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Abstract: Eco-driving aims at minimizing the energy consumption of a vehicle by changing the
vehicle’s velocity. This can be formulated as an optimal control problem and this paper presents
an efficient shrinking horizon implementation to solve this problem. The efficient implementation
is demonstrated on a case study of a fully electric bus, driving on an inner-city public transport
route. Because the bus drives on designated bus lanes, meaning that it has little interaction
with other traffic, and because it has frequent and predictable stops, this case will have a good
energy consumption savings potential. An energy consumption reduction of 11.43% is achieved
on a simulation study for the case that the vehicle is fully autonomous and a reduction of 6.94%
is achieved experimentally for the case that the driver is ‘coached’ using a driver assistance
system.
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1. INTRODUCTION

Electrification of vehicles, and particularly the deployment
of fully electric vehicles, is considered as a way to mitigate
the production of CO2 emissions from fossil fuels (Grauers
et al., 2012). However, electric vehicles are known to have
limited range and to charge slowly, when compared to
traditional vehicles, leading to range anxiety, which is
the user’s concern to not reach the vehicle’s destination
(Nilsson, 2011). There are several factors that influence
range anxiety, e.g., the limited energy storage capacity
of batteries, the ability to accurately predict the vehicle’s
energy consumption and the total energy consumption of
the vehicle (including its auxiliaries). The last item men-
tioned can be improved using vehicle energy management
(de Jager et al., 2013; Onori et al., 2016) or using eco-
driving strategies.
Eco-driving intends to change the vehicle’s speed between
departure and arrival, either by assuming full automation
of the vehicle or by changing the driver’s behavior (Bing-
ham et al., 2012; Sciarretta et al., 2015). This problem can
be formulated as an optimal control problem (OCP). To
solve this problem, standard techniques from optimal con-
trol are often adopted. In (Ozatay et al., 2014), Dynamic
Programming (DP) has been used to solve the eco-driving
problem. Alternatively, Pontryagin’s Minimum Principle
(PMP) has been used in (Dib et al., 2014; Ozatay et al.,
2017; Kamal et al., 2011). The main disadvantage of DP is
that it is computationally intensive and the main disadvan-
tage of PMP is that incorporating state constraints is not a
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simple task. Therefore, static nonlinear optimization tech-
niques are used in (Padilla et al., 2018; Romijn et al., 2018;
Murgovski et al., 2015; Vajedi and Azad, 2016) to solve the
problem in the presence of state constraints. These static
optimization problems lead to an optimization problem
that is often seen in model-predictive control and allows
for fast online implementations.
While many of the existing results on eco-driving present
only simulation results (Kamal et al., 2013; Ojeda et al.,
2017; Vajedi and Azad, 2016) and/or present a one-shot
optimal solution when the full drive trajectory is known
(Padilla et al., 2018; Ozatay et al., 2014; Murgovski et al.,
2015), this paper presents an online shrinking horizon im-
plementation of eco-driving, and experimental results that
shows its potential to reduce the energy consumption. As a
case study, a fully electric city-bus is used on an inner-city
public transport route. The considered city bus drives on
designated lanes, meaning that it has limited interaction
with other traffic, and has frequent and predictable stops.
Therefore, a good energy savings potential is expected.
First, an efficient online implementable algorithm of the
solution strategy of (Padilla et al., 2018) is presented.
In this efficient algorithm, the solution to the state-space
model is substituted into the objective function and con-
straints, as is often done in model-predictive control, lead-
ing to a significant reduction of the number of decision
variables, when compared to (Padilla et al., 2018). This
implementation can also be used in a so-called shrinking
horizon fashion. A shrinking horizon is needed because at
every time instant, the optimal control input is recom-
puted for a shorter time horizon, due to the fact that
the time and distance to the next bus stop is smaller
than during the previous time instant. We will present
two results: the first being a simulation study for the case
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solution strategy of (Padilla et al., 2018) is presented.
In this efficient algorithm, the solution to the state-space
model is substituted into the objective function and con-
straints, as is often done in model-predictive control, lead-
ing to a significant reduction of the number of decision
variables, when compared to (Padilla et al., 2018). This
implementation can also be used in a so-called shrinking
horizon fashion. A shrinking horizon is needed because at
every time instant, the optimal control input is recom-
puted for a shorter time horizon, due to the fact that
the time and distance to the next bus stop is smaller
than during the previous time instant. We will present
two results: the first being a simulation study for the case

9th IFAC International Symposium on Advances in Automotive
Control
Orléans, France, June 23-27, 2019

Copyright © 2019 IFAC 556

that the vehicle speed is exactly controlled (i.e., assuming
a fully automated vehicle), and the second being an ex-
perimental study for the case that the driver is ‘coached’
using a driver assistance system that interacts with the
driver through a human-machine interface. Both studies
will show that the energy consumption of the bus can be
reduced significantly.

