair.

9. B0
i = B0

j or B0
i = B1

j or B1
i = B0

j or B1
i = B1

j , which respectively produces two-block
set-systems as follows:

πxi
πxj

= { B0
i ; B1

i B
1
j },

πxi
πxj

= { B0
i ; B1

i B
0
j },

πxi
πxj

= { B1
i ; B0

i B
1
j },

πxi
πxj

= { B1
i ; B0

i B
0
j },

and therefore always results in mergeability-zero pair {xi, xj}.

Finally, we conclude that it is possible to construct mrgeablity-zero pair {xi, xj} if and
only if there exits a block Bi ∈ πxi

that is equal to some block Bj ∈ πxj
. Since product

set-system πxi
πxj

preserves block Bi = Bj, this rule can be extended on an arbitrary set
of variables U in the way shown in the Corollary 6.3.

Corollary 6.3. Mergeability-zero input support
Let f be a Boolean function f represented by a set of symbols S. Let block B ⊂ S define
a subset of symbols from S. A set U of input variables of f constitutes a mergeability-zero
input support defined on a block B if and only if

∀
xi∈U

B ∈ πxi
. (6.58)
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S x1x2x3x4 f
1 0 1 0 1 0
2 – – 1 0 0
3 0 – – 1 1
4 0 – 1 0 1
5 – 1 0 0 1
6 1 0 1 – 1

Table 6.17: Boolean function example for mergeability-zero input supports.

The set-system resulting from the mergeability-zero input support U always has two blocks
and is represented by the following formula.⋂

xi∈U

πxi
= { B ;

⋂
Bi }, (6.59)

where Bi ∈ πxi
and Bi 6= B. 2

Example 6.6 Table 6.17 contains a certain Boolean function. The set-systems corre-
sponding to particular input and output variables of this function are as follows:

πx1={ 1, 2, 3, 4, 5 ; 2, 5, 6 }
πx2={ 2, 3, 4, 6 ; 1, 2, 3, 4, 5 }
πx3={ 1, 3, 5 ; 2, 3, 4, 6 }
πx4={ 2, 4, 5, 6 ; 1, 3, 6 }
πf ={ 1, 2 ; 3, 4, 5, 6 }

Both set-systems πx1 and πx2 contain block {1, 2, 3, 4, 5}; hence they constitute a
mergeability-zero pair U1 = {x1, x2}. Similarly, set-systems πx2 and πx3 contain block
{2, 3, 4, 6} and constitute another mergeability-zero pair U2 = {x2, x3}. Although both
mergeability-zero pairs U1 and U2 contain variable x2, they can not be combined because
they are defined on different blocks B.

Variable pair U1 = {x1, x2} results in set-system: πx1πx1 = { 1, 2, 3, 4, 5 ; 2, 6 }, and
variable pair U2 = {x2, x3} results in set-system: πx2πx3 = { 2, 3, 4, 6 ; 1, 3, 5 }. 2

Figure 6.19 illustrates the algorithm based on the analysis presented above that effi-
ciently constructs the mergeability-zero input supports. Let a certain Boolean function
f(X) be represented by a set of symbols S. Set pv(X) represents a set of permissible
variables; i.e., variables that can be used in the current iteration of input support (bound-
set) construction. When a new level of a Boolean network is to be constructed, then
pv(X) = X.

v(B) = { {x} | B ∈ πx and x ∈ pv(X) }
denotes a set of variables from pv(X), for which each set-system representation πx contains
block B ⊂ S. Each element of a set block-variables

bv = { (B, v(B)) |x ∈ pv(X)}
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Start

Stop

No

For each x ∈ pv(X)

f(X), pv(X)

B ∈ bv

For each B ∈ πx

bv ← (B, { x}) bv[B] ← x

Yes

For each B ∈ bv

|bv[B]| > 1

bs ← bv[B]

No

bs

Figure 6.19: Mergeability zero supports construction algorithm

is a pair of a particular block B and a corresponding set of variables that contains that
block.

The presented algorithm contains two stages. In the first stage, the set bv is con-
structed. Each variable x from pv(X) it is checked to determined if the blocks of πx were
found in the previously analyzed variables. If a block B ∈ πx is present in bv, variable x
is added to the set of input variables bv[B]. Otherwise, a new element (B, {x}) is added
to bv, and a new (potential) class of mergeability-zero variables is initialized.

In the second stage, sets containing more than one mergeability-zero variables are
selected and for each constructed mergeability-zero input support U , the set-system πU

that corresponds to set-system πg(U) is calculated.
Optionally, the maximal size k of the input support may be provided to the algorithm.

In this case, if bv[B] contains more variables than k, only the first k variables from bv[B]
are copied to a final bound-set bs ∈ bs at the second stage of the algorithm.

6.3.8 The input-support construction algorithm

Section 6.3.2 discuss the basic method of the block’s g input-support (bound-set) con-
struction and selection that is based on our original bmergeability measure. In this section,
we propose another general input supports construction method that not only addresses
the computational complexity of the basic method, but also performs extended analysis
of the constructed supports.

Input supports ”consume” some input variables. Especially in the case of disjoint
decomposition, variables used for a certain support cannot be used for other support
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constructions. Some very good input supports may be lost due to the greedy usage of
some very good variables. The method presented below tries to detect the preferable and
not-preferable variables in order to reduce the probability of a premature usage of the
most promising variables.

The basic input-support selection algorithm presented in Section 6.3.2 starts with
variable pair construction and computation of the bmergeability measure for each pair.
Figure 6.7 shows the algorithm and the lower-bound and upper-bound selection proce-
dure. The complexity of this algorithm is quadratic (O(n2)) in the number n of input
variables being analyzed at a certain stage of decomposition. Due to the bottom-up
network construction strategy, after each decomposition step, the number of inputs to
be considered is decreased by the number of input variables in the resulting block g (in
the case of a non-disjoint decomposition, this number can be reduced by a number of
repeated variables). On the contrast, in classical top-down decomposition, the number of
input variables after each decomposition step is reduced by the convergence factor; i.e.,
the difference between the number of input and output variables of block g (the number of
g’s outputs is always smaller than the number of g’s inputs). As a result, the bottom-up
decomposition strategy is much more efficient than the classical unorganized or top-down
strategies.

Figure 6.8 shows the main procedure of the basic input-support construction algorithm.
In this procedure, to each input support partially constructed in the previous iterations,
a certain variable from a set of lower-bound (upper-bound) pairs is added. The number of
pairs in the lower-bound (upper-bound) is limited by the beam-search width (parameter
beam). Similarly, the number of input supports handed over to the next iteration is
limited by the same beam-search width. As a result, the computational complexity of
this procedure is O(beam2) � O(n2). Finally, the heuristic graph coloring is performed
for O(beam) most promising input supports.

We can conclude that the analysis of the variable pairs is a bottle neck of the proposed
approach. However, variable pairs analysis produces the minimal knowledge required
about the input variables’ relationships. In our approach, this knowledge is crucial to
constructing some very good input supports. One of the possible methods for decreasing
the computational effort of the method would be to preselect some input variables to
be considered the most promising candidates for the input supports. However, in order
to reduce the computational complexity of the variable pairs analysis by the factor of
four, it would be necessary to reject half of the total number of the input variables at
each decomposition step. At this stage of our research, we postponed this sort of solution,
because we could achieve similar complexity reduction (by factor three-four) when using
the means presented below.

Figure 6.20 illustrates the proposed method of the input support construction. The
method involves the following three stages:

1. Construction of the specific input supports (symmetric, block-unate, mergeability-
zero) with usage of the specialized algorithms.

2. Variable correlation analysis.

3. Iterative input support construction.
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build pairs: lbp, ubp, pv

Ui = U ∪ xi

Start

find best correlated variables
bcv[xi] = { xj | xj ⊆ pv and xi ≠xj}

Stop

auxbs

k < kmax

find not preferred variables npfv

For each xi ⊆ pv

aux_seeds = lbp[1...beam] ∪
               ubp[1...beam]

For each U ⊆ seedsk

v = (  U   bcv[xi] ) \ U
xi⊆U

For each xi ⊆ v

evaluate: ( πg(U) ,  q(U,k),  npfv(U) )

aux_seeds ←←←← Ui
aux_seeds ← improved Ui

No

auxbs ← { U | symmetric |U| = 2...kmax }
auxbs ← { U | block-unate |U|= 2...kmax}
auxbs ← { U | m0 |U| = 2...kmax }

good auxbs ?

k = 2

No

f, pv(f), npv(f)

bs2...bskmax

kmax, beam

For each U ⊆ seedsk

log2|πg(U)| < |U|

seedsk+1 ←←←← U

bsk ←←←← U

Yes

No

k = k + 1
aux_seeds = ∅

seedsk ←←←← aux_seeds
seedsk ← { Uj ⊆ auxbs | |Uj| = k }

seedskmax+1

Yes

Figure 6.20: Input supports construction algorithm
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The algorithm accepts on its input: (1) the set of permissible variables pv(f), (2) the
set of non-permissible variables npv(f), (3) the maximal size of the supports to be con-
structed kmax, (4) the beam search width, and (5) the index of the level to be constructed.

At the first stage, the specific input support construction algorithms presented in the
previous sections are used to quickly detect the possible good supports of a given type:
symmetric, block-unate, mergeability-zero.

If no good specific input support is found in the first stage, the algorithm builds input
supports in the manner described in the next paragraphs.

Variable pairs xi, xj are constructed for each xi, xj ∈ pv(f) (xi 6= xj). For each such a
pair, mergeability measure bmergeability(πxi

πxj
, f, npv(f), kmax) is computed. The values

of mergeability measures are then used to select variable pairs in the lower-bound and
upper-bound. Since the mergeability measure is computed for the maximal size kmax of
feasible support only, a number of iterations of the pair analysis is reduced by factor kmax−
1 (typically kmax = 4, 5, 6). The resulting analysis quality degradation is compensated for
by introducing the variable correlation analysis and structural mergeability measure.

Let p = {{xi, xj} | xi, xj ∈ pv(f), xi 6= xj} be a (sub)set of permissible variable pairs,
and let pv = {x | ∃{xi, xj} ∈ p, x = xi∨x = xj} be a set of variables defined on p. Then,
freq(x,p) = |{{xi, xj} | x = xi ∨ x = xj}| denotes a number of pairs in p that contain
the variable x, and freqmin(p) = min(freq(x,p)) and freqmax(p) = max(freq(x,p))
(x ∈ pv) are, respectively, the minimal and the maximal frequency of variable appearance
in set of variable pairs p.

Functions defined above are used to detect the best correlated variables and (as a
side effect) to reduce the number of variables taken into account as potential members
of good bound-sets. In our heuristic procedure, we assumed that the more frequently a
variable appears in a lower-bound or an upper-bound set of variable pairs the higher is the
probability that this variable will participate in a good bound-set. Variables that appear
much less frequently than some threshold value are regarded as reducible; i.e., they can
be not considered in the general bound-set construction algorithm.

The functions defined above are used to eliminate variables that most likely are not
members of any good bound-set. To determine such variables, a threshold variable rank
(vrank(p, m)) is computed for a set of variables p. Since the rank evaluation is heuristic, it
is assumed that this procedure should not be too restrictive, and an evaluation uncertainty
margin m = kmax − 1 is introduced. Threshold variable rank vrank(p, m) is based on a
voting approach where, by estimation of the average voting result, the excessive minimal
and maximal evaluations are discarded.

vrank(p, m) =


1 : if |pv| < 5
freqmin(p) : if freqmax(p)− freqmin(p) ≤ m
freqmax(p) : if freqmin(p) = 1 and |vfmin(p)| = freqmax(p)
max(vote(p), 1) : otherwise

(6.60)
where

vote(p, m) =

∑
xi∈pv

freq(xi,p)− freqmax(p)− freqmin(p)

|pv| − 2
−m, (6.61)

is the average voting result (minimal and maximal values of freq(x,p) are dropped)
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decreased by uncertainty margin m, and

vfmin(p) = {xj|freq(xj,p) = freqmin(p)} (6.62)

denotes the set of variables that appear least frequently in the set of variable pairs p.
Formula 6.60 contains four cases:

1. If the number of variables in the set of variables pv is less than 5, we do not have
a ”voting quorum”, and the resulting rank is the lowest possible, i.e., 1.

2. If the difference between the maximal and minimal rank is less than the uncertainty
margin, we do not have good evaluation resolution, and we accept each variable
from pv as a potential bound-set variable.

3. A variable x ∈ pv exists that is present in all variable pairs in p. It denotes
that this variable is well correlated with all variables in pv. However, the other
variables are not correlated with each other; therefore, the variables in pv do not
constitute any good bound-set. The rank equal to freq(x,p) of that variable is
assigned. Since freq(x,p) = freqmax(p), only variable x is accepted as a promising
bound-set variable. Other variables will be found using more precise information
relationship analysis.

4. This is the most common case. The threshold rank of variables to be promising
bound-set variables is computed as the voting average (minimal and maximal values
are discarded) of the variables appearance, decreased by the uncertainty margin. In
cases when the computing average rank is less than one, the rank 1 is returned.

The set of lower-bound variables to be considered as promising bound-set variables is
defined as:

lbv = {xi | freq(xi, lbp) ≥ vrank(lbp, m))} (6.63)

Analogously, promising upper-bound variables are defined as:

ubv = {xi | freq(xi,ubp) ≥ vrank(ubp, m))} (6.64)

Variables rv = lpv\(lbv ∪ ubv) are considered potentially reducible. Next, to each
variable xi we assign the best correlated variables denoted as

bcv(xi) = {xj | ({xi, xj} ∈ lbp or {xi, xj} ∈ ubp) and (xj /∈ rv)}. (6.65)

If a number of the variables most strongly correlated with variable xi is smaller than the
number of variables required to construct the particular bound-set U (i.e., |bcv(xi)| ≤
|U |), the bcv(xi) set is extended by |U | − |bcv(xi)| variables xj, for which information
similarity ISIM(πxi

, πxj
) is maximal. However, the variables xj assigned at this step are

inserted into the set of not-preferred variables npfv. Additionally, we add block-unate
variables to the set of not preferable variables to postpone their usage. The block-unate
variables guarantee a very good convergence. We thus reserve them for later steps of
the decomposition process, when the set of available variables decreases, and it is more
difficult to construct good bound-sets.



6.3. SINGLE OUTPUT DECOMPOSITION 179

The not-preferred variables are removed from the set of reducible variables and the final
set of reducible variables is handed over to the next stage of the algorithm (rv = rv\npfv).

At the next stage, the bound-sets of size k = 2, . . . , kmax are constructed iteratively.
Figure 6.20 illustrates the algorithm in details. At the first iteration (k = 2) variable pairs
from the lower-bound and the upper-bound and specific supports of size 2 constitute the
set of seed supports (denoted as seedsk in Figure 6.20). At the entry point to iteration
k, each seed input support of size k is evaluated. If the seed input support U results in
a convergent block g (i.e., log2 |πg(U)| < |U |), it is added to the set of supports of size
k and to the set of seeds for the next iteration seedsk+1. Otherwise, it is added only to
the set of the seed input supports for the next iteration. Only a limited number of the
beam best seeds and/or input supports is stored and transferred to the next iteration.
The evaluation procedure is described in detail in the following sub-section.

Next, the algorithm terminates if an input support of size kmax was constructed.
Otherwise, it constructs the seed input supports for the next iteration. At this step, a
group of variables v =

⋃
xi∈U bcv(xi) to a given seed U is determined. Variables from U

are removed from the group; i.e., v = v \ U . Usually, the final set of variables v is much
smaller than the set of all input variables. Subsequently, each best correlated variable xi

from the set v is added to the U one by one. Adding input variable xi to seed U results
in a new input support seed Ui = U ∪ {xi}. Each support Ui is improved with the use of
the algorithm described in Section 6.3.3. The original input support Ui and the improved
input support U ′

i are added to the set of new seeds. The input support U ′
i is only added if

any improvement in terms of decreased number of blocks in the output set-system πg(U
′
i)

was realized; i.e., |πg(U
′
i)| < |πg(Ui)|.

If the input supports of size kmax were constructed in the previous iteration, the
algorithm terminates, producing a set of sets of the input supports bsk, where 2 ≤ k ≤
kmax, and a set of seed input supports seedkmax+1 of size kmax. If not, the input support
that results in convergent block g is constructed, and the set of seed input supports is
used for constructing infeasible input supports, as described in section 6.3.9.

Evaluation procedure for the feasible input supports

The basic input support construction algorithm (see Section 7.1.1) acquires a final size
of the input support to be constructed. It then constructs such a support step by step,
starting from the input variable pairs. In this case, the size of the final bound-set is
known, and the bmergeability measure can be used to evaluate the intermediate seeds.
In the fast algorithm of input support construction, the final size of the bound-set to
be constructed from a given seed is not known, and the bmergeability measure does not
provide information sufficient for good selection of the bound-set seeds. To solve this
issue, we introduce a heuristic input support quality measure similar to the bmergeability
measure. This heuristic measure, however, does not require the size of the final input
support to be assumed.

The most important quality of an input support U is its ability to transform the
required information that has to be transferred from its input variables (i.e., its πU) onto
its output set-system πg(U) in such a way that πg(U) has as few blocks as possible. Often,
the fewer blocks has set-system πUi

of a certain seed Ui the fewer blocks has some set-
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system πg(Uk) of a final input support Uk = Ui ∪ {xj}, where {xj} denotes a number of
variables added to the seed Ui. However, if the number of blocks in the corresponding
output set-systems of two competing seeds U1 and U2 is the same, i.e., |πg(U1)| = |πg(U2)|,
some additional analysis is required to differentiate the quality of these seeds.

In previous sections, it was shown that the less frequently symbol si appears in the
blocks of πU (denoted as bo(si, πU), see Section 6.3.2), the smaller is the probability that
information induced by si (i.e. si|sj where si 6= sj) would be lost when merging some
blocks of πU . Based on this observation, we propose a heuristic measure of the seed
quality that we refer to as structural mergeability. This measure analyzes the structure of
a set-system π (see Section 6.3.2), and is defined as follows:

smergeability(π, f, npv(f)) =
∑

si|sj∈NCIS(f,npv(f))

1

bo(si, π) · bo(sj, π)
, (6.66)

where NCIS(f, npv(f)) denotes not-covered information at a current level of a LUT
network being constructed as defined in equation 6.12. The biggest possible value of the
factor 1/(bo(si, π)bo(sj, π)) is 1 when bo(si, π) = bo(sj, π) = 1; i.e., when symbol si is
placed in some block Bi ∈ π and symbol sj is placed in some block Bj ∈ π and Bi 6= Bj.
In this case, the probability that information si|sj would be lost when merging π’s blocks
is the smallest. For this reason, a high value of smergeability(π, f, npv(f)) indicates
that set-system π represents a significant amount of not covered information required for
function f computation. This information may likely be preserved when merging the
blocks of π. As a result, it is highly probable that this information can be represented by
a certain set-system πg with a small number of blocks.

Figure 6.21 shows the decision algorithm that compares the quality of two seeds U1

and U2. This algorithm ensures that the quality of seed U1 is not worse than the quality
of seed U2, that is denoted as sq(U1) ≥ sq(U2).

First, a very rough comparison of two respective set-systems πg(U1) and πg(U2) is
performed. If the convergence cv(U1) = |U1| − dlog2 |πg(U1)|e is higher than convergence
cv(U2) = |U2| − dlog2 |πg(U2)|e, the quality of seed U1 is considered higher. If cv(U1) =
cv(U2), more detailed analysis is required. If both seeds produce convergent blocks, i.e.,
cv(U1) > 0 and cv(U2) > 0, and there exist some non-preferred variables (npfv 6= ∅), the
seed U1 is regarded as better provided it contains fewer non-preferred variables than U2

and its πg(U1) has no more than 1 additional block than πg(U2). If U1 contains more non-
preferred variables than U2, its quality is considered comparable if |πg(U1)| < |πg(U2)|−1.
If there is no not-preferred variable, or the previous step could not decide the quality,
the final comparisons are performed. If both set-systems πg(U1) and πg(U2) have the
same number of blocks, comparison of the structural mergeability measure of the seeds
determines which seed has better quality. If set-systems πg(U1) and πg(U2) have different
numbers of blocks, the seed U1 quality is considered better than or equal to the quality
of U2 if |πg(U1)| ≤ |πg(U2)|.

6.3.9 Support construction for the infeasible sub-functions

During the decomposition process, it may happen that no k-feasible input support exists
that results in a convergent functional block, or such a support cannot be found by the
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Require: U1, πg(U1), U2, πg(U2), f,npfv
Ensure: sq(U1) ≥ sq(U2)

if cv(U1) = cv(U2) then
if cv(U1) > 0 and |npfv| > 0 then

select bound-set with fewer non-preferred variables
if |U1 ∩ npfv| < |U2 ∩ npfv| then

return |πg(U1)| − 1 ≤ |πg(U2)|
else if |U1 ∩ npfv| > |U2 ∩ npfv| then

return |πg(U1)| < |πg(U2)| − 1
end if

end if
if |πg(U1)| = |πg(U2)| then

return smergeability(πg(U1), f,npfv) > smergeability(πg(U2), f,npfv)
else

return |πg(U1)| ≤ |πg(U2)|
end if

end if

return cv(U1) > cv(U2)

Figure 6.21: Bound-set seed quality comparison algorithm
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input support construction algorithms. One possible remedy is to build an input support
that is not k-feasible (we call such an input support infeasible), construct infeasible binary
sub-functions resulting out of this support, and decompose them recursively until feasible
sub-functions can be built. It is important to mention that input supports with a large
number of variables introduce a computational challenge when incompletely specified
Boolean functions are considered. Briefly speaking, an n-input support U may result in
the set-system πU that has 2n blocks. To construct the incompatibility graph for π, all
possible 2n(2n − 1)/2 compatibility relations between blocks of πU need to be verified.
Then the graph needs to be colored to find πg(U). For example, a 10-input support may
have as many as 1024 blocks, and the complete graph with 1024 nodes may have as many
as 523, 776 edges (n(n − 1)/2), i.e., compatibility relations to be verified. This problem
remains hard in both, the tabular [BPJ98] and ROBDD representation of incompletely
specified functions [ELW97]. Although the maximum size of infeasible supports is a user
parameter, in research presented here, we restrict the number of variables in an infeasible
input support to less than 10 variables for efficiency reasons. For bigger supports, another
solution method will be preferred.

Our circuit synthesis method attempts to construct networks that have as few levels
as possible. For this reason, an additional structural limitation is added to the infeasible
input supports. This heuristic limitation is based on the reasoning described below.

Let us assume that each logic block in a network can implement any k-input Boolean
function, where k ≥ 3. The maximal number of levels l in the network that implements
n-input Boolean function f can be expressed by the following formula:

l = n− k + 1 (6.67)

This formula is based on the Shannon expansion f = xi ·f |xi
+x i ·f |x i

. In such a network,
(we call it the maximal mux-based network; see 6.22), the logic blocks at the bottom-
most level implement k-input Boolean functions, while upper levels consist of multiplexors
implementing function f = xiyj + xi yk, where xi is one of the primary input variables,
and yj, yk are the internal variables of the network. There is one multiplexor at the top
level l and 2l−q multiplexors at a level q (1 < q ≤ l). The maximal number of logic blocks
at the first level is equal to 2n−k.

Now, let us assume that we perform a disjoint serial decomposition of an n-input
function f into the predecessor m-output, |U |-input function g and the successor function
h that has n−|U |+m inputs (see Figure 3.5). According to equation 6.67, the predecessor
function gi ∈ g can be implemented as lp = |U | − k + 1 level network, in the worst case.
Similarly, successor function h can be implemented as ls = n− |U | − k + 1 level network.
It is trivial to verify, that decomposition that uses a multiple-output infeasible function
g that has more than k − 1 single-output functions gi may produce a network with more
levels than the maximal number of levels in the MUX-based network.

lp + ls > l⇔ m > k − 1 (6.68)

Therefore, only the infeasible sub-functions g that need fewer than k − 1 output
variables to implement them are accepted.

Let f(Ui, Vi) be a binary function where Ui is a bound-set and Vi is a corresponding
free-set, and Ui ∪ Vi = sup(f). The iterative inputs support construction algorithm for
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Figure 6.22: Maximal MUX-based network

infeasible sub-functions takes a set of seed input supports Ui ∈ seedkmax+1 constructed
as presented in section 6.3.8. At each iteration, each variable xj from a free-set Vi is
added to each corresponding input support Ui. As a result, each iteration produces a set
of infeasible input supports {U |U = Ui ∪ {xj}}. Iterations continue until some infeasible
support U that satisfies: dlog2 |πg(U)|e < k is constructed, or until the limit of the
maximal number of the variables in the infeasible input support is reached. The maximal
number of variables in the infeasible input support is a user parameter for the procedure.

6.3.10 Symbolic sub-function selection

The minimal number of binary functions necessary to implement the multiple valued sub-
function g equals l = dlog2 |πg|e, where |πg| represents the number of blocks in πg, i.e.,
the number of values of the function g. To implement these l functions, at least l logic
blocks are required. If l > 1, the number of g’s binary functions and logic blocks required
can be further reduced by transferring to the g’s outputs only a part of the information
from variables in U that is necessary for computing of f . An appropriate reduction
of information represented by πg may result in such a reduction of the number of the
set-system’s πg blocks |πg| that l is also reduced. Of course, the function’s f behavior
realization must always be guaranteed. Therefore, the variables from U providing any
unique information that is necessary for the computation of f , but is not present at the
g function’s outputs have to be added to the free-set V . This is necessary to make the
required but missing information available for further computation of f (see Lemma 6.1).
These extra free-set variables form the set of the repeated variables R (see Figure 3.9, R =
{xt, . . . , xs}). Such decomposition is called non-disjoint. In [LWE96b] it is pointed out
that non-disjoint decomposition can be achieved by making the binary functions gi support
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minimization the objective during binary encoding of the multiple-valued function g. This
kind of encoding concentrates on function’s g simplification and does not consider the
complexity of the image function h (so-called output encoding). Output encoding is a good
strategy if the complexity of sub-functions gi is comparable to the complexity of the image
function h and one can influence the implementation complexity of the sub-functions gi. In
our approach, we try to build mainly the feasible sub-functions gi; therefore, sub-functions
gi are usually much less complex than image function h resulting from the decomposition.
Support minimization of gi would only influence the number of interconnections because
the LUTs are prefabricated, and each of them has the same number of inputs k. In such a
case, the encoding procedure that has as its objective the image function h simplification is
more desirable (Section 6.3.11 contains the description of such a procedure). We consider
non-disjoint decomposition as some tentative decomposition structure proposition, rather
than as the best applicable decomposition scheme. The final decision on the decomposition
quality is based on information relationship measures and is described in the next sub-
section. The procedure for finding good non-disjoint decompositions for a given k-feasible
bound-set U is described below.

Let conv(U,R, πg) = |U |−(l+|R|) be the convergence factor that denotes the reduction
of the number of binary inputs of the function f being decomposed as a result of the
construction of a certain sub-function g.

