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Abstract

The use of vitrimer materials has the potential to have a large impact on the way plastics are used, as
they combine the best properties of thermosetting polymers with thermoplastic ones. However, their
struggle to keep up with the typical timescales seen in industry today is holding back their widespread
use. In 2019 Taplan et al. have shown that the timescales at which it becomes possible to process
vitrimers can vary drastically by making only minor changes in their composition. This work sets up
a framework based on rate equations that tries to mimic and explain this behaviour. This framework
is able to achieve the drastic changes in the timescales seen in experiments. The model still contains
parameters that do not directly correspond to real world parameters. The next step in developing this
model will be making this connection, allowing the model to make predictions and recommendation
about the architecture of vitrimers in order to achieve desired mechanical properties.
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Chapter 1

Introduction

Thermosetting polymers gain their mechanical properties from the permanent cross-links that are cre-
ated by curing [1]. This cross-linking gives them a high tensile modulus, but it makes them harder
to work with. Once cured, thermosetting polymers will not become liquid again, leading to beneficial
properties such as solvent and heat resistance but also negative attributes such as limited recyclabil-
ity [2]. On the other hand, thermoplastic polymers can generally be reshaped and recycled. They are
held together by weaker interactions, such as Van der Waals forces [1]. Thermoplastics are therefore
usually malleable at higher temperatures which, apart from the beneficial properties mentioned before,
also leads to poor thermal resistance. In general, commonly used thermoplastics are also weaker than
common thermosetting polymers in terms of tensile strength [3].

In 2011, Montarnal et al. proposed a polymer material that makes use of covalent cross-links, similar
to a thermosetting polymer, but they are not necessarily permanent [2]. Exchange reactions allow these
covalent cross-links to break and form, but in such a way that the total amount of cross-links remains
constant. Polymers of this nature are called vitrimers. The rate of exchange reactions can be tuned by
varying the temperature or adding a catalyst. This makes it possible to permanently deform vitrimers
at higher temperatures just like a thermoplastic, but the constant amount of cross-links causes them to
behave more like thermosetting polymers at lower temperatures.

Deforming a viscoelastic material introduces stress that can eventually relax, even though the defor-
mation is held constant. This makes the deformation permanent. This process of deforming and stress
relaxation makes it possible to create permanent shapes. This stress relaxation is not instantaneous, and
the relaxation time associated with most vitrimer materials is what is holding back their widespread use.
A big hurdle in the implementation of vitrimers has been that the timescales at which typical manufac-
turing processes happen are too short for them to handle, at least at temperatures at which they do not
break down [4]. In order to make the use of vitrimers viable for industrial use, better understanding of
their relaxation times, and therefore the tuning of the exchange rates is needed.

In 2019, Taplan et al. looked into the tuning of exchange rates in a network made of three-arm star
polymers and linear polymers [4]. This is the simplest non-trivial star polymer network one could make.
In their research, they made use of the exchange reaction involving amine and acetoacetates moieties,
labeled A and B, respectively. This way, A moieties can initiate an exchange reaction with an AB bond.
This notation in terms of A’s and B’s is also used in the present work. They found that the networks
created by putting the A moieties at the ends of three-armed star monomers (or trimers) and the B
moieties on linear monomers (A3-type) showed drastically different relaxation times then the other way
around (B3-type), all while keeping the ratio between A and B moieties constant. Stress in the A3-type
relaxed roughly ten times as fast compared to the B3-type. Based on this result, Taplan et al. concluded
it is likely that more parameters govern the stress relaxation than merely the chemical nature of the
exchange reaction.
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This work sets out to explain these phenomena by attempting to answer the following question: What is
the impact of the probabilities involved in the swap mechanisms in a vitrimer material on its relaxation
time? To answer this question, an analytical framework is set up that can be used to asses the impact of
a multitude of parameters on the relaxation time of these simple vitrimer materials. These parameters
include not only the probabilities involved in the swap mechanisms mentioned before, but also quantities
describing the network such as extent of reaction. In order to set up such a framework, a rate equations
approach is combined with aspects of percolation theory, rubber elasticity and linear viscoelasticity. The
theoretical background that is needed from these topics is introduced in chapter 2. These concepts are
then expanded upon and combined to form a model for stress relaxation in chapter 3. The resulting
properties of this model are explored in chapter 4, along with a discussion on these findings. Finally, in
chapter 5, a conclusion is drawn from the results and suggestions for further research are given.
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Chapter 2

Theory

In this chapter, the theoretical background is given. First, in section 2.1 percolation on a Bethe lattice
is discussed. This is a relatively simple variant of percolation theory and it provides some insights in
the nature of polymer networks, such as whether there exists a network spanning molecule. This is later
expanded upon in section 3.4. Next in section 2.2, the basic concepts of linear viscoelastic materials are
introduced, with emphasis on viscoelastic liquids. A notable topic is the stress relaxation modulus, being
a measure of how much stress has relaxed and how much is still present in a viscoelastic material. Finally
in section 2.3 the origins of rubber elasticity are discussed. This, in combination with some concepts
from linear viscoelasticity will be used in section 3.5 to motivate an argument that is made about the
stress relaxation modulus in the model that is created in chapter 3. In that chapter the rate equations
are also introduced.

2.1 Percolation on a Bethe lattice

Percolation theory describes properties of clusters in a random graph. In this section, two types of
random graphs are studied, both created using a Bethe lattice. A Bethe lattice is a lattice shaped like a
tree, that extends outwards from a center vertex. This vertex neighbours f other vertices. These vertices
neighbour f −1 “new” vertices, and the center vertex, et cetera. This way, an infinitely large tree formed.
An important property of this tree is that it does not contain any loops. f is called the functionality of
the lattice.

Bond percolation

The first of the random graphs that is treated is formed by keeping all of the vertices but only some
of the edges. Each of the original edges has a probability p of remaining in place, and a probability of
1 − p of being removed. This is called a bond percolation model. In the context of polymer networks,
this probability p is called the extent of reaction. At p = 0 the size of all clusters is 1 because there are
no edges between the vertices, while at p = 1 there is only one infinitely large cluster. Somewhere in
between, a transition between the existence of only finitely sized clusters and the existence of an infinitely
large cluster occurs. This transition is called gelation, and the infinitely sized cluster is called the gel.
The extent of reaction at which this transition occurs is called the critical extent of reaction pc. To find
this pc, the following argument is made. Imagine a vertex that already has a connection to one of its
neighbouring vertices. The average amount of connections this vertex has with its other f −1 neighbours
is given by p(f − 1). To form an infinite cluster, a connection must be formed with on average at least
one of these f − 1 neighbours. It follows that

pc =
1

f − 1
. (2.1)

As mentioned before, above this critical extent of reaction an infinitely large cluster exists. The proba-
bility that a vertex is not connected to the gel through one randomly selected neighbour is P , i.e. the
probability that a vertex is not connected to the gel at all is given by P f . The fact that a vertex is not
connected to the gel through one randomly selected neighbour can be realized in two ways. It is either
not connected to that neighbour, or that it is connected to that neighbour, but that neighbour itself is
not connected to the gel via any of its f − 1 other neighbours. This leads to the following equation:
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P = 1 − p + pP f−1. (2.2)

In the case of f = 3, this equation becomes a quadratic equation which can be solved for P to find P = 1
or P = (1 − p)/p. P = 1 corresponds to the case that p < pc, since the probability of not being connected
to the infinite cluster is 1. The other solution corresponds to p > pc.

Site percolation

The second graph is created by keeping all of the bonds of the lattice but only keeping some of the
vertices, with probability q. This is called the site percolation model. Again there is a certain critical
extent of reaction qc at which an infinitely large cluster appears. To find this qc, a center site is selected,
and an attempt is made to find an infinite path of connected occupied lattice sites. When going outwards
from the center site through one of the f bonds, a neighbouring site is encountered. This neighbouring
site has f − 1 ”new” neighbours, so the average amount of these new neighbouring sites that is occupied
is q(f − 1). For the path to not end at some point, the new neighbouring sites of a site that already
belongs to the path must add at least one occupied site to the path, i.e. q(f − 1) ≥ 1. It follows that

qc =
1

f − 1
. (2.3)

Similar to the bond percolation case, the parameter Q is introduced, which gives the probability that a
randomly selected site is not connected to the infinite cluster through one of its branches. This can be
realized in two ways. Either the neighbouring site in that branch is not occupied, or it is occupied but
the other f − 1 branches of that site do not connect to the infinite cluster. This leads to the following
equation:

Q = 1 − q + qQf−1. (2.4)

Solving for Q gives the same result as bond percolation, namely Q = 1 or Q = (1 − q)/q. Again Q = 1
corresponds to p < pc and Q = (1 − q)/q corresponds to p > pc. These similarities do not mean they are
equal. Take for example the probability that a site is occupied but not connected to the infinite cluster
trough any of its branches. In bond percolation this is given by P 3, while in site percolation this is given
by qQ3.

2.2 Linear viscoelasticity

When a perfectly elastic solid is subjected to a step strain with magnitude γ, the stress σ(t) in that
material will follow Hooke’s law and quickly rise to a constant value. When a Newtonian fluid is subjected
to a step strain, the stress will be a narrow peak in time, since it is proportional to the time derivative
of the applied strain [5]. The response to a step strain of a viscoelastic material will be somewhere in
between these two. The strain may rise sharply, but it will decay over time to zero for viscoelastic fluids
and a finite value for viscoelastic solids [5]. The stress relaxation modulus is defined as G(t) ≡ σ(t)/γ.
For small magnitudes of strain, the relation between stress and strain can be assumed to be linear, and
G(t) is therefore independent of γ in this regime [6].

A simple model in which stress relaxation occurs is the Maxwell model. It models a viscoelastic
material as a Hookean solid with shear modulus Gm and a Newtonian liquid with viscosity ηm in series
[5]. The total strain γ is the sum of the strain in the Hookean solid γ1 and the strain in the Newtonian
liquid γ2, while the shear stresses σ1 and σ2 in both elements are equal. The relationship between stress
and strain in the Hookean solid is given by [7]

σ1 = Gmγ1 , (2.5)

and in the Newtonian liquid is given by [7]

σ2 = ηm
dγ2
dt

. (2.6)

Using the fact that the total strain γ is held constant, γ = γ1 + γ2, σ1 = σ2 = σ and taking the time
derivative of equation 2.5 the following differential equation for σ is found:
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1

Gm

dσ

dt
+

1

ηm
σ = 0. (2.7)

This can be solved for σ to find:

σ(t) = σ(0) exp(−t/τ), (2.8)

with τ = ηm/Gm. From the definition of the stress relaxation modulus and the fact that γ is held constant
it follows that G(t) decays exponentially with relaxation time τ [5].

