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Abstract
Traffic congestion is a common phenomenon in road transportation networks, especially 
during peak hours. More accurate prediction of dynamic traffic flows is very important for 
traffic control and management. However, disturbances caused by the time-varying origin-
destination matrix, dynamic route choices, and disruptions make the modelling of traffic 
flows difficult. Therefore, this study focuses on modelling the dynamic evolution pro-
cesses of traffic flows under disturbances and estimating dynamic travel times for arbitrary 
moment. A revised Lighthill–Whitham–Richards (RLWR) model with non-equilibrium 
states is presented to describe the dynamic traffic states on individual roads, and the ripple-
spreading model (RSM) is integrated to investigate the interactions among several shock-
waves from multiple roads. We propose a hybrid RLWR–RSM to model the congestion and 
congestion-recovery propagations in an entire transportation network. After predicting the 
dynamic traffic flows by the RLWR–RSM, the road travel times for arbitrary moment were 
estimated. Theoretical analyses indicated that (1) the RLWR–RSM inherits the advantages 
of macroscopic traffic flow models and integrates the characteristics of both low- and high-
order continuum models, and (2) the RLWR–RSM considers multiple disturbances. From 
numerical experiments with various inputs, the variation in travel times under disturbances 
was investigated, and this further demonstrated that (1) the modelled dynamic traffic flows 
have four basic properties, and (2) the experimental results validate the theoretical analy-
ses. In addition, the RLWR–RSM can explain several distinct traffic phenomena. Finally, 
the estimated travel times can provide decision supports for vehicle navigation.
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Introduction

Traffic prediction (Matas et al. 2012) is important for the shortest path (Fu and Rilett 1998; 
Sever et al. 2013), traffic assignment (Peeta and Ziliaskopoulos 2001), disaster emergency 
(Jiang and Wu 2017; Jiang et al. 2017), and vehicle routing (Kim et al. 2005). However, 
traffic states are dynamic, which makes the prediction of travel times difficult (Fu 2002). 
Many methods have been proposed to address this issue, such as statistical analyses, sur-
veillance systems (Turner 1996), discrete-time Markov chain models (Yeon et  al. 2008), 
and artificial neural network models (Lnnamaa 2005). Among such methods, whole-link 
models (Carey and Ge 2003; Carey et al. 2003), which estimate dynamic road travel times 
by comparing cumulative inflows and outflows, are representative. A drawback of these 
models is the absence of a description of the dynamic congestion propagation processes. 
Thus, they cannot describe rapidly changing traffic flows accurately (Carey et al. 2003). To 
overcome this, a precise description of the relationship among the dynamic flows, vehicle 
density, and velocities is necessary (Kockelman 2001). For this purpose, dynamic traffic 
flow models are a good candidate.

Traffic flows are dynamic processes (Daganzo 1994a, 1995b), and they significantly 
influence many applications (Gentile et  al. 2007; Sheu et  al. 2001; Papageorgiou et  al. 
2003). Traffic flow models are generally classified as macroscopic, mesoscopic, and (sub-)
microscopic models (Hoogendoorn and Bovy 2001); all of these models provide respec-
tive advantages and disadvantages. In this study, a macroscopic model is chosen as the 
theoretical basis because of its distinct advantages: (1) it accurately and directly describes 
the relationship among macroscopic variables and provides improved results for some sce-
narios; (2) only a small amount of easily observable and measured data is required to reli-
ably describe the congestion and congestion-recovery propagations using mathematical 
analysis; (3) it is applicable for large-scale macroscopic traffic simulation, analysis, and 
reproduction because less computational time is consumed due to the elimination of the 
need to consider the individual behaviours of all vehicles (Hoogendoorn and Bovy 2001).

Macroscopic models are indispensable in modelling dynamic traffic flow because they 
accurately and concisely describe macroscopic variables such as density, velocity, and 
flow rate. In addition to the ’hydrodynamic’ flow-density relation and differential equation 
(Treiber and Kesting 2014), which were derived from the assumption of continuum of traf-
fic flows (Jin 1977), both low- and high-order continuum relationships of macroscopic var-
iables are presented: (1) In the low-order continuum Lighthill–Whitham–Richards (LWR) 
model (Lighthill and Whitham 1955; Richards 1956), velocity is an explicit function of 
density, which is valid for stationary states. The LWR model captures the characteristics 
of a car-following model at an aggregate level (Newell 1961) and is consistent with flow 
shockwave models (Whitham and Fowler 2008). However, Liu et al. (1998) indicated that 
this model cannot describe the amplification of small disturbances in heavy traffic. The 
cell transmission model (CTM) (Daganzo 1994b, 1995a) is an important model for mac-
roscopic network traffic flows. It is a discretisation of the LWR model and can completely 
describe congestion formation, spreading, and elimination. However, the CTM records the 
dynamic vehicle density for all road cells in each time moment, resulting in a high compu-
tational time and storage requirements. (2) In high-order continuum models, Payne-type 
models Payne (1971, 1979) have been developed using relaxation time and anticipation 
coefficients. They describe the decrease rate of equilibrium velocities with increasing den-
sity. By considering the effects of acceleration and deceleration, Payne-type models over-
come the drawbacks of the LWR model. However, Daganzo (1995b) showed that negative 
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flows and velocities may be predicted by the Payne-type models under certain conditions. 
In addition, a few other high-order models have been developed Michalopoulos et  al. 
(1992); Helbing (1996); Papageorgiou et al. (2003). More detailed reviews and compari-
sons of macroscopic traffic flow models can be found in Hoogendoorn and Bovy (2001); 
Treiber and Kesting (2014).

In this study, we developed a revised Lighthill–Whitham–Richards (RLWR) model, 
which considers a vehicle’s acceleration and deceleration behaviours. In addition, the dis-
turbances caused by the time-varying origin-destination (OD) matrix (Castillo et al. 2013), 
dynamic route choices (Xiong et  al. 2015), and disruptions are modelled. Furthermore, 
their effects on both individual roads and an entire transportation network are analysed 
using the ripple-spreading model (RSM). Thus, the propagations of congestion and recov-
ery for an entire network are modelled. Finally, the road travel times (Xu et al. 2013) at 
arbitrary moments are estimated.

The following are the main contributions of this paper:

(1) In order to overcome the drawbacks of both low- and high-order continuum models, we 
propose the RLWR model, which inherits the advantages of both LWR and Payne-type 
models. The RLWR model not only considers vehicle velocity as an explicit function 
of density but also considers the acceleration and deceleration processes.

(2) Considering the disturbances caused by the dynamic OD matrix, disruptions, and route 
choices, a hybrid RLWR–RSM, which integrates the RLWR model and RSM, is pro-
posed to model the dynamic traffic flows on individual roads and to further investigate 
the interaction among dynamic traffic flows of multiple roads. The hybrid RLWR–RSM 
has four basic properties namely first-in-first-out, reduction to static model, causality, 
and flow conversation. Moreover, this model is used to explain distinct traffic flow 
phenomena.

(3) With known dynamic processes of traffic flows, the road travel times at arbitrary time 
moments are estimated with consideration of the propagation of congestion and recov-
ery.

The remainder of this paper is organised as follows: The required definitions and formula-
tions are provided in Sect. 2. The conventional LWR model and RSM are introduced in 
Sect. 3. The hybrid RLWR–RSM is presented in Sect. 4. Section 5 discusses the modelling 
of three kinds of disturbances on traffic flows and provides an estimation method for road 
travel times. Experiments are described and discussions on dynamic traffic flows and road 
travel times are presented in Sect. 6. We present conclusions by providing an overview of 
results and future research hotspots in “Acknowledgements”.

Definitions

This section provides the definitions of several key concepts and notations used in this 
paper.

The transportation network is modelled as a directed network G(N, A). n = |N| represents 
the number of road intersections and m = |A| represents the number of roads, where N is the 
intersection set, and A is the road set. Each road (i, j) ∈ A is associated with length lij , capacity 
uij , vehicle velocity vij(x, t) , vehicle density �ij(x, t) , and vehicle flow rate qij(x, t) , where x and t 
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are the space location and time moment, respectively. Velocity, density, and flow rate are con-
sidered as the basic macroscopic traffic flow variables in traffic flow theory.

