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Asymmetric Ising model on Generalized Random Graphs

Abstract

We investigated the influence of an asymmetric Ising model with values
{−d, c} instead of {−1,+1} on complete graphs and the Generalized Random
Graph. This investigation was done both analytically and numerically on the
quenched and on the annealed setting. For graphs with a constant degree, the
asymmetry can be absorbed into the system parameters with no significant
results. For graphs with a variable degree a local magnetic field depending on
the degree of the vertex has to be introduced. The local magnetic field is not
equal to zero if the external magnetic field is set to zero. As a result, a critical
curve has to be introduced along which the magnetization is zero. Furthermore,
we found that the spontaneous magnetization changes depending on whether
this critical curve is approached from above or below. The critical curve is
rather difficult to determine exactly, but we did some analytical and numerical
approximations.

We did Monte Carlo simulations with the Metropolis algorithm for both
the quenched as the annealed setting. We derived an annealed transition prob-
ability to allow the application of the Metropolis algorithm to the annealed
setting. The numerically found critical temperature could not be determined
with enough precision to see whether there is a differences between the actual
value and the expected critical temperature from the symmetric situation. The
numerically found critical exponent β of the negative branch appears to be
different from the critical exponent of the symmetric case.
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1 Introduction

In sociology, cooperation for public goods is a well-known problem. The problem
is that cooperation rarely happens without some external stimuli. The people that
cooperate are disadvantaged by the people that are free riding. Free riders are
people who are not cooperating but who do benefit from public goods. If, as is often
the case, cooperation takes more effort than free riding, a lot of people might decide
not to cooperate. As a result, the public good does not have enough support to be
realized or preserved [1].

However, sometimes cooperation does happen without external stimuli. This
phenomenon is called spontaneous cooperation and was investigated in [1]. Their
results show that if the temperature is increased, corresponding with more noise and
uncertainty in sociology, people would spontaneously start to cooperate. In their
paper, an asymmetric Ising model with the mean value approximation was applied
to networks with different average degrees.

In this thesis we will investigate the asymmetric Ising model more generally
without the mean field approximation. We will look in particular at the difference
between the quenched setting and the annealed setting. In the quenched setting, the
connections between different people are fixed. However, in the annealed setting,
those connections are optimized at every moment in time for the lowest total energy.
As a lot of different networks exist, the focus will be on a specific kind of graph, the
Generalized Random Graph (GRG).

The thesis will begin with an introduction into the theory of graphs and Ising
models in Section 2. Then the complete graph will be investigated in Section 3
to get more familiar with some of the concepts and methods required to solve the
more difficult systems. In Section 4 trees and graphs that look like trees will be
investigated. Then in Section 5 the annealed version of the generalized random
graph will be investigated. As not every part could be analyzed analytically, we will
use Monte Carlo simulations with the Metropolis algorithm to find some numerical
results in Section 6. Finally, we will wrap up this thesis with a conclusion and
discussion in Section 7.

Eindhoven University of Technology 1
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2 Theory of graphs and Ising models

In this section, we will give most of the theoretical background for this thesis. This
begins with an explanation of trees, graphs and the generalized random graph and
Norros-Reittu model. Then we will discuss the Ising model and various associated
properties. This includes an initial discussion of the critical curve in Section 2.2.3
and how such a curve might be defined.

2.1 Graphs

A graph is a collection of vertices, or people in the sociological setting, which have
connections between them. These vertices are denoted by Vn = [n] with [n] =
{1, 2, 3, · · · , n}. The connections only form between two different vertices at a time
and are called edges, denoted by En = {{i, j} : i, j ∈ Vn and i connected to j}. The
degree of a vertex i is the number of edges that contain vertex i and is denoted by
Di. A path is a sequence of edges where two subsequent edges share one vertex.

A complete graph is a graph where for every two vertices i 6= j ∈ Vn, the edge
{i, j} is an element of En.

2.1.1 Trees and tree-like graphs

A lot of mathematically interesting graphs are locally tree-like and can be approx-
imated by a tree. This makes the Ising model on locally tree-like graphs especially
interesting.

A tree is a graph where for any two vertices i, j ∈ Vn and i 6= j, there is
exactly one possible path connecting those two vertices. There is some important
terminology that is often used with trees. If we look at a tree, we start with a
vertex. This initial vertex is called the root. All other vertices that share an edge
with our root are called the offspring of the root. These vertices are then the first
generation of the tree. Each of the vertices in the first generation shares edges with
other vertices. These vertices then form the second generation. This goes on and
because there are no loops, every vertex has a unique path back to the root. The
first vertex that lies on the path between a vertex i and the root is called the parent
of vertex i. All other vertices connected to vertex i are then called the offspring of
that vertex.

A regular tree is a tree where every vertex has a fixed degree. For this thesis,
we will denote the degree of a fixed tree by K ∈ N.

A random tree is a tree where the degrees of the vertices is not fixed anymore, but
where the degrees are given by distributions. We can define a probability distribution
P = (Pk)k≥0 with finite positive first moment. Let

P ∗k =
kPk∑∞
l=1 lPl

(2.1)

be the size-biased version of P . We can now define a tree T (P, P ∗, t). This tree has
a root vertex with D offspring and t−1 generations of vertices with D∗−1 offspring
each. Here D is a random variable with distribution P and D∗ is a random variable
with distribution P ∗. As a result, the total degree of a vertex that is not the root
is distributed according to the distribution P ∗. The averages will be denoted by D
and D

∗
.
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Some interesting sparse graph models, which are graphs that have relatively few
connections per vertex compared to the number of vertices, look like trees when
only the close neighbourhood of a point is evaluated. To define this properly, some
additional terminology is needed.

For a graph given by a set of vertices and edges (Vn, En), the distance between
two vertices i and j, called d(i, j), is given by the number of edges in the shortest
path from i to j. For a given vertex i, the ball Bi(t) is the set of all vertices j s.t.
d(i, j) ≤ t. Finally, two trees T1 and T2 are the same, denoted by T1 ' T2, if the
trees are identical upon relabeling of all non-root vertices.

Consider now a sequence of graphs {Gn}n∈N. We say that {Gn} converges locally
to the random tree T (P, P ∗,∞) if for for a uniformly chosen vertex in Gn and for
any tree S(t) with t generations and

lim
n→∞

Pn [Bi(t) ' S(t)] = P [T (P, P ∗, t) ' S(t)] , (2.2)

with Pn the probability over the local neighbourhood of a uniformly chosen vertex
from Gn [2, Definition 2.1].

2.1.2 Generalized Random Graph

The Generalized Random Graph, GRG for short, is a method to model a network.
For the GRG, each vertex i gets assigned a weight wi. The Bernoulli indicator

of the presence of the edge {i, j} is denoted by Iij and is given by

P[Iij = 1] = pij =
wiwj

`n + wiwj
, (2.3)

where `n =
∑n

i=1wi is the total weight of all the vertices.
Let Wn be a random variable defined by the weight of a uniformly chosen vertex.

Now Wn has a distribution Fn given by

Fn(x) =
1

n

∑
i∈[n]

1{wi≤x}, x ≥ 0, (2.4)

which is called the empirical distribution function.
There are some regularity conditions on the weights to ensure the network be-

haves well. These can be found in [3, Condition 6.4] and involve convergences of the
empirical distribution function Fn to a limiting distribution F .

In the thermodynamic limit, one can calculate the expected number of connec-
tions for a given vertex. It turns out [3, Corollary 6.9] that the degree of a vertex i
with weight wi converges asymptotically to a Poisson random variable with param-
eter wi. This means that the degree distribution of a uniformly chosen vertex is a
mixed Poisson distribution with mixing distribution given by Wn.

There exist a lot of options to define the distribution of the weights. One way of
determining the weights for a finite system of size n is to pick n independent real-
izations of a limiting random variable W with distribution F . Doing this for every
n and creating a sequence (Fn)n∈N automatically satisfies the regularity conditions
if W has a finite first and second moment.

Eindhoven University of Technology 3
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A lot of real-world networks involve a power law. This can be implemented into
the GRG by setting the limiting distribution F as

F (x) =

{
0 for x ≤ xm
1− (xm/x)τ−1 for x > xm

. (2.5)

This is a Pareto type I distribution. The two parameters of such a distribution are
sometimes called α = τ − 1 and xm = a as well. The first moment is given by αxm

α−1 .

2.1.3 Tree-like behaviour of the Generalized Random Graph

In [4, Chapter 3.5], the local trees and tree-like behaviour of the GRG and various
asymptotically equivalent networks are investigated. Especially the degrees of the
roots and the branches are of relevance, as these determine the local trees.

The degree D has a Poisson distribution, denoted by D ∼ Pois(wn), with the
weight wn picked as a realization of the random variable Wn. The degree D∗ of the
branches is the size-biased version of the degree, with the size bias applied to the
distribution of the weights.

In our model, the weights are sampled from a Pareto type I distribution. This

means W ∼ Par(xm, α) where we choose xm = D(α−1)
α to ensure an average weight

and thus degree ofD. The Pareto distribution was chosen to get a degree distribution
satisfying a power law. This method of sampling the weights means that the limiting
empirical distribution of the weights in the thermodynamic limit is the same Pareto
distribution given by

FW (x) = P[W < x] = 1−
(
x

xm

)−α
= 1−

(
xα

(α− 1)D

)−α
(2.6)

for x > xm.

Instead of choosing xm = D(α−1)
α , we could have set W ∼ Par(xm, α) + x0 with

x0 = D− αxm
α−1 to achieve the same average degree but with a different distribution.

We mainly worked with the other definition and did not analyze the influence of
this alternative definition.

The size biased distribution W ∗ of W can be found in a couple short steps. by
calculating fW (x) = dFW (x)

dx , setting the size biased density as fW ∗(x) = xfW (x)
E[W ] and

integrating fW ∗(x
′) from xm to x to get FW ∗(x) given by

FW ∗(x) = P[W ∗ < x] = 1x>xm

(
1−

(
x

xm

)−(α−1)
)
. (2.7)

As can be seen, FW ∗ ∼ Par(xm, α− 1). Now the degree of a branch vertex is given
by a mixed Poisson distribution with mixing distribution given by FW ∗ .

As the GRG is locally treelike [4, Theorem 3.15], we can now conclude that the
generalized random graph converges to a tree (P, P ∗) with P and P ∗ having a mixed
Poisson distribution with mixing distribution given by the Pareto distribution W
and W ∗ respectively.

Eindhoven University of Technology 4
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2.1.4 Norros-Reittu graph

There is one more relevant type of graph for this thesis. This is the Norros-Reittu
graph.

The Norros-Reittu graph is very similar to the GRG. The only difference is in
the distribution of the Bernoulli indicator Iij of the presence of an edge. For the
Norros-Reittu graph, this is given by

P[Iij = 1] = 1− exp

(
−wiwj

`n

)
. (2.8)

Note that taking the first two terms of the Taylor expansion of the exponent around
0 gives us back the same probability as for the GRG.

As
wiwj
`n
→ 0 for n → ∞, it should come as no surprise that, as proven in [3,

Corollary 6.20], the Norros-Reittu model is asymptotically equivalent with the GRG
if the weights satisfies the regularity conditions given in [3, Condition 6.4].

2.2 Ising model

The Ising model is a model to simulate phase changes in large collections of particles,
indexed by i ∈ [n]. These particles can be in two possible states, which classically
are σi ∈ {+1,−1}. In this thesis, we will compare the behaviour of the system
with spins xi ∈ {c,−d} with c > d > 0 to the behaviour of a normal Ising model.
The lack of symmetry will make the analysis more difficult. The set of all possible
configurations is called the phase space of the system and is given by Ωn = {c,−d}n.
A realization of a state is given by a vector ~x ∈ Ωn.

The energy of an spin configuration in the Ising model is determined completely
by the spin states, the temperature β, the external magnetic field B and the interac-
tion energy J . A total energy of a state ~x = (xi)i∈[n] is defined by the Hamiltonian

H(~x) = −J
∑
{i,j}∈E

xixj −B
∑
i∈V

xi, (2.9)

with B the external magnetic field and J the relative strength of the interaction
energy. J is not always included, but is useful to make comparisons between various
networks and between the symmetric Ising model and the asymmetric Ising model.

One can rewrite the asymmetric version of this equation to a symmetric version
using xi = A + ∆σi with A = 1

2(c − d) and ∆ = 1
2(c + d). We can now see ~x(~σ)

as a function of ~σ. By abuse of notation, we will use ~σ ∈ Ωn = {−1,+1}n and
~x(~σ) ∈ Ωn = {−d,+c}n interchangeably, as both represent the same system state.
This rewriting results in some additional terms, including some that are dependent
on the degree of a vertex. As the asymmetric Ising model prefers to be in the c
state, some of these terms act as magnetic fields to preserve this preference. The
sum of these magnetic fields with the external magnetic field B will be called the
local magnetic field. These additional terms will later be determined for different
graph configurations.

