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Chapter 1

Introduction

Starting with a historical background of quantum physics, I believe it is the best way to
introduce and motivate my research work. Section 1.1 is intended to provide a compre-
hensive account of the birth and the recent developments of quantum mechanics for a
general reader. Section 1.2 enters into more details and introduces the phenomenon of
Bose-Einstein condensation, leading a more interested reader to the outline of this thesis
(Sec. 1.3). Throughout this chapter, I opted for a narrative style to appeal to different
types of readers.

1.1 The importance of being quantum

One of the most difficult tasks I encountered during these years of my doc-
toral studies in theoretical physics is explaining quantum mechanics [1] to
non-specialists. Often I realized I had to fight against a typical attitude that
associates quantum to weird, odd, and far from our common sense. Why
should weird stuff be interesting? This scepticism towards quantum physics
is, however, part of its history and was fed by the physics community itself,
and, therefore, physicists must face and overcome it. Only a correct interpre-
tation of the physics at small scales, that is what quantum physics provides,
can correctly describe how our world works. You cannot complete the puzzle
if you do not find and correctly place all the small pieces.

If you wonder why quantum physics is important. The answer to this ques-
tion lies in the world we live in as “being quantum”. We wander in a “Quantum-
land”, quantum physics influences our daily life and we barely notice it [2]. For
years already, scientists and engineers have applied quantum physics in almost
every aspect of everyday life, from medical instrumentation to entertainment
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industries [3]. For this reason, quantum is not only the Schrödinger’s cat, the
most famous pop-science star, but the shining of a star in the sky, a laser pointer,
a transistor, and the many other microelectronic devices in our computer. And
someone who studies quantum mechanics is not a cruel scientist playing with
the life of an animal, but someone who tries to answer fundamental questions
about nature and to advance technology.

But let’s take a step back into the history of science. One of the most glori-
ous pages in the history of Europe was written during the 17th and 18th cen-
turies, in the Age of Enlightenment, when a massive cultural and intellectual
movement emphasised reason and science over superstition and blind faith.
During the Enlightenment, a Scientific Revolution replaced the Ancient thought
with concrete observations and experiments from scientists like Copernicus,
Galilei, Huygens, and Newton. The role of the scientist began to become pro-
fessionalized and distinguished by the one of a natural philosopher [4]. The
developments in science gave birth to the classical mechanics. Classical me-
chanics deals mainly with natural phenomena we could see, hear, or touch,
like a ball falling on an inclined plane or the flow of the air surrounding us.

However, scientists soon realized that applying classical mechanics to phe-
nomena at smaller scales would lead to results incompatible with experiments.
During the 19th century, the concept of atom was controversial, the etymology
of the word itself was somehow misleading, atom means “indivisible” (from
Greek). In the late 19th century, the electron was discovered by Thomson and
classical electrodynamics could not explain its motion around the nucleus. The
electron is indeed a charged particle and its accelerated motion would cause
the continuous emission of electromagnetic waves, losing energy, and falling
into the nucleus. But atoms could not be unstable in reality. The efforts in
trying to solve this problem, and many others like the description of the radia-
tion of black bodies, lead to the birth of quantum mechanics. Within quantum
mechanics particles have wave-like properties and vice versa, meaning that
particles that we normally think of as solid objects (balls), under certain cir-
cumstances, behave like waves, such as light and sound, and waves behave like
particles (wave-particle duality). As a consequence, atoms can exist in states
with discrete energies and when an atom moves from a state to another, it
absorbs or emits energy at fixed values or quanta, called photons, considered
the particles associated with the light waves. Quantum waves can be super-
posed or added together, similarly to the water waves. When two superposed
quantum waves behave as one wave, they are said to be coherent. The loss of
coherence is then called decoherence.

Thanks to the work of Planck, Einstein, Bohr, de Broglie, Pauli, Heinsen-
berg, Schrödinger and Dirac, and others, the development of quantum me-
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chanics in the 20th century changed radically the concepts we used to describe
the world. Quantum mechanics takes a probabilistic view of nature, sharply
contrasting with classical mechanics, in which all precise properties of objects
are, in principle, calculable. This was definitely another revolution, or the first
quantum revolution [5]. The laws of quantum mechanics govern the physical
properties of nature at the atomic scale. How small is an atom? It is less than a
child, an ant, a cell, a virus, as illustrated in Fig. 1.1.

meters

100 10−1 10−2 10−3 10−4 10−5 10−6 10−7 10−8 10−9 10−10

child
ant hair cell virus DNA atom

Macro Micro Nano Atomic

Figure 1.1: Atomic scale compared to macro, micro, and nanoscale. Objects in
the macroscale can be seen with our naked eyes (a child and even an ant). Objects
in the microscale (like hair and an animal cell) and nanoscale (like a virus and a
strand of DNA) can be seen in detail using optical and electron microscopes. The
atomic scale is the size of an atom.

The first quantum revolution shed light on unexplained phenomena and
provided the rules governing physical realities. Afterwards, lasers and transis-
tors were invented and used to build every electronic device. Currently, we are
living in the age of the second quantum revolution, attempting to employ even
more the power of quantum [5]. Building quantum technologies means that
we can finally take control of the quantum world, and not only study quantum
mechanics to understand the world surrounding us. The advent of quantum
technologies could drastically impact many sectors of our society, like security,
medicine, economy [6–10]. Even if significant challenges need to be overcome
before we can achieve a large-scale impact, the prospects of quantum mechan-
ics appear to offer a vastly improved performance over what can be obtained
using the current classical framework. After more than a century from its dis-
covery, we are finally at a stage where a more general audience understands
the importance of being quantum and we read more often news about public
investments in quantum technologies [11].
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1.2 In quest of quantum degeneracy

What are the effects of quantum mechanics in a system with a large number
of particles? Can they be observed at the macroscopic scale? One of the most
remarkable quantum phenomena is that of Bose-Einstein condensation (BEC),
based on the wave nature and the indistinguishability of the particles [12].
According to the wave-particle duality, as discussed in Sec. 1.1, a quantum
particle moves as either a particle or a wave and the wavelength associated
with the particle is given by the relation:

λ =
h

p
, (1.1)

where p is the momentum of the particle and h = 2π~ is the Planck’s con-
stant [1]. For a system with density n and characterized by the length scale,
n−1/3, the spacing between the particles, the quantum nature is visible if

λ & n−1/3, (1.2)

meaning that the wavelengths of the particles close to each other are bigger
than the spacing between them, and therefore are overlapped and correlated.
As a consequence, the identity of a single particle is washed out and collec-
tive phenomena dominate. Contrarily, when the wavelength associated with
the motion of particles is much smaller than the spacing between them, the
particles are so far from each other and their waves do not overlap and are
uncorrelated. In the latter case, a classical description is good enough. In
thermal equilibrium the momentum p is given by the mean thermal energy
p ∼ (2πmkBT )1/2, where kB is the Boltzmann constant, m is the mass of the
particle, and T is the temperature of the system. Using Eq. (1.1), one can de-
fine λdB = h/(2πmkBT )1/2, called de Broglie or thermal wavelength. Therefore,
Eq. (1.2) becomes

kBT . n2/3 h2

2πm
, (1.3)

representing the condition for quantum mechanical effects to be important or
the quantum degeneracy regime.

Whereas a classical particle can be independently tracked and distinguished
from the others, quantum particles are indistinguishable and they can behave
as a boson or a fermion [13]. In a system of bosonic particles below the thresh-
old of quantum degeneracy a finite fraction of all the particles “condense” into
the same one-particle state. They form a Bose-Einstein condensate, a coherent
and macroscopic matter wave, as predicted by Einstein in 1924 based on ideas
of Bose concerning photon statistics [14,15].



1.2 In quest of quantum degeneracy 5

BEC is at the heart of several macroscopic quantum phenomena observed
in different systems classified in terms of their typical temperature and density
in Fig. 1.2. These systems lie below the threshold of quantum degeneracy and
are called quantum fluids.

1012 1014 1016 1018 1020 1022 1024

104

102

100

10−2

10−4

10−6

10−8

m = me

m = 10
4me

Room T

Density n(cm−3)

Te
m

pe
ra

tu
re
T

(K
)

Liquid 3He

Liquid 4He

Superc.
High-Tc superc.

Alkali BEC

Figure 1.2: Quantum fluids at temperatures below the room temperature 300 K
(gray dashed line). They are classified in a log-log plot of temperature versus
density and indicated by circles or ellipses: superconductors (orange), high-Tc
superconductors (red), 4He (green), 3He (light blue), and ultra dilute Bose and
Fermi alkalis (blue). The solid lines are the threshold for quantum degeneracy
(Eq. (1.3)) for electrons with mass me (violet line) and particles with mass 104me

(pink line) approximately the mass of a light alkali atom.

Helium is the only element that remains liquid instead of turning into a
solid at very low temperatures. Around 2.2 K, the heat capacity of helium in
its bosonic isotope 4He (green circle in Fig. 1.2) undergoes a discontinuous
change, called the lambda transition due to the shape of the curve of the heat
capacity as a function of temperature. This transition separates two regimes:
helium I (for T > Tλ) and helium II (for T < Tλ), with Tλ the critical tempera-
ture. Helium II remains liquid even at zero Kelvin and flows without viscosity.
It can also move through tiny pores and it is difficult to boil it: it is a super-
fluid [16]. The anomalous flow of helium II can be explained using the two-
fluid model by Tisza [17] and Landau [18]. This model describes the behaviour
of superfluid helium in terms of two components: a normal and a condensed
fluid. At zero pressure and temperature, the Bose-condensed component repre-
sents around the 10% of the superfluid density and moves completely without
friction.
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Superconductors (orange ellipse in Fig. 1.2) are metals with typical den-
sity of n ∼1023 cm−3 cooled down to temperatures typically ranging from
around 20 K to less than 1 K. They are characterized by a zero resistance
making the current flow through them freely [19]. Even if superconduc-
tors are made of fermions, Bose-Einstein condensation can be responsible for
their electron flow. In 1957 Bardeen, Cooper, and Schrieffer formulated the
BCS theory, based on the description of the superconductive state as a many-
body state composed of fermionic pairs, called Cooper pairs [20]. The pairs
are composite bosons paired by an attractive electron-phonon interaction and
these composite bosons can then undergo Bose-Einstein condensation. Other
fermionic systems were later discovered and cemented this pairing mechanism,
like the fermionic helium isotope 3He (light blue circle in Fig. 1.2) and the
high-Tc superconductors (red ellipse in Fig. 1.2). 3He becomes superfluid at
around 2 mK [16]. High-Tc superconductors are more exotic types of super-
conductors at temperatures closer to room temperature [21]. In particular,
these unconventional superconductors cannot be described using BCS theory
and their pairs seemed to have a smaller size and a more bosonic character
with respect to the conventional one [22]. These observations motivated the
studies of Eagles, Leggett, Noziéres, and Schmitt-Rink of the existence of the
BCS-BEC crossover connecting a BCS-type superconductivity regime, where the
fermionic pairs are Cooper-like, and a BEC-type superfluidity regime, where
the fermionic pairs look more like simple bosons [23–25].

These “super” behaviours are manifestations of Bose-Einstein condensa-
tion, as supported also by elegant theories [20, 26, 27]. However, the strong
particle interactions in liquids and solids result in a much more complicated
description of a BEC, with respect to Einstein’s original idea based on a non-
interacting system. In addition, their parameters are difficult to handle with
sufficient accuracy [28]. The development in trapping and cooling techniques
[29–31] in atomic, molecular, and optical physics (or, shortly, AMO physics)
made it possible to realize atomic clouds at very low densities, around 10 or-
ders of magnitude lower than the systems previously discussed, and very low
temperatures, typically in the range of a few tens of nK-50 µK. This led to the
first realization of a BEC in an almost ideal system in 1995 using bosonic alkali
gases [32–34]. A couple of years later, quantum degeneracy was achieved also
in fermionic atomic clouds [35–40]. These alkali atoms are in a metastable
gaseous phase for a time long enough to form superfluids (blue ellipse of
Fig. 1.2). They are ultra dilute and this made it possible to clearly observe
the effects of quantum statistics, at such low density the particles move freely
around the gas with relatively few collisions. They are also ultracold and due to
the low energy involved at ultracold temperatures, they can be effectively de-
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scribed by only a few parameters. Moreover, thanks to the mechanism of the
Feshbach resonance [41–44] by changing external magnetic fields and conse-
quently the interactions between atoms, two-component mixture Fermi gases
were seen to exhibit the BCS-BEC crossover, connecting a BEC of molecules
for weakly repulsive interactions [45–47] and a Bose-Einstein condensation of
BCS paired atoms for weakly attractive interactions [48,49].

Since 1995, other systems have shown Bose-Einstein condensation, like ex-
citons in semiconductors made of an electron and a hole [50], exciton polari-
tons (coupled light-matter quasi-particles) in semiconductor microcavities [51],
magnons (magnetic quasi-particles) in magnetic insulators [52], and photons
in optical microcavities [53]. Moreover, quantum degeneracy can be obtained
even at temperatures higher than room temperature, but one has to look at
a completely different scale. Neutron stars, made mostly of neutrons, are
some of the densest objects in the universe, their core is of about 1038 cm−3

or more, several times the density of an atomic nucleus, and may exhibit su-
perfluidity and superconductivity at a transition temperature of approximately
1010 K [12,54].

1.3 Thesis outline

Since the ground-breaking experiments of 1995 [32–34], the fast improve-
ments in the controllability of ultracold-gas experiments have made it possible
for AMO physicists to take a number of different directions, including the study
of strongly correlated and nonequilibrium states. Interactions can be tuned to
become strong, meaning that the length scale associated with the atomic colli-
sions is larger than the spacing between the atoms and the collisions between
atoms happen very frequently. When the interactions are strong, atoms are
strongly correlated, meaning that correlations between different atoms at dif-
ferent levels (one body, two bodies, three bodies, etc.) have to be taken into
account. Interactions can be also tuned rapidly to induce nonequilibrium dy-
namics and make the correlations between atoms change dynamically.

This thesis represents my PhD research work on the topic of the nonequi-
librium dynamics of ultracold atomic systems in the regime of strong inter-
actions. In particular, the systems under investigation are three dimensional
one-component Bose gases (Chapters 3-6) and two-component Fermi gases
(Chapter 7) at zero temperature. Strongly-correlated quantum gases are some
of the most challenging systems both theoretically and experimentally. On the
theory side, it is extremely difficult to construct a quantitative model in the ab-
sence of a well-defined small parameter. On the experimental side, this regime
can consist, for bosonic systems, of short-lived systems and be dominated by
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losses.
This thesis is organized as follows. Chapter 2 provides a solid basis for

the physics presented in the subsequent chapters, representing the subject of
recent and forthcoming publications. It describes important preliminary con-
cepts, like statistical differences between bosons and fermions, two-body scat-
tering theory, ultracold alkali atoms, three-body physics and the Efimov effect,
and the many-body model used in the rest of the thesis. Chapters 3-6 focus on
the dynamics of Bose-condensed gases after a rapid change of the interactions
from weak to as strong as possible. A bottom-up approach is used to track
the dynamics of few-body correlations in the gas, in order to understand the
role of few-body physics in the many-body problem and to capture the pairing
and tripling mechanisms. Chapter 3 discusses the evolution of the energies of
two and three-body correlated clusters in the many-body environment and the
published version can be found in Ref. [55]. Chapter 4 focuses on the pairing
mechanism in the strongly-correlated regime and after a projection away onto
a weakly-interacting regime. The published version can be found in Ref. [56].
Chapter 5 represents the foundation of the many-body theory used throughout
the thesis and includes explicitly, for the first time, the dynamics of three-body
correlations in this regime and it has been published in Ref. [57]. Chapter 6 dis-
cusses the coexistence of three types of Bose-Einstein condensation in the form
of atoms, pairs, and triples, and a preprint version can be found in Ref. [58].
Chapter 7 studies the dynamics of a strongly correlated two-component Fermi
gas after a rapid change of the interactions. This study was motivated by the
experimental setup of the Vale group at Swinburne University of Technology
and, therefore, includes experimental features like the presence of a trapping
potential. Chapter 8 is the closing chapter and contains concluding remarks
with my suggestions for future works. Bibliography and Summary are at the
end of the thesis.



Chapter 2

Preliminaries

This Chapter is intended to provide preliminary concepts about the background of this
research work and to prepare the reader for the following chapters. Sec. 2.1 illustrates
the quantum statistical differences between bosons and fermions. Sec. 2.2 provides a
review of scattering theory and two-body collisions. Sec. 2.3 presents the system under
investigation: ultracold alkali atoms. Sec. 2.4 discusses three-body physics and the Efimov
effect. Finally, Sec. 2.5 introduces the many-body formulation used in the rest of this
thesis.

2.1 Quantum statistics

Quantum statistics distinguishes bosonic from fermionic particles, whose be-
havior cannot be captured by a classical or Maxwell-Boltzmann description [13,
59]. At low temperature, a system of N identical particles is characterized by
a wave function that must be either symmetric or antisymmetric with respect
to interchanges of any pair of particles. Particles with integer spin (bosons)
have a symmetric wave function and follow Bose-Einstein statistics, with no
restriction on the occupation number of any single quantum state. Instead,
particles with half-integer spin (fermions) have an antisymmetric wave func-
tion and follow Fermi-Dirac statistics, in which each quantum state cannot be
simultaneously occupied by more than one particle (Pauli’s principle). These
properties are related to elementary particles: electrons, protons, neutrons,
photons, and extended to composite objects, like atoms.

An ideal gas with N identical particles can be described in terms of the
grand partition function [59]

Z(µ, V, T ) = Tr e−β(Ĥ−µN̂), (2.1)
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depending on the chemical potential µ, the volume V , and the temperature T
(or the dimensionless parameter β = 1/(kBT )), and where Ĥ and N̂ are the
Hamiltonian and the number operator respectively. Notice that being in the
grand canonical ensemble means that the condition of a fixed total number of
particle N is relaxed and substituted by a fixed chemical potential µ. Consider-
ing the sets of occupation numbers {ni} that specify certain states of the total
system, where ni particles occupy the ith state, Eq. (2.1) becomes [59]

Z(µ, V, T ) =
∞∑

N=0

∑

{ni}∑
ni=N

e−β(E{ni}−µN)

=
∏

i

∑

ni

(
e−β(εi−µ)

)ni
,

(2.2)

where the trace in Eq. (2.1) has been taken over all possible states with N =
0, · · · ,∞ and supplied with the condition N =

∑
i ni, and where the total

energy E{ni} is given by

E{ni} =
∑

i

niεi with εi =
p2
i

2m
, (2.3)

where εi is the kinetic energy of the ith state with occupation number ni. The
summation in the second line of Eq. (2.2) contains only two terms for fermions
with ni = 0, 1, while it is a geometrical series for bosons with ni = 0, 1, 2, · · · .
In the latter case the convergence of the series is guaranteed only if exp[−β(εi−
µ)] < 1, that means µ < 0, because εi ≥ 0.

From Eq. (2.2), one can calculate the thermodynamic potential Ω, defined
as

Ω ≡ − 1

β
lnZ =

1

β

∑

i

ln(1∓ eβ(µ−εi)) ≡
∑

i

Ωi, (2.4)

where the − (+) sign is for bosons (fermions). The averaged number of parti-
cles is then given by

〈ni〉 = −∂Ωi

∂µ
=





1

eβ(εi−µ) − 1
(bosons)

1

eβ(εi−µ) + 1
(fermions)

, (2.5)

the Bose-Einstein and the Fermi-Dirac distribution, respectively [59]. Finally,
the total number in the grand canonical ensemble can be calculated as

N =
∑

i

〈ni〉 . (2.6)
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Bose-Einstein and Fermi-Dirac distributions differ only in the sign of unity
in the denominator, but this has profound consequences. In the Fermi case all
the 〈ni〉 � 1, but in the Bose case the expression in Eq. (2.5) makes sense only
if µ < 0. Fig. 2.1(a) compares the two distributions with the Boltzmann dis-
tribution e−β(ε−µ) for classical, distinguishable particles. In the limit T → ∞
or eβ(µ−εi) � 1, both expressions (2.5) reduces to the Boltzmann distribution,
as expected. At T ≈ 0, as shown in Fig. 2.1(b), the Fermi-Dirac distribution
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T = 0

T = 0
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µ

Figure 2.1: The Boltzmann (dashed line), Bose-Einstein (blue solid line), and
Fermi-Dirac (red solid line) distribution functions of the mean number of parti-
cles 〈n〉. (a) General case. Fermi-Dirac and Bose-Einstein distributions converge
to the Boltzmann distribution e−β(ε−µ) in the limit T →∞. (b) At very low tem-
perature. At T ≈ 0, the Fermi-Dirac distribution is 1 except around ε ≈ µ and at
T = 0 identical fermions in a harmonic potential occupy all the states up to the
Fermi level (dashed line in the inset). Instead, at T ≈ 0, the Bose-Einstein distri-
bution diverges as ε→ µ from above and identical bosons in a harmonic potential
accumulate in the lowest energy state and they all are in it at T = 0 (inset).

becomes one for states with ε � µ and it is different than 1 only when ε ≈ µ.
Instead, the Bose-Einstein distribution is different than zero and very large
around ε ≈ µ. At T = 0, when the particles are trapped in a harmonic poten-
tial, if they are fermions, they occupy all the lowest states up to µ, one each
level; if they are bosons, they all accumulate in the lowest energy level, as
illustrated in the insets of Fig. 2.1(b).

In the thermodynamic limit, in which both N and V are infinite with the
density N/V held constant, the sum in Eq. (2.6) can be replaced with the inte-
gral in a spherical volume element dτ ≡ d3pdV/(2π~)3. Therefore, integrating
over dV , one has [13]

N

V
=

gm3/2

21/2π2~3β3/2

∫ ∞

0

z1/2dz

ez−βµ ± 1
, (2.7)
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where the variable z ≡ βε and g = 2s + 1 is the spin degeneracy and s is
the spin of the particle. In the Fermi case, in the limit of zero temperature
(β →∞), the Fermi-Dirac reduces to a step function and Eq. (2.7) becomes

NFD

V
=

gm3/2

21/2π2~3β3/2

∫ µβ

0
z1/2dz =

√
2gm3/2µ(T = 0)

3π2~3
, (2.8)

where µ(T = 0) ≡ εF is the Fermi energy or Fermi level given by

εF = kBTF =
~2k2

F

2m
=

~2

(2m)

(6π2n)2/3

g2/3
, (2.9)

with pF = ~kF is the Fermi momentum. At low temperature, as illustrated in
Fig. 2.1(b), the effects of the temperature are only visible at energies ε ≈ εF.
Instead, in the Bose case, when the temperature is reduced, µ increases (i.e.
its absolute magnitude decreases) and eventually becomes zero at a certain
temperature Tc1

NBE

V
=

gm3/2

21/2π2~3β3/2

∫ ∞

0

z1/2dz

ez − 1
= 2.612

(
g2/3m

2π~2βc

)3/2

, (2.10)

where βc = 1/kBTc corresponds to the critical temperature value for BEC given
by

kBTc = 3.31
~2

g2/3m

(
NBE

V

)2/3

. (2.11)

For T < Tc, the replacement of the sum in Eq. (2.7) with the integral is not
possible, because the first term with i = 0 becomes zero due to the product
with the integration volume

√
z. As the temperature decreases, more and more

particles occupy the state of lowest energy (i = 0) until T = 0, when they are
all in it (as shown in Fig. 2.1(b)). Mathematically, when one takes the limit
µ → 0, the sum of all the terms in the series except the first term tends to a
finite limit given by the integral in Eq. (2.10), instead of the first term with
z = 0 tends to infinity. Consequently, by letting µ tend not to zero, but to some
finite value, the nonzero fraction of bosons remaining in the ground state is

Nz=0 = N

[
1−

(
T

Tc

)3/2
]
, (2.12)

1To solve the integral in Eq. (2.10) one can use the Riemann zeta function
∫∞

0
za−1

ez−1
dz =

Γ(a)ζ(a) and ζ(3/2) = 2.612 and Γ(3/2) =
√
π/2 [13].
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and at the critical temperature, one has a phase-space density

nλ3
dB ∼ 2.612, (2.13)

well satisfying Eq. (1.2) (see Chapter 1 (Sec. 1.2)).
Bose-Einstein condensation is, therefore, a phenomenon purely connected

to Bose statistics. Fermi statistics, instead, does not manifest the same phe-
nomenon. However, a dilute Fermi gas in presence of attractive interactions
can result in a system of paired fermions with a symmetrical wave function
and therefore satisfying Bose statistics [28]. Chapter 6 will discuss different
kinds of Bose-Einstein condensation deriving from pairing and tripling mecha-
nisms.

2.2 Two-body collisions

The study of collisions between two particles is fundamental to understand
the regime of interacting ultracold atoms. In principle, atomic collisions can
occur between two, three, four, etc., atoms, but only two-body collisions can
be taken into account when the dilutness condition holds [60]. This section is
divided into two parts: first, I provide a brief review of scattering theory [61]
and introduce tools and definitions used throughout this thesis (Sec. 2.2.1)
and second, I discuss the limit of s-wave collisions, typical of ultracold atoms,
and focus of this thesis (Sec. 2.2.2).

2.2.1 Scattering theory

A scattering process of two particles with the same massm, interacting through
a two-body interaction potential V (r), depending on the distance between the
particles r = |r1 − r2| with r1, r2 the positions of the two particles, can be
described by the Hamiltonian

H = − ~2

4m
∇2
R −

~2

2µ
∇2
r + V (r) (2.14)

where ∇2
R and ∇2

r are the Laplace operators with respect to the center of mass
R = (r1 + r2)/2 and the relative distance r, and µ = m/2 is the reduced mass.
Eq. (2.14) is a sum of two independent parts and, therefore, the two-body
wave function can be written as a product Ψ(r1, r2) = ψ(r)φ(R) describing
the relative and the center of mass motion, respectively. The relative motion is
governed by the Schrödinger equation

(Ĥ0 + V̂ ) |ψ〉 = E |ψ〉 , (2.15)
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where Ĥ0 is the kinetic energy term of the relative motion. In absence of
interaction (V = 0), the solutions of Eq. (2.15) are plane waves in a volume
with certain boundary conditions

ψ(r) = 〈r|k〉 = eik·r. (2.16)

The free motion can be described in terms of the free Green’s function or resol-
vent

Ĝ0(z) ≡ (z − Ĥ0)−1, (2.17)

with z real or complex. In momentum representation, G0(z) is diagonal and
characterized by the relation

G0(z) |k〉 =
1

z − Ek
|k〉 , (2.18)

where Ek = ~2k2/(2µ) is the kinetic energy of the atoms. Instead, if V 6= 0,
the eigenvectors of the two-body Hamiltonian are

|ψ(+)
k 〉 = |k〉+G0(E+)V̂ |ψ(+)

k 〉 , (2.19)

such that |ψ(+)
k 〉 reduces to |k〉 (the incoming wave) when the scattering po-

tential goes to zero and it has the same energy of |k〉. Eq. (2.19) is called
the Lippmann-Schwinger equation for the scattering wave function and E+ =
Ek + i0 avoids singularities in G0(E+) [61].

I now consider an interaction potential extended within a certain range
r0. At large distance (r � r0), one considers the solution of Eq. (2.19) to
be a superposition of the original incoming wave |k〉 and a scattered wave
propagating freely outwards in all directions from the location of the scattering
center, namely

〈r|ψ(+)
k 〉

r�r0= eikr + f(k,k′)
eikr

r
, (2.20)

where f(k,k′) is the scattering amplitude and k′ is the wave vector of the
scattered wave with magnitude equal to k. In case of spherically symmetric
potentials, f(k,k′) = f(k, θ) with 0 < θ < π the angle between k and k′.
The scattering amplitude is directly related to the differential scattering cross
section [61]

dσ = |f(k, θ)|2dΩ, (2.21)

where dΩ = 2π sin θdθ is the solid angle. In case of identical particles one has
to take into account that the scattering outcomes with angle θ and π − θ are
identical and, therefore, Eq. (2.21) becomes

dσ = |f(k, θ)± f(k, π − θ)|2dΩ, (2.22)
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where 0 ≤ θ ≤ π/2 and the plus (minus) sign holds for bosons (fermions).
The scattering amplitude can be calculated comparing Eq. (2.19) and Eq.

(2.20) and explicitly solving the integral 〈r|G0(E+)|r′〉 using Eq. (2.18). The
complete derivation requires the use of the completeness relation for a set of
states |k〉 and integration in complex plane, and can be found in many standard
books, for example Ref. [61]. The final result is

f(k,k′) = − m

4π~2
〈k′|V̂ |ψ(+)

k 〉

= − m

4π~2
〈k′|T̂ (Ek)|k〉 ,

(2.23)

where in the second line I have introduced the energy-dependent transition
operator T̂ (z), which is defined as

V̂ |ψ(+)
k 〉 = T̂ (Ek) |k〉 . (2.24)

The T operator also satisfies a Lippmann-Schwinger equation

T̂ (z) = V̂ + V̂ G0(z)T̂ (z), (2.25)

that is the starting point of many calculations in the following chapters of this
thesis. In particular, when V is sufficiently weak, one can look for a solution
by iteration. Starting with the Born approximation T ≈ V and by iteration
inserting this solution in Eq. (2.25), one obtains the Born series

T̂ = V̂ + V̂ G0V̂ + V̂ G0V̂ G0V̂ + · · · . (2.26)

Using Eq. 2.26 one can evaluate the T -matrix element T (k) ≡ 〈k|T̂ (E+)|k〉
in the zero-energy limit (k → 0) for simple potentials, whose importance
will be revealed in Sec. 2.2.2. A simple potential, typically used in many-
body problems, is the contact interaction V (r) = gδ(r) with g the interaction
strength [62]. The Fourier transform of a contact interaction is simply g and
this makes the integrals in momentum space diverge. To solve this problem,
one usually introduces a momentum cut-off, Λ. However, the same result can
be obtained using a separable potential in the form

V̂ = g |ζ〉 〈ζ| (2.27)

where 〈k|ζ〉 = θ(Λ − |k|) are called form factors and θ(x) is the Heaviside
function defined such as θ(x ≥ 0) = 1 and θ(x < 0) = 0 (see Chapters 3-6).
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Using Eq. (2.26) and Eq. (2.27), one obtains2

T (k) =θ(Λ− |k|)
[
g + g2 〈ζ|G0|ζ〉+ g3 〈ζ|G0|ζ〉 〈ζ|G0|ζ〉+ · · ·

]

k→0
= g

[
1− mgΛ

2π2~2
+
m2g2Λ2

(2π2~2)2
− · · ·

]
,

(2.28)

that is a geometrical series and therefore one has

lim
k→0

T (k) =
g

1 +
mgΛ

2π2~2

. (2.29)

In Sec. 2.2.2 I will show how Eq. (2.29) is related to the s-wave scattering
length, a, one of the most relevant parameters in the scattering processes of
low-energy atoms.

2.2.2 The ultracold limit: s-wave collisions

Quantum gas experiments are usually in the regime of very low temperatures,
and this greatly simplifies the description of the scattering processes, which
becomes dependent only on few parameters. In this section, I will explain
what ultracold limit means for a scattering process and introduce the essential
concept of the s-wave scattering length a. Since V (r) is a central potential, the
scattering wave function can be expanded in terms of partial waves as [1]

ψ(r) =
∞∑

l=0

AlPl(cos θ)Rkl(r), (2.30)

where l = 0, 1, 2, · · · (= s, p, d, · · · -wave) are the angular momentum quantum
number, Pl(cos θ) are the Legendre polynomials, Al are coefficients, and Rkl(r)
is the radial part of the wave function satisfying the equation

1

r2

d

dr

(
r2dRkl

dr

)
+

[
2µ

~2
(E − V (r))− l(l + 1)

r2

]
Rkl = 0. (2.31)

Because the potential is finite everywhere, the radial wave function Rkl(r) =
χkl(r)/r cannot diverge in all space, and therefore χkl(0) = 0. At large dis-
tances r � r0, the solution can be written in the form

Rkl(r) ≈
2 sin

(
kr − 1

2 lπ + δl(k)
)

r
, (2.32)

2The integral 〈ζ|G0|ζ〉 = m
2π2~2

∫ Λ

0
dq q2

k2−q2+iε
= m

2π2~2
[
−Λ + k tanh−1

[
Λ
k

]
− iπk

2

]
can be

solved using limε→0+
1

k2−q2+iε
= P

[
1

k2−q2
]
− iπδ(k2 − q2), where P is the Cauchy principal

value [63].
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where δl(k) is the phase shift, representing the difference with a solution of
the free motion and necessary to fix the condition: Rkl(r) finite for r → 03.

Considering the asymptotic scattered wave function in Eq. (2.19) and writ-
ing the plane wave eikr cos θ = eikz at large distance

eikz ≈ 1

kr

∞∑

l=0

il(2l + 1)Pl(cos θ) sin

(
kr − 1

2
lπ

)
, (2.33)

one can find that Al = (2l + 1)ilexp(iδl(k))/2k and

f(k, θ) =
1

2ik

∞∑

l=0

(e2iδl(k) − 1)Pl(cos θ). (2.34)

Using Eq. (2.21) and integrating over the solid angle, one can calculate the
elastic cross section [1]

σ ≡
∞∑

l=0

σl = 2π

∫ π

0
|f(k, θ)|2 sin θdθ =

4π

k2

∞∑

l=0

(2l + 1) sin2 δl(k), (2.35)

and since sin2 δl ≤ 1, the partial cross section is constrained by

σl ≤
4π

k2
(2l + 1), (2.36)

called the unitarity bound [61]. If the atoms are identical bosons (fermions),
the sum in Eq. (2.35) is only over even (odd) values of l and the prefactor has
to be multiplied by a factor 2, because of Eq. (2.22).

In the ultracold limit, only the term with l = 0 (s-wave) contributes sig-
nificantly to the partial wave expansion and this can be understood using two
arguments [60]. According to classical mechanics, the angular momentum of
the incident particle with momentum p = ~k is l = kd, with d the impact pa-
rameter. If the interaction has a significant effect on the collision, d is much
smaller than the range of the potential r0 and, consequently, l � 2πr0/λdB

using λdB = h/p (see Chapter 1 (Sec. 1.2)). According to quantum mechan-
ics, for l > 0, a centrifugal barrier sums up to the short-range potential (see
Eq. (2.31)) and if the relative energy of the particle is much lower than the
barrier height, the particle cannot feel the presence of the interactions, namely
~2l(l+1)/mr2

0 � ~2k2/2m, that means that l� 2πr0/λdB. Therefore, one con-
cludes that for r0 � λdB all partial waves except l = 0 vanish in the low-energy

3The general solutions for the motion of a free particle are Rkl =
(−1)l2(r/k)l(1/rd/dr)l sin kr/r = 2kjl(kr) with jl(x) the spherical Bessel functions [1].
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limit. Consequently, only identical bosons and distinguishable particles such as
two fermions in different internal states can collide at l = 0. s-wave collisions
are instead forbidden for fermions that are in the same internal quantum state
because of Pauli’s principle.

I now consider the situation of the scattering in the ultracold regime with
l = 0. The solutions in the inner (r . r0) and outer (r � r0) regions of the
potential have to be joined in the intermediate region r0 � r � 1/k with
k =

√
2µE/~ and E > 0. However, instead of writing explicitly the solution

in the inner region, that can be quite complicated due to the structure of the
interatomic potential admitting also bound states with energy Eb < 0, one can
apply a boundary condition to the solution in the outer region in a way that for
small r [

χ′

χ

]

r→0

= −κ, (2.37)

where κ is independent of the energy, as the solution in the inner region.
Eq. 2.37 is called Bethe-Peierls boundary condition [64], and using Eq. (2.32),
it reads as

k cot δ0 = −κ. (2.38)

Moreover, the boundary condition must apply also to small negative E =
−|Eb|, when the wave function has the form

RE<0
k0 ≈ e−r

√
2µ|Eb|/~

r
, (2.39)

and, therefore, one obtains a clear identification of κ =
√

2µ|Eb|/~. Finally,
the s-wave scattering length a is defined as

a = − lim
k→0

δ0(k)

k
=

m

4π~2
lim
k→0

T (k), (2.40)

representing the single parameter that characterizes all the effects of the in-
teraction on the physical properties in the zero-energy limit. Indeed, using
Eq. (2.29), one can show how a effectively describes the interaction strength

g =
4π~2a

m

(
1− 2Λa

m

)−1

, (2.41)

where the term outside the parenthesis is the interaction strength in Born ap-
proximation or the bare interaction. Moreover, using Eq. (2.40) the scattering
wave function in the region r0 � r � 1/k becomes

ψk0 =
χk0

r
= A0

(
1

r
− 1

a

)
, (2.42)
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corresponding to the asymptotic behaviour with a boundary condition in the
low energy regime. Fig. 2.2 illustrates the behaviour of of the scattering wave
function in the case of positive and negative a. Inside the range of the potential,
the function χ(r) can be very complicated with multiple nodes and outside the
range of the potential the function approaches the asymptotic behaviour (see
Eq. (2.42)). The value of the s-wave scattering length is positive (negative)

Figure 2.2: Schematic behaviour of the s-wave scattering wave functions and
definition of the scattering length. The dashed lines correspond to the asymptotic
wave function χ(r)

r�r0∼ (1−r/a), that depends on the sign of a. Inside the range
of interaction r < r0 the wave function has a complicated structure and goes to 0
at r = 0.

if the intersection between the asymptote and the x-axis is on the positive
(negative) side and the interactions are effectively repulsive (attractive) using
Eq. (2.41). In addition, the scattering length can also tend to infinity (|a| →
∞). This corresponds to the unitarity limit, in which the partial cross section
reaches its maximum value: σ0 = 8π/k2 using Eq. (2.36). The scattering
length also characterizes the size of the s-wave bound state when a > 0 with
universal binding energy

Eb = − ~2

ma2
, (2.43)

only valid in the limit of large scattering length and when finite-range effects
are negligible. Eq. (2.40) can be seen also as the first term in the k-expansion,
or effective range expansion

k cot δ0(k) = −1

a
+

1

2
Reffk

2 + o(k4), (2.44)
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where Reff is called effective range and incorporates energy-dependent correc-
tions [61].

2.3 Atomic alkali gases

In Chapter 1 alkali atoms have been presented as an ideal system to study
quantum degeneracy. Here I will discuss their properties which make them so
appealing; in particular: the electronic structure (Sec. 2.3.1), the way they can
be trapped and cooled (Sec. 2.3.2), their interatomic interactions and how to
tune their interactions (Sec. 2.3.3).

2.3.1 Electronic structure

Alkali atoms have a simple electronic structure and low-lying excited states
with a ground state characterized by a single valence electron outside one or
more closed shells in a ns1 state, where n ranges from 2 for Li to 6 for Cs4, as
shown in Fig. 2.3. The electronic ground state is a doublet 2S1/2 with quantum
numbers l = 0 (electronic orbital angular momentum) and s = 1/2 (electronic
spin), for which there are two values for the total (electron + nucleus) spin
f = i+s: f = i−1/2 and f = i+1/2 with i the nuclear spin. f can be an integer
or half integer and this determines whether the system is bosonic or fermionic.
Even in the absence of a magnetic field (B = 0), the levels with different f
are split by the hyperfine interaction. In a presence of a magnetic field B these
levels are split further into a manifold of Zeeman sublevels labelled by the
projection mf of f on the axis of B. The final energy of the atom is given as
a function of the magnetic field magnitude, for example in Fig. 2.3 for 39K, a
boson.

2.3.2 Trapping and cooling

To trap and cool alkali atoms, the magnetic field regime is typically chosen
such that the energy of the hyperfine state i depends only linearly on B:

Ei(B) ' ±
(
A+

1

2
|µB|mfB

)
, (2.45)

where µB = e~/2me with me electronic mass, A is half the hyperfine splitting
at B = 0, and the sign +(−) referring to the upper (lower) multiplet. Exam-
ple of Ei(B) are shown in Fig. 2.3. An atom in a given hyperfine state, when

4Alkali atoms are part of group 1 of the periodic table. Group 1 contains also hydrogen
H and francium Fr, however, these two are not the standard elements used for laser cooling
techniques [60].
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Figure 2.3: Alkali metals: lithium (Li), sodium (Na), potassium (K), rubidium
(Rb), and cesium (Cs), classified in terms of the atomic number (on the left corner
of the square) and the electronic configuration (on the bottom of the square).
On the right, the hyperfine-Zeeman splitting of the 4s1 level of 39K, which has
s = 1/2, i = 3/2, and f = 1 or 2. The different lines are labelled with the mf

values. The picture on the right has been adapted from [65].

placed in a spatially varying magnetic field, will have a spatially dependent
potential energy, meaning that Vi(r) = Ei(|B(r)|). This is valid at low temper-
atures because the atomic velocities are quite slow such that a moving atom
will adiabatically adjust its spin direction to that of the local field so that the
hyperfine index is conserved [28]. In typical experiments, the atoms are con-
fined in a magnetic trap with cylindrical symmetry and with the magnitude of
the magnetic field given by

|B(r)| = B0 +
1

2
αr2 +

1

2
βz2. (2.46)

The resulting potentials are therefore of anisotropic harmonic-oscillator form

Vho(r, z) = const.+
1

2
mω2

rr
2 +

1

2
mω2

zz
2 (2.47)

with ωr = 2πνr and ωz = 2πνz angular frequencies. Experimental papers
reporting work on a single hyperfine species commonly specify the trap fre-
quencies in the region of a few Hz to a few kHz; there is no generic constraint
on the ratio ωr/ωz. The form of Eq. (2.47) gives quantized levels, where the
atoms are trapped, as illustrated in Fig. 2.1(b) (see Sec. 2.1).

The presence of a trapping potential makes the density profile of the con-
densate inside the trap nonuniform, and this can complicate measurements
and theoretical calculations, as I will discuss in Chapter 7. However, this has
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been overcome in other experiments, in which atomic Bose-Einstein conden-
sates are confined by box-like traps, in which the atoms can move freely in
three dimension [66]. In box-like traps the density profile of the BEC is ap-
proximately uniform, facilitating comparison with the theory of homogeneous
gases (see Chapters 3-6).

Inside the trap, atoms can be cooled down using techniques common to
bosonic and fermionic systems [67, 68]. Initially, the atoms have to be pre-
cooled down through the mechanism of laser cooling because the traps can
only confine atoms with a maximum energy of 1 K or few mK. The atoms can
be then cooled using a different atomic species (sympathetic cooling) and by the
removal of the highest energy atoms (evaporative cooling). The final tempera-
ture in atomic trap lies in sub-µK regime for which the thermal wavelength is
larger than the interparticle spacing: λdB & n−1/3, as discussed in Chapter 1.

2.3.3 Interactions between atoms

A scattering process between two alkali atoms can lead to transitions between
Zeeman sublevels, characterized by magnetic quantum numbers. This is de-
scribed by an initial and a final state and each of the possible final states is
called a channel. Because an alkali system has several hyperfine states, the
scattering of ultracold atoms is, in principle, a multi-channel process. The
interactions between atoms differ according to the total spin of the two elec-
tronic states. If they are in a singlet state, the interaction has a strong attractive
contribution, instead, if they are in a triplet state, there is no reduction in en-
ergy. The electronic spin state for a pair of atoms in definite hyperfine states
is generally a superposition of electronic triplet and singlet contributions, and
consequently, the interaction contains both triplet and singlet terms [69]. At
small distances, the interactions have a strong repulsive core due to the over-
lapping of the electronic clouds, at intermediate distances, the singlet potential
has a very much deeper well than for the triplet state, and at large distances
there is a weaker attraction due to van der Waals electric dipole-dipole interac-
tion between the atoms. The interatomic potential is, therefore, a complicated
function inside a certain range, rvdW, [70] and it reaches an asymptotic power
law outside this range:

V (r) =





complicated if r . rvdW

−C6

r6
if r � rvdW

, (2.48)
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where C6 is called van der Waals coefficient and fixes the the asymptotic be-
haviour of the interaction potential and defines a characteristic length rvdW

rvdW =
1

2

(
mC6

~2

)1/4

, (2.49)

according to the definition given in Ref. [71]. The van der Waals length or
equivalently the van der Waals energy EvdW = ~2/(mr2

vdW) connects the long
and short-range forms of the two-body wave function [71]. The van der Waals
scale can be used to incorporate finite-range effects in the universal dimer
binding energy (Eq. (2.43)) in the form

Eb = − ~2

m(a− ā)2
, (2.50)

where ā = 4πrvdW/Γ(1/4)2 ≈ 0.956rvdW is the mean scattering length with
Γ(x) is the gamma function [71,72] (see Chapters 3-6).

At low density and temperature, the complicated structure of the interac-
tion potential is not important to describe most of the experimental observa-
tions [69]. Therefore, V can be replaced with a model potential (for example,
Eq. (2.27)) dependent on few parameters, which can be extracted from ex-
periments or more involved calculations with realistic potentials. Therefore,
the multi-channel problem can be reduced in many cases to a single-channel
problem.

The value of a in alkali atoms can be tuned both in magnitude and in
the sign using the coupling between channels, giving rise to Feshbach reso-
nances [71]. A Feshbach resonance occurs when in a two-particle collision a
bound state in a closed channel is coupled resonantly with the scattering con-
tinuum of an open channel. Fig. 2.4(a) illustrates schematically the process.
The incoming atoms are prepared in the open channel (green line) and collide
at low energy E ≈ 0 (red arrow). During the scattering process, the open chan-
nel is coupled to the closed channel (blue line), which admits a bound state
with energy Eb. A Feshbach resonance occurs when the bound state has energy
close to zero and the scattering particles form temporarily a metastable state
which can decay with a characteristic lifetime. A magnetic Feshbach resonance
utilizes the fact that the magnetic moment of the pair of atoms is different in
the two channels and therefore the difference in energy ∆E can be tuned using
an external magnetic field. Near a Feshbach resonance, the s-wave scattering
length depends on B according to [71]

a(B) = abg

(
1− ∆B

B −B0

)
, (2.51)
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(a) (b)

Figure 2.4: (a) Simplified two-channel description of a Feshbach resonance in
terms of two interatomic potentials depending on the mutual spin state of the
atoms. The “open channel” potential (green) does not support a bound state,
contrary to a “close channel” (blue). In the figure one can identify: the closed-
channel bound state energy Eb, and the energy difference ∆E between Eb and
the open-channel threshold set to zero. ∆E can be modified using an external
magnetic field B. The red arrow indicates the energy of the incoming atoms. (b)
The s-wave scattering length, a versus the magnetic field, B (Eq. (2.51)). abg is
the background scattering length, ∆B is the experimental width, and B0 is the
resonant magnetic field. When ∆E = 0 in (a), a → ∞ and the system is said to
be at resonance.

diverging when the magnetic field passes through a (system-dependent) field
B0, corresponding to a tuning of the resonance through zero energy, as il-
lustrated in Fig. 2.4(b). The experimentally measurable parameters abg and
∆B are the background (far-off resonance) scattering length and the so-called
magnetic or experimental resonance width, respectively. A Feshbach resonance
is also characterized by a width, that is not only dependent on the experimen-
tal width ∆B, but also on abg and δµ the differential magnetic moments, that
is

sres =
abg

ā

δµ∆B

Ē
, (2.52)

where Ē = ~2/mā2 is the mean energy related to ā. sres is called the di-
mensionless resonance strength parameter and it is defined to be always posi-
tive [71]. It allows us to classify Feshbach resonances into two limiting cases.
When sres � 1 the resonance is broad or open-channel dominated. Resonances
with sres � 1 are instead narrow or closed-channel dominated. In the latter
case, a single-channel description is not sufficient. In this thesis, I will consider
only broad resonances.
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2.4 The Efimov effect

In this section, I introduce three-body physics and the Efimov effect. Recent
experimental findings in strongly correlated Bose gases have motivated the
study of Efimov physics in ultracold gases, like the observation of a macro-
scopic number of Efimov trimer in the degenerate regime [73] and the detec-
tion of the three-body contact C3, which measured the growth of Efimovian
correlations in the thermal regime [74]. At unitarity, the shallow dimer state
becomes unbound and infinitely extended (Eq. (2.43)). However, in a bosonic
system, if a third boson is added, an infinite series of three-body bound states
appears [75]. These states are called Efimov trimers, from the name of the
physicist Vitaly Efimov, who firstly predicted them in 1970 in the context of
nuclear physics [76].

Efimov states have discrete scale invariance, where the (n + 1)−th trimer
has an energy which is ≈ 515 times smaller than the n−th state, and a size
which is ≈ 22.7 times larger. They are also called Borromean states since three
particles can be bound even in absence of any two-body binding. The Efimov
effect appears when |a| � r0, when the interactions are just strong enough
to cancel the repulsive effect of the kinetic energy. Under this condition, two
particles remain very close to binding during the collision for a long time (they
are at resonance) and an effective long-range three-body attraction arises.

Fig. 2.5 depicts the Efimov spectrum for three identical bosons as a function
of the inverse of two-body scattering length for a finite-range potential in the
form of Eq. (2.27). Energies and scattering length are expressed in units of the
momentum cutoff Λ. The red line indicates the ground Efimov trimer state, the
green line indicates the first-excited Efimov trimer, and the blue line indicates
the second-excited Efimov trimer. The black dashed line is the two-body bind-
ing energy including finite-range effects (see Eq. (2.50)). Away from unitarity
and for negative a, the trimer states cross the threshold of the 3-particle contin-
uum at a(n)

− . The value a(0)
− , called three-body parameter, is usually ≈ −10rvdW

for two-body potentials having a short range and a large scattering length and
sres � 1 [75,77]. On the positive a-side, the trimer states merge into the atom-
dimer threshold at a(n)

∗ . An alternative choice for the three-body parameter is
the wavenumber of the ground trimer at unitarity, κ∗ (related to the energies
indicated by the stars in Fig. 2.5), as I will discuss later in this section.

Efimov trimers were first detected through the process of three-body recom-
bination [77]. This process occurs when three particles interact in such a way
that two of them form a bound state (dimer), while the third atom carries
away excess energy and momentum. The products of the collision have in-
creased kinetic energy due to the increased binding energy in the dimer. As a
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Figure 2.5: The Efimov spectrum for the ground (red), first-excited (green), and
second-excited (blue) three-body states using the separable finite-range potential
in Eq. 2.27. The axes are in units of the momentum cut-off Λ. The black dashed
line is the dimer binding energy Eb = −~2/(m(a− ā)2). The Efimov trimers cross
the three-body continuum at a(n)

− and the atom-dimer continuum at a(n)
∗ . Inset:

same Efimov spectrum of the main figure, but without the power-law rescaling of
the axes.

result, all three atoms can be lost from the trap since it is typically too shallow
to confine them. These losses limit the lifetime of the experiment and add a
source of heating. Indeed, in the presence of Efimov trimers, the three-body
recombination introduces losses in the system occurring at a rate K3, such that
dn/dt ∼ −K3n

3, which has minima (maxima) for positive (negative) values
of the scattering length [75]. Remarkably, approaching unitarity, K3 ∝ a4,
making the strong-correlated gas very unstable, as I will discuss in the next
section.

I will now show how to obtain the spectrum in Fig. 2.5 and to set the
three-body parameter. Let’s consider the three-body Schrödinger equation




3∑

i=1

ĥ0(i) +

2∑

j>i=1

V̂ (i, j)


 |Ψ3b〉 = E |Ψ3b〉 , (2.53)

where ĥ0(i) = −~2∇2
i /(2m) is the single-particle kinetic energy operator and

V̂ij is a pairwise interaction between particle i and j. In a three-body prob-
lem, it is usually convenient to introduce different sets of variables, the Jacobi
and hyperspherical coordinates [77]. Given the positions of the three atoms
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r1, r2, r3, Jacobi coordinates are defined as

rij = ri − rj and ρk,ij = rk −
(ri + rj)

2
, (2.54)

representing the relative distance between two atoms and the separation be-
tween the center of mass of a pair and the third particle, respectively, as illus-
trated in Fig. 2.6. The three-body wave function can be written as a function
of only one set of Jacobi vectors, for example r12,ρ3,12.

