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As electrical capacitance tomography technique needs a sophisticated reconstruction, the accuracy of two of the most
widely used reconstruction techniques (Landweber and Tikhonov) for gas-fluidized bed applications were assessed. For
this purpose, the results of two-fluid model simulations were used as an input of reconstruction. After finding the opti-
mum reconstruction parameters for the studied system, it is found that both techniques were able to obtain the radial
profile and overall value of average volume fraction very well. Conversely, both methods were incapable to determine
bubble sizes accurately especially small bubble sizes, unless the Landweber technique with inverted Maxwell concentra-
tion model is applied. The probability distribution of the reconstructed results was also smoother in transition between
the emulsion and bubble phases compared to the reality. Finally, no significant differences in noise immunity of these
two techniques were observed. VC 2015 American Institute of Chemical Engineers AIChE J, 61: 4102–4113, 2015

Keywords: gas-solid fluidized bed, electrical capacitance tomography, two-fluid model, Landweber and Tikhonov recon-
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Introduction

Gas fluidized beds are one of the most important gas-solid

contactors and are widely used in the process industries. Poly-

merization, drying, and granulation are a few examples of

their applications.1–6 Due to the importance of these contac-

tors, a wide range of experimental techniques has become

available to capture their hydrodynamic behavior.7–15 Each

experimental technique has its own advantages and disadvan-

tages. In general, all the experimental techniques can be classi-

fied into two categories: intrusive and nonintrusive. Electrical

Capacitance Tomography (ECT) is one of the nonintrusive

techniques which enable us to obtain a better understanding of

fluidization behavior without any disturbance in the fluidized

bed. This technique has been widely used by different

researchers for different fluidization regimes16–18 and different

bed dimensions and gemoetries.15,19 In this technique E elec-

trodes are placed around the bed. A certain potential difference

is applied to one of the electrodes and the other electrodes are

used as detectors. In this way, E(E 2 1)/2 pair interelectrode

capacitances can be measured. By considering the governing

equations of an ECT system, the measured capacitances can

be converted into a spatial permittivity distribution. This is

usually done using a sensitivity matrix concept. The spatial

permittivity distribution can subsequently be converted to a

spatial distribution of the solids volume fraction. However,

concentration models are required for this conversion process.

As the number of pair interelectrode capacitances are rela-

tively low, the spatial resolution of the final results will be rel-
atively low too (i.e., in comparison with X-ray tomography).

As mentioned earlier, a sensitivity matrix concept can be

used for converting the capacitances into permittivity distribu-

tion. The sensitivity matrix is a matrix that shows how pair

interelectrode capacitances C change when a change is applied

in the dielectric constant K of each spatial element: C 5 S�K.

In this relation, C is a vector that contains the pair interelec-

trode capacitances, K is a vector that contains the permittivity

of spatial elements, and S is the sensitivity matrix. After meas-

uring the pair interelectrode capacitances, they should be con-

verted to a permittivity distribution by K 5 S21�C. where S is

the sensitivity matrix, K is the permittivity distribution, and C
in the pair interelectrode capacitance data. As the sensitivity

matrix is a nonsquare matrix, it does not have an inverse. Dif-

ferent reconstruction techniques can be used for solving such

an inverse problem. Two of the most important reconstruction

techniques are the Landweber20 and Tikhonov21 methods. In

this work, an attempt was made to find out the optimum values

for the parameters used in these techniques when applied to a

cylindrical bubbling fluidized bed. After introducing a system-

atic procedure for finding the optimum parameters, the most

suitable parameters were obtained. Then, the accuracy of these

techniques in obtaining the overall gas (solids) volume frac-

tion, bubble sizes, the radial solids volume fraction profile and

the probability distribution function (PDF) of the gas volume

fraction was investigated. This investigation will provide a

clearer view on the reliability of ECT results obtained for the

aforementioned key hydrodynamic parameters of fluidized

bed applications. It will also show the importance of recon-

struction parameters on the accuracy of final results.

