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Abstract

Mixtures of colloids and supramolecular polymers exhibit stimuli-responsive

phase behavior. In previous work (Peters and Tuinier, Physica A 510,

233 [2018]) the polymers were treated as fully flexible chains, while in experi-

mental systems supramolecular polymers may have a certain degree of stiff-

ness. Here we predict that for stiff rod-like supramolecular polymers phase

separation can occur at much lower polymer concentrations than for flexible

supramolecular polymers. Additionally, it is demonstrated that colloid–
polymer interactions can significantly influence the equilibrium polymer size

distribution, however this does not strongly affect the phase behavior of the

mixture. At the low polymer concentrations at which the system already gets

unstable, the effect of excluded volume interactions between polymers chains

themselves is small. Finally, for an experimental system it is predicted that a

variety of re-entrant phase transitions may be observed within a realistic tem-

perature range as illustrated by a specific example.
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1 | INTRODUCTION

The addition of nonadsorbing polymers to colloidal dis-
persions can induce phase transitions and leads to inter-
esting phase behavior.1-3 In such colloid–polymer
mixtures the phase transitions originate from the unbal-
anced osmotic pressure that occurs when the depletion
zones around the colloidal particles overlap.4-6 The
resulting attraction between the colloidal particles is
often termed the depletion interaction, which gained
both fundamental as well as practical interest.

Fundamental interest arises from the fact that chang-
ing the size of the nonadsorbing polymers enables to tune

the range of the attraction between the colloidal particles,
whereas the polymer concentration is proportional to the
strength of the attraction.7 A special feature of the deple-
tion interaction is also that it is entropy-driven8: the
phase transition is induced by excluded volume interac-
tions. Therefore, the phase behavior of model systems
containing relatively monodisperse hard sphere-like col-
loids and flexible polymer chains have been studied in
detail.3,9-11 It has been shown that free volume theory12 is
an approximate, insightful method to predict the phase
behavior of such mixtures, and can also be extended to
include interacting polymer chains and rod-like
colloids.13
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In practice, many industrial products and biological
systems are composed of mixtures that can be considered
as colloid–polymer mixtures. For that reason the deple-
tion interaction has been used for instance to understand
mixtures of food products such as milk and hydrocolloid
mixtures,14 but also in high-performance photovoltaic
materials.15

The phase transitions that are induced are often
unwanted since in many products like foods and paint
phase stability is an important attribute. When a sys-
tem undergoes a phase transition the mixture turbid-
ity often strongly changes.16 Hence, if this phase
transition can be made responsive to an external trig-
ger the turbidity change may be used as a signal func-
tion depending on that trigger. Examples of
responsive depletants are the so-called supramolecu-
lar or equilibrium polymers. Supramolecular poly-
mers are formed from non-covalent reversible bonds
leading to properties that are responsive to external
stimuli.17-21 Under the influence of for instance light
or heat these polymers can change in structure and/or
size, which is useful for biomedical applications and
sensors.22,23

Previously, we demonstrated24 that stimuli-responsive
phase behavior in mixtures of hard colloidal spheres plus
nonadsorbing linear supramolecular polymers is
predicted due to a change in polymer size (see Figure 1).
In reference 24 we considered the polymers to have a
flexible, coil-like structure. However, in the only reported
experimental system of a phase separated supramolecular
polymer–colloid mixture we are aware of,25 the supramo-
lecular polymers appear to be quite rigid.26

The phase stability of a colloid–polymer mixture is
sensitive to the chain stiffness of the nonadsorbing poly-
mers.27 Dispersions of spherical colloids have also been
shown to phase separate when only a small amount of
rod-like colloids is added.28,29 This can be attributed to
the increased strength of the depletion interaction due to -
rod-like depletants,13 an effect that was already predicted
in 1958 by Asakura and Oosawa30 in a pioneering paper
in this journal. The available volume and entropy for the
rod-like colloids or polymers is increased when the spher-
ical colloids are close together leading to an effective
attraction. The entropy difference and the depletion
interaction is larger for the more rigid depletants because
of the enhanced excluded volume per depletant
volume.13

In this paper theory for the phase behavior of mix-
tures containing hard spheres plus flexible supramolecu-
lar polymers is extended towards stiff supramolecular
chains in the rod limit. This gives a closer description of
many supramolecular experimental systems and helps
realize a colloid–polymer system with stimuli-responsive
phase behavior. We will derive several methods to predict
the phase behavior with fully rigid supramolecular rods
and discuss the differences accordingly. Finally, we pre-
sent a possible phase diagram in which it is shown which
kinds of phase transitions could be expected upon chang-
ing the temperature.