2. ECO-DRIVING CONTROL PROBLEM

In this section, we introduce the continuous-time eco-
driving problem and the discrete-time solution approach
presented in (Padilla et al., 2018). This solution approach
will serve as a basis for our proposed efficient real-time
implementation.

2.1 Continuous-Time Formulation

The eco-driving problem considered in (Padilla et al.,
2018) aims at minimizing the total energy consumed by a
vehicle over a given time interval [t0, tf ] and trajectory s(t)
∈ [s0, sf ] for a road grade α(s)∈

[
−π

2 ,
π
2

]
, which depends

on the position s. This can be formulated as a continuous-
time Optimal Control Problem (OCP) given by

min
s(t),v(t),u(t)

∫ tf

t0

P (v(t), u(t))dt (1a)

subject to mdv
dt = u(t)− σdv

2 −mgγ(s), (1b)
ds
dt = v(t), dv

dt = a(t), (1c)

s(t0) = s0, v(t0) = v0, (1d)

s(tf ) = sf , v(tf ) = vf , (1e)

¯
v ≤ v(t) ≤ v̄, (1f)

¯
a ≤ a(t) ≤ ā, (1g)

where (1b) represents the longitudinal vehicle dynamics
of a vehicle with mass m, aerodynamic drag coefficient σd

and rolling resistance and gravity forces, with gravitational
constant g, where the latter two are combined in

γ(s) = cr cos(α(s)) + sin(α(s)), (2)

where cr describes the rolling force coefficient. Further-
more, the non-negative velocity is bounded by (1f). In
(1g), we have also included bounds on the acceleration,
which can be done without compromising the uniqueness
of the solution claimed by (Padilla et al., 2018). Finally,
the consumed power in the driveline is assumed to be a
quadratic function given by

P (v, u) = β0v
2 + β1vu+ β2u

2, (3)

where β0, β1 and β2 are non-negative parameters that
describe the contribution of Ohmic and mechanical friction
loses in the power consumption.

2.2 Discretization

In (Padilla et al., 2018), the OCP (1) is discretized at
times tk = kτ+t0, k∈K = {0, . . . , N}, with time steps τ =
tf−t0
N , for some N ∈ N using a forward Euler discretization

method. Additionally, the non-linear equality constraint
(1b) is included in the objective function (1a), resulting a
Quadratic Programming (QP) problem, given by

min
{ak,sk,vk}k∈K

N−1∑
k=0

τP (ak, sk, vk) (4a)

subject to sk+1 = sk + τvk, (4b)

vk+1 = vk + τak, (4c)

s0 = so, v0 = vo, (4d)

sN = sf , vN = vf , (4e)

¯
v ≤ vk ≤ v̄, (4f)

¯
a ≤ ak ≤ ā, (4g)

where ak = a(tk), vk = v(tk) and sk = s(tk), and

P (ak, sk, vk) =β0v
2
k + β1vk

(
mak + σdv

2
k +mgγ(sk)

)

+ β2

(
mak + σdv

2
k +mgγ(sk)

)2

(5)

represents the driveline power consumption, now depen-
dent on the acceleration, position and velocity of the
vehicle.

2.3 Sequential Quadratic Programming for Eco-driving

The uniqueness and global optimality of the solution to the
discrete-time OCP (4) has been formally shown by (Padilla
et al., 2018). Moreover, it was suggested that Sequential
Quadratic Programming (SQP) is a suitable approach to
obtain the solution.
In SQP, a nonlinear program is solved by iteratively
solving QP approximations of the nonlinear program. For
the OCP (4), this leads to

{ai+1, xi+1} = argmin
a, x

∑
k∈K

τ PQP (a,x,a
i,xi) (6)

subject to (4b)− (4g),

for all k∈K, with PQP (a,x,a
i,xi), a second-order approx-

imation of (5), given by

PQP (a,x,a
i,xi)= 1

2

[
a
x

]�
Ĥ

[
a
x

]
+



[
Gi

a

Gi
x

]�

−

[
ai

xi

]�

Ĥ



[
a
x

]
,

(7)

where the superscript i refers to the solution of the i-th
iteration of the SQP algorithm, and

a =
[
a0, . . . , aN−1

]� ∈ RN , (8)

x =
[
s0, v0, . . . , sN−1, vN−1

]� ∈ R2N , (9)

Ĥ = diag
(
Ĥa, Ĥx

)
∈ R3N×3N , (10)

Ga =
[
∂P (a0,s0,v0)

∂a0
, . . . , ∂P (aN−1,sN−1,vN−1)

∂aN−1

]�
∈ RN , (11)

Gx =
[
∂P (a0,s0,v0)

∂s0
, ∂P (a0,s0,v0)

∂v0
, . . . , ∂P (aN−1,sN−1,vN−1)

∂sN−1
,

∂P (aN−1,sN−1,vN−1)
∂vN−1

]�
∈ R2N . (12)

In (10), the Hessian matrix is approximated to a diagonal
positive definite matrix (Padilla et al., 2018), given by

Ĥa = 2β2m
2IN ∈ RN×N , (13)

Ĥx = diag
(
εs,max(hv0

, εv), . . . ,

. . . , εs,max(hvN−1
, εv)

)
∈ R2N×2N , (14)

in which In ∈ Rn×n is a n-dimensional identity matrix,
εs and εv are small positive numbers that guarantee the
positive definiteness of the Hessian matrix, and
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that the vehicle speed is exactly controlled (i.e., assuming
a fully automated vehicle), and the second being an ex-
perimental study for the case that the driver is ‘coached’
using a driver assistance system that interacts with the
driver through a human-machine interface. Both studies
will show that the energy consumption of the bus can be
reduced significantly.

