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Structure and dynamics of active rod mixtures

Abstract

Rod-like active Brownian particles are known to show signs of self-organizing behavior such as flocking
and clustering. By performing Brownian Dynamics simulations, we investigate the behavior of a model
system of Brownian self-propelled particles that interact via a Yukawa interaction potential. Systems
with passive and active rods are compared and we find that the presence of activity leads to self-organized
behavior such as swarming, clustering and streams of nematically aligned active particles (‘laning’). The
influence of the particle length-to-width ratio (i.e. aspect ratio) on the formation of lanes is investigated
for systems with a high particle density. We find that a laning state in such systems forms if the active
particles have an aspect ratio of 10. At lower densities, a stable flocking regime is found for particle aspect
ratio 15. The average number of clusters and the average cluster size are studied with a ‘density-based
spatial clustering of applications with noise’ algorithm (DBSCAN) that is extended with an alignment
requirement. The effect of active spheres on the nematic order and the cluster formation of a system
of 100 elongated active rods in the laning and in the flocking phase is investigated. We find that such
spheres actively destabilize flocks and lanes, leading to less global nematic ordering and more but smaller
clusters of aligned rods. These results could be relevant to probe the stability of an active self-ordered
flow and to gain insight into what impurity threshold separates the active self-ordered from the disordered
flow regime.
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Structure and dynamics of active rod mixtures introduction

1 Introduction

On the molecular level, all particles are subject to thermal noise that has a Brownian character. A col-
lection of such passive particles often do not show large scale dynamic behavior, but still their statistics
are well understood and studied in many undergraduate textbooks on statistical physics[1]. What is
not yet clearly understood is the behavior of ‘active’ particles, that is, particles that extract chemical
energy from their surroundings (usually a viscous fluid) and convert it into mechanical work[2]. The
study of such self-propelled particles is a research topic which has recently (1990’s) entered the field of
soft matter physics through the seminal work of Vicsek et al.[3]. The central rule in the Vicsek model
is that self-propelled particles favor to be aligned with their near neighbors. The trajectories of these
particles show all signs of collective behavior such as swarming, flocking and clustering. Examples of such
behavior found in nature range from microscopically sized organisms such as bacteria to macroscopic
animals such as birds, fish and flies[4]. Later, other groups improved the Vicsek model and included the
physical source of the aligning interactions, for instance by imposing that elongated particles are penal-
ized for overlapping with each other (after the ‘excluded volume’ argument of Lars Onsager[5]), thereby
giving rise to torques that align the overlapping particles. Other examples of interaction mechanisms
include interaction potentials, which many works (including ours) use to realize alignment of particles.
When certain key parameters such as the particle length, the particle density and the ratio of the active
force to the amount of Brownian noise are varied, different system states are found. For instance, very
short particles such as spheres have no alignment interactions and thus perform solely active Brownian
walks. In dilute configurations, this leads to the formation of a disorganized active fluid, while at higher
densities it gives rise to clustering behavior and at even higher densities a glassy state is found. Lengthier
particles have strong alignment interactions and can form large flocks in the low density regime[3], where
the movement of particles is uni-directional and the particle velocities have long-range order[6]. Laning
behavior (i.e. lanes of nematically arranged particles streaming past each other in opposite directions)
is found at higher densities[7].

Recently, the characteristic behavior of active matter has been reproduced in experimental research
in the laboratory, leading to new opportunities for material scientists and engineers[2]. These experi-
ments namely allow for a better fundamental understanding of the collective dynamics of active matter
in biological systems, but they also serve as a basis for technological applications. For instance, when
active fluids are confined in square channels, it is found that these fluids create a directed flow[8], which
has applications in targeted drug delivery[9] and lab-on-a-chip devices[10]. However, there are signs that
such ordered flows can only exists if the active fluid purely contains active agents that all experience
alignment interactions. In a computational study on active Brownian particles, a small number of parti-
cles that cannot experience alignment interactions (‘dissenters’) were added to a system in the flocking
state[6]. It was found that these self-propelled dissenters could completely break up the flocks, while
static objects could only disrupt the flocking behavior locally. There is thus a competition between order
and disorder, or aligning and non-aligning behavior. As active fluids containing solely aligning parti-
cles are not always realistically achievable in non-laboratory situations, it would be useful to gain more
insight into what threshold separates the ordered from the disordered flow regime, such that engineers
know within what boundaries of mixture purity directed flows can exists. For that purpose, the behavior
of a mixture of an ordered state of active elongated rods and a disordered active fluid containing non-
aligning spheres could be explored. In this report, a Brownian Dynamics simulation of exactly such a
binary mixture, namely a mixture of self-propelled rods and spheres, is presented, analyzed and discussed.

This report will first focus on discerning the different phases a system of active rods of the same
length can be in. This is done by varying parameter values of the packing fraction and the rod aspect
ratio, among others. After that, the system is made binary by adding the second type of self-propelled
particles: active spheres. The effect of these spheres on the phase behavior of a system of active rods is
the subject of the latter part of this report.

In section 2, the theoretical building blocks of the simulation model are explained. Section 3, presents
the model under study, the most important steps taken in the implementation of the model into a
computer simulation and, lastly, the method for analyzing the resulting data. Section 4 first presents
an overview of the different states found in the different simulation regimes. Then, the results of adding
active spheres to ordered states of active elongated rods are presented and discussed. In section section 5,
a conclusion of the most important results and an outlook for further research is given.
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2 Theory

2.1 Brownian motion, particle interactions and active force

Brownian motion is the random movement of particles suspended in a fluid. The molecules in the fluid
are small compared to the particles[11]. When a particle is dragged through the fluid, it dissipates
(kinetic) energy, which thermally excites the smaller molecules. In turn, the thermal motion of the
molecules leads to fluctuations in the particle’s velocity, which characterizes Brownian motion. This is
one example of the fluctuation-dissipation theorem, which states that every energy dissipating process
has a reverse process that involves thermal fluctuations[12]. To describe the motion of Brownian particles
through a fluid (e.g. a frictional solvent), one thus always needs a frictional force and an accompanying
stochastic force.

When particles are put close together, they will sterically repel each other. Such repulsion can be
modelled with an interaction potential. If this potential works on an off-center piece of a particle, the
particle experiences a torque, causing it to rotate. It is found that neighboring particles exert such
torques on each other until they are fully aligned. Therefore, steric repulsions are the physical origin of
aligning interactions.

In the field of active matter, particles have a constant force that propels them in the direction they
are oriented at. Such a force is called an active force. The source of energy for this self-propelling force
can come from within (e.g. an internal chemical source) or the energy can come from outside the particle
(e.g. extracted from the medium), but in our project the exact source of energy is undefined and we
treat the particles’ ability to be active as a given. This implies that the fluctuation-dissipation theorem
no longer holds for active Brownian particles[13].

2.2 Active Brownian motion of interacting two-dimensional rods

To model the behavior of two-dimensional interacting active rods, we assume that all rods undergo
Brownian dynamics. The position of the center-of-mass of the rod is given by ri ≡ (xi, yi), where xi
and yi are the Cartesian components of rod i. Each rod has a constant self-propulsion force F [N] that
is directed along its orientational axis ûi ≡ (cos θ, sin θ), where i is the index of the rod and θ is the
angle between the orientational axis and the x-axis. The active Brownian motion of two-dimensional
rods is therefore best described in a body-fixed frame, that is, a frame that moves along with the rod
and rotates along with the main axis of the rod. The time derivative of the position ri(t) of each rod i
is given by ṙi(t) [m/s] and can be decomposed into a parallel and perpendicular component relative to
the main axis of the rod[4][14]:

ṙi(t) = ṙ‖,i(t) + ṙ⊥,i(t), (2.1)

where ṙ‖,i(t) is the velocity component parallel and ṙ⊥,i(t) is the velocity perpendicular to the main axis
of the rod. Furthermore:

ṙ‖,i(t) = cos θi(t)ṙx,i(t) + sin θi(t)ṙy,i(t), (2.2)

ṙ⊥,i(t) = sin θi(t)ṙx,i(t)− cos θi(t)ṙy,i(t), (2.3)

where ṙx,i(t) and ṙy,i(t) are the Cartesian x- and y-components of ṙi(t) respectively[13]. Whenever the
rods have a finite velocity, they experience a frictional force and stochastic force as described in subsec-
tion 2.1. We furthermore assume that the rods also have steric interactions, represented by an interaction
potential U [J]. Following the models of Janssen et al. [15] and Wensink et al. [7], the equations of mo-
tion are then given by the following two-dimensional overdamped Langevin (i.e. Brownian) equations of
motion:

ṙi(t) = µT
(
−∇ri(t)U + F ûi(t) + Frand,T,i(t)

)
, (2.4)

˙̂ui(t) = µR
(
−∇ûi(t)U + Frand,R,i(t)

)
, (2.5)
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where µT is the inverse translational friction tensor (defined in Equation 2.6), Frand,T,i(t) is a ran-
domly fluctuating translational force [N] (defined in Equation 2.8), Frand,R,i(t) is a randomly fluctuating
rotational force [N] (defined in Equation 2.9), µR is the inverse rotational friction tensor (defined in
Equation 2.7) and ∇ûi(t) is a gradient on the unit circle[16].

µT = µ0[µ‖ûi(t)⊗ ûi(t) + µ⊥(I− ûi(t)⊗ ûi(t))], (2.6)

µR = µ0µRI, (2.7)

where µ0 [s/kg] is the mobility coefficient, I is the unit matrix (2x2), ⊗ is the dyadic product and µ‖
[-], µ⊥ [-] and µR [m−2] are parameters that for rodlike macromolecules are given by Ref.[17]. The
randomly fluctuating translational and rotational forces of Equation 2.4 and Equation 2.5 respetively
have a Gaussian distribution with mean 0 and unit variance. Their time auto-correlation functions are
given by:

〈µTFrand,T (t)⊗ µTFrand,T (t′)〉 = 2DT δ(t− t′), (2.8)

〈µRFrand,R(t)⊗ µRFrand,R(t′)〉 = 2DRδ(t− t′), (2.9)

where DT is the tensor containing the diffusion coefficients of the parallel and the perpendicular direction
(D‖ [m2/s] andD⊥ [m2/s] respectively) and DR is the tensor containing the rotational diffusion coefficient
DR [s−1], which are given by:

D‖ = µ0µ‖kBT, (2.10)

D⊥ = µ0µ⊥kBT, (2.11)

DR = µ0µRkBT, (2.12)

where kB [J/K] is the Boltzmann constant and T [K] is the temperature. These expressions show that
whenever the temperature increases, the effect of the Brownian noise on the rods also increases. This
effect also depends on the magnitude F [N] of the active force. A measure for the magnitude of the
active force relative to the amount of Brownian noise is the Péclet number Pe [-], which is given by:

Pe =
µ0F√
DRD‖

. (2.13)

Whenever the Péclet number goes to infinity, the effect of Brownian noise on the rods becomes
negligible.

