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ABSTRACT
The automation of vehicle steering is necessary in order to guarantee
safe vehicle following in short-distance vehicle following applica-
tions. A necessary (safety) requirement for such automation strat-
egy is lateral string stability. In this paper, a design for cooper-
ative lateral controllers is proposed that yields a laterally string-
stable platoon. The dynamics of the vehicles in the platoon are
described using the dynamic bicyclemodel. The proposed controller
is designed using theH∞ control framework which achieves firstly,
lateral string stability and, secondly, path-following, where the path
is induced by the preceding vehicle in the platoon. Such control
design approach is taken since it allows for the inclusion of the
string-stability requirement as an a-priori design specification. The
properties of the designed controller are evaluated by means of fre-
quency domain analysis and numerical simulations and compared
with a benchmark controller.
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1. Introduction

The demand for road transport has been increasing worldwide over the last years, which
has resulted in current road-traffic networks reaching their maximum capacity. Efficient
utilisation of the road network can contribute in preventing road congestion that arises as a
result of this. A candidate solution is vehicle platooning, which not only has the potential to
increase vehicle throughput on the road, but also to inherently increase road-traffic safety.
Such platoonsmay consist of a human-driven leading vehicle and longitudinally automated
follower vehicles. Longitudinally string-stable platooning prevent the amplification of the
effects of disturbances, such as variations in the velocity of the lead vehicle, along the string
of interconnected vehicles, consequently eliminating a phenomenon commonly known as
ghost traffic jams. Many controllers have been developed that achieve such essential string
stability property [1–4].
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In order to make platooning feasible in practice, not only longitudinal, but also lateral
automation is a necessity; within current platooning technology, lateral manoeuvres are
typically performed manually. However, when platooning, the inter-vehicular distances
become too small for the drivers to have traffic overview and look-ahead, which makes
their reaction speed limited. This is particularly true for the case of truck platooning.
While lateral control techniques have been developed for steering in autonomous vehi-
cles, to the authors knowledge there are no controllers that take lateral string-stability
into account [5–9]. Therefore, this paper presents a novel lateral controller design strategy
which achieves vehicle following and string stability in the lateral sense. We opt to design
a vehicle-following controller rather than a lane-keeping controller, since lane detection
becomes unreliable at small inter-vehicular distances, which are characteristic for platoon-
ing. For controller design, theH∞ optimal control framework is used, since it fits the nature
of the L2-string stability condition [1] and also can deal with vehicle uncertainties.

The outline of this paper will be as follows. Section 2 formulates the control problem and
derives the platoonmodel which will be used for controller synthesis. In Section 3, the con-
trol objectives along with the notion ofL2 lateral string stability will be introduced, which
will then be used in Section 4 to cast the control problem in theH∞ framework, and subse-
quently to design the controller. In Sections 5 and 6, the controller will be analysed against
the objectives and its performance against uncertainties will be tested. Moreover, the con-
troller will be tested in simulation using common scenarios. Finally, the main conclusions
will be summarised in Section 7.

2. Problem formulation

In the context of platooning, a string of vehicles should follow each other on a potentially
curved path. Given such path-following objective, the first goal of cooperative lateral con-
trol strategy is for vehicle i to follow a reference path constructed from the path driven
by its preceding vehicle i−1. This supported by sensing information obtained by buffering
radar and camera measurements while estimating the follower vehicle’s motion to con-
struct a spatial path, defined with respect to a fixed (but arbitrary) coordinate frame [10].
This scenario is schematically illustrated in Figure 1.

Figure 1. Illustration of the path-following problem for a vehicle in a platoon.
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We consider a homogeneous platoon of k vehicles, where ye,i represents the lateral posi-
tion error of the centre of gravity of vehicle i perpendicular the path K driven by the
preceding vehicle i−1 (see Figure 1). The heading error ψe,i is the difference between the
orientation of the velocity vector of vehicle i and the tangent of the path at point S.

To study how these errors propagate throughout the platoon subject to the vehicle’s
dynamics, it is necessary to obtain a vehicle model. To this end, the dynamic bicycle model
is adopted [11]. Here, the front and rear tyres are represented by a single tyre on each axle.
The points r and f are defined to be the imaginary contact points on which the tyre forces
act, and are located along the centre of the axle (see point S in Figure 1).We denote the cen-
tre of gravity by C, and assume that lifting, rolling and pitching motion can be neglected,
and that the wheel-load distribution between the front and rear axle is constant.With these
assumptions, the vehicle can bemodelled using two system states, being the lateral velocity
of the centre of gravity vy,i and the yaw rate ψ̇i. Moreover, for a vehicle with a front-wheel
steering system the input is the steering angle δi at the front wheels.

