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A B S T R A C T

In the context of autonomous driving in urban environments accurate and reliable information about the
vehicle motion is crucial. This article presents a multi-modal sensor fusion scheme that, based on standard
production car sensors and an inertial measurement unit, estimates the three-dimensional vehicle velocity
and attitude angles (pitch and roll). Moreover, in order to enhance the estimation accuracy, the scheme
simultaneously estimates the gyroscope and accelerometer biases. The approach relies on a state-affine
representation of a kinematic model with an additional measurement equation based on a single-track model.
The sensor fusion scheme is built upon a recently proposed adaptive estimator, which allows a direct
consideration of model uncertainties and sensor noise. In order to provide accurate estimates during collision
avoidance manoeuvres, a measurement covariance adaptation is introduced, which reduces the influence of
the single-track model when its information is superfluous. A validation using experimental data demonstrates
the effectiveness of the method during both regular urban drives and collision avoidance manoeuvres.

1. Introduction

Precise information about the vehicle motion has been the key that
enabled active safety technologies, such as electronic stability control
(ESC) or active collision avoidance, which, year after year, contribute
to the decline in traffic accidents and casualties (Ferguson, 2007). The
advent of autonomous vehicles represents a mobility revolution with
great potential for enhancing road safety and efficiency. However, this
technology demands an increased accuracy and reliability of motion
state information, such as velocities and attitude angles. Sophisticated
measurement equipments, involving optical sensors, high-grade inertial
measurement systems (IMUs) and differential GNSS, are capable of
supplying the required information (Kistler Instrumente GmbH., 2020;
Oxford Technical Solutions Ltd., 2020). However, the reliability and
robustness of these sensors may deteriorate under certain conditions,
such as rain or snow for optical sensors and urban canyons or tunnels
for differential GNSS systems. This, together with the high cost, limits
the usage of these measurement equipments to research and develop-
ment tools. Hence, both academia and industry have ramped up the
investment in the development of estimation techniques which, based
on cost-efficient sensors, provide reliable, accurate and robust motion
state estimates.

The topic of vehicle motion estimation has been drawing atten-
tion from the scientific community for several years and a significant

∗ Corresponding author at: Control Systems Group, Department of Electrical Engineering and Computer Science, Technische Universität Berlin, Berlin, Germany.
E-mail address: vicent.rodrigo_marco@daimler.com (V.R. Marco).

amount of literature has been produced. Due to its relevance in the field
of vehicle stability control, most of the suggested approaches focus on
the estimation of the vehicle velocity and the sideslip angle, i.e. the
angle between the longitudinal axis of the vehicle and the direction of
the velocity vector. A recent review on the published techniques can
be found in Chindamo, Lenzo, and Gadola (2018). The vehicle attitude
estimation, on the other hand, has been addressed to a lesser extent in
few papers, e.g. Grip, Imsland, Johansen, Kalkkuhl, and Suissa (2009)
and Oh and Choi (2012), mainly in order to account for its impact on
the velocity estimation. Often this effect has been neglected.

1.1. Brief review of previous approaches

Previous literature is briefly reviewed and categorised with respect
to the sensor configuration, the estimation strategy, and the estimator
design method.

The design of a vehicle motion estimation scheme is strongly in-
fluenced by the chosen sensor configurations. The combination of
different sensor technologies (multi-modal sensor fusion) is essential to
reliably estimate the vehicle motion. In this context, several different
constellations have been investigated. ESC systems are standard in
production cars and supply measurements of the steering wheel angle,
wheel angular velocities, lateral specific force and vertical angular
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velocity. A further addition of a longitudinal accelerometer is also
typical in many cars (Imsland et al., 2006). This represents the most
common sensor configuration on which vehicle estimation algorithms
rely (Selmanaj, Corno, Panzani, & Savaresi, 2017). The extension of the
sensor portfolio by a 6-degree-of-freedom (6-D) IMU, which measures
specific forces and angular rates along three orthogonal axes, has
become widespread in new cars mainly for advanced driver assistance
systems (ADAS). The use of 6-D IMUs has been exploited in motion
estimation since it allows the explicit estimation of the attitude angles
(pitch and roll) (Klier, Reim, & Stapel, 2008; Oh & Choi, 2012). In many
recent publications it has been suggested to aid the motion estimation
with GNSS. A thorough review on these methods can be found in Tin Le-
ung, Whidborne, Purdy, and Dunoyer (2011). The main drawback is
its lack of reliability and its sensitivity to the external environment,
which significantly affect the estimation accuracy (Katriniok & Abel,
2016). Perception sensors, such as cameras, lidars or radars, have also
been suggested as extensions of the sensor portfolio for the vehicle
ego-motion estimation (Weydert, 2012). Even though this represents
a promising source of information in view of autonomous vehicles, its
information becomes unreliable in impaired environments (snow, rain,
fog. . . ). Other researchers have proposed the use of tyre force sensors.
In Madhusudhanan, Corno, and Holweg (2016), the authors present
a Kalman filter-like estimator based on the tyre force measurements
provided by load sensing bearings to estimate the vehicle longitudinal
and lateral velocities. This makes the approach independent from the
tyre/road contact parameters and from errors in the pitch and roll
angles. Nevertheless, the use of these sensors involves additional costs
and increased installation efforts.

Regarding the estimation strategies used, two categories can be
identified: those using artificial neural networks and those relying
on reference vehicle models. Neural networks have been proposed
in the field of vehicle motion estimation encouraged by their rapid
improvement and widespread use in other fields such as image recogni-
tion (Chindamo & Gadola, 2018; Fényes, Németh, Asszonyi, & Gáspár,
2018). Here, the vehicle is modelled as a black box using a training
dataset containing input–output pairs. For instance, in Milanese, Re-
gruto, and Fortina (2007) a non-linear estimator based on a direct
virtual sensor (DVS) is suggested. The DVS is based on a neuronal net-
work that, trained with a large amount of experimental data, supplies
estimates of the sideslip angle from measurements of the lateral ac-
celeration, yaw rate, longitudinal velocity and steering angle. The DVS
showed good performance over a broad variety of manoeuvres covering
both the linear and non-linear behaviour. However, even though these
approaches provide reliable results in the scenarios covered by the
training data, accuracy may degrade in the ones disregarded. Addition-
ally, modifications in the system imply the repetition of the training
process and the system observability cannot be directly analysed. Possi-
bly, for these reasons and its lack of maturity in the field, this technique
has hitherto been relegated to the background.

The more established approach is to use an estimator supported
by a mathematical vehicle model. Depending on whether the model
takes into account forces, a distinction between dynamic and kine-
matic model-based approaches can be made. Dynamic model-based
methods aim at describing the vehicle-road interaction, whose complex
behaviour strongly relies on road, tyre and vehicle parameters, such as
friction coefficients, cornering stiffness or vehicle mass (Baffet, Charara,
& Lechner, 2009). Despite good robustness against sensor errors, varia-
tions in the parameters have a great influence on the accuracy of these
methods, jeopardising the robustness of their estimates. Conversely,
kinematic model-based methods are built upon kinematic differential
equations describing the vehicle motion. These differential equations
establish a correlation between the vehicle velocity, acceleration and
angular velocity, with no reference to forces, thereby achieving inde-
pendence from parameters involving the tyre-road interaction. Their
main advantage is the higher robustness against uncertainties in the
vehicle, tyre and road parameters. Nevertheless, since they are based

on the angular velocities and specific forces supplied by an inertial
measurement unit (IMU), they are highly affected by sensor errors
such as biases and scaling factors. Furthermore, under low angular
excitation the kinematic coupling between the velocity components
vanishes. This leads to a loss of observability, which, combined with
sensor errors, results in an unacceptable degradation of the estimator
accuracy (Rodrigo Marco, Kalkkuhl, & Seel, 2018). A relevant contri-
bution in this context is Selmanaj et al. (2017). Here, Selmanaj et al.
proposed an observer that estimates the sideslip angle by combining a
kinematic model with a heuristic term to force the sideslip angle to zero
when driving straight. The required measurements are obtained from
a set of series production sensors comprising a 6-D IMU and standard
chassis sensors providing wheel speed and steer angle information. The
estimator was evaluated with experimental data over a broad set of
manoeuvres (comprising low- and high-grip tracks). Since the work
focuses on the sideslip estimation, little attention is given to the esti-
mation of the attitude angles. When driving on a road with a constant
non-zero bank or grade, the effects of the attitude angles are seen as
a bias. Therefore, this approach is susceptible to sideslip estimation
errors in case of variations in the road bank or grade. Furthermore,
the sideslip angles originating from a straight drive on a road with a
non-zero bank angle are neglected. In Klier et al. (2008) the authors
extend the kinematic model to encompass the attitude angles as states.
Promising results were shown in a set of high dynamic manoeuvres.
To solve the loss of observability during periods of small yaw rate, the
lateral velocity is neglected when driving straight. Hence, the sideslip
angle caused by non-zero bank angles is not considered when driving
straight. Furthermore, unless a high-grade IMU is used, the IMU-biases
will strongly influence the accuracy of the estimates. With the aim
of achieving synergy effects, a combination of dynamic and kinematic
model-based methods has been proposed. In Piyabongkarn, Rajamani,
Grogg, and Lew (2009), Piyabongkarn et al. suggested a combination of
dynamic and kinematic models for the sideslip estimation. The dynamic
model part is used at low frequencies while the rapid changes of the
sideslip angle are captured by the kinematic model-based estimator.

As for the estimator design, approaches contemplating the esti-
mation problem from a stochastic and deterministic perspective can
be found. Estimators for non-linear systems where the model and
sensor uncertainties are considered in their synthesis, such as the
extended Kalman filter (EKF), unscented Kalman filter (UKF) and their
multiple variants, remain the most common methods in industrial ap-
plications (Antonov, Fehn, & Kugi, 2011; Brunker, Wohlgemuth, Frey,
& Gauterin, 2017). In spite of providing fairly good performance in
many engineering applications and having good local properties (Song
& Grizzle, 1992), global convergence is generally not guaranteed. In
other approaches, the system dynamics are described via a noise-
free model, and the design focus lies on proving the stability of the
estimation error dynamics (Selmanaj et al., 2017). Even though they
usually exhibit global convergence properties, their performance may
suffer in presence of noise and model approximations. In Grip et al.
(2009), Grip et al. developed a deterministic approach for the sideslip
estimation based on a non-linear dynamic model containing a road-tyre
friction characterisation. In order to account for the changes in adhe-
sion properties, an adaptation term is included. Moreover, an algorithm
for the estimation of the road bank and inclination is included. The
estimator design shows good results in an extensive set of manoeuvres.
Nevertheless, lateral excitation, i.e. variation in the lateral movement,
is crucial for the proper functioning of the method.