The Ising model can be considered as a Canonical Ensemble from statistical
physics. This means that the probability of the system to be in a state ~x is given
by the Boltzmann distribution. We can define the probability measure of a certain

Eindhoven University of Technology 5
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state by

µn(~x) =
1

Zn(β,B)
e−βH(~x), (2.10)

where β ∝ 1
T represents the inverse temperature and the partition function Zn is

given by

Zn =
∑

~x∈{c,−d}n
e−βH(~x). (2.11)

It should be noted that in the mathematical literature, the β is not included in
the βB

∑
i∈V xi term in the exponent. This has some minor effects on some values

related to B, but does not change any of the behavioural properties of the system.
From equation (2.10) various properties of the system can be calculated. The

ensemble average of a function f : Ωn → R over the system is given by

〈f(~x)〉µn =
∑
~x∈Ωn

f(~x)

Zn(β,B)
e−H(~x). (2.12)

One can for example choose for f the average spin f(~σ) = 1
n

∑n
i=1 σi. The ensemble

average over f would then result in the magnetization.
In physics, one usually works with ensembles and their respective potentials.

The potential for the canonical ensemble is the Helmholtz free energy Fn(β,B),
given by

Fn(β,B) = − 1

β
logZn(β,B), (2.13)

and the free energy per particle given by fn(β,B) = 1
nFn(β,B). In the mathematical

literature, a very similar form is used. This form is the so-called pressure per particle
ψn(β,B), given by

ψn(β,B) =
1

n
logZn(β,B). (2.14)

Expressing ψn as a function of fn gives ψn(β,B) = −βfn(β,B).

2.2.1 Ensemble averages

Some important properties can be calculated using equation (2.12), but are quite
often easier to calculate using ψn or fn. One important property is the magnetization

Mx,n(β,B) = 〈 1
n

∑
i∈[n]

xi〉µn =
1

β

∂

∂B
ψn(β,B), (2.15)

where the x denotes that the quantity is calculated using the asymmetric states
xi ∈ {−d, c} and not the symmetric states σi ∈ {−1,+1}. Often, Mn(β,B) will be
used instead, which is defined by Mx,n(β,B) = A+ ∆Mn(β,B) and represents the
average spin after a translation to the symmetric Ising model. Two other important
properties are the internal energy

Un(β,B) = − 1

n

∑
(i,j)∈E

〈Jxixj〉µn =
∂

∂β
ψn(β,B)−BMx,n(β,B), (2.16)

Eindhoven University of Technology 6
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and the magnetic susceptibility

χn(β,B) =
1

n

∑
{i,j}∈E

(〈σiσj〉µn − 〈σi〉µn〈σj〉µn)

=
1

β2

∂2

∂B2
ψn(β,B).

(2.17)

Note that adding a β term to the Hamiltonian and J term to the interaction energy
has made some of these equations slightly different when compared to mathematical
literature.

2.2.2 Thermodynamic limit and phase transitions

For a high temperature, and thus low β, individual spins will change fast. In the
sociology setting, this corresponds with a lot of noise and people changing their
minds quickly. This results in a more homogeneous distribution over all the possible
spin states. A system in this state is called disordered. A low temperature and high
β means that the individual spins change very slowly, which results in a system that
is more likely to settle into a low energy state. A system in this state will have a
large part of its spins aligned in the same direction (either positive or negative) and
is therefore called ordered.

If the system is ordered, and B is not too large, the system can have two stable
solutions. One has a positive average spin and the other a negative average spin.
This means that the system has a phase transition, as it can switch from one stable
solution to the other.

One can plot ensemble averages as a function of temperature. For finite system
sizes, these ensemble averages have a smooth transition between the ordered and
disordered states. However, in the thermodynamic limit when the system size n goes
to infinity, the transition becomes sharp. This means that there will be a discon-
tinuity in these ensemble averages as a function of temperature. The temperature
where this happens is called the critical temperature, denoted by Tc or βc. A proper
definition of this quantity will be given in Section 2.2.3. The discontinuity can be
seen clearly in the thermodynamic limit of the spontaneous magnetization, which is
zero below βc and strictly larger than zero above βc.

One important question is whether the thermodynamic limit of the pressure per
particle ψn(β,B) exists. In [2, theorem 2.4], it is proven that this limit exists for
locally tree-like graphs for the symmetric Ising model. With this limit, defined as
as φ(β,B), the thermodynamic limits of the ensemble averages can be calculated as
well. These limits are given by the same functions as in Section 2.2.1, but without
the subscripts n and φ(β,B) instead of ψn(β,B).

2.2.3 Critical Curve

For a symmetric Ising model, the system is perfectly symmetric around B = 0.
However, for the asymmetric Ising model, this symmetry no longer exists. A couple
of important properties of the Ising model are determined by the behaviour of the
system around this B = 0 line. This means that an alternative curve in the asym-
metric system has to be defined to investigate the Ising model. We will call this
curve the critical curve. Defining this curve above βc can be rather tricky, as there

Eindhoven University of Technology 7
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are two main properties of the line B = 0 in the symmetric Ising model that can be
used.

This can be seen most easily by looking at the energy landscape, by plotting the
average spin against a combination of entropy and the Hamiltonian, see Figure 1.
There are two different types of energy landscape, depending on the temperature.
Both landscapes are symmetric around an average spin of 0 for the symmetric Ising
model. For β < βc, there is only one minimum. For β > βc and small B there are
the two local minima and one local maximum. The symmetric Ising model has some
nice properties at B = 0. The local minima in the positive and negative branch have
the same free energy. Furthermore, the local maximum lies on the point where the
average spin is 0.

Figure 1: Plot of the free energy of the system as a function of the average spin
for temperatures above and below the critical temperature. [5]

For the asymmetric Ising model, this energy landscape is not necessarily sym-
metric anymore. At a fixed β, the energy landscape can be modified by changing
B. This gives us two different possibilities for defining the critical curve.

The first definition keeps the local minima at the same energy level. This defines
a critical curve by

{(β,B) | ∀ε>0 M(β,B + ε) > 0 and M(β,B − ε) < 0}. (2.18)

However, the value for B where this holds is very hard to find both analytically
and numerically for high β. This is because there are two local minima in which
a numerical simulation will stay for extended periods of time. To numerically find
which of the two local minima has a lower energy, a simulation would have to
switched often between these minima.

A second definition uses an analytically found solution for the extrema of the
energy landscape and positions the local maximum at an average spin of 0. However,
as this is a maximum, the solution is not stable. As a result, the initial magnetization
should be at exactly this maximum to prevent the system from falling to one of the
local minima. This gives

{(β,B) |M(β,B) = 0 given that the initial magnetization is zero.}. (2.19)

Eindhoven University of Technology 8
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The problems with this definition is that the free energy of the positive minimum
is not equal to the free energy of the negative minimum, which can complicate
numerical simulations.

The first definition is a more natural definition of the critical curve. In the
thermodynamic limit, energy differences get increasingly high. This results in a
system that will always end in the lowest energy state. However, the boundary
between the two local minima becomes higher as well, thus the system can stay
nearly indefinitely in the local minimum during simulations.

As there is only one minimum for β < βc, it is expected that both definitions
result in the same curve in that region. However, we have no reason to assume that
there exists a B such that both symmetry properties are fulfilled at the same time
for β > βc.

Both critical curves are assumed to be a continuous curve with for each β value
exactly one B0(β) value such that the conditions of the critical curve are satisfied.
This assumption is based on the behaviour of the Ising model and the numerically
found critical curves. With this the critical curve can be properly defined as a
function B0(β).

2.2.4 Critical behaviour

In the thermodynamic limit, ensemble averages show interesting behaviour around
the critical curve.

One important quantity is the spontaneous magnetization, which is the magne-
tization M(β,B) when one takes the limit of B towards the critical curve B0(β).
This spontaneous magnetization is zero for low β, up until the critical temperature
βc, after which the spontaneous magnetization is non-zero.

The spontaneous magnetization for the symmetric Ising model is independent of
whether one approaches the critical curve from above or from below. However, for
the asymmetric Ising model, the spontaneous magnetization depends on whether
one approaches the critical curve from below or from above. The spontaneous mag-
netization will be called positive or negative spontaneous magnetization to indicate
direction were necessary.

The positive spontaneous magnetization is defined as

M(β,B0(β)+) = lim
B↘B0(β)

M(β,B). (2.20)

With the spontaneous magnetization, we can define the critical temperature. The
critical temperature is defined as

βc = inf{β |M(β,B0(β)+) > 0}. (2.21)

Around the critical point, ensemble averages of the Ising model show behaviour
that can be described by some simple equations. The parameters defining these
equations are called the critical exponents. These are characteristic for a system
in the thermodynamic limit. The critical exponents explain the behaviour of the
ensemble averages around this critical point. The critical exponents are β, δ, γ and
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γ′ and are given by

M
(
β,B0(β)+

)
� (β − βc)β , for β ↘ βc

M (βc, B) � (B −B0(β))1/δ, for B ↘ B0(βc)

χ(β,B0(β)+) � (βc − β)−γ , for β ↗ βc

χ(β,B0(β)+) � (β − βc)−γ
′
, for β ↘ βc

(2.22)

when approaching the critical curve from above, with B0(β) the critical curve and

f(x) � g(x) if f(x)
g(x) is bounded away from 0 and infinity for the specified limit. In

the parts of the thesis where the different approaches are compared, the critical
exponents will be given a subscript + or −, depending on whether the critical curve
is approached from above or from below. Note that more critical exponents can be
defined, see for example [6, Definition 5.2], but these are not investigated in this
thesis.

2.2.5 Averaging over random networks

To get the properties of a randomly determined network, one needs to include some
averaging over that randomness. There are two commonly used methods to do this
averaging, which are called quenched and annealed.

Quenched means that the properties of the network are calculated on a specific
graph and will then be averaged over all possible graphs. For the annealed method,
first the average over the different types of networks are investigated before the
properties of the Ising model on that network are calculated. The difference is most
clear in the definition of the probability measure of a certain state. For the quenched
setting the probability measure of a certain state is given by

µn(~x) =
1

Zn(β,B)
exp

βJ ∑
{i,j}∈En

xixj + βB
∑
i∈Vn

xi

 , (2.23)

which should then be averaged over the different networks. The annealed setting,
however, has a probability measure given by

µan
n (~x) =

1

E [Zn(β,B)]
E

exp

βJ ∑
{i,j}∈En

xixj +B
∑
i∈Vn

xi


 , (2.24)

which takes a separate expectation over the graphs in the numerator and denomi-
nator.

Although these methods look quite similar, there are small differences in the
behaviour of the system. For the symmetric Ising model on the GRG, the critical
temperature is different for the quenched and the annealed setting [7].
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3 Complete Graph

In this section, the {c, d} Ising model on the complete graph will be investigated.
The complete graph can be called the Curie-Weiss model as well. For the complete
graph, every node has a connection with every other node. The complete graph
is interesting as it illustrates a couple of the methods required to find solutions to
the Ising model for more complicated graphs. Furthermore, the generalized random
graph will turn out to be similar to an inhomogeneous Curie-Weiss model, which
looks a lot like a normal homogeneous Curie-Weiss model.

The complete graph has the property that the number of edges |E| is given by
1
2n(n− 1), while the number of vertices scales only with n. To prevent a blowup of
the interaction energy term compared to the external field term, J is chosen as 1

n .
We can transform xi ∈ {−d, c} to σi ∈ {−1,+1}. This results in xi = A + ∆σi

with A = c−d
2 and ∆ = c+d

2 as previously defined. Filling this in in the Hamiltonian
from equation (2.9) gives

H(~σ) = −1

2
JA2n(n−1)−BAn−

n∑
i=1

(B+JA(n−1))∆σi−J∆2
n∑
i=1

i−1∑
j=1,

σiσj . (3.1)

Note that constant terms that are independent of σi can be ignored when calculating
the probability of a state via equation (2.10). This is because the constant terms
can be pulled out of the sum in the denominator and these terms cancel against the
same terms in the numerator.

Further rewriting gives

H(~σ) =− JA2n(n− 1)

2
−BAn−

n∑
i=1

(B + JA(n− 1))∆σi − J∆2
n∑
i=1

i−1∑
j=1

σiσj

=− JA2n(n− 1)

2
−BAn+

1

2
Jn∆2

−
n∑
i=1

(B + JA(n− 1))∆σi −
1

2
J∆2

n∑
i=1

n∑
j=1

σiσj

=Q−
n∑
i=1

(B + JA(n− 1))∆σi −
1

2
J∆2

n∑
i=1

n∑
j=1

σiσj ,

(3.2)
which is very similar to the Hamiltonian of a complete graph for the symmetric Ising
model. The constants enclosed in Q prevent us from drawing a direct relation to
the symmetric Ising model by only changing the values of B and β.

With this Hamiltonian, the partition function Zn(β,B) =
∑

~σ∈Ωn
e−H(~σ) and

from there the pressure per particle can be calculated.

Theorem 3.1 (Pressure per particle complete graph). Let xi ∈ {−d, c} with c > d
and define A = c−d

2 and ∆ = c+d
2 s.t. xi = A + ∆σi with σi ∈ {−1,+1}. Define

an Ising model with an external magnetic field B and temperature β on a complete
graph of size n by the Hamiltonian in equation (2.9), which can be rewritten to (3.2).
Then the pressure per particle, as defined in equation (2.14), is given by

φ = ln(2) +
1

2
βA2 + βBA− 1

2
z∗(β,B)2 + ln cosh

(
∆(z∗(β,B)

√
β + βB + βA)

)
,

(3.3)
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with z∗(β,B) given by

z∗(β,B) = ∆
√
β tanh

(
∆(βA+ βB + z∗(β,B)

√
β)
)
. (3.4)

Note that the additional constant terms in Q still prevent us from drawing a
direct relation to the results from [6, Theorem 5.2] by only modifying B and β ,
where the pressure per particle is calculated for the symmetric Ising model on a
complete graph.