The state-space model of the vehicle’s lateral dynamics, augmented with the error states
with respect to the path, and second-order steering dynamics then reads [12]:

⎛
⎜⎜⎜⎜⎜⎜⎝

v̇y,i
ψ̈i
ẏe,i
ψ̇e,i
δ̇i
δ̈i

⎞
⎟⎟⎟⎟⎟⎟⎠

=

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

a11 a12 0 0 Cαf
m 0

a21 a22 0 0 Cαf Lf
Iz 0

0 0 0 vx,i 0 0
a14 a24 0 0 Cαf

mvx,i 0
0 0 0 0 0 1
0 0 0 0 −ω2

n −2ζωn

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠

⎛
⎜⎜⎜⎜⎜⎜⎝

vy,i
ψ̇i
ye,i
ψe
δi
δ̇i

⎞
⎟⎟⎟⎟⎟⎟⎠

+

⎛
⎜⎜⎜⎜⎜⎜⎝

0
0
0
0
0
ω2
n

⎞
⎟⎟⎟⎟⎟⎟⎠
δref ,i +

⎛
⎜⎜⎜⎜⎜⎜⎝

0
0
0

−1
0
0

⎞
⎟⎟⎟⎟⎟⎟⎠
θ̇s,i.

(1)
where a11 = −1

vx,i
Cαr+Cαf

m , a12 = 1
vx,i

CαrLr−Cαf Lf
m − vx,0, a21 = 1

vx,i
CαrLr−Cαf Lf

m , a22 = − 1
vx,i

CαrL2r+Cαf L2f
Iz , a14 = −1

vx,i a11, a24 = 1
vx,i a12 + 1.

In (1), Cα,f and Cα,r represent the front and rear axle cornering stiffnesses, being coef-
ficients of the linear tyre model. The vehicle mass and the rotational inertia are given by
m and Iz, respectively. Lr and Lf are the, respectively, distances from the rear and front
contact points to the centre of gravity of the vehicle. Furthermore, vx,i represents the lon-
gitudinal velocity of the vehicle with respect to which the model is linearised (as such this
velocity is considered a parameter in this model). Moreover, δref ,i represents the reference
steering input at the steering wheel, whilst ζ and ωn denote the damping term and natural
frequency of the second-order steering dynamics. Finally, θ̇s,i denotes the rate of change of
the road orientation. The values of the parameters are summarised in Table 1.

Table 1. Parameters for TNO Carlab.

Vehicle Parameters Value
Tyre and Steering

Parameters Value

Lr 1.6m Cαf 0.117 MN rad−1

Lf 1.1m Cαr 0.143 MN rad−1

m 1650 kg ωn 17.5 rad s−1

Iz 2900 kg m2 ζ 0.7 [–]
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Given the state vector definition

xi = (
vy,i ψ̇i ye,i ψe,i δi δ̇i

) T, (2)

input ui = δref ,i, and disturbance di = θ̇s,i, the model is given by:

ẋi(t) = Aixi(t)+ B1ui(t)+ B2di(t), (3)

where matrices Ai, B1 and B2 are in accordance with (1). The rate of change of the path
orientation at time t is given by di(t) and is equal to the rate of change of the heading
angle of the preceding vehicle: θ̇s,i(t) = qi−1(t −�t) := ψ̇i−1(t −�t)+ β̇i−1(t −�t) at
a time t −�t, with�t denoting the time gap between the vehicles, which can be assumed
constant during regular (platooning) driving conditions.

Note that the interconnection present between platoon members is not explicitly stated
in terms of the states of the preceding vehicle in the model of (1), i.e. the connecting term
is not given in terms of the states of the preceding vehicle. This interconnection can be
made explicit by realising that β̇i(t) ≈ v̇y,i(t)

vx,i(t) , and by substituting v̇y,i(t) from (1), than we
can obtain:

qi−1(t −�t) = − 1
v2x,i−1

(Cαr + Cαf
m

)
vy,i−1(t −�t)

+ 1
v2x,i−1

(CαrLr − Cαf Lf
m

)
ψ̇i−1(t −�t)+ 1

vx,i−1

(Cαf
m

)
δi−1(t −�t).