The procedure proposed for finding good non-disjoint decompositions transforms the
original multi-valued function of a disjoint decomposition defined by πU and πg into a new
multi-valued function defined by πU and πnd

g . The set-system πnd
g is obtained by merging

the blocks of πg or πU in such a way that conv(U,R, πnd
g ) ≥ conv(U, ∅, πg) (improved

convergence condition). The improved convergence condition simultaneously ensures the
as local as possible information processing (i.e., it does not allow for repetition of all
variables from U) and maximal convergence of the g’s network. When merging blocks
of πU , the search space is bigger than when merging blocks of πg because the set-system
πg generally has fewer blocks than πU and |πU | ≤ |πg|. Hence, it is more probable
that some non-disjoint decomposition can be found when πU is used than when πg is
used. However, usage of the non-disjoint decomposition violates the rule of the local
information processing. Our experiments reveal that it is better to avoid unnecessary
non-disjoint decompositions, especially in the early stages of bottom-up decomposition,
trading the additional logic blocks for more local information transformation. Blocks of
πU are merged to find the non-disjoint decompositions when the last level of a network
implementing some function f is being constructed. On the last level, it is known that
the output block of the network can implement any image function h; hence, only the
convergence of block g matters.

In the following paragraphs, we describe only merging of πg. The merging of πU is
strictly analogous; we omit it without loss of generality.

Let X = sup(f) be a set of the function’s f inputs, and U be a certain subset of
X that constitutes the bound-set at a given decomposition stage. Let W = X\U be a
related initial free-set. The subset R = {x|x ∈ U} of some input variables is a set of the
repeated variables from the bound-set U . R is added to the initial free-set W : W ∪R = V
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constitutes the final free-set, and V ∩ U = R.

FBIS(πf , πg, πW , Bi, Bj) = BIS(πg, Bi, Bj) ∩ (IS(πf )\IS(πW ))

represents information required to compute function f ; it is not covered by the variables
from the initial free-set W , and is lost if the blocks Bi and Bj of πg are merged together.
Two blocks of set-system πg, Bi and Bj are conditionally compatible (denoted as Bi 'R

Bj) if and only if FBIS(πf , πg, πW , Bi, Bj)\IS(πR) = ∅; i.e., two conditionally compatible
blocks may be merged without violating Lemma 6.1, if and only if the information required
for f removal by merging blocks Bi and Bj is covered by the set R of the repeated variables
(covering condition).

A node of the conditional block compatibility graph CCG(πg, R) for the set-system πg

represents a block of πg. There is an edge between two nodes of CCG(πg, R) if and only
if the two corresponding blocks Bi, Bj of πg are conditionally compatible, i.e., Bi 'R Bj.
The conditional block incompatibility graph CIG(πg, R) of a set system πg is an inversion of
the conditional block compatibility graph CCG(πg, R). CIG(πg, R) has an edge between
two nodes respectively representing blocks Bi and Bj if and only if Bi 6'R Bj. The set
systems πnd

g are constructed from the corresponding πg by a heuristic minimal coloring of
the conditional block incompatibility graph CIG(πg, R) for a given set R. If it is possible
to color the graph CIG(πg, R) in such a way that

dlog2(χ(ICG(πg, R))e+ |R| ≤ dlog2(|πg|)e, (6.69)

where χ(CIG(πg, R)) denotes the chromatic number of the graph and corresponds to the
number of blocks in resulting πnd

g set-system, the improved convergence condition holds
and the corresponding coloring represents a valid solution of the non-disjoint decomposi-
tion problem.

The construction of πnd
g for each acceptable set R of the repeated variables requires

generation of 2|U | − 2 sub-sets R of U (R = ∅ and R = U are excluded), and for each
such sub-set, building of the corresponding CIG and the minimal coloring of this graph.
Therefore, a very efficient graph construction procedure and pruning technique are nec-
essary. Instead of checking the covering conditions separately for each individual sub-set
R, we build the merging cost matrix |πg| × |πg|

MCM(πf , πg, πW ) = {{x}| ∀
Bi

∀
Bj

x ∈ R , Bi 'R Bj, i, j = 1, . . . , |πg| , i 6= j}, (6.70)

where R is the minimal set of variables covering the information set of the correspond-
ing block FRBIS(πf , πg, πW , Bi, Bj). MCM(πf , πg, πW ) matrix is symmetric; i.e.,
MCM [Bi, Bj] = MCM [Bj, Bi], and in general, for each pair of blocks (Bi, Bj), several
different sets R may exist, and each element of MCM [Bi, Bj] matrix contains a set
of sets of input variables. To find these sets we use a modified fast heuristic minimal
cover solver QuickScan1 [Jóź98]. Only the sets found by QuickScan are further considered.

1The original QuickScan algorithm returns only one minimal cover. A modified algorithm is able to
return all minimal covers found during the scanning procedure.
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S x0x1x2x3x4x5 f
0 0 1 – – – – 1
1 0 – 1 – 0 – 1
2 0 – 1 – – 0 1
3 – 1 – – – 0 1
4 1 – 0 – – – 1
5 – – – 0 – – 1
6 0 0 0 1 – – 0
7 0 0 – 1 1 1 0
8 1 0 1 1 0 – 0
9 1 0 1 1 – 0 0
10 1 1 1 1 1 1 0

Table 6.18: Boolean function for non-disjoint decomposition example

An edge between two nodes Bi and Bj of CCG(πg, R) is assigned if and only if such a
set of variables Rs ⊆ R exists, and Rs ∈MCM [Bi, Bj]. In this case, it is possible to merge
blocks Bi and Bj together, and repeated variables from R compensate the information
loss resulting from the merging. The number of edges in the CCG(πg, R) defines the
upper bound for the possible reduction of the number of the πg’s blocks (denoted as ubr).
On the other hand, the minimal reduction rr of the number of the πg’s blocks for a given
R required to satisfy the improved convergence condition is expressed by the following
formula: rr = |πg| − 2l−|R|. If the minimal required reduction of the number of the πg’s
blocks is greater than the upper bound of the possible reduction (i.e., rr > ubr), then the
”no-solution” result can be returned immediately without any graph coloring.

The coloring algorithm can also be aborted with the ”no-solution” result when it is
impossible to find any solution with the number of colors less than or equal to 2l−|R|. If a
good non-disjoint decomposition exists for a given set R, then the final πnd

g is constructed
by merging all blocks of the original pig that were assigned the same color. The set
of constructed this way triples (U,R, πnd

g ), as well as the original g’s prototypes (U, πg),
modeled by (U, ∅, πg), are transferred to the final block’s g multi-valued function selection
procedure described in the next section.

Example 6.7 Table. 6.18 shows an example 6-input 1-output binary function. Set-
systems induced by input and output variables are as follows:

πx0={ 0, 1, 2, 3, 5, 6, 7 ; 3, 4, 5, 8, 9, 10 }
πx1={ 1, 2, 4, 5, 6, 7, 8, 9 ; 0, 1, 2, 3, 4, 5, 10 }
πx2={ 0, 3, 4, 5, 6, 7 ; 0, 1, 2, 3, 5, 7, 8, 9, 10 }
πx3={ 0, 1, 2, 3, 4, 5 ; 0, 1, 2, 3, 4, 6, 7, 8, 9, 10 }
πx4={ 0, 1, 2, 3, 4, 5, 6, 8, 9 ; 0, 2, 3, 4, 5, 6, 7, 9, 10 }
πx5={ 0, 1, 2, 3, 4, 5, 6, 8, 9 ; 0, 1, 4, 5, 6, 7, 8, 10 }
πf ={ 0, 1, 2, 3, 4, 5 ; 6, 7, 8, 9, 10 }

The input variables provide the following elementary information items for function f
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computation:

IS(x0) ∩ IS(f) ={ 0|8, 0|9, 0|10, 1|8, 1|9, 1|10, 2|8, 2|9, 2|10, 4|6, 4|7 }
IS(x1) ∩ IS(f) ={ 0|6, 0|7, 0|8, 0|9, 3|6, 3|7, 3|8, 3|9 }
IS(x2) ∩ IS(f) ={ 1|6, 2|6, 4|8, 4|9, 4|10 }
IS(x3) ∩ IS(f) ={ 5|6, 5|7, 5|8, 5|9, 5|10 }
IS(x4) ∩ IS(f) ={ 1|7, 1|10 }
IS(x5) ∩ IS(f) ={ 2|7, 2|10, 3|7, 3|10 }

This information has to be preserved. Let U = {x0, x3, x4, x5}, W = {x1, x2} and corre-
sponding set-systems be as follows

πU = { 0, 1, 2, 3, 5 ; 0, 1, 2, 3, 6 ; 0, 6, 7 ; 3, 4, 5 ; 3, 4, 8, 9 ; 4, 10 }
πW = { 4, 5, 6, 7 ; 1, 2, 5, 7, 8, 9 ; 0, 3, 4, 5 ; 0, 1, 2, 3, 5, 10 }.

In this case, πg = { 0, 1, 2, 3, 6 ; 0, 6, 7 ; 3, 4, 8, 9 ; 4, 10 ; 0, 1, 2, 3, 4, 5 } is obtained by
merging blocks 0, 1, 2, 3, 5 and 3, 4, 5 of πU together. Initial free-set W provides infor-
mation

IS(W ) = { 0|6, 0|7, 0|8, 0|9, 1|6, 2|6, 3|6, 3|7, 3|8, 3|9, 4|8, 4|9, 4|10 }.

This information does not need to be considered when analyzing non-disjoint decomposi-
tion of bound-set U . In the next step, the block information sets FBIS(πf , πg, πW , Bi, Bj)
are computed for each pair of blocks {Bi, Bj} of πg (blocks are counted from left to right).

FBIS(πf , πg, πW , B1, B2) = { 1|7, 2|7 }
FBIS(πf , πg, πW , B1, B3) = { 1|8, 1|9, 2|8, 2|9, 6|4 }
FBIS(πf , πg, πW , B1, B4) = { 0|10, 1|10, 2|10, 3|10, 4|6, }
FBIS(πf , πg, πW , B1, B5) = { 6|4, 6|5 }
FBIS(πf , πg, πW , B2, B3) = { 4|6, 4|7 }
FBIS(πf , πg, πW , B2, B4) = { 0|10, 4|6, 4|7 }
FBIS(πf , πg, πW , B2, B5) = { 1|7, 2|7, 4|6, 4|7, 5|6, 5|7 }
FBIS(πf , πg, πW , B3, B4) = { 3|10 }
FBIS(πf , πg, πW , B3, B5) = { 1|8, 1|9, 2|8, 2|9, 5|8, 5|9 }
FBIS(πf , πg, πW , B4, B5) = { 0|10, 1|10, 2|10, 3|10, 5|10 }

Note, for example, that BIS(πg, B1, B2) = {1|7, 2|7, 3|7}. Since the elementary infor-
mation item 3|7 is provided by IS(W ), it is not present in FBIS(πf , πg, πW , B1, B2).
Next, minimal supports for each FBIS(πf , πg, πW , Bi, Bj) are computed. As we previ-
ously mentioned, we use minimal cover solver QuickScan to perform this task. For each
FBIS(πf , πg, πW , Bi, Bj), the cover matrix is constructed as follows: there are as many
rows in the cover matrix as there are elementary information items in corresponding
FBIS. Each row corresponds to a certain elementary information item. Each column
in the cover matrix corresponds to a certain variable from U . There is ’1’ in the cover
matrix entry [row, column] if and only if a given variable provides the elementary infor-
mation item. QuickScan selects the minimal set of columns that covers all rows, i.e., there
is at least one ’1’ in each row on selected columns. For example, the cover matrix for
FBIS(πf , πg, πW , B1, B2) is as follows:
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B4 {x0, x3, x5}

B3 {x0, x3} {x5}

B2 {x0, x3, x4, x5} {x0} {x0}

B1 {x0, x3} {x0, x5} {x0} {x4, x5}

Bi/Bj B5 B4 B3 B2

Table 6.19: Example of merging cost matrix

si|sj x0 x3 x4 x5

1|7 0 0 1 0
2|7 0 0 0 1

and the minimal set of variables R covering the information set FBIS(πf , πg, πW , B1, B2)
is {x4, x5}. Below, the entire merging cost matrix MCM(πf , πg, πW ) for Example 6.7 is
shown.

Set-system πg has 5 blocks; hence, at least three binary variables are required to
implement it (l = 3). There are 4 1-element subsets of U = {x0, x3, x4, x5}, i.e., |R| = 1.
To satisfy the improved convergence condition rr = |πg| − 2l−|R|, at least 1 merging of
two blocks is required for |R| = 1. In Table 6.19 there are two 1-element sets R, namely
R1 = {x0} and R2 = {x5}. Figure 6.23.a and 6.23.b show the conditional compatibility
graphs for R1 and R2, respectively. For R1 = {x0} we can merge block B1 with B3, and
B2 with B4, or B2 with B5. Although only one merging is required, the graph coloring
algorithm returns one solution for the corresponding conditional incompatibility graph
with the minimal number of colors, i.e., 3. Finally, for R1 = {x0} we obtain

πnd1
g = { 0, 1, 2, 3, 4, 5 ; 0, 1, 2, 3, 4, 6, 8, 9 ; 0, 4, 6, 7, 10 }.

In the case of R2 = {x5}, we can merge only block B3 with B4, but it is enough to satisfy
improved convergence condition with set-system

πnd2
g = { 0, 1, 2, 3, 6 ; 0, 6, 7 ; 0, 1, 2, 3, 4, 5 ; 3, 4, 8, 9, 10 }.

There are six two-variable subsets R of U , but only three of them, R3 = {x0, x3}, R4 =
{x0, x5}, and R5 = {x4, x5} are identified in the merging cost matrix. For |R| = 2
minimal reduction rr = 3 is required. R4 and R5 do not meet this requirement; hence,
the conditional compatibility graph is not constructed for them. Figure 6.23.c shows the
conditional compatibility graph for R3. In this case it is possible to merge blocks B1, B2,
and B3 together and merge block B2 with block B4 to receive two-block set-system

πnd3
g = { 0, 4, 6, 7, 10 ; 0, 1, 2, 3, 4, 5, 6, 8, 9 }.

Three-variable subsets |R| = 3 are not considered because |R| + dlog2 |πnd
g |e ≥ U for

any πnd
g which violates the improved convergence condition. The procedure terminates

and returns three pairs of repeated variables and corresponding set-systems: ({x0}, πnd1
g ),

({x5}, πnd2
g ), ({x0, x3}, πnd3

g ).
2
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(b) R = {x5}
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(c) R = {x0, x3}

Figure 6.23: Example of conditional compatibility graphs

Selection of the best triple (U,R, πg)

A limited number of the supports U constructed as described in the previous sections
along with their corresponding set systems πg (and/or πnd

g ) and repeated variable sets R
is passed to the final block’s g multi-valued function selection procedure. This procedure
receives at its input triples composed of: (1) the bound-set U , (2) the corresponding
set of repeated variables R, and (3) the corresponding set-system πg (or πnd

g if R 6= ∅).
Significant variation of these triples is possible. The bound-sets may be of different size.
If sets are the same size, corresponding sets of repeated variables may have different
variables count, and even if the bound-sets and sets of repeated variables are the same,
corresponding set-systems may have different numbers of blocks. The final decision thus
becomes difficult if it is based only on structural properties such as the number of variables
or blocks in a set-system.

In the scope of the presented work, we develop two simple heuristic evaluation functions
that combine the structural properties of function g, the function’s ability to transform
information delivered to its inputs, and the structural properties of implementation blocks
(LUTs).

The first proposed evaluation function is based on the quality measure for implemen-
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tation with k-input LUTs, Q(U, πg, πf , k), and is expressed by the following formula:

Q(U, πg, πf , k) = ISIM(πg, πf )
conv(U,R, πg)ic use(πg)

ic cost(U, πg, k)
(6.71)

Factor ic use(πg) = |πg|/2l represents the usage of the ”information channel” induced by
the multi-valued output variable of block g, and

ic cost(U, πg, k) =


l2|U | for 2 ≤ |U | ≤ k ≤ 4
l2|U |2|U |−4 for 5 ≤ |U | ≤ k ≤ 6
l2|U |2|U |−k for |U | > k

represents the cost of the ”information channel”. We assume that function is to be mapped
onto a network of 4-input LUTs, and functions that have more than 4 but less than 7
inputs are composed of 2n−4 4-LUTs. Coefficient l2|U | is found experimentally.

Using this formula, the functions that transfer more information and ensure better
convergence are preferred. The more information that function g transfers for a function
f , the easier the next steps of the decomposition tend to be because less information has
to be processed later. Most often, the higher convergence of function’s g ensures a less
complex image function h. Usually, this decreases a number of logic blocks and levels
in the final network implementing f . Factors ic use and ic cost are scaling components.
A high value for ic use guarantees that from two competing functions g with the same
convergence, the one that was more difficult to construct (corresponding set system has
more blocks) will be selected if the information quantity this set function transfers is high
enough. Component ic cost was introduced to facilitate comparison of functions g that
have different number of variables in their supports.

The triple (U,R, πg) with the highest value of Q(U,R, πg, πf , k) is selected and
the corresponding U and πg define the actual multi-valued function of g. Contrary
to the other published methods [SHC95][WSEA99], our bound-set selection method
is able to assign different qualities (although heuristic) to the bound-sets that involve
the same number of variables and result in set-systems πg with the same number of blocks.

The second evaluation of triples (U,R, πg), is based on a sequence of design decisions
(Figure 6.24). This algorithm focuses on minimizing the number of LUTs required to
implement a certain function g. It takes two triples on its inputs (U1, R1, πg(Ui)) and
(U2, R2, πg(U2)), and returns the one more promising.

First, very rough evaluations are performed. A non-convergent support U (i.e.,
dlog2 |πg(U)|e ≥ |U |) is rejected. If both supports U1 and U2 are non-convergent, the
support that implies πg with a lower number of blocks is selected and the procedure
terminates. Otherwise, the ability to finalize the decomposition process with a current
support U is verified. Decomposition can be finished with the current bound-set U if
and only if both U and a resulting image function are k-mappable; i.e., |U | ≤ k and
|sup(f)| − |U | + dlog2 |πg(U)|e + |R| ≤ k, where sup(f) is a set of input variables of
function f being decomposed. In such a case, informational properties of block g are
insignificant because the final block can implement any Boolean function with a number
of inputs less than or equal to k. If both triples are able to finalize the decomposition,
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Reject by 
convergence

Finalize network

Select by 
convergence

Select by level

Select by |πg(U)|

Select by repeated 
variables

Yes

Select higher 
WSIM(πg(U), πf)

(U1, R1, πg(U1)) (U2, R2, πg(U2))

R1=∅
and
R2=∅

No

Figure 6.24: Another strategy for selection of the best triple (U,R, πg)
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the one that requires fewer logic blocks (LUTs) to implement it is selected. Next, a
distinction between triples with and without repeated variables R is made. In the case
where two triples with no repeated variables are evaluated, the path ”Disjoint vs. Dis-
joint” is followed. ”Select by convergence” checks whether any of πg(U1) and πg(U2)
requires fewer logic blocks to implement it. The triple (Ui, ∅, πg(Ui)) that satisfies condi-
tion dlog2 |πg(Ui)|e < dlog2 |πg(Uj)|e is selected. Otherwise, the next check is performed,
assuming that both blocks are of the same cost in terms of logic blocks count.

In the case where at least one triple contains repeated variables (i.e., R1 6= ∅, or
R2 6= ∅), a triple that has more repeated variables (|Ri| > |Rj|) is considered more
promising because it requires fewer logic blocks to implement the corresponding πg(Ui).

The ”Select by level” check tries to select a block that will be originated at as low
a level of a network being constructed as possible. If both blocks belong to the same
network level, the rough ability of information abstraction is evaluated for each triple
in step ”Select by |πg(U)|”. Information abstraction capability is modeled as a number
of blocks in the output set-system πg(U). The triple, which has a corresponding πg(Ui)
with fewer blocks, is selected as more promising. If it is not possible to determine which
triple is most promising, the final check is performed. In the final step, a triple that
transfers more and more important information for function f being decomposed (denoted
as WSIM(πg(Ui), πf ) ≥ WSIM(πg(Uj), πf )) is considered more promising.

6.3.11 Binary encoding of the multi-valued sub-functions

The product set system of the bound-set variables πU and its output set system πg together
define the multi-valued function G : πU → πg, where each particular value Bv of this
function corresponds to a block Bv of the set system πg. Thus, the number of values
of the function is equal to the number of blocks of πg. To implement the multiple-
valued function in a hardware, the function needs to be transformed into a set of Boolean
functions, each of which can be trivially mapped onto the contemporary binary FPGA
hardware. For the encoding of n values of πg, minimum l = dlog2 ne new binary variables
are required. Therefore, l determines the minimal code length (minimal number of code
bits) and the minimal number of the Boolean functions gi ∈ g (i = 1, . . . , l) representing
G, where g is the set of binary functions and |g| = l.

The code length l, together with the size of the free set |V |, determine the number
of inputs to the block h. There is a common conviction that in most cases the smaller
the number of outputs of the block g, the less complex and easier decomposable is the
resulting network. In the remaining cases, decompositions with more than the minimum
number of outputs from block g usually do not result in simpler networks. Therefore, the
codes with minimal length are typically used for binary encoding of πg, as they maximally
reduce the support of the block h and the number of block’s g functions. In the work
reported here, we also use the minimal length codes.

In general, Boolean functions gi ∈ g can result from a certain code assignment pro-
cedure [WSEA99]. In this section, we focus on the binary code assignment to the blocks
of πg. The precise explanation of how to translate the function G into a set of Boolean
functions g when the codes are already assigned can be found in [MBSV94][BL98].

For the minimal length encoding with l binary variables, there are 2l binary codes
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l w NA(l, w) NU(l, w) NUP (l, w) NNS

1 2 2 2 1 1
2 3 24 12 3 3
2 4 24 12 3 1
3 6 20160 3360 420 16
3 8 40320 6720 840 1
4 12 8.72 · 1011 3.63 · 1010 2.27 · 109 625
4 16 2.09 · 1013 8.72 · 1011 5.45 · 1010 1
5 24 6.53 · 1030 5.44 · 1028 1.70 · 1027 1.68 · 106

5 32 2.63 · 1035 2.19 · 1033 6.85 · 1031 1

Table 6.20: Example of possible encodings number

available to encode a |πg| = w number of values (2l−1 < w ≤ 2l). If we assume that
exactly one unique code is assigned to each block of πg (so called strict encoding), the
number of possible assignments NA(l, w) is defined by the number of all possible choices
of the codes, multiplied by the number of all possible permutations of the selected codes.

NA(l, w) =

(
2l

w

)
w! =

2l!

(2l − w)!
(6.72)

NA(l, w) does not reflect the real number of possible unique encodings because for l code
bits l! assignments can produce exactly the same set of functions g through permutation
of the code’s bits. The number NU(l, w) of unique encodings is defined by formula

NU(l, w) =
NA(l, w)

l!
=

2l!

(2l − w)! l!
(6.73)

Moreover, memory-based lookup table (LUT) can implement any Boolean function and
its inversion with the same cost; therefore, two encodings that produce a certain gi and
g i may be considered equivalent. Since any subset of Boolean functions g′ ⊆ g can be
inverted, the number NUP of unique encodings, regardless of permutation of code bits and
functions inversion, is expressed by formula 6.74. Table 6.20 shows the example numbers
of possible (unique) encodings to illustrate the complexity of the encoding problem.

NUP (l, w) =
NU(l, w)

2l
=

2l!

(2l − w)! l! 2l
(6.74)

If the number of the code words w used in strict encoding is less than the number of
available codes 2l, the unused codes constitute the set of local controllability don’t cares
(see Section 2.5). In the input encoding approach developed in this work, these unused
codes simplify image function h. Approaches devoted to simplifying function g, however,
apply unused codes to blocks of πg. Then, to some blocks of πg a number of code words
are assigned (so-called non-strict encoding). Because each unused code can be assigned
to any but only to one block, the total number NNS of assignment of unused codes to πg’s
blocks is equal to

NNS(l, w) = (l + 1)2l−w. (6.75)
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Using non-strict encoding increases the search space of unique encodings by factor
NNS(l, w). Adding additional codes to the blocks of set-system πg may introduce
output don’t cares in resulting Boolean functions gi, and thus possibly simplify its
implementation [BPGJ98]. On the other hand, when adding additional code to the block
Bv of πg can be followed by split of block Bv into two blocks Bv

1 and Bv
2 [WSEA99]. The

split results in π′
g ≤ πg, i.e., IS(π′

g) ≥ IS(πg). Therefore the Theorem 3.8 and Lemma
6.1 remain satisfied, and serial decomposition with π′

g is valid. That interpretation of
non-strict encoding allows construction of a wider range of binary functions encoding πg.
In the case of functional decomposition targeted FPGA structures, this feature is often
used for the selection of binary functions that require minimal number of input variables
(so-called input-support minimization) [WSEA99].

The binary code assignment implicitly defines a set of l two-block set-systems πi
g

(i = 1, . . . , l), one set-system for each binary output variable. Block B0 of the πi
g is the

union of the blocks of πg, that have value 0 at i-th position of the assigned code. Block
B1 is the union of blocks that have value 1 at i-th position of the assigned code.

Example 6.8 (Binary codes assignment) Let blocks of set-system

πg = {
00

B1 ;
01

B2 ;
11

B3 ;
10

B4 }

have the codes assigned as shown above the dashes. The table below shows the blocks of
πg and corresponding codes. Since the codes of blocks B1 and B2 have value 0 at position
1, B1 and B2 will be placed in B0 = B1 ∪ B2 of π1

g . Since the codes of blocks B3 and B4

have value 1 at position 1, B3 and B4 will be placed in B1 = B3 ∪B4 of π1
g . Analogously,

blocks B1 and B4 will be placed in B0 = B1 ∪ B4 of π2
g and blocks B2 and B3 will be

placed in B1 = B2 ∪ B3 of π2
g . The two resulting two-block set systems defined by this

encoding are as follows:

Code Bit
Block Position

1 2
B1 0 0
B2 0 1
B3 1 1
B4 1 0

2

The blocks of set-system πg constitute elementary items in the code assignment
process. Therefore, the union of blocks shall not be identified with the union of the
symbols in the blocks. Let two symbols si,sj constitute incompatible pair si|sj, let si be
distributed over a number of blocks [si]πg = {B | si ∈ B}, and sj be distributed over a
number of blocks [sj]πg = {B | sj ∈ B}. To implement the incompatibility si|sj with a
set of the encoding binary variables {gi}, it is sufficient that each partial incompatibility
sBk

i |s
Bl
j is implemented by, at least, one encoding binary variable gi. The notation sB

denotes the occurrence of the symbol s in a certain block B, Bk ∈ [si]πg, and Bl ∈ [sj]πg.
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πg = { B1 ; B2 ; B3 ; B4 }
00 01 1011

πg = { B1 ∪ B2 ; B3 ∪ B4 }
0 1

1 πg = { B1 ∪ B4 ; B2 ∪ B3 }
0 1

2

Figure 6.25: Example of the binary encoding rule

In the framework of the presented research, we propose a new input strict bound-
set function encoding method with a new quality criterion based on the information
relationship measures.

Information that is necessary for computing values of a certain output of a considered
multi-output function f is distributed on a number of its inputs xi. The inputs also
deliver some information that is not needed for the output, and information on the inputs
is represented otherwise than on the considered output. Each block of the multi-level
functional decomposition representing a certain sub-function g can therefore be considered
as a block where an intermediate information transformation is performed which involves
an appropriate combination, abstraction and re-structuring of the input information.