2.3 Rubber elasticity

Although cross-links in vitrimers are not permanent, it is still instructive to look at how elasticity
arises in rubbers. Rubbers are networks that are far above the gel-point, and their glass transition and
melting point are below room temperature [5]. Most theories for describing rubber elasticity make the
assumption that there is no potential energy change in the network strands. However, the entropy of a
network strands does change upon extension. Notably, the entropy per strand decreases as the length of
its end to end vector increases. This is quite intuitive, since there are lots of different ways to coil up the
strand, while there is only one way of stretching it out entirely [7]. This change in single strand entropy
upon deformation can be translated to the shear modulus of the bulk material using different methods,
depending on which assumptions are made. The most rudimentary of these is the affine network model.
In this model it is assumed that all end-to-end vectors of the strands deform the same way as the bulk
material, as if all junction points are connected to some background material that deforms with the bulk
material. This model predicts a shear modulus

G = νkBT, (2.9)

in which ν is the number density of strands, kB the Boltzmann constant, and T the temperature [5].
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Chapter 3

Model

In this chapter, the concepts introduced in chapter 2 are combined and expanded upon to form a model for
finding the stress relaxation modulus of the vitrimer material introduced in chapter 1. Some connections
in the network can bear stress. To keep track of how the amount of these connections evolves in time,
different types of connections within the network, called “species” from now on, are distinguished. How
these species are labeled is shown in section 3.1. The evolution of the quantities of the species is
then described using a system of rate equations, introduced in section 3.2. To be able to specify the
constants involved in this system of equations, the nature of the reactions it is describing needs to be
discussed. These mechanisms, along with the resulting effect on the constants in the system of equations
are discussed in section 3.3. An explicit calculation of all rate constants is given in Appendix A. This
discussion introduces a multitude of parameters, which are not necessarily independent from each other.
To find some of the dependencies that are present, percolation theory is applied similarly to section
2.1, but to a slightly altered lattice. In section 3.5 an argument is made based on theory introduced in
chapter 2 that allows for the calculation of the relaxation modulus using the solution found from the
system of rate equations that is introduced in section 3.2. Finally, an overview of the main ideas and
methods introduced in this chapter are given in section 3.6. A schematic can be found in this section
that describes the process of finding the stress relaxation modulus.

3.1 Labeling of species

Connections in the network that can bear stress are subject to the exchange reactions, possibly altering
their stress bearing capabilities. This labeling is done according to the connections that the branches of
the sites adjacent to this bond make with the rest of the network. The connections made through these
branches is distinguished in the following way. They either connect to the gel, they don’t connect to the
gel, or the bond in question is actually part of a double bond between sites so one branch of each of the
adjacent sites is just the other half of the double bond. These are abbreviated to g, ng and l, respectively.
This leaves the possibility for nine different species. A schematic of this naming procedure is shown in
Figure 3.1. In this illustration the A and B groups first introduced in the introduction are denoted by a
triangle and an indented circle, respectively. This way of distinguishing A and B in illustrations is used
in all further illustrations. The nine different species that are distinguished can be seen in table 3.1. In
following discussions, these situations will be referred to as species 1 to 9. Which of the sites adjacent to
the bond in question is labeled 1 or 2 is arbitrary, this labeling is only used to distinguish for example
situation 3 and 4. These connections both have the same amount of branches connected to the gel and
branches not connected to the gel, however, they are not equivalent.

3.2 Rate equations

An unreacted A group can initiate a swap, and can therefore react with the AB connection between the
bond and one of the sites in the previously mentioned species, possibly creating a different one. Also,
in situations where a site has a ng branch, this could actually just be an unreacted A group of that
site which could react with a primary loop to also form a possibly different species. Either way, the
swapping mechanism causes one species to change to another one. This process is similar to chemical
reactions, in which certain chemical species react to form other chemical species. If these reactions are
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Figure 3.1: Schematic of the labeling of the species. This
example shows the A3 type mixture, however, the same la-
beling applies to the B3 type mixture.

Table 3.1: Overview of what species each number denotes.
Here “g” means connection to gel, “ng” means no connection
to gel, and “l” means there is a loop in this situation. Which
adjacent site is labeled 1 or 2 is arbitrary.

Species
number

Site 1 Site 2

1 ng ng ng ng
2 ng ng ng g
3 ng ng g g
4 ng g ng g
5 ng g g g
6 g g g g
7 ng l ng l
8 ng l g l
9 g l g l

first order reactions, i.e. their reaction rate is linearly dependent on their concentration, they can be
described by a system of first order linear differential equations that can also be written in matrix form,
see for example [8]. The properties of these chemical reactions ensure that there is a stationary solution
for the concentrations of the chemical species involved, and that any deviation from this stationary
solution disappears over time [8]. Now the assumption is made that the reactions concerning the species
mentioned before are also first order reactions. The reactions governing the concentrations ci, with
i = 1, ...,9 are then given by the following system of equations:

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ċ1 = −(
9

∑
j=2

kj1)c1 +
9

∑
j=2

k1jcj

ċ2 = −(
9

∑
j=1
j≠2

kj2)c2 +
9

∑
j=1
j≠2

k2jcj

⋮

ċ9 = −(
8

∑
j=1

kj9)c9 +
8

∑
j=1

k9jcj

(3.1)

where kij is the rate constant determining the rate at which a reaction from species j to i occurs, and a
dot (̇) denotes a derivative with respect to time. Furthermore, define the rate constants as

kii = −
9

∑
j=1
j≠i

kji , (3.2)

and subsequently the matrix K such that kij is the element in the ith row and jth column of K. Also
defining the column vector c such that ci is its ith element, equation 3.1 can be written as
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ċ =Kc. (3.3)

Summing the elements in a column gives 0 for all columns of K, therefore 0 is an eigenvalue of K [8].
Using Gerschgorin’s circle theorem it follows that all non-zero eigenvalues of K have a negative real part
[8][9]. Therefore the same properties that were mentioned before for chemical reactions apply: there is a
stationary solution for c and any deviations from this stationary solution disappear over time. In order
to find this stationary solution, the rate constants kij must be specified. It is assumed that the rate
constants are proportional to the (relative) probability that a certain reaction might happen. To find
these probabilities, the mechanisms that govern these reactions are studied in more detail. This is done
for the A3-type mixture first, alterations that need to be made for the B3-type are discussed afterwards.

3.3 Reaction mechanisms

In this section, the different reaction mechanisms that occur are introduced. These are all based on the
exact same exchange reaction, however some of these mechanisms require multiple of these exchanges to
occur. These reaction mechanisms can be initiated by an unreacted A group, discussed in section 3.3.1,
or by a primary loop, discussed in section 3.3.3 and 3.3.2. Furthermore, the likelihood of finding each
of the possible outcomes of these reaction mechanisms and their dependence on inherent probabilities is
discussed. These probabilities will be introduced along the way, and at the end of each section concerning
a reaction mechanism a summary of the findings and the involved probabilities is given. Some of the
reaction mechanisms rely on an open, or unreacted, A being present in the reactant species. The
probability of encountering such a species is discussed in section 3.3.4.

3.3.1 Reaction between species and unreacted A

Here the reactions involving an unreacted A “attacking” one of the aforementioned species are discussed.
Which new species is created after such a reaction depends not only on the species that was present at
the beginning of the reaction, but also on the properties of the two branches connected to the unreacted
A. Reactions involving species 1 to 6 are the easiest to describe, because the incoming unreacted A
and its trifunctional molecule just trade places with one of the trifunctional molecules of the species it
reacts with. For example, if species 2 reacts with an unreacted A that is connected to the gel through
one branch, but not connected to the gel through the other (abbreviated to ng-g), the product of this
reaction will be either species 2 or 4. There are two different outcomes since species 2 is not symmetric.
The probability of encountering such a ng-g unreacted A is given by 2P (1 − P ), with P the probability
that one branch of a trifunctional molecule does not connect to the gel. Note that this P fulfills a similar
role as the P introduced in section 2.1, but it does not necessarily have the same value. Similarly, the
probabilites of encountering ng-ng and g-g unreacted A’s are P 2 and (1−P )2. When such an unreacted
A is encountered, there is a probability of 1/2 that it replaces one of the trifunctional molecules and not
the other, and vice versa. This factor 1/2 is not needed when the reaction involves symmetrical species.
The reactions between species 7, 8 and 9 and an attacking unreacted A are a little more complicated.
These have a double connection between the sites, called a (second order) loop or double bond from now
on. Therefore, if the unreacted A reacts with one of the AB connections of this loop, the two trifunctional
molecules of the starting species are not yet separated but create some sort of intermediate state, contrary
to the reactions discussed before. This property can be seen in Figure 3.2. After this initial reaction,
three different reactions are possible, which are labeled “Return”, “Switch” and “Break” in the figure.
The return reaction returns the system to the start of the reaction, the switch reaction will connect
the trifunctional molecule that was originally connected to the unreacted A to the other trifunctional
molecule of what was the second order loop, and the break reaction separates the trifunctional molecules
that where originally connected to each other with the second order loop. The latter is shown fully in
Figure 3.2. Let preturn, pswitch and pbreak be the probabilities of the occurrence of a return, switch or
break reaction, respectively, such that preturn + pswitch + pbreak = 1. Note that the switch reaction can
occur an arbitrary amount of times, without ever leaving this intermediate state. This entire process
is best described by a probability tree diagram, such as the one shown in Figure 3.3. In this diagram,
the trifunctional molecules originally connected to the loop are labeled U and V, the other is labeled W.
The connections between these are given by “−” and “=”, denoting a normal single bond and a loop,
respectively.
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Figure 3.2: Schematic illustration of the reaction between a
species containing a second order loop and an unreacted A.
After the initial reaction with the unreacted A group, three
different reactions are possible. In this illustration the effect
of the reaction labeled break is shown.