2 | THEORY

2.1 | Generalized free volume theory

We consider a mixture of spherical colloids and fully rigid
supramolecular polymer chains. We approximate the
rigid supramolecular polymers as hard spherocylinders
with a tunable equilibrium length distribution and the
colloidal particles as hard spheres. This means that both
types of particles have an infinite repulsion at contact
and do not interact otherwise. The phase behavior of
mixtures of monodisperse hard spherocylinders and hard
spheres has been studied for instance, by free volume
theory,31 density functional theory32 and Monte Carlo
simulations.33 In order to predict the phase behavior for
colloid–supramolecular polymer mixtures with rigid
chains, we use free volume theory. Within free volume
theory the system of interest is held in equilibrium with a
reservoir of polymers through a hypothetical semi-
permeable membrane which is only permeable for the
polymers and solvent. This reservoir is merely hypotheti-
cal and is a thermodynamic construct to keep the chemi-
cal potential of the depletants constant. These
spherocylinders are considered to be in an isotropic phase

Temperature,
Light

Temperature,
Light

FIGURE 1 Sketch showing the stimuli-responsive phase

behavior of flexible (upper example) or stiff (lower example)

supramolecular polymers mixed with colloidal spheres [Color

figure can be viewed at wileyonlinelibrary.com]
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meaning that their orientations and positions are disordered.
A central quantity that can be used to quantify the thermo-
dynamic properties of mixtures is the normalized semi-grand
canonical potential of the system ω, given by13,34:

ω¼ Ωvc
kBTV

¼ f 0�
ðφR

0

α
∂eΠR

∂φ0R dφ
0R, ð1Þ

where vc ¼ πD3
c=6 is the colloidal particle volume, Dc the

colloid diameter, kBT the thermal energy, V the system
volume, f0 the normalized Helmholtz energy of a pure
HS dispersion, φR the monomer volume fraction, and
~ΠR ¼ΠRvc= kBTð Þ the normalized osmotic pressure of the
supramolecular polymers in the reservoir. We approxi-
mate the ensemble-averaged free volume fraction
α = ⟨Vfree⟩/V by that of which the particle configurations
are assumed to be unaffected by the added depletants, so
⟨Vfree⟩ = ⟨Vfree⟩

0. The same free volume theory assump-
tion was made for calculations on the phase behavior of a
mixture of monodisperse hard spherocylinders and
spherical colloids and the results were in agreement with
Monte Carlo simulations.13,33 For the free energy of the
pure colloidal phases f0 we use the Carnahan–Starling
equation of state for the fluid phase35 and the Lennard-
Jones–Devonshire cell theory36 for the solid phase:

f 0F ¼ ηlnη�ηþ4η2�3η3

1�ηð Þ2 , ð2Þ

f 0S ¼ 2:1306ηþ3ηln
η

1�η=ηcp

 !
, ð3Þ

where η is the colloid volume fraction, ηcp ¼
π= 3

ffiffiffi
2

p� �
≈ 0:74 the colloid volume fraction at close pack-

ing, and the numerical constant 2.1306 follows from com-
puter simulation results.37 From ω we can derive the
chemical potential μ of the colloidal particles and
the osmotic pressure of the mixture Π, and we can com-
pute the phase behavior by imposing the equilibrium
conditions between different phases I and II:

μI ¼ μII, ð4Þ

ΠI ¼ΠII: ð5Þ

In the following sections we will derive the appropriate
length distribution of the supramolecular hard
spherocylinders and show the expressions for α and ~ΠR

.
We consider three different models for the length distri-
bution where the average polymer size is either (1) unaf-
fected by excluded volume interactions, (2) only affected
by polymer–polymer interactions, or (3) mediated by

colloid–polymer interactions. It is difficult to predict
beforehand how excluded volume interactions could
influence the average polymer size. On the one hand lon-
ger polymer chains create a larger excluded volume per
polymer than shorter polymers, making a small average
polymer size more favorable. On the other hand, if the
average polymer size becomes smaller and the monomer
concentration is kept constant, there is a higher concen-
tration of polymer chains to interact with. It is expected
that the interplay between these two effects leads to the
net result of a smaller or larger average polymer size
being more favorable. In all cases the polymer behaves
like a hard spherocylinder with excluded volume interac-
tions with the colloidal particles in the calculation of the
free volume fraction α.

While we focus here on the effect of excluded volume
interactions on the size distributions, it is noted these are
also heavily influenced by their growth mechanisms.38,39

The theory proposed here is in principle based on supra-
molecular polymers formed by isodesmic growth. With
an isodesmic growth mechanism the addition of each
monomer has the same energy cost. In such a case an
external stimulus causes a gradual change to the size dis-
tribution. A cooperative growth mechanism has a higher
activation or nucleation energy cost to form a smaller
polymer or oligomer, while for the larger polymers there
is a similar energy cost to add monomers as for isodesmic
growth. This can lead to much larger average polymer
sizes and leads to a steep transition between a mono-
meric and polymeric regime by external stimuli. Within
the polymeric regime however the size distribution
changes similarly as for isodesmic growth. As in refer-
ence 24 our approach is compatible with both isodesmic
growth and cooperative growth in the polymeric regime
when accounting for the effect of the activation or nucle-
ation energy.

2.2 | Ideal distribution

The rigid polymer chains considered are rod-like particles
consisting of N monomers with volume vN = Nvm, where
vm is the volume of a monomer. These rods are modeled
as spherocylinders. In order to correlate the properties of
spherocylinders to that of rigid polymer chains, we state
that the rod volume vN is equal to that of a
spherocylinder, so Nvm ¼ πD3

p=6þπD2
pLN=4, leading to:

LN
Dp

¼ 4vm
πD3

p

N�2
3

ð6Þ

¼ΛN�2
3
, ð7Þ
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where LN and Dp are the length and diameter of the
spherocylinder (total length LN+Dp, see Figure 2), and Λ
can be interpreted as a normalized monomer volume.
These and following expressions in principle hold for dif-
ferent types of monomer shapes and monomer volume
vm. In Figure 2 and for the interpretation of results we
assume the monomers to have the shape of a cylinder
with length lm and diameter Dp. Since now the monomer
volume is defined as vm ¼ πD2

plm=4 , the parameter Λ
reduces to the monomer aspect ratio Λ = lm/Dp. On the
left of Figure 2 we have indicated these different length
scales. While the monomers have a different shape at the
ends of the polymer, this should have minimal effect as
we will only consider long rods with ⟨N⟩≳ 50 and ⟨LN⟩/
Dp≳ 10, where the angular brackets indicate number
weighted averages.

