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Summary

In this thesis a study on the development of a three-dimensional boundary-integral method
for deformable interfaces in viscous flows at low Reynolds numbers is described. With
respect to the practical application, the goal of the study is to create a tool for a more
detailed numerical investigation of some of the most important sub-processes in a complex
multiphase system such as drop breakup and coalescence, as well as dynamics of three-
phase contact lines. To achieve this, special attention is paid to the accuracy and the
numerical stability of the method.

To improve the accuracy of the boundary-integral calculations, a substantially new
non-singular contour-integral representation of single and double-layers of the free-space
Green’s function is derived. This contour integration overcomes the main difficulty with
boundary-integral calculations: the singularities of the kernels. It also allows for accurate
calculation of the boundary integrals in the case of interfaces at extremely close approach.
The layer potentials calculated by means of the contour-integral representations satisfy
exactly some important conservation identities, independently of the accuracy of the cal-
culation of the contour integrals. This contributes to a better fulfilling of the volume
conservation. Based on the formulas for 3D interfaces, a version of the contour integra-
tion for the axisymmetric case is derived also, where the layer potentials are explicitly
expressed via elliptic integrals. These expressions are potentially valuable and can be used
as a base for a computer code in the case of axisymmetric problems, that could allow for
a higher resolution and better understanding of the underlying physical process.

The accuracy of the method is further improved by developing a higher-order in-
terface approximation. Its main contribution is to a more accurate calculation of the
interface-to-interface distances, especially in the case when the interfaces have significant
curvature. This allows for simulations of polydispersed foam dynamics, where film regions
with significant curvature are typical. For such a situation the van der Waals interactions
play an important role and depend essentially on the interface-to-interface distance. To
improve the numerical stability and the performance of the method a multiple step time-
integration scheme is developed. It appears to be very effective for the stability of the
method, however, its crucial role is for simulations at small capillary numbers (of order
10−2) as well as in cases of small film thicknesses (three orders of magnitude smaller than
the drop size) in the presence of van der Waals forces.

The range of applicability of the method is extended by including boundary conditions
for three-phase contact lines. Both general cases of liquid-fluid-liquid an liquid-fluid-solid
are considered. The boundary conditions are based on a force balance in a contact line
vicinity. In this thesis a new formulation of the three-phase contact-line boundary condi-
tions is derived. It expresses the interfacial forces in a contact line region as a capillary

ix



x Summary

pressure. This form allows for an elegant incorporation of the three-phase interaction in
the boundary-integral equations.

To demonstrate the advantages of the method, a number of simulations in a numer-
ically difficult range of parameters, small capillary number (Ca = 0.025) and/or zero
viscosity ratio are presented. These simulations, especially in the case of extremely small
interface-to-interface thickness, indicate a good numerical stability of the method. Drop
deformation and breakup is considered at high viscosity ratios for zero and finite sur-
face tension. As an important part of the coalescence process we consider drop-to-drop
interaction in extremely close approach, including film formations and its drainage to
thicknesses of three orders of magnitude smaller than the drop size. Two types of driving
conditions are investigated: flow induced and gravity induced interactions. Simulations of
foam drop formation and its deformation in simple shear flow are also presented. These
examples include all structural and dynamic elements of polydispersed foams. Finally,
we performed simulations of three-phase dynamic-contact line problems: dynamics of 3S
compound drop and drop spreading on a solid wall, including formation and dynamics of
a ’precursor film’.

The numerical results presented and the comparisons to those of earlier studies by
other authors indicate a high accuracy and stability of our method. Thus, it can be a
powerful mean for a better understanding of the physics within complex multiphase flows.

Some parts of this thesis are based on following publications: Bazhlekov et al. (2001a,b);
Bazhlekov and Bazhlekova (2002); Bazhlekova and Bazhlekov (2002); Bazhlekov et al.
(2002). Moreover the author contributed to a number of publications, not contained in
this thesis: Shopov et al. (1992); Bazhlekov et al. (1995); Bazhlekov and Chesters (1996);
Bazhlekov and Shopov (1997); Bazhlekov et al. (1997, 2000b,a); Pismen et al. (2000);
Chesters and Bazhlekov (2000).



Chapter 1

Introduction

1.1 Drop dynamics: approaches to understanding

Drop dynamics has attracted the attention of scientists for more than a century, Lord
Rayleigh (1879). This is due to the fact that it controls a large number of naturally
occurring as well as man-designed processes. It is not only difficult to list all processes
involved, but also to mention all literature available in this wide area. We apologize to
the many contributors who are not cited in the thesis. There are two main approaches
to investigate the dynamics of drops: experimental and theoretical, each with its own
advantages and drawbacks.

The experimental approach can be as close as necessary to the process under investi-
gation. It can predict the final result with sufficient accuracy but, however, often fails to
explain the basic sub-processes. This is both due to difficulties with observing the sub-
processes, as well as commonly occurring unwanted effects such as gravity or impurities
in the fluids and interfaces. Take for example the coalescence sub-process. Many experi-
ments have been designed to follow the average drop size distribution (Iza and Bousmina,
2000; Vinckier et al., 1998) in order to quantify the dependence of the morphology on the
materials and processing conditions for dispersions. With an increase in the complexity
of the system (e.g. number of components, volume fraction or flow conditions), its quan-
tification becomes impossibly difficult, for a review see Tucker III and Moldenaers (2002).
Even the outcome of the observation of single events of drop coalescence can sometimes
not be explained. Such examples can be found in the recent experiments of Hu et al.
(2000) (see their figure 6 and the related discussion) and Park and Leal (2002). The sub-
processes are difficult for observation mainly due to the completely different scales of the
process: drops typically have a radius of an order of hundreds of µm and the film region
has a thickness several orders of magnitude smaller. Even experiments, designed to follow
only the film drainage as a rate determined stage of the coalescence process, face serious
difficulties (see Zdravkov et al., 2002), caused mainly by the presence of another, even
smaller, scale: the interface thickness. The interaction between molecules of the different
components can change the process significantly, leading sometimes to ’unexplainable’
results. In addition to the above drawbacks of the experimental approach we will only
mention that when more than two phases interact, for instance in the case of three-phase
dynamic contact line, the observation of the underlying processes is even more difficult.
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2 Chapter 1. Introduction

In contrast, a theoretical approach makes it relatively easy to investigate the processes
at the different levels (see Chesters, 1991, for a review on drop coalescence). Within a the-
oretical study we can focus on the investigated process, eliminating unwanted effects. The
major disadvantage of such an approach is the limitations of the underlying model. Most
of the analytical or semi-analytical investigations consider 2D models for undeformable
or slightly deformable drops, as well as a linear description of the pressure-velocity depen-
dence. With the significant increase of computer power, however, some of these limitations
become easier to overcome. Besides, this development enhances the importance of numer-
ical methods as a part of the theoretical approach for investigation of the drop dynamics
for a wider range of parameters. Simulations of 3D multiphase-flow problems are now
possible without any restriction on the interface deformation, also taking into account
complex rheological descriptions of the fluids and interfaces (for examples see the review
Scardovelli and Zaleski, 1999). In a lot of cases, however, the range of ’solvable’ mathe-
matical models is still far from complete. For example, consider the typical problem for
a dispersion. Numerical methods exist that can simulate the interaction of deformable
drops in a dispersion, using periodicity (Loewenberg and Hinch, 1996) or large number of
drops (Zinchenko and Davis, 2000). The main restrictions for a practical application of
such simulations would probably be the process conditions, e.g. large Reynolds numbers.
While in the macro-scale of the process the inertia can be significant, in micro-scale (drop
size) the flow could be governed by viscous stresses and can be resolved with present-day
computer resources. This example illustrates how experimental observations and numer-
ical simulations can complement each other.

1.2 Numerical methods for interfacial flows

The importance of numerical simulations for investigating interfacial flow problems has
increased continuously in the last decades. First, the continuous improvement of compu-
tational power extends the range of feasible problems. Second, and more important, the
phenomena considered often happen on a scale of space and time, where experimental
observations are difficult or even impossible. In such cases numerical simulations could
supply valuable information. A typical example is again drop coalescence in a dispersion.
A numerical investigation of coalescence involves not only the hydrodynamics in the fluid
(drop and matrix) phases, but also the interfaces. The presence of interfaces introduces
additional, more serious, difficulties. This is because they are subjected to a number
of physical and chemical processes, on scales much smaller than the typical size of the
droplets. Other difficulties are caused by the change in the interface topology during film
rupture, as well as by the extremely large interface curvature during the last stage of the
coalescence process, the confluence of the drops.

The choice of a numerical method depends, to a large extent, on the choice of the
mathematical model. First comes the choice of modelling the interface as either a ’thin’
or a ’thick’ region in space. A ’thin’ region is considered as a discontinuity of pressure,
density, and viscosity, while in case of a ’thick’ region these characteristics vary continu-
ously between the phases. The second choice concerns the model in the bulk. Here the
discussion is restricted to numerical methods for Navier-Stokes equations (see also the
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review of Scardovelli and Zaleski, 1999).
On one hand, the numerical methods for interfacial flows are analogous to the well-

known methods in single-phase flow, such as finite elements, finite volumes and finite
differences. On the other hand, they have to include techniques to deal with the presence
of interfaces: their location and the modelling of the stresses on the interfaces or inter-
facial regions. Based on these different approaches to describe the interface location, the
method of simulation of interfacial flows can be divided into two major classes. First,
the fixed-grid methods, where a predefined grid is used in the bulk of the fluids. In these
methods the interfaces and their properties are described by means of an additional two-
dimensional mesh, or a color function. Second, in the moving-grid methods the interfaces
are boundaries between grid subdomains. Somewhat apart from these two classes, fall the
molecular dynamic simulations (Dell’Aversana et al., 1996) and the so-called ’meshless’
or ’grid-free’ methods (Olson and Rothman, 1977).

In the fixed-grid methods (see the extensive review of Scardovelli and Zaleski, 1999),
the grid used to solve the bulk equations is entirely fixed. In some front-tracking methods
(see below) the mesh is adaptive just for the cells cut by the interfaces (Glimm et al., 1986).
Depending on the treatment of the interfaces, fixed-grid methods can be subdivided into
two groups: surface-marker or so-called front-tracking methods (Anderson, 1999; Glimm
et al., 1986; Unverdi and Tryggvason, 1992) where the interface position is followed by
marker points, eventually connected in a grid; and volume-marker or so-called volume-of-
fluid methods, where a color function (called also volume fraction) describes the portion
of fluid in the cells of the mesh (Li et al., 2000). A simple comparison between the surface-
marker and volume-marker methods shows that the first is more accurate for determining
the interface position, see Scardovelli and Zaleski (1999). It can trace interface-to-interface
distances much smaller than the interface size. In contrast, the volume-marker methods
handle more efficiently with topological transitions of interfaces. In most of the cases,
however, such transitions are mesh-dependent. This is because these methods cannot
resolve an interface-to-interface distance smaller than the element size.

Regarding the prescription of the interfacial forces, the fixed-grid methods span from
the case when the surface tension is neglected (e.g. passive mixing as in Kruijt, 2000;
Galaktionov, 2002) to the case when more natural interface properties are described by
the van der Waals-Cahn-Hilliard theory of interfaces. The latter approach, also called
the diffuse-interface method, is very promising because it combines the advantages of the
fixed-grid approach with a very precise description of the interface region (Anderson et al.,
1998; Verschueren, 1999). This method can also be extended to contact-line dynamics
(see Jackmin, 2000).

A major disadvantage of the fixed-grid methods for interfacial flow problems is the
accuracy of the solution in the interface vicinity. Thus, the results for the typical problem
of drop coalescence could be mesh-dependent, unless the mesh size is of order of the range
of the van der Waals forces, ’interface thickness’. This disadvantage can be overcome via
an adaptive mesh refinement in the vicinity of the interfaces (Barosan, 2003).

In the moving-grid methods the mesh follows the deformation of the interfaces. Dif-
ferent approaches have been used: curvilinear grids (Ryskin and Leal, 1984; Dandy and
Leal, 1989) or a quasi-conform mapping technique (Duraiswami and Prosperetti, 1992),
applicable for weakly deformable drops.
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There are many methods that use nonorthogonal grids. In them the grid points
move in a Lagrangian way and thus the mesh may deform considerably (Shopov et al.,
1992). Smaller mesh deformation can be achieved by moving the points in a mixed
Euler-Lagrangian way. In both cases, however, regridding may be necessary, as often it
has to include addition or removal of grid points. Different approaches of adaptive and
non-adaptive mesh refinement exist, see for instance Hooper et al. (2002). The mesh
distortion, and thus the necessity of mesh refinement, is an essential disadvantage of
moving-grid methods. A relatively accurate description of the interface position is an
advantage of these methods. The boundary integral method, discussed in the following
section, is an important part of the moving-grid methods with an additional advantage
that in some cases discretization of the interfaces only is required.

Another problem related to transient interfaces is the numerical instability due to the
interfacial tension, specially in the case of small capillary numbers and small space steps.
It can lead to a prohibitively small time step. This problem is mentioned by several
authors (see for instance Zinchenko et al., 1997; Loewenberg and Hinch, 1997), but no
satisfactory solution is found yet. The situation is even worse in the case of thin films
in the presence of long-range intermolecular van der Waals forces, which is typical for
foam dynamics. In this case, numerical instability can appear due to the very strong
dependence of the van der Waals forces on the film thickness.

1.3 Boundary-integral methods

The low Reynolds number approximation of the Navier-Stokes equations (also known as
Stokes equations) is an acceptable model for a number of interfacial flow problems. For
instance, the typical example of drop coalescence also belongs to this case. A boundary
integral method arises from a reformulation of the Stokes equations in terms of boundary
integral expressions and the subsequent numerical solution of the integral equations. The
mathematical basis for this approach can be found in the pioneering work of Lorentz
(1896). For more detailed information about boundary integral methods we refer to the
monograph of Pozrikidis (1992).

The main advantage of the boundary integral methods, compared with other methods
(e.g. FDM, VOF, FEM), is that for a number of multiphase flow problems its implemen-
tation involves integration on the interfaces only. Thus, discretization is required only of
the interfaces, which allows for higher accuracy and performance, especially in 3D simula-
tions. Among the numerical methods for interfacial flow problems the boundary integral
method seems to be one of the most appropriate for problems involving interfaces in close
approach. Such situations are typical for most of the practically important multiphase
flows including drop deformation and drop-to-drop interaction. Well-known examples are
neck formation and its thinning during breakup as well as film formation and drainage
during drop coalescence. A simulation of these processes requires a good resolution and
accuracy in the neck and film regions. This is offered by the boundary integral method
developed in this thesis. An important feature of the mathematical model used here is
that the velocity at a given time instant depends only on the position of the interfaces at
that time instant.
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Boundary integral methods have been successfully used for simulations of complex
multiphase flows: drop deformation and breakup (Pozrikidis, 2001; Stone and Leal, 1989;
Kwak et al., 2001; Cristini et al., 1998, 2002); drop-to-drop interaction (Loewenberg and
Hinch, 1997; Zinchenko et al., 1999; Davis, 1999); suspension of liquid drops in viscous flow
(Pozrikidis, 1993; Loewenberg and Hinch, 1996); deformation of a liquid drop adhering to a
solid surface (Dimitrakopoulos and Higdon, 1998); free-surface viscoelastic flows (Khayat,
2000; Khayat and Ashrafi, 2000).

The main difficulty for the implementation of a boundary integral method is due to
the singularity of the free-space Green’s kernels (see e.g. Pozrikidis, 1992). In most of
the studies special attention is paid to the accurate calculation of the boundary integrals.
The two most commonly used approaches are: local mesh refinement and/or higher-
order integration rules in the vicinity of the singular point which have been used by
Pozrikidis (2001); Yon and Pozrikidis (1999) and ’near singularity subtraction’, where
for a closed interface, making use of volume conservation identities, the integrals over the
singular point vicinity are represented via the integral over the residual of the interface (see
Loewenberg and Hinch, 1996, 1997; Xiaofan and Pozrikidis, 1996; Zinchenko et al., 1997).
Both approaches, however, cannot give satisfactory results when the singular point is close
to the residual of the interface. Such inaccuracy of the boundary integral calculation is
discussed by Yon and Pozrikidis (1999) and can lead to numerical instabilities such as
these reported by Zinchenko et al. (1997) in the case of drops in very close approach.
In our method a recently proposed (see Bazhlekov and Bazhlekova, 2002) non-singular
contour-integral representation of the layer potentials is used for the calculation of the
boundary integrals.

The above-mentioned inaccuracy of the existing approaches for the calculation of the
boundary integrals is the main limitation of the application of a boundary integral method
to drop coalescence. The thinnest film between interacting drops, that has been resolved
by numerical simulation, is about 1% of the drop size (for instance the 3D boundary inte-
gral method simulations of Zinchenko et al., 1997). Even 2D boundary integral methods
cannot overcome this limit (see e.g. Chi and Leal, 1989; Manga and Stone, 1993).

1.4 Purpose and lay-out of the thesis

This thesis is devoted to a development of a numerical tool for investigation of some of
the most important sub-processes in a complex multiphase system, such as drop breakup
and coalescence. Hereafter we formulate our research aims and give a global overview of
this thesis.

The primary aim of this thesis is to develop an accurate boundary integral method
for simulation of interfacial flows by improving the accuracy of the boundary-integral
calculation. The second goal is an improvement of the numerical stability, in order to
extend the range of applicability of the method for small capillary numbers. The third,
but not less important, purpose is to rewrite a three-phase contact line model in a form
suitable for incorporation into the boundary-integral formulation. Moreover, tests and
comparisons were performed in order to evaluate to what extend the aims mentioned
above are reached.
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The content of this thesis corresponds to the research aims. The governing equations
and their solutions in terms of a boundary integral formulation are given in Chapter 2,
together with a force-balance type boundary conditions for three-phase contact lines.
In Chapter 3 we derive the non-singular contour-integral representations of the layer-
potentials for 3D and axisymmetric interfaces. They are used for an accurate calculation of
the singular boundary integrals. The main elements of the numerical method are described
in Chapter 4. Chapter 5 presents numerical tests and simulations of deformation and
interaction of drops, foam dynamics, and three-phase contact lines. Finally, in Chapter 6
conclusions and recommendations are given.



Chapter 2

Mathematical formulation

2.1 Introduction

In this chapter the mathematical formulation of the problems considered in this thesis
is discussed. A mathematical model governing the evolution of deformable interfaces in
multiphase flows is presented in Section 2.2 in a dimensional form. The model is based
on the Stokes equations in velocity-pressure terms. Thus the main assumptions are that
inertial forces are negligible and the fluids are Newtonian. The boundary conditions at the
interfaces express a stress balance and continuity of the velocity. Only normal interfacial
forces are considered. It is also assumed that the interfaces are clean of surfactant and
surface tension is constant. The mathematical model given here is a standard one, see for
instance Chi and Leal (1989), Manga and Stone (1993) and Khayat and Marek (1999).

In Section 2.3 the scaling of the governing equations is discussed and the model is
written in a dimensionless form. Two types of scaling are considered, corresponding to
the two different driving conditions: external flow and external force. The modelling
of three-phase dynamic contact lines is discussed in Section 2.4. The commonly used
concept in such models is a prescription of values of the contact angles. Such examples
can be found in Lowndes (1980), Johnson and Sadhal (1985) and Miksis and Vanden-
Broeck (2001). Here, following an idea of Bazhlekov and Shopov (1997), force balance
type boundary conditions for the three-phase contact-lines regions are introduced. They
complete the mathematical model of problems involving a mutual contact between the
three phases. Both liquid-fluid-liquid and liquid-fluid-solid contact lines are discussed.

Finally, a solution for the velocity derived from the mathematical model is given in
Section 2.5 in terms of a boundary-integral formulation (for a more extensive discussion
see Pozrikidis, 1992). Two types of Green’s functions are presented. They correspond
to flow in unbounded fluid and flow in a half space (bounded by a plane solid wall),
respectively.

7



8 Chapter 2. Mathematical formulation

2.2 Mathematical model

Consider deformable drops of Newtonian fluid in another immiscible Newtonian fluid,
subjected to an external flow or/and force. In figure 2.1 a schematic example of the inter-
action of two drops in simple shear flow and gravity is given. Different configurations and
external flows are also considered in the thesis and will be specified in the corresponding
sections.

Figure 2.1: Schematic sketch of the two drops in shear flow and gravity force.

The fluids are assumed incompressible. The liquid-fluid interfaces considered here are
assumed to be clean of surfactant and have constant interfacial tension. We assume also
that all the inertial effects are negligible. Thus the creeping-motion approximation of the
Navier-Stokes equations govern the flow in each fluid domain:

−∇pi + µi∇2ui + ρig = 0

∇ · ui = 0 x ∈ Ωi, i = 0, 1, 2, (2.1)

where pi is the pressure and ui is the velocity in the ith phase. The parameters of the
ith fluid are the viscosity µi and the density ρi. The term ρig takes into account a body
force. In this thesis the buoyancy is considered as an example of a body force.

The boundary conditions at the interface Si = Ωi ∩ Ω0 between the ith fluid and the
continuous phase are stress balance boundary condition:

(
Π0(x)−Πi(x)

) · n(x) = f(x).n(x) (2.2)

and continuity of the velocity across the interface:

u0(x) = ui(x), (2.3)

where n(x) is the unit normal vector to Si. The stress tensor in the ith fluid is Πi =
−piI + µi

(∇ui + (∇ui)T
)
, where I is is the unit tensor. The r.h.s. of equation (2.2)

corresponds to the interfacial forces. In this thesis only interfacial forces that are normal
to the interfaces are considered.
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The numerical results presented in Chapter 5 involve two different interfacial forces:
the capillary pressure and the disjoining pressure:

f(x) = 2σk(x)− H

6πh3(x)
. (2.4)

Here σ is the interfacial tension coefficient, which is assumed constant and k(x) is the
mean curvature defined as k(x) = 0.5(1/R1 + 1/R2), where R1 and R2 are the main radii
of the curvature. Another commonly used definition of k(x) is k(x) = ∇S · n(x), where
∇S = (I−nn) ·∇ is the gradient operator tangential to the interface S. The second term
in (2.4), called disjoining pressure, takes into account repulsive van der Waals forces and
is important only at extremely small interface-to-interface distances, h(x) ¿ R, where
h(x) is the distance to the closest interface. H is the Hamaker constant, which depends
upon the fluids concerned.