Correspondence concerning this article should be addressed to N. G. Deen at
N.G.Deen@tue.nl.
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Experimental Setup

In this work, 812 spatial elements were used for a system
with 12 electrodes. The latter gives 66 independent pair intere-
lectrode capacitances, which is much lower than 812. In other
word, C is a vector with 66 elements. K is a vector with the
size of 812 and S or the sensitivity matrix has a size of 66 by

812. The experimental setup that has been used in this work

was a cylindrical bubbling fluidized bed with 30 cm diameter

and �2 m height. All the electrodes which are placed around

the bed have 5 cm height and they have been embedded at 5

different heights which enable us for measurements at differ-

ent axial positions. Figure 1 presents a schematic image of

ECT facility and a picture of the setup. As it can be seen in

this figure, all the measured data should be transferred from

electrodes to data acquisition module unit. After that, the data

is transferred to a computer for reconstruction. For further

information about the experimental setup an interested reader

can refer to the work by Godlieb et al.22 It should be also

added that the focus of this work is only on the reconstruction

part of the results which is the last step of measurements.

Reconstruction Techniques

In this section, a brief description of the mathematical

details of the Landweber and Tikhonov reconstruction techni-

ques is given.

Landweber reconstruction

The Landweber reconstruction method is based on a singu-

lar value decomposition of the sensitivity matrix. In the first

step, the sensitivity matrix is decomposed into three matrices

U, D, and V

S5U � D � V (1)

where U and V are unitary matrices and D is a diagonal matrix.

For mathematical details of this decomposition, the interested

reader is referred to mathematical text books.23

An approximate inverse of the sensitivity matrix (SL) can be

obtained using U, V, and a filter matrix (F)

SL5V � F � UT (2)

The elements of the filter matrix F can be obtained from

f 5ð12L � dÞN=d (3)

In this equation, d is a diagonal element of D, L is the relax-

ation parameter (or Landweber transformation parameter), and

Figure 1. Schematic representation and a picture of
ECT facility.

[Color figure can be viewed in the online issue, which is

available at wileyonlinelibrary.com.]

Figure 2. Schematic representation of concentration models for conversion of the measured normalized permittiv-
ity to phase volume fraction.

[Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]

AIChE Journal December 2015 Vol. 61, No. 12 Published on behalf of the AIChE DOI 10.1002/aic 4103

http://wileyonlinelibrary.com
http://wileyonlinelibrary.com


N is the Landweber constant. After calculation of SL, it is pos-

sible to obtain the permittivity distribution by

K5SL � C (4)

Tikhonov reconstruction

The Tikhonov reconstruction technique was proposed by

Tikhonov and Arsenin24 in 1977. In this technique, the back

projected permittivity is calculated by

KBP5ST � C (5)

In the back projection method, it is assumed that the inverse

of the sensitivity matrix is equal to its transpose. As C 5 S�K,

we may write

K5ðST � SÞ21 � KBP (6)

By substituting Eq. 5 into Eq. 6, we obtain

K5ðST � SÞ21 � ST � C (7)

The matrix (ST�S)21 can have a very small elements appear-

ing on its diagonal. To prevent singularity in the final results,

an additional term is introduced which leads to Eq. 8

K5ðST � S1t � IÞ21 � ST � C (8)

where t is a scalar value which is called the Tikhonov constant

and I is the identity matrix.

Concentration Models

Concentration models are used to convert the permittivity

distribution into volume fraction data. Series, parallel, Max-

well and inverted Maxwell are some of the most frequently

Figure 3. Schematic representation of the procedure
for determination of accuracy and optimum
parameters of reconstruction techniques.

[Color figure can be viewed in the online issue, which is

available at wileyonlinelibrary.com.]

Table 1. Input (Ground) Case Description

Dbub:=Dbed Bubble’s Location

Test Case a1 0:1216 Center of the Bed
Test Case a2 0:2531 Center of the Bed
Test Case a3 0:3059 Center of the Bed
Test Case a4 0:4494 Center of the Bed
Test Case a5 0:3059 Near to Wall Boundaries

Figure 4. Average absolute deviation of the recon-
structed normalized permittivity distribution
as a function of (a) the relaxation parameter
L (for N 5 20) and (b) the Landweber con-
stant N (for L 5 1023 or 1025).