2. ECO-DRIVING CONTROL PROBLEM

In this section, we introduce the continuous-time eco-
driving problem and the discrete-time solution approach
presented in (Padilla et al., 2018). This solution approach
will serve as a basis for our proposed efficient real-time
implementation.

2.1 Continuous-Time Formulation

The eco-driving problem considered in (Padilla et al.,
2018) aims at minimizing the total energy consumed by a
vehicle over a given time interval [t0, tf ] and trajectory s(t)
∈ [s0, sf ] for a road grade α(s)∈

[
−π

2 ,
π
2

]
, which depends

on the position s. This can be formulated as a continuous-
time Optimal Control Problem (OCP) given by

min
s(t),v(t),u(t)

∫ tf

t0

P (v(t), u(t))dt (1a)

subject to mdv
dt = u(t)− σdv

2 −mgγ(s), (1b)
ds
dt = v(t), dv

dt = a(t), (1c)

s(t0) = s0, v(t0) = v0, (1d)

s(tf ) = sf , v(tf ) = vf , (1e)

¯
v ≤ v(t) ≤ v̄, (1f)

¯
a ≤ a(t) ≤ ā, (1g)

where (1b) represents the longitudinal vehicle dynamics
of a vehicle with mass m, aerodynamic drag coefficient σd

and rolling resistance and gravity forces, with gravitational
constant g, where the latter two are combined in

γ(s) = cr cos(α(s)) + sin(α(s)), (2)

where cr describes the rolling force coefficient. Further-
more, the non-negative velocity is bounded by (1f). In
(1g), we have also included bounds on the acceleration,
which can be done without compromising the uniqueness
of the solution claimed by (Padilla et al., 2018). Finally,
the consumed power in the driveline is assumed to be a
quadratic function given by

P (v, u) = β0v
2 + β1vu+ β2u

2, (3)

where β0, β1 and β2 are non-negative parameters that
describe the contribution of Ohmic and mechanical friction
loses in the power consumption.

2.2 Discretization

In (Padilla et al., 2018), the OCP (1) is discretized at
times tk = kτ+t0, k∈K = {0, . . . , N}, with time steps τ =
tf−t0
N , for some N ∈ N using a forward Euler discretization

method. Additionally, the non-linear equality constraint
(1b) is included in the objective function (1a), resulting a
Quadratic Programming (QP) problem, given by

min
{ak,sk,vk}k∈K

N−1∑
k=0

τP (ak, sk, vk) (4a)

subject to sk+1 = sk + τvk, (4b)

vk+1 = vk + τak, (4c)

s0 = so, v0 = vo, (4d)

sN = sf , vN = vf , (4e)

¯
v ≤ vk ≤ v̄, (4f)

¯
a ≤ ak ≤ ā, (4g)

where ak = a(tk), vk = v(tk) and sk = s(tk), and

P (ak, sk, vk) =β0v
2
k + β1vk

(
mak + σdv

2
k +mgγ(sk)

)

+ β2

(
mak + σdv

2
k +mgγ(sk)

)2

(5)

represents the driveline power consumption, now depen-
dent on the acceleration, position and velocity of the
vehicle.

2.3 Sequential Quadratic Programming for Eco-driving

The uniqueness and global optimality of the solution to the
discrete-time OCP (4) has been formally shown by (Padilla
et al., 2018). Moreover, it was suggested that Sequential
Quadratic Programming (SQP) is a suitable approach to
obtain the solution.
In SQP, a nonlinear program is solved by iteratively
solving QP approximations of the nonlinear program. For
the OCP (4), this leads to

{ai+1, xi+1} = argmin
a, x

∑
k∈K

τ PQP (a,x,a
i,xi) (6)

subject to (4b)− (4g),

for all k∈K, with PQP (a,x,a
i,xi), a second-order approx-

imation of (5), given by

PQP (a,x,a
i,xi)= 1

2
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+
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where the superscript i refers to the solution of the i-th
iteration of the SQP algorithm, and

a =
[
a0, . . . , aN−1

]� ∈ RN , (8)

x =
[
s0, v0, . . . , sN−1, vN−1

]� ∈ R2N , (9)

Ĥ = diag
(
Ĥa, Ĥx

)
∈ R3N×3N , (10)

Ga =
[
∂P (a0,s0,v0)