As a boundary condition at infinity the velocity is prescribed:

u∞(x) = L · x, ‖x‖ = ∞. (2.5)

Different types of flow are considered in Chapter 5, where the values of L are specified.
The evolution of the interface Si(x, t) is given by a kinematic condition, which requires

that a fluid element on a fluid-liquid interface remains on that interface. The kinematic
condition can be written as Lagrangian description of Si:

dx

dt
= ui(x, t) + wi(x, t); x ∈ Si, (2.6)

where wi can be an arbitrary velocity tangential to Si. It is easy to see that the extra
tangential velocity wi does not change the position of the interface Si and thus the solution
of (2.1-2.6). In the numerical method wi is chosen to maintain a proper distribution of
the collocation points on the interface, see Loewenberg and Hinch (1996).

2.3 Scaling of the governing equations

In order to reduce the number of the parameters of the problems a transformation of the
governing equations is performed with a proper choice of the characteristic length and
velocity. The first step is to express the gravity as a interfacial force. This is possible,
because the gravity is a potential force, g = ∇(g · x). This means that buoyancy can be
considered as an additional hydrostatic pressure. Thus the buoyancy can be moved from
the momentum balance (2.1) to the stress balance boundary condition (2.2). This is done
by a correction of the pressure in the ith fluid with −ρi(g · x).

As a characteristic length of the problem we choose the equivalent radius of the drop
R. For problems involving more than one drop the equivalent radius of the largest drop
is taken as a characteristic length. For the characteristic velocity U different possibilities
exist. In Chapter 5 two types of problems are considered: gravity- or flow-induced drop
deformation and interaction. Although the overal effect of gravity and flow can be taken
into account straightforwardly, such cases are not considered only because they involve
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larger number of parameters. Thus, in order to minimize the number of parameters
two different characteristic velocities are chosen, depending on the type of the problem
(gravity- or flow-driven drop deformation and interaction). The difference effects only
the expression for the interfacial force f(x) and will be discussed later. The other parts
of the dimensionless mathematical model are not effected by the choice of U . Below the
dimensionless equations are written. For simplicity we use the same notations for the
dimensionless velocity, pressure, space and time variables as these for the corresponding
dimensional variables from the previous section.

The dimensionless Stokes equations are:

−∇pi + λi∇2ui = 0

∇ · ui = 0 x ∈ Ωi, i = 0, 1, 2 (2.7)

Here pi includes also hydrostatic pressure. The viscosity ratios λ0 = 1 and λ = λ1 = λ2 =
µ1/µ0 are defined based on the viscosity of the continuous phase as a reference viscosity.

Remark: In this thesis we consider problems involving only one viscosity ratio λ. The
mathematical model and the numerical method can be extended straightforwardly to the
case of more than one viscosity ratio.

The boundary conditions at the interface Si in dimensionless form are the same as in
the previous section, see equations (2.2-2.3):

(
Π0(x)−Πi(x)

) · n(x) = f(x).n(x) (2.8)

and continuity of the velocity:
u0(x) = ui(x). (2.9)

Here the stress tensor reads in dimensionless terms: Πi = −piI + λi

(∇ui + (∇ui)T
)
.

We consider two different types of problems, each of them with different scaling with
respect to the velocity:

The first type concerns flow-induced drop deformation and interaction. In this case the
external flow is taken into account via the boundary condition (2.5). The characteristic
velocity is chosen to correspond to the external flow:

U = R.G, (2.10)

where G is the elongational rate in the case of elongational flows, or the shear rate (denoted
here as γ̇) in the case of simple shear flow. The boundary condition at infinity (2.5) in
dimensionless terms has the same form:

u∞(x) = L · x, ‖x‖ = ∞. (2.11)

Here, the tensor L corresponds to the elongation or shear flow with unit rate.
Using the characteristic velocity given by (2.10) two dimensionless hydrodynamic pa-

rameters of the problem appear. Both of them are in the expression for the normal
interfacial force f(x), see equation (2.8). The dimensionless form of f(x) is:

f(x) =
2

Ca
k(x)− A

h3(x)
, (2.12)
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with two parameters, the capillary number Ca and the dimensionless Hamaker parameter
A:

Ca =
RGµ

σ
and A =

H

6πGµR3
.

In this thesis the only problems concerning the overal influence of an external flow and
van der Waals repulsive forces are discussed in Section 5.6 and deal with the dynamics of
a foam-drop.

The second type of problems concerns gravity induced drop deformation and interac-
tion. In this case we choose the characteristic velocity, given by:

U =
∆ρR2g

µ
, (2.13)

where ∆ρ = |ρ1 − ρ0| is the density difference and g is the gravity acceleration.
In this case drops in quiescent at infinity fluid are considered only and the boundary

condition (2.11) is homogeneous, i.e. L = 0. Thus the dimensionless model has two
hydrodynamic parameters. As it was mentioned earlier, the gravity is considered as an
extra hydrostatic pressure and is taken into account as a normal force on the interfaces.
Consequently, two parameters appear in the expression for the interfacial force f(x),
which in dimensionless form reads:

f(x) =
2

Bo
k(x)− x2 − A

h3(x)
. (2.14)

These are the Bond number Bo and the dimensionless Hamaker parameter A given by:

Bo =
∆ρgR2

σ
and A =

H

6π∆ρgR4
.

The gravity vector is considered to be parallel to the second coordinate axis, expressed
by the term x2 (the second coordinate of the node x) in (2.14).

In this thesis the van der Waals repulsive forces are considered in combination with
gravity only in the cases of drop spreading on a solid wall at small contact angles, see
Section 5.8. Due to the van der Waals forces, a so called ’precursor film’ is formed, which
is an important feature in the case of completely wetting. In all other problems of gravity-
driven drop deformation and interaction the only hydrodynamic parameters are the Bond
number Bo and the viscosity ratio λ.

The dimensionless kinematic condition has the same form as the dimensional one (2.6)
and is written here for completeness:

dx

dt
= u(x, t) + w(x, t); x ∈ S. (2.15)

To summarize, the dimensionless hydrodynamic parameters of the multiphase prob-
lems studied in this thesis are the viscosity ratio λ and the capillary or Bond number (Ca
or Bo). When the van der Waals forces are considered the extra dimensionless parameter
A appears, which includes the Hamaker constant (A is called here Hamaker parameter).
Characteristic velocities, different from (2.10) and (2.13) can also be chosen. In general,
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however, this will lead to the same number of parameters and therefore is not discussed.
As an exception, for some problems driven by relaxation (without an external flow or
gravity force) a further scaling of the time with Ca or Bo, respectively, is possible. This
reduces the number of parameters, however, it is not used in this thesis.

Additional hydrodynamic parameters appear in the problems involving three-phase
contact lines. In this case the three surface tension coefficients are, in general, different
and the behavior of such a system depends on their ratios. More often in the literature
for contact line problems, the contact angles are used as parameters instead of the ratios
of the surface tension coefficients. A mathematical model for these problems is discussed
in the following section, where the extra parameters are also specified.

2.4 Modelling of dynamic three-phase contact lines

In the present section the modelling of three-phase contact lines is discussed. Depending
on the phases which are in mutual contact there are two main contact-line types: liquid-
fluid-liquid and liquid-fluid-solid. The main feature of the contact region is the mutual
influence between the three phases. This, however, introduces the main difficulty in the
theoretical investigation of such problems: to determine proper conditions at the triple
line. In the static case such conditions are well established:

Figure 2.2: Schematic sketch of three-phase contact line: liquid-fluid-liquid type (left);
liquid-fluid-solid type (right).

• The Antonow rule in the case of liquid-fluid-liquid interaction:

σ23 sin(θ2)− σ13 sin(θ1) = 0

σ12 + σ23 cos(θ2) + σ13 cos(θ1) = 0, (2.16)

where σij is the surface tension coefficient at the interface Sij = Ωi∩Ωj between ith

and jth fluids, see figure 2.2. The angles θk, defined by the above equations are the
static contact angles.

• The Young equation in the case of liquid-fluid-solid interaction:

σ23 − σ13 = σ12 cos(θs), (2.17)
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where θs is the static contact angle and subscriptions 1,2 and 3 refer to the liquid,
fluid and the solid regions respectively, see figure 2.2.

There are different interpretations of the static conditions (2.16-2.17). Some authors
(e.g. Batchelor, 1967; Johnson and Sadhal, 1985; Miksis and Vanden-Broeck, 2001) have
assumed that the surface tension coefficients σij are known up to the contact line and
have considered the equations (2.16-2.17) as a force balance at this line. Others (e.g.
Dussan V, 1979; de Gennes, 1985; Sillivan and Telo da Gama, 1986) have pointed out that
the parameter σij describes adequately the energy of the interface Sij outside a vicinity
of the contact line and thus the equations (2.16-2.17) relate apparent contact angles θk to
the far field energies σij. In contact-line vicinity the interactions are much more complex
and their influence must be taken into account if the problem is solved up to the contact
line. The mutual interaction in the contact line region has been modelled by adding ’line
tension’ (e.g. Pethica, 1977; Ivanov et al., 1986) or by considering intermolecular forces,
like Hocking (1993).

In the case of dynamic contact-line problems there are two general questions inten-
sively investigated recently (see for example Haley and Miksis, 1991; Shikhmurzaev, 1997;
Dimitrakopoulos and Higdon, 1998; Rame, 2001; Pismen, 2002). The first question seems
to occur only in the case of a moving liquid-fluid-solid contact line and it is related to
the force singularity at the contact line. This question arises when the Navier-Stokes
equations and the non-slip boundary condition are used in the whole fluid region and the
whole solid surface. Various approaches to remove this singularity exist, see the reviews
of Dussan V (1979), de Gennes (1985), Shikhmurzaev (1997) and Pismen (2002). In the
present study this is done by applying a slip boundary condition at the solid surface in
the contact-line vicinity, see Section 4.8.

The second question concerns the identification of an appropriate boundary condition
at the contact line, and it arises in both types of dynamic contact lines. The main
attention in the literature is concentrated on the liquid-fluid-solid case due to its apparent
importance and wide applicability. The serious theoretical and experimental difficulties
observed in the liquid-fluid-liquid case explain why so little has been done on it. This
case is apparently more complicated due to the greater number of fluids and respectively
interfaces involved. In the majority of theoretical investigations on problems containing a
dynamic contact line, contact-angle values have been used as ad hoc boundary condition
for the equations of the fluid-liquid interface shape.

In most of the numerical studies the dynamic contact angles are assumed to be equal
to the static ones or a known function of the contact line velocity in the case of liquid-fluid-
solid contact line. Examples of such studies in the liquid-fluid-solid case are Dussan V
(1976), Hocking and Rivers (1982) and Haley and Miksis (1991). Johnson and Sadhal
(1983), Vuong and Sadhal (1989) and Miksis and Vanden-Broeck (2001) consider the
liquid-fluid-liquid case.

The static contact angles, however, cannot always be defined by the equations (2.16-
2.17). For instance, when one of the surface tension coefficients is greater than the sum
of the other two. This is the case for some of the three-phase systems investigated exper-
imentally by Torza and Mason (1970) and Mori (1978) in the liquid-fluid-liquid case and
de Gennes (1985) in the case of liquid-fluid-solid contact lines. In the absence of external
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forces such three-phase systems do not have a static state in a configuration containing
a contact line. However, in dynamic cases a contact line exists and in some of them the
contact angles can take any value in the interval [0,π].

To summarize, it is clear that the majority of investigators have employed the general
concept that the dynamic contact angles should be known and their values serve as a
boundary condition at the contact line or the outer region. In the present thesis a different
approach for the numerical simulation of dynamic contact-line problems is used. It is
based on a force balance in a contact-line vicinity and an assumption that the solution
outside a contact-line region can be obtained without a detailed information about the
solution in the contact-line vicinity. This assumption has been proven numerically by
Bazhlekov and Chesters (1996), Somaliga and Bose (2000) in the liquid-fluid-solid case and
by Bazhlekov and Shopov (1997) in the liquid-fluid-liquid one. Experimental validation
of the assumption can be found in Dussan V et al. (1991).

Figure 2.3: Schematic sketch of three-phase contact line region: liquid-fluid-liquid (left);
liquid-fluid-solid (right).

Below the idea is given briefly, for a more detailed description we refer to Bazhlekov
and Shopov (1997). Let us first consider the more general case of a liquid-fluid-liquid
contact line, and especially a vicinity with radius r around the contact line, see figure 2.3.
For simplicity, the considerations are made in a plane perpendicular to the contact line.
In fact, this simplification assumes that the contact line, represented in the figure 2.3 by
point C, has zero curvature. In the general case of non-zero contact-line curvature some
authors (e.g. Pethica, 1977; Ivanov et al., 1986) suggest that line tension has to be taken
into account. The line tension can be included straightforwardly in the present analysis
and the numerical method. However, it is unlikely to have a significant influence and also
because of lack of information about its value the line tension is not considered in this
thesis.

A commonly used suggestion is that the influence of the inertial and the external body
forces is negligible in a contact line vicinity, see for instance Pismen (2002). Under this
assumption the force balance in Ωr can be written as:

3∑
i=1

∫

Si(r)

Πi(x) · n(x)ds = σ12τ 12(r) + σ13τ 13(r) + σ23τ 23(r), r > δ, (2.18)

where Si(r) is the boundary of the contact line region Ωr in the ith phase, see figure 2.3;
σij is the surface tension on the interface Sij = Ωi∩Ωj; τ ij(r) is the unit vector tangential
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to Sij at distance r from the contact line; n(x) is the unit normal to Si.
Remark: Equation (2.18) is equivalent to the force balance in the case of a fluid-liquid

interface. From such a force balance the capillary pressure in the boundary condition on
the interface (2.2) is derived.

If it is assumed that the terms of the tensor Πi(x) are finite and (2.18) holds for all
r > 0, then the static boundary condition is obtained. Indeed, because the l.h.s. of (2.18)
is proportional to r, taking r → 0, we obtain:

σ12τ 12 + σ13τ 13 + σ23τ 23 = 0, (2.19)

which, in fact, is the static boundary condition (2.16) written in a vector form.
The presence of three-phases, however, makes the limit r → 0 questionable. Or,

strictly speaking, equation (2.18) is not satisfied for all r > 0. In the case of a liquid-
fluid interface the surface tension describes the interaction between the molecules from
both phases. At a distance of the order of the range of the intermolecular forces from
the contact line the mutual influence of the three phases becomes important. At such
distances the validity of the concept of surface tension, for instance, is not clear. Having
this in mind we consider equation (2.18) as a force balance on a contact-line-region Ωr

with radius r for r > δ. The parameter δ is considered to be much smaller than the
global scale of the problem, δ ¿ R, and much larger than the range of the long-range
intermolecular forces. The static boundary conditions (2.16-2.17) are also considered as
relations between the apparent contact angles and the far-field energies σij.

A more adequate solution in the contact-line-region Ωr, r < δ, could be obtained if the
three-phase interaction is taken into account. This could be done in different ways: for
instance, by molecular dynamic simulations in Ωr; or by considering the pair potentials
as in Hocking (1993); or the influence of the van der Waals forces. Recently, the diffuse
interface concept is also considered as an appropriate approach for a modelling of the
three-phase interaction, see e.g. Jackmin (2000) and Pismen (2002).

In the thesis van der Waals repulsive forces are considered in some problems of liquid-
fluid-solid contact lines at small contact angle. This case is widely discussed in the
literature and is related with the formation of a so called ’precursor’ film.

In the case of a liquid-fluid-solid contact line the normal (with respect to the solid)
component of (2.18) is balanced by the reaction of the solid and only the tangential
component remains:

τ ·
(

2∑
i=1

∫

Si(r)

Πi(x) · n(x)

)
= σ12 (τ · τ 12(r)) + σ13 − σ23, r > δ, (2.20)

where τ can be an arbitrary vector, tangential to the solid surface. For the particular
form of equation (2.20), τ is taken to be τ 13 and it is also assumed that the solid surface
is flat in the contact-line region. It is easy to see that if (2.20) holds for all r > 0 then
the static boundary condition is obtained.

As it was mentioned earlier, in the case of moving liquid-fluid-solid contact line a
slip boundary condition is usually applied in order to remove the force singularity at the
contact line. In the contact line vicinity we use a Navier slip condition, see e.g. Lowndes
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(1980) and Haley and Miksis (1991):

U(x)−Usolid(x) = Lsl(I− nn) · (Πi(x) · n(x)
)
, x ∈ Si3, i = 1, 2, (2.21)

where τ is the unit vector tangential to the solid surface which is perpendicular to the
contact line, Usolid is the velocity of the solid surface. According to the slip boundary
condition (2.21) the relative (with respect the solid surface) velocity of the contact line is
proportional to the shear stress exerted on the solid.

The main advantage of the conditions (2.18) and (2.20) is that they do not need any
ad hoc assumption about the values of the contact angle. The standard hydrodynamic
parameters, such as interfacial tension coefficients, are sufficient to determine the position
of the interfaces and the contact line region. Hence, fluid systems, for which the static
contact angle are not defined, σij > σjk + σki, i 6= j 6= k 6= i, can also be studied.

The additional dimensionless hydrodynamic parameters of the contact-line problems
are the interfacial tension ratios: σ13/σ and σ23/σ in liquid-fluid-liquid case and (σ23 −
σ13)/σ in liquid-fluid-solid case. Here for the reference surface tension that of interface
S12 is taken: σ = σ12. In the case of liquid-fluid-solid contact line an additional parameter
is the dimensionless slip length Lsl. The parameter δ in the equations (2.18) and (2.20)
has a meaning of an internal parameter. It determines the range, in terms of a distance
to the contact line, of the validity of the solution. In Chapter 5 it is shown numerically
(see also Bazhlekov and Chesters, 1996; Bazhlekov and Shopov, 1997; Somaliga and Bose,
2000) that the outer solution (outside Ωr) is independent of the choice of δ, provided that
r > δ.

The implementation of the boundary conditions (2.18) and (2.20) in the boundary
integral method is discussed in Section 4.8. The implementation of the slip boundary
condition (2.21) on the solid surface is presented in the next section.

2.5 Boundary-integral formulation

A standard numerical scheme to solve interfacial flow problems is the following: first, for
a given position of the interfaces the velocity is obtained; then, based on the kinematic
condition (2.15), the interface position at the next time instant is found after which the
whole process is repeated. The main element of this scheme is the velocity calculation,
which is the topic of the present section.

An important feature of the mathematical model given in the previous section is that
the velocity at a given time instant depends only on the position of the interfaces at this
time instant. In such case a boundary integral method seems to be a very appropriate
option for the velocity calculation, because it involves integration only on the interfaces.
The mathematical formulation of the method is given below in terms of velocity. For the
interfacial velocity this formulation is a Fredholm integral equation of second kind.

For a given position of the interfaces Si the solution of the mathematical model (2.7-
2.15) for the velocity u(x0) at an arbitrary point x0 is obtained by means of the bound-
ary integral formulation (see for instance Pozrikidis, 1992; Loewenberg and Hinch, 1997;
Zinchenko et al., 1997):

(λ + 1)u(x0) = 2.u∞(x0)− 1

4π

∫

S

f(x).G(x0,x) · n(x) ds(x)
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− λ− 1

4π

∫

S

u(x) ·T(x0,x) · n(x) ds(x), (2.22)

where the integration is over the total interfacial area S = ∪iS
i. The function f is the

density of the normal interfacial forces, as defined in Section 2.3 and λ is the viscosity
ratio. The free-space velocity Green’s function tensor G and the associate stress tensor
T, called Stokeslet and stresslet, respectively, are:

G(x0,x) = G(x̂) =
I

|x̂| +
x̂x̂

|x̂|3 ,

T(x0,x) = T(x̂) = −6
x̂x̂x̂

|x̂|5 , (2.23)

where x̂ = x − x0. The product xy is defined as (xy)ij = xiyj. The mathematical
derivation of the equations (2.22-2.23) can be found in Pozrikidis (1992).

In the case of a drop attached to a plane solid surface, the effect of the solid can
be taken into account in a formulation similar to (2.22-2.23) in two ways. In the first
approach, the integration is performed also on the solid surface and the solid surface
becomes a part of the total area S, see for instance Dimitrakopoulos and Higdon (1998).
The tensors G and T in this approach remain unchanged and are given again by (2.23).
In the second approach the integration, as in (2.22), is only on the liquid-fluid interfaces
and the presence of the solid surface is accounted for by the tensors G and T. In this case
they correspond to Stokes flow bounded by an infinite plane wall. Following Pozrikidis
(1992) they are denoted here by GW and TW , respectively. An advantage of the first
approach is that it is directly applicable to configurations involving an arbitrary shape of
the solid wall. In addition, an implementation of the tensors GW and TW is not necessary.
This approach, however, is related with a larger number of unknowns, because it involves
the integration on the solid surface as well. In contrast, the second approach requires the
discretization of the liquid-fluid interfaces only and thus leads to fewer unknowns. Its
disadvantage is that it is restricted to a plane solid surface.

Simulations that include a solid surface are presented in Section 5.4. They concern
drop spreading on a plane solid wall in the presence of simple shear flow of gravity. This
was the main reason to choose the second approach for the velocity calculation. Thus the
boundary-integral formulation is similar to (2.22):

(λ + 1)u(x0) = 2.u∞(x0)− 1

4π

∫

S

f(x).GW (x0,x) · n(x) ds(x)

− λ− 1

4π

∫

S

u(x) ·TW (x0,x) · n(x) ds(x). (2.24)

The only difference is in the definition of the tensors GW and TW . For simplicity, they are
given below in the case when the solid surface is the coordinate plane defined by x2 = 0.
The corresponding values for an arbitrary position of the wall can be obtained directly
from these, simply by applying the proper translation and/or rotation.