1

2

3

r12

ρ3,12

Figure 2.6: One of the three possible sets of Jacobi coordinates: r12 is the relative
position between particles 1 and 2 and ρ3,12 is the distance between the center of
mass of 1 and 2 and the third particle 3 (Eq. (2.54)).

Moreover, one can introduce the hyperspherical coordinates consisting in
the hyperradius R

R2 =
1

3
(r2
ij + r2

jk + r2
ki) =

1

2
r2
ij +

2

3
ρ2
k,ij , (2.55)

invariant under the change of three possible set of Jacobi coordinates, the
Delves hyperangles αk ∈ [0, π/2]

αk = arctan

(√
3rij

2ρk,ij

)
, (2.56)

and the unit vectors r̂ij = rij/|rij | and ρ̂k,ij = ρk,ij/|ρk,ij |. Collectively, the
hyperangular variables are Ω = (αk, r̂ij , ρ̂k,ij), called the hyperangle. In hyper-
spherical coordinates, the three-body wave function can be decomposed using
a complete set of hyperangular functions as [78]

Ψ3b(R,Ω) =
1

R5/2

∑

ν

fν(R)Φν(Ω; R), (2.57)

where Φν(Ω; R) are the solutions of the hyperangular equation
[
Tαk +

Λ2
k,ij

2mR2
+ V (R,Ω)

]
Φν(Ω; R) = Vν(R)Φν(Ω; R), (2.58)
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where Tαk is the kinetic energy associated with the Delves angle αk and Λ2
k,ij =

L2
ij/ sin2 αk + L2

k,ij/ cos2 αk is the generalized angular momentum including
the two angular momentum operators associated with the vectors rij and
ρk,ij [78]. The eigenvalue Vν(R) can be interpreted as an effective hyper-
spherical potential for the channel ν. Therefore, one can write an equation for
the ν−hyperradial wave function, fν(R) as

[
~2

2m

(
− ∂2

∂R2
+

15

4R2

)
+ Vν(R)

]
fν(R) ≈ Efν(R), (2.59)

where the couplings between the channels have been neglected. Indeed, these
couplings are generally weak in the unitarity limit [78,79]. Moreover, only one
channel (the Efimov channel) has an attractive potential and therefore supports
a bound state, and has the form [78]

V0(R) = − ~2

2m

s2
0 + 1/4

R2
, (2.60)

with s0 ≈ 1.00624. This effective three-body attraction potential can be inter-
preted as the result of a mediated attraction between two particles by exchange
of the third particle [75]. Potentials like V = −γ/r2 have a discrete spectrum
with infinitely many bound states provided γ > 1/4 [1]. Eq. (2.60) is singular
at R → 0 and the three-body problem is scale invariant, since V0(R) ∝ 1/R2

scales as the kinetic energy ∝ d/dR2 under a scaling transformation R → λR
with an arbitrary scaling factor λ. If the equation admits a solution at energy
E < 0, also λ2E < 0 is another one. This means that under the Efimov at-
traction the three-body system possesses an infinite number of negative energy
levels, a phenomenon called Thomas’ collapse [80].

In order to set the Efimov spectrum and avoid Thomas’s collapse, one needs
to fix a characteristic parameter, which has to be taken into account in the
many-body problems including Efimov physics (see Chapters 3-6). The so-
lutions of Eq. (2.59) in the Efimov channel (ν = 0) outside of the range of
the potential and at small distance, such that R � |a|, (m|E|/~2)−1/2, can be
written in the form

f0(R) ≈ AR1/2 sin[s0 log(κR) + α], (2.61)

where κ =
√
m|E|/~2 and the phase α can be determined using the solution

at large R5. The solutions with E < 0 have the same asymptotic behaviour of

5The general solution of Eq. (2.59) at small energy and outside of the range of the potential
is f0(R) = R−1/2(ARi|s0| +BR−i|s0|) [1].
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Eq. (2.61), and α is given by

α = −1

2
s0 log 2− 1

2
arg

Γ(1 + is0)

Γ(1− is0)
≈ −0.0477, (2.62)

with Γ(x) is the Gamma function [78].
The boundary condition of Eq. (2.61) is fixed by the logarithmic derivative

(LD) evaluated at a fixed R0

LD(R0) ≡ Rf ′0(R)

f0(R)

∣∣∣
R=R0

=
1

2
+ s0 cot[s0 log(κR0) + α]. (2.63)

To make the wave function at distance R� R0 dependent only on the match-
ing point R0 and the logarithmic derivative, one can introduce Λ0, such that

Λ0 =
1

R0
exp

(
1

s0
arcot

[
1

s0

(
LD(R0)− 1

2

)])
, (2.64)

which has the dimension of a wave number. Using Eq. (2.61) in Eq. (2.64),
one obtains

cot(s0 log Λ0R0) = cot(s0 log κR0 + α0), (2.65)

and this sets the values of κ, which are restricted to be discrete values κ(n).
These values form an infinite geometric sequence, defined by

κ(n)

κ(n+1)
= eπ/s0 ≈ 22.7 with n ∈ Z. (2.66)

This means that an infinite sequence of Efimov trimers exists with energies
E

(n)
3b = (~κ(n))2/m which satisfy

E
(n)
3b

E
(n+1)
3b

= e2π/s0 ≈ 515 with n ∈ Z. (2.67)

Eq. (2.63) is analogous to the Bethe-Peierls boundary condition for the two-
body wave function (see Sec. 2.2). However, in this case imposing the logarith-
mic derivative condition only fixes the spectrum, that remains still unbounded
from below. To solve this problem, one can set a hard wall at R0, meaning
f0(R0) = 0, or set the ground state trimer binding energy. Both implementa-
tions prevent Thomas’s collapse and introduce a new length scale in the prob-
lem, which is referred to as the three-body parameter, κ∗ ≡ κ(0). Practically,
one can fix the ground state wave number at unitarity

s0 log(κ∗) = s0 log(Λ0)− α, (2.68)
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where the parameter κ∗ can be used as an alternative to Λ0 and defined in
terms of physical observables. Consequently, all the other discrete energies are
fixed in terms of κ∗ as

E
(n)
3b = (e2π/s0)n

~2κ2
∗

m
, (2.69)

and the three-body scattering wave function (Eq. (2.61)) can be written as [79]

f0(R) ≈ AR1/2 sin[s0 log(R/Rt)], (2.70)

with Rt = A/κ∗ with A =
√

2exp[Im(log Γ(1 + is0))/s0] ≈ 1.048 such that
α = −s0 logA. Moreover, the actual size of the trimer can be measured though
its averaged square hyperradius [78]

〈(R(n)
3b )2〉 =

∫∞
0 dRR2|f0(R)|2∫∞

0 dR|f0(R)|2 =
2

3
(1 + s2

0)e2nπ/s0 1

κ2
∗
, (2.71)

using the formal solution for a bound state f0(R) = R1/2Kis0(
√

2κR) with
Kis0(z) the Bessel function with imaginary index. Eq. (2.71) means that the
size of the trimer increases increasing n and, therefore, the ground trimer is
the smallest, as illustrated by the cartoons in Fig. 2.5.

In order to fix the three-body parameter, one can consider two-body in-
teractions in the form of Eq. (2.27) with a finite momentum cutoff Λ or, in
general, finite-range interactions, as used in Chapters 3-6. In this case there
will be a deepest Efimov state labelled by n = 0, whose binding energy is set
by the ultraviolet cutoff E(0)

3b ∝ ~2Λ2/m and κ∗ ∝ Λ. Another option is to
use a local quantum field theory with two coupling strengths: one for two-body
interactions, g2 and one for three-body interactions, g3, in order to be able to
fix both a and κ∗ and still take the limit Λ→∞ [78]. The latter option will be
discussed in Chapters 5 and 6.

2.5 Many-body description

After having discussed the two and three-body physics side of this research
work, in this section, I introduce the key notions used when modelling the
many-body physics of quantum gases and, in particular, in the regime of strong
interactions. A many-body problem has, in principle, a large number of degrees
of freedom and makes the direct numerical solution very unfeasible. In addi-
tion, a single-particle description does not fully catch the quantum mechanical
nature of the system with collective characteristics, as a Bose-condensed gas.
To overcome this limitation various approaches have been developed: some
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of them are based on some ansatz of the many-body wavefunction as the fun-
damental object and others on reduced quantities related to different types of
correlations [81–83]. The latter approach is used in this thesis, with the aim
to go beyond the standard description that includes only two-body physics.

I divided this section into four parts. Initially I discuss which regimes are
possible for a system characterized by s-wave collisions and how to induce
nonequilibrium dynamics (Sec. 2.5.1). Then, I give an overview of second
quantization, which enables the many-body Hamiltonian to be expressed in a
simple form (Sec. 2.5.2) and I present the concept of a hierarchy of correla-
tions, through the derivation of the BBGKY hierarchy (Sec. 2.5.3). Finally, I
introduce the method of the cumulants and provide an example of its applica-
tion (Sec. 2.5.4).

2.5.1 Many-body regimes with s-wave collisions

As discussed in Sec. 2.3.3, Feshbach resonances provide an extremely useful
tool to explore many different regimes in ultracold atoms. These regimes can
be identified comparing the few-body scales, introduced in the previous sec-
tions, with the many-body scale, given by the interparticle distance n−1/3. As
presented in Chapter 1 (Sec. 1.2), a diluteness condition holds for ultracold
quantum gases

r0 � n−1/3, (2.72)

where n−1/3 is typically of the order of 0.1–1 µm and r0 is around 1–5 nm,
considering the range of the van der Waals interaction for alkali atoms [71].
Eq. (2.72) means that the distance between the particles is large enough to
neglect the behaviour of the wave function within the range of the interaction
r . r0 (see Secs. 2.2 and 2.4) and it is possible to replace the exact interac-
tion potential by a model potential that has approximately the same scattering
amplitude.

As discussed in Sec. 2.2.2, in the ultracold limit, the collisions are charac-
terized by the s-wave scattering length a which can be either small or large
compared to the interparticle spacing:

|a| � n−1/3 (weak interactions), (2.73)

|a| & n−1/3 (unitary regime), (2.74)

and define the weakly-interacting and the unitary regime, respectively. The
unitary regime is characterized by strong correlations between the particles
and is also called the strongly-interacting regime at the many-body level. At the
few-body level, instead, interactions are said to be strong if |a| � r0 and this is
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r0 . |a| < n−1/3 � λdB r0 � |a| ∼ n−1/3 � λdB

n−1/3
a

r0

Figure 2.7: Illustration of the different scales for ultracold atoms: the range
of the interactions r0, the s-wave scattering length a, the interparticle spacing
n−1/3, and the de Broglie wavelength λdB. On the left, the atoms are in a weakly
interacting regime, and on the right, in the unitary regime.

the regime of the Efimov effect (see Sec. 2.4). In particular, at unitarity (|a| →
∞), the interactions are always strong. In Fig. 2.7 I illustrate the comparison
between the different scales in the degenerate regime when λdB � n−1/3. On
the left side of Fig. 2.7, the atoms interact weakly and three-body features
cannot be observed, because |a| & r0. On the right side of Fig. 2.7, |a| � r0

and comparable to n−1/3, atoms are strongly correlated and interactions are
very frequent due to the large value of a, and this research work is focused on
this type of regime.

Moreover, the effective interactions between colliding atoms can be attrac-
tive (a < 0) or repulsive (a > 0) and this determines the stability of the sys-
tems under investigation. As discussed in Chapter 1 (Sec. 1.2), Fermi gases
with two equally-balanced components have been used to explore the BEC-
BCS crossover, by varying the interactions using Feshbach resonances [84].
The absence of multi-body effects facilitates its study and the equilibrium ther-
modynamics can be studied continuously along the crossover. In the BEC
regime (when a � n−1/3 with a > 0), fermions can form bound states (Fesh-
bach molecules) through three-body recombination. In the BCS regime (when
|a| � n−1/3 with a < 0), Cooper pairs are loosely bound by many-body effects.
In the unitary regime, the system is made of strongly-correlated pairs acquires
universal scale invariance, meaning that its thermodynamic properties depend
only on the density scales [85,86].

The situation is more complicated in the case of single-component Bose
gases. When the interactions are attractive (a < 0), the gas is generally me-
chanically unstable: the density of the gas at the center of trap increases, and
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the kinetic energy of the atoms is not sufficient to contrast the collapse of the
gas [62]. This phenomenon is called Bosenova and can be avoided using a
trapping potential and a BEC density not exceeding a limiting value [87–90].
When the interactions are repulsive (a > 0), the Bose gas is metastable due
to three-body recombination. However, for weak repulsive interactions, the
collision rate due to three-body recombination is sufficiently small, and the
system is essentially free of molecules and it is easily accessible [62]. By in-
creasing the interactions towards the unitary regime, three-body recombina-
tion becomes the dominant process, leading to particle loss and heating (as
discussed in Sec. 2.4). Therefore, the unitary regime for one-component Bose
gas is impossible to reach with adiabatic changes of the scattering length.

However, by rapidly changing a from weak to strong interactions, experi-
ments were able to access also the unitary regime for single-component Bose
gases [73,91–93]. Under these conditions, the gas evolves slowly with respect
to the losses, which permits measurements to be made for a sufficient time
before losses set in. This experimental protocol is called a quench and provides
a unique opportunity to study the nonequilibrium dynamics of a many-body
system that is driven out of equilibrium in a controlled manner [94]. The gen-
eral scheme of a quench is illustrated in Fig. 2.8. After the system is being
prepared in an initial state, described by a Hamiltonian Ĥi, the evolution is
initialized by rapidly changing the Hamiltonian Ĥi → Ĥf . This can be done by
rapidly changing an external magnetic field, as I will discuss extensively in the
next chapters of the thesis. Once the nonequilibrium dynamics is started, the
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Ĥi → Ĥf

Figure 2.8: Schematic of a quench experiment to induce far for equilibrium
dynamics. After the initial system, described by the Hamiltonian Ĥi, is rapidly
change into the Ĥf , the nonequilibrium dynamics starts and this can lead or not
to an equilibrium state after a long time.

system can eventually equilibrate after a certain time or not [95]. This the-
sis is focused on the nonequilibrium dynamics, immediately after the quench.
The long-time dynamics is an even more complicated problem [95, 96] going
beyond the aim of this thesis. Finally, the quench procedure is not only in-
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teresting because it allows experiments to enter into regimes otherwise not
accessible, like the one of strongly-interacting Bose gas, but also it can be used
to induce nonequilibrium dynamics in superfluid Fermi gases, as I will discuss
in Chapter 7.

2.5.2 Formalism of second quantization

The formalism of second quantization enables the Hamiltonian for dilute atomic
gases to be expressed in a simple form and it is commonly used in the descrip-
tion of a quantum many-body theory [82]. The many-body Hamiltonian of a
system of N particles can be written as [82]

Ĥ =

N∑

i=1

ĥ0(xi) +

N−1∑

j>i=1

V̂ (xi,xj), (2.75)

where the first term derives from one-body effects (like the kinetic term and the
external trapping potential), and the other from binary collisions and the co-
ordinate xk of the kth particle includes the spatial coordinate rk and any other
discrete coordinate, like the spin σk. The potential-energy term represents the
interactions between every pair of particles (i and j 6= i) and the condition
j > i avoids double counting. The time-dependent Schrödinger equation for a
system of N particles is then given by

i~
∂

∂t
Ψ(x1,x2, · · · ,xN , t) = ĤΨ(x1,x2, · · · ,xN , t), (2.76)

where Ψ(x1,x2, · · · ,xN , t) is the time-dependentN -body wave function, which
has to be symmetric or antisymmetric under interchange of particle indices

Ψ(· · ·xi, · · · ,xj , · · · , t) = ±Ψ(· · ·xj , · · · ,xi, · · · , t), (2.77)

where the plus (minus) sign describes a system of bosons (fermions).
Generally, Ψ(x1,x2, · · · ,xN , t) could be expanded in a complete set of

single-particle wave functions, however, the solution of Eq. (2.76) in that ba-
sis would require to keep track of particle statistics at each level. Instead, the
problem can be formulated in terms of a representation exploiting the indis-
tinguishability of the particles in order to keep track of the number of particles
in each energetically accessible state of the system (Fock space). Using a set
of integers (n1, n2, · · · ) giving the occupation of each single-particle state, one
can write the many-body wave function as

|Ψ(t)〉 =
∑

n1,··· ,n∞
C(n1, n2 · · ·n∞, t) |n1, · · ·n∞〉 , (2.78)
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where nα denotes the number of particles in state α and C(n1, n2 · · ·n∞, t)
are coefficients. For fermions nα can take the values 0 or 1 and for bosons
0, 1, 2, · · · , N . The summation in Eq. (2.78) runs up to infinity, because the
basis set is infinite, however, the fact the system has a fixed number of atoms
N implies that there are N states populated and the remaining unoccupied.
Because the basis is complete and orthonormal, these states satisfy the condi-
tions

〈n′1, n′2, · · ·n′∞|n1, n2, · · ·n∞〉 = δn1,n′1
δn2,n′2

· · · δn∞,n′∞ ,∑

n1,··· ,n∞
|n1, · · ·n∞〉 〈n1, · · ·n∞| = 1. (2.79)

The set of coefficients in Eq. (2.78) must incorporate the particle statistics and,
for this reason, one introduces time-dependent second quantization operators
âα, â

†
α such that

â†α |n1, · · · , nα, · · ·n∞〉 =





√
nα + 1 |n1, · · · , nα + 1, · · ·n∞〉

(−1)mi
√
nα + 1 |n1, · · · , nα + 1, · · ·n∞〉

(2.80)

where â†i is called a creation operator, because it puts one more particle in state
i. The first line is for bosons with no restriction in the occupations nα, the sec-
ond line is for fermions, where mα =

∑α−1
β=1 nβ and nα must be equal to zero,

otherwise the right side is zero. Using the completeness relation in (2.79), one
can see that the hermitian conjugate of â†α gives

âα |n1, · · ·nα, · · ·n∞〉 =





√
nα |n1, · · ·nα − 1, · · ·n∞〉

(−1)mα
√
nα |n1, · · ·nα − 1, · · ·n∞〉

, (2.81)

where âα removes a particle from the single-particle state α and it is called
annihilation operator. For bosons (first line) nα ≥ 1, otherwise the right side
is zero. For fermions (second line) only nα = 1 gives the right side different
than zero. Moreover, using Eqs. (2.80) and (2.81), it is possible to define the
number operator n̂α = â†αâα, such that

â†αâα |n1, · · ·nα, · · ·n∞〉 = nα |n1, · · ·nα, · · ·n∞〉 , (2.82)

measuring the number of particles in the single-particle state α. Finally, â and
â† follows commutation properties:

[âα, â
†
β]∓ = âαâ

†
β ∓ â

†
β âα = δi,j ,

[â†α, â
†
β]∓ = [âα, âβ]∓ = 0,

(2.83)
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where the plus (minus) sign refers to bosons (fermions). One can then intro-
duce the vacuum state

|0〉 ≡ |n1 = 0, n2 = 0, · · · , n∞ = 0〉 , (2.84)

valid for bosons and fermions and write the many body state as

|n1, · · ·n∞〉 =





∏

α

(â†α)nα√
nα!
|0〉 (bosons)

â†1â
†
2 · · · â†∞ |0〉 (fermions)

. (2.85)

Finally, the many-body Hamiltonian can be written in terms of the second-
quantization operators. The proof is lengthy and can be found in many text-
books, for instance, Ref. [82]. Summarily, Eq. (2.75) is made of a single-
particle operator that acts on a single-particle state â†α |0〉 at once and of a two-
body operator that acts on a two-particle state â†αâ

†
β |0〉 and may be written in

terms of creation and annihilation operators in the form

Ĥ =
∑

αβ

(h0)αβ â
†
αâβ +

1

2

∑

αβγδ

â†αâ
†
β Vαβγδ âδâγ , (2.86)

where
(h0)αβ =

∫
d3xϕ∗α(x)ĥ0(r)ϕβ(x), (2.87)

and
Vαβγδ =

∫ ∫
d3xd3x′ ϕ∗α(x)ϕ∗β(x′)V̂ (x,x′)ϕγ(x′)ϕδ(x), (2.88)

where ϕα(x) are single-particle wave functions. Remarkably, the ordering of
the operators in Eq. (2.86) is opposite that of the single-particle wave func-
tions. In the case of bosons, this ordering is irrelevant, because the last two
operators commute with each other, but for fermions, the order affects the
overall sign.

It is then convenient to construct field operators in Fock space [82]

ψ̂(x) ≡
∑

α

ϕα(x)âα,

ψ̂†(x) =
∑

α

ϕ∗α(x)â†α,
(2.89)

satisfying commutation relations

[ψ̂(x), ψ̂†(x′)]∓ = δσσ′δ(r− r′),

[ψ̂(x), ψ̂(x′)]∓ = [ψ̂†(x), ψ̂†(x′)]∓ = 0,
(2.90)
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where the upper (lower) sign refers to bosons (fermions). Finally, the Hamil-
tonian operator can be written in terms of these field operators

Ĥ =

∫
d3xψ̂†(x)h0(x)ψ̂(x) +

1

2

∫ ∫
d3xd3x′ψ̂†(x)ψ̂†(x′)V (x,x′)ψ̂(x′)ψ̂(x),

(2.91)
in second quantization form, used in the rest of this thesis.

2.5.3 BBGKY Hierarchy

The many-body approach used in this thesis is based on the study of few-body
correlations in a many-body system. The equations of motion of the different
few-body correlations form a coupled hierarchy. The problem of hierarchy of
correlations is quite common in statistical physics and the most famous exam-
ple is perhaps the BBGKY hierarchy [59]. Here, I review the density-matrix
formalism in order to look at a different order of correlations in the system
and derive the hierarchy of correlations [59, 97]. In Sec. 2.5.2, I have intro-
duced the many-body wave function, Ψs(t) ≡ Ψ(x1,x2, · · · ,xN , t), describing
any pure state s of the many-body system at the time t. However, more gen-
erally, the quantum many-body system is in a mixed state and a density matrix
describes a quantum N−body system in a mixed state, as a statistical ensem-
ble of several pure quantum states |Ψs〉. The density operator for a N−body
system is

ρ̂ =
∑

s

Ps |Ψs〉 〈Ψs| , (2.92)

where Ps is a probability to find a quantum N−body system in a pure quantum
s state described by |Ψs〉 [28]. ρ̂ is hermitian and, therefore, by choosing
an orthogonal N−body basis {|ϕn〉} and using Eq. (2.92), the density matrix
elements can be written as

ρmn = 〈ϕm|ρ̂|ϕn〉 =
∑

s

Ps 〈ϕm|Ψs〉 〈Ψs|ϕn〉 . (2.93)

An important quantity is the expectation value of hermitian operators which
correspond to measurements on a quantum mechanical system. One can derive
the dynamical equations for these operators and then take the appropriate
expectation value to compare with experimental results. In general, the state
of the many-body system at time t is described by a density operator ρ̂(t) and
the expectation value of an arbitrary operator Ô is given by

〈Ô〉t =
∑

s

Ps 〈Ψs|Ô|Ψs〉 =
∑

n

〈ϕn|ρ̂Ô|ϕn〉 = Tr[ρ̂(t)Ô]. (2.94)



38 Preliminaries

Starting from the Schrödinger equation for a system of N atoms in Eq. (2.76),
one can write the Schrödinger equation in density operator representation

i~
∂

∂t
ρ̂N = [Ĥ, ρ̂N ], (2.95)

called von Neumann equation [59]. Eq. (2.95) describes an N -particle system
in or out of equilibrium and in matrix form one reads

i~
∂

∂t
ρN (1, . . . , N ; 1′, . . . , N ′; t) = [HN , ρN ], (2.96)

where the variables (1, . . . , N) ≡ (x1, . . . ,xN ) correspond to all the set of quan-
tum numbers describing the system (for example, positions, spins, etc.). In or-
der to reduce the dimensionality and complexity of the system, one can intro-
duce reduced density matrices ρn(1, . . . , n; 1′, . . . , n′; t) with n < N by taking
the trace over the particles n+ 1, . . . , N

ρn =
1

(N − n)!
Trn+1,··· ,NρN =

1

n+ 1
Trn+1ρn+1. (2.97)

Taking the corresponding trace (i.e. Trn+1,··· ,N) of Eq. (2.96), one obtains
the Bogoliubov, Born, Green, Kirkwood, and Yvon (BBGKY) hierarchy [97]

i~
∂

∂t
ρn = [

n∑

i=1

h0(i), ρn] + [

n−1∑

j>i=1

V (i, j), ρn] +

n∑

i=1

Trn+1[V (i, n+ 1), ρn+1]

(2.98)
for 1 ≤ n ≤ N and ρN+1 = 0. The approximation or truncation of this hi-
erarchy reduces the information about the system and the complexity of the
problem. The explicit equations for n = 1, 2, 3 read

i~
∂

∂t
ρ1 = [h0(1), ρ1] + Tr2[V (1, 2), ρ2]︸ ︷︷ ︸

order 2

(2.99)

i~
∂

∂t
ρ2 = [h0(1) + h0(2), ρ2] + [V (1, 2), ρ2]

+ Tr3[V (1, 3) + V (2, 3), ρ3]︸ ︷︷ ︸
order 3

(2.100)

i~
∂

∂t
ρ3 = [

3∑

i=1

h0(i), ρ3] + [V (1, 2) + V (1, 3) + V (2, 3), ρ3]

+ Tr4[V (1, 4) + V (2, 4) + V (3, 4), ρ4]︸ ︷︷ ︸
order 4

(2.101)
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where the terms with an under-brace depend on higher order reduced density
matrices. Eqs. (2.99)-(2.101) are not closed since the equation for the order
n requires information from the order n + 1. This means that the BBGKY
hierarchy must be truncated. In the next section, I will discuss the method
of the cumulants, representing a possible way to truncate the hierarchy in a
way that makes the connections with the underlying few-body physics very
apparent.

2.5.4 Method of the cumulants

The hierarchy problem in Eq. (2.98) can be systematically truncated after iden-
tifying correlated clusters using the method called cumulant or correlated clus-
ter expansion, based on the classical cluster expansion [59]. The cumulant
expansion method is an approach widely used in quantum chemistry [98] and
semiconductor physics [99]. The term cumulant is commonly used in probabil-
ity theory and statistics to indicate a set of quantities describing a probability
distribution. The cumulants form a sequence of quantities such as the mean
(first order), the variance (second order), the skewness (third order), and so
on, that collectively describe the probability distribution with increasing accu-
racy as more cumulants are used [100].

Physically, these cumulants represent few-body correlations, whose dynam-
ics can be rigorously studied using Heisenberg equations of motion. These
equations of motion satisfy few-body Schrödinger equations in the limit of zero
density (or vacuum limit) [57]. In principle, this formalism allows the inclusion
of many-body correlations in the problem, however, this is not computationally
practical and one needs to keep only a few of them.

Cumulants, denoted as 〈· · ·〉c, are defined recursively in terms of expecta-
tion values of products of one-particle operators Ôi as [101]

〈Ô1〉 = 〈Ô1〉c , (2.102)

〈Ô1Ô2〉 = 〈Ô1〉 〈Ô2〉+ 〈Ô1Ô2〉c , (2.103)

〈Ô1Ô2Ô3〉 = 〈Ô1〉 〈Ô2〉 〈Ô3〉+ 〈Ô1〉 〈Ô2Ô3〉c + 〈Ô1Ô2〉c 〈Ô3〉
± 〈Ô1Ô3〉c 〈Ô2〉+ 〈Ô1Ô2Ô3〉c ,

(2.104)

where 〈Ô1〉c is a singlet or first-order cumulant, 〈Ô1Ô2〉c is a doublet or second-
order cumulant, and 〈Ô1Ô2Ô3〉c is a triplet or third-order cumulant. Fig. 2.9
illustrates Eqs. (2.102)-(2.104), where the Ôi are represented by the red balls
and the filled rectangles represent the correlated part, meaning that the balls
inside the rectangle are correlated at the order corresponding to the num-
ber of them. The singlet correlation is equal to the single-particle expectation
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...

Figure 2.9: Schematic representation of the cumulant expansion (Eqs. (2.102)-
(2.104)). Each ball corresponds to a one-particle operator, the expectation values
are indicated by 〈· · ·〉, and the correlated parts by the filled rectangles. The cluster
expansion identifies singlets, doublets, triplets, from top to bottom.

value, instead for a doublet or a triplet the correlated part is distinct from the
expectation values of two and three particles. Importantly, the process of cu-
mulant expansion takes into account the appropriate antisymmetrization and
symmetrization with respect to the fermionic or bosonic character [101], as
indicated, for example, with the sign ± in Eq. (2.104). Inside a cumulant,
the product of the operators is not necessarily a normal ordering6, however,
the sign in front of the cumulant is determined by the sign of the permutation
of bosonic/fermionic operators necessary to disentangle overlapping correla-
tions7. For example, in Eq. (2.104), the operators Ô2 and Ô3 are permuted
with respect to the expectation value on the left side of the equation, therefore
the plus (minus) sign stands for bosons (fermions). Finally, the dynamics of
the cumulants can be studied starting with taking the expectation value of the
Heisenberg equations of motion for a product of operators

i~
∂

∂t
〈Ô1 · · · Ôn〉 = 〈[Ĥ, Ô1 · · · Ôn]〉 , (2.105)

that can be expanded in terms of cumulants.
The cumulant expansion approach does not assume any special form of the

density matrix ρ(t), it can therefore describe nonequilibrium dynamics beyond
the equilibrium theory based on a Gaussian distribution. For a system in ther-
mal equilibrium, correlations assume approximate forms based on Wick’s fac-
torization [82]. This sets the rules to evaluate averages of multiple operators’s

6Normal ordering of operator products means that all the annihilation operators are placed
to the right of all the creation operators [82].

7In this thesis, I only consider normal-ordered cumulants.
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products. According to Wick’s factorization, all the cumulants containing more
than 2 operators vanish in thermal equilibrium and this can be explained by the
fact that only second-order cumulants are different than zero for a Gaussian
distribution [102]. Therefore, the inclusion of higher (more than two)-order
cumulants effectively quantifies the deviation from equilibrium dynamics.

More details about the cumulant expansion will be presented in Chapter 5,
here I would like to explain only the general idea behind this method. For
this reason, I focus on the dynamics of the singlet cumulant. In Sec. 2.5 I have
already introduced the one-body reduced density matrices (1BDM), whose ma-
trix elements can be expressed in terms of cumulants. Evaluating 〈x1|ρ̂1|x′1〉 in
second quantization form, one has

ρ1(x1,x
′
1) = 〈ψ̂†(x′1)ψ̂(x1)〉

no BEC
= 〈ψ̂†(x′1)ψ̂(x1)〉c︸ ︷︷ ︸

doublet

with BEC
= ψ∗0(x′1)ψ0(x1)︸ ︷︷ ︸

singlets

+ 〈δψ̂†(x′1)δψ̂(x1)〉c︸ ︷︷ ︸
doublet

,

(2.106)

where in the absence of a Bose-Einstein condensate (second line), e.g. for
fermions or bosons above Tc, the 1BDM is equal to the doublet cumulant
n(x1̧ x′1) ≡ 〈ψ̂†(x′1)ψ̂(x1)〉c, whereas in the presence of a BEC (third line)
the operatorial form of the 1BDM is ρ̂1 = 〈N0〉 |ϕ0〉 〈ϕ0| + δρ̂1, where |ψ0〉 =√
N0 |ϕ0〉 is the condensate wave function, 〈N0〉 is the mean number of par-

ticles in the condensate and δρ̂1 is non-condensed part of the 1BDM [103].
The fluctuation operator δψ̂ = ψ̂ − ψ0 corresponds to fluctuations out of the
condensate with 〈δψ̂〉 = 0. The condensate wave function corresponds to a
singlet cumulant 〈ψ̂(x1)〉 = ψ0(x1). One can then identify the doublet cumu-
lant n(x1̧ x′1), corresponding, in this case, to the density of the excitations out
of the condensate when x1 = x′1. The decomposition of the field operator or
the reduced density matrix in terms of a condensed and non-condensed part
can be done if the occupation of the condensate is macroscopically occupied by
N0 � 1 particles. In this case [â0, â

†
0]/N0 |N0〉 = (1/N0) |N0〉 ≈ 0 and and the

condensate single-particle operator can be thought approximately commuting
and one can make the replacement â0 '

√
N0 (called Bogoliubov approxima-

tion) [62]. This approximation breaks U(1) gauge symmetry and this leads
to a violation of the particle conservation since under this approximation one
assumes that the addition or removal of a particle from the condensate does
not affect the state of the system, i.e. N0 ≈ N0 ± 1 for N0 � 1 [62].

Using Eq. (2.99) and the cumulant expansion, the full equation of mo-
tion for the condensate wave function ψ0(x) or the generalized Gross-Pitaevskii
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equation (GPE) is [102]

i~
∂ψ0(x1)

∂t
= h0(x1)ψ0(x1) +

∫
dx2V (x1,x2)|ψ0(x2)|2ψ0(x1)

+

∫
dx2V (x1,x2)c(x1,x2)ψ∗0(x2)

+

∫
dx2V (x1,x2) [n(x1,x2)ψ0(x2) + n(x2,x2)ψ0(x1)]

+

∫
dx2V (x1,x2)M(x2,x2,x1),

(2.107)

containing also the doublet cumulant c(x1,x2) ≡ 〈ψ̂(x1)ψ̂(x2)〉 and a third
order cumulant, M(x1,x2,x3) ≡ 〈ψ̂†(x1)ψ̂(x2)ψ̂(x3)〉c. It is possible to solve
Eq. (2.107) after truncating the cumulant expansion at the singlet, doublet or
triplet level.

The simplest scenario is the truncation of Eq. (2.107) at the first order. This
means that only the first line of Eq. (2.107) is maintained. In this case, the GPE
equation describes two-body scattering at the Born approximation, because
in the equation appears only the bare potential V , instead of the T -matrix,
which fully describes the scattering processes of the system (see Sec. 2.2).
This description can be improved considering the vacuum limit of the doublet
cumulants

i~
∂c(x1,x2)

∂t
≈ [h0(x1) + h0(x2)] c(x1,x2) + V (x1,x2)ψ0(x1)ψ0(x2), (2.108)

and n(x1,x2) ≈ 0. According to the time-dependent Green’s function the-
ory [104], Eq. (2.108) can be solved formally using the two-body evolution
operator U2B(t) = exp[−i[h0(x1) + h0(x2)]t/~] as

c(x1,x2, t) = U2B(t− t0)c(x1,x2, t0) +

∫ ∞

t0

dt1G0(t− t1)V (x1,x2)

× ψ0(x1, t1)ψ0(x2, t1),

(2.109)

where G+
0 (t) = θ(t)U2B(t)/(i~) is the retarded two-body Green’s function. The

first term in Eq. (2.109) can be set to be zero assuming that at the beginning
only the atomic condensate is populated. Inserting Eq. (2.109) in Eq. (2.107)
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truncated at the second order, one gets

i~
∂ψ0(x1, t)

∂t
= h0(x1)ψ0(x1, t)

+

∫
dx2

∫ ∞

t0

dt1V (x1,x2)
[
δ(t− t1) + G0(t− t1)V (x1,x2)

]

× ψ0(x2, t1)ψ0(x1, t1)ψ∗0(x2, t),

(2.110)

where the bare potential V (x1,x2) of Eq. 2.107 has been replaced by the re-
tarded T -matrix, T +(t− t1) ≡ V (x1,x2)[δ(t− t1) + G0(t− t1)V (x1,x2)].

The truncation at the singlet level of Eq. (2.107) can still give a satisfactory
description for the equilibrium state of a weakly interacting BEC. Using contact
interaction and in the presence of a trapping potential Vext(r), one obtains the
standard GPE [62]

i~
∂ψ0(r, t)

∂t
=

[−~2∇2

2m
+ Vext(r) + g|ψ0(r, t)|2

]
ψ0(r, t), (2.111)

with g = 4π~2a/m is the bare potential strength. Eq. (2.111) can be solved for
the stationary problem using [62]

ψ0(r, t) = [φ(r) + θ(r, t)]e−iµt/~, (2.112)

where µ is the chemical potential which is equal to the energy per particle for
a non-interacting gas and θ is a small variation of the equilibrium amplitude
φ(r). In the case θ = 0 (no fluctuation of the BEC), one can find

gn(r) + Vext(r) = µ, (2.113)

valid in the Thomas-Fermi limit, when the density of the gas changes slowly
in space and the first term in Eq. (2.111) can be neglected. In the case of
small fluctuations around the ground state (θ � φ), one can neglect power of
θ greater than 1 and studying the linearized equation

i~
∂

∂t
θ(r, t) =

[−~2∇2

2m
+ Vext(r)− µ

]
θ(r, t) + gφ(r, t)2θ(r, t), (2.114)

that can be solved to find collective modes of the system, looking at solutions
in the form [62]

θ(r, t) =
∑

i

[
ui(r)e−iωit + v∗i (r)eiωit

]
, (2.115)
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where the index i indicates different modes with frequencies ωi. Substituting
Eq. (2.115) in Eq. (2.114) yields to the linearised Bogoliubov equations

εiui(r) =

[
−~2∇2

2m
+ Vext(r)− µ+ gn(r)

]
ui(r) + g(φ(r))2vi(r), (2.116)

−εivi(r) =

[
−~2∇2

2m
+ Vext(r)− µ+ gn(r)

]
vi(r) + g(φ∗(r))2ui(r), (2.117)

where εi = ~ωi are the energies of the excitations above the ground state BEC,
like quasiparticles or dressed particles arising from the interactions. In the
absence of trapping, when µ = gn and φ is independent of r, the solutions can
be taken as plane waves ui(r) = uke

ikr and vi(r) = vke
ikr and one can find

ε(k) = ~ωk =

√
~2k2

2m

[
~2k2

2m
+ 2gn

]
, (2.118)

called the Bogoliubov dispersion relation. At large momenta, the excitation
energy approaches that of a free particle ε(k) = ~2k2/2m + gn. However,
at small momenta, the spectrum takes a phonon-like form ε(k) = c~k with
c =

√
gn/m the speed of sound. The transition between the two regimes

takes place at the characteristic length ξ =
√

~2/(2mgn), called the healing
length [62]. These results are valid in the weakly interacting regime (na3 � 1)
when the fluctuations above the BEC can be considered small and most of
the atoms are in the condensate8. In the presence of strong correlations, in
the unitary regime, the inclusion of higher-order correlation is necessary to
describe the physics, and treatment at the Born approximation is not justifiable.
This has motivated the research direction of this thesis.

8Remarkably, Bogoliubov theory has been recently confirmed experimentally using a box-like
potential in Ref. [105].
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We study the structure of a Bose-condensed gas after quenching interactions to unitar-
ity. Using the method of cumulants, we decompose the evolving gas in terms of clus-
ters. Within the quantum depletion we observe the emergence of two-body clusters bound
purely by many-body effects, scaling continuously with the atomic density. As the uni-
tary Bose gas forms, three-body Efimov clusters are first localized and then sequentially
absorbed into the embedded atom-molecule scattering continuum of the surrounding de-
pletion. These results highlight the interplay of quantum depletion and evolving scaling
laws in the formation of the unitary Bose gas.

3.1 Introduction

Precision control of external magnetic fields allows ultracold Bose gas experi-
ments to tune interactions, characterized by the s-wave scattering length a. Via
Feshbach resonances [71], experiments have accessed the degenerate unitary
regime n|a|3 → ∞ with atomic density n, beating per-particle losses scaling
as ṅ/n ∼ n2a4 by diabatically quenching the scattering length to resonance
(|a| → ∞) [73, 91, 92]. The insensitivity of unitary quantum gases to diverg-
ing microscopic length scales extends their properties to seemingly unrelated
strongly-correlated physical systems, such as the inner crust of neutron stars
and the quark-gluon plasma [106]. This predictive power is due to the intrin-

https://link.aps.org/doi/10.1103/PhysRevA.98.051601
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sic scale invariance of these unitary systems [107]. Strong experimental evi-
dence for two-component unitary Fermi gases [108, 109] supports a universal
thermodynamics based solely on continuous power laws of the atomic density
derived “Fermi” scales kn = (6π2n)1/3, En = ~2k2

n/2m, and time tn = ~/En

where m is the atomic mass [85]. The scaling behavior of the unitary Bose gas
is complicated by the finite-size and discrete-scaling properties of three-body
bound Efimov states [76,110], introducing a complex scaling dimension [107].
A full characterization of the quasi-equilibrium state of the unitary degenerate
Bose gas observed experimentally [91,92] remains an open question, limiting
insight into other strongly-correlated many-body systems.

These difficulties are symptoms of an undeveloped picture of few-body
physics in the evolving many-body background and their manifestations in sys-
tem properties on Fermi timescales. Recently, the problem of merging the Efi-
mov effect and a many-body background has received attention in the related
context of impurities immersed in static bosonic [111–115] or fermionic [116–
121] media. However, the dynamical nature of quench experiments poses
an additional theoretical challenge. Initially, the quench disturbs short-range
physics in the gas, inducing ballistic correlation waves [122] and sequential
clustering [123, 124]. Recently measured per-particle-loss rates for quenched
unitary Bose gases scaling continuously over a range of atomic densities sug-
gest that Efimov physics plays only a minor role for this observable [73, 92].
However, over a wider range of atomic densities, preliminary loss-rate mea-
surements [125] and theoretical results [124] indicate a log-periodic oscilla-
tion of the loss-rate with a density period set by the Efimov spacing e3π/s0 ≈
22.73 where s0 ≈ 1.00624 is a universal constant for three identical bosons
[76]. These results parallel oscillatory loss-rate predictions in the nondegener-
ate regime [126].

In this Chapter, we explore the composition of a Bose-condensate quenched
to unitarity. Our model applies to broad, entrance-channel dominated Fesh-
bach resonances that are well-approximated by short-range single-channel in-
teractions [71]. This system has been realized experimentally in Refs. [73,91]
using 85Rb and in Ref. [92] using 39K. Using the method of cumulants, we
derive two- and three-body Schrödinger equations including density effects.
These yield the evolving spectrum of bound two- and three-body clusters. We
map out the dynamical and density scaling properties of the bound cluster
spectrum and comment on manifestations in system properties.
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3.2 Cumulant equations

Our quantitative many-body theory of the Bose-condensed gas quenched to
unitarity is built from the cumulant expansion, which classifies correlated par-
ticle clusters within an interacting many-body system [99, 102]. The second-
order cumulant expansion yields the Hartree-Fock-Bogoliubov equations (HFB)
[127]. These equations may be systematically extended to higher order, yield-
ing few-particle cluster kinetics that can be used to explore strongly-interacting
few-body physics like the Efimov effect. In terms of the bosonic annihilation
and creation operators, âk and â†k respectively, for a particle of momentum ~k,
cumulants are defined from normal-ordered expectation values

〈 l∏

i=1

â†ki

m∏

j=1

âqj

〉
c
≡ (−1)m

l∏

i=1

∂

∂xi

m∏

j=1

∂

∂y∗j
ln

〈
e
∑l
i=1 xiâ

†
kie−

∑m
j=1 y

∗
j âqj

〉∣∣∣∣
x,y=0

,

(3.1)
in terms of complex-valued xi and yj . For uniform systems, the set of relevant
cumulants in the above equation are restricted such that

∑l
i=1 ki =

∑m
j=1 qj.

To model the condensate and excitations, we make the Bogoliubov approxi-
mation [127], decomposing operators as âk = ψk + δâk in terms of coherent
state amplitude 〈âk〉 = ψ0δk,0 and fluctuations 〈δâk 6=0〉 = 0. This is justified
provided excited modes are not macroscopically occupied. Isolating the con-
densate in the first-order cumulant ψ0, we truncate the cumulant expansion
at second-order, which describes genuine two-excitation correlations. This in-
cludes also the one-body nk ≡ 〈â†kâk〉c and pairing ck ≡ 〈âkâ−k〉c density
matrices for excitations.

We utilize a single-channel many-body Hamiltonian applicable in the vicin-
ity of a broad Feshbach resonance

Ĥ =
∑

k

~2k2

2m
â†kâk +

g

2

∑

p,p′,q

ζ(p− p′ + 2q)ζ∗(p− p′)â†p+qâ
†
p′−qâpâp′ . (3.2)

At energies close to a two-body bound-state, the two-body T -matrix becomes
separable [128], and we use a non-local separable pairwise potential, V̂ =
g|ζ〉〈ζ|. We employ a step-function form factor ζ(k) = θ(Λ − |k|/2), which
has been previously used to study Efimov states in vacuum (cf. Ref. [75]).
The s-wave interaction strength g is calibrated to reproduce the zero-energy
limit of the full two-body T -matrix, giving g = U0Γ where U0 = 4π~2a/m and
Γ = (1 − 2aΛ/π)−1. In the Λ → ∞ limit, V̂ is equivalent to a renormalized
contact potential, however we do not take Λ arbitrarily large. In the spirit of
Refs. [129–131], Λ is instead calibrated to reproduce finite-range corrections
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to the Feshbach molecule binding energy −~2/m(a − ā)2 away from unitarity
where ā = 0.955rvdW is the mean-scattering length depending on the van der
Waals length rvdW for a particular atomic species [71, 72]—see Appendix 3.A
for 39K and 85Rb calibration. This yields Λ = 2/πā, introducing finite-range
effects into our many-body model, removing the need for an additional three-
body parameter, and avoiding the unphysical Thomas collapse [80] in our cal-
culation of Efimov clusters discussed below.

Figure 3.1: Density plot of the universal excitation density nk evolving at uni-
tarity after a 5 µs quench. The “rippling” effect is due to ballistic correlation
waves studied in Ref. [122]. The dashed black line indicates the scale of the
Fermi wavenumber kn where excitation buildup is most pronounced. We find
that nk > 1 for t & 2tn within our model.

From Eq. (3.2), we use the Heisenberg equation of motion i~ ˙̂O = [Ô, Ĥ]
and obtain the HFB equations for the dynamics of the first and second-order
cumulants

i~ψ̇0 = g
[
|ζ(0)|2|ψ0|2 + 2

∑

k 6=0

|ζ(k)|2nk

]
ψ0 + gψ∗0

∑

k 6=0

ζ(0)ζ∗(2k)ck, (3.3)

i~ċk = 2h(k)ck + (1 + 2nk)∆(k), (3.4)

~ṅk = 2 Im (∆(k)c∗k) , (3.5)

where

h(k) =
~2k2

2m
+ 2g|ζ(k)|2|ψ0|2 + 2g

∑

k′ 6=0

|ζ(k− k′)|2nk′ , (3.6)

∆(k) = gζ(2k)
(
ζ∗(0)ψ2

0 +
∑

k′ 6=0

ζ∗(2k′)ck′
)
, (3.7)
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are the Hartree-Fock Hamiltonian and pairing field, respectively [127]. At uni-
tarity, g = −π3~2ā/m and we recover the full T -matrix at resonance from the
vacuum limit of Eq. (3.4) (see Appendix 3.C for details). We mimic the ini-
tial quench sequence of Refs. [73, 91, 92] and ramp a pure Bose-condensate
onto resonance over the course of 5 µs and then evolve the system at unitar-
ity. The HFB theory, Eqs. (3.3)–(3.5), describes the quantum depletion of a
Bose-condensate via the generation of correlated excitation pairs studied in
Ref. [132]. The universal evolution of the excitation density nk is shown in
Fig. 3.1, where a decaying k−4 leading-order tail develops at high momentum
proportional to the Tan contact [133–135]. This is due to the growth of two-
body correlations at short-distances r � n−1/3 [132]. On the Fermi timescale,
a macroscopic buildup of excitations occurs on the scale of kn, indicated by
the dashed line in Fig. 3.1, eventually violating the assumptions underlying
our model as nk exceeds unity. We find that this breakdown occurs universally
after evolving a time t ≈ 2tn at unitarity.

3.3 Embedded few-body Schrödinger equations

Equations (3.3)–(3.5) describe the evolving many-body background up to sec-
ond-order correlations. Using this description, we investigate the bound two-
and three-body clusters formed within the depletion and introduce to the set
of cumulant equations the triplet τ0,3

k,k′ = 〈â−k−k′ âkâk′〉c, where the superscript
notation indicates the number of creation and annihilation operators, respec-
tively. The inclusion of τ̇0,3

k,k′ into the hierarchy of cumulant equations has been
proposed as a general starting point for including the Efimov effect, along
with a broad range of unknown effects, into a many-body theory of the uni-
tary Bose gas [136]. Unlike the embedded impurity problem, bound clusters
in the unitary Bose-condensed gas are indistinguishable from the background
and are therefore subject to Bose-stimulation. The dynamics of ck and τ0,3

k,k′ ,
which include two- and three-body scattering in medium, generally occur on
timescales shorter than the density dynamics [99, 136]. Treating density ef-
fects as quasi-stationary, the principle portion of the cumulant equations for ċk
and τ̇0,3

k,k′ defines eigenvalue equations

E
(ν)
2B φν(k) = 2h(k)φν(k) + (1 + 2nk)

∑

k′ 6=0

gζ(2k)ζ∗(2k′)φν(k′), (3.8)

E
(ν)
3B Ψν(k,k′) = (1 + P̂+ + P̂−)

(
h(k)Ψν(k,k′) + 1 + nk′ + nk+k′)

×
∑

k′′ 6=0

gζ(2k′ + k)ζ∗(2k′′ + k)Ψν(k,k′′)
)
,

(3.9)
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where we have ignored inhomogeneities that describe scattering amongst clus-
ters (see Appendices 3.C and 3.D). Iterative solution of Eqs. (3.8)–(3.9) yields
two- and three-body cluster eigenenergies E(ν)

2B and E
(ν)
3B and right-handed

wave functions φν(k) and Ψν(k,k′) evolving on the timescale of the many-body
background1. This treatment is formally similar to the derivation of the hyper-
bolic Wannier equation [136], and both equations are bosonic analogues of
the Wannier equation [99, 137] describing bound electron-hole pairs in semi-
conductors. The operators P̂−, P̂+ indicate cyclic and anti-cyclic permutations,
respectively. In the zero-density limit, Eqs. (3.8)–(3.9) reduce to the two- and
three-particle Schrödinger equation, respectively, and therefore describe em-
bedded extensions.

In the regime Λ � ξ−1, where ξ2 = ~2/2m|g|n is the condensate heal-
ing length [138], we find that h(k) ≈ ~2k2/m + 2gn, and the structure of
Eqs. (3.8)–(3.9) simplifies. In our model at unitarity this limit is equivalent to
the diluteness criterion nr3

vdW � 1, which is well satisfied by all unitary degen-
erate Bose gas experiments to date (nr3

vdW < 10−5) [73,91,92]. Consequently,
we report cluster binding energies Ẽ(ν)

2B ≡ E
(ν)
2B − 4gn and Ẽ

(ν)
3B ≡ E

(ν)
3B − 6gn

relative to the embedded two- and three-body continuum thresholds. Addi-
tionally, we define a nonsymmetric effective pairwise interaction V̂eff ≡ B̂V̂
where 〈k,k′|B̂ = (1 + nk + nk′)〈k,k′| Bose-enhances collisions occurring in
medium. On the Fermi timescale, the operator B̂ enhances pairwise interac-
tions disproportionately at the scale of the inter-particle spacing, as shown in
Fig. 3.1. This effect was first studied in Ref. [136] for a Bose-condensed gas
of 85Rb quenched to unitarity at density nr3

vdW = 2× 10−7 and evolution time
t ∼ 800 µs, observing a 528 Hz (≈ 0.3En) blueshift in the binding energy of the
resonant two-body bound state2. In this work, we present a systematic study
of the evolution of two- and three-body bound clusters in the unitary regime
over a range of densities.