Let Rk(Ep, Tt, Ts,Es,Eu,Ed, v, Iu, Id) be a ripple, which is considered as a shockwave in 
traffic flow theory, where Ep is the epicentre coordinate, Tt is the triggering time, Ts is current 
time, Es is current location, Eu and Ed are the energies (or vehicle densities) at the upstream 
and downstream sides, respectively, v is the shockwave speed ( v > 0 if it moves downstream; 
v < 0 if it moves upstream; otherwise, v = 0 if it does not move), and Iu and Id are the vehi-
cle information (e.g. destinations and path choices) at the upstream and downstream sides, 
respectively.

shows the predictable time-varying OD matrix for the forthcoming hours, where Sij(t) 
denotes the vehicle flow rate from node i to node j at time moment t. On an arbitrary indi-
vidual road (i, j) ∈ A , the inflow rate Iij(t) and outflow rate Oij(t) are dynamic.

Pk
i,j

 is the kth ( 1 ⩽ k ⩽ w ) driving path choice from node i to j, where w is the total number of 
available path choices. Rr(Iu) =

{
(F1,D1,P1),⋯ , (Fw,Dw,Pw)

}
 is the upstream vehicle infor-

mation of shockwave Rr on road (i, j) ∈ A , where Fk is the vehicle flow rate (this is similar to 
qij(x, t) ); all vehicles in Fk move along the path Pk = Pk

i,Dk
 ( 1 ⩽ k ⩽ w ). The downstream vehicle 

information Rr(Id) is similar to that of the upstream vehicle information. Similar to Rr(Iu) , the 
inflow and outflow of road (i, j) at time moment t are Fin

ij
(t) =

{
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1
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1
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1
),⋯ , (Fin

w
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w
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w
)
}
 

and Fout
ij
(t) =

{
(Fout

1
,Dout

1
,Pout

1
),⋯ , (Fout

w
,Dout

w
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w
)
}
 , respectively, where (Fin

k
,Din

k
,Pin

k
) and 

(Fout
k
,Dout

k
,Pout

k
) are similar to (Fk,Dk,Pk) ∈ Rr(Iu).

Let Drp(Dp, Tp,Cd,Rc) be a network disruption, where Dp is the location of disruption, Tp 
is occurrence time, Cd is current capacity (i.e., the maximum flow rate for vehicles to move) 
after a disruption, and Rc is recovery strength.

Generally, macroscopic traffic flow models describe dynamic density � , velocity v, and 
flow rate q at a high aggregate level using partial differential equations (Hoogendoorn and 
Bovy 2001). Two equations are generally acknowledged by macroscopic models: the ’hydro-
dynamic’ flow-density relation and the differential equation:

where x and t are the space location and time moment, respectively.

Related models

This paper focuses on the LWR model and RSM. It is concluded from (1) and (2) that 
d�(x,t)

dt
+

dq(x,t)

dx
=

d�(x,t)

dt
+

dq(x,t)

d�(x,t)
×

d�(x,t)

dx
= 0 , and we set

MOD(t) =

⎡
⎢⎢⎣

S1,1(t) ⋯ S1,n(t)

⋮ ⋱ ⋮

Sn,1(t) ⋯ Sn,n(t)

⎤⎥⎥⎦

(1)q(x, t) = �(x, t) × v(x, t)

(2)
d�(x, t)

dt
+

dq(x, t)

dx
= 0

(3)vc =
dx

dt
= −

dq(x, t)

d�(x, t)
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To completely describe the dynamic traffic flows, another relationship among �(x, t) , v(x, t), 
and q(x,  t) must be additionally known. The LWR model (Lighthill and Whitham 1955; 
Richards 1956) generally considers a traffic flow as a continuous fluid flow and uses an 
explicit velocity-density relationship equation, which is known as the fundamental dia-
gram, given by

This indicates that a one-to-one relationship between velocity and density (Cho and Lo 
2002) exists in equilibrium states. Under Rankine-Hugoniot conditions (Hirsch 1990), an 
equation is available to describe the shockwave speed � (Hoogendoorn et al. 2008), which 
is given as

If q2 → q1 , then � = limq2→q1

q(�2)−q(�1)

�2−�1
=

dq(�1)

d�
= −vc(�1) . The LWR model along with 

Equations 1 and 5 provides a fundamental diagram Q(�) (Daganzo 1994a; Gentile et  al. 
2007), where vc(�1) is the tangent slope at a given density �1 , and vc denotes the vector of 
kinematic wave speed. Because it describes dynamic traffic flows using a combination of 
shock and rarefaction waves (Whitham and Fowler 2008), the LWR model is also called 
the kinematic wave model (KWM) (Jin 1977) and can be used to intuitively model the 
breakdown or phase−transition (Hoogendoorn et al. 2008).

The ripple-spreading model (RSM) was proposed by Hu et al. (2011); it was motivated 
by the natural ripple-spreading phenomenon. The main principle of this model is as follows: 
Some stakes are located in a quiet pond and a stone is thrown in it. An initial ripple (shock-
wave) is generated and spreads out. If the ripple hits a stake, it creates a new ripple because 
of the reflection effect. As the ripples spread, an increasing number of ripples are stimulated 
around the stakes. However, the shockwaves continue to weaken due to energy decay.

The RSM has two desirable advantages in modelling traffic flows: (1) The ripple-
spreading process embedded in the model naturally captures many real-world spatial and 
temporal characteristics. (2) A great flexibility is available to modify and extend the RSM 
(Hu et al. 2011). In order to describe the dynamic traffic flow of an entire traffic network, 
the RSM is associated with traffic flows as follows: (1) Stakes represent the intersections 
in a transportation network and stones refer to disturbances. (2) Ripples denote the shock-
waves in traffic flow theory and they spread along network roads. (3) The energy of ripples 
is based on vehicle density. The speed of shockwaves is not constant, and it is determined 
by the traffic states. (4) When a shockwave Ru reaches the entry (or exit), several respond-
ing shockwaves are simulated on the connected roads because of the change in inflows (or 
outflows). (5) Energy is not lost or gained when shockwaves spread. (6) Generation of new 
shockwaves is subject to the flow conservation constraints. (7) Shockwaves are triggered if 
the vehicle information or density changes. A brief dynamic process of ripple spreading in 
a network is illustrated in Fig. 1.

Hybrid traffic flow model

The LWR model is improved to overcome its limitations and integrated with the RSM to 
investigate the interaction among dynamic traffic flows of multiple roads. Based on the 
dynamic traffic flows predicted by this hybrid model, the road travel times can be estimated 
for all time moments.

(4)vij(x, t) = V(�ij(x, t))

(5)q2 − q1 = � × (�2 − �1)
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Revised Lighthill–Whitham–Richards model

Because the flow-density relationship in the acceleration and deceleration processes does 
not completely follow the fundamental diagram and because the conventional LWR model 
cannot describe the non-equilibrium states, the LWR model can be revised to overcome 
its limitations by considering the dilatorily changing velocities. In this study, a buffer is 
considered to exist between two consecutive regions 1 and 2, for the drivers to decelerate 
or accelerate (Fig. 2). The flow-density relationship is not at equilibrium inside the buffer, 
and it follows the fundamental diagram outside the buffer. The acceleration (or decelera-
tion) behaviour Be(�) from v1 to v2 is associated with three parameters: reaction time ΔT� , 
acceleration time T� , and acceleration strength S� (Fig. 3). The reaction time ΔT� is the 
time interval for two neighbouring vehicles to change their velocities. Acceleration time T� 
is the time consumed in changing the velocity from v1 to v2 ; S� = ∫

T�

0
(v × dt) − v2 × T�.

Acceleration time and acceleration strength are always zero in the LWR model, but 
they are flexible variables in the revised LWR model. To reveal the relationship among the 

Fig. 1  Mechanism of using the ripple-spreading method to model dynamic traffic flows: a The flow from 
node 2 to node 5 changes, and shockwave R0 is generated; b R0 spreads along road (2, 5); c Shockwaves R1 , 
R2 , and R3 are triggered, which are caused by R0 ; d more shockwaves around nodes 4, 6, and 8 are gener-
ated because of R1 , R2 , and R3

Fig. 2  The buffer between two consecutive regions, where the traffic condition (v, �, q) are non-equilibrium 
because vehicles inside the buffer are accelerating or decelerating
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above three parameters, both one individual buffer and two meeting buffers are analysed. 
In ’one individual buffer’, only one shockwave spreads without interacting with the other 
shockwaves; ’two meeting buffers’ appear when two shockwaves interact with each other.