The authors of the present work have also done previous research
in the field of vehicle motion estimation (Rodrigo Marco, Kalkkuhl, &
Raisch, 2018; Rodrigo Marco, Kalkkuhl, & Seel, 2018; Scholte, Marco,
& Nijmeijer, 2019). In Rodrigo Marco, Kalkkuhl, and Raisch (2018), an
extended Kalman filter (EKF) relying on a 6-D IMU, series-grade chassis
sensors and a single-track model is proposed to simultaneously estimate
the 3-D velocity, attitude angles and IMU biases. The identifiability of
the biases is evaluated online and when identifiability is lost, artificial
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measurements are set to keep the bias estimates from diverging. The
algorithm performs well during city drives and it is robust against noise.
Nevertheless, increased computation time is required for the online
identifiability evaluation. The former problem is solved in Scholte et al.
(2019), where an adaptive observer is suggested. The observer does
not require an online identifiability evaluation for the bias estimation
and, furthermore, its stability is proven. Nevertheless, measurement
noise is difficult to be accounted for and no information about the
estimation error is provided. Besides that, the approaches in Rodrigo
Marco, Kalkkuhl, and Raisch (2018), Scholte et al. (2019) perform
poorly during manoeuvres out of the validity region of the single-track
model, such as common collision avoidance manoeuvres. In Rodrigo
Marco, Kalkkuhl, and Seel (2018), the latter problematic is approached.
An observer with an observability-based adaptation is presented, which
reduces the impact of the single-track model inaccuracies. Nevertheless,
this method does not include the estimation of IMU biases and noise is
not considered in the observer design.

The current work is built upon the methods introduced in Rodrigo
Marco, Kalkkuhl, and Raisch (2018), Rodrigo Marco, Kalkkuhl, and
Seel (2018) and Scholte et al. (2019) and aims at combining their
benefits. To the best of the authors’ knowledge, none of the previously
proposed methods addresses the simultaneous estimation of the vehicle
velocities, attitude angles and IMU biases without employing GNSS
and perception sensors while accounting for model uncertainties and
measurement noise and, additionally, keeping its reliability during
collision avoidance manoeuvres.

1.2. Current approach and contributions

The present work provides a solution for the vehicle motion esti-
mation problem with an application to autonomous cars in mind. The
proposed estimation scheme aims at providing accurate estimates of
the three-dimensional (3-D) vehicle velocity as well as the attitude
angles (pitch and roll). The approach is based on a vehicle model,
and aims at achieving synergy effects by combining a kinematic and a
dynamic vehicle model. Specifically, the state space model consists of a
state-affine representation of a kinematic model bolstered by a single-
track model-based measurement. A 6-D IMU as well as the regular ESC
sensors comprise the used sensor portfolio, i.e., GNSS and perception
sensors are avoided (see Fig. 1). The attitude angles of the vehicle
body with respect to a horizontal plane are estimated and their effects
on the velocities are modelled. The state-affine representation of the
system allows the use of the linear KF, benefiting thereby from its
convergence properties as well as its inherent robustness against noise
and model inaccuracies. In order to mitigate the effect of the IMU time-
varying biases, they are simultaneously estimated. Whilst the biases of
the gyros and vertical accelerometer can be estimated during stand-
still phases, the biases of the longitudinal and lateral accelerometers
must be estimated while driving. A modified version of the adaptation
law described in Zhang (2018) is implemented, which, based on the
recursive least-squares (RLS) algorithm, allows the simultaneous esti-
mation of the motion states and the remaining biases in a stochastic
framework. With the aim of showing the possibility of incorporating
extra measurements to improve the estimation, the GNSS upwards
velocity is, as an example, added during periods in which its validity
can be guaranteed (dashed lines in Fig. 1). The proposed approach is
experimentally verified with data collected during test drives from two
use cases: a regular city drive and a double lane change (considered a
standard collision avoidance manoeuvre).

Based upon the foregoing, the main contributions of this article are
listed below.

• The estimation problem is represented in a state-affine form
through an immersion transformation. This facilitates the observ-
ability and identifiability analysis, and, moreover, allows the use
of linear estimation techniques. Please note that, unlike some lin-
earisation approaches, the proposed linear estimation technique
provides a non-approximated solution for the given nonlinear
dynamics.

• An exhaustive observability and identifiability analysis is pre-
sented, which determines pivotal observability and identifiability
properties of the system. These are crucial when designing the es-
timator to prevent undesired effects arising from unobservability
or unidentifiability issues.

• A recently proposed adaptive Kalman filter is used to accurately
estimate the 3-D velocity and attitude angles of the vehicle via the
concurrent estimation of motion states and IMU biases. Under a
persistent excitation and the classic observability–controllability
conditions, the estimator exhibits exponential convergence. Fur-
thermore, it allows a direct consideration of model uncertainties
and sensor noise. Additionally, in order to address the covari-
ance wind-up problem arising from non-identifiability periods, a
variable forgetting factor algorithm has been integrated in the
adaptive Kalman filter.

• A combination of kinematic and dynamic vehicle models is used,
which takes into consideration the impact of the attitude angles
in the motion states. Furthermore, an observability-based mea-
surement covariance adaptation is introduced, which enhances
the estimator reliability during collision avoidance manoeuvres.

The paper is organised as follows. First, the required definitions and
notations are presented. The IMU model as well as the kinematic and
dynamic vehicle models, upon which the adaptive estimator is built,
are described in Section 2. The state–space representation is derived in
the same section. Section 3 summarises the problem statement and the
solution approach. Afterwards, a thorough observability and identifia-
bility analysis of the system is introduced (Section 4). In Section 5, the
article follows with the description of the proposed adaptive estimator.
An extension of the system to encompass GNSS information is shown
in Section 6. The experimental validation of the proposed approach
is illustrated in Section 7. Finally, a summary and some important
remarks conclude this article (Section 8).

1.3. Notation

Throughout the first part of this work, the notation commonly
used in the literature of navigation systems is adopted (Groves, 2013;
Wendel, 2011). The aim is to clearly indicate the assumptions made
in the derivation of the vehicle motion differential equations. Motion
variables such as velocities 𝑣, accelerations 𝑎 or angular velocities �⃗�,
are unambiguously defined using three indices. Let us consider the
following velocity:

𝑣 𝑛𝑖𝑏 =

⎛

⎜

⎜

⎜

⎝

𝑣 𝑛𝑖𝑏,𝑥
𝑣 𝑛𝑖𝑏,𝑦
𝑣 𝑛𝑖𝑏,𝑧

⎞

⎟

⎟

⎟

⎠

(1)

The second lower index specifies the coordinate system whose
motion is characterised (object coordinate system), the lower left the co-
ordinate system with respect to whom the motion is described (reference
coordinate system) and the upper index indicates in which coordi-
nates the motion is expressed (resolving coordinate system). Hereafter,
𝑛 denotes the ENU local navigation coordinate system (east, north,
up), 𝑏 the body-fixed coordinate system, 𝑒 the Earth-centre-Earth-fixed
(ECEF) coordinate system and 𝑖 the Earth-Centred inertial coordinate
system. The above velocity then represents the velocity of the body-
fixed coordinate system with respect to the inertial coordinate system
expressed in the axes of the navigation coordinate system, i.e. east,
north and up.

Attitude refers to the orientation of a coordinate system with respect
to another and may be expressed by Euler angles. Throughout this
work, intrinsic Euler angles, i.e. rotations applied to the axes of the
rotated coordinate system, and the ZYX convention are employed. Euler
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Fig. 1. Estimation approach. The proposed vehicle motion estimation scheme relies on a 6-D inertial measurement unit (IMU) and series-grade chassis sensors in order to estimate
the attitude angles, the 3-D velocity and the IMU biases. The approach does not require additional information. Nevertheless, when available and valid, extra information can be
used to improve the performance. This is illustrated using the GNSS upwards velocity (dashed lines).

angles are commonly notated by two indices. For instance, the Euler
rotation from coordinate system 𝑛 to 𝑏 is represented as follows:

�⃗� 𝑛𝑏 =
⎛

⎜

⎜

⎝

𝜙 𝑛𝑏
𝜃 𝑛𝑏
𝜓 𝑛𝑏

⎞

⎟

⎟

⎠

(2)

where 𝜓𝑛𝑏, known as yaw or azimuth, is the first rotation about 𝑧 𝑛-
axis, 𝜃𝑛𝑏, commonly named pitch, is the second about the rotated
𝑦-axis and 𝜙𝑛𝑏, called roll, the third about the twice rotated 𝑥-axis. The
corresponding rotation matrix is denoted 𝑹 𝑏

𝑛, where

𝑣 𝑏𝑖𝑏 = 𝑹 𝑏
𝑛 𝑣

𝑛
𝑖𝑏 (3)

2. Modelling

The proposed estimation scheme is built upon the rigid-body kine-
matic differential equations based on the measurements supplied by a
6-D IMU. In order to enhance its robustness against unmodelled sensor
errors, the kinematic model is bolstered by a single-track model.

2.1. IMU model

A 6-D IMU supplies measurements of the angular velocities and
specific forces along three usually orthogonal axes. The current work
assumes a perfect alignment between the IMU and body-fixed coordi-
nate systems. Hence, the measured motion variables correspond to the
specific force and angular velocity of the vehicle body with respect to
the inertial coordinate system decomposed in body-fixed axes, i.e. 𝑓 𝑏

𝑖𝑏
and �⃗� 𝑏

𝑖𝑏 (see Fig. 2).
The information provided by the IMU accelerometers and gyros

is corrupted by several error sources such as biases, scaling factors,
non-orthogonalities and noise (Quinchia, Falco, Falletti, Dovis, & Fer-
rer, 2013). In order to achieve the tight requirements of autonomous

vehicle navigation, calibration parameters need to be estimated. The
measurement error components in an IMU can be classified into fixed
and time-varying errors. Fixed errors remain constant and are caused by
manufacturing and mounting effects. They can be compensated before
the operational start-up using static calibration procedures (Amirsadri,
Kim, Petersson, & Trumpf, 2012). Henceforth, a previous correction
of the fixed errors on the sensor measurements is assumed. Dynamic
errors, on the other hand, change due to stochastic and environmental
influences and need to be compensated online. Particularly limiting
in this context is the bias, which has both a turn-on and an in-run
term (Groves, 2013). The inertial sensor model used in this work reads:
̃⃗𝑓 𝑏
𝑖𝑏 = 𝑓 𝑏

𝑖𝑏 + �⃗�𝑓 = 𝑎 𝑏𝑖𝑏 − 𝛾
𝑏 + �⃗�𝑓 (4)

̃⃗𝜔 𝑏
𝑖𝑏 = �⃗� 𝑏

𝑖𝑏 + �⃗�𝜔 (5)

where ̃⃗𝑓 𝑏
𝑖𝑏 and ̃⃗𝜔 𝑏

𝑖𝑏 denote respectively the measured specific forces and
angular velocities, 𝑎 𝑏𝑖𝑏 the vehicle acceleration, 𝛾 𝑏 the acceleration due
to the gravitational force expressed in body-fixed coordinates, and �⃗�𝑓
and �⃗�𝜔 the corresponding time-varying biases.

The gyro biases can be estimated while standing still by means of
a recursive least-squares (RLS) filter. The wheel speed signals, vehicle
levels and angular velocities may be used to detect standstill. Consider-
ing the limited accuracy of the analysed MEMS IMU sensors, the Earth
rotation may be neglected. For the vertical acceleration bias, the same
approach can be employed. While standing still, the following equation
holds:

𝑏𝑓,𝑧 = 𝑓 𝑏
𝑖𝑏,𝑧 − 𝑔 cos𝜙 𝑛𝑏 cos 𝜃 𝑛𝑏 (6)

where 𝑔 is the gravity (sum of acceleration due to gravitational force
and centrifugal acceleration due to the Earth rotation).