3.4 Two-body bound clusters

To study bound two-body clusters, we reformulate the embedded two-body
Schrödinger equation, Eq. (3.8), as a Lippman-Schwinger equation for the em-

1Nonsymmetric eigenvalue problems have both left and right-handed eigenvectors. By
inspection the two and three-body left-handed wave functions are 〈φ(L)

ν | = 〈φν |B̂−1 and
〈Ψ(L)

ν | = 〈Ψν |(B̂1(1 + P̂+ + P̂−))−1, respectively. These eigenfunctions can be normalized
as
∑

k[φ
(L)
ν (k)]∗φν′(k) = δν,ν′ and

∑
k,k′ [Ψ

(L)
ν (k,k′)]∗Ψν′(k,k

′) = δν,ν′ .
2We note that the result of Refs. [136, 139] account for third and higher-order cumulant

effects phenomenologically.
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Figure 3.2: Evolution of aeff for two densities within the range of experimental
interest, nr3

vdW = 10−7 (solid red curve) and 10−9 (blue data points). The fit-
ted universal result in Eq. (3.11) corresponds to the dash-dotted black line with
asymptotic estimate aeff = 0.41n−1/3 (dotted black line.) The inset shows a den-
sity plot of the universal dynamics of the two-body bound cluster probability den-
sity k2|φD(k)|2/(1 + 2nk) in arbitrary units (see footnote 1).

bedded two-body T -operator T̂2B(z) = B̂V̂ + B̂V̂ Ĝ
(0)
2B(z)T̂2B(z), where Ĝ(0)

2B(z)
≡ (z − 2t̂)−1 is the two-body free Green’s operator with kinetic energy op-
erator t̂|k〉 = ~2k2/2m|k〉 and energy z relative to the embedded two-body
continuum threshold (see Appendix 3.C). Our T̂2B(z) is related to the “many-
body T -operator” B̂T̂MB(z) = T̂2B(z) introduced in Ref. [140], which predicts
weakly bound pairs at unitarity in the finite temperature phase diagram of the
strongly-interacting Bose gas [141]. For separable potentials, we obtain the
closed expression for the full embedded two-body T -operator

T̂2B(z) = B̂
g|ζ〉〈ζ|

1− g〈ζ|Ĝ(0)
2B(z)B̂|ζ〉

. (3.10)

The position of the simple pole in Eq. (3.10) corresponds to the dimer binding
energy of a two-body cluster z = Ẽ

(D)
2B , with wave function |φD〉 ∝ Ĝ(0)

2B(Ẽ
(D)
2B )B̂|ζ〉.

To parametrize the binding energy and size of the two-body bound cluster,
we define an effective two-body scattering length −~2/ma2

eff ≡ Ẽ
(D)
2B . Over a

range of densities and times shown in Fig. 3.2, we find that aeff scales con-
tinuously solely with the density quantified by the dynamical scaling power
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law

Ẽ
(D)
2B = −En

(
1.12 + 2.43

(
tn
t

)2
)−2

. (3.11)

This fitted equation matches the universal binding energy Ẽ
(D)
2B ≈ −0.3En

found at the latest time considered in our model t ≈ 2tn and predicts the uni-
versal asymptotic binding energy Ẽ(D)

2B ≈ −0.8En. Due to the minimal amount
of quantum depletion during the quench, the two-body bound cluster is ini-
tially nearly-resonant knaeff ∼ 103 with the embedded two-body scattering
threshold as shown in Fig. 3.2. Quantum depletion on the Fermi timescale
enhances pairwise interactions at the scale of kn shown in Fig. 3.1, and V̂eff

supports a universal two-body cluster bound entirely by many-body effects.
Consequently, the extended two-body bound cluster shrinks to the asymptotic
prediction aeff = 0.41n−1/3 of Eq. (3.11). The dynamic localization of the uni-
versal bound two-body cluster towards the scale of the interparticle spacing is
shown in the inset of Fig. 3.2.

3.5 Three-body bound clusters

In vacuum it is well-known that the shallow two-body bound state for a > 0
is associated with a finite set of Efimov states, merging sequentially with the
atom-molecule threshold as a is decreased from unitarity [142]. Analogously,
the dynamical formation of the universal bound two-body cluster and coinci-
dent decrease of aeff must also have consequences for the spectrum of Efimov
clusters.

To study these effects, we decompose the three-body wave function into
Faddeev components |Ψν〉 = (1+ P̂+ + P̂−)|Ψ(1)

ν 〉, obeying the bound-state Fad-
deev equation |Ψ(1)

ν 〉 = Ĝ
(0)
3B(z)T̂23(z)(P̂+ + P̂−)|Ψ(1)

ν 〉 [128] where T̂23(z) =

B̂1V̂1 + B̂1V̂1Ĝ
(0)
3B(z)T̂23(z), and the energy z is defined relative to the em-

bedded three-body continuum threshold. Here we have used the spectator
notation to indicate pairwise interaction between atoms 2 and 3 and defined
the three-body free Green’s operator, Ĝ(0)

3B(z) ≡ (z −∑3
i=1 t̂i)

−1. Following
the original formulation of Skorniakov and Ter-Martirosian [143], we make
the ansatz |Ψ(1)

ν 〉 ∝ Ĝ
(0)
3B(Ẽ

(ν)
3B )B̂1(|ζ〉 ⊗ |Fν〉). The tensor product is defined

as 〈q1,p1(|ζ〉 ⊗ |Fν〉) = ζ(2q1)Fν(p1) in terms of the Jacobi vectors q1 =
(k2 − k3)/2 and p1 = (2k1 − k2 − k3)/3. Inserting this ansatz into Eq. 3.9
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yields the integral equation for the amplitude

Fν(p1) = 2gτ

(
Ẽ

(ν)
3B −

3~2p2
1

4m

)∫
d3p′

(2π)3
(1 + np1 + np1+p′)

× ζ (|2p1 + p′|) ζ (|2p′ + p1|)
Ẽ

(ν)
3B − ~2

m

(
p2

1 + p′2 + p1 · p′
)Fν(p′),

(3.12)

where τ(z) = 1/(1− g〈ζ|Ĝ(0)
2B(z)B̂|ζ〉). At unitarity, non-trivial solutions of Eq.

(3.12) for negative energies correspond to the spectrum of Efimov clusters (see
Appendix 3.D).

Solving Eqs. (3.10) and (3.12), we obtain the evolution of two-body and
Efimov cluster binding energies over a range of densities shown in Fig. 3.3,
where scaling laws are apparent. Over the time range considered, the two-
body bound cluster binding energy scales continuously as a density power law
n2/3. At early times (t � tn), however, the ground, first, and second-excited
Efimov cluster binding energies Ẽ(0)

3B , Ẽ
(1)
3B , and Ẽ

(2)
3B , respectively, are insen-

sitive to density variations, displaying the intrinsic discrete scaling of Efimov
states in vacuum with the van der Waals energy EvdW = ~2/mr2

vdW. The initial
Efimov cluster spectrum is |Ẽ(ν)

3B | = e−2πν/s0~2κ2
∗/m, where κ∗ is the three-body

parameter κ∗ ≈ 0.211/rvdW [144,145].
As the unitary Bose gas forms on the Fermi timescale, Efimov clusters be-

come increasingly sensitive to the background buildup of pairing excitations
at the scale of the interparticle spacing. Generally, Efimov clusters must be
more bound than the embedded atom-molecule threshold at energy Ẽ(D)

2B rel-
ative to the embedded three-body continuum. In Fig. 3.3, we see that Efimov
clusters sensitive to these scales become progressively localized as their bind-
ing energies are blueshifted. Consequently, Efimov clusters scale continuously
with the n2/3 power law over a range of atomic densities. This behavior per-
sists until a blueshifted Efimov cluster is either absorbed into the embedded
atom-molecule scattering continuum or aeff approaches its asymptotic limit as
the gas equilibrates. This process is repeated log-periodically for densities sep-
arated by powers of e3π/s0 ≈ 22.73. Over the density range of experimental
interest, the ground state Efimov cluster energy in Fig. 3.3, however, remains
insensitive to both density variation and evolution at unitarity due to its rela-
tive localization.

The absorption of an Efimov cluster into the embedded atom-molecule scat-
tering continuum is analogous to the behavior of the vacuum Efimov state
spectrum for decreasing a > 0 [75, 146], and therefore we expect this dy-
namical process to be sequential. Although only the first three Efimov clusters
are shown in Fig. 3.3, our results confirm this behavior also for highly-excited
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Figure 3.3: Universal two-body (solid black curve) and Efimov cluster (dashed
and dashed-dotted red curves) binding energies over a range of evolution times
at unitarity and densities of experimental interest. For a given bound clus-
ter, evolution in time is denoted by increasingly negative binding energies from
0, 0.5tn, . . . , 2tn. The circled data points indicate the absorption of an Efimov
cluster into the embedded atom-molecule threshold. The log-log scale reveals the
scaling behavior of the energies with the atomic density and the Fermi energy
(dotted black curve).

Efimov clusters. Quantitatively, we estimate absorption times for the excited
Efimov clusters at a given density

t(ν)(n)

tn
=
(
−0.461 + (0.093± 0.007)rvdWkne

νπ/s0
)−1/2

, (3.13)

where the uncertainty is due to the finite time-step of our many-body simu-
lation (see Appendix 3.E). To make Eq. (3.13) well-defined, we restrict the
domain of t(ν)(n) to densities above n(ν)r3

vdW = (2.12±0.45)×e−3πν/s0 , where
t(ν)(n(ν))/tn → ∞. For densities below n(ν), our results indicate that the νth

Efimov cluster remains permanently in the bound-state spectrum. Further-
more, Eq. (3.13) predicts that increasingly highly-excited Efimov trimers are
absorbed exponentially faster, leaving only a finite number of Efimov clusters
on the Fermi timescale. Due also to the minimal amount of quantum deple-
tion occurring during the quench, aeff is initially finite as shown in Fig. 3.2,
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and there is a finite set of Efimov clusters before the sequential absorption
commences.

3.6 Conclusion

By systematically applying the cumulant expansion, we have developed a time-
dependent picture of the bound cluster composition of the quenched unitary
Bose gas. The size of the dynamically formed unitary two-body clusters is
given by the length scale aeff , which reduces within a few Fermi times to a
value proportional to the inter-particle spacing. As this cluster size governs
three-body recombination, it gives rise to a universal per-particle loss rate scal-
ing as n2a4

eff ∝ n2/3, qualitatively matching the scaling behavior observed ex-
perimentally [73, 92]. Analyzing this pathway for three-body recombination
remains the subject of future studies. The appearance of Efimov clusters in the
spectrum of τ0,3

k,k′ reveals a straightforward extension of the cumulant equa-
tions to include Efimov physics in the many-body theory of the unitary Bose
gas. Prospects for observing the two- and three-body cluster binding ener-
gies through time-resolved rf spectroscopy performed at unitarity [147–149]
might be challenging due to loss timescales. Alternatively, by sweeping the
interaction strength away from unitarity, the dynamical projection of bound
clusters onto final state molecules may be studied theoretically to analyze the
experimental results of Refs. [73,92], although this is left for future study. The
sensitivity of Efimov clusters to the background buildup of excitations on Fermi
timescales may also be experimentally observable as an oscillation chirp of the
three-body Tan contact predicted in Ref. [123]. Away from unitarity, the study
of embedded few-body Schrödinger equations may also provide insight into
the structure of other systems with substantial quantum depletion [89,150].

Appendix 3.A Two-body calibration

We calibrate the two free parameters of our separable pairwise interaction Λ
and g to reproduce the correct s-wave scattering length a and molecular bind-
ing energy away from unitarity. For separable potentials, as used in Sec. 3.2,
the vacuum two-body T -operator T̂2B has a simple form [128]

T̂2B(z) =
g|ζ〉〈ζ|

1− g〈ζ|Ĝ(0)
2B(z)|ζ〉

. (3.14)

The s-wave scattering length a is defined as the zero-energy limit vacuum two-
body T -matrix, lim|k|→0〈k,−k|T̂2B

(
~2k2/m+ i0

)
|k′,−k′〉 = 4π~2a/m where
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the notation +i0 is shorthand for limε→0+ iε, and the limit is taken on-shell
|k| = |k′|. Evaluating this limit for Eq. (3.14), we obtain

g =
4π~2a

m

(
1− 2aΛ

π

)−1

, (3.15)

which was given in the Sec. 3.2 as the calibration of g.

0.02

Figure 3.4: Binding energy of the s-wave two-body molecule in vacuum as a
function of a−1 in units of the mean scattering length ā = 0.955rvdW for 39K (left
panel) and 85Rb (right panel). We take rvdW = 64.61a0 for 39K and rvdW = 82.1a0

for 85Rb from Ref. [71] where a0 is the Bohr radius. We compare coupled-
channel calculations (green data points) [129, 151] using experimental input
from Refs. [152, 153], the van der Waals correction to the binding energy [72]
(dashed), the zero-range limit Λ → ∞ of our two-body model (dashed-dotted),
and the calibrated result Λ = 2/πā within our model (solid).

To calibrate Λ, we match finite-range corrections of the molecular binding
energy near a broad Feshbach resonance. To estimate the molecular binding
energy within our model, we solve for the location z = −~2k2

D/m of the simple
pole in Eq. (3.14), which yields the transcendental equation

kD

Λ
arctan

(
Λ

kD

)
− π

2aΛ
= 0. (3.16)

Near resonance, kD/Λ � 1, and we expand Eq. (3.16) to second-order in this
small parameter, which may then be solved analytically

kD =
πΛ

4
−
√
π2aΛ2 − 8Λπ

4
√
a

. (3.17)

Equating this correction to the molecular binding energy with the van der
Waals correction to the s-wave binding energy −~2/m(a − ā)2 [72] and ex-
panding in the small parameter ā/a, we obtain Λ = 2/πā which was given
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in Sec. 3.2 as the calibration of Λ. In Fig. 3.4, the prediction for the binding
energy within our calibrated two-body model is compared to coupled-channel
calculations for the binding energy of the Feshbach molecule for 85Rb near the
resonance at 155 G [129] and 39K near the resonance at 402 G [151]. We find
generally good agreement near resonance with the coupled-channel calcula-
tion using our calibration scheme compared to the zero-range limit Λ → ∞
shown in Fig. 3.4, which justifies our approach.

Appendix 3.B Hartree-Fock-Bogoliubov theory of the
quenched unitary Bose-condensed gas

Following Refs. [127, 154], we derive the Hartree-Fock-Bogoliubov equations
of motion from the energy functional

〈Ĥ〉 = Ê[ψ0, c, n] =
∑

k 6=0

~2k2

2m
nk + 2g

∑

k 6=0

|ζ(k)|2|ψ0|2nk

+
g

2

∑

k 6=0

ζ(0)ζ∗(2k)(ψ∗0)2ck + (c.c)

+
g

2

∑

{k,k′}6=0

[
ζ(2k)ζ∗(2k′)ckc

∗
k′ + 2|ζ(k− k′)|2nknk′

]
(3.18)

including up to second-order cumulants, where cij = 〈âkj âki〉c and nij =

〈â†kj âki〉c are the pair and one-body density matrices for excitations (k 6= 0),
respectively. From functional derivatives of the energy functional, we define
the pairing field and Hartree-Fock Hamiltonian

∆ij ≡
δÊ[ψ0, c, n]

δc∗ji
, (3.19)

hij ≡
δÊ[ψ0, c, n]

δnji
, (3.20)

from which we define the quasiparticle Hamiltonian

H ≡
(

h ∆
−∆∗ −h∗

)
, (3.21)

and generalized one-body density matrix

R ≡
(

n c
c∗ (n+ 1)

)
. (3.22)
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Now, the second-order cumulant equations of motion can be written simply as

i~ψ̇0 =
δÊ[ψ0, c, n]

δψ∗0
, (3.23)

i~Ṙ = HR−RH†, (3.24)

which results in the equations of motion, Eqs. (3.3)-(3.5). This second-order
cumulant theory is equivalent to the many-body formalism used in Ref. [132]
to study the quenched unitary Bose-condensed gas as suggested in Ref. [155].

To simulate a quench experiment for a uniform gas, we begin with an ini-
tially pure Bose-Einstein condensate, and then ramp a→∞ over 5 µs, follow-
ing the approach used in Ref. [132]. We then evolve the gas in the unitary
regime until the assumptions underlying our model are violated as nk exceeds
unity and quantum depletion becomes significant. This occurs after evolving
roughly t ∼ 2tn in the unitary regime. Provided nr3

vdW � 1, we confirm
the universal behavior of nk observed in Ref. [132] as the gas evolves in the
unitary regime. We then take the universal evolution of nk as input into the
embedded few-body Schrödinger equations in our calculation of the bound
few-body clusters. To resolve nk, which is a function only of the magnitude
|k| in our translationally invariant system, we use 20000 k-space gridpoints
evenly-spaced on the interval k ∈ [0,Λ]. Truncating the grid at Λ is justified
provided nΛ � 1, which we find to hold provided nr3

vdW � 1. To go beyond
t ∼ 2tn, we must move to a number-conserving approach like the excitation
picture [156] or investigate whether introducing higher-order correlations or
inelastic losses within our formalism slows the progression of quantum deple-
tion.

Appendix 3.C Embedded two-body problem

The cumulant equation of motion for ck can be written as

i~ċk = 2h(k)ck + (1 + 2nk)gζ(2k)
∑

k 6=0

ζ∗(2k′)ck′ + Γ0,2
k , (3.25)

where the effect of inhomogeneities is summarized by Γ0,2
k . Treating density

effects as quasi-stationary, we repeatedly solve for the stationary states satisfy-
ing

E
(ν)
2B φν(k) = 2h(k)φν(k) + (1 + 2nk)

∑

k′ 6=0

gζ(2k)ζ∗(2k′)φν(k′) + Γ0,2
k , (3.26)
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over the course of a many-body simulation. To study the principle structure
of Eq. (3.26), we ignore Γ0,2

k which yields effects such as effective decay and
secondary energy shifts [99, 136]. This results in the real-valued eigenvalue
problem given by Eq. (3.8) in Sec. 3.3.

To solve Eq. (3.8), we begin by defining the two-body embedded Green’s
operator Ĝ2B(z) ≡ (z− (2t̂+ B̂V̂ ))−1 where the Bose-enhancement operator B̂
is defined as 〈k,k′|B̂ = (1 + nk + nk′)〈k,k′|. The two-body embedded Green’s
operator satisfies the Lippman-Schwinger equation [61]

Ĝ2B(z) = Ĝ
(0)
2B(z) + Ĝ

(0)
2B(z)B̂V̂ Ĝ2B(z)

= Ĝ
(0)
2B(z) + Ĝ2B(z)B̂V̂ Ĝ

(0)
2B(z). (3.27)

We then define the embedded two-body T -operator

T̂2B(z) ≡ B̂V̂ + B̂V̂ Ĝ2BB̂V̂ , (3.28)

which has the same properties as Ĝ2B(z) as an analytic function of z. This
is analogous to the vacuum definition of the two-body T -operator [61]. We
obtain the identities Ĝ(0)

2B T̂2B(z) = Ĝ2B(z)B̂V̂ and T̂2B(z)Ĝ
(0)
2B(z) = B̂V̂ Ĝ2B(z)

straightforwardly. From these identities, we obtain the Lippman-Schwinger
equation

T̂2B(z) = B̂V̂ + B̂V̂ Ĝ
(0)
2B(z)T̂2B(z), (3.29)

given in Sec. 3.4. Our embedded two-body T -operator is related to the many-
body T -operator of Ref. [140] via B̂T̂MB(z) = T̂2B(z), and therefore also has
the same analytic properties as Ĝ2B(z). The many-body T -operator is related
to the vacuum two-body T -operator as T̂MB(z) = T̂2B(z) + T̂2B(z)Ĝ

(0)
2B(z)(B̂ −

1)T̂MB(z) [140].
The Born series for T̂2B(z) can be interpreted graphically as Feynman di-

agrams shown in Fig. 3.5, although its convergence is not guaranteed [61].
To obtain the general closed-form expression for T̂2B(z), we begin by writing
Eq. (3.29) for a separable pairwise potential V̂ = g|ζ〉〈ζ|, giving

T̂2B(z) = gB̂|ζ〉〈ζ|+ gB̂|ζ〉〈ζ|Ĝ(0)
2B(z)T̂2B(z). (3.30)

Applying 〈ζ|G(0)
2B(z) to the left hand side of Eq. (3.30), we obtain

〈ζ|Ĝ(0)
2B(z)T̂2B(z) =

g〈ζ|Ĝ(0)
2B(z)B̂|ζ〉

1− g〈ζ|Ĝ(0)
2B(z)B̂|ζ〉

〈ζ|. (3.31)
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Figure 3.5: (a) An illustration of the decomposition T̂2B = B̂T̂MB, including
Bose-stimulation of collision outputs indicated by double arrows. (b) Diagram-
matic representation of the Born series for T̂MB in terms of Feynman diagrams.
The jagged lines indicate a pairwise interaction.

Inserting Eq. (3.31) into Eq. (3.30), yields Eq. (3.10)

T̂2B(z) = B̂
g|ζ〉〈ζ|

1− g〈ζ|Ĝ(0)
2B(z)B̂|ζ〉

. (3.32)

We obtain the embedded two-body cluster energies by locating the simple pole
in Eq .(3.32). The integrals in the denominator of Eq. (3.32) are evaluated by
Gaussian quadrature [157] and interpolation of nk from the dense simulation
grid onto a grid of 2000 abscissas distributed on the interval k ∈ [0,Λ].

Appendix 3.D Embedded three-body problem

The cumulant equation of motion for τ0,3
k,k′ can be written as

i~τ̇0,3
k,k′ = (1 + P̂+ + P̂−)

(
h(k)τ0,3

k,k′ + (1 + nk′ + nk+k′)

×
∑

k′′ 6=0

gζ(2k′ + k)ζ∗(2k′′ + k)τ0,3
k,k′′ + Γ0,3

k,k′

)
,

(3.33)

where the effect of inhomogeneities is summarized by Γ0,3
k,k′ . As in Sec. 3.C, we

treat density effects as quasi-stationary and ignore Γ0,3
k,k′ , which gives Eq. (3.9)

in Sec. 3.3. Equation (3.9) is then repeatedly solved for the stationary states
Ψν(k,k′) over the course of a many-body simulation.
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To solve Eq. (3.9), we follow the original formulation of Skorniakov and
Ter-Martirosian [143] to derive Eq. (3.12). We begin from the Faddeev equa-
tion [128] for a three-body bound state with effective pairwise interaction V̂eff

|Ψ(1)
ν 〉 = Ĝ

(0)
3B(Ẽ

(ν)
3B )T̂23(Ẽ

(ν)
3B )(P̂+ + P̂−)|Ψ(1)〉, (3.34)

where T̂23(z) is defined in Sec. 3.5. First, we rewrite Eq. (3.34) in momentum
space using the Jacobi coordinates

Ψ(1)
ν (q1,p1) = G

(0)
3B(q1, p1, Ẽ

(ν)
3B )

∫
d3q′

(2π)3

∫
d3p′

(2π)3

× 〈q1,p1|T̂23(Ẽ
(ν)
3B )|q′,p′〉〈q′,p′|P̂+ + P̂−|Ψ(1)

ν 〉.
(3.35)

For a separable potential, this integral equation may be further simplified
by using the result of Eq. (3.32)

〈q1,p1|T̂23(Ẽ
(ν)
3B )|q′,p′〉 = gδ(3)(p1 − p′)(1 + nq1−p1/2 + nq1+p1/2)

× ζ(2q1)ζ∗(2q′)τ

(
Ẽ

(ν)
3B −

3~2p2
1

4m

)
,

(3.36)

Ψ(1)
ν (q1,p1) = g

(
1 + nq1−p1/2 + nq1+p1/2

)

×G(0)
3B(q1, p1, Ẽ

(ν)
3B )τ

(
Ẽ

(ν)
3B −

3~2p2
1

4m

)
ζ(2q1)

×
∫

d3p′

(2π)3
ζ∗(2p′ + p1)Ψ(1)

ν (q1,p1).

(3.37)

Now, we make the ansatz

|Ψ(1)
ν 〉 = NĜ

(0)
3B(Ẽ

(ν)
3B )B̂1(|ζ〉 ⊗ |Fν〉), (3.38)

whereN is the normalization constant, and 〈q1,p1|B̂1 = 〈q1,p1|(1+nq1−p1/2+
nq1+p1/2) is the Bose-enhancement operator using spectator notation in terms
of Jacobi coordinates. Inserting this ansatz into Eq. (3.34), and for s-wave
pairwise interactions, we obtain the amplitude

Fν(p1) = 2gτ
(
Ẽ

(ν)
3B −

3~2p2
1

4m

)∫ d3p′

(2π)3
(1 + np1 + np1+p′)

×
ζ
(∣∣∣2p1 + p′

∣∣∣
)
ζ
(∣∣∣2p′ + p1

∣∣∣
)

Ẽ
(ν)
3B − ~2

m

(
p2

1 + p′2 + p1 · p′
)Fν(p′),

(3.39)

which is Eq. (3.12).
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Appendix 3.E Calculation of absorption times

To calculate Eq. (3.13) for the scaling laws obeyed by the absorption times
t(ν), we numerically estimate t(ν) over a range of densities, observing that the
νth excited Efimov cluster is absorbed when aeff = a(ν), where a(ν) is approxi-
mately density-independent. Estimating a(2) = (165 ± 12)rvdW, due to uncer-
tainty in t(ν) from the finite time-step of the many-body simulation described in
Sec. 3.2, we establish the general scaling a(ν+1) ≈ eπ/s0a(ν) for excited Efimov
clusters. Using the universal result in Eq. (3.11), we then extend this result to
characterize t(ν) at arbitrary densities, resulting in Eq. (3.13).
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We study a degenerate Bose gas quenched to unitarity by solving a many-body model in-
cluding three-body losses and correlations up to second order. As the gas evolves in this
strongly interacting regime, the buildup of correlations leads to the formation of extended
pairs bound purely by many-body effects, analogous to the phenomenon of Cooper pair-
ing in the BCS regime of the Fermi gas. Through fast sweeps away from unitarity, we
detail how the correlation growth and formation of bound pairs emerge in the fraction of
unbound atoms remaining after the sweep, finding quantitative agreement with experi-
ment. We comment on the possible role of higher-order effects in explaining the deviation
of our theoretical results from experiment for slower sweeps and longer times spent in the
unitary regime.

4.1 Introduction

In ultracold quantum gases, precision control of magnetically tunable Feshbach
resonances makes it possible to tune the effective interaction strength, charac-
terized by the s-wave scattering length a [71]. As a becomes much larger than
the interparticle spacing n−1/3, where n is the atomic density, the gas enters
the unitary regime (n|a|3 � 1). At unitarity (|a| → ∞), interactions between
atoms are as strong as allowed by quantum mechanics. Moreover, the macro-
scopic properties of unitary quantum gases appear insensitive to microscopic

https://link.aps.org/doi/10.1103/PhysRevA.100.013612
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physics and therefore paradigmatic for other strongly correlated systems, in-
cluding the inner crust of neutron stars and the quark-gluon plasma [106,158].
The universality of the unitary Fermi gas has been both theoretically and exper-
imentally well established over the past two decades [86]. Under the univer-
sality hypothesis, the unitary Bose gas is also expected to behave similarly, with
thermodynamic properties and relations that scale continuously solely with the
“Fermi” scales constructed from powers of n, including the Fermi wave number
kn = (6π2n)1/3, energy En = ~2k2

n/2m, and time tn = ~/En, where m is the
atomic mass [85].

Unlike their fermionic counterparts, at unitarity three bosons may form
an infinite series of bound Efimov trimers [78] with characteristic finite size
set by the three-body parameter κ∗ [144, 145, 159]. Whereas Pauli repulsion
suppresses three-body losses for fermions, the Efimov effect leads to a catas-
trophic a4 scaling of three-body losses near unitarity, and therefore the unitary
Bose gas is inherently unstable. In Refs. [73, 91–93], this barrier was over-
come through a fast quench from the weakly interacting to the unitary regime,
where the establishment of a steady state was observed before heating domi-
nates. Time-resolved studies of the single-particle momentum distribution in
Ref. [93] revealed the presence of a prethermal state before the system is over-
come by heating, as theoretically predicted by Refs. [132,160,161]. Although
these findings, combined with studies of loss dynamics in Refs. [73, 91, 92],
are consistent with the universality hypothesis, a macroscopic population of
Efimov trimers was observed in Ref. [73]. Understanding the role of the Efi-
mov effect [123,124] and dynamics of higher-order correlations [55,136,162]
in the quenched unitary Bose gas remains, however, an ongoing pursuit in the
community.

During the course of the experiment, we have to distinguish atomic pairs
with different origins: (i) pairs of atoms with opposite momentum, analogous
to Cooper pairs in Fermi gases, (ii) embedded dimers at unitarity whose size
is determined by the mean interparticle separation, and (iii) weakly bound
molecules away from unitarity, whose size is determined by the scattering
length. According to the experimental procedure of Refs. [73, 91–93], illus-
trated in Fig. 4.1, a Bose gas is initially quenched from the weakly interacting
to the unitary regime, held there for a variable time thold, and finally probed
again in the weakly interacting regime. Here, the size of a molecule is much
smaller than the mean interparticle separation, and the distinction between un-
bound and bound atoms is physically meaningful again [163]. In the unitary
regime, unbound pairs progressively localize onto the scale of the interparticle
spacing, purely due to many-body effects, as discussed in Chapter 3. The na-
ture of these embedded dimers is reflected by a universal time-dependent size
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aeff , fit to the universal form

knaeff = 1.58 + 3.44

(
tn
thold

)2

, (4.1)

which indicates a transition from unbound (aeff → ∞) to bound (aeff ∼ k−1
n )

on Fermi timescales (cf. Eq. (3.11) in Chapter 3), as we will discuss in Sec. 4.2.3.
It is interesting to note the analogy of pair formation in the quenched unitary
Bose gas to pair formation in the unitary Fermi gas [141], which is at the cen-
ter of the so-called BCS-BEC crossover. When entering this crossover from the
Bardeen-Cooper-Schrieffer (BCS) side, fermionic pairs, loosely bound by the
medium, smoothly evolve into tightly bound molecules that are stable even
without the medium, when passing through to the Bose-Einstein condensation
(BEC) side, while the effective atomic interaction changes from attractive to re-
pulsive [86]. For these experiments, a very successful technique was employed
utilizing fast magnetic field sweeps to effectively project the fermionic pairs
onto molecules throughout the whole crossover regime [48,68,164–167].
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FIG. 1. Schematic representation of the experimental pro-
tocol used in Refs. [10–13]. First, the magnetic field B is
ramped suddenly towards the resonant value B0, taking the
system from the weakly-interacting (na3 < 1) to the unitary
regime na3 & 1 (shaded region). In the second stage, the
system evolves at unitarity for a variable time thold. In the
third and final step, the system is ramped back from unitar-
ity with a different ramp rate (proportional to the slope of
line 3) away from resonance returns the system back to the
weakly-interacting regime where measurements are made and
weakly- bound molecules can be found. Inset: Feshbach res-
onance with the scattering length a as a function of B during
the sequence represented in the main figure.
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Figure 4.1: Schematic representation of the experimental protocol used in
Refs. [73, 91–93]. First, the magnetic field B is ramped suddenly towards the
resonant value B0, taking the system from the weakly interacting (na3 < 1) to
the unitary regime na3 & 1 (shaded region). In the second stage, the system
evolves at unitarity for a variable time thold. In the third and final step, the sys-
tem is ramped back from unitarity with a different ramp rate (proportional to the
slope of line 3) away from resonance and returns back to the weakly interact-
ing regime where measurements are made and weakly bound molecules can be
found. Inset: Feshbach resonance with the scattering length a as a function of B
during the sequence represented in the main figure.

In this work, we quench an initially pure Bose condensate to unitarity and
track the resultant dynamics up to the level of two-body correlations, while
including universal three-body losses phenomenologically. We then model the
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final step shown in Fig. 4.1 by a fast-sweep projection technique in the spirit
of Ref. [165], count the number of remaining unbound atoms, and compare
quantitatively our results with the experimental findings of Ref. [92]. Unlike in
the experiment, in our model, we are able to distinguish between three-body
losses and formation of molecules when determining the number of remaining
unbound atoms. Through this ability, we estimate the universal three-body
loss-rate coefficient by refitting the experimental data of Ref. [92]. We also
compare the predictions of our model for the number of unbound atoms with
the results of that work, finding generally good agreement for fast ramp rates
and for slower ramp rates at earlier times (thold . 0.5tn). As correlations grow
and the condensate becomes increasingly depleted for longer times spent in
the unitary regime, we highlight the dominant contribution of the embedded
dimers in the number of unbound atoms detected after fast-sweep projection
away from unitarity.

The organization of this work is as follows. In Sec. 4.2, we outline our
many-body model (Sec. 4.2.1), adapt the technique of fast-sweep projection
from Ref. [165] (Sec. 4.2.2) for Bose gases, and develop the theory of bound
pairs in the unitary regime discussed in Chapter 3 (Sec. 4.2.3). In Sec. 4.3,
three-body losses are introduced phenomenologically into our many-body mod-
el, and in Sec. 4.4, we discuss the results of our model and compare them with
the experimental findings of Ref. [92]. We conclude in Sec. 4.5 and comment
on prospects for future study.

4.2 Model

4.2.1 Many-body equations

We model a uniform gas of identical spinless bosons interacting via pairwise
interactions described by the single-channel many-body Hamiltonian

Ĥ =
∑

k

~2k2

2m
â†kâk +

∑

k,k′,q

Vk,k′,qâ
†
k+qâ

†
k′−qâk′ âk, (4.2)

where Vk,k′,q = (g/2)ζ(k − k′ + 2q)ζ∗(k − k′) is a non local separable poten-
tial with interaction strength g, step-function form factor ζ(k) = θ(Λ− |k|/2),
and finite cutoff Λ, giving rise to a finite-range interaction both in momentum
and position space. This model is suitable for describing open-channel dom-
inated Feshbach resonances, which includes all degenerate unitary Bose gas
experiments to date [73, 74, 91–93]. To fix the free parameters of the sep-
arable potential, we first set the strength of the potential, g = U0Γ, where
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U0 = 4π~2a/m and Γ = (1 − 2aΛ/π)−1, to reproduce the exact two-body T -
matrix in the zero-energy limit [55, 168]. To fix Λ, we follow Chapter 3 and
set Λ = 2/πā to obtain finite-range corrections to the binding energy of the
Feshbach molecule Eb ' −~2/m(a− ā)2, valid only to first order in 1/Λa, and
where ā = 0.955rvdW is the mean scattering length that depends on the van
der Waals length rvdW, for a particular atomic species [71]. Consequently, at
unitarity we obtain a finite interaction strength g = −π3~2ā/m for a→∞.

To model the condensate and excitations, we make the Bogoliubov approx-
imation [169] and decompose the operator âk = ψk + δâk with 〈δâk〉 = 0.
We assume that only the atomic condensate is macroscopically occupied so
that 〈âk〉 = ψ0δk,0 and consider only fluctuations of the excitations. These
assumptions are valid provided the excited modes are not macroscopically oc-
cupied. Furthermore, we build our many-body theory from the cumulant ex-
pansion [55, 136], which separates clusters of correlated particles within an
interacting many-body system. Here, we consider only up to second-order
clusters (correlations), described by the condensate wave function ψ0 and the
one-body nk ≡ 〈â†kâk〉 and pairing ck ≡ 〈â−kâk〉 density matrices for excita-
tions [127].

We derive the Hartree-Fock Bogoliubov (HFB) equations [127] from the
Heisenberg equation of motion for one or two â-operator products and evalu-
ate the expectation values in cumulant expansion, neglecting clusters of three
or more particles. Summarily, if Ô is a specific operator, using i~ 〈dÔ/dt〉 =
〈[Ô, Ĥ]〉 one has

i~ψ̇0 = g
[
|ζ(0)|2|ψ0|2 + 2

∑

k 6=0

|ζ(k)|2nk

]
ψ0 + gψ∗0

∑

k 6=0

ζ(0)ζ∗(2k)ck, (4.3)

~ṅk = 2 Im (∆kc
∗
k) , (4.4)

i~ċk = 2hkck + (1 + 2nk)∆k, (4.5)

where

hk =
~2k2

2m
+ 2g

(
|ζ(k)|2|ψ0|2 +

∑

q6=0

|ζ(k− q)|2nq

)
(4.6)

and

∆k = gζ(2k)
(
ζ∗(0)ψ2

0 +
∑

q 6=0

ζ∗(2q)cq

)
(4.7)

are the Hartree-Fock Hamiltonian and the pairing field, respectively [127]. The
HFB theory results in a mean-field description, typically suitable for the weakly
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interacting regime where n|a|3 � 1. However, here we formulate a finite-range
HFB theory, which yields a finite mean-field energy g at unitarity, as discussed
above. We argue that this theory is applicable for strong interactions since
g remains small respect to En, or equivalently nr3

vdW � 1. Note that this
condition is well satisfied for all experiments in the unitary regime to date
(nr3

vdW < 10−5) [55,73,91–93,170].
To simulate the first two steps of the experimental sequence illustrated in

Fig. 4.1, Eqs. (4.3)-(4.5) are solved at fixed initial density nin = Nin/V , where
Nin ≡ N(t = 0) with total atom number N(t) in a volume V 1. In particular, we
consider experiments done in a box-trap, modelled as a uniform system [66].
We begin at t = 0 from a pure condensate with |ψ0|2 = nin. The scattering
length is then ramped over 2 µs to unitarity, where the system evolves for
a varying amount of time, thold. As the gas evolves at unitarity and in the
absence of losses, the condensate fraction becomes depleted as correlated pair
excitations are generated and counted by nk as studied in Ref. [132]. We
expect that the increase of nk beyond unity makes higher-order cumulants
strongly driven and their inclusion in the model cannot be justified. Therefore,
following Chapter 3, we restrict our analysis to t ≤ 2tn where nk < 1 remains
valid.

4.2.2 Fast-sweep projection away from unitarity

We finally model the third step of Fig. 4.1 with a projection of the many-body
state at unitarity onto a molecular state at finite scattering length and count
the number of molecules. Intuitively, in the limiting case of a sudden switch
of the magnetic field, the number of molecules may be calculated, to good ap-
proximation, by simply projecting the state at unitarity onto molecules at the
final magnetic field Bend. For finite ramp rates R = −dB/dt, this approxima-
tion is not valid. In this case, the number of molecules may be calculated ap-
proximately by projection onto an effective molecular state φ∗ with scattering
length a∗ larger than the final scattering length aend and intermediate to both
the sudden and adiabatic cases, as detailed in Ref. [165]. This method provides
an indirect measure of the buildup of correlations at unitarity. The conceptual
problem of bound pairs in the unitary regime is revisited in Sec. 4.2.3.

We construct a compound bosonic operator

b̂†0 ≡
∑

k

φ∗(k)√
2
â†−kâ

†
k, (4.8)

1The Fermi scales kn, En, and tn are defined in terms of the initial density nin.
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counting molecules away from unitarity with zero center of mass and relative
momentum k of the constituent atoms, where φ∗(k) is a molecular wave func-
tion with a finite scattering length a∗ whose value will be specified shortly. By
construction, the b̂ operator satisfies [b̂0, b̂0] = [b̂†0, b̂

†
0] = 0, and the canonical

commutation relation [b̂0, b̂
†
0] = 1 +

∑
k |φ∗(k)|2(â†kâk + â†−kâ−k) is approxi-

mately well satisfied 〈[b̂0, b̂†0]〉 ' 1 away from unitarity, where the molecules
are spatially much smaller than the interparticle spacing. We note also that the
approach of counting composite bosons [Eq. (4.8)] has also been used exten-
sively for counting fermionic pairs along the BEC-BCS crossover [25,165,171].

We evaluate the expectation value 〈b̂†0b̂0〉, which can be expanded in terms
of first- and second-order cumulants, consistently with the theory presented in
Sec. 4.2.1. Therefore, the molecular fraction is

2Nmol

Nin
= V

∑

k

|φ∗(k)|2
(
|ψ0|4δk,0 +

2

V
n2

k

)

+ V
∣∣∣
∑

k

φ∗(k)c∗k

∣∣∣
2

+ V
∑

k

2Re
[
φ∗(0) (ψ∗0)2 ck [φ∗(k)]∗

]
,

(4.9)

where Nin/2 is the total possible number of molecules. At thold = 0 imme-
diately following the completion of the quench, |ψ0|2 ≈ n and nk ≈ ck ≈ 0,
and therefore only the first term on the right-hand side of Eq. (4.9) contributes.
This contribution can be interpreted as the overlap of the molecular wave func-
tion and the atomic mean field [163] and scales as na3

∗ proportional to the ratio
of atomic and molecular volumes. This overlap must be insignificant so that
na3
∗ < 1, and molecules can be separated from the many-body background.

The remaining terms in Eq. (4.9) measure the overlap between molecular and
pairing wave functions [172] and reflect the development of correlations as
the gas evolves in the unitary regime. We note that Eq. (4.9) is in agreement
with the first-quantized multichannel description in position space found in
Ref. [163].

In the evaluation of Eq. (4.9), the molecular wave function has the univer-
sal form

φ∗(k) =

√
Na3
∗

1 + (ka∗)2
, (4.10)

valid provided a∗ � rvdW [71]. The normalization constant N is given by
N = 4π2/{arctan(Λa∗)−Λa∗/[1 + (Λa∗)

2]} and ensures that
∑Λ

k |φ∗(k)|2 = 1.
As mentioned above, Eq. (4.10) is written in terms of a∗, whose value depends
on R. a∗ represents the point at which the evolution of the system under
the ramp changes from sudden to adiabatic, and the creation and dissociation
of molecules is halted [165, 166]. Quantitatively, this occurs when Eb/~ =
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E−1
b Ėb is satisfied, where Eb = −~2/m(a− ā)2 is the molecular binding energy

including finite-range effects [71]. We obtain specific values of a∗ from the real
solution of the third-order polynomial equation

(a∗ − abg)2 (a∗ − ā) =
~∆Babg

2mR
, (4.11)

where abg is the background scattering length, and ∆B is the width of the
Feshbach resonance [71]2. In the sudden limit, the initial state is projected
onto the final scattering length aend ≡ a(Bend) � a∗ which is on the order of
abg or ā for 1/R→ 0.

The dependence of a∗ on the ramp rate is shown by the solid red line in
Fig. 4.2. Generally, larger values of a−1

∗ indicate a faster ramp and the many-
body state at unitarity is projected onto more localized molecules. Conse-
quently, φ∗(k) will be less pronounced at low momenta than for slower ramps,
which can be seen in the insets of Fig. 4.2.

4.2.3 Embedded dimers at unitarity

To link the buildup of correlations at unitarity with the fast-sweep production
of molecules, it is instructive to introduce a many-body length scale that can
be compared with a∗. Here, we follow the approach outlined in Chapter 3 and
study embedded two-body bound states at unitarity.

To obtain the spectrum of these dimers embedded in the unitary Bose gas,
the homogeneous part of Eq. (4.5), including only terms dependent on ck, is
solved as a two-body Schrödinger equation in the quasi-stationary limit [55,
136]. This approach is valid provided ck evolves faster than the density dy-
namics and scattering among clusters (inhomogeneous terms) are neglected,
in which case one obtains an eigenvalue equation

E
(ν)
2B φ

R
ν (k) = 2hkφ

R
ν (k) + (1 + 2nk)

∑

q 6=0

gζ(2k)ζ∗(2q)φR
ν (q), (4.12)

where E(ν)
2B is a two-body eigenenergy and φR

ν (k) is a right-handed wave func-
tion [55, 136]. The left-handed wave function φL

ν (k) is related via φR
ν (k) =

(1 + 2nk)φL
ν (k), and they satisfy the usual orthogonality

∑
k[φL

ν (k)]∗ φR
µ (k) =

δν,µ and normalization
∑

ν [φL
ν (k)]∗φR

ν (q) = δk,q conditions.

2To derive Eq. (4.11), the two-channel expression a = abg −mG2/(8π~2ν) was used, where
G is the coupling between the two channels, ν = ∆µ(B−B0) is the detuning between collision
energy and bound-state energy in the closed channel, and ∆µ is the difference in magnetic
moments between the two channels [129, 173]. This introduces an explicit dependence on
1/R.
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b Ėb is satis-273
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FIG. 2. A qualitative illustration of the variation of a∗ (solid
red lines) with the ramp rate 1/R and of the variation of aeff

(solid and dashed black lines) with increasing thold as indi-
cated by arrows in the shaded region. The direction of faster
ramps is indicated explicitly. In the insets, the molecular
(φ∗(k)) (solid green and blue lines) and bound pair (φD(k))
(solid, dash-dotted and dashed lines) wave functions are com-
pared for increasing thold indicated by arrows.
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Figure 4.2: A qualitative illustration of the variation of a∗ (solid red lines) with
the ramp rate 1/R and of the variation of aeff (solid and dashed black lines)
with increasing thold as indicated by arrows in the shaded region. The direction
of faster ramps is indicated explicitly. In the insets, the molecular [φ∗(k)] (solid
green and blue lines) and bound pair [φD(k)] (solid, dash-dotted, and dashed
lines) wave functions are compared for increasing thold indicated by arrows.

It is illustrative to compare Eq. (4.12) with the Schrödinger equation for
a Cooper pair in the BEC-BCS crossover, which depends instead on the Pauli-
blocking factor (1 − 2nk) [25, 167]. Whereas the blocking factor in the BEC-
BCS crossover theory forbids scattering at occupied intermediate states [82],
the intermediate states for a Bose gas are Bose enhanced [174]. Both effects
may lead to weakly bound pairs which are held together purely by many-body
effects, whose presence was predicted in the finite-temperature phase diagram
of the strongly interacting Bose gas [141].

Following Chapter 3, we track the gradual development in time of these
embedded dimers, solutions of Eq. (4.12) with wave function φD(k) and bind-
ing energy ED

2B ≡ −~2/ma2
eff . Equation (4.12) can be solved numerically,

yielding ED2B as a function of time. The evolution of ED
2B was fit in Chapter 3,

and we quote that result in Eq. (4.1). Initially, these dimers are basically un-
bound (aeff ∼ ∞), but through the subsequent buildup of correlations and
quantum depletion they are localized (aeff ∝ k−1

n ) onto the Fermi scale and
behave universally.

Comparing a∗ with aeff provides a convenient way of characterizing the
underlying physics of the fast-sweep projection. These scales are shown in
Fig. 4.2, where the development of a−1

eff as the gas evolves in the unitary regime
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is represented by the progression of horizontal lines in the shaded region. As
discussed in Sec. 4.2.2, the fast-sweep projection must be such that kna∗ � 1
and therefore outside of the shaded region. These length scales may also be
used to understand how the buildup of correlations influences the number of
remaining unbound atoms after the fast-sweep projection. The evolution of
φD(k) with thold is shown along with φ∗(k) in Fig. 4.2 for two different ramp
rates. The gradual localization of φD(k) onto the Fermi scale leads to increasing
overlap with φ∗(k). This behavior is more pronounced for slower ramps and
for longer thold. Therefore, we intuitively expect that embedded dimers make
an increasing contribution to the overlap term in Eq. (4.9) and therefore the
number of molecules produced by the fast-sweep projection.

To determine the role of the embedded dimers at unitarity, we decompose
ck in the basis of φR

ν (k) as

ck =
∑

ν

cνφ
R
ν (k)⇔ cν =

∑

k

[φL
ν (k)]∗ck, (4.13)

where the coefficient cν quantifies the relative weight of the component ν
within the total ck. We define the embedded dimer contributionND in Eq. (4.9),
by evaluating only the component ν = D of Eq. (4.13)

2ND

Nin
= V

∣∣∣
∑

k

φ∗(k)[φR
D(k)]∗

∑

q

[cq]∗φL
D(q)

∣∣∣
2

+ V
∑

k

2Re
[
φ∗(0)(ψ∗0)2

(∑

q

[φL
D(q)]∗cq

)
φR

D(k)[φ∗(k)]∗
]
.

(4.14)

Figure 4.3 shows the ratio between embedded dimers and total number of
molecules as a function of (knaeff)−1 after fast-sweep projections for three ramp
rates of experimental interest. We find that by thold ∼ 2tn, when (knaeff)−1

∼ 0.4, embedded dimers make up ≈ 60% of the detected molecules. There-
fore, the fast-sweep projection increasingly converts embedded dimers into
weakly bound molecules away from resonance, as the gas spends more time at
unitarity, agreeing with the intuitive overlap picture shown in Fig. 4.2. We note
that the behavior shown in Fig. 4.3 is reminiscent of the monotonic conversion
of fermions pairs into molecules along the BEC-BCS crossover as a function of
the scattering length [167,175].

4.3 Modeling three-body losses

The development of strong correlations at unitarity is also accompanied by
strong losses [73, 74, 91–93, 124, 132]. In Ref. [93], by focusing on the early-
time dynamics of the tail of the single-particle momentum distribution for
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φ∗(k)[φR
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[κq]∗φL
D(q)

∣∣∣∣∣

2

+

+ V
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k

2Re
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φ∗(0)[ψ†0]2

(∑

q

[φL
D(q)]∗κq

)

× φR
D(k)[φ∗(k)]∗

]
.

(14)
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shown in Fig. 3 is reminescent of the monotonic conver-369

sion of fermions pairs into molecules along the BEC-BCS370

crossover as a function of the scattering length [29, 43].371372
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we obtain a maximum contribution ND/Nmol ≈ 0.6.

III. MODELING THREE-BODY LOSSES373

The development of strong correlations at unitarity is374

also accompanied by strong losses [10–13, 15, 18, 30].375

In Ref. [13], by focusing on the early-time dynamics of376

the tail of the single-particle momentum distribution for377

k/kn & 0.8, it was possible to experimentally distinguish378

between the formation of a steady-state and long-time379

heating. However, this separation was not possible ex-380

perimentally in Refs. [10, 12] for observables depending381

on the full range of momentum. In the present work,382

we model the findings of Ref. [12] and study the num-383

ber of unbound atoms detected following the completion384

of the experimental sequence illustrated in Fig. 1. In385

particular, the number of unbound atoms decreases in386

time because of two main phenomena, which are difficult387

to distinguish experimentally: molecular formation and388

three-body losses. Therefore, the inclusion of losses is389

required to make a quantitative comparison.390

We assume a universal form for three-body losses scal-
ing as n2/3 in degenerate Bose gases, ignoring possible
log-periodicities due to the Efimov effect [18, 44]

Ṅ(t)

N(t)
= −A

tn
. (15)

This gives an effective three-body loss coefficient

Keff
3 (n(t)) =

A~(6π2)2/3

2m
n(t)−4/3, (16)

that satisfies the standard relation Ṅ(t)/N(t) =391

−Keff
3 N(t)2/V 2 for a uniform system [1]. We treat the392

constant A as a free parameter that is varied in Sec. IV393

Figure 4.3: Contribution of the embedded dimers formed at unitarity to the to-
tal number of molecules produced by the fast-sweep projection away from the
unitary regime shown for three ramp rates within the range of experimental in-
terest. Time is implicit in the inverse effective scattering length in the sense of
Eq. (4.1). By thold ∼ 2tn when (knaeff)−1 ' 0.4, we obtain a maximum contribu-
tion ND/Nmol ≈ 0.6.

k/kn & 0.8, it was possible to experimentally distinguish between the forma-
tion of a steady-state and long-time heating. However, this separation was not
possible experimentally in Refs. [91,92] for observables depending on the full
range of momentum. In the present work, we model the findings of Ref. [92]
and study the number of unbound atoms detected following the completion of
the experimental sequence illustrated in Fig. 4.1. In particular, the number of
unbound atoms decreases in time because of two main phenomena, which are
difficult to distinguish experimentally: molecular formation and three-body
losses. Therefore, the inclusion of losses is required to make a quantitative
comparison.

We assume a universal form for three-body losses scaling as n2/3 in de-
generate Bose gases, ignoring possible log-periodicities due to the Efimov ef-
fect [124,126]

Ṅ(t)

N(t)
= −A

tn
. (4.15)

This gives an effective three-body loss coefficient

Keff
3 (n(t)) =

A~(6π2)2/3

2m
n(t)−4/3, (4.16)
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that satisfies the standard relation Ṅ(t)/N(t) = −Keff
3 N(t)2/V 2 for a uniform

system [71]. We treat the constant A as a free parameter that is varied in
Sec. 4.4 in order to fit experimental data of Ref. [92]. The form of Eq. (4.15)
was found experimentally in Refs. [73,92] and is theoretically motivated by the
universal substitution a4 → a4

eff in the scaling law of Keff
3 for shallow dimers

as was suggested in Refs. [123,176]. For clarity, the universal scaling n2/3 was
found to be valid only for thold . 4tn, for longer time the loss rate scales as
n26/9, consistent with the results for a thermal gas at unitarity [177, 178] and
beyond the limit of validity of our model, as discussed in Sec. 4.2.1.

