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1 Introduction

1.1 History

In 1923 Davisson and Germer discovered that an electron could behave as an
wave. They conducted an experiment where the electron is accelerated by an
electric field and then goes through an crystal lattice. The lattice diffracts the
electron onto a screen, where a interference pattern for the electron is formed,as
shown is in figure 1. Because normally an interference pattern only occurs when
a wave goes through a lattice, Davisson and Germer concluded that a electron
could also behave as a wave, this is a nice example of wave-particle duality.

Figure 1: Experimental setup for the experiment of Davisson and Germer, where
the electron behaves as a wave. [7]

The wave-particle duality was also noticed by Kapitza and Dirac, they pos-
tulated that the electron could also be diffracted by light. This is done by using
a standing wave of light that would diffract the electrons. The diffraction of the
electrons would also create a interference pattern, when the electron beam is
projected on to a screen, as is shown in figure 2.

Figure 2: Visual representation of the KD-effect, where an electron is diffracted
by an standing wave of light. [6]
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1.2 How does the Kapitza-Dirac effect work

With the KD-effect electrons are diffracted by standing waves of light. To get
a clearer picture of how the standing wave of light is formed, one can look at
figure 3 to see whats going on. Here one light wave is coming from the left and
an other is coming from the right, they both have the same frequency. When
there superimposed on each other they create a standing wave, the standing
wave is stationary and half the wavelength of the waves that are super imposed.

Figure 3: Two opposing light waves of the same frequency interfering to create
a standing wave. [8]

One can also take an other perspective on how standing waves are formed.
It can also be expressed in Hamiltonian formalism, as shown in equation 1.
Here the Hamiltonian is made up of the kinetic energy of the electron and the
terms for the interaction between the electron and the electromagnetic field.
The first term is the momentum of the electron, the second term is the light
wave traveling to the right and the third term is the light wave traveling to the
left. In this atomic units are used, so the mass and charge of the electron are
set to 1.

H =
1

2
[p− A1

c
sin(ωt− kx)− A2

c
sin(ωt+ kx)]2 (1)

But the electron isn’t being diffracted instantaneously, it has a certain inter-
action time. During this interaction time the electron can be pushed in different
directions, so it is the average interaction over time that determines the diffrac-
tion. This time averaged Hamiltonian is also called the stationary Hamiltonian
because it is independent of time. When the stationary Hamiltonian for two
opposing light waves with the same frequency is calculated, it gives a potential
in the form of a standing wave:

< H >=
p2

2
+ V0 cos2(kx) (2)

When the potential in a Hamiltonian isn’t constant it will exert a force on
the particle it interacts with. By taking the gradient of the Hamiltonian this
force can calculated:

F = −∇ < H >= V0 sin(2kx) (3)
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This is the force acting on the electron during the interaction but it doesn’t
tell anything about the angle the electron diffracts in. In order to gain a better
understanding of how the electron diffracts one can look at how light diffracts
instead.
Normally waves are being diffracted by matter, for instance in the case of a
phase grating the light waves are being diffracted by a grating made of matter,as
shown in figure 4. But with the KD-effect the complete opposite happens, here
matter is being diffracted by waves. Where the matter that is being diffracted
are electrons and the waves that are causing the diffraction are light waves. So
in the KD-effect matter acts like waves and waves act like matter, which clearly
demonstrates wave-particle duality.

Figure 4: Phase grating that diffracts light. [9]

When light is being diffracted the angle is dependent on the wavelength of
the light λ and the period of the grating d:

m sin(θ) =
λ

d
(4)

Electrons can also be diffracted and their diffraction angle can also be cal-
culated. Just as equation 4 gave the angle for the diffraction of light, equation
5 gives the angle of diffraction for the electron. Since the electron is being
diffracted and acts likes a wave the De Broglie wave length of the electron λe is
used. And because the standing wave of light acts as a grating the wavelength
of the standing wave is used, which happens to be half of the optical wave length
of the laser beams λopt that are being used.

m sin(θ) =
λe

λopt/2
(5)

Its also possible to look at the KD-effect from an different perspective. If
the KD-effect is look at from a particle picture then the electrons and photons
are represented by particles. Then KD-effect can be described as stimulated
Compton scattering, as shown in figure 5. Here the electron absorbs an photon
coming from the left and is stimulated by an photon coming from the right.
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After the stimulation the electron emits two photons on the right that have the
same frequency as the stimulating photon.

Figure 5: KD-effect in the particle picture in the Bragg regime [1]

Because the electron is free it can not get excited, so the initial and the
final energy are the same. And because of energy momentum conservation the
electron also experiences an change in momentum in the x direction ∆px which
gives the electron a push.