Using this pressure per particle, one can find the magnetization.

Corollary 3.2 (Magnetization complete graph). For a complete graph as in theorem
3.1, the magnetization is given by 〈x〉 = A + ∆〈σ〉 with 〈σ〉 the solution of the
equation

〈σ〉 = tanh
(
β∆A+ β∆B + β∆2〈σ〉

)
. (3.5)

This equation for 〈σ〉 is analogous to the equation for the symmetric Ising model
as stated in [6, Theorem 5.3 (a)] with an effective magnetic field of ∆(A + B) and
effective temperature of ∆2β.

We can now use the results for the Ising model on the complete graph to inves-
tigate the asymmetric Ising model. After this analysis, we will proof the theorem
and the corollary.

For the symmetric Ising model, the critical curve is at B = 0. For the asymmetric
Ising model on the complete graph, the local magnetic field is given by ∆(B + A).
As this local magnetic field is a constant, the system can be completely transformed
into a symmetric Ising model. Furthermore, the critical curve in the symmetric case
is given by B = 0. We can use this to find the critical curve for the asymmetric
case, which gives B0(β) = −A.

With the found magnetization, we can investigate the critical temperature and
critical exponents. As there is a direct transformation between the asymmetric Ising
model and the symmetric Ising model, the critical temperature can easily be found
with this substitution and is given by βc = 1

∆2 . The critical exponents are even
exactly the same and are given by β = 1

2 , δ = 3 and γ = 1 [6, Theorem 5.7].
Now we will continue with the proof of theorem 3.1 and the corollary 3.2. Both

derivations are very similar to the derivation in [6, chapter 5].

Proof of theorem 3.1. From the definition of the partition function and the rewritten
Hamiltonian from equation (3.2), we can write the partition function as

Zn(β,B) =
∑
~σ∈Ωn

exp

−βQ+ β∆(JA(n− 1) +B)
n∑
i=1

σi +
1

2
β∆2J

n∑
i=1

n∑
j=1

σiσj

 ,

(3.6)
which contains a difficult double sum. Using mn(~σ) = 1

n

∑n
i=1 σi the Hamiltonian

can be rewritten. Note that mn is not the total magnetization ranging from −d to c,
but rather the average spin σ ranging from −1 to 1. The new Hamiltonian becomes

Zn(β,B) =
∑
~σ∈Ωn

exp

(
−βQ+ (JA(n− 1) +B)β∆nmn(~σ) +

1

2
β∆2Jn2mn(~σ)2

)
.

(3.7)
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We can now use the Stratonovich-Hubbard transformation, which uses a standard
normal random variable Z to transform the squared term into a linear term by the
equality E[etZ ] = et

2/2. Applying this and doing some rewriting gives

Zn(β,B) =
∑
~σ∈Ωn

exp (−βQ+ (JA(n− 1) +B)β∆nmn(~σ))E
[
exp
(√

βJZ∆nmn(~σ)
)]

=E

∑
~σ∈Ωn

exp
(
−βQ+ (β∆JA(n− 1) + β∆B + ∆

√
βJZ)nmn(~σ)

)
=e−βQE

∑
~σ∈Ωn

n∏
i=1

exp
(

(βJA(n− 1) + βB + Z
√
βJ)∆σi

)
=e−βQE

 n∏
i=1

∑
σi∈{−1,1}

exp
(

(βJA(n− 1) + βB + Z
√
βJ)∆σi

)
=e−βQE

[
2n cosh

(
(βJA(n− 1) + βB + Z

√
βJ)∆

)n]
=e−βQ

2n√
2π

∫ ∞
−∞

exp

(
n ln

[
cosh

(
βBeff + x∆

√
βJ
)]
− 1

2
x2

)
dx,

with Beff = ∆B + ∆JA(n− 1). Rewriting x = z
√
n now gives

Zn(β,B) = e−βQ
2nn1/2

√
2π

∫ ∞
−∞

exp

(
n ln

[
cosh

(
βBeff + z∆

√
βJn

)
)
]
− n1

2
z2

)
dx.

(3.8)
In the thermodynamic limit of n → ∞, this integral is dominated by z values that
are close to the maximizer of ln cosh

(
∆(βJA(n− 1) +B + z

√
βJn)

)
− z2/2. This

is because the argument of the integral is the exponent of n times this function,
which becomes increasingly sharp for larger n. To find the maximal value in the
thermodynamic limit, we can take the limit of n → ∞ while filling in that J = 1

n .
This allows us to define the maximizer z∗(β,B) by

z∗(β,B) = argmax
z

(
ln cosh

(
∆(βA+ βB + z

√
β)
)
− z2/2

)
. (3.9)

For βB + βA 6= 0, there is an unique solution for z∗. Setting the derivative to z of
the argument of the argmax equal to zero gives

z∗(β,B) = ∆
√
β tanh

(
∆(βA+ βB + z∗(β,B)

√
β)
)
. (3.10)

as fixed point equation to find the maximizer.
Now Laplace’s method can be applied, which states that ∃C1 ∈ R such that the

integral in (3.8) is equal to

Zn(β,B) =e−βQ2nC1 exp

(
−1

2
nz∗(β,B)2

)
· exp

(
n ln

[
cosh

(
∆(βJA(n− 1) + βB + z∗(β,B)

√
βJn)

)])
(1 + o(1)).

(3.11)
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Now that the partition function is found, we can find the pressure per particle
with φn = 1

n log(Zn(β,B)), as given in equation (2.14). This gives

ψn = ln(2) +
1

n
ln(C1) +

1

n
ln(1 + o(1))− 1

2
z∗(β,B)2 − 1

n
βQ

+ ln cosh
(

∆(z∗(β,B)
√
βJn+ βB + βJA(n− 1))

)
.

(3.12)

Taking the limit of n → ∞ and filling in Q = 1
2A

2Jn − 1
2A

2Jn2 − BAn + 1
2∆2Jn

with J = 1/n gives

φ = ln(2) +
1

2
βA2 + βBA− 1

2
z∗(β,B)2 + ln cosh

(
∆(z∗(β,B)

√
β + βB + βA)

)
,

(3.13)
which is the quantity we wanted to find.

Proof of corollary 3.2. The magnetization can now be found by

Mx(β,B) =
1

β

∂φ

∂B

=A+ ∆ tanh
(

∆
(
z∗(β,B)

√
β + βB + βA

))
=A+ z∗(β,B)

1√
β
.

(3.14)

Note that z∗(β,B) is not independent of B, but the additional term caused by the
chain rule cancels against the term coming from the derivative of z∗(β,B)2.

The spin magnetization M(β,B) = 〈σ〉 can now be written as

〈σ〉 = z∗(β,B)
1

∆
√
β
. (3.15)

Filling this in in the fixed point equation (3.10) to find z∗(β,B) gives

〈σ〉 = tanh
(
β∆A+ β∆B + β∆2〈σ〉

)
(3.16)

as the fixed point equation for the magnetization.
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4 Trees

The next step is to consider the asymmetric Ising model on regular trees and on
random trees. We will investigate the pressure per particle for both settings and
from there we will try to find the critical curve. The regular tree is interesting,
because it easier to analyse than the random tree, while still giving some important
insights.

We will begin this section with an investigation of a stochastic recurrence rela-
tion. This relation is used to determine the influence of the boundary of a tree on
the root magnetization and is crucial in determining the pressure per particle and
the magnetization of locally tree-like graphs. Then, we will investigate the proper-
ties of the Ising model on the regular tree. The found results will support some of
the assumptions we made while analyzing the random tree. Finally, this section will
conclude with an analysis of the critical curve.

As stated in Section 2, the generalized random graph is locally tree-like. This
means that all results on the locally tree-like graphs can be translated directly to
the behaviour of the GRG by filling in the degree distributions of the GRG.

4.1 Recurrence relation

A stochastic recursion equation can be used to calculate the root magnetization for
a given tree and boundary condition.

For the symmetric Ising model, the magnetic field of every vertex in the tree
can be taken between 0 and ∞, as only situations with B ≥ 0 are investigated. By
applying the recursion formula, we find that the root magnetization is independent
of the magnetization at the boundary.

This derivation does not work for the asymmetric Ising model. The derivation
can be done by choosing B ≥ 0. However, the critical curve turns out to lie at
some negative B to cancel the positive interaction energies. This means that some
vertices will have a negative local magnetic field.

One can place an Ising model on a tree and investigate the behaviour of the
system. However, for any regular tree with K ≥ 2 or random tree with E[D] ≥
2, a positive proportion of the vertices is on the boundary. This holds even in
the thermodynamic limit. This means that the influence of the boundary on the
magnetization of the root can not be neglected. To calculate this root magnetization,
we will walk through the three generation by generation. Doing these calculations
will result in a recurrence relation.

Theorem 4.1 (Recurrence relation asymmetric Ising model). Let a tree with s gen-
erations be given by T (P, P ∗, s). The last generation has a given external magnetic
field h0 and degree 1. The value of h0 will be called the boundary condition. Take a
vertex k at a distance t from the boundary. Suppose that all the interaction effects
for the subtree W from vertex k to the boundary result in a magnetization of ver-
tex k of 〈σk〉W . This magnetization can then be expressed by an effective magnetic
field β∆ht such that 〈σk〉W = β∆ht. Furthermore, the magnetization and effective
magnetic field at a distance t+ 1 can be found via the recurrence relation between

h̃t+1 = β∆B + β∆AD∗J +
D∗−1∑
i=1

atanh
(

tanh
(
β∆2J

)
tanh

(
h̃ti

))
, (4.1)
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where h̃ti are i.i.d. distributed according to h̃ti = β∆ht + β∆AJ and D∗ has distri-
bution P ∗. If the fixed point of this equation exists, it will be denoted by β∆h∗ +
β∆AJ = h̃∗. Note that this fixed point is a random variable.

This recurrence relation is the asymmetric version of the recurrence relation in
[6, Theorem 5.9].

To continue the derivation towards the magnetization and the pressure per par-
ticle, the recursion equation should have a fixed point. As no decisive proof has
been found while writing this thesis, some numerical evidence of the presence of a
stochastic fixed point was collected.

In [8, Section 1.2], a method is given to calculate the distribution of a stochastic
recursion formula after any number of steps. This methods will be used as well
to numerically find the critical curve in section 4.4. Applying this method to the
recursion formula in equation (4.1), the behaviour of the recursion formula could
be analyzed. The numerical constants that we used are mainly those used in the
derivations for the generalized random graph in Section 2.1.2. We found that in most
settings, the distribution remained mostly constant after only a couple of iterations.
More iterations were needed when we choose parameters close to the critical curve,
but these distributions eventually settled as well.

We can now look at the proof of the recursion formula. This proof is based upon
the following lemma.

Lemma 4.2 (Pruning of trees, ([2], Lemma 4.1 )). For a subtree U of a finite tree
T let δ∗U denote the subset of vertices of U connected by an edge to W ≡ T\U
and for each u ∈ δ∗U let 〈xu〉W denote the root magnetization of the Ising model
on the maximal subtree Tu of W ∪ {u} rooted at u. The marginal on U of the Ising
measure on T , denoted by µTU is then an Ising measure on U with magnetic field
term βB′u = atanh(〈xu〉W ) ≥ Bu for u ∈ δ∗U and B′u = βBu for u /∈ δ∗U .

This lemma tells us that if we investigate only a subtree, the interaction effects
of the part that was cut off will only directly influence the vertices on the boundary
of the subtree. These edge effects can be fully incorporated by changing the local
magnetic field on the boundaries of the subtree.

If we now suppose that for a certain subtree the effective magnetic field at the
last generation is known, we can prune away one more generation using Lemma 4.2.
The resulting recurrence relation on those magnetic field will give us theorem 4.1.

Proof of theorem 4.1. We will first derive the recurrence relation for the symmetric
Ising model and then extend this to the asymmetric Ising model.