This transformation is defined by construction of an appropriate set-system πg from
the set-system πU induced by the set of selected bound-set variables U and encoding of
the set-system πg. The set system πg should carry a portion of the information delivered
by the set system πU , which in combination with information delivered by the set system
πV induced by the variables from the free-set and πR induced by the repeated variables,
is essential to compute the required output information. Since the number of block’s g
outputs should in practical cases, be much smaller than the number of its inputs, πg must
have fewer blocks than πU . Set-system πg is created by merging the blocks of πU . A
considerable amount of information is removed during this merging.

To preserve the behavior of the function being decomposed, the transformation must
preserve the unique information, i.e., the information that is represented in only one infor-
mation set. The transformation process should also try to transfer as much information
as possible from R and preserve the almost unique information (i.e., delivered only by few
input or intermediate variables). This prepares better conditions for the following decom-
position steps by making the almost unique information available at more intermediate
variables. It should abstract from the information that is not required for computation
of the function being decomposed and information that is delivered by all or many input
or intermediate variables.

The encoding {gi} procedure substitutes the block’s g multi-valued function by a set
of binary functions. It is possible to build such a set of binary functions that the number
of unique or almost unique information items in this set is lower than the number in
the original multi-valued function. As a result, the function h will tend to be more easy
decomposable (the input encoding approach). This is achieved by repeating the unique
or almost unique information provided by the block’s g input variables on two or more
block’s g binary output variables. Since in this way the information will be present at more
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input variables of h, it will be made non-unique. Therefore, we formulate the bound-set
function encoding problem as follows:

Find minimal length assignment of binary codes to blocks of the set system πg such that
the number of unique or almost unique elementary information items delivered by the
block’s g binary output variables is minimal.

The construction process of the set system πg is based on merging some blocks of the
set-system πU . Even if particular information is provided by several input variables, it
may become unique information if it is provided only by the bound-set variables that are
not repeated and the multi-valued variable corresponding to πg is in consequence the only
variable providing this information.

As shown in Example 6.8, the bound-set function encoding implicitly defines a set of
two-block set systems. These set systems are induced by the binary code assignment to
each block of πg. In general, merging the blocks of a set system reduces the amount of
information provided by this set system. The block merging cost function bmc(Bi, Bj, πg)
describes how the number and importance of (unique, almost unique, etc.) the items of
elementary information that will be lost if we merge blocks Bi and Bj.

The cost of merging the two blocks Bi, Bj of πg is defined as a sum of weights of
elementary information items removed by this merging:

bmc(Bi, Bj, πg)|X =
∑

si∈Bi,sj∈Bj

wg(si|sj)|X , (6.76)

where si|sj ∈ IS(πg). Block g weighting function wg(si|sj) has zero value for all incompati-
ble symbol pairs si|sj that are not required for function f computation (i.e. si|sj 6∈ IS(f)).
The set of elementary information items provided by set-system πg and required for func-
tion f computation, denoted as block information set, is defined as follows:

BIS(πg, f) = IS(πg) ∩ IS(πf ). (6.77)

Let g be the multi-valued variable induced by πg, U be the support of block being encoded,
and R be a set of repeated variables from U . The set X of variables

X = g ∪ (sup(f)\U) ∪R (6.78)

constitutes a support of elementary information items of the block information set BIS
(see also Definition 4.17).

In this way, information that is provided by set-system πg and required for the function
f computation, but not present on variables from free-set V = sup(f)\U and on variables
from the set of repeated variables R, becomes critical. Thus, the block weighting function
wg is defined as follows:

wg(si|sj)|X =

{
0 if si|sj 6∈ BIS(πg, f)
w(si|sj)|X if si|sj ∈ BIS(πg, f)

, (6.79)

where w(si|sj)|X is the weighting function introduced in Section 4.3.
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Hamming distance hd(c1, c2) of two binary vectors c1, c2 is the number of the
corresponding positions at which these vectors differ. For example, for c1 = 00111 and
c2 = 10110, hd(c1, c2) = 2. In order to decrease the number of unique and almost
unique elementary information items in the set of information sets IS(πg) induced by
the binary encoded variables corresponding to πg, the Hamming distance between the
codes assigned to the pairs of blocks with high merging cost bmc should be significant.
If the values of two codes assigned to two blocks of πg differ at a certain position i,
then these two blocks are placed in different blocks of πi

g and the information induced
by these blocks of πg is also available in πi

g. When codes differ at several positions, the
information is available at each binary variable corresponding to the code position at
which they differ. The more different positions in codes assigned to two blocks of πg

(higher Hamming distance), the more binary variables provide information induced by
these two blocks. In this way we introduce multiplication of the unique (critical) and
almost unique information in the set of set-systems {πi

g}.

The above stated encoding problem is an optimization problem that can be solved
in many different ways. We propose a fast greedy encoding algorithm executed inside
a beam search. The beam search selects a beam number of the most promising search
directions for the encoding algorithm, and the encoding algorithm constructs encodings
in these directions in a greedy way.

First, we look for the initial beam pairs of blocks of πg having the maximum merging
cost bmc. The parameter beam is set by the user and limits the search space. These pairs
are the starting points for the greedy encoding algorithm that is iterated beam times.
The encoding results from the greedy algorithm are evaluated, and the solution with the
lowest cost is selected.

The greedy algorithm assigns the codes with maximum Hamming distance to the
initial pair of blocks. The assigned codes are removed from the available codes, because
they must not be used in next steps. Then, the algorithm looks for the next pair (Bi, Bj)
of blocks with the maximum merging cost, and does this until all blocks are encoded. If
Bi (Bj) is already encoded, the available code with the maximum Hamming distance to
code of Bi (Bj) is selected and assigned to Bj (Bi).

A set of complete encodings is evaluated and the best one is selected. The final
evaluation is based on a comparison of the weight of elementary information items lost
when a final merging of πg’s blocks is performed and a set of two-block set-systems
ESS = {πi

g} is constructed. The final evaluation formula is defined as follows:

EC(ESS, f, πg) =
n∑

i=1,j=1

( l − hd( c(Bi), c(Bj) ) ) bmc(Bi, Bj, πg), where i < j. (6.80)

The symbol l denotes the length of the codes, c(B) denotes a binary code assigned to the
block B, and hd(c(Bi), c(Bj)) denotes the Hamming distance between codes assigned to
blocks Bi,Bj. The formula 6.80 implicitly considers partial incompatibility pairs in the
following way. Let us assume that two symbols si, sj (si|sj ∈ BIS(πg, f)) are respectively
distributed over two disjoint sets of blocks [si]πg and [sj]πg. Let Bm ∈ [si]πg and Bn ∈
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S x1x2x3x4 f
0 1 0 0 0 1
1 0 1 0 0 1
2 0 0 1 0 1
3 0 0 0 1 1
4 0 0 0 0 0
5 – – 1 1 0
6 – 1 1 – 0
7 1 1 – – 0
8 – 1 – 1 0
9 1 – – 1 0
10 1 – 1 – 0

Table 6.21: Boolean function ”1 of 4” for binary encoding example.

9 0
8 0 0
7 0 0 0
6 0 0 0 0
5 0 0 0 0 0
4 0 0 0 0 0 0
3 .018 1 1 1 .018 0 0
2 1 .018 .018 1 1 0 0 0
1 0 0 0 1 0 0 1 0 0
0 0 0 0 1 0 0 1 0 0 0

si|sj 10 9 8 7 6 5 4 3 2 1

Table 6.22: Block weighting function wg1(si|sj)|X1 for binary encoding example - step 1

[sj]πg. Each pair sBm
i |sBn

j induces partial incompatible symbols pair ; hence, there are as
many as |[si]πg| · |[sj]πg| such mergings of πg’s blocks Bm, Bn. Each merging of blocks
Bm, Bn, removes a partial incompatible symbols pair sBm

i |sBn
j . Since it is assumed that the

weight of partial incompatible symbols pair sBm
i |sBn

j is equal to wg(si, sj), block merging
cost bmc(Bm, Bn, πg) represents the total cost of merging all partial incompatible pairs
sBm

i |sBn
j , where si ∈ Bm and sj ∈ Bn. As a result, formula 6.80 aggregates the weights

of all partial and/or complete incompatible pairs lost when a certain set of blocks are
merged together.

The encoding that imposes the smallest cost of blocks merging is considered as the
most promising. If there is more than one such an encoding, one is selected arbitrarily.

Example 6.9 (Binary encoding example) Table 6.21 presents a 4-input symmetric
(1 of 4) Boolean function f . The input-output variables’ set-systems are shown below:
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B2 6.072

B3 6.072 2

Bi, Bj B1 B2

Table 6.23: Block merging cost for encoding example - step 1

Assignment ESS1
1 Assignment ESS1

2 Assignment ESS1
3

B1 00 00 01
B2 11 01 00
B3 01 11 11

EC(ESS1
i , f, πg) 8.072 8.072 12.144

Table 6.24: Unique (strict) binary code assignment costs - step 1

πx1 = { 1, 2, 3, 4, 5, 6, 8 ; 0, 5, 6, 7, 8, 9, 10 }
πx2 = { 0, 2, 3, 4, 5, 9, 10 ; 1, 5, 6, 7, 8, 9, 10 }
πx3 = { 0, 1, 3, 4, 7, 8, 9 ; 2, 5, 6, 7, 8, 9, 10 }
πx4 = { 0, 1, 2, 4, 6, 7, 10 ; 3, 5, 6, 7, 8, 9, 10 }
πf = { 0, 1, 2, 3 ; 4, 5, 6, 7, 8, 9, 10 }

The bound-set U1 = {x1, x2} that corresponds to the free-set V1 = {x3, x4} is selected.
The bound-set U1 implies the four-block set-system

πU1 = { 2, 3, 4, 5 ; 1, 5, 6, 8 ; 0, 5, 9, 10 ; 5, 6, 7, 8, 9, 10 },

and the block g output set-system

πg1 ={ 2, 3, 4, 5 ; 5, 6, 7, 8, 9, 10 ; 0, 1, 5, 6, 8, 9, 10 }

is constructed. Two Boolean functions are required to encode this set-system; therefore,
the minimal code length l is equal to 2. The free-set variables V1 = {x3, x4} and the
multi-valued variable g1 constitute the auxiliary support X1 = V1 ∪ g1 of function f .
The support X1 implies the weighting function wg1(si|sj) shown in Table 6.22. The block



200 CIRCUIT SYNTHESIS WITH INFORMATION RELATIONSHIP MEASURES

merging costs bmc(si|sj) for all the block pairs of πg1 are as follows:

bmc(B1, B2) = wg1(2, 6) + wg1(2, 7) + wg1(2, 8) + wg1(2, 9) + wg1(2, 10)+
wg1(3, 6) + wg1(3, 7) + wg1(3, 8) + wg1(3, 9) + wg1(3, 10)+
wg1(4, 6) + wg1(4, 7) + wg1(4, 8) + wg1(4, 9) + wg1(4, 10)

= 1 + 1 + 0.018 + 0.018 + 1+
0.018 + 1 + 1 + 1 + 0.018+
0 + 0 + 0 + 0 + 0 = 6.072

bmc(B1, B3) = wg1(2, 0) + wg1(2, 1) + wg1(2, 6) + wg1(2, 8) + wg1(2, 9) + wg1(2, 10)+
wg1(3, 0) + wg1(3, 1) + wg1(3, 6) + wg1(3, 8) + wg1(3, 9) + wg1(3, 10)+
wg1(4, 0) + wg1(4, 1) + wg1(4, 6) + wg1(4, 8) + wg1(4, 9) + wg1(4, 10)

= 0 + 0 + 1 + 0.018 + 0.018 + 1+
0 + 0 + 0.018 + 1 + 1 + 0.018+
1 + 1 + 0 + 0 + 0 + 0 = 6.072

bmc(B2, B3) = wg1(0, 7) + wg1(1, 7) = 1 + 1 = 2.0

There are three unique strict code assignments ESS1
1 , ESS1

2 , ESS1
3 shown in Table 6.24.

The others are some permutations of the resulting functions of πi
g and/or inversions one

of πi
g. For example, the assignment B1 ← 11, B2 ← 00 and B3 ← 01 is equivalent to

the assignment B1 ← 00, B2 ← 11 and B3 ← 01 (column 1) after inversion of each
bit and permutation of π1

g and π2
g , (see also table 6.20). For each code assignment, the

corresponding final cost is computed according to formula 6.80:

EC(ESS1
1 , f, πg) = (l − hd(00, 11)) · bmc(B1, B2) + (l − hd(00, 01)) · bmc(B1, B3)+

(l − hd(11, 01)) · bmc(B2, B3)
= (2− 2) · 6.072 + (2− 1) · 6.072+

(2− 1) · 2.0
= 8.072

EC(ESS1
2 , f, πg) = (l − hd(00, 01)) · bmc(B1, B2) + (l − hd(00, 11)) · bmc(B1, B3)+

(l − hd(01, 11)) · bmc(B2, B3)
= (2− 1) · 6.072 + (2− 2) · 6.072+

(2− 1) · 2.0
= 8.072

EC(ESS1
3 , f, πg) = (l − hd(01, 00)) · bmc(B1, B2) + (l − hd(01, 11)) · bmc(B1, B3)+

(l − hd(01, 11)) · bmc(B2, B3)
= (2− 1) · 6.072 + (2− 1) · 6.072+

(2− 2) · 2.0
= 12.142

Two assignments, ESS1
1 , ESS1

2 , result in the minimal encoding cost EC(ESS1
1 , f, πg) =

EC(ESS1
2 , f, πg) = 8.072, and the assignment EC(ESS1

2 , f, πg) is selected arbitrarily.
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This assignment leads to the two two-block set-systems:

π0
g1

= { 2, 3, 4, 5 ; 0, 1, 5, 6, 7, 8, 9, 10 },
π1

g1
= { 2, 3, 4, 5, 6, 7, 8, 9, 10 ; 0, 1, 5, 6, 8, 9, 10 }.

Next, the two binary functions g0
1 and g1

1 corresponding to the presented encoding are
constructed and substituted into function f . The resulting image function is shown in
Table 6.25. The image function h1 is incompletely specified. The input pattern g1

1g
0
1 = 10

never appears on its inputs; hence, this pattern constitutes the controllability don’t care
set.

At the second step of the bottom-up decomposition process, the next block at level 1
of the network is constructed. Variables g1

1,g
0
1 belong to the not permissible variables set

on level 1 npv(1, l); hence, they are assigned to free-set V2. Only variables x3 and x4 are
considered potential input variables U2 to block g2. The set-systems for input and output
variables are as follows:

π1
g1

= { 1, 2, 3, 4, 5, 6, 7 ; 0, 5, 7 }
π0

g1
= { 1, 2, 3, 4 ; 0, 4, 5, 6, 7 }

πx3 = { 0, 2, 3, 6, 7 ; 1, 4, 5, 6, 7 }
πx4 = { 0, 1, 3, 5, 6 ; 2, 4, 5, 6, 7 }
πh1 = { 0, 1, 2 ; 3, 4, 5, 6, 7 }

For the input set-system πU2 = πx3πx4

πU2 = { 0, 3, 6 ; 2, 6, 7 ; 1, 5, 6 ; 4, 5, 6, 7 },

the block’s g2 output set-system

πg2 = { 0, 3, 6 ; 1, 2, 5, 6, 7 ; 4, 5, 6, 7 }

is created. The variables g0
1 and g1

1 belong to the free-set V2. The free-set variables V2

and multi-valued variable g2 constitute the auxiliary support X2 = V2 ∪ g2 of function
f . The support X2 defines the weighting function wg2(si|sj) shown in Table 6.26. The
corresponding block merging cost matrix is shown in Table 6.27.

Similarly to step 1, there are three unique (strict) binary code assignments ESS2
1 ,

ESS2
2 , and ESS2

3 . Table 6.28 shows the final cost for each of these assignments. In this
case, only the ESS2

1 assignment ensures the minimal cost; therefore, this assignment is
selected. The assignment ESS2

1 implies the two following two-block set-systems:

π0
g2

= { 0, 3, 6 ; 1, 2, 4, 5, 6, 7 },
π1

g2
= { 0, 3, 4, 5, 6, 7 ; 1, 2, 5, 6, 7 },

Next, two binary functions g0
2 and g1

2 corresponding to the presented encoding are con-
structed and substituted into the image function h1. The resulting image function h2

is incompletely specified. The input patterns [g1
1g

0
1g

1
2g

0
2] = [10 − −], [− − 10] form its

controllability don’t care set.
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S g1
1g

0
1x3x4 h1

0 1 1 0 0 1
1 0 0 1 0 1
2 0 0 0 1 1
3 0 0 0 0 0
4 0 – 1 1 0
5 – 1 1 – 0
6 0 1 – – 0
7 – 1 – 1 0

Table 6.25: Image function h1 for binary encoding example - step 2

6 0

5 0 0

4 0 0 0

3 0 0 0 0

2 0 0 0 1 1

1 0 0 0 1 1 0

0 1 0 1 .033 0 0 0

si|sj 7 6 5 4 3 2 1

Table 6.26: Block weighting function for encoded variables wg2(si|sj)|X2 - step 2

B2 4

B3 2.033 2

Bi, Bj B1 B2

Table 6.27: Block merging cost for encoding example - step 2

Assignment ESS2
1 Assignment ESS2

2 Assignment ESS2
3

B1 00 00 01
B2 11 01 00
B3 01 11 11

EC(ESS2
i , f, πg) 4.033 6 6.033

Table 6.28: Unique (strict) binary code assignment costs - step 2
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In this way, the construction of the first level of the network is finished. At the second
level of the network, two convergent supports are found, and which finalizes the network
construction. Figure 6.26.a shows this network. The variables y0, y1, y2, y3 correspond
respectively to g0

1, g
1
1, g

1
2, g

0
2. 2

Figure 6.26.a through 6.26.f illustrate various decompositions (2-feasible networks) for
the ”1 of 4” function. They differ in strict encoding of the multi-valued output functions
of the decomposition blocks. From all possible strict encoding combinations, only one
produces the optimal circuit from Figure 6.26.a. This is the combination constructed
by our decomposition method based on the information relationship measures. All other
combinations produce circuits with more logic blocks, more levels, and more interconnec-
tions.

6.3.12 Rough function simplification

The output set-system πg(U) of a block g represents information that is available exclu-
sively on the variables from U and required for function f computation. Each convergent
bound-set U ensures that the number of the binary output variables dlog2(πg(U))e nec-
essary to implement πg(U) is less than |U |. To ensure such convergence, an adequate
abstraction from information modeled by πg(U) has to be done. In some cases, as many
as 2|U |−1 blocks of πU have to be merged to realize the convergence by one binary variable.

If the input variables of function f carry a lot of information for f , and/or this in-
formation is represented in an improper way, the construction of the bound-set U (either
feasible or infeasible) with the limited number of input variables, and resulting in the con-
vergent πg(U) cannot be accomplished. In such cases, there it is necessary to distribute
the function input information among a number of information sub-streams. Each sub-
stream should carry only a part of the original information and thus should be easier to
implement. The general composition machine (see Section 3.3.2) provides us with two
remedies that can be applied either together or individually. The first one is to encode in-
put information in such a way that the resulting information streams can be implemented
effectively. The second one, involves decoding the output information in such a way that
information required for function f computation is distributed over a set of input streams.

In our decomposition method, we apply the second method. We construct an output
decoder top-down, starting from the output of the function f . The decoder construction
procedure is based on well-known Boolean function expansion schemas: (1) Shannon
expansion, and (2) positive and negative Davio expansion.

The selection of these schemes is based on the following reasoning. Usually, Shannon
expansion has a hardware support (in the form of the output multiplexors, e.g., Virtex,
Virtex II) in LUT based FPGAs. This type of expansion can be computed efficiently
when the tabular representation of the Boolean function is used. This expansion often
produces good decomposition results. Davio expansions can be considered comple-
mentary methods to the Shannon expansion. Although Davio expansions are more
complex to compute, they yield in much better results than Shannon expansion if the
near-optimal network contains many XOR sub-functions. Both methods ensure that
the sub-functions resulting from the expansion have at least one input variable less
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Figure 6.26: Example of binary encoding influence on the final structure of a multiple-level
network
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than the original function being decomposed. Additionally, Shannon expansion en-
sures that each sub-function has fewer symbols (product terms) than the original function.

The positive cofactor f |xn , and the negative cofactor f |x n of the function f(x1, . . . , xn)
abstract a part of input information of f . The information abstraction is determined
exclusively by the variable xn and is expressed by the following formulas:

IS1
xn

= AS1(xn)
n−1⋃
i=1

IS(xi) : for cofactor f |xn , (6.81)

IS0
xn

= AS0(xn)
n−1⋃
i=1

IS(xi) : for cofactor f |x n , (6.82)

where IS1
xn

and IS0
xn

denote the information provided by the sub-functions f |xn and f |x n .
AS1(xn) is the abstraction set induced by value 1, and AS0(xn) by value 0 of variable xn.
IS(xi) denotes the information set induced by variable xi. Since AS1(xn) ∩ IS(xn) = ∅
and AS0(xn)∩ IS(xn) = ∅, information IS(xn) is totally removed from both information
streams IS1

xn
and IS0

xn
.

From the information modeling point of view, Shannon expansion f = xnf |xn +x nf |x n

splits the main stream of information

n⋃
i=1

IS(xi)

into the three information sub-streams as follows:

n⋃
i=1

IS(xi) = IS(xn) ∪ IS1
xn
∪ IS0

xn
(6.83)

Equations 6.84 and 6.85 show the information model for the positive Davio expansion
f = f |x n⊗xn(f |xn⊗f |x n), and the negative Davio expansion f = f |xn⊗x n(f |xn⊗f |x n).

n⋃
i=1

IS(xi) = IS(xn) ∪ IS0
xn
∪ IS(∆fxn) (6.84)

n⋃
i=1

IS(xi) = IS(xn) ∪ IS1
xn
∪ IS(∆fxn) (6.85)

IS(∆fxn) is the information stream that represents sub-function ∆fxn = f |xn⊗f |x n . The
function ∆fxn combines information provided by the information streams IS0

xn
and IS1

xn

in some specific way. If f = a ⊗ b then IS(f) = IS(a) ⊗ IS(b). In this way, function
f abstracts from the common information IS(a) ∩ IS(b). In consequence, the models
of information distribution in the case of positive and negative Davio expansion can be
stated as shown in Equations 6.86 and 6.87, respectively.

n⋃
i=1

IS(xi) = IS(xn) ∪ IS0
xn
∪ (IS0

xn
⊗ IS1

xn
) (6.86)

n⋃
i=1

IS(xi) = IS(xn) ∪ IS1
xn
∪ (IS0

xn
⊗ IS1

xn
) (6.87)
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It is important to note that the information model for Shannon expansion is both
qualitative and quantitative. The model for Davio expansions is qualitative but it is
quantitative only if the symbols of sub-function ∆fxn correspond to the symbols of the
original function f . However, the information stream induced by sub-function ∆fxn

is usually defined on a different set of symbols (product terms) than f . Therefore, an
adequate mapping of symbols of IS(∆fxn) onto symbols of IS(f) is required to make
the models 6.84 (6.86) and 6.85 (6.87) quantitative. This mapping requires computation
of the function ∆fxn = f |xn ⊗ f |x n .

The aim of rough function simplification is to distribute information over the set of
information sub-streams, and to separate information as much as possible. The cost of
the distribution, in terms of complexity of sub-functions that implement the distribution,
should be as low as possible. The complexity of the sub-functions f |xn and f |x n for a
given f depends on the variable xn taken for expansion. Therefore, the proper selection
of xn is of primary importance.

As we noted, information provided by the variable xn is completely removed from
both information streams IS1

xn
and IS0

xn
. This implies that to maximize the quantity

of information to be removed from the information streams IS1
xn

and IS0
xn

, the variable
xn should provide as many elementary information items as possible. To separate the
information streams IS1

xn
and IS0

xn
, and to reduce the quantity of information each has

to transfer, intersection AS0
xn
∩ AS1

xn
= DCxn should be minimal. Since the number

of symbols in AS0
xn
∩ AS1

xn
is equal to the number |DCxn| of input don’t cares implied

by variable xn, the variable should contain as few input don’t cares as possible. If set
DCxn is small, the set of information items IS(xn) tends to be large. Additionally, it
is preferable that the complexity of the information sub-stream IS1

xn
is similar in terms

of number of symbols to the complexity of the stream IS0
xn

. Then, the sub-functions
implementing the sub-streams tend to be similar; therefore, the delays to be introduced
by these sub-functions tend to be similar as well. Since there exists positive correlation
between the complexity of an information stream and the number of symbols in the
stream, |AS0

xn
| and |AS1

xn
| should be similar. If variable xn has a small number of

don’t cares, and the numbers of symbols in AS0
xn

and AS1
xn

are similar, then the
quantity of information carried by xn is high. Using these observations, we conclude that
the best variable xn to be used for expansions is variable xn, for which IS(xn) is maximal.

The algorithm for rough function simplification selects the variable, for which IS(xn)
is maximal, and computes the cofactors f |xn , f |x n , and the function ∆fxn = f |xn ⊗ f |x n .
Next, the expansion schema that results in the minimal expansion cost is selected. The
expansion cost is defined as follows:

ecost = |sup(g0)|+ |sup(g1)|, (6.88)

where

g0 =

{
f |xn : for Shannon and negative Davio expansions
f |x n : for positive Davio expansion
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and

g1 =

{
f |x n : for Shannon expansion
f |xn ⊗ f |x n : for positive and negative Davio expansions

If more than one expansion yields the minimal expansion cost ecost, the expansion that
produces the minimal expansion complexity is selected. The expansion complexity is
defined as follows:

ecomp = |g0|+ |g1|,

where |g| denotes a number of symbols (product terms) in the function g.

Our experiments showed that often, singular application of an expansion does not
result in a good final network. In such cases, the information distribution assured by
single expansion, is too small. Therefore, we provide the user with ability to apply
a series of expansions until some structural constraints regarding cofactors f |xn , f |x n ,
and function ∆fxn are met. The user can specify the minimal number of inputs i min
and/or the minimal number of product terms (symbols) s min. Function f , which has the
number of inputs |sup(f)| less than i min or the number of terms |f | less than s min, is
not expanded further. In cases when rough function simplification is necessary, we obtain
the best results (in terms of number of logic blocks and levels in the final network) when
i min = k + n, where k is a maximal number of inputs in a feasible sub-function, and
n = 3..5.

6.4 Multiple-output decomposition

In the previous sections, we discussed the proposed method of single-output Boolean
function decomposition into a multiple-level network of feasible logic blocks. However,
usually we decompose a set of Boolean functions, not a single function. When some set
of functions shares a (sub)set of primary inputs, it is likely although not guaranteed,
that these functions have some common sub-functions. The common sub-functions can
be implemented once, and the resulting sub-network can be shared in the number of
functions’ networks.

This kind of reuse may significantly reduce the complexity in terms of logic blocks
count and the number of interconnections of network implementing all functions together.
In general, it can not be ensured that using a common sub-function for the decomposition
of a certain function results in a near optimal network for that particular function. From
this perspective, the common sub-function is often not the best. Using the common
sub-function may result in an increased number of logic blocks and levels in the network
implementing the function. However, the overall complexity of the entire network can
still be potentially decreased. Therefore, the selection of common sub-functions to be
implemented is crucial.