One individual buffer

Given the two regions Re1(�1, v1, f1) and Re2(�2, v2, f2) , vehicles change their velocities 
from v1 to v2 through the buffer B(1, 2), and the vehicle-vehicle distance is changed from 
L1 =

1

�1
 to L2 =

1

�2
.

Theorem  1 For any two consecutive vehicles � and � + 1 in the buffer, S�+1 − S� =

(L1 − L2) − (v1 − v2) × ΔT�+1.

Proof Suppose vehicle � starts changing its velocity at time moment t0 . (1) For the 
vehicle � , the driving distance d� ,1 = v2 × T� + S� during [t0, t0 + T� ] , and the driving 
distance d� ,2 = v2 × (ΔT�+1 + T�+1 − T� ) during [t0 + T� , t0 + ΔT�+1 + T�+1] . There-
fore, the total driving distance d� = d� ,1 + d� ,2 = v2 × (ΔT�+1 + T�+1) + S� during 
[t0, t0 + ΔT�+1 + T�+1] . (2) The driving distance d�+1,1 = v1 × ΔT�+1 during [t0, t0 + ΔT�+1] , 
and d�+1,2 = v2 × T�+1 + S�+1 during [t0 + ΔT�+1, t0 + ΔT�+1 + T�+1] . Therefore, the total 
driving distance d�+1 = d�+1,1 + d�+1,2 = v1 × ΔT�+1 + v2 × T�+1 + S�+1.

Because d�+1 − d� = L1 − L2 , we can conclude that (v1 × ΔT�+1 + v2 × T�+1 + S�+1)−

(v2 × (ΔT�+1 + T�+1) + S� ) = L1 − L2 . Therefore, S�+1 − S� = (L1 − L2) − (v1 − v2)×

ΔT�+1 , and the theorem is proved.   □

Theorem 2 If the reaction times of all the vehicles in an individual buffer are L1−L2
v1−v2

 , all the 
vehicles have the same acceleration strength.

Proof For two consecutive vehicles � and � + 1 , if their reaction times are both L1−L2
v1−v2

 , then 
S� = S�+1 according to Theorem 1. ΔBT =

L1−L2

v1−v2
 is called the balanced reaction time.  

 □

Fig. 3  The vehicle behaviors with varying parameters in a deceleration process, where solid lines denote 
the velocity changed from v1 to v2 , reaction time ΔT� means the time interval for two neighboring vehicles 
to change their velocities, acceleration time T� is the time consumed to change velocity from v1 to v2 , and S� 
is the travel distance difference compared with that when � travels at v2
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Theorem 3 Inside the buffer, Δt� =
�×(L1−L2)−S�

v1−v2
 , where Δt� is the total time interval for 

vehicle � to change velocity.

Proof Assume that the several behaviours shown in Fig. 3 are performed, and let t0 be 
the initial time moment. For a vehicle �  during [t0, t0 + Δt� + T� ] , on one hand, the 
driving distance d� = v1 × (t0 + Δt� ) + (S� + v2 × T� ) ; on the other hand, d� = v2×

(t0 + Δt� + T� ) + � × (L1 − L2) . Therefore, we can conclude that Δt� =
�×(L1−L2)−S�

v1−v2
 , 

and this proves the theorem.   □

Both before and after the acceleration (or deceleration) process in an individual 
buffer, the initial and terminal conditions are fixed and the states of two consecutive 
regions 1 and 2 are known. Moreover, according to Theorem 3, the starting time Δt� and 
acceleration strength S� have a one-to-one relationship. The length of the buffer B is

where T� denotes the vehicle acceleration time, which is a flexible variable.
It must be mentioned that a special scenario arises when the vehicles change their 

velocities from v1 to v3 (rather than v2 ) between regions Re1(�1, v1, f1) and Re2(�2, v2, f2) . 
In this scenario, a new equilibrium state Re3(�3, v3, f3) is generated between Re1 and Re2 . 
The two non-interactive buffers B(1, 3) and B(3, 2) segregate Re1 , Re3 , and Re2 . B(1, 3) 
and B(3,  2) are similar to B(1,  2). For example, when Re1 is under a completely con-
gested state and Re2 is empty, the vehicles in Re1 attempt to accelerate from v1 = 0 to the 
free velocity v2 . However, a new state Re3(�3, v3, f3) arises between Re1 and Re2 , where 
v3 ≈ v2 and 𝜌3 > 0 because vehicle drivers do not maintain a very long distance from the 
vehicles in the front (this is consistent with common sense). B(1, 3) denotes the bound-
ary of Re1 , and the position of B(3, 2) is where the first vehicle starts to accelerate. The 
vehicles accelerate from v1 to v2 in an early phase. However, in a later phase, the vehi-
cles accelerate from v1 to v3 , even if v3 is very close to v2 , but 𝜌3 > 𝜌2.

Two meeting buffers

Given three regions Re1(�1, v1, f1) , Re2(�2, v2, f2) , and Re3(�3, v3, f3) , the buffers B(1, 2) 
and B(2,  3) are located between the regions Re1 and Re2 , and between Re2 and Re3 , 
respectively. Let ΔBT1 , ΔBT2 , and ΔBT3 be the balanced reaction times in B(1,  2), 
B(2, 3), and B(1, 3), respectively. The terminal buffer B(1, 3) is a result of interaction 
between B(1, 2) and B(2, 3). In other words, the vehicles in buffer B(1, 3) change their 
velocities from v1 to v3 , whereas those in the buffers B(1, 2) and B(2, 3) change their 
velocities from v1 to v2 and from v2 to v3 , respectively.

Theorem  4 If buffer B(1,  2) catches up with buffer B(2,  3), ΔBT1 > ΔBT2 , and 
ΔBT1 − ΔBT3 =

v2−v3

v1−v3
× (ΔBT1 − ΔBT2).

Proof Let the downstream moving direction be positive. (1) The speed vc1 of buffer B(1, 2) is 
�2×v2−�1×v1

�2−�1
 , and the speed vc2 of buffer B(2, 3) is �3×v3−�2×v2

�3−�2
 . vc1 > vc2 if buffer B(1, 2) catches 

(6)
�2 × (v2 − v1) × T�

(�2 − �1)
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up with buffer B(2, 3). ΔBT1 =
1

�1
−

1

�2

v1−v2
=

1

�1

v1−vc1
=

1

�2

v2−vc1
 , and ΔBT2 =

1

�2
−

1

�3

v2−v3
=

1

�2

v2−vc2
=

1

�3

v3−vc2
 . 

Therefore, ΔBT1 > ΔBT2 because vc1 > vc2.
(2) ΔBT1 × (v1 − v2) =

1

�1
−

1

�2
 , ΔBT2 × (v2 − v3) =

1

�2
−

1

�3
 , and ΔBT3 × (v1 − v3) =

1

�1
−

1

�3
 . Thus, ΔBT3 × (v1 − v3) = ΔBT1 × (v1 − v2) + ΔBT2 × (v2 − v3) . Therefore, we can 

conclude that ΔBT1 − ΔBT3 =
(v2−v3)

v1−v3
× (ΔBT1 − ΔBT2).

By combining (1) and (2), the theorem is proved.   □

When two buffers meet, the reaction times show systemic deviations. For example, an 
arbitrary vehicle in buffer B(1,  2) changes its velocity from v1 to v2 , and the veloci-
ties in buffer B(2, 3) are changed from v2 to v3 . Let ΔBT1 , ΔBT2 , and ΔBT3 be the bal-
anced reaction times from v1 to v2 , v2 to v3 , and v1 to v3 , respectively. Initially, the reac-
tion times remain being ΔBT1 because there is no influence by the buffer B(2,  3) yet. 
After some time, the reaction times are gradually changed to ΔBT3 . This process can be 
divided into three stages according to the different reaction times as follows.