In a pure ideal supramolecular polymer dispersion in
which excluded volume interactions are neglected, the
average polymer size can be found by minimizing
the grand potential Ω or the relevant part of the Helm-
holtz free energy F with respect to the length distribution
~ρN .39,40 Here the grand potential Ω for this system is
approximated as39,40:

ωm ¼ Ωvm
kBTV

¼ fm�
X∞
N¼1

NeρNeμm ð8Þ

≈
X∞
N¼1

eρN lneρN �1þU�Neμm½ �, ð9Þ

with ~ρN ¼ ρNvm the normalized number density of chains
with length N, ~μm ¼ μm= kBTð Þ the normalized monomer
chemical potential, and U = E/(kBT) the normalized scis-
sion energy, where E is the energy needed to break a
bond between two monomers. Here the subscript m in
ωm and fm indicates that these quantities are normalized
to vm instead of vc as in the previous section. Using the

constraint
P∞
N¼1

~ρNN ¼φ this can lead to the final size dis-

tribution. However, since ~ρN will only be considered as a

broad distribution with ⟨N⟩≳ 50, the summation in the
expression for ωm can be approximated using an integral
over a continuous value of N from 0 to ∞39,40:

ωm ≈
ð∞
0
eρN lneρN �1þU�Neμm½ �dN: ð10Þ

Minimizing ωm over ~ρN using the constraint
Ð∞
0
~ρNNdN ¼

φ leads to the distribution39,40:

eρN ¼ φ

⟨N⟩
2 exp � N

⟨N⟩

� �
, ð11Þ

with the number averaged number of monomers ⟨N⟩:

⟨N⟩¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
φexpU

p
: ð12Þ

2.2.1 | Free volume fraction

Next, we consider the colloid–polymer mixture of interest
held in osmotic equilibrium with a reservoir. The colloi-
dal particles have a diameter Dc leading to a polymer–
colloid diameter ratio s = Dp/Dc as indicated in Figure 2.
Since we assume here that the length distribution is not
affected by colloid–polymer interactions, the average
polymer size in the reservoir and system is the same
⟨N⟩¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
φRexpU

p
. The free volume fraction is typically

derived using the thermodynamic equilibrium between
the system and the polymer reservoir. In this case we
can use:

eμm ¼eμRm: ð13Þ

For the polymer reservoir it follows from the minimiza-
tion of the distribution that39:

eμRm ¼ 1

⟨N⟩
ln

φR

⟨N⟩
2�1þU

 !
ð14Þ

¼� 1

⟨N⟩
: ð15Þ

It is now postulated that the chemical potential has a
similar form in the system:

FIGURE 2 Sketch showing the different length scales for a

rigid supramolecular polymer with N = 10 (left) and a spherical

colloidal particle (right)
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eμm ¼ 1

⟨N⟩
ln

φ

⟨N⟩
2�1þUþW eff

 !
, ð16Þ

where Weff is an effective Widom insertion energy41

related to the excluded volume between the colloidal
hard spheres and the polymers. From Equation 13 and
defining the free volume fraction as α = φ/φR it follows
that α = exp(�Weff).

In a monodisperse rod dispersion the Widom
insertion energy W can be approximated by the work
of inserting a single hard spherocylinder in a hard
sphere dispersion following from scaled particle
theory13:

W Nð Þ¼�ln 1�ηð Þþ 2sþ s2ð Þy ηð Þþ3s2y ηð Þ2
2

þ3
2
sΛN 1þ2sþ s2

� �
y ηð Þþ 3sþ3s2

� �
y ηð Þ2þ3s2y ηð Þ3� �

,

ð17Þ

with y(η) = η/(1� η). Therefore we approximate Weff by
that of an effective spherocylinder size as dictated by the
depletion thickness δ, which gives an indication of
the zone around the colloid depleted of polymer. For a
monodisperse hard spherocylinder, we can approximate
δN at a flat surface with13:

δN ¼Dp

2
þLN

4
, ð18Þ

which for a rigid polymer leads to:

δN
Dc

¼ s
3
þ sΛN

4
: ð19Þ

The effective depletion thickness for a polydisperse
depletant distribution next to a surface can be quanti-
fied by42:

δ

Dc
¼
Ð∞
0 NeρNδN dN
Dc
Ð∞
0 NeρN dN ð20Þ

¼ s
3
þ sΛ⟨N⟩

2
: ð21Þ

There is a factor 2 difference between the second term in
Equation 19 and 21 meaning that the polymer polydis-
persity increases the depletion thickness. An increase
was also predicted for flexible supramolecular poly-
mers.24 Assuming that the relation of δ and Weff is similar
to that of δN and W(N), we obtain:

W eff ¼�ln 1�ηð Þþ 2sþ s2
� �

y ηð Þþ3s2y ηð Þ2
2

þ3sΛ⟨N⟩ 1þ2sþ s2
� �

y ηð Þþ 3sþ3s2
� �

y ηð Þ2þ3s2y ηð Þ3� �
:

ð22Þ
The free volume fraction α is then given by:

α¼ 1�ηð Þexp �Qeffð Þ, ð23Þ

with

Qeff ¼ 2sþ s2
� �

y ηð Þþ3s2y ηð Þ2
2

þ3sΛ⟨N⟩ 1þ2sþ s2
� �

y ηð Þþ 3sþ3s2
� �

y ηð Þ2þ3s2y ηð Þ3� �
:

2.2.2 | Osmotic pressure

As there are no excluded volume interactions considered
between the polymers, the osmotic pressure is Van 't
Hoff like:

eΠR ¼ vc
vm

φR

⟨N⟩
ð24Þ

¼ 2φR

3s3Λ⟨N⟩
, ð25Þ

giving the following expression for the osmotic
compressibility:

∂eΠR

∂φR
¼ 1

3s3Λ⟨N⟩
: ð26Þ

The disappearance of the factor 2 going from Equation 25
to Equation 26 is due to the concentration dependence
of ⟨N⟩.

2.3 | Interactions between
supramolecular rods

Here the excluded volume interactions between supra-
molecular rigid polymer chains are taken into account.
To derive the polymer size distribution, it is needed to
define the grand potential Ω for the isotropic phase in a
pure supramolecular rigid polymer solution. For the iso-
tropic phase of monodisperse hard spherocylinder disper-
sions Ω can be described accurately by either scaled
particle theory43 or Parsons–Lee theory.44-46 For consis-
tency with previous free volume theory calculations on

PETERS ET AL. 1179



sphere–rod mixtures,13 scaled particle theory is used to
derive equations of state for the supramolecular rods. We
extend scaled particle theory to a polydisperse mixture in
a similar fashion as has been done for a mixture of dis-
corectangles.47 Here we make progress by inserting a
spherocylinder with length L

0
N and diameter D

0
p in

a spherocylinder dispersion that has different lengths LM
and diameter Dp. The associated work of insertion W(N)
approximates the non-ideal part of the chemical potential
~μ Nð Þ:

eμ Nð Þ¼ lneρN þUþW Nð Þ: ð27Þ

In scaled particle theory this work is derived by extending
the size parameters of a scaled particle, characterized by the
size parameters L

0
N and D

0
p, from zero to the final parame-

ters LN and Dp of the inserted particle. The starting point
is the average excluded volume between two hard
spherocylinders in an isotropic phase given by48:

vex N ,Mð Þ¼ π

6
D0
pþDp

	 
3
þπ

4
D0
pþDp

	 
2
L0
N þLM

� �
þπ

4
D0
pþDp

	 

L0NLM : ð28Þ

In the limit of L
0
N �LM and D

0
p �Dp the work of inser-

tion is approximated as follows:

W Nð Þ¼�ln 1�
X∞
M¼1

eρM vex N ,Mð Þ
vm

 !
L0N �LM andD0

p �Dp:

ð29Þ

In the opposite limit where L
0
N �LM and D

0
p �Dp this

work of insertion is estimated from the work needed to
create a cavity of the volume of the inserted particle:

W Nð Þ¼
π
6D

03
p þ π

4D
02
pL

0
N

vm
eΠm L0N �LM andD0

p�Dp,

ð30Þ
where the normalized osmotic pressure of the polymer
dispersion ~Πm is normalized to vm instead of vc. We con-
nect the two limits by taking a Taylor series over L

0
N and

D
0
p of Equation 29 and then using L

0
N ¼ LN and D

0
p ¼Dp:

W Nð Þ¼W Nð ÞL0N ,D0
p¼0þDp

∂W Nð Þ
∂D0

p

 !
L0N ,D

0
p¼0

þLN
∂W Nð Þ
∂L0

N

� �
L0N ,D

0
p¼0

þ1
2
D2

p
∂2W Nð Þ
∂D02

p

 !
L0N ,D

0
p¼0

þDpLN
∂2W Nð Þ
∂D0

p∂L
0
N

 !
L0N ,D

0
p¼0

þN eΠm:

ð31Þ

After defining:

a N ,Mð Þ¼ 4
9Λ

þ5
6
NþMð ÞþΛNM,

b N ,M,Kð Þ¼ 4

81Λ2þ
4

27Λ
NþMþKð Þ

þ4
9
NMþNKþMKð Þþ4

3
ΛNMK,

this leads to the following expression for W(N):

W Nð Þ¼�ln 1� P∞
M¼1

eρMM� �
þ2

P∞
M¼1

eρMa N ,Mð Þ

1� P∞
M¼1

eρMM
þ3
2

P∞
M¼1

P∞
K¼1
eρMeρKb N ,M,Kð Þ

1� P∞
M¼1

eρMM� �2 þN eΠm,

ð32Þ

where N, M, and K all indicate the chain length; the
number of monomers in a polymer. Now we need to
apply the Gibbs–Duhem relation which is written as fol-
lows in this case:

deΠm ¼
X∞
N¼1

eρN deμ Nð Þ, ð33Þ

where ~μ Nð Þ follows from Equation 27. Then we take the
partial derivative with respect to the concentration of
polymers of chain length J, while keeping the other con-
centrations constant:

∂eΠm

∂eρJ ¼
X∞
N¼1

eρN ∂eμ Nð Þ
∂eρJ ð34Þ

¼ 1þ
X∞
N¼1

eρN ∂W Nð Þ
∂eρJ , ð35Þ

where we have applied the fact that ∂~ρN=∂~ρJ is 0 for N≠
J. From integration it then follows that the osmotic pres-
sure of such a dispersion is given by:

eΠm ¼
P∞
N¼1
eρN

1� P∞
M¼1

eρMMþ
P∞
N¼1

P∞
M¼1

eρNeρMa N ,Mð Þ

1� P∞
M¼1

eρMM� �2

þ
P∞
N¼1

P∞
M¼1

P∞
K¼1
eρNeρMeρKb N ,M,Kð Þ

1� P∞
M¼1

eρMM� �3 :

ð36Þ
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This equation is consistent with the scaled particle theory
result for monodisperse hard spherocylinders43 and
should be applicable for polydisperse rod size distribu-
tions in general.

To find the distribution function ~ρN we approximate
the summations as integrals using a continuous value for
N, M, and K from 0 to ∞, which should be reasonable for
⟨N⟩≳ 50. The grand potential ωm is obtained using Equa-
tion 8 and fm ¼ Ð∞0 eρNeμ Nð ÞdN� eΠm:

ωm ≈
ð∞
0
eρN lneρN �1þU� ln 1�

ð∞
0
eρMMdM

� ��
þ
Ð∞
0 eρMea N ,Mð ÞdM
1� Ð∞0 eρMMdM

þ1
2

Ð∞
0

Ð∞
0 eρMeρKeb N ,M,Kð ÞdMdK

1� Ð∞0 eρMMdM
� �2 �Nμm

#
dN :

ð37Þ

In order to minimize ωm with respect to the distribution
function ~ρN analytically, we need to make a further
approximation. In the limit of ⟨LN⟩/Dp≳ 10, we can use
the leading terms of a(N, M) and b(N, M, K):

a N ,Mð Þ≈ 5
6
NþMð ÞþΛNM,

b N ,M,Kð Þ≈ 4
9
NMþNKþMKð Þþ4

3
ΛNMK:

Again using the constraint
Ð∞
0 ρNNdN ¼φ this leads to

the same distribution as Equation 11, but with:

⟨N⟩¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
y φð Þexp Uþ5

3
y φð Þþ2

3
y φð Þ2

� �s
, ð38Þ

where y(φ) = φ/(1�φ). In the dilute limit Equation 38
attains the result ⟨N⟩≈

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
φexpU

p
of Equation 12. The first

order deviation in φ gives ⟨N⟩≈
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
φexpU

p þ8φ=3, which
is the same result that is found when a size distribution
of rod–like micelles was calculated using equations of
state approximated up to a second virial coefficient.49

Note that the leading order terms for the excluded vol-
ume interactions (last terms of ~a and ~b) do not influence
⟨N⟩. The polymer–polymer interactions slightly promote
the formation of longer chains.

2.3.1 | Free volume fraction

As the expected polymer concentrations along the
binodals are very low compared to the colloid concentra-
tions, we do not expect the polymer–polymer interactions
to significantly influence α and thus describe it using
Equation 23. The depletion thickness δ however is

slightly larger as ⟨N⟩ is larger than for the ideal distribu-
tion (see Equations 12 and 38).

2.3.2 | Osmotic pressure

For the osmotic pressure of the polymer reservoir we can
insert the results for the distribution in Equation 36:

eΠR ¼ 2

3s3⟨N⟩Λ
y φR
� �þ ⟨a⟩y φR

� �2þ ⟨b⟩y φR
� �3h i

: ð39Þ

The quantities ⟨a⟩ and ⟨b⟩ are related to the number
averages of a(N, M) and b(N, M, K):

⟨a⟩¼ 5
3
þΛ⟨N⟩≈

⟨a N ,Mð Þ⟩
⟨N⟩

,

⟨b⟩¼ 4
3
þ4
3
Λ⟨N⟩≈

⟨b N ,M,Kð Þ⟩
⟨N⟩

2 :

This expression is also identical to that for monodis-
perse hard spherocylinders with N = ⟨N⟩.

43 Due to the
concentration dependence of ⟨N⟩ the derivative that is
needed in generalized free volume theory is however
different:

∂eΠR

∂φR
¼ 2

3s3⟨N⟩Λ 1�φRð Þ2

� 1þ2⟨a⟩y φRð Þþ3⟨b⟩y φRð Þ2�1
2

1þ5
3
y φR
� �þ4

3
y φR
� �2� �2

" #
,

ð40Þ

where the negative last terms are the deviations from the
expression for monodisperse hard spherocylinders
with N = ⟨N⟩.