In the scope of the presented research, we develop an algorithm for the decom-
position of incompletely specified multiple-output Boolean functions based on Boolean
re-substitution method [SYMF90][SSN97] [CC98]. Let f be an incompletely specified
multiple-output Boolean function. In the Boolean re-substitution method, an incom-
pletely specified function g(U) is used to simplify a (sub)set of incompletely specified
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functions {fj} ⊆ f . Each function g(U) is constructed especially for a certain single-
output function fj ∈ f that is denoted as g(U, fj). Since the function g(U, fj) is one of
the most promising sub-functions that can be used for fj decomposition, it is ensured
that g(U, fj) is at least a very good bound-set function for the function fj.

6.4.1 Boolean re-substitution

A function h is compatible with the function f if and only if fON ⊆ hON , fOFF ⊆ hOFF ,
hON ∩ fOFF = ∅, and hOFF ∩ fON = ∅. From the information modeling perspective, this
condition is met, if and only if, the function h is more specific than the function f , i.e., if
function h computes at least information that the function f computes (IS(f) ⊆ IS(h)).

Let f(X) be a single-output incompletely specified Boolean function whose input
support is X, and let g(U) be an incompletely specified multiple-output Boolean function
whose support is U ⊂ X. Boolean re-substitution aims at expressing f(X) with an image
function h(Y ), where Y = α ∪ β, α ⊆ g, and β ⊂ X. The re-substitution is considered
successful if it leads to support reduction, i.e., |Y | < |X|. The difference |X| − |Y | is
called re-substitution gain.

A set of variables U ⊂ X provides information that is required for function f compu-
tation and not available on the other variables in V = X\U , denoted as:

RIS(U, f) = IS(f) ∩
( ⋃

u∈U

IS(u) \
⋃

v∈V

IS(v)
)
. (6.89)

On the other hand, a set of the output variables g provides part of the information
available on U in an encoded form. This information can be expressed by the following
formula:

IS(g) =
⋃

gi∈g

IS(gi). (6.90)

If the output variables of g provide all the information from U required to compute
f , i.e.,

RIS(U, f) ≤ IS(g(U)), (6.91)

the function g can be successfully re-substituted into the function f when the number of
output variables of g is less than cardinality of U (i.e., |g| < |U |). The latter condition
always holds if the function g is convergent. The re-substitution gain can be computed
by finding the minimal number of variables from g that covers information RIS(U, f).
However, Formula 6.91 cannot be used directly because RIS(U, f) and IS(g) are usually
defined on different set of symbols. Proper mappings of RIS(U, f) and IS(g) onto a set
of common symbols is required to solve Equation 6.91.

Let product term (cube) ti be spanned on a set of variables {u1, . . . , uk, v1, . . . , vl} = X,
and let ti|U be a sub-term of ti defined on variables ui ∈ U . Let τ j

i denote a minterm
in the sub-term ti|U (τ j

i ∈ ti|U), and τ ∗i = { τ j
i | τ

j
i ∈ ti|U } a set of all minterms in ti.

For example: for X = {x1, x2, x3, x4}, U = {x1, x2, x3}, ti =1–01, we obtain: ti|U =1–0,
τ 1
i = 100, τ 2

i = 110, and τ ∗i = {100, 110}. The set of all minterms contained in a set of
terms T is defined as follows:

T ∗
U = { τ j

i | τ
j
i ∈ ti|U , ti ∈ T }. (6.92)
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In the tabular representation of function f(X), each product term ti is assigned with
unique symbol si ∈ S; hence, there is an equivalence relation si ≡ ti, and analogously,
the equivalence relation S ≡ T , where T denotes the set of products term on which f(U)
is defined. For simplicity we use ti symbols in the following text in the meaning of si.

The relation
TM |U = { (ti, τ

j
i ) |τ j

i ∈ ti|U , ti ∈ T } (6.93)

defines mapping between the original sub-terms ti|U and corresponding minterms that is
used as a common representation for RIS(U, f) and IS(g).

Using the relation in 6.93, we can transform each elementary information item ti|tj ∈
RIS(f, U) into the domain of the corresponding minterms as follows:

ti|tj ⇒ TM(ti)|U | TM(tj)|U =
⋃

τk
i ∈τ∗i ,τ l

j∈τ∗j

τ k
i |τ l

j = τ ∗i |τ ∗j (6.94)

and in result:
RIS(U, f)⇒ RIS∗(U, f) =

⋃
ti|tj∈RIS(U,f)

τ ∗i |τ ∗j (6.95)

On the other hand, each function gi(U) ∈ g(U) can be expressed with minterms τ
because it is defined on the same set of variables U . The output set-system π∗

gi
defined

on minterms (symbols) τ can be easily computed for each output variable gi of g(U).
The repeated variable xi resulting from non-disjoint decomposition implements a trivial
function gi(U) = xi. As a result, Equation 6.91 can be substituted by the following
formula

RIS∗(U, f) ≤
⋃

gi∈g(U)

IS(π∗
gi
). (6.96)

The minimal number of information sets IS(π∗
gi
) (i.e., minimal number of variables gi ∈ G)

covering information set RIS∗(U, f) implies re-substitution gain.
The resulting image function h(G∪V ) can be computed using Relation 6.93 and values

of functions gi(U) for each minterm τ .

6.4.2 The re-substitution algorithm

For each single-output function fj ∈ f , a set of promising bound-set functions {g(Ui, fj)}
is constructed. Each g(Ui, fj) results in decomposition of fi with a small number of logic
blocks and levels. Next, we attempt to substitute each function g(Ui, fj) into all functions
fk ∈ f .

The re-substitution algorithm consists of two stages. At the first stage, the resub-
stitution matrix RM is constructed to evaluate the re-substitution property of the most
promising multiple-output bound-set sub-functions g(Ui, fj) constructed for each single-
output function fj ∈ f . There is an entry in the re-substitution matrix for each bound-set
function g(Ui, fj). The subset of functions fi ⊆ f is assigned to each function g(Ui, fj). fi
denotes a set of functions in which the corresponding function g(Ui, fj) can be potentially
re-substituted, i.e., Ui ⊂ sup(fj ∈ fi). Additionally, to each function g(Ui, fj), the maxi-
mal re-substitution gain mrgi is assigned. The re-substitution maximal gain denotes the
upper bound of the gain that can be accomplished using the function g(Ui, fj). The gain
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Require: fj, Ui,g(Ui, fj), f
Ensure: RM, MG

RM [g(Ui, fj)]← fj

MG[g(Ui, fj)]← |Ui| − |g(Ui, fj)|

for all (fk ∈ f) where (fk 6= fj) ∧ (U ⊆ sup(fk)) do
construct πg(Ui, fk)
if dlog2 |πg(Ui, fk)|e < |Ui| then

RM [g(Ui, fj)]← fk

MG[g(Ui, fj)]← EG[g(Ui, fj)] + (|Ui| − dlog2 |πg(Ui, fk)|e)
end if

end for

Figure 6.27: Algorithm for the re-substitution matrix construction

is defined as the number of input variables (interconnections) that can be removed in the
entire network being constructed when g(Ui, fj) is re-substituted into a set of functions
fi. It is represented by the following formula:

MG(Ui) =
∑

fj∈fi

|Ui| − dlog2 |πg(Ui, fj)|e (6.97)

The bound-set functions g(Ui, fj) constructed for all the single-output functions fj ∈ f
are added to the re-substitution matrix one by one. Figure 6.27 illustrates the procedure
of inserting the individual bound-set functions into the re-substitution matrix. The pro-
cedure takes the following on its input: (1) the input support Ui, (2) the multiple-output
Boolean sub-function g(Ui, fi) built on the support U for a certain function fi, (3) the
function fi, and (4) the set of functions f in which the sub-function g(Ui, fi) is supposed to
be re-substituted. First, the bound-set function g(Ui, fj) is added to the re-substitution
matrix RM , and the entry of maximal gain matrix EG[g(Ui, fj)] is initialized by the
convergence value of g(Ui, fj) equal to |U | − |g(Ui, fj)|. Next, the input support Ui is
individually evaluated for each function fk ∈ f . The set-system πg(Ui, fk) is constructed
for each fk. If the number of Boolean functions required to implement πg(Ui, fk) is less
than the number of input variables in Ui, it is possible to construct a convergent bound-
set function for fk using input support Ui. The convergence of πg(Ui, fk) is added to the
maximal expected gain for the sub-function g(Ui, fk).

Next, the re-substitution matrix RM is sorted accordingly to the maximal re-
substitution gain mrgi, i.e., mrgi ≥ mrgj ⇒ i < j.

At the second stage of the algorithm, the re-substitution matrix is expanded. The func-
tions g(Ui, fj) are re-substituted, one by one, into a set of functions f assigned to g(Ui, fj)
at the first stage of the algorithm. The actual gain of the re-substitution arg(Ui, fi) is
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computed for each g(Ui, fj), where

arg(Ui, f) =
∑
fk∈f

|sup(fk)| − |sup(hk)|, (6.98)

and hk is the image function resulting from re-substitution of g(Ui, fj) into fk. The set
of functions f ′ = {fk | |sup(fk)| − |sup(hk)| > 0} constitutes the corresponding final set
of functions into which the function g(Ui, fj) will be re-substituted.

The algorithm terminates when all the functions g(Ui, fj) are re-substituted, or when
the best actual re-substitution gain arg(Ui, f) is greater than the maximal (expected)
re-substitution gain mrgj, j > i.

6.4.3 The multiple-output decomposition algorithm

Figure 6.28 illustrates the algorithm for bottom-up decomposition of the multiple-output
Boolean function. For simplicity, only the single step of decomposition at a given level
of the network being constructed is shown. This algorithm is embedded within the gen-
eral bottom-up decomposition algorithm discussed in section 6.2. It is repeated until all
Boolean functions f are decomposed, i.e., the entire network is constructed.

First, the set of functions C ⊆ f to be decomposed on a given level l is determined
using function Select(f , l). At the very first iteration at level l, all the infeasible functions
fi ∈ f (i.e., sup(fi) > k, where k denotes the maximal number of LUT inputs) are assigned
to C. In next iterations, functions whose decomposition at level l is considered final, are
removed from C. This decision is made at the end of the algorithm and is described
below.

At the second step, a set of functions C is partitioned into a set CF of disjoint sets
of functions Ci (function clusters, where Ci ∩Cj = ∅). Functions partitioning attempts
to determine the subsets of the functions to be decomposed separately. Let functions
incompatibility graph FIG(V, E) be defined as follows: each vertex vi ∈ V corresponds to
a certain function fi ∈ C ⊆ f . There is an edge eij = {vi, vj} ∈ E if and only if the set of
the common permissible variables (see Section6.2, Equation 6.1) at level l of the network
being constructed is too small; i.e., |pv(fi, l) ∩ pv(fj, l)| < k, where k is the maximal
number of inputs in a k-feasible function. The graph FIG is colored with a heuristics
algorithm. The chromatic number of the graph FIG determines the number of function
clusters. The set of vertices assigned with the same color decides the set of corresponding
Boolean functions to be decomposed together (cluster).

Then, the set bsj of the most promising bound-sets is constructed for each function
fj in the cluster Ci. If it was impossible to find the bound-sets for all functions in Ci,
cluster Ci needs to be restructured. Each function fj that was successfully decomposed
in the previous iteration (i.e., some blocks were constructed for fj at the level l), but is
not paired with a corresponding bsj in the current iteration, is removed from cluster Ci.
In this way, the function’s fj decomposition is finished at level l. The other functions fj,
for which the corresponding bsj was not constructed, need to be simplified. Functions
simplification results in a set of new functions denoted as g. A new subset Ci ⊆ g of
functions to be decomposed at the current level l is selected and partitioned as described
above. As a result, a new set of partitions CFi is constructed. Finally, the original cluster
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CF ← Partition(C)

For each Ci ∈ CF

Find the most promising
bound-sets bsj

Construct re-substitution matrix

Expand re-substitution matrix

All bsj 
available?

Simplify(fj)

Resubstitute Decompose

Ci ←Select(g, level)

CF ← CF \ C ∪ CFi

CFi ← Partition(Ci)For each fj ∈ Ci 

C ← Select(f, level)

Start

End

Encode bsk

For each bsk ∈ bsj 

No

Yes

f, level

For each fj to be simplified 

Gain ? NoYes

Figure 6.28: Overview of the multiple-output decomposition algorithm
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Ci is removed from the set of clusters CF, and the new clusters from CFi are added to
CF. This process iterates until either the decomposition is considered finished at the
current level or the single decomposition is performed for each function fj ∈ Ci and for
each cluster Ci.

If there is a set of promising bound-sets bsj for each Boolean function fj in the
cluster Ci (note that Ci does not need to be the original cluster; some functions fj may
be produced by the function simplification procedure), each bsk ∈ bsj is binary encoded.
Subsequently, a re-substitution matrix is constructed and expanded as described in Section
6.4.2. If the possibility of reuse for a certain bound-set function gmrg is detected in the re-
substitution matrix, the function gmrg with the best re-substitution gain is re-substituted
into a set of related functions Cmrg ⊆ Ci. If no reuse is possible, each function fj ∈ Ci is
decomposed separately, as in the case of decomposition of single-output Boolean functions.

6.5 Post-processing

Often, the k-feasible network, created as described in the above sections, can be further
transformed and simplified. In particular, a number of logic blocks and/or network levels
can often be further reduced. The most general approaches for the k-feasible network
transformation are based on the minimal directed acyclic graph (DAG) covering. A
network is represented as the DAG (V, E). Node vi ∈ V represents the logic block LBi

in the network. There is a directed edge e(vi, vj) between two nodes vi, vj if the output
of logic block LBi is the input of logic block LBj. Transformation algorithms try to find
the DAG covering by the (near) minimal number k-feasible cones Cv. In general, these
methods can significantly restructure the initial network.

In our synthesis method, at this stage of the network synthesis process, the network
is in most cases of a very high quality. Therefore, we can avoid the global network
restructuring and perform only some simple local network transformations that can be
executed in a marginally short time.

There are two main instances in which the network inefficiencies may appear in net-
works constructed by our method. First, when the last block g at a certain level is
constructed, the block may have fewer input variables than number inputs provided by
k-LUTs onto which the network is mapped. Such inefficient blocks can often be removed
from the network. In this case, the inefficient block is collapsed into its successor block, or
blocks, provided it does not violate k-feasibility of the entire network. Network inefficien-
cies might also appear when two or more functions are decomposed independently and
share some common sub-function. This can happen when the functions share a fewer than
k input variables and the common small sub-function is constructed on these variables.
In this case, the duplicated sub-function can be removed from a network.

As a result, the post-processing phase used in the proposed approach performs only
two kinds of local structural simplification: pruning of the equivalent logic blocks, and
logic blocks collapsing.

A logic block LB that implements function f(X) is considered strictly equivalent
(weakly equivalent) to another logic block LB′ in a network n if and only if LB′ implements
function f ′(X ′), and f = f ′ (f = f ′) and X = X ′.
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If LB and LB′ are strictly equivalent, the logic cone that has LB′ as the top block and
the output of LB′ as the output of the cone can be substituted by the output variable of
LB. As a result, logic block LB′ and all blocks in its transitive fanin can be removed from
the network. If LB and LB′ are weakly equivalent, the output of LB′ can be substituted
with the inversion of the output variable of LB. Because we do not allow the insertion of
new blocks in this procedure, the output variables of LB′ can be substituted if and only if
the are not a primary outputs of the network. LB′ inversion is accomplished by inverting
the input variables in all the successor functions of LB′ that are driven by LB′.

In the proposed approach, equivalent blocks are removed level by level, starting
from the bottom-most level of the network. Since the network is strictly levelized by
construction, it is sufficient to check only the blocks at the same level for equivalence.
This significantly reduces the equivalent blocks pruning time.

Figure 6.29 represents the logic blocks collapsing. Let a successor logic block LBs be
able to implement any k-input Boolean function. Let X = {x1, . . . , xm} be the input
support of LBs. Without loss of generality, we can assume that input xm of LBs is the
output of LBp. LBp can be collapsed into its direct successor logic block LBs if and only
if k-feasibility of the network is preserved, i.e.,

|X ∪ Y | ≤ k + 1, (6.99)

and the fanout of LBp is equal to 1 (see Figure 6.29.a). Function fs
′ = fs(x1, . . . , fp(Y ))

is the composite function of the predecessor function fp(Y ) and the successor function
fs(X). X ∪ Y \xm is the input support of the new block LBs

′.
If the fanout of LBp is greater than 1, LBP can be removed from the network if and

only if it can be collapsed into each of its successor logic blocks.
In some cases, it is impossible to collapse one predecessor logic block into its successor

block, but it possible to collapse more than one at a time. Figure 6.29.b illustrates
this example. The n logic blocks LB1

p , . . . , LBn
p respectively implementing functions

f 1
p (Y1), . . . , f

n
p (Yn), can be collapsed simultaneously into their common successor logic

block LBs that can implement any k-input Boolean function if and only if:

|X ∪
n⋃

i=1

Yi| ≤ k + n, and (6.100)

n < k (6.101)

Function fs
′ = fs(x1, . . . , xl, f

1
p (Y1), . . . , f

n
p (Yn)) is the composite function of the prede-

cessor functions f i
p(Y ) and successor function fs(X). For typical small k (4,5,6), this

collapsing scheme is possible only if the supports Yi are (almost) the same. Therefore, we
call blocks LBi

s - ”brothers”, and this collapsing scheme - collapsing with brothers.
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(a) Simple collapsing (b) Collapsing with brothers

Figure 6.29: Structural collapsing of logic blocks.
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Chapter 7

Experimental results

The circuit synthesis method for LUT-based FPGAs developed in the framework of the
presented research was implemented in the prototype CAD tool called IRMA2FPGAS. The
experiments presented in this chapter, performed using this tool, aimed at analysis and
evaluation of the information-driven approach to circuit synthesis proposed by Jóźwiak.

In this chapter, Section 7.1 presents an analysis of quality and performance of the
input support construction algorithms discussed in Sections 6.3.2 and 6.3.8.

In Section 7.2, a large set of randomly generated benchmarks with some known prop-
erties (symmetries and percentage of don’t cares) is used to analyze the behavior of the
proposed heuristics on a wide range of single-output Boolean functions. The circuits syn-
thesized in this experiment are compared with circuits generated by the popular academic
tool SIS from UC Berkeley.

Section 7.3 contains the comparison of circuits constructed by IRMA2FPGAS to the
results from the most advanced academic synthesis tools for LUT-based FPGAs on a large
set of standard synthesis benchmarks used in academia.

Finally, Section 7.3.1 summarizes the experimental results.

7.1 Bound-set construction

Input support selection for the sub-function g affects the sub-function g directly and the
image function h indirectly. Therefore, the input support selection for sub-functions in the
multi-step decomposition process has a strong influence on the overall circuit structure
constructed in this process. As a consequence, construction and selection of adequate
input supports for sub-functions is a crucial problem in functional decomposition.

In [RJL99a], a strong positive correlation was shown between the number of blocks
in set-systems πg used in the decomposition process and the number of LUTs and LUT-
levels in the resulting multi-level implementation of a function being decomposed. Hence,
the number of blocks in set-system πg is a good evaluator of the bound-set construction
methods.

To rate the quality and performance of the proposed bound-set construction method,
we perform the following experiment. A set of single-output functions is picked from the
standard MCNC benchmark suite used in academia [MCN]. For each selected function,

217
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Benchmark |U | = 3 |U | = 4 |U | = 5 |U | = 6
Function .i .p |πg| Qty |πg| Qty |πg| Qty |πg| Qty
clip.2 9 91 4 2 4 1 4 1 5 1
alu2.4 10 103 5 36 8 1 14 2 16 1
alu2.1 10 200 5 3 8 1 14 4 22 5
apex1.0 12 20 2 2 3 19 3 4 3 2
alu4.2 12 99 5 2 7 1 11 2 13 2
add6.25 12 158 3 4 2 1 3 6 2 1
add6.24 12 312 3 4 2 1 3 6 2 1
alu4.7 14 406 6 12 11 1 21 4 28 1
alu4.4 14 491 5 21 7 1 12 4 17 1
seq.23 22 189 3 3 3 1 4 3 5 5
apex1.10 24 100 2 2 2 3 2 3 2 1
apex1.11 24 114 2 56 2 70 2 56 2 28
apex1.14 25 118 3 3 3 1 4 22 4 15
k2.13 30 107 2 1 2 1 3 16 3 5
apex1.13 30 131 2 1 2 1 3 16 3 5
k2.19 33 136 2 58 2 71 2 57 2 28
apex1.19 33 166 2 58 2 71 2 57 2 28
seq.6 33 179 2 2 3 48 3 6 3 1
k2.37 33 229 2 35 2 35 2 21 2 7
k2.36 34 134 2 2 2 2 2 1 3 11
seq.25 34 151 2 13 2 5 2 1 3 30
k2.17 34 168 2 16 2 14 2 8 2 2
seq.24 34 183 2 3 3 58 3 8 3 2
seq.18 34 198 2 1 3 11 3 1 4 7
apex1.17 34 209 2 16 2 14 2 8 2 2
k2.16 35 125 2 2 2 3 2 3 2 1
seq.2 36 133 2 5 2 1 3 6 4 97
seq.4 36 182 2 1 3 45 3 4 4 25
seq.3 36 236 2 1 3 11 4 56 4 3
apex2.0 36 593 2 1 2 1 3 7 3 1
seq.33 37 211 2 1 3 9 4 41 4 2
k2.15 38 165 2 58 2 71 2 57 2 30
seq.5 38 252 2 1 3 41 3 2 4 14
apex3.5 39 172 2 1 3 8 4 84 5 2
k2.22 39 190 2 30 2 20 2 7 2 1
apex1.22 39 194 2 30 2 20 2 7 2 1
apex3.6 40 185 3 18 4 184 4 4 5 1
dalu.0 42 118 2 910 2 2730 2 6006 2 10010
dalu.1 47 310 2 729 2 2002 2 4004 2 6006
Total

∑
|πg| 101 124 166 198

Table 7.1: Benchmarks used for the bound-set construction evaluation
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an exact number of bound-sets U that induce set-systems πg(U) with the minimal number
of blocks is found by enumerating all possible bound-sets of size |U | = 3, 4, 5, 6. Selection
of the input support sizes is not accidental; These sizes represent the typical number
of inputs in logic blocks of the contemporary FPGAs. The subset of the functions (see
Table 7.1) is selected in such a way that each selected function has a very small number of
sub-sets of inputs U that induce a corresponding πg(U) with a minimal number of blocks.
In this way, we focus on the hard bound-set construction problems, and simultaneously
eliminate, to large degree, accidental results.

Table 7.1 shows the characteristics of the selected functions. Column ”Benchmark”
shows the parameters of a given function where – ”Output” specifies the single-output
function in the multiple-output benchmark, ”.i” denotes the number of inputs of the
function, and ”.p” denotes the number of product terms. For each function, all possible
input supports with size |U | = 3, 4, 5, 6 are examined. Sub-columns ”|πg|” denote the
minimal number of πg blocks found in all the supports of size i. Sub-columns ”Qty”
denote the number of bound-sets of size i that induce πg with the minimal number of
blocks. The number of blocks in the set-systems is found with a heuristic graph coloring
algorithm used in the bound-set construction algorithms.

Next, for each of the selected functions, the bound-sets are constructed with our basic
and fast bound-set construction algorithm. Both algorithms, basic and fast, are examined
against some set of combinations of their control parameters. Two parameters control the
bound-set construction algorithms: (1) beam width - which determines the width of the
main beam search for a given bound-set construction algorithm, and (2) imp width -
which determines the width of a beam search of the bound-set improvement algorithm.
When beam width = 1, the bound-set construction algorithm performs the best-first
search; otherwise, it performs the actual beam search with beam width number of partial
solutions transferred to the next iteration of the algorithm. Parameter imp width controls
the bound-set improvement algorithm in an analogous way.

Sections 7.1.1 and 7.1.2 show the results of the experiments for basic and fast bound-
set construction algorithms. All experiments considered in this section were performed
on LINUX, AMD K6 540MHz, 156MB, workstation.

7.1.1 The basic input-support construction algorithm

Charts 7.1 through 7.4 summarize the experiments on the basic bound-set construction
algorithm (see Section 6.3.2). The charts respectively represent the results for a given
beam search with parameter beam width = 1, 3, 6, 9 that controls the size of a search space
visited by the basic bound-set construction algorithm. Each individual chart describes
the results for the constructed bound-sets U of size equal to |U | = 3, 4, 5, 6. For each size
of the bound-sets, four tests were performed. In the first test, only the basic bound-set
construction algorithm is used. It is denoted as ”no improvement” series in Charts 7.1
through 7.4. In the following tests, the bound-set improvement algorithm follows the basic
bound-set construction procedure. The bound-set improvement algorithm was applied
using three values of the improvement search beam width parameter imp beam = 1, 3, 6.
Each chart also contains the best results obtained by exhaustive enumeration, denoted as
”exhaustive”, for the sake of comparison.



220 EXPERIMENTAL RESULTS

11
6

16
2 19

5

10
3

15
9

23
9

33
9

98
13
1

18
1

24
1

98
13
0

17
8

22
8

98
12
9

17
5

22
4

93

0

50

100

150

200

250

300

350

400

|U|=3 |U|=4 |U|=5 |U|=6

exhaustive
no improvement
imp_beam = 1
imp_beam = 3
imp_beam = 6

Basic Input-Support Construction Algorithm (beam_width = 1)

Q
 =

 Σ
 |π
g|

Input-Support Size

Figure 7.1: Quality of input-supports (Σ|πg|) constructed by basic input-support construc-
tion algorithm (with beam search width beam width = 1, optionally followed by bound-set
improvement algorithm, imp beam = 1, 3, 6) versus input-support size. The results are
compared to the best input-supports obtained by exhaustive enumeration.
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tion algorithm (with beam search width beam width = 3, optionally followed by bound-set
improvement algorithm, imp beam = 1, 3, 6) versus input-support size. The results are
compared to the best input-supports obtained by exhaustive enumeration.
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Each bar in charts 7.1 through 7.4 represents a total sum of blocks in all set-systems
πg(Ui) constructed for all the benchmarks used in the experiment and for all bound-sets
of size k: ∑

|Ui|=k

|πg(Ui)|,

where k = 3, 4, 5, 6, and Ui is a certain bound-set that induces a minimal number of blocks
in the corresponding set-system πg(Ui) for a certain function fi. In cases when the basic
bound-set construction algorithm does not construct any convergent bound-set of a given
size, its exact counterpart is not included into the statistics.

The chart in Figure 7.1 (series No improvement) shows that the best-first search
alone (beam width = 1) misses the bound-sets with a minimal number of blocks. The
difference, in terms of the number of blocks, is 11% for the bound-sets having 3 inputs,
37% for the 4-input bound-set, 48% for the 5-input bound-sets, and up to 74% for the
bound-sets having 6 inputs. However, in most cases, the algorithm directs the search
into a close neighborhood of some very good bound-sets. In such cases, even the best-
first local improvement of the bound-sets is able to improve the bound-sets significantly.
Application of the best-first local improvement algorithm lowers the distance, in terms of
number of blocks, between the constructed bound-sets and the minimum bound-sets to
5%, 12%, 13%, and 24% for 3, 4, 5, and 6-input bound-sets, respectively.