To incorporate three-body losses into the HFB equations, we consider the
time derivative of the atomic density dn(t)/dt = d(N(t)/V )/dt = d(|ψ0(t)|2)/dt
+
∑

k 6=0 dnk(t)/dt and in order to satisfy Eq. (4.15) we only have to modify
Eqs. (4.3) and (4.4) with additional terms

i~ψ̇0 = · · · − i~
2
Keff

3 (n(t))n2(t)ψ0, (4.17)

~ṅk = · · · − ~Keff
3 (n(t))n2(t)nk, (4.18)

where · · · represents the lossless terms of the HFB equations. We note that
a similar phenomenological approach has been used at the level of the Gross-
Pitaevksii equation in Ref. [179] and also to describe the Bosenova in Refs. [180,
181]. These approaches, however, did not include density dependence in the
three-body loss coefficient. We also note that it should be possible to go beyond
this phenomenological approach through a proper inclusion of third-order cor-
relations into an extension of the many-body model outlined in Sec. 4.2. These
matters remain the subject of future study.

4.4 Results

In this section, we compare the results of our model to the experimental data
in Ref. [92]. We approximate the box cylindrical trap used in that work as
a homogeneous gas [66] and numerically solve the HFB equations including
losses [Eqs. (4.5), (4.17), and (4.18)] for the 39K Feshbach resonance at B =
402 G with abg = −29a0, ∆B = −52 G, and ā = 61.7a0 [71]. To mimic the
experimental setup, we fix the initial density nin and simulate up to thold = 2tn,
which is the range of validity of our model as discussed in Sec. 4.2. We then
calculate the total number of unbound atoms after the fast sweep away from
unitarity from Eq. (4.9) for the ramp rates used experimentally. We calculate
the number of free (unbound) atoms as

Nfree(thold, 1/R) = N(thold)− 2Nmol(thold, 1/R), (4.19)
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where the ramp-rate dependence is indicated explicitly.
Before discussing the results, we comment on the validity of our approach.

For the 39K Feshbach resonance at B = 402 G, we find that for the ramp rates
and initial densities considered 2.0 ≤ (kna∗)

−1 ≤ 6.7, and therefore the fast-
sweep projection method outlined in Sec. 4.2.2 can be applied. Although not
analyzed in this work, we estimate that this method can also be applied to
model the fast-sweep projection studied in Ref. [73] with 85Rb3. For smaller
1/R and hence smaller a∗, we follow in the spirit Ref. [166] and check the
expression of Eb used to calculate Eq. (4.11) against a coupled-channel calcu-
lation [151], finding discrepancies of less than 5%. 6

in order to fit experimental data of Ref. [12]. The form of394

Eq. (15) was found experimentally in Refs. [11, 12] and395

is theoretically motivated by the universal substitution396

a4 → a4
eff in the scaling-law of Keff
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the results for a thermal gas at unitarity [46, 47] and be-401
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2
Keff
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~ρ̇k = · · · − ~Keff
3 (n(t))n2(t)ρk, (18)
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body model outlined in Sec. II. These matters remain the418

subject of future study.419
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including losses [Eqs. (5), (17), and (18)] for the 39K425
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∆B = −52 G, and ā = 61.7a0 [1]. To mimic the experi-427

mental setup, we fix the initial density nin and simulate428

up to thold = 2tn, which is the range of validity of our429

model as discussed in Sec. II. We then calculate the to-430

tal number of unbound atoms after the fast sweep away431
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FIG. 4. Fraction of unbound atoms remaining after fast-sweep
projection away from unitarity as a function of thold/tn for
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tal data points are taken from Ref. [12]. Assuming that the
0.3 µs/G ramp projects the gas at unitarity only onto un-
bound atoms and taking A = 0.28 yields the solid green
line. The different colored theoretical curves correspond to
A = {0.28, 0.20, 0.18} (pink dashed, purple dot-dashed, and
red dot-dot-dashed lines, respectively).

be applied. Although not analyzed in this work, we esti-441

mate that this method can also be applied to model the442

fast-sweep projection studied in Ref. [11] with 85Rb [51].443

For smaller 1/R and hence smaller a∗, we follow in the444

spirit Ref. [27] and check the expression of Eb used to cal-445

culate Eq. (11) against a coupled-channel calculation [52],446

finding discrepancies of less than 5%.447

Our results for Nfree are compared against the experi-448

mental findings of Ref. [12] as a function of thold for initial449

density nin = 2.7 × 1012 cm−3 and ramp rates 0.3 µs/G450

and 6 µs/G as shown in Fig. 4. At thold = 0, the small451

gap between the theoretical results for the two different452

ramp rates is due solely to the first term on the right453

hand side of Eq. (9) which scales as nina
3
∗ and there-454

fore varies with the ramp rate [see Sec. II B]. At later455

times, pair correlations begin to develop, and the over-456

lap between embedded dimers at unitarity (φD(k)) with457

molecules away from resonance (φ∗(k)) increases, as il-458

lustrated in Fig. 2. Consequently, the decrease of Nfree459

shown in Fig. 5 is due jointly to molecular formation and460

three-body losses.461

The constant A was estimated in Ref. [12] for 39K462

as A = 0.28(3) by assuming that the 0.3 µs/G ramp463

projects the gas at unitarity only onto unbound atoms464

[solid green line in Fig. 4]. In our model, we separate the465

contributions of molecular formation and loss, and it is466

therefore possible to test this assumption and provide an467

independent estimation of A using the approach outlined468

in Sec. III. We therefore adjust A in the HFB equations469

including losses [Eqs. (5), (17), and (18)], and refit the470

0.3 µs/G experimental data as shown in Fig. 4. For this471

Figure 4.4: Fraction of unbound atoms remaining after fast-sweep projection
away from unitarity as a function of thold/tn for nin = 2.7 × 1012 cm−3, where
tn = 41 µs. The experimental data points are taken from Ref. [92]. Assuming
that the 0.3 µs/G ramp projects the gas at unitarity only onto unbound atoms
and taking A = 0.28 yields the solid green line. The different colored theoretical
curves correspond to A = {0.28, 0.20, 0.18} (pink dashed, purple dot-dashed, and
red dot-dot-dashed lines, respectively).

Our results for Nfree are compared against the experimental findings of
Ref. [92] as a function of thold for initial density nin = 2.7 × 1012 cm−3 and
ramp rates 0.3 and 6 µs/G, as shown in Fig. 4.4. At thold = 0, the small
gap between the theoretical results for the two different ramp rates is due
solely to the first term on the right-hand side of Eq. (4.9) which scales as

3For the 85Rb Feshbach resonance at B = 155 G studied in Ref. [73] with abg = −443a0,
∆B = 10.7 G, and ā = 79.1a0 [71], we find that for initial densities between 0.2 and 5.8 ×
1012 cm−3 the range is 1.6 ≤ (kna∗)

−1 ≤ 4.7 for 1/R = 12.5µs/G.
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nina
3
∗ and therefore varies with the ramp rate [see Sec. 4.2.2]. At later times,

pair correlations begin to develop, and the overlap between embedded dimers
at unitarity [φD(k)] with molecules away from resonance [φ∗(k)] increases, as
illustrated in Fig. 4.2. Consequently, the decrease of Nfree shown in Fig. 4.5 is
due jointly to molecular formation and three-body losses.

The constant A was estimated in Ref. [92] for 39K as A = 0.28(3) by as-
suming that the 0.3 µs/G ramp projects the gas at unitarity only onto unbound
atoms [solid green line in Fig. 4.4]. In our model, we separate the contribu-
tions of molecular formation and loss, and it is therefore possible to test this
assumption and provide an independent estimation of A using the approach
outlined in Sec. 4.3. We therefore adjust A in the HFB equations including
losses [Eqs. (4.5), (4.17), and (4.18)], and refit the 0.3 µs/G experimental
data as shown in Fig. 4.4. For this specific ramp, we find a molecular fraction 7
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FIG. 5. Fraction of unbound atoms produced after a fast-
sweep projection away from unitarity over a range of ramp
rates and fixed thold = 80 µs ≈ 1.9tn and initial density
nin = 2.7×1012 cm−3. Here we compare theoretical results for
A = {0.28, 0.20, 0.18} (pink dashed, purple dot-dashed, and
red dot-dot-dashed lines, respectively) as indicated in the leg-
end. The experimental results from [12] are indicated by the
data points along with the Landau-Zener exponential fit with
γ−1 = 2.2 µs/G (black solid line) as discussed in the main
text.

specific ramp, we find a molecular fraction ∼ 10%, which472

is compatible with the experimental estimate in Ref. [12].473

By comparing three values A = {0.28, 0.20, 0.18} to the474

0.3 µs/G experimental data we find that A = 0.20 pro-475

vides the best fit of the experimental results over the full476

range of thold considered in this work. For the slower 6477

µs/G ramp, we find that A = 0.20 gives good agreement478

at early-times until roughly thold & 0.5tn. We discuss479

possible sources of this discrepancy at longer thold at the480

conclusion of this section.481

Our results for Nfree over a range of 1/R are com-482

pared against the experimental findings in Ref. [12] as483

shown in Fig. 5. The results shown in Fig. 5 are at484

fixed thold = 1.9tn, nearing the limit of validity of our485

model [see Sec. II A]. The intuitive picture, discussed486

in Secs. II B, II C and illustrated in Fig. 2 provides a487

way to understand our results particularly at this later488

time where the bound pairs at unitarity play a dom-489

inant role [see Fig. 3]. For smaller ramp rates, the490

largest values of Nfree shown in Fig. 5 result from the491

fast-sweep projection occurring further away from unitar-492

ity where the overlap between embedded dimers (φD(k))493

with molecules (φ∗(k)) becomes minimal. We find good494

agreement with experiment only for the fastest ramps495

considered using the refitted value A = 0.20. In Ref. [12]496

the ramp-rate dependence of Nfree is fit to a Landau-497

Zener exponential Nfree = α + β exp(−γ/R) [25] where498

they found 1/γ = 2.2(3) µs/G. From fitting the A = 0.20499

theoretical data in Fig. 5 (dot-dashed purple curve), we500

find 1/γ = 4.1 µs/G. The possible sources of discrep-501

ancy for slower ramps will be discussed at the end of this502
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FIG. 6. Difference in the fraction of unbound atoms for three
different densities and for two different ramp rates measured
by ∆N(1/R) over a range of thold. Our theoretical predic-
tions (lines) are compared against the experimental results (data
points) from Ref. [12]. (a) Behavior of ∆N(6µs/G) over a range
initial densities nin = 4.0, 2.7, and 1.3 × 1012 cm−3 [tn = 32,
41, and 66 µs, respectively] as indicated by color (blue dashed,
yellow solid, and black dot-dashed lines, respectively). (b) Be-
havior of ∆N(3µs/G) and ∆N(6µs/G) for fixed initial density
nin = 2.7 × 1012 cm−3 as indicated by color (green dot-dot-
dashed and yellow solid lines, respectively).

section.503

In addition, we analyze Nfree over a range of ini-504

tial densities, nin, and compare against the experi-505

mental results in Ref. [12]. Taking the refitted value506

A = 0.20, we follow experiment and vary nin between507

1.3× 1012 and 4.0× 1012 cm−3, measuring the difference508

∆N(1/R) ≡ Nfree(thold, 0.3µs/G) − Nfree(thold, 1/R) as509

shown in Figs. 6(a), (b). We note that for fixed A this510

is equivalent in our model to the difference ∆N(1/R) =511

2(Nmol(thold, 1/R)−Nmol(thold, 0.3µs/G)). At thold = 0,512

∆N is nonzero due to the first term of Eq. (9) scaling as513

nina
3
∗ that was also discussed earlier in connection with514

Fig. 4. At later times, the gradual separation of the ∆N515

curves shown in Fig. 6(a) can be understood by compar-516

Figure 4.5: Fraction of unbound atoms produced after a fast-sweep projection
away from unitarity over a range of ramp rates and fixed thold = 80 µs≈ 1.9tn and
initial density nin = 2.7×1012 cm−3. Here, we compare theoretical results forA =
{0.28, 0.20, 0.18} (pink dashed, purple dot-dashed, and red dot-dot-dashed lines,
respectively) as indicated in the legend. The experimental results from Ref. [92]
are indicated by the data points along with the Landau-Zener exponential fit with
γ−1 = 2.2 µs/G (black solid line) as discussed in the main text.

≈ 10%, which is compatible with the experimental estimate in Ref. [92]. By
comparing three values A = {0.28, 0.20, 0.18} to the 0.3 µs/G experimental
data, we find that A = 0.20 provides the best fit of the experimental results
over the full range of thold considered in this work. For the slower 6 µs/G
ramp, we find that A = 0.20 gives good agreement at early times until roughly
thold & 0.5tn. We discuss possible sources of this discrepancy at longer thold at
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end. The experimental results from [12] are indicated by the
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γ−1 = 2.2 µs/G (black solid line) as discussed in the main
text.

specific ramp, we find a molecular fraction ∼ 10%, which472

is compatible with the experimental estimate in Ref. [12].473

By comparing three values A = {0.28, 0.20, 0.18} to the474

0.3 µs/G experimental data we find that A = 0.20 pro-475

vides the best fit of the experimental results over the full476

range of thold considered in this work. For the slower 6477

µs/G ramp, we find that A = 0.20 gives good agreement478

at early-times until roughly thold & 0.5tn. We discuss479

possible sources of this discrepancy at longer thold at the480

conclusion of this section.481

Our results for Nfree over a range of 1/R are com-482

pared against the experimental findings in Ref. [12] as483

shown in Fig. 5. The results shown in Fig. 5 are at484

fixed thold = 1.9tn, nearing the limit of validity of our485

model [see Sec. II A]. The intuitive picture, discussed486

in Secs. II B, II C and illustrated in Fig. 2 provides a487

way to understand our results particularly at this later488

time where the bound pairs at unitarity play a dom-489

inant role [see Fig. 3]. For smaller ramp rates, the490

largest values of Nfree shown in Fig. 5 result from the491

fast-sweep projection occurring further away from unitar-492

ity where the overlap between embedded dimers (φD(k))493

with molecules (φ∗(k)) becomes minimal. We find good494

agreement with experiment only for the fastest ramps495

considered using the refitted value A = 0.20. In Ref. [12]496
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41, and 66 µs, respectively] as indicated by color (blue dashed,
yellow solid, and black dot-dashed lines, respectively). (b) Be-
havior of ∆N(3µs/G) and ∆N(6µs/G) for fixed initial density
nin = 2.7 × 1012 cm−3 as indicated by color (green dot-dot-
dashed and yellow solid lines, respectively).
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FIG. 5. Fraction of unbound atoms produced after a fast-
sweep projection away from unitarity over a range of ramp
rates and fixed thold = 80 µs ≈ 1.9tn and initial density
nin = 2.7×1012 cm−3. Here we compare theoretical results for
A = {0.28, 0.20, 0.18} (pink dashed, purple dot-dashed, and
red dot-dot-dashed lines, respectively) as indicated in the leg-
end. The experimental results from [12] are indicated by the
data points along with the Landau-Zener exponential fit with
γ−1 = 2.2 µs/G (black solid line) as discussed in the main
text.
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FIG. 6. Difference in the fraction of unbound atoms for three
different densities and for two different ramp rates measured
by ∆N(1/R) over a range of thold. Our theoretical predic-
tions (lines) are compared against the experimental results (data
points) from Ref. [12]. (a) Behavior of ∆N(6µs/G) over a range
initial densities nin = 4.0, 2.7, and 1.3 × 1012 cm−3 [tn = 32,
41, and 66 µs, respectively] as indicated by color (blue dashed,
yellow solid, and black dot-dashed lines, respectively). (b) Be-
havior of ∆N(3µs/G) and ∆N(6µs/G) for fixed initial density
nin = 2.7 × 1012 cm−3 as indicated by color (green dot-dot-
dashed and yellow solid lines, respectively).
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Figure 4.6: Difference in the fraction of unbound atoms for three different densi-
ties and for two different ramp rates measured by ∆N(1/R) over a range of thold.
Our theoretical predictions (lines) are compared against the experimental results
(data points) from Ref. [92]. (a) Behavior of ∆N(6µs/G) over a range initial
densities nin = 4.0, 2.7, and 1.3× 1012 cm−3 [tn = 32, 41, and 66 µs, respectively]
as indicated by color (blue dashed, yellow solid, and black dot-dashed lines, re-
spectively). (b) Behavior of ∆N(3µs/G) and ∆N(6µs/G) for fixed initial density
nin = 2.7 × 1012 cm−3 as indicated by color (green dot-dot-dashed and yellow
solid lines, respectively).

Our results for Nfree over a range of 1/R are compared against the ex-
perimental findings in Ref. [92] as shown in Fig. 4.5. The results shown in
Fig. 4.5 are at fixed thold = 1.9tn, nearing the limit of validity of our model [see
Sec. 4.2.1]. The intuitive picture, discussed in Secs. 4.2.2, 4.2.3 and illustrated
in Fig. 4.2 provides a way to understand our results particularly at this later
time where the bound pairs at unitarity play a dominant role (see Fig. 4.3). For
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smaller ramp rates, the largest values of Nfree shown in Fig. 4.5 result from the
fast-sweep projection occurring further away from unitarity where the overlap
between embedded dimers [φD(k)] with molecules [φ∗(k)] becomes minimal.
We find good agreement with experiment only for the fastest ramps consid-
ered using the refitted value A = 0.20. In Ref. [92] the ramp-rate dependence
of Nfree is fit to a Landau-Zener exponential Nfree = α + β exp(−γ/R) [164],
where they found 1/γ = 2.2(3) µs/G. From fitting the A = 0.20 theoretical
data in Fig. 4.5 (dot-dashed purple curve), we find 1/γ = 4.1 µs/G. The possi-
ble sources of discrepancy for slower ramps will be discussed at the end of this
section.

In addition, we analyze Nfree over a range of initial densities, nin, and com-
pare against the experimental results in Ref. [92]. Taking the refitted valueA =
0.20, we follow experiment and vary nin between 1.3×1012 and 4.0×1012 cm−3,
measuring the difference ∆N(1/R) ≡ Nfree(thold, 0.3µs/G) −Nfree(thold, 1/R)
as shown in Figs. 4.6(a), and 4.6(b). We note that for fixed A this is equivalent
in our model to the difference ∆N(1/R) = 2(Nmol(thold, 1/R)−Nmol(thold, 0.3
µs/G)). At thold = 0, ∆N is nonzero due to the first term of Eq. (4.9) scal-
ing as nina

3
∗ that was also discussed earlier in connection with Fig. 4.4. At

later times, the gradual separation of the ∆N curves shown in Fig. 4.6(a) can
be understood by comparing the density-dependent and independent length
scales aeff and a∗, respectively. The many-body length scale aeff ∝ n−1/3

in is sen-
sitive to changes in the initial density, whereas a∗ remains fixed by the ramp
rate 1/R. Consequently, the overlap between φD(k) and φ∗(k) increases with
nin, which results in the separation of the theoretical ∆N curves in Fig. 4.6(a),
where 1/R = 6µs/G. In Fig. 4.6(b), we also compare our results for ∆N at
fixed nin for ramp rates 3 and 6 µs/G, in order to differentiate between 1/R
and nin dependencies. As before, we attribute the separation of the theoretical
∆N curves to the time dependence of the overlap between φD(k) and φ∗(k)
and the dominance of the bound pairs at unitarity at later times [see Fig. 4.3].
This separation is reflected also in the experimental data shown in Figs. 4.6(a)
and 4.6(b). In general, our predictions in Figs. 4.6(a) and (b) match the experi-
mental data well until we begin to underestimate ∆N compared to experiment
at times thold & 0.5tn.

We now address the deviation between our theoretical predictions pre-
sented in this section and the experimental results of Ref. [92] for the 3 and 6
µs/G ramps over longer timescales thold & 0.5tn. In Ref. [92], it was experi-
mentally observed that a degenerate Bose gas quenched to the unitary regime
undergoes a universal crossover to the thermal regime by thold/tn ≈ 4.0. In
the thermal regime, the three-body loss rate Ṅ/N scales as n26/9 [178]. How-
ever, the quantitative agreement between theory and experiment for the loss-
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dominated 0.3 µs/G ramp shown in Fig. 4.4 is consistent with the 2/3 power
law in the degenerate regime [see Eq. (4.15)].

In Ref. [93], it was experimentally observed that momentum modes with
k/kn & 0.8 reach a prethermal steady state and plateau by thold ∼ tn before
long-time heating dominates. In our model the momentum modes described
by nk in the HFB equations (see Sec. II A) do not plateau as function of thold but
oscillate in time, as in Refs. [132, 182, 183], where the dynamics at unitarity
is described through a time-dependent coherent-state pairing wave function
ansatz equivalent to the HFB model [155, 184]. This would be most apparent
for the slowest 6 µs/G ramp [see Fig. 4.6(a)] where 2.5 ≤ (kna∗)

−1 ≤ 3.2, and
therefore it is possible that the physics behind the plateau are responsible for
the deviation between theory and experiment.

Finally, from the experimental findings in Ref. [73], a macroscopic popu-
lation of Efimov trimers, corresponding to 8% of the initial state, was found
after performing a fast-sweep projection away from unitarity. To estimate the
potential relevance of Efimov trimers, we follow Refs. [123, 124] and com-
pare the Fermi scale with the size of the nearby first-excited trimer R(1)

3b =
(1 + s2

0)1/2eπ/s0/(3/2)1/2κ∗, where s0 ≈ 1.00624 and κ∗ = 0.226/rvdW is the
universal three-body parameter [78, 144, 145]. For the density range consid-
ered in Fig. 4.6, we estimate that 1.7 ≤ knR

(1)
3b ≤ 2.5. Based on the qualitative

findings in Ref. [124], the first-excited Efimov trimer population is expected to
grow more slowly than the dimer contribution to the molecular fraction, and
this may be partially responsible for the deviation at later times4. However, in
that work a breakdown of the Landau-Zener behavior was found for increas-
ing thold, which qualitatively disagrees with the experimental and theoretical
results shown in Fig. 4.5 displaying this behavior. We leave, however, the
possibility of resolving this deviation by either including into our many-body
model three-body correlations or equilibrating collisions [162] as inspiration
for future work.

4.5 Conclusion

In this work, we present a dynamical model of the degenerate Bose gas quenched
to unitarity, which we compare against recent experimental results [92] for the
number of unbound atoms remaining after a fast-sweep ramp away from the
unitary regime. We adopt the method of Ref. [165] from the study of Cooper
pairs in the BEC-BCS crossover and project the many-body state in the unitary
regime onto molecular states away from unitarity. As the Bose gas evolves in

4Here, we reference specifically Figs. S3(b) and S3(c) in Ref. [124].
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the unitary regime, the buildup of correlations and quantum depletion leads to
the formation of pairs bound purely by many-body effects as studied in Chap-
ter 3. The size of these embedded dimers sets a new length scale given by the
effective scattering length, and we draw the analogy with Cooper pairing in
BCS theory [167]. We find that this length scale and the development of the
bound pairs at unitarity provide an intuitive way to frame both the theoretical
results of our model and the experimental results of Ref. [92] for the number
of unbound atoms remaining after a fast-sweep projection. In order to make
a quantitative comparison with the experiment, we include three-body losses
phenomenologically in our many-body model by assuming an effective univer-
sal three-body loss-rate coefficient and by refitting the experimental estimate
of this parameter.

We find good quantitative agreement with experimental data from Ref. [92]
for the fastest ramp considered in that work over the full range of times where
our model remains valid. However, for slower ramps we begin to deviate quan-
titatively from the experimental findings at later times. We argue that this de-
viation may be due to the presence of Efimov trimers or from the equilibrating
effect of collisions both of which are not described in our model. This mo-
tivates further development of our theoretical model to include higher-order
correlations, which remains a subject of ongoing study.
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We study the quench of a degenerate ultracold Bose gas to the unitary regime, where in-
teractions are as strong as allowed by quantum mechanics. We lay the foundations of a
cumulant theory able to capture simultaneously the three-body Efimov effect and ergodic
evolution. After an initial period of rapid quantum depletion, a universal prethermal
stage is established characterized by a kinetic temperature and an emergent Bogoliubov
dispersion law while the microscopic degrees of freedom remain far-from-equilibrium.
Integrability is then broken by higher-order interaction terms in the many-body Hamil-
tonian, leading to a momentum-dependent departure from power law to decaying expo-
nential behavior of the occupation numbers at large momentum. We find also signatures
of the Efimov effect in the many-body dynamics and make a precise identification be-
tween the observed beating phenomenon and the binding energy of an Efimov trimer.
Throughout the work, our predictions for a uniform gas are quantitatively compared
with experimental results for quenched unitary Bose gases in uniform potentials.

https://link.aps.org/doi/10.1103/PhysRevA.102.063314
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5.1 Introduction

Precision control of interatomic interactions in dilute ultracold quantum gases
has made possible remarkable progress in our understanding of strongly-corre-
lated many-body systems. Here, strongly-interacting quantum fluids can be
studied in the laboratory, with a great flexibility in the way in which the sys-
tem is manipulated and probed. Ultracold quantum gases are typically di-
lute with respect to the range of the specific interatomic interaction and sen-
sitive only to the two-body s-wave scattering length a, which sets the effec-
tive interaction strength [62]. Experiments have typically focused on measur-
ing equilibrium or near-equilibrium properties, such as the equation-of-state
or elementary excitations. This picture is realized in two-component Fermi
gases [45–47] even in the unitary regime n|a|3 � 1, where n is the atomic den-
sity [86, 109, 185–188]. Here, system properties behave universally, scaling
continuously as powers of the remaining density (Fermi) scales kn = (6π2n)1/3,
En = ~2k2

n/2m, and tn = ~/En and can be related to other strongly-interacting
Fermi systems such as the inner crust of neutron stars [170,189–192].

In ultracold quantum gases where multi-body effects are not suppressed
by the Pauli exclusion principle, an infinite number of three-body bound Efi-
mov states form whose finite size and discrete scaling leads to a spectacu-
lar departure from this universal paradigm [75–78, 110, 146]. This includes
three-component Fermi gases, whose rich phase diagram is predicted to con-
tain a trimer phase at low densities reminiscent of Quantum Chromodynam-
ics [193, 194]. It includes also (single-component) Bose gases, where quasi-
equilibrated states have been recently achieved through fast ramps onto the
unitary regime before loss-induced heating dominates [73, 91–93]. Here, the
conversion of correlation dynamics into a mixture of free atoms, Feshbach
dimers, and Efimov trimers was observed in an ultracold Bose gas of 85Rb
by sweeping the unitary gas back onto the weakly-interacting regime [73].
Within a three-body model, this conversion was shown to be dominated by the
Efimov trimer with size comparable to the interparticle spacing [124], which
also leads to an enhanced growth of triplet correlations at early-times after
the quench [123, 195]. Extending these early-time, few-body studies to Fermi
timescales requires that the Efimov effect be woven into a many-body frame-
work, which remains an outstanding theoretical challenge.

At the same time, performing a deep quench leaves these strongly-interact-
ing systems in a highly-excited state. Here, different quantities can effectively
prethermalize, equilibrating before the system has relaxed to the true ther-
mal equilibrium [196]. Experimentally, signs of a universal prethermal state
characterized by Bogoliubov scalings (phonons and free particles at low and
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high momenta, respectively) were observed in a quenched ultracold Bose gas
of 39K [93]. Whether this prethermal steady-state is due to integrable de-
phasing dynamics, as in the weakly-interacting regime [162], or to ergodic
mechanisms is unclear. State-of-the-art integrable theories of the post-quench
evolution [132,182,183,197] are by definition unable to capture the relaxation
dynamics which must occur in this ergodic system. Additionally, the usual per-
turbative inclusion of such processes using Boltzmannian approaches [59] is
not justified in this regime where the distinctness of collisions is blurred and
all rates are on the order of the Fermi scale. The challenge of constructing
a many-body framework, both ergodic and strongly-interacting, therefore re-
mains central.

In this work, we establish the foundations of a general approach able to
capture both the Efimov effect and ergodicity in far-from-equilibrium, strongly-
interacting ultracold Bose gases. Using the method of cumulants, we track the
sequential growth of genuine few-body correlations systematically encoded in
the cumulants of the quenched many-body system [55, 99, 101, 102, 123, 136,
139, 156, 195]. Containing only two-body correlations, the cumulant theory
at the doublet level is equivalent to the time-dependent Hartree-Fock Bogoli-
ubov and Nozières-Saint James variational approaches studied in Refs. [55,
56, 132, 182–184]. Here, we show how a universal prethermal stage emerges
from the integrable dynamics, providing a framework for the conceptual and
quantitative understanding of the universal Bogoliubov scalings observed ex-
perimentally. We find that the next truncation level that includes higher-order
correlations while respecting the underlying conservation laws is the cumulant
theory at the quadruplet level. Although we provide explicit expressions for
the cumulant equations of motion in the quadruplet model, its full simulation
remains numerically intractable. Therefore, we simulate the cumulant the-
ory truncated at the triplet level, which contains already the Efimov effect, as
demonstrated in a study of the embedded few-body problem in Chapter 3.
Within the triplet model, we explore the various manifestations of Efimov
physics in the many-body observables, including the instantaneous chemical
potential, quantum depletion, pairing field, and two and three-body contacts.
This analysis is performed at times before the violation of energy conservation
muddies the long-time dynamics and any physical connections with thermal-
ization.

The organization of this work is as follows. In Sec. 5.2, we outline the
many-body model, calibrated to reproduce finite-range corrections near res-
onance and reformulated in the symmetry-breaking picture to describe Bose-
condensation in the system. In Sec. 5.3, the method of cumulants is introduced
and explicit expressions for the cumulant equations of motion are derived, con-
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nected with the underlying few-body physics, and the interplay between their
truncation and conservation laws is detailed. In Sec. 5.4, the prethermal stage
that emerges in the doublet model is analyzed and compared with experiment.
In Sec. 5.5, the departure from the prethermal stage and Efimovian dynamics
are analyzed in the triplet model, and we conclude in Sec. 5.6. The more for-
mal and technical discussions in this work can be found in the Appendices. In
Appendix 5.A, details of the calibrated, finite-range potential are given along
with the resulting Efimov spectrum. In Appendix 5.B, the cumulant equations
are given in a form more suitable for simulation and their numerical imple-
mentation is discussed. In Appendix 5.C, we provide the formal, explicit ex-
pressions for the quadruplet equations of motion and discuss their solution.
In Appendix 5.D, we connect the cumulant theory outlined in this work with
alternative approaches found in the literature.

5.2 Many-body model

In this work, we study a quenched uniform gas of degenerate bosons in a
cubic volume V . We consider short-range single-channel interactions that cap-
ture the broad, entrance-channel dominated Feshbach resonances used exper-
imentally [71, 73, 91–93]. First, we introduce the many-body Hamiltonian in
Sec. 5.2.1 and discuss the potential parameters calibrated to match finite-range
corrections near resonance, referring the interested reader to Appendix 5.A
for more details. In Sec. 5.2.2 we move to the symmetry-breaking picture
to describe Bose condensation in the system. In Sec. 5.2.3, the many-body
Hamiltonian is reformulated in preparation for the cumulant expansion in the
following section (Sec. 5.3).

5.2.1 Hamiltonian

In an ultracold Bose gas, atoms interact through a local s-wave pairwise po-
tential 〈rin|V̂ |rout〉 = V (|rin|)δ(3)(rout − rin) with relative coordinates rin and
rout [61] of the two incoming and outgoing atoms. The corresponding many-
body Hamiltonian is given by

Ĥ =

∫
d3rψ̂†(r)

(
− ~2

2m
∆r

)
ψ̂(r)+

1

2

∫
d3rd3r′ψ̂†(r)ψ̂†(r′)V (|r−r′|)ψ̂(r′)ψ̂(r),

(5.1)
where rin = r − r′ is the relative position for incoming particles located at r
and r′. To diagonalize the kinetic energy part of this Hamiltonian, we introduce
the Fourier operators ψ̂(r) = (1/

√
V )
∑

k âkeik·r for a uniform gas occupying a
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cubic volume V , which can be taken to infinity in the thermodynamic limit. In
Fourier space, this Hamiltonian reads

Ĥ =
∑

k

εkâ
†
kâk +

1

2V

∑

k,k′,q

Vqâ
†
k′+qâ

†
k−qâkâk′ , (5.2)

where εk = ~2k2/2m is the one-body kinetic energy, and the Fourier compo-
nents of the local potential are given by

〈k|V̂ |k′〉 = Vk′−k =

∫
d3r eir·(k−k′)V (|r|), (5.3)

which depends only on the magnitude of the difference in relative momenta k
and k′.

The physical properties of ultracold Bose gases are typically characterized
by a single parameter, the two-body s-wave scattering length a, which sets
the effective strength of two-body interactions and can be adjusted precisely
by tuning the binding energy of a Feshbach molecule via external magnetic
fields [62, 71]. On resonance, the cross section becomes independent of the
scattering length in the unitarity limit σ = 8π/k2 [61]. The gas is both di-
lute with respect to the range of the interatomic interaction parametrized by
the van der Waals length rvdW = (mC6/~2)1/4/2, where m is the atomic mass
and C6 is the dispersion coefficient associated with the van der Waals inter-
action between neutral ground-state atoms [71], while being simultaneously
strongly-interacting |a|/rvdW � 1. The short-range details of the potential
are therefore relatively unimportant, and there is freedom in choosing the po-
tential. All formulas in the main text are therefore given in terms of a lo-
cal potential for concision, but the numerical calculations are actually per-
formed with a separable pairwise potential (see Appendix 5.A) with renor-
malized effective interaction strength g = U0Γ where U0 = 4π~2a/m and
Γ = 1/(1 − 2aΛ/π). To match finite-range effects in the vicinity of the Fes-
hbach resonance, the relative momentum cutoff is calibrated as Λ = 2/πā,
where ā = 4πrvdW/Γ(1/4)2 ≈ 0.956rvdW is the mean scattering length and
Γ(x) is the Gamma function [55, 198, 199]. This gives g = −π3~2ā/m for the
effective interaction strength at unitarity. Importantly, this calibration has con-
sequences on the three-body level for the spectrum of Efimov states, and we
refer the interested reader to Appendix 5.A for more details on the few-body
physics contained in this model.
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5.2.2 Symmetry-breaking picture

The gas is initially condensed in the k = 0 mode, which means that the popu-
lation

N0 ≡ 〈â†0â0〉 . N (5.4)

is macroscopic. We describe only evolution that preserves this property, which,
for very energetic quenches where all particles are eventually ejected out of the
condensate, restricts us to short times. We use the symmetry-breaking picture1

to describe the dynamics of the condensate: the condensate operator â0 is
replaced by a wavefunction ψ0 = 〈â0〉/

√
V acting as an order parameter. The

Gross-Pitaevskii equation (GPE) describing the dynamics of this wavefunction
ψ0 is obtained by treating Ĥ as a classical Hamiltonian, and ψ0 and ψ∗0 as
canonically conjugated variables:

i~∂tψ0 =

〈
∂Ĥ

∂ψ∗0

〉
= V0nψ0 + ψ0

1

V

∑

k 6=0

Vk〈â†kâk〉

+ ψ∗0
1

V

∑

k6=0

Vk〈â−kâk〉+
1

V 3/2

∑

k,q 6=0

Vq〈â†k+qâkâq〉,
(5.5)

where n = N/V is the total atomic density (n0 = N0/V = |ψ0|2 being the
density of condensed particles).

To eliminate the condensate variables and focus on the dynamics of the
excited fraction, we decompose the condensate wavefunction into its modulus
and phase,

ψ0 =
√
n0eiθ0 , (5.6)

and introduce the operators unrotated by the condensate phase:

b̂k = e−iθ0 âk. (5.7)

The dynamics of the b̂ operators now incorporates the evolution of θ0
2

i~∂tb̂k = [b̂k, Ĥb], with Ĥb = Ĥ + ~∂tθ0

∑

k

(
b̂†kb̂k − 〈b̂

†
kb̂k〉

)
. (5.8)

We note that the summation involving 〈b̂†kb̂k〉 has been trivially added to Ĥb to
ensure that 〈Ĥb〉 = 〈Ĥ〉. In Ĥb, the number of particles in the condensate is no

1In Appendix 5.D.1, we show that our symmetry-breaking approach is equivalent to a
number-conserving one in the thermodynamic limit.

2To avoid restrictions on the summations, we use the convention b̂0 = 0.
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longer treated as an independent variable and is related to the b̂ field and total
number of particles by the conservation equation:

N0 = N −
∑

k

〈b̂†kb̂k〉. (5.9)

The phase derivative can also be expressed in terms of the b̂, which finally
eliminates the condensate variables from the dynamics:

~
dθ0

dt
= − 1

2n0

(
ψ∗0i~

dψ0

dt
− i~

dψ∗0
dt

ψ0

)
= −

[
V0n+

1

V

∑

k

[
Vk〈b̂†kb̂k〉

+ VkRe 〈b̂−kb̂k〉
]

+
1√
n0V 3

∑

kq

VqRe 〈b̂†k+qb̂kb̂q〉
]
.

(5.10)

In section 5.4, we use the interpretation of this equation as a second Josephson
relation ~∂tθ0 = −µ(t) to generalize the notion of an instantaneous chemical
potential to our out-of-equilibrium system [200,201].

5.2.3 Expansion of the Hamiltonian

We start by expanding the many-body Hamiltonian Ĥb in powers of the non-
condensed field b̂

Ĥb = E0(t) + Ĥ2 + Ĥ3 + Ĥ4 (5.11)

E0 =
V0N

2
0

2V
− ~∂tθ0(N −N0), (5.12)

Ĥ2 =
∑

k

(
[εk + (Vk + V0)n0 + ~∂tθ0] b̂†kb̂k +

Vkn0

2
[b̂−kb̂k + b̂†kb̂

†
−k]
)
, (5.13)

Ĥ3 =

√
n0

V

∑

k,q

Vq

(
b̂†k+qb̂kb̂q + h.c.

)
, (5.14)

Ĥ4 =
1

2V

∑

k,k′,q

Vqb
†
k′+qb̂

†
k−qb̂kb̂k′ . (5.15)

The usual Bogoliubov approach (Ĥ3 = Ĥ4 = 0) reduces the many-body Hamil-
tonian to quadratic form, and is justified by an expansion in powers of na3

[62,162]. This approach describes two-body processes at the level of the Born
approximation, which will not give the correct unitarity limit σ(k) = 8π/k2 of
the s-wave partial cross-section [61]. To overcome this and produce a theory
that reproduces the Hartree-Fock Bogoliubov equations at lowest order [127],
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we rewrite the many-body Hamiltonian by adding and subtracting the partial
contraction3 of Ĥ4 defined as

δĤ2 =
1

2

∑

k

[
δ∆∗kb̂−kb̂k + cc.

]
+
∑

k

δεkb̂
†
kb̂k, (5.16)

with

δ∆k =
1

V

∑

q

Vq〈b̂−k−qb̂k+q〉, (5.17)

δεk =
1

V

∑

q

(V0 + Vq)〈b̂†k+qb̂k+q〉. (5.18)

This yields an effective quartic Ĥeff
4 = Ĥ4 − δĤ2 and quadratic Hamiltonian:

Ĥeff
2 = Ĥ2 + δĤ2 ≡

∑

k

(
Ekb̂

†
kb̂k +

[
∆∗k
2
b̂−kb̂k + h.c.

])
, (5.19)

whose diagonal and anomalous matrix elements are respectively

Ek = εk + (V0 + Vk)n0 + δεk + ~∂tθ0, (5.20)

∆k = Vkn0 + δ∆k. (5.21)

In the following section, we use the cumulant expansion method to construct
equations of motion from this reformulated many-body Hamiltonian.

5.3 Equations of motion

Prior to the quench, all N bosons in the gas are prepared in a non-interacting
uniform Bose condensate at zero temperature such that n0 = n. A sudden
projection of the pure condensate into the unitary regime approximates the
effect of the rapid interaction quench. The fully-condensed initial state is ac-
tually a highly-excited state in the strong-coupling regime (for comparison,
the ground state of superfluid 4He has a condensed fraction of the order of
0.07 [202]), and the gas begins to rapidly quantum deplete such that N −N0

becomes comparable to N . As the gas evolves, correlations begin to develop
amongst excitations, and the system becomes strongly-correlated. Correla-
tions that intrinsically relate larger numbers of excitations however develop

3A partial contraction is the replacement âb̂ĉd̂→ 〈âb̂〉ĉd̂+ âb̂〈ĉd̂〉+ 〈âĉ〉b̂d̂+ . . .
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sequentially, beginning from the generation of correlated pairs out of the con-
densate [123,136,139,156,195]. We can use this picture to construct a many-
body description of this far-from-equilibrium, strongly-interacting system by
systematically including intrinsically higher-order effects into our theory, us-
ing the method of cumulants. In this section, we outline the cumulant the-
ory, beginning in Sec. 5.3.1 with an introduction to the cumulant hierarchy.
In Sec. 5.3.2 we detail how truncating this hierarchy impacts the underlying
conservation laws. In Sec. 5.3.3, the cumulant equations of motion are given
explicitly, and in Sec. 5.3.4 we discuss how they may be solved in a way that
reveals the underlying few-body physics at each level of the hierarchy.

5.3.1 Hierarchy of cumulants

Table 5.1: Relations between the cumulant 〈Ô〉c and the quantum average value
(the moment) 〈Ô〉 for operators up to the quadruplet level. The one-body oper-
ators â, b̂, ĉ, and d̂ ∈ {b̂k, b̂†k,k 6= 0} are normally ordered. The cancelation of
the singlets 〈â〉c = 0 (used implicitly in the third and fourth line of the table) is a
consequence of the spatial homogeneity of the gas.

Cumulant order Moment expansion

Singlet 〈â〉c = 〈â〉 = 0

Doublet 〈âb̂〉c = 〈âb̂〉 − 〈â〉c〈b̂〉c = 〈âb̂〉
Triplet 〈âb̂ĉ〉c = 〈âb̂ĉ〉

Quadruplet 〈âb̂ĉd̂〉c = 〈âb̂ĉd̂〉 − 〈âb̂〉c〈ĉd̂〉c − 〈âĉ〉c〈b̂d̂〉c − 〈âd̂〉c〈b̂ĉ〉c
. . . . . .

To describe the coupled-correlation dynamics, we introduce the cumulant
of a p-body operator as

〈
l∏

i=0

b̂†ki

m∏

j=0

b̂k′j

〉

c

= (−1)m
l∏

i=0

∂

∂xi

m∏

j=0

∂

∂y∗j
ln

〈
e
∑l
i=0 xib̂

†
ki e

∑m
j=0 y

∗
j b̂k′

j

〉∣∣∣∣
x,y=0

.

(5.22)

We call the cumulant of an p-body operator (here p = l + m), a “p-uplet”. In
practice, a p-uplet is obtained by subtracting from the quantum average value
(the “moment” of the p-body operator) all the possible contractions into prod-
ucts of n-body operator average, with n < p [101, 102]. This recursive defini-
tion of the cumulants is shown in Table 5.1 up to the quadruplet level. In the
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homogeneous system considered here, only the cumulants that conserve the
total momentum (that is, verify

∑
i ki =

∑
j k′j , in the notations of Eq. (5.22))

can become nonzero during the time evolution. This implies in particular that
the singlets 〈b̂k〉k 6=0 remain zero at all times.

Due to the cubic and quartic parts of the many-body Hamiltonian (Ĥ3 and
Ĥeff

4 , respectively) the doublet dynamics couple to triplets and quadruplets.
Therefore, the depletion of the condensate into opposite momentum pairs in
turn will sequentially generate higher-order few-body correlations, beginning
at the three and four-body levels. At the next level of the hierarchy, the triplets
couple to doublets, quadruplets, and quintuplets, and this trend is repeated to
all orders. In practice, this hierarchy must be truncated, which limits the range
of validity of the model to times before higher-order few-body correlations be-
come non-negligible [136]. We address truncation of the cumulant hierarchy
in the following section.

5.3.2 Truncation scheme and conservation laws

When the time-evolution of the many-body system is described only approx-
imately, namely, in a truncated cumulant expansion, it is unclear whether
the same constants of motion associated with the many-body Hamiltonian
arise [127]. Therefore, it is not guaranteed a priori that truncation at a given
level of cumulants results in a theory which respects all of the underlying con-
servation laws. With that caveat, we note that all of the truncation schemes
studied in this work conserve the average number of atoms by construction
(see Eq. (5.9)). We discuss now in detail the interplay between truncation
order and the conservation of energy.

5.3.2.1 Doublet truncation

The simplest model within the cumulant theory (the “doublet model”), which
corresponds to the Hartree-Fock-Bogoliubov (HFB) theory [127], can be con-
structed by keeping only the doublets while setting all higher-order cumulants
to zero4. This yields the equations of motion:

i~∂t〈âb̂〉 '
doub
〈[âb̂, Ĥeff

2 ]〉, (5.23)

where we have used the abbreviation doub to indicate this particular trun-
cation scheme. The total energy E ≡ 〈Ĥ〉 = 〈Ĥb〉 is here approximated by

4In the formal equations of motion (5.23), (5.24), (5.25) and (5.27)–(5.29), the operators
â, b̂, ĉ, d̂ ∈ {b̂†k, b̂k}k 6=0 are normally ordered
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E '
doub

〈Ĥeff
2 〉, and its time-derivative vanishes as can by checked by summing

over the doublets âb̂ in Eq. (5.23) to form the derivative of Ĥeff
2 . Alternatively,

these conclusions are anticipated by the variational derivation [127]. Simula-
tion results for the doublet model are the subject of Sec. 5.4.

5.3.2.2 Triplet truncation

To go beyond the doublet model, one can first choose to retain also the triplets
(the “triplet model”) in the truncation scheme. This yields the equations of
motion:

i~∂t〈âb̂〉 '
tri
〈[âb̂, Ĥeff

2 + Ĥ3]〉, (5.24)

i~∂t〈âb̂ĉ〉 '
tri
〈[âb̂ĉ, Ĥb]〉 − 〈[âb̂ĉ, Ĥ3 + Ĥeff

4 ]〉c, (5.25)

where we have used the abbreviation tri to indicate truncation at the triplet
level. From the exact time derivative i~∂t〈âb̂〉 = 〈[âb̂, Ĥb]〉, the triplet trunca-
tion subtracts 〈[âb̂, Ĥeff

4 ]〉, which is by construction composed only of quadru-
plets, resulting in Eq. (5.24). From the exact time derivative i~∂t〈âb̂ĉ〉 =
〈[âb̂ĉ, Ĥb]〉, the triplet truncation subtracts the quadruplets and quintuplets
contained in 〈[âb̂ĉ, Ĥ3]〉 and 〈[âb̂ĉ, Ĥeff

4 ]〉, respectively, while the corresponding
doublet-doublet and triplet-doublet contributions remain in Eq. (5.25). Addi-
tionally, the triplet truncation of the total energy is E '

tri
〈Ĥeff

2 + Ĥ3〉, and its

time derivative does not vanish:

i~∂tE '
tri
〈[Ĥ3, Ĥ

eff
4 ]〉 − 〈[Ĥ3, Ĥ

eff
4 ]〉c 6= 0. (5.26)

This can be obtained by summing over the doublets and triplets in Eqs. (5.24
and (5.25) to form the time derivatives of Ĥeff

2 and Ĥ3 respectively. From
the above remarks, the origin of this violation is therefore clear: whereas
the cumulant equations of motion (Eqs. (5.24) and (5.25)) follow from the
full Hamiltonian Ĥb, the energy is computed from the truncated Hamiltonian
Ĥeff

2 + Ĥ3. Simulation results for the triplet model are the subject of Sec. 5.5,
and energy violation results can be found in Appendix 5.B.

5.3.2.3 Quadruplet truncation

Going beyond the doublet model in a way that does not violate energy-conserva-
tion therefore requires the addition of quadruplets (the “quadruplet model”)
so that the energy is computed from the full Hamiltonian Ĥb. This yields the
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equations of motion:

i~∂t〈âb̂〉 = 〈[âb̂, Ĥb]〉, (5.27)

i~∂t〈âb̂ĉ〉 '
quad
〈[âb̂ĉ, Ĥb]〉 − 〈[âb̂ĉ, Ĥeff

4 ]〉c, (5.28)

i~∂t〈âb̂ĉd̂〉 '
quad
〈[âb̂ĉd̂, Ĥb]〉 − 〈[âb̂ĉd̂, Ĥ3]〉c − 〈[âb̂ĉd̂, Ĥeff

4 ]〉c, (5.29)

where we have used the abbreviation quad to indicate truncation at the quadru-
plet level5. Although the doublet equations of motion are now exact, the
quadruplet truncation scheme subtracts 〈[âb̂ĉ, Ĥeff

4 ]〉c from the exact time deriva-
tive i~ ∂t〈âb̂ĉ〉 = 〈[âb̂ĉ, Ĥb]〉 to produce Eq. (5.28) and subtracts the quintuplets
and sextuplets, 〈[âb̂ĉd̂, Ĥ3]〉c and 〈[âb̂ĉd̂, Ĥeff

4 ]〉c, respectively, from the exact
time derivative i~∂t〈âb̂ĉd̂〉 = 〈[âb̂ĉd̂, Ĥb]〉 to produce Eq. (5.29). The quadru-
plet model trivially conserves the total energy because the full Hamiltonian Ĥb

is used to evolve both the energy and cumulants. Although the quadruplet
model is not simulated in this work due to the large resource requirements,
with the size of a p-dimensional cumulant array scaling roughly as Λp (see Ap-
pendix 5.B), we give the general cumulant equations in the following section.

5.3.3 Cumulant equations of motion

We now give the equations of motion for the doublet, triplet and quadruplet
cumulants (Eqs. (5.27–5.29) within the quadruplet model. We use Greek let-
ters α, β, γ. . . to denote the wavevector indices of the considered cumulants,
and we keep the bold letters k, q for the wavevectors which are summed over.
The cumulants that compose the closed system of equations of motion are de-
noted:

nα = 〈b̂†αb̂α〉, cα = 〈b̂−αb̂α〉,
Mα,β = 〈b̂†α−β b̂

†
β b̂α〉, Rα,β = 〈b̂β−αb̂αb̂−β〉,

Qα,β;γ = 〈b̂†α+β−γ b̂
†
γ b̂αb̂β〉c, Pα,β,γ = 〈b̂†α+β+γ b̂αb̂β b̂γ〉c,

Tα,β,γ = 〈b̂−α−β−γ b̂αb̂β b̂γ〉c. (5.30)

To obtain compact and readable expressions, one should exploit the invariance
of the cumulants under permutation of their indices (for example Mα+β,β is

5The equation of motion of the cumulant 〈âb̂ĉd̂〉c is deduced from that of the

moment Eq. (5.29) using i~∂t〈âb̂ĉd̂〉 − i~∂t〈âb̂ĉd̂〉c =
〈[
〈âb̂〉ĉd̂+ 〈ĉd̂〉âb̂, Ĥb

]〉
+〈[

〈âĉ〉b̂d̂+ 〈b̂d̂〉âĉ+ 〈âd̂〉b̂ĉ+ 〈b̂ĉ〉âd̂, Ĥb
]〉
. In practice, this removes from (5.29) (i) the non

quadruplet part of 〈[âb̂ĉd̂, Ĥeff
2 ]〉 and (ii) the “reducible” contractions in 〈[âb̂ĉd̂, Ĥ3 + Ĥeff

4 ]〉, i.e
those where a doublet is formed from two elements in {â, b̂, ĉ, d̂}.
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invariant under the exchange of α and β, Pα,β,γ is invariant under the exchange
of α, β and γ). For this purpose, we introduce the symmetrizer Sα1,...,αn which
sums all the values of a function f(α1, . . . , αn) obtained after permutation of
its arguments:

S{α1,...,αn} [f(α1, . . . , αn)] =
∑

σ∈S(n)

f(ασ(1), . . . , ασ(n)), (5.31)

where S(n) is the set of permutations of {1, . . . n}. For the cumulant Q, which
obeys the symmetry relation Q∗α,β;γ = Qγ,α+β−γ;α, we will also need the anti-
symmetrizer:

A{(α,β),(γ,δ)}[f(α, β; γ, δ)] = f(α, β; γ, δ)− [f(γ, δ;α, β)]∗. (5.32)

All the equations of motion we give here can be checked using the computer
algebra program available in Ref. [203].