Let 〈σ0〉W be the root magnetization of a vertex given that each of its D∗ − 1
offspring has a magnetization hti given by 〈σi〉W = tanh

(
βhti
)
. Here, t denotes the

shortest distance between the vertex and a vertex on the boundary. The ensemble
average for σ0 on this subtree then becomes

〈σ0〉W =
∑

~σ∈{−1,1}D∗
σ0

1

Z
exp

βBσ0 +
D∗−1∑
j=1

βhtjσj + βJσ0

D∗−1∑
j=1

σi

, (4.2)
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with Z the normalization factor. This can then be rewritten as

〈σ0〉W =
∑

~σ∈{−1,1}D∗

σ0

Z
eβBσ0

D∗−1∏
i=1

exp(σiβ(Jσ0 + hi))

=
1

Z
eβB

D∗−1∏
i=1

(eβ(J+hi) + e−β(J+hi))

− 1

Z
e−βB

D∗−1∏
i=1

(e−β(−J+hi) + eβ(−J+hi))

=
eβB

∏D∗−1
i=1 cosh(β(J + hi))− e−βB

∏D∗−1
i=1 cosh(β(J − hi))

eβB
∏D∗−1
i=1 cosh(β(J + hi)) + e−βB

∏D∗−1
i=1 cosh(β(J − hi))

=
eβB

∏D∗−1
i=1 (1 + tanh(βJ) tanh(βhi))− e−βB

∏D∗−1
i=1 (1− tanh(βJ) tanh(βhi))

eβB
∏D∗−1
i=1 (1 + tanh(βJ) tanh(βhi)) + e−βB

∏D∗−1
i=1 (1− tanh(βJ) tanh(βhi))

= tanh

(
log

(
eβB

D∗−1∏
i=1

√
1 + tanh(βJ) tanh(βhi)

1− tanh(βJ) tanh(βhi)

))

= tanh

(
βB +

D∗−1∑
i=1

atanh(tanh(βJ) tanh(βhi))

)
.

Now 〈σ0〉W = tanh
(
βht+1

)
can be used, resulting in the nice stochastic recursion

formula

βht+1 = βB +
D∗−1∑
i=1

atanh(tanh(βJ) tanh
(
βhi

t
)
), (4.3)

with hti independent and identically distributed (i.i.d.) versions of the effective mag-
netic field ht on a vertex t generations away from the boundary, with the boundary
given by h0 ∈ R. h0 is usually 0 for free boundary conditions or +∞ for plus
boundary conditions. The stochastic fixed point of this equation will be called
βh∗±1(β, J,B).

The calculations done to get to equation (4.3) for the symmetric Ising model can
be done for the {−d, c} Ising model as well.

Let the effective magnetic field at the vertex i caused by the subtree W be
given by βht. Calculating the magnetization in terms of c and d and rewriting to a
symmetric situation gives

〈xi〉W =
cecβh

t − de−dβht

ecβht + e−dβht

=
(A+ ∆)e(A+∆)βht + (A−∆)e(A−∆)βht

e(A+∆)βht + e(A−∆)βht

A+ ∆〈σi〉W =A+ ∆
eβ∆ht − e−β∆ht

eβ∆ht + e−β∆ht
.

(4.4)

So, similar to the symmetric Ising model, 〈σi〉W = tanh
(
β∆ht

)
.

Using this magnetic field gives an initial Hamiltonian of

〈x0〉W =
∑

~x∈{−d,c}D∗
x0

1

Z
exp

βBx0 +

D∗−1∑
j=1

βhjxj + βJx0

D∗−1∑
j=1

xi

 , (4.5)

Eindhoven University of Technology 17



Asymmetric Ising model on Generalized Random Graphs

which can be rewritten to

∆〈σ0〉W +A =
∑

~σ∈{−1,+1}D∗
(A+ ∆σ0)

1

Z
exp

(
(D∗ − 1)βA2J + βBA+ βA

D∗−1∑
i=1

hi

)
· exp ((βA∆(D∗ − 1)J + βB∆)σ0)

· exp

(
D∗−1∑
i=1

(β∆hi +Aβ∆J)σi + β∆2Jσ0

D∗−1∑
i=1

σi

)
.

(4.6)
One can now cancel the A and ∆ on both sides and cancel the constant terms in
the exponential against a likewise term in the Z to get

〈σ0〉W =
∑

~σ∈{−1,+1}D∗
σ0

1

Z
exp ((βA∆(D∗ − 1)J + βB∆)σ0)

· exp

(
D∗−1∑
i=1

(β∆hi +Aβ∆J)σi + β∆2Jσ0

D∗−1∑
i=1

σi

) (4.7)

The form of this equation is now similar to that in equation (4.2).
The spin of σ0 is given by 〈σ0〉W = tanh

(
β∆ht+1

)
. Comparing equation 4.7 to

equation 4.2, we see that the same derivation as for the symmetric model can be
done. This results in the stochastic recursion formula given by

β∆ht+1+β∆AJ = β∆B+β∆AD∗J+
D∗−1∑
i=1

atanh(tanh
(
β∆2J

)
tanh

(
β∆AJ + β∆hti

)
),

(4.8)
which is the recursion formula as defined in theorem 4.1.

One interesting addition can be found by investigation equation (4.7). We know
that for the asymmetric Ising model, the positive configuration is energetically more
favorable. In the transition from xi to σi, this is expressed as an addition to the
magnetic field. This addition scales with the number of connections. By carefully
investigating equation (4.7), we see that each connection contributes β∆AJ to the
local magnetic field.

This explains why we need to add β∆AJ to β∆ht in the recursion formula.
The β∆hi term is the local magnetic field on the vertex caused by its own subtree.
The additional β∆AJ term arises from the one additional edge between the branch
vertex and its parent vertex, which was not taken into account in the calculation of
hi.

4.2 Pressure per particle and related quantities

Next to the existence of a fixed point, there is another problem. In deriving the
pressure per particle for the symmetric Ising model, many derivations use that
B > 0 and that realizations of the fixed point of the recurrence relation are strictly
larger than zero as well. For the asymmetric system, the local magnetic field is not
uniform. Setting all local fields positive gives us the requirement that B > 0, which
gives a positive magnetization at all temperatures. This means that inevitably, for
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B close to B0(β), some vertices will have a negative local magnetic field. However,
for B around B0(β) the expected value of the local magnetic field is negative. This
will be derived in section 4.4.

There are some conditions on the degree, the random variable D given by a
distribution P , for the pressure per particle to exist for the symmetric Ising model.
One set of conditions are about the empirical degree distributions of the finite size
systems converging to another distribution function P , see [6, Condition 1.6]. Then
there is one important condition on the limiting distribution P . P should have a
strongly finite mean, which means that there exist τ > 2 and cP such that

1− FP (x) ≤ cPx−(τ−1). (4.9)

If all of these conditions are met, the pressure per particle of the symmetric Ising
model exists in the thermodynamic limit for locally tree-like graphs.

We expect that the same derivation as for the symmetric Ising model on locally
trees like graphs can eventually be done for the asymmetric Ising model as well.
This allows us to propose a pressure per particle for an asymmetric Ising model on
locally tree-like graphs that is given by

φ(β,B) ≡E[D]

2
log cosh

(
β∆2J

)
− E[D]

2
E
[
log
(

1 + tanh
(
β∆2J

)
tanh

(
h̃∗1

)
tanh

(
h̃∗2

))]
+ E

[
log

{
eβB+β∆ADJ

D∏
i=1

[
1 + tanh

(
β∆2J

)
tanh

(
h̃∗i

)]
+e−βB−β∆2ADJ

D∏
i=1

[
1− tanh

(
β∆2J

)
tanh

(
h̃∗i

)]}]
,

(4.10)
with h̃∗i i.i.d. copies of the fixed point h̃∗ = β∆h∗ + ∆AβJ of equation (4.1).

The magnetization is normally derived from the pressure per particle but in
this case it can be found directly from the fixed point equation. To calculate the
magnetization of a random vertex, we can look at the local tree with that vertex as
the root. In the thermodynamic limit, the local tree is large and the direct offspring
of the chosen vertex can be assumed to be in the fixed point of recursion equation.
This means that the calculation to find the root magnetization reduces to a very
similar problem as in the derivation of the recursion formula. The only difference is
the degree, as the root has a number of offspring given by the random variable D
and not D∗ − 1.

Now we can do another recursion step like in equation (4.1), but with random
variable D instead of D∗− 1. This shows us that the local magnetic field B̃ is given
by

B̃ = β∆B + β∆ADJ +

D∑
i=1

atanh
(

tanh
(
β∆2J

)
tanh

(
h̃∗
))

, (4.11)

with h̃∗ the fixed point of the recursion formula. Rewriting to a local magnetization

〈σ〉 = tanh
(
B̃
)

gives

〈σ〉 = tanh

(
β∆B + β∆ADJ +

D∑
i=1

atanh
(

tanh
(
β∆2J

)
tanh

(
h̃∗
)))

. (4.12)
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As no realizations of the distributions have been chosen, this 〈σ〉 is a distribution.
The magnetization of the whole network is given by M = limn→∞〈 1

n

∑n
i=1 σi〉, so

M is given by

M(β,B) = E

[
tanh

(
β∆B + β∆ADJ +

D∑
i=1

atanh
(

tanh
(
β∆2J

)
tanh

(
h̃∗
)))]

.

(4.13)

After some calculation, this magnetization turns out to be the same as 1
β
∂φ(β,B)
∂B

with the suggested φ(β,B) from equation (4.10).
Determining the critical exponents is only possible if the critical curve is known,

as these exponents are defined along this curve. In Section 4.4, we investigate the
critical curve. However, we have found no analytical formula for the critical curve.
This means that we can not determine the critical exponents analytically. We have
done numerical simulations to find this exponents, which can be found in Section 6.

4.3 Regular trees

Regular trees with constant degree K are relatively easy to analyze. This is because,
if the degree is constant, the random variables D and D∗ are both equal to K. As
a result, the stochastic recursion equation (4.1) is now a normal recursion relation.
Furthermore, all the additional terms in the Hamiltonian that arise from rewriting
the asymmetric model into a symmetric model are constant. This means that these
terms can be incorporated into the β and B term and reduce the asymmetric system
into the symmetric system.

The asymmetric regular tree is identical to the symmetric tree with the corrected
temperature β, interaction energy J and magnetic field B. The correct substitution
can be found by comparing the recurrence relations for the symmetric Ising model
in equation (4.3) with the asymmetric version in equation (4.1). Note that in math-
ematical literature, the β is incorporated into the h and B terms and J = 1. The
symmetric system behaves exactly as the asymmetrical system on the random tree
in [6, theorem 5.9] by replacing D by K, β by β∆2J and B by β∆B + β∆AKJ .
Furthermore, the fixed point h∗ is replaced by the fixed point h̃∗. The condition
that B > 0 translates to B > −AKJ .

Now that we have reduced the asymmetric Ising model to a symmetric Ising
model, we can use the derived pressure per particle for the symmetric Ising model
and make the correct substitution. This gives us the fixed point equation and the
pressure per particle for the asymmetric Ising model on locally tree-like graphs with
a fixed degree. The fixed point equation is given by

h̃∗ = β∆B + β∆AKJ + (K − 1) atanh
(

tanh
(
β∆2J

)
tanh

(
h̃∗
))

, (4.14)

and the pressure per particle by

φ(β,B) ≡K
2

log cosh
(
β∆2J

)
− K

2
log
[
1 + tanh

(
β∆2J

)
tanh

(
h̃∗1

)
tanh

(
h̃∗2

)]
+ log

{
eβB+β∆AKJ

[
1 + tanh

(
β∆2J

)
tanh

(
h̃∗i

)]K
+e−βB−β∆AKJ

[
1− tanh

(
β∆2J

)
tanh

(
h̃∗i

)]K}
(4.15)
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with h̃∗i i.i.d. copies of the fixed point h̃∗. Note that this is exactly the same as
the proposed pressure per particle for the locally tree-like graphs in equation (4.15)
with E[D = K] = 1.

4.3.1 Critical point and magnetization

Now that the pressure per particle has been found, various properties of the Ising
model on trees can be investigated. Foremost among these properties is the magne-
tization and derived from that the critical value βc.

The critical temperature is the temperature where the system changes from one
stable solution to two stable solutions (with a third unstable solution). For the
symmetric Ising model, this change is evaluated along the critical curve B = 0,
while for the asymmetric Ising model, the critical curve is given by B = −AKJ .

The critical temperature can be derived by taking the derivative with respect to
h̃∗(β,B) of both sides of the fixed point equation (4.14), while filling in the B0(β) for
B. To illustrate this, two examples of the fixed point equations are given in Figure
2. One can set the derivative of the left hand side of the fixed point equation equal
to derivative of the right hand side. Solving this for β gives the critical temperature
βc, as there are three solutions to the fixed point equations if β is larger than the
found βc and only one if β is smaller.

-2 -1 1 2

-2

-1

1

2

(a) β < βc, so only one solution.

-3 -2 -1 1 2 3

-3

-2

-1

1

2

3

(b) β > βc, so three solutions.

Figure 2: Plots of y = h∗ (blue) and of y = atanh(tanh(β) tanh(h∗)) (orange).
The intersections are solutions to the fixed point equation of the symmetric Ising

model on regular trees. Adding a magnetic field moves the orange curve to the left
or to the right.

Note that on the critical curve h̃∗(β,B0(β)) = 0 for regular trees. Taking the
derivative with respect to h̃∗ in the fixed point variant of the stochastic recursion
given in equation (4.14) and filling B = B0(β) gives

βc∆
2J = atanh(

1

K − 1
). (4.16)

It is expected that the critical temperature of the regular tree converges for
K → ∞ to the critical temperature of the complete graph if we choose J = 1/K.
Filling this in gives βc = 1

∆2 , which equals the critical temperature for the complete
graph.
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The magnetization of the regular tree for the asymmetric Ising model can be
calculated from the pressure per particle according to equation (2.15), which gives

M(β,B) =
1

β

∂φ(β,B)

∂B

= tanh
(
β∆B + β∆AKJ +K atanh(tanh

(
β∆2J

)
tanh

(
h̃∗(β,B)

)
)
)
.

