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All optimal controls for the singular linear-quadratic problem without 
stability; a new interpretation of the optimal cost 

ABSTRACT 

The singular linear-quadratic control problem without stability is solved by 

means of a generalized dual structure algorithm in order to generate all optimal 

inputs. Funhermore it is shown that the optimal cost can be interpreted as the 

smallest non-negative rank minimizing solution of a certain matrix inequality. 

the so-called dissipation inequality. 
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1. Introduction 

In this paper we shall consider semi-definite linear-quadratic control problems for continuous

time systems in which the cost functional is not positive definite w.r.l the control. In [2] these 

so-called singular problems were studied in depth and it was stated there that the optimal con

trol is generally not unique. Whereas this feature of singular control problems has heen long 

recognized ([3], also [5]), to the author's knowledge no straightforward calculation of all 

optimal controls is known up till now. 

The present paper should be considered as an extension of [1], in which for the first time dis

tributions were introduced in the class of allowed inputs for the linear-quadratic problem. A 

'right structure algorithm' ([1, Sec. 4]), then, characterized several notions from geometric 

theory which playa large role in singular control problems ([1], [2]). 

Here, we will define a modified structure algorithm. following the approach in [1]. This 

modified structure algorithm will prove to be useful in determining all inputs within the class 

of impulsive-smooth distributions ([1. Sec. 3]) that are optimal for the singular problem we 

consider. In fact, the algorithm enables one to compute the linear manifolds on which the 

optimal trajectories lie for positive times as well as the initial impulsive inputs which let the 

initial state value jump instantaneously onto these manifolds. Indeed, the smooth part of the 

state trajectory will be shown to consist of components which follow uniquely from a reduced 

order Riccati equation together with components that introduce non-uniqueness of optimal con

trols. 

For reasons of surveyability, we will concentrate on infinite horizon problems only. Also, we 

will discuss in this article only the case where no endpoint conditions are imposed on the state 

trajectory. We will elaborate on problems with stability (problems where the state should van

ish as time goes to infinity) in a forthcoming paper. 

A second contribution to be presented here concerns the rank minimizing problem of the 

dissipation ~ ([17], [18]). In [17] it was shown that the symmetric matrix, that defines the 

optimal cost for the linear-quadratic problem with stability, can be found as the largest element 

in the set of matrices that satisfy both the dissipation inequality and minimize the rank of the 

dissipation matrix. Here, we will give a complete characterization of all rank minimizing solu

tions of the dissipation inequality by means of the Riccati equation mentioned before. Thus it 

is shown in particular that the optimal cost for the problem without stability also may be inter

preted as a rank minimizing solution of the dissipation inequality and is, in fact. the smallest 
non-negative one. 
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2. Outline 

In Section 3 the problem is stated and the distributional setup from [1] is, in short, memorized. 

Also some geometric concepts and a few properties coming along with them are mentioned. In 

Section 4 we will display the construction of the dual structure algorithm in full detail since it 

plays a central part in things to come. In addition. several relationships between the algorithm 

and subspaces of importance are revealed. The full solution of the infinite horizon singular con

trol problem without stability, then, is stated in Section 5. There, a suitable state space decom

position is introduced in order to separate those parts where non-uniqueness in optimal control 

occurs from those components which are to be chosen uniquely. Finally, in the last Section, the 

dissipation matrix rank: minimizing interpretation of the optimal cost is discussed. 
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3. Problem statement and some geometric concepts 

Since our paper follows the conceptual setup of [1], we will only mention the main features of 

that approach here and refer for the remaining details to [1]. 

We will consider the finite-dimensional linear time-invariant system 1:: 

x(t) = Ax(t) + Bu(t). x (0) = Xo , 

y(t) = Cx(t) + Du(t) , 

together with the quadratic cost-functional 

J(xo. u) = J ly(t)1I2 dt . 
o 

(3.1 a) 

(3.1 b) 

(3.1c) 

Here, u(t) e JR'". X(I) E JR". yet) E R T
, IHI denotes the Euclidean norm and. without loss of 

generality, we assume that the mappings ~]. [C D 1 are injective and suljective, respectively. 

The linear-quadratic control problem associated with 1: (LQCP) now is: Find the infimum of 

J (xo. u) with respect to a certain class of inputs (chosen once and for all) and try to compute. 

if it exists, an optimal control. 

The problem is called regular if the matrix D in (3.1 b) is left invertible and singular if it is not. 

It is well known that the optimal controls will be smooth ([ 1, Sec. 3]) in regular problems and 

that in singular problems the optimal inputs in general will be distributions ([ 1], [2]. [5]). 

Since regular problems are understood completely ((12], [13], [18]), it will be our standing 

assumption from now on that D is not left invertible. 

Therefore we have to decide on the class of allowed distributional inputs and, as in [1], we 

will restrict ourselves to the class of impulsive-smooth distributions C imp: 

Definition 3.1. 

C imp := {d E D'+ I d = d I + dz• d 1 impulsive, dz smooth} 

where D'+ is the set of distributions on JR with support on [0, co) ([1], [5]), smooth elements of 

D'+ are regular distributions that are smooth on [0, co) and impulsive elements of D'+ are linear 

combinations of the Dirac distribution 0 and its derivatives (See for details on distributions [7], 

also [5]). 
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We recall the following crucial property of C imp: 

Proposition 3.2. ([1], [6]). 

C imp is closed under convolution. 

To simplify notation, we denote convolution by juxtaposition, the 0 distribution by 1 and its 
k 

derivative by p. Thus, an impulsive distribution can be written as L aipi, where aj E IR fo~ 
i=O 

0, 1, ... ,k and where pO is understood to be the 0 distribution 1. 

Using straighforward extensions of distributional concepts to vectors and matrices, we are thus 

led to the distributional interpretation of (3.1 a): 

px =Ax +Bu +Xo (3.2a) 

where Xo = XO' 1 = xoo and u e C::;p ([1, Sec. 3]). The solution of (3.2a) within D': is unique, 

namely 

x = (pl-Ar l [Bu +xo] 

Thus. x is in Cl:np and therefore 

y = Cx +Du (3.2b) 

= T(P)u + C(pl _A)-l Xo 

is in C~p with 

T(s) := D + C(sl - A)-lB , (3.3) 

the transfer function. Observe that T(P} is the matrix-valued distribution obtained by setting 

s = p and interpreting (PI - A r 1 to be e tA (t ~ 0), see [1]. 