2.3 Yukawa interaction potential

In soft matter physics, particle interactions are often modelled by certain interaction potentials. One
such potential is the Yukawa potential[18]1, which is an approximate potential to describe the Coulomb
interaction between charged particles that is screened by the surrounding solvent. In literature, it is
often written in the form[7][16]:

VY(r) = U0
1

r
e(−r/λ), (2.14)

where VY(r) [1/m] is the value of the Yukawa potential, r [m] represents the distance between the centres
of mass of the two particles, U0 [-] is the potential amplitude and λ [m] is a scaling constant. Figure 2.1
shows the behavior of the VY/U0 as a function r/λ for r ≤ λ.

1The Lennard-Jones potential (discussed in Appendix Lennard-Jones) played a role in the beginning of this project.
However, due to the steep repulsion and short ranged interaction, it was found that a very small simulation time-step was
required. This made the simulations with the Lennard-Jones potential a lot more time-consuming than those that used
the longer-ranged Yukawa potential. Therefore, for the final results the Yukawa potential is solely used.
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Figure 2.1: The relative height of the Yukawa potential VY/U0 as a function of the relative inter-particle distance
r/λ, with λ set to 1 m.

The force of the Yukawa interaction is found by differentiating Equation 2.14 with respect to r:

FY(r) = −dVY (r)

dr
= −U0

[
1

λr
+

1

r2

]
e−r/λ. (2.15)

For positive values of U0, λ and r, the force is repulsive.

2.4 Order parameters

To analyze the results of the Brownian dynamics simulations, we make use of various metrics to quantify
the structure and dynamics of the trajectories produced. In order to measure the structural order, we use
the nematic and the polar order parameters, as introduced in subsubsection 2.4.2 and subsubsection 2.4.3.

2.4.1 Trajectories, ensembles and ergodicity

When the initial state is specified in a Molecular Dynamics simulation, the time evolution (i.e. the
trajectory) of a many-body system is completely determined by Newtonian mechanics[19]. During the
course of the simulation, the system travels through different states of the state space (i.e. a space
with points that completely characterize the microscopic state of a system). In statistical mechanics it
is assumed that for long times, the system will visit all microscopic states that are allowed given the
constraints that are set for the system[1]. When some observable xi(t) of a certain trajectory in state
space is followed and measured at N different times, the observed value is:

xi,obs =
1

N

N∑
j=1

xi(tj), (2.16)

where tj is the time of the j-th measurement and it is assumed that each measurement is short enough
for the system to be in one microscopic state. If the system is found to be in state ν in Nν instances of
a total of N measurements, another way of writing xi,obs is:

xi,obs =
∑
ν

Nν
N
xi,ν = 〈xi(t)〉 , (2.17)

where xi,ν is the value of observable xi in state ν and averaging by a weighted sum is called the ensemble
average 〈xi(t)〉. According to Chandler[1], ”an ensemble is the assembly of [...] all states consistent
with the constraints with which we characterize the system macroscopically.” In Equation 2.17, the time
average and the ensemble average of an observable were stated to be equal. Whenever this is indeed the
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case, the system is ergodic. In computational physics, the principle of ergodicity implies that a time-
average over a long time is the same as the average over different realizations of the same system[20].
The result is that many short simulations of one system can be run parallel to each other, which is more
time-efficient than running one long simulation.

2.4.2 Nematic order parameter

The nematic order parameter in two dimensions is defined as follows:

S =
〈
2 cos2 θ − 1

〉
, (2.18)

with θ being the angle between the main axis of the particle and the director n̂ (depicted in Figure 2.2).
This order parameter is a measure of the amount of alignment (be it parallel or anti-parallel) between
elongated particles. When all particles are aligned to the director, the nematic order parameter S is 1.
When all particles are perpendicular to the director, the nematic order parameter is -1. When the system
is disordered and the angular distribution of particles is random, the cos2(θ) approaches the average value
it would have over many cycles, namely 1

2 . As a result, the nematic order parameter approaches 0 in
that case.

Figure 2.2: Illustration of the director n̂, the angle θ and the resulting value of the nematic order parameter S.

2.4.3 Polar order parameter

The polar order parameter P in two dimensions is defined as follows:

P = 〈cos θ〉 , (2.19)

where θ is the angle between the main axis of the particle and the director n̂ (depicted in Figure 2.2).
Unlike the nematic order parameter (Equation 2.18), the polar order parameter only becomes 1 when
all particles are parallel with the director (i.e. a 180 degrees difference is not allowed). Whenever the
distribution of particle angles is random, all positive and negative contributions of the cos θ term cancel
out and the polar order parameter becomes 0.
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3 Numerical method

In this section, the numerical simulation method to model the behavior of active Brownian particles is
discussed. The simulation regimes in which the simulation results were obtained are also given. Finally,
the methods for analyzing the simulation results are explained.

3.1 Model

3.1.1 Two dimensional active rods

The two-dimensional active rods used in our simulations comprise m spherically shaped segments along
one main axis with orientational (unit) vector û. A schematic representation of a pair of segmented rods
is depicted in Figure 3.1. The active force of subsubsection 3.1.1 is given by F = F û. Each segment
interacts with segments of other particles through the Yukawa potential as discussed in subsection 2.3,
where we take U0 = 250 and the cut-off length of the potential rc = 6λ. The exponential decay length λ
(also known as the screening length) of this interaction is taken as the effective diameter of each spherical
segment. Each rod has a length l, making the aspect ratio of every rod a = l

λ . Following Ref. [7], in all
the simulations characteristic units where taken such that λ = 1, F = 1 and µ0 = 1, which makes that
time is measured in units of τ = λ

µ0F
. We furthermore neglect hydrodynamic interactions.

Figure 3.1: Schematic representation of a pair of two-dimensional active rods comprising 5 spherical segments
with diameter λ. The aspect ratio is given by a = l

λ
. An active force with magnitude F acts along

the main axis with orientational (unit) vector û. The distance between the centres of mass of the
two rods is ∆r and the Euclidean distance between segment α of rod i and segment β of rod j is
rij,αβ[16].

The active spheres2 used in our simulations comprise one spherically shaped segment with an orien-
tational (unit) vector û along which an active force F acts. The diameter of the spherical segment is λ,
thus the aspect ratio a is equal to λ

λ = 1.

2We have also done simulations for systems where the spheres were replaced by short rods. The behavior of these
mixtures of short and long rods was most unexpected when there was a large difference between the aspect ratios of the
two types of rods. Therefore, we chose to investigate systems where the difference in aspect ratios was the most extreme,
namely mixtures of spheres and long rods.

TU/e 6
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3.1.2 Implementation of particle interactions

In this section, we will explain the numerical implementation of the equations of motion of an active
Brownian interacting two-dimensional rod. The systems under study in this project comprise a mixture
of Nr active rods and Ns active spheres (total number of particles N), of which the segments (as depicted
in Figure 3.1) have interactions via the Yukawa potential of Equation 2.14. Figure 3.1 depicts the most
general situation possible, where we define mi and mj as the number of segments of particle i and j
respectively. The Yukawa interaction potential between particle i and particle j is thus a sum, taken
over all interactions between the segments α of particle i and the segments β of particle j, which gives:

Uij(t) =
U0

mimj

mi∑
α=1

mj∑
β=1

e−rij,αβ(t)/λ

rij,αβ(t)
, (3.1)

where rij,αβ is the Euclidean distance between segment α of rod i and segment β of rod j. The interaction
potential U of equations 2.4 and 2.5 is then written as:

U(t) =
1

2

N∑
i

N∑
i 6=j

Uij(t). (3.2)

3.2 Simulation

3.2.1 Initialization, equilibration and recording of trajectories

The simulation of the time-evolution of the model described in subsection 3.1 has three stages, which
are be described in this section.

In the first stage, the system is initialized according to the input parameter values given. First, the
amount of segments mi of a particle i is calculated as mi = ceiling(ai

3
2 ), where ai is the aspect ratio

of particle i and where the ceiling function always rounds to the nearest integer greater than its input
argument. This always gives an odd number of segments, such that the center-of-mass segment is well
defined. Then, a box that is a few times larger than the final box is initialized, the final box size lbox
being determined by the amount and aspect ratios a of the particles and the required packing fraction
φ, represented in the formula:

lbox =

√
Nsas +Nrar

φ
, (3.3)

whereNs andNr are the amounts of the spheres and rods respectively, and as and ar are the corresponding
aspect ratios.

(a) Initial box. (b) Initial box shrunk to final box size.

Figure 3.2
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A rectangular grid is placed inside the initial box and a rod is placed at each of the first Nr intersection
points of the grid. At the last Ns intersection points, a sphere is placed. The spacing between the points
is set such that particles can cannot touch each other. Then, the points are shuffled 10 times with
a random (but completely deterministic) shuffling algorithm until all rods and spheres are distributed
randomly over the grid. The orientation ûi(t) of particle i at the initialization of the system is generated
randomly from a Gaussian distribution on the interval (0,1), as is shown in Figure 3.2a. The position
ri(t) of the center of mass particle i is measured with respect to the origin O of the system, defined at
the lower left corner in all of our systems. In 200 steps, the initial box is then shrunk to the final box
size (Figure 3.2b), at every step iterating the equations of motion of the particles (i.e. equations 2.4 and
2.5) for a time of 1 τ . This iteration is done as follows:

ri(t+ ∆t) = ri(t) + ṙi(t)∆t, (3.4)

ûi(t+ ∆t) = ûi(t) + ˙̂ui(t)∆t, (3.5)

where ∆t is the iteration time-step with a value of 0.01 τ . Note that all parameters used in the equations
of motion (e.g. D‖) are given by the user at the input.

The box has periodic boundary conditions, as shown in Figure 3.3. Whenever the boxsize of Equa-
tion 3.3 is too small, a particle i could in principle interact twice with another particle j (i.e. with
the image of particle j and with particle j itself). Since that is not allowed, the boxsize lbox becomes
2(rc + ar) in such cases, with rc the cut-off length of the Yukawa potential and ar the aspect ratio of the
rod (i.e. the longest particle).

Figure 3.3: Schematic representation of a two-dimensional system with periodic boundary conditions. The cen-
ter box is surrounded by nine neighboring boxes that all contain the image of the center box. The
particles of the center box are allowed to interact with the particles of the images in the surrounding
boxes[21].