(4.17)
Furthermore, this equation is equal to the magnetization found in 4.13 with D = K
filled in.

4.4 Critical Curve

We now go back to the Ising model on random trees and we will investigate the
critical curve. The critical curve for the asymmetric Ising model has two different
definitions, see Section 2.2.3. Below the critical point βc, we found an analytical
approximation to the curve. Above the critical point, we only managed to determine
a rough upper and lower bound. Furthermore, some numerical simulations were done
to approximate the critical curve.

The critical curve depends on the magnetization M(β,B) given in equation
(4.13), which is

M(β,B) = E

[
tanh

(
β∆B + β∆ADJ +

D∑
i=1

atanh
(
β̂ tanh

(
h̃∗i (β,B)

)))]
, (4.18)

where β̂ = tanh
(
β∆2J

)
, h̃∗i (β,B) are i.i.d. random variables distributed according

to the fixed point h̃∗(β,B) of the recursion formula given in equation (4.1). For
further ease of calculations, define

ξ(h̃∗(β,B)) = atanh
(
β̂ tanh

(
h̃∗(β,B)

))
.

Now the fixed point equation can be written in a short form given by

h̃∗(β,B) = β∆(B +AD∗J) +
D∗−1∑
i=1

ξ(h̃∗(β,B)). (4.19)

This magnetization is strongly dependent on the fixed point h̃∗(β,B). However,
above the critical temperature, there can be two different fixed points, depending
on initial conditions. One of those is a local minimum and will disappear in the
thermodynamic limit, but the asymmetry of the problem does not allow us to simply
take the positive fixed point. To work with this problem, the second definition of
the critical curve is used (see Section 2.2.3). In this definition the unstable point
lies around an average spin of zero.

As finding the critical curve could not be solved analytically, the critical temper-
ature and critical exponents were only analyzed numerically. This is done in Section
6.
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4.4.1 Mathematical approximations and bounds

The first hyperbolic tangent makes a lot of calculations difficult, especially since
its argument is not strictly positive or negative near the critical curve. Below the
critical value βc, M(β,B) can be approximated by M̂(β,B) given by

M̂(β,B) =E

[
β∆B + β∆ADJ +

D∑
i=1

atanh
(
β̂ tanh

(
h̃∗i (β,B)

))]
=β∆B + β∆AE[D]J + E[D]E

[
atanh

(
β̂ tanh

(
h̃∗(β,B)

))]
=β∆B + β∆AE[D]J + E[D]E[ξ(h̃∗(β,B))]

(4.20)

Two assumptions are used to make nice estimations. Both assumptions do not
hold in general, but are likely to hold for our recurrence relation because of the
regularity of the associated distributions. The first assumption is that the sign of
M̂(β,B) equals the sign of M(β,B). The second assumption is that the sign of

E[h̃∗(β,B)] equals the sign of E[ξ
(
h̃∗(β,B)]

)
and furthermore,∣∣∣E[h̃∗(β,B)]

∣∣∣ ≥ ∣∣∣E[ξ
(
h̃∗(β,B)]

)∣∣∣. (4.21)

First an upper and a lower bound will be found, as they show some of the
behaviour of the system.

Choosing B = −AJE[D] cancels the first two terms in M̂ , such that M̂ is now
given by

M̂(β,B) = E[D]E[ξ(ĥ∗(β,B))]. (4.22)

In this situation, the sign of M̂ is completely given by the sign of h̃∗(β,B). Now
the fixed point equation of h̃∗(β,B), given in equation (4.1), can be investigated.
Filling in the chosen value of B gives

h̃∗(β,B) = β∆AJ(D∗ −D) + ξ(h̃∗(β,B)). (4.23)

Taking the expectation over both sides and using the inequality in equation (4.21),
we find h̃∗(β,B) > 0. Going back to the magnetization, this means that the mag-
netization is larger than zero. Finally, if the magnetization is larger than zero, the
used value of B must be above the critical curve.

Now choosing B = −AJE[D∗], nothing cancels in M̂ . The fixed point equation
does show some interesting behaviour. Filling in this value for B cancels the first
two terms, such that the equation reduces to

h̃∗(β,B) = ξ(h̃∗(β,B)). (4.24)

This equation has P[h̃∗(β,B) = 0] = 1 as a solution. This corresponds nicely with
the initial condition of average spin of 0. Filling this back into the magnetization
gives

M̂(β,B) = β∆AJE[D −D∗], (4.25)

which is strictly smaller than zero. So we can now conclude that this value of B is
below the critical curve.
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The critical curve lies between these two bounds. Both β∆B + β∆AE[D]J and
E[ξ(h̃∗(β,B))] are monotone functions in B for a fixed initial condition. Combining
these two, one can see that on the critical curve

β∆B + β∆AE[D]J < 0

E[D]E[ξ(h̃∗(β,B))] > 0,
(4.26)

which can be used in the more advanced approximations. This means that the
average local magnetic field is negative along the critical curve. For M̂ = 0, these
two quantities have the same absolute value and opposite sign for a given β. This
value will be called E[D]ξ(h0(β)) so that a Taylor approximation of ξ(h̃∗(β,B))
around h0 can be done.

Tayloring E[ξh] around h0 gives

E[ξ(h)] = ξ(h0) +
tanh(h0)2 − 1

tanh(h0)2β̂2 − 1
β̂(E[h]− h0). (4.27)

From now on x = tanh(h0)2−1

tanh(h0)2β̂2−1
for ease of notation. Taking the expectation on the

left and right of equation (4.19) gives

E[h] = β∆(B +AE[D∗]J) + E[D∗ − 1]E[ξh]. (4.28)

Filling this back in in the Taylor approximation gives

E[ξ(h)] = ξ(h0) + xβ̂(β∆B + β∆AE[D∗]J + E[D∗ − 1]E[ξh]− h0), (4.29)

where E[ξ(h)] is expressed as a function of E[ξ(h)]. Filling this equation l times
back into itself and writing ν = E[D∗ − 1] gives

E[ξ(h)] =

(
l∑

i=0

(xβ̂ν)i

)(
ξ(h0) + xβ̂(β∆B + β∆A(ν + 1)J − h0)

)
+ (xβ̂ν)lE[ξ(h)]

l→∞−−−→ 1

1− xβ̂ν

(
ξ(h0) + xβ̂(β∆B + β∆A(ν + 1)J − h0)

)
,

(4.30)

for xβ̂ν < 1 and given that E[ξ(h)] is bounded. This equation is not very clean,
especially since E[D]ξ(h0) = β∆(B+A(ν+1)J still needs to be filled in. We plotted
this approximation using Mathematica, resulting in the blue curve in Figure 3.

If the assumptions that we made are correct, the only error in the analytical
approximation is in the Taylor expansion. The accuracy of the Taylor expansion
decreases for values of h that are further away from h0. As h is a distribution that is
directly influenced by the distribution of the random variableD∗, this approximation
is better for sharp distributions of h with a low variance.

Looking at the distribution for the GRG, as introduced in Section 2, we find
that the variance is directly related to the value of α. For small values of α, the
distribution D∗ has a high variance, which reduces the accuracy of our approxima-
tions.
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4.4.2 Numerical approximations

Finding the magnetic field where the positive and negative solutions to the fixed
point equation have the same energy is hard. The numerical simulation from tends
to fall towards one of the two solutions and then stays with that solution. As a
result, the numerical simulations approximate the critical curve by setting the local
maximum at an average spin of zero.

To set the local maximum at zero, the fixed point of a system that initializes with
h̃0 = 0 is determined. The final fixed point distribution is then found by repeatedly
applying the recursion formula according to the method in [8, Section 1.2], called the
Population Dynamics Algorithm, until the distribution does not change anymore.
The magnetization is then calculated from this fixed point distribution. Doing
this repeatedly with different values for B gives the values and the sign of the
magnetization M for different values of B. We can then optimize B to get arbitrarily
close to the B value where M flips sign.

For β < βc, the numerical results are good and comparable with the analytical
approximation. This can be seen in Figure 3. For β > βc no analytical approxima-
tion has been found to compare the numerical solution with.

Figure 3: Plot of B against β. The dotted line is a numerical approximation of
the critical curve. The blue straight line is the analytical approximation. The other

two lines are the found upper and lower bounds. The degrees are distributed
according to the distribution of the GRG in Section 2. The used parameters are

given by c = 3, d = 1, α = 5, D = 10.

Note that for both the analytical and the numerical solution, we only used the
thermodynamic limit of the magnetization. This means that the found results will
only hold in the thermodynamic limit. We will numerically find a critical curve for
a finite size system in Section 6.7. A comparison with the critical curve determined
by Monte Carlo simulations for a finite size system can be seen in Figure 10.
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5 Annealed Generalized Random Graph

In this section, the annealed method for the asymmetric Ising model on the Gener-
alized Random Graphs is investigated.

For the annealed system, the probability of a certain state occurring is given by

µn(~x) =
1

E[Zn(β,B)]
E[e−βH(~x)] (5.1)

where E is the expectation over the different realizations of the network.
For the generalized random graph, we can calculate the partition function E[Zn(β,B)].

Once the partition function is known, the pressure per particle can be calculated.
For the symmetric Ising model, the partition function and the pressure per particle
are derived explicitly in the proof of [7, theorem 1.1(i)]. After some modifications,
this derivation can be extended into the asymmetric case. This results in the fol-
lowing theorem.

Theorem 5.1 (Pressure per particle annealed generalized random graph). For a
generalized random graph with limiting weight distribution W satisfying [7, Condi-
tion 1.1], the pressure per particle in the thermodynamic limit exists and is given
by

φan(β,B) = log(2) + lim
n→∞

1

n
log(G(β,B))− z∗(β,B)2

2

+ EW

[
log cosh

(
β∆B +B∗W +

√
J∗

EW [W ]
Wz∗(β,B)

)]
,

(5.2)

with z∗(β,B) the largest solution of the equation

z(β,B) = EW

[
tanh

(
β∆B +B∗W +

√
J∗

EW [W ]
Wz(β,B)

)√
J∗

EW [W ]
W

]
, (5.3)

B∗ and J∗ given by

B∗ =
1

2
eβA

2J+β∆2J sinh(2β∆AJ), (5.4)

J∗ =
1

2
eβA

2J
(

cosh(2β∆AJ)eβ∆2J − e−β∆2J
)
, (5.5)

and G(β,B) given by ∏
i<j

Cij

 eβBAn
∏
i∈[n]

e−Jii . (5.6)

From the pressure per particle, the magnetization can be calculated.

Corollary 5.2 (Magnetization annealed generalized random graph). The total mag-
netization for the generalized random graph in the annealed setting is, using the
definition in equation (2.15), given by

M(β,B) = EW

[
tanh

(
β∆B +B∗W +

√
J∗

EW [W ]
Wz∗(β,B)

)]
. (5.7)
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We will proof the Theorem and the Corollary in Section 5.2.
This magnetization differs significantly from the magnetization for the symmetric

Ising model [9, Theorem 2.8 ii], given by

M(β,B) = EW

[
tanh

(
B +

√
sinh(β)

EW [W ]
Wz∗±1(β,B)

)]
(5.8)

with z∗±1(β,B) the largest solution of

z(β,B) = EW

[
tanh

(
B +

√
sinh(β)

EW [W ]
Wz(β,B)

)√
sinh(β)

EW [W ]
W

]
. (5.9)

The main difference is in the introduction of the B∗W term, as W is not some
constant that can be incorporated into the B term.

One of the main advantages of the annealed setting over the quenched setting
can be seen in the fixed point equation. The quenched setting has a stochastic fixed
point equation with a distributional solution. The annealed setting directly takes
the expectation over the weights and has a numerical solution for z∗(β,B). Even
though no exact solution has been found, finding a numerical solution is relatively
easy compared to finding the distributional solutions for the quenched distributional
fixed point equation (4.1). This allows for a numerical analysis from directly solving
the mathematical expressions.

Again, the critical curve has been calculated by setting the magnetization of the
unstable solution of the fixed point equation at an average spin of 0. An example
of a critical curve and the corresponding magnetization calculated from the fixed
points can be found in Figure 4. The critical temperature can be read of as the point
where the magnetization branches. Note that the asymmetry of the spontaneous
magnetization around the critical curve can seen quite clearly in the slope of the
positive and negative branch around the critical point.

(a) Critical Curve. (b) Corresponding magnetization.

Figure 4: Plot of the critical curve and the magnetization corresponding with that
value of B. The corresponding critical temperature is β = 0.2247.

5.1 Results and comparison to symmetric case

For the symmetric Ising model, the annealed critical temperature is given by

βc =
1

J
asinh(

1

ν
) (5.10)
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according to [9, Theorem 2.8]. For the asymmetric Ising model, the function J∗

appears to be the asymmetric equivalent of the sinh(βJ) in the symmetric Ising
model. For the symmetric annealed Ising model, the critical temperature is given
by the solution of sinh(βJ)ν = 1. Note that J∗ = sinh(βJ) if (c, d) = (1, 1). This
suggests that the critical temperature for the annealed Ising model on a GRG might
be given by the solution of

1

ν
=J∗(β)

=
1

2
eβcA

2J
(

cosh(2βc∆AJ)eβc∆
2J − e−βc∆2J

)
.