In spite of the time-varying biases, the longitudinal and lateral
accelerations can be used to determine when the pitch and roll angles
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Fig. 2. Body-fixed coordinate system and IMU specific forces and angular velocities.

are small (𝑓 𝑏
𝑖𝑏,𝑥 < 𝑓 𝑏

𝑖𝑏,𝑥 thr , 𝑓
𝑏
𝑖𝑏,𝑦 < 𝑓 𝑏

𝑖𝑏,𝑦 thr). For small attitude angles
the cosine terms can be approximated by one, i.e. the bias becomes
the difference between measured specific force and the gravity. Bearing
this in mind, one could use Algorithm 1 to determine the biases of the
gyroscopes and vertical accelerometer.

Algorithm 1: Determination of 𝑏𝑓,𝑧 and 𝑏𝜔,𝑗 during standing still
phases using a recursive least square (RLS) algorithm
1 if (standstill) then
2 for 𝑗 ∈ {𝑥, 𝑦, 𝑧} do
3 𝑏𝜔,𝑗 = RLS(�̃� 𝑏

𝑖𝑏,𝑗 )
4 end
5 end
6 if (standstill) & (𝑓 𝑏

𝑖𝑏,𝑥 < 𝑓
𝑏
𝑖𝑏,𝑥 thr) & (𝑓 𝑏

𝑖𝑏,𝑦 < 𝑓
𝑏
𝑖𝑏,𝑦 thr) then

7 𝑏𝑓,𝑧 = RLS(𝑓 𝑏
𝑖𝑏,𝑧 − 𝑔)

8 end

Supposing that accurate road slope and bank information is not
available from external sources, the same method cannot be used for
the longitudinal and lateral accelerometer biases since it involves sine
terms. Hence, an identification while driving is required.

A bias compensation can then be applied where estimates of the
biases have been computed:

𝑓 𝑏
𝑖𝑏,𝑧 = 𝑓 𝑏

𝑖𝑏,𝑧 − 𝑏𝑓,𝑧 (7)

𝜔 𝑏
𝑖𝑏,𝑗 = �̃� 𝑏

𝑖𝑏,𝑗 − 𝑏𝜔,𝑗 , 𝑗 ∈ {𝑥, 𝑦, 𝑧} (8)

where the omission of the tilde indicates that the angular rates and
specific forces are bias compensated.

2.2. Kinematic model

The attitude of the body-fixed coordinate system (𝑏) is described
with respect to the local navigation coordinate system (𝑛) by the
Euler angles

(

𝜙 𝑛𝑏, 𝜃 𝑛𝑏, 𝜓 𝑛𝑏
)𝑇 . The differential equations of the Euler

angles can be expressed as a function of the angular velocity �⃗� 𝑏
𝑖𝑏 as

follows (Wendel, 2011):

�̇� 𝑛𝑏 = 𝜔 𝑏
𝑖𝑏,𝑦 cos𝜙 𝑛𝑏 − 𝜔 𝑏

𝑖𝑏,𝑧 sin𝜙 𝑛𝑏

�̇� 𝑛𝑏 = 𝜔 𝑏
𝑖𝑏,𝑥 + 𝜔

𝑏
𝑖𝑏,𝑦 sin𝜙 𝑛𝑏 tan 𝜃 𝑛𝑏 + 𝜔 𝑏

𝑖𝑏,𝑧 cos𝜙 𝑛𝑏 tan 𝜃 𝑛𝑏

�̇� 𝑛𝑏 = 𝜔 𝑏
𝑖𝑏,𝑦

sin𝜙 𝑛𝑏
cos 𝜃 𝑛𝑏

+ 𝜔 𝑏
𝑖𝑏,𝑧

cos𝜙 𝑛𝑏
cos 𝜃 𝑛𝑏

(9)

where, considering the accuracy of the analysed IMUs, the rotation of
the Earth as well as the transport rate are assumed to be negligible (note

that �⃗� 𝑏
𝑖𝑏 instead of �⃗� 𝑏

𝑛𝑏 is used ). These assumptions make the direct use
of the IMU measurements in the differential equations possible.

In order to express the time derivatives of the velocities in terms
of the IMU specific forces, the effect of the gravity should be taken
into consideration. Using the attitude angles, the gravity (𝑔) may be
decomposed into its respective components in the body-fixed coordi-
nate system. Thus, the differential equations of the body-fixed velocity
can be expressed as follows (Klier et al., 2008):
̇⃗𝑣 𝑏𝑒𝑏 = 𝑓 𝑏

𝑖𝑏 − �⃗�
𝑏
𝑖𝑏 × 𝑣

𝑏
𝑒𝑏 − 𝑔

𝑏 = 𝑓 𝑏
𝑖𝑏 − �⃗�

𝑏
𝑖𝑏 × 𝑣

𝑏
𝑒𝑏 −𝑹 𝑏

𝑛 𝑔
𝑛 (10)

where, again, the rotation of the Earth and the transport rate have been
neglected. Please note that (9) and (10) cover all 3-D motions and are
valid under all levels of excitation, including the range of large lateral
accelerations. Representing (10) in matrix form results in

⎛

⎜

⎜

⎜

⎝

�̇� 𝑏𝑒𝑏,𝑥
�̇� 𝑏𝑒𝑏,𝑦
�̇� 𝑏𝑒𝑏,𝑧

⎞

⎟

⎟

⎟

⎠

=

⎛

⎜

⎜

⎜

⎝

𝑓 𝑏
𝑖𝑏,𝑥

𝑓 𝑏
𝑖𝑏,𝑦

𝑓 𝑏
𝑖𝑏,𝑧

⎞

⎟

⎟

⎟

⎠

−

⎛

⎜

⎜

⎜

⎝

𝜔 𝑏
𝑖𝑏,𝑥

𝜔 𝑏
𝑖𝑏,𝑦

𝜔 𝑏
𝑖𝑏,𝑧

⎞

⎟

⎟

⎟

⎠

×

⎛

⎜

⎜

⎜

⎝

𝑣 𝑏𝑒𝑏,𝑥
𝑣 𝑏𝑒𝑏,𝑦
𝑣 𝑏𝑒𝑏,𝑧

⎞

⎟

⎟

⎟

⎠

+
⎛

⎜

⎜

⎝

𝑔 sin 𝜃 𝑛𝑏
−𝑔 sin𝜙 𝑛𝑏 cos 𝜃 𝑛𝑏
−𝑔 cos𝜙 𝑛𝑏 cos 𝜃 𝑛𝑏

⎞

⎟

⎟

⎠

(11)

As it can be seen in (11) and (9), the yaw angle (𝜓) is an isolated
variable with no influence on the velocities, its equation is henceforth
ignored. For the sake of simplicity, hereafter 𝑣, �⃗�, 𝑓 , 𝜃 and 𝜙 are used
to denote 𝑣 𝑏𝑒𝑏, �⃗�

𝑏
𝑖𝑏, 𝑓

𝑏
𝑖𝑏, 𝜃 𝑛𝑏 and 𝜙 𝑛𝑏 respectively.

2.3. Vehicle model

Despite the lack of direct measurements of the longitudinal velocity
in current production vehicles, in the context of Electronic Stabil-
ity Control (ESC), several approaches have been implemented which
provide a reference over-ground longitudinal velocity (𝑣 R,𝑥). The com-
putation of this velocity is primarily based on the wheel speed measure-
ments and generally supported by steering, vertical angular velocity
and/or longitudinal acceleration signals. Assuming that the tyres re-
main on the road surface, the over-ground velocity is defined on a
local road plane determined via the four tyre contact patches. The
calculation of a reference longitudinal velocity is out of the scope of
the present work, however, numerous studies dedicated to this topic
can be found in the literature, see e.g. Klier et al. (2008), Selmanaj et al.
(2017), Song, Uchanski, and Hedrick (2002) and Tanelli, Savaresi, and
Cantoni (2006).

The vertical movement of the car body with respect to the ground
may be computed using the changes in the spring deflections (𝛥𝑧𝑠,𝑖) and
the tyre deflections (𝛥𝑧𝑡,𝑖) caused by the wheel loads (𝑓𝑧,𝑖). Therewith,
given some predefined levels (𝑧0,𝑖) and wheel loads (𝐹𝑧0,𝑖) under certain
normal conditions, the vehicle levels over ground can be calculated (see
Fig. 3):

𝑧𝑖 = 𝑧0,𝑖 + 𝛥𝑧𝑠,𝑖 + 𝛥𝑧𝑡,𝑖, 𝑖 ∈ [FL,FR,RL,RR] (12)
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Fig. 3. Description of the vehicle levels.

𝛥𝑧𝑡,𝑖 =
𝐹𝑧0,𝑖 − 𝐹𝑧,𝑖

𝑐𝑅,𝑖
(13)

where FL, FR, RL, RR refers respectively to the front left, front right,
rear left and rear right wheels, 𝑐𝑅,𝑖 the tyre radial stiffness, and 𝛥𝑧𝑠𝑖
may be obtained from the vehicle level sensors.

Using this information, the pitch and roll angles (𝜃 R, 𝜙 R) with
respect to the road plane can be obtained. These angles usually remain
within the range of [−3, 3] deg. Therefore, the small-angle approxima-
tion is valid, sin 𝛼 ≈ 𝛼 and cos 𝛼 ≈ 1:

𝜃 R =
𝑧 RL + 𝑧 RR − 𝑧 FL − 𝑧 FR

2 𝑙
(14)

𝜙 R = 1
2

(

𝑧 FL − 𝑧 FR
𝑡𝑓

+
𝑧 RL − 𝑧 RR

𝑡𝑟

)

(15)

where 𝑙, 𝑡F and 𝑡R are respectively the wheel base and the front and
rear track-widths.

Furthermore, the vehicle’s vertical velocity over ground (𝑣 R,𝑧) can
be obtained via differentiation of the vehicle levels over ground (e.g. us-
ing state variable filters):

𝑣 R,𝑧 =
�̇� FL + �̇� FR + �̇� RL + �̇� RR

4
(16)

With the current available information, the relationship between the
over-ground longitudinal velocity and the vehicle body velocities may
be expressed as follows (see Fig. 4):

𝑣 R,𝑥 = 𝑣 𝑥 cos 𝜃 R + 𝑣 𝑧 sin 𝜃 R − ℎ 𝑝 �̇� R

≈ 𝑣 𝑥 + 𝑣 𝑧 𝜃 R − ℎ 𝑝 �̇� R (17)

where ℎ 𝑝 is the height of the centre of gravity with respect to the pitch
axis.

Fig. 5. The single-track model.