In the second stage, the system is equilibrated for 100 τ . Equilibration is the time taken to let the
system come to an equilibrium3, after which the recording of the trajectories is started. At an interval
of 1 τ , the position of the center of mass of particle i ri(t), its orientation ûi(t) and the type of particle
(i.e. sphere or rod) are recorded in a trajectory file. Since the intersegment spacing is known, these
variables are sufficient to calculate the position of every segment α of particle i and are therefore the
only variables recorded. In all of our simulations, we recorded 2000 trajectory files (‘frames’) per input
configuration.

3Actually, a system with active rods never reaches a thermodynamic equilibrium state[22]. Still, it is important to let
the system run for a while after it has been initialized too make sure that the recorded trajectories do not contain any
artifacts of the initialization anymore.
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3.2.2 Simulation regimes

Due to the large amount of input parameters of our model a lot of system states can be simulated.
However, for reasons of time and computational work-ability, we have studied only a selection of all
simulation regimes possible. In this section, we will therefore explain what values were used for the
following input parameters: aspect ratio a, packing fraction φ, number of spheres Ns, number of rods
Nr, Péclet number Pe and active force magnitude F .

We first tested the influence of the activity on the dynamics and self-organizing behavior of a system.
This was done by ‘switching’ F from 0 to 1 in a system of 100 spheres in two different dilute configura-
tions (φ = 0.01 and φ = 0.1). The same procedure was followed for a system of 100 rods and another
of 100/100 sphere-rod mixture. We compared and contrasted the active with the passive case to check
for differences in the structure and dynamics of the system. We also checked whether the self-organizing
behavior of Ref. [3] was found.

Second of all, the flocking phase of a system of only active rods (reported by Refs. [7] and [15]) was
found by varying the aspect ratio a from 10 to 15 at packing fractions φ of 0.1 and 0.2. As a definition
of a flock we followed Ref. [6], which states that the movement of particles should be uni-directional and
the particle velocities should have long-range order. When the flocking phase was found, the stability of
that configuration was investigated by adding 1 to 50 active spheres.

Third of all, the laning phase of a system of only active rods (reported by Ref. [7]) was found by
increasing the aspect ratio a from 1 to 10 in a system of 100 rods at φ = 0.6. We used the global nematic
order parameter S of subsubsection 2.4.2 as a measure for the amount of laning. The criterium for laning
we used was S ≥ 0.98. Then, the smallest aspect ratio at which laning occured was taken as the basis
and its stability tested by adding 1 to 50 active spheres.

Last of all, for statistical relevance the systems studied all contained at least 100 particles. Simu-
lations with other amounts of particles were also performed, but we found that simulations with less
than 100 particles did not show well defined states (i.e. mainly disordered states), whilst simulations
containing over 100 rods took significantly more computation time (e.g. systems of 150 rods (a = 15 and
φ = 0.1) took over a week to equilibrate), making testing and experimenting with different sets of in-
put parameters unworkable. In this report, the balance between statistical relevance and computational
work-ability is therefore settled at 100 rods.

One last note: we created multiple trajectories for the same input parameters with the use of a de-
terministic random number generator. For each input parameter configuration, we supplied this random
number generator with five different seeds, keeping the other parameters fixed. This resulted in five
different trajectories that are completely reproducible.

3.3 Algorithms for analyzing results

3.3.1 Determining the global nematic order parameter

The global nematic order parameter of subsubsection 2.4.2 is the average nematic order parameter over
all ensembles (i.e. systems with the same input parameters, but with a different random initialization).
Following the ergodic principle of subsection 2.1, the ensemble average is calculated by lining up all
frames of all ensembles in sequential order and calculating the average nematic order parameter over
all those frames. In every frame, the optimal director n̂ is found by the ‘Q-tensor method’, such that
the average nematic order parameter over all particles in that frame is maximized. The Q-tensor Q is
defined as follows[23]:

Q =
d 〈ûiûi〉 − I

d− 1
, (3.6)

where d is the dimension of the system (in our case d = 2), 〈ûiûi〉 is the ensemble average over all the
orientation vectors of the particles and I is the 2x2 unit matrix. As derived by Refs. [23] and [24], the
optimal average nematic order parameter S is the highest eigenvalue of Equation 3.6. The corresponding
eigenvector is the director n̂. Equation 3.6 can also be written as[24]:
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Q = S
d 〈n̂n̂〉 − I

d− 1
, (3.7)

where S is given by:

S =

〈
d(û · n̂)2 − 1

〉
d− 1

. (3.8)

In two dimensions, d = 2 and the eigensystem of Equation 3.7 can also be written as:

Q =

[
Qxx Qxy
Qyx −Qxx

]
= S

[
cos 2θ sin 2θ
sin 2θ − cos 2θ

]
, (3.9)

where Qxx is the matrix element calculated from Equation 3.6, taking only the x-components of both û’s

(and so forth for Qxy). Solving the eigensystem of Equation 3.9 gives an eigenvalue S =
√
Q2
xx +Q2

xy

and a corresponding director n̂ = (cos θ, sin θ). Since the first is known through Equation 3.6, the latter
can be calculated by solving for θ. To conclude, this method gives the optimal average nematic order
parameter of one frame, including its optimized director. If this method is applied to every frame and
the average is taken over all frames, the global nematic order parameter is obtained.

3.3.2 Determining the average parallel and perpendicular velocity component

Passive non-interacting Brownian particles perform random walks. Since such random walks are com-
pletely determined by stochastic forces, the position of particle i at a time t+t′ cannot be predicted from
the position it had at an earlier time t. When the stochastic forces are isotropic, the displacement of the
particle can be expected to cancel out completely after long times. A measure for the displacement of
passive Brownian particles that does not cancel out is the mean square displacement[11]. However, in
our simulations the particles have an active force, such that the displacement in the direction parallel
to the orientation vector û(t) of the particle is not expected to cancel over time. Therefore, the mean
square displacement is not needed. Instead, following Ref. [7], the velocity component parallel (given by
Equation 2.2) to the particle is taken as a measure for the amount of displacement4.

It is expected that whenever a system behaves in an organized way (e.g. laning), the particles will
(on average) have few collisions, allowing the parallel velocity component to be relatively high. The
velocity component perpendicular to the particle (given by Equation 2.3) could be taken as a measure
for the amount of side-way motion, but since only Brownian motion works in that direction, the average
is expected to cancel over long times. Therefore, the average absolute perpendicular velocity component
is taken in subsection 4.2. It is expected that whenever the system behaves in a disorganized way,
the amount of collisions will be relatively high, which increases the absolute perpendicular velocity as
compared to an organized system.

3.3.3 Determining the amount of clusters

Particles in an organized system state are seen to form clusters: groups of closely packed particles that
are well aligned. In disorganized states, the particles may still closely pack, but they are not seen to
have overall alignment. Therefore, the amount of clusters and the cluster size characterize the state the
system is in. If these values could be read out from every frame in an automated and deterministic way,
the systems response to a change in input parameters could be quantified.

To find the amount of clusters and the cluster size of closely-packed particles, a ‘density-based spatial
clustering of applications with noise’ (DBSCAN) cluster algorithm is used[25]. This algorithm has two
input parameters, namely the maximum distance between two neighboring particles ε and the minimum
amount of neighbors needed to start a cluster Nmin. Given a certain frame containing particles, the
DBSCAN algorithm checks for every particle i how many neighbors it has within a radius ε. If the

4Another interesting velocity would be the average absolute angular velocity of the particles,
〈

abs
(
θ̇
)〉

, with θ the

angle of a particle w.r.t. some predefined (Cartesian) axis and

θ̇ = lim
∆t→0

∆θ

∆t
.

Whenever laning occurs, one would expect this average absolute velocity to go to zero, while more disordered states (e.g.
containing vortices) would give values higher than zero. This method was tested but turned out to have a too large variance
to accurately differentiate between disordered and laning states.
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amount of neighbors is equal or greater than Nmin, particle i is said to be a ‘core point’. The algorithm
then further identifies the cluster by checking whether the neighbors of particle i are also core points.
This iteration continues until ‘non-core points’ are found, that is, points that are reachable through core
points of the cluster, but do not meet the requirement of the minimum amount of neighbors Nmin within
a distance ε. Points that are not core points and are not reachable through core points are not assigned
to any cluster and are called ‘noise points’. The identification of a single cluster is illustrated in figure
Figure 3.4.

Figure 3.4: Illustration of the workings of the DBSCAN algorithm, where Nmin = 4 and the neighborhood of
each point is indicated with a circle of radius ε. The cluster is initiated at point A (which is a core
point) and then further expanded along other core points (indicated with the color red). The yellow
points B and C are non-core points that are reachable from point A via other core points. Since
point N is not a core point, nor reachable from any core point it is considered a noise point[26].

The original DBSCAN algorithm does not take the alignment between particles in account[25]. This
makes the algorithm only suitable for point-like particles, but not for rod-like particles. Two rods that
are oppositely aligned should namely not be part of the same cluster (even if they are neighbors), but
aligned rods should. Therefore, we extended this algorithm with a 30 degree alignment requirement
between neighbors. For systems in the flocking or laning phase, this assigns particles that are in the
same smectic layer to the same cluster. In order to couple the smectic layers that are oriented in the
same direction, the ε neighborhood was changed from a circular to a ellipsoidal shape. Figure 3.5 shows
systems of 100 rods in the laning phase and the clusters that are identified by the extended DBSCAN
algorithm.
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(a) Frame 500. (b) Frame 750.

(c) Frame 750. (d) Frame 1000.

(e) Frame 1500. (f) Frame 1750.

Figure 3.5: Representative frames of trajectories of a system of 100 active rods with aspect ratio 10, where
clusters found by the extended DBSCAN algorithm (Nmin = 4 and ε = 3.6) are indicated by a
colored dot on the position of the center of mass of each rod. The head of an arrow points in the
direction of the orientation of the rod, which is also the direction of the active force. The packing
fraction φ of each system is 0.6. The Péclet number of each system is 1000.
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4 Results and Discussion

4.1 Effect of activity on system dynamics

As was previously explained in subsubsection 3.1.1, every particle has an active force with magnitude F
that points along the orientation û of that particle5. To study the effect of the activity on the system
dynamics, subsubsection 4.1.1 shows systems where F = 0 while in subsubsection 4.1.2 F = 1.

4.1.1 Passive spheres and rods

Figure 4.1 depicts systems of rods and spheres at various packing fractions φ where the activity is set to
zero (i.e. F = 0).

(a) Number of spheres = 100, φ =
0.01.

(b) Number of spheres = 100, φ =
0.1.

(c) Number of rods = 100, φ = 0.01.

(d) Number of rods = 100, φ = 0.1.
(e) Number of spheres = 100, num-

ber of rods = 100, φ = 0.01.

(f) Number of spheres = 100, num-
ber of rods = 100, φ = 0.1.