Series No improvement in the subsequent charts 7.2 through 7.4 show that widening
of the beam search refines the bound-sets constructed by the basic algorithm. Results
obtained with the search beam width equal to 9 are respectively 9%, 19%, 20%, 34% away
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from the minimal number of blocks.
The bigger the search beam used in the basic bound-set construction algorithm, the

bigger the number of bound-sets produced; hence, the bigger is number of bound-sets
taken for the improvement. We observe that in case of the beam search of the basic
bound-set construction algorithm equal to 9 and the improvement with beam size equal
to 6, the final results are consistently no worse than 7% from the minimal number of
blocks for bound-sets of all tested sizes (5%, 3%, 4%, 7% respectively for 3, 4, 5, and
6-input bound-sets). However, the most efficient improvement beam is equal to 3 because
improvement beam equal to 6 refines the results of the first only by 1%. When execution
time of the algorithm is crucial, the best-first search improvement can be used with
success.

Figure 7.5 illustrates the performance of the basic bound-set construction algorithm.
Computational complexity of the basic bound-set construction algorithm without im-
provement is linear with the search beam width. The best-first local bound-set improve-
ment takes an amount of time that is comparable to that needed for to the basic bound-set
construction. Complexity of the local bound-set improvement algorithm is linear with the
improvement beam. When the wide search is performed in both the bound-set construc-
tion and the local improvement algorithms, the local improvement takes the bulk of time.

7.1.2 The input support construction algorithm

Charts 7.6 through 7.9 summarize the experiments on the bound-set construction algo-
rithm (see Section 6.3.8).

We see that the total number of blocks in the output set-systems constructed with the
algorithm is significantly better than the corresponding results for the basic algorithm
discussed in Section 7.1.1. This is particularly true for the supports having 5 and 6
variables. The best-first search constructs the bound-sets that have in total 10%, 26%,
29%, and 33% more blocks than the minimal number of blocks, for supports with 3, 4, 5,
and 6 input variables, respectively. In analogous cases, the basic bound-set construction
algorithm’s results are 11%, 37%, 48%, 74% greater than the minimal number of blocks.
The local improvement of the input-supports constructed this way refines them further.
For the improvement beam width equal to 6, the obtained results are 5%, 18%, 11%, and
19% greater than the minimum (see Figure 7.6).

A comparable result is obtained when the search beam width is increased to 3 and
no local improvement is applied. In this case, the results are 8%, 13%, 13%, 16% greater
than the minimum, for 3, 4, 5, and 6-input bound-sets respectively (see Figure 7.7, series
No improvement). The maximal improvement that can be achieved in this case for each
size of the input-supports and for each width of the improvement beam is no greater than
6%. On the other hand, in the basic bound-set construction algorithm, local bound-set
improvement could refine the results by as much as 40%.

Analyzing the results in Figures 7.8 and 7.9, we observe that local improvement is
significantly less important for the greater widths of the beam search applied in the
bound-set construction procedure.

There are two main factors that imply increased effectiveness (in terms of blocks
count) of the input-support construction method over the basic input-support construc-
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Figure 7.6: Quality of input-supports (Σ|πg|) constructed by input-support construction
algorithm (with beam search width beam width = 1, optionally followed by bound-set
improvement algorithm, imp beam = 1, 3, 6) versus input-support size. The results are
compared to the best input-supports obtained by exhaustive enumeration.
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Figure 7.10: Input-support construction algorithm - performance.

tion method. First, the input-support construction method performs a set of dedicated
exhaustive searches for very special supports: symmetric, block-unate, and mergeability-
zero, while the basic method evaluates only the heuristic bmergeability measure. Second,
the input-support construction method constructs and evaluates set-systems at each in-
termediate step of the algorithm, while the basic method constructs and evaluates set-
systems only at the final step of the algorithm, using only the bmergeability measure at
the intermediate steps.

As a result, the input-support construction algorithm traverses the search space from
a local minimum (in terms of blocks count of the output set-system πg) to another local
minimum very efficiently. The basic input-support algorithm performs a more general
information-driven search. The basic algorithm often produces supports that need to
transfer a lot of information; therefore, the number of blocks is not minimal, although
input-supports of this type can be also very useful for decomposition purposes.

Figure 7.10 illustrates the performance of the input-support construction algorithm.
We can observe that computational complexity of the algorithm is linear with the search
beam width. However, the time required for local improvement is significantly shorter
here than in the case of the basic algorithm. Moreover, the improvement time is almost
independent of the improvement beam width because, in most cases, no improvement is
necessary. As a result, the input-support construction algorithm is on the average 3.5
times faster than the basic input-support construction algorithm.

One more remark has to be made at this point. Although the supports constructed
by the considered algorithms often result in set-systems πg with several percentages more
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than the minimum number of blocks, this does not mean that, in most cases, the con-
structed supports are significantly worse than the supports producing the minimum num-
ber of blocks in πg. Namely, until d|πg|e = d|πg|mine, the number of outputs of the
sub-function g being the realization of the πg are identical; consequently, circuit com-
plexity remains comparable. The supports constructed by the considered algorithms are
thus of high quality because they result in implementation complexity comparable to the
supports resulting in |πg|min.

7.2 A characterization of the method

In the experiment discussed in this section, we attempt to characterize the effectiveness
and efficiency of the proposed circuit synthesis method on a wide spectrum of single-
output Boolean functions. To that purpose, a set of completely and incompletely specified
Boolean functions, ranging from totally symmetric to strongly asymmetric is generated.

We generate a set of 10-input and 20-input completely specified functions with various
characteristics. Then, we mutate the basic functions, by replacing 20%, 50% and 70% of
ON-set and/or OFF-set entries with ”don’t cares” in each completely specified function.
More than 100 benchmarks were generated in this manner.

In this experiment, we evaluate the quality of the networks constructed by proto-
type tool IRMA2FPGAS and the influence of the individual input-support construction
algorithm on the final result.

Each function is mapped onto a network of 5-input LUTs either with basic input-
support construction algorithm or fast input-support construction algorithm. In each
case, the network is created with three values of beam width parameter (3, 6, 9) that
determines the size of the explored search space. In this way, nine networks are generated
for each function. The default beam size of the bound-set improvement algorithm equal
to 3 (see Section 7.1) is used in all cases.

The resulting networks are compared to the networks generated by SIS system from
UC Berkeley [SSJ+92], one of the most popular state-of-the-art academic tools for circuit
synthesis. In all experiments with SIS system, the following script is used. This script is
recommended in [SSJ+92] for LUT-based architectures.

sweep

xl_part_coll -m -g 2

xl_coll_ck

xl_partition -m

simplify

xl_imp

xl_partition -t

xl_cover -e 30 -u 200

xl_coll_ck -k

Commands in the script perform operations as follows. xl_part_coll - on an infeasi-
ble network first runs trivial partition routine. Next, it collapses nodes to reduce network
cost. The result is a feasible network. xl_coll_ck - collapses the nodes in the network,
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IRMA2FPGAS
Algorithms beam width = 3 beam width = 6 beam width = 9

Support Block D LUT sec D LUT sec D LUT sec
Basic MinL 503 3328 22237 504 3285 38422 503 3305 53594

InfoQ 530 3587 21898 529 3576 38347 531 3645 54443
Fast MinL 502 3289 7619 497 3235 12644 498 3240 17045

InfoQ 545 3643 9050 541 3597 16588 543 3704 20045

Table 7.2: Results of different IRMA2FPGAS algorithms on the generated functions

IRMA2FPGAS
Algorithms beam width = 3 beam width = 6 beam width = 9

Support Block D LUT sec D LUT sec D LUT sec
Basic MinL 101% 103% 176% 101% 102% 304% 101% 102% 424%

InfoQ 107% 111% 173% 106% 111% 303% 107% 113% 431%
Fast MinL 101% 102% 60% 100% 100% 100% 100% 100% 135%

InfoQ 110% 113% 72% 109% 111% 131% 109% 114% 159%

Table 7.3: Comparison of different IRMA2FPGAS algorithms on the generated functions

and applies Roth-Karp decomposition and cofactoring. xl_partition - collapses a node
into its fanout only if the resulting fanout is feasible. simplify- simplifies nodes in the
network with don’t cares. xl_imp - replaces each internal infeasible node with a set of
feasible nodes. Feasible nodes are derived by trying different decomposition strategies:
(1) AND-OR decomposition with heuristic cube-packing, (2) reducing number of fanins
of the network nodes by kernel extraction and AND-OR decomposition, (3) cofactoring,
(4) cubes partitioning into cube sets with disjoint supports, and (5) decomposition
into a network of 2-input AND and OR gates. Each decomposition is followed by a
partition/cover phase. The result with the minimum number of feasible nodes is cho-
sen. xl_cover - performs graph covering to minimize the number of nodes in the network.

The experiment was performed on LINUX, AMD K6, 540MHz, 156MB workstation.

The detailed results of the experiment described above are shown in Appendix A.
Table 7.2 summarizes the data of this experiment. In this table, column Support is given
for a support construction algorithm, where Basic denotes the basic algorithm described
in Section 6.3.2, and Fast denotes the algorithm described in Section 6.3.8. Column Block
represents a best triple (U,R, πg) selection algorithm (input-support, repeated variables,
output set-system), where InfoQ denotes selection based on evaluation of information
channel quality represented by formula 6.71, and MinL denotes the sequence of design
decisions (Figure 6.24). Parameter beam width represents the width of the beam search
used in the corresponding support construction algorithm. Columns D, LUT, and sec
respectively denote cumulated depth of all synthesized circuits, total number of LUTs in
all synthesized circuits, and cumulative processing time in seconds.
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IRMA2FPGAS SIS 1.2
Algorithms beam width = 3 beam width = 6 beam width = 9

Support Block D LUT sec D LUT sec D LUT sec D LUT sec
Basic MinL 426 2965 9454 428 2924 16885 425 2950 24310

InfoQ 440 3177 9437 442 3159 16976 445 3247 24864 941 5648 144009
Fast MinL 427 2922 2976 423 2872 5031 422 2877 6781

InfoQ 457 3231 4285 454 3189 8582 454 3290 9394

Table 7.4: Results of IRMA2FPGAS algorithms and SIS on generated functions

SIS / IRMA2FPGAS
Algorithms beam width = 3 beam width = 6 beam width = 9

Support Block D LUT sec D LUT sec D LUT sec
Basic MinL 221% 190% 1523% 220% 193% 853% 221% 191% 592%

InfoQ 214% 178% 1526% 213% 179% 848% 211% 174% 579%
Fast MinL 220% 193% 4839% 222% 197% 2862% 223% 196% 2124%

InfoQ 206% 175% 3361% 207% 177% 1678% 207% 172% 1533%

Table 7.5: Comparison of IRMA2FPGAS algorithms with SIS on generated benchmarks

In Table 7.3, we observe that the best results are obtained with the fast support
construction algorithm at beam width parameter set to 6 and the best triple (U,R, πg)
selection based on the sequence of design decisions. These values are set as reference val-
ues. In all tested cases the overall deviation of the average circuits performance, modeled
as cumulated depth, is not greater than 10%, while the deviation of the average LUTs
count is not greater than 13%. However, as long as the best triple selection algorithms
are considered separately, the deviation of the average depth is no greater than 1% for the
MinL algorithm, and 3% for the InfoQ algorithm. Analogously, deviation of LUTs count
is not greater than 2% for both the best triple selection algorithms. This result illustrates
the importance of the best triple (U,R, πg) selection algorithm. In the case of the basic
support construction algorithm, the difference in average depth of a circuit between InfoQ
and MinL algorithms is up to 6%, while the difference in LUTs count is up to 9%. In
case of the fast support-construction algorithm, the corresponding differences are 9% and
14%, respectively.

The reason the InfoQ algorithm performs slightly worse than MinL may be explained
as follows. The primary objective of the InfoQ algorithm is to maximize the amount of
elementary information transferred by block g. The convergence of the block g, i.e., differ-
ence between the number of inputs and outputs of the block, is of secondary importance.
Meanwhile, in the MinL algorithm, the convergence of block g is of primary importance,
and the amount of transferred information (and its weight) is secondary. From this fact,
one may conclude that the convergence, i.e., the reduction of a number of input variables,
has slightly more influence on the final circuit than just a simple information transfer.
Nevertheless, the differences in the quality of the final results are not dramatic.

Table 7.2 also illustrates the performance of the discussed algorithms. One may observe
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that the circuit synthesis process is on the average 3 times faster when using the fast input-
support construction algorithm than when using the basic input-support construction
algorithm.

Tables 7.4 and 7.5 show the comparison of the results obtained with IRMA2FPGAS
and with the reference tool SIS on the generated benchmarks. The circuits produced by
IRMA2FPGAS are on the average over 2 times faster (smaller depth) and have almost 2
times fewer 5-input LUTs than the circuits produced by the reference tool. IRMA2FPGAS
constructs circuits up to 21 times faster than does SIS. This is mainly because SIS needs
a significant amount of time to process symmetric and almost symmetric functions. The
detailed comparison is presented in Appendix A.

7.2.1 Symmetric functions

In this experiment we analyze the effectiveness of the proposed circuit synthesis algorithms
in the case of symmetric functions, for which the traditional circuit synthesis methods are
especially ineffective. The consistency of symmetry detection in the incompletely specified
functions is verified.

In total, sixty-six completely and incompletely specified symmetric functions are gen-
erated for that purpose. Three 10-input and three 20-input totally symmetric functions
are generated as base benchmarks. Then, 50% of input variables are inverted in each
base benchmark. In this way, the first mutations of benchmarks was created. Next, in
each base benchmark, 20%, 50%, and 70% of product terms are randomly removed, that
results in incompletely specified functions. In each case, product terms are removed from:
(1) ON-set, (2) OFF-set, and (3) evenly from ON-set and OFF-set.

Table 7.6 shows the summary of the networks of 5-input LUTs constructed in this
experiment by IRMA2FPGAS and SIS. The detailed results are shown in Appendix A.
Note that SIS is able to synthesize only 9 of 33 20-input functions within the allocated
memory (156MB). Therefore, there are separate rows for SIS and IRMA2FPGAS in Table
7.6.

In Table 7.7 we see that the best triple (U,R, πg) selection method InfoQ based on
a simple information channel evaluation (denoted as InfoQ) performs on the average 7%
worse for circuit depth and 14% worse for LUT count than the selection method based
on evaluation of structural properties of a block g (denoted as MinL). Both methods are
described in Section 6.3.10.

Intuitively, the input variables of the symmetric functions have similar information
properties by definition. As a result, the influence of the inaccuracy of the InfoQ method
for best triple (U,R, πg) selection on the final result should be smaller on symmetric func-
tions than on asymmetric functions. Experimental results do not support this assumption,
however.

As mentioned in Section 6.3.5, the symmetry of a function can be heuristically detected
with information measures only for certain very specific representations of the function.
The basic functions used in the experiment were minimized with Espresso, which min-
imizes a number of product terms in a tabular representation of Boolean functions. In
most cases, the minimal number of product terms in the representation does not guarantee
heuristic detection of the symmetry of a function. Moreover, hard symmetric functions
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IRMA2FPGAS SIS 1.2
Algorithms beam width = 3 beam width = 6 beam width = 9

Support Block D LUT sec D LUT sec D LUT sec D LUT sec
Basic MinL 192 701 15189 191 695 25532 194 687 35062 – – –

115 338 2406 115 334 3995 116 332 5778 407 1624 85848
InfoQ 206 801 14903 202 798 25661 202 787 35655 – – –

116 391 2442 115 381 4290 116 389 6076 407 1624 85848
Fast MinL 191 703 5617 189 696 9235 191 693 12409 – – –

116 336 974 115 333 1622 115 330 2145 407 1624 85848
InfoQ 205 795 5763 202 793 9648 205 794 12813 – – –

117 383 998 115 385 1642 116 380 2162 407 1624 85848

Table 7.6: Results of IRMA2FPGAS algorithms and SIS on generated symmetric func-
tions

IRMA2FPGAS
Algorithms beam width = 3 beam width = 6 beam width = 9

Support Block D LUT sec D LUT sec D LUT sec
basic MinL 102% 101% 164% 101% 100% 276% 103% 99% 380%

InfoQ 109% 115% 161% 107% 115% 278% 107% 113% 386%
fast MinL 101% 101% 61% 100% 100% 100% 101% 100% 134%

InfoQ 108% 114% 62% 107% 114% 104% 108% 114% 139%

Table 7.7: Comparison of IRMA2FPGAS algorithms on generated symmetric functions

have a huge number of product terms; hence, the quantity of elementary information items
provided by an individual input variable can be huge. In general, both the InfoQ and
MinL methods do not consider symmetry of the bound-sets. However, the characteristics
of the measure 6.71 (it prefers bound-sets transferring large amount of information) have a
significant influence on the resulting network structure in terms of a number of levels and
LUTs count. On the other hand, the MinL selection of the best triple (U,R, πg) is based
mainly on the convergence of block g. It strains to implement as few LUTs as possible
practically neglecting the information characteristics of the sub-functions g. Since input
variables are symmetric, the MinL decisions are more effective.

There is one more observation worth noting. Although the best triple (U,R, πg)
selection method InfoQ produces networks with more levels and more 5-LUTs than the
MinL method, the sub-functions g selected by InfoQ algorithm often have fewer than
5 input variables. This makes this method more suitable for mapping onto LUTs with
fewer inputs.

Table 7.8 illustrates a significant difference between the results obtained with
IRMA2FPGAS and SIS. Networks created by IRMA2FPGAS have on the average 3.5
times fewer levels and up to 4.9 times fewer LUTs than networks constructed by SIS.
IRMA2FPGAS can process symmetric functions up to 88 times faster then SIS using
much less memory (SIS completed only 9 out of 33 20-input symmetric functions within
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SIS / IRMA2FPGAS
Algorithms beam width = 3 beam width = 6 beam width = 9

Support Block D LUT sec D LUT sec D LUT sec
Basic MinL 354% 480% 3568% 354% 486% 2149% 351% 489% 1486%

InfoQ 351% 415% 3515% 354% 426% 2001% 351% 417% 1413%
Fast MinL 351% 483% 8814% 354% 488% 5293% 354% 492% 4002%

InfoQ 348% 424% 8602% 354% 422% 5228% 351% 427% 3971%

Table 7.8: Comparison of IRMA2FPGAS algorithms and SIS on generated symmetric
functions

156MB memory). For small completely specified functions, SIS constructs circuits that
have about 2 times more levels and LUTs. However, in the case of incompletely specified
symmetric functions, SIS uses don’t care conditions to minimize the number of literals
in a function representation. In this way, symmetry of the function is completely de-
stroyed, and the function becomes very irregular and hard to factorize. On the other
hand, IRMA2FPGAS implicitly detects a possible symmetry through construction of
symmetric predecessor sub-functions g. Since don’t cares are not used in this procedure,
design decisions are not limited by the don’t cares assignment process. In an extreme case,
SIS needs 18 levels and 90 5-LUTs to map a 10-input incompletely specified function that
IRMA2FPGAS implements on 2 levels using 5 5-LUTs (see Appendix A).

Another aspect that should be considered here is a dependence of the final network
structure on the amount of don’t cares in a function being decomposed. Let us assume
that a network constructed for a completely specified function, is a reference network
for the corresponding family of functions, which is generated by don’t cares insertion
to the completely specified function. In the tables shown in Appendix A, we observe
that IRMA2FPGAS effectively uses (implicitly) don’t cares to simplify a final network.
In almost all cases, networks implementing the incompletely specified function have the
number of or fewer levels and LUTs than the corresponding reference network. The
more don’t cares a certain function contains, the fewer levels and LUTs has a network
implementing this function. Only in very rare cases, and only for 20-input functions,
does a network implementing a particular incompletely specified function have one more
level or up to 3 more LUTs than the corresponding reference network. On the contrary,
networks constructed by SIS strongly depend on the don’t cares assignment. SIS does not
use don’t cares assigned to OFF-set. In most cases, networks constructed for symmetric
functions with less than 70% of don’t cares assigned to ON-set are much more complex
than networks constructed by SIS for a related completely specified function. In an
extreme case, to implement a 10-input function that has 35% of don’t cares assigned to
ON-set and 35% of don’t cares assigned to OFF-set, SIS constructs network with 18 levels
and 90 LUTs. The reference network constructed by SIS for the corresponding completely
specified symmetric function has 5 levels and 12 LUTs.

This demonstrates that an inappropriate don’t care assignment can seriously degrade
the quality of a final network implementing an incompletely specified function. It is
also a strong argument in favor of synthesis methods able to deal with incompletely
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IRMA2FPGAS SIS 1.2
Algorithms beam width = 3 beam width = 6 beam width = 9

Support Block D LUT sec D LUT sec D LUT sec D LUT sec
Basic MinL 311 2627 7048 313 2590 12890 309 2618 18532

InfoQ 324 2786 6995 327 2778 12686 329 2858 18788 534 4024 58161
Fast MinL 311 2586 2002 308 2539 3409 307 2547 4636

InfoQ 340 2848 3287 339 2804 6940 338 2910 7232

Table 7.9: Results of IRMA2FPGAS algorithms and SIS on generated asymmetric func-
tions

IRMA2FPGAS
Algorithms beam width = 3 beam width = 6 beam width = 9

Support Block D LUT sec D LUT sec D LUT sec
Basic MinL 101% 103% 207% 102% 102% 378% 100% 103% 544%

InfoQ 105% 110% 205% 106% 109% 372% 107% 113% 551%
Fast MinL 101% 102% 59% 100% 100% 100% 100% 100% 136%

InfoQ 110% 112% 96% 110% 110% 204% 110% 115% 212%

Table 7.10: Comparison of IRMA2FPGAS algorithms on generated asymmetric functions

specified functions, including the method based on the information-driven approach to
circuit synthesis.

7.2.2 Asymmetric functions

In the experiment discussed in this section, we analyze the effectiveness of the proposed
circuit synthesis algorithms for the case of hard asymmetric and partially symmetric
completely and incompletely specified functions.

To perform this experiment, sixty asymmetric completely and incompletely specified
functions are generated as follows. Three 10-input and three 20-input completely specified
functions are generated randomly as seed functions. In each set of 10-input and 20-input
functions, one function does not contain any symmetric variable; in one function, 20% of
input variables are symmetric; and in one function 50% of input variables is symmetric.
Next, the seed functions are mutated by inserting 20%, 50%, and 70% of the don’t care
conditions into ON-set and/or OFF-set, as described in the previous section.

All functions are mapped onto 5-input LUTs. Table 7.9 presents the accumulated
results for the experiment. In Table 7.10, the comparison of results is shown. Appendix
A shows the detailed results.

First of all, let us observe that the difference between the effectiveness of circuit syn-
thesis with basic and fast input-support construction algorithms is greater than in case
of symmetric functions. This means that the specialized algorithms for input-support
construction have not been heavily used, and the general input-support construction al-
gorithms were rigorously tested in this experiment.

In Table 7.10 we observe that the best triple (U,R, πg) selection method InfoQ based
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SIS / IRMA2FPGAS
Algorithms beam width = 3 beam width = 6 beam width = 9

Support Block D LUT sec D LUT sec D LUT sec
Basic MinL 172% 153% 825% 171% 155% 451% 173% 154% 314%

InfoQ 165% 144% 831% 163% 145% 458% 162% 141% 310%
Fast MinL 172% 156% 2905% 173% 158% 1706% 174% 158% 1255%

InfoQ 157% 141% 1769% 158% 144% 838% 158% 138% 804%

Table 7.11: Comparison of IRMA2FPGAS algorithms and SIS on generated asymmetric
functions

on the simple information channel evaluation (denoted as InfoQ) performs on the average
by 7% worse in the case of circuit depth and 11% worse for LUTs count than does the
selection method based on evaluating the structural properties of a block g (denoted as
MinL). When considering the MinL triple selection procedure, the difference between the
results obtained with basic and fast input-support construction algorithms is no higher
than 2% for depth of synthesized circuits and 3% for LUTs count. However, the latter
algorithm is more than 5 times faster when a wide beam search is performed.

Table 7.11 contains a comparison between IRMA2FPGAS and SIS. In this experi-
ment, IRMA2FPGAS constructs circuits that have 1.7 times fewer levels and about 1.6
fewer 5-input LUTs than the circuits constructed by SIS. Although the differences are
not as significant as those obtained for symmetric functions, IRMA2FPGAS consistently
constructs networks with fewer levels and fewer LUTs. The detailed results presented in
Appendix A show that IRMA2FPGAS uses don’t cares more effectively than SIS, par-
ticularly when the number of don’t cares is not large, when don’t cares are assigned to
the OFF-set of a function, or when a function has symmetric input variables. When
the number of don’t cares in the ON-set of a certain strongly asymmetric function is
large, SIS is able to simplify the function effectively and the final networks produced by
IRMA2FPGAS and SIS are of the similar quality.

Table 7.11 also shows that IRMA2FPGAS is on the average 17 times faster than SIS.
However, this result is skewed by the fact that a number of functions synthesized in the
experiment contained some partial symmetries.

7.3 Standard benchmarks

This section compares IRMA2FPGAS to a number of academic tools reported in the lit-
erature, including the most advanced tools based on functional decomposition. The tools
representing different circuit synthesis techniques are chosen. Standard benchmarks from
the MCNC Benchmarking Laboratory [Lab] are used for the comparison. The results for
both single-output decomposition and multi-output decomposition are reported.

The tool denoted as Sawada [SSN97] performs the Roth-Karp functional decomposi-
tion based on the ROBDD representation. In the case of incompletely specified functions,
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the tool uses don’t cares for ROBDD simplification. LUT count minimization is the main
objective of this tool.

The tool denoted as Shen [SHC95] uses tabular representation of Boolean functions.
It performs the Roth-Karp functional decomposition and uses a heuristic algorithm for
the sub-function g input-support construction. This tool is not a stand-alone tool, but it
was included into the SIS environment. The tool was used in the experiment for the com-
parison of effectiveness of the algorithms for the function g input-support construction.

BoolMapD [LWE96a] performs the Roth-Karp functional decomposition of completely
specified single-output Boolean functions. It uses the ROBDD representation, and its
objective is to optimize depth and area of the final network.

Similarly, ISODEC [LWE98] performs the Roth-Karp functional decomposition of
completely specified single-output Boolean functions. It uses the ROBDD representation,
an iterative improvement algorithm for the sub-function g input-support construction,
and the support minimizing binary encoding. Its objective is to optimize the LUT count
in the final networks.

IMO (IMODEC) [WSEA99] is a successor of ISODEC. Its basic techniques are the
same as these of ISODEC. However, it is able to decompose multi-output Boolean func-
tions.

FlowMap [CD94] is a well known tool that uses a graph covering technique (technology
mapping). Its objectives are to optimize the depth and LUT count in the resulting
networks.

Finally, SIS 1.2 [SSJ+92] is a state-of-the-art academic tool for synthesis of sequential
and combinational circuits from the University of California, Berkeley [SISRL]. It uses
tabular and/or ROBDD representation of Boolean functions. It synthesizes incompletely
specified multi-output functions using factorization, Roth-Karp functional decomposition
and technology mapping techniques. This tool can be controlled externally through an
appropriate script that determines techniques and objectives used in the circuit synthesis
process. In this experiment the script recommended in [SSJ+92] is used. This script is
described in Section 7.2.