Let us first reexpress the coefficients of Ĥeff
2 (Eqs. (5.20)–(5.21)) and the

phase derivative (Eq. (5.10)) in terms of the doublets and triplets

Eα = εα + V0n+ Vαn0 +
1

V

∑

q

[V0 + Vq]nα+q + ~∂tθ0, (5.33)

∆α = Vαn0 +
1

V

∑

q

Vqcα+q, (5.34)

~
dθ0

dt
= −

[
V0n+

1

V

∑

q

Vq(nq + Re cq) +
1√
n0V 3

∑

k,q

VqReM∗k+q,k

]
, (5.35)

where Eα and ∆α are the expressions for the Hartree-Fock Hamiltonian and
pairing field, respectively, in the rotating frame [127,154].

For the doublet equations of motion (assuming the invariance of the triplets
under parity, M−α,−β = Mα,β and R−α,−β = Rα,β), we have:

i~∂tnα = 2iIm
(

∆αc
∗
α +

√
n0

V

∑

q

[
VqM

∗
α,q − (Vq + Vα)M∗α+q,α

]

+
1

V

∑

k,q

VqQα+q,k;α

)
,

(5.36)

i~∂tcα = 2Eαcα + ∆α(2nα + 1) + 2

√
n0

V

∑

q

[
VqRα,−q

+ (Vα + Vq)M∗q,α

]
+

2

V

∑

k,q

VqPα,q−α,k.

(5.37)
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We note that these doublet equations of motion are equivalent to the Hyper-
bolic Bloch equations discussed in Ref. [136].

For the triplet equations of motion, we have

i~∂tMα+β,β = (Eα+β − Eα − Eβ)Mα+β,β −∆∗αM
∗
β,α+β −∆∗βM

∗
α,α+β

+ ∆α+βR
∗
α,α+β +MH3

α,β +MH4
α,β, (5.38)

i~∂tRα,α+β = (Eα + Eβ + Eα+β)Rα,α+β + ∆αM
∗
−α,β

+ ∆βM−β,α + ∆α+βM
∗
α+β,α +RH3

α,β +RH4
α,β, (5.39)

where we have written separately the contribution of the cubic and quartic
Hamiltonians. The former contains both doublet products and quadruplets

MH3
α,β√

n0/V
= S{α,β}

[
Vα [nαnβ − nγ(1 + nα + nβ)]− cγc∗α(Vγ + Vβ)

− nγc∗α(Vγ + Vα) + nαc
∗
β(Vβ + Vγ) +

∑

q

{Vγ + Vq

2
P ∗α,β,q

− (Vβ + Vq)Qγ,q;α − Vq

[
P ∗α,q,β−q −

1

2
Qγ−q,q;α

]}]
,

(5.40)

RH3
α,β√
n0/V

= S{α,β,γ′}
[
Vβ
{
cβcγ′ + cα(1 + nβ + nγ′)

}

+
∑

q

{Vα + Vq

2
Pα+q,β,γ′ +

Vq

2
Tβ,γ′,q

}]
,

(5.41)

while the latter contains products of doublets and triplets

MH4
α,β = −

S{α,β}
V

[∑

q

Vq
1 + nα + nβ

2
Mγ,α−q

+ (Vα + Vq)(nγ − nβ)Mγ−q,α

+ (Vγ + Vβ+q)c∗βM
∗
γ+q,γ + Vq

{
cγR

∗
β,q−α − c∗βM∗α,q−β)

}
]
,

(5.42)

RH4
α,β =

S{α,β,γ′}
V

[∑

q

Vq

2
(1 + nα + nβ)Rα−q,−γ′

+ (Vα + Vq−γ′)cβM
∗
α+q,α

]
.

(5.43)
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In these expressions γ (in MH3 and MH4) and γ′ (in RH3 and RH4), which
denote the third wavevector deduced from α and β by momentum conserva-
tion, should be replaced respectively by γ = α + β and γ′ = −α − β after the
action of the symmetrizer S.

Finally, for the quadruplets, using the notations δ = α+β−γ, δ′ = α+β+γ
and δ′′ = −α − β − γ for the fourth wavevector of respectively Qαβ;γ , Pα,β,γ
and Tα,β,γ , we have

i~∂tQα,β;γ = (Eα + Eβ − Eγ − Eδ)Qαβ;γ + S{α,β}[∆αP
∗
−α,γ,δ]

− S{γ,δ}[∆∗γP ∗α,β,−γ ] +QH3
α,β;γ +QH4

α,β;γ

(5.44)

i~∂tPα,β,γ = (Eα + Eβ + Eγ − Eδ′)Pα,β,γ + S{α,β,γ}[∆αQβ,γ;δ′ ]

−∆∗δ′Tα,β,γ + PH3
α,β,γ + PH4

α,β,γ ,
(5.45)

i~∂tTα,β,γ = (Eα + Eβ + Eγ + Eδ′′)Tα,β,γ + S{α,β,γ,δ′′}[∆αPβ,γ,δ′′ ]

+ T H3
α,β,γ + T H4

α,β,γ .
(5.46)

The lengthy expressions for QH3
α,β;γ , QH4

α,β;γ , PH3
α,β,γ , PH4

α,β,γ , T H3
α,β,γ , and T H4

α,β,γ can
be found in Appendix 5.C.

For completeness, the cumulant equations of motion up to the level of
triplets can be found given explicitly in Appendix 5.B for a separable poten-
tial, which allows for modest simplifications important for numerical imple-
mentation. Following this formal discussion of the cumulant equations in the
quadruplet model, we now analyze their structure and solution at early-times
following the quench in the following section.

5.3.4 Few-body physics and the early-time structure of the cumu-
lant hierarchy

In this section, we discuss in greater detail the sequential correlation buildup
picture using the cumulant equations of motion outlined in Sec. 5.3.3. This
discussion also highlights the few-body physics contained at each level of the
hierarchy and is therefore crucial to understanding how the Efimov effect is
introduced into the many-body model. The sequential buildup of correla-
tions can be understood formally from the structure of the homogeneous and
inhomogeneous (drive) terms in the cumulant equations of motion given in
Sec. 5.3.3. At the lowest level, the correlation buildup begins with the genera-
tion of (α,−α) pairs from the drive term Vαn0 in Eq. (5.37). Consequently, the
occupation of momentum modes is reflected in the dynamics of nα, which re-
mains small compared to unity at early-times such that the Bose-enhancement
factors (1 + nα + nβ) ≈ 1 can be ignored and the exponentiation (nα)m in



96 Cumulant theory of the unitary Bose gas

the drive terms of the higher-order cumulants vanishes as m tends to infin-
ity. The three-excitation Beliaev-Landau type processes described by M and R
cumulants, are the next level to be driven by terms of the form Vαnγ

√
n0/V

and Vβcα
√
n0/V in Eqs. (5.38) and (5.39), respectively. At the next level,

the quadruplet processes described by Q, P and T are driven by terms of
the form Mγ+δ,γ

√
n0/V and Vγ−αnγnδ, VβM∗δ′,α

√
n0/V and Vα+γcγnδ′ , and

VαRγ,−δ′′
√
n0/V and Vα+δ′′cγcδ′′ in Eqs. (5.44), (5.45), and (5.46) (see Ap-

pendix 5.C), respectively. From these examples, it is clear that the sequential
buildup behavior is a general property of the post-quench early-time dynamics
of cumulants. Indeed, this property serves as the motivation for using cumu-
lants in the present study to describe the buildup of correlations even in the
strongly-interacting regime where a natural truncation parameter is lacking.

At early-times, these properties of the cumulant hierarchy can be used to
generate solutions highlighting the underlying few-body physics in the many-
body system. First, the hierarchy is recast into a reduced ‘early-time’ form by
ignoring the p + 1 and p + 2 higher-order correlation functions in the equa-
tion of motion for cumulants of order p, identical to the truncation scheme in
Ref. [102]. At the level of the doublets, the c cumulant equation (Eq. (5.37))
reduces to

i~∂t|ct, ct〉 = Ĥ12(t)|ct, ct〉+ V̂ |ψ0,t, ψ0,t〉, (5.47)

where Ĥ12(t) = ε̂1 + ε̂2 − 2µ(t) + V̂ is the two-body Hamiltonian in the rotat-
ing frame of the condensate, written in terms of the one-body kinetic energy-
operator ε̂|α〉 = εα|α〉 and the pairwise potential V̂ . The second Joseph-
son relation gives the instantaneous chemical potential µ(t) ≡ −~θ̇0(t). Ad-
ditionally, the pair matrix has been cast into basis-independent symmetric
state 〈α, β|ct, ct〉 = cα(t)δα,−β, which reflects its behavior under unitary trans-
formations [127]. We have also defined the generalized rank (0, 2) tensor
|ψ0,t, ψ0,t〉 = n0(t)|0,0〉, where tensor subscripts in the ket indicate the time.
Equation (5.47) can be solved formally using the two-body evolution operator
Û12(t− t0) = exp

[
−i
∫ t
t0
dτĤ12(τ)/~

]
as

|ct, ct〉 = Û12(t− t0)|ct0 , ct0〉+
1

i~

∫ t

t0

dτ Û12(t− τ)V̂ |ψ0,τ , ψ0,τ 〉, (5.48)

where the initial conditions at t = t0 are encoded in the first term on the
right-hand side of the above equality. Analogously, the M -cumulant equation
of motion (Eq. 5.38) becomes

i~∂t|Mt〉〈Mt,Mt| = Ĥ1(t)|Mt〉〈Mt,Mt| − |Mt〉〈Mt,Mt|Ĥ12(t)

− |nt〉〈nt, ψ0,t|(1 + P̂12)V̂ ,
(5.49)
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where Ĥ1(t) = ε̂−µ(t) is the one-body Hamiltonian in the rotating frame of the
condensate, and P̂12 is the cyclic permutation operator. We have defined rank
(1,2) tensors 〈α|Mt〉〈Mt,Mt|β, γ〉 = Mα,β(t)δα,β+γ

√
V and 〈α, β|ψ0,t, nt〉〈nt|γ〉 =

δγ,αδβnα(t)
√
n0(t). Equation (5.49) can be solved formally as

|Mt〉〈Mt,Mt| = Û1(t− t0)|Mt0〉〈Mt0 ,Mt0 |Û12(t0 − t) (5.50)

− 1

i~

∫ t

t0

dτ Û1(t− τ)|nτ 〉〈nτ , ψ0,τ |(1 + P̂12)V̂ Û12(τ − t),

where Û1(t − t0) = exp
[
−i
∫ t
t0
dτĤ1(τ)/~

]
is the one-body evolution oper-

ator. We have chosen to write the cumulant equations of motion in basis-
independent form in order to facilitate and emphasize the generality of the
discussion that follows.

From the formal integral relations (Eqs. (5.48) and (5.50)), it is possible to
solve for the dynamics of the energies µ(t), Eα(t), and ∆α(t). Approximating
the quench as a sudden projection of a pure, non-interacting condensate onto
unitarity, the initial conditions in Eqs. (5.48) and (5.50) are neglected. Insert-
ing the formal solutions into Eq. (5.35), we find the time-dependent expression
for the chemical potential

N0(t)µ(t) = Tr

[
Re
[ ∫ t

t0

dτ T̂+(t− τ)|ψ0,τ , ψ0,τ 〉〈ψ0,t, ψ0,t|

+ T̂+(t− τ)(1 + P̂12)|nτ , ψ0,τ 〉〈ψ0,t, nτ |Û1(τ − t)
]]
,

(5.51)

µ(t) = Re

∫ t

t0

dτT+(0,0, t− τ)n0(τ)

+ Re

∫ t

t0

dτ

∫
d3q

[
T+

(q

2
,
q

2
, t− τ

)
+ T+

(q

2
,−q

2
, t− τ

)]

×
√
n0(τ)

n0(t)
nq(τ)U1(q, τ − t),

(5.52)

where Û1(t)|k〉 = U1(k, t)|k〉, and we have defined the retarded two-body T -
operator in the rotating frame of the condensate [104]

T̂+(t) = δ(t)V̂ +
1

i~
θ(t)V̂ Û12(t)V̂ , (5.53)

with 〈k + q,k− q|T̂+(t)|k′ + p,k′ − p〉 = δk,k′T+(q,p, t). From Eq. (5.51), we
see that as t− t0 → 0+, T̂+(0) = δ(0)V̂ and therefore µ(t) = V0n0, which is the
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first Born approximation for the chemical potential of a pure condensate. Anal-
ogously, inserting the formal solutions into Eq. (5.34), we find an expression
for the time-dependent pairing field

|∆,∆〉 =

∫ t

t0

dτ T̂+(t− τ)|ψ0,τ , ψ0,τ 〉, (5.54)

∆k(t) =

∫ t

t0

dτT+(k,0, t− τ)n0(τ), (5.55)

which has been written in basis-independent form 〈α, β|∆,∆〉 = ∆αδα,−β. As
t − t0 → 0+, the first Born approximation ∆α(t) = Vαn0 is recovered. As
time evolves, the memory kernels in Eqs. (5.51) and (5.55) are integrated
over larger intervals of time. Here, the unitarity limit of the s-wave cross sec-
tion σ ∝ 1/k2 translates into the universal behavior T̂+(t) ∝ exp[−2iθ0(t)]/

√
t

reflecting the gradual decay of resonant collisions. The energy Eα(t) how-
ever contains the Hartree-Fock mean-field energy E(HF)

α = (V0 + Vα)n0 + δεα
that remains at the level of the first Born approximation regardless of the
system dynamics. To estimate the relevance of the Hartree-Fock mean-field
energies in the unitary regime, we rescale to the Fermi energy En, finding
in general E(HF)

α /En ∝ n1/3rvdW due to the calibration of the effective in-
teraction strength g ∝ rvdW for the resonance coupling strength (see Ap-
pendix 5.A). Therefore, the Hartree-Fock mean-field energies can be neglected
in the unitary regime for realistic systems where the criterion nr3

vdW � 1 is
well-satisfied.

The presence of few-body operators in the solutions of the cumulant equa-
tions of motion reveals how few-body effects are woven into the early-time
structure of the hierarchy. To demonstrate this explicitly, we spectrally decom-
pose the evolution operator Û12(t) as

Û12(t) =
∑

i

e−iεit/~|φi〉〈φi|+
∫
dε e−iεt/~|φ(ε)〉〈φ(ε)|, (5.56)

into the vacuum bound states |φi〉 with binding energy εi and two-body contin-
uum states |φ(ε)〉. Qualitatively, the response of the system at a dimer binding
energy depends on the overlap between the |φi〉’s and the driving terms of the
memory kernels in Eqs. (5.48) and (5.50). At unitarity, the s-wave dimer state
is at threshold, however the system may still respond at any of the infinite
number of bound three-body Efimov trimers that exist in vacuum. To under-
stand how the Efimov frequencies enter the cumulant hierarchy, we reduce the
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equation of motion for the R cumulant (Eq. (5.39)) to the early-time form

i~∂t|Rt, Rt, Rt〉 = Ĥ123(t)|Rt, Rt, Rt〉+ (1 + P̂+ + P̂−)
[
(V̂12 + V̂13)|ψ0,t, ct, ct〉

]
,

(5.57)
where 〈α, β, γ|V̂12|γ′, β′, α′〉 = δα,α′〈β, γ|V̂ |γ′, β′〉, and Ĥ123(t) = (1 + P̂+ +

P̂−)Ĥ12 is the vacuum three-body Hamiltonian in the rotating frame of the
condensate, written in terms of the cyclic and anticyclic permutation oper-
ators P̂+ ≡ P̂123 and P̂− ≡ P̂132 with P̂123|α, β, γ〉 = |γ, α, β〉, respectively.
In Refs. [55, 204], Eq. (5.57) was shown to yield generalized three-body T -
matrices satisfying the Faddeev equations. These T -matrices appear in the
Gross-Pitaevskii equation as higher-order corrections due to effective three-
body scattering, encapsulated in the scattering hypervolume [204–207]. We
have also defined the rank (0,3) tensor 〈α,−β, γ|Rt, Rt, Rt〉 = Rα,β(t)δα−β,−γ√
V , whose formal solution is

|Rt, Rt, Rt〉 = Û123(t− t0)|Rt0 , Rt0 , Rt0〉 (5.58)

+
1

i~

∫ t

t0

dτ Û123(t− τ)(1 + P̂+ + P̂−)(V̂12 + V̂13)|ψ0,τ , cτ , cτ 〉,

where Û123(t − t0) = exp
[
−i
∫ t
t0
dτĤ123(τ)/~

]
is the three-body evolution op-

erator in the rotating frame of the condensate. The eigen-decomposition of the
three-body evolution operator is6

Û123(t) =
∑

s

[∑

n

e−iEs,nt/~|Φs,n〉〈Φs,n|+
∫
dE e−iEt/~|Φs(E)〉〈Φs(E)|

]
,

(5.59)
expressed in terms of the vacuum three-body continuum states |Φs(E)〉 and
vacuum three-body bound-states |Φn,s(E)〉 with binding energy Es,n. The
three-body spectrum can be decomposed into universal channels s2 > 0 that
do not support bound states and the Efimovian channel s = is0 with s0 ≈
1.006 that supports an infinite number of trimers. The introduction of ad-
ditional length scales in the Efimov channel due to the finite size of Efimov
trimers can break the universal scaling of system properties with the den-
sity [123, 124, 195]. In principle the system can respond at any one of the
infinity of Efimov trimer frequencies, determined by the overlap between the
Efimov trimer wave functions |φis0,n〉 and the driving terms in the memory
kernel of Eq. (5.58), which will be studied in Sec. 5.5.

What is the range of validity of the early-time form of the cumulant equa-
tions? In Ref. [102], this scheme was designed to include multiple scatterings

6We have ignored the coupling between channels which is generally weak at unitarity [208].
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in the cumulant equations of motion in order to extend their range of validity.
By design, such multiple scatterings are described by the vacuum T -operators–
the so-called “free dynamics". In Sec. 5.4, we will see however that this picture
is spoiled in the presence of strong quantum depletion. In particular, the en-
ergy ∆α, which is negligible and can be ignored at early-times, rapidly grows
towards the Fermi scale at later times as correlations develop. Consequently,
the triplet cumulant dynamics become strongly coupled and therefore can no
longer be treated separately as in Eqs. (5.50) and (5.58), spoiling the appear-
ance of vacuum operators and energies.

We note that the equations of motion for each of the quadruplets can also
be reduced to their early-time forms and solved as integral equations. As in
Eqs. (5.48) and (5.58), the vacuum one, two, three, and four-body evolution
operators also appear in the memory kernels for the Q, P , and T cumulants.
However, because the numerical simulation of the full quadruplet cumulant
theory outlined in this section remains an outstanding numerical challenge,
this mostly formal discussion can be found in Appendix 5.C. Having established
the cumulant equations, justified their truncation for quenched systems, and
highlighted the underlying few-body physics, we now simulate the doublet
model in Sec. 5.4 and the triplet model in Sec. 5.5.

5.4 Doublet model of the quenched unitary Bose gas

In this section, we study the quenched unitary Bose gas within the doublet
model by neglecting all third and fourth-order cumulants in Sec. 5.3 such that
only nk and ck remain. To mimic the experimental sequence of Refs. [73, 91–
93], we make the sudden approximation and model the quench as infinitely
fast. An initially pure, non-interacting condensate is then evolved in the uni-
tary regime for a variable amount of time up to t ∼ 2.5tn where nk begins to
exceed unity and the exclusion of strongly-driven higher-order cumulants can-
not be justified (see Chapters 3 and 4). The condensate is depleted by pairwise
excitations (k,−k) described by the c cumulant. In this section, we compare
the doublet model results to the experimental data from Refs. [92, 93] for
quenched unitary Bose gases in a uniform system. The early-time agreement
with experiment found in this section motivates an investigation of higher-
order effects that will be addressed in Sec. 5.5

5.4.1 Energy and number dynamics

Before comparing against experiment, we study the time-dependence of the
characteristic energies ∆ and µ(t) (Eqs. (5.34) and (5.35), respectively) in the
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Figure 5.1: Dynamics of (a-c) energy scales and (d) populations for different
values of the van der Waals diluteness parameter within the doublet model. The
asymptotic values of the pairing field and phase derivative are roughly equal ∆ ≈
µ ≈ −0.5En, where the development of the real part and decay of the imaginary
part of the pairing field in the lab (∆ exp 2iθ0) and condensate (∆) frames are
shown in (c) for density nr3

vdW = 1.1× 10−7.

doublet model simulation as a function of the van der Waals diluteness pa-
rameter nr3

vdW. The dynamics of these energies are shown in Fig. 5.1(a-c),
where we have used the fact that ∆k ≡ ∆ is independent of k within the
regime of interest (|k| ≤ Λ). Although not shown, the Hartree-Fock mean-
field energies (Eq. (5.33)) are negligible behaving as finite-range effects which
decrease relative to En as powers of nr3

vdW. Such finite-range effects are re-
sponsible for the long-time differences between the population dynamics seen
in Fig. 5.1(d). By nr3

vdW ≈ 10−7, finite-range contributions to the popula-
tion dynamics are negligible as the time-dependence is set purely by the Fermi
scales characteristic of the universal regime. We compare this with range of
densities 10−7 . nr3

vdW . 10−9 studied experimentally in Refs. [92, 93] for
quenched unitary Bose gases in a uniform system.

The pairing field and instantaneous chemical potential are also initially
non-universal, depending on finite-range physics as ∆(t = 0+) = µ(t = 0+) =
gn. However, these energies quickly evolve toward the Fermi scale and ap-
proach the universal steady-state µ(t) ≈ ∆ ≈ −0.5En. We understand the
universality of the µ and ∆ steady-states from their evolution with the two-
body T -matrix in Eqs. (5.51) and (5.55), which is dominated by the unitar-
ity limit of the s-wave partial cross section on resonance [61]. Importantly,
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the reality of ∆ at long times7 is due to working in the frame of the conden-
sate as shown in Fig. 5.1(c). In the lab-frame description of this steady state,
the pairing field rotates as ∼ exp(−2iµt/~) characteristic of the behavior at
true equilibrium. We understand the approximate equality of µ and ∆ from
the rapid growth of pairing correlations, which leads to dominance of the c-
cumulant contributions in Eqs. (5.34) and (5.35) (see also Appendix 5.B) such
that Re ∆ ≈ (g/V )

∑
q Re cq ≈ µ.
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Figure 5.2: (a) Dynamics of the momentum distribution for kn = 6.7µm−1 with
tn = 27µs. We note that due to different normalizations, the experimental mo-
mentum distribution is related as k3

nn
(expt)
k = 3nk/4π. The results of the doublet

model simulation (solid lines) are compared against the experimental findings of
Refs. [93, 209] (dashed-dotted lines connecting ∼ 200 raw data points each fol-
lowing the presentation in that work) at times t = tn (blue) and t = 2tn (orange).
Experimental results in the shaded region are not quantitatively reliable (see the
Methods section of Ref. [93]). The inset shows the 1/k4 power law behavior of
nk at large-k. (b) Time dependence of the momentum distribution for at fixed-k,
comparing the results of the doublet model (solid lines) with the experimental
data points of Refs. [93,209]. Each line has been multiplied by a numerical factor
to increase visibility.

7For evidence that this oscillation frequency is time-independent in the lab frame at very long
times (t ∼ 100tn), we direct the reader to Fig. 1 in the supplementary material of Ref. [182].
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Even though these energies approach a steady-state, other observables in
the system remain far from equilibrium as we now discuss. In Fig. 5.2(a),
the doublet model results for nk are compared to the relevant experimental
results8 of Ref. [93]. This comparison is not made in the grey shaded region
k < 2µm−1 ≈ 0.3kn where the experimental results are not quantitatively reli-
able due to initial cloud size and non-infinite time of flight [93]. Qualitatively,
it is clear that the nodal pattern of the doublet model results is absent from the
experimental data. To quantify these results, we follow [93] and fit the initial
growth of k3

nn
(expt)
k = 3nk/4π for fixed k shown in Fig. 5.2(b) to a sigmoid

f(t) = a + b/(exp(−c(t + d)) + 1), obtaining plateau value n̄k = a + b and
half-way time τk defined as n̄k = 2nk(τk), finding generally good agreement9,
consistent with Refs. [182,183], as shown in Fig. 5.3.

5.4.1.1 Prethermal state

The equilibration of many-body observables in a quenched system while the
microscopic degrees of freedom remain strongly out-of-equilibrium is charac-
teristic of prethermalization [196]. To describe this stage of the doublet model
in the universal limit (nr3

vdW → 0), we solve the doublet model using the
asymptotic values for ∆ and µ shown in Fig. 5.1(a-b) while the doublets nk

and ck remain periodic in time

nk(t) = nk(t0) +
∆Reαk(t0)

2ω2
k

[1− cos(2ωk(t− t0))]

− ∆Imαk(t0)

2ξkωk
sin(2ωk(t− t0)), (5.60)

|ck|2 = nk(1 + nk), (5.61)

8We note that the experimental momentum distribution is normalized as 1 =
∫
d3kn

(expt)
k ,

which gives the conversion k3
nn

(expt)
k = 3nk/4.

9Although we have followed the fitting routine used on the experimental data in Ref. [93],
the dynamics of nk in the doublet model oscillate in the prethermal state and do not plateau.
Therefore, we expect the experimental comparison of the plateau value n̄k in the doublet model
to be qualitative. We note recent quantitative predictions for the half-way time in the thermal
regime in Ref. [210]. Further complicating matters is the absence of a clear steady-state plateau
for k/kn < 0.8 in the experimental data of Ref. [93], which adds ambiguity to the fitting routine
without making additional assumptions about the timescale separation between heating and
prethermalization.
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Figure 5.3: The momentum dependent half-way time τk (a) and the plateau
value n̄k (b) for three different densities considered in Refs. [93, 209] compared
against the results of the doublet model simulation (purple filled circles). In
(a) the asymptotic behaviors tk = kn/k and tk = (kn/k)2 for the characteris-
tic prethermal timescale tk found in Sec. 5.4.1.1 are indicated by the dashed
and dotted lines, respectively. The two asymptotes cross at kc = 2mcpth/~ =√

2/ξpth ≈ kn (vertical solid). In (b) we compare against the decaying exponen-
tial 1.53 exp(−3.62k/kn) found experimentally indicated by the solid line.

in agreement with Ref. [182] (see in particular Eq. (S32) therein)10. The eigen-
frequency of these oscillations matches the HFB spectrum [211]

ωk =
√
ξ2
k −∆2, (5.62)

(with ξk = εk − µ in the limit nr3
vdW → 0 when gn � µ) and the energy

αk(t0) = ∆ [1 + 2nk(t0)] + 2ξkck(t0) encodes the initial condition at t0 (with
t > t0 � tn). We note that αk = 0 gives the HFB ground state [212].

In the dilute limit where the van der Waals diluteness parameter nr3
vdW

tends towards 0, the mean-field energy gn/En also vanishes relative to the
Fermi energy (see Sec. 5.3.4) while ∆/En remains finite. According to Ref.
[211], µ = gn + ∆, which implies µ = ∆ in the dilute strong-interacting

10In the limit nr3
vdW → 0 the doublet equations of motion simplify to their universal form

i~∂tck = 2 (εk − µ(t)) ck + ∆(t)(1 + 2nk),

i~∂tnk = ∆(t)c∗k − c.c.

Assuming that µ and ∆ are real, negative, and time-independent (as observed numerically in
Fig. 5.1), this linear system solves into Eq. (5.60).
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limit. This matches the long-time, steady-state dynamics shown in Fig. 5.1.
Remarkably, this condition µ = ∆ produces a gapless excitation spectrum
(ω0 = 0), and the elementary excitations follow a Bogoliubov dispersion law
ωk =

√
εk(εk + 2|µ|). We therefore find long-wavelength phonons with energy

~ck and sound velocity cpth =
√
|µ|/m ' 0.5~kn/m in the unitary regime. The

smooth crossover to the particle-regime occurs for εk ∼ mc2
pth ' 0.5En, which

allows us to define a characteristic healing length [62] in the prethermal state
(t� tn), k = 1/ξpth, such that knξpth '

√
2. This is to be contrasted against the

usual Bogoliubov dispersion law at weak interactions ω0
k =

√
εk(εk + 2U0n)

with U0 = 4π~2a/m, discussed in Sec. 5.2.1, and a & 0 [62]. The dispersion
laws ωk and ω0

k are connected by replacing the usual mean-field energy U0n
by En/2, i.e. through a mapping of the form a→ 1/kn. In Ref. [160], U0n was
replaced ad hoc by 4En/3π, by assuming a universal Bogoliubov excitation
spectrum. In the present work, this replacement is not assumed a priori, rather
a universal Bogoliubov spectrum emerges within the prethermal steady-state
at strong interactions. In a quasistationary picture, the mapping of quantities
between vacuum and Fermi scales occurs smoothly as a result of the interplay
between quantum depletion and few-body processes in the system (see Chap-
ter 3).

From the inverse of the excitation energy, we obtain the characteristic
timescale tk = ~/ωk, behaving asymptotically as tk/tn = kn/k for ξpthk � 1
and tk/tn = (kn/k)2 for ξpthk � 1. In Fig. 5.3(a), these scalings (dashed and
dotted lines) are compared directly against the numerical and experimental
results (symbols) for the half-way times τk and are in excellent quantitative
agreement without adjustment. This comparison assumes that the system has
entered the prethermal stage on a timescale comparable to the range of τk
considered in Fig. 5.3(a). We address this assumption later in this section by
defining a “prethermalization time” tpth from the dynamics of the kinetic tem-
perature following Ref. [196]. Qualitatively, the smooth crossover between
sound and free-particle regimes takes place when k ∼ ~/ξpth, which is of order
O(kn) consistent with the experimental findings of Ref. [93].

5.4.2 Dynamics of the two-body contact

Whereas the decaying exponential in Fig. 5.3(a) describes the full range of ex-
perimental data, the profile of nk in the doublet model simulation transitions
to a 1/k4 power law tail as can be seen in the inset of Fig. 5.2(a). We discuss
this power-law behavior in the doublet model presently. In an ultracold quan-
tum gases, typical momentum scales (kn, λ−1

dB, etc...) are such that k/Λ � 1,
where Λ corresponds to the inverse range of the potential. In this regime,
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Figure 5.4: (a) Universal two-body contact dynamics obtained via the k−4 power
law tail of nk (solid blue) and from the interaction energy (circles) for nr3

vdW =
7.2 × 10−8. We compare also with the universal early-time growth rate (dash-
dotted) obtained in Ref. [184] and the asymptotic result (dotted) obtained in
Ref. [132]. (b) Universal dynamics of the restricted kinetic energy per particle
〈ε〉k={2kn,2.5kn,3kn} for nr3

vdW = 7.2 × 10−8 (dashed blue) and nr3
vdW = 1.1 ×

10−7 (solid red) compared against the experimental data of Ref. [92, 213] (blue
diamonds). (Inset) Nonuniversal dynamics of the full kinetic energy per particle
〈ε〉 as predicted in the doublet model.

when two bosons separated by a distance r = |r1 − r2| come together such
that Λ−1 � r � {n−1/3, |a|, λdB}, their relative wave function is proportional
to φ(r) = (1 − a/r), and the many-body wave function |Ψ〉 (normalized as
〈Ψ|Ψ〉 = N) takes the form

Ψ(r1, r2, . . . , rN) ≈ φ(r)A(c12, r3 . . . , rN), (5.63)

with center of mass coordinate c12 = (r1 + r2)/2. This microscopic behavior
of the many-body wave function can be used to derive a set of important rela-
tionships between system properties, revolving around the extensive quantity
C2 ≡ limk→∞ V k

4nk known as the two-body contact that measures the proba-
bility for pairs of atoms to be close together [79,133–135,214]. The intensive
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counterpart C2 is the two-body contact density related to the (extensive) two-
body contact as V C2 = C2. The two-body contact is also related to the total
interaction energy U = 〈Ĥint〉 as C2 = 2m2gU/~4, where Ĥint is the interaction
part of the many-body Hamiltonian (Eq. (5.2)). Although these relations were
derived for equilibrium states, they give consistent results for the dynamical
two-body contact C2(t) within the doublet model shown in Fig. 5.4(a). Addi-
tionally, these findings are consistent with previous studies, namely the uni-
versal early-time growth n−4/3C2(t) = 128πt/(6π2)2/3tn and asymptotic value
n−4/3C2(t) ≈ 12 found in Refs. [132,184].

Although we have found consistent results for the dynamical two-body
contact by blindly applying equilibrium relations within the doublet model,
counterexamples from quenches in one-dimension [122] highlight that care
should be taken when generalizing these relations to non-equilibrium scenar-
ios. Therefore, we revisit the assumptions needed to derive the equilibrium
contact relations. The simple form of the microscopic two-body wave function
φ(r) (Eq. (5.63)) holds locally, regardless of whether the many-body system is
in equilibrium or not, and one can define then the dynamical two-body contact
C2(t) density by integrating over the coordinates of the two-body regular part,
A, of the many-body wave function in Eq. (5.63) to obtain

g(2)(r, t) ≡ 〈ψ̂
†(r)ψ̂†(0)ψ̂(0)ψ̂(r)〉(t)

n2
=

r→0

C2(t)

16π2n2r2
, (5.64)

for the functional form of the pair correlation function in a uniform system.
The interaction energy relation results then from balancing the divergence of
g(2)(0, t) by powers of the potential V (0) and neglecting sub-leading finite-
range corrections decaying as powers of 1/Λ [79,214,215]. To generalize the
k−4 power law tail equilibrium definition one must consider in addition the
Fourier transform

nk(t) =
1

V

∑

i

∫ 
∏

l 6=i
d3rl



∣∣∣∣
∫
d3rie

−ik·riΨ(r1, r2, . . . , rN, t)

∣∣∣∣
2

, (5.65)

where the sums are taken over all particles. When the short-distance divergent
behavior in Eq. (5.63) dominates the large-k limit of Eq. (5.65), one obtains
the power-law behavior nk ∝ 1/k4 and the equilibrium definition follows [79,
215, 216]. Although this argument holds in equilibrium, it is not guaranteed
in a dynamical system due to the possibility of energetic nonlocal physics as
shown in one-dimension [122]. We note that this caveat also anticipates the
difficulties encountered within the triplet model in the next section (Sec. 5.5.)
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5.4.3 Kinetic temperature

The two-body contact provides valuable insight into the dynamics of the in-
teraction energy per particle 〈u〉 = U/N and the kinetic energy per particle
〈ε〉 = 〈Ĥkin〉/N , where Ĥkin is the kinetic part of the many-body Hamiltonian
(Eq. (5.2)). Within the sudden approximation, the quench generates correla-
tion waves out to arbitrarily large energies [122]. Finite-range effects cure this
ultraviolet divergence by providing a natural short-range cutoff at the scale of
Λ, calibrated to the scale of the van der Waals energy EvdW = ~2/mr2

vdW in our
model (see Appendix 5.A). Although the total energy per particle in the dou-
blet model simulation 〈etot〉 = 〈u〉 + 〈ε〉 is negligible (〈etot〉/En ∝ n1/3rvdW),
both the interaction energy per particle 〈u〉 and kinetic energy per particle 〈ε〉
diverge. This divergence can be understood by collecting powers of Λ in the
contact relation 〈u(t)〉 = (~4/2gnm2)C2(t). Whereas C2 scales universally with
the density, the bare interaction scales as g ∝ 1/Λ, and therefore 〈u(t)〉 scales
linearly with Λ. In our model, this translates into a finite-range effect such that
〈u(t)〉 ∝ r−1

vdW. This behavior applies analogously to 〈ε〉 due to energy conser-
vation 〈ε〉/En = −〈u〉/En + O(n1/3rvdW). This explains the early-time linear
growth, late-time asymptotics, and divergence with r−1

vdW of 〈ε〉 shown in the
inset of Fig. 5.4(b).

The rapid equipartion of kinetic and potential energies with 〈ε〉/〈u〉 ≈ −1
provides the basis for discussing, in the far-from-equilibrium many-body sys-
tem, a “kinetic temperature” proportional to 〈ε(t)〉 [196]. In contrast to mode-
specific quantities, 〈ε(t)〉 provides a mode-averaged measure of the rate at
which the system prethermalizes. Therefore, following in the spirit of the orig-
inal treatment in Ref. [196], we define a prethermal time ttph from the crite-
rion |〈ε(tpth)〉 − 〈ε〉as.|/〈ε〉as. . 0.2 for t > tpth using the asymptotic estimate of
C2(t) [132] to obtain 〈ε〉as. ≈ (−~4/gm2)6n1/3. We find tpth ' 0.4− 0.5, which
is consistent with the saturation timescale estimate in Ref. [132] and the equi-
libration time of the largest momenta modes measured in Ref. [91]. Addition-
ally, τk > tpth, for momenta in the crossover between sound and free-particle
regimes shown in Fig. 5.3(a), clarifying the assumptions made in Sec. 5.4.1.1.

How can the dependence of 〈ε〉 on the non-universal short-range scales
be reconciled with the universal dynamics of the kinetic energy per particle
observed in Ref. [92]? We understand this discrepancy then from the compar-
atively limited range of experimentally accessible momenta (c.f. Figs. 5.2 and
5.3). To compare with experiment, we therefore define the restricted kinetic
energy per particle 〈ε〉k =

∫ k
0 d

3k′nk′εk′/n and compare with the experiment
as shown in Fig. 5.4(b). Here the doublet model simulation results are roughly
consistent with the universal evolution of 〈ε〉2kn for early times t . tn. The os-
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cillations of 〈ε〉k are due to the periodicities of the underlying nk as discussed
in Sec. 5.4.1.1. As the integration includes a larger range of modes, the oscil-
lations dephase and are absent in 〈ε〉. We note that the time range studied is
however still less than the time t ∼ 4tn where the kinetic temperature of the
experimental data begins to follow the power law 〈ε〉 ∝ t2/13 for recombinative
heating in the thermal regime [178]. In the intermediate time 1 . t/tn . 4,
however, the effects of heating and lossless correlation dynamics are difficult
to differentiate, requiring a theoretical investigation of each contribution indi-
vidually.

5.4.4 Summary

In this section, the quenched unitary Bose gas was studied within the dou-
blet model. This theory describes the universal prethermal state that rapidly
forms as the condensate is depleted by pairing excitations. The signature of
this prethermal state is the establishment of steady-state values for µ and ∆
even while the momentum distribution dynamics remain far from equilibrium.
Within this steady-state, one finds the emergence of a universal Bogoliubov dis-
persion law, which quantitively matches the prethermal timescales observed
experimentally. This behavior at strong interactions is in stark contrast to
quenches at weak interactions where the Bogoliubov dispersion law can be
assumed [162]. Finding disagreement with the exponential tail of nk found
experimentally, we analyze the origin of the 1/k4 power law tail observed in
the doublet model by studying the dynamical two-body contact. In turn, the
universal dynamics of the two-body contact were used to shed light on the
non-universal growth of the kinetic temperature of the gas, which diverges for
quenches treated within the sudden approximation. To connect with exper-
iment, we consider the kinetic temperature one would obtain with access to
only a restricted range of momentum modes, finding agreement at early times.
In the next section (Sec. 5.5), we go beyond the doublet model and retain also
the triplet cumulants in order to understand the impact of three-body correla-
tions on the prethermal state and to search for non-universal signatures of the
Efimov effect.

5.5 Triplet model of the quenched unitary Bose gas

In this section, we study the quenched unitary Bose gas within the triplet model
by neglecting all fourth-order cumulants in Sec. 5.3 such that only nk, ck,Mk,q,
and Rk,q remain. For consistency, we follow the same quench sequence as in
Sec. 5.4, starting from an initially pure condensate. As the gas evolves in the
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unitary regime, the condensate is depleted by both pairwise and three-body
effects. However, the triplet model suffers from a violation of energy conser-
vation as discussed in Sec. 5.3.2. This violation leads to unphysical behavior
of the triplet model at long times (see Appendix 5.B). We therefore limit our
analysis to times t . tn before these effects become significant. In this section,
we focus on (i) departures from the prethermal state found in Sec. 5.4.1.1 due
to the ergodic dynamics introduced by Ĥ3 and Ĥeff

4 and (ii) signatures of the
Efimov effect in the system, motivated by the few-body studies [123,124,195],
the discussion in Sec. 5.3.4, and the experimental observation of a macroscopic
population of Efimov trimers in Ref. [73].

Due to the limitations of the triplet model to times t . tn, we simulate only
the dominant parts of the drive termsMH4

k,q and RH4
k,q (Eqs. (5.42) and (5.43))

so that

MH4
α,β ≈ −

1

V
S{α,β}

[∑

q

Vq
1 + nα + nβ

2
Mγ,α−q

]
, (5.66)

RH4
α,β ≈

1

V
S{α,β,γ′}

[∑

q

Vq

2
(1 + nα + nβ)Rα−q,−γ′

]
. (5.67)

This contains the vacuum contribution (the “1” in “1 + n + n”), which dom-
inates at short times and ensures that few-body interactions at unitarity (see
Sec. 5.3.4) are correctly described. Additionally, due to the increased com-
putation resources required to simulating the triplet model, the results in this
section are limited to densities nr3

vdW ≤ 6.9 × 10−6, which includes a portion
of the density range studied in Ref. [73] but is more dense than the range con-
sidered in Refs. [91–93]. We refer the interested reader to App. 5.B.3 where
technical details related to convergence of the triplet model simulations and
the computational hardware used are discussed.

5.5.1 Energy and number dynamics

We begin by revisiting the time dependence of the characteristic energies ∆
and µ(t) in the triplet model as a function of the van der Waals diluteness
parameter nr3

vdW shown in Fig. 5.5(a-c). Compared to the doublet model,
µ(t) now has an additional contribution from the triplet M -cumulant (see
Eq. (5.35)), whereas the expression for ∆ (Eq. (5.34)) remains unchanged.
This has the effect of introducing oscillations into the dynamics of µ(t), which
can be see in Fig. 5.5(b-c). These oscillations, which are absent in the doublet
model results, black dashed lines in Fig. 5.5, are signatures of Efimov states.
The oscillation frequency is set by the three-body parameter κ∗rvdW = 0.211
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Figure 5.5: Dynamics of (a-c) energy scales and (d) populations for different
values of the van der Waals diluteness parameter within the triplet model. We
compare with the doublet model results for density nr3

vdW = 7.2 × 10−8 (black
dashed) in this section, which is sufficiently dilute to be universal. (c) The dy-
namics of the instantaneous chemical potential µ(t) and the real and imaginary
parts of the pairing field shown for density nr3

vdW = 6.9× 10−6.

(see Appendix 5.A) and is therefore non-universal (density-independent). This
behavior is in contrast with the dynamics of ∆ shown in Fig 5.5(a), with os-
cillations that are comparatively less visible and therefore weakly-dependent
on κ∗. By t ∼ tn, we see that ∆ is converging to ∆ ∼ −0.4En with decreasing
imaginary component visible in Fig 5.5(c). The population dynamics shown in
Fig. 5.5(d) also depend weakly on κ∗, and we see that the addition of three-
body effects lead to more rapid depletion of the condensate than in the dou-
blet model (compare with Fig. 5.1(d)). Although not shown, the Hartree-Fock
mean-field energies remain negligible as nr3

vdW is descreased, which follows
from the general conclusions in Sec. 5.3.4.

As the energies ∆ and µ begin to display steady-state and periodic behav-
iors, the dynamics of nk remain far-from-equilibrium. The triplet and doublet
model dynamics of nk are shown in Fig. 5.6. By t = 0.5tn, we see already
a departure in the large momentum behavior of nk from the 1/k4 power law
tail towards a decaying exponential. The formation of a decaying exponential
tail in nk is a robust feature of the triplet model, and can be found even at
much later times (even though positivity of nk becomes violated at low mo-
menta due to violation of energy conservation.) Although the amplitude of
the exponential tail grows in time, the decay rate remains roughly constant as
nk ∝ exp(−0.25k/kn) for nr3

vdW = 7.0× 10−6, which is more gradual than ex-
perimentally observed decay nk ∝ exp(−3.62k/kn) [93]. Although not shown,
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Figure 5.6: Evolution of the single-particle momentum distribution within the
triplet model at density nr3

vdW = 6.9 × 10−6 (blue) and the universal doublet
model (black). (inset) Dynamics of nk at fixed k = 4kn from triplet and doublet
theories illustrating the transition out of the prethermal state.

similar exponential decay of nk at large momentum can be found over the full
range of densities considered in this section. As noted in Ref. [93], the devel-
opment of a decaying exponential tail at large momenta is not consistent with
the power-law tail predictions from local short-range physics. Ultimately, due
to its absence in the doublet model, the decaying exponential is necessarily
due to three-body processes.

5.5.1.1 Departure from the prethermal state

Such deviations from the integrable doublet model dynamics also signal the
departure from the prethermal state. Physically, this is expected due to the er-
godic dynamics introduced by Ĥ3 and Ĥeff

4 , which take the system towards true
thermalization. For quenches in the weakly-interacting regime, the timescales
between the prethermal and thermal stages are separated by orders of mag-
nitude [162] as nonintegrable Beliaev-Landau scatterings drive the system to-
ward full thermalization. On resonance, this picture of distinct on-shell quasi-
particle scatterings begins to breakdown, and one expects generically that all
rates scale with the Fermi time so that distinct stages in the evolution of the
gas may not be well-separated. Indeed, we see from Fig. 5.6 that the departure
from the integrable doublet model dynamics occurs at a momentum-dependent
rate evidenced by the widening gap between power law and exponential tails
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Figure 5.7: Dynamics of the restricted kinetic energy per particle
〈ε〉k={2kn,3kn,4kn,5kn} for the triplet model with nr3

vdW = 6.9 × 10−6 (solid
blue) and the universal doublet model (dotted black). (Inset) Nonuniversal dy-
namics of the full kinetic energy per particle 〈ε〉 within the triplet model for
nr3

vdW = 6.9× 10−6 (solid blue) and nr3
vdW = 1.9× 10−5 (dashed orange).

at large momentum. This departure from the prethermal dynamics is shown
explicitly in the inset of Fig. 5.6 in the dynamics of n4kn where the enchanced
growth and damped oscillations in the triplet model are clearly visible at later
times. We note that because the triplet model dynamics inherently violate en-
ergy conservation, the breaking of integrability removes the system from the
initial phase-space manifold, which muddies the physical connection between
the long-time dynamics and thermalization.

As the system shifts away from the prethermal state, the gradual decay in
the occupation of large momentum modes leads to an increase in the aver-
age kinetic energy per particle 〈ε〉 relative to the doublet model as shown in
Fig. 5.7. To understand which modes are responsible for this growth, we ex-
amine in Fig. 5.7 how the dynamics of the restricted kinetic-energy per particle
〈ε〉k change as the large momentum modes transition into an exponentially de-
caying tail. First, we observe that the momentum dependent departure of nk

from the prethermal doublet dynamics is mirrored also in 〈ε〉k. Second, the ki-
netic energy per particle for modes k . 0.3kn decreases relative to the doublet
model dynamics, which illustrates the large pileup of kinetic energy in the de-
caying exponential tail and draining of kinetic energy from the low momentum
modes. This accumulation of kinetic energy in the exponential tail is a signa-
ture of imbalanced three-body kinetics within the triplet model. Specifically
the three-body processes in the kinetic equation (Eq. (5.37)) require contribu-
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tions from the quadruplet in order to satisfy the condition of detailed balance,
which will be demonstrated in a forthcoming publication [217]. Because the
total energy is not conserved, the rapid equipartition of energy observed in the
doublet model (see Sec. 5.4.3) is not observed distinctly in the triplet model,
such that a kinetic temperature cannot be so clearly defined as before. Here,
the growth of the total kinetic energy results instead in an effective heating of
the system. Due to this violation, the dynamics of 〈ε〉 cannot be connected to
the dynamical two-body contact C2(t) as was done in Sec. 5.4, and we must
turn to other methods as we discuss now.

5.5.2 Dynamics of the contacts

In addition to having pairs of correlated bosons close together, in the triplet
model it is also possible to have triplets of bosons clustered together, ex-
periencing the attractive 1/R2 effective three-body potential in the Efimov
channel. When three bosons in a configuration parameterized by hyperradius
R =

√
(r2 + ρ2)/2 and hyperangles Ω = {ρ̂, r̂, α = arctan(r/ρ)}, with Jacobi

coordinates r = r1−r2 and ρ = (2r3−r1−r2)/
√

3 and spherical angles ρ̂ and
r̂, come together Λ−1 � R� {n−1/3, |a|, λdB}) their relative wave function is
proportional to [79]

Φ(R,Ω) =
1

R2
sin

(
s0 ln

R

Rt

)
φis0(Ω)√
〈φis0 |φis0〉

. (5.68)

Here, Rt is related to the three-body parameter κ∗ as Rt =
√

2 exp(Im ln[Γ(1 +
is0)]/s0)/κ∗ where Γ(x) is the Gamma function and s0 = 1.006. The hyperan-
gular function describing s-wave pairwise scatterings is11 φs0(Ω) = (1 + P̂13 +
P̂23)ϕs0(α)/ sin(2α)

√
4π with ϕs(α) = sin(s(π/2 − α)) where P̂ij swaps par-

ticles i and j. When this occurs, the many-body wave function |Ψ〉 takes the
form

Ψ(r1, r2, r3, . . . , rN) ≈ Φ(R,Ω)B(c123, r3 . . . , rN), (5.69)

where c123 = (r1 + r2 + r3)/3 is the three-body center of mass, and B is the
three-body regular part of the many-body wave function. The microscopic be-
haviors of the many-body wave function (Eqs. (5.63) and (5.69), respectively)
can be used to derive a set of important relationships between system proper-
ties extending the two-body contact relations discussed in Sec. 5.4.2 to when

11The normalization constant is given by 〈φs|φs〉 ≡
∫
dΩ|φs(Ω)|2 =

− 12π
s

sin
(
s∗π

2

) [
cos
(
sπ
2

)
− sπ

2
sin
(
sπ
2

)
− 4π

3
√

3
cos
(
sπ
6

)]
.
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the Efimov effect arises

V nk →
1

k4
C2 +

F (k)

k5
C3, (5.70)

C2 =
m2g2

~4
〈d̂†d̂〉 − 4m3g3

Λ2~6

(
H +

J

π
+

J

2aΛ

)
〈t̂†t̂〉, (5.71)

C3 = − m
2g2

2~4Λ2

(
H ′ +

J ′

aΛ

)
〈t̂†t̂〉, (5.72)

where d̂ = ψ̂(0)ψ̂(0) and t̂ = ψ̂(0)ψ̂(0)ψ̂(0) [79,214]. Here, the probability to
measure such Efimovian triplets is quantified by the (total) three-body contact
C3 and three-body contact density C3 related as V C3 = C3. The quantities F ,
H, and J are log-periodic functions of k and Λ, given by

F (k) = A sin(2s0 ln(k/κ∗) + 2φ), (5.73)

H(ln(Λ/Λ∗)) = h0
C − s0S

C + s0S
, (5.74)

J(ln(Λ/Λ∗)) =
j0 + j1(2SC) + j2(C2 − S2)

(C + s0S)2
, (5.75)

where C = cos(s0 ln(Λ/Λ∗) and S = sin(s0 ln(Λ/Λ∗)) and with universal con-
stants A = 89.262, φ = −0.669, h0 = 0.879, j0 = −0.148, j1 = −0.892,
j2 = −0.087 and renormalization scale s0 ln(Λ∗/κ∗) = 0.971 mod π. The ′ no-
tation indicates a partial derivative with respect to ln(Λ/Λ∗). The log-periodic
dependency in Eqs. (5.70)-(5.72) on the discrete scaling eπ/s0 ≈ 22.7, reflects
the infinite number of Efimov trimers which form at unitarity with binding
energies scaling in the zero-range limit as E(n)

3b = −e−2nπ/s0~2κ2
∗/m for any

integer n. For finite-range potentials, the Efimov trimer spectrum is bounded
from below n ≥ 0, and the three-body parameter κ∗ sets the wavenumber
of the ground Efimov trimer E(0)

3b = −~2κ2
∗/m and, importantly, introduces

a nonuniversal, finite length scale [75, 78, 146]. For the pairwise potential
considered in this work, the three-body parameter is κ∗rvdW = 0.211 (see
discussion in Appendix 5.A), which is in fair agreement with the universal
result κ∗rvdW ≈ 0.226 near the broad Feshbach resonances used experimen-
tally [71,144,145].