Figure 4.1: Representative frames of trajectories of systems of passive spheres and passive rods (i.e. the active
force is zero), for the two dilute packing fractions φ = 0.01 and φ = 0.1 (indicated in the subcap-
tions). The aspect ratios of the spheres and rods are fixed at 1 and 10 respectively. The head of an
arrow points in the direction of the orientation of the rod, but has no physical meaning other than
that if an active force would be present, it would point along that direction. The Péclet number Pe
of each system is 1000.

Figure 4.1a shows spheres that perform so called ’random walks’ in two dimensions, meaning they
are effectively behaving like a gas. This phenomenon is often addressed in introductory courses on sta-
tistical mechanics[1], since it very neatly shows the Brownian character of the noise. The noise arises
due to the fact that the temperature of the system is non-zero. As was discussed in subsection 2.1, under

5Although spheres do not have a well-defined orientational axis like rods, they also have an orientation. The active force
of the spheres works along this orientation vector, just like with the rods. The only difference with rods is that since there
is not lever arm, spheres cannot experience any torques. Thus, the change in the orientation of spheres can only result
from (angular) Brownian noise.
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such circumstances thermal fluctuations will affect the behavior of the particles through stochastic forces.

Figure 4.1b shows 100 passive spheres at a packing fraction φ of 0.1. As can be seen on the axes, the
average distance between two particles is often less than the cutoff distance of the interaction potential
(i.e. less than 6). This means the particles have (repulsive) interactions via the potential described
in subsection 2.3. These interactions lead the spheres of Figure 4.1b to form a hexagonal pattern, in
this case with almost no defects. This hexagonally ordered crystal was also found by Ref. [27] and is
apparantly the most energetically favorable configuration under these circumstances.

In Figure 4.1c, one can clearly observe artifacts of the initialization phase of the simulation, since
the rods appear to be placed on a grid. As was described in subsection 3.2, such a rectangular periodic
structure is also used in the first stages of the initialization of a system. Furthermore, the orientations
of all the rods are disordered, which results from the random orientations at the initialization and the
(angular) Brownian noise during equilibration.

The rods in Figure 4.1d form a glassy phase that shows no dynamics apart from a small amount of
(jiggly) Brownian motion (which was seen in the movie this frame was part of). At this packing fraction,
the segments of the rods are within a cut-off distance rc = 6λ of each other, resulting in interaction-
induced torques that align the rods. In general, the higher the alignment of the rods, the lower overall
energy. In this figure, such aligning interactions have led to an energy minimum that still contains many
disordered rods. Therefore, one can expect that this configuration is not yet the global energy minimum,
which would be found if all rods are globally aligned. However, given the fact that the rods are non-
active, it is unlikely that this global energy minimum can be reached.

Figure 4.1f shows a mixtures of passive spheres and rods at a packing fraction φ of 0.1. Figure 4.1e
is especially useful to gain insight into the ’shuffling algorithm’ that is used at the initialization of the
simulation to randomly distribute the required number of spheres and rods over the system. This initial-
ization artifact is present since the particls perform only Brownian motion. The Brownian motion alone
clearly cannot translate and rotate the particles enough to make them lose the initialization artifacts
during the 100τ equilibration time used in this system.

When the passive spheres and rods are put together at a higher packing fraction φ = 0.1 in Fig-
ure 4.1f, one can observe a combination of the hexagonal crystal phase of Figure 4.1b and the glassy
state of Figure 4.1d. No initialization artifacts are observable anymore. The rods show alignment due to
interaction-induced torques, which will be discussed in more detail in subsection 4.3 and subsection 4.2.
Another point to mention is that the spheres (containing one segment) occupy relatively a lot of space,
when compared to the rods (containing 15 segments). We will elaborate on this observation in subsub-
section 4.4.2.

4.1.2 Active spheres and rods

To test the influence of activity on the system dynamics, in this section the magnitude of the active force
F is set to 1. Figure 4.2a shows a representative frame of a trajectory of a system with 100 active spheres
at a packing fraction φ of 0.1. Comparing and contrasting figures 4.2a with 4.1b, the only difference
between the two systems is the level of activity; the distances between the spheres and the random
orientations are similar in both systems. But, the active spheres behave more dynamically than their
passive counterparts. The dynamics of the active spheres can be seen in Figure 4.2b, where a ‘trace’ of
all spheres6 was made over 10 frames, namely from frame 1000 (as shown in Figure 4.2a) until frame
1010. It is evident that the system shows vast dynamic behavior and the active spheres do not seem
to collide with each other (i.e. no trajectories meet or cross) due to the repulsive interactions. To get
an indication of the effect of activity on rods, we refer the reader forward to Figure 4.11a. The activity
of rods gives rise to self-organizing behavior, in this case ‘flocking’. This result is a well documented
phenomenon found in various studies in the literature based on the Vicsek model[3], i.e. where simple
models of active particles that allow for aligning interactions can give rise to complex organized group
dynamics. We will return to this phenomenon in more detail in subsection 4.3 and subsection 4.2.

6This same trace is not presented for passive spheres, since those move only a fraction of the distance covered by the
active spheres.
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(a) Representative frame of a trajectory of a system of
100 active spheres at a packing fraction φ of 0.1.
The Péclet number is 1000. The volume of a sphere
is confined to the size of the orange dot and the
arrow represents the orientation vector of the sphere
(i.e. the direction along which the active force acts).

(b) A ’trace’ over 10 frames of a trajectory, showing
the dynamics of a system of 100 active spheres at a
packing fraction of 0.1. The Péclet number is 1000.
The volume of a sphere is confined to the size of the
orange dot.

Figure 4.2

4.2 Effect of aspect ratio on laning behavior

The following paragraphs will focus on the influence of the active rods’ aspect ratio on the state of the
system in the high packing fraction regime (namely φ = 0.6). For that, only systems without spheres
are used.

4.2.1 Phenomenological approach

Figure 4.3 depicts representative trajectories of systems with 100 rods of aspect ratios a ranging from 2
to 10. The Péclet number is 1000 for all of these systems.

Figure 4.3a shows rods of aspect ratio 2 that form an active glass7. The time-evolution of this system
shows the rods being arrested for time periods of 10 frames (i.e. 10 τ), then suddenly jumping into
another configuration. This behavior was not observed for passive rods in the glass phase (Figure 4.1d),
because there the rods stayed in only one configuration. Furthermore, the rods in Figure 4.3a show
signs of aligning interactions (e.g. the top left corner shows five aligned particles), but seek an energy
minimum in the repulsive potential they experience from each other. The same active glass like behavior
is also observed for rods with an aspect ratio 4, as depicted in Figure 4.3b. The rods show wiggly motion
due to the Brownian noise and attempt to move past each other, but there is no sign of overall group
dynamics. The difference with Figure 4.3a is that in Figure 4.3b the rods are packed into small domains.
Within such a domain of three to four rods, there is a high level of alignment. This indicates that the
rods are lengthy enough to experience and exert torques. It should be noted that the domains are not
stable, but that rods jump from one domain to another over small timescales.

7If one looks carefully, a cross is visible in the representative frames of systems of rods with lower aspect ratios (e.g.
2 and 4). This cross most likely has a nonphysical cause (i.e. a bug in the simulation code). The cross disappears when
the length of the box is sufficiently increased such that three ’cells’ (a tool used to presort particles that do not have any
interaction with each other) fit in each of the dimensions of the box. Therefore, the results generated for low aspect ratios
at high packing fractions could be non-representative.
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(a) Aspect ratio = 2. (b) Aspect ratio = 4. (c) Aspect ratio = 6.

(d) Aspect ratio = 8. (e) Aspect ratio = 9. (f) Aspect ratio = 10.

Figure 4.3: Representative frames of trajectories of a system of 100 active rods, with aspect ratios increasing
from Figure 4.3a to Figure 4.3f. The head of an arrow points in the direction of the orientation of
the rod, which is also the direction of the active force. The center of mass of each rod is indicated by
a cross. The packing fraction φ of each system is 0.6. The Péclet number of each system is 1000.

One can observe that alignment of rods is also omnipresent in Figure 4.3c, where the domains of
rods with the same orientation have grown to four or five. The movie of this system shows that there
is still no overall group velocity in one direction, but that some parts of the system are in a smectic
arrangement. Between the smectic layers, perpendicularly oriented particles can be found, indicating
that laning is not yet present. In contrast to this, when the rods have an aspect ratio of 8, as presented in
Figure 4.3d, there is an overall group velocity. These active rods show the first signs of similarly oriented
particles streaming alongside another group of particles with opposite orientation, or in ‘lanes’ as such
a state is called in literature[7]. This laning effect is even more present in Figure 4.3e, but it should be
noted that the system is not yet in the laning phase fully. There are namely a few packs of rods that
point perpendicular to the overall laning direction, block the formation of one big lane and make the
overall laning direction of the system turn by 90 degrees every few tens of frames. Another noteworthy
observation is that this turning did not happen when the temperature was identically zero.

Finally, in Figure 4.3f, one can clearly observe the presence of large stable lanes8. In fact, these lanes
are so stable that there is virtually no difference between the first and the last frame of the trajectories
recorded. Based on notion of alignment interactions, one would expect that the rods are nematically or-
dered. It is noteworthy to point out that the rods in Figure 4.3f indeed show nematic ordering, but more
than that, they even form smectic layers. A possible explanation is that the overall repulsive potential
around a rod is not uniform, but has an ellipsoidal shape. For that reason, the rods might favor to have
their heads and tails at the same position, that is, to smectically arrange. In subsection 4.4 this laning
phase will be used to study the influence of spheres on the laning formation of rods.

8As far as we can tell, there is nothing in the simulation code that breaks the symmetry of the system. Therefore, the
laning direction could in principle be any direction (even diagonally). However, in all of the ensembles we analyzed, the
lanes were directed either top to bottom or left to right. This is another indication that there is a bug in the simulation
code.

TU/e 16



Structure and dynamics of active rod mixtures results and discussion

One last note: due to a bug in the simulation code at the interplay between the presorting of particles
in cells and the periodic boundary conditions, a ’cross’ of empty space was observed in trajectories where
the aspect ratio of the rods was small (i.e. lower than 4) and the packing fraction large (i.e. around 0.6).
It should be noted that this artifact was also indirectly visible in systems where the rod aspect ratio was
large. For example, the laning phase of a system of rods with aspect ratio 10 at a packing fraction of 0.6
(Figure 4.3f) clearly had the same preferred laning direction for all different ensembles, while in theory
such systems should be perfectly symmetric and thus have no preferred direction. The implication of this
bug for the systems’ behavior observed is expected to be relatively small. The analyzing methods used
in this report are in any case generic and make no use of preferred angles in any way, thus the analysis
of the results will not change when the bug is not present anymore. However, breaking the symmetry of
a system could maybe help the laning phase to form more rapidly in time, which could skew the course
of the simulation. But then again, since each system is equilibrated a long time before recording starts,
one does not expect that effect to be noticeable in the results. The only question that still remains is
how much the breaking of symmetry helps to stabilize a laning system, which could be investigated in
future work. Without the bug, the laning phase can be expected to begin at a slightly higher aspect
ratio than if the bug was present.