∆E = 0
∆px = 2~k (6)

The electron also has an z component for it’s momentum, so when the mo-
mentum in the x direction changes the electron in being diffracted. Because
of this the diffraction angle can be calculated as an function of the change of
momentum in the x direction ∆px and the momentum in the z direction pz:

m sin(θ) =
∆px
pz

=
2~k
pz

(7)

This diffraction angle is the same in the wave picture (equation 5) that was
discussed earlier. in order to prove it equations 8 and 9 can be substituted in
equation 7, this will give the same results.

k =
2π

λopt
(8)

λe =
2π~
pz

(9)

Because the diffraction angles are the same the interference patterns will also
be the same and thus give the same results. So from this it can be concluded
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that the wave picture is consistent with the particle picture, just as expected
with wave-particle duality.

1.3 Measuring the KD-effect

In the time of Kapitza and Dirac they only had Mercury arc lamps that could
not produce the right conditions to measure the effect. But this all changed
when in 1960 the Laser was invented by Bell Labs. The invention of the laser
allowed the KD-effect to be measured in 2001 by Batelaan and his student
Freimund.

Batelaan and Freimund [5] concluded that the KD-effect was present because
they measured an interference pattern for the electron beam. Normally the
electron beam will give an Gaussian distribution,because the electron doesn’t
experience diffraction, as shown in figure 6.

Figure 6: Gaussian distribution for normal laser beam [5].

But when the electrons are diffracted by the KD-effect the electron beam
will leave an interference pattern. In figure 12 the interference pattern that
Batelaan and Freimund have measured is shown.

Figure 7: Diffraction pattern for diffracted laser beam [5].

The KD-effect has only been measured once therefor measuring the normal
KD-effect is interesting in it’s own right. The research group CQT is planning
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to do this measurement to by using an ultra fast TEM, that is shown in figure
8. This TEM will use femto second laser pulses synchronised with high quality
pulsed electron beams.

Figure 8: Ultra fast TEM that can be used to measure the KD-effect.

But there are also other reasons to study the KD-effect. An practical appli-
cation might be the creation of beam splitter for electrons that can be used to
make interferometers for electron.

But from the point of view of performing experiments that never have been
done before there are also other options. By changing the properties of the light
that is being used in the normal KD-effect new phenomena might be measured.
In this rapport the following effects will be discussed:

- The two color KD-effect, that diffracts electrons with two laser beams of
different wave lengths.
- How the polarisation of the laser beams influence the KD-effect, it will be
described classically as well as quantum mechanically.
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2 Two color KD-effect

2.1 Introduction

With the normal KD-effect two opposing waves of the same frequency are super
imposed with one and other to create an standing wave. But in the case of the
two color KD-effect the two opposing waves don’t have the same frequency, so
no standing wave will be formed. An example of this is when one wave has twice
the frequency of the other wave, as is shown in figure 9. Here the blue wave is
traveling to the right and the yellow wave is traveling to the left. The yellow
wave has twice the frequency of the blue wave, this causes the resulting wave in
green to not be an standing wave.

Figure 9: Two opposing light waves interfering without creating standing light
wave.

It can also be shown mathematically that no standing wave will be formed
with the two color KD-effect, this can be done with Hamilton formalism, as
shown in equation 10.Just as before the first term represents the momentum of
the electron, the second term the light wave traveling to the right and the third
term the light wave traveling to the left. Again atomic units are used, so the
mass and charge of the electron are set to 1.

H =
1

2
[p− A1

c
sin(ωt− kx)− A2

c
sin(2ωt+ 2kx)]2 (10)

Just as before the stationary Hamiltonian can be calculated to see how the
electron interacts with the electromagnetic fields. In this case there is no stand-
ing wave, instead the potential in the Hamiltonian is constant.

< H >=
p2

2
(11)

Because the potential is constant it appears that there is no force acting on
the electron:

F = −∇ < H >= 0 (12)

The visual and the Hamiltonian representation of the waves both show that
there is no standing wave. With the normal KD-effect the standing wave would
cause the diffraction but with the two color KD-effect it isn’t clear jet if there
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will be diffraction at all. However, one can also look at the particle picture for
the two color KD-effect, as shown in figure 10. This is very similair to the normal
KD-effect but here the frequency of the stimulating photon is twice as large as
the frequency from the absorbed photon. The stimulation of an photon with
twice the frequency also causes the emitted photons to have twice the frequency.
And due to energy momentum conservation the change in momentum in the x
direction will be twice as large (4k) as well.

Figure 10: a. Normal KD-effect with Bragg scattering, b. Two color KD-effect
[1]

Just as before an diffraction angle can be calculated:

m sin(θ) =
∆px
pz

=
4~k
pz

(13)

So in the particle picture the electron does diffract and because of wave-
particle duality it should thus also diffract in the wave picture although it is
not directly evident. It will become evident however when time dependent
perturbation theory is used.

