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Abstract

A channel that connects two open reservoirs during tidal wave motion is able to form dipolar vortices.
In this paper the influence of a finite, asymmetrical channel is studied for the formation of vortices,
the possibility of escaping dipoles and steady-state behaviour in combination with period-doubling
flows. This is done numerically using a variable, asymmetrical gap and with variation of the Strouhal
number. The dependence of possible dipoles escapees on the Strouhal number is verified as well as
critical values for different asymmetries. Below this critical value, the flow may show signs of period-
doubling behaviour. Very asymmetrical geometries lead to less vortex interaction within the channel,
making it easier for dipoles to escape and for the flow to reach a steady-state. Symmetrical channels
will always show steady-state behaviour. Far from the channel it is not possible to distinguish
different asymmetries based on the escape of dipoles.
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1 Introduction

An estuary is a partially enclosed area, where one or more rivers or streams meet through a free
connection with the sea. Due to the tidal waves, estuaries serve as a source for high levels of nutri-
ents as well as the intermixing of polutants and the deposition of sediment [4] [12]. A nice example
is the lagoon of Venice, seen in figure 1, where a narrow barrier island shields the few islands from
possible storm waves.

Estuaries have an additional feature that dipoles may form from inside the channel that connects
the estuary to the open sea. This tidal vortex is generated by sudden flow seperation from the
boundary layer into the widening of the channel [11]. Also, vorticity can be transported from inside
the channel and be formed into two counter rotating vortices called a dipole [13]. The dipole is able
to propagate out of the channel if the circulation is sufficiently high.

Figure 1: An aerial view of the lagoon of Venice, where fresh water meets the sea at the inlets [14]

Previous studies showed that dipoles may escape the channel depending on a dimensionless number
called the Strouhal number W/UT , where W is the width of the tidal inlet, U the maximum veloc-
ity through the channel and T the tidal wave period [8]. Depending on the value of the Strouhal
number, this may lead to the dipole escaping, hovering or being sucked back into the channel. Wells
and Van Heijst (2003) used a theoretical and experimental model to find a critical number for a
slit barrier shaped channel. Dipoles would be able to escape when the Strouhal number is smaller
than a critical number: St < 0, 13. This result was confirmed by Amoroso et al. (2010) using a
remote sensing apporach inside the San Jose Gulf. Later studies investigated variations of the slit
barrier, including the influence of inlets with finite length [3] and barrier islands with channels [10],
including channels with various geometries [6] [2].

This research will investigate an additional variation to the general problem, namely the influence
of an asymmetrical channel with finite length. This is done numerically with a finite element solver.
The goal of this paper is to describe the influence of an asymmetrical channel on the formation
of dipoles as well as the potential of escaping dipoles and steady-state behaviour. The important
parameters to be varied are the asymmetry of the channel and the Strouhal number.
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In the following section, the numerical domain will be discussed as well as the relevant equations
and fixed parameters. In section 3, the results will be presented and we will discuss the findings for
escaping dipole displacements, the potential of escaping dipoles under the influence of the relevant
parameters and steady-state behaviour along with period doubling flows. Finally in section 4, the
conclusion will summarize the findings from the results and provide suggestions for further research.
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2 Problem statement and relevant equations

2.1 Domain specification

The goal of this paper is to study dipole formation through an asymmetrical channel as a result
of tidal wave currents. This is done numerically using the computational domain given in figure 2,
which consists of two basins connected by a small, asymmetrical channel. We are only concerned
with the vortices near the gap, therefore the dimensions of the basin are much larger than those of
the channel. This enables the flow, emerging from the left end of the basin, to be fully developed
and not cause unwanted vortices in front of the gap.

Figure 2: The entire computational domain for numerical simulation, where two bassins are con-
nected by an asymmetrical channel.

All lengths in the domain are related to the width of the small end of the channel Wgi and the length
Lg. Therefore Wgi and Lg are both set to the numerical value of 1 for this research. An enlarged
image of the channel in figure 2 can be seen in figure 3. For the dimensions of the basin, the length
Lb is set to Lb = 100Wgi and the width Wb to Wb = 40Wgi.

In addition, we can define certain characteristics for the gap. Besides the left end, we define the
right opening to be Wgf and introduce the parameter α, an angle that determines the asymmetrical
aspect of the channel. For α = 90◦, the channel is symmetrical. One may notice that for α → 0◦,
the gap will become infinitely thin and Lg → 0. On the other hand, for α > 90◦ the channel may
be closed off entirely. For these reasons, we only take into account the angles between 40◦ and 90◦

and leave out the rest.
Using some geometry relations we can find an equation for Wgf in terms of Wgi and α, given by

Wgf = Wgi + 2Lg cotα. (2.1)

Earlier in this paragraph we put the dimensions of the gap to 1, so this yields for eq. (2.1)

Wgf = 1 + 2 cotα. (2.2)
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Figure 3: The asymmetrical gap. The width of the left end Wgi is fixed with numerical value 1. The
width of the right end Wgf is dependent on the angle α, which defines the asymmetry. The length
of the channel Lg is set to 1.