For the over-ground vertical velocity:

𝑣 R,𝑧 ≈ 𝑣 𝑧 − 𝑣 𝑥 𝜃 R + 𝑣 𝑦 𝜙 R (18)

As it will be shown later in the observability analysis of the system
(Section 4), under certain manoeuvres, such as driving straight or
standing still, the sole information of the longitudinal and vertical
velocities is insufficient to observe all motion states. Hence, in order
to avoid estimation inaccuracies, information about the vehicle lateral
motion needs to be included. Due to the lack of a direct measurement of
the lateral velocity, a model for the vehicle lateral dynamics is added.
Furthermore, the use of a vehicle model, in driving situations where
it is valid, can compensate the inaccuracies introduced by uncorrected
IMU errors, which improves the estimator’s robustness.

The classic single-track model (Fig. 5) provides a simplified but
plausible description of the vehicle lateral dynamics within the re-
gion of lateral accelerations up to 4 m∕s2 under dry road condi-
tions (Schramm, Hiller, & Bardini, 2018). Collision avoidance manoeu-
vres aside, autonomous vehicles in urban environments remain in the
range of relatively small levels of lateral dynamics and, thus, within
the validity region of the single-track model.

The model describes the vehicle motion in the road plane. There-
fore, the body-to-ground motion supplied by the suspension needs to
be considered. In this context, the following equations hold (Mitschke
& Wallentowitz, 1972):

𝛼𝑟 = arctan
( 𝑙𝑟 𝜔 R,𝑧 − 𝑣 R sin 𝛽 R

𝑣 R cos 𝛽 R

)

≈
𝑙𝑟 𝜔 R,𝑧

𝑣 R,𝑥
−
𝑣 R,𝑦

𝑣 R,𝑥
(19)

𝐹𝑦𝑟 = 𝑐𝛼𝑟 𝛼𝑟 (20)

Here 𝛽 R is the sideslip angle over ground, 𝑙𝑓 and 𝑙𝑟 the distance
of the centre of gravity to the front and rear axle respectively, 𝛼𝑟
the slip angle of the single-track model rear wheel and 𝑣 R the single-
track model vehicle speed. In stable driving situations 𝛼𝑟 remains small.

Fig. 4. Body to road motion. (a) shows the roll model, where 𝑖 ∈ [F,R]. (b) depicts the pitch model where 𝑖 ∈ [L,R] .
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Hence, linearisation of the tangent function tan 𝛼𝑟 ≈ 𝛼𝑟 can be made
without significant loss of accuracy (Isermann, 2006).

The force and moment equations read (Mitschke & Wallentowitz,
1972):

𝑚 𝑓 R,𝑦 = 𝐹𝑦𝑓 + 𝐹𝑦𝑟 (21)

𝐽 𝑧𝑧 �̇� R,𝑧 = 𝑙𝑓 𝐹𝑦𝑓 − 𝑙𝑟 𝐹𝑦𝑟 (22)

where 𝑚 is the vehicle mass, 𝐹𝑦𝑓 and 𝐹𝑦𝑟 the lateral forces at the front
and rear axle respectively, 𝑓 R,𝑦 the lateral specific force projected on
the ground and 𝐽 𝑧𝑧 the vehicle moment of inertia with respect to the
𝑧-axis.

By multiplying (21) by 𝑙𝑓 , subtracting (22) and substituting 𝐹𝑦𝑟
according to (19)–(20) one obtains:

𝑙𝑓 𝑚 𝑓 R,𝑦 − 𝐽 𝑧𝑧 �̇� R,𝑧 = (𝑙𝑓 + 𝑙𝑟) 𝐹𝑦𝑟

= (𝑙𝑓 + 𝑙𝑟) 𝑐𝛼𝑟

( 𝑙𝑟 𝜔 R,𝑧

𝑣 R,𝑥
−
𝑣 R,𝑦

𝑣 R,𝑥

)

(23)

Solving (23) for 𝑣𝑦 yields the following expression:

𝑣 R,𝑦 = 𝑙𝑟 𝜔 R,𝑧 −
𝑙𝑓 𝑚
𝑐𝛼𝑟 𝑙

𝑓 R,𝑦 𝑣 R,𝑥 +
𝐽 𝑧𝑧
𝑐𝛼𝑟 𝑙

�̇� R,𝑧 𝑣 R,𝑥 (24)

where 𝑙 = 𝑙𝑓 + 𝑙𝑟 and 𝑐𝛼𝑟 the resulting cornering stiffness of the rear
axle.

For quasi-static lateral dynamics, the lateral velocity may be ex-
pressed as follows:

𝑣 R,𝑦 ≈ 𝑙𝑟 𝜔 R,𝑧 − 𝑆𝐺 𝑓 R,𝑦 𝑣 R,𝑥 (25)

where 𝑆𝐺 = 𝑙𝑓 𝑚
𝑐𝛼𝑟 𝑙

is the sideslip angle gradient, a parameter that may be
determined using the tests described in the ISO 4138:2012 norm (ISO
4138, 2012). Note that the effect of road bank angles on the lateral
velocity is covered by the term ‘‘−𝑆𝐺 𝑓 R,𝑦 𝑣 R,𝑥’’.

The over-ground lateral velocity can be related to the vehicle body
velocities using the following expression:

𝑣 R,𝑦 ≈ 𝑣 𝑦 − 𝑣 𝑧 𝜙 R + ℎ 𝑟 �̇� R (26)

where ℎ 𝑟 is the height of the centre of gravity with respect to the roll
axis.

Under the small-angle approximation, the following relationships
hold:

𝑓 R,𝑦 ≈ 𝑓 𝑦 − 𝑓 𝑧 𝜙 R (27)

𝜔 R,𝑧 ≈ 𝜔 𝑧 (28)

Taking into account (26)–(28), Eq. (25) can be rewritten as

𝑙𝑟 𝜔 𝑧 − 𝑆𝐺 (𝑓 𝑦 − 𝑓 𝑧 𝜙 R) 𝑣 R,𝑥 − ℎ 𝑟 �̇� R ≈ 𝑣 𝑦 − 𝑣 𝑧 𝜙 R (29)

where all the elements of the left hand side are measurable variables.

2.4. State–space representation

In order to avoid the use of trigonometric functions and represent
the non-linear system in a state-affine form, the following state vector
is defined:

�⃗� =
(

sin 𝜃, sin𝜙 cos 𝜃, 𝑣 𝑥, 𝑣 𝑦, 𝑣 𝑧, cos 𝜃 cos𝜙
)𝑇 (30)

Note that states 𝑥1, 𝑥2 and 𝑥6 correspond to the body-fixed coordinates
of the ENU 𝑧 axis ([0, 0, 1]). Using Eqs. (9) and (30) the time derivatives
of the first two states can be expressed as follows:

�̇�1 = cos 𝜃 �̇� = 𝜔 𝑦 cos 𝜃 cos𝜙 − 𝜔 𝑧 cos 𝜃 sin𝜙

= 𝜔 𝑦 𝑥6 − 𝜔 𝑧 𝑥2
(31)

�̇�2 = cos 𝜃 cos𝜙 �̇� − sin 𝜃 sin𝜙 �̇�

= 𝜔 𝑥 cos 𝜃 cos𝜙 + 𝜔 𝑧 sin 𝜃 = 𝜔 𝑥 𝑥6 + 𝜔 𝑧 𝑥1
(32)

Bearing in mind that

cos 𝜃 cos𝜙 =
√

1 − sin2 𝜃 − (sin𝜙 cos 𝜃)2 =
√

1 − 𝑥21 − 𝑥
2
2 (33)

and combining Eqs. (31)–(32), the time derivative of the sixth state is
obtained:

�̇�6 =
−2𝑥1 �̇�1 − 2𝑥2 �̇�2

2 𝑥6
= −𝜔 𝑦 𝑥1 − 𝜔 𝑥 𝑥2 (34)

It is assumed that the pitch (𝜃) and roll (𝜙) angles remain inside
the first and fourth quadrant, which occurs in all scenarios except
when rolling over. Combining Eqs. (4), (11), (31), (32) and (34), the
following state space model is obtained:

�̇�1 = 𝜔 𝑦 𝑥6 − 𝜔 𝑧 𝑥2
�̇�2 = 𝜔 𝑥 𝑥6 + 𝜔 𝑧 𝑥1
�̇�3 = 𝜔 𝑧 𝑥4 − 𝜔 𝑦 𝑥5 + 𝑔 𝑥1 + 𝑓 𝑥 − 𝑏𝑓,𝑥
�̇�4 = −𝜔 𝑧 𝑥3 + 𝜔 𝑥 𝑥5 − 𝑔 𝑥2 + 𝑓 𝑦 − 𝑏𝑓,𝑦
�̇�5 = 𝜔 𝑦 𝑥3 − 𝜔 𝑥 𝑥4 − 𝑔 𝑥6 + 𝑓 𝑧
�̇�6 = −𝜔 𝑦 𝑥1 − 𝜔 𝑥 𝑥2

(35)

notice that it is assumed that the biases of the angular velocities and
vertical specific force have been previously estimated and corrected
using Algorithm 1.

As for the measurement model, the following outputs and measure-
ment equations are employed:

𝑦 =
⎛

⎜

⎜

⎝

𝑣 R,𝑥 + ℎ 𝑝 �̇� R
𝑙𝑟 𝜔 𝑧 − 𝑆𝐺 (𝑓 𝑦 − 𝑓 𝑧 𝜙 R) 𝑣 R,𝑥 − ℎ 𝑟 �̇� R

𝑣 R,𝑧

⎞

⎟

⎟

⎠

= ℎ⃗(�⃗�, 𝑢) (36)

ℎ1 = 𝑥3 + 𝑥5 𝜃 R

ℎ2 = 𝑥4 − 𝑥5 𝜙 R − 𝑆𝐺 𝑣 R,𝑥 𝑏𝑓,𝑦
ℎ3 = 𝑥5 − 𝑥3 𝜃 R + 𝑥4 𝜙 R

(37)

where the first, second and third measurement equations are obtained
from (17), (29), (18) respectively.

Defining the parameter vector 𝜌 = (𝑏𝑓,𝑥, 𝑏𝑓,𝑦)𝑇 , the system (35)–(37)
takes the form of a state-affine system
{ ̇⃗𝑥 = 𝑨(𝑢)�⃗� + �⃗�(𝑢) +𝜱𝜌

𝑦 = 𝑪(𝑢)�⃗� + 𝜳 (𝑢) 𝜌
(38)

where 𝑨, 𝑪, 𝜱 and 𝜳 are matrices, and �⃗� a vector, obtained from
(35)–(37) and dependent on 𝑢:

𝑢 =
(

𝜔 𝑥, 𝜔 𝑦, 𝜔 𝑧, 𝑓 𝑥, 𝑓 𝑦, 𝑓 𝑧, 𝑣 R,𝑥, 𝑣 R,𝑧, 𝜃 R, 𝜙 R, �̇� R, �̇� R
)𝑇 (39)

It is reasonable to assume that the real angular velocities and
vertical specific force are known since a standstill bias compensation
has been previously performed.

Please note that an immersion transformation has been applied
to the non-linear model equations (9)–(11) in order to obtain the
state-affine system (Ohtsuka, 2005). The great benefit of having a non-
linear system in a state-affine form is that, considering measurable
and known 𝑢 and 𝑦, the dependence on the inputs and outputs of
the matrices in (38) can be treated as a dependence on time. Hence,
the well-established theory of linear time-varying systems may be
recalled for this class of non-linear systems. This significantly facilitates
the observability and identifiability analysis, as well as the estimator
design.