This was already done by Smirnova [1], but by understanding her work by
reproducing it, more insights are gathered about the two color KD-effect this is
useful potential future experiments.
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2.2 Second order approximation of two color KD-effect

In this paragraph time dependent perturbation theory will be used to derive
the scattering potential that Smirnova [1] calculated. the perturbation will go
to the second order because it’s the order where the scattering occurs.

Earlier in the chapter it is mentioned that the initial energy is equal to the
final energy. In Smirnova’s work it is also assumed that the initial kinetic energy
of the electron is equal to the final energy of the electron, this implies Bragg
scattering.

In order to apply the time perturbation theory an Hamiltonian is needed
that represents the system. The Hamiltonian mentioned earlier in this chapter
(equation 10) does exactly that. It expresses how two opposing light waves with
different frequencies interact with the electron:

H =
1

2
[p− A1

c
sin(ωt− kx)− A2

c
sin(2ωt+ 2kx)]2 (14)

But in order to see what is going on in this Hamiltonian it is better to expand
it:

H = p2

2 +
E2

1

4ω2 +
E2

2

16ω2 − E1psin(ωt−kx)
ω − E1E2cos(3ωt+kx)

4ω2 − E1
2cos(2ωt−2kx)

4ω2

−E2psin(2ωt+2kx)
2ω + E1E2cos(ωt+3kx)

4ω2 − E2
2cos(4ωt−4kx)

16ω2

(15)
Now it can be seen that every term with a sine or cosine in it has a different

k-value in it. It is beneficial to collect the terms on their k-value:

H = H0 + Vk + V2k + V3k + V4k (16)

The k-values represent the change in momentum that the electron experi-
ences as it scatters. But as showed earlier in the chapter the total change in
momentum needs to be 4k.This means that one needs to combine terms in order
to get the 4k in momentum change.

But in order to actually calculate this the time dependent Schrodinger equa-
tion is needed, where the perturbation term V (t) is very small:

HΨ = i~
dΨ

dt
where H = H0 + V (t). (17)

Because there are a lot of ways to combine terms to form 4k a multilevel
system is assumed. Where the initial state is ci, the final state is cf and every
state in between is cn, with this the anzats for the wave function Ψ becomes:

Ψ(r, t) = ci(t)ψi(r)e−iωit +
∞∑
n=0

cn(t)ψn(r)e−iωnt + cf (t)ψf (r)e−iωf t

where H0ψj(r) = Ejψj(r).
(18)

When this anzats is substituted in the time dependent Schrodinger equation
relations between the scatter coefficients are obtained:
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ci(t)[H0ψi(r)]e−iωit +
∞∑
n=0

cn(t)[H0ψn(r)]e−iωnt + cf (t)[H0ψf (r)]e−iωf t+

ci(t)[V ψi(r)]e−iωit +
∞∑
n=0

cn(t)[V ψn(r)]e−iωnt + cf (t)[V ψf (r)]e−iωf t =

i~
[
ċiψi(r)e−iωit +

∞∑
n=0

ċnψn(r)e−iωnt + ċfψf (r)e−iωf t+

ci
(−iEi

~
)
ψi(r)e−iωit +

∞∑
n=0

cn
(−iEn

~
)
ψn(r)e−iωnt + cf

(−iEf
~
)
ψf (r)e−iωf t

]
(19)

The first three terms on the left cancel out the last three terms on the right
because of the assumptions in the anzatz. When the orthogonality of the spatial
functions ψ(r) is exploited:

δij =< ψi(r)|ψj(r) > . (20)

And matrix elements of the V matrix are defined in the following way:

Vij =< ψi(r)|V |ψj(r) > . (21)

Then the time dependent coefficients cj(t) can be isolated to form recursive
relationships:

ċi(t) = i
~
[
ci(t)V

′
ii +

∞∑
n=0

cn(t)V ′ine
iωint + cf (t)V ′ife

iωif t
]
,

∞∑
n=0

ċn(t) =
∞∑
n=0

i
~
[
cn(t)V ′nn + cf (t)V ′nfe

iωnf t + ci(t)V
′
nie

iωnit
]
,

ċf (t) = i
~
[
cf (t)V ′ff + ci(t)V

′
fie

iωfit +
∞∑
n=0

cn(t)V ′fne
iωfnt

]
,

where Vjj = 0

(22)

Where the diagonal components of the Vij matrix are zero. These relation-
ships can be used to go from one order to the next order. In the zeroth order
the electron is in the initial state ci:

c
(0)
i (t) = 1,
∞∑
n=0

c
(0)
n (t) = 0,

c
(0)
f (t) = 0,

(23)

From the recursive relations it follows that for the first order the coefficients
are:

ċ
(1)
i (t) = 0, =⇒ c

(1)
i = 1,

∞∑
n=0

ċ
(1)
n (t) =

∞∑
n=0
− i

~V
′
nie

iωnit =⇒
∞∑
n=0

c
(1)
n =

∞∑
n=0
− i

~
∫ t′
0
V ′nie

iωnit
′
dt′,

ċ
(1)
f (t) = − i

~V
′
fie

iωfit =⇒ c
(1)
f = − i

~
∫ t′
0
V ′fie

iωfit
′
dt′,

(24)
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And when the recursive relation is used to from the first order to the second
order, the scatter potential for the final state cf (t) will be:

c
(2)
f (t) =

∞∑
n=0

[− 1
~2

∫ t′
0
V ′fne

iωfnt
′

[ ∫ t′
0
V ′nie

iωnit
′
dt′

]
dt′′ + c

(1)
f (t)],

where ωfi = 0 =⇒ c
(1)
f (t) = 0

(25)

c1f (t) will vanish because the energy of the electron for the initial and final

state are the same, hence ωfi = 0 so c1f (t) = 0.
The scatter potentials are also dependent on the Vij matrix, this matrix rep-
resents the transition from one spatial wave function ψj(r) to an other. The
transition represents to change in momentum of the electron, the matrix element
for this can be calculated in the following way:

Vij =< ψi(r)|V |ψj(r) >=
∫∞
−∞ ψ∗i (x)V ψj(x)dx =

∫∞
−∞ eikmxV dx

where ψi(x) = eiknx and ψj(x) = eik(n+m)x

(26)

When the scatter potential for the final state cf (t) is calculated it gives:

c
(2)
f (t) =

c2E2
1E2 · p~(28c4 − 33ω2~2)

32(4c8ω3 − 13c4ω5~2 + 9ω7~4)
(27)

And because ~ is really small it can be expanded with ~→ 0 to give an non
zero scatter potential:

c
(2)
f (t) =

7E2
1E2 · p~

32c2ω3
+

29E2
1E2 · p~3

64c6ω
+O(ω) (28)

The non zero scatter potential indicates that the electron does indeed diffract
despite of no standing wave being present. The result that has been found is
also consistent with Smirnova’s work [1] and gives new insights about the two
color KD-effect, but it can also be used for other types of KD-effects, such as
the longitudinal KD-effect.

2.3 Longitudinal KD-effect as Doppler shifted two-color
KD-effect

In the longitudinal KD-effect the electron is shot longitudinal to the laser so that
from the rest frame of the laser the light waves appear to be Doppler shifted,
where the amount of Doppler shift is given by:

fo =

√
1− β
1 + β

fs where β =
v

c
, (29)
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With subscript o for the observer and s for the source. Where the rest frame
of the electron is the observer and the source the rest frame of the lab. In this
way the two color KD-effect can appear for the observer, even tough the same
frequencies for the lasers are used. A practical way of achieving this is to vary
the angle between the lasers and the electron momentum.

However, when looked at the rest frame of the electron the momentum of the
electron gets smaller and according to equation 28 the scatter potential will also
get smaller. But future research is needed to determine if this has an significant
impact.

2.4 Conclusion

At first glance it was unclear if the electron could be diffracted in the wave
picture but the particle picture showed it was possible. But because of wave-
particle duality this meant that the same should by true for the wave picture.
This could by proven by using time dependent perturbation theory, which gave a
non zero scatter potential for the electron. Although this was all ready done by
Smirnova [1] it still gave more understanding of the two color KD-effect. These
new findings could also be applied to the longitudinal KD-effect, although it
is not clear if the scatter potential will be large enough in this case. The new
knowledge can be used to develop future experiments whether it be for the two
color KD-effect or the longitudinal KD-effect.
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3 Deriving the classical Hamiltonian for polari-
sation

3.1 Introduction

Since light can behave as an transverse wave it can be polarised. This polarisa-
tion can be linear, circular, elliptical or any combination of these. In figure 11
an transverse light wave is being polarised vertically so that only the vertical
component is left after going through the first polarizer.

Figure 11: Light wave being linearly polarised [10]

Peter Smorenburg [3] researched how polarisation would influence the KD-
effect classically. In his thesis results where derived that describe what effect
linear polarisations and circular polarisations have on the KD-effect. According
to his thesis the effect only occurred if the electron has relativistic velocities, in
order to understand why, the forces on a charged particle can be studied.

In the normal KD-effect the pondermotive force moves the electron, as is
shown in equation 30. However, when the light is polarised this equation only
holds for non-relativistic velocities of the electron, because at relativistic veloc-
ities the polarisation start to play a role.

Fp = − e2

4mω2
∇(E2) (30)

In order to get an intuitive picture of why the polarisation only has an effect
at relativistic velocities, one can look at the Lorentz’s force on the electron, as
shown in equation 31. The reason for this is because the electric field E and the
magnetic field B are related via Maxwell’s laws. The amplitudes of the electric
field and the magnetic field have a factor c between them, hence the contribution
of the magnetic field starts to be significant when the velocity v is relativistic.
This combined with the fact that the polarisation determines the direction of
the magnetic field B gives an intuitive picture of why polarisation only effects
the force on the electron when the velocity of the electron is relativistic.