Figure 3.3: Diagram of the reaction between a species with
a loop and a unreacted A. Here a “=” denotes a loop, and
“−” denotes a normal bond. The trifunctional molecules
originally connected to the loop are labeled as U and V,
the trifunctional molecule connected to the unreacted A is
labeled W.
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Figure 3.4: Schematic illustration of the reaction involving
a primary loop and an unreacted A on only one side of the
original connection. Similar to Figure 3.2 three reactions
are possible after the initial one, now labeled α, β and γ.

This diagram can now be used to find out the probabilities of ending up at each one of the possible
outcomes. The reaction could end up at V-W by going through U-V-W, switching any even amount
(including zero) of times, and then eventually breaking to form V-W. However, V-W can also be achieved
by going through V-U-W, and switching any odd amount of times, and then breaking. Therefore, the
probability of ending up at V-W is given by

P (V-W) =
1

2
(
∞

∑
i=0

p2iswitch)pbreak +
1

2
(
∞

∑
j=0

p2j+1switch)pbreak =
1

2
pbreak

∞

∑
n=0

pnswitch =
1

2

pbreak
1 − pswitch

, (3.4)

since pswitch < 1. Similarly, the other probabilities are given by

P (U=V) =
preturn

1 − pswitch
(3.5)

and

P (U-W) =
1

2

pbreak
1 − pswitch

. (3.6)

Summarizing, the probabilities involved in this class of reactions only depends on p and P in species
1 to 6. In the other species, those that contain a secondary loop, these probabilities also depend on
parameters preturn, pswitch and pbreak through equations 3.4, 3.5 and 3.6.

3.3.2 Reaction between primary loop and species with only one trimer with
a free A

Another possibility is a reaction with a primary loop. This can occur when at least one ng branch in one
of the species is actually just an unreacted A. If both connected trifunctional molecules have an unreacted
A, the resulting reaction is more complicated, which will be discussed later. Firstly the reaction when
only one of these molecules has at least one unreacted A. This unreacted A can initiate a reaction with
the primary loop, as shown in Figure 3.4. This situation is very similar to the one sketched in Figure 3.2.
Again three reactions are possible from here, now labeled α, β and γ, with corresponding probabilities
pα, pβ and pγ such that

∑
τ

pτ = 1, (3.7)
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Figure 3.5: Diagram of the reaction between a species that
has an unreacted A and a primary loop. An “=” denotes
a loop, “-” denotes a single connection. The trifunctional
monomers originally connected to each other are labeled U
and V, the other attached to the primary loop is labeled W.

where the subscript τ refers to the subscripts α, β and γ. Note that the α, β and γ reactions here are
the same as the “Break”, “Switch” and “Return” reactions in Figure 3.2, respectively. Therefore their
probabilities are equal, and are all given by pτ from now on. Labeling the trifunctional monomers U, V
and W as before, again a diagram can be made of this reaction. This diagram is shown in Figure 3.5. As
before, the probabilities of ending up at the outcomes of this diagram given by the following calculations:

P (U-V) = pα
∞

∑
n=0

p2nβ =
pα

1 − p2β
, (3.8)

P (U=W) = (
∞

∑
n=0

p2nβ +
∞

∑
m=0

p2m+1
β )pγ =

pγ

1 − pβ
, (3.9)

and

P (V-W) = pα
∞

∑
n=0

p2n+1β =
pαpβ

1 − p2β
. (3.10)

Summarizing, all the probabilities corresponding to the outcomes of this mechanism depend on P ,
determining the probability of finding a ng-connected primary loop and 1 − P of finding a g-connected
primary loop. On top of that they depend on the probabilities found in equations 3.8, 3.9 and 3.10, all
three in turn dependent on pτ .

3.3.3 Reaction of primary loop with a free A on both trimers

When there is at least one unreacted A on both the originally connected trifunctional monomers, more
reactions become possible. Now, unreacted A’s of both U and V can initiate a reaction with the primary
loop. Furthermore, after such an initial reaction has occured six different reactions are possible, labeled
α, β, γ, α′, β′ and γ′, shown in Figure 3.6. Reactions α, β and γ are assumed to have the same probability
as α′, β′ and γ′, respectively. Since there are twice as many reactions possible their individual probability
qτ is half of pτ , such that

∑
τ

2qτ = 1. (3.11)

Again, these reactions are put into a probability tree, shown in Figure 3.7. Similar to before, one could go
back and forth an arbitrary number of times between “W-U-V”, “U-W-V” and “U-V-W”. However, the
problem at hand is more complicated than before, since before there were only two configurations between
which this indefinite amount of switching could occur. To fully calculate the probabilities corresponding
to ending up at the outcomes of the probability tree, it is necessary to analyze this triangle of indefinite
switching that is present. For example it is important to know the probability of an α or γ reaction
occurring from “W-U-V”, when the initial reaction with probability 1/2 results in the formation of “W-
U-V”. In other words, what is the probability of going through “W-U-V” as the second to last reaction,
when starting from “W-U-V”? The amount of steps taking in this triangle n is arbitrary. The probability
of ending up on “W-U-V” when starting from “W-U-V” after n steps is equal to
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Figure 3.6: Schematic illustration of the reaction involving a
primary loop and an unreacted A, while another unreacted
A is present on the other side of the original connection. Six
reactions are possible from here, labeled α, β, γ, α′, β′ and
γ′.

Figure 3.7: Probability tree diagram of the reaction between
a primary loop and a species with at least one unreacted
A on either side. The trifunctional monomers originally
connected to each other are labeled U and V, the other
attached to the primary loop is labeled W. Any colouring
of the arrows is done for clarity, it does not convey any
additional information.
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Figure 3.8: Illustration to demonstrate how n and gn are
defined. Each arrow represents a reaction that can occur
from one vertex in the loop in the diagram in Figure 3.7 to
another. This way a tree can be drawn showing all paths
that can be taken within this loop, starting from one of the
vertices of the loop. The tree in this illustration starts at
vertex “W-U-V” and the possible paths within this loop are
shown after taking n = 0,1,2 steps. gn gives the amount
of paths that lead from “W-U-V” back to “W-U-V” after n
steps.

Pn(W-U-V→W-U-V) = gnq
n
β , (3.12)

where gn is the amount of possible paths of n steps from “W-U-V” to “W-U-V”. The probability of
ending up at “W-U-V” after the second to last reaction when starting from “W-U-V” after any amount
of steps is given by

P (W-U-V→W-U-V) =
∞

∑
n=0

Pn(W-U-V→W-U-V). (3.13)

Figure 3.8 displays gn an n steps for n = 0,1,2. Each path not ending in “W-U-V” after n − 1 steps
contributes one to gn. This property can be put into the following linear constant coefficient difference
equation:

gn = 2n−1 − gn−1 , (3.14)

with initial value g0 = 1. The process of solving this difference equation is quite similar to solving
an inhomogeneous differential equation. The general solution to this difference equation is given by
gn = hn + vn, where hn satisfies the homogeneous version of equation 3.14, and the particular solution vn
satisfies the entirety of equation 3.14 but not necessarily the initial conditions [10]. The characteristic
equation of the homogeneous version of equation 3.14 is r = −1. Therefore the homogeneous solution is
given by

hn = C(−1)n, (3.15)

where C is a constant. To find vn, the Ansatz vn = c2
n is made. Putting this Ansatz into equation 3.14

gives
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c2n = 2n−1 − c2n−1

c =
1

2
−

1

2
c

c =
1

3
.

Therefore the particular solution is

vn =
1

3
2n. (3.16)

The solution satisfying the initial conditions is found by solving

g0 = h0 + v0 = 1, (3.17)

which has solution C = 2
3
. Concluding, the solution to the initial value problem is given by

gn =
1

3
(2(−1)n + 2n). (3.18)

Combining this result with equations 3.12 and 3.13 gives

P (W-U-V→W-U-V) =
∞

∑
n=0

1

3
(2(−1)n + 2n)qnβ =

2

3

1

1 + qβ
+

1

3

1

1 − 2qβ
=

qβ − 1

2q2β + qβ − 1
. (3.19)

P (W-U-V → U-W-V) and P (W-U-V → U-V-W) are found in a similar fashion, since they satisfy the
same recurrence as before, and only the initial value is different, namely g0 = 0. Solving this initial value
problem gives as a final result

P (W-U-V→ U-W-V) = P (W-U-V→ U-V-W) =
−qβ

2q2β + qβ − 1
. (3.20)

Because of the symmetry in the diagram in Figure 3.7, the following probabilities can also be deduced:

P (U-V-W→ U-V-W) =
qβ − 1

2q2β + qβ − 1
, (3.21)

P (U-V-W→W-U-V) = P (U-V-W→ U-W-V) =
−qβ

2q2β + qβ − 1
. (3.22)

Using these results it is possible to find the probabilities corresponding to the different ends of the
diagram in Figure 3.7. The probability of ending up in “U-W”, P (U-W), is derived in detail as an
example. Result “U-W” can be achieved through two different final reactions, namely an α reaction
from “W-U-V” and an α reaction from “U-W-V”. Starting from “U-V”, the probability of ending up at
“W-U-V” through the second to last reaction is given by

P (W-U-V) =
1

2
P (W-U-V→W-U-V) +

1

2
P (U-V-W→W-U-V) =

−1

4q2β + 2qβ − 2
, (3.23)

and the probability of ending up at “U-W-V” through the second to last reaction is given by

P (U-W-V) =
1

2
P (U-V-W→ U-W-V) +

1

2
P (W-U-V→ U-W-V) =

−qβ

2q2β + qβ − 1
. (3.24)

Therefore, the probability of ending up at “U-W” is given by

P (U-W) = P (W-U-V)qα + P (U-W-V)qα =
(−2qβ − 1)qα

4q2β + 2qβ − 2
. (3.25)

The same procedure can be followed for the other ends to find the following probabilities:
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P (U=W) =
(−2qβ − 1)qγ

4q2β + 2qβ − 2
(3.26)

P (U-V) =
−qα

2q2β + qβ − 1
(3.27)

P (U=V) =
−qγ

2q2β + qβ − 1
(3.28)

P (V=W) =
(−2qβ − 1)qγ

4q2β + 2qβ − 2
(3.29)

P (V-W) =
(−2qβ − 1)qα

4q2β + 2qβ − 2
, (3.30)

which together with P (U-W) in equation 3.25 add up to 1, using equation 3.11.
Summarizing, the probabilities corresponding to the outcomes of this mechanism depend again on P ,

determining the probability of finding a ng-connected primary loop, and 1 − P of finding a g-connected
primary loop. Furthermore they depend on the probabilities found in equations 3.25 to 3.30, which in
turn depend on the probabilities qτ . These are easily expressed in terms of pτ since qτ = pτ /2.