3. Problem statement and solution approach

In the present work a vehicle motion estimation scheme aimed
for autonomous cars is introduced. The autonomous driving system
requires accurate information of the three-dimensional vehicle velocity,
and the pitch and roll angles. Hence, the developed scheme must not
only focus on the velocity but also on the attitude estimation.

7
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Fig. 6. The proposed estimation scheme.

The proposed estimation scheme is depicted in Fig. 6. The standstill
bias compensation (Algorithm 1) determines the biases of the IMU
angular velocity and vertical specific force, enabling thereby the bias
correction on the corresponding signals (�̃�𝑥, �̃�𝑦, �̃�𝑧, 𝑓𝑧). On the other
hand, the spring deflections are used to compute the body to road
motion variables according to Section 2.3. The body to road motion
variables, the partially bias compensated IMU signals and the reference
over-ground longitudinal velocity are inputs of the adaptive estimator,
which represents the core of the estimation scheme. The adaptive
estimator is developed based on the adaptive Kalman filter presented
in Zhang (2018). The algorithm simultaneously estimates the motion
states (attitude angles and 3-D vehicle velocity) and the two remaining
biases, i.e. the IMU longitudinal and lateral accelerometer biases.

In the following three sections, the observability and identifiability
of the system is first thoroughly analysed. The adaptive estimation
approach is subsequently presented. Finally, the adaptability of the
estimation scheme to encompass additional information is illustrated
by including GNSS measurements when their validity is guaranteed.

4. Observability and identifiability analysis

Before diving into the estimator design it is crucial to investigate
whether a solution for the estimation problem at hand is feasible. With
this aim, an observability and identifiability analysis needs to be per-
formed. Unlike for linear systems, the observability and identifiability
properties of a non-linear system are, in general, dependent on the
inputs. Some inputs may enable the reconstruction of the states and
parameters while others may render it infeasible (Nijmeijer & van der
Schaft, 2013).

In this section it is first shown that the system bolstered by the
single-track model measurement is uniformly observable. Later the non-
uniform observability of the system without the single-track model is
proved. Finally, the non-uniform identifiability of the IMU biases is
demonstrated.

4.1. Observability analysis

Whilst identifiability focuses on the inference of the underlying
model parameters, the notion of observability plays its major role in the
estimation of the states. Hence, in this subsection the system without
parameters is taken under consideration:
{ ̇⃗𝑥 = 𝑨(𝑢)�⃗� + �⃗�(𝑢)
𝑦 = 𝑪(𝑢)�⃗�

(40)

The aim is to investigate under which conditions the system states,
assuming known parameters, can be recovered. In the present work,
the injectivity of the observability mapping is used to investigate the
observability properties of the system. The observability mapping 𝑶𝑢,𝑁
from R𝑛 into R𝑁𝑝, is defined for 𝑡, by:

�⃗�↦ 𝑶𝑢,𝑁 (𝑡, �⃗�) ∶=

⎛

⎜

⎜

⎜

⎜

⎝

𝑦(𝑡)
̇⃗𝑦(𝑡)
⋮

𝑦(𝑁)(𝑡)

⎞

⎟

⎟

⎟

⎟

⎠

(41)

where 𝑁 ≥ 0 and 𝑝 and 𝑛 are respectively the number of outputs and
states in (40). If ∃𝑁 such that 𝑶𝑢,𝑁 is injective for all 𝑡 and 𝑢, then the
system is uniformly observable, i.e., the system states can be recovered
in all situations (Besançon, 2016).

Let us choose 𝑁 = 1, using the Lie Algebra and (35)–(37) without
parameters, the output time derivatives can be expressed as a function
of the states:
𝑦1 =𝑥3 + 𝑥5 𝜃 R

𝑦2 =𝑥4 − 𝑥5 𝜙 R

𝑦3 = − 𝜃 R 𝑥3 + 𝜙 R 𝑥4 + 𝑥5
�̇�1 =𝑓 𝑥 + 𝑔 𝑥1 + 𝜔 𝑧 𝑥4 + �̇� R 𝑥5 − 𝜔 𝑦 𝑥5

+ 𝜃 R (𝑓 𝑧 + 𝜔 𝑦 𝑥3 − 𝜔 𝑥 𝑥4 − 𝑔 𝑥6)

�̇�2 =𝑓 𝑦 − 𝑔 𝑥2 − 𝜔 𝑧 𝑥3 − �̇� R 𝑥5 + 𝜔 𝑥 𝑥5
− 𝜙 R (𝜔 𝑦 𝑥3 − 𝜔 𝑥 𝑥4 − 𝑔 𝑥6 + 𝑓 𝑧)

�̇�3 =𝑓 𝑧 − �̇� R 𝑥3 + 𝜔 𝑦 𝑥3 + �̇� R 𝑥4 − 𝜔 𝑥 𝑥4
+ 𝜙 R (𝑓 𝑦 − 𝑔 𝑥2 − 𝜔 𝑧 𝑥3 + 𝜔 𝑥 𝑥5)

− 𝜃 R (𝑓 𝑥 + 𝑔 𝑥1 + 𝜔 𝑧 𝑥4 − 𝜔 𝑦 𝑥5) − 𝑔 𝑥6

(42)

If the determinant of the Jacobian 𝜕𝑶𝑢,1
𝜕�⃗� is non-zero independently of

𝑢 and �⃗�, then the injectivity is proved. Taking partial derivatives, the
Jacobian is obtained as given in Box I.

Its determinant is 𝑔3+2𝑔3𝜙2
R+𝑔

3𝜙4
R+2𝑔3𝜃2R+2𝑔3𝜙2

R𝜃
2
R+𝑔

3𝜃4R ≠ 0.
Thus, the states can be recovered under all inputs 𝑢 and, hence the
system is uniformly observable.

As already seen in Section 2, the second measurement equation
of the system is based on the single-track model, see Eq. (37). The
accuracy of the information that it provides is restricted to its validity
region. Hence, it seems coherent to ask oneself whether it is possible
to estimate all the states without this information. Let us define

𝑦red =
(

𝑦1
𝑦3

)

=
(

𝑣 R,𝑥 + ℎ 𝑝 �̇� R
𝑣 R,𝑧

)

= ℎ⃗red(�⃗�, 𝑢) =
(

𝑥3 + 𝑥5 𝜃 R
𝑥5 − 𝑥3 𝜃 R + 𝑥4 𝜙 R

)

(44)

as the measurement model without the single-track model information
(reduced measurement model).

It has been observed that under poor lateral excitation, the system
with the reduced measurement model loses observability (Klier et al.,
2008). This can also be shown analytically. When considering the case
where the vehicle is driving in a straight line at a constant velocity, the
angular rate (𝜔 𝑥, 𝜔 𝑦, 𝜔 𝑧) as well as the time derivatives of the specific
force ( ̇𝑓 𝑥, ̇𝑓 𝑦, ̇𝑓 𝑧) and angles with respect to the road plane (�̇� R, �̇� R)
become negligible. In this case, the outputs and their time derivatives
take the following form:

𝑦1 =𝑥3 + 𝑥5 𝜃 R

𝑦3 = − 𝜃 R 𝑥3 + 𝜙 R 𝑥4 + 𝑥5
�̇�1 =𝑓 𝑥 + 𝑔 𝑥1 + 𝜃 R (𝑓 𝑧 − 𝑔 𝑥6)

�̇�3 =𝑓 𝑧 − 𝑔 𝑥6 + 𝜙 R (𝑓 𝑦 − 𝑔 𝑥2) − 𝜃 R (𝑓 𝑥 + 𝑔 𝑥1)

�̈�1 =�̈�3 = ⋯ = 𝑦(𝑁)
1 = 𝑦(𝑁)

3 = 0, 𝑁 > 1

(45)

8
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𝜕𝑶𝑢,1

𝜕�⃗�
=

⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎝

0 0 1 0 𝜃 R 0
0 0 0 1 −𝜙 R 0
0 0 −𝜃 R 𝜙 R 1 0
𝑔 0 𝜃 R 𝜔𝑦 −𝜃 R 𝜔𝑥 + 𝜔𝑧 �̇� R − 𝜔𝑦 −𝑔 𝜃 R
0 −𝑔 −𝜙 R 𝜔𝑦 − 𝜔𝑧 𝜙 R 𝜔𝑥 −�̇� R + 𝜔𝑥 𝑔 𝜙 R

−𝑔 𝜃 R −𝑔 𝜙 R −�̇� R + 𝜔𝑦 − 𝜙 R 𝜔𝑧 �̇� R − 𝜔𝑥 − 𝜃 R 𝜔𝑧 𝜙 R 𝜔𝑥 + 𝜃 R 𝜔𝑦 −𝑔

⎞

⎟

⎟

⎟

⎟

⎟

⎟

⎠

(43)

Box I.

Clearly, under these inputs, the injectivity of 𝑶red 𝑢,𝑁 is not guar-
anteed, i.e., the system states cannot be uniquely determined from
the knowledge of the available information (inputs, outputs and their
time derivatives). This implies that not all possible inputs enable the
inference of the states. Nevertheless, if we consider a static circle drive,
where 𝜔𝑧 is constant, but 𝜔𝑥 and 𝜔𝑦 as well as all time derivatives of the
specific forces and angles with respect to the road plane are negligible,
the picture looks different. Under these conditions the Jacobian 𝜕𝑶red 𝑢,3

𝜕�⃗�
reads:
𝜕𝑶red 𝑢,3

𝜕�⃗�

=

⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎝

0 0 1 0 𝜃 R 0
0 0 −𝜃 R 𝜙 0 1 0
𝑔 0 0 𝜔𝑧 0 −𝑔 𝜃 R

−𝑔 𝜃 R −𝑔 𝜙 R −𝜙 R 𝜔𝑧 −𝜃 R 𝜔𝑧 0 −𝑔
0 −2 𝑔 𝜔𝑧 −𝜔2

𝑧 0 0 0
−2 𝑔 𝜙 R 𝜔𝑧 2 𝑔 𝜃 R 𝜔𝑧 𝜃 R 𝜔2

𝑧 −𝜙 R 𝜔2
𝑧 0 0

−3 𝑔 𝜔𝑧 0 0 −𝜔3
𝑧 0 0

3 𝑔 𝜃 R 𝜔2
𝑧 3 𝑔 𝜙 R 𝜔2

𝑧 𝜙 R 𝜔3
𝑧 𝜃 R 𝜔3

𝑧 0 0

⎞

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎠

(46)

The rank is in this case analysed using the determinant of the
submatrix formed by rows 1,2,3,4,5 and 7: −4 𝑔3 𝜔4

𝑧 − 8𝑔3𝜃2R𝜔
4
𝑧 −

3𝑔3𝜙2
R𝜃

2
R𝜔

4
𝑧 − 4𝑔3𝜃4R𝜔

4
𝑧, which is always different from zero. Conse-

quently, the states can be recovered in some situations, which makes
the system with the reduced measurement system non-uniformly ob-
servable. Nevertheless, during others, large estimation errors may de-
velop.