In order to stress dependence of x, y on Xo and u, we will write 

(3.4a) 

and 

y(xo, u) = Cx(xo, u) +Du . (3.4b) 

Now define formally 
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00 

J(Xo. 14):= J lIy(xo.u)U2dt 
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(3.5) 

where we define J(Xo. 14) := +00 if" is such that Y(xo. 14) f. LHlR~, the space of all r-vectors 

whose components are square-integrable over JR+. 

Also. for 14 = "1 + "2' 141 impulsive, 142 smooth and consequently x = Xl + Xz. Xl impulsive. Xz 

smooth, set 

14(00) := 142(00). if existent t 

X(oo) = x(xo. 14) (-):= xz<-). if existent, and 

y(-) = y(xo. 14) (00) := Cx(oo) + Du(-) . 

In addition. 14 (0+) := "2(0+) = lim U2(t), X (O~ := Xz(O+). etc. 
t J. ° 

Finally, define 

J(Xo):= inf J(xo,U). 
ItEC:'p 

Thus, we may state the linear-guadratic control problem (LQCP) without stability: 

(3.6) 

(3.7) 

Given the system (3.2), find J(xo) = inf J(xo,u) and calculate, if they exist, all optimal 

inputs. 

The l£l.f::J!. with stability , to be discussed in a future article, may be stated as follows: 

Given the system (3.2), find J (xo) under the side condition x (00) = 0 and calculate, if they exist, 

all optimal controls. 

Since we are only interested in those inputs u for which y(xo 14) is regular. we will call these 

controls admissible ([1]), and the space of admissible inputs, which is system dependent, is 

denoted by U t. The structure algorithm in Section 4 enables one to characterize U E completely, 

as will be illustrated later on. However, before doing so, we will recall some geometric 

aspects of singular control first. 
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Definition 3.3. 

A state x is called strongly reachable from the origin if there exists an impulsive input u e U:t 

such that for the corresponding state trajectory we have x CO. u )(O~ = X 1. The space of strongly 

reachable states is denoted W = WCt). 

Lemma 3.4. 

woo = (xo I 3UEUt. :x{xo. u){~ = O} 

= (xo I 3uc,," : x{xo. u){~ = 0, Y{Xo. u) = 0] 
amp 

Proof. Follows from the discussion in [1, Sec. 3] and from the observation that x{O+) only 

depends on the impulsive part of u. Note that if u e U r.. gives x (~ = X 10 then 

x(xo. u){~ = Xo + Xl. 

Lemma 3.4 immediately leads to a partial solution of the LQCP : 

Lemma 3.S. 

Observe that the optimal cost for the LQCP with stability equals the optimal cost for the LQCP 

without stability when Xo e W(E). 

The dual concept of W(E) is the subspace of weakly unobservable states V{I:): 

Definition 3,6, 

A state Xo is weakly unobservable if there exists a regular input on [0,00) such that y(xo. u) =: 0 

on JR+. The space of weakly unobservable states is denoted V = Voo. 

For details on V and W we refer the reader to [1]. [2], [15]. Here. we will primarily be 

interested in their sum and their intersection. 
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Proposition 3.7. ([l]) 

Xo e V + W ¢;> 3ueul;: Y(Xo. u)(t) = O. t > 0 

Because of this result we will call V d := V + W the subspace of distributionally weakly :!!IlQll: 
servable states. 

The subspace V d allows one to decide on the right invertibility of the system l:.: 

Definition 3.8. 

The system l:. is right invenible if for every j e C:;"., there exists a u e C~p such that 

y(O. u) = y. 

Proposition 3.9. ([1]) 

The following statements are equivalent 

(i) l:. is right invenible. 

(ii) Vd = lRlt. im[C. D] = lR r 
• 

(iii) The transfer function T(s) (see (3.3» is right invenible as a rational matrix. 

Combination of Propositions 3.7. 3.9 leads to an answer to one of the questions in the LQCP 

without stability for right invenible systems. 

Lemma 3.10. 

l:. right invenible ¢;> 'V IR': J (xo) = O. 
xoe 

The intersection of V and W. V (') W:= R. turns out to be strongly related to the notion of left 

invenibility: 
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Definition 3.11. 

The system 1: is left invertible if for all nonzero U E C:'p we have that y (0, u) :F O. 

Proposition 3.12. ([1]) 

The following statements are equivalent: 

(i) 1: is left invertible, 

(U) R= [O),ker ~l= [0), 

(iii) The transfer function T (s) is left invertible as a rational matrix. 

Remarks 

1. For a left invertible system, the set of optimal controls for the LQCP, if not empty, 

always contains at most one element. 

2. Note that if R '" {OJ, then there are for every Xo E R at least two optimal controls for the 

LQCP without stability. This follows from Lemma 3.4 and Definition 3.6. In Section 5 

we shall see that non-uniqueness in optimal control always occurs when R :F {O}. 

3. If a system 1: is both left invertible and right invertible, then the transfer function is 

square and invertible (and conversely). Such systems are called invertible ([4]). 
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4. The generalized dual structure algorithm 

In [1] the notion of 'dual structure algorithm' was introduced and applied to study the linear~ 

quadratic problem for left invertible sytems. Here, we propose an approach somewhat different 

from the one in [1, Sec. 4] in order to analyse linear systems which are not necessarily left 

invertible. Although the construction of the algorithm is rather lenghty and notationally 

involved, we would like to stress the method's significance in transforming the linear-quadratic 

control problem under consideration into a related control problem which is immediately solv
able. 

Now consider the system 1:: 

px =Ax +Bu +Xo • 

y =Cx +Du 

with D not left invertible. ker [~l = (OJ. im (C.D] = IR'. 