∂a0
, . . . , ∂P (aN−1,sN−1,vN−1)

∂aN−1

]�
∈ RN , (11)

Gx =
[
∂P (a0,s0,v0)

∂s0
, ∂P (a0,s0,v0)

∂v0
, . . . , ∂P (aN−1,sN−1,vN−1)

∂sN−1
,

∂P (aN−1,sN−1,vN−1)
∂vN−1

]�
∈ R2N . (12)

In (10), the Hessian matrix is approximated to a diagonal
positive definite matrix (Padilla et al., 2018), given by

Ĥa = 2β2m
2IN ∈ RN×N , (13)

Ĥx = diag
(
εs,max(hv0

, εv), . . . ,

. . . , εs,max(hvN−1
, εv)

)
∈ R2N×2N , (14)

in which In ∈ Rn×n is a n-dimensional identity matrix,
εs and εv are small positive numbers that guarantee the
positive definiteness of the Hessian matrix, and
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hvk = 2β0 + 6β1σdvk + 4β2σd

(
mgγ(sk) + 3σdv

2
k

)
. (15)

The gradients of the power consumption (5) are considered
in (11) and (12), where

∂P (ak,sk,vk)
∂ak

=2β2m
2
(
gγ(sk)+ak

)
, (16)

∂P (ak,sk,vk)
∂sk

=2β2mg ∂γ(sk)
∂sk

(
mak+mgγ(sk)+σdv

2
k

)
, (17)

∂P (ak,sk,vk)
∂vk

=2β0vk+3β1σdv
2
k+4β2σdvk

(
mgγ(sk)+σdv

2
k

)
.

(18)

The QP iterations (6) repeat until its solution converges.
We consider the algorithm to have converged if∥∥∥∥∥∥

[
ai

xi

]
−

[
ai−1

xi−1

]∥∥∥∥∥∥
2

≤ ρ, (19)

where,‖·‖2 is the 2-norm operator, i and i−1 represent the
current and previous QP solutions, respectively, and ρ ∈ R
is a given non-negative convergence tolerance.
This approach provides a tractable solution to the eco-
driving OCP (4). In the next section, we will modify this
method to obtain a real-time implementation for the eco-
driving problem.

3. REAL-TIME IMPLEMENTATION

To arrive at a real-time implementable algorithm, the
computation time needs to be low, such that solutions can
be obtained in a shorter time than the sampling period
used in the embedded system. In this section, we will
modify the SQP method presented in the previous section
to reduce the computation time by means of a reduction
on the number of decision variables and the application of
a shrinking horizon approach that uses a previous solution
as warm-start for the next optimization problem. This
reduction of the number of decision variables does not
affect the solution (and its optimality).

3.1 Improving Computational Efficiency

In this section, we will reduce the number of decision
variables by eliminating the state x in (6). This leads to a
significant reduction of the computation time, because the
computation time of the QP subproblems scales cubically
with the number of decision variables (Diehl et al., 2009).
By eliminating the state xk = [sk vk]

� from the QP
problems an improvement of the computation time is
expected by a factor of 33 = 27, when compared to (Padilla
et al., 2018).
In order to reduce the number of decision variables,
the longitudinal motion of the vehicle described by the
equality constraints (4b)-(4d) can be recast as a prediction
model for instants k∈K as

x = Φx0 + Γa, (20)

where Φ∈R2N×2 and Γ∈R2N×N are defined by

Φ =




I2
A

A
2

.

.

.

A
N−1


 , Γ =




02 02 . . . 02

B 02 . . . 02

AB B . . . 02

.

.

.
.
.
.

. . .
.
.
.

A
N−2

B A
N−3

B . . . 02


 (21)

with

A =
[
1 τ

0 1

]
, B =

[
0

τ

]
, (22)

and 0n a n-dimensional column vector with all entries zero.
For k = N , the final state given by (4e) can be expressed
as the following equality constraint[

AN−1B AN−2B . . . B
]
a = xN −ANx0. (23)

By substituting (10) and (20) into (7), we remove the
dependency on the state x in (7). After removing the
constant terms (which do not change the solution), we
obtain

PQP(a,a
i) = 1

2a
�
(
Ĥi

a + Γ�Ĥi
xΓ

)
a

+
(
Gi�

a − ai
�
Ĥi

a +
(
Gi�

x − ai�Γ�Ĥi
x

)
Γ
)
a, (24)

where Ĥi
a and Ĥi

x are the approximated Hessian respect
to acceleration and state, respectively, evaluated in the i-
th iteration of the SQP algorithm.
Using the above notation, we obtain the following QP
problem with acceleration a as the only decision variable

{ai+1} = argmin
a

∑
k∈K

τ PQP(a,a
i) (25a)

subject to (23),

¯
v − ΞΦx0 ≤ ΞΓa ≤ v̄ − ΞΦx0, (25b)

1N
¯
a ≤ a ≤ 1N ā, (25c)

where the constraint (25b) is obtained by substituting (20)
in (4f) for all k ∈ K and considering v = Ξx, with a
selection matrix Ξ = IN ⊗

[
0 1

]
∈ RN×2N , in which the

operator ⊗ denotes the Kronecker product. Besides, the
constraint (25c) is directly obtained from (4g) for all k∈K
and considering 1n∈Rn, a n-dimensional column vector
with all entries one.
The QP subproblem (25) is sequentially solved until it
converges, thus finding the global optimal solution to the
discrete optimal control eco-driving problem (4), with the
corresponding convergence criteria defined by

||ai − ai−1||2 ≤ ρ. (26)

In practice, a smaller number of decision variables let
the optimization problem converges with fewer iterations,
which might lead to an additional reduction in computa-
tion time.