F = q(v ×B + E) (31)

Peter Smorenburg [3] also derived an equation that describes the force on
the electron. However, an equation for the force on the electron can be derived
in an easier way, with the easier derivation more understanding of the KD-effect
in an classical system can be gathered which is benificial for future research.The
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main focus of this chapter will be deriving that easier Hamiltonian. During the
derivation an classical Hamiltonian that describes the system in which the KD-
effect happens will be an intermediate result. This Hamiltonain will be used in
the next chapter to see what happens in the quantum mechanical realm.

3.2 Deriving the classical Hamiltonian

Because the polarisation only effects the KD-effect at relativistic velocities, one
should use the relativistic Hamilonian to describe the system. The Lorentz
factor γ dependents on the kinetic momentum of the electron p and the change
in the momentum δp due to the electromagnetic forces.

H = mc2γ where γ =

√
1 +

(p + δp)2

m2c2
(32)

Because the change in momentum is really small δp → 0 compared to the
actual momentum of the electron p. It is easier to write the Lorentz factor γ in
the following way:

γ = γ(0)

√
1 +

2p · δp + δp2

m2c2γ(0)2
where γ(0) =

√
1 +

p2

m2c2
. (33)

But an other approximation can be made as well because the change in
momentum δp is really small. This has a result that the fraction in the square
root is also really small so an binomial expansion can be used. If the expansion is
used to expand the Lorentz factor γ up to the second order then the Hamiltonian
becomes:

H = mc2γ(0) +mc2γ(0)
(2p · δp + δp2)

2m2c2γ(0)2
−mc2γ(0) (2p · δp + δp2)2

8m4c4γ(0)4
. (34)

In order to see all the terms collected in the Hamiltonian the squared brackets
can be expanded. This will make the Hamiltonian more clear and will be benifial
later.

H = mc2γ(0) +mc2γ(0) (2p·δp+δp
2)

2m2c2γ(0)2

−mc2γ(0) 4(p·δp)
2+2δp2(p·δp)+2(p·δp)δp2+δp4

8m4c4γ(0)4
.

(35)

Because the force that is causing the electron to diffract is applied over
an certain time frame, it is the average force that matters. And because the
force on the electron is the gradient of the Hamiltonian they are related, so the
Hamiltonian has to be time averaged as well.

Because the electromagnetic field tends to create an quiver motion the mo-
mentum change δp is zero when time averaged. But this doesn’t only hold for
the first order of δp, it holds for every odd order of δp because it is a sinusoidal
function of time. The fourth order of δp is so small that it doesn’t contribute
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anything significant to the Hamiltonian. With all of this the time averaged
Hamiltonian becomes:

< H >=< mc2γ(0) +
δp2

2γ(0)m
+

(p · δp)2c

2(γ0mc)3
> . (36)

This time averaged Hamiltonian is the intermediate result that was men-
tioned in the introduction of this chapter and is consistent with Smorenburg’s
[3] results.

In the Hamiltonian the change in momentum due to the electromagnetic
fields is expressed as δp. But it is not directly evident how large the change
in momentum is. To figure it out one can look at the force acting upon the
electron. Since both electric and magnetic fields are acting upon the electron it
is an Lorenz’s force:

dp

dt
= F = q(v ×B + E) (37)

The electric field E and the magnetic field B can be described in terms of
the vector potential A, where the electric field is the time derivative and the
magnetic field the curl of the vector potential:

dp

dt
= q(

[
v ×∇×A

]
− dA

dt
) (38)

The term in large square brackets can be simplified. It contain an triple
product identity that can be simplified with Lagrange’s equation, that changes
the cross product identity to an inner product identity with two terms:

dp

dt
= q

[
∇(v0 ·A)−A(v · ∇)

]
− qdA

dt
where

dA

dt
= −iωA (39)

Within the large squared brackets the second term becomes zero because the
gradient isn’t working on a function. With these simplifications the change in
momentum δp can be obtained by integration with respect to time. Because the
vector potential A is an sinusoidal function of time it will give a scalar times
itself when integrated, in this case − 1

iω . So then the change in momentum
becomes:

δp = −qA +
iq

ω

[
v0 ·

dA

dz

]
êz (40)

Now that the change of momentum is known it can be substituted in the
Hamiltonian (equation 36).By using this Hamiltonian the average force on the
electron can be determined, this is done by taking the gradient of the Hamil-
tonian. Because forces only have real values the imaginary parts are left out,
with all this the force on the electron becomes:
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F = −∇H = − q2