2.4 | Supramolecular rod–colloid
interactions

It is now possible to investigate how the colloid–polymer
interactions influence the chain length distribution. This
was not done in the polymer coil limit as the dependence
of W(N) on N is more involved.24 Here we minimize the
semi-grand potential ω of the colloid–polymer mixture
directly and the distribution is allowed to differ between
the system and the reservoir. In order to find a suitable
definition for ω we neglect the effects of polymer–
polymer interactions as discussed in the previous Section.
This means we only look into the effects on the polymer
size distribution of either the colloid–polymer or
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polymer–polymer interactions separately. However, now
the contributions to ω from the polymers of different
sizes are considered independent and ω can be written as
a sum over N:

ω¼ f 0�
X∞
N¼1

ðφR
N

0

αN
∂eΠR

N

∂φ0R
N

dφ0R
N , ð41Þ

where αN and ~ΠR
N would be the contributions of a con-

ventional polymer of length N. Using φN ¼N~ρN ¼ αNφR
N

and the fact that the reservoir pressure is determined by
Van 't Hoff's law ~ΠR

N ¼ 2φR
N= 3s3ΛNð Þ , we can rewrite

this as:

ω¼ f 0�
X∞
N¼1

2eρN
3s3Λ

: ð42Þ

Additionally, we state that:

f ¼ωþ
X∞
N¼1

2eρN
3s3Λ

eμ Nð Þ ð43Þ

¼ f 0þ
X∞
N¼1

2eρN
3s3Λ

eμ Nð Þ�1ð Þ, ð44Þ

where the chemical potential ~μ Nð Þ is given by Equa-
tion 27 with W(N) as Equation 17. This expression holds
for a mixture of spheres and polydisperse rods for which
the rod–rod interactions can be neglected. However, for
supramolecular rods we can use the expression from
Equation 8 and approximate the summations with an
integral over a continuous range of N values from 0 to ∞
to obtain:

ω¼ f �
ð∞
0

2eρN
3s3Λ

NeμmdN ð45Þ

¼ f 0þ
ð∞
0

2
3s3Λ

eρN lneρN �1þUþW Nð Þ�Neμmð ÞdN: ð46Þ

This can be minimized while applying the normalization
constraint to obtain the distribution of Equation 11
with ⟨N⟩:

⟨N⟩¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
φ

1�η
exp Uþ 2sþ s2ð Þy ηð Þþ3s2

2
y ηð Þ2

� �s
: ð47Þ

Note that this result has a similar form as Equation 38 in
which polymer–polymer interactions are included.

2.4.1 | Free volume fraction

When the colloid–polymer interactions have been
included in the distribution, the system monomer chemi-
cal potential ~μm can directly be calculated by evaluating
the integrals for ω and this leads to the exact expression
of Equation 16. In this case however ⟨N⟩ in the system is
not equal to that in the reservoir and Weff is given by:

W eff ¼�ln 1�ηð Þþ 2sþ s2
� �

y ηð Þþ3s2y ηð Þ2
2

þ3
2
sΛ⟨N⟩ 1þ2sþ s2

� �
y ηð Þþ 3sþ3s2

� �
y ηð Þ2þ3s2y ηð Þ3� �

:

ð48Þ

We can use Equation 14 for the chemical potential of the
depletants in the reservoir with ⟨N⟩

R ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
φRexpU

p
lead-

ing to:

α¼
1�ηð Þexp � 2sþ s2ð Þy ηð Þ� 3s2y ηð Þ2

2

n o
1þ 3

2sΛ⟨N⟩
R

1þ2sþ s2ð Þy ηð Þþ 3sþ3s2ð Þy ηð Þ2þ3s2y ηð Þ3� �	 
2 :
ð49Þ

This leads to the following expression for ⟨N⟩ in terms of
the reservoir concentration:

⟨N⟩¼ ⟨N⟩
R

1þ 3
2sΛ⟨N⟩

R
1þ2sþ s2ð Þy ηð Þþ 3sþ3s2ð Þy ηð Þ2þ3s2y ηð Þ3� � ,

ð50Þ
which means that ⟨N⟩ is actually smaller than ⟨N⟩R. To
understand this, it must be realized that Equation 49 is an
average value of Equation 17 and that for the individual
shorter polymers the free volume is larger than for longer
polymers. To illustrate this the free volume fraction
αN = exp[�W(N)] for the individual polymer sizes from
Equation 17 is plotted in Figure 3 versus the polymer length
N for a few values of η. It shows that αN strongly decreases
with increasing chain length for all η. Hence it is expected
the chains tend to distribute unevenly over the reservoir
and the system. A relatively larger amount of short polymer
chains will be found in the system where the colloidal parti-
cles are present, while the long polymers tend to be rela-
tively more concentrated in the reservoir. In the previous
two sections it was assumed that the free volume has the
same value for all polymer sizes.

2.4.2 | Semi-grand potential

As there are no changes in the reservoir with respect to
section 2.2, we have used Equation 25 and 26 for the
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osmotic pressure and its derivative. In combination with
Equation 49 for α, this makes it possible to evaluate the
integral in Equation 1 analytically:

ω¼ f 0�α
2φR

3s3Λ⟨N⟩
: ð51Þ

Using Equation 4 and 5 this enables to compute the
phase diagrams using ~μ¼ ∂ω=∂η and ~Π¼ ~μη�ω.