Step O. Assume that rank (D) =: qo < m. 

(4.1a) 

(4.1b) 

Then there exists a permutation matrix R 0 = [Ro, R oJ, rank (Ro) = qo. such that Do := DRo is left 

invenible with rank qo and im (DRo) c:. im(Do) = im(D). Therefore DRo =DOKt for some 

qox (m -qo) matrix Kt. If Rt := (-RoKt +Ro), then it is easily seen that So:= [Ro,RtJ is 
invertible and that 

DSo = [Do. OJ 

Defining 

and 

• =: S, [::]. 

then yields the following description for 1:0 := 1:: 

y = Cx + Dowo , 

where Bois left invertible since [~l is. 

(4.2) 

(4.3) 

(4.4) 

(4.5a) 

(4.5b) 
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Note that in case of left invenibility of D, it would not have been possible to make the above 

separation. 

It follows from (4.5) that y will be regular if Wo is regular and Wo is the derivative of a regular 

function. This suggests the substition 

Wo=PVo 

in (4.5a). If we next define 

(compare the transformations in [S] to [11]), we obtain the system ~ given by: 

Observe that rank (D 0, CB 0) ~ rank (D 0> and that 

where 

(4.6) 

(4.7) 

(4.Sa) 

(4.8b) 

(4.9a) 

(4.9b) 

All of the following steps that occur in the algorithm in fact consist of three separate column 

selection procedures. We will indicate their underlying objectives below. 

~ 

Part 1. Let rank (D 0. CB 0) be q 0 + q 1 S; m. Then there exists a permutation matrix 

R1=[R1.Rtl, rank (R1)=qh such that CBJil=:D 1 is left invertible, has rank qh and is 

independent of Do. whereas im(CB oR 1) = im(Do• D 1). Thus, for some qo x (ro - qt), 

q1 x (ro - q1) matrices K~ and Kf; it holds that CBoR t = DfI(~ + DtKf;. If 

R r = (-RIK f; + R 1) then S r := [RIt R n is invertible and with the transformation 
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SI := (4.10) 

it is found that 

(4.11) 

Defining. as in step O. 

[Bo• AB 0) S 1 =: [Bo• Bit B t1 • (4.12) 

and. in addition. 

(4.13) 

(4.8) transfonns into 

(4.14a) 

(4. 14b) 

with the n x (ro - ql) matrix B 1 not necessarily of full column rank. 

Note that in part 1 we have tried to 'regularize' the system 1:1: If we would have found 

.if} = IrQ' then [Do. CBoJ would have been of full column rank and hence the usual theory of 

optimal regulators ([12], [13], [18], [19]) could have been applied to the system 1:}. 

Part 2. Since B 1 is not necessarily left invertible. we may apply a transfonnation which selects 

only the independent columns of B l' To be more specific, assume that the invertible matrix 

PI = [.Ph P f) is such that 

(4.15) 

(4.16) 

Thus, the system equation for x 1 becomes 
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(4.17) 

Part 3. This part actually sets apart those columns of B i'l which a priori cannot enlarge rank 

(Do.D I • CBI1'I) w.r.t. rank (Do.D I ); this being the objective in the first part of step 2 (com

pare step 1, part 1). 

Therefore, let VI = [V1t V 11 be a permutation matrix, rank (VI) =: r 1t rank (VI) =: PI = PI - r h 

such that B 11'1 VI is left invertible, independent of B 0, whereas im (B 11'1 V 1) c im(B 0). 

Then for some TO x PI matrix Nt: B I1'IVI = Brllt . 

Now substitute into (4.17) 

(4.18) 

which yields 

(4.19) 

At this point the fundamental difference between the algorithm in [1, Sec. 4] and our method 

becomes apparent. 

Here, instead of [wI> Wl ] = P(Vh VI ] (See [1]). we propose the substitution 
c c 

(4.20) 

(compare (4.6» and we define in (4.19) 

(4.21) 

Thus we arrive at the system ~ described by: 

(4.22a) 



Note that rank [Do. Dt• CB tPtY1] ~ rank [Do. Dd and that indeed. 

rank [Do. Di> CB iit Vt] = rank [Do. D I ] . 

Furthennore, the controls for ~ and I:z are linked by H 1(P): 

Next. we describe the general iteration step (k + 1), k ~ O. 

Step (k + U 

The system I.k+1 is given by 

k k 

+ "" B·P·V·w· + "" o· w- +Xo .f-t ' " "e ~ '. ' ,=1 t=1 

(BJi'oYo :=Bo') with 

it: = [B 0. Bh ...• Bt ] , 

(4.22b) 

(4.23) 

(4.24) 

(4.25a) 

(4.25b) 

(4.26a) 

(4.26b) 
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(4.26c) 

Further, for all i = 1 ... k we have that 

(4.26d) 

where Wi = [B 0. B IFI VI' ...• Bi-1Ji;-1 Y;-11 is a left invertible matrix with rank 

!i-h !i-I ='0 +'1 + - _. + 'i-l and Ni* some !i-I x Pi matrix. Pi = dim (Wi)-

Moreover, lb. is left invertible. rank ~ = qo + ql + _ •• + q", dim (v,,) = rank (B"F"V,,) ='" 
and with 

r>" := Pl + + p" «>0:= 0) • 

+ 0'" (0"0:= 0) • O'i = dim (Wj) (i = 1 0 0 0 k) , .. 

it holds that 

(4.27) 

Pan 1. Let rank (/2", CB,}i" V,,) = ~ + qk+l Sm. 

Then there exists a permutation matrix R"+1 = [R,,+lt RHd such that D"+l := CB"F" YtR"+l is left 
invertible, with rank equal to ql+1 and independent of lb.. Moreover 

CB"F" V"R"+l = lb.Kt'*+ll + D"+lK""'+12 for certain ~ x (rll: - ql+1), qHl X (r" - qk+l) matrices 

K""'+ll' Kt''''.tl 2 • 

Then 

(4.28) 

where S"+1 is the regular transformation 

(4.29) 

°th S * - R * R * ( R- * -) WI HI = [Rl+h "+11. "+1 = - "+lKk+1 2 + R"+l . 