Stage-1 Let the number of vehicles in Stage-1 be m1 . All the reaction times in this stage 
are approximately ΔBT1 , and the acceleration strength is S� = S�−1 + (L1 − L3)−

(v1 − v3) × ΔT� , according to Theorem 1. We can conclude that S� = S�−1 + (L1 − L3)−

(v1 − v3) × ΔBT1 = S1 + (� − 1) × [(L1 − L3) − (v1 − v3) ×
L1−L2

v1−v2
] , where 1 ⩽ � ⩽ m1.

Stage-2 In Stage-2, the reaction time is changed from ΔBT1 to ΔBT3 , where ΔBT1 ≠ ΔBT3 
and ΔBT1 − ΔBT3 =

v2−v3

v1−v3
× (ΔBT1 − ΔBT2) , according to Theorem 3. The velocities in 

this stage are limited to [0, vf ] . If the velocities are changed to zero or vf  , Stage-2 termi-
nates and Stage-3 begins.

Let the number of vehicles in Stage-2 be m2 . S� = S�−1 + (L1 − L3) − (v1 − v3)×

ΔT� = S�−1 + (v1 − v3) × (ΔBT3 − ΔT� ) , where m1 < 𝜒 ≤ m1 + m2 . For any vehicle � in 
Stage-2, the time when it starts changing its velocity is m1 × ΔBT1 + Σ

�

k=m1+1
[ΔBT3−

(ΔBT3 − ΔTk)] , and its acceleration strength is S� = Sm1
+ (v1 − v3)Σ

�

k=m1+1
(ΔBT3 − ΔTk).

From the statements above, for any vehicle 1 ≤ � ≤ m1 + m2 , the time when it starts chang-
ing its velocity is Σ�

k=1
(ΔBT3 − ΔΔTk) , and its acceleration strength is S� = S1 + (v1 − v3)

Σ
�

k=1
(ΔBT3 − ΔTk) = S1 + (v1 − v3)Σ

�

k=1
(ΔTk) , where ΔΔTk = ΔBT3 − ΔTk . If 1 ≤ � ≤ m1 , 

ΔΔT� = ΔBT3 − ΔBT1 ; otherwise, ΔΔTk varies between ΔBT1 and ΔBT3.

Stage-3 In this stage, the vehicles change their velocities from v1 to 0 or vf  and then 
to v3 . Considering Fig. 4a as an example, in some scenarios, velocities of the vehicles 
continuously decrease towards 0, even if their velocities have reached v3 , because a 
safe distance must be maintained for any neighbouring vehicles. In this case, a new and 
completely stopped queue Qm occurs in the interior of this buffer. The merged buffer is 
divided into two independent buffers by Qm . The length of Qm depends on the reaction 
times of the vehicles in the front and rear of Qm.

From the statements above, it is concluded that the temporal evolution of buffers 
depends on the difference in traffic states. As for the spatial evolution, the buffer length 
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remains constant (i.e., �2×(v2−v1)×T�
(�2−�1)

 ) in a single shockwave; while in two interactive 
shockwaves, the buffer lengths range from [ �2×(v2−v1)

�2−�1
+

�3×(v3−v2)

�3−�2
] × T� to �3×(v3−v1)×T�

�3−�1
 , and 

finally evolve into one or two independent buffers, as was introduced in Stage-3.
The velocities in the conventional LWR model are immediately changed without 

considering the non-equilibrium states. The RLWR model discusses the drivers’ micro-
scopic behaviours during the acceleration (or deceleration) process, which allows the 
velocities to be around equilibrium values and avoids negative flows and velocities. The 
RLWR model overcomes the drawbacks of the conventional LWR model and the limita-
tions of Payne-type models to a certain extent.

RSM on traffic

When using the RSM to describe dynamic traffic flows, ripples refer to shockwaves 
where the traffic states at the upstream and downstream directions are different; water 
and stakes represent roads and intersections in a transportation network, respectively. 
The stones represent the disturbances caused by the dynamic OD matrix, disruptions, 
and dynamic drivers’ route choices. The dynamic traffic shockwaves correspond to the 
spreading ripples in the RSM.

RLWR–RSM

The RLWR model is integrated with the RSM to construct a hybrid RLWR–RSM. The 
three main processes discussed below are embedded when the RLWR–RSM is used to 
model dynamic traffic flows.

Fig. 4  Varying vehicle behaviors in two meeting buffers, where solid lines denote the dynamic velocity, the 
values on the horizontal axis are the time interval for a vehicle starts to change velocity, and the vertical 
axis is about the vehicles’ velocities
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Shockwave generation

If no disturbance exists, the transportation network is a stable system. On an arbitrary sin-
gle road (i,  j), the flow rate qij , density �ij , and velocity vij are constant. However, distur-
bances cause instability in the traffic system. For example, when rush hours approach, the 
time-varying OD matrix MOD(t) increases the traffic flows and causes congestion in a trans-
portation network; however, the congestion is terminated at later periods.

(1) Time-varying OD matrix Let MOD(t) be the time-varying OD matrix and 
Sij(t) ∈ MOD(t) be the vehicle flow rate from node i to j at time moment t, as introduced 
in Sect. 2. Let (i, u) be an outgoing road of node i, Pk

i,j
(1 ⩽ k ⩽ w) be a route choice to j, 

and Ak
ij
∈ Sij(t) be the percentage of vehicles whose path choices are Pk

i,j
 . Furthermore, the 

inflow Sij
iu
(t) from Sij(t) to road (i, u) is 

∑w

k=1
(Ak

ij
× Sij(t) × �) , where, � = 1 if u ∈ Pk

i,j
 , and 

� = 0 otherwise. Similarly, the total inflow SOD
iu

 from the time-varying OD matrix to road 
(i, u) is 

∑n

j=1
S
ij

iu
(t).

The inflows on road (i,  u) are not only from the OD matrix but also from incom-
ing roads. Let road (v,  i) be an incoming road of (i,  u) and Ovi =

{
(Fout

1
,Dout

1
,Pout

1
),⋯ ,

(Fout
w
,Dout

w
,Pout

w
)
}
 . Then, the flows Fvi

iu
 from (v, i) to (i, u) are 

∑w

k=1
(Fout

k
× �) , where � = 1 

if u ∈ Pout
k

 , and � = 0 otherwise. Therefore, the total inflow SUp
iu

 of (i, u) from all incoming 
roads is 

∑n

k=1
(Fki

iu
× �) , where � = 1 if (k, i) ∈ A , and � = 0 otherwise.

Therefore, the total inflow Fin
iu
(t) = SOD

iu
+ S

Up

iu
 at the time moment t on road (i, u) can be 

determined. From time moment t − 1 to t, if either the flow value of Fin
iu
(t) or the informa-

tion (Fin
k
,Din

k
,Pin

k
) ∈ Fin

iu
(t) changes, a new shockwave Rh is generated. As shown in Fig. 5, 

Rh(Iu) = Fin
iu
(t) and Rh(v) =

qh−qh−1

�h−�h−1
 . Rh moves upstream if Rh(v) < 0 or downstream if 

Rh(v) > 0 ; otherwise, the position is retained.

Fig. 5  The mechanism of generating shockwaves due to time-varying OD matrix
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The number of shockwaves in a network depends on the sampling period of the time-var-
ying OD matrix, for which two extreme conditions are considered. If the sampling period 
of the OD matrix is long, very few shockwaves are available to accurately describe the 
dynamic traffic states. If the OD matrix changes frequently, the RLWR–RSM is similar to 
micro models that involve a high computational complexity. Time complexity and accu-
racy are in conflict. Experiments conducted in later sections demonstrate the modelled traf-
fic states with different sampling periods.

(2) Dynamic route choices The previous section had already described how route choices 
affect the flow distribution (Fig.  6). Generally, route choices are classified as static or 
dynamic choices. Drivers tend to make static choices in free roads where the vehicles can 
travel at the maximum velocity, and static routes are always the same as dynamic routes in 
this case; dynamic route choices would be better under congested traffic conditions because 
they avoid congested roads (Sever et al. 2013). Let SP and DP be the percentages of vehi-
cles that follow the static and dynamic route choices, respectively, where SP + DP = 100%.