4.2. Identifiability analysis

Since the present work does not assume the knowledge of the states,
the parameter identification problem comprises the state estimation
problem, i.e., the purpose is to estimate both �⃗� and 𝜌. Consider the
non-linear system of the form:

̇⃗𝑥 = 𝑓 (�⃗�, 𝜌, 𝑢), �⃗� ∈ R𝑛, 𝜌 ∈ R𝑝, 𝑢 ∈ R𝑞

̇⃗𝜌 = 0⃗

𝑦 = ℎ⃗(�⃗�, 𝜌, 𝑢), 𝑦 ∈ R𝑚
(47)

the parameters (𝜌) are identifiable if all states and all parameters can
be deduced from the knowledge of the inputs (𝑢) and the outputs (𝑦).
Hence, the identifiability analysis is strongly connected to the study of
observability (Besançon, 2007).

By regarding the parameters as states with zero time derivatives,
identifiability can be analysed by investigating the observability of the
augmented system (Anguelova, 2007):

⎧

⎪

⎪

⎨

⎪

⎪

⎩

�⃗�aug =
(

�⃗� 𝜌
)𝑇

̇⃗𝑥aug =
(

𝑨(𝑢) 𝜱
𝟎 𝟎

)

�⃗�aug +

(

�⃗�(𝑢)
0⃗

)

𝑦 =
(

𝑪(𝑢) 𝜳 (𝑢)
)

�⃗�aug

(48)

When examining the situation in which the vehicle is driving in a
straight line at a constant velocity, the outputs and their time deriva-
tives for the augmented system take the following form:

𝑦1 =𝑥3 + 𝑥5 𝜃 R

𝑦2 =𝑥4 − 𝑥5 𝜙 R − 𝑆𝐺 𝑣 R,𝑥 𝑥8
𝑦3 = − 𝜃 R 𝑥3 + 𝜙 R 𝑥4 + 𝑥5
�̇�1 =𝑓 𝑖𝑏,𝑥 + 𝑔 𝑥1 + 𝜃 R (𝑓 𝑧 − 𝑔 𝑥6) − 𝑥7
�̇�2 =𝑓 𝑖𝑏,𝑦 − 𝑔 𝑥2 − 𝜙 R (𝑓 𝑧 − 𝑔 𝑥6) − 𝑥8
�̇�3 =𝑓 𝑧 − 𝑔 𝑥6 + 𝜙 R (𝑓 𝑦 − 𝑔 𝑥2 − 𝑥8) − 𝜃 R (𝑓 𝑥 + 𝑔 𝑥1 − 𝑥7)

�̈�1 =�̈�2 = �̈�3 = … = 𝑦(𝑁)
1 = 𝑦(𝑁)

2 = 𝑦(𝑁)
3 = 0, 𝑁 > 1

(49)

It can easily be seen from (49) that, under these inputs, 𝑶aug 𝑢,𝑁 is not
injective. Hence, under these inputs the identification of the parameters
is not feasible (equivalent results are obtained in the standstill case). Let
us now consider the static circle drive. In this case the Jacobian

𝜕𝑶aug 𝑢,2
𝜕 �⃗�aug

reads as given in Box II.
The determinant of the submatrix formed by the first eight rows

reads: 𝑔3𝜔2
𝑧 (1+𝜙

2
R+𝜃

2
R)(1+𝜙

2
R+𝜃

2
R+𝜙 R𝜃 R𝑆𝐺𝑣 R,𝑥𝜔𝑧). Assuming small

angles with respect to the ground (𝜃2R, 𝜙2
R, 𝜃 R 𝜙 R ≈ 0), one can easily

see that the determinant will always be different from zero. Therefore,
the system is non-uniformly identifiable, since just under some inputs
both states and parameters can be reconstructed. This means that, even
though during certain manoeuvres enough information is available to
infer both the states and parameters (e.g. while driving a static circle),
other driving situations will render the estimation of the parameters
infeasible (e.g. while driving in a straight line).

5. Adaptive estimator

In this section, the core of the estimator scheme, i.e. the adaptive
estimator, is introduced (last block in Fig. 6). The system differential
equations are first discretised and, subsequently, the estimator design
for the discretised system is described.

5.1. Discretisation

Despite the fact that most systems in the physical world are defined
by continuous-time dynamics, state estimation and control algorithms
are commonly implemented in embedded systems. In this context,
a transformation of continuous-time to discrete-time dynamics is a
common practice (Simon, 2006). It is well-known that the choice of
the sampling frequency is of great importance when using a discrete-
time representation of continuous system dynamics. Taking into ac-
count that the typical frequencies of the body motion range from 1 to
2 Hz (Schramm et al., 2018), a sampling frequency of 100 Hz has been
chosen.

If the sampling time (𝛿𝑡) is small enough to assume that the specific
force and angular velocity remain constant between sampling intervals,
the exact time discretisation can be obtained (Simon, 2006). In practice,
a first-order approximation or a lookup table may be used to increase
the computational efficiency.

9
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𝜕𝑶aug 𝑢,2

𝜕�⃗�
=

⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎝

0 0 1 0 𝜃 R 0 0 0
0 0 0 1 −𝜙 R 0 0 −𝑆𝐺 𝑣 R,𝑥
0 0 −𝜃 R 𝜙 R 1 0 0 0
𝑔 0 0 𝜔𝑧 0 −𝑔 𝜃 R −1 0
0 −𝑔 −𝜔𝑧 0 0 𝑔 𝜙 R 0 −1 − 𝑆𝐺 �̇� R,𝑥

−𝑔 𝜃 R −𝑔 𝜙 R −𝜙 R 𝜔𝑧 −𝜃 R 𝜔𝑧 0 −𝑔 𝜃 R −𝜙 R
0 −2 𝑔 𝜔𝑧 −𝜔2

𝑧 0 0 0 0 −𝜔𝑧
−2 𝑔 𝜔𝑧 0 0 −𝜔2

𝑧 0 0 𝜔𝑧 −𝑆𝐺 �̈� R,𝑥
−2 𝑔 𝜙 R 𝜔𝑧 2 𝑔 𝜃 R 𝜔𝑧 𝜃 R 𝜔2

𝑧 −𝜙 R 𝜔2
𝑧 0 0 𝜙 R 𝜔𝑧 𝜃 R 𝜔𝑧

⎞

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎠

(50)

Box II.

After discretisation, the following state-affine system is obtained:
{

�⃗�𝑘 = 𝑨𝑑 (𝑢𝑘) �⃗�𝑘−1 + �⃗�𝑑 (𝑢𝑘) +𝜱𝑑 (𝑢𝑘) 𝜌
𝑦𝑘 = 𝑪(𝑢𝑘) �⃗�𝑘 + 𝜳 (𝑢𝑘) 𝜌

(51)

where 𝑨𝑑 , �⃗�𝑑 and 𝜱𝑑 are matrices that characterise the discretised
system, 𝑦𝑘 = 𝑦(𝑡𝑘), 𝑢𝑘 = 𝑢(𝑡𝑘) and �⃗�𝑘 = �⃗�(𝑡𝑘).

Just as in the continuous-time case, since at any instant 𝑡𝑘 the input
(𝑢𝑘) is known, this system may be treated as a discrete-time linear
time-varying system (Ticlea, 2006):
{

�⃗�𝑘 = 𝑨𝑑,𝑘 �⃗�𝑘−1 + �⃗�𝑑,𝑘 +𝜱𝑑,𝑘 𝜌
𝑦𝑘 = 𝑪𝑘 �⃗�𝑘 + 𝜳 𝑘 𝜌

(52)

5.2. Estimator design

The proposed estimator design aims at providing accurate and reli-
able estimates of the vehicle velocities (𝑣𝑥, 𝑣𝑦, 𝑣𝑧) and attitude angles
(𝜃, 𝜙) in spite of the remaining unknown IMU biases (𝑏𝑓,𝑥, 𝑏𝑓,𝑦). This
is achieved by using an adaptive approach, which simultaneously esti-
mates the system states and parameters. The keystone of this technique
is to design an estimator for the system assuming known parameters
and, afterwards, add a suitable adaptation law that takes care of the
unknown parameters in order to keep the convergence of the state
estimation (Besançon, 2007).

5.2.1. State estimation
The first step towards the development of an adaptive estimator is to

design an estimator for the system disregarding the parameters. Since
the system at issue is built upon noisy measurements, it is reasonable
to treat the problem in a stochastic framework.

Bearing in mind the uniform observability of the system without
parameters, a KF becomes the obvious choice. In order to take into ac-
count the system input and output noises, the system and measurement
covariances (𝑸𝑘 and 𝑹𝑘, respectively) shall be chosen to incorporate
the information about the IMU, odometry and suspension sensor noises.

The single-track model provides, when in its validity region, accu-
rate information of the vehicle lateral motion. This compensates, to
some extent, unmodelled and uncorrected inaccuracies introduced by
the IMU signals. Hence, in normal driving situations, which correspond
to the validity region of the single-track model, its use is advantageous.
Nevertheless, under collision avoidance manoeuvres, the system may
move towards more dynamic regions in which the lateral motion
described by the single-track model is devoid of meaning. In these sit-
uations, it would be desirable to completely neglect the vehicle model.
For autonomous vehicles, the system awareness of a collision avoidance
manoeuvre execution can be assumed (flag𝐶𝐴). The challenge arises
from the fact that, as seen in Section 4.1, all states cannot uniquely be
determined under certain driving manoeuvres for the system without
the single-track model. Therefore, if the model is completely neglected,
the estimation errors may increase due to unobservability issues.

An approach to circumvent these difficulties is, during collision
avoidance manoeuvres, to increase the importance of the single-track

model information when necessary and reduce it when superfluous.
If the excitation is large enough to secure the regularly persistent
property, the single-track model is superfluous and, consequently, the
corresponding element of the measurement covariance (𝑹𝑘) is set
large. The KF reduces thereby the weight of the model information
in the estimates. If, on the other hand, regular persistence cannot be
secured, the single-track model is necessary and the measurement co-
variance preserves its default value. In this way the model is effectively
used when absolutely necessary in order to avoid observability related
estimation inaccuracies.