4.2.2 Global nematic order parameter

In this section, the quantitative side of the effect of the rod aspect ratio on the laning behavior of
active rods is presented. The quantitative measure used here is the global nematic order parameter from
subsubsection 2.4.2 and subsubsection 3.3.1. Figure 4.4 shows the global nematic order parameter S
against the aspect ratio in a system of 100 rods at a packing fraction φ = 0.6.

Figure 4.4: The ensemble averaged global nematic order parameter as a function of the particle aspect ratio for
a system of 100 active rods of equal length. Each ensemble average is taken over five ensembles;
each ensemble contains 2000 frames. The packing fraction in each ensemble is 0.6 (i.e. φ = 0.6).
The error in each point in the graph is the standard deviation of the five ensemble means.

As explained in subsection 3.3, the global nematic order parameter of the different ensembles was
calculated using the Q-tensor of Equation 3.6. This method seeks for the optimal angle towards which the
majority of the particles point, that is, the director n̂. In two dimensions, the nematic order parameter S
is always between -1 (i.e. all particles perpendicular to n̂) or 1 (i.e. all particles parallel to the director).
Since the director is optimized in every frame, we do not expect the nematic order parameter to be less
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than 0. The value 0 only occurs in systems where all particles move in different directions and are thus
disordered. Figure 4.4 shows that indeed nowhere, the global nematic order parameter is below 0. The
global nematic order parameter starts just below 0.1 for an aspect ratio of 1 and rises until it reaches
0.99 (with a relatively small error) for an aspect ratio of 10. Referring back to Figure 4.3f, it is clear
that the majority of particles are in the laning state along the director (in this case the x-axis). Even
the particles that sit still in between the lanes are aligned and therefore attribute to S. The points of
the ‘Pe = 1000’ and the ‘No temperature’ graphs in Figure 4.4 all fall within each others error bars.
The fact that the differences between the two graphs are that small is notable, since it suggests that the
laning phase is stable under thermal fluctuations.

4.2.3 Average parallel and perpendicular velocity components

If a system such as depicted in Figure 4.3f shows laning, one would expect the particles (to more or less)
travel in a straight line without changing directions too much since the amount of collisions between
particles would be minimal. Therefore, the parallel component of the velocity of the rods could function
as an indicator for laning behavior. The method to calculate the ensemble average parallel velocity
component is described in subsection 3.3. Figure 4.5 shows the velocity component parallel to the
orientation vector of a particle against the aspect ratio in a system of 100 rods at a packing fraction of
0.6.

Figure 4.5: The ensemble average of the velocity component parallel to the orientation of the particle as a
function of the particle aspect ratio a for a system of 100 active rods of equal length. Each ensemble
average is taken over five ensembles; each ensemble contains 2000 frames. The packing fraction φ
in each ensemble is 0.6. The error in each point in the graph is the standard deviation of the five
ensemble means.

Figure 4.5 shows that the parallel velocity component of the particles increases on average as the
aspect ratio of the active rods becomes larger. This was expected from Figure 4.3, since the rods with
lower aspect ratios are not in the laning state and are therefore expected to make more collisions, while
the rods with higher aspect ratios are in the laning phase and do not collide at all. It is noteworthy that
also here, just like in Figure 4.4, the difference between the ‘Pe = 1000’ and ‘No temperature’ graphs is
minimal. Again, this could be seen as compelling evidence that the laning phase is stable under thermal
fluctuations. The fact that the value of the parallel velocity component does not go below zero can be
explained by the influence of the active force. The active force that every particle i feels points in the
direction of the orientation vector ûi(t) of that particle. This means that even if the average is taken
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over multiple ensembles, the value of parallel component of the velocity (vector) is not expected to go
to zero, but to take a positive value. However, the value of the parallel velocity does not go to infinity
if the particles are in the laning phase, as the point for aspect ratio 10 in Figure 4.5 indicates. This is
because the equations of motion (Equation 2.4 and Equation 2.5) are overdamped through the effect of
frictional forces, as was explained in subsubsection 3.1.1.

The total velocity is also determined by a perpendicular component (Equation 2.3). If particles have
lots of interactions that translate other particles perpendicularly (e.g. side-way collisions), then that
could be an indication that the system is not in the laning phase. The problem is that it is principally
impossible to predict the direction of this perpendicular velocity beforehand. In a non-laning system,
this can lead to the result that on average, the perpendicular velocity (vector) is zero. Especially when
the average is taken over multiple ensembles, this average would go to zero. Therefore, Figure 4.6 shows
the average absolute velocity component perpendicular to the orientation vector of a particle against the
aspect ratio in a system of 100 rods at a packing fraction φ of 0.6.

Figure 4.6: The ensemble average of the absolute value of the velocity component perpendicular to the orientation
of the particle as a function of the particle aspect ratio for a system of 100 active rods of equal
length. Each ensemble average is taken over five ensembles; each ensemble contains 2000 frames.
The packing fraction φ in each ensemble is 0.6 (i.e. φ = 0.6). The error in each point in the graph
is the standard deviation of the five ensemble means.

Figure 4.6 shows a striking difference between the average absolute perpendicular velocity compo-
nent of a system with temperature (i.e. Pe = 1000) and a system without temperature. For the case of
Pe = 1000 in Figure 4.5 and Figure 4.6, the particles must undergo Brownian motion, since for non-zero
temperatures, there will always be thermal (i.e. Brownian) noise. The translational and rotational effects
of Brownian motion are known to cancel for long enough ensemble averages[28], thus one also expects
that the Brownian noise will cancel in the case of the parallel velocity component. The presence of an
active force ensures that the average parallel velocity component does not go to zero. As far as the
Brownian noise is concerned, the mean of the perpendicular velocity component should go to zero. But
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unlike the parallel velocity component, the perpendicular velocity component does not have not have
an active force pointing in its direction. Therefore, if the plain average of the perpendicular velocity
component is taken, that average really goes to zero. We knew this in advance, so we chose to take the
average of the absolute value of the perpendicular velocity component. But then, the Brownian noise
cannot cancel, keeping the average absolute value at a constant high level as observed in Figure 4.6. The
only way the effect of Brownian noise can be neglected, is if the temperature is identically zero, which is
represented by the ‘No temperature’ graph in Figure 4.6. The difference between the average absolute
perpendicular velocity component of a system with temperature (i.e. Pe = 1000) and a system without
temperature is then a measure for the amount of Brownian noise9.

If the Brownian noise is constant such as stated in subsubsection 3.1.1, then one could suggest to
look at the differences between the means of the perpendicular velocity component measured at different
aspect ratios for the same temperature situation. For Pe = 1000, Figure 4.6 shows some differences
between the different means, but these are often of the same order as the error bar, namely relatively
small. That means that if the Brownian noise is exactly the same for all aspect ratios, the effect of
particles bumping into the sides of other particles (the reason why the perpendicular component was
calculated in the first place) is relatively small, since the graph only goes down minimally. If the Brownian
noise is not exactly the same for all aspect ratios, then it is noteworthy that this noise complements the
bumping effects of particles so well that the perpendicular velocity component is nearly the same level for
each aspect ratio. The ‘No temperature’ graph in Figure 4.6 might therefore be a better way to study the
effects of side-way interactions of particles. The graph has a maximum at aspect ratio 8, then goes down
again. Other researchers have shown that in the zero temperature limit, this perpendicular velocity
component becomes smaller relative to the parallel velocity component as the laning phase becomes
more dominant for increasing particle aspect ratios[7]. The aspect ratios these researchers tested were
always higher than 10. This could suggest that the perpendicular velocity component in Figure 4.6 also
decreases for higher aspect ratios, but for reasons of time it has not been possible to verify this.

4.2.4 Average amount of clusters and cluster size

Using the method described in subsubsection 3.3.3, the average amount of clusters found by the extended
DBSCAN algorithm (Nmin = 4 and ε = 3.6) as a function of the particle aspect ratio for a system of 100
active rods of equal length at a packing fraction of 0.6 is presented in Figure 4.7. The graph reaches a
maximum at an aspect ratio of 5, whereafter it decreases to the minimum value of 4 for an aspect ratio
of 10. The latter part of the graph can be explained by the fact that if the particles are more aligned,
they will be appointed to the same cluster by the DBSCAN algorithm that was extended with an 30
degree alignment requirement. This alignment requirement is essential at this high density to prevent
the algorithm from identifying all particles in the frame as one cluster. As Figure 4.4 showed, at higher
aspect ratio, the global nematic ordering becomes higher. Therefore, we can expect systems that are
in the laning phase to have less clusters (but bigger in size) than systems in a disordered state (which
have only small clusters). The error bar of the point corresponding to aspect ratio 10 is relatively large.
Looking at Figure 3.5, one can observe that the algorithm in some cases identifies the arrested lanes as
belonging to a moving lane, while some other cases it identifies them as separate lanes. This explains
relatively large error in the amount of clusters in that situation. In setting up the DBSCAN algorithm
for this system, it was found that such identification is highly dependent on the input parameters Nmin

and ε of the system. There is always a trade-off between correct identification of the bigger lanes (i.e.
using a higher value for Nmin) and the correct identification of smaller arrested lanes (i.e. using a lower
value for Nmin). This might make the extended DBSCAN algorithm unsuitable for the small systems we
investigated.

As was discussed in the previous paragraph Figure 4.7 shows that the amount of clusters decreases as
the aspect ratio of the particles, but since there is more alignment (Figure 4.4), the amount of particles
per clusters should (on average) increase. Figure 4.8 shows the average amount of particles per cluster
found by the extended DBSCAN algorithm (Nmin = 4 and ε = 3.6) as a function of the particle aspect
ratio for a system of 100 active rods of equal length. This figure shows that the average amount of
particles per cluster is relatively constant for aspect ratios between 4 and 8, then rises for aspect ratios 9

9This difference is not purely caused by Brownian noise on the individual particle level, since a system with temperature
(e.g. Pe = 1000) not only has more thermal fluctuations on each particle (adding to the perpendicular velocity component),
but also shows more rich dynamics in general (which in turn also adds to the perpendicular velocity component).
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and 10. However, the error in the data points are very significant for aspect ratio 10. This means that the
average amount of particles per cluster differed largely between the different ensembles. As mentioned in
the discussion of Figure 4.7, the identification of clusters by the DBSCAN algorithm is very susceptible
to only small changes in input parameters, which makes the use of this algorithm especially complicated
if small systems are used.