3.2 Considerations for Real-time Implementation

In order to achieve further improvements in terms of
computation time, we use an efficient QP solver with
warm-start and a shrinking horizon approach. Shrinking
horizon works in a similar way as receding horizon, also
known as model-predictive control. At every time instant
k, the full optimization problem (25) is solved over the
horizon N using the actual state xk as initial value. This
leads to a sequence of optimal control inputs a, where
only the first a0 is implemented at time instant k. Now at
time tk+1 the process repeats, but in contrary to receding
horizon control, the control horizon N now becomes 1 time
step shorter. The use of shrinking horizon for eco-driving
of buses is motivated by the fact that we only need to
optimize the vehicle speed until the next bus stop and
at every recomputation of the optimal control inputs, the
next bus stop becomes nearer.
The fact that the control horizon shrinks makes the
optimization problem time dependant. In particular, at
time instant k, the eco-driving problem has to be solved
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over the discrete-time set Kk = {k, . . . , N}. This causes
the QP subproblem at time k to become

{ai+1} = argmin
a

∑
k∈Kk

τ PQP(a,a
i) (27)

subject to (23), (25b), (25c)

where N has become N−k in (23) and the matrices in
(25b) and (25c) are modified similarly. The Hessian and
gradient matrices in the SQP algorithm also need to be
modified mutatis mutandis. The shrinking of the horizon
is repeated until N−k < Nmin for some Nmin to avoid
unnecessary computations in the last iterations, where not
much energy consumption improvement is expected.
The QP problem (27) is implemented in Simulink, with the
solver mpcqpsolver.m, from the Matlab/Simulink Model
Predictive Control Toolbox. This function allows to com-
pile the Simulink model as a system function that can
embed the eco-driving problem and provide the solution
in real-time. This solver can also make a so-called warm-
start to reduce the computation time of the solution by
providing the optimal solution of the previous iteration of
the algorithm as an inital guess for the next iteration.

4. SIMULATION STUDY FOR ELECTRIC CITY
BUSES

Inner-city public transportation buses, sometimes drive
through exclusive lanes to arrive and depart from stops
at well defined times. This makes this scenario to have
high predictability, which makes it highly suitable for the
implementation of eco-driving approaches.
In this section, we will analyze the performance of the
solution to eco-driving problem, presented in Section 3.1,
in the context of electric city buses. The first part of
this section shows an identification approach to obtain a
control-oriented model for the power consumption of the
driveline in an electric bus, which can be used in the real-
time optimal ecodriving problem of Section 3. Later, this
model is used to obtain an optimal velocity profile for an
specific driving route and finally, ideal energy savings are
calculated with respect to a benchmark velocity profile,
that has been obtained from real data logged from a bus
driving on a segment of 2.5[km] between two bus stops,
where the elevation between the highest and the lowest
point is less than one meter. Hence, the grade α(s) is
considered zero for all s.

4.1 Identification of the Power Consumption Model

The OCP (4) considers a simplified control-oriented power
consumption model defined by (5). For the identification
of this model, several realizations over the 2.5[km] route
mentioned above are used. This leads to a set of velocity
profiles {vjk}, where j ∈ J = {1, . . . , J} represents the
j-th realization of the velocity profile. These velocity
profiles are then simulated on a high-fidelity (hi-fi) vehicle

model to obtain power consumption profiles {P̃ j
k} for each

given velocity profile. This data can be used to find the
parameters β0, β1 and β2 in (5) by solving the following
constrained least-squares problem

{β0, β1, β2} = argmin
∑
j∈J

∑
k∈K

∥∥∥P (ajk, s
j
k, v

j
k)− P̃ j

k

∥∥∥
2

2

subject to β0 > 0, β1 > 0 and β2 > 0, (28)

where P (ajk, s
j
k, v

j
k) is defined in (5). It is important to

remark that the hi-fi vehicle model is a validated model.
Fig. 1(b) depicts the normalized vehicle power consump-
tion, based on a real velocity profile that is shown in
Fig. 1(a). The power consumption described by the hi-
fi model is represented by the dotted red line, while the
blue line is obtained by identifying the three unknown
parameters on the simplified consumption model (5).
Although the identified model shows a considerable error
with respect to hi-fi model, it is capable to describe a
general trend in its behavior. In the last part of this
section, we will show that this feature is enough to produce
accurate solutions in term of energy savings.