[Color figure can be viewed in the online issue, which is

available at wileyonlinelibrary.com.]

Figure 5. Average absolute deviation of the recon-
structed normalized permittivity distribution
as a function of the Tikhonov constant t.

Tikhonov constants smaller than 0.1 could lead to sin-

gularity issues and were not used in the test cases.

[Color figure can be viewed in the online issue, which is

available at wileyonlinelibrary.com.]
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used models. Equations 9–12 give the expressions for these
models which are obtained on basis of the calculation of a
mixture permittivity in series, parallel, Maxwellian and
inverted Maxwellian configurations of two dielectric material.
The schematic representation of these concentration models is
shown in Figure 2. For more information and details, the inter-
ested reader is referred to the study of Godlieb25

X5
Kr:KEN

11KENðKr21Þ Series Model (9)

X5KEN Parallel Model (10)

X5
KENð21KrÞ

31KENðKr21Þ Maxwell Model (11)

X5
2KENKr1KEN

3Kr1KEN2KENKr

Inverted Maxwell Model (12)

In these equations X is the normalized solid volume

fraction es5es;max:X
� �

, Kr is the permittivity ratio of the materi-

als in the bed (higher permittivity to lower permittivity) and
KEN is the normalized permittivity. In this work, es;max or maxi-

mum solid packing of 0.63 was used. The normalized permit-

tivity can be simply calculated by KEN5 K2Klow

Khigh2Klow
where Klow

is the lowest possible permittivity in the bed (when the bed is
completely empty) and Khigh is the highest possible permittiv-

ity in the bed (when the bed is filled with particles but it is not

fluidized yet). The calibration of the setup is also done based

on the highest and lowest possible permittivity distribution in

the bed. When the setup is completely empty, the pair intere-

lectrode capacitances should be measured. After that, the setup

should be filled with particles and the pair interelectrode

capacitances should be measured again. In this way, it is possi-

ble to determine the permittivity distribution after any meas-

urements in the bed by the aid of these two lower and upper

limits.

Results and Discussions

Optimum reconstruction parameter

In this section, a systematic procedure for determination of

the optimum reconstruction parameters is presented. This

method contains couple of steps. Figure 3 presents the whole

procedure in a schematic way. In this method, an artificial per-

mittivity distribution (Kin) was created from a bubble placed

in a plane filled with particles. After that, the pair interelec-

trode capacitances were calculated by C 5 S�Kin. Subse-

quently, a reconstructed distribution (Krec) was calculated by

Krec 5 S21�C and compared with the input values of the per-

mittivity distribution. Different test cases were conducted and

the final results were compared to their corresponding input

case. This process was done with different reconstruction

Figure 6. Sensitivity of the reconstructed bubble diameter to (a) the Landweber relaxation parameter (Landweber
constant N 5 20), using the series concentration model, (b) the Landweber relaxation parameter (Land-
weber constant N 5 20), using the inverted Maxwell concentration model, (c) the Tikhonov constant,
using series concentration model, and (d) the Tikhonov constant, using Inverted Maxwell concentration
model.

[Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]
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parameters. In this way, the optimum parameters for Land-

weber and Tikhonov techniques can be obtained.
In the first series of input (ground) cases, one bubble was

located inside the measurement plane in the bed. Different

bubble diameters were chosen and the accuracy of the results

was quantified on basis of the average absolute deviation

(AAD) of the permittivity in all the 812 spatial elements

AAD5
1

812

X812

i51

jKrec:2Kinputj (13)