Define 

(4.30) 

and introduce the new control variables by 
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(4.31) 

with 

then (4.25) becomes 

I: I: 

+ L Bi~YiWic + L O· Wi + Xo 
;=1 ;=1· 

(4.32a) 

(4.32b) 

Part 2. Let the regular matrix Pi;+1 =: rp.:+l> P;.*'+l) be such that Bk+1Pk+1 = [BI:+IPk+l' 0) with rank 

(Bk+1Pk+1) =: rank (Pk+1) =: Pk+h rank (P{'+1) =: Ok+l' Then with 

(4.33) 

the system equation (4.32a) becomes 

k k+l 
+ ~ B·P·Y·w> + ~ O· W· +xo ~ , , ,. Ie ~ , • 

1=1 1=1· 

(4.34) 

Part 3. Assume that the pennutation matrix Vk+1 = [\71:+1' Yk+1J is such that rank 

(Bk+l~+lVi;+l) =: rank (Vk+1) =: rk+h Bk+l~+l¥.:+l independent of [B o• B IP1Vh '" • BlPl ¥.:] 

= Wl+l> whereas for some II X Pk+l matrix Nl*+l it holds that Bl +1Pl+l Yi;+l = Wl +1Nk*+1 with 

PHI = PHI - rHI' As in (4.18), set 

(4.35) 

Substituting (4.35) into (4.34) then leads to 
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Finally, we consider wHl to be the derivative of vl:+l' i.e. WI:+1 = PVk+l' and define 

We then obtain the following sytem that will be called ~+2: 

1:+1 1:+1 

+ L Bi~ViWi& + L O· Wi +XO • 
i-I i=l· 

The controls for 1:1:+1 and 1:1:+2 are related by 

with 

If we denote (wcO, w2 non-existing) 

then it is clear that 

W I: -* -
W2. 

1 
1l.t+1 

0 0 0 

0 sIThl 
0 0 

0 0 I 
Phi 

0 

0 0 0 I 
Cfl+1 

(4.36) 

(4.37) 

(4.38a) 

(4.38b) 

(4.39) 

(4.40) 

(4.41) 



Termination of the ala:orithm 

We will agree on tenninating the algorithm when for the first time in step (k + 1), part 3, it is 

found that 

(4.44) 

i.e., when for the first time 

(4.45) 

for some D: X Pk+l matrix Nk*'+l • 

In this case, Vk+l = Ip ,and hence 
&+1 

which leads to the final system description for l:k+l: 

k+1 k+1 

+ L Bi~ViWic + L O· Wi. +xo , 
i-I i=l 

(4.46a) 
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(4.46b) 

The relation of the al~orithm with the subspaces from Sec. 3. 

Let a = (k + 1);;:0: 1 be the first integer for which in step a, part 3, it holds that T a = O. Note that 

indeed a~ 1 since TO = m - qo > O. 

Then 

a~ (n + 1- TO) 

since 

is left invertible with rank !.a-l and thus n ;;:0: !.a-l;;:O: TO + (a - 1). 

Further, let aD be the first integer I for which 

fll = ga , 

(4.47) 

(4.48) 

(4.49) 

i.e. let aD be the first integer k for which in step I, I = (k + 1) ... a, 

im (CB/-lfi;-1 i';-l) c im (]b). Then, by definition, gaD = gaD+1 = = ga, 

and thus 

with 

DaD = 12 aD +1 = 

Ka
D 

= KaD+l = ... 

(see (4.11), (4,12), (4,28), (4,30». 

These observations yield the next system equations for I'..a: 

(4.50) 

(4.51) 

(4.52) 

(4.53a) 
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(4.53b) 

with 

(4.54) 

where PI 1 is a given upper block niangular matrix (see (4.46), (4.51). (4.41), (4.26d), (4.48». 

Moreover, 

Xa = X -- Wa.£a-l • (4.55) 

with 

£a-l = (4.56) 

and 

(4.57) 

where 

(4.58) 

from (4.7), (4.37), (4,9), (4.42), (4,43). 

In order to exploit these results, we need some information on WO:) and Vd(I:a) first (here 

V d(I:a) denotes the weakly unobservable subspace associated with l:J. 

Proposition 4.1 

Let 0$ k $ (n -- 1). 

Then 

(i) W(l:t) = im [Bk};/c v,,] + W(l:t+l)' 
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(ii) Vd(l:A:) = Vd(~+l)' 

Here W(:EA:) denotes the strongly reachable subspace for :EA:' 

Proof. To start, we agree on working with the system description (4.25) for :Ehl and (4.1) for 

I".o = 1:. Note that the strongly reachable subspaces for (4.25), (4.32), (4.34) and (4.36) are 

equal, and so are the distributionally weakly unobservable subspaces. 

We now examine k = 0; the proof for 0 < k S (ex - 1) runs analogously. 

(i) Assume i e W(l:). Then there is a u e Ur. such that i = x(O. ,,)(0+) where 

x = (PI - ArlS". 

Hence x = (p1-Arl[BoWo+Bd'voJ = (pl-Ar l [BoWo+ABovoJ + Bovo (See step o of the 

algorithm). From (4.8a), with Xo = O. Xl = (PI - Arl [BoWo + ABovoJ. thus 

~ = % ,(0. [:: ])(0') + ii o. g{O') for some [w~ • • ~ f. i.e. 

The converse inclusion is obvious, see also [1. Prop. 4.17. Oi)]. Note that in fact (4.7) is 

used here. 

(ii) If T/ (s) denotes the transfer function for :EI (I == O. 1. . .. ex) with To = T «3.3», then it 

can easily be shown that Tk+l(S) = TA:(s) Hk(s), k = 0,1, ... ,(ex - I), see (4.42). and 

thus, in particular, T I (s) = T (s) H o(s ) «4.9». Note further that T a(s) = T (s) H a(s) 

«4.58». 