4.2 Computation Time

The identified model obtained in the previous section is
used to obtain the optimal velocity profile for an electric
bus driving on the 2.5[km] flat route. The optimal velocity
profile is obtained by the method proposed in (Padilla
et al., 2018) and the approach proposed in this paper. The
computation time for both cases is compared in Table 1.
It should be noted that the computation time presented
in (Padilla et al., 2018) is obtained using a different QP
solver and cannot be compared to the results presented in
Table 1, where we have compared the method presented
in this paper with (Padilla et al., 2018) using the same QP
solver.
As it was stated in Section 3.1, the improved computation
time obtained by the approach proposed in this paper
is mainly produced by the reduced number of decision
variables. The results shown in Table 1 demonstrate that
the proposed implementation can be used in real-time
applications.
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over the discrete-time set Kk = {k, . . . , N}. This causes
the QP subproblem at time k to become

{ai+1} = argmin
a

∑
k∈Kk

τ PQP(a,a
i) (27)

subject to (23), (25b), (25c)

where N has become N−k in (23) and the matrices in
(25b) and (25c) are modified similarly. The Hessian and
gradient matrices in the SQP algorithm also need to be
modified mutatis mutandis. The shrinking of the horizon
is repeated until N−k < Nmin for some Nmin to avoid
unnecessary computations in the last iterations, where not
much energy consumption improvement is expected.
The QP problem (27) is implemented in Simulink, with the
solver mpcqpsolver.m, from the Matlab/Simulink Model
Predictive Control Toolbox. This function allows to com-
pile the Simulink model as a system function that can
embed the eco-driving problem and provide the solution
in real-time. This solver can also make a so-called warm-
start to reduce the computation time of the solution by
providing the optimal solution of the previous iteration of
the algorithm as an inital guess for the next iteration.

4. SIMULATION STUDY FOR ELECTRIC CITY
BUSES

Inner-city public transportation buses, sometimes drive
through exclusive lanes to arrive and depart from stops
at well defined times. This makes this scenario to have
high predictability, which makes it highly suitable for the
implementation of eco-driving approaches.
In this section, we will analyze the performance of the
solution to eco-driving problem, presented in Section 3.1,
in the context of electric city buses. The first part of
this section shows an identification approach to obtain a
control-oriented model for the power consumption of the
driveline in an electric bus, which can be used in the real-
time optimal ecodriving problem of Section 3. Later, this
model is used to obtain an optimal velocity profile for an
specific driving route and finally, ideal energy savings are
calculated with respect to a benchmark velocity profile,
that has been obtained from real data logged from a bus
driving on a segment of 2.5[km] between two bus stops,
where the elevation between the highest and the lowest
point is less than one meter. Hence, the grade α(s) is
considered zero for all s.

4.1 Identification of the Power Consumption Model

The OCP (4) considers a simplified control-oriented power
consumption model defined by (5). For the identification
of this model, several realizations over the 2.5[km] route
mentioned above are used. This leads to a set of velocity
profiles {vjk}, where j ∈ J = {1, . . . , J} represents the
j-th realization of the velocity profile. These velocity
profiles are then simulated on a high-fidelity (hi-fi) vehicle

model to obtain power consumption profiles {P̃ j
k} for each

given velocity profile. This data can be used to find the
parameters β0, β1 and β2 in (5) by solving the following
constrained least-squares problem

{β0, β1, β2} = argmin
∑
j∈J

∑
k∈K

∥∥∥P (ajk, s
j
k, v

j
k)− P̃ j

k

∥∥∥
2

2

subject to β0 > 0, β1 > 0 and β2 > 0, (28)

where P (ajk, s
j
k, v

j
k) is defined in (5). It is important to

remark that the hi-fi vehicle model is a validated model.
Fig. 1(b) depicts the normalized vehicle power consump-
tion, based on a real velocity profile that is shown in
Fig. 1(a). The power consumption described by the hi-
fi model is represented by the dotted red line, while the
blue line is obtained by identifying the three unknown
parameters on the simplified consumption model (5).
Although the identified model shows a considerable error
with respect to hi-fi model, it is capable to describe a
general trend in its behavior. In the last part of this
section, we will show that this feature is enough to produce
accurate solutions in term of energy savings.