3 | RESULTS AND DISCUSSION

In Figure 4 we have plotted phase diagrams for the differ-
ent models of rigid equilibrium polymer chains for the
parameters s = 0.01, Λ = 0.2, and U = 13,16,19, and 22.
The diagrams are presented in terms of either reservoir
(left) or system (right) monomer volume fraction, φR or
φ, versus colloid volume fraction η. The system monomer
volume fraction is calculated using φ = αφR, where the
free volume fraction α strongly depends on η. This means
that for two coexisting phases the value of φR is constant,
but the values of φ differ. The polymer parameters were
chosen such as to have a thin polymer compared to the
colloid diameter (s = 0.01), and the polymers are com-
posed of disk-like monomers (Λ = 0.2). The scission ener-
gies are chosen in a range of realistic experimental values
for supramolecular polymers following isodesmic
growth.39 The solid curves are predictions based upon the
ideal polymer distribution (Section 2.2), the dotted curves
are predictions from the model accounting for the influ-
ence of the polymer–polymer interactions on the polymer
size (Section 2.3), and the dashed curves represent predic-
tions in which colloid–polymer interactions are included
in the polymer size model (Section 2.4). At low monomer
concentrations and η≲ 0.49 there is always a single fluid
phase. At higher monomer concentrations it becomes
favorable to phase separate into a colloidal gas and liquid
phase for U = 16, 19, and 22. We have indicated the

FIGURE 3 Chain length dependence of the free volume

fraction αN = exp[�W(N)] with W(N) given by equation 17 for

s = 0.01, Λ = 0.2, η = 0.1,0.2, and 0.4 [Color figure can be viewed at

wileyonlinelibrary.com]

FIGURE 4 Phase diagrams of mixtures of colloidal hard spheres and rod-like supramolecular polymers as a function of colloid volume

fraction η and reservoir or system monomer volume fraction φR and φ with s = 0.01, Λ = 0.2, and U = 13,16,19, and 22. The solid curves

denote the use of an ideal polymer size distribution (section 2.2), while the dotted and dashed curves have included respectively polymer–
polymer (section 2.3) or colloid–polymer interactions (section 2.4). Critical points for colloidal gas–liquid coexistence are indicated for the

ideal distribution only with data points. For clarity only the region with small η has been plotted for U = 22 [Color figure can be viewed at

wileyonlinelibrary.com]
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critical point of the gas–liquid coexistence with the data
points for the gas–liquid binodals from the ideal distribu-
tion. At these critical points ⟨N⟩crit≈ 145,429, and 1392
for U = 16, 19, and 22, respectively.

At low polymer concentration a single colloidal solid
phase is predicted at η≳ 0.54, while between η≈ 0.49
to 0.54 there is a fluid–solid coexistence. As the polymer
concentration is increased the fluid–solid binodal widens.
For U = 13 only fluid–solid coexistence is predicted. To
induce gas–liquid coexistence the attraction that is
induced should be sufficiently long-range,12 roughly
exceeding 1/3 of the HS diameter. Obviously, for U = 13
the chains are still too small, so the gas–liquid binodal is
metastable only. To give a rough comparison of the size
of the polymer for all U values we use the value of φR at
the gas–liquid or fluid–solid binodal at η = 0.3 (which-
ever is more stable) and find ⟨N⟩≈ 50,150,450, and 2000.

It is clear that the different models lead to similar
qualitative phase behavior especially in terms of the
predicted experimental phase diagram (system represen-
tations) in the right panel. All the models show more sig-
nificant changes to the phase behavior when changing U.
The absolute monomer volume fraction however is very
small and the phase separation therefore occurs at
very low polymer concentrations. This is an order of mag-
nitude lower than would be expected of polymers that
have a flexible Gaussian coil structure.24 It should be
noted that different definitions were used to describe the
monomer, making a direct comparison more difficult.
There the monomer was defined by a single length scale
b with vm = b3. This can be related to s and Λ using the
relation b=Dc ¼ v1=3m =Dc ¼ s πΛ=4ð Þ1=3 . So for Figure 4 b/
Dc≈ 0.005, which is smaller than the values used for the
flexible supramolecular polymers (b/Dc ranges from 0.017
to 0.042). However even for higher s and Λ values (not
shown) the binodals remain at much lower polymer con-
centrations than for the flexible supramolecular
polymers.

Inspection of the effect of polymer–polymer interac-
tions (dotted curves) reveals that the phase behavior is
qualitatively similar to the ideal polymer distribution
model (solid curves), while the binodal polymer concen-
trations are slightly lower. This originates from the fact
that with the inclusion of these interactions a smaller
monomer concentration is required to attain the same
osmotic pressure in the polymer reservoir. Additionally,
⟨N⟩ is very similar for both models at these low polymer
concentrations and therefore the differences in free vol-
ume are negligible. Hence if the ordinate was rescaled to
the osmotic pressure of the reservoir ΠR

,
50 the differences

between the two different models are even smaller.
For the model in which the effect of the colloid–

polymer interactions on the distribution (dashed curves)

was included the results differ slightly more from the
other models. The binodal can be at both higher and
lower polymer concentrations than for the ideal distribu-
tion (solid curves). This difference largely depends on U
and η. The exact results are less straightforward to under-
stand from the expressions for α because of their complex
dependence on U and η. It is known however that the
strength of the depletion attraction increases when both
the polymer size and number density increases. A shorter
polymer would thus have a weaker depletion attraction
than a longer polymer at the same number density. On
the other hand at the same monomer volume fraction,
the number density of a shorter polymer would be higher
than a longer polymer. Hence at the same monomer vol-
ume fraction, when the colloid–polymer interactions
increase the amount of shorter polymers and decrease
the amount of longer polymers, the depletion attraction
can on the one hand decrease, but due to the increased
number density of the shorter polymers it can also
increase. It is the interplay between these opposing influ-
ences that leads to the exact results of the binodals. It
seems that at low η the difference between the models is
decreased as U is increased, since the relative differences
between the polymer size distributions should be smaller.
As η is increased however, the colloid–polymer interac-
tions decrease the average polymer size further, leading
to a shift in the binodals due to a shift in the interplay
between the two opposing influences.