Figure 4.7: The average amount of clusters found by the extended DBSCAN algorithm (Nmin = 4 and ε = 3.6)
as a function of the particle aspect ratio for a system of 100 active rods of equal length. The Péclet
number is 1000. Each ensemble average is taken over five ensembles; each ensemble contains 2000
frames. The packing fraction φ in each ensemble is 0.6 (i.e. φ = 0.6). The error in each point in
the graph is the standard deviation of the five ensemble means.

Figure 4.8: The average amount of particles per cluster found by the extended DBSCAN algorithm (Nmin = 4
and ε = 3.6) as a function of the particle aspect ratio for a system of 100 active rods of equal length.
The Péclet number is 1000. Each ensemble average is taken over five ensembles; each ensemble
contains 2000 frames. The packing fraction φ in each ensemble is 0.6 (i.e. φ = 0.6). The error in
each point in the graph is the standard deviation of the five ensemble means.
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4.3 Flocking of active rods at low density

The results of subsection 4.1 showed that the influence of rod activity on the system dynamics. There,
a dilute system of passive rods (Figure 4.1d) was compared to the same system with active rods (Fig-
ure 4.11a) to indicate that rod activity gives rise to self-organized behavior. In this subsection, we will
investigate the regime in which the form of self-organizing behavior that characterizes the latter figure
is present, namely the flocking regime. Then, the influence of active spheres on the flocking behavior of
a system of active rods is investigated10.

4.3.1 Flocking regime

In Figure 4.9, the group dynamics of systems with 50 active rods is studied for packing fractions φ of 0.1
and 0.2. The aspect ratio a is 10 or 15. The goal is to find the regime in which flocking takes place, that
is, where the movement of particles is uni-directional and the particle velocities have long-range order[6].
In Figure 4.9a, one can observe arrays of aligned rods and multiple rods that are not part of any group.
These groups of aligned rods fall apart in a time span of a few frames11. Since these arrays comprise
only one row, there is no long-range order. To test whether this lack of long-range order is caused purely
by the small amount of particles, Figure 4.10 depicts a system of 100 rods of the same aspect ratio at
the same packing fraction. In this system one can observe groups where two rows of aligned particles
are behind each other. Since the long-range order has thus increased, this means that the system is in
the lead-up phase towards flocking.

To find configurations where particles show flocking behavior, a system with a higher aspect ratio
was tested, of which a representative frame is shown in Figure 4.9b. The particles on the left side of
this figure have interactions with the particles on the right side of the figure via the periodic boundary
conditions. Except for four particles, the movement of all particles is uni-directional. Furthermore, the
velocity of the particles has the same direction both at the top and the bottom of the frame. Thus,
there is long-range order in this system, which means the system contains one large flock. Movies of
this system show that this flock is stable, although it changes direction sometimes. To try the influence
of the packing fraction, the same system as shown in Figure 4.9b was simulated with a higher packing
fraction of 0.2, as depicted in Figure 4.9c. This figure shows aligned particles, but the movement is not
uni-directional, since one can observe streams of anti-parallel particles. This behavior was also observed
in a more severe form in Figure 4.3f, which could mean that Figure 4.9c is a lead up phase towards
laning.

(a) Aspect ratio = 10, φ = 0.1. (b) Aspect ratio = 15, φ = 0.1. (c) Aspect ratio = 15, φ = 0.2.

Figure 4.9: Representative frames of trajectories of a system with a varying aspect ratio (namely 10 or 15), a
varying packing fraction phi and a fixed number of active rods (namely 50). The head of an arrow
points in the direction of the orientation of the rod, which is also the direction of the active force.
The packing fraction φ of each system is 0.1. The Péclet number of each system is 1000.

10The behavior of passive rods in a bath of active spheres is discussed briefly in ??.
11The fact that the groups fall apart quite fast was observed when we watched the accompanying movie.
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Figure 4.10: Representative frame of a trajectory of a system with 100 rods of aspect ratio 10, at a packing
fraction φ = 0.1. The Péclet number is 1000.

4.3.2 Influence active spheres on flocking phase

In the last paragraph, it was found that a system of rods with aspect ratio 15 at a packing fraction of
0.1 lead to stable flocking behavior. A system of rods with aspect ratio 10 under the same circumstances
was found to be at the beginning of the flocking regime. These situations will be used now as the basis
to investigate the influence of active spheres on the flocking behavior of a system of active rods. First, a
phenomenological approach is taken in Figure 4.11a. Then, a quantitative approach is taken where the
global nematic order parameter and the average parallel velocity component of the rods are calculated
as a function of the amount of active spheres present12.

(a) No spheres. (b) Number of spheres = 25. (c) Number of spheres = 50.

Figure 4.11: Representative frames of trajectories of a system with a varying number of active spheres (indicated
by an orange dot) and a fixed number of active rods (namely 100), with fixed aspect ratios 1 and
15 respectively. The head of an arrow points in the direction of the orientation of the rod, which
is also the direction of the active force. The packing fraction φ of each system is 0.1. The Péclet
number of each system is 1000.

12For further analysis, one could track the spheres and the rods independently from each other with the mean square
displacement and check for notable differences between the two.
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In Figure 4.11a, almost all particles are in one flock. The rods in the top left/right and the bottom
left/right corner namely have interactions via the periodic boundary conditions and clearly have the
same orientation. There is thus long-range order of velocity. There are only a few stray rods that do
not contribute to the flock, for example the six rods exactly in the center of the figure, moving in the
negative y direction. When 25 active spheres are added, Figure 4.11b shows that there are some points
where rods still agglomerate into aligned groups, but that the overall uni-directional motion that was
observed in Figure 4.11a is missing. Furthermore, the alignment within such groups is less organized
than in Figure 4.11a. For example, there is only one group where particles have the same orientation,
which is in the bottom right corner. Concerning the active spheres, these are not seen to agglomerate
but instead are evenly spread over the box. When more active spheres are added, leading to a total
of 50 as shown in Figure 4.11c, it is evident that nowhere the rods form aligned groups of more than
one row (which was also observed for the flocking lead-up phase of Figure 4.9a). Particles are packed
together into disordered arrays with the active spheres sitting on the outside. Therefore, it appears as if
the presence of active spheres disrupts the flocking behavior of active rods.

To further investigate this disruption, we now look whether active spheres actively break up flocks
or whether they are just hindering formation of flocks. Figure 4.11b gives an indication that maybe the
former is the case. The spheres namely sit between the rods (i.e. they have penetrated inside a flock) and
disrupt the formation (or further existence) of a flock at that level. When more active spheres are added
(Figure 4.11c), it is apparent that the spheres mostly sit on the outside of the flocks. This transition
between inside and outside could mean that increasing the number of spheres leads to more success in
breaking up flocks from the inside out. Movies of these trajectories also show that the spheres actively
drive the rods apart. Another interesting question would be whether passive spheres are equally effective
in breaking up flocks, or whether they just hinder flock formation. A similar question was studied by
Marchetti et al. [6], who found that non-aligning active particles (i.e. ‘dissenters’) are more successful in
breaking up a flock than an equal number of static objects. For reasons of time, we could not investigate
these questions. For now, we will look at the influence of active spheres on the overall alignment of the
system, quantified by the global nematic order parameter S as depicted in Figure 4.12.

In the discussion of Figure 4.10, it was stated that systems of active rods with aspect ratio 10 at a low
packing fraction are at the beginning of the flocking regime. Furthermore, it was clear that a system of
active rods with aspect ratio 15 at a low packing fraction is fully in the flocking regime. For that reason,
Figure 4.12 shows the influence of active spheres on the global nematic order parameter of systems with
rods of aspect ratio 10 and aspect ratio 15. When the system does not contain any spheres, the global
nematic order parameter is 0.6 for rods of aspect ratio 15, which is different from the maximum observed
value of a system in the laning phase (e.g. in Figure 4.4 the maximum value was 0.98). This can be
explained by the observations that in a flocking state, multiple flocks can exist and within one flock the
alignment is not perfect (e.g. the rods on the outside in Figure 4.11a point slightly inwards). The effect
of adding the first 25 active spheres on the global nematic order parameter is significant, since there is
a decline from S = 0.6 to S = 0.2. The graph of aspect ratio 10 stays below the graph of aspect ratio
15, which was expected since the former had a lower global nematic order parameter to begin with. The
relatively small error bars indicate that this decline took place in all ensembles. The decline over the
first 25 spheres of the graph of aspect ratio 15 could be explained in two ways. The first is that the
large uni-directional flock that was present in the undisturbed system is broken up into smaller individual
flocks that are not aligned with each other. The second is that the large flock is broken up into individual
particles that are disorganized. The former explanation explains the behavior of Figure 4.11b better,
because in that figure we see that this system still contains smaller flocks and is not composed solely of
individual particles.
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Figure 4.12: The ensemble average of the global nematic order parameter of the active rods as a function of the
number of active spheres present in a system of 100 active rods of aspect ratio 10 and a system of
100 active rods of aspect ratio 15. The ensemble average for the system of active rods with aspect
ratio 10 is taken over four ensembles; each ensemble contains 2000 frames. The ensemble average
for the system of active rods with aspect ratio 15 is taken over two ensembles; each ensemble
contains 2000 frames. The packing fraction in each ensemble is 0.1 (i.e. φ = 0.1). The error in
each point in the graph is the standard deviation of the ensemble means.

Figure 4.12 shows that adding 25 more spheres to the systems results in a difference in S of only 0.02.
For the aspect ratio 15 graph, this could be explained by comparing Figure 4.11b with Figure 4.11c. In
Figure 4.11b, small flocks exists while in Figure 4.11c there are only free disorganized particles. This
transition does not necessarily have to lead to a (large) change in the global nematic order parameter.
For rods of aspect ratio 10, Figure 4.10 shows some ordered arrays of rods, but no overall ordering in
the form of flocks. This can be explained by the fact that rods of aspect ratio 10 are less susceptible to
torques than longer rods which make the rods align less effectively. Thus, the aligning interactions are
less effective on the scale of the box. Based on that observation, we could interpret the decline of the
aspect ratio 10 graph in Figure 4.12 as a transition from a slightly disordered to a more disordered state.
This could give an indication of the course of the aspect ratio 15 graph when more than 50 active spheres
are added. If the system of aspect ratio 15 rods with 50 active spheres is in already in a disordered
state, it could become more disordered when more spheres are added, which is the same transition as the
aspect ratio 10 graph followed when the first 50 spheres were added. In that way, when more than 50
spheres are added, the aspect ratio 15 graph might follow the same decline as the aspect ratio 10 graph
had for the first 50 spheres.