4.2 Computation Time

The identified model obtained in the previous section is
used to obtain the optimal velocity profile for an electric
bus driving on the 2.5[km] flat route. The optimal velocity
profile is obtained by the method proposed in (Padilla
et al., 2018) and the approach proposed in this paper. The
computation time for both cases is compared in Table 1.
It should be noted that the computation time presented
in (Padilla et al., 2018) is obtained using a different QP
solver and cannot be compared to the results presented in
Table 1, where we have compared the method presented
in this paper with (Padilla et al., 2018) using the same QP
solver.
As it was stated in Section 3.1, the improved computation
time obtained by the approach proposed in this paper
is mainly produced by the reduced number of decision
variables. The results shown in Table 1 demonstrate that
the proposed implementation can be used in real-time
applications.
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Fig. 1. High fidelity and identified control models.
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Table 1. Computation time

Approach
Number of Computation

decision variables time

Padilla et al. (2018) 636 282.5[s]
Problem in (25) 211 0.2[s]

4.3 Energy Savings

In order to analyze the performance of the method pro-
posed in this paper, in terms of energy savings, a real veloc-
ity profile is used as benchmark. In Fig. 2, the blue dashed
line depicts a real velocity profile obtained from logged
data of an electric bus, while the red solid line represents
the optimal velocity profile obtained as solution to (27). By
using the hi-fi model we obtain 11.43% of energy savings,
while using the simplified function (5), we save 12.21% of
energy. This shows that the simplified power consumption
model (5) is an adequate approximation that enables an
efficient calculation of velocity profiles and provides a good
approximation of the expected energy savings.
The power profile of this benchmark is represented as a red
dashed line on Fig. 1(b). Here, it is possible to see the on-
off action created by the real behavior of a driver. Although
the velocity profile generated by the driver seems to be
close to the optimal velocity profile presented in Fig. 2,
the constant on-off control action created by the driver
produces energy loses that explains the energy savings
when applying the optimal velocity profile.

5. ASSISTED DRIVING EXPERIMENTAL RESULTS

In this section, we will discuss the experimental results ob-
tained by using a driving assistance system that ‘coaches’
the driver to follow the optimal velocity profile obtained
as a solution to the eco-driving problem (27). First, we
provide details about the case study analysed in this sec-
tion. Second, the Human Machine Interface (HMI) used
to provide visual feedback to the driver is described; and
finally, experimental results for the case study are provided
and discussed.

5.1 Case Study

The experiments have been conducted in the previously
selected road, with a distance of 2.5[km] that should
be covered in 200[s], considering a real speed limit of
60[km/h]. During the experiments, it was registered wind
velocity of 30[km/h], approximately matching the road
direction.
The baseline for energy savings is generated by the driver
covering the selected road, with the knowledge of velocity
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Fig. 2. Velocity profile for simulated power consumption
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Fig. 3. Human-Machine Interface for velocity feedback

bounds and initial and final states. This is compared to
the energy consumed while providing visual feedback to
the driver and expressed as a percentage ratio of energy
savings.
Two drivers have performed the experiments during one
day, driving the same bus in both directions. The power
consumption and velocity profiles have been recorded with
a sample rate of 1[Hz] for data post-processing.

5.2 Human-Machine Interface

The Human-Machine Interface (HMI) provides visual feed-
back to the driver at a specific frequency, based on the
solution to the real-time implementation of the eco-driving
problem (27). The HMI updating frequency should take
into account the speed of reaction of the driver. In practice,
this means that the update frequency presented to the
driver is considerably smaller than the one used for the
real-time implementation of (27).
In this case, an external computer manages the HMI with
an update frequency of 0.1[Hz]. It has been developed
in Vector CANoe (Vector Informatik GmbH, 2016) and
depicted in Fig. 3. The HMI sends the request to increase
(Fig. 3(a)), hold (Fig. 3(b)) or decrease (Fig. 3(c)) the
current velocity, in order to follow the optimal velocity
profile within a tolerance of ±1[km/h].

5.3 Experimental Results

In this section, we will experimentally determine the
amount of energy that eco-driving is able to save. Sub-
sequently, we will compare this results with simulations
in the hi-fi model with the velocity profiles generated
experimentally.
While performing the experiments, a wind velocity of
30[km/h] was registered, with a direction approximately
matching the selected road. Hence, the experimental eco-
driving energy savings are separated for headwind and
tailwind driving, and shown in Table 2. In average, we
obtained 6.94% of energy savings.
Note that the percentages in Table 2 were obtained from
20 experiments performed by the two drivers, i.e., four ex-
periments for each wind direction, plus the corresponding
baselines. The velocity profiles of two experiments with its

Table 2. Experimental energy savings

Wind direction Driver Energy savings Average

Headwind
Driver 1 1.27%

3.18%
Driver 2 5.09%

Tailwind
Driver 1 12.70%

10.70%
Driver 2 8.70%

Total Average 6.94%
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Table 3. Simulated energy savings

Wind direction Driver Energy savings Average

Headwind
Driver 1 6.48%

6.89%
Driver 2 7.29%

Tailwind
Driver 1 17.50%

15.96%
Driver 2 14.42%

Total Average 11.43%

baselines are depicted in Fig. 4, one for each driver with
the specified wind direction. Here, the blue dotted line
represents the baseline and the red line shows the driver
behavior when receiving eco-driving feedback.
Tailwind driving saves more energy than headwind. In this
case, the difference is approximately a factor of three (see
Table 2). The difference in energy savings between the
drivers can be explained by their own driving style and
experience, as well as random disturbances, e.g., changes
in intensity and direction of the wind, temperature varia-
tions, traffic conditions, etc.
The experimental velocity profiles were logged by Vector
CANoe and used as input to the hi-fi vehicle model. Using
the same baseline for each driver and wind direction, the
simulated energy savings are shown in Table 3. Tables 2
and 3 show correlation between experimental and simu-
lated energy savings, verifying that the hi-fi vehicle model
has been validated. Note that in both cases the eco-driving
solution to (27) reduces the energy consumption.