Table 1 shows the test case descriptions. In all of these five

test cases, the permittivity distribution was normalized before

reconstruction. In other words, the normalized permittivity of

the bubble phase is zero and for the emulsion it is one.
Figures 4 and 5 show the results obtained from all test cases

using different reconstruction parameters.
In test case a5 (where the bubble was located near to the

bed boundary), the AAD was slightly larger than its corre-

sponding value in test case a3 (where a bubble of the same

size was located in the center). As can be seen from Figure 4,
the accuracy decreases with increasing Landweber constant
and increasing value of the relaxation parameter. In the case
that the relaxation parameter was smaller than 1025, the AAD
was less than 10% and the Landweber constant did not have a
significant impact on the final results of these test cases. The
Landweber constant could change the accuracy significantly if
a large relaxation parameter like 1023 was used (refer to Fig-
ure 4b). For such cases, the AAD increased with increasing
the value of Landweber constant. This observation can be jus-
tified by the semiconvergence behavior of ill-posed prob-
lems.26 It can be concluded that a relaxation parameter less
than 1025 with an arbitrary Landweber constant between 1
and 20 are suitable parameters in the Landweber reconstruc-
tion method for the studied system.

Figure 5 represents the obtained AAD depending on the
Tikhonov constant. As can be seen from this figure, t 5 0.1 is
the optimum parameter in all the test cases. This parameter
gave less than 10% AAD for the final reconstructed normal-
ized permittivity. It was also observed that the AAD increases

Figure 7. Effect of (a, b) Landweber relaxation parameter on the reconstruction result (N 5 20) and (c, d) Tikhonov
constant on the reconstruction results.

[Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]
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with increased bubble size regardless of the reconstruction

technique, even though the average permittivity becomes

smaller. As the elements in the main diagonal of ST.S can be

very small or even zero, Tikhonov constants smaller than 0.1

can lead to singularity. Therefore, all the Tikhonov constants

that are used in the test cases were equal to or larger than 0.1.

Accuracy evaluation of reconstruction techniques

In this section, the accuracy of the two reconstruction tech-

niques for measuring four different key parameters in gas-

fluidized beds is presented. These parameters are the overall

volume fraction, the bubble size, the radial profile of the vol-

ume fraction, and the PDF of the volume fraction.
Bubble Detection Accuracy. Test cases a1–a4 were per-

formed once again with different reconstruction parameters. The

solids volume fraction es 5 0.6 was assumed in the emulsion

phase and the bubble phase was considered completely free of

solid phase (es 5 0). A gas volume fraction eg,th 5 0.8 was used

as a threshold for bubble phase detection, that is, spatial ele-

ments with eg> eg,th were considered to be inside a bubble. Fig-

ures 6a, b present the effect of the Landweber relaxation

parameter on the accuracy of the bubble size determination.
Figure 6a shows the reconstruction results obtained with the

series concentration model. In this case, when a relaxation

parameter smaller than 1024 was used, the relative error in

detecting the diameter of large bubbles was smaller than for

small bubbles. The optimum relaxation parameter for the bub-

ble size was obtained between 1023 and 1024 for Dbub/

Dbed 5 0.1216 and it increased to a number between 1022 and

1023 for Dbub/Dbed 5 0.4494. There was a sudden change in the

results after increasing the value of relaxation parameter beyond

1023 (not shown in Figure 6). It was also observed that for

small bubbles like Dbub/Dbed 5 0.1216 and a relaxation parame-

ter smaller than 1025 the error was around 260%. It clearly

shows the inability of the Landweber reconstruction technique

for small bubble detection. Note that the Landweber constant N
did not have any effect on the bubble size for L 5 1025.

As series and inverted Maxwell concentration models

are the upper and lower limits for solid volume fraction

determination (refer to Figure 2), only the effect of these two
concentration models were investigated in this work. Figure
6b presents the reconstruction results this time obtained with
the inverted Maxwell concentration model. With this concen-
tration model, the results for bubble detection were improved
considerably, especially for small bubbles. It is also found
that except the results of case a1, the trends in the error are
similar to the results obtained with the series concentration
model. In this situation the best results were obtained with a
relaxation parameter smaller than 102421025. A sudden
increase in the bubble size error around L 5 1023 was also
observed. Some snapshots of the reconstructed results are
presented in Figure 7 to illustrate this effect more clearly.