(5.11)

This also means that the local magnetic field terms β∆B+B∗W would drop out in
the averaging along the critical curve.

A couple initial fixed point measurements with relatively low accuracy supported
this idea. However, more extensive measurements with a higher precision disproved
this. The results of various simulations to numerically find the critical values can be
found in Table 1, together with the solutions of νJ∗(βc) = 1 and of ν sinh

(
β∆2J

)
=

1. There is a clear difference between all three solutions. This difference between
the solution to νJ∗ = 1 and the numerically found critical point has to be caused
by the additional term B∗W in equation (5.7).

Table 1: Critical temperatures of the annealed Generalized Random Graph with
various parameters. The parameter d is always set to 1.

System parameters Found βc values

c α D Numerical From νJ∗ = 1 From sinh
(
β∆2J

)
ν = 1

1 5
3 0.923 - 0.923
5 0.933 - 0.932
10 0.937 - 0.936

1 3
3 0.748 - 0.743
5 0.753 - 0.747
10 0.755 - 0.750

3 5
3 0.209 0.200 0.231
5 0.222 0.213 0.233
10 0.233 0.223 0.234

3 3
3 0.209 0.165 0.186
5 0.220 0.174 0.187
10 0.227 0.181 0.187

5 5
3 0.091 0.081 0.103
5 0.098 0.089 0.104
10 0.104 0.096 0.104

The accuracy of the numerical value is quite hard to determine. There are a
couple inaccuracy arising in the programs for values of β close to βc. Just above
βc, the fixed point solutions are very close together, so the program is not able to
distinguish them. This gives the program a positive bias, as it estimates the critical
point too high. The size of this bias depends on the parameters. There is some
additional inaccuracy in the number of measurements per interval.
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Furthermore, the magnetization shows some weird behaviour around the critical
point. This behaviour is especially noticeable for α = 3, which is a highly asym-
metric situation. An example of this can be seen in Figure 5. The program has
difficulties with setting the magnetization of the middle curve to zero as a very
small change in external field can drastically change the resulting magnetization.
From the graph of the magnetization one can see that the found external field is too
low. However, the critical curve has a slight dip around the critical temperature as
well. The extent by which these two errors cancel each other and the exact influence
on the critical point is hard to see.

(a) Critical Curve. (b) Corresponding magnetization.

Figure 5: Plot of the annealed critical curve and the magnetization corresponding
with that value of B. The corresponding critical temperature is β = 0.22. Note that

the unstable solution given by the orange curve is not zero close to the critical
point.

5.2 Proof of pressure per particle and magnetization

Proof of theorem 5.1. In this section the expectation of the partition function for
the CD Ising model will be derived. The steps of this derivation mostly follow the
steps taken in the proof of [7, Theorem 1.1].

The derivation begins with rewriting the Hamiltonian with xi = A + ∆σi and
adding indicator functions to replace the sums over all edges. This gives the follow-
ing, where the indicator functions Iij are 1 if there is an edge present between edge
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i and j and zero otherwise. This edge occurs with probability pij =
wiwj

`n+wiwj
.

E[Zn(β,B)] =E

∑
~σ∈Ωn

exp

βBAn+ βB∆
∑
σi∈V

σi

+
∑
{i,j}∈E

(βA2J + βA∆J(σi + σj) + β∆2Jσiσj)


=E

∑
~σ∈Ωn

exp

βBAn+ βB∆
∑
σi∈V

σi


·
∏
i<j

exp
(
Iij(βA

2J + βA∆J(σi + σj) + β∆2Jσiσj)
)

=
∑
~σ∈Ωn

exp

βBAn+ βB∆
∑
σi∈V

σi


·
∏
i<j

(
pij exp

(
(βA2J + βA∆J(σi + σj) + β∆2Jσiσj)

)
+ (1− pij)

)

=
∑
~σ∈Ωn

exp

βBAn+ βB∆
∑
σi∈V

σi

∏
i<j

Q(σi, σj).

(5.12)
The term Q(σi, σj) is awful because it has the additional (1−pij) term. To work

towards an inhomogeneous Curie-Weiss model, define

Q(σi, σj) = Cij exp(Jijσiσj +Bij(σi + σj)). (5.13)

Filling in (σi, σj) ∈ {(1, 1), (−1, 1), (1,−1), (−1,−1)} in Q(σi, σj) gives a system of
three equations, as the Q(−1, 1) and Q(1,−1) equations are the same. This is the
main deviation from the proof in [7] for the symmetric case, as there the symmetry
gives the same equation for Q(1, 1) or to Q(−1,−1). This means that they do no
need a Bij term.

Solving the three equations for the three unknowns, Cij , Jij and Bij , gives

Cij =(Q(1, 1) ·Q(−1,−1) ·Q(−1, 1) ·Q(1,−1))
1
4

=(pij exp
(
βA2J + 2βA∆J + β∆2J

)
+ (1− pij))

1
4

· (pij exp
(
βA2J − 2βA∆J + β∆2J

)
+ (1− pij))

1
4

· (pij exp
(
βA2J − β∆2J

)
+ (1− pij))

1
2 ,

(5.14)

Jij = −1

4
log

(
Q(−1, 1) ·Q(1,−1)

Q(1, 1) ·Q(−1,−1)

)
, (5.15)

and

Bij = −1

4
log

(
Q(−1,−1)

Q(1, 1)

)
. (5.16)
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Substituting this back into equation (5.12) gives

E[Zn(β,B)] =
∑
~σ∈Ωn

exp

βBAn+ βB∆
∑
σi∈V

σi


·
∏
i<j

Cij exp(Jijσiσj +Bij(σi + σj))

=

∏
i<j

Cij

 eβBAn
∏
i∈[n]

e−Jii

·
∑
~σ∈Ωn

exp

∑
i∈[n]

(β∆B −Bii)σi +
1

2

∑
i,j∈[n]

Jijσiσj +
1

2

∑
i,j∈[n]

Bij(σi + σj)

 .

(5.17)

Here
(∏

i<j Cij

)
eβBAn

∏
i∈[n] e

−Jii will be denoted as G(β,B) to shorten the equa-

tion.
As Jij and Bij are still quite awfull expressions, they can be Taylor expanded

around pij = 0, which gives

Jij = pij
1

2
eβA

2J
(

cosh(2β∆AJ)eβ∆2J − e−β∆2J
)

+O(p2
ij)

=: pijJ
∗ +O(p2

ij),

Bij = pij
1

2
eβA

2J+β∆2J sinh(2β∆AJ) +O(p2
ij)

=: pijB
∗ +O(p2

ij).

(5.18)

These equations define J∗ and B∗. Note that filling in A = 0, ∆ = 1 and ignoring
higher order terms gives Jij = pij sinh(βJ). This is the same term as calculated in
[7] if we take J = 1. Furthermore, filling these values in gives Bij = 0 as it should
be for a symmetric system.

For the GRG we have pij ≤ wiwj
`n

, which we can use to derive∣∣∣∣∣∣
∑
i,j∈[n]

p2
ijσiσj

∣∣∣∣∣∣ ≤
∑
i,j∈[n]

(
wiwj
`n

)2

=

(∑
i∈[n]w

2
i

`n

)2

= o(n), (5.19)

and ∣∣∣∣∣∣
∑
i,j∈[n]

p2
ij(σi + σj)

∣∣∣∣∣∣ ≤ 2
∑
i,j∈[n]

(
wiwj
`n

)2

= 2

(∑
i∈[n]w

2
i

`n

)2

= o(n). (5.20)

Substituting this all into the partition function and using pij =
wiwj
`n

(as done in [7])
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gives

E[Zn(β,B)] =G(β,B)eo(n)
∑
~σ∈Ωn

exp

∑
i∈[n]

(β∆B − piiB∗)σi

+
1

2

∑
i,j∈[n]

pijJ
∗σiσj +

1

2

∑
i,j∈[n]

pijB
∗(σi + σj)


=G(β,B)eo(n)

∑
~σ∈Ωn

exp

∑
i∈[n]

(β∆B − w2
i

`n
B∗)σi

+
1

2

∑
i,j∈[n]

wiwj
`n

J∗σiσj +
1

2

∑
i,j∈[n]

wiwj
`n

B∗(σi + σj)


=G(β,B)eo(n)

∑
~σ∈Ωn

exp

∑
i∈[n]

(β∆B − w2
i

`n
B∗ + wiB

∗)σi

+
1

2`n
J∗

∑
i∈[n]

wiσi

2 .

(5.21)

Note that we can calculate the probability measure of a specific state using this
derivation of the partition function. This gives

µan(~σ) =

exp

(∑
i∈[n](β∆B − w2

i
`n
B∗ + wiB

∗)σi + 1
2`n
J∗
(∑

i∈[n]wiσi

)2
)

∑
~σ∈Ωn

exp

(∑
i∈[n](β∆B − w2

i
`n
B∗ + wiB∗)σi + 1

2`n
J∗
(∑

i∈[n]wiσi

)2
) ,

(5.22)
which is an inhomogeneous Curie-Weiss model with an inhomogeneous degree de-
pendent magnetic field.

As we now work with an inhomogeneous Curie-Weiss model, we can use some
of the tricks that were used on the complete graph. We will first remove the double
sum term by using et

2/2 = E[etZ ] with Z a random variable with a standard normal
distribution. This gives

exp

 1

2`n
J∗

∑
i∈[n]

wiσi

2 = EZ

exp

√J∗

`n

∑
i∈[n]

wiσiZ

 , (5.23)

where EZ denotes the expectation value with respect to Z. Filling this in in the
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partition function and writing U(Z) = β∆B −B∗w
2
i
`n

+B∗wi +
√

J∗

`n
wiZ gives

E[Zn(β,B)] =G(β,B)eo(n)
∏
i∈[n]

∑
σi∈{±1}

EZ [exp (σi(U(Z)))]

=G(β,B)eo(n)2nEZ

∏
i∈[n]

2 cosh (U(Z))


=G(β,B)eo(n)2nEZ

exp

∑
i∈[n]

log cosh (U(Z))


 .

(5.24)

Now the sum over all wi of some function of wi can be interpreted as taking n times
the expectation of the function of the random variable Wn = wIn with In a uniform
vertex in [n]. Taking the expectation w.r.t. Wn will be denoted by EW . Note that
`n = nEW [Wn]. This means that we can now write the sum in the exponent as

nEW

[
log cosh

(
β∆B −B∗W

2
n

`n
+B∗Wn +

√
J∗

nEW [Wn]
WnZ

)]
. (5.25)

By defining Fn(z) as

Fn(z) = EW

[
log cosh

(
β∆B −B∗W

2
n

`n
+B∗Wn +

√
J∗

EW [Wn]
Wnz

)]
, (5.26)

the partition function can be written as

E[Zn(β,B)] = G(β,B)eo(n)2nEz
[
e
nFn( Z√

n
)
]
. (5.27)

From here on, the derivation becomes nearly identical to the derivation in [7].
The derivation uses

sup
|z|≤a

|Fn(z)− F (z)| = o(1), (5.28)

with

F (z) = EW

[
log cosh

(
β∆B −B∗W

2

`n
+B∗W +

√
J∗

EW [W ]
Wz

)]
, (5.29)

where W is the limiting distribution of the empirical degree distribution. With this
approximation, the partition function is found to be

E[Zn(β,B)] = G(β,B)eo(n)2nEz
[
e
nF ( z√

n
)
]

(1 + o(1)). (5.30)

The next step is to find the annealed pressure per particle φan = limn→∞
1
n log (E[Zn(β,B)]).

This derivation is similar to the derivation in [7] and uses a large deviation analysis

on Z√
n

. The only significant difference is in the −B∗W 2

`n
term in the log cosh, which

goes to zero in the limit of n→∞.

φan(β,B) = log(2) + lim
n→∞

1

n
log(G(β,B))− z∗(β,B)2

2

+ EW

[
log cosh

(
β∆B +B∗W +

√
J∗

EW [W ]
Wz∗(β,B)

)]
,

(5.31)
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with z∗(β,B) the largest solution of the equation

z(β,B) = EW

[
tanh

(
β∆B +B∗W +

√
J∗

EW [W ]
Wz(β,B)

)√
J∗

EW [W ]
W

]
,

(5.32)
and J∗ and B∗ given by

B∗ =
1

2
eβA

2J+β∆2J sinh(2β∆AJ), (5.33)

J∗ =
1

2
eβA

2J
(

cosh(2β∆AJ)eβ∆2J − e−β∆2J
)
, (5.34)

as defined in equation (5.18).

Proof of corollary 5.2. The magnetizationMx(β,B) = 1
β
∂φan(β,B)

∂B is given by 1
β
∂φan(β,B)

∂B ,
which gives

Mx(β,B) = A+ ∆EW

[
tanh

(
β∆B +B∗W +

√
J∗

EW [W ]
Wz∗(β,B)

)]
. (5.35)

Note that z∗(β,B) is dependent on B, but the additional term caused by the chain

effect in the tanh cancels against −z∗(β,B)∂z
∗(β,B)
∂B .
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6 Numerical Simulation

Some system parameters turned out to be to difficult to calculate analytically. Monte
Carlo simulations were used to find these parameters and to support the assumptions
made in some of the analytical derivations.