2.2 Dimensionless quantities

In shallow water, starting-jet vortices have much larger horizontal scales compared to the water
depth [7]. Therefore, in this research the flow is assumed to be quasi two-dimensional. This implies
that the fluid only moves in the plane parallel with the channel. Fluctuations perpendicular to the
plane will be discarded. For an incompressible fluid, the flow is divergence-free,

∇ · v = 0, (2.3)

where v is the flow velocity. We assume that gravity has no effect on the flow since it is perpendicular
to the two-dimensional flow. Applying these assumptions and eq. (2.3), we have for the Navier-
Stokes equations

ρ
∂v

∂t
+ ρ(v · ∇)v = −∇p+ µ∇2v, (2.4)

where ρ is the mass density, p the pressure, µ the dynamic viscosity and ∇2 the Laplace operator.
Next, we can define the typical quantities to be varied in the simulation. We can relate all space
quantities to the width of the channel Wgi, as was done similarly with the dimensions of the basin.
Next we can define T to be the period of the tidal wave and Ugi(y) the y−dependent maximum
velocity of the flow through the narrow the end of the channel, Wgi. Finally, we define 〈Ugi〉 to
be the y−averaged maximum velocity through the gap. Using this, we can introduce dimensionless
variables suitable for describing the flow through the asymmetrical channel according to

5



x̃ =
x

Wgi
; (2.5a)

t̃ =
t

T
; (2.5b)

ṽ =
v

〈Ugi〉
; (2.5c)

p̃ =
p

〈Ugi〉2 ρ
; (2.5d)

∇̃ = Wgi∇; (2.5e)

where the quantities with the tildes are made dimensionless. The Navier-Stokes equation can be
made dimensionless as well by inserting (2.5) in eq. (2.4) to yield

〈Ugi〉
T

∂ṽ

∂t̃
+
〈Ugi〉2

Wgi
(ṽ · ∇̃)ṽ = −〈Ugi〉2

Wgi
∇̃p̃+ ν

〈Ugi〉
W 2

gi

∇̃2ṽ, (2.6)

where ν is the kinematic viscosity given by ν = ρ/µ. Dividing every term by 〈Ugi〉2 /Wgi gives

St
∂ṽ

∂t̃
+ (ṽ · ∇̃)ṽ = −∇̃p̃+

1

Re
∇̃2ṽ, (2.7)

where St is the Strouhal number and Re the Reynolds number given by

St =
Wgi

〈Ugi〉T
; Re =

〈Ugi〉Wgi

ν
. (2.8)

2.3 Tidal flow

To generate the dipolar vortices, a tidal flow model must be imposed. We choose the inlet to be on
the left side of the basin. The flow through the gap has the following time-dependent form:

Ug(y, t) = Ugi(y) sin
(
2πt̃
)
, (2.9)

where t̃ is the dimensionless time from eqs. (2.5). Due to conservation of mass between the inlet
and the gap, the following relationship holds

Ub(t)Wb =

+Wgi/2∫
−Wgi/2

Ug(y, t) dy = 〈Ugi〉Wgi sin
(
2πt̃
)
, (2.10)

where Ub(t) is the time-dependent flow from the inlet and the boundary limits of the integral mark
the y−positions of the left vertices from figure 3. Eq. (2.10) can be slightly arranged into

Ub(t) =
Wgi

Wb
〈Ugi〉 sin

(
2πt̃
)
. (2.11)

Finally inserting the numerical values for the lengths and choosing 〈Ugi〉 to be 1, yields

Ub(t) = 0, 025 sin
(
2πt̃
)
. (2.12)

This is the time dependent flow emerging from the left side of the basin (x̃ = −50). The amplitude
is chosen such that the averaged velocity through the gap will be 1 m/s.
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2.4 Computational domain

The domain as described in section 2.1 is symmetrical along the horizontal axis (y = 0), meaning
only either the top or bottom half needs to be simulated. Throughout this research, only the top
half will be computed and only this part of this domain will have a functional inlet. To achieve this,
the following boundary conditions are imposed.

Each coloured line in figure 4 represents a different boundary condition. The blue lines hold a
stress-free condition and yellow a no-slip condition. The lower horizontal wall at y = 0, is merely
a symmetry line as was discussed in the previous paragraph and will not cause any boundary lay-
ers. The top horizontal wall at y = 20 represents the physical edge of the basin, therefore it holds
the no-slip condition. The inlet is pictured as the green line with the expression from eq. (2.12).
The red line stands for the outlet. The entire flow is divergence-free, so that eq. (2.3) holds. The
same amount of mass enters the basin through the inlet as the amount that leaves through the outlet.

Figure 4: The boundary conditions of the computational domain. Yellow lines denote a no-slip
condition, blue a stress-free condition. The red and green lines are respectively the inlet and outlet.

The simulation software used for this research is COMSOL Multiphysics. It is a finite element solver
used to solve coupled systems of partial differential equations (PDEs). The finite element solver
divides the domain into small elements. The mesh determines the resolution used to discretize the
model. The used mesh for the total domain can be seen in figure 5.
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Figure 5: The mesh in the total domain. The subdomain around the channel is extremely fine, while
in the rest of the domain the mesh is coarse. Only the upper half of the domain will be simulated.

One may notice two different subdomains, the area around the gap and the rest. The vortices that
are generated by the gap are most relevant to this research, therefore an extremely fine mesh is
chosen for this subdomain. For α = 70◦, the functional, upper half of this region holds 8561 ele-
ments, where on average every unit of area holds 41 elements, whereas the coarse domain holds 4892
elements with an average of 2, 8 elements per unit of area. A close up of the mesh near the gap can
be seen in figure 6. The total number of elements will be slightly different for different values of α,
but the resolution will be the same. Although figures 5 and 6 visualise the entire domain, only the
upper half will be simulated.

Figure 6: The extremely fine mesh around the channel for α = 70◦. Only the upper half of the
domain will be simulated.
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The time step chosen is 0, 1 s in real time t from eq. 2.5. This is a trade-off between the accuracy
of the computation and its time duration.