The half-space velocity Green’s function tensor GW and the associate stress tensor TW

consist of the corresponding free-space tensors, G and T, and a few image singularities
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(point force, point-force dipoles and potential dipoles). Let us consider first GW , which
can be presented by the decomposition (see Pozrikidis, 1992):

GW (x0,x) = G(x̂)−G(X̂) + 2(x0
2)

2GD(X̂) + 2x0
2G

SD(X̂), (2.25)

where x0
2 is the distance from the pole x0 to the wall, x̂ = x − x0, X̂ = x − xIM

0 . The
image xIM

0 of x0 with respect to te wall in our case is xIM
0 = (x0

1,−x0
2, x

0
3), where x0

i are
the coordinates of the pole x0. The tensors GD and GSD contain the potential dipoles
and Stokeslet doublets, respectively, and are given by:

GD
ij (x) = ±

(
δij

‖x‖3
− 3

xixj

‖x‖5

)
, (2.26)

GSD
ij (x) = x0

2G
D
ij (x)± δj2xi − δi2xj

‖x‖3
, (2.27)

where the minus sign is for j = 2 and the plus sign is for j = 1 and j = 3.
By analogy with GW , the stress tensor TW is given by (see Pozrikidis, 1992):

TW (x0,x) = T(x̂)−T(X̂) + 2(x0
2)

2TD(X̂) + 2x0
2T

SD(X̂), (2.28)

where

TD
ij (x) = ∓6

(
δikxj + δijxk + δkjxi

‖x‖5
+ 5

xixjxk

‖x‖7

)
, (2.29)

T SD
ij (x) = x0

2T
D
ij (x)± 6

δikxjx2 − δj2xixk

‖x‖5
. (2.30)

It is easy to see that all terms of GW and TW vanish when the pole is on the wall,
because then x0

2 = 0 and x̂ = X̂. Due to this property of GW and TW the non-slip
condition on the wall is automatically satisfied.

The slip boundary condition (2.21) at the contact line is applied in a very simple
manner, by translating the wall at distance Lsl from the contact line. This means that
the wall in this case is given by x2 = −Lsl, where Lsl is the slip length. Thus the velocity
at the contact line is calculated as it is at distance Lsl from the wall, after which it is
projected on the wall. It is easy to see that in the case when the flow in the vicinity
of the contact line is linear, this approach represents the Navier slip boundary condition
(2.21). The present approach for the slip velocity of the contact line takes into account
the influence of the stresses in a contact-line region, while equation (2.21) applies only on
the wall. Therefore, the present approach seems to correspond better to the concept of
the force balance boundary condition in a contact line region, presented in Section 2.4.
However, both slip boundary conditions, discussed above, are equivalent to the leading
order of Lsl. Thus the difference between the contact line velocity obtained by using
these conditions is expected to be of order (Lsl)

2. The present approach of applying a
slip boundary condition is chosen mainly because it is very easy for implementation in
the boundary-integral formulation (2.24).
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2.6 Conclusions

The mathematical formulation discussed in this chapter, even restricted to creeping flows
in Newtonian fluids and clean interfaces, possesses some of the main characteristics of a
multiphase system important for a number of applications. The model emphasizes on the
flow-interface an interface-interface viscous interactions. The presence of a model for the
van der Waals interaction in the boundary condition at the interfaces additionally extends
the range of applicability of the results.

The applicability is further broadened by an inclusion of the boundary conditions for
three-phase contact lines in the mathematical model. In this way, the numerical method
can be applied to systems where more than two phases interact. Such are the problems
of wetting and dewetting of a solid surface and most of the problems involving compound
drops.

We found that a boundary integral method is very suitable to solve the mathematical
problem described in the present chapter. The main advantage of a boundary integral
method, compared to other methods (e.g. FDM, FEM) is that it involves integration only
on the interfaces. Hence, discretization only of the interfaces is required, which allows
for higher accuracy and better performance. Another advantage is that basic elements
for a boundary integral method are interfaces, and eventually solid surfaces, but not a
computational domain. Thus, a consideration of in advance given computational domain,
typical for most of the other methods, is not necessary. This is also an advantage with
respect to an implementation of periodicity. The treatment of multiphase systems with a
periodical structure and behavior seems to be simpler in the case of a boundary integral
method, see for instance Pozrikidis (1993) and Loewenberg and Hinch (1996). The main
problem associated with the numerical implementation of a boundary integral formulation
is due to the singularities of the kernels G and T at x = x0. This is discussed in the
following chapter.
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Chapter 3

Non-singular contour-integral
representation of single and
double-layer potentials

3.1 Introduction

The most important element of a numerical method based on the boundary integral
formulation, discussed in Section 2.5, is the calculation of the boundary integrals in (2.22)
and (2.24). The singularities of the Green’s function kernels G and T (of first and second
order, respectively) make this task non-trivial. If an insufficiently accurate method of
integration is used around the singular points, then the integration errors would affect
directly the interface velocity, and thus the evolution of the interfaces. A number of
numerical approaches have been used in order to improve the accuracy of the boundary
integral calculation (see e.g. Loewenberg and Hinch, 1996; Zinchenko et al., 1997; Yon
and Pozrikidis, 1999). For some problems, however, (for instance those that involve small
interface-to-interface distances) these approaches cannot supply sufficient accuracy. Also
analytical approaches have been developed for regularization of the singular boundary
integrals (e.g. Mukherjee, 2002; Granados and Gallego, 2001) or exact integration in
some cases (e.g. Fratantonio and Rencis, 2000; Salvadori, 2001). However, they are not
applicable in the general case of an arbitrary 3D interface.

In the present chapter a way to overcome this problem is introduced. It is based on new
contour-integral representations for single and double-layer Green’s functions for Stokes
flow. In our approach the boundary integrals on an element of the surface are expressed as
integrals over the contour of the surface element. The representations are derived first for
an arbitrary 3D surface element in Section 3.2 and consequently applied to axisymmetric
interfaces, for which case explicit expressions of the single and double-layer potentials in
terms of the classical elliptic integrals are obtained in Section 3.3.

In both cases (3D and axisymmetric) a number of comparisons with commonly used
methods for calculating single and double layer potentials are also given. They demon-
strate a higher accuracy and better performance of the approach presented here.

21
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3.2 Three-dimensional interfaces

Significant advance has been made recently in the numerical simulation of complex mul-
tiphase Stokes flows using boundary integral methods, see e.g. Loewenberg and Hinch
(1997), Zinchenko et al. (1997), Yon and Pozrikidis (1999), Stone and Leal (1989), Davis
(1999), Kwak et al. (2001). An essential part of a boundary-integral method is the calcu-
lation of the single and double layer potentials in the case of constant density. The main
difficulties are due to the singularity of the kernels:

G(x̂) =
I

|x̂| +
x̂x̂

|x̂|3 ; T(x̂) = −6
x̂x̂x̂

|x̂|5 ; P(x̂) = 2
x̂

|x̂|3 ,

where x̂ = x − x0, (x̂x̂)ij = x̂ix̂j and I is the unit tensor. Consider also the following
auxiliary kernel:

Q(x̂) = T(x̂) + IP(x̂) = 2I
x̂

|x̂|3 − 6
x̂x̂x̂

|x̂|5 . (3.1)

Note that G has a first-order singularity at x = x0 and T, P and Q - a singularity
of second order. The following identities (see i.g. Pozrikidis (1992)) express important
conservation properties:

∫

Sc

G(x̂) · n(x) ds(x) =

∫

Sc

Q(x̂) · n(x) ds(x) = 0; (3.2)

∫

Sc

T(x̂) · n(x) ds(x) = −cII;

∫

Sc

P(x̂) · n(x) ds(x) = c. (3.3)

They are satisfied for any arbitrary closed surface Sc with outward unit normal n. The
constant c in (3.3) represents the discontinuity of the potentials at x = x0:

c =





8π, if x0 inside Sc;
4π, if x0 on Sc;
0, if x0 outside Sc.

Different approaches for a numerical integration of the singular kernels exist in the
literature. For example, higher-order integration rules combined with mesh refinement
around the singular point are used by Yon and Pozrikidis (1999), Stone and Leal (1989)
and Kwak et al. (2001). In this case the identities (3.2) and (3.3) are not satisfied exactly.
Another approach is the so-called ”near-singularity” subtraction (see e.g. Loewenberg and
Hinch, 1996; Zinchenko et al., 1997; Davis, 1999), where the identities (3.2) and (3.3) are
satisfied exactly, however, the accuracy could worsen locally around the singular point.
In this section layer potentials with constant density are expressed by contour integrals,
see (3.4), (3.5) and (3.6). Some of the advantages of the contour integral representations
are that they are non-singular, satisfy exactly the identities (3.2) and (3.3) and offer a
higher accuracy for the numerical integration.

First, let us introduce some notation. Consider a surface, for example a drop interface,
and let D be a part of it. It is assumed that D and its contour Γ are bounded and piecewise
smooth. Let nD be the unit normal vector to D, pointed outward to the surface. Let t
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Figure 3.1: Schematic sketch of the surface D and its contour Γ in 3D.

be the unit tangential to Γ vector, defined by t = b× nD, where b is the unit normal to
Γ vector, lying in the tangential plane to D, see figure 3.1.

The main result of this section are the following formulas which express the single
and double layer potentials in the case of constant density f ≡ 1 by means of contour
integrals: ∫

D

G(x̂) · nD(x) ds(x) =

∫

Γ

t(y)× ŷ

|ŷ| dl(y); (3.4)

∫

D

Q(x̂) · nD(x) ds(x) = 2

∫

Γ

ŷ (ŷ × t(y))

|ŷ|3 dl(y) (3.5)

∫

D

P(x̂) · nD(x) ds(x) = 2

∫

Γ

a · (ŷ × t(y))

|ŷ| (|ŷ|+ a · ŷ)
dl(y) + c, (3.6)

where ŷ = y − x0 and a is an arbitrary unit vector. The constant c in (3.6) is 0,−4π or
−8π depending of the orientation of a and Γ (see the proof below) and guarantees the
satisfaction of (3.3).

Next, we give a proof of the formulas. We suppose for simplicity and without loss of
generality that the pole is at the center of the coordinate system, x0 = O = (0, 0, 0), then
x̂ = x and ŷ = y. Assume that D and its contour Γ = ∂D are bounded and piecewise
smooth. In the case when O ∈ D an extra assumption that D is a Lyapunov surface in O
is necessary, see Vladimirov (1971). First, the single layer potential on D is considered:

IG =

∫

D

G(x) · nD(x) ds(x),

where nD is the unit normal vector to D. If the conic surface S is defined by connecting
the contour Γ with the pole O, S = {x ∈ [O,y], y ∈ Γ}, see figure 3.2, then the surface
Sc = S ∪D is closed and by applying the identity (3.2a), IG reads:

IG = −
∫

S

G(x) · ns(x) ds(x) = −
∫

S

ns(x)

|x| ds(x).

The last equality is obtained taking into account that ns(x)⊥x for x ∈ S, i.e. xx ·
ns(x) ≡ O. Introducing polar coordinate system O (r, θ(y)) on S, local with respect
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Figure 3.2: Schematic sketch of the surface D and the polar coordinate system on the
conic surface S.

to y ∈ Γ, where r = |x|, we can express: ds(x) = r.drdθ, dθ = |dy × y|/|y|2 and
ns(y) = (y × dy)/|y × dy|, see figure 3.2. Since ns does not depend on r, the above
equality becomes:

IG = −
∮

Γ

ns(y)

(∫ |y|

0

1

r
.r dr

)
|dy × y|
|y|2 =

∮

Γ

dy × y

|y| ,

where dy = t(y)dl(y), t = b × nD is the unit tangential to Γ vector, and b is the unit
outward tangential to D and normal to Γ vector. Thus the single layer potential can be
expressed as a non-singular contour integral:

∫

D

G(x) · nD(x) ds(x) =

∮

Γ

t(y)× y

|y| dl(y). (3.7)

To obtain (3.7) the only requirement is that D and Γ are smooth almost everywhere.
Under this assumption the contribution to the integrals from the points where D, S or Γ
are not smooth, including O, is zero. It is also easy to see that (3.7) is true independently
of the position of O. The pole also can be on D and even on Γ.

The second integral considered here is:

IQ =

∫

D

Q(x) · nD(x) ds(x).

Let Γ1 be the radial projection of Γ on the unit sphere with center O : Γ1 = {z =
y/|y|, y ∈ Γ}, see figure 3.3, and S be the part of the conic surface bounded between
Γ and Γ1. In general, the unit sphere is divided by Γ1 in two parts (the final results are
also applicable for the more general case when Γ1 is selfcrossing). Let D1 be the part for
which the unit normal nD1(x) = −x is outward for the closed surface Sc = D ∪ S ∪D1.
There are two possibilities: nD is directed outwards or inwards regarding Sc. Below we
consider only the first of them, the other case differs only by sign. If O ∈ D, D1 is chosen
to be the part of the unit sphere with boundary Γ1 for which nD1(x) = −x is directed as
nD with respect to Sc. Now, applying (3.2b) for Sc, IQ reads:

IQ = −
∫

S

Q(x) · ns(x) ds(x)−
∫

D1

Q(x) · nD1(x) ds(x).



3.2. Three-dimensional interfaces 25

Figure 3.3: Schematic sketch of the surface D and its projection D1 on the unit sphere
with center at O.

The first integral above is zero because ns(x)⊥x on S, which leads to (r = |x| =
1, x · nD1(x) = −1 for x ∈ D1 ):

IQ =

∫

D1

(2I− 6xx) ds(x) = 2

∮

Γ1

zb(z) dl(z), (3.8)

where b(z) is the unit normal to Γ1 vector that is tangential and outward to D1. In the
case when D is an arbitrary triangle the second equality in (3.8) can be directly proven
using spherical coordinates. The proof is direct, but requires long calculations, and is
not included here. A numerical check of (3.8) in this case is presented at the end of this
section. After (3.8) is proven for an arbitrary triangle, it can be generalized for Γ - a
polygon and finally for an arbitrary piecewise smooth surface D.

Taking into account that z, b(z) and dl(z) on Γ1 can be expressed on Γ as y/|y|,
(y × t(y))/|y × t(y)| and |y × t(y)|/|y|2 dl(y), respectively, it follows:

∫

D

Q(x) · nD(x) ds(x) = 2

∮

Γ

y (y × t(y))

|y|3 dl(y). (3.9)

Note that in (3.9) the orientation of the normal vector nD(x) is automatically accounted
via the orientation of the tangential vector, t(y) = b × nD. Thus (3.9) is valid in both
cases: nD outward and inward for Sc. The only restriction here on the position of the
pole O is that it cannot be on the contour of D, i.e. O /∈ Γ.

The third integral considered here is:

IP =

∫

D

P(x) · nD(x) ds(x) =

∫

D

2x · nD(x)

|x|3 ds(x).

It is transformed using the same construction, i.e. Γ1, D1 and S are defined as in the
previous case, see figure 3.3. Taking again into account that x ·ns(x) = 0 on S, nD1(x) =
−x (i.e. x ·nD1(x)/|x|3 = −1) and making use of the identity (3.3) for Sc = D ∪S ∪D1,
IP becomes:

IP = c + 2

∫

D1

ds(x). (3.10)
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Due to the choice of D1 there are only two possibilities for O: O is outside Sc and then
c = 0; O ∈ D, i.e. O ∈ Sc with normal vector inward for Sc, then c = −4π. Note that
the non-singular integral in the r.h.s. of (3.10) is the measure of the solid angle ωD (see
Vladimirov, 1971, Chapter 5), defined by the pole O and the contour of D. As for the
second integral, IQ, the only limitation for the position of the pole is O /∈ Γ, and if O ∈ D
the surface has to be Lyapunov in O.

Figure 3.4: Schematic sketch of the spherical coordinate system for calculation of the solid
angle ωD.

With respect to the exact satisfaction of the identities (3.3) for Q, it is useful to
express the surface integral in (3.10) as an integral over the contour. For this purpose a

spherical coordinate system O(r, ϕ, θ) is used, where a = ~OA, A = (r = 1, θ = 0), is an
arbitrary chosen unit vector (see figure 3.4). For simplicity it will be assumed that the
point −A /∈ D1. If the contour of D1 is given by Γ1 = {r = 1, θ = θ(ϕ)}, then

∫

D1

ds(x) =

∫

ϕ

(1− cos(θ(ϕ))) dϕ =

∮

Γ1

−a · b(z)

1 + a · z dl(z),

which is obtained after applying dϕ = −a.b(z)/ sin2(θ) dl(z). The integral on Γ1 can be
transformed on the original contour Γ by means of the relations given above eq. (3.9) and
then (3.10) becomes:

∫

D

P(x) · nD(x) ds(x) = c +

∮

Γ

2a · (y × t(y))

|y| · (|y|+ a · y)
dl(y). (3.11)

There is no limitation for the position of the point A on the unit sphere, only in the
case when −A ∈ D1, 8π must be added to the constant c. This correction ensures the
satisfaction of (3.3) for P in the case when the pole is inside a closed surface (then the
situation −A ∈ D1 can not be avoided). In this way the contour-integral representations
of the surface integrals are proved. Note, that another way to prove formulas (3.4-3.6) is
using tensor analysis, Boersma (2002).

In most of the boundary-integral methods the interfaces are discretized by surface
elements for which the contour is a polygon: Γ = ∪iΓ

i = ∪i[y
i,yi+1], see figure 3.5. Then

the contour integrals in (3.4), (3.5) and (3.6) can be calculated exactly using the following
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Figure 3.5: Schematic sketch of the notations used in eq. (3.12).

analytical formulas for the segments Γ1 = [yi,yi+1]:

∫

Γi

t(y)× y

|y| dl(y) = |yi| sin(βi) log

∣∣∣∣
(1 + cos(βi)).(1 + cos(γi))

sin(βi). sin(γi)

∣∣∣∣ .
yi × yi+1

|yi × yi+1| ;∫

Γi
1

zb(z) dl(z) =
(zi + zi+1)(zi × zi+1)

1 + zi.zi+1
; (3.12)

∫

Γi
1

a · b(z)

1 + a · z dl(z) =
2a · (zi × zi+1)

gi|zi × zi+1|
[
arctan

[
(1− fi). tan(αi/2) + ei

gi

]
− arctan

[
ei

gi

]]
,

where ei = [cos(θi+1)− cos(θi). cos(αi)]/ sin(αi), fi = cos(θi) and gi =
√

1− e2
i − f 2

i .

Figure 3.6: The first coordinate of the single layer potential (the other two are 0) as a
function of the distance x0 between the pole and the triangle.

In order to check numerically formulas (3.4), (3.5) and (3.6) as well as to demonstrate
the advantages of the contour integration, the following example is considered: D is the
equilateral triangle (ABC) with sides of length 1 in the plane (x = 0) and the center of
mass in O ( A = (0, 0,−1/

√
3), B = (0, 1/2, 1/

√
12), C = (0,−1/2, 1/

√
12) ). The pole

x0 is moving along the axis that is perpendicular to the triangle, i.e. x0 = (x0, 0, 0), x0 is
the distance from the pole x0 to the triangle. It is seen that at x0 = 0 the integrands in
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the surface integrals in (3.4), (3.5) and (3.6) are singular, while the contour integrals are
regular.

Figure 3.7: The relative error, RQ(x0) = ‖ĪQ− IQ‖/‖ĪQ‖, of the double layer potential IQ

calculated by surface integrals at different values of N . The exact solution ĪQ is calculated
based on the contour integral (3.12b), which allows sufficiently fast computation and
because of that quadrature formulas are not considered.

Figure 3.8: IP as a function of the distance x0 between the pole and the triangle.

In figures 3.6-3.8 different approaches for the calculation of IG, IQ and IP are compared.
First, a standard surface integration over D using 1-point trapezoidal rule for every small
triangle, after D was partitioned in N2 equal triangles (see the thinner lines). Second,
contour integration over the contour Γ of D (thicker lines) using the exact formulae (3.12)
as well as quadrature formulas. It is seen that with increasing N the results obtained by
surface integration converge to the exact values given by the contour integrals (3.12) with
an exception of the singular point x0 = 0. Which once again confirms the validity of the
contour integral representations (3.4), (3.5) and (3.6). For IG and IP (see figures 3.6 and
3.8) the computationally faster quadrature formulas can be a successful alternative to the
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exact solutions when the pole is sufficiently far from the surface element D. In the case of
IQ the formula (3.12) is sufficiently simple and that is why quadrature formulas are not
considered.

Additional comparisons between the contour-integral formulas presented here and re-
sults obtained by a standard surface integration are performed on real meshes in Sec-
tion 4.6.

3.3 Axisymmetric interfaces

Let D be an axisymmetric surface. In this section we apply formulas (3.4-3.6) to obtain
explicit representations of the single and double layer potentials on D with constant
density in terms of complete elliptic integrals of the first, second and third kind.

First we introduce a cylindrical coordinate system (z, r, ϕ). It is known that in the case
of an axisymmetric surface D none of the integrals (3.4-3.6) is a function of the azimuthal
angle ϕ. Thus, a considerable simplification results from the analytical integration along
rings centered at the axis of symmetry.

Figure 3.9: Schematic sketch of an axisymmetric surface D and its contour K1 ∪K2.

In the axisymmetric case the contour Γ of D consists in general of two circles: Γ =
K1 ∪K2, see figure 3.9. Denote the integrals in the r.h.s. of (3.4), (3.5) and (3.6), where
Γ is a circle K, by IG(x0, K), IQ(x0, K) and IP (x0, K), respectively:

IG(x0, K) =

∫

K

t(y)× ŷ

|ŷ| dl(y);

IQ(x0, K) = 2

∫

K

ŷ (ŷ × t(y))

|ŷ|3 dl(y);

IP (x0, K) = 2

∫

K

a · (ŷ × t(y))

|ŷ|(|ŷ|+ a · ŷ)
dl(y) + c.

Our goal is to find explicit representations for IG, IQ and IP as functions of x0 and
x, where x is the intersection point of K and the half-plane ϕ = 0. Let x = (z, r, 0)
and x0 = (z0, r0, 0), expressed in cylindrical coordinates. Then y = (z, r cos ϕ, r sin ϕ),
ŷ = (z − z0, r cos ϕ − r0, r sin ϕ), t(y) = (0,− sin ϕ, cos ϕ), and dl(y) = r dϕ, see figure
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3.9. Therefore, the above integrals depend only on x0 and x, IG reduces to a vector with
two non-zero components and IQ reduces to a 2× 2 tensor and read as follows:

IG(x0,x) = r

∫ 2π

0

( r0 cos ϕ− r , (z − z0) cos ϕ )

|ŷ| dϕ, (3.13)

IQ(x0,x) = −2r

∫ 2π

0

A

|ŷ|3 dϕ, (3.14)

with

A =

(
(z − z0)(r0 cos ϕ− r) (z − z0)

2 cos ϕ
r0r − (r2

0 + r2) cos ϕ + r0r cos2 ϕ (z − z0)(r cos ϕ− r0) cos ϕ

)
.