6.1 Graph generation

The first part of simulating an asymmetric Ising model on a generalized random
graph is creating the graphs. To get accurate data, the Ising model should be run
on as many large graphs as possible. This places some time restrictions on the
creation of the graphs themselves.

The initial way of generating a GRG is by individually checking every pair of
vertices and randomly determining whether there is a connection. The problem with
this is that the number of pairs scales with order n2, which is slow for large graphs.
As the number of connections per vertex is independent of the size of the graph,
most potential connections are not realized if the system size becomes large. This
suggest there might be a quicker way of creating the network.

The faster method is based on a method described in [4, Chapter 3.5.3] and
considers all vertices in a breadth first fashion. In this method, the graph is created
in the same way as a tree, but allowing for loops. The method actually creates
a Norros-Reittu graph, but as stated in the introduction, this type of graph is
asymptotically equivalent with the GRG. This means that for large system sizes,
the difference between the two graphs should be small.

The graph creation starts with determining the weights of every vertex. For the
first vertex, the number of offspring is determined by taking a realization of a Poisson
random variable with the weight of the vertex as parameter. Each offspring is then
independently chosen from all the vertices, where each vertex k has a probability
of wk

`n
of being chosen. Now the initial vertex has all its offspring, so the program

declares it ‘dead’ and continues to the next vertex. This vertex is generally the
first offspring of the initial vertex that was found. Now the number of offspring
is determined again, but with one difference. If one of the randomly determined
offspring is declared dead, no connection is made and the vertex that is currently
being investigated has one connection less. This is continued until all vertices are
declared dead.

The loops arise because there are nearly always a number of vertices that have
been chosen as offspring by some previous vertex, but are not yet declared dead. This
allows another vertex to claim that vertex as its offspring and thus creating a loop.
In this way, vertices chosen later on have a larger number of parents. Furthermore,
the number of offspring is decreased because many vertices are declared dead. These
two changes to the final degree cancel each other perfectly. This ensures that the
resulting degree of every vertex is still distributed according to a Poisson random
variable with the correct weight.

6.2 Monte Carlo and Metropolis

To get numerical data for the magnetization and susceptibility, we did a Monte Carlo
analysis, using the Metropolis method. These methods are explained extensively in
[10, Chapter 3] and in [11]. We will give a short introduction in this section.
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For a given system parameter Q, the ensemble average over a certain measure µ
is given by

〈Q〉 =

∑
µQµe

−βEµ∑
µ e
−βEµ . (6.1)

However, the state space of the measure usually contains a lot of possible configu-
rations. The state space of the Ising model is given by Ω = {−1, 1}n, which has 2n

possible configurations.
The Monte Carlo method is a way of determining these system parameters with-

out having to calculate the full sum over all possible configurations. For the Monte
Carlo method, a sample of M elements from the configuration space is taken. The
claim is then that with these elements, an estimator of the quantity Q is given by

〈QM 〉 =

∑M
i=1Qµip

−1
µi e
−βEµi∑M

i=1 p
−1
µi e
−βEµi

, (6.2)

with pµi the probability of picking that state. For all choices of pµ, 〈QM 〉 converges
to 〈Q〉 for M → ∞. To ensure that 〈QM 〉 approaches 〈Q〉 quickly and accurately,
pµ is chosen as

pµ = Z−1e−βEµ , (6.3)

with Z =
∑

µ e
−βEµ the partition function. This will generally give a fast conver-

gence of 〈Qm〉 as the probability of picking a state with the Monte Carlo algorithm
is the same as the probability of the real system to be in that state. Filling this in
in the equation (6.2) gives

〈QM 〉 =
1

M

M∑
i=1

Qµi . (6.4)

For the Ising model and specifically at a low temperature, the system will occupy
only a very small part of the statespace. The difficulty is in picking random states
according to the distribution given by the probabilities in equation (6.3).

One well known method to do this is the Metropolis algorithm. This algorithm
does a very specific random walk through the statespace. This random walk is
special because the probability of passing a specific state is exactly equal to the
probability chosen in equation (6.3). In other words, the Ising model is the stationary
distribution of the sampling method defined by the Metropolis algorithm.

The random walk is characterized by how the individual steps are made. If the
model is in state x, a random other state y is picked uniformly. The model then
transitions to the new state with probability

P[x→ y] =

{
1 if Ex ≥ Ey
e−β(Ey−Ex) if Ex < Ey.

(6.5)

Picking a new state y at random from the complete statespace would be very ineffi-
cient, as most states have a very high energy. Once the system would be in a state
with a low energy, this would result in a very low probability of transitioning. In
order to model the Ising model, we will flip just one spin. This still gives the same
sampling of the state space but is easier to model and converges faster.
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The probability to flip σk to −σk while keeping the other σj for j 6= k the same
can now be calculated and is given by

P[σk → −σk] = exp

(
−2β∆σk

(
B +AJDk + ∆

Dk∑
i=1

σi

))
, (6.6)

with
∑Dk

i=1 σi the sum over the spins of the vertices connected to vertex k.
Choosing to flip only one spin per step does have complications. Two states in

the random walk, with any number of intermediate steps in between, are no longer
fully independent.

Another problem is that the random walk only works after an initial settling
phase. Although the random walk generates a sequence according to the correct
probability measure, the initial point was not chosen according to the correct mea-
sure. This means that the system first needs to run for a time till the points are
no longer correlated to the initial condition. To reduce the length of this phase, the
simulation is run for a list of different values for β. The final state of the system for
one specific beta is used as the starting point for the next beta value. This ensures
that the initial state is close to a local minimum.

An example of how the magnetization and susceptibility would look as a function
of temperature can be seen in Figure 6. The parameters used are (c, d) = (3, 1),
α = 5, D = 10 and n = 1000 while the simulation is run along the critical curve
B0(β). These parameters are the parameters as defined in Section 2.1.2 for the
generalized random graph.

(a) Spontaneous magnetization. (b) Susceptibility

Figure 6: Results of the Monte Carlo simulation for (c, d) = (3, 1), α = 5,
D = 10 and n = 1000 at the critical curve B0(β).

Measuring the magnetization gives one complication. On the critical curve, the
magnetization should average out to zero. This means that we can not average the
magnetization to find the spontaneous magnetization.

One often used method is taking the average over the absolute value of the
magnetization. The drawback is that one will always overestimate the spontaneous
magnetization. This offset is the worst just below the critical temperature.

Another method is by creating a density plot showing how often the system was
measured in a certain average spin state. The magnetization at which the system
was found most often is then the state with the lowest energy. This means that, in
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the thermodynamic limit, the system will spend nearly all its time in states with
this magnetization.

Both these methods were used. Working with the peaks of the density created
better data and gave very good approximations for the critical temperature. How-
ever, the differences between different system sizes became very small. This created
some problems while determining the critical exponents, as will be explained in the
next section.

6.3 Finite size scaling

With the Monte Carlo method and Metropolis sampling, ensemble averages such as
magnetization and susceptibility can be measured. However, these measurements
are only for finite size systems. The critical temperature and the critical exponents
are only directly evident in the thermodynamic limit. To be able to calculate these
values from finite size systems, another calculation tool is needed. In this thesis,
the values are estimated using finite size scaling, according to the method in [11,
chapter 8.3].

Finite size scaling defines a size independent version of the ensemble averages.
For the magnetization and susceptibility, these functions are given by

M̃(n1/νt) = nβ/νMn(t), (6.7)

and
χ̃(n1/νt) = n−γ/νχn(t), (6.8)

with n the system size and t the reduced temperature. Reduced temperature means
that t is the temperature relative to the critical temperature. So for β ∼ 1

T , t is
defined as t = 1

β −
1
βc

. Another critical exponent ν is introduced as well. This ν
describes how the correlation length ξ diverges around the critical point and satisfies
ξ ∼ |t|−ν .

The version with a tilde in now independent of the size of the system that is
used. For a given set of system constants, the size independent version of a system
parameter can be calculated from the numerical results. The graphs calculated from
different system sizes will be different. Finding the correct system constants for this
can be done by minimizing the square of the distances between all the different
curves.

This squared distance will be called V and is defined by

V =
1

xmax − xmin

∫ xmax

xmin

k

k∑
i=1

χ̃2
i (x)−

[
k∑
i=1

χ̃i(x)

]2

dx, (6.9)

with k the number of different values of n for which the simulation was done and
xmin and xmax some lower and upper bounds around the critical temperature. As
the different values of βc, ν and the critical exponents give different ranges on the
y-axis as well, the V function needs to be normalized to properly compare the V for
different values. The decision was made to normalize by dividing V by the average
of all involved data points.

An example of the collapse can be seen in Figure 7. The critical temperature can
be determined with good accuracy. However, the critical exponents have a relatively
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small effect on the collapse. Changing one of the critical exponents by 0.1 often gives
a nearly negligible effect on the collapse. Furthermore, the critical exponents β and
ν and the exponents γ and ν have similar influences on the collapse. There are
differences, but increasing one by a factor 1.1 and decreasing the other by the same
factor again results in only a very small change in the collapse. Because of all this,
the final critical exponents have a very large error margin. This can be seen clearly
in the found results for the symmetric case in Table 2 and in Table 3. The error
margin is so large that it is difficult to draw conclusions from the found critical
exponents.

(a) Collapse of magnetization. Found
values are βc = 0.94,ν = 2.00 and

β = 0.50.

(b) Collapse of susceptibility. Found
values are βc = 0.93,ν = 2.72 and

γ = 0.73

Figure 7: Plot of the collapse of the data for the symmetric Ising model with
D = 10 and α = 5.

6.4 Asymmetric adjustments

The asymmetry of the asymmetric Ising model introduces two differences compared
to the conventional Monte Carlo methods. The first is the presence of a critical
curve, which is not at B = 0 and not even linear in most cases. The second problem
is that even around this critical curve, the symmetry is broken. This means that
the spontaneous magnetization depends on whether the critical curve is approached
from above or from below.

The location of the critical curve has been discussed in previous sections. Once
the critical curve is known, we can run the Monte Carlo simulations along this curve
to find the normal critical temperature and critical exponents. The accuracy of the
found critical curve should be high, as a small offset can have large effects on the
results.

The difference between approaching the critical curve from above and from below
is more problematic. In a normal Monte Carlo simulation, the system will fall into
either a positive or negative spontaneous magnetization once the temperature is
increased past the critical temperature. To find the critical exponents for the positive
spontaneous magnetization, one needs to ensure the Monte Carlo simulation does
not get stuck into the negative solutions.

A partial solution consisting of two parts has been implemented. First, a small
offset was added to the magnetic field. Furthermore, the Monte Carlo simulation was
run from a low temperature to a high temperature, starting in one of the branches.
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Combining these ensures that the system (mostly) stays in their separate branches
and gives results like in Figure 6.

The data and collapses for the negative branch appear to work much nicer than
for the positive branch. This is very likely because the critical curve was defined in
such a way that the free energy of the branches is not equal. This makes it very
hard to properly measure the branch with the higher energy, as the system is mainly
in the other branch. A very bad attempt at a collapse for a positive branch and a
more decent collapse for a negative branch can be found in Figure 8.

(a) Collapse of magnetization for
positive branch. Found values are

βc = 0.22,ν = 10 (maximum allowed
value) and β = 0.91.

(b) No decent collapse of susceptibility
was found for positive branch. Shown

values are βc = 0.20,ν = 2.50 and
γ = 1.

(c) Collapse of magnetization for
negative branch. Found values are
βc = 0.24,ν = 5.37 and β = 0.33.

(d) Collapse of susceptibility for
negative branch. Found values are
βc = 0.24,ν = 2.66 and γ = 0.63.

Figure 8: Plot of the collapse of the data for a quenched Ising model with
(c, d) = (3, 1), D = 10 and α = 5. The plus branch has no good collapses due to

bad data and is shown merely as illustration.

A better approach to solving the problem with the positive branch might be
found in Umbrella sampling, as used in [10, Chapter 7.4]. Umbrella sampling is a
sampling technique similar to the Metropolis algorithm, but more capable of bridg-
ing large energy gaps. This can give reliable data on both branches and their relative
energy in one measurement.
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6.5 Validation and results

The critical temperature and critical exponents of the symmetric Ising model are
known. The critical temperature is given by

βc =
1

J
atanh(

1

ν
) (6.10)

with ν = E[W 2]
E[W ] [12, Theorem 2.7]. The critical exponents are given by β = 1

2 , γ = 1

if E[D4] <∞ and by β = 1
τ−3 , γ = τ − 2 if τ ∈ (3, 5) [12, Theorem 2.8].

The results of the collapse of one data set for the symmetric case can be seen
in Figure 7. For the values used, the expected value of the critical temperature is
given by βc = 0.935. As one can see, the collapse for the magnetization and the
resulting critical values and exponents can be quite accurate. The collapse of the
susceptibility, however, is not that accurate. This difference can be caused by the
difference in how these ensemble averages are defined, as done in equations (2.15)
and (2.17). The magnetization is a first order derivative of the pressure per particle,
while the susceptibility is a second order derivative of the pressure per particle. The
additional derivative can blow up small measurement errors, resulting in a reduced
accuracy.