Several pre-test have been conducted to test at what time the flow reaches a steady-state. The
majority of all flows for different values of α and St reaches this state after three times the period
of the tidal wave. However, as will be discussed more thoroughly in the results, some of these
configurations do not reach this state after three periods or do not reach a steady state at all. For
that reason, all computations involve ten periods. This gives the flow sufficient time to reach this
state. If the flow does not show irregular behaviour within the first ten periods, it is regarded as
steady-state.

2.5 Vorticity and stream functions

Tidal vortices are generated by sudden flow seperation from the boundary layer into the widening
of the channel [11]. The vorticity is defined as the curl of the velocity field

ω = ∇× v. (2.13)

Since the flow is two-dimensional, the vorticity only has a component perpendicular to the plane,
i.e. the z-component

ωz =

(
∂vy
∂x
− ∂vx

∂y

)
. (2.14)

As the flow is divergence-free according to (2.3), we can introduce a vector potential ψ through

v = ∇×ψ. (2.15)

As the flow is two-dimensional in the (x, y)-plane, the vector potential only has one componenent in
the z-direction: ψ = (0, 0, ψ) [5]. This leads to the following relations between the stream function
ψ and the flow velocity:

vx =
∂ψ

∂y
; vy = −∂ψ

∂x
. (2.16)

Inserting eqs. (2.16) into (2.13) yields the following Poisson equation

∇2ψ = −ωz. (2.17)

To find the Dirchilet boundary conditions of the Poisson equation, we need to solve the following
equation of the stream function in terms of the velocity profile

dψ = −vy dx+ vx dy. (2.18)

According to eq. (2.11), the velocity profile of the inlet only has an horizontal x-component. There-
fore, the first term on the right side of eq. (2.18) vanishes. Inserting eq. (2.11) into (2.18) and
integrating leaves

ψ2 − ψ1 =

∫ Wb/2

0

Ub(t) dy. (2.19)
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Figure 7: The Dirichlet boundary conditions for the lower and upper boundary of the domain. ψ1

represents the lower boundary for a stress-free condition, ψ2 represents the upper boundary for a
no-slip condition.

Referring to figure 7, ψ1 (in blue) represents the lower edge Dirichlet boundary condition and ψ2 (in
red) the upper one. As the top edge of the basin has a no-slip condition, as discussed in section 2.4,
the stream function ψ2 must vanish [9]. Evaluating the integral yields

ψ1 = −1

2
Wgi 〈Ugi〉 sin

(
2πt̃
)
. (2.20)

Inserting the numerical values gives the final Dirichlet boundary conditions

ψ1 = −1

2
sin
(
2πt̃
)

for no-slip condition boundary;

ψ2 = 0 for stress-free condition boundary. (2.21)

2.6 Fixed parameters and degrees of freedom

All lengths and dimensions of the basin will be unaltered throughout this research. For the Reynolds
number from eq. (2.8) we set Re to a numerical value of 1000. This way, the flow remains laminair
and we do not have to take turbulence into account. In addition, the value is not significantly large
that the dipoles become unstable and lead to the fading out of vortices [9].

For this research, two parameters will be varied: the Strouhal number, as defined in eq. (2.8), and
the angle α, which was introduced in section 2.1. The first dimensionless quantity is a measure for
describing oscillating flow mechanisms. Since the flow is time dependant, the Strouhal number has
to be taken into account. α is an asymmetry parameter. This enables us to add an asymmetry to
the channel.
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The Strouhal number is derived from the width on the left side of the channel. However, this
quantity remains constant independent of α. To incorporate a dependence on the geometry, we can
define an effective Strouhal number St∗, given by

St∗ =
Wgi +Wgf

2UgiT
. (2.22)

In this case, the typical length scale is the average width of the channel. We can rewrite this in
known terms using eqs. (2.1) and (2.8) to yield

St∗ = St

(
1 +

Lg

Wgi
cotα

)
. (2.23)

Finally inserting the numerical values gives

St∗ = St (1 + cotα) . (2.24)

As expected, the effective Strouhal number only depends on α and known variables.

Below in table 1, one can find an overview with all the relevant quantities and their numerical value.

Quantity Description Numerical value
Wgi Width channel left 1 (definition)
Wgf Width channel right variable
Lg Length channel 1 (definition)
Wb Width basin 40
Lb Length basin 100
α Angle channel variable
〈Ugi〉 Averaged amplitude channel 1 (definition)
Re Reynolds number 1000
St Strouhal number variable
St∗ Effective Strouhal number variable

Table 1: A summary of all the relevant quantities and their numerical value
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3 Results

In this chapter the numerical results will be presented. First in section 3.1, we will take a look at
trajectories for escaping dipoles under the influence of St and α. Next, in section 3.2 we will look at
critical Strouhal numbers for escaping dipoles as a function of α. In section 3.3 we will investigate
the formation of steady state dipoles and the last section discusses the potential of period doubling.
For this entire chapter, we will concentrate on dipole formation propagating to the right (positive
x) with respect to figure 2.

3.1 Trajectories

This section presents horizontal displacements for escaping dipoles for either varying α or St, by
the relation St → 1/T from eq. (2.8). As mentioned in section 2.4, if the Strouhal number is
sufficiently small to generate escaping dipoles, the system will reach a steady-state after in general
three times the tidal wave period. As the critical value for a slit barrier is St = 0, 13 [13], we choose
a time period which is well below this value to ensure a successful dipole escape. Figure 8 shows
the horizontal displacement for St = 0, 083, for different values of α. For all displacements in the
following sections, the dimensionless space x̃ from eqs. (2.5) is evaluated against the dimensionless
time t̃ from those same equations.

t̃

x̃

Figure 8: Horizontal displacements for escaping dipoles as a function of the dimensionless time for
different values of α. The Strouhal number is set to St = 0, 083.