Taking a = (−1, 0, 0), we obtain for the third integral:

IP (x0,x) = 2r

∫ 2π

0

r − r0 cos ϕ

|ŷ|(|ŷ|+ z0 − z)
dϕ + c. (3.15)

Here |ŷ| = ((z − z0)
2 + r2

0 + r2 − 2rr0 cos ϕ)1/2. Formulas (3.13) and (3.14) imply that

IG(x0,x) = r( r0E(1, 1)− rE(0, 1) , (z − z0)E(1, 1) ), (3.16)

and

IQ(x0,x) = −2r(z − z0)

(
r0E(1, 3)− rE(0, 3) (z − z0)E(1, 3)

(z − z0)E(1, 3) rE(2, 3)− r0E(1, 3)

)
. (3.17)

Here E(i,m) are defined by

E(i,m) =

∫ 2π

0

cosi φ dφ

(A2 −B2 cos φ)m/2
, (3.18)

with A = ((z − z0)
2 + r2 + r2

0)
1/2 and B = (2rr0)

1/2. Functions E(i, m) can be expressed
in terms of elliptic integrals as follows

E(0,m) =
4

Cm
Em/2(k)

E(1,m) =
4

CmB2
(A2Em/2(k)− C2E(m−2)/2(k))

E(2,m) =
4

CmB4
(A4Em/2(k)− 2A2C2E(m−2)/2(k)− C4E(m−4)/2(k)) (3.19)

E(3,m) =
4

CmB6
(A6Em/2(k)− 3A4C2E(m−2)/2(k) + 3A2C4E(m−4)/2(k)

− C6E(m−6)/2(k))

where

Em/2(k) =

∫ π/2

0

dφ

(1− k2 cos2 φ)m/2
, (3.20)
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C = (A2 + B2)1/2 = ((z − z0)
2 + (r + r0)

2)1/2 and k =
√

2B/C = 2(rr0)
1/2((z − z0)

2 +
(r + r0)

2)−1/2. Note that E1/2(k) and E−1/2(k) are the complete elliptic integrals of the
first and second kind, respectively, and (see Byrd and Friedman, 1971):

E3/2(k) =
E−1/2(k)

1− k2
, E5/2(k) =

2(2− k2)

3(1− k2)2
E−1/2(k)− 1

3(1− k2)
E1/2(k). (3.21)

In this way, substituting (3.19) and (3.21) in (3.16) and (3.17), we obtain explicit repre-
sentations of IG(x0,x) and IQ(x0,x) in terms of complete elliptic integrals of the first and
second kind.

Concerning IP (x0,x), (3.15) implies after somewhat longer calculations:

IP (x0,x) =
4(z − z0)

((z − z0)2 + (r + r0)2)1/2

[
E1/2(k) +

r − r0

r + r0

Π(a, k)

]
, (3.22)

where k and E1/2(k) are defined as above, a = 2(rr0)
1/2/(r + r0) and Π(a, k) is the

complete elliptic integral of third kind, defined by:

Π(a, k) =

∫ π/2

0

dφ

(1− a2 cos2 φ)(1− k2 cos2 φ)1/2
. (3.23)

It remains to recall that Γ = K1 ∪K2 in the axisymmetric case and we obtain from
(3.4-3.6) the final results:

∫

D

G(x,x0) · nD(x) ds(x) = IG(x0,x
2)− IG(x0,x

1); (3.24)

∫

D

Q(x,x0) · nD(x) ds(x) = IQ(x0,x
2)− IQ(x0,x

1); (3.25)

∫

D

P(x,x0) · nD(x) ds(x) = IP (x0,x
2)− IP (x0,x

1); (3.26)

where x1 and x2 are the boundary points of the trace C of D in ϕ = 0, see figure 3.9, and
IG(x0,x), IQ(x0,x) and IP (x0,x) are given by (3.16), (3.17) and (3.22), respectively. The
representation for the double layer potential follows after applying (3.1) and the above
results:
∫

D

T(x,x0) · nD(x) ds(x) = IQ(x0,x
2)− IQ(x0,x

1)− I(IP (x0,x
2)− IP (x0,x

1)). (3.27)

Next, a numerical verification of (3.24) and (3.27) is presented. We compare our results
with another method for the calculation of the layer potentials in a vicinity of the singular
point, x0 ∈ D. In general, the other methods are based on the following representations
of the single and double-layer potentials for axisymmetric interfaces, see e.g. Pozrikidis
(1992): ∫

D

G(x,x0) · nD(x) ds(x) =

∫

C

Mijnj(x) dl(x), (3.28)

∫

D

T(x,x0) · nD(x) ds(x) =

∫

C

qijknk(x) dl(x), (3.29)
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where C is the trace of the surface in the ϕ = 0 half-plane. The free index i refers to
the r or z component, and the repeated indices j and k are summed over the r and
z components. The components of the coefficient matrices M and q are presented in
Pozrikidis (1992). Hereafter, we give them for completeness:

Mzz = 2k

√
r√
r0

[
E1/2(k) +

(z − z0)
2

(r − r0)2
E−1/2(k)

]
,

Mzr = k
z − z0√

r0r

[
E1/2(k)− r2

0 − r2 + (z − z0)
2

(z − z0)2 + (r − r0)2
E−1/2(k)

]
,

Mrz = −k
(z − z0)

√
r

r
3/2
0

[
E1/2(k)− r2

0 − r2 − (z − z0)
2

(z − z0)2 + (r − r0)2
E−1/2(k)

]
,

Mrr =
k

r1/2r
3/2
0

[
(r2

0 + r2 + 2(z − z0)
2)E1/2(k)

− 2(z − z0)
4 + 3(z − z0)

2(r2
0 + r2) + (r2

0 − r2)2

(z − z0)2 + (r − r0)2
E−1/2(k)

]
;

qzzz = −6(z − z0)
3E(0, 5),

qzzr = qzrz = −6r(z − z0)
2(rE(0, 5)− r0E(1, 5)),

qzrr = −6r(z − z0)(r
2
0E(2, 5) + r2E(0, 5)− 2rr0E(1, 5)),

qrzz = −6r(z − z0)
2(rE(1, 5)− r0E(0, 5)),

qrzr = qrrz = −6r(z − z0)((r
2 + r2

0)E(1, 5)− rr0(E(0, 5) + E(2, 5))),

qrrr = −6r(r3E(1, 5)− r2r0(E(0, 5) + 2E(2, 5)) + rr2
0(E(3, 5) + 2E(1, 5))

− r3
0E(2, 5)).

Note that, applying (3.19) and (3.21), all components can be written in terms of complete
elliptic integrals of the first and second kind.

For our comparison we take the following particular case. The surface D is considered
here to be a segment of the unit sphere centered at (0, 0, 0) bounded between the planes
z = ± sin π

72
. Thus, the trace C of D in ϕ = 0 half-plane is the arc of the unit circumference

with boundary points x1 = (− sin π
72

, cos π
72

, 0) and x2 = (sin π
72

, cos π
72

, 0). The pole x0

is chosen to move along the axis r: x0 = (0, r0, 0). This choice of C and x0 is made
to demonstrate the advantages of the proposed formulas (3.24) and (3.27) around the
singular point r0 = 1.

In figure 3.10 the present result (3.24) for the second component IG
2 of the single layer

potential IG (the first component is zero) is compared with the numerical ones based on
(3.28). For the normal vector nD(x) in (3.28) and (3.29) the exact value for the sphere
D is taken. The integration on C is performed dividing it into N − 1 even segments and
applying the trapezoidal rule in each of them. The same procedure is used for the first
diagonal element IT

11 of the double layer potential IT (the non-diagonal elements are zero).
In figure 3.11 the results using our formula (3.27) are compared to these obtained with

(3.29). Note that the discontinuity of the diagonal elements of the double layer potential
in the singular point x = x0 is automatically taken into account in our formula. Regarding
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Figure 3.10: Comparison for IG
2 between the two representations: (3.24) obtained using

the contour integration (thicker line) and (3.28) - by integration on the line C (thinner
lines).

the performance of the methods considered: the contour integration is equivalent to the
line integration on C for N = 2 and the CPU time for the line integrals is proportional to
N . The calculation in the present section for both methods: contour and line integration,
are performed using the package Mathematica.

Figure 3.11: Comparison for IT
11 between the results obtained using the contour integration

(3.27) (thicker line) and the line integration (3.29) (thinner lines).
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3.4 Discussion and conclusions

A number of advantages of the contour-integral representations of the single and double-
layer potentials can be mentioned:

• They are non-singular when the pole is on the surface in contrast to the standard
surface integration. In the case when the pole is on the contour, the contour integrals
for IG and IP are not singular. The one for the double-layer IQ has first order sin-
gularity, however, the contour integrals supply very accurate results independently
of the position of the pole. This can be easily seen from the representation (3.12b);

• The implementation of the contour-integral formulas for non-closed interfaces is
direct;

• The implementation of quadrature formulas is more accurate and simpler for the
contour than for the surface at the same number of integration points;

• A better approximation of the interface D can be easily implemented by just im-
proving the approximation of its contour, see for instance Bazhlekov et al. (2001a)
and Section 4.5 of this thesis;

• The layer potentials calculated by means of the contour-integral representations
satisfy exactly identities (3.2) and (3.3), independently of the accuracy of the cal-
culation of the contour integrals. Indeed, applying the contour-integral represen-
tations on the elements of a partitioning of a closed interface, the contribution of
every boundary between two neighboring elements is accounted twice, with opposite
signs, which cancel each other (only for IP and IT the constant c remains);

• The multivaluedness of the double layer potential IP and IT is automatically taken
into account;

• For axisymmetric surfaces explicit representations of the layer potentials are ob-
tained as functions of the boundary points of its trace in the half-plane;

• In addition, the normal vector is automatically taken into account in the contour
integrals and its calculation is not necessary.

Therefore, the contour-integral representations offer a very efficient and accurate way
for calculation of the boundary integrals. This approach is used successfully in the present
study, see Section 4.6. Some of the numerical results obtained in the thesis (Chapter 5)
would not be possible without the use of the results in the present chapter.



Chapter 4

Numerical method

4.1 Introduction

The main goal of a numerical method is to translate a mathematical model, usually
given as integro-differential equations, into a system of discrete algebraic equation for
the unknowns, expressing the relations between the unknown parameters of the original
problem. The main tools of a numerical method are discretization and approximation,
and an method to solve the algebraic system. Therefore, the reliability of the numerical
solution depends strongly on the numerical stability and accuracy of the method. In
addition, the computational performance of the method is also important, especially when
problems related to real, natural or man-made processes are considered.

In this chapter we discuss these questions in the setting of the mathematical formula-
tion described in Chapter 2. We emphasize on the reliability of the numerical procedures
with respect to an application for simulation of complex multiphase systems, i.e. multi-
phase systems involving large interface deformations, thin liquid-film regions and three-
phase interaction. Here we adopt some of the ideas from previous investigations (for
instance Loewenberg and Hinch, 1996; Xiaofan and Pozrikidis, 1996; Zinchenko et al.,
1997).

First, we describe an approach for discretization of the interfaces (Section 4.2) and
a mesh optimization procedure (Section 4.3). The approximation of the interface cur-
vature, which is important for the capillary-pressure part of the interfacial forces, and
that of the normal vector are discussed in Section 4.4. Section 4.5 proposes a higher-
order approximation of the interfaces improving the accuracy of the calculation of the
interface-to-interface distance and the boundary integrals. The boundary-integral calcu-
lation, discussed in Section 4.6, is based on the contour-integral representations of the
layer potentials proposed in Chapter 3. The time integration is discussed in Section
4.7, where a multiple step scheme is proposed, designed to improve the numerical sta-
bility of the model, especially for simulations at small capillary numbers. In addition,
an implementation of the model for three-phase interactions in terms of capillary pres-
sure, presented in Section 4.8, extends the range of applicability of the method. Finally,
an implementation of the successive iterations method, combined with the multiple step
time-integration scheme is discussed in Section 4.9.

35
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4.2 Interface discretization

Two general approaches for interface discretization exist in the literature. In the first
of them, see for instance Pozrikidis (1993) and Muldowney and Higdon (1995), a global
parametrization is used for the description of the interfaces. This allows for a more direct
evaluation of the interfacial properties such as the normal vector and curvature. The
main disadvantage of this approach is that for closed interfaces complications due to the
coordinate singularities appear. By means of the second approach, adopted also in this
thesis, a uniform triangulation can be achieved.

a) b) c)

Figure 4.1: Schematic sketch of the discretization of a spherical interface.

Here we summarize briefly the scheme of this approach (see also Loewenberg and
Hinch, 1996). Starting from a spherical interface, a regular icosaedron is inscribed into
the sphere, see figure 4.1 a). Then each of the 20th triangular phase of the icosaedron
is subdivided into n2 equal triangles, whose vortices are projected onto the sphere, see
figure 4.1 b). This triangulation consists of N = 20n2 flat triangles and has the optimal
topology for a closed interface, N/2− 10 vortices have coordination number Nc = 6 and
12 vortices with Nc = 5. In figure 4.1 an example for n = 10 is shown. The total number
of triangles in the example is 2000, see figure 4.1 c).

At the final step, proposed in this thesis, the interface is discretized by surface elements
Sj related with the nodal points xj of the mesh. Every element Sj is composed by 1/3
of the triangles to which xj belongs, see figure 4.2. Sj are the basic surface elements for
which the curvature and the boundary integrals are calculated.

Further improvement of the interface discretization is obtained by a projection of the
vortices yi of the contour Γj on a higher-order interface approximation, see section 4.5.
In addition, the mesh properties are optimized via a mesh refinement, which is discussed
below.
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Figure 4.2: Interface discretization by triangles with vortices ◦. The basic surface element
Sj is defined by the centers of mass of the triangles (¤) and element sides (¥) to which
the node xj belongs.

4.3 Mesh refinement

The mesh refinement procedure consists of three independent steps:

• Element size optimization, see also Loewenberg and Hinch (1996): For a fixed mesh
topology the nodes are additionally moved with the extra tangential velocity w(x, t)
in (2.15). This velocity is determined on the base of the local characteristics of the
mesh and the interfaces, such as element size, curvature k and the distance to the
closest interface h:

w(xi) = (I−nn)
(∑

j

[
a + b (h(xj)) + c.|k(xj)|3/2

]
(xj−xi)∆Sj−u(xi)+us

)
, (4.1)

where the summation involves only the nodes xj that are directly connected to xi;
us is an average velocity of the interface to which xi belongs. The term −u(xi)+us

in (4.1) eliminates any possible mesh distortion due to the tangential component
of the hydrodynamic velocity u. The constant c controls how fine the mesh is in
the high curvature regions. The function b in (4.1) depends on the problem under
consideration: in the case of drop-to-drop interaction the mesh is required to be
finer in the film regions, thus b(h) = const.h−1; in the case of foam-drop dynamics
b(h) = const.h and in this way the mesh is maintained finer in plateau borders and
junctions, where the curvature and h have larger gradients (see figure 5.19). For
these two types of problems, only mesh size optimization is used in the simulation.
In the case of drop deformation good mesh properties cannot always be achieved
only through element size optimization and a change in the topology is necessary,
see for instance figure 4.4 a).
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a)

b)

c)

Figure 4.3: Schematic sketch of subtraction (a) and addition (b) of edges (nodes and
elements), and reconnection of nodes (c).

• Subtraction and addition of edges: A criterion for the proper edge length, proposed
in Cristini et al. (1998) and Cristini et al. (2001), is used here:

lj0 = max
(
min(lmax, const.k−1

l ), lmin

)
, (4.2)

where kl =
√

(k2
min + k2

max)/2 is the local curvature, lmin and lmax are given in
advance and denote the global minimal and maximal edge lengths. If the length of
an edge lj is smaller than 3/4lj0 the edge is removed as is shown in figure 4.3 a),
see also Unverdi and Tryggvason (1992). The edge subtraction is followed by the
addition of edges, which is performed here similarly to Galaktionov et al. (2000).
If for a given edge 3/2lj > lj0, it is split into two edges by adding the middle point
(marked by (◦) in figure 4.3 b). Then every triangle with split edges is subdivided
into 2, 3 or 4 triangles depending on the number of edges which are split (figure 4.3
b).

• Topology optimization: The optimal coordination number Nc is 6. However, after
edge subtraction and addition, the coordination number of some nodes can deviate
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substantially from the optimal, which is related with unwanted large or small angles,
see figure 4.3 c). An optimization of the coordination number can be easily achieved
by reconnecting the nodes in two neighboring triangles. Such an example is shown in
figure 4.3 c), where the dash-dotted edge is replaced by the dashed one. From this
schematic figure is seen that this reconnection optimizes locally the coordination
numbers from (8, 4, 7, 5) to (7, 5, 6, 6). For all meshes used in the present study the
coordination number Nc of the nodes is in the interval 5 ≤ Nc ≤ 7.

a)
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Figure 4.4: An example of a mesh refinement that involves topological changes: a) the
mesh before refinement; b) after subtraction and addition of edges; c) after topological
optimization; d) final mesh, after mesh size optimization (relaxation); e) as d), however,
without topological optimization.

The standard scheme for mesh refinement involving a change of the mesh topology
is as follows, see also figure 4.4 a-d): subtraction and addition of element edges followed
by topological optimization and finally element size optimization in combination with a
projection of the nodes on a higher-order approximation (see Section 4.5) of the old mesh.
A comparison between figures 4.4 d) and e) demonstrates how useful the topological
optimization can be.

4.4 Curvature and normal vector calculation

The mean curvature k(x) for the surface element Sj is computed in the present study on
the base of the commonly used formula, see for instance Loewenberg and Hinch (1996):

k(xj).n(xj).∆Sj ≈
∫

Sj

k(x).n(x)ds = −
∮

Γj

b dl, (4.3)

where Γj = ∂Sj is the contour of Sj and b is the unit outward normal to Γj vector lying
in the plane tangential to Sj, see figure 4.2. Different possibilities for the choice of Sj

exist:
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(a) Loewenberg and Hinch (1996) have defined Γj by the bisectors of the triangle edges
surrounding the vortex xj;

(b) In the present study Sj is the basic element for the node xj, as defined in the previous
section as well as in figure 4.2.

The most popular test for the accuracy of a curvature calculation is the following
(see for instance Zinchenko et al., 1997): For an analytically given interface shape the
mesh nodes are projected on the interface and the numerically calculated curvature is
compared with the analytical one. According to this test the curvature, calculated by
(4.3) where Sj is chosen as in (b), does not converge even for an uniform mesh on a
sphere. In the nodes with Nc = 5 the error is about 14% independently of the number of
elements. It is easy to see, however, that according to (2.22) a spherical (non-deformed)
interface is an interface with constant curvature. Indeed, for a given mesh without any
external flows or forces the drop would relax to a shape for which the curvature in all
nodes will be constant, independently of the way of the curvature calculation. Then by
comparing the relaxed interface with the equivalent sphere a more reliable conclusion for
the accuracy of the curvature calculation can be drawn. The result of such a test for the
curvature calculation (4.3), where Sj is constructed according to (b), is shown in figure
4.5. It is seen that according to the above described test the present method of curvature
calculation converges for a sphere and has a second-order accuracy.

Figure 4.5: The maximal deviation of a relaxed, according to (2.22), drop with equivalent
radius 1 from unit sphere for different meshes. N is the number of mesh nodes.

Similar tests can be designed for non-spherical interfaces as in Zinchenko et al. (1997).
However, it is not our intension to compare different methods of curvature calculation.
It seems that, regarding the curvature calculation, the methods used by Loewenberg and
Hinch (1996) and Zinchenko et al. (1997) are better than our technique. The present
method has however a major advantage: it provides an average curvature in Sj which is
consistent with the calculation of the boundary integrals on Sj. Although in the other
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two methods the integration of the boundary integrals has second-order accuracy only for
uniform meshes, for non-uniform meshes they deviate from the trapezoidal rule and loose
the second-order accuracy. This is the case even for regions with constant but non-zero
curvature, where the gradient of the normal vector can be significant.

In the case of drop-to-drop interaction comparisons between the results obtained using
the curvature calculation as described by equation (4.3), based on the choices (a) and
(b), were performed. The results were identical for relatively uniform meshes, however,
for relatively non-uniform meshes approach (a) led to numerical instabilities, while our
approach (b) still supplied stable results. Similar loss of accuracy for strongly non-
uniformed meshes has been reported by Zinchenko et al. (1997). As mentioned earlier, a
reason for this can be the deviation from the trapezoidal rule related with the curvature
and normal vector calculation.

It is worth to mention that the contour integration of the layer potentials (Section
3.1) does not require the calculation of the normal vector. Thus, in the present method
the normal vector is necessary only for the element size optimization, see equation (4.1),
and the higher-order interface approximation, which is discussed in the following section.
This makes the present method less sensitive to errors in the normal vector calculation.
Here, the normal vector n(xj) is calculated either by (4.3) or by averaging the normal
vectors of all triangles to which xj belongs.

4.5 Higher-order approximation of the interfaces

The main reason for higher-order interface approximation construction arises from the
simulations of foam-drop dynamics, see Section 5.6. A characteristic feature of a foam
structure is the presence of film regions where the interface-to-interface distance h can
be a few orders of magnitude smaller than the drop size, which requires a high accuracy
for the calculation of h. An additional problem arises from the disjoining pressure in
(2.12) and (2.14), where small disturbances in the value of h can lead to continuously
growing numerical instabilities. The approximation of the interfaces presented below is
based on the initial triangulation by linear triangles and information about the curvature
and the normal vector in the nodal points. It is constructed following the next scheme,
for illustration see figure 4.6:

1. A sphere Cj(Oj, Rj) is associated with every nodal point xj. The radii Rj and the
centers Oj are defined by:

Rj = |k(xj)|−1; Oj = xj − n(xj)/k(xj). (4.4)

2. Node x of the triangle with vortices (x1,x2,x3) is projected radially on the sphere
Cl, l = 1, 2, 3:

xp
l = Rl(x−Ol)/|x−Ol|; l = 1, 2, 3. (4.5)

3. The last step is to define the projection of the node x on the higher-order interface
approximation Sp by means of the following linear combination:

xp =
3∑

l=1

wl.x
p
l ;

3∑

l=1

wl = 1. (4.6)
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The coefficients wl are quadratic functions of the distances from x to the vortices
and edges of the triangle (x1,x2,x3) and can be easily constructed to be globally
continuous.

Figure 4.6: Schematic 2D version of the higher order approximation of the interface
(thicker curve). It is constructed based on the initial discretization (thinner lines) and
the circuits Cj(Oj, Rj) (dashed lines).