(3) Dynamic network disruption Three shockwaves described how route choices affect 
the flow distributionR1 , R2 , and R3 are triggered when a disruption Drp(Dp, Tp,Cd,Rc) 
occurs (as shown in Fig. 7). Let q0 , �0 , and I0 be the vehicle flow rate, density, and vehicle 
information, respectively, in location Dp before disruption. The new flow rate after disrup-
tion is q1 = Cd . Let �1 ≥ �B and �2 ≤ �B be the new densities whose corresponding flow 
rates are both q1 . Shockwave R1 has an inflow q0 , outflow q1 , upstream energy R1(Eu) = �0 , 
downstream energy R1(Ed) = �1 , R1(v) =

q1−q0

𝜌1−𝜌0
< 0 , and R1(Iu) = I0 . Shockwave R2 has an 

Fig. 6  The mechanism of generating shockwaves due to dynamic route choices
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inflow q1 , outflow q1 , upstream energy R2(Eu) = �1 , downstream energy R2(Ed) = �2 , 
R2(v) =

q1−q1

�2−�1
= 0 , and R2(Iu) =

q1

q0
× I0 . Shockwave R3 has an inflow q1 , outflow q0 , 

upstream energy R3(Eu) = �2 , downstream energy R3(Ed) = �0 , R3(v) =
q0−q1

𝜌0−𝜌2
> 0 , and 

R3(Iu) =
q1

q0
× I0.

Disruption is a dynamic process which gradually recovers until the densities at the two 
sides are the same. Rc is the recovery rate of capacity. The new inflow and outflow of R2 at 
the time moment t > Tp are q3 = min(q0 + Rc × (t − Tp), uij) . Let �3 ⩾ �B and �4 ⩽ �B be 
the new densities whose corresponding flows are both q3 . Then, the inflow, outflow, 
upstream energy, and downstream energy of R2 become q3 , q3 , �3 , and �4 , respectively. 
R2(v) =

q3−q3

�4−�3
= 0 and R2(Iu) =

q3

q1
× R2(Iu) . A new shockwave R4 is generated in the 

upstream of Dp . R4 has an inflow q1 , outflow q3 , upstream energy �1 , downstream energy �3 , 
R4(v) =

q3−q1

𝜌3−𝜌1
< 0 , and R4(Iu) = R2(Iu) . Another new shockwave R5 is generated in the 

downstream of Dp . R5 has an inflow q3 , outflow q1 , upstream energy �4 , downstream energy 
�2 , R5(v) =

q1−q3

𝜌2−𝜌4
> 0 , and R5(Iu) = R2(Iu) . Based on this, let q1 = q3 , �3 = �1 , and �2 = �4 ; 

then, similar shockwaves as R4 and R5 are continuously generated until the densities at the 
upstream and downstream directions of R2 become the same.

Shockwave movement

Let (�1, v1, q1) and (�2, v2, q2) be the traffic states at the upstream and downstream  
directions of the shockwave R, respectively. The shockwave speed is 
−∞ < R(v) =

q2−q1

𝜌2−𝜌1
⩽ min(v1, v2) . R(v) < 0 approximately implies that the traffic states 

downstream profoundly influence the entire road. Vehicles continue moving downstream 
regardless of the shockwave speed being negative or positive. After the generation of a new 
shockwave R, a corresponding auxiliary shockwave Ra is triggered at the downstream 
direction of R because the vehicles velocities are higher than the shockwave speed. Ra has 
the same densities �2 and velocities v2 , but different vehicle information as R for the two 
directions. The upstream vehicle information is Ra(Iu) = R(Iu) ×

q2

q1
 , and the downstream 

vehicle information is Ra(Id) = R(Id) . The auxiliary shockwave does not influence the vehi-
cle velocity, but different vehicle information (the vehicles have different route choices and 
destinations) causes different vehicle flow distributions. Differing from the conventional 
RSM, there is no loss of energy during shockwave movement.

Fig. 7  The mechanism of generating shockwaves due to disruption
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Shockwave interaction

Consequent shockwaves R1 and R2 with different speeds may encounter each other on the 
same road and may be replaced by a new merged shockwave Rm . Rm(Iu) = R1(Iu) , 
Rm(Id) = R2(Id) , and Rm(v) =

q3−q1

�3−�1
 . The buffer of Rm is discussed in Sect. 4.1.

When a shockwave R reaches a node, new shockwaves are generated in the outgoing or 
incoming roads. Let us assume that R reaches the exit of road (i, j) ∈ A ; the next operation 
involves the traffic flow redistribution collaborating with the time-varying OD matrix and 
dynamic route choices. According to the methods introduced for the ’dynamic OD matrix’ 
(Sect. 4.3), a new shockwave is triggered at the entry of the outgoing road (j, v). The char-
acteristics of each vehicle’s route choice and flow conservation principle are maintained.

If the shockwave R reaches the entry of road (i, j), the reverse operation of flow redistri-
bution is performed for the incoming roads. The shockwave is actually the changed  
traffic flows. The arrival of a congestion-recovery shockwave indicates the elimination of 
congestion and allows more flows to the road. Following the flow redistribution method, 
the congestion-recovery shockwave spreads to the incoming roads if they are under  
congested traffic conditions. Let (u, i) be an incoming road of node i with density 𝜌u,i > 𝜌B , 
let vehicle information at the exit of (u,  i) be 

{
(F1,D1,P1),⋯ , (Fw,Dw,Pw)

}
 , and  

let Fu,i

i,j
=
∑w

k=1
(Fk × �) ( � = 1 if j ∈ Pk , and � = 0 otherwise). Then, a new shockwave  

Rnew is triggered at the exit of (u,  i) and its parameters are set as follows: 1) 
Rnew(Iu) =

{
(F1,D1,P1),⋯ , (Fw,Dw,Pw)

}
 and Rnew(Id) =

∑w

k=1
(Fk × �,Dk,Pk) , where 

𝜆 =
F2

F1

> 1 if j ∈ Pk , � = 1 otherwise. 2) Upstream density �3 = �u,i and downstream den-
sity 𝜌4 < 𝜌B whose corresponding flows are |Rnew(Id)| . 3) Shockwave speed 
Rnew(v) =

|Rnew(Id)|−|Rnew(Iu)|
𝜌4−𝜌3

< 0 . In addition to incoming roads, vehicle flow rate Sik(t) in the 
OD matrix is also affected. If the actual vehicle flow rate Sa

ik
(t) is less than the expected rate 

Sik(t) , it is permissible to increase the actual inputs to the transportation network. Σn
k=1

Si,k(t) 
is treated as the flow onto a virtual incoming road of i, and the new actual inputs can be 
calculated similarly to other real incoming roads. However, the OD matrix and incoming 
roads can be affected by the congestion shockwave at the entry of (i, j); in the congestion-
recovery case, the spillback moves to incoming roads only when the OD matrix or incom-
ing roads has/have surplus flow. The traffic flow redistribution follows the same formulas 
as in the congestion case, but 𝜆 < 1.

The reversed operations of flow redistribution cannot guarantee that the vehicle infor-
mation of the inflows is identical to that before redistribution. For instance, when a conges-
tion-recovery shockwave reaches node i and all incoming roads are congested, the inflows 
of (i,  j) are out of balance. The flow distribution operation should be re-performed, and 
corresponding auxiliary shockwaves are generated, even if the inflows remain constant, 
because vehicle information changes. If the inflows change, a new shockwave R3 is trig-
gered at the entry of (i, j). It must be mentioned that R3 cannot move upstream.

Travel time estimation

It is assumed that m existing shockwaves Rij−1(t0),Rij−2(t0),⋯ ,Rij−m(t0) propagate in 
an individual road (i,  j) at the time moment t0 . The existing shockwaves continue to 
propagate and interact with each other, which can be simulated by the above methods. 
Besides, the new shockwaves Rd(t) and Ru(t) generated at the exit and entry of a road at 
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time t > t0 can be predicted according to Sect. 4.2. For a vehicle � that enters the road 
(i, j) at time t0 , the calculation procedure of the time taken to pass through (i, j) is shown 
in Fig. 8.