From Prop. 3.7: Xo e V d(:E) if and only if there is a" e C~p such that «3.2b» 

T(P)u + C (PI - A rlxo ;;;; 0 and Xo e V d(:EI) iff there is a [W&, v&f such that 

T, ip) [::] + c (pi - A r' %0 • O. The claim now follows from the observation that 

u e C::.,. <0;> [::] = Ho'ip)u e C:',. 

Remarks 

1. In [1, Prop. 4.17] similar relationships between subspaces of I".o and :Et were claimed. 

Nevertheless we believe that a new proof was necessary since our system :E is not 

assumed to be left invertible. 
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2. One may also show V(I:t ) {.:;;; V(l:t+l)' see DeL 3.6. Compare with [1. Prop. 4.17, (i)]. 

We return to (4.53). 

Since DaD is left invertible and has rank (lao' we can write 

where U~oUao = li l1o ' Gao is invertible. 

Let Uc be such that UJUc = 1,-.. and such that U := [U a ,Uc ] is invertible, U-1 = UT
• 

110 D 

Then for Yl = U~oY and Y2 = UJy it follows immediately that 

but also that 

Applying a preliminary feedback 

then transfonns (4.53a) and (4.60) into 

where 

- -1 T 
Aao = A -ll..aoGaoUIloC 

= A - j[aDQ.~O C 

with 

G-1UT 
= aoao · 

(4.59) 

(4.60a) 

(4.60b) 

(4.6Oc) 

(4.61) 

(4.62a) 

(4.62b) 

(4.62c) 

(4.63) 

(4.64) 

Now both W(I:) and Vd(l:) tum out to be invariant w.r.t. A ad , the 'preliminary closed-loop' 

matrix. These invariancies. that will be proven in the last two lemmas of this section, will 
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show their value in the development of Section 5. 

At first, we state a result for the matrix W IX in (4.48). 

Lemma 4.2. 

Proof. See Lemma 2 in Appendix 1. 

Lemma 4.3. 

W(~ = im (Wa ). dim W~) = !.a-I 

Proof. To start, it is stated in [2] that W(!.a) = W(l:.ux). where I:aux is described by 

(AaD' B~, VIC). 

From Lemma 3 in Appendix 1 it follows that W(:t.ux) = <AaD I im(B~», hence, with Lemma 

4.2, W(I:a> ~ im(Wa> since im (B~) ~ im(Wa> «4.54». 

Finally. iterating the equality in Prop. 4.1, 

W(~ = im(Wa> + W(I:a) = im(Wa) 

and thus dim WeI:) = rank (wa> = l:a-l' 

Observe that we can take as "output injection" G = -Kai2ci
D 

in [1. Th. 3.15] since 
- -T B + GD = Brfio. 

Not only WeI:) is AaD -invariant. So is Vd(I:), according to Lemma 4.4. 

Lemma 4.4. 

V d~) = < ker (VIC) I AaD> 

Proof. Consider (4.62). and apply Prop. 3.7: 
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for some impulsive-smooth distribution w~. 

However, since im (CW 0.> ~ im(QaD) (see (A 1.5) in Appendix 1), one easily sees that, with 

Lemma 4.2, 

Therefore, recalling (4.54), we have that 

Vd(I'u) = {xo I U[C (PI - AuDrlxo = 0) 

but also (Prop. 4.1. (ii» 

Vd(I:) = Vd~ 

This completes the proof. Note that Vd(:Ea) = Vera), the weakly unobselVable subspace for ta. 

Remark 

For all points in < ker (U[C) I Aa
D

> the optimal cost without stability equals zero. This follows 

immediately from Prop. 3.7 and Lemma 4.4. 

Summary 

The generalized dual structure algorithm yields a transformed system (4.62), where 

im (B ~) ~ im(W 0.>. 

In addition, AaD(Vd(I:» ~ Vd(l:) but also AUD(W(~» ~ W(~). 

These results will enable us to solve the LQCP completely. This will be shown in Section 5. 

We conclude this Section with an explicit description for the set of admissible inputs U 1: (Sec. 

3), which obviously contains all optimal inputs for the LQCP (if existent). 

Proposition 4.5. 
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IUD Wa III~U 
[ 

C 1 } Wa E C imp • smooth; W: E C imp 'D. arbitrary 

I 
where f (w a. w~) denotes a distribution in C;: . depending on wa and w~. defined by 

f(w a• w~) 

Proof. Immediate form (4.62), (4.61), (4.57) with Xo = o. 

Remark 

Proposition 4.5 is a generalization of [1, (5.1), (5.2)]. 
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5. Determination of all open-loop controls for the linear-quadratic problem 

without stability 

For the solution of the LQCP we start from (4.62): 

Y1 = wa • 

Yz = U,[Cx.a • 

and recall from (3.lc), (4.6Oc) that 

-
J(x.o. u) = I [lIYlHZ + I Y21:2]dt 

o 

(5.1 a) 

(5.lb) 

(5.lc) 

(5.1d) 

Now make a direct sum decomposition of the state space as follows: let Xl := W(I.), let X:2 be a 

subspace such that Xl E9 X:2 = V d (L) and let X:3 be a subspace such that Xl E9 X z e X 3 = lR II • 

Let WCI and Wc'). be left invertible matrices such that 

(5.2) 

Then 

(5.3) 

is invertible with inverse 

w-l 
=: i = [~c~l 

Lea 

(5.4) 

Decompose 

(5.5) 

i.e., (5.6) 

then (5.1) transfonns into 

(5.7a) 



and 

y,=[O 0 c~ til. 
.... 

J(Xo. u) = J [liwall2 + IIYzf]dt 
° 

Moreover. (C3• Aw is observable. 
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(5.7b) 

(5.7c) 

To see this, note that the zero blocks in the system matrix appearing in (5.7) follow from Lem

mas 4.2 and 4.3. The other zero blocks in (5.7a) are a translation of (4.54). 

Finally, the block decomposition for Y2 and the observability of the pair (C 3. A 33) follow from 

Lemma 4.4. 