In order to identify when the single-track model information is
superfluous, one needs to test the regularly persistent property for the
system with the reduced measurement model. To this effect, the observ-
ability Gramian is examined, which is defined for some natural number
𝜎 as:

𝑾 𝒐(𝑘, 𝜎) =
𝑘
∑

𝑙=𝑘−𝜎
𝜣(𝑙, 𝑘)𝑇 𝑪𝑇

𝑑,𝑙 𝑪 𝑑,𝑙 𝜣(𝑙, 𝑘) (53)

where 𝜣(𝑘, 𝑘0) represents the state transition matrix

𝜣(𝑘, 𝑘0) = 𝑨 𝑑,𝑘−1 𝑨 𝑑,𝑘−2 …𝑨 𝑑,𝑘0 (54)

Since in the present case the matrix sequence {𝑨 𝑑,𝑘} is invertible
(even for the discretisation with first-order approximation), the inverse
of 𝜣(𝑘, 𝑘0) exists and is denoted by 𝜣(𝑘0, 𝑘). In this context, the concept
of regularly persistent inputs may be defined as follows (Ţiclea &
Besançon, 2009):

Definition 5.1. An input sequence {𝑢𝑘} is regularly persistent for the
discrete-time state-affine system (51), if the induced linear time-varying
representation (52) is uniformly completely observable, that is, there
exists a fixed natural number 𝜎 such that, for any sampling instant 𝑘

0 < 𝛼1 𝑰𝑛 ≤ 𝑾 𝒐(𝑘, 𝜎) (55)

In order to assess the regular persistence online, one could track
the value of the determinant of 𝑾 𝑜,𝑟𝑒𝑑 (𝑘, 𝜎) (computed with 𝑪 red 𝑑,𝑘 =
𝑪 𝑑,𝑘[1, 3; 1,… , 6]), hereafter also referred as the chosen observability
index. Limits can be set so that over a particular threshold (ℎdet,𝑜)
the single-track model information is certainly dispensable and below
other (𝑙det,𝑜) this information is necessary. In the former case, the
corresponding element in 𝑹𝑘 is increased (𝑟22,obs). In the latter case,
the default value is kept (𝑟22,0). In between a fuzzy area is found. For
this interval a fading function can be implemented, which additionally
smooths the transition:

𝑟22 = fade(|det(𝑾 𝑜,𝑟𝑒𝑑 (𝑘, 𝜎))|, 𝑙det,0, ℎdet,𝑜, 𝑟22,0, 𝑟22,obs) (56)

where ‘‘fade’’ represents a continuous fading function such as exponen-
tial or arctangent.

5.2.2. Joint state and parameter estimation
Heretofore, an approach for the state estimation assuming known

parameters has been proposed. The algorithm will now be modified by

10
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a suitable adaptation law which takes care of the parameter estimation.
An adapted version of the approach introduced in Zhang (2018) is
used to this end. In this method, an adaptation law based on the re-
cursive least-squares (RLS) algorithm is used which, under a persistent
excitation condition, guarantees the exponential convergence of both
states and parameters. Furthermore, the algorithm presents an optimal
design from a stochastic perspective in the sense of the minimum
variance of error criterion. Nevertheless, in order to successfully tailor
the adaptive Kalman filter from Zhang (2018) to the problem at hand,
some modifications have been carried out.

The original method does not contemplate parameters in the mea-
surement equation but solely in the state equations. The first alteration
incorporates in the algorithm the parameter-dependent term 𝜳 𝑘𝜌 of the
measurement equation in (52). The corresponding modifications can be
seen in the lines 9, 17 and 18 of Algorithm 2.

Algorithm 2: Adaptive Kalman Filter
1 𝑘 = 𝑘 + 1;
2 [𝑨𝑑,𝑘, �⃗�𝑑,𝑘,𝜱 𝑑,𝑘,𝑸 𝑑,𝑘] = discrete(𝑨(𝑢𝑘), �⃗�(𝑢𝑘),𝜱,𝑸);

Prediction
3 ̂⃗𝑥−𝑘 = 𝑨𝑑,𝑘 �⃗�+𝑘−1 + �⃗�𝑑,𝑘 +𝜱 𝑑,𝑘

̂⃗𝜌𝑘−1; 𝑷 −
𝑘 = 𝑨𝑑,𝑘 𝑷 +

𝑘−1 𝑨
𝑇
𝑑,𝑘 +𝑸𝑑,𝑘;

Observability adaptation
4 𝑾 𝑜,red(𝑘, 𝜎) =

∑𝑘
𝑙=𝑘−𝜎 𝜣(𝑙, 𝑘)𝑇 𝑪𝑇

red 𝑑,𝑙 𝑪 red 𝑑,𝑙 𝜣(𝑙, 𝑘);
5 𝑟22,𝑘 =
{

fade(|det(𝑾 𝑜,𝑟𝑒𝑑 (𝑘, 𝜎))|, 𝑙det,𝑜, ℎdet,𝑜, 𝑟22,0, 𝑟22,obs), if flag𝐶𝐴,
𝑟22,0, otherwise.

6 𝑹𝑘 = diag(𝑟11, 𝑟22,𝑘, 𝑟33);

Innovation
7 𝜮𝑘 = 𝑪𝑘 𝑷 −

𝑘 𝑪𝑇
𝑘 +𝑹𝑘; 𝑲𝑘 = 𝑷 −

𝑘 𝑪𝑇
𝑘 𝜮−1

𝑘 ;
8 𝑷 +

𝑘 = (𝑰𝑛 −𝑲𝑘 𝑪𝑘) 𝑷 −
𝑘 ;

9 𝜴𝑘 = 𝑪𝑘 𝑨𝑑,𝑘 𝜰 𝑘−1 + 𝑪𝑘 𝜱𝑑,𝑘 + 𝜳 𝑘;
10 if f lag𝐶𝐴 then
11 𝜞 𝑘 = 0; 𝑺𝑘 = 𝑺𝑘−1;
12 else
13 𝜆𝑘 = 1 − (1 − 𝜆0)

(

1 − trace(𝑺𝑘)
trace(𝑺max)

)

;
14 𝜦𝑘 = (𝜆𝑘 𝜮𝑘 +𝜴𝑘 𝑺𝑘−1𝜴𝑇

𝑘 )
−1; 𝜞 𝑘 = 𝑺𝑘−1 𝜮𝑇

𝑘 𝜦𝑘;
15 𝑺𝑘 =

1
𝜆𝑘

𝑺𝑘−1 −
1
𝜆𝑘

𝑺𝑘−1 𝜴𝑇
𝑘𝜦𝑘 𝜴𝑘 𝑺𝑘−1;

16 end
17 𝜰 𝑘 = (𝑰𝑛 −𝑲𝑘 𝑪𝑘)𝑨𝑑,𝑘 𝜰 𝑘−1 + (𝑰𝑛 −𝑲𝑘 𝑪𝑘)𝜱𝑑,𝑘 −𝑲𝑘 𝜳 𝑘;
18 ̃⃗𝑦𝑘 = 𝑦𝑘 − 𝑪𝑘

̂⃗𝑥−𝑘 − 𝜳 𝑘
̂⃗𝜌𝑘−1;

19 𝛥𝜌𝑘 = 𝜞 𝑘
̃⃗𝑦𝑘; 𝜌𝑘 = 𝜌𝑘−1 + 𝛥𝜌𝑘;

20 ̂⃗𝑥+𝑘 = ̂⃗𝑥−𝑘 +𝑲𝑘
̃⃗𝑦𝑘 + 𝜰 𝑘 𝛥𝜌𝑘;

̂⃗𝑥−𝑘,
̂⃗𝑥+𝑘: A priori and a posteriori state estimates.

𝑷 −
𝑘, 𝑷 +

𝑘: A priori and a posteriori state error
covariance matrices.
discrete: computes the discrete system and covariance
matrices from their continuous time counterparts.

Furthermore, the approach proposed in Zhang (2018) includes a for-
getting factor (𝜆𝑘) in the RLS-based adaptation law, which enables the
continuous tracking of the slowly changing parameters by preventing
the adaptation gain (𝜞 𝑘) from going to zero. Nevertheless, as seen in
Section 4, the system is non-uniformly identifiable and there are driving
situations, such as driving straight at constant speed or standing still,
in which there is not enough excitation to estimate both the states and
parameters. During these low excitation periods, few valuable informa-
tion for the parameter estimation is introduced while old information
is forgotten. This originates the so-called covariance ‘‘wind-up’’, which
makes the parameter estimation highly sensitive to sensor noise and

numerical errors, and therefore utterly unreliable (Altmannshofer &
Endisch, 2017; Cao & Schwartz, 2000). In this context, a criterion to
limit the growth of the parameter covariance 𝑺𝑘 is employed (Rao Sri-
pada & Grant Fisher, 1987). More precisely, a limitation on its trace is
set by means of the following variable forgetting factor

𝜆𝑘 = 1 − (1 − 𝜆0)
(

1 −
trace(𝑺𝑘)
trace(𝑺max)

)

(57)

When there is enough excitation to estimate the parameters, 𝑺𝑘 will
tend to zero and 𝜆𝑘 to 𝜆0. In case of insufficient excitation 𝑺𝑘 will tend
to the upper limit (𝑺max) and the forgetting factor to one. Therewith,
the old information does not fall in the oblivion and the growth of 𝑺𝑘
is restricted. Moreover, during collision avoidance manoeuvres, mea-
surements may increase their inaccuracies. In order to prevent these
errors from affecting the bias estimation, the parameter estimation part
of Algorithm 2 is turned off (see line 10).

6. Extension of the measurement equations

The described algorithm proposes a solution for the considered
vehicle motion estimation problem which is independent from GNSS
and perception information. The required motion states together with
the IMU biases are estimated by using series-grade chassis sensors and a
6-D IMU. Hence, the core functionality of the system is secured even in
environments impairing GNSS and perception sensors. In spite of this,
the method does not preclude the inclusion of additional information
when its validity can be secured, e.g. for calibration purposes. This
may easily be done by including additional measurements and adapt
correspondingly the measurement equation (37).

As an example of the scalability of the approach to incorporate new
information, a measurement containing the velocity up of the GNSS is
considered, which increases the availability of the 𝑏𝑓,𝑥 estimation.

6.1. GNSS-based measurement

GNSS supplies the vehicle velocity expressed in the local navigation
coordinate system, 𝑣 𝑛𝑒𝑏 (hereinafter 𝑣 𝑛). 𝑣 𝑛𝑧 may be represented as a
function of the velocity expressed in the body-fixed coordinate system:

𝑣 𝑛𝑧 = − sin 𝜃 𝑣 𝑥 + sin𝜙 cos 𝜃 𝑣 𝑦 + cos𝜙 cos 𝜃 𝑣 𝑧 (58)

While driving straight with close to constant velocity, possible GNSS
delays may be neglected. Furthermore, 𝑣 R,𝑧, �̇�R, �̇�R ≈ 0 while 𝑣 R,𝑦 will
remain small. Therewith, (17) and (18) can be approximated:

𝑣 𝑥 ≈ 𝑣 R,𝑥 (59)

𝑣 𝑧 ≈ 𝜃R 𝑣 R,𝑥 (60)

Considering (29), (59) and (60) in (58) the following measurement
equation is obtained:

𝑣 𝑛𝑧 = −𝑣 R,𝑥 𝑥1 − 𝑆𝐺(𝑓𝑦 − 𝑓𝑧 𝜙R) 𝑣 R,𝑥 𝑥2 + 𝜃R 𝑣 R,𝑥 𝑥6 = 𝑐𝑣 𝑛𝑧 (𝑢) �⃗� (61)

The GNSS receiver provides a standard deviation for the supplied
signals. By monitoring this standard deviation and the values of 𝑤𝑧,
𝑣 R,𝑥, �̇� R,𝑥 one can test the validity of (61). Thresholds can be specified
and, whenever the conditions for constant velocity straight driving and
accurate GNSS are met, a flag (GNSSvalid) can be set. In this case, 𝑦𝑘
and 𝑪𝑘 will be accordingly extended (this would be included at the
beginning of the Innovation section in Algorithm 2):