(4)

By substituting for di(t) = qi−1(t −�t) in (3), and choosing
(
ye,i(t) ψe,i(t) qi(t)

)T
as system outputs we finally obtain the full platoon model:

ẋi(t) = Axi(t)+ B1ui(t)+ B2qi−1(t −�t),

yi(t) = Cxi(t), ∀ i ∈ Sk (5)

with qi−1(t −�t) defined in (4) and Sk = {i ∈ Z| 1 ≤ i ≤ k} is the set of all vehicles in
a platoon of length k ∈ N, and N denotes the set of all positive integers. As opposed to
the steering angle δref ,i(t), the rate of change of the road orientation qi−1(t −�(t)) input
cannot be controlled and acts solely as a disturbance from vehicle i−1 to vehicle i (and thus
causes an interconnection between vehicles).

The open-loop system of (5) (matrix A) has six poles, two of which are due to the vehi-
cle’s dynamics. In general, vehicles are understeered and stable, hence these poles will be
located in the left-half complex plane. Moreover, there are two poles at the origin due to
the dynamics of ye,i and ψe,i. In addition, two poles are due to the second-order steering
dynamics, and are located in the open left-half complex plane. It should be noted that the
location of the poles related to vehicle dynamics will change with the longitudinal veloc-
ity vx,i, since the model is linear parameter varying with this parameter [13]. Finally, the
system is both controllable and observable.

The model (5) can also be represented in the Laplace domain, as illustrated in the block
diagramof Figure 2, where a controllerK(s) is included forwhichwe assume a feedforward
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Figure 2. Block diagram of a path-following vehicle in a platoon.

(Kff ) feedback (Kfb) structure. Herein the platoon dynamics are described by the transfer
functions G(s), Gd(s) and Gt(s) with s ∈ C. The output signal ei(s) denotes the system
errors : ei = [ye,i,ψe,i]T. Here ei depends on the reference steering angle at the steering
wheel ui through G(s), and on the rate of change of the path orientation di by means of
the transfer function Gd(s). Furthermore, the output qi depends only on ui through Gt(s),
such that the system can be described in the Laplace domain by

ei(s) =
(
ye,i
ψe,i

)
= G(s)ui(s)+ Gd(s)di(s),

qi(s) = Gt(s)ui(s), ∀i ∈ Sk.
(6)

Note that ·(s) denotes the Laplace transform of the corresponding time-domain vari-
able ·(t), and is sometimes omitted for clarity or because the domain can be understood
from context. It should also be noted that by assuming platoon homogeneity, the transfer
functions G,Gd and Gt are identical for all members of the platoon.

It was established in (4) that the vehicles in the platoon are interconnected through
the heading angle of the preceding vehicle qi−1, albeit with a time delay �t. This delay
is equal to the time gap between the vehicles and can be assumed constant when driving
at a constant or slowly varying speed. In the Laplace domain, this delay is represented by
D(s) = e−�ts (see Figure 2), such that we can write

di(s) = D(s)qi−1(s), ∀ i ∈ Sk. (7)

Finally, K denotes the controller to be designed, and includes a feedforward and a feed-
back term. The synthesis approach will be discussed in Section 4, while first the control
objectives are explicated in Section 3.

3. Robust control objectives

The desired operation of the vehicle is to safely and accurately follow its preceding vehicle
using a path-following approach. According to [14], a feedforward controller is required
to reduce the effects of road-curvature disturbances; hence the proposed controller will
also have a feedback-feedforward structure. Additionally, safe lateral path following entails
that any external disturbances to the system should not be amplified along the string in
upstream direction. Hence, we can conclude that our control objective is twofold.
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For the path-following objective, we require to have asymptotic convergence of the
errors to zero, i.e.

lim
t→∞ ei(t) = 0, ∀ i ∈ Sk (8)

while the closed-loop dynamics are internally stable. The second requirement that any
external disturbances should not be amplified throughout the platoon implies that a (lat-
eral) string-stability condition should be imposed. Finally, it is desired to limit the control
input in order to satisfy actuator limitations and comfort requirements.