The new shockwave Ru(t) has no effect on the travel time of a vehicle � if it is gen-
erated at the road entry after t0 because the velocity v of � is determined only by the 
traffic conditions in front of it. As seen from Fig. 8, two important steps are executed to 
estimate the travel time: (1) calculating the minimum evolution time interval tmin and (2) 
changing the shockwaves’ and vehicle � ’s states on the road.

Let t be the current time moment, tmin = min(tmin1, tmin2, tmin3, tmin4) , where t + tmin1 
is the earliest time moment when two shockwaves interact; t + tmin2 is the earliest time 
moment when a new shockwave is generated at (or exits) the exit of the road or a dis-
ruption is triggered in downstream; t + tmin3 is the earliest time moment when vehicle 
� encounters an existing shockwave; and tmin4 is the consumed time for � to reach the 
exit of the road if it travels at a constant velocity. During the time interval (t, t + tmin) , 
the shockwaves do not interact, no new shockwave propagates out of (or onto) the exit 
of the road or generated in downstream, and the vehicle � maintains a constant velocity 
and does not encounter any shockwave.

At the time moment t + tmin , two meeting shockwaves are merged if tmin = tmin1 . A 
new shockwave is generated in downstream or enters (or is kicked out of) the exit of 
the road if tmin = tmin2 . � changes its velocity if tmin = tmin3 ; otherwise, tmin = tmin4 and 
vehicle � reaches the exit of the road which is the termination condition. To improve the 
accuracy of the evaluated travel times, the effects of buffer are further considered.

Fig. 8  The flow chart of evaluating travel times considering evolutive traffic conditions
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Let ΔT0 and ΔT1 be the starting times for � to change velocity in the conventional LWR 
and RLWR models, respectively. When � crosses a buffer B(1, 2) at the time moment t, let 
S0 and S1 be the acceleration strengths in the conventional LWR and RLWR models, 
respectively. ΔT0 = ΔT1 in an individual buffer because all the vehicles have an approxi-
mate balanced reaction time ΔBT  . S0 = 0 because the acceleration (or deceleration) in the 
conventional LWR model is instantaneous. S1 is a variable determined by v1 and v2 . Com-
pared with the conventional LWR model, the travel time T in the RLWR model is increased 
by a constant value S1

v2
.

If � goes through a merged buffer B(1, 3) as shown in Sect. 4.1, it experiences one stage 
of B(1, 3). Let ΔBT1 , ΔBT2 , and ΔBT3 be the balanced reaction times of B(1, 2), B(2, 3), 
and B(1, 3), respectively. Before determining its behaviour, the stage that will be experi-
enced by the vehicle � should be known. Let m1 , m2 , and m3 be the number of vehicles that 
experience the first, second, and third stages, respectively.

(1) According to Theorem 3, ΔBT1 − ΔBT3 =
v2−v3

v1−v3
× (ΔBT1 − ΔBT2) , and ΔBT1 > ΔBT2 

when the buffer B(1, 2) catches up with the buffer B(2, 3). Let m1 = � ×
|B(2,3)|

R1(v)−R2(v)
×

R1(v) × R2(Eu) , where � is a coefficient and |B(2, 3)| is the length of the buffer B(2, 3). 
Compared with the conventional LWR model, the travel times of vehicles in the first 
stage are increased by a constant value S

v2
.

(2) As expected, acceleration strengths in Stage-2 are changed from Sm1 to Sm1+m2 , where 
Sm1 can be calculated in Stage-1 and works as the initial condition. Sm1+m2 is the known 
termination condition. We assume that the difference of acceleration strengths between 
two neighbouring vehicles is a fixed value � ×

Sm1+m2−Sm1

|Sm1+m2−Sm1| , where coefficient 𝛽 > 0 . 

Therefore, the number m2 of vehicles in Stage-2 is |Sm1+m2−Sm1|
�

.
  For the kth vehicle in Stage-2, its starting time at which the velocity changes is 

tk = t0 + (m1 − 1) × ΔBT1 +
∑k

m1+1
ΔTk , and its acceleration strength is Sk = Sm1+

(v1 − v3) ×
∑k

m1+1
(ΔBT3 − ΔTk) . Before tk , its velocity is v1 . During [tk, tk + Tk] , its 

travel distance is v3 × Tk + Sk . After tk + Tk , its velocity is v3 . Its starting time to accel-
erate (or decelerate) is changed by Δt = t1 − t0 − (k − 1) × ΔBT1 = (m1 − k) × ΔBT1+∑k

m1+1
ΔTk . Therefore, the travel times are decreased by (v2 − v3) × Δt +

Sk

v3
.

(3) In place of region Re2 , a new region Re4(�4, v4, f4) arises between regions Re1 and 
Re3 in Stage-3, where Re4 is either totally congested or free. Any vehicle � in Stage-3 
experiences two new independent buffers B(1, 4) and B(4, 3) and one new region Re4 . 
Therefore, the travel times of � can be calculated using the method in Stage-1.

Therefore, we can conclude that reaction times and acceleration strengths of vehicles when 
crossing a buffer/buffers can be used for an accurate evaluation of travel times. In an indi-
vidual buffer, nearly stable vehicle behaviours are seen; in two or more interactive buffers, 
the chaotic process of merging buffers is known using detailed descriptions of vehicles’ 
microscopic behaviours. In actuality, vehicle behaviours can not be accurately predicted 
because of the different reactivities and driving skills of drivers. Besides, driverless vehi-
cles are an important development. A significant difference between human-driven and 
driverless vehicles is that driverless vehicles travel in a more predictable manner and con-
sider the minimum safe distance between neighbouring vehicles and the comfort of pas-
sengers. Compared with human-driven vehicles, the RLWR–RSM model shows a rela-
tively higher prediction accuracy for driverless vehicles, because it does not require a deep 
knowledge to describe the fluctuating traffic states caused by different drivers.
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Numerical experiments and analysis

To validate the effectiveness of the RLWR–RSM and the accuracy of estimated travel 
times, experiments were designed with varying inputs as follows.

Experimental design

(1) Network and fundamental diagram The artificial network has 4 intersections and 5 
roads. The road capacities and lengths are shown in Fig. 9. The fundamental diagram for 
the roads in this network is shown in Table 1 and Fig. 10, where velocity and density have 
a one-to-one relationship, and the flow-density functions between two arbitrary contiguous 
samples are linear.

(2) Time-varying OD matrix To simulate the traffic conditions during peak hours, the num-
ber of vehicles that travel between any pair of origin and destination was initially increased 
and then decreased, as shown in "Appendix 1 and 2". The main difference between "Appen-
dix 1 and 2" is the sampling period, which aims at testing the flexibility of the RLWR–RSM 
towards rapidly changing traffic conditions. "Appendix 3" is a static OD matrix which is 
used to test the influence of dynamic disruptions and route choices independently.

(3) Dynamic route choices Three available routes P1 , P2 , and P3 ("Appendix 4") are used 
in this experiment. The route choices are shown in "Appendix 5", where the percentages 
of vehicles along P2 and P3 are the same, and the percentages of vehicles along P1 in roads 
(0, 1), (0, 3), and (1, 2) initially increase and then decrease, and they continuously decrease 
in roads (0, 2), (1, 3), and (3, 2).

(4) Dynamic disruption To model the dynamic occurrence and recovery pro-
cesses of disruption (such as a traffic accident), disruptions Drp1,2(2000, 0.3, 150) and 
Drp1,2(4000, 0.4, 150) are set on road (1, 2), and a disruption Drp1,3(1600, 0.3, 150) is set 
on road (1, 3).

(5) Comparison with the CTM In order to confirm the reliability of the RLWR–RSM, 
two comparisons with the CTM are conducted on a highway with one on-ramp. The length 
of the road is 70 km and the on-ramp is 60 km away from the entry of the road. The cell 

Fig. 9  The illustrative network
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length in the CTM is 2 km and the sampling period is 0.02 h. The fundamental diagram of 
this road is a triangle. The free velocity, best density, and jam density are 100 km/h, 39.44 
veh/km, and 100 veh/km, respectively. Initial flows on the road are set as 3944 vph (veh/h). 
Dynamic flows for these two cases are different. Case-I: The inflow onto the entry and the 
on-ramp flow are 2000 vph and 1000 vph in the 100th minute, respectively; Case-II: the 
flows before the 135th minute are the same as in Case-I, but the on-ramp flow is changed to 
1500vph in the 135th minute.