The approximation xp is of second-order and is exact for the spherical parts of the inter-
face. Note that the curvature of Sp is globally continuous. The interface-to-interface dis-
tance hp(x) calculated on the base of the higher-order interface approximation is smooth
and is directly related with the curvature via (4.4-4.6). This relation improves significantly
the stability of the numerical method regarding the disjoining pressure. The higher-order
interface approximation is also used to improve the accuracy of the boundary integral
calculation, which is discussed in the next section.

4.6 Boundary integral calculation

One of the most important aspects of a boundary integral method is the calculation of
the integrals in (2.22). This determines not only the accuracy of the results, but also the
numerical stability. Rewrite the integrals as a sum over the basic interface elements Sj:

∫

S

f(x)G(x0,x) · n(x) ds(x) =
∑

j

∫

Sj

f(x)G(x0,x) · n(x) ds(x), (4.7)

∫

S

u(x) ·T(x0,x) · n(x) ds(x) =
∑

j

∫

Sj

u(x) ·T(x0,x) · n(x) ds(x). (4.8)

Next, using the mean value theorem with respect to f(x) and u(x) on the surface elements
Sj we obtain:

∫

Sj

f(x)G(x0,x) · n(x) ds(x) = f(xj)

∫

Sj

G(x0,x) · n(x) ds(x) + O(∆x4), (4.9)



4.6. Boundary integral calculation 43

∫

S

u(x) ·T(x0,x) · n(x) ds(x) = u(xj) ·
∫

Sj

T(x0,x) · n(x) ds(x) + O(∆x4), (4.10)

where f(xj) and u(xj) are average1 values on Sj. The integrals in the r.h.s. of (4.9-4.10)
are calculated by means of contour integrations (3.4-3.6) for the case when the contour
Γj is a polygon, Γj = ∪iΓ

i
j = ∪i[y

i,yi+1], see figure 4.2. In this case (3.4-3.6) read (see
also (3.12) and Bazhlekov and Bazhlekova, 2002):

Ij
G =

∫

Sj

G(x0,x) · n(x) ds(x) =

∫

Γj

dy × y

|y| = (4.11)

∑
i

|yi| sin(βi) log

∣∣∣∣
(1 + cos(βi)).(1 + cos(γi))

sin(βi). sin(γi)

∣∣∣∣ .
yi × yi+1

|yi × yi+1|
and

Ij
T =

∫

Sj

T(x0,x) · n(x) ds(x) = 2

∮

Γj

y(y × dy)

|y|3 + 2I

(
Cj +

∮

Γj

a · (dy × y)

|y|.(|y|+ a · y)

)
=

2
∑

i

(zi + zi+1)(zi × zi+1)

1 + zi · zi+1
+ (4.12)

2 I

[
cj +

∑
i

2a · (zi × zi+1)

gi|zi × zi+1|
[
arctan

[
(1− fi). tan(αi/2) + ei

gi

]
− arctan

[
ei

gi

]]]
,

where zi = yi/|yi|; ei = [cos(θi+1)− cos(θi). cos(αi)]/ sin(αi); fi = cos(θi) and gi =√
1− e2

i − f 2
i , see figure 3.5. The constant cj depends on the position of the pole x0

and the direction of the vector a with respect to the surface element Sj as described
in Section 4.2. The equalities (4.11-4.12) are exact, but involve intrinsic functions that
can slow down the computational performance of the numerical method. To overcome
this, formulas (4.11-4.12) are used on Γj for which the nodes xj are close to the pole x0

(two layers of elements from the interface to which x0 belongs as well as from the closest
interface). For the rest of the surface elements Sl the contour integrals are calculated
by means of a 2-point integration rule applied for every segment of the contour Γl. A
significant improvement of the accuracy of the boundary integral calculation is achieved
by simply projecting the nodes yi of the contour Γj on the higher-order approximation of
the interface.

In other methods (see for instance Loewenberg and Hinch, 1997; Zinchenko et al.,
1997) the calculation of the boundary integrals is based on so called ’near singularity
subtraction’. For every node on a closed interface Sc, except the closest to the pole x0

node xj, an 1-point integration rule is used on Sj. For xj the integral over Sj is obtained
via the identities (3.2-3.3):

Ij
Q =

∫

Sj

Q(x0,x) · n(x) ds(x) = −
∫

Sc\Sj

Q(x0,x) · n(x) ds(x)

= −
∑

i6=j

∫

Si

Q(x0,x) · n(x) ds(x), (4.13)

1For non-uniform meshes the values of h in f and u, being the values in the nodal points, differ from
the average values in Sj and the errors in (4.9-4.10) could be of order lower than 4.
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where Q denotes either G or T. (For simplicity the case when the pole x0 is outside
Sc is considered, then the constant in (3.3) equals 0.) The ’near singularity subtraction’
ensures the satisfaction of the identities (3.2-3.3), however, it can worsen the accuracy
and the stability of the numerical method. To demonstrate this as well as the advantages
of the contour integration the following test is performed. A non-uniform mesh of 2000
triangular elements on the unit sphere is considered. The element size is between 0.43
and 0.025, however, the mesh is locally almost uniform (the maximal ratio between two
edges having a common vortex is 1.38). We consider a surface element Sj in the finest
part of the mesh,

√
∆Sj = 0.028. Ij

Q (the superscript will be omitted) for Sj is calculated
using different approaches. In figure 4.7 the results are compared with the exact solution,
Iex
Q , which is obtained by the contour integration (3.4-3.6) applied for the projection Γp

j

of Γj on the unit sphere. The surface integration (dashed lines in figure 4.7), is based on
the calculation of the first integral in (4.13) using:

• 1-point integration rule where IQ = ∆SjQ(x0,xj) · n(xj), which has been used in
Loewenberg and Hinch (1997) and Zinchenko et al. (1997);

• subdivision of every triangle (xj,y
i,yi+1), see figure 4.2, into N2

t equal triangles.
Then the above 1-point integration rule is applied for every sub-triangle after its
vortices and mass center (the integration point) have been projected on the unit
sphere and for the normal vector the exact value is taken.

’Near singularity subtraction’ for IQ (dash-dotted lines in figure 4.7) is based on the last
equality in (4.13) where every integral in the sum is calculated as described above. The
contour integration (solid thin lines) is based on (4.11-4.12) where the vortices yi of the
contour Γj are projected on the unit sphere.

a) b)

Figure 4.7: The Relative error ‖IQ − Iex
Q ‖/‖Iex

Q ‖, where IQ is calculated by three different
methods. Q stands for: a) G and b) T . The norm of the exact solution ‖Iex

Q ‖ (thicker
lines) is not given in %.

The norm of the exact solution, ‖Iex
Q ‖ =

√∑
l Q

2
l , is provided also in figure 4.7 (solid

thicker lines - not in %). For the present test the pole is chosen to move radially and
outward to the sphere from the projection of the middle point y1 = (xj + xl)/2 on the
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sphere, where xl is neighboring to xj node (see figure 4.2). Thus, the horizontal axis in
the figure corresponds to the distance from the pole x0 to the interface.

Results in figure 4.7 demonstrate the validity of the contour-integral representation
(3.4-3.6) and the accuracy of the present method based on (4.11-4.12) for calculation of the
boundary integrals in (2.22) or (2.24), which is independent of the distance pole-interface.
The number of operations for the calculation of IQ is about 5-6 times larger than that in
Loewenberg and Hinch (1997) and Zinchenko et al. (1997) and is approximately the same
as for surface integration with Nt = 1. A disadvantage of the ’near singularity subtraction’
is that a significant error can be accumulated because of the summation in (4.13). The
total error in this case can also be dominated by that in the coarser-mesh regions even
when the boundary integrals in finer-mesh regions are calculated. In addition, the ’near
singularity subtraction’ can be a source of numerical instabilities in the case of interfaces
in close approach. This is demonstrated in figure 4.8, where the relative difference between
the surface integration (the first integral in (4.13)) and the ’near singularity subtraction’
(last sum in (4.13)) for IG (dashed lines) and IT (solid lines) is shown. Situations like
these in the test are encountered in the simulations of Loewenberg and Hinch (1997) and
Zinchenko et al. (1997). In the test the closest distance pole-(interface node) is achieved
for the two neighboring nodes xj and xl, when the calculation of Ij

Q could switch between
surface integration and ’near singularity subtraction’ according to the methods used in
Loewenberg and Hinch (1997) and Zinchenko et al. (1997).

Figure 4.8: The relative difference between IQ calculated using surface integration and
using ’near singularity subtraction’.

As it is seen from figure 4.8, the difference between the results obtained by both
methods can be significant for the 1-point integration rule (the upper two lines). According
to the figure the switch between two methods can introduce a relative error in the value of
Ij
Q of about 100% when the pole is at distance about 0.01 from the interface. This could

be a reason for the instabilities reported in Zinchenko et al. (1997) (see the discussion
below their figure 11) in the case λ = 1 when a non-uniform mesh is used. In the same
article, Zinchenko et al. (1997), the authors have also mentioned instabilities during the
iterative procedure for solving the non-linear system that results from discretization of
(2.22) or (2.24) at very small or large λ. In this case Ij

T has a significant contribution to
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the value of u(x0) (‖Iex
T ‖ ≈ 10, see figure 4.7b), although the area ∆Sj ≈ 0.0008 is very

small. Thus, the difference between surface integration and ’near singularity subtraction’
applied for the surface element Sj (about 100% for distance pole-interface of order 0.01)
can introduce significant differences between the values of u(x0) at two following time
steps.

The contour integration further improves the accuracy and stability of the numerical
method, because only the gradients of f(x) and u(x) take part in the solution. Indeed,
after the approximation (4.9) together with (4.11) is applied to (4.7), it can be written
as:
∫

S

f(x)G(x0,x).n(x) ds(x) =
∑
i,j

(f(xi)− f(xj))

∫

Γij

dy × y

|y| , Γij = ∂Si ∩ ∂Sj, (4.14)

where it is used that dy
∣∣∣
Γij

= −dy
∣∣∣
Γji

. A similar expression can be derived for the double

layer potential (4.8).

4.7 Multiple step time-integration scheme

A well-known difficulty for the numerical simulation of free boundary problems is the
numerical instability due to the surface tension. Such instabilities limit the time step and
thus lead to prohibitively large CPU time in a number of problems, especially for small
capillary numbers and small element size (see for instance Loewenberg and Hinch, 1997;
Zinchenko et al., 1997). An estimate for the time step required for a stable solution is:

∆t < O(Ca. min(∆x)), (4.15)

where min(∆x) is the minimal element size and Ca is the capillary number. In addition,
the disjoining pressure A/h3 can further limit the time step. To overcome this difficulty,
the following strategy is used: When the velocity at xj is calculated, it is sufficient to
refresh the values at xj and its closest nodes (denote this set of nodes by Nj) at every time
step ∆t and to refresh all other values after M such time steps. In this way, if ∆t satisfies
the requirement for stability, the numerical solution would be stable. This strategy is
based on the following two arguments. First, the fact that the numerical instabilities due
to the capillary and disjoining pressure (the terms in f(x)) are local, i.e. the instabilities
in a node xj from the interface are mainly due to the time discretization of f(x) in the
node xj and its closest nodes (the set Nj). Second, the fact that the calculations of f(x)
require O(N) operations, while for the boundary integrals they are O(N2).

Let us illustrate this strategy. The boundary integral formulation (2.22) after dis-
cretization and using the notation from the previous section can be written as:

(λ + 1)u(xj) = −λ− 1

4π

∑
i∈N

u(xi) · Ii
T (xj)

− 1

4π

∑

i∈Nj

f(xj) · Ii
G(xj) +


2.u∞(xj)− 1

4π

∑
i∈Nj

f(xj) · Ii
G(xj)


 , (4.16)
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where N denotes the set of all nodes and Nj = N/Nj. Ii
T (xj) and Ii

G(xj) are given by
(4.11-4.12) at x0 = xj. In the present method only the values of f(xj) and u∞(xj) in the
brackets in (4.16) are calculated at every time step ∆t. This requires O(N) operations
for the velocity in all nodes on the interfaces. The other terms in the r.h.s. of (4.16)
are kept unchanged for M time steps2. Their calculation requires O(N2) operations and
is performed once within every time interval M.∆t. In this way the total number of
operations in the presented scheme for time interval of length M.∆t is O(N2 + M.N).
For the standard iteration scheme (see for instance Li and Pozrikidis, 1996; Loewenberg
and Hinch, 1997; Zinchenko et al., 1997), where everything in the r.h.s. of (4.16) is
calculated at every time step ∆t, the corresponding number of operations is O(M.N2).
It is easy to see that for large N the proposed time integration scheme is about M times
faster than the standard one. An important question here is how to choose the value of
M . A natural answer is - based on a requirement for accuracy. In the present method,
for instance, a predictor-corrector central-difference scheme is used for discretization of
the time derivative in (2.15) with respect to both time steps (∆t and M.∆t). This
guarantees O(M2.∆t2) accuracy with respect to integration time. The accuracy with
respect to the discretization in space is O(max(∆x)2). Thus, as a coarse estimate for
M can be taken M = O(max(∆x)/∆t) and if ∆t is given by (4.15) it becomes M =
O(max(∆x)/(Ca. min(∆x)).

For a number of problems, for instance at small Ca and highly non-uniform meshes,
M can have a significant value and the proposed scheme proves to be very efficient. This
is demonstrated with the following test. Deformation of an initially spherical drop of
radius R and viscosity µ in a planar extensional flow (u1 = Gx1; u2 = −Gx2; u3 = 0)
is considered in the time interval [0; 0.2] at Ca = µ.G.R/σ = 0.05. The case λ = 1 is
considered for simplicity, i.e. the first sum in the r.h.s. of (4.16) is not present.

Figure 4.9: Drop deformation in a planar extensional flow. B < W < L are the three
’lengths’ of the drop - along x1, x3 and x2 axes respectively.

2The velocity u(xj) can be changed due to the iteration process for solving the linear algebraic system
(4.16), which is discussed at the end of this section.
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In figure 4.9 the drop deformation in the investigated time interval is shown. A
relatively large gradient of the deformation is observed, which is an indication for the
relevance of the test (for steady problems the present scheme would not introduce any
additional error, independently of the value of M). A mesh of 10580 triangular elements
was used with min(∆x) ≈ 0.03. Thus, a stable solution was obtained for ∆t ≤ 5 × 10−4

and in the test a twice smaller time step was used. The simulations for different values of
M = 2l; l = 1, 2..., 10 were performed and compared with the standard scheme, M = 1.
The results are shown in figure 4.10 for the relative extra (due to the proposed scheme)
error in % for the drop deformation at t = 0.2. The effectiveness of the scheme, compared
to the standard one, is also shown (◦). For instance, at M = 128, which corresponds to
the estimates discussed above, the extra error is about 0.1%, while the calculations are
about 100 times faster.

Figure 4.10: Comparisons for the accuracy and performance between the multiple step
time-integration scheme and the standard scheme for different value of the parameter M :
The extra relative error in % for D(4) and C(¤); The relative CPU time is given by (◦).

For all simulations in the present study the proposed time integration scheme is used
where ∆t is usually taken several times smaller than that given by (4.15). The set Nj

includes the node xj, the node xl from another interface closest to xj and the nodes
that are directly connected to xl. This choice of Nj is very simple and at the same time
supplies stable results. Other possibilities for the choice of Nj can be also considered,
however, they will not guarantee improvement of the accuracy O((M.∆t)2) as long as the
boundary integrals Ii

G and Ii
T are calculated only once at every M small time steps.

It is well-known that the terms corresponding to the closest to xj nodes have the
main contribution to the velocity at node xj. Thus, an improvement of the accuracy
could be expected if some of the boundary integrals Ii

G and Ii
T , for instance when i ∈ Nj,

are calculated more frequently (for instance at every time step ∆t). However, then a
problem can appear with satisfying the continuity equation (2.7b), because Ii

G and Ii
T

would not satisfy the identities (3.2-3.3) exactly. This can be overcome if the contour-
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integral representations (4.11-4.12) are used. Then (4.16) can be rewritten in the form:

(λ + 1)u(xj) = cj.u(xj)

−
∑

i,l∈Nj

[
λ− 1

4π
. (u(xi)− u(xl)) · Iil

T (xj) +
1

4π
. (f(xi)− f(xl)) · Iil

G(xj)

]
(4.17)

+


2.u∞(xj)−

∑

i,l∈Nj

[
λ− 1

4π
. (u(xi)− u(xl)) · Iil

T (xj) +
1

4π
. (f(xi)− f(xl)) · Iil

G(xj)

]
 ,

where Iil
Q(xj) (Q stands for G and T ) are the contour integrals in the r.h.s. of (4.11-4.12)

for the segments Γil = ∂Si ∩ ∂Sl. The main advantage of the above representation is that
the contour integrals Ii

Q = ∪lI
il
Q satisfy exactly the identities (3.2-3.3), independently of

the time instants at which the different contour integrals Iil
Q are calculated. The discussed

time integration scheme for (4.17) would be: The last terms in the brackets are computed
at every smal time step ∆t, while the rest of the r.h.s. is computed only once for every M
such time step. Thus, at extra O(N) operations for Iil

Q; i, l ∈ Nj, the accuracy also could
be improved, because the dominant terms for the velocity u(xj) are calculated at every
time step ∆t. This improvement is not yet implemented in our code and the presented
results are obtained using the scheme based on (4.16).

4.8 Implementation of the three-phase contact-line

model

Regarding the incorporation of the boundary conditions (2.18) and (2.20) in the boundary-
integral formulation (2.22) or (2.24), it is useful to rewrite them in terms of interfacial
forces, which are normal to the interface. In such a form the contact line boundary
conditions can be incorporated straightforwardly via the interfacial forces (term f(x) in
(2.22) or (2.24)). This is the topic of the present section.

Let us consider the surface tension forces (r.h.s. of (2.18) or (2.20)) on a contact-
line region Ωδ with radius δ. First, the more general case of a liquid-fluid-liquid contact
line will be considered. For simplicity, we assume that the interfaces are flat in Ωδ,
which assumption is not as restrictive as it seems. Indeed, the approach for numerical
simulations of contact line problems, described in Section 2.4, is based on an analysis that
the outer solution (outside Ωδ) does not depend on the details in the contact-line region.
So, we consider a circular region Ωδ with radius δ and three flat interfaces, joined in the
center of Ωδ, see figure 4.11. The interfaces are chosen in such a way that the tangential
vectors τ ij are the same as in (2.18). Therefore, the total interfacial force on Ωδ is the
same as in the r.h.s. of (2.18):

FΩ(δ) = σ12τ 12(δ) + σ13τ 13(δ) + σ23τ 23(δ). (4.18)

Our goal is to express the force FΩ(δ) in terms of pressure pi in each of the phases Ωδ
i in

the contact line region, or, equivalently, as a capillary pressure pi − pj on each interface
Sij(δ) in Ωδ. In correspondence with the consideration of flat interfaces the pressure pi
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Figure 4.11: Schematic sketch of the interfacial forces acting on the contact-line region,
liquid-fluid-liquid case.

in Ωδ
i is assumed constant. Now, let us imagine that each of the interfaces Sij(δ) in Ωδ is

decomposed to two parallel interfaces Si
d and Sj

d, see figure 4.12. Thus, we consider three
independent (not joined) interfaces Si

d, i = 1, 2, 3, with surface tensions σi, respectively.

Figure 4.12: Schematic sketch of the representation of the three joined interfaces from the
previous figure as three independent interfaces.

The surface tension coefficients σi are chosen to satisfy σi + σj = σij. In this way the
interfacial forces on the original interfaces Sij(δ) are exactly represented by the sum of
the forces on Si

d and Sj
d. The surface tensions σi, i = 1, 2, 3 are given by the system:

σ1 + σ2 = σ12

σ1 + σ3 = σ13 (4.19)

σ2 + σ3 = σ23,
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which has exactly one solution:

σ1 = 0.5(σ12 + σ13 − σ23)

σ2 = 0.5(σ12 + σ23 − σ13) (4.20)

σ3 = 0.5(σ13 + σ23 − σ12).

The idea of considering the independent interfaces Si
d can be expressed mathematically

very simply as a decomposition of the terms of FΩ(δ) in (4.18) as σijτ 12(δ) = (σi +
σj)τ ij(δ). Hence, the total force on Ωδ is not changed and can be written as:

FΩ(δ) = (σ1 + σ2)τ 12(δ) + (σ1 + σ3)τ 13(δ) + (σ2 + σ3)τ 23(δ). (4.21)

In this way we converted the initial situation of three interfaces joined in a contact line
(see (4.18) and figure 4.11) to an equivalent (with respect to the interfacial forces in
Ωδ) one. The advantage of the latter is that it consists of three independent interfaces
Si

d, i = 1, 2, 3, with surface tensions σi, respectively, see (4.21) and figure 4.12. Now we
can consider Si

d separately, see figure 4.13.

Figure 4.13: Schematic sketch of one of the interfaces Si
d.

Our next goal is to find an average capillary pressure in Ωδ due to the presence of
Si

d. Here, the ’average capillary pressure’ is used in terms of a constant pressure differ-
ence ∆pi

a which contribution to the total force in Ωδ is equal to that of Si
d: Fi

Ω(δ) =
σi (τ ij(δ) + τ ik(δ)). Such capillary pressure must satisfy:

∆pi
a

∫

Si
d

n ds = σi (τ ij(δ) + τ ik(δ)) . (4.22)

It is easy to see that the solution for ∆pi
a of the above equation is given by:

∆pi
a =

σi

δ
cot(αi/2), (4.23)

where αi is the angle between the vectors τ ij and τ ik. It can be useful to express cot(αi/2)
in terms of the tangential vectors τ ij. The following expression holds for αi ≤ π:

cot(αi/2) =

√
1 + τ ij · τ ik

1− τ ij · τ ik

.
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Finally, having the ’equivalent capillary pressure’ for Si
d, a capillary pressure on the

original interfaces Sij(δ) in the contact-line region can be defined:

∆pij = ∆pi
a −∆pj

a =
1

2δ
((σik + σij − σjk) cot(αi/2)− (σjk + σji − σik) cot(αj/2)) (4.24)

The above construction of ∆pij guarantees that the total interfacial force in Ωδ in terms
of capillary pressure is FΩ(δ), i.e :

∑
i,j

∫

Sij(δ)

∆pijnds = σ12τ 12(δ) + σ13τ 13(δ) + σ23τ 23(δ).

Another important property of (4.24) is that in the static case for δ = 0 they are reduced
to the static conditions (2.16). Indeed, since ∆pij < ∞, taking δ → 0 in (4.24), we obtain
an algebraic system for the static contact angles:

(σik + σij − σjk) cot(θi/2)− (σjk + σji − σik) cot(θj/2) = 0. (4.25)

The solution of the system is:

θi = arccos(
σjk − σij − σik

2σijσik

), (4.26)

which is equivalent to the well-known static conditions (2.16), see Miksis and Vanden-
Broeck (2001).