For this experiment, the most often reported benchmarks are chosen. Then, a number
of hard benchmarks are added. For these additional benchmarks, only the results from
IRMA2FPGAS and SIS are presented because the results for these benchmarks are
not published in the aforementioned articles. We do not use multiple-level benchmarks
because they often cannot be collapsed into individual Boolean functions with a
reasonable representation, neither tabular nor ROBDD. In such cases, some prepro-
cessing, which often obscures the real results of a decomposition process, is typically used.

Table 7.12 shows the synthesis results of single-output functions reported in literature
as well as the best results obtained with IRMA2FPGAS. On the average, all tools referred
to in the table construct networks that have more LUTs than the networks constructed
by IRMA2FPGAS. The lowest difference in LUT count is gained by the tool Sawada.
However, the networks constructed by this tool have 40% more levels than the networks
synthesized by IRMA2FPGAS. The Sawada tool is not efficient, but it exhaustively ex-
amines the bound sets; therefore it is convenient to use for the purpose of comparison.
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The Sawada examines all possible feasible bound-sets, using simple cost of decomposition
form to select the best bound sets. For 4-input LUTs, the formula can be expressed as
follows:

cost =

{
L + |R| : if L = 1
2L + |R| : if L > 1

where L is the number of LUTs required to implement predecessor sub-function g, and R
is a set of repeated variables. Thus, Sawada uses strictly minimum bound sets from the
view point of the LUT count. This tool also uses random binary encoding of g. Sawada’s
comparatively good results illustrate the very high quality of the heuristic support con-
struction algorithms proposed in this thesis, as well as high influence of the information
related properties of the selected bound-sets and of binary encoding on the typical per-
formance of the constructed networks.

ISODEC and IMODEC perform functional decomposition of completely specified
Boolean functions represented by ROBDD. Both tools, use the same, iterative improve-
ment, predecessor input-support construction method. Binary encoding of predecessor
sub-functions g minimizes their supports (output encoding). We can thus conclude that
input support construction based on elementary information analysis, combined with in-
put encoding targeting image function simplification, results in more compact networks,
in terms of LUT count and network performance.

The comparison with the Shen tool shows the high quality of the proposed heuristic
method of the predecessor sub-function input support construction.

In this experiment, the script that controls the SIS synthesis process performs a num-
ber of optimizations and graph covering. Moreover, the script decomposes all functions
in a benchmark together. As a result, it constructs some common sub-functions. Despite
this fact, the networks constructed by SIS have on the average 16% more LUTs, and 2
times more LUT levels than the networks constructed by IRMA2FPGAS.

Table 7.13 shows the synthesis results of the multi-output functions reported in the
literature as well as the best results obtained with IRMA2FPGAS. We observe that
IRMA2FPGAS produces networks that have only 8% fewer LUTs than the networks
constructed by IRMA2FPGAS for each single-output function individually (see Table
7.12). The number of levels in the constructed networks increases by 4%. Nevertheless,
the networks constructed by IRMA2FPGAS contain 19% fewer LUTs than networks con-
structed by BoolMapD, and 44% fewer LUTs than networks constructed by FlowMap, two
other tools for performance-driven synthesis. The networks constructed by BoolMapD are
on the average only by 3% slower, while the networks constructed by FlowMap are 38%
slower.

Considering that Sawada and IMODEC are devoted to LUT count minimization,
one can observe the trade-off between the number of levels and the number of LUTs
in the network. Performance-driven methods tend to create networks with significantly
more LUTs than methods minimizing the LUT count. This difference increases when
the common sub-functions are constructed, which is clearly illustrated by the results for
IMODEC. These additional LUT, enable a concurrent processing of information.
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Circuit Sawada ISODEC IMO Shen SIS 1.2 IRMA2FPGAS
Name .i .o D LUT D LUT LUT LUT D LUT sec D LUT sec
5xp1 7 9 2 15 – – 19 19 4 17 0 2 16 0
9sym 9 1 3 7 3 8 7 6 3 7 1 3 7 0
alu2 10 6 6 48 6 52 55 77 8 84 1 4 43 2
alu4 14 8 7 172 11 231 – – 13 329 119 6 174 173
apex1 45 45 – – – – – – 10 690 15 6 819 64
apex2 39 3 – – 11 165 – – 12 119 216 9 205 1192
apex3 54 50 – – – – – – 9 492 11 6 422 43
apex4 9 18 5 374 – – 364 426 5 493 558 5 324 14
apex5 117 88 – – – – – – 7 422 10 3 307 12
apex6 135 99 6 192 6 207 – – 9 214 3 3 219 12
apex7 49 37 5 120 5 71 – – 6 93 3 3 111 12
b12 15 9 3 16 – – – – 3 20 0 2 17 0
b9 41 21 4 53 4 41 57 92 4 47 1 3 44 1
clip 9 5 3 18 3 22 24 36 5 33 1 2 18 1
cordic 23 2 5 15 – – – – 4 14 2269 3 15 6
count 35 16 4 52 – – 40 52 5 45 1 2 49 1
cps 24 109 – – – – – – 16 556 10 5 515 26
duke2 22 29 7 175 8 213 256 722 6 159 3 4 186 4
ex1010 10 10 – – – – – – 42 686 29 5 285 17
ex4 128 28 – – – – – – 7 159 3 5 153 6
ex5 8 63 – – – – – – 5 139 2 2 125 4
example2 85 66 – – 4 139 – – 5 133 2 3 119 1
f51m 8 8 3 12 – – 16 16 5 24 0 2 14 0
frg1 28 3 – – 9 40 – – 9 28 1 5 25 4
i7 199 67 – – 2 103 – – 2 103 1 2 103 0
inc 7 9 – – – – – – 3 26 0 2 16 0
kirk 16 10 – – – – – – 8 56 2 5 40 9
misex1 8 7 2 12 – – 17 16 3 14 0 2 13 0
misex2 25 18 3 40 4 41 40 43 4 38 0 2 36 0
misex3 14 14 9 195 – – – – 14 517 47 6 220 125
misex3c 14 14 9 107 8 152 – – 8 158 4 5 87 29
pdc 16 40 – – – – – – 6 174 3 4 158 14
rd73 7 3 2 8 – – 8 8 2 6 1 2 8 0
rd84 8 4 3 12 2 12 13 8 3 10 7 2 13 3
sao2 10 4 4 23 3 22 25 37 5 37 1 3 31 1
spla 16 46 – – – – – – 10 246 4 5 273 17
t481 16 1 3 5 – – – – 4 8 15 2 5 1
table3 14 14 – – – – – – 13 523 24 7 563 87
table5 17 15 – – – – – – 13 524 39 6 611 337
vda 17 39 – 8 351 – – 8 352 6 5 316 66
vg2 25 8 5 44 9 59 – – 6 40 1 3 43 10
z4ml 7 4 2 6 – – 7 6 2 5 0 2 5 0
Total 105 1721 106 1929 948 1564 316 7840 3414 158 6753 2294
IRMA2FPGAS 73 1698 67 1780 807 807 158 6753 2294
Ratio 1.4 1.01 1.6 1.08 1.17 1.94 2 1.16 1.49

Table 7.12: MCNC benchmarks - single-output decomposition onto 5-input LUTs
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Circuit Sawada IMO BoolMapD FlowMap SIS 1.2 IRMA2FPGAS
Name D LUT X3k D LUT D LUT D LUT sec D LUT X3k sec
5xp1 2 11 9 2 13 3 22 4 17 0 2 10 9 0
9sym 3 7 7 3 7 5 60 3 7 1 3 7 6 0
alu2 6 48 48 4 43 9 155 8 84 1 5 39 38 3
alu4 7 90 53 7 268 9 254 13 329 119 7 171 162 198
apex1 – – – – – – – 10 690 15 6 748 684 137
apex2 – – 77 – – – – 12 119 216 7 174 159 1816
apex3 – – – – – – – 9 492 11 6 422 397 65
apex4 5 374 333 – – – – 5 493 558 5 324 324 26
apex5 – – – – – – – 7 422 10 4 292 267 32
apex6 4 161 140 4 189 5 238 9 214 3 3 180 165 17
apex7 5 61 40 3 78 4 79 6 93 3 3 76 66 13
b12 3 16 – – – – – 3 20 0 2 17 15 0
b9 5 39 26 – – – – 4 47 1 3 42 35 1
clip 3 11 12 – – 3 11 5 33 1 3 16 14 1
cordic 4 9 – – – – – 4 14 2269 3 13 13 8
count 6 31 – 2 42 5 31 5 45 1 3 41 36 1
cps – – – – – – – 16 556 10 5 468 415 159
duke2 7 152 82 5 193 4 171 6 159 3 4 167 158 10
ex1010 – – – – – – – 42 686 29 5 285 282 23
ex4 – – – – – – – 7 159 3 5 153 131 7
ex5 – – – – – – – 5 139 2 3 103 89 12
example2 – – – – – – – 5 133 2 3 102 95 5
f51m 3 10 9 – – – – 5 24 0 2 11 8 0
frg1 – – – – – – – 9 28 1 5 25 22 4
i7 – – – – – – – 2 103 1 2 103 85 0
inc – – – – – – – 3 26 0 2 16 14 0
kirk – – – – – – – 8 56 2 5 37 34 12
misex1 2 10 8 2 15 2 16 3 14 0 2 11 9 0
misex2 3 36 – – – – – 4 38 0 3 36 33 0
misex3 9 213 – – – – – 14 517 47 6 222 212 193
misex3c 9 99 – – – – – 8 158 4 5 88 81 32
pdc – – – – – – – 6 174 3 4 155 137 27
rd73 3 6 5 – – – – 2 6 1 2 7 5 0
rd84 3 7 9 2 10 4 16 3 10 7 2 9 8 4
sao2 4 21 17 – – – – 5 37 1 3 25 25 1
spla – – – – – – – 10 246 4 5 234 199 29
t481 3 5 – – – – – 4 8 15 2 5 5 2
table3 – – – – – – – 13 523 24 7 487 471 107
table5 – – – – – – – 13 524 39 7 588 553 472
vda – – – – – – – 8 352 6 6 307 297 190
vg2 5 21 17 4 38 3 29 6 40 1 3 25 23 45
z4ml 2 5 – 2 5 2 5 2 5 0 2 5 4 0
Total 106 1443 892 40 901 58 1087 316 7840 3414 165 6246 5785 3652
IRMA 78 1547 1214 39 757 42 757 165 6246 3652
Ratio 1.36 0.93 0.73 1.03 1.19 1.38 1.44 1.9 1.26 0.93

Table 7.13: MCNC benchmarks - multiple-output decomposition onto 5-input LUTs



7.3. STANDARD BENCHMARKS 239

7.3.1 Summary of the experimental results

Profiling input-support construction algorithms shows that IRMA2FPGAS efficiently con-
structs good supports within reasonable amount of time. The results, counted as the total
sum of blocks of set-systems πg induced by the constructed input-supports, are on the
average 10% worse than the minimum results obtained with the exhaustive enumera-
tion method. The proposed input-support construction method provides a user with the
ability to select the trade-off between the quality of the constructed supports and time
needed to construct the supports, through selection of beam-width of searches performed
by this procedure. When using narrow beams, supports are generated very quickly; their
quality is good for small bound-sets (3,4,5 inputs), but decreases for 6-input supports.
Widening the beam-searches improves the results, and the supports construction time
is proportional to the beam widths. For search beams wider than 1 (best-first search),
the gain from small input-support improvement is insignificant (about 2%). Hence, the
improvement phase can be skipped. For beam search width equal to 9, processing time
is reduced by 30%.

This experiment uses selected hard examples. This underlines the high quality of the
proposed input-support construction method.

The method characterization experiment demonstrates that our method is able to
construct high quality networks (fewer LUTs and LUT levels) using an input-support
construction procedure with very narrow beam-search. This confirms the accuracy of
the developed heuristics for the input-support construction. It also makes the method
efficient. Moreover, we can evaluate the importance of the best triple (U,R, πg) selection
method because we use two different approaches embedded in the same synthesis system.
Usually, this topic is not considered by researchers, because they do not have an apparatus
to diverse the support selection method; rather they use simple structural measures. The
theory of information relationships and measures provides us with such an apparatus.
Hence, in the frame of this project we can verify two opposite approaches. The first
one, called MinL, considers structural properties of primary and information properties
secondary importance. The second one, called InfoQ, reverses these considerations.
The experimental results show that when the MinL approach is used, the constructed
networks have on the average about 10% fewer 5-LUTs and LUT levels than networks
constructed with the InfoQ approach. Since we obtain similar results for both input-
support construction methods (in fact, the difference on LUT levels is a bit smaller for
the basic input-support construction), we conclude that the best input-support selection
method that considers structural properties as of primary importance is more effective
for mapping onto 5-input LUTs. However, the sub-functions g selected by the InfoQ
algorithm often have fewer than 5 input variables; this makes this method more suitable
for mapping onto LUTs having fewer inputs.

The characterization of the method implemented with the IRMA2FPGAS tool shows
that it constructs extremely effective circuits for symmetric functions, either completely
or incompletely specified. Since the input-support construction is of secondary impor-
tance for this type of functions this fact speaks in favor of the proposed binary encoding
approach. This approach works effectively in cases when all information about a function
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is available (completely specified function), as well as when only partial information is
available (incompletely specified functions).

The comparison with the academic state-of-the-art tool SIS from University of Cali-
fornia, Berkeley, emphasizes the efficiency and effectiveness of the method for symmetric
functions. The circuits constructed by IRMA2FPGAS contain, on the average, almost 5
times fewer LUTs, and have more than 3.5 times fewer LUT levels than the circuits con-
structed by SIS. Moreover, IRMA2FPGAS synthesizes circuits for symmetric functions
50 times faster than SIS. Please note that SIS cannot synthesize many of the 20-input
symmetric functions within the allocated resources.

Also, for asymmetric functions, IRMA2FPGAS performs much better than SIS.
However, difference is not so dramatic because SIS is more suitable for synthesis of
asymmetric functions. Nevertheless, our tool constructs networks with half as many LUT
levels, using half as many LUTs as SIS.

The comparison to state-of-the-art academic tools on single-output functions shows
that our information-driven circuit synthesis method based on functional decomposition
is able to construct very compact LUT networks. The networks constructed for standard
MCNC benchmarks contain fewer 5-input LUTs than any other tool in this experiment.
Let us emphasize that these tools are devoted to minimize the LUT count, while
IRMA2FPGAS constructs networks with the best trade-off between the LUT count
and LUT levels. Hence, the networks constructed by our method have on the average
significantly fewer levels (from 40% to 100%). Please note, that the lower number of
levels at the same or smaller LUT count means that IRMA2FPGAS constructs networks
with significantly shorter interconnections.

The comparison to state-of-the-art academic tools on multiple-output functions shows
that our method constructs more effective networks than the two best timing-driven tools
and is particularly better than the method based on technology mapping. In the case of
the timing-driven approach based on functional decomposition, IRMA2FPGAS constructs
networks that contain on the average 19% fewer LUTs and 3% fewer LUT levels. The
biggest differences are observed on the large circuits. In these cases, IRMA2FPGAS
constructs networks with the same or less number of levels and significantly fewer LUTs.

In the case of multiple-output decomposition, methods that perform very aggressive
LUT count minimization, construct networks that contain fewer LUTs, but the number
of levels in these networks is significantly higher. IRMA2FPGAS constructs networks
that have on the average 27% more LUTs than the best LUT count minimizing tool.
Unfortunately, the number of levels in the networks was not published in this case. The
second best tool minimizing LUT count constructs networks that contain only 7% fewer
LUTs, but have 36% more levels.

The networks constructed for the generated benchmarks by an early version of
IRMA2FPGAS were also compared to the networks constructed by the three most popu-
lar state-of-the-art commercial tools. The results, published in [CJ01], demonstrate that
IRMA2FPGAS constructs much better circuits than the best commercial tool. The cir-
cuits produced by IRMA2FPGAS are on the average over 1.5 times faster and had over
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2 times fewer CLBs than the circuits produced by the best commercial tool used for the
experiment.
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Chapter 8

Conclusions

In this chapter the discussion of this thesis is summarized, and the final conclusions are
presented.

In Section 8.1, the most characteristic features of the method are summarized, and
differences between it and other circuit synthesis methods for LUT-based FPGAs are high-
lighted.

Section 8.2 enumerates the main contributions of the reported research and presents
the final conclusions.

8.1 Main characteristics of the proposed circuit syn-

thesis method

In this thesis, a new circuit synthesis method that targets Lookup Table (LUT) based
Field-Programmable Gate Arrays (FPGAs) is introduced. The method is implemented in
the form of a prototype synthesis tool called IRMA2FPGAS (Information Relationships
Measures Applied to FPGA Synthesis). IRMA2FPGAS constructs multiple-level circuits
composed of LUTs for Boolean incompletely specified functions. The method is especially
dedicated to synthesis of the symmetric functions for which the traditional synthesis
methods are very inefficient and of the controller-like Boolean functions. Functions of this
second type have a relatively small number of product terms (distinct input combinations)
in comparison to their all minterms, and often they are weakly specified, i.e., they have a
large number of don’t care conditions.

In recent years, functional decomposition has been acclaimed the most promising
approach to circuit synthesis for LUT-based platforms, and many new methods have
been proposed. A method based on general functional decomposition and information
modeling with set-systems, and information relationships and measures was proposed by
Volf and Jóźwiak in [Vol97]. The research presented in this thesis is a continuation of
that initial work. The method developed in the frame of the presented research has many
specific features that distinguish it from all other published synthesis methods.

Since the problem of circuit synthesis is computationally complex, strictly optimal
solutions cannot be guaranteed using a reasonable amount of resources. Therefore, there
is a strong demand for effective and efficient heuristic methods that can robustly construct
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high-quality circuits using an acceptable amount of resources. The main goal of the
presented research is to build a consistent framework for heuristic design decision making
based on the information-driven approach to circuit synthesis and the theories of general
functional decomposition and information relationships and measures [Jóź97a] (Chapter
4). The main feature distinguishing our synthesis method from all other known methods is
the modeling of Boolean functions as a system of information streams in which particular
stream represents an input or output Boolean variable. All central circuit design decisions
are made using the results of an analysis of information, in particular information streams,
and information relationships among the information streams.

Information relationship measures enable a quantitative expression of the strength
and importance of the information relationships among information streams. In this way,
they provide unique and comprehensive apparatus for precise evaluation of design op-
tions. Other methods, and particularly those based on functional decomposition, use
much rougher structural measures. Division-based methods use literal counts as a de-
composition quality measure. It is a well-known fact that this kind of measure is not
appropriate for LUT networks.

Information relationships and measures direct the search procedures in the most
promising directions and efficiently narrow the space that needs to be examined. Si-
multaneously, they guarantee that some very high-quality solutions are contained in the
explored part of the solution space. Another unique feature of the proposed method is the
organization of all main search procedures (e.g., input support selection, multiple-valued
function construction, binary encoding, Boolean re-substitution). Each search procedure
is organized as a beam-search. Beam-searches consider in parallel a limited number of
partial solutions; i.e., they are mutation of the breadth-first search. The user determines
a maximal number of solutions to be considered at each step of the search. Hence, one
can control performance of the tool as related to the size of the explored solution space
when searching for a (near) optimal solution. Other methods use an exhaustive search
whenever possible, which use many computational resources, or they perform a simple
best-first search, which cannot ensure good results in most cases.

Our method uses the constructive, bottom-up approach to circuit synthesis, as opposite
to the top-down or unordered reduction approaches used in almost all other methods. In
the bottom-up approach, the multiple-level network of LUTs is constructed in an ordered
manner, starting from the primary inputs toward the primary outputs of a circuit. As
a result, at each decomposition step, each partial network is clearly partitioned into an
already-constructed sub-network of LUTs and a sub-network of functions to be imple-
mented in the following steps. This feature offers much better predictability of the final
network, enables well-controlled decision making regarding partial solutions based on the
predicted complete solutions, and often results in very compact networks having well-
balanced critical paths. In the top-down reduction approach, an original function being
decomposed is split into two simpler functions to be decomposed further until all the
functions in a resulting network are mappable onto LUTs. Usually, a function to be split
in the next step is chosen in a not ordered fashion, which may result in a network where
single LUTs and large sub-functions to be implemented interleave. It is very difficult to
predict the final structure of such a network, and as a result, to balance the network’s
critical paths (Section 6.2).
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The general decomposition process (Section 3.3) used in our method is based on the
set-system representation of Boolean functions (Section 2.3). This results in compact rep-
resentation of incompletely specified functions, especially for controller-type logic. The
number of set-systems to model a certain system of discrete functions (or relations) is
equal to the number of inputs and outputs of the functions (relations) in the system.
Therefore, the number of symbols in the set-systems is the only important factor that
influences the size of the representation. The number of symbols in set-systems modeling
a discrete function (relation) is equal to the number of terms in a tabular representation
of the function (relation). Fortunately, this number is usually small for controller-type
functions. However, this number may grow exponentially for some special functions, such
as XOR or some other symmetric functions. To overcome this problem, a new method
for symmetry detection that often significantly improves performance of the prototype
tool was developed. The set-systems and operators on the set-systems model the con-
cept of don’t cares in a natural way. Don’t cares are exploited implicitly through the
decomposition decisions. This differentiates our model from all other methods; especially
those based on the division approach and on ROBDD-based functional decomposition,
where the original don’t cares are exploited explicitly before the circuit synthesis starts
or between the decomposition steps, for Boolean function simplification. Moreover, many
of the ROBDD-based methods can exclusively handle the completely specified functions
(Section 3.2). It is important to note that the set-systems are widely used for represen-
tation and decomposition of multi-valued functions and relations [GP01] and sequential
machines synthesis [Jóź95] [JS04]. Set-systems are also used in other methods of func-
tional decomposition of Boolean functions [LS95][BL03].

8.2 Contribution of the work

Through the research work reported in this thesis, we proved that it is possible to build an
effective and efficient circuit synthesis method targeted LUT-based FPGAs based on the
information-driven approach to circuit synthesis, the theory of general functional decom-
position, and the theory of information relationships measures. The theory of information
relationship and measures provides a comprehensive apparatus for effective and efficient
design decision-making. Using this apparatus, we constructed efficient exact and heuristic
algorithms that solved many hard circuit synthesis problems. Our method was unique in
many aspects, including several discussed in the previous section. Our method outper-
formed all other published academic methods for LUT-based FPGA synthesis; its early
version outperformed three state-of-the-art commercial tools.

As we developed the method, we addressed many complex problems and proposed
many original solutions. The original contributions of the research reported in this thesis
include the following:

1. A novel general structure of the information-driven general functional decomposi-
tion method, based on its outline proposed by Jóźwiak. The developed methods
and algorithms form a coherent system of heuristic decision-making dedicated to
effective and efficient circuit synthesis for LUT-based FPGAs. The system is flexi-
ble and provides an experimental environment for research in other circuit synthesis
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areas. This flexibility is especially important because the theory of information
relationships and measures provides a very comprehensive, flexible, and powerful
apparatus for digital designs analysis. The proposed general structure implements
the first complete system and CAD tool, where all crucial decisions regarding the
quality of the circuit being synthesized are based on the information relationships
analysis.

2. The bottom-up decomposition strategy was extended to cope with infeasible func-
tions constructed during the decomposition process of single-output and multiple-
output functions (Section 6.2). In the bottom-up approach a final circuit is con-
structed from the primary inputs to the primary outputs of the function. The
bottom-up strategy allowed us to construct compact circuits with well-balanced
critical paths and shorter interconnections. This strategy also supports the decom-
position process. In this approach, a distinctive and simple boundary is created be-
tween an already synthesized part of a circuit and a part yet to be synthesized. The
distinctive partitioning of the circuit being constructed makes design decisions eas-
ier because the synthesis results become more predictable. This strategy is unique;
other methods use either unordered or top-down approach.

3. New heuristic methods for input-supports construction (Sections 6.3.2 and 6.3.8).
The methods are based on a novel block-mergeability measure (Sections 6.3.2). As a
by-product of this work, we discovered a new special type of input-supports that we
referred to as bmergeability-zero (Section 6.3.7). The input-support construction is
a vital element of any circuit synthesis method based on functional decomposition.
The input-supports largely determine the quality of a final circuit because they
determine the complexity of predecessor and successor sub-functions. The efficiency
of the input-support construction procedure is usually critical for the efficiency of
the entire method. The often-used, exhaustive enumeration algorithms are not
suitable for larger problems. Therefore, a strong need exists for effective and efficient
heuristic algorithms. The experimental results revealed that our method is superior
to other techniques, including those based on exhaustive searches, regarding the
quality of generated results. This is due to specific characteristics of input-supports
constructed by the proposed method, as well as the novel input-support selection
method based on information relationships analysis.

4. A new heuristic method of binary encoding of multi-valued functions (Section
6.3.11), and a new evaluation cost of the encoding quality, was proposed in this the-
sis. Binary encoding of the multi-valued functions is another factor that strongly in-
fluences the complexity of a final circuit. Since the proposed decomposition method
constructs feasible predecessor sub-functions, it simplifies a successor sub-function,
which is usually larger, and the simplification is more likely. In our approach, the
problem was uniquely formulated as information flow optimization. The informa-
tion flow is considered optimized if information is available in many information
streams. Because this flow allows for concurrent information processing, the final
circuits should have fewer LUT levels. The experimental results revealed adequacy
of this heuristic. In case of single-output decomposition, the circuits constructed
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this way had on the average fever LUTs than circuits constructed by the best state-
of-the-art LUT count optimizing methods; they did, however, have from 40% to
100% fewer LUT levels. In case of multiple-output decomposition, the best tool
maximizing speed produced networks that have on average 3% more LUT levels,
and 19% more LUTs.

5. New exact and heuristic methods for symmetry detection in incompletely specified
Boolean functions (Section 6.3.4 and Section 6.3.5). Boolean symmetric functions
constitute a class of functions that is very important from a practical viewpoint.
Many of the typical processors data path functions and transmission channels’ func-
tions are symmetric; however, some checking and control functions are also sym-
metric. It is a well-known fact that use of symmetries in a circuit synthesis process
results in a compact circuit. Detecting symmetry in incompletely specified function
is difficult. Typical methods assign specific values to don’t care conditions in order
to confirm existence of some symmetry. However, the assignment of specific val-
ues to don’t cares may significantly reduce design freedom specified by these don’t
cares. The proposed method for symmetry detection avoids don’t cares assignment.
This way, the design freedom defined by an original function’s specification remains
and can be used in further synthesis steps. The proposed method is used for fast
symmetric input-supports construction.

6. A new method for Boolean re-substitution based on symbolic representation of
Boolean functions (Section 6.4.1). Boolean re-substitution enables sub-functions
sharing among a set of functions, and hence decreases the LUT count in a synthe-
sized network. We used this technique for multiple-output decomposition because it
offers more control over the process of shared logic construction. We showed how to
apply this method for functions modeled with set-systems and information streams.

7. A set of benchmark Boolean functions with predefined characteristics was gener-
ated (Section 7.1). Using these functions, one can evaluate the ability of a circuit
synthesis method to deal with a wide range of hard functions, from completely sym-
metric to strongly asymmetric, and from completely specified to highly unspecified
Boolean functions. The experimental results obtained on this benchmarks gave
us a more precise understanding of the behavior of heuristics under development.
The conclusions from the experiments were used to tune the heuristics and to final
characterization of the method.