Using (5.7), we may establish that the problem of infimizing J(xo. u) in fact is detennined by 

the regular subproblem: 

Given the subsystem: 

[XT]_ [A22 A 23] txt] ~H 2] ~ [xto] 
P b - 0 A b + H Wa + bO , X2 33 Xl 3 X2 

(5.8a) 

find 

(5.8b) 

• ~ li.uo WIth Wa e Clmp • 

The regular linear-quadratic control problems are well established ([2], [12], [13], [18], [19]). It 
is generally agreed that one should compute the optimal solution of a regular problem by 

means of the Algebraic Riccati Equation associated with the system involved ([2], [12]). In 

order to ensure solvability of the problem under consideration, stabilizability of the system is 

commonly preassumed. Thus, we assume here 

Assumption 5.1. 

The pair [[A: ~:.]. ~: II is stamlizable. 
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Sufficient for Assumption 5.1 to hold is the stabilizability of the pair (A • B) ([ 14 D. 

Next, consider the Algebraic Riccati Equation corresponding to the subsystem in (5.8): 

[
KII K12] 

and let K- = _ T- _ _ be the smallest non-negative definite solution of (5.9). 
K12 K22 

We will now state the main result of this Section. 

Theorem 5,2. 

Consider the LQCP without stability: 

"Detennine J(xo) := inf J(%o. u) = infc!" oj Uyll2dt 
c:., mp 

subject to px = Ax + Bu + Xo , 

y = ex + Du • 

and let Assumption 5.1 hold. 

Then 

(i) J (x 0) = x'[,K-xo 

with K- = [L T LT] K- ~CI] 
C I ' Cz lLc z 

K- being the smallest non-negative definite solution of (5.9). 

(ii) If U ~t (xo) denotes the set of optimal controls for the LQCP without-stability, then 

(5.9) 
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[w~] m-g } w~ E C imp a
V ,arbitrary , (5.JOa) 

where g(K-) is a matrix-valued distribution defined by 

g (K-) '= rD T D )-I I DT C + jjT K-) (PI A *-)-1 • '¥.aV-aD '¥.aD _av (Xv (5.10b) 

with 

(5.11) 

Consequently, there is generally more than one optimal trajectory. However, for any optimal 

trajectory, to be denoted by x*, it turns out that LcJx* (I == 1,2) is independent of x*. 

(iii) Moreover. k- = [~ ;;;]. with k 22 > 0 • 

and, additionally, 

is asymptotically stable. 

Proof. The solution of the subproblem stated in (5.8) is given by ([2]): 

... 

rXX2t .. ]. this infimum is achieved by wa == - [HI, HrJ k- ~ v 

Hence «5.7» 

and w~. w~ may be chosen completely arbitrarily. 

Substituting 



into (5.1a) yields 

Hence 

From (4.61), (5.12), (4.64), 

and then (5.10) follows with (4.57), (5.13). 

Next, from (4.55), (5.4), (5.6), 
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(5.12) 

(5.13) 

(5.14) 

Hence, if xf* (I = 1.2) denotes the optimal trajectory for (5.8) obtained by the minimizing 

feedback law for Waf then Lc,X* = xf'" (I = 1,2) for any optimal trajectory x* and therefore is 

independent of x"'. We will elaborate extensively on the non-uniqueness of LaX* in the future 

article announced earlier. 

This completes the proof of (i) and (ii). 

Finally, from Prop. 3.7, 

v.~ = (xo = W.,r·o + Welxlo + We,x~o I ~::l e ker g-) 

- rO 
0 1 K- = lO Kil ' 

with Kil satisfying «5.9), (5.15» 

(5.15) 

(5.16) 

Due to the observability of (e3• A 33), we have that K:i2 > 0 and furthermore that A;- is asymp

totically stable. 
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Remarks 

1. Assumption 5.1 shows that (A, B )-stabilizability is not necessary for solvability of the 

LQCP, even not for solvability of the LQCP with stability, as will be shown in a future 

paper. This contradicts [2, Th. 3, (i)]. 

2. Since k- is of the fonn given in (S.14), we might as well have restricted ourselves to the 

regular subproblem 

b A 11 H A 110 
PX'J. = 33X'J. + 3Wa + X'J. 

and infimization of 

J [Hwall'J. + HC3X~112]dt 
o 

which is solvable if (A 33. H 3) is stabilizable. 

(S.17a) 

(S.l7b) 

3. From (5.14) we immediately see that necessary for x(oo) = 0 is: 4(00) = 0 (I = 1,2). 

Therefore Assumption 5.1 is necessaty for solvability of the LQCP with stability (see 

Remark I), whereas it is sufficient for solvability of the LQCP treated in the present arti

cle (see Remark 2). 

4. In the future article mentioned in Remark I, it will tum out that 4(oo} = 0 (1 = 1.2) can 

be also sufficiem for x(oo) to be zero. 

We close this Section with the interpretation of Theorem 5.2 for left and right invertible sys

tems (see Sec. 3). Therefore, let Assumption 5.1 hold. 

Lemma 5.3. 

The transfer function T (s) has rank gaD over the field of rational functions. 

Proof. From (4.53), rank (Ta(s» = gaD since rank ([laD) = gao and im (CB~) c;; im (QaD) (App. 

1). Hence «4.S8» rank (T(s» = rank (T a(s)H;.l (s» = rank (T(s» = gao' 

In [16, Th, 4.3] this result was proven by means of a "left structure algorithm", 

In Sec. 3, Remark 1, it was stated that for left invertible systems the optimal control, if 

existem. is unique. Indeed 
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CoroJlary 5.4. 

I: left invertible <=> {laD = m <=> # (U tpt (Xo» = 1 . 

Proof. From Prop 3.12, Lemma 5.3, (5.10a): I: left invertible <=> m = {laD <=> dim(w~) = 0 and 

dim (w: ) = 0 <=> optimal control is unique. 

Remarks. 

1. Note that for left invertible systems a. = a.D' 

2. The dual algorithm in Sec. 4 and the algorithm in [I, Sec. 4] are identical for a left inver

tible system. 

CorOllary 5.5. 

I: right invertible <=> {laD = r <=> K- = 0 

Proof. Combine Prop. 3.9, Lemmas 3.10, 5.3 and Theorem 5.2 (i). 