3.3.4 Probability of finding open A on a reactant species

All of the reactions involving a primary loop have requirements about the presence of unreacted A’s.
However, the presence of an unreacted A is not demanded in any of the species defined in section 3.1.
Still, the probability of actually finding an unreacted A is not zero. Obviously, a branch connected to
the gel can never be an unreacted A, but a branch that is not connected to the gel could be an unreacted
A. Similar to section 2.1, the extent of reaction p is the probability that a randomly selected A has
reacted. Conversely, 1 − p is the probability that a randomly selected A is unreacted. However, this
is not necessarily of interest. What is needed here is the fraction φ of ng branches that are unreacted
A’s. At this point, the precise nature of the lattice that is used to find this fraction is not known, but a
more general expression for φ can still be found. The probability P of a randomly selected branch not
being connected to the gel is, as before, given by the sum of the probability that the A starting this
branch is not connected to its neighbour, and the probability that it is connected to its neighbour but
that neighbour is not connected to the gel. It is this last part that is not known yet, it is denoted by
pM for now. Using this P is given by

P = 1 − p + pM. (3.31)

Dividing by P gives

1 =
1 − p

P
+
pM

P
, (3.32)

from which φ can be identified as (1− p)/P . A modified version of a Bethe lattice is used to find a more
explicit expression for P and consequently φ in section 3.4. Species 1 to 5 have at least one ng branch,
and for each of these species it is possible to find the fractions that are suitable for a reaction with a
primary loop. For example, the fraction of species 2 that has at least one unreacted A on at most one
of its trifunctional monomers is given by

(1 − (1 − φ)2)(1 − φ) + φ(1 − φ)2. (3.33)

It is also important to know how often the species meet a primary loop compared to an unreacted A. This
is assumed to be given by the ratio of their quantities R. Now, all rate constants kij can be expressed
in terms of p, P , pτ , R and some proportionality constant k.

At first sight, it does not seem obvious that all derivations made above apply to the B3 mixture.
However each problem discussed has a variation applying to the B3 mixture that all involve exactly the
same calculations. This is illustrated using an example, the reaction between an unreacted A and a
secondary loop. This reaction can be seen in Figure 3.9. Similar to Figure 3.2 three reactions can be
labeled “Switch”, “Return” and “Break”, which have the same effect. As a consequence the calculations
done before apply to this situation as well. A similar argument can be made for the other two types of
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Figure 3.9: Schematic illustration the reaction between a
species with a secondary loop and an unreacted A in the B3
mixture. After the initial reaction, three different reactions
are possible labeled “Switch”, “Return” and “Break”.

reactions involving a primary loop. This does not mean that the A3 and B3 mixtures should give the
same results, as all probabilities and fractions may fulfill a similar role but they do not necessarily have
the same values. Whenever any of these quantities applies to the B3 mixture it is overlined, for example
pτ .

3.4 Percolation on a modified lattice

To connect parameters p, P and R, percolation theory is needed. However the exact approach introduced
section 2.1 is not directly applicable to this work, since it does not account for the existence of loops.
To address this issue, percolation on a lattice similar, but not equal, to the Bethe lattice is introduced
here. Similar to section 2.1, both bond and site percolation are discussed.

3.4.1 Bond percolation on a modified lattice

The lattice used differs from the Bethe lattice in that not all sites have the same functionality. There are
N1, N2 and N3 sites present with functionality 1,2 and 3, respectively. The total number of sites is given
by N = ∑

3
i=1Ni. Define ρi = Ni/N , with the consequence that ∑

3
i=1 ρi = 1. The sites with functionality

2 always come in pairs, and they represent the possibility of the existence of secondary loops. Sites
with functionality 1 represent the possibility of forming primary loops. Again, the probability that a
connection is made between two sites is given by p. p also gives the probability of a monomer with
functionality 1 being part of a primary loop. Here a simplification is made. It is assumed that the
secondary loop is fully occupied with probability p, or not occupied at all with probability 1− p. To find
the critical extent of reaction, the average amount of sites added to the path per added site is calculated,
similar to section 2.1. If a site has a functionality of 1 it will never add new sites to the path, if it has
a functionality of 2 it will on average add p(2 − 1) sites to the path, and if it has a functionality of 3 it
will on average add p(3 − 1) sites to the path. Therefore the average number of sites added to the path
per added site is given by

0 ⋅ pρ1 + 1 ⋅ pρ2 + 2 ⋅ pρ3 . (3.34)

Setting this equal to 1 results in a critical extent of reaction of

pc =
1

2 − 2ρ1 − ρ2
. (3.35)
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The probability P that one branch of an A3 monomer does not connect to the gel is calculated in the
following way. If this branch of this monomer is not connected to the gel, than either the A group of the
monomer starting this branch is not connected to its neighbour, or it is connected to its neighbour but
that neighbour is not connected to the gel. Taking into account the different functionalities leads to the
following equation for P :

P = (1 − p) + p(ρ3P
2
+ ρ1 + ρ2P ), (3.36)

with solutions

P = 1⋁P =
1 − p + pρ1

p(1 − ρ1 − ρ2)
. (3.37)

The first solution corresponds to p < pc, the second solution corresponds to p > pc. The number of
unreacted A groups is equal to two times the number of non-occupied spots for the linear B2 monomers.
The total number of these empty spots is given by

2(1 − p) ⋅
1

2
N2 + (1 − p)N1 + (1 − p)(

1

2
N1 +

1

2
N2 +

3

2
N3) = (1 − p)

3

2
N. (3.38)

Therefore the number of unreacted A groups is given by 3(1 − p)N . The number of primary loops is
given by pρ1N , and therefore

R =
3(1 − p)N

pρ1N
=

3

ρ1

1 − p

p
. (3.39)

To check the validity of these results a couple of limiting cases are investigated. Firstly, the probability
P should be continuous near p = pc, i.e. P should satisfy

lim
p↓pc

P = lim
p↑pc

P = 1, (3.40)

which is indeed the case. Also, even if p = 1 then P should not be equal to 0 if there exist primary loops.
Filling in p = 1 into P gives

P ∣p=1 =
ρ1

1 − ρ1 − ρ2
, (3.41)

which is indeed non-zero if ρ1 ≠ 0. Both pc and P also become equal to the Bethe lattice results when
ρ1 and ρ2 are set to 0, as is expected.

3.4.2 Site percolation on a modified lattice

For site percolation the exact same lattice is used, but now all bonds are occupied and only a part of
the sites is occupied with probability q. There are N1 sites with a functionality of 1, N2 sites with a
functionality of 2 and N3 sites with a functionality of 3. ρ1, ρ2 and ρ3 are defined in the same way as in
3.4.1. The same argument that is made for the bond percolation problem is used to determine qc, which
again leads to the same result of

qc =
1

2 − 2ρ1 − ρ2
. (3.42)

Moreover, the same result for the probability Q that a branch does not connect to the gel is found:

Q = 1⋁Q =
1 − q − qρ1

q(1 − ρ1 − ρ2)
. (3.43)

Since these results are the same as the results in section 3.4.1, it satisfies the same limiting cases as
well. Every site not occupied by a B3 monomer provides three unreacted A’s. Therefore the amount of
unreacted A’s is equal to 3(1 − p)N . The amount of primary loops is given by qρ1N , and therefore

R =
3

ρ1

1 − q

q
. (3.44)

Using this particular percolation model gives the exact same results for the site and bond percolation. A
consequence of this is that the rate constants of the A3 and B3 type will have the exact same dependence
on their free parameters. On the contrary, the values of these parameters themselves are not necessarily
equal. A derivation of every rate constant is given in appendix A.
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3.5 Stress relaxation modulus

The steps taken until now allow for the calculation of the stationary solution for c introduced in equa-
tion 3.3. This result can be used to find the stress relaxation modulus G(t) by making the following
assumption. The amount of stress relaxed per broken gel-gel connection is proportional the stress left in
the system. This will result in a stress relaxation modulus that decreases exponentially with time.

This assumption can be justified in multiple ways. First of all, viscoelastic liquids that can be
described accurately using the Maxwell model follow this exponential behaviour. Moreover, Rubinstein
even states that most viscoelastic liquids follow the exponential behaviour after one times their relaxation
time [5].

An argument for this exponential behaviour can also be made using the rubber elasticity theory.
Because of the swap mechanism at hand the total amount of connections, or strands, stays constant,
even if swaps occur. However, the amount of stress bearing strands will decrease, as it is assumed that if
a stress bearing strand is broken it releases its stress. Introducing the time dependent number densities
of stress bearing and relaxed strands, νs(t) and νr(t), respectively, the condition ν = νs(t) + νr(t) is
found. Also, νs(t = 0) = ν. The stress relaxation modulus G(t) is given by

G(t) = νs(t)kBT. (3.45)

The rate at which νs changes is equal to minus the rate at which swaps take place, given by d, times the
probability that a stress bearing strand is participating in this swap event given by νs(t)/ν. Furthermore
it is assumed that d is equal to a rate constant k times the total number density of strands ν, i.e. it is a
first order reaction. This leads to the differential equation

dνs
dt

= −
νs
ν
kν. (3.46)

Using equations 2.9 and 3.45 this can be rewritten to

d

dt
(
G

G0
) = −k

G

G0
. (3.47)

As before, this leads to an exponential decay of the stress relaxation modulus. The rate at which gel-gel
connections are broken is given by

∑
l

(kll − kself,l)cl , (3.48)

where kself,l is the rate constant for reactions that has species number l as both a reactant and a product,
and the subscript l refers to species 4,5,6 and 9. The following equation for the stress relaxation is found:

dG(t)

dt
=∑

l

(kll − kself,l)clG(t). (3.49)

Note that in equation 3.49 the magnitude of the elements of c do matter when comparing different
solutions of equation 3.3. Therefore it is important to normalize c in some way. The most convenient
way of doing this is demanding that the amount of linear monomers is always the same. This demand is
satisfied by making sure that

6

∑
i=1

ci + 2
9

∑
i=7

ci = 1. (3.50)

This sum can be equal to any constant, here 1 is chosen for convenience.
Now, all the necessary parts to set up the model are known. Section 3.6 shows how these parts work

together in a concise manner. As mentioned before, a detailed derivation of all of the rate constants can
be found in appendix A.