3.1. Lateral string-stability

In this section, we set the requirement for lateral L2 string stability. For L2 string sta-
bility, we need to evaluate the string-stability complementary sensitivity function, which
describes the propagation of disturbances in upstream direction of the interconnected
vehicles in the Laplace domain:


i(s) = Pi(s)P−1
i−1(s), (9)

with, Pi(s) being the complementary sensitivity transfer function, see [1] for the longitu-
dinal context. For platooning in the lateral sense, this is described by the relation between
qi(s) and qi−1(s). 
i(s) is then defined as:

qi = Gt

((
1 + KfbG

)−1Kff − Kfb
(
I + GKfb

)−1 Gd

)
︸ ︷︷ ︸




Dqi−1, (10)

where
(s) denotes the string stability complementary sensitivity function, which does not
depend on the vehicle index i because the transfer functionsGt ,Gd andGd are identical for
all vehicles (see (6)), and so is the controller. By applying the concept ofL2 string stability,
developed in [1] for the longitudinal case, the lateral string stability condition can be stated
as follows:

‖
(s)‖H∞ =
∣∣∣∣ 1
D(s)

∣∣∣∣
∥∥∥∥ qi(s)
qi−1(s)

∥∥∥∥H∞
=

∥∥∥∥ qi(s)
qi−1(s)

∥∥∥∥H∞
≤ 1. (11)

Here ‖·‖H∞ denotes theH∞ norm. It should be noted that since | 1
D(s) | = | 1

e−�ts | = 1, the
delay has no influence on string stability. As that lateral string stability requirement is cast
in terms of a bound on the H∞ norm of a transfer function motivates to adopt an H∞
approach towards string-stabilising controller design in the next section.

It is noted that the string stability interpretation (11) is essentially concerned with
pairs of vehicles in the platoon. More specifically, any pair i − 1, i is regarded as a {leader,
follower} combination, for which attenuation of the effects of disturbances is required,
regardless of whether vehicle i−1 is disturbed by other downstream vehicles i−k, with
k>1, or introduces a disturbance by itself. This approach to string stability has two con-
sequences: (a) Simultaneous disturbance inputs on multiple vehicles in the platoon are
inherently included in this definition and (b) The interpretation of string stability (11) is
only useful in case of a one-vehicle look-ahead controller topology because in other topolo-
gies, a transfer function
 as in (11) cannot be identified.As opposed to this approach,more
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general definitions of string stability can be considered [15], adopting an (ε, δ)-approach.
These definitions give room for studying a wider range of controller and communication
topologies but are primarily concerned with boundedness rather than attenuation of the
effects of disturbances, the latter being a stronger requirement.

4. H∞ controller design approach

The nature of the string-stability condition in (11) motivates the use of theH∞ synthesis
framework for controller design [16]. Here, the generalH∞ control configuration will be
described, after which the system dynamics will be cast into this framework.

First, a general method of formulating control problems in the H∞ framework is
described concisely. This general formulation requires the system to be configured as pre-
sented in Figure 3, whereP andK represent the weighted generalised plant and controller,
respectively; P̃ represents the plant without weights.Moreover, d represents the (weighted)
exogenous inputs, u indicates the control signals, z denotes the (weighted) exogenous per-
formance outputs, and v describes themeasured outputs. The generalised plantP does not
include the controller, and represents the transfer function from

(
d u

)T to (
z v

)T, such
that (

z
v

)
=

(P11 P12
P21 P22

)
︸ ︷︷ ︸

P(s)

(
d
u

)
. (12)

In the scope of the lateral platooning problem, the control signal is equal to u = δref ,i, the
exogenous input is equal to d̃ = qi, and the measured signals are vT = (

qi−1 ye,i ψe,i
)
.

Moreover, we choose to define z̃ = v. To obtain the closed-loop system description, the
control law u = Kv can be absorbed into the control structure, such that the controlled
system N is obtained, i.e. z = Nd, where N is a function ofK. Using the partitioning of P
in (12), one obtains through substitution,

N = P11 + P12K(I − P22K)−1P21 � Fl(P ,K). (13)

Here, Fl(P ,K) denotes the lower Linear Fractional Transform (LFT) of P with K as the
parameter. To obtain a controller K, the following H∞ optimisation problem has to be

Figure 3. Weighted general control configuration.
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Figure 4. Block diagram of the weighted closed-loop system.

solved:

K = argminK ‖N(K)‖H∞ , (14)

whereK is an internally stabilising controller. A system is internally stable if the controller
does not cancel any unstable or marginally stable plant poles which would compromise
robustness against model uncertainties. With qi−1 as an exogenous input in d̃ and qi as
exogenous output in z̃, string stability will be a priori guaranteed by imposing anH∞ con-
straint on N (since N(s) then contains 
(s)). In addition, the errors ye,i and ψe,i are in z,
to guarantee the vehicle-following objective. The controller synthesis is explicated for the
lateral vehicle control context in the next section.