2mγ(0)
∇ < A2 − (β0 ·A)2 +

[
β0 ·

dA

dkz

]2
> where

dA

dkz
= iA

(41)
This result is consistent with Smorenburg’s [3] thesis but it can still be

simplified. In the third term the derivative of the vector potential A with respect
to kz can be simplified. This is because the vector potential is an sinusoidal
function of kz. When this simplification is added an easier expression for the
force on the electron is obtained:

F = −∇H = − q2

2mγ(0)
∇ < A2 − 2(β0 ·A)2 > (42)

Smorenburg [3] also made this simplification so this is also consistent with
his thesis. With this result the scatter force acting upon the electron can be
determined as an function of the vector potential A. Different sorts of vector
potentials can be chosen, the vector potential depends on the polarisation that
is being used, the wavelength of the light and the intensity of the light.

By making all these derivations the polarisation dependence of the KD-effect
can be understood better. The derivations in this chapter are derived in an easier
way then in Smorenburg’s [3] thesis. Because the derivations are closely related
to the understanding of the polarised KD-effect. They can help in setting up
future experiments, where the polarised KD-effect can be measured for the first
time.

But in this chapter an important intermediate result was also derived, the
time averaged Hamiltonian. This Hamiltonian describes an classical system
but it can be expanded to an quantum mechanical realm where new effects
will manifest itself. These include effects such as diffraction patterns that are
dependent on the polarisation.
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4 Calculating the scattering probabilities

4.1 Introduction

One of the quantum effects is that the electron diffracts. This is because the
electron behaves as an wave when it propagates through the laser beams. Figure
12 shows an diffraction pattern with multiple peaks where each peak represents
an different diffraction angle. All the different angles have different momentum’s
for the electron. The figure can be interpreted as an probability distribution for
at what angle the electron might scatter at.

Figure 12: KD-effect causing diffraction pattern scattering [1]

However, it has never been measured how the polarisation of the laser beams
that are used to diffract the electron influence the probability distribution and
neither has there been developed an theory for this.

If quantum mechanical effects are used to measure the polarisation depen-
dence of the KD-effect then it might be easier to measure since one only has to
look for an changing diffraction pattern.

But an classical frame work already has been developed as mentioned in
the previous chapter. So by simply expanding the classical frame work to an
quantum mechanical one, it is possible to develop a theory of how polarisation
influences the KD-effect in the quantum realm, this will be the main focus of
this chapter.

However, it also should be clear how to measure the polarisation dependence
of the KD-effect. This will be discussed after the theory is developed with the
use of the simulation results.

4.2 Calculating scattering coefficients

By using results of the previous chapter such as the classical Hamiltonian of
the system as is shown in equation 36. Earlier results such as the change in
momentum δp can be substituted in the Hamiltonian to make the Hamiltonian
an function of the vector potential A. The change of the momentum δp contains
an term with an derivative. But because the vector potential A is an sinusoidal
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function depending on the z coordinate so when the vector potential A is derived
with respect to the coordinate z the factor ikz comes out.

But in order to calculate the scatter coefficients the classical Hamiltonian
still needs to be converted to an quantum mechanical one. This can be done
by replacing the kinetic momentum p with an gradient operator. Normally this
cant be done because the electron possesses a charge thus the canonical momen-
tum is equal to the gradient operator, but because the interaction between the
vector potential A and the electron is very weak the canonical momentum can
be approximated by the kinetic momentum p.

< H >=< mc2γ(0) + δp2

2γ(0)m
+ (p·δp)2c

2(γ0mc)3 >

where p = −i~∇ and δp = −qA + iq
ω

[
v0 · dAdz

]
êz with dA

dkz = iA

(43)

When all of this is put together a new Hamiltonian is formed. The gradient
and the vector potential A in the Hamiltonian commute with each other because
of the Coulomb gauge, so when the term with the gradient isn’t working on a
function that term will become zero.

< H >=

〈
mc2γ(0) +

q2A2

2γ(0)m
+

~2q2(∇ ·A)2c

(γ0mc)3

〉
where [∇,A] = 0 (44)
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This Hamiltonian is now quantum mechanical and behaves as a operator,
but this operator can also work on a wave function.

In order to get a idea what kind of wave function represents the electron
it is possible to look at the wave fronts of the electron, as shown in figure 13.
Most of the propegation of the electron happens in the x direction, but when it
scatters on the standing light waves the electron might scatter in the positive
or negative z direction as well.

Figure 13: Wave front scattering on the standing light waves of the KD-effect

This picture of the wave fronts can help to find an Anzats for the wave
function. A wave function usually consists of an time dependent part and spatial
part, as equation shown in 45. The spatial part is the e with the complex
exponent, the exponent depends on the momentum of the electron where kelx is
the momentum in the x direction and k the momentum of a photon of one of the
laser beams. If its assumed that initially the electron propagates perpendicularly
to the laser, then the initial momentum of the electron in the z direction is zero.
But if the electron scatters that changes, the momentum in the z direction
changes with a multiple of 2k (2nk). This is because the scattering of the
electron is two photon process hence the 2k momentum change, this process it
described in the first chapter with the KD-effect in the particle picture.