Although the formal caveats in Sec. 5.4.2 were cautionary, Eq. (5.70) clearly
fails when generalized to the triplet model of the quenched unitary Bose gas. It
is necessary then to revisit the assumptions underlying Eqs. (5.70)–(5.72). For-
mally, Eqs. (5.71)–(5.72) follow directly from the forms of two and three-body
microscopic wave functions φ(r) and Φ(R,Ω), respectively, that both hold lo-
cally, regardless of whether the many-body system is in equilibrium or not. One
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can then define the dynamical three-body contact density by integrating over
the three-body regular part, B, of the many-body wave function in Eq. (5.69)
to obtain the relation [79]

g(3)(0, r, r′, t) ≡ 〈ψ̂†(r)ψ̂†(r′)ψ̂†(0)ψ̂(0)ψ̂(r′)ψ̂(r)〉(t)
n3

,

=
R→0

|Φ(R,Ω)|2 8

n3s2
0

√
3
C3(t), (5.76)

for the functional form of the triplet correlation function in the R → 0 limit
written here specifically for uniform systems. To obtain Eq. (5.70), one must
make additional assumptions that the short-distance divergent behaviors Eqs.
(5.63) and (5.69) dominate the large-k limit of the Fourier transform of the
many-body wave function (Eq. (5.65)). This clearly no longer holds for the dy-
namics of nk in the triplet model, highlighting the nonlocal origin of the decay-
ing exponential. Finally, we note the additional 〈t̂†t̂〉 dependence in Eq. (5.71)
absent in the doublet model, following the convention of Ref. [214]. This extra
contribution becomes negligible, scaling as 1/Λ and has been included here for
completeness. We now discuss results for the dynamical two and three-body
contacts using Eqs. (5.71) and (5.72), respectively.

5.5.2.1 C2 dynamics

In Fig. 5.8, the numerical results for the dynamical two-body contact in the
triplet model are shown over a range of densities and times up to t = 1.0tn.
Formally, we note that the cumulant deposition of the dominant contribution
〈d̂†d̂〉 to C2 is the same as in Sec. 5.4.2 with the addition now of the triplet

M -cumulant. Here we differentiate between C〈d̂
†d̂〉

2 (t) and C2(t) defined with-
out and with the 〈t̂†t̂〉 contribution, respectively, in Eq. (5.71) to demonstrate
how this term becomes negligible as nr3

vdW is decreased. Comparing against
the early-time doublet results, we find that linear early-time growth rate is
approached as nr3

vdW is decreased. The early-time dynamics of C2(t) are there-
fore insensitive to the Efimov effect, consistent with Ref. [195]. We note that
the nonzero offset C2(0) = g2n2 is a finite-range effect scaling as 1/Λ2. By
t ∼ 0.2tn, the triplet and doublet model results for C2(t) begin to depart signif-
icantly after a period of universal growth. Echoing the findings of Ref. [195],
we interpret this development as the timescale when clustered pairs become
sensitive to the surrounding “few-body medium” consisting of a third boson.
This sensitivity leads to the secondary dependence of C2(t) on the Efimov effect,
as its dynamics display the characteristic non-universal beating phenomenon
at the frequency of an Efimov trimer. At later times, the probability of finding
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Figure 5.8: Dynamics of the two-body contact (Eqs. (5.71)) over a range of densi-
ties and times up to 1.0tn. Results for the dimensionless two-body contact density
n−4/3C2 from the triplet model over the range of densities indicated in the key. We
show also the two-body contact density C〈d

†d〉
2 obtained from neglecting the term

〈t†t〉 in Eq. (5.71). This is shown only for the most and least dense cases as solid
curves attached to the corresponding n−4/3C2 results in order to illustrate the di-
minishing of this extra contribution in the zero-range limit. The universal doublet
model results C(d)

2 along with the universal early-time growth rate obtained in
Ref. [184] are indicated by the black dashed-dotted curves12.

pairs of atoms close together becomes less likely than in the doublet model. In
the triplet model, there is now the competition between forming pair or triplet
clusters, which develop more slowly as we find from the analysis of C3(t) below.

5.5.2.2 C3 dynamics

So far in the analysis of this section, we have assumed that the non-universal
oscillations found in µ(t), C2(t) and to a lesser extend ∆(t), which has no
explicit dependence on triplet cumulants, are signatures of an Efimov state.
Here, we analyze the triplet model results for C3(t), which directly measures
the probability to measure short-range Efimovian triplets as correlations de-
velop in the many-body system. In Fig. 5.9, the numerical results for the dy-
namical three-body contact are shown over a range of densities and times up
to t = 1.0tn. At all times, the dynamics are density-dependent, and the non-
universal oscillations in time become visible as nr3

vdW is decreased. To analyze
these results, we first motivate why such oscillations should appear distinctly in

12Here, Fig. 5.8 has been updated with respect to the published version (Ref. [57]), where
the total C2 and C〈d

†d〉
2 are mistakenly swapped.
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Figure 5.9: Dynamics of the three-body contact (Eq. (5.72)) over a range of
densities and times up to 1.0tn. Results for the dimensionless three-body con-
tact density n−5/3C3 (key same as Fig. 5.8) from the triplet model. For compari-
son, we show the range of quadratic early-time growths (dashed-dotted) found in
Ref. [123]. For scale comparison, we display also the universal fit n−5/3C3 ≈ 2.1
[218] (grey solid) extracted from the experimental results of Ref. [91] under the
assumption of a locally equilibrated metastable state.

Table 5.2: Fits of the early-time triplet dynamics of n−5/3(C3(t)−C3(0)) to power
law f1(t) = a1t

a2 and oscillatory f2(t) = b1t
2 + b2

√
t sin(b3t/2~ − b4)2 functions.

For densities where n−5/3C3(t) does not display a full period of oscillation in the
early-time dynamics, we fit to f1(t) in the window t . 0.25tn to obtain the growth
rates and power laws. For densities where a full period is observable, we fit to
f2(t) in the larger window t . 0.5tn to obtain growth rates and precise estimation
of the oscillation frequency. We note that using f1(t) in this latter regime would
result in an overestimation of the growth rates. The estimate of the ratio |b3/E(0)

3b |
is obtained by averaging over multiple fits in the window 0.4 ≤ t/tn ≤ 0.6, and
the uncertainty is given simply by the standard deviation.

nr3
vdW knR

(0)
3b a1 a2

3.0× 10−4 1.42 15.06 2.65

8.8× 10−5 0.95 9.31 2.19

3.7× 10−5 0.71 9.54 2.17

1.9× 10−5 0.57 10.10 2.11

nr3
vdW knR

(0)
3b b1 b2 |b3/E(0)

3b | b4

1.1× 10−5 0.48 0.25 1.02 0.97(3) 0.09

6.9× 10−6 0.41 0.43 0.71 1.01(2) 0.14

C3(t), then to make the discussion more quantitative, the triplet model results
for C3(t) are fit first for t ≤ 0.25tn to obtain the relevant early-time scalings and
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Figure 5.10: Fits (dashed lines) of the early-time triplet model results (data
points) for n−5/3C3(t) over a range of densities, corresponding in descending or-
der to the key of Fig. 5.8). The results are fit to the functions (a) f1(t) = a1t

a2

and (b) f2(t) = b1t
2 + b2

√
t sin(b3t/2~ − b4)2. The fit parameters are given in

Table 5.2.

then fit at later times t < 0.5tn to extract the oscillation frequencies, enabling
a unambiguous identification of the Efimov state present in the many-body
system.

Counting powers of Λ in the cumulant expansions in Eqs. (5.71) and (5.72)
reveals that the dynamical two and three-body contacts are dominated by the
dynamics of the c and R cumulants, respectively. In Sec. 5.3.4, we discussed
how the post-quench response of these cumulants (Eqs. (5.48) and (5.58))
is determined by the overlap between the few-body spectrum and the driv-
ing effect of the lower-order cumulants. For example, away from resonance
the dynamical two-body contact responds at the natural frequency of the uni-
versal dimer −~2/ma2 as studied in Ref. [183, 184]. At unitarity, the dimer
energy is at threshold, however the three-body contact can now respond at the
frequency of any one of the infinity of three-body bound Efimov trimers. In
practice, the Efimov trimer whose size R(j)

3b =
√

2(1 + s2
0)/3 exp(jπ/s0)/κ∗ is

comparable to the interparticle spacing R(j)
3b ∼ kn has the greatest overlap with

the drive of the lower-order cumulants (see (5.58)). Consequently, the infinity
of trimers accumulating at threshold play a negligible role in the dynamics of
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the three-body contact as was found in Refs. [123, 195]. For densities in the
regime |E(j)

3b | . En, the jth Efimov state is optimally embedded in the many-
body configuration, and the mode-matching |E(j)

3b | ∼ En signals maximally-
enhanced growth of the dynamical three-body contact at early times as found
in Refs. [123,195]. When |E(j)

3b | & En, the Fermi and Efimovian timescales are
distinct, and the frequency of the jth Efimov state are observable in the early-
time dynamics of the three-body contact [123,195]. Finally, when |E(j)

3b | � En,
there is little overlap between density scales and the jth Efimov state, and
therefore all deeply bound Efimov states relative to En play a negligible role
in the dynamics. This behavior is then repeated over a full log-period (factor
∼ 22.73) in the density.

Whereas C2(t) displays a universal linear growth at early-times, C3(t) was
shown to follow a range of gradual, density-dependent quadratic growth rates
in Refs. [123, 195]. In Fig. 5.9, we compare the triplet model results against
the predictions of these few-body models, noting the absence of inelastic three-
body losses in the present work. To quantify this comparison, we fit the early-
time (t . 0.25tn) triplet model results for n−5/3C3(t) to the function f1(t) =
a1t

a2 , and extract the growth rates a1 and power laws a2. From averages the
fits given in Table 5.2, we estimate a a2 = 2.3(2) scaling law. These fits are
compared directly against the triplet model results in Fig. 5.10(a), where the
breakdown of the early-time power-law growth becomes apparent by t ∼ 0.5tn.
Even though quadratic growth is approached for decreasing density, the rates
remain larger than the predictions of Refs. [123, 195] indicated by the black
dashed-dotted lines in Fig. 5.9. At later times however, we see that this growth
is overestimated as dynamics become oscillatory, which indicates that a more
sophisticated fitting function should be used for the lowest densities studied in
this section as we address now.

For the lowest densities studied in the triplet model, the dynamical three-
body contact displays oscillations with periods visible even at early times t <
0.5tn. To quantify the frequency of this oscillation, we fit the dynamics of
n−5/3C3(t) to f2(t) = b1t

2 + b2
√
t sin(b3t/2~ − b4)2 to obtain the growth rates

b1 and b2, the oscillation phase b4, and the oscillation frequency b3 reported
in units of the nearby ground-state Efimov trimer binding energy E(0)

3b in Ta-
ble 5.2. The non-analytic form of f2(t) was chosen as a combination of t2 and
t5/2 power laws, motivated by the range of scalings found at larger densities.
This provides an excellent fit of the data in the window t . 0.5tn as shown in
Fig. 5.10(b)13. We note that the b4 contribution to f2(t) adds an additional

√
t

13To perform reliable fits over the larger window t ≤ tn, we expect that a more involved
fitting routine is required.
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scaling at early-times, which is generally negligible as the phase offset is typi-
cally small. From Table 5.2, we find quadratic growth rates more comparable
with the findings of Refs. [123,195] and, importantly, a precise identification of
the oscillation frequency of the ground Efimov trimer to within an uncertainty
of a few percent.

5.5.3 Summary

In this section, the quenched unitary Bose gas was studied within the triplet
model, focusing on (i) how the doublet dynamics depart from the prether-
mal state and on (ii) signatures of the Efimov effect in the many-body ob-
servables of the system. Although the pairing field was found to approach a
(roughly) universal steady-state, the dynamics of the instantaneous chemical
potential did not, displaying visible non-universal oscillations at the frequency
of the ground-state Efimov trimer. The momentum distribution nk was found
to depart from the 1/k4 power-law towards an exponentially-decaying tail at
a momentum-dependent rate, although the violation of the total energy in
the triplet model prevented any observation of the crossover to true thermal-
ization. The development of the exponentially-decaying tail was shown to
coincide with a large buildup of kinetic energy in the large-k modes and a
corresponding draining of kinetic energy from the low-k modes relative to the
doublet model results. The dynamics of the two-body contact were shown to
depart non-universally from the doublet model results after a period of univer-
sal growth at early times, and to display the characteristic beating phenomenon
at the frequency of the ground-state Efimov trimer at later times, consistent
with the behavior found in the few-body studies [123, 195]. The oscillatory
dynamics of the three-body contact, which quantify the probability of measur-
ing short-range Efimovian triplet clusters, were found to match quantitatively
to the frequency of the ground-state Efimov trimer in vacuum, providing an
important proof of the concept of the calibrated triplet model. We note that
the sensitivity of the Efimov effect to the ultraviolet scales provides a stringent
benchmark on the implementation of the numerics that are discussed further
in Appendix 5.B.

5.6 Conclusion

We have illustrated that the cumulant expansion can be used to study the se-
quential buildup of correlations in a degenerate ultracold Bose gas quenched to
the unitary regime. After outlining the cumulant theory of the many-body sys-
tem, discussing its truncation, and identifying the few-body effects included at
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each level of the hierarchy, the quenched unitary Bose gas was then modeled at
the doublet and triplet levels. In the doublet model, the gas was found to reach
a universal prethermalized state after a period of rapid quantum depletion of
the initially pure Bose-Einstein condensate. In this state, signatures of a univer-
sal Bogoliubov disperion law emerge in the far-from-equilibrium dynamics of
the occupation numbers. This can be understood from the proximal universal
steady-states of the chemical potential and pairing fields in the prethermalized
state. Using the dynamical two-body contact, we then analyzed the kinetic en-
ergy per particle and connected with the finite, universal kinetic temperatures
measured over a restricted momentum range in Ref. [92]. In the triplet model,
the introduction of non-integrable three-particle processes caused the system
to depart from the prethermal state at a momentum-dependent rate. This de-
parture manifests in the large−k occupation number dynamics as a transition
away from the 1/k4 power law towards a decaying exponential exp(−αk), co-
inciding with a large pileup of kinetic energy. Additionally, the many-body ob-
servables were found to display sensitivity to Efimovian length and time scales
to varying degrees. By analyzing the dynamical three-body contact, we made
a precise identification of this dynamical effect with Efimov states.

The Efimov effect is predicted not only to manifest dynamically but also
as log-periodic violations of the continuous scaling of system observables with
the atomic density [55, 123, 124, 195]. Such a study may shed more light on
the intriguing scenario |E(n)

3b | ≈ En when an Efimov state becomes embedded
in the medium. Simulating the triplet model over a factor ∼ 22.73 in the
density however remains a practical challenge due to the ∼ Λ4 scaling of the
calculation time for the numerical implementation described in Appendix 5.B.

More generally, this study lays the groundwork for how a cumulant ap-
proach can be used to systematically include non-perturbative few-body ef-
fects in a description of strongly-correlated, far-from-equilibrium many-body
systems. This method provides a flexible tool for studying quenched quantum
gases, regardless of their quantum statistics, with the flexibility of including,
for instance, drive and loss terms to study open systems and out-of-equilibrium
phase transitions. The range of possible extensions of this method highlights
the importance of developing methods for truncating the hierarchy while pre-
serving the underlying conservation laws. These topics however remain the
subject of future study.
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Appendix 5.A Few-body model at unitarity

In this section, we detail the pairwise potential used to produce the numeri-
cal data analyzed in Secs. 5.4 and 5.5. Our choice of potentials is motivated
by requirements to provide a good approximation of few-body scattering and
bound-states on resonance while remaining computationally efficient.

5.A.1 Two-body calibration

The local potential introduced in Sec. 5.2.1 can always be expanded as a sum
of nonlocal separable potentials

〈k|V̂ |k′〉 =
∑

j=1

gj〈k|ζj〉〈ζj |k′〉, (5.77)

with form factors |ζj〉 and interaction strengths gj [128]. Using the separa-
ble expansion, the Lippman Schwinger equation for the T -operator T̂ (z) =

V̂ + V̂ Ĝ
(0)
2B(z)T̂ (z), with two-body free Green’s function Ĝ

(0)
2B(z) = (z − 2ε̂)−1

and one-body kinetic-energy operator ε̂|k〉 = ~2k2/2m|k〉, can be solved for a
closed expression of the T -matrix T (k,k′, z) = 〈k|T̂ (z)|k′〉 as

T (k,k′, z) =
∑

ij

gj〈k|ζi〉〈ζj |k′〉[Ξ−1(k′, z)]ij , (5.78)

where

Ξij =
1

gj
δij +

∫
d3k

(2π)3

〈k|ζj〉〈ζi|k′〉
~2k2/m− z . (5.79)

In the limit where the binding energy of a shallow s-wave bound state nears
threshold, referred to as a zero-energy resonance, the scattering length be-
comes large and the partial cross section approaches the unitarity limit [104].
In this case one of the Ξii’s will vanish for z → 0, and the T -matrix is domi-
nated by the corresponding simple pole

T (k,k′, z) =
〈k|ζ〉〈ζ|k′〉

Ξ(z)
, (5.80)

known as the unitary pole approximation [219]. Within this approximation,
the actual potential can be replaced by a nonlocal separable potential V̂ =
g|ζ〉〈ζ|, which reproduces Eq. (5.80). Following Chapters 3 and 4, we choose
s-wave form factors 〈k|ζ〉 = θ(Λ−|k|) that are functions of the relative momen-
tum. The function θ(x) is the unit step function defined such that θ(x ≥ 0) = 1
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and θ(x < 0) = 0. For a separable potential, the Lippmann-Schwinger equa-
tion for the two-body T operator T̂ (z) = V̂ + V̂ Ĝ

(0)
2B(z)T̂ (z) yields the closed

expression

T̂ (z) =
g|ζ〉〈ζ|

1− g〈ζ|Ĝ(0)
2B(z)|ζ〉

=





g|ζ〉〈ζ|
1 + g m

2π~2

[
Λ− k tanh−1

(
Λ
k

)
+ iπk

2

] for z =
~2k2

m

g|ζ〉〈ζ|
1 + g m

2π~2

[
Λ− k tan−1

(
Λ
k

)] for z = −~2k2

m

.

(5.81)

The coupling constant g is determined by matching with the low-energy
limit of the on-shell T -matrix for s-wave scattering

4π~2

m
a =
|k|→0

〈k,−k|T̂ (~2k2/m+ i0)|k′,−k′〉 =

(
1

g
+

mΛ

2π2~2

)−1

, (5.82)

which yields the expression g = −2π2~2/mΛ on resonance. The cutoff Λ
is calibrated to reproduce finite-range corrections to the molecular binding
energy −~2/m(a − ā)2 away from resonance, where ā ≈ 0.956rvdW is the
mean-scattering length that is set by the van der Waals length rvdW for a give
atomic species [199]. For the 39K experiments modeled in this work, we take
rvdW = 64.61a0 [71,153].

The simple pole of the T operator in Eq. (5.81) gives the binding energy
ED = −~2κ2/m in the limit κ̃ = κ/Λ� 1 as

πκ̃

2
− κ̃2 − π

2aΛ
= O

(
κ̃4
)
. (5.83)

Ignoring quartic and higher-order contributions and equating with the molec-
ular binding energy with finite range corrections [71,199] yields

Λ =
2

πā(1− ā/a)
≈ 2

πā
, (5.84)

which is expanded in the small parameter ā/a valid in the strongly-interacting
regime a/rvdW � 1. To understand the significance of this calibration, we
compare the effective range approximation of the on-shell T -matrix in the uni-
tarity limit

〈k|T̂ (~2k2/m+ i0)|k′〉 ≈
k→0

4π~2

m

1

ik − reffk2/2
, (5.85)
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where |k| = |k′|, with the equivalent limit of Eq. (5.81)

〈k|T̂ (~2k2/m+ i0)|k′〉 ≈
k→0

4π~2

m

1

ik − 2k2/πΛ
, (5.86)

which yields reff = 4π/Λ = 2ā. We compare this with the result reff = 3ā for a
Lorentzian form factor [220] and with the analytic result reff = Γ(1/4)4ā/6π2 ≈
2.92ā for the effective range of a pure 1/r6 van der Waals interaction at uni-
tarity [199]. Taking the zero-range approximation yields the well-known 1/k2

scaling of the unitarity bounded partial cross section. It is instructive to evalu-
ate also the equivalent zero-range expression for the retarded T operator [104]
in the time domain

T̂+(τ) =
1

2π~

∫ ∞

−∞
dEe−iEτ/~T̂ (E + i0) = −θ(τ)

|ζ〉〈ζ|√
τ

√
16iπ~5

m3
, (5.87)

which can be obtained by analytic continuation of the Gaussian integral I(z) =∫∞
0 dke−k

2z in the half plane Re [z] > 0. We contrast this gradual τ−1/2 decay
with the sharply peaked Born approximation T̂+(τ) = gδ(τ)|ζ〉〈ζ|.

5.A.2 Efimov spectrum

The calibration scheme for the interaction parameters yields finite range cor-
rections to two-body binding energies and scattering amplitudes due to the
long-range van der Waals interactions remaining on resonance. On the two-
body level, these corrections to the binding energy become less important near
unitarity as the ratio a/ā approaches zero. However, on the three-body level,
the spectrum of three-body bound Efimov states is set by finite-range effects.
And so it is important to check that the calibration scheme produces a trimer
spectrum which matches roughly what has been observed experimentally.

To solve the three-body problem in vacuum for our calibrated separable
potential, we begin with the decomposition of the three-body wave function
|Ψ3B〉 = |Ψ(1)〉+ |Ψ(2)〉+ |Ψ(3)〉 into Faddeev components [128] satisfying the
bound-state equation in momentum space

Ψ(1)(q1,p1) = G
(0)
3B(q1, p1, E)

∫
d3q′

(2π)3

∫
d3p′

(2π)3
〈q1,p1|T̂23(E)|q′,p′〉

× 〈q′,p′|P̂+ + P̂−|Ψ(1)〉,
(5.88)

where T̂23(z) = V̂23 + V̂23Ĝ
(0)
3B(E)T̂23(z), E is the binding energy, and Ĝ(0)

3B(z) =

(z −∑3
i=1 ε̂i)

−1 is the vacuum three-body Green’s function. In Eq. (5.88), the
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three-body system with single-particle wavevectors k1, k2, and k3 is parametrized
by Jacobi vectors q1 = (k2 − k3)/2 and p1 = (2k1 − k2 − k3)/3. Following the
original formulation of Skorniakov and Ter-Martirosian [221], we make the
ansatz |Ψ(1)〉 = NĜ

(0)
3B(E)(|ζ〉 ⊗ |F〉), where N is the normalization constant,

and the tensor product is defined as 〈q1,p1|(|ζ〉⊗|F〉) = ζ(2q1)F(p1). Inserting
this ansatz into Eq. (5.88) yields the one-dimensional integral equation

F(p1) = 2gτ

(
E − 3~2p2

1

4m

)∫
d3p′

(2π)3

ζ(|2p1 + p′|)ζ(|2p′ + p1|)
E − ~2p2

1
m − ~2p′2

m − ~2p1·p′
m

F(p′), (5.89)

where τ(z) = 1/(1 − g〈ζ|Ĝ(0)
2B(z)|ζ〉. Nontrivial solutions of Eq. (5.89) corre-

spond to the Efimov trimer binding energies at unitarity [221]. For the cali-
brated separable potential introduced in Sec. 5.A.1 and used in the many-body
simulations, the resulting trimer spectrum is given in Table 5.3. The wavenum-
ber of the ground trimer κ∗ ≡ κ(0) = 0.211/rvdW is the three-body parameter,
which compares with the universal result κ∗rvdW ≈ 0.226 for broad, open-
channel dominated Feshbach resonances [71,144,145]. Additionally, the zero-
range model predictions for the 22.72 geometric scaling between neighboring
energies is recovered for the highly-excited Efimov trimers as is expected in a
finite-ranged model [75, 78, 146]. Ultimately, we see that our calibrated sep-
arable potential, despite being tailored to corrections on the two-body level,
captures the sensitive dependence of Efimov physics on finite-range effects on
the three-body level.

Table 5.3: Approximate values for the ground and first-excited Efimov trimer
binding energies obtained from numerical solutions of Eq. (5.89) using the cal-
ibrated separable pairwise potential. In practice, to obtain trimer binding ener-
gies from the integral equation (Eq. (5.89)), we follow the Nystrom method and
convert the integral equation into a summation over a Gauss-Legendre quadra-
ture [157]. The resultant equation can be solved as an eigenvalue problem, with
eigenvalues corresponding to trimer binding energies.

j E
(j)
3b /EvdW E

(j)
3b /E

(j+1)
3b κ(j)rvdW κ(j)/Λ

0 0.0446 24.22 0.211 0.317

1 7.62× 10−5 22.72 0.00873 0.0131

Appendix 5.B Numerical methods

In this section, the cumulant equations of motion of Sec. 5.3 are rewritten
for the nonlocal separable potential discussed in Sec. 5.A that is used in our
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numerics. We will see in Sec. 5.B.2 that the factorized form of the s-wave
separable potential effectively reduce some integrations in the triplet cumulant
equations of motions from 3D to 2D.

In Sec. 5.B.1, we give this ‘simulation form’ of the cumulant equations. Be-
sides the different interaction potential, these cumulant equations differ from
those in Sec. 5.3 in that we ignore all quadruplets to yield a triplet model, and
we simulate only a subset of the most dominant terms inMH4 (Eq. (5.42)) and
RH4 (Eq. (5.43)) to simplify numerics. In Sec. 5.B.2, we discuss our numerical
methods for simulating the cumulant equations. In Sec. 5.B.3, the convergence
of our simulation with respect to grid parameters is analyzed for completeness.

5.B.1 Equations of motion

We begin by rewriting the many-body Hamiltonian (Eq. (5.2)) for the nonlocal
separable potential

Ĥ =
∑

k

εkâ
†
kâk +

g

2V

∑

p,p′,q

ζp−p′+2qζp−p′a
†
p+qa

†
p′−qâpâp′ , (5.90)

where we have used the shorthand 〈k,k′|V̂ |k′′,k′′′〉 = gδk+k′,k′′+k′′′ζk−k′ζk′′−k′′′

with ζk−k′ = θ(Λ−|k− k′|/2) to take expectation values of the form factors in
the lab frame. From the Gross-Pitaevskii equation

i~∂tψ0 = g

(
ζ2

0n0 +
2g

V

∑

l

ζ2
l nl

)
ψ0 +

gψ∗0
V

∑

l

ζ0ζ2lcl +
g

V 3/2

∑

l,s

ζlζ2s−lM
∗
l,s,

(5.91)
we extract the condensate phase derivative as in Eq. (5.10)

~
dθ0

dt
= − 1

2n0

(
ψ∗0i~

dψ0

dt
− i~

dψ∗0
dt

ψ0

)

= −
[
gζ2

0n0 +
2g

V

∑

l

ζ2
l nl +

g

V

∑

l

ζ0ζ2lRe cl

+
g√
n0V 3

∑

l,s

ζlζ2s−lM
∗
l,s

]
.

(5.92)

From the Heisenberg equation for the unrotated operators b̂k (See Eq. (5.8)),
we obtain the form of the doublet equations of motion for the separable po-
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tential

i~∂tnk = 2i Im
[
∆kc

∗
k + 2g

√
n0

V

∑

l

ζ2k−lζlMl,k

+ g

√
n0

V

∑

l

ζkζ2l−kM
∗
k,l

]
,

(5.93)

i~∂tck = 2Ekck + (1 + 2nk)∆k + 4g

√
n0

V

∑

l

ζl+kζl−kM
∗
l,k

+ 2g

√
n0

V

∑

l

ζkζ2l−kRk,l,

(5.94)

where we use the forms of the Hartree-Fock Hamiltonian (Eq. (5.33)) and
pairing field (Eq. (5.34)) for a separable potential

Ek = εk + 2g

[
ζ2
kn0 +

1

V

∑

l

ζ2
k−lnl

]
+ ~∂tθ0, (5.95)

∆k = gζ2k

[
ζ0n0 +

1

V

∑

l

ζ2lcl

]
. (5.96)

For the triplet equations of motion, we obtain the forms of Eqs. (5.38) and
(5.39) for a separable potential

i~∂tMk,q =
(
Ek − Eq − Ek−q

)
Mk,q −∆∗k−qM

∗
q,k −∆∗qM

∗
k−q,k

+ ∆kR
∗
k,q +MH3

k,q +MH4
k,q,

(5.97)

i~∂tRk,q =
(
Ek + Eq + Ek−q

)
Rk,q + ∆kM

∗
k,q + ∆qM

∗
q,k

+ ∆k−qM
∗
k−q,k +RH3

k,q +RH4
k,q,

(5.98)

where the doublet sources are the forms of Eqs. (5.40) and (5.41) for a sepa-
rable potential

MH3
k,q√

n0/V
= 2g

[
ζ2k−qζqc

∗
k−qnq + ζk+qζk−qnk−qc

∗
q − nk(ζk+qζk−qc

∗
q

+ ζqζ2k−qc
∗
k−q)

]
+ 2g

[
ζ2q−kζknk−qnq − ζ2q−kζknk(1 + nq

+ nk−q)− ck(ζ2k−qζqc
∗
q + ζk+qζk−qc

∗
k−q)

]
,

(5.99)
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RH3
k,q√
n0/V

= 2g
[
ζ2q−kζkck(1 + nq + nk−q) + ζ2k−qζqcq(1 + nk

+ nk−q) + ζk+qζk−qck−q(1 + nk + nq)
]

+ 2g
[
ζk−qζk+qckcq + ζqζ2k−qckck−q + ζkζ2q−kcqck−q

]
.

(5.100)

We approximate the triplet termsMH4
k,q andRH4

k,q by calculating only their most
dominant contributions

MH4
k,q ≈ −

g

V

∑

l

ζ2q−kζ2l−kMk,l

(
nk−q + nq + 1

)
, (5.101)

RH4
k,q ≈

g

V

∑

l

[
ζ2q−kζ2l−kRl,k

(
nq + nk−q + 1

)
+ ζ2k−qζ2l−q

×Rl,q(nk + nk−q + 1) + ζk+qζk−q+2lRl,k−q

(
nk + nq + 1

)]
.

(5.102)

The ‘+1’ terms make the most dominant contributions to MH4 and RH4

at early times before quantum depletion becomes appreciable. This can be
understood by simply counting the number of operator products, but is also
something that we confirmed numerically. From Sec. 5.3.4, we know also
that these terms are required to produce the correct form of the interacting
few-body Hamiltonian. In addition to the these terms we have included the
sub-dominant Bose-enhancement factors of the form ‘1 + n + n’ so that scat-
tering is described at the level of the many-body T -matrix, consistent with the
equation of motion for the c cumulant (Eq. (5.94)). We emphasize however
that due to the restriction of our analysis of the triplet simulation to t . tn be-
fore quantum depletion becomes significant, the difference between vacuum
and many-body T -matrices is minimal (c.f. the discussion in Chapter 3). Fi-
nally, the approximations in Eq (5.42) and (5.43) also have a practical purpose
in reducing significantly the computational burden which is addressed in the
following subsection on implementation.

5.B.2 Implementation

Because we simulate a uniform Bose gas at rest in three dimensions, the dou-
blets nk and ck are spherically symmetric and can be represented as a vector
with index ki = |k|i. For the triplets Mk,q and Rk,q the situation is a little bit
more complicated. We have that they are encoded by two 3D momentum vec-
tors and should therefore depend on six parameters. However, we first have an
overall rotation symmetry of k and q simultaneously, which excludes already
two angles, and then also a rotation symmetry of q with respect to k, which
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excludes another rotation angle. Therefore we are left with three independent
parameters and we can parametrize Mk,q ≡ M(k, q, cos θk,q) as a 3D array on
a grid (ki, qi, cos θ|i), where ki are qi are the vector norms and cos θi is the dis-
cretized cosine of the polar angle between k and q. Many operations in the
cumulant equations of motion in Sec. 5.B.1 are pointwise and can be evaluated
directly within this parametrization.

For the implementation, we also need to evaluate objects with swapped
and/or shifted indices, like the doublet nk−q or the triplets Mq,k or Mk−q,k.
For the doublets we can simply evaluate |k− q| =

√
k2 + q2 − 2kq cos θk,q the

vector norm and project the result to the nearest ki in our predefined grid, so
that now nk−q becomes a 3D array after interpolation. If we have to swap
two indices k and q of a triplet, we can simply swap the first two momentum
indices of the 3D array, since cos θk,q is invariant under the exchange of the
two momenta, i.e. Mq,k ≡ M(q, k, cos θk,q). To evaluate Mk−q,k ≡ M(|k −
q|, k, cos θk−q,k), we also have to evaluate cos θk−q,k = (k− q cos θk,q)/|k− q|,
if we align k along the z-axis, after which we can apply a zeroth-order inter-
polation in 3D, i.e. we select the 3D index (ki, qi, cos θ|i) that is closest to the
point (|k − q|, k, cos θk−q,k). We have numerically compared the zeroth-order
interpolation with first-order and even spline methods [157], but the result
is indistinguishable when the grid spacing is chosen finely enough. Note that
zeroth-order interpolation is essentially a map of indices and can be precom-
puted, making it much more efficient than higher-order interpolation schemes.
The form factors ζk, ζ2q−k etc, can also be precomputed for our 3D grid
(ki, qi, cos θ|i) and stored as logical 3D arrays for later use in the equations
of motion.

Furthermore we have to evaluate the summations in spherical coordinates.
For example, in (5.95) we encounter a spherically symmetric summation, which
can be evaluated as follows

∑

l

ζ2lcl ≡
V

2π2

∫ kmax

0
l2dl ζ(2l)c(l) ≈ V∆k

2π2

∑

i

k2
i ζ2ici. (5.103)

Here ∆k is the difference between two consecutive elements in the vector ki
(if uniform) and kmax is the numerical grid cutoff and we do a simple form
of Riemann integration, where we use the spherically symmetric vectors ζi ≡
ζ(ki) and ci ≡ c(ki). In principle more involved algorithms can be implemented
(like trapezoidal or Simpson’s rule) but with a fine enough grid this turns out
to be satisfactory.

Similarly, we also have integrals over a momentum index of a (k,q)-object.



5.B Numerical methods 131

Also in (5.95) we find the summation

∑

q

ζ2
k−qnq ≡

V

4π2

∫ kmax

0
q2dq

∫ 1

−1
d cos θ ζk−q(k, q, cos θ)n(q)

≈ V∆k∆c

4π2

∑

j,m

k2
j ζk−q;i,j,mnj ≡ Hi,

(5.104)

where ∆c is the differential element of the cos θ|i and we have defined the
3D array ζk−q with indexing ζk−q;i,j,m ≡ ζk−q(ki, qj , cos θ|m). The result Hi is
again a spherically symmetric array. To summarize, we implement the sum-
mation over an index of a (k,q)-object as a summation over two of the three
indices of the corresponding 3D array, with the correct differential element for
the Riemann integration. We note that using the separable potential, any sum-
mation in (5.93)-(5.102) can be evaluated with one of the two ways described
above, after construction of the right vector or 3D array as the integrand.

5.B.3 Convergence

In this section, we provide details related to the numerical convergence of the
triplet simulation. We discuss the convergence of various simulation quanti-
ties with respect to the angular and momentum grid parameters. We confirm
also that the violation of the total energy in the triplet simulation agrees with
analytics, providing an additional convergence test. Finally, we detail the com-
puting resources used to simulate the triplet equations of motion.

We choose a uniformly spaced momentum grid k = {ki}i=1,...nk extending
from ki = ∆k to knk = kmax, where the system volume V determines the grid-
spacing ∆k through the usual relation V = (2π/∆k)3. The numerical cutoff
kmax, which is a truncation in the single-particle plane-wave basis, is distinct
from the form factor cutoff Λ, which places an upper bound on both incoming
and outgoing relative momentum involved in pairwise interactions. Therefore,
the pairwise generation of excitations with zero center of mass momentum
described by the c cumulant is inherently limited to single-particle momenta
k ≤ Λ. Setting kmax = Λ is therefore justified for the HFB simulation, and
we have numerically confirmed that nk vanishes for k > Λ. In the triplet
simulation, however, the R and M cumulants describe interactions where the
center of mass momentum of an interacting pair does not vanish. In fact, if this
pairwise center of mass momentum does vanish, then the R and M cumulants
are zero by construction. For the R cumulant the nonzero center of mass
momentum of the interacting pair is offset by the third spectator atom. For
the M cumulant the nonzero center of mass momentum of the interacting pair



132 Cumulant theory of the unitary Bose gas

corresponds to the momentum of the incoming atom, which has been defined
in the rest frame of the condensate. Therefore, we have taken kmax > Λ in the
triplet simulation to allow for the complete description of these processes.
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Figure 5.11: (a) Time evolution of the momentum distribution for nr3
vdW =

6.9×10−6 up to time t = 2.5tn. The cutoff scale Λ/kn ≈ 9 is indicated by the solid
vertical line, and by k/Λ = 2 the momentum distribution remains vanishingly
small for all times, demonstrating convergence with respect to the numerical cut-
off kmax. The development and subsequent growth of the regime of negative nk
near k/kn can be seen for t/tn & 1. (b) Dynamics of ∆etot (diamonds) versus
〈etot〉 (solid red) for three different densities. The simulation parameters used
to produce the data in (a) and (b) are nc = 150, nk = 5kmax/n

1/3, kmax = 2Λ,
∆t = m/2~k2

max, following the convergence guidelines in Sec. 5.B.3.

The natural question then is what to choose for kmax in the triplet sim-
ulation given that the processes described by R and M can involve single-
particle momenta larger than Λ. For example, consider the process described
by Mk,q where the incoming excitation with momentum k decays into two
excitations. The form factor for the incoming scattering will be of the form
ζk = θ(Λ − |k|/2), which is restricted to momentum k ≤ 2Λ. Conversely,
this applies to the outgoing excitation of the process described by M∗k,q. The



5.B Numerical methods 133

population of single-particle modes in the triplet model is described by ṅk. In-
spection of Eq. (5.93) reveals the form factors ζl and ζk, in the second and third
terms, respectively, which act to restrict scattering into single-particle modes
beyond 2Λ. In Fig. 5.11(a), we show how nk remains nonzero for 1 < k/Λ < 2
in the triplet model and confirm that nk is numerically zero by k = 2Λ. We note
that the choice of kmax also has consequences for the spectrum of bound states
in the simulation because of the ultraviolet sensitivity of the three-body pa-
rameter discussed in Sec. 5.A.2. The choice kmax = 2Λ of the numerical cutoff
was used to produce the results of Sec. 5.5, which also matches the expected
frequency of the ground Efimov trimer in vacuum, serving as an additional
consistency check.
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Figure 5.12: Percent variation of the condensate fraction δn0 (Eq. (5.107)) and
total energy δetot (Eq. (5.106)) as a function of momentum space and angular
grid vectors nc = {25, 50, 100, 150, 200} and nk = {j × (kmax/n

1/3)}6j=1, respec-
tively. The simulation parameters that remained fixed to produce this data at
density nr3

vdW = 3.0× 10−4 and time t = tn are kmax = 2Λ and ∆t = m/2~k2
max,

following the convergence guidelines in Sec. 5.B.3.

As a general rule, the chosen simulation time step, ∆t, must be at least as
fast as the frequency set by the largest energy in the simulation. In practice,
we choose ∆t = m/2~k2

max when the cutoff of the single-particle momen-
tum sets the largest frequency in the simulation, which is generally the case.
The simulation is then run up to t ∼ tn, beyond which the positivity of nk
becomes violated typically for momentum in the vicinity of k/kn ∼ 2kn (see
Fig. 5.11(a)), which becomes a persistent feature at later times. Because this
violation is not physical, in Sec. 5.5 we have restricted our analysis to results
before this behavior occurs.



134 Cumulant theory of the unitary Bose gas

This violation is a symptom of the non-conservation of the total energy,
which is inherent in the triplet cumulant theory as discussed in Sec. 5.3.2.
Analytically, one can predict the extent to which the total energy Etot = 〈Ĥ〉
will change by calculating its time derivative from the restricted source term
(Eq. (5.101))

~
dEtot

dt
=

2g2

V 3/2
Im


ψ∗0

∑

q,k,l

ζ2q−kζ2l−k(1 + nq)M∗k,l


 . (5.105)

In Fig. 5.11(b), we compare the total energy per particle 〈etot〉 = Etot/N
with the quantity, ∆etot =

∫
dt (d〈etot〉/dt), which is the result of simulat-

ing Eq. (5.105) as an independent equation of motion supplied with an initial
condition ∆etot(t = 0) = 〈etot(t = 0)〉. The excellent agreement between 〈etot〉
and ∆etot indicates that the observed violation of the total energy is inherent
in the theory and not due to technical issues within the simulation itself. Al-
though not shown, we find in general that the total number is conserved at all
times within the triplet simulation as expected.

We now discuss the choice of the number of momentum and angular grid
points and consequences for the convergence of simulation results. To study
the convergence, we track the total energy per particle and the condensate
fraction as a function of nk and nc at the latest times t ∼ tn analyzed in Sec. 5.5.
We fix nr3

vdW = 3.0 × 10−4, kmax = 2Λ and ∆t = m/2~k2
max and define the

normalized variation of the slope

δetot[xi, xi−1] =

∣∣∣∣
1− 〈etot〉[xi−1]/〈etot〉[xi]

xi − xi−1

∣∣∣∣ , (5.106)

δn0[xi, xi−1] =

∣∣∣∣
1− n0[xi−1]/n0[xi]

xi − xi−1

∣∣∣∣ , (5.107)

in terms of a vector of grid parameters x = {x1 . . . xf} as our measure of con-
vergence. In Fig. 5.12, we have evaluated δetot and δn0 using to different grid
vectors nc = {25, 50, 100, 150, 200} and nk = {j × (kmax/n

1/3)}6j=1 rounded to
the nearest integer. When evaluating convergence with respect to nc, we fix
nk = 5kmax/n

1/3, and when evaluating with respect to nk, we fix nc = 150. We
find that the simulation results for 〈etot〉 and n0 are converged to the level of
a percent or less when the normalized slope variations measured by δetot and
δn0, respectively, are on the order of 10−4. Therefore, we have taken nc = 150
and nk = 5kmax/n

1/3 as the standard grid parameters used to produce the
data of Sec. 5.5. Although we have not discussed the convergence of the HFB
simulation, we follow the same guidelines for the grid parameters.
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Finally, we note that the HFB and triplet simulations were run on an NVIDIA
Tesla P100 GPGPU card which has 16GB of memory and 3584 cores. Although
GPGPUs greatly speed up point-wise arithmetic in the simulation, the limited
amount of memory means that triplet simulations cannot be taken to large
values of the numerical cutoff (beyond kmax/n

1/3 & 70 in our case) while si-
multaneously fixing nc = 150 and nk = 5kmax/n

1/3 in order to achieve conver-
gence. This hardware restriction places a practical limit on the range of results
presented in this work. Additionally, we note that the calculation time for
the numerical implementation scheme described in this section scales roughly
as ∼ Λ4. In practice, the triplet simulations can be taken to larger values of
kmax on workstations with a large number of CPUs and memory, although the
slowdown compared to a GPGPU becomes significant.

Appendix 5.C Quadruplet cumulants

To numerically simulate each of the quadruplets requires storing a six-dimensio-
nal complex array, which requires an enormous computational capacity and is
beyond the present work. Motivations of completeness aside, it is illustrative to
discuss the explicit equations of motion for the quadruplets and to discuss their
structure and formal solution in the early-time limit as we do in this section.

5.C.1 Equations of motion

We now give explicit expressions of the cubic 〈[âb̂ĉd̂, Ĥ3]〉 and quartic 〈[âb̂ĉd̂, Ĥeff
4 ]〉

contributions to the equations of motion for the quadruplets Eqs. (5.44), (5.45),
(5.46). The contributions of the cubic Hamiltonian Ĥ3 are contractions of 5-
body operators, hence products of doublets and triplets:

QH3
α,β;γ√
n0/V

= A{(α,β),(γ,δ)}S{α,β}S{γ,δ}
[
Vα
2

(1 + nα + nβ)Mγ+δ,γ

+
Vα + Vα+β

2
cαMγ+δ,γ +

Vβ + Vα+β

2
cαR

∗
γ,−δ

+M∗δ,β
{

(Vγ + Vα−γ)(nγ − nα) + c∗γ(Vα + Vγ)
}
]
,

(5.108)
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PH3
α,β,γ√
n0/V

= S{α,β,γ}
[
Vβ(1 + nβ + nγ)M∗δ′,α

+
Vα + Vα−δ′

2
(nδ′ − nα)M∗β+γ,β

+
Vδ′ + Vα−δ′

2
(nδ′ − nα)Rβ,−γ

+
Vα + Vδ′

2
(c∗δ′Rβ,−γ − cαM∗β+γ,β)

+ (Vα + Vα+β)cαM
∗
δ′,γ + (Vβ + Vα+β)cαMγ,δ′

]
,

(5.109)

T H3
α,β,γ√
n0/V

=
S{α,β,γ,δ′′}

2

[
(Vα + Vα+β)cαRγ,−δ′′

+ (Vα + Vβ)

(
1

2
+ nα

)
Rγ,−δ′′ + (Vβ + Vα+β)cαM

∗
γ+δ′′,γ

]
.

(5.110)

The contributions of the quartic Hamiltonian Ĥeff
4 are the most difficult. Since

they are contractions of 6-body operators, they contain (i) products of (2 or 3)
doublets, (ii) products of 2 triplets, and (iii) quadruplets eventually multiplied
by a doublet. Separating those three contributions, we have

QH4,doub
α,β;γ =

1

V
A{(α,β),(γ,δ)}S{α,β}S{γ,δ}

[
Vγ−α

(
1

2
+ nβ

)
nγnδ

+ (Vα+β + Vα−δ)cαc
∗
δnγ

]
,

(5.111)

PH4,doub
α,β,γ =

1

V
S{α,β,γ}

[
Vα+γ(1 + nα + nβ)cγnδ′ + Vα+βcαcγc

∗
δ′

− Vα+βcαnβnγ

]
,

(5.112)

T H4,doub
α,β,γ =

1

V
S{α,β,γ,δ′′}

[
Vα+δ′′

(
1

2
+ nβ

)
cγcδ′′

]
, (5.113)

QH4,tri
α,β;γ =

1

V
A{(α,β),(γ,δ)}S{α,β}S{γ,δ}

∑

q

[
R∗γ,−δ

2
VqRα+q,−β

+
Mγ+δ,γ

2
(Vβ + Vq−α)M∗β+q,β +Mβ,γVqM

∗
δ,α+q

+M∗γ,β(Vδ + Vq+δ−α)Mδ+q,δ

]
,

(5.114)
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PH4,tri
α,β,γ =

1

V
S{α,β,γ}

∑

q

[
Rβ,−γ

2
(Vδ′ + Vq+β+γ)Mδ′+q,δ′ +M∗δ′,β(Vα

+ Vq−γ)M∗α+q,α +M∗β+γ,β

Vq

2
M∗δ′,α−q +Mβ,δ′VqRα,−γ−q

−Rβ,−γ
Vq

2
Mα,δ′−q −M∗β+γ,β

Vα + Vq−β−γ
2

M∗α+q,α

]
,

(5.115)

T H4,tri
α,β,γ =

1

2V
S{α,β,γ,δ′′}

∑

q

[
M∗γ+δ′′,γVqRα+q,−β

+Rγ,−δ′′(Vβ + Vq−α)M∗β+q,β

]
,

(5.116)

QH4,quad
α,β,γ =

1

V
A{(α,β),(γ,δ)}S{α,β}S{γ,δ}

∑

q

[
Vq

4
(1 + nα + nβ)

×Qα+q,β−q;γ +
Vα−γ + Vα−q

2
(nγ − nα)Qβ,q;δ

+ Vqc
∗
γPα+q,β,−γ−q +

Vα+β + Vq+β

2
cβP

∗
γ,δ,q

]
,

(5.117)

PH4,quad
α,β,γ =

1

2V
S{α,β,γ}

∑

q

[
Vq(1 + nα + nβ)Pα+q,β−q,γ

+ (Vα−δ′ + Vα−q)(nδ′ − nα)Pβ,γ,q + Vqcδ′
∗Tα+q,β,γ

+ 2(Vα+β + Vq−β)cαQγ,q;δ′ − VqcαQβ,γ;δ′−q

]
,

(5.118)

T H4,quad
α,β,γ =

1

2V
S{α,β,γ,δ′′}

∑

q

[
Vq

(
nβ +

1

2

)
Tα+q,γ,δ′′

+ (Vγ+δ′′ + Vα−q)cβPq,γ,δ′′

]
.

(5.119)

Here the replacements of δ → α+ β − γ, δ′ → α+ β + γ and δ′′ → −α− β − γ
should be done after acting with the symmetrizer and antisymmetrizer.

5.C.2 Solution

The length expressions in Eqs. (5.111)–(5.119) hide the underlying structure
of the quadruplet equations of motion as coupled few-body Schrödinger equa-
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tions with nonlinear and drive terms. In this section, we follow Sec. 5.3.4 and
reduce these equations to their early-time form to make this structure explicit
and to illustrate how one, two, three, and four-body physics are encoded in
the formal solutions.

First, we begin by reduced the equation of motion for the Q cumulant (Eq.
(5.44)) to the early-time form

i~∂t|Qt, Qt〉〈Qt, Qt| = Ĥ12(t)|Qt, Qt〉〈Qt, Qt| − |Qt, Qt〉〈Qt, Qt|Ĥ12(t)

+ (1 + P̂12)V̂
[
|ψt,Mt〉〈Mt,Mt|+ |n1,t, n2,t〉〈n2,t, n1,t|

]

−
[
|Mt,Mt〉〈Mt, ψ0,t|+ |n1,t, n2,t〉〈n2,t, n1,t|

]
V̂ (1 + P̂12),

(5.120)

where we have defined the rank (2,2) tensors 〈α, β|Qt, Qt〉〈Qt, Qt|γ, δ〉 = V
Qαβ;γ(t)δα+β,−δ−γ and

〈α, β|n1,t, n2,t〉〈n2,t, n1,t|δ, γ〉 = nα(t)nβ(t)δα,γδβ,δ. (5.121)

Equation (5.120) can be solved formally as

|Qt, Qt〉〈Qt, Qt| = Û12(t− t0)|Qt0 , Qt0〉〈Qt0 , Qt0 |Û12(t0 − t)

+
1

i~

∫ t

t0

dτ Û12(t− τ)V̂ (1 + P̂12)
[
|ψ0,τ ,Mτ 〉〈Mτ ,Mτ |

+ |n1,τ , n2,τ 〉〈n2,τ , n1,τ |
]
Û12(τ − t)

− 1

i~

∫ t

t0

dτ Û12(t− τ)
[
|Mτ ,Mτ 〉〈ψ0,τ ,Mτ |

+|n1,τ , n2,τ 〉〈n2,τ , n1,τ |
]
(1 + P̂12)V̂ Û12(τ − t).

(5.122)

Here, we see that the |n1,τ , n2,τ 〉〈n2,τ , n1,τ | parts of the memory kernel de-
scribes forward and backward Boltzmannian scattering in a classical dilute
gas [59]. Including this contribution of Q in ṅk it is possible to retrieve the
Boltzmann equation describing two-body scattering as the level of the T -matrix
(c.f. Ref. [222]).