All dipole trajectories are found using a combination of the maximum in ψ, the maximum value
of vorticity (by relation (2.17)) and visual inspection. Both extreme values indicate the position
of a dipole. However, these tools are not necessarily reliable for a number of reasons. A strong
vortex causes a circulation of streamlines, but usually not for weaker ones. These merely show slight
distortions of streamlines, but not a clear circulation. In addition, the maximum value of vorticity
is not a reliable tool as it occasionally jumps to the boundary layer when a new vortex is being
formed. On top of that, the maximum vorticity is local, meaning COMSOL looks for one extreme
value within a certain, pre-determined domain. In the event a large number of different dipoles are
formed, COMSOL is not able to distinguish one vortex from the other. This technique is highly
inefficient for multiple, non-consistent vortices. Therefore, the tools are nothing more but auxiliary
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equipment to determine precise positions of stronger, single dipoles. Everything else will be largely
done by visual inspection, if not completely.

Returning to figure 8, the measurements do not start at the very beginning of the period, at t̃ = 3, 0,
since the vortex is not fully developed yet to cause a significant circulation for COMSOL to detect.
The graph clearly shows that all dipoles converge to the same constant velocity independent of α.
However, the dependence for α comes into display the moment the vortices start to develop at t̃ = 3.
For α ≤ 70◦, the vortices primarily start at the left end of the channel (x̃ = −0, 5), whereas for
higher values of α this shifts to the right end (x̃ = 0, 5). The vortices for low α start out with a
slightly higher horizontal velocity, than those for higher α. This is because the vortices still have to
cross the channel before they end up at the other side. In this part of the domain the velocity is
much higher than outside of the channel due to the small width. Once the dipoles leave the channel
(at t̃ = 3, 5), they continue to propagate with very similar velocities. This implies that an observer
far away from gap is not able to distinguish escaping dipoles based on the asymmetry of the channel.

Figure 9 shows similar horizontal displacements of escaping dipoles, but now for fixed α = 60◦ and
variable T (or St). As expected, the dipoles start out from the same position since this is only
dependent on α. For higher values of T (and therefore lower St), the dipoles end up further away
from the starting position. This is very evident, since the dipoles have more time to propagate away
from the gap before the tide changes.

t̃

x̃

Figure 9: Horizontal displacements for escaping dipoles as a function of the dimensionless time for
different values of T . α is set to 60◦.

Similarly to the previous figure, the dipoles propagate with constant velocity from t̃ = 3, 5 onwards,
but still need to develop in the first half of the period. We can also see that for lower values of
T (and high St), especially for T = 9s (or St = 0, 11), the dipole appears to be hovering at the
same value of x̃, though it may escape in the following period. If we would increase St even more,
measurements show irregular behaviour, in the sense that the system does not reach a steady-state.
The dipole will still be able to escape the gap, but the rate and regularity at which this happens,
differ greatly from one dipole to another. More about steady-state behaviour will be discussed in
section 3.3.
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3.2 Dipole escape

As mentioned several times before, For a slit channel, dipoles are able to escape for St < 0, 13 [13].
Concerning the geometry of the channel in this research, we have two differences: the channel is
asymmetrical and its length is finite with numerical value 1. This means that the critical Strouhal
number will not be same as with the former channel, however this prediction will still give us a
reference about the magnitude using an asymmetrical channel. To find the critical Strouhal number
for escaping dipoles, we keep the value of α constant while varying St. As mentioned in section
2.4, every simulation runs for ten periods. We look for the position of the dipole with the method
described in the previous section.

Although this research is done numerically, the term ’dipole escape’ is not as unambiguous as it
seems. Figure 10 shows snapshots of three flows with different St, but the same α. Subfigure 10a
covers one period, the other two subfigures two periods. In subfigure 10a the red dipole in the fourth
snapshot is similar to the dipole leaving the frame in the first snapshot, only one period of time
in-between. One can clearly see the dipole escaping without being attached to the dipole one period
later. For sufficiently low St, this process will continue to repeat itself, implying a proper dipole
escape.
Flows with a St just above the proper critical value induce a partially escaping dipole. Subfigure 10b
illustrates a dipole approaching a successful escape but breaks up in two inside the channel where
one half propagates left and the other half escapes. The escaping half is often of much lower vorticity
and remains attached to the dipole one period later. As time progresses, the former vortex will be
stretched further, while the vorticity diminishes. Eventually, the entire dipole fades out entirely.
This process repeats itself inducing a partially escaping dipole.
Subfigure 10c, where the value of St is too high, demonstrates that all vortices remain in or near
the channel and none are able to escape.

(a) A proper escaping dipole with parameters: α = 60◦ and St = 0, 13 for t̃ = 4; t̃ = 4, 25; t̃ = 4, 5 and
t̃ = 4, 75. The red dipole in the fourth snapshot is similar to the one leaving the frame in the first snapshot,
meaning it escapes succesfully.

(b) A partially escaping dipole with parameters: α = 60◦ and St = 0, 33 for t̃ = 6; t̃ = 6, 3; t̃ = 6, 7; t̃ = 7; t̃ =
7, 3; t̃ = 7, 7 and t̃ = 8.
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(c) A non-escaping dipole with parameters: α = 60◦ and St = 0, 5 for t̃ = 3; t̃ = 3, 25; t̃ = 3, 5 and t̃ = 3, 75;
t̃ = 4; t̃ = 4, 25; t̃ = 4, 5 and t̃ = 4, 75.