We did some more simulation runs with different parameters. The found values
and parameters can be found Table 2. As one can see, the found values for the
symmetric situation are quite bad. We do no know exactly what causes this. One
possible explanation is given in Section 6.7. However, this does not explain all the
problems. We will discuss other possible causes in Section 7.

Table 2: Found critical temperature and critical exponents of the negative branch
of the quenched asymmetric Monte Carlo system on a GRG. The value of d is fixed
at 1. This data was created using averages of the magnetization data and an offset
of 0.01. Some data for D for the susceptibility was especially bad and is left out.

System Theoretical Found values Found values
parameters magnetization susceptibility

c α D βc βc β ν βc γ ν

1 5
3 0.97 0.95 0.64 2.94 0.94 0.70 3.03
5 0.95 0.94 0.55 2.41 0.92 0.62 2.90
10 0.94 0.94 0.50 2.00 0.93 0.73 2.72

1 3
3 0.77 0.76 1.02 2.85 - - -
5 0.76 0.75 0.96 2.92 0.70 0.61 4.45
10 0.75 0.76 0.89 2.62 0.72 0.67 4.07

3 5
3 - 0.28 0.16 1.95 - - -
5 - 0.26 0.19 2.20 0.26 0.60 2.05
10 - 0.25 0.26 2.03 0.25 0.73 2.75

The found results are difficult to compare due to the large inaccuracies in the
critical exponents and the factor 1

∆2 in the critical temperature. However, the critical
exponents for β are significantly smaller for c = 3 compared to c = 1. The critical
temperatures are approximately the same given a difference of a factor 1

∆2 . Nothing
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can be said about the critical exponent γ, as the results are wildly inaccurate even
for the symmetric Ising model.

6.6 Metropolis for annealed

Modelling an annealed setting can be quite difficult. Doing a Monte Carlo simulation
with the Metropolis algorithm requires a transition probability between states. This
transition probability is given by the ratio of their respective probabilities in the Ising
measure. For a switch between state σ and σ′ in the annealed setting, this transition
probability is given by

P[σ → σ′] = min

E
[
e−βH(σ′)

]
E
[
e−βH(σ)

] , 1
 (6.11)

with the expectation taken over all possible graph configurations. This expectation
value has to be calculated for every step in the simulations. To find this ratio, we
can simply substitute the inhomogeneous Curie-Weiss model from equation (5.22)
and divide out the partition function. This gives a ratio of

R =
exp

(∑n
i=1(β∆B −Bii)σ′i + 1

2

∑
i,j Jijσ

′
iσ
′
j + 1

2

∑
i,j Bij(σ

′
i + σ′j)

)
exp

(∑n
i=1(β∆B −Bii)σi + 1

2

∑
i,j Jijσiσj + 1

2

∑
i,j Bij(σi + σj)

) , (6.12)

so that P[σ → σ′] = min(R, 1).
For the simulations, only one spin will be flipped per iteration. This means that

σ′k = −σk for some k ∈ [n] and σ′i = σi for all i 6= k. Furthermore, Jij and Bij can
be Taylor expanded around pij = 0, as given in equation (5.18). Filling in the spin
flipping and the Taylor approximation gives

P[σ → σ′] = exp

(
−2σk

(
(β∆B − pkkB∗ +B∗

n∑
i=1

pki + J∗
n∑
i=1

pkiσi

))

· exp

(
−2σk

(
O(p2

kk) +

n∑
i=1

O(p2
ki)σi +

n∑
i=1

O(p2
ki)

))
.

(6.13)

Using that pij =
wiwj
`n

= O( log(n)
n ), the error terms turn out to be o(1) or even o( 1

n).
Filling this all in and neglecting the order terms gives

P[σ → σ′] = exp

(
−2σk

(
(β∆B −

w2
k

`n
B∗ + wkB

∗ + J∗
wk
`n

n∑
i=1

wiσi

))
. (6.14)

With this transition probability, the same measurement methods that were used
for the quenched setting can be used for the annealed setting as well. These methods
are Monte Carlo with the Metropolis algorithm and then applying finite size scaling
to find the critical exponents.

The critical temperature of the annealed system with a symmetric Ising model
is given by

βc =
1

J
asinh(

1

ν
) (6.15)
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according to [9, Theorem 2.8]. The critical exponents are identical to the critical
exponents of the quenched system [9, Theorem 2.4].

A plot showing both example results of the Monte Carlo measurement and the
results from numerically solving the magnetization according to Section 5 can be
seen in Figure 9. As can be seen, both results show similar behaviour. However,
this is not does not necessarily mean both are correct, as both methods are based
on the same calculations.

Figure 9: Plot of the numerical solution of the spontaneous magnetization. MC is
the Monte Carlo solution with system size n = 5000. FP is the magnetization

derived from the solutions to the fixed point equation in equation (5.3). The used
parameters are (c, d) = (3, 1), α = 5, D = 5. The dip in the positive solution is

caused by the difference in energy of the two branches.

We did more measurements with different parameters. The results of these
measurements can be found in Table 3. The quality of the results is very similar to
the quenched setting. As one can see, the found values for the symmetric situation
are quite bad. We do no know exactly what causes this. One possible explanation
is given in Section 6.7. However, this does not explain all the problems. We will
discuss other possible causes in Section 7.
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Table 3: Found values for the critical temperature and critical exponents along
the negative branch of the annealed asymmetric Ising model on a GRG. For the

symmetric settings, the theoretical critical temperature is given, while for the
asymmetric settings the βc found in Section 5.1 is given. The collapses of the

susceptibility for c = 1, α = 3 and D ∈ {3, 5, 10} were done manually.

System Theoretical / Found values Found values
parameters Numerical magnetization susceptibility

c α D βc βc β ν βc γ ν

1 5
3 0.92 0.92 0.54 2.57 0.91 0.89 2.64
5 0.93 0.92 0.55 2.46 0.91 0.77 2.70
10 0.94 0.92 0.57 2.43 0.91 0.55 2.95

1 3
3 0.77 0.74 1.05 2.69 0.70 0.60 5.00
5 0.76 0.74 1.11 3.09 0.70 0.60 5.00
10 0.75 0.75 1.00 2.90 0.70 0.60 5.00

3 5
3 0.21 0.21 0.29 3.07 0.21 0.80 2.69
5 0.22 0.22 0.32 2.60 0.23 1.03 2.88
10 0.23 0.23 0.36 2.45 0.23 0.69 2.59

The found results are difficult to compare due to the large inaccuracies in the
critical exponents and the factor 1

∆2 in the critical temperature. However, the
critical exponents for β are significantly smaller for c = 3 compared to c = 1. The
critical temperatures are approximately the same given a difference of a factor 1

∆2 .
The critical temperatures are lower than the found critical temperatures for the
quenched setting in Table 2. Nothing can be said about the critical exponent γ, as
the results are wildly inaccurate even for the symmetric Ising model.

6.7 Discussion of the critical curve

One part we repeatedly got stuck on is the critical curve, especially for the quenched
setting. The version of the critical curve that was used for the quenched setting,
as determined in Section 4.4, is based on the magnetization in the thermodynamic
limit. However, the simulations are done on finite size systems. We found that the
asymmetric Ising models already began to diverge from the critical curve below the
critical temperature. The behaviour was exactly as if the found critical curve was
to low.

The same argument can be made for the annealed setting. However, the diverg-
ing behaviour of the magnetization is less pronounced. This means that the finite
size effects are less problematic in the annealed setting.

We have done one measurement to find the critical curve for a finite size system
in the quenched setting. This was done by doing normal Monte Carlo measurements
with the Metropolis algorithm. We initialized the system with an average spin of
exactly zero and looked at whether the system fell towards a positive or a negative
magnetization. To precisely determine whether the chosen value for B was above
or below the critical curve, we did this measurement 50 times for each value of B.
Using this measurement method, we managed to find a critical curve for a finite size
system with parameters (c, d) = (5, 1), α = 3 and D = 3. The resulting curve can be
seen in Figure 10. As one can see, the critical curve of the finite size system slowly
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deviates from the thermodynamic critical curve for increasing β. As the critical
point is somewhere around β = 0.1, this deviation is already noticeable before the
system reaches its critical temperature.

Figure 10: Two found critical curves for (c, d) = (5, 1), α = 3 and D = 3. One is
calculated from the stochastic fixed point equation for the thermodynamic limit and

the other is calculated using the Metropolis algorithm for n = 500.

We have done one Monte Carlo measurement with different seeds and graphs
with this critical curve. However, there still was a negative bias below the critical
point.

Earlier, we found for both the quenched and the annealed setting that the crit-
ical exponent β was significantly lower in the asymmetric case compared to the
symmetric case. This could be caused by the misplacement of the critical curve.
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7 Conclusion and Discussion

The main goal of this thesis was to compare the asymmetric Ising model with the
symmetric Ising model and investigate any differences. A special focus is on Gener-
alized Random Graphs and on the difference between quenched and annealed.

For all graphs and networks with a constant degree, the asymmetric Ising model
can be translated into a symmetric Ising model by incorporating the additional terms
into the system parameters. There are some effects on the critical temperature, as
some parameters have to be incorporated into the temperature. However, the general
behaviour of the system is identical to the symmetric Ising model.

For graphs with a variable degree, things become more complicated. After trans-
lating the asymmetric Ising model into a symmetric Ising model, a local magnetic
field is introduced which has a linear relation to the degree of the vertex. This
variable magnetic field throws off a lot of mathematical calculations.

The largest change is the introduction of the critical curve. This curve had to
be introduced because the system no longer has a magnetization of 0 at B = 0,
but rather at some B0(β). For the quenched setting, some estimations and bounds
for this curve have been found. For both quenched and annealed some numerical
approximations to the curve have been done. The quenched analytical estimation
and numerical approximation correspond nicely for values of β < βc.

However, for β > βc two parallel definitions for the critical curve exist. One of the
definitions of the critical curve is relatively easy to work with, at least numerically.
The other definition makes more sense in the thermodynamic limit, but is rather
hard to work with.

Furthermore, we found some finite size effects in the critical curve. This means
that the critical curve for a given system size can be different than the critical curve
for a different system size. These effects are more pronounced in the quenched
setting than in the annealed setting.

Another large change is the asymmetry around the new critical curve. Where
the symmetric Ising model is perfectly symmetric around B = 0, the asymmetric
Ising model does not have the same spontaneous magnetization when approaching
this curve from above or from below. This could introduce different versions of
critical exponents for the positive and for the negative branch. For the critical curve
defined by positioning the unstable maximum in the energy landscape at an average
spin of zero, we found the different behaviour for the two different spontaneous
magnetizations.

However, one can define the critical curve differently by setting the energy levels
of both branches equal to each other. This definition feels more natural, as the
resulting curve works more easily with the definition of the magnetization in the
thermodynamic limit.

For the annealed GRG, we derived the pressure per particle and from there the
magnetization. Both are dependent on a fixed point equation. We calculated the
critical curve and the spontaneous magnetization from these equations.

7.1 Numerical simulations

We modelled both the quenched and annealed setting with Monte Carlo and the
Metropolis algorithm. We derived the transition probability of flipping one spin,
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which is required to apply the Metropolis algorithm in the annealed setting.
The Monte Carlo simulations lack a lot of accuracy. For the asymmetric Ising

model, we only found good data on one of the two branches. The simulations
give accurate approximations for the critical temperature. The accuracy of the
critical exponent β is bad, but we can still see a significant difference between the
symmetric and the asymmetric situation. We found that the critical exponent β of
the asymmetric Ising model is significantly lower that the critical exponent in the
symmetric case. The accuracy of the critical exponent γ is worse and no conclusions
could be drawn.

The annealed Monte Carlo simulations along the critical curve had a good cor-
respondence with the magnetization found from the fixed point equation.

7.2 Sociology

Going back to the initial problem of sociology, we can translate our results back
to the sociology setting and draw some conclusions. The quenched setting would
correspond with a setting were people are more likely to change opinions than to
change friends if they have different opinions. The annealed setting corresponds
with the reverse.

An external magnetic field is caused by some external influence. The government
is a typical example of an entity that can create an external influence. However, if
there is no external influence, the positive solution c is always more favorable than
the negative solution −d. This means that in large groups of people, the group
will eventually end up with a majority choosing c. To prevent this and make the
negative solution more favorable, a rather large negative magnetic field is required.
In the quenched setting, an upper bound B = −AJE[D] has been found. This upper
bound corresponds with an external influence that is has approximately the same
strength as the influence of normal group of friends.

However, what is more interesting is to see how fast a group stuck with a −d
opinion transitions to opinion c. In the thermodynamic limit, which means a group
of an infinite number of people, this would never happen. We did not investigate
this further in this thesis. We do have the programs available to test with the Monte
Carlo method how long this would take on average for different group sizes.

In the sociology paper [1], they investigated the required increase in temperature
to get out of the local minimum near −d. They did this when there was no external
magnetic field present. We have not investigated this quantity in this thesis either.
We do have the programs to investigate this with Monte Carlo sampling. For the
annealed setting, we can even find these values directly from the solutions to the
fixed point equations.
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