In this paragraph, we try to explain why adding active spheres to a system has such a significant
effect (as seen from the graphs of Figure 4.11). One explanation is that spheres that are absorbed into a
flock are never aligned with the rods of that flock since they do not experience any torques. The active
force of the spheres can therefore point in any direction, leading to internal frustration in flocks. The
only way this frustration can be stopped is when a flock breaks up into smaller flocks13. In the resulting
equilibrium situation, spheres (after breaking up the flocks from inside out) sit outside of the many small
flocks. Another interesting follow-up question is whether these spheres actually encapsulate the flocks
and retard their dynamics in that way. To answer that question, Figure 4.13 shows the average velocity

13This hypothesis could simply be tested by simulating systems of long rods and rods of length 2, the smallest particles
possible that feel torque. Through aligning interactions, the effect of small rods inside a flock of long rods should be
neutralized.
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component parallel to the orientation of a particle as a function of the amount of active spheres inserted
into the system, for rod aspect ratios of 10 and 15.

In Figure 4.13, one can observe an almost linear decline in both graphs as the amount of spheres
increases. Note that the scaling on the y-as is somewhat ‘zoomed in’, the lowest value being unequal
to zero. In the discussion of Figure 4.12 it was found that the flocks are more and more broken up as
the amount of active spheres increases. This disruption of flocks also leads to a lower average parallel
velocity, since individual rods have more side-ways and rotational motion due to collisions with other
rods. The active force will restore the parallel velocity of these rods over time, but still these collisions
(i.e. the frequent losses of parallel velocity) lead to a lower value of the average parallel velocity. There-
fore, if active spheres break up flocks into many individual particles that have collisions, the average
parallel velocity component of all these particles becomes smaller if one increases the amount of these
spheres. The average absolute value of the perpendicular velocity component is not presented for the
same situation as Figure 4.13, since it had the same behavior as Figure 4.6: it takes a constant value,
most likely due to Brownian noise. It should be mentioned that the (constant) value of the perpendicular
velocity component at a packing fraction φ = 0.1 (i.e. the regime tested here) was higher than in the
φ = 0.6 regime. This could mean that the perpendicular velocity component is more useful as a measure
for the amount of side-way freedom (of which there is more at φ = 0.1 than at φ = 0.6), but less useful
as a tool to differentiate between ordered and disordered states within the φ = 0.6 regime.

Figure 4.13: The ensemble average of the velocity component parallel to the orientation of the particle as a
function of the number of active spheres present in systems of 100 active rods of aspect ratio 10
and aspect ratio 15, respectively. The ensemble average for the system of active rods with aspect
ratio 10 is taken over four ensembles; each ensemble contains 2000 frames. The ensemble average
for the system of active rods with aspect ratio 15 is taken over two ensembles; each ensemble
contains 2000 frames. The packing fraction in each ensemble is 0.1 (i.e. φ = 0.1). The error in
each point in the graph is the standard deviation of the three ensemble means.
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4.4 Laning of active rods at high density

In this section, we will first find the laning regime. After that, the influence of active spheres on a laning
system is investigated qualitatively and then quantitatively with the global nematic order parameter and
the average parallel velocity of the particles.

4.4.1 Laning regime

In subsection 4.2, it was found that in a system of 100 active rods at a packing fraction of 0.6, the
lowest aspect ratio that leads to a stable laning state is 10. When the packing fraction of that system
is lowered to 0.4 (Figure 4.14a), the particles show preliminary signs of laning, but the actual laning
phase is not present. The figure namely shows that the rods travel in two preferred directions along
one common axis, but the phase is not smectic as Figure 4.3f is. Therefore, for an aspect ratio of 10
the lowest packing fraction at which a laning phase is found is 0.6. To test whether a laning phase was
present for a higher aspect ratio of 15 at a lower packing fraction of 0.3, a system of 50 active rods was
simulated as depicted in Figure 4.14b14. This system shows the same behavior as Figure 4.14a, where
a real laning phase is not present but the particles stream along one common axis. When the packing
fraction is further increased to 0.6, unstable laning is observed (Figure 4.14c). This is probably caused
by the relatively small system size, which means systems with more particles should be tried. According
to the research of Wensink et al. [7], such larger systems with relatively high aspect ratios show laning
behavior. However, because such systems require significantly more computation time than for instance
a system of 100 rods of aspect ratio 10 at a packing fraction of 0.6, we chose the latter as a basis to
investigate the influence of active spheres on a laning phase (subsubsection 4.4.2).

(a) 100 rods of aspect ratio 10 at φ =
0.4.

(b) 50 rods of aspect ratio 15 at φ =
0.3.

(c) 50 rods of aspect ratio 15 at φ =
0.6.

Figure 4.14: Representative frames of trajectories of a system with different parameter values for the amount
of rods, the aspect ratio and the packing fraction. The head of an arrow points in the direction of
the orientation of the rod, which is also the direction of the active force. The Péclet number of
each system is 1000.

4.4.2 Influence active spheres on laning phase

In this section, we will quantitatively study the influence of active spheres on the stable laning phase of
the system presented in Figure 4.3f. When different amounts of active spheres are added to that system,
the resulting trajectories show behavior such as depicted in Figure 4.15.

14The reason for using only 50 rods is that 100 rods proved to be computationally unworkable for this large aspect ratio
at this density.
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(a) Number of spheres = 10. (b) Number of spheres = 25. (c) Number of spheres = 50.

Figure 4.15: Representative frames of trajectories of a system with a varying number of active spheres (indicated
by an orange dot) and a fixed number of active rods (namely 100), with fixed aspect ratios 1 and
15 respectively. The head of an arrow points in the direction of the orientation of the rod, which
is also the direction of the active force. The packing fraction φ of each system is 0.6. The Péclet
number of each system is 1000.

Evidently, comparing the system of Figure 4.15a with 10 active spheres with Figure 4.3f without any
spheres, the rods no longer arrange in nematically ordered lanes along one common axis in the former
figure, but instead they form domains of aligned rods. The laning phase is thus destroyed. The movie of
this trajectory shows that these domains do not fall apart over time. Furthermore, the time evolution
shows that rods are not arrested, but instead undergo dynamic frustrated motion. However, there was
no global movement in one direction and the domains rotated every few tens of frames. In that way,
due to the presence of active spheres, the system has made a transition from the laning phase to an
active glass state. For low amounts of active spheres (e.g. 10, as seen in Figure 4.15a), the spheres
do not agglomerate and are evenly spread across the box. When the total amount of active spheres is
increased to 25 in Figure 4.15b, the domains of aligned rods are still present, but are more and more
separated by agglomerates of active spheres. When even more active spheres are added, for instance 50
in Figure 4.15c, the spheres assemble in groups that form the same hexagonal pattern that was also found
in Figure 4.1b and form active boundaries (which only have short persistence times). It is noteworthy
to point out that in the latter figure, the packing fraction was lower (namely 0.1) and the spheres were
passive, while here the spheres are active and the packing fraction is higher (namely 0.6). Moreover, the
active spheres occupy relatively a lot of space compared to the active rods, as can be seen in Figure 4.15b
and Figure 4.15c. For instance, the figures show multiple arrays of four spheres that occupy more space
(in terms of both length and width) than the rods that lie next to those arrays. The rods have an aspect
ratio of 10 and comprise 15 segments (i.e. 15 spheres), so the total amount of repulsive interactions a
rod experiences is (on average) larger than that of a sphere. Given that fact, it is noteworthy that rods
are on average more closely packed than spheres. This could be explained by the fact that if rod i is
located between two other rods and all three rods are aligned, the total perpendicular force on rod i
cancels. This allows the rods to be closely packed. For spheres, that mechanism is not present and the
closest packing possible is hexagonal packing.
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Figure 4.16: The ensemble averaged global nematic order parameter as a function of the number of active spheres
present in a system of 100 active rods of aspect ratio 10. Each ensemble average is taken over three
ensembles; each ensemble contains 2000 frames. The packing fraction in each ensemble is 0.6 (i.e.
φ = 0.6). The error in each point in the graph is the standard deviation of the three ensemble
means. Note that there are no data points for number of spheres = 1,5 for the no temperature
simulation.

Figure 4.16 shows the global nematic order parameter S as a function of the amount of active spheres
added to a system of 100 active rods, aspect ratio 10 at a packing fraction of 0.6. The two different
graphs represent a situation with temperature (i.e. Pe = 1000) and one without temperature (i.e. ‘No
temperature’). The physical difference between the two is that whenever the temperature is non-zero,
the particles undergo Brownian motion, whereas in the no temperature case, Brownian noise is absent.
Figure 4.16 shows that in the absence of active spheres, the global nematic order parameter is almost
1 (as was observed earlier in Figure 4.4) for both graphs. When the first 10 active spheres are added,
the global nematic order parameter is greatly reduced, namely by a step of 0.4. When even more active
spheres are added (e.g. 25 or 50), the decline is also present but smaller than for the first 10 active
spheres. This can be explained by the observation made in the discussion of Figure 4.15, where it was
discussed that the addition of active spheres is followed by the transition from a laning phase to an
active glass state. In the latter state, there are many domains of aligned rods. These domains in turn
are not necessarily aligned with each other, which lowers the global nematic ordering of the state. When
more active spheres are added (e.g. Figure 4.15c), the system stayed in the active glass state, since the
domains of aligned rods were still present. Therefore, a state transition is not made between 10 added
active spheres and more added active spheres. This could explain why the graphs of Figure 4.16 decrease
less substantially after the first 10 active spheres. An interesting question that remains to be answered
would be how the graphs evolve as more active spheres are added. At this high packing fraction, the
system might always favor the formation of domains and therefore never change to a fully disorganized
system, whereas at a lower packing fraction we already argued that eventually the system will move to
fully disorganized state. Therefore, the graphs of Figure 4.16 might evolve towards a non-zero constant
value as the number of active spheres increases.
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Figure 4.17: The ensemble average of the velocity component parallel to the orientation of the particle as a
function of the number of active spheres present in a system of 100 active rods of aspect ratio 10.
Each ensemble average is taken over three ensembles; each ensemble contains 2000 frames. The
packing fraction in each ensemble is 0.6 (i.e. φ = 0.6). The error in each point in the graph is the
standard deviation of the three ensemble means. Note that there are no data points for number of
spheres = 1,5 for the no temperature simulation.

