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Analysis of eddy currents in a gradient coil

J.M.B. Kroot

Eindhoven University of Technology

P.O.Box 513; 5600 MB Eindhoven, The Netherlands

Abstract

To model the z-coil of an MRI-scanner, a set of circular loops of strips turned out
to be a good approximation. The result of this ring model is a current distribution,
which only depends on the axial direction. In reality, a z-coil shows a variation in the
tangential direction as well, due to eddy currents induced by other coils. In order to take
the dependence of the tangential direction into account, we introduce rectangular pieces
of copper (called islands) in between the rings. In this paper the current distribution in
a set of rings and islands, driven by an external applied source current is investigated.
The source, and all excited fields, are time harmonic, and the frequency is low enough
to allow for a quasi-static approximation. Due to induction eddy currents occur which
form the so-called edge-effect. The edge-effect depends on the applied frequency and the
distances between the strips, and causes higher impedances. From the Maxwell equations,
an integral equation for the current distribution in the strips is derived. The Galerkin
method is applied, using global basis functions to solve this integral equation. Using
Legendre polynomials for the axial direction turns out to be an appropriate choice. It
provides a fast convergence, so only a very restricted number of Legendre polynomials is
needed.

1 Introduction

Magnetic Resonance Imaging (MRI) is an imaging technique that plays an important role in
the medical community. It provides images of cross-sections of a body, taken from any angle
[1]. The selection of a slice is realized by the so-called gradient coils. A gradient coil consists
of copper strips wrapped around a cylinder. Due to mutual magnetic coupling, the current
is not uniformly distributed and eddy currents arise which affect the quality of the image.
For analysis and design of gradient coils, finite element packages are used. However, these
packages cannot sufficiently describe the characteristics that give insight in the qualitative
behaviour of the distribution of the currents, relating the geometry to typical parameters like
edge effects, mutual coupling and heat dissipation.

In this paper we focus on the z-coil, which has the function to create a gradient in the
magnetic field in the axial (z-) direction of the scanner. In [2] and [3], a parallel set of
conducting strips is used to model the z-coil. In [4], the z-coil has been modelled as a set of
rings. The current distribution is in that case independent of the tangential direction (i.e.
an axi-symmetric solution). However, in a z-coil embedded in a system of more coils and
magnets, extra eddy currents are present, making the distribution of the current in the z-coil
non-symmetric. In order to obtain a dependence of the tangential direction, we make use of
so-called islands. These islands are thin pieces of (copper) strips situated between the rings
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Figure 1: The geometry of the model.

on the same cylindrical surface. The current through the rings now induces eddy currents in
the islands and vice versa.

The overall aim is the calculation of the electric current distribution in a set of rings and
islands. The system is driven by a source current, which changes harmonically in time, with
a low frequency (in the order of kHz). In the mathematical analysis an integral equation is
derived for the current distribution and the Galerkin method is used to solve this equation.
The most important issue is the choice of the basis functions. Numerical implementation is
needed to determine the coefficients for the basis functions.

2 Model definition

For the model, we consider a set of Nr coaxial circular strips, or rings, and Ni rectangular
pieces of strips, called islands. All these conductors are on the same imaginary cylinder Sc,
defined as

Sc = {(r, ϕ, z) ∈ IR3|r = R}. (1)

The geometry is depicted in Figure 1. We use cylindrical coordinates (r, ϕ, z), where the z-
axis coincides with the central axis of the cylinder. Each separate ring or island is of uniform
width, and the thickness h is the same for every conductor.

A source current is applied to the rings, which is time-harmonic at frequency ω. The total
current has a distribution J(r, ϕ, z, t) = Re(J(r, ϕ, z)e−iωt). The penetration depth δ, defined
as δ =

√

2/µσω, is much larger than the thickness of the conductor, for frequencies ω < 103

rad/s. So, the current density is almost distributed uniformly throughout the thickness of
the conductor. Consequently, we can assume that the conductors are infinitely thin, and
replace the current density J (in A/m2) by the current per unit of length j (in A/m), such
that j = hJ. From now on, the current distribution in the conductors is independent of r,
j = j(ϕ, z), and has no component in the r-direction.