3.6 Overview of the model

The model that developed in this chapter translates a collection of free parameters to the stress relaxation
modulus. A schematic overview of this process is presented in Figure 3.10. This schematic starts off at
the left with the free parameters in this model. The first three, pα, pβ and pγ , are used in section 3.3
to find the relative probabilities of ending up at the outcomes of the reaction mechanisms introduced in
that section. The other free parameters, ρ1, ρ2 and p, are used in the percolation in section 3.4. This

19



Figure 3.10: Flowchart of the method developed in this
chapter. For most quantities it is specified where are in-
troduced. The arrows represent the usage of a quantity to
find the quantity it is pointing to. These arrows are labeled
with the equations that are used to find the quantity it is
pointing to.

percolation allows for the calculation of the quantities P introduced in section 2.1 and φ and R, both
introduced in section 3.3.4. All of the results found from the free parameters can then be combined to
find the rate constants kij . See appendix A for a detailed description on how these rate constants are
found. These rate constants are used in equation 3.3 to find solutions for the species quantities c. Lastly
the steps described in section 3.5 are followed to find the stress relaxation modulus.
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Chapter 4

Results and Discussion

Figure 3.10 shows the free parameters that are present in this model. Three of them give the probabilities
involved in the swap mechanisms, namely pα, pβ and pγ collectively denoted by pτ . The other three, ρ1,
ρ2 and p, are used in the percolation theory. Right away, one of these can be given a numerical value.
In their research, Taplan et al. found the drastic change in relaxation time between the A3 and B3 type
when there was a 5% excess of A moieties[4]. In both the bond and site percolation models introduced
in section 3.4 the ratio between A and B moieties is given by

N(A)

N(B)
=

1

p
. (4.1)

Using the same excess of A moieties gives p = 1/1.05. From here onward, if p is not specified explicitly,
it is set to this value. A numerical value for the other free parameters cannot be found so easily. Their,
occasionally combined, impact on the relaxation time is shown in the following sections. Afterwards, a
general discussion of the model is included.

4.1 The impact of break, switch and return probabilities

Firstly, the impact of the break, switch and return probabilities pα, pβ and pγ is quantified. Although
there are three of them, only two can be freely varied, since the three probabilities must always add up
to one. These two are not entirely free either as they must be greater than zero and their sum must
be smaller than one. To start off, behaviour in the limit that no loops exist (ρ1 = ρ2 = 0) is examined.
The absence of primary loops eliminates the creation of secondary loops since the mechanisms in Figures
3.4 and 3.6 do not occur, and therefore the stationary solution to the rate equations will certainly not
contain species 7, 8 or 9 as they contain a secondary loop. The only place where the probabilities pτ
show up are in reactions involving either species 7, 8 or 9, or a reaction of a different species with a
primary loop. Due to the absence of these reactions in this limit, one would expect the decay rate to be
independent of pτ . This is indeed the case, as shown in Figure 4.1. This figure shows a colour map of
one over the relaxation time (1/τ) as a function of pα and pγ , given that ρ1 = ρ2 = 0. The surface in this
figure has a constant colouring, and therefore constant value, which is exactly what was expected of this
situation.

Next, the case in which loops are present is discussed. The loops are added by setting ρ1 = ρ2 = 0.1,
such that the extent of reaction p is well above the gel point pc ≈ 0.588, found using equation 3.35.
Again, a plot is made of 1/τ as a function of pα and pγ , shown in Figure 4.2. This figure shows that the
relaxation time tends to infinity as pα goes to 0, while pγ ≠ 0. This restriction is made since the model
does not account for the case in which both pα and pγ are equal to zero. This would mean that pβ = 1,
and therefore all of the reaction mechanisms that involve some kind of intermediate state are stuck in that
intermediate state. This situation is unaccounted for, and is also unlikely from a physical standpoint.
The pα = 0 and pγ ≠ 0 situation corresponds to the regime in which there are loops present, but all
intermediate states that occur in reactions involving them will always return to their initial reactants.
This way, no secondary loop can be destroyed. As a consequence, a stationary solution does not allow
for secondary loop formation. However secondary loop formation is bound to happen if (at least one of)
species 1 to 6 is present since primary loops exist. Therefore, species 1 to 6 cannot be present, and there
are only secondary loops (species 7 to 9) that cannot break, and thus no stress will relax through the
breaking of gel-gel connections. Furthermore, this plot shows that different values of pα and pγ can make
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Figure 4.1: Colour map of one over the relaxation time (1/τ)
as a function of pα and pγ . The function value is given by the
colouring of the surface, specified in the legend (arbitrary
units). Shown here is the no loop case, i.e. ρ1 = ρ2 = 0.

the relaxation time vary drastically. The tenfold increase found by Taplan et al. can easily be found by
picking the right probabilities. For example, when ρ1 = ρ2 = 0.1, picking pα = 0.3 and pγ = 0.1 gives a
9.99979 times faster decay compared to taking pα = 0.3 and pγ = 0.1. This result, in combination with
experimental results obtained by Taplan et al., is shown in Figure 4.3. Comparing these figures suggests
that the drastic difference in relaxation times can be explained by a pα in the A3-type that is higher than
pα, its counterpart for the B3-type. This might be explained by considering the freedom of movement
of the unreacted A moiety that initiates the α, β and γ reactions. Comparing Figure 3.2 (A3-type) with
Figure 3.9 (B3-type), it is evident that the unreacted A moiety is attached to a much longer dangling
chain in the latter situation. This could cause the A moiety in the A3-type to be more confined to its
immediate surroundings. It might be possible to employ theory of diffusion dangling chains to calculate
the ratios of the pτ ’s as a function of dangling chain length.

4.2 The impact of excess A moieties

In their research, Taplan et al. also determined relaxation times at different excess levels of A moieties,
which in this model correspond to a different extent of reaction p. A generalisation of equation 4.1 relates
the excess E in percentages to p in the following way:

E = 100(
1

p
− 1) , (4.2)

and vice versa

p =
1

E
100
+ 1

. (4.3)

All quantities in the model are given in arbitrary units, and therefore the relative effect of E on τ when
compared to the E = 5% case is determined. These results are shown in Figure 4.4. In this figure the
results of the model are shown for pτ = 1/3 and ρ1 = ρ2 equal to 0, 0.1 and 0.2. At ρ1 = ρ2 = 0 the model
does not match the experimental results quantitatively, however there are still multiple similarities. The
relaxation time is the longest at lower excess levels E, and τ as a function of E is a strictly decreasing
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Figure 4.2: Colour map of one over the relaxation time (1/τ)
as a function of pα and pγ . The function value is given by
the colouring of the surface, specified in the legend (arbi-
trary units). The blue colour corresponds to a slow stress
relaxation, while the yellow colour corresponds to a quick
stress relaxation Shown here is the case in which loops are
present, with ρ1 = ρ2 = 0.1.
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(a) Stress relaxation results from the rate equation
model for two combinations of values of pα and pγ .
On the vertical axis the stress relaxation modulus
is given, normalized to 1 at t = 0. On the horizontal
axis the time t is presented on a logarithmic scale
in arbitrary units.

(b) Experimental stress relaxation results. On the
vertical axis the stress relaxation modulus is given,
normalized to 1 at t = 0. On the horizontal axis the
time t is presented on a logarithmic scale. Adapted
from Taplan et al. [4].

Figure 4.3: Comparison of stress relaxation behaviour ob-
tained from the rate equation model and from experiments.

function. However, the experimental results appear to tend to zero as excess increases, while the results
of the model appear to plateau there. At ρ1 = ρ2 = 0.1 the model shows less resemblance qualitatively,
as the relaxation time is not a strictly decreasing function of E anymore. At higher excess levels nearing
40%, the relaxation time even increases. At ρ1 = ρ2 = 0.2 the behaviour of the relaxation time is only
remotely similar to experiments at excess levels lower than around 10%. The relaxation time in this
situations tends to infinity as the excess level approaches 40%. This is not a coincidence, since at 40%
excess the extent of reaction p is equal to the critical extent of reaction pc, which can be found using
equation 3.35. In general, as the prevalence of loops increases the model agrees less with experimental
results. Two potential causes for this can be named. Firstly, it might indicate that there is only a
very small amount of loops present in the vitrimer material used in the experiment. Secondly, it could
also indicate that the percolation on the modified lattice in section 3.4 poorly reflects a real polymer
network with loops, since problems occur when the extent of reaction is not far above the critical extent
of reaction. Whether the former is the cause is not clear, however it is clear that there are more problems
with the percolation on the modified lattice. This is discussed in more detail in the next section.

4.3 Weaknesses

As mentioned above, there is another strong indicator that there is a problem in the percolation on the
modified lattice. This problem is the fact that ρ1 and ρ2 must be supplied as constant parameters, and
are used to calculate, among others, the stationary solution of the equation 3.3. However, that stationary
solution for species 7,8 and 9 does not necessarily satisfy the value of ρ2 again. Furthermore, the creation
and destruction of primary loops is not counted, and again a constant value of ρ1 set beforehand is
used in a multitude of calculations while that ρ1 could very well not be the actual amount of primary
loops present in the stationary solution. That, in combination with the concerning discrepancy with
experimental results found in section 4.2 when higher values of ρ1 and ρ2 where taken suggests that the
percolation model introduced in 3.4 is incorrect, and that a different percolation model is needed.

Furthermore, the model only incorporates the effects of loops with order up to two. Higher order
loops are not treated. Although it has been shown by Zhong et al. that the effect of loops on the shear
modulus in rubbers decreases with loop order [11], cutting them off at an order of two might be a very
rough approximation. Additionally, the work of Zhong et al. only specified the effect of loops on the
magnitude of the shear modulus in a perfectly elastic network that does not relax stress, so their results
do not make for a convincing argument to cut off the higher order loops in this model. However, taking
higher order loops into account is also not a feasible option in the current state of the model. When only
second order loops or lower are incorporated, it already takes the distinguishing of nine different species
to find a solution that leads to the stress relaxation modulus. In this specific case, about half of the
9 ⋅ 9 = 81 possible rate constants are non-zero, and all of these require some amount of human thinking
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Figure 4.4: The relative relaxation time τ/τ(E = 5%) plot-
ted as a function of the excess of A moieties E. The results
from the model at varying ρ1 and rho2 are given by the
continuous lines, experimental results taken from Taplan et
al. [4] are shown as red round markers.

to find. Adding higher order loops would inflate these numbers massively, to a point at which it is no
longer feasible to calculate all quantities by hand.