Figure 7a presents some snapshots of reconstructed images
obtained with Landweber and series concentration model for
different relaxation parameters. As can be seen from this fig-
ure, even though the error for L 5 1023 is smaller than for
L 5 1024 or L 5 1025, inside the bubble the reconstruction
fails, as it gives very different values as compared to the input.
For the case with L 5 1023, a gas volume fraction gradient was
observed in the bubble region but all the cells inside of the bub-
ble still had a gas fraction exceeding 0.8. For relaxation param-
eter of L 5 1022, the results were completely different from the
input case. It can also be seen that with a relaxation parameter
smaller than L 5 1024, the bubble size is under-predicted in all
the observed cases. This figure also shows that with small
relaxation parameters like 1025, the volume fraction exterior to
the bubble can be reconstructed very well but the bubble-
emulsion boundaries cannot be reconstructed so well.

Snapshots of the same results obtained with the inverted
Maxwell model are also presented in Figure 7b. Similar to Fig-
ure 7a, the bubble edges could not be detected very well,
regardless of the value of the relaxation parameter. Smaller
relaxation parameters lead to higher accuracy outside the bub-
ble phase. The optimum parameter value was around
102421025. The results with a relaxation parameter larger
than 1023 were completely unreliable.

The same test cases were also conducted applying the
Tikhonov technique. The results are presented in Figures 6c,
d. This figure clearly shows that this technique is not able to
reconstruct small bubbles neither. It can also be observed that
with a Tikhonov constant smaller than or equal to 31.6, the
bubble size is under-predicted for all the test cases. With a
Tikhonov constant of 100, the results are unreliable regardless
of the bubble size (not shown). Figures 7c, d present some
snapshots illustrating the effect of the Tikhonov constant on
the reconstructed volume fractions. This figure clearly shows
the unreliability of the results with a Tikhonov constant of
100. However, the error in the bubble size with a Tikhonov
constant of 100 was much lower than the error in the bubble
size with a Tikhonov constant of 0.1 for some cases. Changing
the concentration model from the series to the inverted

Figure 8. Accuracy of reconstruction techniques for
overall volume fraction, L 5 1025, N 5 20 was
used in the Landweber technique and t 5 0.1
was used as Tikhonov constant.

[Color figure can be viewed in the online issue, which is

available at wileyonlinelibrary.com.]

Table 2. Simulation’s Conditions for Two Fluid Modeling

Dr50:005 ðmÞ Dt52:031025 ðsÞ ug50:417 ðm=sÞ
Dz50:005 ðmÞ dp50:001 ðmÞ T5293:0 ðKÞ
nr530 qp5850 ðkg=m3Þ lg51:831025 ðPa:sÞ
nh530 qg calculated by

ideal gas law
Bed aspect ratio51:0

nz5300 Dbed530:0 ðcmÞ e 5 0.60, ew 5 0.97

Drag correlation: van der Hoef et al.30

Frictional model: Srivastava and Sundaresan31

TVD discretization scheme for convection terms: Min-mod32
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Maxwell model did not improve the results and even made it
worse for some cases.

With consideration of the results for these four test cases, it
is concluded that the Landweber technique with inverted Max-
well concentration model, using a relaxation parameter less
than 102421025 gives the best results for the determination of
the bubble size for the studied system. Note that neither of
these four test cases (test cases a1–a4), a gradient in the axial
direction exists. In another words, bubbles have a cylindrical
shape in these test cases. In reality however, the electrodes
have a certain height and small bubbles may be covered by
emulsion phase to a large extent. In this situation, reconstruc-
tion of these bubbles obviously becomes difficult.

Overall Volume Fraction Accuracy. The same test cases
were used to determine the accuracy of the reconstructed over-
all volume fraction. The results showed that the reconstruction
techniques with suitable parameters are very accurate in find-
ing the overall volume fraction. Figure 8, shows the absolute
error in the overall volume fraction for the test cases a1–a4.
As can be observed from this figure, the absolute error was
less than 3.5% for all the test cases.