4.1. Controller synthesis for string-stable lateral platooning

Given the formulated control problem, we now synthesise the lateral controller. Figure 4
shows the system with its weighted output signals, and their corresponding shaping filters.
In order to support controller design, for which the control law is defined as

ui(s) = (Kff (s) Kfb(s)
) (

qi−1(s)
ei(s)

)
, (15)

and to satisfy performance specifications, the weighted outputs zj, with j ∈ {1, 2, 3}, are
introduced to the closed-loop system of Figure 2 and the delay D(s) is disregarded as
discussed previously, yielding the system of Figure 4. The output z1 is chosen as

z1(s) := We(s)ei(s) = −We(s)̃So(s)qi−1(s), (16)

with

S̃o(s) = So(s)
(
G(s)Kff (s)+ Gd(s)

)
, (17)

which denotes the transfer function from the disturbance qi−1 to the error ei. Here,

So(s) = (
I + G(s)Kfb(s)

)−1 (18)

is the output sensitivity function. With z1 as a weighted output, the weighting filterWe(s)
can be used to shape S̃o, such that the path-following objectives stated in section 3 can be
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met. The second output z2 is defined as follows:

z2(s) := Wu(s)ui(s) = Wu(s)SK(s)qi−1(s). (19)

Herein,

SK(s) = Si(s)Kff (s)− Kfb(s)So(s)Gd(s) (20)

denotes the transfer function from the disturbance qi−1 to the input ui with,

Si(s) = (
1 + Kfb(s)G(s)

)−1 (21)

denoting the input sensitivity function. Choosing z2 in this way allows one to impose a
bound on the magnitude of SK, by means of the weight Wu and the resulting controller
K = [Kff ,Kfb]. In this way, it is possible to restrict themagnitude of ui, if required. Finally,
the third output of the system z3 is defined as

z3(s) := Wt(s)qi(s) = Wt(s)
(s)qi−1(s). (22)

By including z3 as an output it is possible to shape
 bymeans of the weighting filterWt ,
such that string stability can be guaranteed a priori. It should be noted that by choosing the
signals z1 and z2 (for ei and ui) as weighted outputs of the generalised plant, it is possible to
guarantee internal stability [16]. Having the weighted outputs, and the control law defined
we obtain the following closed-loop system z = Nqi−1, with N expressed as:⎛

⎝z1
z2
z3

⎞
⎠ =

⎛
⎝−We(s)̃So(s)

Wu(s)SK(s)
Wt(s)
(s)

⎞
⎠

︸ ︷︷ ︸
N

qi−1. (23)

The aim for this mixed sensitivity control problem is to design a stabilising controllerK(s),
such that ‖N(s)‖H∞ is minimised. Here, it can be observed that indeed N contains all the
aforementioned transfer functions.

If ‖N(s)‖H∞ = γ , it follows that

‖N(s)‖H∞ = γ ⇒ ‖Wt(s)
(s)‖H∞ ≤ γ . (24)

According to the condition derived in (11), string stability is achieved for any value of
γ ≤ 1 in (24). For steady-state lateral vehicle following, the states of vehicles i and i−1
should be identical, which implies

lim
ω→0

|
(jω)| = 1 ⇒ ‖
(s)‖H∞ ≥ 1. (25)

It is noted that, due to (25), theH∞ controller synthesis cannot be conservative, in the sense
that it would result in ‖
(s)‖H∞ � 1. The equation above also shows that for frequencies
approaching 0 (i.e. steady state following) themagnitude of
 can not be smaller than 1, this
in fact implies that that string stability is obtained if, ‖N(s)‖H∞ = 1 provided |Wt| ≥ 1.
First we define the weighting functionWe(s) as follows:

We(s) =
(
we,11 0
0 we,22

)
=

( s+0.05·2·π
s+3·0.05·2·π 0

0 20

)
. (26)

The weighing filter we,11 is designed to ensure reference tracking at lower frequencies on
the signal ye,i, and noise rejection at frequencies higher than 0.05Hz. It was observed that
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penalising ψe,i yields a more damped system response, which is required to obtain string
stability. Therefore, we,22 was chosen equal to 20; choosing even larger values results in
the system being more sensitive to high-frequency noise. Since the steering dynamics are
included in the systemmodel, representing a natural high-frequency roll-off characteristic,
it is not required to apply a frequency-dependent weight forWu(s), henceWu(s) = 0.01 is
chosen. ForWt(s), a static gain was selected equal to 1, thereby enforcing the lateral string
stability condition ‖
‖H∞ ≤ 1.