Figure 4.17 shows the average parallel velocity in a system of 100 rods of aspect ratio 10 at a packing
fraction of 0.6 as a function of the amount of active spheres present in that system. The graphs of
Figure 4.17 behave in the same way as the graphs of Figure 4.16, declining significantly after the first
10 active spheres are added, then decreasing less rapidly as more spheres are added. In that way, both
figures provide the same information about the influence of active spheres on the laning state, namely
that the laning state breaks down if active spheres are present. But Figure 4.17 can also provide infor-
mation on the dynamics of the system, as was mentioned earlier. For the same reasons mentioned in the
discussion of Figure 4.5, namely the presence of an active force, the value of the average parallel velocity
is never found to be below zero. In fact, the graphs of Figure 4.17 present evidence that the glassy states
(e.g. for 10, 25 or 50 active spheres added) found in Figure 4.15 are dynamic. In the accompanying
movies, this was also observed: the active rods were never arrested in these glassy states. This figure also
shows that the system dynamics is not affected by the presence of Brownian noise (i.e. when Pe = 1000)
as compared to the no temperature case.

One brief note about a possible application of the phenomena observed in this section: as was
mentioned previously, we expect laning to also be present at higher aspect ratios than 10. Looking back
at Figure 4.4, one can observe that for an aspect ratio of 10, the global nematic order parameter is
already 0.98. For higher aspect ratios, this value is expected to also be close to 1[7]. However, if the
laning phase of longer rods (keeping all other parameters constant) is more stable than the laning phase
of shorter rods, this cannot be seen from the global nematic order parameter S, since S would in both
cases be (close to) 1. Looking at Figure 4.16 and Figure 4.17, active spheres could be used to ‘probe’ how
stable the laning phase is. If a certain laning phase is more stable than another, it is namely expected to
be more robust against the addition of active spheres, making the slope of a figure like Figure 4.16 less
steep. This method could then be used to test whether a laning phase at higher aspect ratios is more
stable than at lower aspect ratios.
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5 Conclusion

In this report, a Molecular Dynamics approach has been used to simulate the behavior of mixtures of
active and passive spheres and rods. Each particle could interaction via a repulsive Yukawa potential
that made alignment of particles possible. The effect of adding active spheres to the flocking and laning
state of active rods was made quantitative by the global nematic order parameter and the average parallel
velocity component of the particles. The results of these simulations have been presented in section 4. In
this section, the main findings are reported and conclusions are drawn from these findings. In the case
that a result does not allow for an irrefutable conclusion, an outlook for further research is given. At the
end of this section, the implications of the findings for future work and applications are discussed.

In a very dilute system (i.e. a packing fraction of 0.01) of passive rods, it was found that there was
almost no dynamic behavior. Passive spheres in the same dilute situation all performed ’random walks’.
At higher packing fractions, the passive spheres and rods sought an energetically favorable configuration
for all interactions combined. For the rods, this resulted in a static glassy state, while for the passive
spheres an hexagonal crystal was formed. When the activity of the particles was switched on, the static
configurations were lost and self-organized behavior took its place. This self-organizing behavior was
caused by the interplay of the active force and interaction induced-torques. The activity furthermore
significantly increased the dynamics of the systems of spheres and rods.

At a packing fraction of 0.6 in a system of 100 rods, various system states were found for different
aspect ratios. For low aspect ratios (e.g. 2), the system was in an active glass-like state whilst at higher
aspect ratio (e.g. 6) formation of unstable domains was observed. An aspect ratio of 10 turned out
to be the minimum value at which laning takes place. This laning phase showed smectically ordered
streams of particles traveling along one common axis. The global nematic order parameter increased as
a function of aspect ratio and was found to be stable under small thermal fluctuations (i.e. Pe = 1000).
The average parallel velocity of the particles provided similar information as the global nematic order
parameter about the laning phase, but could also indicate whether the lower aspect ratio systems were
dynamic or not. The average absolute perpendicular velocity of the particles turned out to be constant
for all aspect ratios, since the level of Brownian noise significantly determined the amount of side-ways
motion, and was therefore not useful as an indicator for laning. Furthermore, the cluster identification
by the DBSCAN algorithm extended with an alignment requirement proved to be very susceptible to
minor changes in its input parameters. In the small systems we tested, this caused the average amount
of identified clusters and the average amount of particles per cluster to have a large variance. Therefore,
this algorithm might be of more use in larger systems.

The flocking regime, where the movement of particles is uni-directional and the particle velocities
have long-range order, was found for a system of 100 rods of aspect ratio 15 at a packing fraction of
0.1. The same system with rods of aspect ratio 10 proved to be in the lead-up phase towards flocking.
When the first 10 active spheres were added to these flocking states, it was observed that the global
nematic ordering and the average parallel velocity of the particles in the systems declined significantly.
The systems responded less strongly to adding more active spheres. Furthermore, the time-evolution of
the flocking trajectories showed that active spheres break up a flock from the inside out and in some cases
encapsulate the flocks. For reasons of time, it was not possible to investigate whether passive spheres
are equally effective as their active counterparts.

Indications where found that the laning regime, where lanes of nematically arranged particles stream
past each other in opposite directions, could also exists for a system of 100 rods with aspect ratios higher
than 10 at a packing fraction of 0.6. When active spheres were added to a system in the laning state
(i.e. 100 rods, aspect ratio 10, packing fraction 0.6), the laning phase was completely disrupted and the
global nematic ordering as well as the average parallel velocity decreased significantly. The resulting state
contained domains of aligned rods with boundaries of hexagonally packed active spheres that occupied
a relatively large space. These domains proved to be relatively stable against further addition of active
spheres. The addition of active spheres could be used as a method to probe to stability of a certain
laning phase.

These results could be relevant to gain insight into what impurity threshold separates the active self-
ordered from the disordered flow regime. This could for instance help studies on directed flows, such as
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performed by Wu et al. [8], to predict how stable such active self-directed flows are under the influence
of contamination of smaller active particles. Furthermore, this work complements on the research done
by Marchetti et al. [6], where the effect of motile and non-motile non-aligning particles on the formation
of flocks was investigated. To give an outlook for this work, we believe that the binary character of our
model can be easily generalized to a polydistribution (of aspect ratios) of particles. Furthermore, the
model could be expanded to three dimensions. Last of all, hydrodynamic interactions could be taken
into account, which are especially relevant for larger system sizes.
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Appendices

Appendix A. Lennard-Jones potential

The Lennard-Jones potential is an approximate potential for the interaction between two neutral atoms
or molecules[29]. This potential takes the following form:

VLJ(r) = 4ε

[(σ
r

)12
−
(σ
r

)6]
, (A.1)

where r represents the distance between the centres of mass of the two particles, σ represents the distance
at which the potential is exactly zero and ε represents a fitting parameter. We will come back to the
physical relevance of ε in a few moments. Thus, we know that VLJ(σ) = 0. Because of its computational
convenience, this potential is widely used in the area of computational physics. The 12th and 6th

power terms do represent physical phenomena, namely Pauli repulsion and Van der Waals attraction
respectively[30].

We will now find the distance at which the potential has its minimum, namely rmin, in terms of the
zero-crossing distance σ. We set the first derivative of Equation A.1 to zero. This gives:

dVLJ
dr

= 4ε
6σ6

(
r6 − 2σ6

)
r13

= 0. (A.2)

Note that if ε 6= 0 and σ 6= 0, neither the constant prefactors 4ε and 6σ6, nor the denominator of
Equation A.2 can be zero. But then, the term between brackets must equal zero. This leads to:

r6 = 2σ6 =⇒ r = rmin = 2
1
6σ ≈ 1.122σ. (A.3)

With Equation A.3, Equation A.1 can also be written as:

VLJ(r) = ε

[(rmin
r

)12
−
(rmin

r

)6]
. (A.4)

We are now ready to calculate the minimum of the Lennard-Jones potential, simply by filling out the
found value of rmin of Equation A.4 for r in Equation A.1. We then find:

VLJ(rmin) = 4ε

[(
σ

2
1
6σ

)12

−
(

σ

2
1
6σ

)6
]

= 4ε

[(
1

4

σ

σ

)12

−
(

1

2

σ

σ

)6
]

= 4ε

[
1

2
− 2

4

]
= 4ε

(
−1

4

)
= −ε.

(A.5)
Thus, we now know the physical meaning of ε: it represents the depth of the well. Figure A.1 depicts
the height V of the Lennard-Jones potential as a function of inter-particle distance r.

Figure A.1: The height of the Lennard-Jones potential V (as a multiple of the well-depth ε) as a function of
the inter-particle distance r (as a multiple of the zero-crossing distance σ). [31]
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Appendix B. Weeks-Chandler-Andersen potential

The last appendix began with the claim that the Lennard-Jones potential is convenient to work with
in computational physics. However, note that the Lennard-Jones potential as depicted in Figure A.1
approaches zero (but never actually is zero) and has a minimum that takes the negative value of ε.
Right now, we can already anticipate the problems these two properties impose: if the potential goes
to zero, but never actually is zero, will there ever be a distance where we can neglect the interactions
between particles? In other words: what is a good distance rcut−off where we can cut-off the interactions
between particles? This is exactly the problem that Weeks, Chandler and Andersen solved by making two
approximations[32]. They namely made an truncated and shifted version of the Lennard-Jones potential,
which takes the form:

VWCA(r) =

{
VLJ(r) + ε if r < 2

1
6σ

0 if r ≥ 2
1
6σ.

(B.1)

Note that the function is entirely ’smooth’ and continuous, even in the point r = 2
1
6σ = rmin.

Now, let us say that we want to calculate the force felt by a particle due to the Weeks-Chandler-
Andersen potential (Equation B.1) of another particle. We know from basic mechanics that this force
should satisfy:

~FWCA = −~∇VWCA(r). (B.2)

Note that since the value of VWCA is a constant 0 for r ≥ 2
1
6σ, its gradient (and hence the force) should

also be zero in that region. For r < 2
1
6σ, we see that VWCA is non-zero and a function of r. We can

therefore expect that the gradient is non-zero as well. So, the value r = 2
1
6σ = rmin is not only the

distance where the graph first takes its minimum value 0, it is also the value rcut−off where we can safely

cut-off the interaction between two particles. Let us now work out Equation B.2 for r < 2
1
6σ = rmin.

We get:

~FWCA =
d

dr
VWCA(r)r̂ =

d

dr
[VLJ(r) + ε] r̂ =

d

dr
VLJ(r)r̂ =

d

dr

[
ε

((rmin
r

)12
−
(rmin

r

)6)]
r̂ = ε

6r6min
(
r6 − 2r6min

)
r13

r̂,

(B.3)
where it should be noted that the

(
r6 − 2r6min

)
term is always smaller than zero for r < rmin. This

means we are always dealing with a repulsive force. Let us now write the result of Equation B.3 using
Equation A.3. The result then becomes:

~FWCA = ε
12σ6

(
r6 − 4σ6

)
r13

r̂. (B.4)
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