To examine the responsive nature of the phase behav-
ior more closely, we have computed the binodals for a
system as a function of temperature as shown in Figure 5
using an ideal distribution. Here the reservoir polymer
concentration is kept constant at φR = 0.002 and the
absolute scission energy is fixed at E = 19 kBT0, where
T0 = 298 K. Below the critical point the colloidal gas
(G) and liquid (L) phases are explicitly specified to better
indicate the variety of phase states. The left graph repre-
sents a quite complete phase diagram, while a more spe-
cific concentration and temperature range is plotted in
the right graph to indicate a particularly interesting range
of η, where the different phases are indicated that could
be observed when modifying the temperature at the η
along the arrows. Over this temperature range between
5�C and 75 �C the following phase states are predicted
upon increasing T: liquid, gas–liquid, gas–solid, gas–liq-
uid, liquid, liquid–solid, liquid, fluid. While the example
at this colloid concentration shows the most possible
phase transitions, a variety of re-entrant phase behavior
becomes possible within this temperature range for dif-
ferent colloid concentrations as well.

The re-entrant phase behavior is caused by the effect
of temperature on the depletion attraction. As mentioned
before, the strength of the depletion attraction increases
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when both the polymer size and number density
increases. In our model the effect of supramolecular rod
size is correlated to the depletion thickness and the effect
of rod number density is correlated to the reservoir
osmotic pressure. In Figure 6 the change in these param-
eters for different temperatures is plotted. When for
instance the temperature is decreased, the depletion
thickness increases but the reservoir osmotic pressure
decreases. The range of the depletion interaction is
increased, which favors gas–liquid coexistence, but the

strength of the depletion attraction changes in a
nonlinear fashion. Hence the net effect of temperature on
the depletion interaction is not so straightforward and
can cause these re-entrant phases. Note however that
experimentally the total polymer system concentration is
kept constant instead of the reservoir polymer concentra-
tion. Nevertheless Figure 5 shows conceptually that the
phase behavior can be altered significantly within realis-
tic temperature steps for a mixture at fixed composition.
It will be intriguing to assess such scenarios using a well-
defined experimental system.

Therefore, we now consider how these results could
be applied to real experimental systems of colloids mixed
with supramolecular polymers. In previous work
stearylated silica spheres in cyclohexane were mixed with
the monomer 2,4-bis(2-ethylhexylureido)toluene
(EHUT).25 The polymers are formed by cooperative
growth26 and 2,4-bis(dibutylure-ido)toluene (DBUT) was
added as chain stoppers to limit the growth of the chains.
These heavily affect the size distribution51 making a
direct comparison with our results difficult. Nevertheless
phase separation was observed when the EHUT/DBUT
solution is added to the colloidal dispersion, but stimuli-
responsiveness was not investigated. Even with chain
stoppers a transition between the monomeric and poly-
meric regime can still occur under influence of tempera-
ture. A transition would be expected between a mixed
and demixed state as the depletion effect should be

FIGURE 5 Phase diagram of mixtures of colloidal hard spheres and rod-like polymers using an ideal polymer size distribution as a

function of colloid volume fraction η and temperature T with s = 0.01, Λ = 0.2, φR = 0.002, absolute scission energy E = 19 kBT0, and

T0 = 298 K. the dashed lines indicate three-phase equilibria, while the dotted line indicates the critical temperature for colloidal gas–liquid
coexistence. The left and right phase diagram display different colloid concentration and temperature ranges [Color figure can be viewed at

wileyonlinelibrary.com]

FIGURE 6 The depletion thickness and the osmotic pressure

using an ideal polymer size distribution, given by equation 21 and

25, is plotted versus temperature T for s = 0.01, Λ = 0.2,

φR = 0.002, absolute scission energy E = 19 kBT0, and T0 = 298 K

[Color figure can be viewed at wileyonlinelibrary.com]
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minimal in the monomeric regime. However, for a more
gradual transition showing the different coexistences like
in Figure 5 it would be best to use a supramolecular poly-
mer following an isodesmic growth mechanism which
does not require chain stoppers. Depending on the need
for either a gradual controlled or rapid transition both
types of supramolecular polymers could be useful for
applications.

4 | CONCLUSION

A theoretical framework is derived and presented that
enables to predict the phase behavior of colloidal hard
sphere dispersions mixed with rigid supramolecular poly-
mers and different models were analyzed to capture the
excluded volume interactions. We have found that phase
separation is already induced by the rigid equilibrium
polymers at monomer concentrations an order of magni-
tude lower than in case of flexible chains. Since phase
transitions occur at monomer concentrations in the
dilute regime, where polymer interactions do not yet
affect the properties of the polymer solution, the effect of
the interactions between the rod-like polymers seems
small. Additionally, we found that the polymer size distri-
bution can actually be altered significantly by interac-
tions between the colloids and polymers. This however
hardly influences the phase behavior of the colloid–
polymer mixture. Lastly, the stimuli-responsive phase
behavior found in polymer coil systems is retained albeit
for much lower polymer concentrations. It is predicted
that multiple thermoresponsive shifts in phase behavior
can occur over realistic temperature windows.
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