Lastly, the argument made in section 3.5 to convert the destruction of species to the stress relaxation
modulus based on rubber elasticity theory is not complete. It is assumed that once a strand has relaxed
its stress, it will remain relaxed indefinitely. However that claim should be backed up, since intuitively
it might very well be possible that a strand is stressed again once the entire network deforms due to a
stress relaxation event somewhere else.
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Chapter 5

Conclusion

The aim of this work was to investigate the impact of the probabilities involved in the swap mechanisms in
a vitrimer material on its relaxation time. To that end a model has been set up, describing the relaxation
of stress a vitrimer material with rate equations. Nine different types of connections present in the
network were distinguished, labeled species 1 to 9. These species constantly undergo reaction, converting
them into one of the other species. This constant destruction and creation of species is modelled using
the aforementioned system of rate equations. To find all the possible pathways between the species
reaction mechanisms involving multiple swap reactions are analysed. To fill in the rest of the details of
the rate equations percolation theory is used. This allows for the solving of this system of equations and
consequently the evaluation of the relaxation time, with as free parameters the probabilities involved in
the multi-step reaction mechanisms and the input quantities of the percolation theory. The model can
be successfully used to quantify the effect that the probabilities involved in the swap mechanisms have
on the relaxation time, producing a wide range in relaxation times upon varying these parameters.

An immediate improvement to the model would be to relate the probabilities involved in the reaction
mechanism to measurable parameters. This can be done by looking at the effect of the length of dangling
chains on which unreacted groups that can initiate a swap reside. Another area of improvement for the
model is finding a more suitable percolation method. This addition might take tone down the rather
extreme predictions this model makes about the relaxation time when the excess of swap-initiating groups
is increased.

Furthermore, an interesting way of applying this model is to asses its capabilities describing an out
of equilibrium mixture, for example right after mixing the trifunctional and linear components of the
network. In the present work, only equilibrated mixtures are treated. However the system of rate
equations itself also allows for non-stationary solutions. Widespread use of vitrimers is not yet viable
since their relaxation times at suitable temperatures too slow in general. Perhaps it is possible that
the relaxation times are sufficiently quick right after mixing the components that make up the vitrimer
network. However, this does defeat the purpose in some way, since they would fulfil the same role as
that thermosets do currently at these timescales. Any benefits vitrimers have in terms of recyclability
when compared to thermosets will still have to be exploited at timescales that are more in line with that
of vitrimers in equilibrium.

The model can also be used to replicate experimental results. Recent experiments assessing the
relaxation time of vitrimer materials performed by Taplan et al. [4] have shown quite drastic differences
when comparing the A3-type network to the B3-type. Such a drastic shift can also be reproduced in
this model by varying the probabilities involved in the reaction mechanisms. The precise change in the
parameters needed to achieve this result may point at the underlying cause of the shift in relaxation time
of the physical system. Namely, the length of the chains at which the A groups, the ones that initiate
the exchange reactions, are placed may cause these different architectures to have different values for
the probabilities involved. As mentioned before, more research into relating this chain length to these
probabilities is needed.

Taplan et al. also found that the relaxation time decreases as the excess of A groups increases. The
model that was created in this work produces behaviour that follows a similar trend at lower levels of
excess when no loops are included in the percolation. However at higher levels of excess, approaching
40%, the relaxation time predicted by the model plateaus in instead of tending to zero. Correspondence
is worse when loops are implemented in the percolation. These results consolidate the need for a more
fitting percolation theory.
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The model that was created shows promising results. If it is expanded upon by linking all parameters
in the model to real world quantities, it should be able to make recommendations about the architecture
of vitrimer materials to achieve desired stress relaxation behaviour. At that point, it is expected that
the model will be able to make predictions in a wide range of scenarios, as the parameters in the current
model allow for a large amount of freedom.
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Appendix A

Rate constants

In this section, all of the rate constants will be expressed in terms of variables introduced in section
3. First, all rate constants concerning the reactions with species 1 as a reactant will be discussed, then
species 2 and so forth. Where necessary, the distinction is made between reactions with an unreacted A
or a primary loop, and whether one or two sites have an unreacted A in the reactions with a primary
loop. Reaction that result in exactly the same species without ever disconnecting the sites of the reactant
are not discussed here, since they do not affect the equilibrium concentration of that species, nor will
they ever be able to relax stress. An example of such a result would be the U-V result in Figure 3.5.

Species 1

Unreacted A

A reaction with an unreacted A that is not connected to the gel through its other two branches results
in the creation of species 1. The rate of this reaction is given by

kP 2. (A.1)

A reaction with an unreacted A that is not connected to the gel through one of its other branches, but
is connected through the other one results in the creation of species 2. The rate of this reaction is given
by

k ⋅ 2P (1 − P ). (A.2)

A reaction with an unreacted A that is connected through both of its other two branches results in the
creation of species 3. The rate of this reaction is given by

k(1 − P )2. (A.3)

Primary loop, unreacted A on one site

The reaction with a primary loop not connected to the gel with species 1 that has an unreacted A on
one of its sites results in either species 1 or 7 (V-W and U=W in Figure 3.5), and their reaction rates
are given by

k ⋅ 2(1 − φ)2(1 − (1 − φ)2)
pαpβ

1 − p2β

1

R
P (A.4)

and

k ⋅ 2(1 − φ)2(1 − (1 − φ)2)
pγ

1 − pβ

1

R
P , (A.5)

respectively. The reaction with a primary loop connected to the gel with species 1 that has an unreacted
A on one of its sites results in either species 2 or 8 (V-W and U=W in Figure 3.5), and their reaction
rates are given by

k ⋅ 2(1 − φ)2(1 − (1 − φ)2)
pαpβ

1 − p2β

1

R
(1 − P ) (A.6)
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and

k ⋅ 2(1 − φ)2(1 − (1 − φ)2)
pγ

1 − pβ

1

R
(1 − P ), (A.7)

respectively.

Primary loop, unreacted A on both sites

The reaction with a primary loop not connected to the gel with species 1 that has an unreacted A on
both of its sites results in either species 1 (U-W and V-W in Figure 3.7) or species 7 (U=W,U=V and
V=W in Figure 3.7), and their reaction rates are given by

k(1 − (1 − φ)2)2
1

R

⎛

⎝

(−2qβ − 1)qα

4q2β + 2qβ − 2
+
(−2qβ − 1)qα

4q2β + 2qβ − 2

⎞

⎠
P (A.8)

and

k(1 − (1 − φ)2)2
1

R

⎛

⎝

(−2qβ − 1)qγ

4q2β + 2qβ − 2
+

−qα
2q2β + qβ − 1

+
(−2qβ − 1)qγ

4q2β + 2qβ − 2

⎞

⎠
P , (A.9)

respectively. The reaction with a primary loop that is connected to the gel with species 1 that has an
unreacted A on both of its sites results in either species 2 (U-W and V-W), 7 (U=V) or 8 (U=W and
V=W), and their reaction rates are given by

k((1 − (1 − φ)2)2
1

R
⋅ 2 ⋅
(−2qβ − 1)qα

4q2β + 2qβ − 2
(1 − P ), (A.10)

k((1 − (1 − φ)2)2
1

R

−qα
2q2β + qβ − 1

(1 − P ) (A.11)

and

k((1 − (1 − φ)2)2
1

R
⋅ 2 ⋅
(−2qβ − 1)qγ

4q2β + 2qβ − 2
(1 − P ), (A.12)

respectively.

Rate constants

Combining the results above provides the rate constants involving species 1 as a reactant. These are
given by:
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kself,1 = kP
2
+ k ⋅ 2(1 − φ)2(1 − (1 − φ)2)

pαpβ

1 − p2β

1

R
P+

k(1 − (1 − φ)2)2
1

R

⎛

⎝

(−2qβ − 1)qα

4q2β + 2qβ − 2
+
(−2qβ − 1)qα

4q2β + 2qβ − 2

⎞

⎠
P

(A.13)

k21 = k ⋅ 2P (1 − P ) + k ⋅ 2(1 − φ)
2
(1 − (1 − φ)2)

pαpβ

1 − p2β

1

R
(1 − P )+

k(1 − (1 − φ)2)2
1

R
⋅ 2 ⋅
(−2qβ − 1)qα

4q2β + 2qβ − 2
(1 − P )

(A.14)

k31 = k(1 − P )
2 (A.15)

k71 = k ⋅ 2(1 − φ)
2
(1 − (1 − φ)2)

pγ

1 − pβ

1

R
P+

(1 − (1 − φ)2)2
1

R

⎛

⎝
2
(−2qβ − 1)qγ

4q2β + 2qβ − 2
+

−qα
2q2β + qβ − 1

⎞

⎠
P+

k((1 − (1 − φ)2)2
1

R

−qα
2q2β + qβ − 1

(1 − P )

(A.16)

k81 = k ⋅ 2(1 − φ)
2
(1 − (1 − φ)2)

pγ

1 − pβ

1

R
(1 − P )+

k(1 − (1 − φ)2)2
1

R
⋅ 2 ⋅
(−2qβ − 1)qγ

4q2β + 2qβ − 2
(1 − P ).

(A.17)

Species 2

Unreacted A

A reaction with an unreacted A that is not connected to the gel through its other two branches results
in the creation of species 1 or 2, with reaction rates of

1

2
kP 2 (A.18)

for both. A reaction with an unreacted A that is not connected through one of its other branches but
is connected to the gel through the other one results in the creation of species 2 or 4, and both have a
reaction rate of

kP (1 − P ). (A.19)

A reaction with an unreacted A that is connected through both of its other two branches results in the
creation of species 3 or 5, and both have a reaction rate of

1

2
k(1 − P )2. (A.20)

Primary loop, unreacted A on one site

The reaction of a primary loop not connected to the gel with species 2 that has an unreacted A on only
its ng-ng site results in the creation of species 2 or 7 (V-W and U=W in Figure 3.5), and their reaction
rates are given by

k(1 − φ)(1 − (1 − φ)2)
1

R

pαpβ

1 − p2β
P (A.21)

and

k(1 − φ)(1 − (1 − φ)2)
1

R

pγ

1 − pβ
P , (A.22)

respectively.
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The reaction of a primary loop that is connected to the gel with species 2 that has an unreacted A on
only its ng-ng site results in the creation of species 4 and 8, and their reaction rates are given by

k(1 − φ)(1 − (1 − φ)2)
1

R

pαpβ

1 − p2β
(1 − P ) (A.23)

and

k(1 − φ)(1 − (1 − φ)2)
1

R

pγ

1 − pβ
(1 − P ), (A.24)

respectively.
The reaction of a primary loop that is not connected to the gel with species 2 that has an unreacted A
on only its ng-g site results in the creation of species 1 and 8, and their reaction rates are given by

kφ(1 − φ)2
1

R

pαpβ

1 − p2β
P (A.25)

and

kφ(1 − φ)2
1

R

pγ

1 − pβ
P , (A.26)

respectively.
The reaction of a primary loop that is connected to the gel with species 2 that has an unreacted A on
only its ng-g site results in the creation of species 2 and 9, and their reaction rates are given by

kφ(1 − φ)2
1

R

pαpβ

1 − p2β
(1 − P ) (A.27)

and

kφ(1 − φ)2
1

R

pγ

1 − pβ
(1 − P ), (A.28)

respectively.