8. The effectiveness and efficiency of the information-driven approach to circuit syn-
thesis and the developed method and tool was verified on a wide range of stan-
dard academic MCNC benchmarks, randomly generated benchmarks, and industrial
benchmarks.

The method [JCVP98][JC98][JC99][CJ00a][CJ00b][JC01b][JC01a][CJ01][JC03] was
implemented in the form of a prototype CAD tool called IRMA2FPGAS. The tool was
excessively tested and used for research on some hard randomly generated benchmarks,
as well as, on the standard academic benchmarks from the MCNC Laboratory [MCN].
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The experimental results demonstrated that, for single-output functions, our method
constructs circuits with less LUTs and LUT levels than any other state-of-the-art academic
method, including methods devoted to area minimization. For multiple-output functions,
as regards the area of the constructed circuits and their speed, the method is superior
to the most popular timing-driven methods. Although the area-driven methods produce
slightly better circuits in terms of the LUT count, the number of LUT levels in these
circuits is usually significantly higher than in the circuits synthesized by IRMA2FPGAS.

Moreover, information-driven circuit synthesis is extremely effective and efficient for
symmetric functions, completely and incompletely specified, that often occur in the data
path systems.

The comparison of circuits constructed by IRMA2FPGAS to circuits constructed by
three the most popular state-of-the-art commercial tools demonstrated that information-
driven circuit synthesis results in high-quality FPGA designs. The circuits from our
tool were on the average, over 1.5 times faster and consumed over half the number of
configurable logic blocks (CLBs) than the circuits produced by the best state-of-the-art
commercial tool.

IRMA2FPGAS provides an experimental environment, which is currently used for fur-
ther research of general decomposition of sequential machines [JSC01][JSC03a][JSC03b]
and library-based circuit synthesis for hard-wired ASICs [JBC03].

It was thus, evident that the objectives of this research were completely realized, and
the results are of high quality.
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[JC01b] L. Jóźwiak and A. Chojnacki. High-quality sub-function construction in
functional decomposition based on information relationship measures. In
DATE’2001, Design, Automation, and Test in Europe Conference, pages
383–390, Munich, Germany, March 2001.
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[JM92] L. Jóźwiak and H.P.J. Mijland. On the use of OR-BDDs for test generation.
Microprocessing and Microprogramming, 35(1-5), 1992.



256 BIBLIOGRAPHY
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Appendix A

Results of experiments on generated
benchmarks

This section contains detailed results of experiments using IRMA2FPGAS and SIS on
generated asymmetric and symmetric benchmarks. The names of benchmarks presented
in this section have the following meanings:

ai{vv} {ss}vs
{vv}-input completely specified asymmetric function,
where {ss} denotes a number of symmetric variables
in support of the function.

ai{vv} {ss}vs.dc.{xx}.{yy}

{vv}-input incompletely specified asymmetric func-
tion derived from the corresponding base function -
ai{vv} 0vs, where {xx} denotes a percentage of don’t
care terms in the ON-set of the base function, and {yy}
denotes a percentage of don’t care terms in the OFF-set
of the base function.

si{vv} i i-th, {vv}-input completely specified symmetric func-
tion.

si{vv} i.dc.{xx}.{yy}

{vv}-input incompletely specified symmetric function
derived from the corresponding base function - si{vv} i,
where {xx} denotes a percentage of don’t care terms in
the ON-set of the base function, and {yy} denotes a per-
centage of don’t care terms in the OFF-set of the base
function.
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268 EXPERIMENTAL DATA

A.1 Asymmetric functions

IRMA2FPGAS SIS 1.2
Circuit beam width = 3 beam width = 6 beam width = 9

D LUT sec D LUT sec D LUT sec D LUT sec
ai10 0vs 4 19 30 4 18 56 4 18 57 6 29 2
ai10 0vs.dc.0.20 4 18 8 4 18 12 4 17 24 6 29 2
ai10 0vs.dc.0.50 4 12 3 4 12 5 4 15 7 6 29 2
ai10 0vs.dc.0.70 4 10 4 4 10 7 4 10 10 6 29 2
ai10 0vs.dc.10.10 4 19 41 4 18 59 4 18 75 6 28 2
ai10 0vs.dc.20.0 5 17 29 4 18 46 4 18 55 7 25 1
ai10 0vs.dc.25.25 5 20 6 5 20 11 5 20 14 5 25 1
ai10 0vs.dc.35.35 4 13 4 4 12 6 5 13 8 6 22 1
ai10 0vs.dc.50.0 5 14 4 5 14 7 5 14 9 6 17 1
ai10 0vs.dc.70.0 4 13 3 4 13 5 3 10 6 3 11 1
ai10 2vs 5 17 27 5 17 44 5 17 56 8 23 2
ai10 2vs.dc.0.20 4 16 20 4 15 36 4 15 49 8 23 2
ai10 2vs.dc.0.50 4 14 15 4 14 23 4 14 30 8 23 2
ai10 2vs.dc.0.70 4 13 3 4 12 4 4 12 6 8 23 2
ai10 2vs.dc.10.10 5 17 25 5 17 43 5 17 53 6 24 1
ai10 2vs.dc.20.0 5 17 25 5 17 42 5 17 53 6 23 1
ai10 2vs.dc.25.25 5 16 18 5 16 29 5 16 39 6 24 1
ai10 2vs.dc.35.35 4 16 20 4 16 35 4 16 45 7 25 1
ai10 2vs.dc.50.0 5 15 6 5 15 9 5 15 13 7 18 1
ai10 2vs.dc.70.0 4 10 4 4 10 5 4 10 8 4 11 0
ai10 5vs 2 4 9 2 4 19 2 4 27 4 4 2
ai10 5vs.dc.0.20 2 4 8 2 4 16 2 4 22 4 4 2
ai10 5vs.dc.0.50 2 4 5 2 4 13 2 4 17 4 4 2
ai10 5vs.dc.0.70 2 4 5 2 4 9 2 4 13 4 4 2
ai10 5vs.dc.10.10 2 4 5 2 4 10 2 4 13 8 20 2
ai10 5vs.dc.20.0 2 4 5 2 4 10 2 4 13 8 22 3
ai10 5vs.dc.25.25 2 4 6 2 4 11 2 4 16 7 21 3
ai10 5vs.dc.35.35 2 4 5 2 4 8 2 4 12 6 24 2
ai10 5vs.dc.50.0 2 4 5 2 4 12 2 4 17 6 22 2
ai10 5vs.dc.70.0 2 4 5 2 4 11 2 4 16 6 15 1
ai20 0vs 8 143 10 8 143 15 7 143 20 10 137 43
ai20 0vs.dc.0.20 8 135 10 8 134 16 8 134 21 10 137 43
ai20 0vs.dc.0.50 8 102 10 7 100 17 7 96 23 10 137 44
ai20 0vs.dc.0.70 6 80 8 7 80 13 6 81 19 10 137 44
ai20 0vs.dc.10.10 8 122 10 8 118 15 8 117 20 9 122 34
ai20 0vs.dc.20.0 7 114 8 7 113 13 7 113 17 10 113 31
ai20 0vs.dc.25.25 8 104 9 8 104 14 8 103 19 9 107 28

continued on next page
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continued from previous page
IRMA2FPGAS SIS 1.2

Circuit beam width = 3 beam width = 6 beam width = 9
D LUT sec D LUT sec D LUT sec D LUT sec

ai20 0vs.dc.35.35 7 79 7 7 77 10 7 74 14 9 95 22
ai20 0vs.dc.50.0 6 79 7 6 74 10 6 76 14 8 79 15
ai20 0vs.dc.70.0 6 54 11 6 52 19 6 52 27 8 51 5
ai20 10vs 6 30 591 6 28 1214 5 28 1359 13 89 9117
ai20 10vs.dc.0.20 5 26 531 6 29 1045 6 26 1053 13 89 17390
ai20 10vs.dc.0.50 6 32 474 6 33 982 6 33 1414 13 89 9248
ai20 10vs.dc.0.70 4 22 593 5 24 839 5 21 1500 13 89 9250
ai20 10vs.dc.10.10 6 30 552 6 30 1089 6 34 1555 16 111 3067
ai20 10vs.dc.20.0 6 30 538 6 30 967 5 28 1346 15 115 3449
ai20 10vs.dc.25.25 6 34 609 5 26 647 7 44 1886 13 124 3022
ai20 10vs.dc.35.35 6 27 366 9 43 1268 8 44 1789 14 122 2111
ai20 10vs.dc.50.0 5 29 440 6 30 801 6 30 1280 14 108 682
ai20 10vs.dc.70.0 7 29 403 6 29 729 6 27 713 10 73 21
ai20 4vs 7 100 153 7 95 245 7 100 370 13 130 56
ai20 4vs.dc.0.20 7 95 151 7 95 263 7 96 335 13 130 55
ai20 4vs.dc.0.50 7 92 163 7 86 235 7 87 357 13 130 53
ai20 4vs.dc.0.70 7 96 164 7 96 295 8 100 431 13 130 54
ai20 4vs.dc.10.10 8 102 130 7 95 239 7 98 334 13 141 55
ai20 4vs.dc.20.0 7 118 166 8 106 228 7 108 375 11 147 53
ai20 4vs.dc.25.25 8 101 162 8 99 286 8 97 430 13 148 46
ai20 4vs.dc.35.35 8 86 137 7 85 239 7 86 360 12 137 34
ai20 4vs.dc.50.0 8 101 160 8 107 283 7 107 354 13 122 29
ai20 4vs.dc.70.0 7 89 122 7 87 251 7 93 314 11 84 11
Total 311 2627 7048 313 2590 12890 309 2618 18532 534 4024 58161

Table A.1: Generated asymmetric functions - mapping onto 5-input LUTs. LUT count
minimization (MinL), basic bound-set construction algorithm
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IRMA2FPGAS SIS 1.2
Circuit beam width = 3 beam width = 6 beam width = 9

D LUT sec D LUT sec D LUT sec D LUT sec
ai10 0vs 6 21 30 5 21 56 5 19 57 6 29 2
ai10 0vs.dc.0.20 5 24 9 5 24 12 4 20 24 6 29 2
ai10 0vs.dc.0.50 5 16 4 5 17 6 4 15 8 6 29 2
ai10 0vs.dc.0.70 4 13 4 4 13 6 4 13 9 6 29 2
ai10 0vs.dc.10.10 5 19 41 5 19 59 6 22 75 6 28 2
ai10 0vs.dc.20.0 5 18 29 4 18 46 5 18 55 7 25 1
ai10 0vs.dc.25.25 6 16 13 6 16 23 6 16 31 5 25 1
ai10 0vs.dc.35.35 4 13 4 4 13 6 4 22 13 6 22 1
ai10 0vs.dc.50.0 5 15 4 5 24 20 5 24 27 6 17 1
ai10 0vs.dc.70.0 4 14 2 4 15 5 4 14 7 3 11 1
ai10 2vs 6 20 27 6 20 44 6 20 56 8 23 2
ai10 2vs.dc.0.20 6 23 20 6 20 36 6 19 49 8 23 2
ai10 2vs.dc.0.50 5 16 15 5 17 23 5 17 30 8 23 2
ai10 2vs.dc.0.70 4 12 3 4 12 4 4 13 5 8 23 2
ai10 2vs.dc.10.10 6 19 26 6 19 43 6 19 54 6 24 1
ai10 2vs.dc.20.0 5 17 25 5 17 42 5 17 53 6 23 1
ai10 2vs.dc.25.25 5 22 18 5 19 29 5 19 40 6 24 1
ai10 2vs.dc.35.35 5 24 20 5 24 35 5 24 45 7 25 1
ai10 2vs.dc.50.0 5 15 6 5 15 9 5 16 13 7 18 1
ai10 2vs.dc.70.0 4 10 4 4 13 6 4 13 8 4 11 0
ai10 5vs 2 4 9 2 4 19 2 4 27 4 4 2
ai10 5vs.dc.0.20 2 4 8 2 4 16 2 4 22 4 4 2
ai10 5vs.dc.0.50 2 4 5 2 4 13 2 4 17 4 4 2
ai10 5vs.dc.0.70 2 4 5 2 4 9 2 4 13 4 4 2
ai10 5vs.dc.10.10 2 4 4 2 4 9 2 4 13 8 20 2
ai10 5vs.dc.20.0 2 4 5 2 4 9 2 4 13 8 22 3
ai10 5vs.dc.25.25 2 4 6 2 4 10 2 4 15 7 21 3
ai10 5vs.dc.35.35 2 4 4 2 4 8 2 4 12 6 24 2
ai10 5vs.dc.50.0 2 4 5 2 4 12 2 4 17 6 22 2
ai10 5vs.dc.70.0 2 4 5 2 4 11 2 4 16 6 15 1
ai20 0vs 7 158 10 8 158 15 8 159 20 10 137 43
ai20 0vs.dc.0.20 9 153 10 9 149 16 9 148 21 10 137 43
ai20 0vs.dc.0.50 8 108 10 7 114 17 8 113 24 10 137 44
ai20 0vs.dc.0.70 6 83 8 7 83 13 7 85 19 10 137 44
ai20 0vs.dc.10.10 8 140 10 8 139 16 8 134 21 9 122 34
ai20 0vs.dc.20.0 7 123 8 8 127 13 8 125 17 10 113 31
ai20 0vs.dc.25.25 8 112 9 8 109 14 7 107 21 9 107 28
ai20 0vs.dc.35.35 6 83 7 6 83 10 6 82 14 9 95 22
ai20 0vs.dc.50.0 6 87 7 6 89 10 6 88 14 8 79 15

continued on next page
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continued from previous page
IRMA2FPGAS SIS 1.2

Circuit beam width = 3 beam width = 6 beam width = 9
D LUT sec D LUT sec D LUT sec D LUT sec

ai20 0vs.dc.70.0 7 60 12 7 61 19 7 63 28 8 51 5
ai20 10vs 6 31 589 6 30 1283 7 44 1564 13 89 9117
ai20 10vs.dc.0.20 6 33 571 6 31 1065 6 35 1522 13 89 17390
ai20 10vs.dc.0.50 5 27 402 6 35 901 8 40 1241 13 89 9248
ai20 10vs.dc.0.70 5 24 595 5 24 863 5 23 1522 13 89 9250
ai20 10vs.dc.10.10 6 37 596 8 40 1118 7 45 1898 16 111 3067
ai20 10vs.dc.20.0 7 38 542 6 33 1021 6 41 1482 15 115 3449
ai20 10vs.dc.25.25 6 34 625 6 30 623 6 33 1173 13 124 3022
ai20 10vs.dc.35.35 6 30 339 6 31 797 8 58 1379 14 122 2111
ai20 10vs.dc.50.0 5 28 434 7 35 813 6 31 1213 14 108 682
ai20 10vs.dc.70.0 6 30 346 6 30 857 6 32 1105 10 73 21
ai20 4vs 7 100 153 7 95 246 7 100 370 13 130 56
ai20 4vs.dc.0.20 7 95 151 7 95 264 7 96 337 13 130 55
ai20 4vs.dc.0.50 7 92 162 7 86 237 7 87 356 13 130 53
ai20 4vs.dc.0.70 7 96 161 7 96 296 8 100 432 13 130 54
ai20 4vs.dc.10.10 8 102 129 7 95 240 7 98 334 13 141 55
ai20 4vs.dc.20.0 7 118 167 8 106 230 7 108 375 11 147 53
ai20 4vs.dc.25.25 8 101 162 8 99 286 8 97 430 13 148 46
ai20 4vs.dc.35.35 8 86 138 7 85 241 7 86 361 12 137 34
ai20 4vs.dc.50.0 8 101 160 8 107 284 7 107 356 13 122 29
ai20 4vs.dc.70.0 7 89 122 7 87 252 7 93 315 11 84 11
Total 324 2786 6995 327 2778 12686 329 2858 18788 534 4024 58161

Table A.2: Generated asymmetric functions - mapping onto 5-input LUTs. information
quality estimation (InfoQ), basic bound-set construction algorithm
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IRMA2FPGAS SIS 1.2
Circuit beam width = 3 beam width = 6 beam width = 9

D LUT sec D LUT sec D LUT sec D LUT sec
ai10 0vs 5 18 24 4 18 40 4 18 54 6 29 2
ai10 0vs.dc.0.20 4 18 6 4 17 16 4 17 23 6 29 2
ai10 0vs.dc.0.50 4 13 2 4 13 2 4 13 3 6 29 2
ai10 0vs.dc.0.70 4 11 1 4 12 1 4 11 2 6 29 2
ai10 0vs.dc.10.10 4 19 32 4 18 61 4 18 87 6 28 2
ai10 0vs.dc.20.0 5 17 34 4 17 27 4 17 36 7 25 1
ai10 0vs.dc.25.25 5 20 5 4 19 5 5 20 6 5 25 1
ai10 0vs.dc.35.35 4 13 2 4 12 2 5 13 3 6 22 1
ai10 0vs.dc.50.0 4 13 5 4 13 10 4 13 15 6 17 1
ai10 0vs.dc.70.0 4 13 1 3 9 1 3 9 2 3 11 1
ai10 2vs 5 17 22 5 17 39 5 17 49 8 23 2
ai10 2vs.dc.0.20 4 16 14 4 15 28 4 15 38 8 23 2
ai10 2vs.dc.0.50 4 14 9 4 14 18 4 14 22 8 23 2
ai10 2vs.dc.0.70 4 13 1 4 12 2 4 12 2 8 23 2
ai10 2vs.dc.10.10 5 17 21 5 17 33 5 17 46 6 24 1
ai10 2vs.dc.20.0 5 17 19 5 17 35 5 17 46 6 23 1
ai10 2vs.dc.25.25 5 16 16 5 16 26 5 16 33 6 24 1
ai10 2vs.dc.35.35 4 16 16 4 16 31 4 16 40 7 25 1
ai10 2vs.dc.50.0 5 15 2 5 14 2 5 15 3 7 18 1
ai10 2vs.dc.70.0 4 11 1 4 10 2 4 10 2 4 11 0
ai10 5vs 2 4 0 2 4 0 2 4 0 4 4 2
ai10 5vs.dc.0.20 2 4 0 2 4 0 2 4 0 4 4 2
ai10 5vs.dc.0.50 2 4 0 2 4 0 2 4 0 4 4 2
ai10 5vs.dc.0.70 2 4 0 2 4 0 2 4 0 4 4 2
ai10 5vs.dc.10.10 2 4 0 2 4 0 2 4 0 8 20 2
ai10 5vs.dc.20.0 2 4 0 2 4 0 2 4 0 8 22 3
ai10 5vs.dc.25.25 2 4 0 2 4 0 2 4 0 7 21 3
ai10 5vs.dc.35.35 2 4 0 2 4 0 2 4 0 6 24 2
ai10 5vs.dc.50.0 2 4 2 2 4 3 2 4 4 6 22 2
ai10 5vs.dc.70.0 2 3 0 2 3 0 2 3 0 6 15 1
ai20 0vs 8 148 5 8 147 7 7 144 9 10 137 43
ai20 0vs.dc.0.20 8 142 5 8 139 7 7 133 8 10 137 43
ai20 0vs.dc.0.50 7 100 4 7 101 6 7 100 7 10 137 44
ai20 0vs.dc.0.70 7 83 3 7 82 5 6 77 6 10 137 44
ai20 0vs.dc.10.10 8 123 5 8 118 6 8 118 8 9 122 34
ai20 0vs.dc.20.0 7 118 4 6 115 6 7 114 7 10 113 31
ai20 0vs.dc.25.25 8 106 4 8 103 5 8 105 7 9 107 28
ai20 0vs.dc.35.35 7 78 3 7 77 4 7 78 5 9 95 22
ai20 0vs.dc.50.0 7 81 3 6 77 4 6 78 5 8 79 15

continued on next page
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continued from previous page
IRMA2FPGAS SIS 1.2

Circuit beam width = 3 beam width = 6 beam width = 9
D LUT sec D LUT sec D LUT sec D LUT sec

ai20 0vs.dc.70.0 6 56 4 6 55 6 7 57 7 8 51 5
ai20 10vs 6 29 206 6 26 334 6 26 469 13 89 9117
ai20 10vs.dc.0.20 5 32 193 5 33 360 5 33 488 13 89 17390
ai20 10vs.dc.0.50 5 26 135 5 29 252 5 26 351 13 89 9248
ai20 10vs.dc.0.70 5 26 111 5 26 203 5 26 296 13 89 9250
ai20 10vs.dc.10.10 6 30 180 6 28 292 6 25 403 16 111 3067
ai20 10vs.dc.20.0 6 31 172 6 26 295 6 26 403 15 115 3449
ai20 10vs.dc.25.25 5 26 129 5 26 220 5 25 321 13 124 3022
ai20 10vs.dc.35.35 5 29 126 6 27 212 6 27 292 14 122 2111
ai20 10vs.dc.50.0 6 26 122 6 26 217 6 26 302 14 108 682
ai20 10vs.dc.70.0 6 26 92 6 26 174 6 27 254 10 73 21
ai20 4vs 7 104 20 8 96 24 8 101 31 13 130 56
ai20 4vs.dc.0.20 7 98 17 7 93 21 7 99 26 13 130 55
ai20 4vs.dc.0.50 7 91 17 7 85 25 7 89 31 13 130 53
ai20 4vs.dc.0.70 7 81 22 7 83 33 7 91 45 13 130 54
ai20 4vs.dc.10.10 8 98 21 7 100 27 7 101 34 13 141 55
ai20 4vs.dc.20.0 7 95 19 8 105 29 7 102 33 11 147 53
ai20 4vs.dc.25.25 7 91 23 8 98 31 8 99 37 13 148 46
ai20 4vs.dc.35.35 8 84 21 8 84 35 8 81 39 12 137 34
ai20 4vs.dc.50.0 8 99 22 8 96 35 8 91 45 13 122 29
ai20 4vs.dc.70.0 9 83 79 9 77 150 8 85 151 11 84 11
Total 311 2586 2002 308 2539 3409 307 2547 4636 534 4024 58161

Table A.3: Generated asymmetric functions - mapping onto 5-input LUTs. LUT count
minimization (MinL), fast bound-set construction algorithm
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IRMA2FPGAS SIS 1.2
Circuit beam width = 3 beam width = 6 beam width = 9

D LUT sec D LUT sec D LUT sec D LUT sec
ai10 0vs 6 22 24 5 21 40 6 23 67 6 29 2
ai10 0vs.dc.0.20 5 24 7 4 20 16 4 20 20 6 29 2
ai10 0vs.dc.0.50 5 16 2 4 12 2 4 13 3 6 29 2
ai10 0vs.dc.0.70 4 14 2 4 12 1 4 15 2 6 29 2
ai10 0vs.dc.10.10 5 19 32 5 19 62 6 23 51 6 28 2
ai10 0vs.dc.20.0 5 18 34 5 30 69 6 24 67 7 25 1
ai10 0vs.dc.25.25 6 16 7 6 18 5 5 25 3 5 25 1
ai10 0vs.dc.35.35 4 13 2 4 13 2 4 22 8 6 22 1
ai10 0vs.dc.50.0 4 16 5 4 16 10 4 19 15 6 17 1
ai10 0vs.dc.70.0 4 14 1 4 15 1 4 14 2 3 11 1
ai10 2vs 6 20 22 6 20 39 6 20 49 8 23 2
ai10 2vs.dc.0.20 6 23 14 6 20 28 6 19 38 8 23 2
ai10 2vs.dc.0.50 5 16 9 5 17 18 5 17 22 8 23 2
ai10 2vs.dc.0.70 4 12 1 4 12 2 4 13 2 8 23 2
ai10 2vs.dc.10.10 6 19 21 6 19 33 6 19 46 6 24 1
ai10 2vs.dc.20.0 5 17 19 5 17 35 5 17 46 6 23 1
ai10 2vs.dc.25.25 5 22 16 5 19 26 5 19 34 6 24 1
ai10 2vs.dc.35.35 5 24 16 5 24 31 5 24 41 7 25 1
ai10 2vs.dc.50.0 5 17 2 5 15 2 5 15 3 7 18 1
ai10 2vs.dc.70.0 4 11 1 4 13 2 4 13 3 4 11 0
ai10 5vs 2 5 0 2 5 0 2 5 0 4 4 2
ai10 5vs.dc.0.20 2 4 0 2 4 0 2 4 0 4 4 2
ai10 5vs.dc.0.50 2 4 0 2 4 0 2 4 0 4 4 2
ai10 5vs.dc.0.70 2 4 0 2 4 0 2 4 0 4 4 2
ai10 5vs.dc.10.10 2 4 0 2 4 0 2 4 0 8 20 2
ai10 5vs.dc.20.0 2 4 0 2 4 0 2 4 0 8 22 3
ai10 5vs.dc.25.25 2 4 0 2 4 0 2 4 0 7 21 3
ai10 5vs.dc.35.35 2 4 0 2 4 0 2 4 0 6 24 2
ai10 5vs.dc.50.0 2 4 1 2 4 2 2 4 4 6 22 2
ai10 5vs.dc.70.0 2 4 0 2 4 0 2 4 0 6 15 1
ai20 0vs 7 151 6 7 155 7 7 160 9 10 137 43
ai20 0vs.dc.0.20 9 151 5 9 150 7 9 149 9 10 137 43
ai20 0vs.dc.0.50 8 115 4 8 114 6 8 118 8 10 137 44
ai20 0vs.dc.0.70 7 86 3 7 89 5 7 84 6 10 137 44
ai20 0vs.dc.10.10 7 130 5 7 135 7 7 137 9 9 122 34
ai20 0vs.dc.20.0 7 120 4 7 122 6 7 127 7 10 113 31
ai20 0vs.dc.25.25 7 113 4 7 110 5 7 112 7 9 107 28
ai20 0vs.dc.35.35 6 84 3 6 85 4 6 84 5 9 95 22
ai20 0vs.dc.50.0 7 87 3 7 87 4 7 86 5 8 79 15

continued on next page
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continued from previous page
IRMA2FPGAS SIS 1.2

Circuit beam width = 3 beam width = 6 beam width = 9
D LUT sec D LUT sec D LUT sec D LUT sec

ai20 0vs.dc.70.0 7 62 4 7 65 6 7 67 7 8 51 5
ai20 10vs 7 58 315 7 34 358 6 44 517 13 89 9117
ai20 10vs.dc.0.20 6 38 221 9 47 1828 7 44 564 13 89 17390
ai20 10vs.dc.0.50 6 34 170 8 33 419 8 41 675 13 89 9248
ai20 10vs.dc.0.70 8 33 160 8 43 411 6 39 517 13 89 9250
ai20 10vs.dc.10.10 7 41 205 9 46 891 6 43 490 16 111 3067
ai20 10vs.dc.20.0 8 36 230 6 34 302 9 43 485 15 115 3449
ai20 10vs.dc.25.25 5 29 157 6 28 250 9 41 396 13 124 3022
ai20 10vs.dc.35.35 9 60 771 9 54 1072 6 42 527 14 122 2111
ai20 10vs.dc.50.0 9 50 311 6 31 242 7 50 378 14 108 682
ai20 10vs.dc.70.0 9 52 207 6 32 274 9 45 1614 10 73 21
ai20 4vs 7 104 20 8 96 24 8 101 31 13 130 56
ai20 4vs.dc.0.20 7 98 17 7 93 21 7 99 26 13 130 55
ai20 4vs.dc.0.50 7 91 17 7 85 25 7 89 31 13 130 53
ai20 4vs.dc.0.70 7 81 22 7 83 33 7 91 45 13 130 54
ai20 4vs.dc.10.10 8 98 21 7 100 27 7 101 34 13 141 55
ai20 4vs.dc.20.0 7 95 19 8 105 29 7 102 33 11 147 53
ai20 4vs.dc.25.25 7 91 23 8 98 31 8 99 38 13 148 46
ai20 4vs.dc.35.35 8 84 21 8 84 35 8 81 38 12 137 34
ai20 4vs.dc.50.0 8 99 22 8 96 35 8 91 45 13 122 29
ai20 4vs.dc.70.0 9 83 79 9 77 150 8 85 150 11 84 11
Total 340 2848 3287 339 2804 6940 338 2910 7232 534 4024 58161