Remark. 

For a right inveruble system, W" In (5.3) does not appear and £ = [~:.l in (5.4), Therefore x! 

and yz do not appear either. 
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6. The linear-quadratic control problem and the dissipation inequality 

In [18] it was shown that a necessary condition for the quadratic fonn xbKxo to represent 

in! J(Xo. u) under any conditions on the long-tenn behaviour of the state is that the real sym-
• 

metric matrix K satisfies the dissipation inequality 

F(K)~ 0 . (6.1) 

Here F(K) is called the dissipation matrix ([17]), which for any n x n matrix K is defined by 

[

ATK +KA + CTC KB + CTD] 
F (K) = . (6.2) 

BTK +DTC DTD 

The dissipation inequality has been a topic of interest in several papers since its introduction, 

for instance in [18]. There it was noted that for the reguJar LQCP all rank minimizing solutions 

of (6.1) are solutions of the Algebraic Riccati Equation 

0= CTC +ATK +KA - (KB + CTD)(DTDr1 (BTK +DTC). 

Recently, it was shown in [17] that for the singular LQCP with stability the symmetric matrix 

defining the optimal cost, denoted by K+, also is a rank minimizing solution of (6.1). 

In this section we generalize the results in [17]. Here, it will be shown that for real symmetric 

matrices K: ~ (rank (F(K» = rank (T(s» «3.3» and that the rank minimizing solutions of 

(6.1) are solutions of a specified Algebraic Riccati Equation. Thus, in particular, K in Th. 5.2 

turns out to be the smallest non-negative rank minimizing solution of (6.1). 

First, observe that with every system we may associate a dissipation matrix. Now let Fie (K) be 

the dissipation matrix belonging to the system L" in Sec. 4, k = 0, 1, ... a. Recalling Prop. 

4.1, we work with descriptions (4.1) for I.o = L, (4.25) for LI+1o I = 0, I, ... ,(a - 2), and 

(4.53) for La. 

Then lemma 6.1 expresses the key result. 

Lemma 6.1 

Let i = 0, 1 •...• (a - 1) and consider step (i + 1), part 1 of the algorithm. 

Then 

and, additionally. 
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Consequently «4.48». 

F(K) ~ 0 <;::!> F a(K)~ 0 and KW a = 0 (6.3) 

and 

rank (F(K» = rank (F a(K» . (6.4) 

Proof. Appendix 2. 

According to lemma 6.1, we can concentrate on the inequality F a(K) ~ 0 in order to find the 

set of solutions for (6.1). Using (6.3), (6.4), it is then immediate that 

(6.5) 

and that 

rank (F(K» = rank (F a(K)} , (6.6) 

with 

(6.7) 

Since (Schur's lemma) F a(K) is similar to rcl>~) DT 0,... ], with l -fJ.Df::!.fJ.D 

we thus obtain 

Theorem 6.2. 

Let Mil (n) denote the set of real symmetric n x n matrices and r := (K eMIR (n) I F (K) ~ O}. 

Then 

r= {K e MIl(n) I KWa=Oandcl>(K)~ O} (6.9) 

Moreover, for every K e r it holds that 

rank (F (K)) = {laD + rank (cl>(K» 

= rank (T(s» + rank (cl>(K» (6.10) 
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Hence, if r min denotes the subset of r containing all rank minimizing solutions of the inequality 
min 

F(K) ~ 0, then K E M .Ii(n) (rank. F(K» = gaD = rank. (T(s» and 

r min = {K E r I ~(K) = O} 

= {K E M.(n) I KWa=Oand~K)=O} (6.11) 

Proof. Statements (6.9), (6.10) follow from (6.5) - (6.8) and Lemma 5.3. Funher, rank 

(~(K» ~ 0 and rank (~(K» = 0 <=> ~(K) = O. 

The Riccati Equation ~(K) = 0 can be transformed into (5.9) if KW a = 0: 

Corollary 6.3, 

Proof. The Riccati Equation ~(K) = 0 is equivalent to 

0= eTu uTe +AT K + KA - Kif G-1 (G-1)T jjT K 
c c aD aD -aD aD aD -aD (6.12) 

(see (5.1». Define K =: [L~, LI1 , LI'J.]K [~c~l' 
Lc'J. 

Then for all K EMIR (n ): 

rK ll K12] 
Thus ~(K) = 0 and KW a = 0 <=> K = lKf2 K 22 satisfies (5.9). 

Finally, combinfug Th. 5.2 and the results obtained here, yields 
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Corollary 6.4 

Let K- denote the matrix in M R (n) denoting the optimal cost without stability. Then K- can be 

characterized as the smallest non-negative definite rank minimizing solution of (6.1). 

Comment 

Corollary 6.4 is in fact a characterization of the optimal cost for the LQCP without stability 

directly related to the coefficients of the original system, whereas e.g. Theorem 5.2 implicitly 

preassumes the knowledge of the system Ia obtained by the dual algorithm. 

On the other hand we emphasize that the rank minimizing procedure actually is equivalent to 

the column generating process in the algorithm. 
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Conclusions 

The generalized dual structure algorithm is an appropriate instrument to compute all optimal 

controls for the singular linear-quadratic control problem without stability. Also, it has enabled 

us to give an elegant characterization of all rank minimizing solutions of the dissipation ine

quality. In particular we have proven that the optimal cost for the problem considered in this 

paper can be interpreted as the sm allest non-neiative rank minimizing solution of the dissipa

tion inquality. 
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Appendix 1 

Lemma 1 

Consider the dual algorithm. Then we have the following relations: 

(i) 

(ii) 

(iii) [[K/!l 1 ~ 0 II - - - 1 -r 
"V i = 0 ... (aD - 1) : eBiPi Vi = 12+1 K* Ri+1 + jff , 

1+12 1+1 

[ [
0 1 [N.*vrll (iv) "V j = 1 ... (a- 1) : Bi == Wi +1 V[ + '0' Q,*, 

and Q,* is such that 

Proof. 