Primary loop, unreacted A on both sites

The reaction with a primary loop not connected to the gel with species 2 that has an unreacted A on
both of its sites results in either species 1 (U-W), species 2 (V-W), species 7 (U=W) and species 8 (U=V
and V=W), and their reaction rates are given by

kφ(1 − (1 − φ)2)
1

R

(−2qβ − 1)qα

4q2β + 2qβ − 2
P , (A.29)

kφ(1 − (1 − φ)2)
1

R

(−2qβ − 1)qα

4q2β + 2qβ − 2
P , (A.30)

kφ(1 − (1 − φ)2)
1

R

(−2qβ − 1)qγ

4q2β + 2qβ − 2
P (A.31)

and

kφ(1 − (1 − φ)2)
1

R

⎛

⎝

−qα
2q2β + qβ − 1

+
(−2qβ − 1)qγ

4q2β + 2qβ − 2

⎞

⎠
P , (A.32)

respectively.
The reaction with a primary loop that is connected to the gel with species 2 that has an unreacted A
on both of its sites results in either species 2 (U-W), 4 (V-W), 8 (U=W and U=V) and 9 (V=W), and
their reaction rates are given by

kφ(1 − (1 − φ)2)
1

R

(−2qβ − 1)qα

4q2β + 2qβ − 2
(1 − P ), (A.33)

34



kφ(1 − (1 − φ)2)
1

R

(−2qβ − 1)qα

4q2β + 2qβ − 2
(1 − P ), (A.34)

kφ(1 − (1 − φ)2)
1

R

⎛

⎝

(−2qβ − 1)qγ

4q2β + 2qβ − 2
+

−qα
2q2β + qβ − 1

⎞

⎠
(1 − P ) (A.35)

and

kφ(1 − (1 − φ)2)
1

R

(−2qβ − 1)qγ

4q2β + 2qβ − 2
(1 − P ), (A.36)

respectively.

Rate constants

Combining the results above provides the rate constants involving species 2 as a reactant. These are
given by:

k12 =
1

2
kP 2
+ kφ(1 − φ)2

1

R

pαpβ

1 − p2β
P (A.37)

kself,2 =
1

2
kP 2
+ kP (1 − P ) + k(1 − φ)(1 − (1 − φ)2)

1

R

pαpβ

1 − p2β
P + kφ(1 − φ)2

1

R

pαpβ

1 − p2β
(1 − P )+

kφ(1 − (1 − φ)2)
1

R

(−2qβ − 1)qα

4q2β + 2qβ − 2
P + kφ(1 − (1 − φ)2)

1

R

(−2qβ − 1)qα

4q2β + 2qβ − 2
(1 − P )

(A.38)

k32 =
1

2
k(1 − P )2 (A.39)

k42 = kP (1 − P ) + k(1 − φ)(1 − (1 − φ)
2
)

1

R

pαpβ

1 − p2β
(1 − P )+

kφ(1 − (1 − φ)2)
1

R

(−2qβ − 1)qα

4q2β + 2qβ − 2
(1 − P )

(A.40)

k52 =
1

2
k(1 − P )2 (A.41)

k72 = k(1 − φ)(1 − (1 − φ)
2
)

1

R

pγ

1 − pβ
P + kφ(1 − (1 − φ)2)

1

R

(−2qβ − 1)qγ

4q2β + 2qβ − 2
P (A.42)

k82 = k(1 − φ)(1 − (1 − φ)
2
)

1

R

pγ

1 − pβ
(1 − P ) + kφ(1 − φ)2

1

R

pγ

1 − pβ
P+

kφ(1 − (1 − φ)2)
1

R

⎛

⎝

−qα
2q2β + qβ − 1

+
(−2qβ − 1)qγ

4q2β + 2qβ − 2

⎞

⎠
P+

kφ(1 − (1 − φ)2)
1

R

⎛

⎝

(−2qβ − 1)qγ

4q2β + 2qβ − 2
+

−qα
2q2β + qβ − 1

⎞

⎠
(1 − P )

(A.43)

k92 = kφ(1 − φ)
2 1

R

pγ

1 − pβ
(1 − P ) + kφ(1 − (1 − φ)2)

1

R

(−2qβ − 1)qγ

4q2β + 2qβ − 2
(1 − P ). (A.44)

Species 3

Unreacted A

A reaction with an unreacted A that is not connected to the gel trough its other two branches results in
the creation of species 1 or 3, with reaction rates of

1

2
kP 2 (A.45)

for both. A reaction with an unreacted A that is not connected through one of its other branches but is
connected to the gel through the other one results in the creation of species 2 or 5, with reaction rates of
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kP (1 − P ). (A.46)

A reaction with an unreacted A that is connected to the gel through both of its other two branches
results in the creation of species 3 or 6, both with a reaction rate of

1

2
k(1 − P )2. (A.47)

Primary loop, unreacted A on one site

The reaction of a primary loop not connected to the gel with species 3 that has an unreacted A on its
ng-ng site results in the creation of species 3 or 7, with reaction rates of

k(1 − (1 − φ)2)
1

R

pαpβ

1 − p2β
P (A.48)

and

k(1 − (1 − φ)2)
1

R

pγ

1 − pβ
P, (A.49)

respectively.
The reaction of a primary loop that is connected to the gel with species 3 that has an unreacted A on
its ng-ng site results in the creation of species 5 or 8, with reaction rates of

k(1 − (1 − φ)2)
1

R

pαpβ

1 − p2β
(1 − P ) (A.50)

and

k(1 − (1 − φ)2)
1

R

pγ

1 − pβ
(1 − P ), (A.51)

respectively.

Rate constants

Combining the results above provides the rate constants involving species 3 as a reactant. These rate
constants are given by:

k13 =
1

2
kP 2 (A.52)

k23 = kP (1 − P ) (A.53)

kself,3 =
1

2
kP 2
+

1

2
k(1 − P )2 + k(1 − (1 − φ)2)

1

R

pαpβ

1 − p2β
P (A.54)

k53 = kP (1 − P ) + k(1 − (1 − φ)
2
)

1

R

pαpβ

1 − p2β
(1 − P ) (A.55)

k63 =
1

2
k(1 − P )2 (A.56)

k73 = k(1 − (1 − φ)
2
)

1

R

pγ

1 − pβ
P (A.57)

k83 = k(1 − (1 − φ)
2
)

1

R

pγ

1 − pβ
(1 − P ). (A.58)

Species 4

Unreacted A

The reaction of an unreacted A that is not connected to the gel through its other two branches results
in the creation of species 2 with reaction rate
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kP 2. (A.59)

The reaction of an unreacted A that is not connected to the gel through one of its other branches but is
connected to the gel through the other one results in the creation of species 4 with reaction rate

k ⋅ 2P (1 − P ). (A.60)

The reaction of an unreacted A that is connected to the gel through both of its other two branches
results in the creation of species 5 with reaction rate of

k(1 − P )2. (A.61)

Primary loop, unreacted A on one site

The reaction of a primary loop not connected to the gel with species 4 that has an unreacted A on only
one of its ng-g sites results in the creation of species 2 or 8, with reaction rates of

k ⋅ 2(1 − φ)φ
1

R

pαpβ

1 − p2β
P (A.62)

and

k ⋅ 2(1 − φ)φ
1

R

pαpβ

1 − p2β
p , (A.63)

respectively.
The reaction of a primary loop that is connected to the gel with species 4 that has an unreacted A on
only one of its ng-g sites results in the creation of species 4 or 9, with reaction rates of

k ⋅ 2(1 − φ)φ
1

R

pαpβ

1 − p2β
(1 − P ) (A.64)

and

k ⋅ 2(1 − φ)φ
1

R

pαpβ

1 − p2β
(1 − P ), (A.65)

respectively.

Primary loop, unreacted A on both sites

The reaction of a primary loop not connected to the gel with species 4 that has an unreacted A on both
of its sites results in either species 2, 8 or 9, and their reaction rates are given by

kφ2
1

R
⋅ 2 ⋅
(−2qβ − 1)qα

4q2β + 2qβ − 2
P , (A.66)

kφ2
1

R
⋅ 2 ⋅
(−2qβ − 1)qγ

4q2β + 2qβ − 2
P (A.67)

and

kφ2
1

R

−qα
2q2β + qβ − 1

P , (A.68)

respectively.
The reaction of a primary loop that is connected to the gel with species 4 that has an unreacted A on
both of its sites results in either species 4 or 9, and their reaction rates are given by

kφ2
1

R
⋅ 2 ⋅
(−2qβ − 1)qα

4q2β + 2qβ − 2
(1 − P ) (A.69)

and
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kφ2
1

R

⎛

⎝
2 ⋅
(−2qβ − 1)qγ

4q2β + 2qβ − 2
+

−qα
2q2β + qβ − 1

⎞

⎠
(1 − P ), (A.70)

respectively.