The strips occupy the surface S∪ = Sr + Si in space, described in cylindrical coordinates
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by (see Figure 1)

Sr =

Nr
∑

n=1

S(r)
n , S(r)

n = {(r, ϕ, z) ∈ IR3|r = R, z ∈ [z
(n)
0 , z

(n)
1 ]}, (2)

Si =

Ni
∑

n=1

S(i)
n,p, S(i)

n,p = {(r, ϕ, z) ∈ IR3|r = R, ϕ ∈ [ϕ
(n,p)
0 , ϕ

(n,p)
1 ], z ∈ [z

(n)
0 , z

(n)
1 ]}, (3)

so S∪ ⊂ Sc. By G−, we indicate the inner region of the cylinder, and by G+ the outer region:

G− = {(r, ϕ, z) ∈ IR3|0 ≤ r < R}, (4)

G+ = {(r, ϕ, z) ∈ IR3|r > R}. (5)

To obtain the mathematical description of the problem, we use the Maxwell’s theory spec-
ified on the geometry of the model. The set of equations is reduced by using the following
assumptions:

1. The strips are isotropic homogeneous non-polarizable and non-magnetizable conductors
(copper).

2. The current distribution is time-harmonic and with that also the magnetic field and the
electric field are.

3. The frequency is sufficiently small, such that we can neglect the displacement current
in Ampère’s law, i.e. we may use a quasi-static approach.

4. The strips are negligibly thin.

5. The conductors are rigid; magneto-mechanical influences (vibrations) are not consid-
ered.

The set of equations, valid in both G− and G+, become

∇× E = iωµH , ∇ · E = ∇× H = ∇ · H = 0 . (6)

Denoting the jump across S∪ by [[ ]], we can write the boundary conditions as

[[E × n]] = [[H · n]] = 0 , [[E · n]] = Qs , [[H × n]] = −j , (7)

where n = er, and Qs is the surface charge. For our purposes Qs is irrelevant. In the sheets,
we have

∇ · j = 0, j = js + σhE, (8)

where js is the prescribed source current. The total current consists of the source current js

and the induced eddy current je, so j = js + je. Furthermore, the normal component of the
current on the edges has to be zero, i.e. jϕ(ϕe, z) = jz(ϕ, ze) = 0, where ϕe and ze are the
values of ϕ and z on the edges, respectively. Finally, at

√
r2 + z2 → ∞, we require ∇E → 0.

Using a vector potential A, defined by B = ∇×A, and a scalar potential Φ, we can write

E = −∂A

∂t
−∇Φ = iωA −∇Φ. (9)
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The scalar potential Φ must satisfy the Laplace equation (which follows from Gauss’ law and
the Coulomb gauge) and must vanish at infinity. It will therefore be identically equal to zero.

For the dimension analysis, the distances are scaled by the radius of the cylinder, and
the current is scaled by the average current through all rings. The Ohm’s law (see (8)) in
dimensionless form then becomes

iκAϕ(1, ϕ, z) = jϕ(ϕ, z) − js
ϕ(ϕ, z), (10)

iκAz(1, ϕ, z) = jz(ϕ, z) − js
z(ϕ, z), (11)

where
κ = hσµωR. (12)

The vector potential A can be written in an integral form, which follows from the Maxwell
equations (6) and the boundary conditions (7). We obtain

Aϕ(1, ϕ, z) =
1

4π

∫

S∪

cos(ϕ − θ)jϕ(θ, ζ)
√

(z − ζ)2 + 4 sin2(ϕ−θ
2 )

dθ dζ, (13)

Az(1, ϕ, z) =
1

4π

∫

S∪

jϕ(θ, ζ)
√

(z − ζ)2 + 4 sin2(ϕ−θ
2 )

dθ dζ. (14)

3 Solution procedure

In this section, we explain how we solve jϕ(ϕ, z) from (10) and (13). Note that jz(ϕ, z)
follows automatically, because the current is divergence free. The Galerkin method is applied,
for which we have to choose appropriate basis functions. Therefore, we first investigate
the behaviour of the kernel function in (13). This function has a singularity in the point
(ϕ, z) = (0, 0). In abstract form, (10) is written as Kjϕ − iǫjϕ = −iǫjs