Equations (4.24) implies that at δ = 0 if the contact angles are not equal to the static
ones (αi 6= θi) the capillary pressure, and respectively the forces, at the contact line would
be infinite. This is the approach of Miksis and Vanden-Broeck (2001), where an infinite
velocity of the contact line moves the interfaces (for time zero) to a configuration at which
the contact angles have the static values.

In the numerical method the contact-line boundary conditions (2.18) and (2.20) are
implemented via the capillary pressure. Simply, when the integral on Sij is calculated, the
capillary pressure at the contact line given by (4.24) is taken into account in the function
f(x) in the boundary-integral formulation (2.22) or (2.24). In fact, the standard capillary
pressure σijk(x) is not defined at the contact line.

The approach described above is directly applicable in the case of a liquid-fluid-solid
contact line. To obtain the formula for the force balance in the liquid-fluid-solid case the
above one is simply projected on the solid wall.

4.9 Iterative solver for the Fredholm integral equa-

tion

In the case of different viscosities (λ 6= 1) the interface velocity is given by the system of
Fredholm integral equations (4.16). In this thesis it is solved by the method of successive
substitutions, see for instance Yon and Pozrikidis (1999). To demonstrate how this is
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done in combination with the multiple time-step-integration scheme the system is written
in the form:

uk+1(t) = uk(t) ·AT (t) + bG(t), (4.27)

where the matrix AT corresponds to the double layer operator, Aij
T ' Ii

T (xj), after it
has been deflated (see Pozrikidis, 1992). The vector bG takes into account the single-
layer potentials bj

G ' ∑
i f(xi)I

i
G(xj) and the external flow u∞(xj). At every big time

step M.∆t all elements of AT and bG are calculated and then successive iterations k =
0, 1, 2, . . . are performed. At the small time steps m.∆t, m = 1, 2, . . . ,M, only a part
of bG is recalculated and iterations are performed if bG differs ’significantly’ from the
corresponding value when the last iteration process has been performed. Thus, if the
previous iterations of (4.27) have been performed at small time step m1 < M and if

max
j

[

m2∑
m=m1

|bG(xj, t + m.∆t)− bG(xj, t + (m + 1).∆t)|] > ε,

then successive iterations are performed at time step m2 − 1 as well. Otherwise the
solution at time step m2 is obtained based on the previous step and the difference in bG:

u(xj, t + m2.∆t) = u(xj, t + (m2 − 1).∆t) + bG(xj, t + m2.∆t)− bG(xj, t + (m2 − 1).∆t).

This combination can significantly improve the performance of the computations: in most
of the simulations presented in Chapter 5 only one or two iterations per big step M.∆t
are sufficient for convergence. As a criterion for convergence the standard one is used:
‖uk(t) − uk−1(t)‖ < ε. For the parameter ε a typical value of ε = 10−3 is used in this
thesis.

Recently Zinchenko et al. (1997) have proposed a special iterative method: combi-
nation of biconjugate gradient iterations and simple iterations, which could be a better
alternative. In our method the accuracy due to the contour integration of the bound-
ary integrals and the stability of the multiple time-step integration scheme improves the
convergence of the method of successive substitutions, which we found sufficient for the
problems considered in the following chapter.

4.10 Discussion and conclusions

The most important element of the boundary integral method presented in this chapter
is the calculation of the boundary integrals. It is based on substantially new formulas
representing the singular surface integrals in the boundary-integral formulation (2.22) and
(2.24) via non-singular contour integrals. The removal of the singularity improves signif-
icantly not only the accuracy of the method, but also its numerical stability, especially
in the case of small interface-to-interface distance. The method also guarantees very pre-
cise satisfaction of the continuity equation. This is because the single and double-layer
potentials, calculated by means of the contour-integral formulas, satisfy exactly identities
(3.2) and (3.3). Therefore the contribution of the velocity calculation to the error in the
volume conservation is negligible. Other elements of the method (the time integration
and mainly the mesh refinement) have a dominant contribution to this error. However,
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for the problems considered in this thesis the error in the volume, in the worst cases was
less than 3− 4% for the whole process.

An important feature of the method is that, using the contour integration, the equa-
tions for the velocity can be expressed in terms of gradient of the pressure and the velocity,
see for instance equation (4.17). Intuitively, such formulation is close to the original model
of viscous interaction, where the evolution of the interfaces is effected directly by the ve-
locity and pressure gradients (but not by the pressure and the velocity). This feature of
the method is very useful for the implementation of the three-phase contact-line model.
The formulation of the three-phase interaction (equations (4.24)) is also new. Its form, in
terms of capillary pressure, allows for an elegant incorporation in the boundary-integral
equations.

Another new element of the numerical method is the approach for a higher-order
interface approximation. Its main contribution is to a more accurate calculation of the
interface-to-interface distance, especially in the case when the interfaces have significant
curvature. This approach makes it possible to simulate polydispersed foam dynamics,
where film regions are typical. For such a situation the van der Waals interactions play
an important role and depend essentially on the film thickness.

The multiple step time-integration scheme appears to be in general effective for the
numerical stability of the method. Its role is, however, crucial for simulations at small
capillary numbers as well as in the cases of small film thicknesses in the presence of van
der Waals forces.

The advantages of the numerical method, discussed here, are illustrated on a number
of concrete multiphase flow problems in the following chapter.



Chapter 5

Numerical results

5.1 Introduction

In this chapter a number of problems for deformable interfaces are considered. We em-
phasize on problems that have been solved in other studies and can be used to validate
our method. Numerically challenging problems involving large curvature and interfaces
at very close approach are also considered in order to show the accuracy and stability of
the method.

In Section 5.2 we present some comparisons to the results of Wetzel and Tucker III
(2001) in the case of drop deformation at zero interfacial tension. A shape-stabilizing
procedure is also discussed in this section. Section 5.3 is concerned with the case of finite
surface tension. Drop deformation and breakup are considered, and the results are com-
pared to those of Cristini et al. (1998) and Cristini et al. (2001). In Section 5.4 numerical
simulations of drop and bubble interaction in linear flows are performed. This problem
is studied more extensively in order to show the advantages of the numerical method for
simulation of problems involving interfaces in extremely close approach. Comparisons
to previous results (Chesters, 1991; Bazhlekov et al., 2000b; Cristini et al., 2001) are
discussed, where more attention is paid to the final stage of the process, namely film for-
mation and its drainage. Results for gravity-induced interaction of drops and bubbles are
also shown, see Section 5.5. This problem is chosen mainly because it includes simultane-
ously regions of large deformation and small interface-to-interface distance. Comparisons
to the recent results of Zinchenko et al. (1999) are discussed.

For the last three problems considered in this chapter we present new results for
foam-drop dynamics in Section 5.6, dynamics of three-phase contact lines of liquid-fluid-
liquid and liquid-fluid-solid types, respectively Sections 5.7 and 5.8. For simplicity, the
considerations in the last three Sections 5.6-5.8 are restricted to the case of liquids of
equal viscosity.

5.2 Drop deformation at zero interfacial tension

Drop deformation in simple shear and planar extensional flows at zero surface tension
Ca = ∞ is considered. This problem was chosen mainly as a test for the calculation of

55
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the boundary integrals Ii
T , the iterative method (4.27) at λ 6= 1 as well as the shape-

stabilizing procedure presented in this section.
Recently, Wetzel and Tucker III (2001) presented an analytical model for the deforma-

tion of an ellipsoidal drop of zero interfacial tension in a linear velocity field. Comparisons
with some of their results are performed here to validate our model for the limiting case
of zero interfacial tension. The main difficulty for a direct numerical simulation of such
an extreme situation is the loss of a smooth shape of the interface. Indeed, the initially
small errors due to the discretization of the interface grow continuously because of the
velocity gradient. To overcome this we propose a shape-stabilizing procedure. It consists,
in fact, in adding an extra interfacial velocity based on the local curvature and uses the
advantages of the contour integration:

ws(xj) = const.(N.∆Sj)
−1

∑
i

(k(xi)− k(xj)) I
ij
G(xj), (5.1)

where Iij
G(xj) are the contour integrals (4.11) for the segment Γij = ∂Si ∩ ∂Sj when xj is

the pole x0. The term (k(xi)−k(xj)) corresponds to the local capillary pressure gradient.
The summation in (5.1) involves only the nodes i directly connected with j (for every

other node l, Sl ∩ Sj = ∅). Thus, the extra velocity ws(xj) in the node xj depends only
on the curvature in xj and the neighboring nodes. It is easy to see that if the curvature k
is a linear function on the interface around xj, the velocity ws(xj) will be negligible. In
the cases when the curvature has a local minimum or maximum in xj, the extra velocity
ws(xj) can be significant and will smooth the interfaces. These situations are typical for
the well-known ”shark teeth” interface irregularities.

The constant in (5.1) determines the strength of the smoothing and in the present
simulation it is set equal to 10−4, at which value ws is small enough to not influence the
hydrodynamic velocity, but is capable to keep the interface smooth.

In figure 5.1 comparisons of our results with Wetzel and Tucker III (2001) are shown
and also with the boundary integral method simulations of Toose (1998), as referred by
Wetzel and Tucker III (2001). For a definition of the axis ratios C and D see figure 4.9.
Initially, (t = 0) the drop is spherical. In figure 5.1 b) our results for a finite capillary
number Ca = 1 are also given. They illustrate the validity of the results of Wetzel and
Tucker III (2001) for the case of small but non-zero interfacial tension. Similar agreement
was obtained with the results of Wetzel and Tucker III (2001), presented in their figure
3, regarding drop tumbling for large λ (λ = 10 and 20) and drop widening for λ = 0.1.

The good agreement with the results of Wetzel and Tucker III (2001) indicates the
ability of the present method to simulate deformable interfaces at zero interfacial tension.
The comparisons also show that the shape-stabilizing procedure (5.1) does not influence
the results. Thus, this procedure can be successfully used in the case of non-zero interfacial
tension (finite capillary numbers), where it is expected to have less influence on the
hydrodynamic velocity. In the simulations presented in the following sections, however,
the interfaces were sufficiently smooth and the procedure was not used (with exception
of some cases in Section 5.5). It was used only in some cases as a local shape relaxation
procedure, applied after mesh refinement which involves topological changes.
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a) b)

Figure 5.1: (a) Drop deformation in simple shear flow for λ = 3, the angle between
the major axis of the drop and the flow direction is also shown (dashed line); (b) Drop
deformation in planar extensional flow for λ = 18.6 . Comparisons with the results of
Wetzel and Tucker III (2001) (thick lines) and M. Toose (1998) (◦). The present results
are given by (∗).

5.3 Drop deformation and breakup at finite interfa-

cial tension

A number of simulations were performed for the case of drop deformation at finite inter-
facial tension. The first group of simulations concerns the steady drop shape in simple
shear flow. Comparisons with the steady drop shapes presented in Cristini et al. (2001)
for Ca = 1.43; λ = 3 and Ca = 0.8; λ = 0.01 (see their figure 3) are performed. A
good correspondence, less than 2% relative difference regarding the drop axis ratios for
the second case is seen in figure 5.2 b). Our results show, however, about 10% smaller
deformation for the first case, Ca = 1.43; λ = 3, see figure 5.2 a). The difference could be
due to an inaccuracy of one or both numerical methods.

a)

−3 −2 −1 0 1 2 3

−0.5

0

0.5

b)

−2.5 −2 −1.5 −1 −0.5 0 0.5 1 1.5 2 2.5
−1

−0.5

0

0.5

1

Figure 5.2: Steady drop shape in simple shear flow at: a) λ = 3 and Ca = 1.43 and b)
λ = 0.01 and Ca = 0.8
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In figure 5.3 the steady shape of a bubble, λ = 0 and Ca = 1.25, is shown. The sharp
drop edges are typical for small drop viscosity with respect to the continuous phase viscos-
ity (λ ¿ 1). These results prove the applicability of the presented numerical method for
the simulation of bubble deformation that involves high curvature regions. The curvature
at the drop ends is about 50 (100 in terms of the definition used by Cristini et al., 2001).
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Figure 5.3: Steady shape of a bubble, λ = 0, in simple shear flow, u = y, at Ca = 1.25:
a) Side view, in (x, y) plane; b) Top view, in (x, z) plane.

The other group of simulations concerns transient drop deformation in different kinds
of flows that leads to drop breakup. Drop deformation and breakup at Ca = 0.25 and
high viscosity ratio (λ = 10) is shown in figure 5.4. It is known that at λ = 10 a drop
will not breakup in simple shear flow unless it has a substantial initial deformation (see
Stegeman, 2002, and references therein). Therefore, for the simulation presented in figure
5.4, the following protocol for the external flow was used. Starting from a spherical shape
at t = 0, the drop is elongated in a planar extensional flow (u = x; v = −y), frames (a).
At time t = 13.65, when the drop length is about 5.8 times the equivalent drop radius, the
flow is switched to simple shear flow (u = 0.5(x + y); v = −0.5(x + y)), frames (b). The
orientation of the above chosen simple shear flow is essential. If, for instance, the standard
shear flow, u = y, was applied the drop would retract without breaking up. After the
flow is switched to simple shear flow at t = 13.65 elongation of the drop continues (until
t = 16), mainly due to the chosen flow orientation, see the left frame (b). At t = 16.05
the drop is already aligned with the flow direction, which is followed by retraction of the
drop combined with necking, see the last frames (b) for t = 20, 8 and t = 21.44 . Around
t = 21, the thinning of the neck becomes dominant due to the increasing effect of the
surface tension, which indicates that breakup is imminent, see also figure 5.5. At the end
of the simulation (t = 21.44) the neck radius is about 2% of the equivalent drop radius.
To maintain a sufficient accuracy, the mesh in the neck region is about two orders of
magnitude smaller than the maximal element size, see the left frame (c).

Following an idea given in Cristini et al. (2001) the neck is pinched off by splicing
the mesh, the middle frame (c), followed by mesh relaxation (5.1), the right frame (c).
Finally, the two newly formed drops relax towards a steady shape in simple shear flow,
see frame (d). The results presented in figure 5.4 demonstrate the possibility of binary
drop breakup in simple shear flow at λ = 10, see also Stegeman (2002).
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Figure 5.4: Binary drop breakup in simple shear flow (u = 0.5(x + y); v = −0.5(x + y))
at Ca = 0.25, λ = 10 - frames (b-d). Initially, for t = 0− 13.65, the drop is elongated in
planar extensional flow (u = x; v = −y) - frames (a).
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Figure 5.5: The evolution of the neck radius, Rneck around t = 21 from the simulation
presented on the previous figure 5.4
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Figure 5.6: Drop deformation in simple shear flow (u = y) at Ca = 0.45 and λ = 1. At
time t = 48.75 the flow stops. After that the drops relaxes, which facilitates the following
breakup at time t = 53.6. A zoomed neck region is also shown before and after the pinch
off.
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In contrast to the case of high viscosity ratio (λ = 10), where binary breakup was
obtained, at λ = 1 our simulations always indicate the formation of satellite drops during
breakup, also reported in Cristini et al. (2001) and Stegeman (2002). Good agreement in
this case is obtained with the results of Cristini et al. (2001), presented in their Section 4.3.
In figure 5.6 we depict a similar result: breakup of a drop at λ = 1 during it relaxation,
after its initial deformation in simple shear flow at Ca = 0.45. The pinch off is performed
as described in the previous case.

5.4 Flow driven drop-to-drop interaction

As an essential part of the coalescence process, drop-to-drop interactions are widely in-
vestigated (see Chesters, 1991, and references therein). One of the main difficulties in the
numerical simulation of the process is the presence of a relatively stable liquid film region
where the distance between the interfaces is several orders of magnitude smaller than the
drop size.

In contrast to the neck thinning during drop breakup, the film drainage between
interacting drops can be relatively slow. This means that numerical errors can much
easier influence the results for drop coalescence than for breakup. For instance, a neck
radius of 10% of the drop size already can predict imminent breakup (see figure 5.5 and
Davis, 1999), while two orders of magnitude thinner film (0.1%) could be insufficient for
an accurate prediction of film rupture and subsequent coalescence. In addition, the small
capillary numbers typical for coalescing systems make the numerical simulations of the
coalescence process even more difficult.

In order to predict coalescence during drop interaction, the evolution of the film thick-
ness has to be traced to values of the order of the critical film thickness, when the attractive
van der Waals forces become dominant leading to film rupture. Up to our knowledge, all
existing numerical results for drop-to-drop interaction obtained without restriction about
the drop deformation fail to resolve films of thickness less than 1% of the drop radius.
For instance, the 3D numerical simulations of Zinchenko et al. (1997), and even the 2D
simulations cannot overcome this limit (Chi and Leal, 1989; Manga and Stone, 1993).

Numerical results for much thinner films were obtained by Yiantsios and Davis (1991),
Chesters (1991), Rother et al. (1997) and Bazhlekov et al. (2000b) based on so called
’Asymptotic theory’. In this theory axisymmetric iterations of slightly deformed drops
(film radius much smaller than drop radius) are considered and the film flow is governed
by the lubrication equations.

In this section we check the capability of our 3D code for the simulation of interactions
of drops in extremely close approach. The first group of simulations are for axisymmetric
interaction of two equal drops in compressional flow at Ca = 0.05, see figure 5.7 a.
The problem is solved as 3D and for mesh refinement only mesh size optimization is
used without topological changes. An example of the mesh in the film region can be
seen in figure 5.7 b. To check the convergence of the results with respect to the spatial
discretization, a simulation for λ = 1 using three different meshes was performed. The
results for the evolution of the film thickness of the center and the minimal one are shown
in figure 5.7 c). It is seen that the mesh of 2000 elements per drop is insufficient to supply
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accurate results for the minimal film thickness below 0.003 of the drop radius. The other
two meshes give almost identical results. Thus, the mesh of 3920 elements per drop was
used for the other simulations presented in this examples.
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Figure 5.7: Drop-to-drop interaction in axisymmetric compressional flow (u = 0.5x; v =
−y; w = 0.5z) at Ca = 0.05. The drops are initially spherical and centered at (0; 0;±1.5):
a) side view and b) view from the film side of one of the drops at t = 20 for mesh of 3920
elements per drop; c) the evolution of the film thickness in the center and the minimal
film thickness for three different meshes; d) as c) for λ = 0.1 and λ = 0.

In figure 5.7 d) the results for small viscosity ratios λ = 0.1 and λ = 0 (bubbles)
are presented. A comparison with prediction of the asymptotic theory for the results
presented in figure 5.7 for λ > 0 is not possible due to the large film radius (0.4) and
externally driven recirculation within the drops, which influences the film drainage. In
the case of λ = 1, figure 5.7 c), the recirculation completely balances the film drainage
leading to a stationary long-time configuration. Similar long-time configurations have
been obtained by Cristini et al. (2001) for Ca = 0.1, where they were only able to resolve
the film thickness of the film center.

In figure 5.7 d) a comparison is presented with the asymptotic results of Chesters
(1991) for film drainage between bubbles, in which case the recirculation within the bub-
bles does not effect the film drainage. According to Chesters (1991) the film between the
interacting bubbles in Stokes flows has a uniform thickness and its long-time drainage
rate is proportional to e−t and does not depend on the film radius. Our simulations are
in good agreement with the results of Chesters (1991) with respect to the film thickness



5.4. Flow driven drop-to-drop interaction 63

and profile, see figures 5.7 d) and 5.8. It is seen that the film profile depends on the
value of λ while its radius is almost insensitive for λ. The deviation in figure 5.7 d) for
hmin ≈ 0.001 is due to a lack of accuracy in our simulations for such extremely small
interface-to-interface distance.

Figure 5.8: Film profile crossection at equal minimal film thickness, hmin = 2.5× 10−3 for
the simulations presented on the previous figure: Ca = 0.05, λ = 1, λ = 0.1 and λ = 0.

The simulation of bubble coalescence (λ = 0) is chosen to test the efficiency of the
present numerical method. As it is discussed in Zinchenko et al. (1997) simulations for λ ¿
1 or λ À 1 and close interfaces are non-trivial, mainly because of the poor convergence
of the successive substitutions. To overcome this problem Zinchenko et al. (1997) have
developed a more sophisticated iteration procedure: a combination of successive and
biconjugate gradient iterations. For the simulation at λ = 0 and Ca = 0.05 presented
in figure 5.7 d) and 5.8 we found the method of successive substitutions sufficient for
simulations with a film thickness of the order 10−3 of the bubble radius. For instance at
hmin = 10−3 only one iteration per time interval ∆T = 10−3 was necessary to achieve an
absolute residual of 10−3. The convergence rate was only twice slower for hmin = 5×10−4,
however, the accuracy was not sufficient for this extremely small interface separation. For
comparison, at an interface separation hmin = 0.03 Zinchenko et al. (1997), performed
about four iterations per time interval of 0.00003 to achieve the same absolute residual.
Of course, a direct comparison can not be performed due to differences in the problems
under consideration as well as the parameters, in their case Ca = 0.723 and λ = 10−3.
Our simulation for λ = 0 and Ca = 0.05 shows that the method of successive substitutions
has a good convergence rate even for λ = 0 and interface separation of order 10−3. For
the fast convergence of the iteration process the smoothness of the single and double
layer operators in (3.5), with respect to the time, is very important. In our method the
multiple-time integration scheme damps down any instabilities due to the surface tension
in the single layer operator. This is because the time step ∆t is much smaller than the
stability constraint: in the case discussed above (λ = 0 and Ca = 0.05 at hmin ≈ 10−3)
∆t was of order 10−6. The layer operators calculated by means of the contour integrals
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Figure 5.9: Drop-to-drop interaction in simple shear flow (u = y) at λ = 1; a) Ca = 0.1
and b) Ca = 0.4. The drops are initially spherical and centered at (−10; 0.5; 0) and
(0; 0; 0).
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in (3.4-3.6) are not only very accurate but also smooth when the pole x0 moves close to
the interface. In contrast, in the method described in Zinchenko et al. (1997) when the
pole moves close to an interface some of the elements of the layer operators could become
discontinuous due to the ’near singularity’ subtraction (see the discussion in Section 4.6).
This could induce a discontinuity in the velocity and in this way slow down the iteration
process.