Figure 10: Snapshots of clear, partially and non-escaping dipoles as a function of St. Lower values
of St give the dipole more time to escape the channel. Intermediate values will cause the dipole
to be partially sucked back in and interact with other vortices. High values results in non-escaping
dipoles. The colours represent vorticity patches rotating clockwise (blue) and counter-clockwise
(red). Deeper colours mean higher vorticity. The contour lines mark the streamlines from eq. 2.17

To distinguish one scenario from the other, we define a proper dipole escape where the vortex breaks
loose from the vortex one period later or does not come into contact with it and propagates solitary
away from the channel without severely fading out. Every other situation which does not match this
description will not be regarded as a proper dipole escape. The points seen in figure 11 make up
the critical line where dipoles do escape and where they do not. Anywhere above this critical line
dipoles are able to escape, below they are not. The errors in St span the uncertainty zone, where
the transition from a clear escape to no clear escape (despite the definition) is nebulous. Details of
the uncertainty relations can be found in the Appendix. The red dashed line is the critical Strouhal
number for a slit barrier (St = 0, 13).

The figure appears to show an approximate linear relation between α and 1/St for increasing α with
the exception of α = 80◦. For the moment, we will first discuss the lower values of α. In the context
of geometry, for decreasing α, two things occur: the left vertex of the channel becomes sharper (and
the right more obtuse) and the area within the gap increases. These are the two elements that cause
the difference in critical St when α is varied. Numerical simulations showed that sharper vertices
cause larger and stronger patches of vorticity. This implies that vortices emerging from the left
vertex of the channel are essentially stronger than those from the right. For very small α ≈ 50◦, the
right angle becomes so obtuse, that any vortices generated on that vertex will stick to the oblique
side of the channel and will not detach. All dipoles will therefore arise from the left side of the gap
(in agreement with figure 8). As all activity starts at the same position, dipoles propagating to the
right will hardly be perturbed by dipoles moving in the opposite direction; they move away from
each other instead of towards. Increasing α yields more vorticity generation from the right vertex
and more interacting dipoles inside the channel, making it harder for dipoles to escape. Another
influence is the area within the channel which increases for smaller α. As α increases, the sloped
surface holding the boundary layer will be closer to dipoles within the channel. As these vorticities
are of opposite sign, they will interact severely with each other, making it additionally harder for
dipoles to escape. Summarizing, decreasing α will have two effects for escaping dipoles:

1. vortices will mainly arise from one side of the channel creating less interaction with opposing
dipoles;

2. the boundary layer will be further from the dipoles in the channel creating even less interaction.
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Figure 11: Critical St for dipole escaping through an asymmetrical channel as a function of α.
The red dashed line represents the critical Strouhal number for a slit St = 0, 13. The uncertainty
relations are explained in Appendix A.

The consequence is that for higher α a lower value of St is required to induce escaping dipoles.
Visualisations of these effects can be seen in figure 12.

(a) Flow parameters: α = 40◦, St = 0, 17 for t̃ = 6; t̃ = 6, 25; t̃ = 6, 5 and t̃ = 6, 75.

(b) Flow parameters: α = 60◦, St = 0, 17 for t̃ = 3; t̃ = 3, 25; t̃ = 3, 5 and t̃ = 3, 75.
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(c) Flow parameters: α = 80◦, St = 0, 17 for t̃ = 3; t̃ = 3, 25; t̃ = 3, 5 and t̃ = 3, 75.

Figure 12: Snapshots for St = 0, 17 flows for varying α. Increasing α leads to more vorticity in
the boundary layer and on the right vertex. These effects influence the positive vortices (in red)
such that they will cause more interaction inside the channel, making it more difficult for dipoles
to escape. The colours represent vorticity patches rotating clockwise (blue) and counter-clockwise
(red). Deeper colours mean higher vorticity. The contour lines mark the streamlines from eq. 2.17

Referring back to figure 11, the higher value of 1/St for α = 80◦ may seem odd in contrast to
α = 90◦ if we would follow the two effects mentioned above, which suggests that increasing α will
always cause more interaction within the channel, but it deserves some explanation. The geometry
for α = 90◦ is perfectly symmetrical, meaning the area within the channel is square. For lower
values of α, the area attains the shape of a truncated triangle. This extra space, enables dipoles to
slip under other dipoles in the event the flow changes direction, which implies that nearly-escaping
dipoles may be sucked back in the channel, instead of interacting with other dipoles to be pushed out
further. This will eventually cause them to stretch out within the gap and finally fade out entirely.
Figure 13 illustrates this behaviour. The consequence is that a higher critical Strouhal is required to
induce proper escaping dipoles for α = 90◦ than for α = 80◦. The ’slip-under’ phenomenon occurs
for all asymmetrical geometries.

(a) Flow parameters: α = 80◦, St = 0, 14 for t̃ = 3; t̃ = 3, 25; t̃ = 3, 5 and t̃ = 3, 75.

(b) Flow parameters: α = 90◦, St = 0, 14 for t̃ = 3; t̃ = 3, 25; t̃ = 3, 5 and t̃ = 3, 75.

Figure 13: Snapshots for St = 0, 14 flows for α = 80◦ and α = 90◦. An asymmetrical geometry results
in more space within the channel resulting in nearly escaping dipoles to be sucked back in underneath
other dipoles. The colours represent vorticity patches rotating clockwise (blue) and counter-clockwise
(red). Deeper colours mean higher vorticity. The contour lines mark the streamlines from eq. 2.17
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Referring back to figure 11, where we first mentioned that the relation between 1/St and α appears
to be linear, where α = 80◦ would be an exception to this. It is more likely that the dependence is
exponential where α = 90◦ is an exception, as it does not show the ’slip-under’ feature since it is
perfectly symmetrical. An argument why this relation would be exponentional can be deduced from
the fact that there are multiple effects at play which act dependently on each other and intensify
additionally.