As the CTM is influenced by the cell length, it is difficult to say whether the on-ramp is 
connected to the 29th or 30th cell when compared with the RLWR–RSM. Therefore, both 
of them are tested. Besides, travel times are determined for two kinds of states. (1) Instant 
state: the traffic state in a road at a particular moment remains unchanged and the travel 
time for a vehicle to pass this road is calculated. (2) Evolutional state: considering the 
evolution of traffic states, dynamic velocities depend on the instantaneous traffic state and 
vehicle’s position at current moment. In Fig.  22, the RLWR–SRM considers the evolu-
tional state, and the other models consider the instant state; the on-ramps in CTM1-Instant 
and CTM2-Instant are located in the 29th and 30th cells, respectively.

Fig. 10  The fundamental diagram used in this experiment

Table 1  The samples of density-
velocity-flow relationship in a 
highway

Density (veh/km) 0 25 41 58 71 88 100

Velocity (km/h) 100 90 80 68 44 26 0
Flow (veh/h) 0 2250 3280 3944 3124 2288 0
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Result and discussion

In order to understand how disturbances affect the traffic flows in a network, the travel 
times under each disturbance are estimated independently and together. Moreover, several 
’unusual’ phenomena are explained using this hybrid model.

(1) Travel times under time-varying OD matrix Figures  11 and 12 show the estimated 
dynamic travel times affected by the time-varying OD matrix. The changing tendencies of 
dynamic travel times and corresponding time-varying OD matrix are similar. Experimental 
results demonstrate the following: (1) All curve gradients are larger than − 1. For two neigh-
bouring vehicles �1 and �2 , let the time moments at the entry be t0 and t0 + 1 , respectively; 
then, their travel times T0 and T1 satisfy T0 + t0 < T1 + t0 + 1 . Thus, the first-in-first-out (FIFO) 
characteristic is followed; overtaking is not allowed in these cases. (2) In the incipient and ana-
phase phases, the travel times are constant because the traffic flow remains unchanged and the 
vehicles are in equilibrium states without encountering any shockwave. Thus, the ’reduction to 
static model’ characteristic is also followed. (3) No vehicle loss or addition verifies the ’flow 
conservation’ characteristic. (4) From the above derivation of a vehicle’s dynamic velocities, 
the travel times on a road are affected only by the vehicles in front of it and not by those behind 

Fig. 11  The estimated road travel times under time-varying OD matrix with 10-min sampling period

Fig. 12  The estimated road travel times under time-varying OD matrix with 4-min sampling period
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it. This reveals the ’causality’ principle. (5) In Figs. 11 and 12, no vehicle goes onto road (0, 3) 
because it is not a route for an arbitrary pair of OD; the traffic states on road (3, 2) are only 
affected by the vehicles from node 3 to node 2; multiple OD vehicles travel on the same road. 
For example, both OD (0, 2) and (1, 2) affect the traffic states of road (1, 2). These contribu-
tions can be attributed to the RSM, which allows the RLWR–RSM to model dynamic traffic 
flows not only for individual roads but also for the entire network. (6) The main difference 
between "Appendix 1 and 2” is the sampling period of the OD matrix. Corresponding travel 
times in Figs. 11 and 12 fluctuate at different frequencies.

(2) Travel times under dynamic disruptions Figure 13 shows the estimated road travel 
times for the static OD matrix ("Appendix 3") with fixed route choices, but under a dis-
ruption. From Fig. 13, the curves of travel times on roads (1, 2) and (1, 3) show simi-
lar tendencies: (1) At the 41st minute, sudden jumps are observed in the curves; this is 
because a vehicle at this time moment begins to experience congestion, whereas those 
vehicles in front of it do not. (2) After the 41st minute, on one hand, the congested shock-
waves move upstream, causing a prolonged congestion. On the other hand, the disruption 
recovery mitigates the effects of congestion; these two factors work together. The travel 
times initially increase and then decrease. In earlier periods, predominant congested 
shockwaves increase the vehicles’ travel times, but the disruption recovery plays a more 
important role in the later periods. (3) The travel times before the occurrence and after the 
disappearance of all disruptions on roads (1, 2) and (1, 3) are different. This is because 
only OD(1, 2) or OD(1, 3) vehicles travel on roads (1, 2) and (1, 3) before ripples appear, 
but OD(0, 3) or OD(0, 2) vehicles are on the roads even after all ripples disappear. (4) 
Figure 14 can be considered as an example to explain the change in traffic flows. The traf-
fic state is in the equilibrium state 3 if no disturbance exists. When a disruption arises, 
two new states (i.e., states 1 and 8) are located at the upstream and downstream direc-
tions of the disruption, and they move upstream and downstream, respectively. Subse-
quently, due to disruption recovery, the traffic state at the upstream of disruption changes 
from state 8 to state 7, state 6, and state 5 in turn. The traffic state at the downstream of 
disruption changes from state 1 to state 2, state 4, and state 5 in turn. These states propa-
gate upstream and downstream, respectively. The disruption disappears when the traffic 
states at the upstream and downstream directions are the same (state 5). Not only disrup-
tions but also inflows affect the traffic states. When the traffic state at the entry changes 
to state 6 or state 5, a new shockwave is generated in the entry and affects the road travel 

Fig. 13  The estimated road travel times under road disruptions
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times if the inflows from the OD matrix and outflows from incoming roads correspond 
to state 3. In addition, the inflow of (1, 2) or (1, 3) also changes not only because of the 
disruption but also because of dynamic flows of OD(0, 3) or OD(0, 2).

(3) Travel times under dynamic route choices Experimental results shown in Figs. 15 
and 16 demonstrate the following: (1) The inflows onto roads (0, 1) and (0, 3) are com-
plementary because of the flow conservation. (2) Inflow onto road (1, 2) shows a gen-
eral downward trend, but a momentary jump appears at the 39th minute because of the 
outflows from OD (0, 2). (3) Inflows onto roads (1, 3) and (3, 2) persistently increase. 
The corresponding estimated travel times are given in Fig. 16. It must be mentioned that 
the travel times on roads (0, 3) and (3, 2) remain constant although their inflows change 
by a small value. Small disturbances in a free road will not decrease the travel times.

(4) Travel times under mixed disturbances As mentioned above, three kinds of dis-
turbances are independently studied. Moreover, the hybrid RLWR–RSM can model 
the dynamic traffic flows and estimate dynamic road travel times under simultaneous 
multiple disturbances. Figures 17 and 18 respectively show the estimated travel times 

Fig. 14  The changing traffic states considering the generation and recovery of road disruptions

Fig. 15  The dynamic inflows considering dynamic route choices
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and inflows onto roads considering the dynamic OD matrix ("Appendix 1") and route 
choices. Both of them affect the traffic flows by changing the flow distribution at the exit 
of the road. The travel times depend on inflows (Fig.  17) and sometimes on outflows 
when the outgoing road/roads is/are under congestion. If all disturbances are considered 
together, the situation becomes more complicated, as shown in Figs. 19 and 20.

Fig. 16  The estimated road travel times considering dynamic route choices

Fig. 17  The estimated road travel times considering dynamic OD matrix and route choices

Fig. 18  The dynamic inflows considering dynamic OD matrix and route choices
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The outflow/outflows of an incoming road/roads of i may affect the travel times on another 
incoming road of i. For example, if more flows reach the exit of road (1, 3) and road (3, 2) 
is under congestion, the maximum outflow of road (0,  3) decreases and a new upward 
shockwave is generated at the exit of road (0, 3). Regardless of how congestion and conges-
tion-recoveries spread over the entire network, both the vehicle conservation and drivers’ 
choices are retained.

(5) Explanation of ’unusual’ phenomena Some of the literature has mentioned several ’unu-
sual’ phenomena in real-world traffic flows. For example, Kerner and Rehborn (1997) empiri-
cally showed that local traffic congestion persists for several hours while maintaining its form 
and characteristic properties. In light of the RLWR model, the speed of the shockwave is zero 
if the flow rates at the upstream and downstream directions are the same, but densities are dif-
ferent. The local congestion neither spreads nor vanishes. This situation is the same with the 
disruption situation without recoveries in the RLWR–RSM. The presented case (where shock-
wave vc = 0 ) in the RLWR–RSM can explain this interesting phenomenon well.