Rate constants

Combining the results above provides the rate constants involving species 4 as a reactant. These rate
constants are given by:

k24 = kP
2
+ k ⋅ 2(1 − φ)φ

1

R

pαpβ

1 − p2β
P + kφ2

1

R
⋅ 2 ⋅
(−2qβ − 1)qα

4q2β + 2qβ − 2
P (A.71)

kself,4 = k ⋅ 2P (1 − P ) + k ⋅ 2(1 − φ)φ
1

R

pαpβ

1 − p2β
(1 − P ) + kφ2

1

R
⋅ 2 ⋅
(−2qβ − 1)qα

4q2β + 2qβ − 2
(1 − P ) (A.72)

k54 = k(1 − P )
2 (A.73)

k84 = k ⋅ 2(1 − φ)φ
1

R

pαpβ

1 − p2β
P + kφ2

1

R
⋅ 2 ⋅
(−2qβ − 1)qγ

4q2β + 2qβ − 2
P (A.74)

k94 = k ⋅ 2(1 − φ)φ
1

R

pαpβ

1 − p2β
(1 − P ) + kφ2

1

R

−qα
2q2β + qβ − 1

P+

kφ2
1

R

⎛

⎝
2 ⋅
(−2qβ − 1)qγ

4q2β + 2qβ − 2
+

−qα
2q2β + qβ − 1

⎞

⎠
(1 − P ).

(A.75)

Species 5

Unreacted A

The reaction of an unreacted A that is not connected to the gel through its other two branches with
species 5 results in the creation of species 2 or 3, and both have a reaction rate

1

2
kP 2. (A.76)

The reaction of an unreacted A that is not connected to the gel through one of its branches but is
connected through the other one with species 5 results in the creation of species 4 or 5, both with a
reaction rate

kP (1 − P ). (A.77)

The reaction of an unreacted A that is connected to the gel through both of its other branches results
in the creation of species 5 or 6, both with a reaction rate

1

2
k(1 − P )2. (A.78)

Primary loop, unreacted A on one site

The reaction of a primary loop that is not connected to the gel with species 5 that has an unreacted A
on its ng-g site results in the creation of species 3 or 8, with reaction rates

kφ
1

R

pαpβ

1 − p2β
P (A.79)

and

kφ
1

R

pγ

1 − pβ
P , (A.80)

respectively.
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The reaction of a primary loop that is connected to the gel with species 5 that has an unreacted A on
its ng-g site results in the creation of species 5 or 9, with reaction rates

kφ
1

R

pαpβ

1 − p2β
(1 − P ) (A.81)

and

kφ
1

R

pγ

1 − pβ
(1 − P ), (A.82)

respectively.

Rate contants

Combining the results above provides the rate constants involving species 5 as a reactant. These rate
constants are given by:

k25 =
1

2
kP 2 (A.83)

k35 =
1

2
kP 2
+ kφ

1

R

pαpβ

1 − p2β
P (A.84)

k45 = kP (1 − P ) (A.85)

kself,5 = kP (1 − P ) +
1

2
k(1 − P )2 + kφ

1

R

pαpβ

1 − p2β
(1 − P ) (A.86)

k65 =
1

2
k(1 − P )2 (A.87)

k85 = kφ
1

R

pγ

1 − pβ
P (A.88)

k95 = kφ
1

R

pγ

1 − pβ
(1 − P ). (A.89)

Species 6

Rate constants

The reaction of an unreacted A that is not connected to the gel through its other branches with species
6 results in the creation of species 3, with rate constant

k36 = kP
2. (A.90)

The reaction of an unreacted A that is not connected to the gel through one of its branches but is
connected through the other one with species 6 results in the creation of species 5, with rate constant

k56 = 2kP (1 − P ). (A.91)

The reaction of an unreacted A that is connected to the gel through both of its other branches results
in the creation of species 6, with rate constant

kself,6 = k(1 − P )
2. (A.92)

Species 7

Rate constants

The reaction of an unreacted A that is not connected to the gel through its other branches with species
7 results in the creation of species 1 (V-W and U-W in Figure 3.3), with rate constant

k17 = k
pbreak

1 − pswitch
P 2. (A.93)
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The reaction of an unreacted A that is not connected to the gel through one of its branches but is
connected through the other one with species 7 results in the creation of species 2, with rate constant

k27 = k
pbreak

1 − pswitch
⋅ 2P (1 − P ). (A.94)

The reaction of an unreacted A that is connected to the gel through both of its other branches with
species 7 results in the creation of species 3, with rate constant

k37 = k
pbreak

1 − pswitch
(1 − P )2. (A.95)

Species 8

Unreacted A

The reaction of an unreacted A that is not connected to the gel through its other branches with species
8 results in the creation of species 1 or 2, both with probability

1

2

pbreak
1 − pswitch

P 2. (A.96)

The reaction of an unreacted A that is not connected to the gel through one of its branches but is
connected to the gel through the other one with species 8 results in the creation of species 2 or 4, both
with probability

pbreak
1 − pswitch

P (1 − P ). (A.97)

The reaction of an unreacted A that is connected to the gel through both of its other branches with
species 8 results in the creation of species 3 or 5, both with probability

1

2

pbreak
1 − pswitch

(1 − P )2. (A.98)

Rate constants

Combining the results above provides the rate constants involving species 8 as a reactant. These rate
constants are given by:

k18 = k
1

2

pbreak
1 − pswitch

P 2 (A.99)

k28 = k
1

2

pbreak
1 − pswitch

P 2
+ k

pbreak
1 − pswitch

P (1 − P ) (A.100)

k38 = k
1

2

pbreak
1 − pswitch

(1 − P )2 (A.101)

k48 = k
pbreak

1 − pswitch
P (1 − P ) (A.102)

k58 = k
1

2

pbreak
1 − pswitch

(1 − P )2. (A.103)

Species 9

Rate constants

The reaction of an unreacted A that is not connected to the gel through its other branches with species
9 results in the creation of species 2, with rate constant

k29 = k
pbreak

1 − pswitch
P 2. (A.104)

The reaction of an unreacted A that is not connected to the gel through one of its branches but is
connected through the other one with species 9 results in the creation of species 4, with rate constant

40



k49 = k
pbreak

1 − pswitch
⋅ 2P (1 − P ). (A.105)

The reaction of an unreacted A that is connected to the gel through both of its other branches with
species 9 results in the creation of species 5, with rate constant

k59 =
pbreak

1 − pswitch
(1 − P )2. (A.106)
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Reflectieverslag BEP 

Het bachelor eindproject was voor mij een compleet nieuwe uitdaging. Enerzijds omdat dit de eerste keer 
in de studie is dat je je eigen onderzoek kan sturen, anderzijds was de aard van mijn BEP ook nieuw voor 
mij. Het project was namelijk theoretisch van aard.  In de bachelor gingen, los van een kort uitstapje in 
Finite Element Modelling, alle voorproeven van onderzoek die ik kreeg gepaard met een experimentele 
opstelling. Tijdens mijn BEP ben ik dan ook tegen een aantal voor mij nieuwe problemen aangelopen, 
zoals hieronder besproken. 

Mijn project begon met molecular dynamics simulaties, in de hoop dat deze misschien aan konden wijzen 
welke effecten wel en geen grote rol speelden in het probleem. Na een tijdje werd echter duidelijk dat de 
simulatiemethode niet geschikt was voor de specifieke situatie die ik onderzocht. In overleg met mijn 
begeleiders heb ik er toen voor gekozen geen aandacht meer te besteden aan de simulaties, en vanaf dat 
moment een analytische aanpak te volgen. Uiteindelijk hebben de simulaties niets bijgedragen aan de 
rest van mijn onderzoek en zijn ze dus ook niet in mijn verslag terechtgekomen. Ik vond het jammer om 
te zien dat de simulaties niets opleverden, zeker omdat er toch een aardige hoeveelheid tijd in was gaan 
zitten. Achteraf besef ik me dat zoiets nou eenmaal onderdeel is van het proces, zeker als je een weg 
inslaat met weinig voorgaand onderzoek om op voort te borduren.  

Het onderzoek in de literatuur ging me ook niet heel gemakkelijk af. Literatuuronderzoek is nooit mijn 
sterkste punt geweest, en bovendien was er niet veel literatuur beschikbaar over hoe ik het probleem het 
beste aan kon pakken. Naarmate het project vorderde ben ik voor mijn gevoel snel handiger geworden in 
het zoeken naar relevante literatuur. Hoewel dat op zich natuurlijk positief is, zorgde het er wel voor dat 
ik steeds nieuwe ideeën kreeg voor andere aanpakken van het probleem, nadat ik er al een gekozen had. 
Ik heb dus een aantal keer moeten kiezen of ik een nieuw pad in wilde slaan of door te blijven gaan zoals 
ik al bezig was. Uiteindelijk heb ik steeds vastgehouden aan mijn originele methode, en heb ik de andere 
ideeën die ik had hier en daar nog kunnen gebruiken om gebreken van de gevolgde methode aan te 
vullen.  

Ik wist van tevoren al dat een oplossing vinden voor een wat abstracter probleem mij meer interesseert 
dan een experimentele opstelling ontwerpen en metingen doen. Ik heb dan ook erg veel plezier gehad in 
het analytische werk dat dit probleem vereiste. Wel heb ik geleerd over mezelf dat ik toch een iets te 
grote hoeveelheid zelfvertrouwen heb bij het oplossen van deze problemen. Vaak zag ik later in mijn 
onderzoek namelijk dat ik toch fouten had gemaakt in berekeningen waar ik voorheen het volste 
vertrouwen in had. 

Alle bovengenoemde tegenslagen zorgden ervoor dat de resultaten veelal nog niet direct toe te passen 
zijn, hoewel ik wel ideeën had over hoe dat in zijn werk zou gaan. Het ontbreken van deze connectie met 
de echte wereld was dus vooral een kwestie van tijdsgebrek dat er misschien niet was geweest als de 
bovengenoemde zaken wat vlotter waren verlopen. Maar wederom heb ik geleerd dat dat onderdeel van 
het proces is, achteraf is het natuurlijk veel makkelijker aanwijzen wat de beste keuze was geweest. Een 
andere consequentie van het ontbreken van een directe connectie met de echte wereld was dat het 
moeilijk was om een conclusie te schrijven, mijn resultaten zijn bijvoorbeeld lastig te bevestigen met 
experimentele resultaten. 

Al met al is de belangrijkste les die ik geleerd heb dat onderzoek nou eenmaal gepaard gaat met 
onzekerheid. Hoewel ik nog steeds niet volledig in staat ben om die onzekerheid opzij te zetten, is het me 
wel duidelijk geworden dat het nou eenmaal de realiteit is. Ik vermoed dat dit bachelor eindproject een 
goede voorbereiding is voor het uitvoeren van andere onderzoeken die mij in het verschiet liggen, zoals 
bijvoorbeeld een afstudeerproject van een masteropleiding. 
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