Next, we reduce the equations of motion for the P cumulant (Eq. (5.45))
to the early time form

i~∂t|Pt, Pt, Pt〉〈Pt| = Ĥ123(t)|Pt, Pt, Pt〉〈Pt|
− |Pt, Pt, Pt〉〈Pt|Ĥ1(t) + (1 + P̂+ + P̂−)

× (V̂12 + V̂13) [|nt, ct, ct〉〈nt|+ |ψ0,t,Mt,Mt〉〈Mt|] ,
(5.123)
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where we have defined the rank (1,3) tensor 〈α, β, γ|Pt, Pt, Pt〉〈Pt|δ〉 = V
Pα,β,γ(t)δα+β+γ,δ. Eq. (5.123) can be formally solved as

|Pt, Pt, Pt〉〈Pt| = Û123(t− t0)|Pt0 , Pt0 , Pt0〉〈Pt0 |Û1(t0 − t)

+
1

i~

∫ t

t0

dτ Û123(t− τ)(1 + P̂+ + P̂−)(V̂12 + V̂13)

×
[
|nτ , cτ , cτ 〉〈nτ |+ |ψ0,τ ,Mτ ,Mτ 〉〈Mτ |

]
Û1(τ − t).

(5.124)

Finally, the T cumulant equation of motion reduces to the early-time form

i~∂t|Tt, Tt, Tt, Tt〉 = Ĥ1234(t)|Tt, Tt, Tt, Tt〉
+
(

1 + P̂1234 + P̂1324 + P̂1423

)

×
(
V̂12 + V̂13 + V̂14

)
|ψ0,t, Rt, Rt, Rt〉

+
(

1 + P̂234 + P̂243

)

×
(
V̂13 + V̂14 + V̂23 + V̂24

)
|c1,t, c1,t, c2,t, c2,t〉

(5.125)

with P̂1234|α, β, γ, δ〉 = |δ, α, β, γ〉, and where we have defined the range (0,4)
tensor 〈α, β, γ, δ|Tt, Tt, Tt, Tt〉 = V Tα,β,γ(t)δα+β,−γ−δ and Ĥ1234 =

∑4
i<j Ĥij(t)

as the vacuum four-body Hamiltonian in the rotating frame of the condensate.
Equation (5.125) can be formally solved as

|Tt, Tt, Tt, Tt〉 = Û1234(t− t0)|Tt0 , Tt0 , Tt0 , Tt0〉

+
1

i~

∫ t

t0

dτ Û1234(t− τ)(1 + P̂1234 + P̂1324 + P̂1423)

×
(
V̂12 + V̂13 + V̂14

)
|ψ0,τ , Rτ , Rτ , Rτ 〉

+
1

i~

∫ t

t0

dτ Û1234(t− τ)
(

1 + P̂234 + P̂243

)

×
(
V̂13 + V̂14 + V̂23 + V̂24

)
|c1,τ , c1,τ , c2,τ , c2,τ 〉

(5.126)

where Û1234(t) = exp
[
−i
∫ t
t0
dτĤ1234(τ)/~

]
is the four-body evolution operator

in the rotating frame of the condensate. Analogous the connection between
Eq. (5.58) and the Faddeev equations (see Sec. 5.3.4 and Refs. [55, 204]),
Eq. (5.125) yields generalized four-body T -matrices satisfying the Yakubovsky
equations [128]. To include the physics of the four-body bound states tied to
Efimov states [75,78,146,223] in the cumulant theory of the unitary Bose gas,
the hierarchy must be taken then to at least the quadruplet level.
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Appendix 5.D Relation to alternative approaches

To construct the cumulant theory used in this work, we make two main approx-
imations. First, we describe Bose-condensation in the U(1)-symmetry-breaking
approach, and second, we truncate the cumulant hierarchy to consider cumu-
lants only up to some finite order. In this section, we first connect with the
number-conserving description of Bose-condensation [224,225] in Sec. 5.D.1.
Second, we group many equivalent models of the quenched unitary Bose gas
found in the literature [55, 56, 132, 182–184] under the umbrella of the dou-
blet model presented in the present work in Sec. 5.D.2. Already in Sec. 5.3,
the connection between the HFB theory and the doublet model was estab-
lished. We note that the Popov and bath theories of Refs. [155,160,226] both
set the effective interaction strength g in an ad hoc fashion and ignored the
c-cumulant dynamics. These works are not consistent with the unitarity limit
of the s-wave cross section σ ∝ 1/k2 and therefore do not describe resonant
scattering processes. We remark that the Hyperbolic Bloch equations, derived
in Ref. [136] (see Eqs. (5.36) and (5.37)), have not been simulated to date as
they require handling of the resource-intensive quadruplets. The triplet model
studied in Sec. 5.5 represents the state-of-the-art in this regard. Although these
are mostly formal remarks, making distinctions and connections between ap-
proaches is instructive both for understanding the limitations of the present
work and for uniting equivalent lines of research on the quenched unitary Bose
gas.

5.D.1 Number-conserving approach

In the number conserving approach, one performs a quantum modulus-phase
decomposition of the condensate operator â0:

â0 = eiθ̂0

√
N̂0. (5.127)

The phase θ̂0 and population N̂0 of the condensate are canonically conjugated
[
θ̂0, N̂0

]
= −i. (5.128)

They inherit this relation from the bosonic nature of â0. Note that this phase-
modulus decomposition is possible only in the approximation that the conden-
sate is never empty.

We then introduce the excitation field for k 6= 0

Λ̂k = e−iθ̂0 âk. (5.129)
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Conceptually, the advantage of using Λ̂k rather than b̂k as in the main text is
that Λ̂k conserves the number of particles (it transfers one particle from the
non-condensed fraction to the condensate). Thus, one can still have nonzero
anomalous averages 〈Λ̂Λ̂〉 6= 0 even in states with a fixed number of particles.
In terms of Λ̂, Λ̂† and N̂0, the Hamiltonian reads14

Ĥ(NC) =
V0N

2

2V
+
∑

k

([
εk +

VkN̂0

V

]
Λ̂†kΛ̂k +

Vk

√
N̂0(N̂0 − 1)

2V

× [Λ̂−kΛ̂k + Λ̂†kΛ̂†−k]
)

+

√
N̂0

V

∑

k,q

Vq

(
Λ̂†k+qΛ̂kΛ̂q + h.c.

)

+
1

2V

∑

k,k′,q

VqΛ†k′+qΛ̂†k−qΛ̂kΛ̂k′ .

(5.130)

To avoid cumbersome restrictions in the sums over k,k′ and q, we set Λ̂0 = 0
by convention. Here, we collected the terms proportional to V0 in the con-
stant first term using conservation of the total number of particles N = N̂0 +∑

k Λ̂†kΛ̂k. Although not done in the main text (Sec. 5.2.1), we note that such
simplification is also possible in the symmetry-breaking picture. In Eq. (5.130),
we have kept the O(1/〈N̂0〉) corrections that come from the non-commutation
of θ̂0 and N̂0. In the thermodynamic limit, these corrections are negligible (as
long as the condensate is macroscopically occupied).

We use the approach of Ref. [156] to identify all the terms that become
negligible in the thermodynamic limit. We define N0(t) ≡ 〈N̂0〉 and write N̂0 =
N0(t) + δN̂0, and similarly for the macroscopic sums of the non-condensed
field, for example

∑
k Λ̂†kΛ̂k =

∑
k〈Λ̂

†
kΛ̂k〉 +

∑
k δ(Λ̂

†
kΛ̂k). The product of

fluctuations is of order O(1/
√
N) smaller than the leading (non-scalar) terms

in the Hamiltonian so it can be neglected. We then obtain

Ĥ(NC) ' V0Nn

2
+
∑

k

([
εk + Vkn0(t)

]
Λ̂†kΛ̂k +

Vkn0(t)

2

× [Λ̂−kΛ̂k + Λ̂†kΛ̂†−k]
)

+

√
n0(t)

V

∑

k,q

Vq

(
Λ̂†k+qΛ̂kΛ̂q + h.c.

)

+
1

2V

∑

k,k′,q

VqΛ†k′+qΛ̂†k−qΛ̂kΛ̂k′ − (N̂0 −N0(t))

〈
~

dθ̂0

dt

〉
.

(5.131)

14To avoid restrictions on the summations, we use the convention Λ̂0 = 0.



142 Cumulant theory of the unitary Bose gas

This Hamiltonian is the same as Ĥb (Eq. (5.8)), the Hamiltonian found in the
symmetry-breaking approach (up to the replacement b̂→ Λ̂, and the collection
of the terms containing V0 discussed above). To show the complete equivalence
of the two theories, we calculate the phase derivative in the number-conserving
approach from the commutator of N̂0 with the exact expression (5.130) of the
Hamiltonian:

〈
~

dθ̂0

dt

〉
= − 1

V

∑

k

[
Vk〈Λ̂†kΛ̂k〉+

Vk

2

(
〈Λ̂−kΛ̂k〉+ cc.

)]

− 1

2
√
n0V 3

∑

kq

Vq

(
〈Λ̂†k+qΛ̂kΛ̂q〉+ cc.

)
,

(5.132)

which is the same as (5.10), up to the constant rotation velocity V0n.

5.D.2 Nozières-Saint James approach

The time-dependent generalization of the Nozières-Saint James approach (NSJ)
[132, 182–184, 212] is based on the variational ansatz for the ground state
wave function

|ΨNSJ(t)〉 =
1

N exp

[
√
V α0(t)â†0 +

1

2

∑

k

βk(t)â†−kâ
†
k

]
|0〉, (5.133)

with normalization factor N , and variational parameters α0(t) and βk(t), and
factor of 1/2 in the summation to account for double counting of pairs (k,−k).
The NSJ variational parameters are connected to the single and doublet cumu-
lants as ψ0 = α0, c̃k = βk/(1 − |βk|2), and nk = |βk|2/(1 − |βk|2) with total
number N = |α0|2 +

∑
k |βk|2/(1 − |βk|2). The equation of motion for α0(t)

corresponding to the Hamiltonian (Eq. (5.2)) is

i~
dα0

dt
= nV0α0 + α0

1

V

∑

k

Vk
|βk|2

1− |βk|2
+ α∗0

1

V

∑

k

Vk
βk

1− |βk|2
, (5.134)

where the term by term equivalence with the GPE (Eq. (5.5)) (for vanishing
triplet contributions) is apparent. The corresponding equation of motion for
βk(t) is

i~
dβk

dt
= 2(εk + V0n)βk + Vk

(
α2

0 + (α∗0)2β2
k + 2|α0|2βk

)

+
1

V

∑

q

Vk−q

2|βq|2βk + βq + β∗qβ
2
k

1− |βq|2
.

(5.135)
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To evaluate the equation of motion for the c-cumulant, we consider the corre-
sponding expression in the NSJ approach

i~
d

dt

(
βk

1− |βk|2
)

= i~
dβk

dt

1

(1− |βk|2)2
−
(
−i~dβ

∗
k

dt

)
β2

k

(1− |βk|2)2
,

=
[
2(εk + V0n)ck + 2

(
Vkn0 +

1

V

∑

q

Vk−qnq

)
ck

]

×
[

1

1− |βk|2
− |βk|2

1− |βk|2
]

+

[
Vkψ

2
0 +

1

V

∑

q

Vk−qcq

]

×
[

1

(1− |βk|2)2
− |βk|4

(1− |βk|2)2

]
,

(5.136)

where [
1

(1− |βk|2)2
− |βk|4

(1− |βk|2)2

]
= 1 + 2nk. (5.137)

From the relation |ck|2 = nk(nk + 1), which is clear from the definitions of
c̃k and nk in terms of the variational parameters, the equation of motion for
ṅ follows immediately. Setting finally ck = e−2iθ0 c̃k to switch to the rotating
frame of the condensate, we see then that the NSJ approach yields equations of
motion that are identical to the doublet model (Eqs. (5.5), (5.36), and (5.37))
considered in this work. Therefore, both the NSJ and HFB approaches are
equivalent to each other as also suggested in Ref. [184] and all correspond a
truncation of the cumulant hierarchy at the doublet level.
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In an atomic Bose-Einstein condensate quenched to the unitary regime, we predict the
sequential formation of a significant fraction of condensed pairs and triples. At short-
distances, we demonstrate the two-body and Efimovian character of the condensed pairs
and triples, respectively. As the system evolves, the size of the condensed pairs and triples
becomes comparable to the interparticle distance, such that many-body effects become
significant. The structure of the condensed triples depends on the relative size of Efimov
states to density scales. Unexpectedly, we find universal condensed triples in the limit
where these scales are well-separated. Our findings provide a new framework for under-
standing dynamics in the unitary regime as the Bose-Einstein condensation of few-body
composites.

6.1 Introduction

Bose-Einstein condensation (BEC) of particles gives rise to such spectacular
manifestations of quantum statistics as superfluidity, superconductivity, and su-
persolidity [19,28,62]. The paradigmatic theories of Bogoliubov and Bardeen-
Cooper-Schrieffer (BCS) describe BECs of weakly coupled bosons and fermionic

https://arxiv.org/abs/2106.10991
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pairs, respectively, and have inspired a wide range of generalizations in many
fields of physics [167, 212, 227–239]. At strong interactions, ultracold gases
offer a unique platform to test these theories due to the ability to precisely
tune interaction strengths [71]. In the unitary regime n|a|3 � 1, where n
is the atomic density and a is the s-wave scattering length, universal con-
nections can be established over widely varying scales and between radically
different systems [85, 86]. Here, at the intersection between the physics of
liquid helium [240], ultracold gases [75, 78, 146, 241, 242], and nuclear mat-
ter [76, 110, 193, 194], in systems where multi-body effects are not Pauli sup-
pressed, lies a subtle many-body problem of fundamental importance due to
the emergence of an infinity of three-body bound Efimov states, whose dis-
crete scaling violates the universal, continuous scaling with the density (Fermi)
scales kn = (6π2n)1/3, En = ~2k2

n/2m and tn = ~/En.

An intriguing question is then whether the single-component Bose gas, de-
spite its apparent simplicity, may shed light on the Efimov effect in a strongly-
interacting quantum many-body system. Recently, despite strong three-body
losses, quasi-equilibrated states were achieved in this system through a rapid
interaction quench to the unitary regime [73,91–93]. Here, a macroscopic pop-
ulation of Efimov trimers was reported in Ref. [73] following a second sweep
of interactions away from the unitary regime. Historically, this technique was
used to measure the condensation of fermionic pairs in the BCS-BEC crossover
via their conversion into weakly bound dimers [48, 86]. It is thus natural to
ask whether the dimers and Efimov trimers measured in Ref. [73] reveal the
existence of pair and triple condensates in the unitary Bose gas. The majority
of theoretical studies however either have not included the necessary Efimo-
vian correlations [55,56,132,182–184] or many-body effects [123,124,195],
combined only recently in the triplet model developed in Chapter 5.

In this Chapter we present a theory of atomic, pair, and triple condensation
in the unitary Bose gas from an analysis of the reduced density matrices and
generalized condensate fractions. Following an interaction quench to the uni-
tary regime of a uniform atomic BEC of spinless bosons at zero temperature,
our theory predicts (Fig. 6.1) significant pair and triple condensation. Short-
range expansions reveal that the forms of the condensed pairs and triples are
identical to few-body scattering states, demonstrating the Efimovian character
of the triples. At larger distances and later times, medium effects lead always
to triples with typical size comparable to the Fermi scales. Remarkably, when
Fermi and Efimovian scales are well-separated, our results suggest the exis-
tence of a triple BEC universal in both form and population.
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Figure 6.1: Atomic (blue), pair (green), and triple (orange) condensate fraction
dynamics in the (a) trimer, (b) crossover, and (c) universal density regimes. The
grey dot-dashed lines indicate universal results in the doublet model (Hartree-
Fock Bogoliubov [127]). The depicted size of ground Efimov state trimers (κ−1

∗ )
relative to Fermi scales strongly determines the nature of the condensed triples.

6.2 Model

We model the system of N bosons in a cubic volume V using a single-channel
Hamiltonian with pairwise s-wave interactions

Ĥ =
∑

k

εkâ
†
kâk +

g

2V

∑

p,p′,q

ζp−p′+2qζp−p′ â
†
p+qâ

†
p′−qâpâp′ , (6.1)

where εk = ~2k2/2m is the one-body kinetic energy and âk annihilates a bo-
son of momentum ~k. At unitarity (|a| → ∞), the actual potential can be
replaced by a simpler nonlocal separable potential V̂ = g|ζ〉〈ζ| with s-wave
form factors 〈k|ζ〉 = θ(Λ− |k|), interaction strength g = −π3~2ā/m and cutoff
Λ = 2/πā, where ā = 0.955rvdW is the mean scattering length and rvdW is the
van der Waals length for a particular atomic species [55, 71, 102, 199]. This
sets the three-body parameter κ∗rvdW ≈ 0.211, which is the wave number of
the ground state Efimov trimer at unitarity (see Appendix 6.A and Chapters 3-5
for details of the calibrated few-body model).

We model the post-quench many-body dynamics using the method of cu-
mulants whose hierarchical structure reflects the sequential growth of intrin-
sically higher-order correlations [57, 99, 101, 102, 136, 139, 156]. Within the



148 Bose-Einstein condensation of Efimovian triples in the unitary Bose gas

U(1) symmetry breaking picture, we study the dynamics of the singlet cumu-
lant 〈âk〉 = δk0

√
V ψ0, which describes condensation in the k = 0 mode and

acts as the one-body order parameter, i.e. the atomic BEC. In the frame rotating
with the condensate phase θ0, we study also the doublets

nk = 〈â†kâk〉, ck = e−2iθ0〈â−kâk〉, (6.2)

describing the single-particle momentum distribution and pairing, respectively,
and the triplets

Mk,q = eiθ0〈â†k−qâ
†
qâk〉, Rk,q = e−3iθ0〈âq−kâkâ−q〉. (6.3)

introducing ergodic processes and the Efimov effect [55, 57, 162, 204]. The
sequential nature of correlation buildup justifies the truncation at the triplet
level in a strongly-interacting setting, however effects such as energy non-
conservation become significant beyond t . tn, limiting our study, as discussed
in Appendix 6.B and Chapter 5.

6.3 Off-diagonal long-range ordering

The triplet model contains anomalous averages at the one-body level (ψ0) in
the atomic condensate and at the two (ck) and three-body (Rk,q) levels within
the quantum depletion. These cumulants are intimately connected to the
eigenfunctions of the reduced density matrices, signalling off-diagonal long-
range ordering (ODLRO) and condensation [243–245]. We begin from the
spectral decomposition of the one-body density matrix

ρ(1)(r1, r2; t) = 〈ψ̂†(r2)ψ̂(r1)〉 ,
=
∑

ν

Nν(t)ϕ∗ν(r2, t)ϕν(r1, t),
(6.4)

where ψ̂(r) = (1/
√
V )
∑

k âke
ik·r are field operators, and ϕν are the orthogo-

nal one-body eigenstates. Only one eigenvalue Nν=0 is assumed to be macro-
scopic such that ϕ0 is responsible for the long-range order at the one-body
level

lim
|r1−r2|→∞

ρ(1)(r1, r2; t) = N0(t)ϕ∗0(r2, t)ϕ0(r1, t). (6.5)

Within the cumulant approach, the long-range part of ρ(1) is simply |ψ0|2, such
that N0 = V |ψ0|2 coincides with the condensate population 〈â†0â0〉 and fraction
n0 = N0/V .
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In the presence of one-body condensation, ODLRO occurs trivially at all
higher-orders [156,245]. We isolate therefore the atomic condensate from the
fluctuations ψ̂(r) = ψ0 +δψ̂(r), which satisfy 〈δψ̂(r)〉 = 0. To study intrinsically
few-body ODRLO amongst fluctuations, we adapt the treatment of Yang [245]
and spectrally decompose the corresponding p-body density matrices

〈δψ̂†(r′1) . . . δψ̂†(r′p)δψ̂(rp) . . . δψ̂(r1)〉
=
∑

ν

N (p)
ν (t)ϕ(p)∗

ν (r′1, . . . , r
′
p, t)ϕ

(p)
ν (r1, . . . , rp, t), (6.6)

where ϕ(p)
ν andN (p)

ν are the orthogonal p-body eigenstates and eigenvalues, re-
spectively. Analogous to Eq. (6.5), when the p-body density matrix is nonzero
in the long-range limit |∑p

i=1 ri − r′i|/p → ∞, there exists intrinsic p-body
ODLRO1. In the triplet model, this limit is dominated by the anomalous con-
traction
〈δψ̂† . . . δψ̂†〉〈δψ̂ . . . δψ̂〉, such that nonzero c or R cumulants generate ODLRO.
The associated normalized pair and triple wave functions are

ϕ
(2)
0 (r, t) =

c(r, t)√
N

(2)
0 (t)

, ϕ
(3)
0 (r,ρ, t) =

R(r,ρ, t)√
N

(3)
0 (t)

, (6.7)

with N (2)
0 =

∑
k |ck|2, N (3)

0 =
∑

k,q |Rk,q|2, and relative position parametrized
by the Jacobi vectors r ≡ r1 − r2, ρ = r3 − (r1 + r2)/2.

6.4 Condensate fractions

Unlike one-body atomic condensation, the macroscopic eigenvalues N (p)
0 can-

not be directly related to condensed fractions. To understand this, we begin by
constructing composite operators that annihilate condensed pairs and triples

b̂
(p)
0 =

1√
p!

[
p∏

i=1

∫
d3riδψ̂(ri)

]
ϕ

(p)∗
0 (r1, . . . , rp). (6.8)

1In this work, we consider only p = 2 and 3. We note that beginning with p = 4, pair
condensation may produce ODLRO and therefore such contributions must be accounted for and
removed.
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Evaluating the quantum average of the commutators in the triplet model, we
find

〈[b̂(2)
0 , b̂

(2)†
0 ]〉 = 1 +

2

N
(2)
0

∑

k

|ck|2nk, (6.9)

〈[b̂(3)
0 , b̂

(3)†
0 ]〉 = 1 +

3

N
(3)
0

∑

k,q

|Rk,q|2nk(1 + nq), (6.10)

which approximate the canonical relations only when the gas is weakly ex-
cited (nk � 1) or the condensed pairs and triples are localized relative to
the medium such that the summations in Eqs. (6.9) and (6.10) remain negli-
gible. In the opposite limit, composite bosons are created on top of densely
populated Fourier modes, which leads to Bose enhancement of atoms within
the created composite and an overestimation of the condensed fraction [246].
Consequently, the rapid quantum depletion of the atomic condensate in the
unitary regime yields operators b̂(p)0 that are approximately bosonic only at
times t . tn (see Appendix 6.C). The renormalization procedure

B̂
(p)
0 =

b̂
(p)
0√

〈[b̂(p)0 , b̂
(p)†
0 ]〉

, (6.11)

effectively ensures that the bosonic canonical relations are preserved on av-
erage at all times (see Appendix 6.C), which we use to compute the pair and
triple condensate fractions as n(p)

0 /n = 〈B̂(p)†
0 B̂

(p)
0 〉/(N/p).

The postquench dynamics of the condensate fractions are shown in Fig. 6.1
as the system evolves in the unitary regime. Three-body processes in the triplet
model leads to a more rapid depletion of the atomic condensate, reaching
n0/n ≈ 0.4 by t = tn. The dynamics of the pair and triple condensate frac-
tions are also shown in Fig. 6.1. At early times, the formation of condensed
triples follows sequentially the universal pair condensate growth, reflecting the
hierarchical structure of the cumulant equations of motion (see Appendix 6.B
and Chapter 3). At later times the dynamics depend strongly on the density
regime, repeating log-periodically with the density typical of the Efimov ef-
fect [123, 124, 195]. In the trimer regime shown in Fig. 6.1(a), the ground
state Efimov trimer no longer exists isolated from the medium (kn/κ∗ ∼ 1),
and triple condensation dominates clearly at later times, becoming compara-
ble to the atomic condensate fraction. Here, the inability of the system to
directly convert condensed atoms to triples relegates the pair condensate to
the intermediary role of feeding triple condensation at later times. In the uni-
versal regime shown in Fig. 6.1(c), the situation is flipped (kn/κ∗ � 1), and
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pair condensation remains dominant while the condensate fractions converge
onto universal lines at later times reaching n(2)

0 /n ≈ 0.2 and n
(3)
0 /n ≈ 0.1 by

t = tn. In the crossover between these regimes shown in Fig. 6.1(b), the beat-
ing phenomenon resembles the oscillation of the contact at the ground-state
Efimov trimer frequency found in Ref. [55, 123, 195] and is analogous to the
atom-dimer coherences observed in Ref. [152]. Experimentally, such oscilla-
tions may provide the smoking gun for trimer condensation [247].

6.5 Short-range expansions

We study now in the zero-range limit (n−1/3Λ → ∞) how the short-range
behavior of the condensate wave functions c(r, t) and R(r,ρ, t) are dictated
essentially by few-body physics. This can be understood from the form of the
corresponding cumulant equations of motion which are identical to few-body
Schrödinger equations at momenta large compared to the many-body scales
(see Appendix 6.B, Chapters 3 and 5, and Ref. [28]). For distances larger
than the short-range of the potential (rvdW < r < k−1

n , a), the pair and triple
condensate wave functions can be expanded in terms of the zero-energy few-
body scattering wave functions in the zero-range limit (n−1/3Λ → ∞) such
that

c(r, t) =
r→0

1

4π
Ψ

(2)
0 (t)φ(r), (6.12)

R(r,ρ, t) =
R→0

23/2

31/4s0
Ψ

(3)
0 (t)Φ(R,Ω), (6.13)

which defines the macroscopic order parameters Ψ
(p)
0 (see Appendix 6.D). Here

φ(r) = 1/r − 1/a is the zero-energy two-body scattering state, and

Φ(R,Ω) =
1

R2
sin

[
s0 log

R

Rt

]
φis0(Ω)√
〈φis0 |φis0〉

(6.14)

is the zero-energy three-body wave function with R =
√
r2/2 + 2ρ2/3 the

hyperraddius and Ω = {ρ̂, r̂, α = arctan(r/ρ)} the hyperangles [79]. Here,
s0 ≈ 1.00624, Rt =

√
2 exp(Im ln[Γ(1 + is0)]/s0)/κ∗ is related to the three-

body parameter, and Γ is the gamma function. The hyperangular function
describing s-wave pairwise scatterings is φs0(Ω) = (1 + P̂13 + P̂23) sin(s0(π/2−
α))/ sin(2α)

√
4π where P̂ij swaps particles i and j2. From Eqs. (6.12) and

2The normalization constant is given by 〈φs|φs〉 ≡
∫
dΩ|φs(Ω)|2 =

− 12π
s

sin
(
s∗π

2

) [
cos
(
sπ
2

)
− sπ

2
sin
(
sπ
2

)
− 4π

3
√

3
cos
(
sπ
6

)]
.
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(6.13) we see then at unitarity that the condensed pairs have a universal be-
havior ∼ 1/r at short distances, whereas the triples have an Efimovian char-
acter, diverging as 1/R2 and oscillating log-periodically with phase set by the
three-body parameter.

At short-distances, the total probability to measure clustered pairs and
triples is encoded in the two and three-body contact densities C2 and C3, re-
spectively, central to a set of universal relations between system properties [79,
214]. In the presence of pair and triple condensation, these clusters can be
generally divided into contributions from the order parameters and from the
higher-order cumulants. In the zero-range limit of the local contact relations

C2 =
m2g2

~4
〈(ψ̂†)2ψ̂2〉 = |Ψ(2)

0 |2 + δC2, (6.15)

C3 = − m
2g2

2~4Λ2

(
H ′ +

J ′

aΛ

)
〈(ψ̂†)3ψ̂3〉 = |Ψ(3)

0 |2 + δC3, (6.16)

where H ′ and J ′ are a log-periodic functions of Λ, ψ̂ = ψ̂(0) are the local
field operators, and the δCp’s are the contributions absent in the triplet model
(see Appendix 6.D). This establishes the square moduli of Ψ

(2)
0 and Ψ

(3)
0 as

probability densities, analogous to ψ0 at the one-body level3.
The postquench dynamics of the macroscopic order parameters in the uni-

tary regime are shown in Fig. 6.2. First, we check the scaling Ψ
(p)
0 ∝ Λ0 in the

zero-range limit. Calculating the partial derivatives of both ln(n−2/3|Ψ(2)
0 |) and

ln(n−5/6|Ψ(3)
0 |) with respect to ln(n−1/3Λ) taken at a fixed time t = 0.05tn in

the triplet model, we show in the inset that Ψ
(p)
0 scales as Λγp with a residual

exponent γp(Λ) converging to 0 in the zero-range limit.
The dynamics shown in Fig. 6.2 are reminiscent of the contact dynamics

in Chapter 5. In Fig. 6.2(a) the universal doublet model dynamics display
the expected early-time growth |Ψ(2)

0 (t)| ∝
√
t [132], quickly saturating as the

system prethermalizes. This universal growth is approached in the zero-range
limit of the triplet model, showing the expected secondary dependence on the
Efimov effect at later times [195]. In Fig. 6.2(b), the expected |Ψ(3)

0 (t)| ∝ t
early-time growth [123] is approached in the zero-range limit, and the non-
universal oscillations, precisely identified with the ground-state Efimov trimer
in Chapter 5, become visible in the crossover from trimer to universal regimes.

3We note that the converse relationship that pair or triple condensation is implied by a
nonzero contact is not necessarily true as evidenced by measurements and predictions in the
nondegenerate unitary regime [74,210] in which case Cp = δCp, and the triplet model becomes
insufficient.
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Figure 6.2: Macroscopic (a) pair and (b) triple order parameter dynamics over a
range of densities within the triplet model. The black solid line indicates universal
results within the doublet model. (inset) The behavior of the residual scalings of
the macroscopic order parameters with Λ as the system approaches the zero-range
limit at fixed t = 0.05tn.

6.6 Internal structure

We study now the longer-range internal structure of the pair and triple conden-
sate wave functions, focusing on the interplay between Efimovian and Fermi
scales. In Fig. 6.3, we show the triplet model results for the normalized pair
and triple condensate wave functions at times t/tn = 0.15, 0.5, 1. To visualize
the triple condensate wave function, we average Rk,q over internal configura-
tions at a fixed hypermomentum K2 = k2 + q2 + kq cos θ where cos θ = k̂ · q̂.
The corresponding ϕ(3)

0 (K) captures variations of the coherent tripling physics
with changes in the overall three-body momentum scale (see Appendix 6.E).

At early stages of evolution (t = 0.15tn), the even weighting of the pair
and triple wave functions at low momenta is consistent with the buildup of
local correlations between nearby particles argued in Ref. [132]. Accordingly,
the small amount of clustered condensed pairs and triples are dominated by
few-body physics. Their condensation dynamics shown in Fig. 6.1 follow con-
sequently the corresponding contact growth laws

At early stages of evolution t = 0.15tn, the even weighting of the pair and
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Figure 6.3: Internal structures of the normalized (a) pair and (b) triple con-
densate wave functions as the system evolves in the unitary regime for densities
n−1/3Λ = 15 (orange) and n−1/3Λ = 35 (light blue). The vertical lines indicate
the three-body parameter relative to the Fermi momentum for the two densities
considered. (insets) Normalized pair and triple condensate wave functions in the
universal regime at t = tn.

triple wave functions at low momenta is consistent with the buildup of lo-
cal correlations between nearby particles argued in Ref. [132]. Accordingly,
the small amount of clustered condensed pairs and triples are dominated by
few-body physics. Their condensation dynamics shown in Fig. 6.1 follow con-
sequently the corresponding contact growth laws [123,124,132].

At later times, both pair and triple wave functions become increasingly
nonlocal. From the insets of Fig. 6.3 we see that as the system approaches the
universal regime, both condensate wave functions acquire a universal form by
t = tn. Together with the universal behavior of the triple condensed fractions
in Fig. 6.1(c), this remarkable finding suggests the existence of a condensate
composed of universal Efimovian triples at later times in this regime despite
strongly non-universal short-distance behavior (see Fig. 6.2(b)). In the trimer
regime, we find in Fig. 6.3(a) the development of a peak at momenta kn ∼ κ∗
reminiscent of the Cooper pair in the BEC-BCS crossover [248]. The absence
of this peak in simulations of the doublet model and universal regime of the
triplet model (inset of Fig. 6.3(a)) ties it to the Efimov effect.
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Figure 6.4: Evolution of the overlap (Eq. (6.17)) between ground Efimov trimer
and triple condensate wave functions (Eq. (6.17)) in the unitary regime over a
range of densities, with P

(0)
3b (t = 0) undefined. The numerical upper limit is

comparable to the total probability (∼ %82) projected onto the Efimov channel in
the quenched three-body problem [249]. The illustrations indicate the presence
or absence of Efimov trimers in the triple condensate with timescale t(0)

3b = m/~κ2
∗

(filled circles).

To study the presence and role of the ground state Efimov trimer (|Ψ(0)
3b 〉)

in the triple condensate (|ϕ(3)
0 〉), we evaluate the overlap

P
(0)
3b (t) = | 〈ϕ(3)

0 |Ψ
(0)
3b 〉 |2, (6.17)

as shown in Fig. 6.4 (see also Appendix 6.E). In the universal regime, the
ground state Efimov trimer is localized relative to the Fermi scales. At all times
in this regime, P (0)

3b reflects therefore the short-range behavior of the triple
condensate wave function encapsulated by Ψ

(3)
0 , contributing the character-

istic trimer oscillations visible in Fig. 6.4. After a small initial increase, the
rapid decrease of P (0)

3b in this regime reflects the local to nonlocal transition of
the triple condensate wave function, with decreased weight at the momentum
scale κ∗ as shown in Fig. 6.3(b). This is responsible also for the decreased
visibility of the trimer oscillations in Fig. 6.1(c). Consequently, this local to
nonlocal structural transition is the underlying mechanism by which macro-
scopic observables, such as the condensate fractions in Fig. 6.1(c), display a
universal scale invariance at later times in this regime. This occurs despite
continued local sensitivity to the three-body parameter (Eq. (6.13)) which be-
comes less relevant as the coherent physics begins to occur predominantly on
the Fermi scale. In the trimer regime, we find no decrease of P (0)

3b for t . tn,
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and the early-time increase is much more gradual. From Fig. 6.3(b) it is clear
that although the coherent physics occurs predominantly on the Fermi scale
at later times as before, one now has kn ∼ κ∗ such that condensed triples are
increasingly dominated by the ground Efimov trimer. Consequently, the non-
universal, trimer character of the triple condensate increases at later times in
the trimer regime, whereas the situation is reversed in the universal regime.

6.7 Outlook

How does the physical picture outlined in this Chapter relate to the Efimov
trimer fraction observed experimentally in Ref. [73]? Viewing the fast sweep
experiment as a dynamical projection (see Chapter 4 and Ref. [165]), the
molecular fractions should reflect the condensate fraction dynamics and their
internal structure in the unitary regime. As in the BEC-BCS crossover [48]4,
however only a portion of the condensed atoms, pairs, and triples are expected
to be converted into molecules. The 8% trimer fraction measured in [73]
is lower than the triple condensate fractions at the latest times in Fig. 6.1,
adding some credibility to this narrative, which remains the subject of future
work. The central role of coherent pairing and tripling raises also interesting
questions about the prospects of their direct measurement analogous to the
shot-noise detection of pair-correlated fermions in Refs. [250,251].

Appendix 6.A Few-body model at unitarity

The results in this Chapter are produced using the calibrated two-body model
employed already in Chapters 3-5 that describes well the broad, entrance-
channel dominated Feshbach resonances used experimentally [71,73,91–93].
In this Appendix, we briefly outline this model and implications of the finite-
range effects on the three-body level.

6.A.1 Calibrated two-body model

We make the unitary pole approximation [219], replacing the actual potential
by a separable one and choosing s-wave form factors 〈k|ζ〉 = θ(Λ−|k|) that are
functions of the relative momentum where θ(x) is the unit step function de-
fined such that θ(x ≥ 0) = 1 and θ(x < 0) = 0. Using a separable potential, it
is possible to obtain a closed, analytic expression for the Lippmann-Schwinger

4In the BEC-BCS crossover, atomic and triple BECs are absent due to Fermi statistics.
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equation for the two-body T operator T̂ (z) = V̂ + V̂ Ĝ
(0)
2B(z)T̂ (z) as

T̂ (z) =
g|ζ〉〈ζ|

1− g〈ζ|Ĝ(0)
2B(z)|ζ〉

, (6.18)

where Ĝ(0)
2B(z) is the two-body free Green’s function [61]. The low-energy limit

of the on-shell T -matrix for s-wave scattering is given as always by

4π~2

m
a =
|k|→0

〈k,−k|T̂ (~2k2/m+ i0)|k′,−k′〉, (6.19)

which fixes the interaction strength g = U0Γ where U0 = 4π~2a/m and Γ =
(1 − 2aΛ/π)−1, which gives g = −2π2~2/mΛ on resonance. Taking the limit
Λ → ∞ would yield V̂ equivalent to a renormalized contact potential, which
leads also to the unphysical Thomas collapse on the three-body level [80].
Instead, we calibrate as Λ = 2/πā in order to reproduce finite-range corrections
to the binding energy of the shallow s-wave dimer −~2/m(a − ā)2 away from
resonance, where ā ≈ 0.956rvdW is the mean-scattering length that is set by
the van der Waals length rvdW for a given atomic species [199].

6.A.2 Efimov states

On the three-body level, the spectrum of three-body bound Efimov states is
highly sensitive to the finite-range physics of the calibrated two-body model.
The use of a pairwise separable potential renders the vacuum three-body prob-
lem solvable following the work of Skorniakov and Ter-Martirosian [221].
Here, we outline this solution as well as the construction and normalization
of the three-body wave function in momentum space necessary to evaluate
Eq. (6.17). To solve the three-body problem in vacuum, we begin with the
decomposition into Faddeev components

|Ψ3b〉 = |Ψ(1)〉+ |Ψ(2)〉+ |Ψ(3)〉
= (1 + P̂+ + P̂−) |Ψ(1)〉 ,

(6.20)

where P̂+ and P̂− are permutation operators [75,241]. Each Faddeev compo-
nent satisfies a bound state equation in momentum space, given for example
by

Ψ(1)(q1,p1) = G
(0)
3B(q1, p1, E)

∑

p′1,q
′
1

〈q1,p1|T̂23(E)|p′1,q′1〉

× 〈p′1,q′1|P̂+ + P̂−|Ψ(1)〉 ,
(6.21)
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where G
(0)
3B(q1, p1, E) = 1/(E − q2

1/m − 3p2
1/4m) is the vacuum three-body

Green‘s function and T̂23 = V̂23 + V̂23Ĝ
(0)
3B(E)T̂23 is the two-body transition ma-

trix obeying the Lippmann-Schwinger equation, and E is the binding energy.
Here, we have parametrized the Faddeev component by the Jacobi vectors
q1 = (k2 − k3)/2 and p1 = (2k1 − k2 − k3)/3. Following the original formula-
tion of Ref. [221], we make the ansatz

Ψ(1)(q1,p1) = G
(0)
3B(q1, p1, E)ζ(q1)F(p1), (6.22)

and inserting this ansatz in Eq. (6.21) yields the integral equation

F(p1) = 2g τ

(
E − 3p2

1

4m

)∑

p′1

ζ(2p′1 + p1)ζ(2p1 + p′1)

E − p2
1
m −

p
′2
1
m −

p1·p′1
m

F(p′1). (6.23)

where τ(z) = 1/(1 − g 〈ζ|Ĝ(0)
3B |ζ〉). The Efimov trimer binding energies corre-

spond to the nontrivial solutions of Eq. (6.23). Here, we quote the previous
results of Chapter 3 and 5 for the first few binding energies at unitarity using
the separable step function form factor: κ∗/Λ ≈ 0.317 for the ground Efimov
trimer and κ(1)/Λ ≈ 0.0131 for the first excited Efimov trimer. We note that our
result for κ∗ is comparable to existing results from broad Feshbach resonances
using more realistic interaction potentials [144,145]

Using the binding energy of a specific Efimov trimer, the corresponding
trimer wave function can be constructed via Eqs. (6.20) and (6.22). In order
to normalize the trimer wave function, we calculate the corresponding normal-
ization constant N by solving the integral

N = 〈Ψ3b|Ψ3b〉 = 3 〈Ψ(1)|Ψ(1)〉+ 6 〈Ψ(1)|P+|Ψ(1)〉

=
∑

q1,p1

Ψ(1)∗(q1, p1)

[
Ψ(1)(q1, p1) + Ψ(1)

(
|q1

2
+

3p1

4
|, |q1 −

p1

2
|
)]

,
(6.24)

where we have used that 〈Ψ(1)|Ψ(1)〉 = 〈Ψ(2)|Ψ(2)〉 = 〈Ψ(3)|Ψ(3)〉 and the fact
that the mixed terms 〈Ψ(i)|Ψ(j)〉 are identical ∀i 6= j and i, j = {1, 2, 3} due
to the particle exchange symmetry. Therefore, the three-body wave function is
normalized according to

1 =
1

N
∑

q1,p1

|Ψ3b(q1,p1)|2

=
1

N
∑

k1,k2

| − 1|3|Ψ3b(k1,k2)|2,
(6.25)
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where | − 1|3 is the Jacobian for the change of variable from Jacobi to single-
particle momenta coordinates (q1,p1,Q) → (k1,k2,k3). Finally, we note that
because both 〈Ψ(0)

3b |Ψ
(0)
3b 〉 = 1 and 〈ϕ(3)

0 |ϕ
(3)
0 〉 = 1, it is guaranteed by construc-

tion that P (0)
3b = | 〈ϕ(3)

0 |Ψ
(0)
3b 〉 |2 ≤ 1.

Appendix 6.B Cumulant equations of motion

To describe the coupled-correlation dynamics, we first introduce the cumulant
of a p-body operator as

〈
l∏

i=0

â†ki

m∏

j=0

âk′j

〉

c

= (−1)m
l∏

i=0

∂

∂xi

m∏

j=0

∂

∂y∗j
ln

〈
e
∑l
i=0 xiâ

†
ki e

∑m
j=0 y

∗
j âk′

j

〉∣∣∣∣
x,y=0

.

(6.26)
which we refer to as a “p-uplet”. Next, we reproduce the equations of mo-
tion used to produce the results of this Chapter. We note that this system of
equations was analyzed in depth in Chapter 5, and the explicit expressions
are reproduced here for reasons of completeness. As demonstrated in Chap-
ter 5, the many equivalent models of the quenched unitary Bose gas found in
the literature [55,56,132,182–184] can be grouped under the umbrella of the
doublet model, which describes only the dynamics of the singlets and doublets.

The dynamics of the singlet (ψ0) is given by the Gross-Pitaevskii equation

i~∂tψ0 = g

(
ζ2

0n0 +
2

V

∑

l

ζ2
l nl

)
ψ0 +

gψ∗0
V

∑

l

ζ0ζ2lcl

+
g

V 3/2

∑

l,s

ζlζ2s−lM
∗
l,s.

(6.27)

From Eq. 6.27 we extract the condensate phase derivative

~
dθ0

dt
= − 1

2n0

(
ψ∗0i~

dψ0

dt
− i~

dψ∗0
dt

ψ0

)
= −

[
gζ2

0n0 +
2g

V

∑

l

ζ2
l nl

+
g

V

∑

l

ζ0ζ2lRe cl +
g√
n0V 3

∑

l,s

ζlζ2s−lM
∗
l,s

]
.

(6.28)
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The doublet equations of motion for the separable potential are

i~∂tnk = 2i Im
[
∆kc

∗
k + 2g

√
n0

V

∑

l

ζ2k−lζlMl,k

+ g

√
n0

V

∑

l

ζkζ2l−kM
∗
k,l

]
,

(6.29)

i~∂tck = 2Ekck + (1 + 2nk)∆k + 4g

√
n0

V

∑

l

ζl+kζl−kM
∗
l,k

+ 2g

√
n0

V

∑

l

ζkζ2l−kRk,l,

(6.30)

where the Hartree-Fock hamiltonian and pairing field [127] for a separable
potential are defined as

Ek = εk + 2g
[
ζ2
kn0 +

1

V

∑

l

ζ2
k−lnl

]
+ ~∂tθ0, (6.31)

∆k = gζ2k

[
ζ0n0 +

1

V

∑

l

ζ2lcl

]
. (6.32)

At momenta large compared to the many-body scales, one has

i~∂tck ≈ 2Ekck +
gζ2k

V

∑

l

ζ2lcl, (6.33)

which is identical to the two-body Schrödinger equation [28, 55, 57] and jus-
tifies the expansion Eq. (6.12). Additionally, the inhomogeneous drive terms
involving n0 in Eq. (6.30) and c in Eq. (6.27) describe the direct coherent
exchange between atomic and pair condensates.

The triplet equations of motion are given by

i~∂tMk,q =
(
Ek − Eq − Ek−q

)
Mk,q −∆∗k−qM

∗
q,k −∆∗qM

∗
k−q,k

+ ∆kR
∗
k,q +MH3

k,q +MH4
k,q,

(6.34)

i~∂tRk,q =
(
Ek + Eq + Ek−q

)
Rk,q + ∆kM

∗
k,q + ∆qM

∗
q,k

+ ∆k−qM
∗
k−q,k +RH3

k,q +RH4
k,q,

(6.35)
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where the doublet sources are given by

MH3
k,q√

n0/V
= 2g

[
ζ2k−qζqc

∗
k−qnq + ζk+qζk−qnk−qc

∗
q − nk(ζk+qζk−qc

∗
q

+ ζqζ2k−qc
∗
k−q)

]
+ 2g

[
ζ2q−kζknk−qnq − ζ2q−kζknk(1 + nq

+ nk−q)− ck(ζ2k−qζqc
∗
q + ζk+qζk−qc

∗
k−q)

]
,

(6.36)

RH3
k,q√
n0/V

= 2g
[
ζ2q−kζkck(1 + nq + nk−q) + ζ2k−qζqcq(1 + nk

+ nk−q) + ζk+qζk−qck−q(1 + nk + nq)
]

+ 2g
[
ζk−qζk+qckcq

+ ζqζ2k−qckck−q + ζkζ2q−kcqck−q

]
.

(6.37)

From the full triplet termsMH4
k,q and RH4

k,q (see Chapter 5 and Ref. [136]),
we simulate only the most dominant contributions required to produce the
correct form of the interacting few-body Hamiltonian and any sub-dominant
Bose-enhancement. Therefore, for times t . tn we approximate

MH4
k,q ≈ −

g

V

∑

l

ζ2q−kζ2l−kMk,l

(
nk−q + nq + 1

)
, (6.38)

RH4
k,q ≈

g

V

∑

l

[
ζ2q−kζ2l−kRl,k

(
nq + nk−q + 1

)
+ ζ2k−qζ2l−qRl,q(nk

+ nk−q + 1) + ζk+qζk−q+2lRl,k−q

(
nk + nq + 1

)]
.

(6.39)

which significantly reduces the computational burden. We direct the interested
reader to Appendix 5.B of Chapter 5 for an in-depth discussion of the numerical
simulation used to produce the results of this Chapter and of the violation of
energy conservation muddies the long-time dynamics in the triplet model.

At momenta large compared to the many-body scales, one has in analogy
with Eq. (6.33) the simplification

i~∂tRk,q ≈
(
Ek + Eq + Ek−q

)
Rk,q +

g

V

∑

l

[
ζ2q−kζ2l−kRl,k

+ ζ2k−qζ2l−qRl,q + ζk+qζk−q+2lRl,k−q

]
,

(6.40)

which is identical to the three-body Schrödinger equation, as shown in Chap-
ters 3 and 5, and justifies the expansion Eq. (6.13). Furthermore, unlike
Eq. (6.30), there are no inhomogeneous drive terms in Eq. (6.37) depend-
ing solely on n0 or solely on c. Rather, we find mixed drive terms involving
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products of the two which describes the exchange of a condensed atom and
pair into a condensed triple. The structure of the cumulant equations does not
allow then the direct conversion of three condensed atoms into a triple, which
is relevant to the analysis of Fig. 6.1 presented in Sec. 6.4.

Appendix 6.C Renormalization of the pair and triple
condensate fractions

In this section, we explain why a renormalisation is needed to interpret the
macroscopic eigenvalues of the density matrices as condensate populations.
We start by giving explicitly the factorized expression of the 2-body density
matrix (valid both in the doublet and triplet models):

ρ(2)(r1, r2; r′1, r
′
2) ≡ 〈δψ̂†(r′1)δψ̂†(r′2)δψ̂(r2)δψ̂(r1)〉

= N
(2)
0

[
ϕ

(2)
0 (r′1 − r′2)

]∗
ϕ

(2)
0 (r1 − r2)

+ 〈δψ̂†(r′1)δψ̂(r1)〉〈δψ̂†(r′2)δψ̂(r2)〉
+ 〈δψ̂†(r′1)δψ̂(r2)〉〈δψ̂†(r′2)δψ̂(r1)〉.

(6.41)

Here, the Hartree and Fock terms fall off to zero when |r1 − r′1| or |r1 − r′2|
exceed a few Fermi lengths. On the contrary the anomalous term, written here
directly in terms of the pair condensate wave function Eq. (6.7), is responsible
for long-range ordering. The associated macroscopic eigenvalue is explicitly

N
(2)
0 =

∫
d3r1d3r2|〈δψ̂(r1)δψ̂(r2)〉|2 =

∑

k

|ck|2. (6.42)

For fermionic pair condensates, this macroscopic eigenvalue is usually in-
terpreted as the number of fermions in the pair condensate [28, 175, 252].
Here, this interpretation appears problematic since in the doublet model (the
bosonic equivalent of BCS theory) N (2)

0 always exceeds the number of bosons
available for pairing5

N
(2)
0 =

doublet

∑

k

nk(1 + nk) ≥ N −N0, (6.43)

5We note here in passing the relation betweenN (2)
0 and the variance of the number of bosons

N̂ex = N̂ − N0 outside the one-body condensate: N (2)
0 = VarN̂ex −

∑
k nk(1 + nk) =

doublet

VarN̂ex/2. This follows from expressing the trace of ρ(2) in two ways: Trρ̂(2) = VarN̂ex +
〈N̂ex〉(〈N̂ex〉− 1) using the definition of ρ(2) (first line of Eq. (6.41)) and the fact N̂ex fluctuates
in our broken-symmetry state, and Trρ̂(2) = N

(2)
0 + 〈N̂ex〉2 +

∑
k n

2
k from the decomposed form

on the second line of Eq. (6.41).
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as shown in Fig. 6.5(b). This result follows from the relation |ck|2 = nk(1+nk)
valid for the doublet model, which is a Gaussian expansion method. We note
that the inequality would be reversed in the case of Fermi statistics:

N
(2),fermions
0 =

BCS

∑

k

nk(1− nk) ≤ Nfermions (6.44)

which explains why the renormalisation procedure was not previously pro-
posed for fermionic pair condensates.

The origin of the overcounting in Eq. (6.44) becomes clear when one ex-
pressesN (2)

0 in terms of the (bare) pair condensate operator (defined in Eq. (6.8)):

N
(2)
0

2
= 〈b̂(2)†

0 b̂
(2)
0 〉. (6.45)

Here the “superbosonic” commutation relation obeyed by b̂(2)
0 (〈[b̂(2)

0 , b̂
(2)†
0 ]〉 ≥

1, see Eq. (6.9)) forbids interpreting b̂(2)†
0 b̂

(2)
0 as a number operator and hence

N
(2)
0 as a number of bosons. With this in mind, the renormalization procedure

Eq. (6.11) appears as a natural way to introduce a bosonic number operator
B̂

(2)†
0 B̂

(2)
0 , whose average value

〈B̂(2)†
0 B̂

(2)
0 〉 =

(N
(2)
0 )2

2 (
∑

k |ck|2(1 + 2nk))
(6.46)

we interpret as the number of pairs in the condensate. To support this interpre-
tation, we remark that in the doublet model 〈B̂(2)†

0 B̂
(2)
0 〉 (contrary to N (2)

0 /2)
is always lower6 than the maximal number of pairs

〈B̂(2)†
0 B̂

(2)
0 〉 =

doublet

(N
(2)
0 )2

2
∑

k nk(1 + nk)(1 + 2nk)
≤ N −N0

2
, (6.50)

as shown in Fig. 6.5(a). We note that the inequality is saturated in the weakly-
6To demonstrate the inequality in (6.50), we compute

〈B̂(2)†
0 B̂

(2)
0 〉 −

Nex

2
=

∑
k,k′ nknk′(1 + nk′)(nk − 2nk′)

2
∑

k nk(1 + nk)(1 + 2nk)
. (6.47)

Exchanging indices in the sum of the numerator, one sees this quantity is negative for all distri-
butions of {nk}:∑
k,k′

nknk′(nk − 2nk′) = −
∑
k,k′

n2
knk′ , (6.48)∑

k,k′

nkn
2
k′(nk − 2nk′) =

∑
k,k′

nknk′(nknk′ − n2
k − n2

k′) = −
∑
k,k′

nknk′

[
(nk − nk′)

2 + nknk′

]
.