Using the parameters summarised in Table 1, the H∞ procedure yields an 8th -order
controller. The order of this controller is reduced using a balancing approach [16]. An
additional controller order reduction is applied such that poles and zeros outside the
frequency region of interest are removed, yielding the following fourth-order controller
transfer function,

Kff (s) = 0.031604(s + 1.02 · 107)(s + 5.649)(s2 + 44.6s + 864.3)
(s + 319.1)(s + 22.44)(s2 + 1923s + 1.072 · 106)

Kfb,ye(s) = −0.13066(s − 2.558 · 105)(s + 432.7)(s + 36.02)(s + 0.176)
(s2 + 345.7s + 3.56 · 104)(s2 + 1304s + 5.272 · 105)

Kfb,ψe(s) = −0.0073328(s − 1.44 · 106)(s + 427.4)(s + 35.48)(s + 3.762)
(s2 + 345.7s + 3.56 · 104)(s2 + 1304s + 5.272 · 105) . (27)

This controller realises an internally stable closed loop system; a-posteriori inspection
of the closed-loop system reveals that the controller does not cancel any marginally stable
poles. Remark: Although a particular controller for the system parameters in Table 1 and
the specific weighting filters is presented, this research actually provides a generic design
framework applicable to also other parametric settings for the vehicle dynamics and for
the design specifications embedded in the weighting filters.

5. Performance analysis

In the previous section, it was concluded that the controller K yields the closed-loop
system string stable, since ‖N‖H∞ = 1 implying that ‖
‖H∞ ≤ 1. This bound on the
string stability complementary sensitivity function implies that input perturbations are
not amplified in the upstream direction of the platoon. Furthermore, ‖N‖H∞ = 1 implies
that the constraints applied on the other sensitivities are also satisfied. In particular,
this implies that |̃So(jω)| defined in (17) (from di to ei), and |SK(jω)| defined in (20)
(from di to ui), are all bounded by their respective inverse weights. Since |̃So,ye(jω)| <
|w−1

e,11(jω)|, and |̃So,ψe(jω)| < |w−1
e,22| it can thus be concluded that the path following

objective as defined in Section 4 has been satisfied.

5.1. Dynamic uncertaintymodeling

In this section, we perform robustness analysis on the obtained closed-loop system using
the powerful tools available in theH∞ framework [16].We consider dynamic uncertainties
that take complex perturbations into account, often used to quantify uncertainty caused
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Figure 5. Plant with input multiplicative uncertainty.

by unmodelled dynamics. Moreover, it can also be used to describe parametric uncer-
tainty, since in the presence of multiple real perturbations, it becomes possible to lump
real uncertainties into a single complex uncertainty [16].

The nominal system presented in Section 4 potentially contains both dynamic and para-
metric uncertainty. Dynamic uncertainty in this case is caused bymodelling simplifications
related to linearisation of the dynamics, such as, using small angle approximations, decou-
pling the lateral dynamics from the longitudinal dynamics, and using the linear tyremodel.
Parametric uncertainty is also present in the system, since parameters such as the corner-
ing stiffnesses and vehiclemassmight not have been accurately estimated and could change
slowly over time. These various sources of uncertainty can be lumped into a single input
multiplicative uncertainty of the form:

�I : Gp(s) = G(s)(1 + wI(s)�I(s))

Gp,t(s) = Gt(s)(1 + wI(s)�I(s)). (28)

in this way, it is possible to determine the robustness of the system against uncertainty, in
terms of both path following and string stability.�I denotes the complex input uncertainty
and can be any stable transfer function, andwI is a weight that describes the uncertainty at
each frequency, and can be used to normalise the perturbation to be less than 1 in magni-
tude. The perturbed system with input multiplicative uncertainty can then be represented
by the block diagram in Figure 5.