In reality, there will be more than one bubble in a bubbling
fluidized bed and the interaction between bubbles will affect
the accuracy of the results. The bubble shape is also not com-
pletely spherical, which will also change the accuracy of the
reconstruction. Note that the ECT results are two-dimensional

Figure 9. Mapping of TFM simulation results (in cylindrical coordinates) to ECT grid cells (in Cartesian coordinates).
Dark blue indicates the normalized permittivity of zero and dark red indicates the normalized permittivity of 1.

[Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]
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(2-D) projections of the material distribution inside a horizon-

tal slab with a certain thickness (“the measurement plane”).

As such, the reconstruction results cannot provide any details

of the solids distribution in the axial direction and therefore
only provide a quasi-2-D solids distribution. To quantify the

consequences of this effect, it was decided to use three-

dimensional (3-D) computational fluid dynamics data as an

input for the ECT technique to test both reconstruction meth-

ods. It should be added that some researchers tried to recon-

struct the capacitance measurements data in 3-D by changing

the configuration of electrodes27 or using adaptive sensors28

but in this work only the reconstruction techniques for conven-

tional ECT facilities is investigated.
A 3-D cylindrical two-fluid simulation was performed for

creating input data for the reconstruction. This simulation was

performed for a bed with similar size of the experimental bed,

30 cm diameter and 1.5 m height. The computational grids

were 5 times of particle diameter in the radial and axial direc-

tions. The air at 293 K was used as a fluidizing agent and the

particles which were used in these simulations were LLDPE

particles with 850 (kg/m3) density and 1.0 mm diameter. Fur-

ther information about the simulation’s condition like drag

correlation, discretization scheme, frictional model, and resti-

tution coefficient is presented at Table 2. For further details

regarding the governing equations, the interested reader can

refer to the work by Verma et al.29

As the height of electrodes is much larger than the height of

one computational grid cell, it was necessary to make an aver-

age over several cells in the axial direction. After that, the

results of the simulations could be used as input for the recon-

struction. In this work, it is assumed that the height of the elec-

trodes equals 5 cm. It is also assumed that all the cells with the

same radial position have almost the same distance to the elec-

trodes, irrespective of their height. This assumption is fairly

good near the center because of the relatively large ratio of the

bed diameter to the electrode height. In the next section, the

mapping of two-fluid model (TFM) results from the cylindrical

coordinate system to the ECT reconstruction cells is presented.

Mapping of TFM Results to ECT Reconstruction Grids.
As the simulations with the TFM were performed in a cylin-

drical coordinate system, it was necessary to map the results

from the cylindrical cells to the Cartesian ECT grid cells. ECT

grid cells have a square shape. Both type of cells and a typical

example of the adapted mapping are illustrated in Figure 9.

The most accurate way of mapping is integration over the

ECT grids. For this purpose, each ECT grid cell was divided

into 30 3 30 smaller subcells. Subsequently, for each subcell

the corresponding volume fraction in the cylindrical grid was

determined. Then, for each ECT grid cell, the volume fraction

was obtained by averaging the volume fractions of all

subcells.

Figure 10. Landweber and Tikhonov reconstruction of TFM results for permittivity distribution at different moments.
L 5 1025, N 5 1 was used for Landweber technique and t 5 0.1 was used as Tikhonov constant.

[Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]
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Accuracy of Volume Fraction Radial Profile. After map-
ping the TFM results to the ECT grid cells, the data was used
as an input for the reconstruction techniques. Then, average
radial profiles of the solid volume fraction were determined
and the results were compared to the results from the input
file. This comparison was performed at 5 different heights and
the results for h 5 5–10 cm and h 5 25–30 cm are presented in
Figure 10. It should be added that 9 s of TFM simulation was
performed and the last 4 s of simulation was used for process-
ing. Two hundred data files (snapshots) for every seconds of
simulation, in total 800 data files, were used in the processing
steps. Figure 10 presents some snapshots of Landweber and
Tikhonov results for three different moments. Three other
aspects should be noted about the processing of the results. All
the 800 TFM data files (snapshots) were processed after map-
ping. In this way, any error arising from the integration is
excluded from the analysis. Beside this, the results of the TFM
simulations were averaged over 5 cm in the axial direction. In
this way, the inability of ECT technique for capturing 3-D
information was also excluded from the accuracy analysis of
the reconstruction methods. It should be added that parallel
concentration model was used for converting TFM data into
permittivity distribution and reconstructed permittivity distri-
bution into reconstructed volume fraction (this concentration
model was also used for the rest of this work).

Figures 11a, c are the same as Figures 11b, d, respectively.
The only difference is that Figures 11a, c only present the
accuracy of reconstruction techniques with the most suitable

parameters in this system. Figure 11 clearly shows that the
Landweber and Tikhonov reconstruction techniques are not
only accurate for obtaining the overall average volume frac-
tion but they can also provide the radial profile of solid volume
fraction in a very accurate manner if they are used with suita-
ble reconstruction parameters. This accuracy was observed
regardless of the bubble size. For example, at height 5–10 cm,
the bubbles are much smaller than at 25–30 cm, but the recon-
struction results gave good radial profiles for the volume frac-
tion at both heights. Note that the shape of bubbles can also
change the accuracy of reconstruction to some extent. It was
observed that both reconstruction techniques are less accurate
for nonspherical bubbles. Nevertheless, this effect does not
significantly affect the results for the average volume fraction
profile.

Accuracy of Volume Fraction PDF. As a next step, the
accuracy of the Landweber and Tikhonov methods on deter-
mining the PDF of the volume fraction is determined. The
PDF of the volume fraction was obtained at 5 different heights
from the TFM results and they were compared to the recon-
structed results. The final results for heights 10–15 and 25–
30 cm are presented in Figure 12.

As can be seen from Figures 12c, d, both methods give a
shift of the PDF toward higher gas volume fractions as com-
pared to the TFM results. The main reason for this difference
is the disability of these two reconstruction methods for
detecting regions with high gradients. Both techniques have
difficulties to reconstruct the regions with high gradients in the

Figure 11. Accuracy of the Landweber and Tikhonov reconstruction techniques with respect to the radial profiles
of the average solid volume fraction. LW and TK are abbreviations for Landweber and Tikhonov, respec-
tively.

[Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]
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volume fraction and consequently the results of the reconstruc-
tion are smoother than the TFM results. This can also be
observed in Figures 7 and 10. This smoothening causes a less
sharp distinction between the reconstructed emulsion and bub-
ble phases which can readily be seen in the PDF.

Figure 12 also shows that Landweber is slightly more accu-
rate than Tikhonov in obtaining the PDF if it is used with suita-
ble parameters. This is in line with the earlier observations for
the radial profile of the average volume fraction. It should be
noted that the results of the reconstruction are also smoothened
by averaging in the axial direction. In Figure 12, the effect of
this averaging is shown for the TFM as well (Figures 12a, b).
This averaging can lead to a lower probability of both the bub-
ble and emulsion phases and a smoother transition between the
two phases. It can be easily seen in Figures 12a, b, that the prob-
ability of detecting bubbles decreases considerably after averag-
ing in the axial direction. Figures 11 and 12 both clearly show
the importance of systematic determination of optimum recon-
struction parameters too. It can be easily seen that the results
can change significantly if reconstruction parameters change.

Sensitivity of reconstruction techniques on disturbance

To test the robustness of the reconstruction techniques, test
cases a1–a4 have repeated several times (they are repeated for
100 times in this work), but this time with applying a 65–25%
disturbance in the accuracy of the permittivity distribution. In

other word, a random noise with the average value of 65–

25% was applied to artificial input permittivity distribution.