ϕ, where

Kjϕ(ϕ, z) =

∫

S∪

Kϕ(ϕ − θ, z − ζ)jϕ(θ, ζ) dθ dζ, ǫ =
1

κ
, (15)

and the kernel function Kϕ(ϕ, z) can be expressed by a Fourier series [5]

Kϕ(ϕ, z) = − cos(ϕ)

4π
√

z2 + 4 sin2(ϕ
2 )

= − 1

4π2
(Q 1

2
(χ) +

∞
∑

k=1

cos(kϕ)(Qk− 3
2
(χ) + Qk+ 1

2
(χ))). (16)

Here, Qk−1/2 is the Legendre function of the second kind of half-integer degree [6], and
χ = (2 + z2)/2. We can now determine the behaviour of each term in the series of (16)
around the point z = 0. We find

Qm−
1
2
(χ) ≈ 1

2
(−2γ + ln 4 − 2Γ(0)(

2m + 1

2
) − 2 ln |z|) + O(z), (17)

for m ≥ 0, establishing that the singularity is logarithmic in the z-direction. Here, γ is Euler’s
constant and Γ(0) is the polygamma function.
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The basis functions we use, are global, i.e. they are valid on the complete rings/islands.
Due to the logarithmic singularity of the kernel function, we choose Legendre polynomials
of the first kind in the z-direction. We then obtain analytical solutions for the integrals as
demonstrated in (28). In ϕ-direction, we need to use 2π-periodic functions. For the inner
products to be computed in the Galerkin method [7], we distinguish the following situations:

1. Inner products of basis functions of rings mutually.

2. Inner products of basis functions of a ring and an island.

3. Inner products of basis functions of islands mutually.

Every situation starts with the same basic idea: We consider the current distribution on each
ring and each island as a Fourier series in the ϕ-direction, after which we can focus on the
projections on the basis functions cos(nϕ) and sin(nϕ), and use the fact that these functions
are orthogonal. The current distribution can be expressed as

jϕ = Π0jϕ +
∞

∑

n=1

Π(1)
n jϕ cos(nϕ) +

∞
∑

n=1

Π(2)
n jϕ sin(nϕ)

= j0(z) +
∞

∑

n=1

j(1)
n (z) cos(nϕ) +

∞
∑

n=1

j(2)
n (z) sin(nϕ), (18)

where Π0 is the projection operator on the constant function, Π
(1)
n is the projection operator

on cos(nϕ), and Π
(2)
n is the projection operator on sin(nϕ). For the functions in the z-direction

we can read the Legendre polynomials Pn. The operator K is bounded, so we can write

Kjϕ = Π0Kjϕ +
∞

∑

n=1

Π(1)
n Kjϕ cos(nϕ) +

∞
∑

n=1

Π(2)
n Kjϕ sin(nϕ). (19)

If we use the Fourier cosine series of (16), and define

k0(z) =
1

2π

∫ π

−π
K(ϕ, z) dϕ =

1

4π2
Q 1

2
(χ), (20)

kn(z) =
1

π

∫ π

−π
K(ϕ, z) cos(nϕ) dϕ =

1

4π2
(Qn− 3

2
(χ) + Qn+ 1

2
(χ)), (21)

then (19) yields

Kjϕ = (k0 ∗ j0) +
∞

∑

n=1

(kn ∗ j(1)
n ) cos(nϕ) +

∞
∑

n=1

(kn ∗ j(2)
n ) sin(nϕ), (22)

with

(k0 ∗ j0) =

∫

S∪

K(ϕ, z − ζ)j0(ζ) dϕ dζ,

(kn ∗ j(1)
n ) =

∫

S∪

K(ϕ, z − ζ)j(1)
n (ζ) cos(nϕ) dϕ dζ,

(kn ∗ j(2)
n ) =

∫

S∪

K(ϕ, z − ζ)j(2)
n (ζ) cos(nϕ) dϕ dζ. (23)
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Now consider two rings, r1 and r2, situated at [z
(r1)
0 , z

(r1)
1 ] and [z

(r2)
0 , z

(r2)
1 ], respectively. Define

B
(r1)
nk as a basis function on r1 and B

(r2)
n′k′ as a basis function on r2, where n, n′ > 0 correspond

with the order of the cosine function in the ϕ-direction and k, k′ correspond with the order of
the Legendre polynomial in the z-direction. We remark that results for n, n′ = 0 and for the
sine function follow analogously. The inner product to be computed in the Galerkin method
becomes