To describe the uncertainty in frequency domain the input uncertainty filterwI was cho-
sen to be wI = (σIs + ro)/( σIr∞ s + 1), where 1/σI is approximately the frequency at which
the relative uncertainty reaches 100%, ro is the relative uncertainty at steady-state, and r∞
is the magnitude of the weight at high frequency. It is assumed that the system parameters,
such as the cornering stiffnesses, vehicle mass and the longitudinal velocity are accurately
estimated and that any variation from the estimated values does not exceed 10% at any
time, therefore ro = 0.1. Moreover, at input frequencies higher than 2Hz the linearised
bicycle model no longer provides an accurate description of the true system, therefore at
that frequency range dynamic uncertaintywill be themore dominant source of uncertainty.
This is accounted for by choosing r∞ = 1 and σI = 1/(2 · 2 · π), such that uncertainty
reaches 100% at frequencies higher than 2Hz.

5.2. String-stability and path-following robustness

The sensitivities of interest of the uncertain perturbed closed-loop system, for which �I
has been randomly sampled, and their inverse weights are presented in Figure 6. It can
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Figure 6. Sensitivity plots with dynamic uncertainty (light grey), their inverse weights (dashed) and the
nominal system (dots). From left to right: first plot depicts the perturbed transfer function of |̃Spo,ye(jω)|
and secondplot shows |̃Spo,ψe

(jω)|, the third plot showsperturbed transfer function |SK,p(jω)| and fourth
plot presents the perturbed transfer function |
p(jω)|.

Figure 7. Diagrams illustrating the change of ‖
(jω)‖H∞ with velocity, rear and front cornering
stiffness, and mass, respectively.

be concluded that for this type of uncertainty the controller robustly enforces the path-
following condition, since themagnitudes of S̃po,ye(jω) and S̃

p
o,ψe
(jω), describing the transfer

functions from di to ei in the presence of uncertainty, are smaller than the magnitudes of
the inverse of their respective weights w−1

e,11(jω) and w−1
e,22. Here, S̃

p
o,ye(jω) and S̃po,ψe

(jω)
denote the perturbed representations of the sensitivity functions defined in (17). However,
string stability is not guaranteed for all realisations of uncertainty, since ‖N‖H∞ > 1 for
some of the uncertainty realisations, which is caused by the perturbed representation of
the string-stability complementary sensitivity function in (10) |
p(jω)| being larger than
1, i.e. |
p(jω)| > |W−1

t |.
To analyse which uncertainty is most dominant in affecting string stability properties,

we show the effects of changing the velocity, mass and cornering stiffnesses on string stabil-
ity, without changing the controller designed in Section 4. As it can be seen for wide range
of uncertainty (between 90% and 120%) the proposed controller is able to keep the string
stability in acceptable level. However, for larger uncertainties (between 70% and 90%), rear
and front cornering stiffnesses are the dominant parameters which violating string stabil-
ity. This is also can be observed that varying cornering stiffnesses has asymmetric effect
on the string stability. This is due to the vehicle dynamics behaviour which reducing rear
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cornering stiffness makes car more oversteer and therefore more sensitive to steering angle
[13].

6. Simulation case study

Since, to the best of the authors’ knowledge, no literature exists that is concerned with
string-stable lateral controller design, the proposed controller will be compared with a lat-
eral controller designed in [14]. This benchmark controller has been designed based on
physical considerations with (longitudinal) speed-dependent gains. The goal of the con-
troller is to calculate a suitable input such that the errors for path tracking converge to
zero, i.e. ep,i(t) = (

yep,i ψep,i
)T. The performance of this controller in terms of path fol-

lowing objectives and driving comfort are the main reasons to select it as the benchmark
controller.

6.1. Lane-Change performance

First we will study the nominal performance of the designed controller and compare it to
that of the benchmark controller, in the scope of a lane-change maneuver. This case will be
extended to include different types of uncertainties, in order to compare how the different
controllers behave under these perturbed circumstances.

For the time-domain simulations, a lane-change scenario is considered with three vehi-
cles. Here, all vehicles drive in a platoon with a constant velocity of 20ms−1 and a time-gap
�t = 1 s, i.e. a separation distance of 20m. A reference steering input δref ,0 is given to the
lead vehicle, such that it changes lanes with a sinusoidal rate of change of orientation q0(t)
with a frequency of 0.2Hz.

Figure 8(a,b) show the results of this lane-changemanoeuvre using the benchmark con-
troller and the H∞ controller, respectively. It can be observed that the system controlled
by the benchmark controller shows an increasing overshoot in the driven path (lateral
error ye,i), and an amplification of q(t), which indicates string instability, according to
definition (11).