Ψ(r, t) =
∑
n

cn(t)ei(kelxx+2nkz) with n ∈ N. (45)

When the Hamiltonian works on the wave function the wave function will
also have a eigenvalue, as shown in equation 46. The first two terms are also in
the classical Hamiltonian, this is because they dont work on the wave function.
However, the third term does work on the wave function this is because of
the gradient operator. Because the wave function dependents on the x and z
component the gradient makes a vector where the y component is zero, but the
vector potential A only consists of a x and y component, so the innerproduct
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between the gradient of the wave function and the vector potential A will only
be non zero for the x components.

< H >=

〈
mc2γ(0) + q2A2

2γ(0)m
+

~2q2(kelx êx·A)2c

(γ(0)mc)3

〉
where A = A0 cos(2kz)sin(2wt)

[
cos(φ)êx + sin(φ)êy

] (46)

If the vector potential A is substituted in the Hamiltonian it gets time
averaged. So when the vector potential is squared the time depended sine in
the vector potential gives a factor of 1

2 .

< H >=

〈
mc2γ(0) +

q2A2
0

8γ(0)m
cos2(2kz) +

~2q2k2elxA
2
0cos

2(φ)c

4(γ(0)mc)3
cos2(2kz)

〉
(47)

But this result can be simplified by writing the first term as the initial en-
ergy E0 and the remaining terms as the interaction energy V0(φ). The initial
energy is the kinetic energy of the electron before it has been effected by electro-
magnetic fields, hence called initial energy. And the interaction energy is called
that way because it is the energy added by the electron interacting with the
electromagnetic fields where the energy also depends on the polarisation angle
φ.

< H >= E0 + V0(φ) cos2(2kz) where E0 =< mc2γ(0) >

and V0(φ) =<
q2A2

0

8γ(0)m
+

~2q2k2n2A2
0 cos2(θ)c

4(γ(0)mc)3
>

(48)

Now that the wave function and the Hamiltonian is know the scatter poten-
tials cn(t) can be calculated. This can be done by substituting the found time
averaged Hamiltonian and the wave function in the time dependent Schrodinger
equation:

< H > Ψ = i~
dΨ

dt
(49)

If the substitution is done then a differential equation for cn(t) is found. The
equation consists of terms with and without a squared cosine that depends on
the z component. The cosine can be written as a complex exponent these can
be used to write exponents like 2i(n+ 2)k and 2i(n− 2)k. This can be used to
shift coefficients from cn(t) to cn−2(t) and cn(t) to cn+2(t).

i~
∑
n
ċn(t)ei(kelxx+2nkz) = E0

∑
n
cn(t)ei(kelxx+2nkz) + V0(φ) cos2(2kz)

∑
n
cn(t)ei(kelxx+2nkz) =

E0

∑
n
cn(t)ei(kelxx+2nkz) + 1

4V0(φ)
∑
n
cn(t)

(
e2i(n+2)kz + 2 + e2i(n−2)kz

)
eikelxx

(50)
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Because the coefficients can be shifted all the terms have the same exponents
for the spatial wave functions so they cancel out. The sums also also cancel
out because every terms has one. This makes it possible to get a differential
equantion for every scatter potential cn(t). But these differential equations can
still be simplified by changing the indices’s to n = m/2:

iċn(t) =

(
E0

~ + V0(φ)
2~

)
cn(t) + V0(φ)

4~ [cn−2(t) + cn+2(t)],

iċm(t) =

(
E0

~ + V0(φ)
2~

)
cm(t) + V0(φ)

4~ [cm−1(t) + cm+1(t)]

(51)

But these differential equation can also be solved. This can be done for two
regimes the diffractive regime and the Bragg regime.

In the diffractive regime where E0 << V0(φ), the initial energy vanishes.
This will give Bessel functions as a solutions for the scatter potentials cm(t):

cm(t) = ime−
iV0(φ)

2~ Jm(−V0(φ)

2~
t), (52)

The probability is related to the intensity and hence the diffraction pattern.
The probability for a specific diffraction angle can be calculated by taking the
absolute value of the co-responding scatter coefficient and squaring it:

|cm(t)|2 = J2
m(
V0(φ)

2~
t), (53)

The other possibility is that the electron scatters in the Bragg regime. In
the Bragg regime the laser beam intensity is weak hence the diffractive effect is
weaker. This causes the initial energy to be much greater then the interaction
energy, so E0 >> V0(φ).