The next group of simulations concerns drop interaction in simple shear flows. First
we repeat the simulations of Loewenberg and Hinch (1997) for Ca = 0.1; 0.4 and λ = 1.
Figure 5.9 depicts a typical interaction between two drops: initial approach, rotation of
the drops one around each other, related with film formation and drainage and finally
drop separation. The rotation of the drops is visualized in figure 5.10 a), where the
vertical offset ∆y between the drop centers is given as a function of the horizontal one,
∆x. The figure shows that after the interaction the vertical offset is higher than before.
Such behavior is well known and more pronounced for smaller capillary numbers, as is
seen in the figure. The results depicted in figure 5.9 and 5.10 a) are in good agreement
with those of Loewenberg and Hinch (1997).

a) b)

Figure 5.10: Drop-to-drop interaction λ = 1 in simple shear flow: a) the relative trajectory
of the drop centers. b) the minimum film thickness, hmin (and for Ca = 0.1 that in the
center, hcen).

The evolution of the minimum film thickness (and that in the center for Ca = 0.1),
is given in figure 5.10 b), as a function of the angle β between the line passing through
the drop centers and the horizontal axis. For a definition of the angle β see figure 2.1.
Interesting in the behavior of the minimum film thickness is that it continues to decrease
even when the viscous forces work in a direction to separate the drops, so called ’exten-
sional quadrant’ (β ≥ 90o). Such a behavior is due to the deformation of the drops, which
is accumulated during the interaction in the ’compressional quadrant’, as well as due to
the shear flow. Thus a relaxation towards the steady shape continues even when the
drops are supposed to separate, leading to an additional interaction. Another interesting
phenomenon (figure 5.10 b) is that the absolute film thickness minimum for Ca = 0.1
is achieved just when the film disappears, for β ≈ 135o. It can be explained with the
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fact that the capillary pressure in the film is still significant (2σ/R), however, the viscous
resistance to the drainage decreases with decreasing of the film radius. Hance, as a result,
the film drainage is relatively fast, followed by fast separation. The local increase of the
minimal film thickness (before the disappearance of the film) is due to the dimpled film
profile. Recently Guido and Simeone (1998) have investigated drop interaction in shear
flow. One of their conclusions is that coalescence takes place in the extensional quad-
rant, which corresponds qualitatively to the present results. There is a good qualitative
agreement between our result for Ca = 0.1 and a result presented in Guido and Simeone
(1998) (see their figure 12) for Ca = 0.13 and λ = 0.36, showing coalescence at β ≈ 135o.

Finally a comparison between predictions of the present method with that of the
asymptotic theory is discussed regarding the formation and drainage of a film between
drops interacting in simple shear flow. Rother et al. (1997), presented a similar comparison
in the case of buoyancy-driven coalescence. The capillary number in their case, Ca =
0.145, was not sufficiently small regarding the applicability of the asymptotic theory,
which assumes Ca ¿ 1. Because of that, the minimal drop separation was only about 1%
of the drop size and they were not able to compare the film profile with that predicted
by the ’asymptotic theory’.

Figure 5.11: Drop-to-drop interaction in simple shear flow (u = y) at Ca = 0.025 and
λ = 1. The drops are initially spherical and centered at (∓1.5;±0.25; 0). The fluctuations
of the present results for hmin and Rfilm are due to their discrete evaluation - in the nodes
of the mesh.

In our comparison, presented in figure 5.11, two equal drops of radius R initially
spherical and centered at (∓1.5;±0.25; 0) interact in simple shear flow at Ca = 0.025.
Our capillary number is about 6 times smaller than that of Rother et al. (1997), and the
minimal film thickness in our simulation is below 0.002R. The viscosity ratio in both
simulations presented in figure 5.11, λ = 1, was chosen to simplify the boundary-integral
calculations. In contrast, Rother et al. (1997) have compared the prediction of their
boundary-integral method for λ = 1 with the asymptotic theory for the case of large
interfacial mobility, called also ’partially-mobile’ in Abid and Chesters (1994), i.e. film
drainage is controlled only by the drop viscosity. They have justified this choice based
on an analysis, Yiantsios and Davis (1991), according to which the partially-mobile film
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drainage is applicable for a very broad range of viscosity ratios, 10−2 ≤ λ ≤ 102, see
also Abid and Chesters (1994). This was proven numerically to be true in the case of
constant film radius, however, for a time-dependent film radius it was shown that the
range of validity of the partially-mobile asymptotic theory could be much more narrow
(see Bazhlekov et al. (2000b)). Thus, the ’asymptotic results’ for λ = 1 in figure 5.11 were
obtained by the method of Bazhlekov et al. (2000b), based on the asymptotic theory for
an arbitrary viscosity ratio. For the present case it was slightly modified in order to take
into account the time-dependent interaction force. For the interaction force between the
drops the formula of Hadamar and Rybczinski, see Rybczinski (1911) was used:

F = 4.34
2/3 + λ

1 + λ
πµR2γ̇ sin (2β), (5.2)

where the interaction angle β (see figure 2.1) can be obtained by the formula, see for
instance Jaeger et al. (1994):

arctan(0.5 tan β0)− arctan(0.5 tan β) = 2t̂/5.

The evolution of the angle β, however, can be very sensitive to the choice of the ’collision
angle’ β0 = β (t̂ = 0). In order to exclude any influence of the choice of β0 on the result
of the comparison, the value of β in (5.2) is taken from the boundary-integral calculation.

Except for a shift of about 0.2 in time, the agreement between both results presented
in figure 5.11 is good, bearing in mind the extremely small interface separation. The
agreement between the predictions for the film radius is also good. A more detailed
investigation shows that the film profile obtained by the boundary-integral calculations is
very close to axisymmetric: the deviation is less than 1%, even though the interaction is
essentially 3D. This agrees with the analysis of Rother et al. (1997) that during 3D drop
interaction at small capillary numbers the film drainage remains axisymmetric. Another
quantification of the validity of the asymptotic theory, regarding the assumption for small
deformation, follows from the discussed comparison. The present comparison indicates
that for a moderate viscosity ratio the asymptotic theory is valid even when the film
radius is about 20% of the drop radius. The local film thickness minimum at t ≈ 5.8 is
due to the disappearance of the dimple during drop separation. This phenomenon has
been obtained also in Rother et al. (1997), but only by their asymptotic results. Here,
it is predicted also by our boundary-integral calculation, which once again indicates the
accuracy of the method. Finally, the shift in time between the two simulations presented
in figure 5.11 is due to the assumption of small deformation in the asymptotic theory: the
drop deformation outside the gap region in the 3D simulation initially accumulates part
of the interaction leading to more gentle collision and a delay of the film formation and,
subsequently, the whole process.

5.5 Gravity driven drop-to-drop interaction

This section is concerned with another kind of drop interactions, which is not driven by
flow, but by gravity. Interesting experimental results in this case have been obtained
by Manga and Stone (1993) and Manga (1997). They show a complex interaction of
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two bubbles different in size for moderately high Bond numbers. Depending on the hy-
drodynamical and geometrical parameters, the process can involve capture, breakup and
coalescence. A number of numerical simulations of the problem also have been performed,
see for instance Manga and Stone (1993) and Davis (1999). However, they are restricted
to 2D cases. This significantly limits their application, especially in the capture stage of
the process. Recently, a curvatureless boundary-integral algorithm has been developed
to tackle this problem, see Zinchenko et al. (1999). Here, we repeat their simulations in
order to check the applicability of our method for the problem.

At relatively high Bond numbers the problem is numerically challenging, mainly due to
the large deformation during the breakup and small interface-to-interface distance during
coalescence. In some cases both processes happen simultaneously. In addition, for a
small viscosity ratio, cusps can appear, which are related with regions of extremely high
interfacial curvature. Such phenomena of point and line interface singularities have been
observed experimentally by Manga and Stone (1993) and Manga (1997) in the case of
bubbles (λ = 0).

Four different cases are considered in the present section, which have been investigated
also by Zinchenko et al. (1999). For easier comparison with their results the time t∗,
corresponding to the scaling of Zinchenko et al. (1999), is shown in the figures. The
relation between t∗ and the dimensionless time used in this thesis is t = 8πt∗.

The first simulation, shown in figure 5.12 is the case of drops and continuous phase
of equal viscosity (λ = 1). It has been shown numerically by Zinchenko et al. (1999)
and Cristini et al. (1998) that for moderate viscosity ratios breakup of the smaller drops
instead of capturing can occur. Figure 5.12 a) shows the beginning of such an interaction
at drop radii ratio R2/R1 = 0.7 and Bo = 5.3125, when the smaller drop is reached
by the larger one. The drops rotate around each other and the smaller is swept by the
larger. The smaller drop stretches due to the hydrodynamic interaction and starts to
neck (t∗ = 6), after which the drops separate. The larger drop remains compact and the
smaller one, due to the necking, continues to stretch further indicating breakup for finite
time (about t∗ = 8), see figure 5.12 b). The agreement with the results of Zinchenko et al.
(1999) is good, both with respect to the drop shape as well as the time of the breakup of
the smaller drop, see their figures 13-16.

The second case is at about three times larger Bond number, Bo = 14.26, and a
ratio between the bubble radii R2/R1 = 0.9. In the case of bubbles (λ = 0) capture is
more likely to occur, which is seen from figure 5.13. Here, the initial center-to-center
horizontal offset is relatively large, ∆x0 = 4.75. The hydrodynamic interaction, however,
is significant for capture to occur. Another hydrodynamic effect is the shift of both bubbles
to the right, see the last frame of figure 5.13. A development of a point singularity at
the bottom of the larger bubble and a line singularity at the smaller bubble interface is
seen after t∗ = 8. Such sharp edges have been observed also experimentally by Manga
and Stone (1993) and Manga (1997). To overcome the numerical difficulties related with
such regions of extremely large curvature we use, similarly to Zinchenko et al. (1999), the
shape-stabilizing extra velocity, based on equation 5.1. The advantage of our approach
is that it includes only the local curvature, while the approach of Zinchenko et al. (1999)
is based on a global interface curvature. In addition, the mesh refinement of our method
allows for a better approximation of the interface singularities. For the present simulation
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Figure 5.12: Buoyancy-driven interaction of two drops with radii ratio 0.7 for viscosity
ratio λ = 1 and Bond number Bo = 5.3125. Initially the drops are spherical and centered
at (-0.5;1;0) and (0.5;6.087;0). a) drop interaction; b) the evolution of the smaller drop.
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Figure 5.14: Buoyancy-driven interaction of two drops with radii ratio 0.7 for viscosity
ratio λ = 0.3 and Bond number Bo = 7. Initially the drops are spherical and centered at
(-0.8;1;0) and (0.8;11;0).
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Figure 5.15: Buoyancy-driven interaction of two drops with radii ratio 0.7 for viscosity
ratio λ = 0 and Bond number Bo = 7. Initially the drops are spherical and centered at
(-1.2;1;0) and (1.1;11;0).
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again a good correspondence with the results of Zinchenko et al. (1999), see their figures
5 and 6, is achieved.

Another case, for moderate viscosity ratio λ = 0.3, is depicted in figure 5.14. The
smaller drop is initially swept by the larger one, a dimple is formed in the rear part of the
larger drop and the front of the smaller is sucked into the dimple, see figure 5.14. The
results could indicate coalescence of the larger drop with a part of the smaller, which is
the prediction of Zinchenko et al. (1999). However, our simulation predicts that before the
occurring of the coalescence the drops separate and the smaller one continues to elongate.

The stretching is so pronounced that the bottom drop forms a tread with an indication
of breakup of small droplets at the ends, see the last frame of figure 5.14. In the present
case we have disagreement with the results of Zinchenko et al. (1999), which predict
coalescence. However, due to the large deformation of the smaller drop, they have not
been able to continue the simulation after t∗ = 6.

The last case considered here is for bubbles, λ = 0, R2/R1 = 0.7 and Bo = 7, see figure
5.15. During the initial interaction (t∗ = 3 to t∗ = 4) the bubbles are at relatively large
distance. After the bubbles align vertically (t∗ = 4.5), the hydrodynamic interaction
becomes stronger and the smaller bubble is sucked by the larger one. The process is
relatively fast and indicates coalescence of the larger bubble with the front part of the
smaller. However, the simulation predicts that before the occurring of the coalescence a
very small bubble will separate from the rear part of the small bubble. The comparison
with the results of Zinchenko et al. (1999), see their figure 9, shows a slight deviation in
time. The difference in the viscosity ratio, λ = 10−3 in their simulation and λ = 0 here,
is not likely to be responsible for the deviation. An explanation for the difference could
be the cups formation of the rear part of the smaller bubble. Because a mesh with fixed
topology has been used in Zinchenko et al. (1999), they have not been able to resolve the
cusp in detail. In our simulation the mesh of the smaller bubble was refined, and thus
the discretization of the cusp region is much better.

Figure 5.16: Evolution of the minimal thickness of the film between the two bubbles at
the last stage of the process shown in the previous figure.

Figure 5.16 shows the time evolution of the minimal film thickness at the last stage of
the process. At time t∗ = 5 the simulation stops due to the necking at the bottom of the
small bubble.



72 Chapter 5. Numerical results

5.6 Foam-drop formation and its dynamics in simple

shear flow

Liquid foams have a highly structured geometry: liquid films, plateau borders and junc-
tions, see figure 5.17. The presence of a relatively large interfacial area and liquid films of
several orders of magnitude thinner than the particle size determines their complex rhe-
ological behavior and consequently their practical importance. This, however, introduces
the main difficulties during the experimental and theoretical investigations of foam dy-
namics. Thus, most of the numerical investigations are limited to 2D foams or 3D dry-film
foams, see Kraynik and Reinelt (1999). In the dry-film models the films are considered
with zero thickness and modelled as mathematical surfaces, neglecting the film drainage
and interfacial effects. To the best of our knowledge, the simulations of Loewenberg, de
Cunha, Blawdziewich and Cristini (1999), as referred in Kraynik and Reinelt (1999), are
the first for 3D wet-film foams. They are restricted, however, to the monodispersed case
and then only to the formation of the foam during uniform expansion in the absence of
external flows.

Figure 5.17: Foam-drop structure (four inner drops at 95% volume fraction). The film
regions (made transparant) are connected via plateau borders, joined in junctions.

In this section we consider a foam-drop: a compound drop consisting of several inner
drops at high volume fraction completely covered by another immiscible liquid. Such a
drop has all structural elements of a polydispersed foam: liquid films bounded by interfaces
of significant curvature, plateau borders and junctions, see figure 5.17. Simple shear flow is
considered here as an example of external flow, see figure 5.18. For simplicity, the surface
tension coefficients for all of the interfaces are assumed equal (σ) and the viscosities of all
liquids equal to µ. Thus, the problem has two dimensionless hydrodynamic parameters:
the capillary number Ca = γ̇Rµ/σ, where R is the equivalent radius of the foam-drop, and
the transformed Hamaker constant A, see the discussion after eq. (2.12). The disjoining
pressure in (2.12) is very important for the film and foam stability, respectively. Here it
is modelled following Kraynik and Reinelt (1999) as −A/h3(x).



5.6. Foam-drop formation and its dynamics in simple shear flow 73

Figure 5.18: Schematic sketch of a foam-drop in simple shear flow.

In the first three pairs of frames (a-c) of figure 5.19 a foam-drop formation is depicted.
The first and the second column show the outer and the inner drop interfaces, respectively.
Initially (t = 0) the drops are spherical: the outer drop has radius R and the eight
equal-size inner drops have radius 0.3R, see frames (a) of figure 5.19. The inner drops
are subjected to non-uniform expansion, where the expansion rate depends on the local
distance to the closest interface uexp(xj) = const.n(xj).h(xj). When the relative volume of
the inner drops reaches 95%, the expansion stops and the interfaces relax at A = 2.5×10−6.
Thus, at time t = 12.4, frames (c), the foam-drop with 95% volume fraction (four inner
drops of 13.5% and four of 10.25% relative volume) is at equilibrium. After t = 12.4
the drop is sheared at Ca = 0.2, frames (c-e), during which the foam-drop deforms in
a tumbling-like way, see also Bazhlekov et al. (2001a). Such dynamics is due to the
repositioning of the inner drops inside the whole foam-drop, which is a typical process
of the dynamics of foams: the particles change their neighbors, which is related with
topological transitions between films, plateau borders and junctions. Such topological
transitions can be also seen in figure 5.19 (c-e).

It is well known that a configuration is stable when the films are connected 3 × 3 in
plateau borders, and the plateau borders are connected 4 × 4 in junctions, which is the
case of figure 5.17, see also Kraynik and Reinelt (1999). Let us follow the evolution of the
four front (upper) inner drops in frames (c-e) of figure 5.19. Initially, the left and right
drops are separated by the two other drops, which are in contact - there is a liquid film
between them, see frames (c). During the shearing, however, this film disappears leading
to a plateau border (connecting four films) between the four drops under consideration,
see frames (d). A junction connecting five plateau borders (four of which are seen on
left frame (d) and the fifth is that between the four drops) is also formed. Thus, this
metastable configuration changes to a stable one, where the initially separated drops are
now in contact, forming film between them, and the other two drops separate, see frame
(e). Thus, the simulation discussed has not only the main structural, but also the dynamic
elements of polydispersed foams.

The simulation presented here was performed using 8820 triangular elements on the
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Figure 5.19: Expansion of the inner drops at constant volume of the whole foam-drop at
A = 2.5× 10−6 (a-c). The relative volume of the inner drops is: (a) - 22%; (b) - 77%; (c)
- 95%. Foam-drop deformation in shear flow at Ca = 0.2 and A = 2.5× 10−6 (c-e).
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outer interface and 3380 elements per each of the inner drops, thus 35860 elements in
total. The mesh is kept finer (∆x ≈ 0.01) in the plateau border and junction regions,
where the gradients of the curvature and interface-to-interface distance are larger. In the
film regions, of almost constant thickness, the edge-size is an order of magnitude larger
(∆x ≈ 0.1). To maintain such mesh properties during the whole dynamics, only mesh-size
optimization was used, without topological changes. The minimal film thickness is about
2.10−3 and, as it was mentioned above, the interfaces in the film regions are discretized
by elements which are two orders in magnitude larger. In addition, some of the film
regions have a significant curvature (k ≈ 3). Thus, the use of the higher-order interface
approximation presented in Section 4.5, is essential. Using the initial approximation of
the interfaces by flat triangles we managed to expand the inner drops only to about 60%
volume fraction ( slightly before frame (b) ).

The results presented in figure 5.19 were obtained using a 250MHz Risc 10K processor
for about three CPUdays . Such a performance would not be possible without the use of
the multiple time-step integration scheme. The time step is ∆t = 10−5 and is sufficient
to obtain a numerically stable solution. The limitation on the time step is mainly due
to the disjoining pressure term (proportional to h−3(x)) in the model and the value of
h(x) ≈ 2.10−3 in the film regions. The value of the parameter M is 1000, which means that
the time-integration scheme of the method improves the performance of the simulation
about 1000 times. Finally, the higher accuracy due to the contour integration is also
important for the presented simulation of the foam-drop dynamics. Such accuracy is
required because of the presence of interfaces in an extremely close approach and the high
gradient of the normal vector in the plateau border regions.

5.7 Dynamics of liquid-fluid-liquid contact lines

The three-phase liquid-fluid-liquid contact line is the line, where three fluid phases are in
mutual contact. Very often in multiphase systems involving three or more fluid phases
liquid-fluid-liquid contact lines are present. In such situations the mutual interaction
between the three phases that are in contact can play an important role for the properties
of the system. For instance, the configuration of the fluids in the system can strongly
depend on the conditions in the contact-line region. Such an example is shown at the
end of this section. In the present section we provide some examples in order to illustrate
the applicability of the method for such simulations of 3D dynamic problems that involve
liquid-fluid-liquid contact lines.

Here, as an example of a problem involving liquid-fluid-liquid contact lines, we con-
sider the dynamics of a so-called 3S compound drop. A 3S compound drop consists of
two drops, one of which partially covers the other, see for instance figure 5.20. In this
configuration at the line where the two phases of the compound drop meet, the ambient
fluid is a contact line.

The first group of tests concerns the equilibrium shape of a 3S compound drop. At
equilibrium, the position of the interfaces and the contact line are fully determined by
the surface tension coefficients σij of the three interfaces and the volume of the drops.
Further more, at equilibrium the pressure in each phase must be constant, which means
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Figure 5.20: Schematic sketch of a 3S compound drop.

that the capillary pressure across each interface is also constant. At this condition the
interfaces are spherical (with constant curvature), the contact line is circular and the
static contact angles are determined by equations (2.16). A number of tests in absence
of any external flow or force have been performed to check the accuracy of the numerical
method with respect to the equilibrium shape of a 3S compound drop. Compound drops
with different volumes of the two phases and different values of surface tension coefficients
were considered. The tests were performed starting from a given shape of the compound
drop, in general non-equilibrium, and solving the unsteady problem until the drop shape
converges to equilibrium. The numerically predicted shapes satisfy the condition for
spherical interfaces (constant curvature) exactly. The satisfaction of the static contact
angle depends on the value of the internal parameter δ. However, for the value of δ used
in the present section, δ = 10−3, the numerically predicted contact angles deviate from
the static values given by (2.16) by less than 0.1o. Examples of equilibrium shapes can
be seen in the first frame of the figures presenting simulations of the dynamics of 3S
compound drops. In these cases the simulations start from the equilibrium shape of the
compound drop.

(a) (b)

Figure 5.21: The influence of value of the inner parameter δ on: (a) the contact angles;
(b) the position of the contact line.

In dynamic simulations the position of the contact line and contact angles are more
sensitive to the value of δ. This sensitivity is significant only at the beginning of the
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simulation and only if the initial contact angles deviate significantly from the prescribed
values. However, in all cases this dependence of the contact line position and the contact
angle on the value of δ concerns the shape of the compound drop only in the inner region
of Ωδ. The outer solution does not depend on the choice of δ, provided δ is small enough.
This is illustrated by the following test, where simulations using three different values of
δ (10−2, 10−3 and 10−4) are performed. The initial shape corresponds to σ12 = σ23 and
σ23 = 0. The ratio of the volumes of the two phases of the compound drop is 1. Then the
compound drop has a spherical shape and the contact angles are respectively θ1 = 180o

and θ2 = θ3 = 90o. From this initial shape the values of σ12 = σ13 = σ23 are prescribed,
which does not correspond to the initial shape. In the absence of external flows and
forces, due to a non-constant capillary pressure, the compound drops will evolve to an
equilibrium shape for which all three angles are equal to 120o. The influence of different
values of δ on the position of the contact line and the contact angles is shown in figure
5.21.