On the other hand, theH∞ controller is able to perform the same lane-changemanoeu-
vre without overshoot, thereby illustrating the guarantee of string stability. This is con-
cluded from the fact that the following vehicles follow the exact path driven by their
preceding vehicle and that q(t) does not amplify in upstream direction. Moreover, theH∞
controller also guarantees high vehicle following performance in the lateral sense due to
smaller lateral ye and heading error ψe.

6.1.1. Effects of actuator delay and noise
A type of uncertainty which is worth considering is actuator delay, since it will always be
present in real systems. Moreover, since the dynamics introduced by such delay have not
been considered during controller synthesis this presents a good scenario to test the effect
of modelling uncertainty. We repeat the lane change as described previously, while consid-
ering an actuator delay of 0.15 s. The results are illustrated in Figure 9, showing that the
path-following objective is satisfied for both controllers (lateral and heading errors con-
verge to zero) and that the string-stability objective was violated for both. It is also evident
that in general the path-following performance has decreased significantly; the magnitude
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Figure 8. Simulation of a lane-change manoeuvre for the nominal case, where the vehicles drive at
vx,i = 20ms−1, (a) the benchmark controller and (b) the proposedH∞-controller.

of the errors is larger and it takes longer for the errors to converge to zero. Despite these
shortcomings, theH∞ controller performs significantly better than benchmark controller
under these circumstances, i.e. the amplification of qi is smaller and the path following
errors are smaller. Potential solutions to making the approach more robust to such steer-
ing delay is to: Embedding the delay in the plant model (e.g. through Pade approximation)
as used for controller synthesis or Using predictors for systems with input delay [17].

Another relevant uncertainty is the input and output noise. We consider again the lane-
change scenario; however, instead of actuator delay we introduce Gaussian white noise to
the signals of qi, ye,i and, ψe,i with a variance of 1%. Figure 10, present the results of these
simulations. Here it can be seen that both controllers converge to the desired path, and that
theH∞ controller does that whilst maintaining string stability.
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Figure 9. Simulation of a lane-changemanoeuvrewith actuator delay,where the vehicles drive at vx,i =
20ms−1, (a) the benchmark controller (b) the proposedH∞-controller.

Figure 10. Simulation of a lane-changemanoeuvrewith noise on the inputs and outputs of the system,
where the vehicles drive at vx,i = 20ms−1, (a) thebenchmark controller (b) theproposedH∞-controller.

6.1.2. Effects of parameter change
Finally, we study the performance of the controllers in the presence of parameter uncer-
tainty. Hereto, a ‘worst-case’ scenario based on the results of Figure 7 is considered. For the
worst-case, the values ofm,Cαr andCαf are reduced by 20% and the velocity is increased by
20%. Note that for the velocity variation it was assumed for the benchmark controller that
the controller gains remain fixed (do not vary with changing velocity). The simulations
of this scenario for a lane change yield the results displayed in Figure 11. It can be seen
that again the string-stability is not satisfied by both controllers, and the path-following
objective has been met. However, it can be observed that especially for the proposedH∞
controller overshoot in qi, ye and ψe are much smaller than the benchmark controller.

These simulations confirm the frequency-domain analysis performed in the previous
section. In general, theH∞ controller outperforms the benchmark controller in both the
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Figure 11. Simulation of a lane-change manoeuvre with parameter uncertainty, where the vehicles
drive at vx,i = 20 ms−1, (a) the benchmark controller (b) the proposedH∞-controller.

string-stability andpath-following sense in the presence of uncertainty (faster convergence,
lower magnitude of errors and smaller amplification of qi).

7. Conclusion

A control strategy was proposed such that string-stable automated steering could be
achieved for vehicle platooning. Here, a vehicle following method based on the path fol-
lowing concept was developed. TheH∞ control framework was used to include both the
path-following and lateral string-stability requirement in the controller design. The choice
for this specific framework proved to be useful, as it gave a structured method to design
controller giving a priori string stability guarantees. These results have been illustrated
by frequency-domain performance analyses, and are demonstrated using simulations of
lane-change manoeuvres.

From extensive robustness analyses, it was concluded that the string-stability condition
cannot generically be guaranteed in the presence of high levels of uncertainty, while the
path-following objective is more robust towards these uncertainties. In comparison to a
benchmark controller the proposed controller still improves path-following performance
and reduces the amplification of lateral disturbances, also at high levels of uncertainty.
Despite these shortcomings, the results presented in this workmake a strong case for using
this approach towards obtaining string-stable laterally automated vehicle platoons, and
motivates validation through experiments.
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