Besides the common Strouhal number pertinent to figure 11, we can also evaluate the effective
Strouhal number from eq. (2.24) against α as seen in figure 14. Comparing with figure 11, the
overall shape of the graph is very similar, but every measurement is slightly lower than for 1/St.
In this configuration, the plot look significantly more like an exponential function and the effective
critical Strouhal number has a very similar numerical value for both α = 80◦ and α = 90◦. This is
simply because St and St∗ are numerically very similar for high α. Noticeable is that α = 80◦ is no
longer within the range of the critical Strouhal number for a slit.

α(◦)

1/
S
t∗

Figure 14: Critical St∗ for dipoles escaping through an asymmetrical channel as a function of α. The
red dashed line marks the critical Strouhal number for a slit barrier (St = 0, 13). The uncertainty
relations are explained in Appendix A.
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3.3 Steady-state behaviour

This section is dedicated to steady-state behaviour, for both escaping and non-escaping dipoles. As
previously mentioned in section 2.4, pre-tests have been conducted to see at what time the flow
reaches a steady-state. These results show that for sufficiently low values of St, this usually takes
three periods. Based on this knowledge, we choose to simulate all flows for ten periods. If the system
is able to reach a steady-state, it will most likely do so within the first ten periods. If not, the flow
is regarded as non-steady.

We look for steady-state behaviour with the same tools from COMSOL similarly to the research in
escaping dipoles: stream functions and vorticity patches. An excellent method to verify steady-state
behaviour is to compare snapshots one period apart (similar to Poincaré maps). If these appear to
be very similar, the flow is said to have reached a steady-state.

The systematic approach is as follows: for each combination of 1/St and α, we look for two char-
acteristics of the flow; does it reach a steady-state within the first ten periods and does the flow
show escaping dipoles within that same time duration. The latter is answered by figure 11 and its
results will be incorporated in this section. The results of steady-state behaviour in combination
with escaping dipoles can be seen in figure 15. In this diagram, every colour represents a different
kind of flow behaviour. Referring to the legend, the first letter marks the presence of steady-state
behaviour (Yes or No), the second that of escaping dipoles (Yes or No). For example, for red and
pink, the flow does not reach a steady-state; and for red and blue, we have escaping dipoles. In the
remaining part of this section, we will make use of the abbreviations as put by the legend.

α(◦)

1/
S
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Figure 15: A regime diagram showing the distribution and possibility of steady-state and escaping
dipoles as a function of 1/St and α. Referring to the legend, the first letter marks the presence of
steady-state behaviour (Yes or No), the second that of escaping dipoles (Yes or No).
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First thing to notice is that non-steady-state behaviour is primarily present for low and intermedi-
ate values of α and 1/St, but completely absent for α = 80◦ and α = 90◦ for any St. The latter
behaviour can be explained by the symmetry of the channel. For α = 90◦, the vorticity patches
generated by the vertices are of equal size. This means that vortices emerging from one side of
the gap are countered by the same, negative vortices. The momenta are equal, leading quickly
to a steady-state. This also suggests that symmetrical geometries (eventually) always result in a
steady-state flow independent of the value of St. Apparently the geometry for α = 80◦ is sufficiently
symmetrical that it can always reach a steady-state independent of St.
In addition, there is always some value for St such that the dipole cannot escape the channel (YN
and NN, in agreement with figure 11), followed by a transition region where the dipole is able to
escape, but may show non-steady behaviour (NY), and finally leading to a region where dipoles can
escape and reach a steady-state (YY). Only the rate at which each transition occurs and the width
of each transition zone is highly dependent on α.
Furthermore, the figure shows irregular behaviour for very low values of α. The system can only
reach a steady-state for escaping dipoles when α = 40◦ or α = 50◦. By visual inspection, two vortices
of opposite rotation emerge from the left vertex, seen in the snapshots of figure 16, and oscillate
back and forward with the tides. The flow is seemingly steady, but a small patch of vorticity is
generated on the right side of the counter-clockwise rotating (red) vortex, where the circulation of
streamlines in the channel indicate its position. With each period, the size of the patch increases
and it propagates slowly to the right until it breaks off of the vortex pair. For high St, it requires
a significant amount of time to result in a successful escape. In addition, the formed dipole is of
very low vorticity and is expected not to last very long if it escapes at all. Based on the simulation
within the first ten periods, it is difficult to say what will happen to the formed dipole due to its
non-steady behaviour.

Figure 16: Sanpshots for α = 50◦ and St = 0, 67 for t̃ = 4; t̃ = 6; t̃ = 8 and t̃ = 10.