Because of the weaker interaction energy there also less scatter possibilities,
there are only two m = 1 and m = −1. So either the electron comes out with
the same trajectory or with a diffracted one, note that the electron could be
scattered and come out with the same trajectory. If for example the electron
scatters to the other trajectory and then scatters back again it will have the
same trajectory as it initially had.

c1(t) = eiεt cos(V0(φ)t
4~ )

c−1(t) = −ieiεt sin(V0(φ)t
4~ )

(54)

The probabilities for these diffraction angles can be calculated just as before.
This time the probabilities are sinusoidal and behave as Rabi oscillations:

|c1(t)|2 = cos2(V0(φ)t
4~ )

|c−1(t)|2 = sin2(V0(φ)t
4~ )

(55)
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4.3 Simulation results

The simulations are made with a program called Mathematica. Both the so-
lutions for the defractive regime and the Bragg regime are simulated. The
numbers on the y-axis represent the possibility while the numbers on the x-
axis are proportional to the product of the interaction energy V0(φ) and the
interaction time t. There proportional because some assumptions are made for
the constants within the formula for the interaction energy, so this might be
a improvement point for future simulations, but nonetheless it shows how the
solutions for the scattering probabilities.

The diffractive regime has Bessel function as a solution.Because the scatter
coefficients are a function of the interaction time and the interaction energy
changing one of them will cause a different diffraction pattern. But since the in-
teraction energy depends on the polarisation the diffraction pattern will depend
on that as well, because of this the polarisation dependence of the KD-effect
can be measured by measuring the diffraction pattern.

Figure 14: Scattering probabilities in diffractive regime
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In the Bragg regime solutions are found as in a sinusoidal form. The two
solutions Rabi oscillate where one of the solutions is a sine and the other a
cosine. Both of them are a function of the product of the interaction time t and
the interaction energy V0(φ). So when the polarisation is changed the pattern
at which the electron scatters at changes as well, this can be used to measure
the polarisation dependence of the KD-effect in the Bragg regime.

Figure 15: Scattering probabilities in Bragg regime

5 Conclusion

The two color KD-effect never has been measured before and therefor is a inter-
esting area of research. However, some theory has been developed already some
this effect, this was done by Smirnova [1]. By reproducing her work the devel-
oped theory is better understood and thus will help to set up future experiments
to measure the two color KD-effect.

Normally the KD-effect scatters electrons by an standing wave, so an in-
teresting outcome of the theory for the two color KD-effect is that it scatters
electrons despite there being no standing wave present.

However, if time dependent perturbation theory is used a non zero scatter
potential is found, and thus the electron does diffract. But this is not the only
indication of diffraction. In the particle picture the electron is diffracted by
the momentum transfer of the emitted photons. So in both the wave picture
and the particle picture the electron diffracts, and thus this diffraction can be
measured in future experiments.

But the two color KD-effect can also but used to understand other effects
such as the longitudinal KD-effect. Because if the electron moves longitudinally
to the laser beams then the light waves get Doppler shifted, and thus the electron
experiences a two color KD-effect as well with respect to the reference frame of
the electron. However, from the reference frame of the electron the momentum
of the electron becomes smaller and thus the scatter coefficient becomes small.
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Because of this it might be possible that the chance of diffraction becomes very
small, but more future research is needed to investigate this potential problem.

The polarised KD-effect never has been measured before either. But there is
a theory developed by Peter Smorenburg [3] that describes what happens classi-
cally. By understanding his work it becomes easier to set up future experiment
to measure the polarised KD-effect.

However, this theory has been developed bit further by simplifying the
derivation. By doing this the theory becomes easier to grasp and thus easier to
understand.

But it wasn’t clear jet what happens quantum mechanically so the theory
of Smorenburg [3] has been expanded from a classical framework to a quantum
mechanical one. Although Damaz de Jong [4] has done this for the normal
KD-effect it never has been done for the polarised KD-effect.

The quantum mechanical expansion uses the classical Hamiltonian that
Smorenburg [3] derived and expands it to a quantum mechanical one. This
Hamiltonian together with a wave function for the electron can be used to
solve the time dependent Schrodinger equation. If solved it gives scatter po-
tentials where each scatter potential represents a different diffraction angle. It
has solutions for two regimes the diffractive regime and the Bragg regime. The
diffractive regime has Bessel functions for the scatter potentials that represent
a diffraction pattern that changes when the polarisation changes. The Bragg
regime also has scatter potentials but in this regime there are only two solutions,
one where the trajectory of the electron doesn’t change and one where the elec-
tron diffracts. The first solution is a sine and the second one is a cosine, these
two solutions Rabi oscillate with each other, so this regime can be measured by
how the amount of diffracted electrons change with changed polarisation.

Although both regimes have been simulated, the simulations need improve-
ment because some of the values used for the constants are incorrect. Also some
of the formulas are wrong. However, the solutions are of this form so it does give
insights of how the polarised KD-effect behaves, although future improvement
is needed.
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