(KB
(r1)
nk , B

(r2)
n′k′) = πδn′n

∫ z
(r2)
1

z
(r2)
0

(kn ∗ Pk)Pk′ dz. (24)

On the island i1, positioned at [z
(i1)
0 , z

(i1)
1 ], we denote a basis function as B

(i1)
nk , where n is the

order in the ϕ-direction and k is the order in the z-direction. Each separate basis function
satisfies the condition that the normal component is zero at the edges. In order to get 2π

periodic functions, we expand B
(i1)
nk as follows:

B
(i1)
nk =

(

αn0 +

∞
∑

m=1

αnm cos(mϕ) +

∞
∑

m=1

βnm sin(mϕ)
)

Pk, (25)

in which the coefficients are known. The inner products (KB
(r1)
nk , B

(i1)
n′k′) become

(KB
(r1)
nk , B

(i1)
n′k′) = παn′n

∫ z
(i1)
1

z
(i1)
0

(kn ∗ Pk)Pk′ dz. (26)

For two islands i1 and i2 we obtain

(KB
(i1)
nk , B

(i2)
n′k′) = 2παn0αn′0

∫ z
(i2)
1

z
(i2)
0

(k0 ∗ Pk)Pk′ dz

+π
∞

∑

m=1

(αnmαn′m + βnmβn′m)

∫ z
(i2)
1

z
(i2)
0

(km ∗ Pk)Pk′ dz. (27)

In numerical computations, we can truncate the series at m = M , with M sufficiently large.
The integrals in (24) and (27) have a singular integrand when the two rings/islands coincide.
In that case, we split off the logarithmic part, and use

∫ 1

−1

∫ 1

−1
Pk(z)Pk′(z) log |z − ζ| dζ dz (28)

=































8

(k + k′)(k + k′ + 2)[(k − k′)2 − 1]
, if k + k′ > 0 even ,

0, if k + k′ odd ,

4 log 2 − 6, if k = k′ = 0 .

The remaining part is regular and can therefore be solved numerically.
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4 Results

Considered are two rings and one island in between, with a length of a quarter of a ring. The
two figures show the amplitude of the eddy currents je

ϕ(0, z), for a source current through the
two rings in the same direction and in the opposite direction, respectively. The eddy currents
are scaled by the magnitude of the total source current, so the values on the vertical axis are
percentages of the total source current.

Note that edge-effects occur in both rings and islands, which become stronger as the fre-
quency is increased. Furthermore, in the first situation two eddies appear in the island and
the current in the rings is driven to the global edges of the system, whereas in the second
situation there is one eddy in the island and the current is attracted to the center of the system.
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5 Conclusions

The current distribution has been determined in a set of rings and islands with negligibly
small thickness, caused by a time harmonic source current with low frequency, such that a
quasi-static approach could be applied. Making use of the Maxwell equations, we obtained an
integral formulation for the current density. The Fourier series of the kernel function showed
that this kernel function has a logarithmic singularity in the axial direction. In the tangential
direction no further singularities exist.

In order to obtain characteristics of the current distribution in rings and islands, global
basis functions are used in the Galerkin method. The current density function is projected
first on goniometric functions in the tangential direction, such that the orthogonality of these
functions could be used to reduce the set of equations. Only those basis functions that have
the same order in tangential direction show a direct coupling, others do not.

Appropriate choices for the basis functions in the axial direction are the Legendre polyno-
mials. Integrals containing Legendre polynomials and a logarithmic function can be computed
analytically and show a fast convergence. Apart from the logarithmic part of the kernel func-
tion, the regular part has been computed numerically, yielding a minimal contribution to the
complete solution.

In both rings and islands edge-effects occur; the current flows more along the edges than in
the center of the strips. These edge-effects become stronger when the frequency is increased.
Moreover, as the length of an island is bounded and the current is divergence-free, eddy
currents are formed in the islands. Not only local edge-effects within the separate conductors
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were found, but also a global edge-effect in the whole system, depending on the distances
between the conductors and the frequency.
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