We stan with the observation 

(A1.I) 

which follows from (4.12), (4.30), (4.51). Note that Ri = I r. for i ~ (aD + 1). 
,-I 

Also, one easily sees from parts 1 in each step that 
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'<:I j =1 ... aD:l2.. 

(A 1.2) 

Thus, for i = (aD + 1) ... a, 

which, substituted in (A 1.1), yields 

see (4.63). 

In addition, (Al.2) can be written for i = 1 ... aD as 

wiili K, = [:) 1 a QaD x ('<-1 - q,) mamx. 

Consequently. 

and hence «A1.I» 

we have proven (i). 

Since (i) and (ii) are equal for i = (aD + 1) ... at we take i = aD, and rewrite a trivial equal

ity: 
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(A 1.3) 

Then 

where we have used the second equality from (A1.3) and 0). 

This process is now continued by exploiting the first result of (A1.3) where we set 

!2.aD-I = [!2.aD-2. DaD-d, iav-l = [iav-2. Bav - 1] , etc. 

It turns out that 

"!/ j = 1 ... aD : ~-1 _= i:.v!2._ciD~-~ } 

A aoBi-lPi-l Vi-1R j - 0 

and therefore (ii). 

The proof of (iii) is immediate from (A1.2) and CRjP; V; = CRjP; V; (il;+Ii'fJ:l + R;+IRl'+I)' 

Note that (iii) implies that 

Finally. we show (iv). 

With (4.45) we find that 

Next, 

- - - * - - - m - -r * B a-I = B a-lP a-IQ a-I = B a-lP a-I (V a-J Va- I + Va-I Va-I) Qa-l 

_ - - - m * -r * - (B a-IP a-I V a-I Va- I + W a-IN a-I Va-I) Q a-I 

[[ 1 [ * -r lJ o Na - 1 Va_1 

= Wa ~-l + 0 Qci-l 

and it is clear that in this way (iv) can be proven. 

(AlA) 

(AI.5) 



Lemma 2. 

with 

where 

and 

Proof. 

AaDWa==WaAII' 

A II == 

NiZI Nil2 

Al N~Z2 

A2 

-T *-T Zi == Vi Qi Ri i == 1 

iTT *-T Ai == Vi Qi Ri i == 1 

N* , 1 

N* 
'2 
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Nci-1 1
Za-1 Ncila 

Ncila 

Ncila 

Nci_1 Za-I ",1 Nci Za a-1 

An-I Nci Za a 

ex, 

(ex - 1) 

N·* == , ,1== 1 ... ex, Nt; a rj_1 x Pi matrix .Nil == Ni . 

N* 
'i 

Immediate from (ii), (iv) of Lemma 1. 

Lemma 3. 

Given L..ux: 

Yaux == uIc Xaux , 

with Un (B~) k;; Un (Wa). 

Then 
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Proof. 

It holds that W(l:.IU):;;: W" where W" is defined inductively by 

Wo:= (OJ , 

see [1, (3.22)]. 

Thus Wl=im(B~). Further, since uIC(Pl-AavrIWa=o,W2:;;:im(B~)+Aav(im(B~», etc., 

and finally, 

W" :;;: < A av I im (B ~) > . 

Remark 

Note that UIC(pl - AavrlWa = 0 is a consequence of Lemma 1 (i) and Lemma 2. 
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Appendix 2 

Proof of Lemma 6.1. 

Let Fk(K) denote the dissipation matrix corresponding with LbFO(K) :=F(K). We will only 

prove the first two equivalencies to indicate the inductive process. Assume that F(K)?:. O. Then 

[
111 0 1 [I" 0 1 premultiplication of F(K) by 0 S'[; and postmultiplication by lo So yields «4.2), (4.3» 

Fo(K) 

0$ [E&K 0] 

whence KEo 0 and F o(K)?:. 0 with 

_ [A T K + KA + eTc Kiio + cT DO] 
F o(K)::: 

ii&K + D'[;C DbDo 

Moreover, rank (F (K» =rank (F o(K». 

(A2.1) 

(A2.2) 

Now also rank (F o(K» = rank (Mlf o(K) M 0) for any right invertible matrix; we propose 

[
In 0 EO] 

Mo = 0 Iqo 0 . Then it turns out that «4.8» , 

0$ Mlf o(K)Mo::: (A2.3) 

Thus F(K)?:.OHF1(K)?:.O and KEo=O. Also rank (F(K» = rank (Fl{K». Conversely, if 

F1(K)?:. 0 and KiJ o ::: 0 then from (A2.3) immediately Fo(K)?:. 0, hence «A2.I) F(K)?:. O. 

Next, let F l(K) ?:. 0, i.e. 

(A2A) 

«4.11), (4,12», then KiJ I = 0 and F l(K)?:. 0, where 



[

ATK + KA + eTc KBo + eTDO KBI + eTDl] 

P I(K) = iibK + D?;e D'[,Do D'[,D! 

iffK + DTe D[Do D[D! 

CA2.5) 

and rank (F I(K» = rank (P l(K». Obviously, KB IPl VI = 0, KB IF! V 1 = O. Also, rank 

(PI(K» = rank (MTp1(K)Ml) with the right invertible matrix 

III 0 0 B1F1V1 

MI = 0 Iqo 0 0 

o 0 I'll 0 

Pri3 ! AT K + PpnTB- TeTe PpnIB- Te TD PpnTB- TeTD 
III 111.111 Otlll 1 

KB IPt'Vt 
o 

Mfp l (K)M I 0 

o 
Since «4,22), (A2,6» F 2(K) = [ViPTBiK, 0, 0, 0] 0 

we thus have shown that 

. (A2.6) 

On the other hand, if F 2(K)? 0 and KB 1 = 0 then from (A2.6) P I(K)? 0 and hence «A2A» 
F I(K)? O. Furthermore rank (F l(K» = rank (F 2(K». 

Note also that K [B o• B d = 0 <=> K[B o, B IFI VtJ = o. 

Now in general (i = 0, 1, ... (ex - 1» 

and therefore 

since 
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Moreover 

rank (F(K)) = rank (F u(K)) . 
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