For α = 60◦, we have a smoother transition between a steady-state dipole not able to escape and a
non-steady-state dipole, which is able to escape in contrast to α = 70◦. Interesting is that the left
bottom corner holds the only region where we have irregular, non-escaping behaviour (NN).
One note on the graph, one can see that there are two gaps in the left top and right bottom corner
with seemingly missing results. We can expect that if we would decrease St even more for low α,
the system will still show steady-state behaviour in combination with escaping dipoles. The same
can be thought of as with steady-state, non-escaping dipoles for high α and high St.
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To give a more qualitative result of the findings in figure 15, we can assign dipole displacements to
each of the four regions. All horizontal displacements were found using the same methods as with
escaping dipoles and evaluated against the dimensionless time t̃. We first consider NN, where we
take as example α = 50◦ and St = 0, 67. These are the same parameters as the flow from figure 16.
Its trajectory can be seen in figure 17. Similar to the snapshots, it shows the slow pase at which the
vortex next to the dipole pair develops. After ten periods, the vortex has not even reached halfway
through the channel, indicating that the dipole has not escaped. We would expect that for larger
time scales the dipole may break loose from the dipole pair and fade out before it leaves the channel.
This process may repeat itself, but in the range of several dozens of time periods. For slightly lower
St and higher α, but still in the NN domain, the dipole development speeds up until is able to escape
the channel succesfully, transitioning to the NY domain.

t̃

x̃

Figure 17: Horizontal displacement of a non-steady-state dipole not being able to escape the channel
(NN). The flow parameters are St = 0, 67 and α = 50◦.
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Figure 18 shows the displacements for three different, non-escaping dipoles for α = 70◦ and St = 0, 50
in the YN regime, where each colour represents a different dipole arising one period later. The graph
clearly shows the steady-state behaviour as the displacements of each individual dipole are very sim-
ilar. The positions yielded by the circulation of streamlines show a difference less than 5% between
each dipole. One can also see that the dipoles are being sucked back past the left end of the channel,
before having the opportunity to escape. They live for one period before they dissolve with other
vortices.

t̃

x̃

Figure 18: Horizontal displacements of three steady-state dipoles not being able to escape the channel
(YN). Each colour represents a different dipole arising one period later. The flow parameters are
St = 0, 50 and α = 70◦.
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Next, we present the displacements for a non-steady-state flow with escaping dipoles in figure 19
for St = 0, 20 and α = 70◦ in the NY domain. The graph clearly shows very irregular behaviour,
characteristic for non-steady-state flows. Dipoles are generated at the left vertex of the gap and will
remain shortly within the channel, influencing other dipoles. Usually the chance that a dipole may
escape relies on the influence of a second dipole. One solitary vortex does not have enough momen-
tum and needs the push and recombination of a second dipole to perform a successful escape. An
example of this can be seen in figure 19, where each colour represents a different dipole arising one
period later. The first vortex (black) remains one and a half periods near the gap before fusing with
a second vortex (red) to eventually leave the channel at t̃ = 4. However, the flow shows irregular
behaviour, meaning one dipole pair may escape, but to make a prediction about the escaping of
another dipole pair is not possible. Referring back to the graph, the vortex pair consisting of the
third (blue) and fourth (pink) vortex do recombine at t̃ = 5, 5, but still remain within the region of
the gap for an additional period before finally escaping. This proves that the NY region in figure 15
shows non-steady behaviour with inconsistently escaping dipoles.

t̃

x̃

Figure 19: Horizontal displacement of non-steady-state dipoles being able to escape the channel
(NY). Each colour represents a different dipole arising one period later. The flow parameters are
St = 0, 20 and α = 70◦.

23



Finally the trajectories of steady-state dipoles able to escape the channel (YY). The findings can be
seen in figure 20. For the used parameters St = 0, 17 and α = 40◦, it takes three full periods before
the flow reaches a steady-state. One can clearly see that all three different dipoles have enough
momentum to leave the channel in one period of time and continue to propagate further. Still the
trajectories are not perfectly linear, which implies that the dipoles are still able to feel the turning
of the tides. We would expect that if St is decreased even further, the displacements will become
more and more straight, since the dipole will be so far from the channel that it will not feel the
redirection of the tidal wave and continue on propagating with constant velocity.

t̃

x̃

Figure 20: Horizontal displacement of steady-state dipoles being able to escape the channel (YY).
Each colour represents a different dipole arising one period later. The flow parameters are St = 0, 17
and α = 40◦.

24



3.4 Period doubling

Returning to the regime diagram (figure 15), some flows show an interesting, special case of steady-
state, escaping dipoles, namely period doubling. This implies that the period at which dipoles
escape is an integer of the tidal period. Flows where such behaviour was found are marked green
(YY*) in figure 21. For St slightly lower than the critical Strouhal number, the flow may shows
signs where a dipole needs twice the tidal period of time to perform a successful escape. The YY
region in-between NY and YY* marks a domain where dipoles will have some interaction inside the
channel but manage to escape regularly within the same period. However, dipoles will be very close
to each other, such that the vorticity patches may overlap although they have escaped. This leads
to a string of vorticity with every once in a while a larger patch, analogous to a bead chain.

α(◦)

1/
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Figure 21: A regime diagram showing the distribution and possibility of steady-state and escaping
dipoles as a function of 1/St and α. YY* marks the presence of steady-state, escaping dipoles with
double periodicity.
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Typical horizontal displacements for the YY* regime are visualised in figure 22. the first vortex
(black) is generated at the left vertex and is not able to escape the channel fully. It is drawn back
to the center of the channel waiting for a second dipole (in red) to emerge one period later. The
second dipole combines with the first one, while pushing out the resulting dipole altogether. This
creates enough momentum to make a successful escape. This continues to repeat itself, idem with
the dipole pairs: blue and pink, and green and blue.

t̃

x̃

Figure 22: Horizontal displacement of period doubling, steady-state dipoles being able to escape
the channel (YY*). Each colour represents a different dipole arising one period later. The flow
parameters are St = 0, 17 and α = 60◦

Returning to figure 21, interestingly higher values α do not show the YY* domain. A possible reason
may be the fact that these geometries are (nearly) symmetrical and may not be able to show period
doubling flows.
The absence of YY* for α = 40◦ may seem odd, but may be justified. There might be a possibility
that there is a specific value for St in which it shows period doubling, but this was simply not found
in the current measurements. There may be a small range of St flows which show period doubling
flows, but smaller than the step chosen of ∆T = 0, 5s

Figure 22 has a lot of similarities compared with figure 19, which is not surprising. They both show
periodic recombination of dipole pairs and escapees. However, the only difference is that for NY, St
is not sufficiently low enough to reach a steady-state and therefore period doubling, and YY* does.
NY flows have irregular and unpredictable dipole recombination and escapees, YY* flows have more
consistency.