(6.49)



164 Bose-Einstein condensation of Efimovian triples in the unitary Bose gas

0

0.02

0.04

0.06

.
0

0.02

0.06

0.1

.

 0.6

 0.8

 1

 0  0.5  1

 0  0.5  1

10
15
20
25
30
35

 0  0.5  1

 0  0.5  1

 0.6

 0.8

 1

(d)(c)

(b)(a)

Figure 6.5: Total condensed fraction using the (a) renormalized and (b) bare
condensate operators. The difference between the bare and renormalized (c) pair
and (d) triple condensate fractions as a function of the density and time spent
in the unitary regime. The black lines indicate results in the universal doublet
model.

excitated regime (nk � 1) where 〈B̂(2)†
0 B̂

(2)
0 〉 ' N

(2)
0 /2 ' (N −N0)/2.

In the triplet model, the macroscopic eigenvalue of the three-body density
matrix is explicitly

N
(3)
0 =

∫
d3r1d3r2d3r3|δψ̂(r1)δψ̂(r2)δψ̂(r3)|2 =

∑

k,q

|Rk,q|2. (6.51)

As shown in Fig. 6.5 (b), the sum of the weighted eigenvalues 2N
(2)
0 /2! +

3N
(3)
0 /3! never exceeds the number of bosons outside the one-body conden-

sate. Still, we consider the renormalized numbers 〈B̂(2)†
0 B̂

(2)
0 〉 and

〈B̂(3)†
0 B̂

(3)
0 〉 =

[
N

(3)
0

]2

6
∑

k,q |Rk,q|2(1 + 3nk(1 + nq))
(6.52)

as better estimates of the pair and trimer condensate occupation numbers. In
the time window we explore, the corrections δN (p)

0 = N
(p)
0 /p! − 〈B̂(p)†

0 B̂
(p)
0 〉

remain however small, as illustrated by Fig. 6.5 (c) and (d).
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Appendix 6.D Local relations

In this section, we derive first the particular form of the contact relations
Eqs. (6.15) and (6.16), and then use this to obtain the proportionality con-
stants in Eqs. (6.12) and (6.13) in order to obtain well-behaved macroscopic
order parameters satisfying Cp = |Ψ(p)

0 |2 in the triplet model.
First, we derive Eq. (6.15) of Sec. 6.5 from the cumulant expansion of the

local contact relation [214]

C2 =
m2g2

~4
〈(ψ̂†)2ψ̂2〉 =

m2g2

~4

[
|ψ0|4 + 4n(0)|ψ0|2 + 2n(0)2

+ |c(0)|2 + (ψ∗0)2c(0) + ψ2
0c
∗(0)

+ 2(M(0)ψ0 +M∗(0)ψ∗0) +Q(0)
]

(6.53)

where we have suppressed the internal degrees into the notation ‘(0)’ to in-
dicate local evaluation of the cumulants. Here, Q represents the quadruplet
cumulant with Q(0) = 〈(ψ̂†)2ψ̂2〉c. From the correspondence between the
cumulant equations of motion and few-body Schrödinger equations at large
momenta (see Chapter 5 for the lengthy equation of motion for Q) and the
known local lattice expression for the zero-energy two-body scattering wave
function [215]

|φ(0)|2 =
16π2~4

m2g2
, (6.54)

we infer the scaling of each cumulant in the expansion of Eq. (6.53) with the
cutoff in the zero-range limit (Λ/kn →∞) at unitarity (|a| → ∞)

ψ0 ∝ Λ0, n(0) ∝ Λ0, c(0) ∝ Λ1, M(0) ∝ Λ1, Q(0) ∝ Λ2. (6.55)

Therefore, we find that the local contact relation reduces in the zero-range
limit at unitarity to

C2 ≈
m2g2

~4

[
|c(0)|2 +Q(0)

]
, (6.56)

where the first term describes the contribution of the pair order parameter,
and the second term is δC2 in Sec. 6.5. In the triplet cumulant model, the
quadruplets are set to zero by construction, and so one expects, analogous to
BCS theory [167], that δC2 6= 0 requires the inclusion of pairing fluctuations.

Next, we derive Eq. (6.16) by considering first the cumulant expansion of
the local contact relation [214]

C3 = − m
2g2

2~4Λ2

(
H ′ +

J ′

aΛ

)
〈(ψ̂†)3ψ̂3〉. (6.57)
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The functions H and J are log-periodic in Λ as

H(ln(Λ/Λ∗)) = h0
C − s0S

C + s0S
, (6.58)

J(ln(Λ/Λ∗)) =
j0 + j1(2SC) + j2(C2 − S2)

(C + s0S)2
, (6.59)

where C = cos(s0 ln(Λ/Λ∗)) and S = sin(s0 ln(Λ/Λ∗)) and with universal con-
stants A = 89.262, φ = −0.669, h0 = 0.879, j0 = −0.148, j1 = −0.892,
j2 = −0.087, and renormalization scale s0 ln(Λ∗/κ∗) = 0.971 mod π. The ′

notation indicates a partial derivative with respect to ln(Λ/Λ∗). In the zero-
range limit at unitarity, one finds that m2g2/2~4Λ2 scales as 1/Λ4, such that
only terms scaling at least as Λ4 in the cumulant expansion of 〈(ψ̂†)3ψ̂3〉 re-
main. From Eq. (6.55) we can see that any combinations of these cumulants
will not contribute in the zero-range limit. Instead, we infer the local lat-
tice expression for the zero-energy three-body scattering wave function from
Refs. [79,214]

|Φ(0,0)|2 =
s2

0

√
3Λ2~4

4m2g2

[
−H ′ − J ′

aΛ

]−1

, (6.60)

which displays the desired Λ4 scaling at unitarity. Therefore, the cumulants
whose equations of motion correspond to three-body Schrödinger equations at
large momenta can contribute to the cumulant expansion of Eq. (6.57) in the
zero-range limit at unitarity

C3 = − m
2g2

2~4Λ2

(
H ′ +

J ′

aΛ

)[
|R(0)|2 + S(0)

]
, (6.61)

where the first term describes the contribution of the triple order parameter,
and the second term is δC3 in Sec. 6.5. In the triplet cumulant model, the
sextuplet S(0) = 〈(ψ̂†)3ψ̂3〉c is set to zero by construction, and so one expects
analogously that δC3 6= 0 requires the inclusion of tripling fluctuations.

The next step is to take the local limit of Eqs. (6.12) and (6.13)

c(0, t) =
r→0

α(2)Ψ
(2)
0 (t)φ(0), (6.62)

R(0, t) =
R→0

α(3)Ψ
(3)
0 (t)Φ(0), (6.63)

where the α(p)’s are the undetermined proportionality constants. We note that
the local cumulants can be evaluated on a numerical grid as

c(0, t) =
1

V

∑

k

ck, R(0, t) =
1

V 3/2

∑

k,q

Rk,q. (6.64)
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Next, we plug Eqs. (6.62) and (6.63) into the cumulant expanded contact
relations Eqs. (6.56) and (6.61) and equate the contributions of |c(0)|2 and
|R(0)|2, respectively, to obtain

α(2) =
1

4π
, α(3) =

23/2

31/4s0
. (6.65)

Here, several comments about our “contact’ convention for the macroscopic
order parameters are in order. We note that multiplying the α(p)’s by m/~2

produces a pair order parameter with units of energy. This is typically done
in theories of the two-component Fermi gas due to the connection between
the order parameter and the gap in the weakly-attractive BCS regime [24].
We note that in this context the pair wave function is typically referred to as
“F ” (c.f. Refs. [62]). We have chosen to omit these factors to make the in-
terpretation of |Ψ(p)

0 |2 as a probability density more apparent. Explicitly, one
finds that integrating the macroscopic order parameters over the entire system
yields then the condensed contribution to the extensive contacts C2 and C3.
Explicitly, in the zero-range limit of the triplet model one has the extensive
relation

∫
dV |ψ0|2 = N0 and

∫
dV |Ψ(p)

0 |2 = Cp, which demonstrates the con-
nection with the extensive contacts (

∫
dV Cp = Cp) and analogy with the order

parameter of the atomic condensate.

Appendix 6.E Triple wave function averaging

In order to study the internal structure of the triple condensate wave function
in Fig. 6.3(b), we have averaged over the internal configurations to reduce the
overall dimensionality. The relevant cumulant Rk,q = 〈âq−kâkâ−q〉 describes a
three-body configuration with individual momenta k, −q and q− k, which can
be reduced to a dependence on the norms of the two single-particle momenta
k and q and the angle between them k̂ · q̂ = cos θ. Here, we introduce the
hypermomentum K, characterizing the overall three-body momentum scale,
which is generally defined in terms of the two Jacobi wave vectors as K2 =
q2

1 + (3/4)p2
1 and can be written in terms of the specific parametrization of

the R cumulant as K2 = k2 + q2 + kq cos θ. Starting from the 3-dimensional
array Rk,q, we average all the components with the same hypermomentum.
Numerically, the averaging of R(K) is accomplished by the sum

R(K) =
1

Ncount(K)

∑

ijl

R(ki, qj , cos θl)Pijl(K), (6.66)

where the summation is taken over all indices of the 3D grid array (ki, qj ,
cos θl). Here, Pijl(K) is a conditional array, which reads 1 for indices (i, j, l)
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corresponding to a configuration with hypermomentum

K −∆K ≤
√

(k2
i + q2

j + kiqj cos θl < K + ∆K (6.67)

falling within a bin of fixed width 2∆K and reads 0 otherwise. In order to
take the average, we divide by the number Ncount(K) =

∑
ijl Pijl(K), which

records the total number of suitable configurations counted for a fixed hyper-
momentum. We note that each configuration (i, j, l) corresponds to a distinct
hyperangle Ωijl, and therefore Eq. (6.66) is equivalent to preforming the hy-
perangular average at fixed hypermomentum.
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Figure 6.6: Comparison of the normalized triple condensate wave functions
(|ϕ(3)

0 〉) over various times and densities corresponding to Fig. 6.3(b) with the
vacuum wave function of the ground-state Efimov trimer (|Ψ(0)

3b 〉). The wave func-
tions have been averaged using the procedure outlined in Sec. 6.D.

For completeness, we apply this averaging procedure also the to the ground-
state Efimov trimer (|Ψ(0)

3b 〉) and compare against the normalized triple conden-
sate wave functions (|ϕ(3)

0 〉) in Fig. 6.6 for the densities and times correspond-
ing to Fig. 6.3(b). Here, we see in Fig. 6.6(a) that there is a strong resemblance
between the wave functions between times t/tn = 0.5 and 1. In Fig. 6.6(b),
there is a close resemblance instead at early times near t/tn = 0.15. For both
densities, these time windows coincide with the corresponding peaks of P (0)

3b

found in Fig. 6.4, which reinforces the conclusions in Sec. 6.6 and illustrates
explicitly resemblance between condensed triples and Efimov trimers at vari-
ous times and densities.

Appendix 6.F Counting trimers away from unitarity

In this Appendix, we discuss some additional information about how to count
Efimov trimers after a fast-sweep projection away from unitarity. A macro-
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scopic population of first-excited Efimov trimers has been observed in Ref. [73]
looking at the decay dynamics of the molecular cloud after sweeping the uni-
tary gas onto the weakly interacting regime. However, the study of the dynam-
ics of these projected trimers is still a theoretically and experimentally pursuit.

Here, we apply a similar formalism used in Chapter 4 for counting dimers.
We construct a compound bosonic trimer operator

t̂†0 =
1√
3!

∑

k1,k2

Ψp
3b(k1,k2,−k1 − k2) â†k1

â†k2
â†−k1−k2

, (6.68)

counting trimers with zero center of mass momentum and made of three
bosons with single particle momenta, k1,k2,−k1 − k2. The wave function
Ψp

3b(k1,k2,−k1 − k2) is the Efimov trimer wave function with finite scattering
length, corresponding to projection state after a sudden projection away from
unitarity. We note that a similar type of compound three-operator object has
been used already in the context of excitons [253]. By construction, the re-
lation [t̂0, t̂0] = [t̂†0, t̂

†
0] = 0 is automatically satisfied, because the â-operators

are bosons, instead, the relation [t̂0, t̂
†
0] ' 1 can be satisfied only under certain

conditions. Indeed, after evaluating the quantum average we find

〈[t̂0, t̂†0]〉 = 1 +
∑

k1,k2

|Ψ3b(k1,k2,−k1 − k2)|2 (nk1 + nk2 + n−k1−k2)

+
1

2

∑

k1,k2

Ψ3b(k1,k2,−k1 − k2)

×
[∑

q2

Ψ∗3b(k1,q2,−k1 − q2) 〈â†k2
â†−k1−k2

âq2 â−k1−q2〉

+
∑

q1

Ψ∗3b(q1,k2,−q1 − k2) 〈â†k1
â†k3

âq1 â−q1−k2〉

+
∑

q1,q2

Ψ∗3b(q1,q2,−k1 − k2) δk1+k2,q1+q2 〈â†k1
â†k2

âq2 âq1〉
]
.

(6.69)

The second term represents the overlap of the trimer wave function with the
single-particle momentum distribution nk, and the third term proportional to
the two-particle density in momentum space ρ2(k,q,k′,q′) ≡ 〈â†k′ â

†
q′ âqâk〉.

Assuming Ψ3b has a characteristic size R3b, the second and the third term in
Eq. (6.69) are negligible if knR3b � 1, and the trimer is distinct from the
background gas.
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Evaluating the compound trimer number operator, we find

ntrim = 〈t̂†0t̂0〉 =
1

6

∑

k1,k2

∑

q1,q2

Ψ3b(k1,k2,−k1 − k2)

×Ψ∗3b(q1,q2,−q1 − q2) 〈â†k1
â†k2

â†−k1−k2
â−q1−q2 âq2 âq1〉 ,

(6.70)

where the expectation value of the six operators can be calculated using the cu-
mulant expansion. There are therefore contributions deriving from the atomic,
pair, triple condensates and from the normal components. In particular, one
term is in the form of an overlap between the triple condensate at unitarity
and the trimer after the fast sweep projection

3Ntrim

N
=

1

2N

∣∣∣∣∣∣
∑

k,q

Ψp
3b(q− k,k,−q)Rk,q

∣∣∣∣∣∣

2

+ · · · (6.71)

which has the same form of Eq. 6.17 and this is expected to be the dominant
contribution at later times. Which Efimov trimer wave function do we have
to consider in Eq. 6.70? In the case of the molecules and using the model
of Ref. [165], we have considered a molecular wave function with size a∗, at
the point where the evolution changes from being sudden to adiabatic. We
then expect that a similar argument can be applied for trimers. However, the
calculation of a∗ is based on the functional form of the dimer wave function,
as explained in Ref. [56], therefore not applicable to the three-body binding
energy. This remains a subject of ongoing research.



Chapter 7

Higgs mode in trapped
strongly-interacting Fermi gases

In this Chapter we study the dynamics of a superfluid Fermi gas after a rapid change
of the s-wave scattering length in the strongly-interacting regime by solving a doublet
model including up to second-order correlations. In general, the magnitude of the order
parameter ∆(t) of the superfluid phase is expected to perform oscillations, which are
called “Higgs mode” with angular frequency 2∆/~, where ∆ is the energy gap in the
fermionic excitation spectrum. Motivated by the experimental setup of the Vale group at
Swinburne University of Technology [254], we include in our analysis: a finite ramp rate
of the magnetic field and a trapping potential. In the absence of the trap, the oscillations
in |∆(t)| damp according to the power law 1/

√
t, as expected from literature. Through a

local density approximation, we average the results for a uniform gas and find extremely
damped oscillations due to dephasing of the local density components each oscillating
with a different frequency.

7.1 Introduction

Below a critical temperature Tc, an attractive interacting two-component Fermi
gas undergoes a second-order phase transition to a superfluid state [59]. The
formation of pairs between particles with opposite spins is accompanied by
the appearance of a non-zero complex quantity ∆ = |∆|eiϕ, called the order
parameter, characterized by an amplitude |∆| and a phase ϕ [28]. During the
transition from normal (|∆| = 0) to superfluid (|∆| 6= 0) phase, the potential
landscape of the free energy F transforms from a parabolic to a Mexican-hat
shape and the minimum of F changes from being located at |∆| = 0 to form-
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ing a ring at finite |∆| in the complex plane. The U(1) symmetry in the nor-
mal phase is spontaneously broken in the superfluid phase when the system
chooses to be in one of the many possible states (with a fixed ϕ). As a conse-
quence, two collective modes arise: the Goldstone mode and the Higgs mode,
representing a variation of the phase and the amplitude of the order parameter,
respectively. The Goldstone mode corresponds to fluctuations around the min-
imum of the potential and has been recently measured in strongly-correlated
atomic Fermi gases [255]. The Higgs mode, instead, alters the amplitude of
the order parameter, which corresponds to radial fluctuations in the Mexican
hat potential, as illustrated in Fig. 7.1(a). The excitation of the Higgs mode
costs finite energy and its stability against decay into lower-lying modes, such
a Goldstone mode, depends on the specific system [256].

Evidence of the Higgs mode has been found in conventional and uncon-
ventional superconductors (c.f. Ref. [257]), quantum ferromagnets [258], su-
perfluid 3He [259], ultracold atoms in a optical lattice near a Mott-insulator
transition [260, 261], spinor Bose gases [262], and supersolids [263]. How-
ever, the behaviour and stability of the Higgs mode for fermionic ultracold
gases along the famous Bardeen–Cooper–Schrieffer (BCS)- Bose-Eistein Con-
densate (BEC) crossover [167] remains still an open experimental pursuit. An
observation of the Higgs mode using strongly-correlated superfluid Fermi gases
has been reported in Ref. [264] and this motivates new theoretical and exper-
imental research [254].
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0.8
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∆
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Figure 7.1: (a) A section of the Mexican-hat free energy F for T < Tc. The Higgs
mode represents a variation of the amplitude of the equilibrium order parameter
∆0, as illustrated by the green arrow. (b) Gap energy for the ground state of a
two-component Fermi gas as a function of the dimensionless parameter 1/(kFa)
(with a < 0). The dash dotted line is the solution in the BCS limit (1/kF |a| � 1)
and the filled region represents the crossover regime (1/kF |a| < 1).

The Higgs mode can be excited by inducing nonequilibrium dynamics using
a quench of the interactions [197,265–267]. In particular, along the BCS-BEC
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crossover different regimes have been theoretically predicted to appear de-
pending on the initial and final value of the s-wave scattering length [197]. For
quenches in the strongly-interacting regime, we expect the amplitude |∆(t)| to
behave according to

|∆(t)| = ∆∞ +A
cos(2∆∞ + φ)√

t
, (7.1)

oscillating with frequency 2∆∞/h around an asymptotic value ∆∞ and decay-
ing as t−1/2. The values A and φ are constants depending on the quench.
If the characteristic timescale of the quench (τin) is much faster than the
Fermi scale (tF ), the value ∆∞ is expected to be less than ∆0f , the equilib-
rium value at the final scattering length [197, 266]. Moreover, the power-law
damping in Eq. (7.1) is due to the vicinity of the energy of the Higgs mode
to the threshold of the pair-breaking continuum 2∆0 [265, 266] and this be-
haviour has been confirmed by numerous theoretical studies along the BCS-
BEC crossover [197,266,268,269].

In this Chapter, we study the response of a strongly-interacting Fermi gas
after a “small” and sudden perturbation of the interaction strength to unitarity,
where small means that the initial equilibrium value ∆0i is very close to ∆0f .
In other words, we start from an equilibrium solution in the crossover regime
(1/kF |a| < 1), corresponding to the light blue region in Fig. 7.1(b), where
the solution does not follow the behaviour in the BCS limit (dashed red line).
This type of quench is interesting experimentally because the frequency of the
amplitude mode can be used to estimate the value of the ∆0 at unitarity [254,
266].

Here, we solve time-dependent Hartree-Fock Bogoliubov (HFB) equations
[127] including only second-order correlations, equivalent to the cumulant
equations of motion truncated at the doublet level, as discussed in Chapter 2.
HFB equations are known to overestimate the value of ∆0 and, consequently,
the number of condensed pairs in the regime of strong interactions [270],
and higher-order correlations can influence the dynamics of the gas. How-
ever, based on our studies of the quenched unitary Bose gas [57], we expect
that these effects might play a role at later time during the nonequilibrium
dynamics. Using this model, we confirm the power-law behaviour of |∆(t)|
[Eq. (7.1)], including also a linear magnetic field ramp modifying the ini-
tial peak of |∆(t)| for slower quenches. In addition, we study the effects of
a cylindrical-symmetric trapping potential using local density approximation
(LDA) and we observe extra damping due to the the averaging on the trapping
frequency.

This Chapter is organized as follows. In Sec 7.2 we discuss the parameters
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used in our numerical simulations. Secs. 7.3 and 7.4 outline the model: the
equations of motion for the uniform system and the local density approxima-
tion for incorporating the effect of the trapping potential. Sec. 7.5 illustrates
our numerical results. We conclude in Sec. 7.6.

7.2 The system under investigation

We consider 6Li atoms in equal mixture of the hyperfine states |f = 1/2, mf =
1/2〉 and |f = 3/2,mf = −3/2〉, with total spin f and its projection on the
magnetic field mf , labelled as |↑〉 and |↓〉. The experimental system we wish
to model has a total number N = N↑ + N↓ = 2 · 3 × 105 and utilizes the
broad Feshbach resonance located at B0 = 690.4 G with experimental width
∆B = −122.3G, background scattering length abg = −1727a0, and resonance
width parameter sres = 29 [71]. The atoms are trapped in a harmonic trap
with cylindrical symmetry: Vho(r) = (m/2)(ω2

rr
2 + ω2

zz
2), with ωr and ωr the

angular trapping frequencies along the radial and axial directions, respectively.
We consider the experimental values ωr/(2π) = 22 Hz and ωz/(2π) = 328 Hz
with trapping frequency ratio ωz/ωr ∼ 14.9. Finally, we study the interaction
quenches starting from Bi = 695G and Bi = 700G (with a < 0) to Bf = B0 =
690.4G (resonance) performed using linear ramp of the magnetic field, such
that B(t) = Bi + (dB/dt)t with ramp rate R = |dB/dt|.

7.3 Equations of motion

We describe first the uniform two-component Fermi gas using the standard
single-channel Hamiltonian [20,62]

Ĥ =
∑

kσ

tkâ
†
kσâkσ + g

∑

k,k′,q

â†k+q,↑â
†
−k,↓â−k′,↓âk′+q,↑, (7.2)

where tk = ~2k2/(2m) is the kinetic energy and the the fermions interact
through a contact pairwise interaction V (r) = gδ(r), where r = |r1 − r2| is
the relative distance between two fermions, and σ =↑, ↓. In order to avoid
divergences a momentum cut-off Λ is introduced in the integration and the
interaction strength is 1/g = m/(4π~2a)−

∫ Λ
0 d3k/(2π)31/(2tk) or equivalently

g = Γ(4π~2a)/mwith Γ = (1−2Λa/π)−1 [62]. We mimic the quench dynamics
by rapidly changing the magnetic field, as discussed in Sec. 7.2. The magnetic
field dependence is hidden in the interaction strength gi → gf , where gi =
g(ai) and gf = g(af) the interaction strengths evaluated at the initial and final
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scattering lengths and a(B) = abg(1 − ∆B/(B − B0)) [71], as discussed in
Chapter 2.

The second order correlations in the gas are represented by the single-
component momentum distribution nk and the pair correlation distribution
κk, defined as

nk =
1

2

∑

σ

〈â†kσâkσ〉 , (7.3)

κk = 〈â−k↓âk↑〉 = −〈âk↑â−k↓〉 , (7.4)

corresponding to the doublet cumulants, as discussed in Chapter 2. The to-
tal number is given by n =

∑
σk nk = 2

∑
k nk, and κk and nk are con-

strained by the condition |κk|2 = nk(1 − nk)1. The dynamical evolution of
these quantities is given by the solution of Heisenberg equations of motion
i~ṅk = 1/2

∑
σ 〈[â

†
kσâkσ, Ĥ]〉 and i~κ̇k = 〈[â−k↓âk↑, Ĥ]〉

i~ṅk = ∆κ∗k − κk∆∗, (7.5)

i~κ̇k = 2Ukκk + (1− 2nk)∆, (7.6)

where Uk = tk + gn/2 is the mean field energy and ∆ = g
∑

q κq for contact
interactions [271].

The quench dynamics can be also studied using time-dependent Bogoliubov
de Gennes equations [266]

i~
∂

∂t

(
uk(t)
vk(t)

)
=

(
tk + gn/2 ∆

∆∗ −tk − gn/2

)(
uk(t)
vk(t)

)
, (7.7)

with the normalization condition |uk(t)|2 + |vk(t)|2 = 1. These equations are
equivalent to the Eqs. (7.5) and (7.6) using the relations

κk(t) = uk(t)v∗k(t) and nk(t) = |vk(t)|2. (7.8)

Notice that the relation |κk|2 = nk(1− nk) is equivalent to the relation |uk|2 +
|vk|2 = 1. Finally, we fix the initial conditions using the equilibrium solutions
of Eqs. (7.7) and (7.8) at the initial ai:

nk(t = 0) = |vk(0)|2 =
1

2

(
1− ξ0

k

E0
k

)
, (7.9)

κk(t = 0) = uk(0)v∗k(0) = − ∆0

2E0
k

, (7.10)

where ξ0
k = tk − µ0 + gin/2 and E0

k =
√

(ξ0
k)2 + ∆2

0 and (µ0,∆0) are the
equilibrium solutions for the chemical potential and the gap energy at ai.

1Notice that κ∗k = −〈â†−k↓â
†
k↑〉 and the relation between κk and nk is also valid dynamically.
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7.4 Local density approximation

The presence of the trapping potential makes the density profile n(r) inhomo-
geneous. For a non-interacting system of fermions the normalization condition
for the number of particles N =

∫
d3rn(r) becomes

N = 2

∫
d3rd3k

(2π)3
f(r,k) = 2

∫
d3rd3k

(2π)3

1

exp[β(tk − µho + Vho(r))] + 1
, (7.11)

where f(r,k) is a Fermi-Dirac distribution at fixed β = 1/kBT and µho the
equilibrium chemical potential of the trapped system. A trapped system can be
described as a collection of independent homogeneous systems characterized
by a local chemical potential µ(r) = µho−Vho(r) according to the local density
approximation (LDA) [62]. This approximation can be applied to large sys-
tems where the density profile does not change much (∇n(r) ≈ 0), and this is
usually expected to be valid for (non) interacting Fermi gases because of quan-
tum pressure due to Pauli principle [62]. Notice that the homogeneous case
can be then retrieved by setting Vho(r) = 0 in Eq. (7.11) and the integration in
r gives a volume factor.

In the zero temperature limit (β →∞), n(r) becomes

n(r) =

(
2m

~2

)3/2 (µho − Vho(r))3/2

3π2
, (7.12)

where the integration in d3k of Eq. (7.11) is straightforward, because the Fermi
Dirac reduces to a step function at T = 0 (as discussed in Chapter 2). For a
non-interacting system, µho in Eq. (7.12) can be replaced by the Fermi energy
for the trapped system µho = Eho

F = (3N)1/3~ω̄, where ω̄ = (ω2
rωz)

1/3 is the
geometrical average of the three trapping frequencies2. The density profile for
a non-interacting Fermi system confined with a harmonic potential Vho(r, z)
can be written as the Thomas-Fermi distribution

n(0)(r, z) =
8N

π2R2
rRz

[
1−

(
r

Rr

)2

−
(
z

Rz

)2
]3/2

, (7.13)

where Ri =
√

2EhoF /(mω
2
i ) = aho(24N)1/6ω̄/ωi are the Thomas Fermi radii,

aho =
√

~/(mω̄) = (24N)1/6/khoF is the oscillator length, and kho
F =

√
2mEho

F /~

2The Fermi energy Eho
F can be found by solving the equation n = 2

∫
dεD(ε)f(ε) in the limit

T → 0, where ε is the kinetic energy, f(ε) = 1/(exp(β(ε − µ) + 1)) is the Fermi Dirac and
D(ε) ≈ ε2/2(~ω̄)3 is the density of states for a confined system [270].
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is the trapped Fermi momentum. Eho
F coincides with the Fermi energy at the

center of the trap EF (0, 0) for the non interacting case. Now the normalization
condition becomes

1 =
1

N

∫
d3rn(0)(r, z)

=
8

π2R2
rRz

2π

∫ Rr

0
drr

∫

|z|<Rz
√

1− r2

R2
r

dz

[
1−

(
r

Rr

)2

−
(
z

Rz

)2
]3/2

.
(7.14)

The interactions can however change the shape and size of the density pro-
file of Eq. (7.13). The dimensionless parameter 1/(kF (r)a) describing the in-
teractions acquires a spatial dependence, and consequently the local chemical
potential is a function of 1/(kF (r)a): µ(r)/EF (r) = F ((kF (r)a)−1). The local
density approximation can be implemented in the same spirit as the Thomas
Fermi method using Bogoliubov de Gennes equations [175, 190, 272]. The
chemical potential µ is replaced by µ(r) = µ − Vho(r) and consequently also
the density n(r) and the order parameter ∆(r) acquires a spatial dependence
on r

n(r) =
∑

k

(
1− k2 − µ(r)√

(k2 − µ(r))2 + ∆(r)2

)
, (7.15)

− 1

8πkho
F a

=
∑

k

(
1

2
√

(k2 − µ(r))2 + ∆(r)2
− 1

k2

)
, (7.16)

such that the number equation is satisfied using

N = 2π

∫ rc

0
drr

∫ zc

−zc
dz n(r, z), (7.17)

where rc and zc are the radii of the cloud in radial and axial direction. Both
radii depends on kho

F a and rc ≤ R(0)
r and zc ≤ R(0)

z . Eqs. (7.15) and (7.16) are
written in units of kho

F and can be solved at fixed values of kho
F a. The numerical

procedure consists of the following steps: (i) we fix a value for the parameter
µ, (ii) we calculate µ(r) = µ − Vho(r), (iii) we calculate ∆(r) and n(r) using
the corresponding µ(r), (iv) we adjust µ iteratively until Eq. (7.17) is satisfied.
In Fig. 7.2 we show the radial and axial double-integrated density profiles,
n(1)(r) = 2π

∫
dzn(r, z) and n(1)(z) = 2π

∫
drrn(r, z), respectively, for different

interaction parameters. Comparing the Thomas-Fermi profile (black line) with
the interacting cases (coloured lines), we see how the presence of the interac-
tions makes the density profile shrink in both directions, as expected [272].
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Moreover, the two cases with 1/(kho
F ai) = −0.28 (Bi = 700G) and −0.14

(Bi = 695G) do not differ significantly with the unitary case (1/(kho
F ai) = 0),

and this is due to the fact that the values of ai considered are already in the
strongly-interacting regime. Here, to calculate the interaction parameters, we
have used the central density of the trapped system n(0, 0) ≈ 7.4 × 1017 cm−3

(see Sec. 7.2).

Figure 7.2: Double-integrated density profiles: radial n(1)(r) = 2π
∫
dzn(r, z)

and axial n(1)(z) = 2π
∫
drrn(r, z) in units of Thomas-Fermi radii R(0)

r/z =

aho(24N)1/6ω̄/ωr/z in the Thomas-Fermi (TF) limit (black line), at unitarity (red
line), at 1/(kho

F ai) = −0.14 and B = 695 G (light blue line) , and 1/(kho
F ai) =

−0.28 and B = 700 G (green line).

For the rest of the analysis, we fix the density profile using the value of
1/(kho

F ai), assuming that the timescale related to the density is much slower
than the timescale of the quench. Once the density profile is fixed, we can
calculate the average of any arbitrary observable inside the trap. Therefore,
the amplitude of the order parameter |∆(t)| in LDA approximation is given by

〈|∆(t)|〉
Eho

F

=
1

N

∫
d3r n(r)

∆
(
n1/3(r)a, t

)

Eho
F

=
2π

N

∫
dr dz r n(r, z)

∆
(
n1/3(r, z)a, t

)

EF(r, z)

EF(r, z)

Eho
F

,

(7.18)

where ∆(n1/3(r, z)a, t) is the local order parameter solution of the homoge-
neous system with local density n(r, z) and scattering length a.
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7.5 Results

Fig. 7.3(a) shows the dynamics of the order parameter |∆(t)| in a homoge-
neous gas after a linear ramp from Bi = 695G to B0 using the ramp rate
R = 200G/ms. The dynamics is obtained by numerically solving Eqs. (7.5)
and (7.6), as discussed in Sec. 7.3. The data (black line) have been fitted with
Eq. (7.1) (dashed red line) and we find the angular frequency c ≈ 2∆∞/~ and
the asymptotic value ∆∞ < ∆0f , as expected. In particular, ∆∞ ≈ 0.997∆0f

and ∆0f = 0.686EF at unitarity, and the frequency of the oscillation is ν =
c/2π ≈ 0.218/tF. For t < tF, as indicated by the vertical gray line, the fit
deviates from the data, and this is due to the presence of a linear ramp rate,
not included in the fitting function. We analyse more closely this dependence
in Fig. 7.3(b), where we compare cases with different R for times t < 7tF.
Decreasing the value of R (slower quench) leads to a flattening of the ampli-
tude of the oscillation and the first peak of the oscillation is shifted towards a
lower value, as shown in the inset of Fig. 7.3(b). Instead, if R is larger (faster
quench), the curves converge to a universal behaviour. This allows us to use
directly the fitting function at shorter times, t < tF, instead of the numerical
data.

The presence of a linear ramp introduces the timescale τin = |Bf − Bi|/R
in the problem, whose value has to be compared with the timescale related to
the oscillations τ∆ = ~/∆0 [266, 273]. Using ∆0f and the Fermi time for the
trapped system, tho

F = ~/Eho
F , we have τ∆ ∼ 1.5tho

F ≈ 36µs. Only the cases
with R ≥ 200G/ms (τin ≤ 23µs) satisfies the condition τin < t∆, meaning
that Eq. (7.1) is satisfied at sufficiently early times and the quench is sudden
with respect to the timescale of the oscillations. However, we do not include in
our studies the cases with R ≥ 500G/ms, because they are expected to be less
experimental feasible [254].

What happens to the amplitude of the order parameter if we consider a
trapping potential? In Fig. 7.4(a) we show time-dependent homogeneous so-
lutions for the amplitude of the order parameter, ∆(n(r, z), t) = ∆∞+b cos(ct+
d)/
√
t, where ∆∞, b, c, d depend on ∆0i and ∆0f and therefore on ni ≡ n(r, z).

The time t is rescaled by tho
F for all the cases and, therefore, we see different

oscillation frequencies, because tF [n(r, z)] changes for the different ni. We
then use these time-dependent solutions to perform a trap average according
to Eq. (7.18). To have good statistics, we first solve the quench dynamics in
a uniform system with certain n(r, z), and then we infer the results at other
densities by interpolation of the parameters ∆∞, b, c, d, assuming that all the
homogeneous solutions follow Eq. (7.1). Moreover, we speed up the calcula-
tion of the integral in Eq. (7.18) using a sampling of the distribution n(r), as
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(a)

(b)

Figure 7.3: Dynamical evolution of |∆(t)| after a quench from Bi = 695G to
B0 = 690.4G. (a) Dashed red line corresponds to the fit with the function ∆∞ +
b cos(ct+d)/

√
t with ∆∞ (green dash dotted line) less than ∆0f (blue dash dotted

line). This case has R = 200G/ms. (b) Early time dynamics using different ramp
rates R. Inset: the position of the first peak of the oscillation as a function of 1/R.

illustrated in App. 7.A.

Finally, Fig. 7.4(b) shows the average of |∆(t)| with R = 200G/ms and
1/(kho

F ai) = −0.14 (top) and 1/(kho
F ai) = −0.28 (bottom). The two results

have been offset by 0.2 and rescaled by their asymptotic value in order to com-
pare directly with the results of the homogeneous cases at the central density
value n(0, 0) (dashed dot lines). Notice that the asymptotic value for the av-
eraged results correspond also to an average and, therefore, differ from the
homogeneous results (∆∞ = 0.523Eho

F and 0.489Eho
F , respectively). The av-

eraged result oscillates initially with a frequency approximately equal to the
homogeneous one for the central density and appears extremely damped at
later times. We argue that this damping is dominated by a dephasing of the lo-
cal density components each oscillating with different frequencies as shown in
Fig. 7.4(a). These results suggest that the presence of the trap can complicate
the observation of the Higgs mode and they can be useful to directly compare
with experimental results in a trapped system.
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(a)

(b)

Figure 7.4: (a) The evolution of |∆(t)| as a function of time rescaled by the
trapped Fermi scale tho

F for homogeneous solutions at different ni ≡ n(r, z), la-
belled with the ratio ni/n(0, 0) with n(0, 0) the central density for our trapped
system. (b) Solid lines: LDA-averaged amplitude |∆(t)| as a function of t/tho

F and
rescaled with the asymptotic value ∆∞ for 1/(kho

F ai) = −0.14 (black line) and
1/(kho

F ai) = −0.28 (red line). The two results are offset by a factor 0.2. Dashed-
dot lines: the corresponding homogeneous results at n(0, 0).

7.6 Conclusions

In this Chapter, we have studied the evolution of the amplitude of the or-
der parameter (Higgs mode) after a rapid ramp from the strongly-interacting
regime to unitarity in a trapped superfluid Fermi gas. Using a doublet model for
the homogeneous gas, we have reproduced literature results [197] and shown
that |∆(t)| performs oscillations with frequency 2∆∞/h and with a power-law
damping t−1/2. We have analysed the dependence on the ramp-rate of the
magnetic field and shown the flattening of the amplitude of |∆(t)| in the case
when the timescale of the ramp τin is slower than the timescale of the oscilla-
tions t∆. Moreover, we have calculated the density profile of a two-component
Fermi gas in a harmonic trap with experimental parameters at the correct value
of the initial scattering length and we have used it to perform the local density
average of the |∆(t)| on the trap. After averaging, the profile of |∆(t)| appears
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with a first peak and oscillation similar to the homogeneous profile at the value
of the central density and later becomes extremely damped due to dephasing
effects. Our results show how the trapping potential can complicate the detec-
tion of the Higgs mode in the experimental setup of the Vale group [254]. A
subject of ongoing research is the study of the dynamics of the pair condensate
fraction, given by the macroscopic eigenvalue of the two-body density matrix,
N0 =

∑
k |κk|2. The dynamics of N0 for quenched superfluid Fermi gases have

been studied in different regimes [271,274] and found to oscillate at the same
frequency of |∆(t)|. Moreover, it is particularly interesting, because it can be
measured experimentally after a fast-sweep projection away from the unitary
regime [275]. In the strongly-interacting regime, N0 has a potentially com-
plicated dependence on ∆ [175], and therefore we expect perhaps a more
complex power-law damping for the non-equilibrium evolution of the uniform
gas. Further developments of our model are the inclusion of high-order cor-
relations, which remains a subject of future research. This model could also
be used to study different quenches, for example, from very weak to strong
interactions, where a regime of persistent oscillations has been predicted by
some theoretical models [197,276].

Appendix 7.A Sampling of the density distribution

In this Appendix, we discuss how to sample a 3D probability density function
(pdf) using cylindrical coordinates (r, z, φ). This corresponds to the case of our
n(r) = n(r, z, φ). We first start with Cartesian coordinates (x, y, z), for which
the pdf is normalized according to

1

N

∫
dx

∫
dy

∫
dz n(x, y, z) = 1, (7.19)

and the sampling volume is dxdydz. To perform the sampling, we can use
a standard numerical method, called “accept-reject method” [277]. First, we
generate a series of 4 random numbers x̄i ∈ [0, xmax], ȳi ∈ [0, ymax], and z̄i ∈
[0, zmax] and n̄i ∈ [0, nmax], where nmax is the maximum value of the pdf. Then,
we accept (x̄i, ȳi, z̄i) only if the forth number n̄i < n(x̄i, ȳi, z̄i), that means that
it lies below the pdf. Otherwise, we reject the values (x̄i, ȳi, z̄i). This procedure
is repeated until we have enough points, such that we have good statistics. The
method will generate points distributed according to the initial pdf.

In non-Cartesian coordinates, the procedure is the same, but one needs to
take into account the change of coordinates (the sampling volume is different).
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The normalization of the pdf reads as

1 =
1

N

∫
drr

∫
dz

∫
dφn(r, z, φ) =

1

N
2π

∫
drr

∫
dz n(r, z)

=
1

N

∫
dξdz n(r, z),

(7.20)

where in the last step we have introduced coordinates ξ ≡ πr2 e z ≡ z, mak-
ing the normalization a simple 2D integral in Cartesian coordinates. There-
fore, we can use again accept-reject method, choosing randomly numbers
ξ̄i ∈ [0, πr2

max], z̄i ∈ [−zmax, zmax], and n̄i ∈ [0, nmax]. For our case, we set
rmax = R

(0)
r and zmax = R

(0)
z (the Thomas-Fermi radii), and nmax = n(0, 0)

(the central density). We accept (
√
ξ̄i/π, z̄i), only if n̄i < n(

√
ξ̄i/π, z̄i). The

numbers generated are then distributed according to r n(r, z), as shown in
Fig. 7.5(a)-(b).

r/aho
z/aho

Nocc

(a) (b)

Figure 7.5: (a) Density distribution rn(r, z) in units of the oscillator length aho.
(b) Histogram for the sampling of the distribution in (a), where Nocc is the num-
ber of occurrence in a certain bin.

Finally, we calculate the mean value of |∆(t)| using

〈|∆(t)|〉 =
1

Np

Np∑

i=1

∆(ni, t), (7.21)

where Np is the number of density values ni corresponding to the points
(
√
ξ̄i/π, z̄i). Moreover, we calculate the standard deviation σ as

σ =

√∑

i

(∆i − 〈∆〉)2

Np − 1
, (7.22)

indicating the width of the distribution. From Eq. (7.22), we extract the stan-
dard deviation of the mean, that is σm = σ/

√
Np, corresponding to the error
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we do in the estimation of the mean value. For obtaining the results presented
in Fig. 7.4, we have generated Np around 7 × 104 values, providing a 0.03%
uncertainty included in the plot but less than the line width.



Chapter 8

Conclusions and outlook

This thesis studied ultracold atomic gases in the regime of strong interac-
tions and undergoing far-from-equilibrium dynamics. The leitmotiv of this
research was the dynamical interplay between few and many-body physics.
The high controllability of ultracold atomic systems achieved in laboratories
not only allows this community to unravel the physics of systems already ex-
isting elsewhere in nature but also to design systems suitable for future tech-
nologies, making this field very intriguing to physicists from all fields of re-
search. The fast advance in experimental techniques has led to the observation
of many different and complex regimes, often not fully understood and not
supported by an existing theoretical framework, like the one of strongly cor-
related gases [228]. Nowadays, the combination of strong interactions and
non-equilibrium dynamics represents a hot topic, in which correlations be-
tween particles, varying in space and in time, are strongly connected to each
other [91,93,94,264,278–281].

To induce non-equilibrium dynamics, this thesis focused on interaction
quenches and studied the time evolution following a sudden change of the
coupling constant of the many-body Hamiltonian for 3D degenerate quantum
gases. In Bose gases, a quench to the strongly-interacting regime is accompa-
nied by rapid inelastic losses via three-body collisions; for that reason, in Chap-
ters 3-6, the analysis was limited to Fermi timescales. On the other hand, in
Fermi gases, three-body recombination is negligible, and hence one can study
longer timescales in Chapter 7. The many-body formalism used in this the-
sis was based on the method of the cumulants, tracking systematically the
dynamics of few-body correlations. This bottom-up approach made a direct
connection between few and many-body physics and showed how few-body
Schrödinger equations appear in the many-body problem in the limit of zero
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density.
I will now summarize the key findings of this thesis and provide an ad-

ditional outlook based on the conclusion of each chapter. Initially, Chapter 3
discussed the spectrum of bound two- and three-body clusters evolving in the
many-body environment. Chapter 4 investigated the pairing mechanism at
unitarity and after a projection onto a weakly-interacting regime, drawing a
comparison with the Cooper pairing mechanism in Fermi gases. Importantly, a
direct comparison with experimental results was possible through the analysis
of the fast-sweep projection technique and the inclusion of phenomenological
three-body recombination terms in the dynamical equations. An interesting
future study can be, therefore, the inclusion of a more realistic momentum-
dependent three-body recombination term directly in the Hamiltonian using,
for example, an effective three-body interaction [78]. Chapter 5 deeply anal-
ysed the structure of the cumulant theory in the context of strongly correlated
Bose gases, including three-body correlations in the dynamics of the quenched
gas. Remarkably, this model described the departure from a prethermal state
due to the inclusion of higher-order correlations that modify the behaviour of
the large momentum occupation number. Moreover, signatures of the Efimov
effect have been identified in the oscillations of the two- and three-body con-
tact parameters with frequency precisely matching the vacuum Efimov binding
energy. Chapter 6 discussed the macroscopic population of an Efimovian-type
condensate, made by three identical bosons, coexisting with atomic and pair
condensates in the unitary gas. Different regimes for this type of condensa-
tion have been identified according to the ratio between Fermi and Efimovian
scales. This model can be applied also to a regime where both vacuum dimer
and trimer are still bound, as studied in [129,152], in order to study coherence
effects due to the presence of the three condensates.

Chapter 7 focused on the dynamical response of a strongly-interacting Fermi
gas trapped in a harmonic potential and this research was motivated by the
experimental setup of the Vale group at Swinburne University of Technology.
This study included second-order correlations and a trapping potential treated
in local density approximation and showed that the evolution of the ampli-
tude of the order parameter (Higgs mode) is characterized by heavily damped
oscillations due to the dephasing of the local density components of the gas,
suggesting that the presence of a trap can complicate the detection of the Higgs
mode. A future prospect can be the inclusion of finite temperature effects to
study the dynamics of the order parameter crossing the normal to superfluid
phase transition, as recently studied in the experiment in Ref. [275].

The triplet model, developed in this thesis using a single-channel Hamil-
tonian with a separable potential, can be extended to different Hamiltonians
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with different form factors with a functional form that better reproduces the
coupled-channel two-body wave function, but also to other kinds of Hamilto-
nians, like the two-channel Hamiltonian of the resonance superfluidity model
[170] including explicitly the Feshbach molecule in the problem [282]. In par-
ticular, in the absence of background interactions, the resonance superfluidity
model has a cubic interaction, which presents a simpler hierarchy than the
usual quartic interaction.

Moreover, the triplet model used in the context of the single-component
unitary Bose gas can be generalized to study other many-body systems where
three-body correlations are important. Here are some examples: (i) three-
component Fermi gases, analogous to matters of quarks with three colors [193,
194]; (ii) bosons mixtures with unequal masses (BBX) and p-wave interac-
tions [283]; (iii) impurity particles interacting with a Bose-Einstein condensate
(Bose polarons) [284]; (iv) Fermi-Fermi mixtures with unequal masses [285];
(iv) low-dimensional systems, like optical cavities with dissipation [286].
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Summary

Ultracold alkali atoms provide a favourable experimental and theoretical plat-
form for the investigation of quantum many-body systems. When dilute atomic
clouds are cooled to the sub-µK temperature regime, the thermal de Broglie
wavelength becomes comparable to the interparticle distance and the system
can no longer be described in terms of individual atoms. This leads to the
formation of Bose-Einstein condensates, which are macroscopically occupied
quantum states, that arises famously in bosonic and two-component fermionic
gases. Unlike solid-state systems, interparticle interactions in ultracold systems
can be precisely controlled using external magnetic fields to tune from weak
to arbitrary strong near a Feshbach resonance. It is possible even to reach
the unitary limit, where the interactions are as strong as allowed by quan-
tum mechanics. Whereas, for fermions, the thermodynamic properties of the
unitary gas appear insensitive to microscopic physics and determined by the
sole available length scale, the interparticle distance, the unitary Bose gas re-
quires a more complex description. Three bosons at unitarity may form an
infinite series of bound Efimov trimers, with characteristic finite size set by the
three-body parameter. However, this introduces also catastrophic three-body
losses and inherent instability. The recent experimental observation by Klauss
et al. [Phys. Rev. Lett. 119, 143401 (2017)] found a macroscopic number
of trimers in this quasi-equilibrium many-body state. This observation moti-
vates the development of new methodologies, able to understand the interplay
between the Efimov effect and many-body physics.

This doctoral thesis is concerned with theoretical studies of strongly-inter-
acting ultracold systems with time-dependent interactions tuned to the unitary
limit. By rapidly quenching the interactions, these systems are driven out of
equilibrium, where atomic correlations change dynamically. Our theoretical
framework consists in separating clusters of correlated particles within an in-
teracting many-body system using the method of cumulants. In this way, we
highlight the role of the underlying few-body physics in the many-body system.

The first part of the thesis focuses on quenched unitary degenerate Bose

https://journals.aps.org/prl/abstract/10.1103/PhysRevLett.119.143401
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gases. First, we consider the cumulant theory at the doublet level, only track-
ing the dynamics of first and second-order clusters. The doublet theory is
integrable and unable to capture relaxation dynamics, which must occur in
the far-from-equilibrium system. However, this theory still provides concep-
tual and quantitative understanding of experimental observations. Through a
fast sweep away from unitarity and by including phenomenological three-body
losses, we detail how the correlation growth and formation of bound pairs
emerge in the fraction of unbound atoms remaining after the sweep, finding
quantitative agreement with experiment at early times and for faster sweep
rates. Moreover, the doublet dynamics shows a universal prethermal steady
state, conceptually and quantitatively agreeing with the universal Bogoliubov
dispersion law observed experimentally [Nature 556 221 (2018)]. Second, in
order to incorporate the Efimov effect in a theoretical description of this sys-
tem, we include also three-body correlations in the triplet cumulant model of
this system. Within this model, clusters of two and three particles satisfy em-
bedded two- and three-body Schrödinger equations, revealing the emergence
of two-body clusters bound purely by many-body effects and the presence of
Efimov physics in the many-body theory. Remarkably, the large momentum oc-
cupation number dynamics transitions from a power law towards a decaying
exponential behaviour, causing a departure from the prethermal state. We find
nonuniversal signatures of the Efimov effect in the many-body observables,
which show oscillatory dependence on the binding energy of the trimer. We
finally study the condensation of Efimovian triples, coexisting with the atomic
and pair condensates and develop an entirely new theory to conceptualize their
condensate fractions. Our theory reveals how the triple condensate fraction be-
comes a substantial contribution of the total condensate fraction, and this not
only sheds light on the recent experimental observation by Klauss et al. [Phys.
Rev. Lett. 119, 143401 (2017)], but also motivates further experimental in-
vestigations into long-range ordering and condensation in this regime.

The second part of the thesis focuses on the dynamical response of strongly-
interacting two-component Fermi gases by a rapid variation of the scattering
length in the vicinity of the unitary regime. This study is motivated by a col-
laboration with the Vale group at Swinburne University of Technology. This
out-of-equilibrium system is expected to produce collective oscillations of the
amplitude of the order parameter for pair condensation, called “Higgs” mode.
The observation of the Higgs mode in strongly-interacting ultracold atoms is
complicated by the presence of the trapping potential. We study this inhomo-
geneous system using a local density approximation while tracking two-body
correlations in the doublet cumulant model, and we observe extremely damped
oscillations due to dephasing of the local density components.

https://doi.org/10.1038/s41586-018-0674-1
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