The largest difference is at the beginning, when the contact angles differ significantly
from the static ones (120o). Later, when the contact angles are close to 120o the influence
of δ is insignificant. However, in all cases the value of δ does not influence the outer
solution, outside Ωδ. Thus a typical value of 10−3 for δ is used for the simulations presented
in this thesis.

The next group of simulations concerns the dynamics of a 3S compound drop in simple
shear flow. All three cases shown in the following figures are for equal surface tension
coefficients σ12 = σ13 = σ23. For simplicity the viscosities of the fluids are also considered
equal. Figure 5.22 shows the evolution of a 3S compound drop in simple shear flow at
Ca = 0.1. Due to the presence of an internal interface between the two phases of the
compound drop, there is no steady shape of the drops. In the case of a single drop the
internal circulation due to the shear flow is in the whole drop and can be steady. Here,
because of the presence of an internal interface with non-zero surface tension the internal
flow in the compound drop causes a tumbling. This can be seen in figure 5.22, where it
is also seen that the half period of the tumbling is about 8.5.

In figure 5.23 the dynamics of a 3S compound drop in simple shear flow at Ca = 0.3
is shown. The other parameters are the same as for the previous case. As in the previous
case the initial shape (at t = 0) corresponds to the equilibrium one.

Similarly to the previous case, the compound drop tumbles almost half a period,
till t ≈ 5. After that, however, the drop elongation begins. The elongation of the
drop continues and the simulations predict a separation of the two phases, hence, two
independent drops will form. The interfacial tension on the internal interface plays an
important role in the separation of the two phases. Indeed, if this interfacial tension was
0, then the process would be as for a single drop with interfacial tension σ = σ12 = σ13.
It is well known that at Ca = 0.3 a single drop will not break up. Thus, the presence
of an internal interface with non-zero tension facilitates necking. This indicates that the
critical for breakup capillary number for a 3S compound drop is expected to be lower
than that for a single drop. However, in the case of a 3S compound drop it is much more
difficult to identify the critical (with respect to breakup) capillary number. This is mainly
due to the large number of fluids involved, and the number of hydrodynamic parameters,
respectively. The ratio between the volumes of the two phases can also be important for
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Figure 5.22: Crossection in the plane z = 0 of 3S compound drop for σ12 = σ13 = σ23

in simple shear flow at Ca = 0.1 and volume ratio 1. Initially, t = 0, the drop is at
equilibrium.

breakup as well as the other processes.
A case in which the two phases of a 3S compound drop have different volumes is shown

in figure 5.24 at Ca = 0.1. The volume ratio here is 4 and the other parameters are as in
the previous two cases. The simulations indicate that the process is similar to the case of
a compound drop with phases of equal volumes, see figure 5.22. The drop tumbles and
the period of tumbling here is very close to that of the case when the two phases have
equal volume.

At the end of this section we consider another process that involves 3S compound drop
dynamics, so called ’engulfing’ of one drop by another, see figure 5.25. Such processes
have been experimentally observed by Torza and Mason (1970). Thus after ’coalescence’
of two drops from different fluids a 3S compound drop is formed. Depending on the
interfacial tensions of the interfaces one of the drops can cover partially or completely the
other. In the case when one of the interfacial tensions is equal to or larger than the sum
of the other two, the compound drop will evolve to a configuration without a contact line.

In the case considered here, the 3S compound drops evolve to a so-called 2S or type
A compound drop, where one of the phases is completely covered by the other. Such
a case is depicted in figure 5.25. The initial configuration is taken to correspond to a
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Figure 5.23: Crossection in the plane z = 0 of 3S compound drop for σ12 = σ13 = σ23 in
simple shear flow at Ca = 0.3
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Figure 5.24: Crossection in the plane z = 0 of 3S compound drop (µ1 = µ2 = µ3,
σ12 = σ13 = σ23) in simple shear flow at Ca = 0.1. The ratio between the volumes of the
two phases of the compound drop is 4.
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Figure 5.25: Crossection in the plane z = 0 of 3S compound drop for 0.5σ12 = σ13 = σ23.
The position of the contact line is marked by (·).

situation when the film between the drops ruptures and is replaced by an interface. In
the present simulation, the interfacial tension of the new interface is equal to that of
the right interface, while the interfacial tension of the left interface is two times higher.
Thus, the initial contact angles have values θ1 = 20o and θ2 = θ3 = 170o, while the static
contact angles are θ1 = θ2 = 180o, θ3 = 0o. A relatively fast deformation in the contact
line region is seen at the beginning of the process. This is due to the relatively high
capillary pressure gradient close to the contact line. During this deformation the contact
angles tend to take the static values. Thus at t ≈ 0.1 the contact angles are already
close to the static values. The process later is mainly due to the gradient of the capillary
pressure along the interfaces. The tendency of completely engulfing of the left drop by
the right is clearly seen in figure 5.25.
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5.8 Dynamics of liquid-fluid-solid contact lines

This section is concerned with the other type of contact line: liquid-fluid-solid. We
consider the dynamics of a drop attached to a solid wall as an example of a problem that
includes this type of three-phase interaction, see figure 5.26.

Figure 5.26: Schematic sketch of a drop attached on a solid wall.

The problem has two extra hydrodynamic parameters except for the dimensionless
numbers Ca, Bo and A. These are:

• a parameter depending on the three interfacial tension coefficients, see figure 2.2a):

σ13 − σ23

σ12

,

which is usually given via the static contact angle, see eq. (2.17);

• the slip length Lsl in the slip boundary condition (2.21).

As in the previous section, we consider for simplicity fluids with equal viscosity: µ1 =
µ2. The first group of simulations concerns the motion of a drop on a solid surface y = 0
in simple shear flow u = y and in absence of external forces. Figure 5.27 shows the
steady drop shapes at Ca = 0.2 and Ca = 0.4. The value of the slip parameter for these
simulations was Lsl = 0.01 and the static contact angle equals to θs = 90o, i.e. σ13 = σ23.
Presumably at larger (resp. smaller) values of the slip coefficient the resistance of the
solid wall will be weaker (resp. stronger) and the deformation smaller ( resp. larger).

−0.2 0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

(a)

0 0.5 1 1.5 2

0

0.2

0.4

0.6

0.8

1

(b)

Figure 5.27: The steady shape of a drop on a solid wall in simple shear flow at: (a)
Ca = 0.2 and (b) Ca = 0.4.



82 Chapter 5. Numerical results

−1 −0.8 −0.6 −0.4 −0.2 0 0.2 0.4 0.6 0.8 1

0

0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

t = 0.0

−1 −0.8 −0.6 −0.4 −0.2 0 0.2 0.4 0.6 0.8 1

0

0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

t = 0.012

−1 −0.8 −0.6 −0.4 −0.2 0 0.2 0.4 0.6 0.8 1

0

0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

t = 0.067

−1 −0.8 −0.6 −0.4 −0.2 0 0.2 0.4 0.6 0.8 1

0

0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

t = 0.22

−1 −0.8 −0.6 −0.4 −0.2 0 0.2 0.4 0.6 0.8 1

0

0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

t = 0.37

−1 −0.8 −0.6 −0.4 −0.2 0 0.2 0.4 0.6 0.8 1

0

0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

t = 0.57

−1 −0.8 −0.6 −0.4 −0.2 0 0.2 0.4 0.6 0.8 1

0

0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

t = 0.77

−1 −0.8 −0.6 −0.4 −0.2 0 0.2 0.4 0.6 0.8 1

0

0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

t = 0.97

−1 −0.8 −0.6 −0.4 −0.2 0 0.2 0.4 0.6 0.8 1

0

0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

t = 1.27

−1 −0.8 −0.6 −0.4 −0.2 0 0.2 0.4 0.6 0.8 1

0

0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

t = 1.69

−1 −0.8 −0.6 −0.4 −0.2 0 0.2 0.4 0.6 0.8 1

0

0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

t = 2.3

−1 −0.8 −0.6 −0.4 −0.2 0 0.2 0.4 0.6 0.8 1

0

0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

t = 6.0

Figure 5.28: Crossection of a spreading drop on a solid wall at 90o contact angle, Lsl =
0.001 and Ca = 0.1 in absence of any external flows or forces. Initially, at t = 0 the drop
has an equilibrium shape for 160o contact angle.

(a) (b)

Figure 5.29: The influence of value of the slip length Lsl on: (a) the position of the contact
line; (b) the contact angles.
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In order to check the influence of the slip length Lsl, we consider a problem of drop
spreading on a solid wall in the absence of external flows or forces, at Ca = 0.1, σ13 = σ23

and Lsl = 0.001, see figure 5.28. The initial configuration corresponds to the equilibrium
shape for static contact angle θs = 160o. At this initial shape, the forces of the contact
region are not satisfied, because the condition σ13 = σ23 corresponds to a contact angle
of 90o. This creates a large gradient of the capillary pressure in the contact line region,
which causes a fast initial spreading of the drop base. The global drop shape remains
almost unchanged. After the contact angle becomes close to the prescribed static value
at t ≈ 0.2, the spreading is slowing down, and at the end of the process, t ≈ 5, it is
extremely slow.

This behavior of the spreading speed is illustrated in figure 5.29, where the evolution
of the contact line (a) and contact angle (b) is given. Figure 5.29 also shows the influence
of the slip length Lsl on the process. It is seen that for a larger slip length spreading is
faster. A slip length Lsl = 0.01 is used in all simulations to the end of this section.

α = 0o

Vsl = 0.0
α = 45o

Vsl = 0.48
α = 90o

Vsl = 0.75
α = 135o

Vsl = 1.18
(unsteady)

α = 180o

Vsl = 0.0
(unsteady)

Figure 5.30: Sliding drop on a solid surface for different inclination angles of the solid
surface (α) at σ13 = σ23 (90o contact angle) and Bo = 2. Vsl is the sliding velocity of the
drop base along the wall.

Another problem considered here is the dynamics of a drop on an inclined solid wall
in the presence of gravity. Figure 5.30 shows drop shapes at different inclination angles α
of the wall. The sliding velocity Vsl is also given. It is seen that by increasing the angle
of inclination, the sliding velocity also increases. For the last two cases (α = 135o and
α = 180o) a steady shape of the drop does not exist at this value of Bo = 2. In these cases
the drop elongates continuously and the simulations predict that breakup will occur.

The process of detachment from the wall of a large part of the drop for the last case
(α = 180o) is depicted in figure 5.31. At t = 3.72 the mesh is not sufficiently fine for the
large drop deformation, however, the necking is well predicted.

To the end of this section spreading of drop at 0o static contact angle (σ23 − σ13 =
σ12) will be considered. This case is widely investigated, mainly because of its practical
importance. Typical for the case of zero contact angle is the presence of the van der
Waals repulsive forces and, related with them, a phenomenon called ’precursor film’, see
the experimental results of Qu et al. (2002).
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Figure 5.31: Time evolution of a pendant drop from a horizontal solid wall due to the
gravity at σ13 = σ23, 90o contact angle, and Bo = 2.
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Figure 5.32: Crossection of a spreading drop on a solid wall at 0o contact angle and
Ca = 0.1 in the presence of repulsive van der Waals forces at A = 5× 10−6.



5.8. Dynamics of liquid-fluid-solid contact lines 85

Figure 5.32 shows a spreading of a drop on a solid wall in absence of external forces or
flows. The initial configuration is a hemisphere (90o contact angle). The prescribed con-
tact angle is 0o, which, together with the disjoining pressure, determines the appearance
of a precursor film. It is seen in figure 5.32 that the precursor film spreads faster than
the main part of the drop and the latter remains spherical. The profile of the precursor
film is shown in the third frame of the figure. The thickness of the film is about 2× 10−3

and remains around this value during the whole process.
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Figure 5.33: The boundary element mesh corresponding to the frame for time t = 0.43
from the previous figure. Side view (left) and top view (right)

As in the case of foam-drop dynamics, boundary elements of size two orders of magni-
tude larger than the film thickness are used in the film regions. In the regions where the
capillary and disjoining pressure have large gradients the mesh is maintained finer. Figure
5.33 shows the mesh used for the simulation discussed above. The mesh corresponds to
the frame for t = 0.43 from the previous figure 5.32.

t = 0.0 t = 1.0 t = 2.1 t = 4.3

Figure 5.34: The evolution of a spreading drop on an inclined at 45o solid wall. The
prescribed contact angle is 0o , σ13 − σ23 = σ12, and Bo = 2.

At the end of this section we consider a case similar to the previous one. The difference
is that here the wall is inclined at 45o and the influence of the gravity is also considered,
at B = 2. The spreading of the drop in this case is shown in figure 5.34. An interesting
phenomenon here is that the precursor film is ’climbing’ against the gravity force.
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5.9 Discussion and conclusions

In this chapter we presented comparisons to previous results in the case of drop defor-
mation and breakup, as well as drop-to-drop interaction in different driving conditions.
They show a high accuracy of the method and its capability for numerical simulations of
deformable drops in viscous flows. Simulations in a numerically difficult range of param-
eters, small capillary number (Ca = 0.025) and/or zero viscosity ratio are also presented.
They indicate a good numerical stability of the method, especially in the case of extremely
small interface-to-interface thicknesses. The advantages of the numerical method allow
for simulations in another numerically challenging case, which involves a film thickness
three orders of magnitude smaller than the drop size in the presence of van der Waals
forces.

Up to our knowledge, some of the results shown in this chapter are presented for
the first time. Such are: 3D simulations of film formation and its drainage to thickness
three orders of magnitude smaller than the drop size; 3D simulations of polydispersed
foam dynamics; the simulations of 3D problems that include a liquid-fluid-liquid dynamic
contact line; 3D simulations of drop spreading on a solid wall in the case when a ’precursor’
film is formed.

The method allows to analyse processes such as breakup, coalescence as well as foam
dynamics. Problems involving dynamic contact lines can be also treated. Thus, the
present numerical method is a powerful mean for a better understanding of the physics
within complex multiphase flows.



Chapter 6

Concluding remarks

The objective of this thesis was to develop an accurate numerical method for investigation
of interfacial flows. As a starting point we chose a boundary integral formulation of the
Stokes equations (Section 2.5). The main difficulty to implement such a formulation in
a numerical method is due to the singularity of the boundary integrals. To overcome
this difficulty we derived a new contour-integral representation of the boundary integrals,
expressing the singular surface integrals via non-singular contour integrals. The non-
singularity of the contour integrals makes them suitable for numerical implementation:
for an accurate and efficient calculation of the boundary integrals, and thus of the velocity
and position of the interfaces. In addition, the contour-integral representations facilitate
the implementation of the contact-line boundary conditions (Section 3.4).

A boundary integral method based on the non-singular contour integration has been
discussed, Chapter 4. A characteristic feature of our numerical method is a higher-order
approximation of the interfaces. It allows for simulation of film regions with significant
curvature, typical for dynamics of monodispersed foams. The higher-order interface ap-
proximation also contributes to further improvement of the accuracy of the boundary
integral calculation. This is done efficiently here in combination with the contour integra-
tion, because only the approximation of the contour of the interface elements is sufficient
to be improved.

Another important element of the numerical method is the multiple step time-integration
scheme. The essential idea of the approach is to use two different time steps: a smaller one
when the local (regarding the node where the velocity is calculated) interface parameters
are calculated and a larger one for the rest of the interface. This significantly improves
the stability of the time integration without increase of the CPU time. This scheme is
efficient, especially for small capillary numbers, and allows for simulation of multiphase
flows, in which the van der Waals repulsive forces are essential.

The range of applicability of the numerical method was further extended by implement-
ing three-phase contact-line boundary conditions based on a force balance in a contact-line
vicinity. Such conditions were given for the first time in a capillary pressure formulation
in Section 5.8, which is convenient for implementation in the boundary integral method.

The numerical tests and comparisons as well as the simulations of interfacial flow
problems presented in this thesis showed high accuracy and numerical stability of the
method. Some of the simulations given in Chapter 5 were performed, up to our knowledge,
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for the first time. Such were: drop-to drop interaction, including drainage of a film with
thickness three orders of magnitude smaller than the drop size; simulations for capillary
number of order 10−2; foam-drop dynamics; 3D simulations of 3S compound drop which
includes liquid-fluid-liquid contact line; 3D simulation of a drop spreading on a solid wall
at zero contact angle in the presence of a precursor film. These simulations indicated the
potential capability of the method for studying complex interactions in multiphase flows.

Further extensions of the range of solvable problems by our method are possible. It can
be directly applied to simulate foam-drop and three-phase contact-line dynamics in the
case of different viscosities. Another extension could be relatively easily performed by in-
corporating of a concept of periodicity, see for instance Pozrikidis (1993) and Loewenberg
and Hinch (1996). This could enable more realistic simulations of suspensions and foam
flows. A practically important extension, facilitated by the contour integration results,
could be an incorporation of forces, tangential to the interface. In addition, the effect
of surfactant, which cannot be neglected in most of the practically important processes
in multiphase flows, could be also investigated in this way, including the modelling of
Marangoni flows.

In spite of the high accuracy and numerical stability of the present method, it might
not supply sufficient accuracy for a number of interesting problems with the today-present
computer resources. For example, the 3D simulations of drop coalescence and the contact-
line dynamics. For such problems film thicknesses of order 10−3 that can be resolved
by our method (i.e. an order of magnitude smaller than that of the previous numerical
investigations) are still far from the critical values (when rupture occur) for millimeter-size
drops or larger. A better understanding of such processes could be achieved considering
cases for which an axisymmetric treatment is meaningful and applying a version of the
method for axisymmetric interfaces. We expect that such a version, based on the contour
integral representations for axisymmetric interfaces (Section 3.3), could offer a possibility
for more detailed study of these problems.
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Samenvatting

Dit proefschrift beschrijft een studie naar de (verdere) ontwikkeling van de (drie-dimensionale)
boundary-integral method (BIM) voor de modellering van de vervorming van grensvlakken
in viskeuze stromingen bij lage Reynolds getallen. Qua toepassingen richt het onderzoek
zich op het ontwikkelen van numeriek gereedschap voor de beschrijving van belangrijke
deelprocessen die plaatsvinden in meerfasen-stromingen, zoals het opbreken en coalesceren
van druppels, met desgewenst grote verschillen in viscositeit van vloeistof-vloeistof tot aan
vloeistof-gas systemen, en de dynamica van drie-fasen contactlijnen, het klassieke wetting
probleem.

Teneinde de nauwkeurigheid van de BIM te verbeteren is er een substantieel niet-
singulaire beschrijving afgeleid van de contour integraal van enkele en dubbele lagen
van de ongebonden Green’s functie. De ontwikkelde methode geeft een oplossing voor
het grootste probleem van de toepassing van boundary integral methoden, namelijk de
singulariteiten van de kernels. Ook grensvlakken op zeer korte afstand van elkaar kun-
nen via deze nieuwe methode worden beschreven. Onafhankelijk van de nauwkeurigheid
van de beschrijving van de contour integralen zelf beschrijft de potentiaal van de la-
gen, berekend via de voorgestelde beschrijving daarvan, de belangrijke behoudswetten
van op deze schaal relevante grootheden exact. Volume-behoud wordt daarom bijvoor-
beeld beter beschreven. Gebaseerd op de 3D modellering is een 2D, axi-symmetrische,
beschrijving afgeleid, waarin de potentialen expliciet kunnen worden uitgedrukt in ellip-
tische integralen. Dit blijkt nuttig, vooral voor implementatie in numerieke codes voor
dit soort (symmetrische) problemen waardoor zowel een hogere resolutie wordt bereikt
als een beter begrip van de fundamentele fysische processen die ten grondslag liggen aan
de macroscopisch waarneembare processen.

De nauwkeurigheid van de voorgestelde methode is verder verbeterd door de ontwikke-
ling van een hogere orde nauwkeuriger grensvlakbenadering. Speciaal de afstand tussen
grensvlakken, vooral als deze een sterke kromming vertonen, wordt veel beter beschreven
dan in de tot nu gehanteerde methoden. Daardoor wordt het nu ook mogelijk om polydis-
pers (nat) schuim te modelleren waar de geschetste problemen: gebieden met sterke krom-
ming en waar Van der Waals interacties op korte afstand relevant zijn, doorslaggevend
kunnen zijn. Voor verdere numerieke stabiliteit en effectiviteit, werd een meerstaps-tijds-
integratie-methode toegepast. Deze verbetering bleek van belang voor de stabiliteit van
de methode, maar vooral van belang in het geval van simulaties bij lage capillair getallen
(orde 10−2) als bij simulaties van dunne (orde 10−3 kleiner dan de druppelgrootte) lokale
filmdiktes, zodra de van der Waals krachten en rol spelen.

Verder werd een uitbreiding gezocht in het klassieke probleem van drie-fasen contactlij-
nen. Zowel het geval van een vloeistof-gas-vloeistof als dat van een vloeistof-gas-vaste-stof
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werd onderzocht. Randvoorwaarden werden gebaseerd op een krachtenbalans in de omgev-
ing van de contactlijn. Daarvoor werd een nieuwe uitdrukking afgeleid, die uiteindelijk
een elegante implementatie in de beschrijving in de BIM vergelijkingen toelaat.

Teneinde de voorgestelde verbeteringen in de BIM methode te demonstreren, werd er
een aantal simulaties uitgevoerd in het gebied van, klassiek numeriek, moeilijk behapbare
problemen, zoals de gevallen van lage capillair getallen (Ca ≤ 0.025) of lage viscositeitsver-
houdingen (tot aan 0 toe). Speciaal in het geval van kleine grensvlakafstanden werd een
uitstekende numerieke stabiliteit geconstateerd. Extreme viscositeits-verhoudingen en
grensvlakspanningen werden succesvol gesimuleerd tijdens de deformatie en het opbreken
van druppels. Coalescentie werd onderzocht, zowel genduceerd door (afschuif)stroming
als door dichtheidsgedreven processen. Met interessante kwantitatieve resultaten. Het
3D contact probleem geeft nu zelfs macroscopische oplossingen voor de beschrijving van
de precursor film.

In conclusie: de in dit proefschrift voorgestelde methodes ter verdere ontwikkeling van
de 3D BIM methode betreffen voornamelijk een verbeterde stabiliteit en nauwkeurigheid.
Dit is niet onbelangrijk in dit gebied van de wetenschap. Daarom hopen we dat we een
bijdrage hebben kunnen leveren aan een beter fysisch begrip van meerfasenstromingen en
uiteindelijk aan een optimalisering van de praktische processen.
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