This noise somehow can mimic the disturbance from environ-

ment. In this way, it is possible to find out how different recon-

struction techniques respond to these disturbances.
A relaxation parameter of 1025 with N 5 1 is used for the

Landweber reconstruction technique and t 5 0.1 was used as

Tikhonov constant. As can be seen in Figure 13, none of these

two techniques has a significant advantage over the other in

terms of robustness. It is also observed that, although the AAD

increases with bubble size and disturbance percentage, the

overall volume fraction can be obtained with typically 90%

accuracy. Moreover, one can observe that most of the time the

Landweber method gives a slightly lower AAD compared to

the Tikhonov method, except for case a4.

Conclusions

In this work, a systematic procedure for determination of

optimum parameters for Landweber and Tikhonov reconstruc-

tion methods for ECT measurements in gas-fluidized beds is

presented. Subsequently, the accuracy of the method for deter-

mining key hydrodynamic quantities was investigated for sev-

eral test cases. These quantities are the overall and radial

profile of the average volume fraction, the bubble size and the

volume fraction PDF. Finally, the effect of noise on the

Figure 12. Accuracy of Landweber and Tikhonov methods with respect to the volume fraction PDF. (a) Effect of
averaging in the axial direction on PDF at 10–15 cm, (b) effect of averaging in the axial direction on PDF
at 25–30 cm, (c) accuracy of Landweber and Tikhonov techniques on PDF at 10–15 cm, and (d) accuracy
of Landweber and Tikhonov techniques on PDF at 25–30 cm.

[Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]
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performance of the reconstruction techniques was studied as
well. Based on this work, it can be concluded as follows:
� It is found that for a cylindrical fluidized bed with 30 cm
diameter and 12 electrodes with the height of 5 cm, Land-
weber relaxation parameter smaller than 1025 with an arbi-
trary value of the Landweber constant between 1 and 20, and
a Tikhonov constant of 0.1–0.3 are the most suitable choices.
� The Tikhonov technique was not able to detect bubble
size accurately. This disability is more pronounced for small
bubbles.
� The Landweber technique with the series concentration
model was also not able to predict the bubble size accurately.
The results can be improved significantly when the inverted

Maxwell concentration model is used. Note that this conclusion
is only valid for cases with zero gradient in the axial direction
(“cylindrical bubbles”).
� Selection of an improper reconstruction parameter can
lead to large errors in the reconstructed volume fractions.
� Both methods provide the overall average gas volume
fraction as well as its radial profile very well.
� The probability distribution of the reconstructed results
has a smoother transition between emulsion and bubble
phases compared to TFM simulation results where typically
very large gradients at the bubble-emulsion interface prevail.
� It is found that the two techniques have no significant
advantages over each other with respect to noise immunity.

Figure 13. Effect of disturbance on the accuracy of Landweber and Tikhonov reconstruction techniques (the error
bars represent the maximum and minimum AAD).

[Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]
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Nomenclature

Roman letters
C = pair interelectrode capacitance
D = diagonal matrix for singular value decomposition process

Dbed = bed diameter, m
Dbub = bubble diameter, m

d = diagonal elements of D
E = number of electrodes
e = particle–particle restitution coefficient

ew = particle-wall restitution coefficient
F = filter matrix
h = height from distributor, cm
I = identity matrix

KBP = back-projected permittivity distribution matrix
KEN = normalized permittivity distribution matrix
Kin = input permittivity distribution matrix
Kr = permittivity ratio of materials in the bed

Krec = reconstructed permittivity distribution matrix
L = Landweber relaxation parameter
N = Landweber constant
S = sensitivity matrix

SL = approximate inverse of S by Landweber method
t = Tikhonov constant

U, V = unitary matrices for singular value decomposition process
X = normalized solid volume fraction

Greek letters
eg = gas volume fraction

eg;th = gas volume fraction threshold for bubble detection
es = solid volume fraction

es;max = maximum solid packing fraction

Abbreviations
AAD = average absolute deviation

BP = back-projected
DAM = data acquisition module
ECT = electrical capacitance tomography
LW = Landweber

TFM = two fluid model
TK = Tikhonov

TVD = total variation diminishing
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