Table A.4: Generated asymmetric functions - mapping onto 5-input LUTs. Information
quality estimation (InfoQ), fast bound-set construction algorithm
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A.2 Symmetric functions

IRMA2FPGAS SIS 1.2
Circuit beam width = 3 beam width = 6 beam width = 9

D LUT sec D LUT sec D LUT sec D LUT sec
si10 1 3 9 47 3 9 79 3 9 110 6 19 386
si10 1.dc.0.20 3 8 40 3 9 71 3 8 98 6 19 385
si10 1.dc.0.50 3 9 30 3 8 55 3 8 75 6 19 384
si10 1.dc.0.70 3 8 26 3 8 44 3 8 62 6 19 386
si10 1.dc.10.10 3 9 40 3 8 68 3 8 96 7 43 282
si10 1.dc.20.0 3 9 44 3 8 72 3 8 97 10 52 131
si10 1.dc.25.25 3 8 30 3 8 52 3 8 72 10 59 103
si10 1.dc.35.35 3 8 25 3 8 43 3 8 60 10 62 60
si10 1.dc.50.0 3 8 33 3 8 56 3 8 71 16 70 26
si10 1.dc.70.0 3 8 26 3 8 47 3 8 64 7 54 9
si10 1.inv 3 9 48 3 8 78 3 8 106 6 22 390
si10 2 3 8 33 3 8 57 3 8 80 6 23 282
si10 2.dc.0.20 3 8 29 3 8 57 3 8 73 6 23 294
si10 2.dc.0.50 3 8 24 3 8 43 3 8 60 6 23 296
si10 2.dc.0.70 3 8 21 3 8 38 3 8 54 6 23 300
si10 2.dc.10.10 3 8 32 3 8 58 3 8 84 15 56 231
si10 2.dc.20.0 3 8 32 3 8 54 3 8 77 18 68 198
si10 2.dc.25.25 3 8 21 3 8 38 3 8 44 13 68 146
si10 2.dc.35.35 3 8 22 3 8 36 3 8 49 19 76 119
si10 2.dc.50.0 3 8 27 3 8 52 3 8 73 23 78 130
si10 2.dc.70.0 3 8 22 3 8 43 3 8 59 8 61 10
si10 2.inv 3 8 33 3 8 55 3 8 80 6 20 279
si10 3 2 5 104 2 5 178 2 5 239 5 12 7531
si10 3.dc.0.20 2 5 91 2 5 133 2 5 194 5 12 7954
si10 3.dc.0.50 2 5 64 2 5 99 2 5 141 5 12 7480
si10 3.dc.0.70 2 5 48 2 5 80 2 5 111 5 12 7578
si10 3.dc.10.10 2 5 96 2 5 138 2 5 195 16 55 5840
si10 3.dc.20.0 2 5 86 2 5 139 2 5 192 17 70 3753
si10 3.dc.25.25 2 5 66 2 5 104 2 5 155 20 74 3639
si10 3.dc.35.35 2 5 49 2 5 91 2 5 121 18 90 2501
si10 3.dc.50.0 2 5 69 2 5 96 2 5 145 19 80 11274
si10 3.dc.70.0 2 5 52 2 5 96 2 5 132 22 73 485
si10 3.inv 2 5 103 2 5 163 2 5 217 5 16 8586
si20 1 3 11 67 3 11 118 3 11 174 – – –
si20 1.dc.0.20 3 11 30 3 11 69 3 11 94 – – –
si20 1.dc.0.50 3 11 13 3 11 34 3 11 37 – – –
si20 1.dc.0.70 3 9 7 3 9 12 3 8 15 – – –

continued on next page
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continued from previous page
IRMA2FPGAS SIS 1.2

Circuit beam width = 3 beam width = 6 beam width = 9
D LUT sec D LUT sec D LUT sec D LUT sec

si20 1.dc.10.10 3 11 54 3 11 97 3 11 136 – – –
si20 1.dc.20.0 3 11 63 3 11 117 3 11 171 6 19 3342
si20 1.dc.25.25 3 11 34 3 11 59 3 11 88 6 18 1075
si20 1.dc.35.35 3 9 3 3 8 6 3 9 7 8 15 283
si20 1.dc.50.0 3 8 2 3 8 4 3 8 5 5 10 8
si20 1.dc.70.0 3 8 1 3 8 1 3 8 2 4 7 1
si20 1.inv 3 11 67 3 11 128 3 11 178 – – –
si20 2 3 15 183 3 15 342 3 15 496 – – –
si20 2.dc.0.20 3 16 131 3 17 242 3 15 386 – – –
si20 2.dc.0.50 4 15 98 3 15 149 4 14 199 – – –
si20 2.dc.0.70 3 12 72 3 12 103 3 12 196 – – –
si20 2.dc.10.10 3 16 172 3 18 345 3 15 417 – – –
si20 2.dc.20.0 3 14 193 3 14 371 3 14 559 – – –
si20 2.dc.25.25 3 15 126 3 15 229 3 15 371 9 32 7580
si20 2.dc.35.35 3 15 75 3 15 140 4 15 191 6 25 2100
si20 2.dc.50.0 3 15 189 3 15 333 3 14 606 5 21 9
si20 2.dc.70.0 3 10 400 3 10 593 3 9 851 5 14 2
si20 2.inv 3 15 174 3 15 336 3 15 498 – – –
si20 3 3 18 1328 3 17 2219 3 17 2891 – – –
si20 3.dc.0.20 4 18 1029 3 17 1680 4 18 2331 – – –
si20 3.dc.0.50 4 18 623 4 17 1089 4 17 1439 – – –
si20 3.dc.0.70 3 15 419 3 15 708 4 17 1079 – – –
si20 3.dc.10.10 3 18 1162 3 17 1947 3 18 2726 – – –
si20 3.dc.20.0 4 19 1415 3 18 2315 3 18 3018 – – –
si20 3.dc.25.25 3 18 871 4 17 1402 3 17 1909 – – –
si20 3.dc.35.35 4 18 693 4 19 1135 4 17 1562 – – –
si20 3.dc.50.0 3 18 1272 3 18 2161 4 19 2931 – – –
si20 3.dc.70.0 3 18 1289 4 18 2315 3 16 3116 – – –
si20 3.inv 3 18 1421 3 18 2220 3 18 2897 – – –
Total 192 701 15189 191 695 25532 194 687 35062 – – –
Subtotal 115 338 2406 115 334 3995 116 332 5778 407 1624 85848

Table A.5: Generated symmetric functions - mapping onto 5-input LUTs. LUT count
minimization (MinL), basic bound-set construction algorithm
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IRMA2FPGAS SIS 1.2
Circuit beam width = 3 beam width = 6 beam width = 9

D LUT sec D LUT sec D LUT sec D LUT sec
si10 1 3 10 53 3 10 85 3 10 127 6 19 386
si10 1.dc.0.20 3 10 42 3 10 77 3 10 100 6 19 385
si10 1.dc.0.50 3 10 35 3 10 60 3 10 83 6 19 384
si10 1.dc.0.70 3 10 28 3 10 48 3 10 65 6 19 386
si10 1.dc.10.10 3 10 42 3 10 73 3 10 101 7 43 282
si10 1.dc.20.0 3 10 49 3 10 79 3 10 108 10 52 131
si10 1.dc.25.25 3 10 34 3 10 60 3 10 78 10 59 103
si10 1.dc.35.35 3 10 29 3 10 48 3 10 68 10 62 60
si10 1.dc.50.0 3 10 36 3 10 57 3 10 80 16 70 26
si10 1.dc.70.0 3 10 30 3 10 52 3 10 70 7 54 9
si10 1.inv 3 10 51 3 10 85 3 10 123 6 22 390
si10 2 3 10 36 3 10 60 3 10 88 6 23 282
si10 2.dc.0.20 3 10 32 3 10 56 3 10 78 6 23 294
si10 2.dc.0.50 3 10 27 3 10 46 3 10 65 6 23 296
si10 2.dc.0.70 3 10 24 3 10 41 3 10 60 6 23 300
si10 2.dc.10.10 3 10 35 3 10 61 3 10 91 15 56 231
si10 2.dc.20.0 3 10 36 3 10 60 3 10 83 18 68 198
si10 2.dc.25.25 3 10 25 3 10 40 3 10 50 13 68 146
si10 2.dc.35.35 3 10 24 3 10 41 3 10 54 19 76 119
si10 2.dc.50.0 3 10 30 3 8 54 3 10 76 23 78 130
si10 2.dc.70.0 3 10 25 3 8 43 3 8 59 8 61 10
si10 2.inv 3 10 37 3 10 63 3 10 87 6 20 279
si10 3 2 5 107 2 5 166 2 5 220 5 12 7531
si10 3.dc.0.20 2 5 87 2 5 144 2 5 189 5 12 7954
si10 3.dc.0.50 2 5 62 2 5 102 2 5 147 5 12 7480
si10 3.dc.0.70 2 5 51 2 5 85 2 5 121 5 12 7578
si10 3.dc.10.10 2 5 91 2 5 142 2 5 189 16 55 5840
si10 3.dc.20.0 2 5 85 2 5 136 2 5 185 17 70 3753
si10 3.dc.25.25 2 5 62 2 5 103 2 5 145 20 74 3639
si10 3.dc.35.35 2 5 52 2 5 89 2 5 121 18 90 2501
si10 3.dc.50.0 2 5 63 2 5 105 2 5 134 19 80 11274
si10 3.dc.70.0 2 5 56 2 5 90 2 5 129 22 73 485
si10 3.inv 2 5 107 2 5 174 2 5 219 5 16 8586
si20 1 3 13 69 3 13 128 3 13 174 – – –
si20 1.dc.0.20 3 13 31 3 13 71 3 13 108 – – –
si20 1.dc.0.50 3 13 13 3 13 25 3 11 29 – – –
si20 1.dc.0.70 3 10 7 3 11 12 3 10 18 – – –
si20 1.dc.10.10 3 13 54 3 13 94 3 13 137 – – –
si20 1.dc.20.0 3 13 63 3 13 119 3 13 173 6 19 3342

continued on next page
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continued from previous page
IRMA2FPGAS SIS 1.2

Circuit beam width = 3 beam width = 6 beam width = 9
D LUT sec D LUT sec D LUT sec D LUT sec

si20 1.dc.25.25 3 13 33 3 13 62 3 13 79 6 18 1075
si20 1.dc.35.35 3 9 3 3 9 5 3 9 7 8 15 283
si20 1.dc.50.0 3 10 2 3 10 4 3 10 6 5 10 8
si20 1.dc.70.0 3 7 1 3 7 2 3 7 2 4 7 1
si20 1.inv 3 13 67 3 13 128 3 13 185 – – –
si20 2 4 15 186 3 16 352 3 16 484 – – –
si20 2.dc.0.20 4 18 128 4 19 259 4 18 341 – – –
si20 2.dc.0.50 4 17 96 3 15 146 3 15 196 – – –
si20 2.dc.0.70 4 16 64 4 15 114 3 13 195 – – –
si20 2.dc.10.10 4 20 177 4 18 343 4 17 417 – – –
si20 2.dc.20.0 4 15 187 4 19 379 4 18 522 – – –
si20 2.dc.25.25 4 19 118 3 15 207 4 21 361 9 32 7580
si20 2.dc.35.35 3 15 75 3 15 152 3 15 195 6 25 2100
si20 2.dc.50.0 3 16 185 3 15 333 3 15 565 5 21 9
si20 2.dc.70.0 3 14 379 3 13 781 3 13 1095 5 14 2
si20 2.inv 4 17 175 3 16 331 3 16 517 – – –
si20 3 4 21 1337 4 20 2212 4 21 2907 – – –
si20 3.dc.0.20 4 21 951 4 21 1638 4 19 2091 – – –
si20 3.dc.0.50 5 21 619 4 16 1055 4 20 1484 – – –
si20 3.dc.0.70 4 16 395 4 19 659 4 17 1037 – – –
si20 3.dc.10.10 4 18 1057 4 20 1893 4 20 2444 – – –
si20 3.dc.20.0 4 21 1293 4 21 2121 4 19 3029 – – –
si20 3.dc.25.25 4 20 879 4 19 1413 4 21 2075 – – –
si20 3.dc.35.35 4 20 711 4 21 1240 4 18 1796 – – –
si20 3.dc.50.0 4 20 1284 4 19 2124 4 18 3028 – – –
si20 3.dc.70.0 3 17 1351 4 23 2476 4 20 3198 – – –
si20 3.inv 4 22 1330 4 24 2158 4 19 3167 – – –
Total 206 801 14903 202 798 25661 202 787 35655 – – –
Subtotal 116 391 2442 115 381 4290 116 389 6076 407 1624 85848

Table A.6: Generated symmetric functions - mapping onto 5-input LUTs. Information
quality estimation (InfoQ), basic bound-set construction algorithm
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IRMA2FPGAS SIS 1.2
Circuit beam width = 3 beam width = 6 beam width = 9

D LUT sec D LUT sec D LUT sec D LUT sec
si10 1 3 9 24 3 9 38 3 9 48 6 19 386
si10 1.dc.0.20 3 9 24 3 8 36 3 8 46 6 19 385
si10 1.dc.0.50 3 9 15 3 8 24 3 8 34 6 19 384
si10 1.dc.0.70 3 8 12 3 8 19 3 8 26 6 19 386
si10 1.dc.10.10 3 8 19 3 8 30 3 8 40 7 43 282
si10 1.dc.20.0 3 9 22 3 9 35 3 8 47 10 52 131
si10 1.dc.25.25 3 8 15 3 8 25 3 8 34 10 59 103
si10 1.dc.35.35 3 8 10 3 8 15 3 8 17 10 62 60
si10 1.dc.50.0 3 8 16 3 8 25 3 8 33 16 70 26
si10 1.dc.70.0 3 8 9 3 8 16 3 8 17 7 54 9
si10 1.inv 3 9 25 3 9 41 3 9 50 6 22 390
si10 2 3 8 16 3 8 25 3 8 33 6 23 282
si10 2.dc.0.20 3 8 15 3 8 24 3 8 31 6 23 294
si10 2.dc.0.50 3 8 11 3 8 19 3 8 26 6 23 296
si10 2.dc.0.70 3 8 10 3 8 15 3 8 20 6 23 300
si10 2.dc.10.10 3 8 15 3 8 24 3 8 34 15 56 231
si10 2.dc.20.0 3 8 13 3 8 20 3 8 29 18 68 198
si10 2.dc.25.25 3 8 10 3 8 15 3 8 22 13 68 146
si10 2.dc.35.35 3 8 10 3 8 15 3 8 20 19 76 119
si10 2.dc.50.0 3 8 10 3 8 16 3 8 23 23 78 130
si10 2.dc.70.0 3 8 10 3 8 15 3 8 26 8 61 10
si10 2.inv 3 8 17 3 8 28 3 8 35 6 20 279
si10 3 2 5 53 2 5 86 2 5 97 5 12 7531
si10 3.dc.0.20 2 5 45 2 5 71 2 5 85 5 12 7954
si10 3.dc.0.50 2 5 31 2 5 52 2 5 63 5 12 7480
si10 3.dc.0.70 2 5 24 2 5 37 2 5 50 5 12 7578
si10 3.dc.10.10 2 5 43 2 5 70 2 5 80 16 55 5840
si10 3.dc.20.0 2 5 47 2 5 69 2 5 83 17 70 3753
si10 3.dc.25.25 2 5 31 2 5 50 2 5 64 20 74 3639
si10 3.dc.35.35 2 5 25 2 5 39 2 5 49 18 90 2501
si10 3.dc.50.0 2 5 27 2 5 45 2 5 63 19 80 11274
si10 3.dc.70.0 2 5 23 2 5 39 2 5 55 22 73 485
si10 3.inv 2 5 57 2 5 89 2 5 96 5 16 8586
si20 1 3 11 26 3 11 44 3 11 62 – – –
si20 1.dc.0.20 3 11 15 3 11 25 3 11 35 – – –
si20 1.dc.0.50 3 10 8 3 10 16 3 9 16 – – –
si20 1.dc.0.70 3 8 4 3 7 5 3 7 6 – – –
si20 1.dc.10.10 3 11 16 3 11 31 3 11 39 – – –
si20 1.dc.20.0 3 11 24 3 11 41 3 11 54 6 19 3342

continued on next page



A.2. SYMMETRIC FUNCTIONS 281

continued from previous page
IRMA2FPGAS SIS 1.2

Circuit beam width = 3 beam width = 6 beam width = 9
D LUT sec D LUT sec D LUT sec D LUT sec

si20 1.dc.25.25 3 11 14 3 11 22 3 11 30 6 18 1075
si20 1.dc.35.35 3 9 1 3 8 2 3 8 3 8 15 283
si20 1.dc.50.0 3 8 2 3 8 3 3 8 4 5 10 8
si20 1.dc.70.0 3 8 1 3 8 1 3 8 2 4 7 1
si20 1.inv 3 11 17 3 11 46 3 11 68 – – –
si20 2 3 16 57 3 16 102 3 16 136 – – –
si20 2.dc.0.20 3 16 42 3 16 94 3 16 128 – – –
si20 2.dc.0.50 4 16 38 3 14 73 3 14 91 – – –
si20 2.dc.0.70 3 11 15 3 11 29 4 13 53 – – –
si20 2.dc.10.10 3 16 50 3 16 104 3 16 137 – – –
si20 2.dc.20.0 3 16 55 3 16 100 3 16 127 – – –
si20 2.dc.25.25 4 16 45 3 16 104 3 14 111 9 32 7580
si20 2.dc.35.35 3 14 28 3 14 47 3 14 73 6 25 2100
si20 2.dc.50.0 3 14 84 3 14 147 3 14 188 5 21 9
si20 2.dc.70.0 3 9 41 3 9 88 3 9 204 5 14 2
si20 2.inv 3 17 57 3 16 103 3 16 143 – – –
si20 3 3 18 536 3 18 870 3 18 1118 – – –
si20 3.dc.0.20 3 18 369 3 18 614 3 18 815 – – –
si20 3.dc.0.50 3 18 203 3 18 358 3 18 468 – – –
si20 3.dc.0.70 4 17 124 4 17 223 4 17 289 – – –
si20 3.dc.10.10 3 18 447 3 18 702 3 18 947 – – –
si20 3.dc.20.0 3 18 501 3 18 814 3 18 1165 – – –
si20 3.dc.25.25 3 18 348 3 18 514 3 18 705 – – –
si20 3.dc.35.35 3 18 238 3 18 373 4 18 613 – – –
si20 3.dc.50.0 3 18 442 3 18 738 3 18 965 – – –
si20 3.dc.70.0 4 18 493 4 18 728 4 17 966 – – –
si20 3.inv 3 18 542 3 18 907 3 18 1172 – – –
Total 191 703 5617 189 696 9235 191 693 12409 – – –
Subtotal 116 336 974 115 333 1622 115 330 2145 407 1624 85848

Table A.7: Generated symmetric functions - mapping onto 5-input LUTs. LUT count
minimization (MinL), fast bound-set construction algorithm
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IRMA2FPGAS SIS 1.2
Circuit beam width = 3 beam width = 6 beam width = 9

D LUT sec D LUT sec D LUT sec D LUT sec
si10 1 3 10 26 3 10 42 3 10 54 6 19 386
si10 1.dc.0.20 3 10 23 3 10 34 3 10 44 6 19 385
si10 1.dc.0.50 3 10 16 3 10 25 3 10 33 6 19 384
si10 1.dc.0.70 3 10 13 3 10 20 3 10 28 6 19 386
si10 1.dc.10.10 3 10 21 3 10 34 3 10 46 7 43 282
si10 1.dc.20.0 3 10 23 3 10 36 3 10 50 10 52 131
si10 1.dc.25.25 3 10 17 3 10 28 3 10 37 10 59 103
si10 1.dc.35.35 3 10 11 3 10 18 3 10 20 10 62 60
si10 1.dc.50.0 3 10 17 3 10 26 3 10 34 16 70 26
si10 1.dc.70.0 3 10 11 3 10 16 3 10 19 7 54 9
si10 1.inv 3 10 27 3 10 42 3 10 54 6 22 390
si10 2 3 10 19 3 10 28 3 10 38 6 23 282
si10 2.dc.0.20 3 10 17 3 10 26 3 10 33 6 23 294
si10 2.dc.0.50 3 10 13 3 10 21 3 8 24 6 23 296
si10 2.dc.0.70 3 10 12 3 10 18 3 10 24 6 23 300
si10 2.dc.10.10 3 10 18 3 10 28 3 10 39 15 56 231
si10 2.dc.20.0 3 10 15 3 10 22 3 10 32 18 68 198
si10 2.dc.25.25 3 10 12 3 10 18 3 10 27 13 68 146
si10 2.dc.35.35 3 10 12 3 10 17 3 10 23 19 76 119
si10 2.dc.50.0 3 8 10 3 8 17 3 8 23 23 78 130
si10 2.dc.70.0 3 10 10 3 10 16 3 10 27 8 61 10
si10 2.inv 3 10 20 3 10 29 3 10 38 6 20 279
si10 3 2 5 55 2 5 84 2 5 103 5 12 7531
si10 3.dc.0.20 2 5 43 2 5 70 2 5 83 5 12 7954
si10 3.dc.0.50 2 5 30 2 5 50 2 5 60 5 12 7480
si10 3.dc.0.70 2 5 24 2 5 38 2 5 46 5 12 7578
si10 3.dc.10.10 2 5 45 2 5 77 2 5 90 16 55 5840
si10 3.dc.20.0 2 5 42 2 5 69 2 5 85 17 70 3753
si10 3.dc.25.25 2 5 31 2 5 55 2 5 65 20 74 3639
si10 3.dc.35.35 2 5 26 2 5 40 2 5 49 18 90 2501
si10 3.dc.50.0 2 5 28 2 5 45 2 5 60 19 80 11274
si10 3.dc.70.0 2 5 23 2 5 35 2 5 47 22 73 485
si10 3.inv 2 5 56 2 5 92 2 5 98 5 16 8586
si20 1 3 13 26 3 13 46 3 13 67 – – –
si20 1.dc.0.20 3 13 16 3 13 26 3 13 36 – – –
si20 1.dc.0.50 3 13 8 3 12 16 3 11 15 – – –
si20 1.dc.0.70 3 8 4 3 10 5 3 10 6 – – –
si20 1.dc.10.10 3 13 16 3 13 34 3 13 40 – – –
si20 1.dc.20.0 3 13 25 3 13 42 3 13 56 6 19 3342

continued on next page
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IRMA2FPGAS SIS 1.2

Circuit beam width = 3 beam width = 6 beam width = 9
D LUT sec D LUT sec D LUT sec D LUT sec

si20 1.dc.25.25 3 13 13 3 13 23 3 13 31 6 18 1075
si20 1.dc.35.35 3 9 1 3 9 2 3 9 3 8 15 283
si20 1.dc.50.0 3 10 2 3 10 3 3 10 4 5 10 8
si20 1.dc.70.0 3 7 1 3 7 1 3 7 2 4 7 1
si20 1.inv 3 13 16 3 13 45 3 13 65 – – –
si20 2 4 18 57 4 18 102 4 18 141 – – –
si20 2.dc.0.20 4 19 44 4 18 79 4 18 118 – – –
si20 2.dc.0.50 4 18 36 3 15 68 4 17 96 – – –
si20 2.dc.0.70 4 15 22 3 13 42 4 15 58 – – –
si20 2.dc.10.10 3 17 48 4 18 94 3 17 154 – – –
si20 2.dc.20.0 4 18 53 4 18 92 4 17 134 – – –
si20 2.dc.25.25 4 17 46 3 18 88 3 15 115 9 32 7580
si20 2.dc.35.35 4 15 25 3 16 48 3 14 58 6 25 2100
si20 2.dc.50.0 3 14 76 3 14 128 4 17 177 5 21 9
si20 2.dc.70.0 3 12 43 3 12 91 3 11 183 5 14 2
si20 2.inv 3 17 55 3 17 99 3 17 136 – – –
si20 3 4 20 552 4 20 973 4 20 1135 – – –
si20 3.dc.0.20 4 20 371 4 19 616 4 20 793 – – –
si20 3.dc.0.50 4 20 228 4 20 339 4 21 514 – – –
si20 3.dc.0.70 4 19 129 4 21 225 4 21 316 – – –
si20 3.dc.10.10 4 20 430 4 20 803 4 19 1055 – – –
si20 3.dc.20.0 4 20 501 4 20 837 4 20 1117 – – –
si20 3.dc.25.25 4 22 373 4 20 574 5 24 786 – – –
si20 3.dc.35.35 4 19 248 4 19 441 4 19 614 – – –
si20 3.dc.50.0 4 19 514 4 19 821 4 20 1075 – – –
si20 3.dc.70.0 4 18 467 4 19 739 4 18 984 – – –
si20 3.inv 4 20 551 4 20 890 4 20 1196 – – –
Total 205 795 5763 202 793 9648 205 794 12813 – – –
Subtotal 117 383 998 115 385 1642 116 380 2162 407 1624 85848

Table A.8: Generated symmetric functions - mapping onto 5-input LUTs. Information
quality estimation (InfoQ), fast bound-set construction algorithm



284 EXPERIMENTAL DATA



Appendix B

Notation basics

≤ partial order operator

x Boolean or multiple-valued variable

X set of Boolean or multiple-valued variables

β unique-block cover

βx unique-block cover induced by variable x

βX unique-block cover induced by set of variables X, βX = �x∈Xβx

ζ cover

ζx cover induced by variable x

ζX cover induced by set of variables X, ζX = �x∈Xζx

π set-system

πx set-system induced by variable x

πX set-system induced by set of variables X, πX = �x∈Xπx

|π| number of blocks in a set-system

Π partition

Πx partition induced by a variable x

ΠX partition induced by a set of variables X, ΠX = �x∈XΠx

|Π| number of blocks in a partition

IS(π) information set induced by set-system π

IS(πx), IS(x) information set induced by set-system of variable x

AS(π) abstraction set induced by set system π

AS(πx), AS(x) abstraction set induced by set-system of variable x

ISIM(πx, πy),
ISIM(x, y)

information similarity between set-systems induced by variables
x and y

ASIM(πx, πy),
ASIM(x, y)

abstraction similarity between set-systems induced by variables
x and y
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s symbol

si|sj pair of incompatible symbols, elementary information item

si, . . . , sj set of compatible symbols (block)

f single-output Boolean function

f(X) single-output Boolean function defined on set of variables X

f multiple-output Boolean function

f(X) multiple-output Boolean function defined on set of variables X

sup(f) set of input variables of function f , sup(f(X)) = X

sup(si|sj) set of variables providing an elementary information item si|sj
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