6. CONCLUSIONS

This paper has presented an efficient shrinking horizon
implementation to solve the eco-driving OCP. The imple-
mentation has been demonstrated on a case study of a
fully electric bus, driving on an inner-city public transport
route. We have shown that the computational performance
can be reduced significantly using the proposed implemen-
tation. Furthermore, a energy consumption reduction of
11.43% is achieved on a simulation study for the case
that the vehicle is fully autonomous and a reduction of
6.94% is achieved experimentally for the case that the
driver is ‘coached’ using a driver assistance system. The
obtained results are promising in terms of energy savings
by providing feedback to the driver and, at the same time,
it has become evident that better results can be achieved

0 20 40 60 80 100 120 140 160 180 200

time [s]

0

20

40

60

V
e

lo
c
it
y
 [

k
m

/h
]

Driver 1 - headwind

baseline

with feedback

bounds

0 20 40 60 80 100 120 140 160 180

time [s]

0

20

40

60

V
e

lo
c
it
y
 [

k
m

/h
]

Driver 2 - tailwind

baseline

with feedback

bounds

Fig. 4. Experimental velocity profiles

by improving the accuracy when following the eco-driving
feedback.

REFERENCES

Bingham, C., Walsh, C., and Carroll, S. (2012). Impact
of driving characteristics on electric vehicle energy con-
sumption and range. IET Intell. Transport Syst.

de Jager, B., van Keulen, T., and Kessels, J. (2013).
Optimal Control of Hybrid Vehicles. Springer.

Dib, W., Chasse, A., Moulin, P., Sciarretta, A., and Corde,
G. (2014). Optimal energy management for an electric
vehicle in eco-driving applications. Control Eng Pract.

Diehl, M., Ferreau, H.J., and Haverbeke, N. (2009). Effi-
cient numerical methods for nonlinear mpc and moving
horizon estimation.

Grauers, A., Sarasini, S., and Karlström, M. (2012). Why
electromobility and what is it? In B. Sandén and
P. Wallgren (eds.), Syst. perspective on Electromobility.

Kamal, M.A.S., Mukai, M., Murata, J., and Kawabe, T.
(2011). Ecological Vehicle Control on Roads With Up-
Down Slopes. IEEE Trans Intell Transport Syst.

Kamal, M., Mukai, M., Murata, J., and Kawabe, T. (2013).
Model predictive control of vehicles on urban roads for
improved fuel economy. IEEE Trans Control Syst Techn.

Murgovski, N., Johannesson, L., Hu, X., Egardt, B., and
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Table 3. Simulated energy savings

Wind direction Driver Energy savings Average

Headwind
Driver 1 6.48%

6.89%
Driver 2 7.29%

Tailwind
Driver 1 17.50%

15.96%
Driver 2 14.42%

Total Average 11.43%

baselines are depicted in Fig. 4, one for each driver with
the specified wind direction. Here, the blue dotted line
represents the baseline and the red line shows the driver
behavior when receiving eco-driving feedback.
Tailwind driving saves more energy than headwind. In this
case, the difference is approximately a factor of three (see
Table 2). The difference in energy savings between the
drivers can be explained by their own driving style and
experience, as well as random disturbances, e.g., changes
in intensity and direction of the wind, temperature varia-
tions, traffic conditions, etc.
The experimental velocity profiles were logged by Vector
CANoe and used as input to the hi-fi vehicle model. Using
the same baseline for each driver and wind direction, the
simulated energy savings are shown in Table 3. Tables 2
and 3 show correlation between experimental and simu-
lated energy savings, verifying that the hi-fi vehicle model
has been validated. Note that in both cases the eco-driving
solution to (27) reduces the energy consumption.

6. CONCLUSIONS

This paper has presented an efficient shrinking horizon
implementation to solve the eco-driving OCP. The imple-
mentation has been demonstrated on a case study of a
fully electric bus, driving on an inner-city public transport
route. We have shown that the computational performance
can be reduced significantly using the proposed implemen-
tation. Furthermore, a energy consumption reduction of
11.43% is achieved on a simulation study for the case
that the vehicle is fully autonomous and a reduction of
6.94% is achieved experimentally for the case that the
driver is ‘coached’ using a driver assistance system. The
obtained results are promising in terms of energy savings
by providing feedback to the driver and, at the same time,
it has become evident that better results can be achieved
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Fig. 4. Experimental velocity profiles

by improving the accuracy when following the eco-driving
feedback.
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