One additional remark on figure 22. The trajectories of the first dipole of each pair do show some
slight differences and may suggests that the flow is in fact not steady. For example the time at
which two dipoles combine. One reason is human error in determining the exact position of the
vortices. The other reason has to do with the recombination of the dipoles. It proves to be difficult
to determine the moment at which two vortices fuse together; the fact that they touch does not
imply that it can be regarded as a single dipole.
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The results from figure 21 are discrete, in the sense that only for some combinations of St and α,
the behaviour of the flow is assessed, but not for the entire domain. In reality each region (NY, YY,
etc.) spans a certain continuous regime. A suggestion for such a regime diagram is given in figure
23.

α(◦)
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Figure 23: A continuous regime diagram showing the distribution and possibility of steady-state
and escaping dipoles as a function of 1/St and α. YY* marks the presence of steady-state, escaping
dipoles with double periodicity.

Certain boundaries of each regime can be directly transcribed from discrete to the continuous form
such as NN to NY, YN to NY and YN to YY. This critical line marks the transition from a non-
escaping dipole to an escaping dipole as discussed in section 3.2.

The remaining transitions are less straightforward, since there are some other parts of the discrete
regime diagram where there is no clear evidence on how certain transitions are constructed.
One transition covers NY to YN for α = 75◦. The discrete regime diagram suggests that there
must be a critical α for when the flow may start to show non-steady-state behaviour, as all flows
for α ≥ 80◦ do not show irregular behaviour. We assume that this transition must be dependent on
both α and St and therefore it cannot be a horizontal or vertical line. In addition, the transition has
to be smooth and continuous. For these reason, the transition is assumed to be linear and straight.
Another transition concerns the coincidence of YY, YY* and NY for α = 65◦ and St = 0, 18.
Similarly to the previous case, there is no clear evidence where these three regimes should meet in
the diagram. Additionally, there is no proof that suggests possible period doubling for low α.
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4 Conclusion and future research

In this research, the dependence of an asymmetrical channel and the Strouhal number were investi-
gated in dipole formation, where we looked at two characteristics of the flow: steady-state behaviour
and escaping dipoles in combination with period doubling. This section infers the findings of what
effects the geometry and the Strouhal number have on the flow.

There is always some critical value for the Strouhal number such that the dipole is able to escape the
asymmetrical channel. Above this threshold, dipoles will be sucked back in (in agreement with Wells
and Van Heijst (2003)) and may show non-steady-state behaviour, depending on the asymmetry of
the channel. Below the critical value, the flow transitions into a regime where dipoles start to escape
with consistent rates. Depending on the asymmetry of the channel, the dipole may escape with
twice the period of the tidal wave. With further decreasing Strouhal number, the dipoles start to
escape with the same frequency as the tidal wave period. These findings concerning the Strouhal
number also coincide with the results from Lopez et al. (2013).

The parameter α is introduced to quantify the asymmetry of the channel. Asymmetrical geome-
tries where α is small lead to a higher critical Strouhal number to induce escaping dipoles. This is
caused by two effects: vortices will primarily arise from one side of the channel and the boundary
layer will be more distant from dipoles within the channel. Both diminish interaction in-between
opposing vortices. One exception to this is for a perfect symmetrical channel, where dipoles cannot
slip under other dipoles due to the excess space. In addition, symmetrical channels will always lead
to steady-state flows.
Far away from the channel, an observer cannot distinguish different channel geometries from each
other based on the escape of dipoles.

Topics that require further research lie primarily in experimental verification and more accurate
numerical simulations. The steps in-between measurements for α and St can be taken smaller to
yield more accurate results. In addition, an interesting question would be the critical value of α
where non-steady state behaviour will be first noticed. Lastly, the effect of a reversed channel is a
research topic that was not discussed in this paper.
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[6] Ruud Hoebers. Tidal vortices created by the tidal current through channels of various shapes.
2015.

[7] Gerhard H Jirka. Large scale flow structures and mixing processes in shallow flows. Journal of
Hydraulic Research, 39(6):567–573, 2001.

[8] Makoto Kashiwai. Tidal residual circulation produced by a tidal vortex. Journal of Oceanog-
raphy, 40(4):279–294, 1984.
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Appendices

A Uncertainty relations

For this research, all uncertainties were regarded as 100%-interval errors. Therefore, the uncertainty
of the quantity f = f(x1, x2, . . . , xn) in its most general form is given by

∆f =

n∑
i=1

∣∣∣∣ ∂f∂xi
∣∣∣∣∆xi, (A.1)

where ∆xi is the uncertainty in the variables xi. For the escape of dipoles in section 3.2, uncertainty
lies in the period T . Using eq. (2.8), this yields for the uncertainty in 1/St

∆

(
1

St

)
= ∆T, (A.2)

where ∆T denotes the error in the tidal wave period T . These uncertainties were used in figure 11.
The uncertainty for St∗ has the same uncertainty in T . Using eq. (2.24), the uncertainty for 1/St∗

is given by

∆

(
1

St∗

)
=

∆T

1 + cotα
. (A.3)

These uncertainties were used in figure 14.
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