Another phenomenon is that a disturbance propagates from one vehicle to the next and is 
amplified until a vehicle comes to a complete stop at some point. This situation is simi-
lar to the case d in Fig. 4, but the values of v1 and v2 are different, as shown in Fig. 21. 
According to the aforementioned three stages, the vehicles’ velocities decrease one by one 

Fig. 19  The estimated road travel times considering dynamic OD matrix, route choices, and road disrup-
tions

Fig. 20  The dynamic inflows considering dynamic OD matrix, route choices, and road disruptions
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to maintain a safe distance. The traffic flows are under total congestion when the dynamic 
process evolves to Stage-3.

(6) Comparison with the CTM Comparing the RLWR–RSM with the CTM in an instant 
state (Fig. 22), all the trends are the same, but some extreme values are different when con-
gestion propagates along the road. In Case-I, RLWR–RSM-Instant is very close to CTM1-
Instant at most of times, except for the case when two shockwaves interact. At this moment, 
the performance of RLWR–RSM-Instant is similar to that of CTM2-Instant. In Case-II, the 
travel time curve of CTM1-Instant bends earlier than that of RLWR–RSM-Instant at the 
122th minute and later at approximately the 135th and 143rd minutes, while the travel time 
curve of CTM2-Instant bends earlier than that of RLWR–RSM-Instant at approximately the 
122th and 135th minutes, and later at approximately the 143rd minute. This indicates the 
following: (1) The first shockwave merge process in the CTM occurs faster than that in the 
RLWR–RSM, but the second and third ones are slow to occur. (2) The difference between the 
RLWR–RSM and CTM becomes bigger when more shockwaves are encountered. (3) The 
shockwave merge process in the CTM is more chaotic than that in the RLWR–RSM. Thus, it 
is difficult to decide which one is better. However, it can be said that the presence of cells cre-
ates a deviation in the results of the CTM because of the inaccurate location of the on-ramp.

Comparing the instant and evolutional states, the travel times of RLWR–RSM and 
RLWR–RSM-Instant are entirely different. The RLWR–RSM considers the predicted 
future traffic states, whereas other models do not. For example, a vehicle that enters a road 
at the 64th minute may meet with the first shockwave in the future (e.g., at the 100th min-
ute). As a result, its travel times will be long. The RLWR–RSM describes this better than 
the RLWR–RSM-Instant and the CTM. Thus, the RLWR–RSM is more practical, which is 
one of our contributions.

Fig. 21  The vehicles’ behaviors when a disturbance occurs in a serious traffic state
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Concluding remarks

In this paper, we proposed a hybrid RLWR–RSM to model dynamic traffic flows and esti-
mate the road travel times at arbitrary time moments in a transportation network under 
a time-varying OD matrix, dynamic route choices, and dynamic disruptions. This hybrid 
model inherits the advantages of generic macroscopic traffic flow models and maintains 
vehicles’ characteristics by integrating the revised Lighthill–Whitham–Richards and rip-
ple-spreading models. The limitation of the conventional LWR model where non-equi-
librium states cannot be described was overcome by considering a buffer for vehicles to 
gradually change their velocities. Furthermore, the interactions of different traffic states 
not only within individual roads but also in an entire network were investigated using the 
hybrid RLWR–RSM. Four basic properties (FIFO, causality, reduction to static model, and 

Fig. 22  The estimated travel times compared with the CTM model: (a) under one disturbance; (b) under 
two disturbances, where RLWR–RSM consideres the evolution of dynamic traffic states for each specific 
vehicle, while RLWR–RSM-Instant, CTM1-Instant, and CTM2-Instant don’t



2976 Transportation (2020) 47:2951–2980

1 3

flow conversation) of traffic flows were demonstrated and confirmed by experiments with 
various inputs. In addition, two common but special phenomena mentioned in the literature 
were explained by the RLWR–RSM.

With the development of location positioning technologies (such as GPS), floating car 
data with real geographic position and travel speed can be obtained in a relatively easy way. 
Existing applications generally utilise only the travel speed of vehicles for the estimation 
of congestion and travel times (Lim et al. 2016; Tong et al. 2013). However, modelling of 
dynamic traffic flows from pure and sparse observation data remains challenging (Arbués and 
Baños 2016) although video monitoring systems located at intersections can provide limited 
valuable information on dynamic traffic inflows (or outflows) onto (or off) a road. One reason 
for this is that theoretical traffic flow models and the valuable realistic data have not been 
adequately integrated with each other. Using the contributions of this paper, high-precision 
practical traffic flows can be estimated and predicted when coupled with current advanced 
observation data, such as GPS, surveillance video, and magnetic vehicle detector data. As a 
result, quantitative and high-efficiency emergency vehicle evacuation and dynamic conges-
tion alleviation can be achieved. In the future, we will collect related realistic data, determine 
the flow-density relationship, and capture drivers’ (driverless’) behavioural characteristics. 
Using these data, the RLWR–RSM with related explicit parameters can be compared to real-
istic dynamic traffic flows and travel times so that the RLWR–RSM can be widely used in 
transportation management and emergency response applications. Moreover, the proposed 
hybrid RLWR–RSM can be used to optimise driverless vehicle behaviours.
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Appendix 1: The time‑varying OD matrix in which the sampling period 
is 10 minute

See Table 2.

Table 2  The time-varying OD matrix in which the sampling period is 10 minutes

OD flow (vph) Time(min)

0 10 20 30 40 50 60 70 80 90 100

0–1 300 300 600 700 700 900 1200 1200 900 600 300
0–2 600 600 900 900 1200 1200 900 900 800 800 300
0–3 600 900 1500 1500 1500 1500 1500 1500 1500 900 300
1–3 1400 1600 1700 1900 2000 2200 2400 2200 2000 1900 1700
1–2 800 1400 2000 2300 2300 2300 2300 2400 2400 1400 1400
3–2 1800 2500 3000 3200 3400 3800 3900 3800 3200 3000 2000
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Appendix 2: The time varying OD matrix in which the sampling period 
is 4 minutes

See Table 3.

Appendix 3: The static OD matrix

See Table 4.

Appendix 4: The route path matrix

See Table 5.

Table 3  The time varying OD matrix in which the sampling period is 4 minutes

OD flow (vph) Time(min)

0 4 8 12 16 20 24 28 32 36 40 44 48

52 56 60 64 68 72 76 80 84 88 92 96 100

0-1 1013 596 930 618 1299 572 1210 1029 711 1087 979 1021 939
1047 917 979 687 599 912 1249 812 1005 640 848 992 670

0-2 713 496 630 518 899 472 810 729 611 787 679 721 739
747 617 779 587 499 712 849 612 705 440 648 792 570

0-3 1213 696 1030 718 1399 672 1310 1129 811 1187 1079 1221 1039
1147 1017 1079 787 599 1012 1349 912 1105 640 948 1192 770

1-2 1913 1196 1730 1418 2199 1272 2110 1929 1511 1987 1779 2021 1739
1847 1717 1879 1487 1199 1812 2149 1512 1805 1240 1548 1892 1470

1-3 2113 1696 1930 1718 2299 1672 2210 2129 1811 2187 2079 2121 2039
2047 2017 2079 1787 1699 2012 2249 1812 2005 1740 1848 2092 1770

3-2 3213 2396 2930 2518 3599 2372 3510 3229 2711 3287 3079 3321 3039
3147 3017 3079 2587 2299 3012 3549 2712 3105 2440 2748 3192 2570

Table 4  The static OD matrix OD 0–1 0–2 0–3 1–2 1–3 3–2

flow(vph) 1200 900 1500 2000 2400 3800

Table 5  The route path matrix, 
where the elements indicate the 
next node of Pk

O,D

OD 0–1 0–2 0–3 1–2 1–3 3–2

p1 1 1 1 2 3 2
p2 1 1 1 3 3 2
p3 1 1 3 2 3 2
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Appendix 5: The route choices

See Table 6.
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