𝑪𝑘 =

⎧

⎪

⎨

⎪

⎩

𝑪(𝑢(𝑡𝑘)) , if flag𝐶𝐴 ∥ GNSSvalid,
(

𝑪(𝑢(𝑡𝑘))
𝑐𝑣 𝑛𝑧 (𝑢(𝑡𝑘))

)

, otherwise.
(62)

𝑦𝑘 =

⎧

⎪

⎨

⎪

⎩

𝑦(𝑡𝑘) , if flag𝐶𝐴 ∥ GNSSvalid,
(

𝑦(𝑡𝑘)
𝑣 𝑛𝑧(𝑡𝑘)

)

, otherwise.
(63)
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Table 1
Estimator scheme parameter choice, units according to the International System of Units.
Parameter Value Comment

𝑸 diag([3e−5,3e−5,1e−2,1e−2,1e−2,3e−5]) See Algorithm 2
𝑹(0),(𝑹0) diag([0.08,0.01,0.01]) See Algorithm 2
𝑷 0 diag([1.2e−3,1.2e−3,4e−3,4e−3,4e−3,1.2e−3]) See Algorithm 2
𝑺0 diag([0.01,0.01]) See Algorithm 2
̂⃗𝑥0 [0,0,0,0,0,1] See Algorithm 2
̂⃗𝜌0 [0,0] See Algorithm 2
𝜎 40 See (53) and Algorithm 2
𝑺max 0.001𝑰2 See Algorithm 2
𝜆0 0.9996 See Algorithm 2
𝑙det,𝑜 10−3 See Algorithm 2
ℎdet,𝑜 10−2 See Algorithm 2
𝑟22,obs 107 See Algorithm 2

Fig. 7. Estimator inputs during the urban drive with normal operation conditions. The standstill bias compensated angular velocities (𝜔𝑥, 𝜔𝑦, 𝜔𝑧) and vertical specific force (𝑓𝑧),
the uncorrected longitudinal and lateral specific forces (𝑓𝑥, 𝑓𝑦), the pitch and roll angles of the vehicle body with respect to the road plane (𝜙 R, 𝜃 R), and the longitudinal and
vertical velocities over ground (𝑣 R,𝑥, 𝑣 R,𝑧).

7. Experimental results

The experimental validation of the proposed estimation scheme is
conducted using data obtained from test drives performed with a rear-
wheel drive car. The test vehicle is equipped with a high-precision
navigation system that provides an INS/GNSS deeply coupled inertial
navigation solution. It consists of an RTK (Real Time Kinematic) GNSS
and a high-performance inertial measurement system based on fibre
optic gyroscopes and MEMS-based servo accelerometers. The supplied
signals can be processed to obtain ground truth velocities and attitude
angles. Moreover, the IMU of the high-precision navigation system is
taken as bias-free IMU since its specified accelerometer and gyro biases
are as low as 0.01m∕s2 and 1deg∕h respectively. Dynamic biases are then
artificially added to the IMU angular velocities (𝜔𝑥, 𝜔𝑦, 𝜔𝑧) and specific
forces (𝑓𝑥, 𝑓𝑦, 𝑓𝑧). This allows a controlled situation where different
bias behaviours, encompassed by the specifications of the series-grade
IMU, can be built and the ground truth biases are known. The over-
ground longitudinal velocity is obtained from the wheel speed, steering,
vertical angular velocity and longitudinal acceleration signals in a
preprocessing block which, for the sake of brevity, has been omitted
in the present work. The over-ground vertical velocity is derived from
the suspension signals available in the controller area network (CAN).
Both inputs and measurements are supplied to the system at a sampling
rate of 100 Hz, which is also the estimator’s update frequency.

As is well known, the choice of the estimator’s parameters has a
great impact on its performance. The adaptive estimator’s parametri-
sation (Algorithm 2 ) is shown in Table 1. This selection is based on
the sensors’ specifications and experimental analysis of the adaptive
estimator with logged data encompassing circle, slalom and figure

eight manoeuvres, regular urban drives and double lane changes. Ad-
ditionally, a first-order approximation is used for the discretisation in
Algorithm 2.

In order to demonstrate the effectiveness of the presented estimation
scheme, two use cases are considered:

(I) An urban drive representing the normal operation conditions of
an autonomous vehicle.

(II) A double lane change, representative of collision avoidance ma-
noeuvres.

Five different estimator designs are compared to illustrate the ben-
efits of the proposed approach. Each design has other features imple-
mented: the observability-based adaptation during collision avoidance
manoeuvres, an adaptive law for the simultaneous estimation of the
motion states and IMU longitudinal and lateral accelerometer biases,
a variable forgetting factor and the extension of the measurement
equation with the GNSS velocity up (see Table 2). The estimator design
ranges from (𝐴), which is the adaptive estimator presented in Algo-
rithm 2 including the 𝑣 𝑛𝑧 measurement when its validity is guaranteed,
to (𝐷), which is a Kalman filter with neither 𝑏𝑓,𝑥 and 𝑏𝑓,𝑦 estimation
nor GNSS information. Please note that for all approaches the same
parametrisation and initialisation has been used.

7.1. Urban drive with normal operation conditions

This test drive represents the experimental validation of the pro-
posed approach in normal urban driving conditions. The measurement
covers typical vehicle motions in urban roads such as standstill phases,
straight driving and non-dynamic turns. Please notice that during the

12
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Fig. 8. Estimated parameters and state estimation errors for the estimator designs (𝐴), (𝐵), (𝐶) and (𝐷) during the urban drive with normal operation conditions. In the last plot
(bottom right), the diagonal elements of the parameter covariance (𝑺) are shown for (𝐴) and for (𝐶) in order to illustrates the covariance wind-up effect during unidentifiability
phases.

test drive |𝑓𝑦| < 4m∕s2 and, therefore, the car remains within the
validity region of the single-track model (see Fig. 7). The artificial time-
varying biases (0.2,−0.2,-0.15) m∕s2 and (−0.5,0.35,0.3) deg∕s have
been respectively added to the angular velocities and specific forces.
The time-varying biases of the angular rates (𝑏𝑤,𝑥, 𝑏𝑤,𝑦, 𝑏𝑤,𝑧) and the
vertical specific force (𝑏𝑓,𝑧) are estimated within the first 2 s of the
initial standstill phase. The respective angular rates and specific force
are subsequently corrected. For the sake of conciseness, plots showing
the standstill bias compensation are not presented since the main focus
of the present work lays on the adaptive estimator.

The comparison of the approaches can be seen in Fig. 8, which
displays the estimated biases and the state estimation errors. Please
note that (𝐸) is not shown since no collision avoidance manoeuvres are
present in this test drive and, therefore, approach (𝐴) and (𝐸) provide
equivalent results.

(𝐴), (𝐵) and (𝐶) are adaptive methods that include the estimation
of the biases 𝑏𝑓,𝑥 and 𝑏𝑓,𝑦, whilst (𝐷) overlooks them. The effect of the
neglected biases can clearly be observed in the attitude angle estimates,

whose errors have a constant part with an additional transitory be-
haviour when performing turns. This is a consequence of the distortion
of the perceived direction of the gravitation vector with respect to the
body-fixed coordinate system caused by the biases. A clear effect can
also be seen in the longitudinal velocity, mainly during accelerating
and decelerating periods.

The benefits of using a variable forgetting factor can be observed
when comparing (𝐴) and (𝐵) against (𝐶). Even though (𝐶) properly esti-
mates the biases, it presents large bursts in the bias estimates after long
standstill and straight ahead driving periods. This effect is caused by the
covariance wind-up resulting from long periods of unidentifiability (see
the last plot on Fig. 8). The behaviour is mirrored in the attitude angles,
which present errors above 2 deg. The influence of these bursts on the
velocities remains nevertheless limited. As it can be seen in Fig. 8, the
effects of the covariance wind-up have been mitigated in estimators (𝐴)
and (𝐵), which include the variable forgetting factor. This translates
into a more consistent behaviour of both the bias estimates and the
attitude estimation errors.

13
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Fig. 9. In the first four sub-plots, the estimator inputs for the double lane change manoeuvre are depicted. The last two sub-plots show, from left to right, the determinant of the
observability gramian of the system with the reduced measurement model, and the collision avoidance flag indicating that the autonomous driving system will perform a collision
avoidance manoeuvre.

Table 2
Estimator designs.

Approach 𝑹𝑘 adaptation Adaptive law Variable 𝜆𝑘 GNSS extension

(𝐴) ✓ ✓ ✓ ✓

(𝐵) ✓ ✓ ✓ –
(𝐶) ✓ ✓ – ✓

(𝐷) – – – –
(𝐸) – ✓ ✓ ✓

By comparing (𝐴) against (𝐵), the effect of the additional GNSS
information becomes apparent. The main difference between the two
approaches is the time of convergence of 𝑏𝑓,𝑥. The GNSS velocity up
allows the estimation of this bias in straight ahead periods, from which
approach (𝐴) benefits. This behaviour can be seen in the zoomed plots.
After the initial standstill phase, the vehicle drives straight ahead. For
algorithm (𝐴), 𝑏𝑓,𝑥 becomes identifiable and can be estimated. (𝐵), on
the other hand, needs to wait till the first turn is performed in order
to estimate 𝑏𝑓,𝑥. Hence, the integration of the additional GNSS infor-
mation enhances the availability of the 𝑏𝑓,𝑥 estimation by making this
bias identifiable while driving straight in GNSS-enabling environments.
Nonetheless, even in GNSS-impaired settings, the algorithm would still
be able to rapidly estimate both biases during turns. Notice how the
𝑏𝑓,𝑥 converges within the first turn for estimator (𝐵).

These results highlight the need of estimating the time-varying
biases to keep small errors in the attitude estimates, and in the ve-
locity estimates during transients. Additionally, the variable forgetting
factor approach successfully prevents the undesirable burst effects of
the covariance wind-up after unidentifiability periods. Furthermore,
even though the aid of additional GNSS information improves the bias
identifiability, the proposed algorithm would still be able to estimate
both biases in GNSS-denied environments.

7.2. Double lane change

This test drive illustrates dynamic driving situations during collision
avoidance, which encompasses manoeuvres aimed to avoid the impact
with obstacles. As shown in Fig. 9, large lateral accelerations (|𝑓𝑦| >

7.5 m∕s2) can be expected, transgressing thus the validity region of the
single-track model. Moreover, as it can be seen in the det

(

𝑾 𝑜,red
)

plot
from Fig. 9, the regular persistence property for the system with the
reduced measurement model is not guaranteed while standing still or
driving straight. When performing the double lane change, on the other
hand, the observability index considerably increases mostly due to the
vertical angular motion.

Results are presented in Fig. 10. Since this scenario is not relevant
for the bias estimation, just the estimator designs (𝐴), (𝐷) and (𝐸)
are analysed. Please note that this manoeuvre follows the urban drive
of the previous subsection and, hence, the biases have already been
estimated for the approaches including this feature, i.e. (𝐴) and (𝐸).
During collision avoidance manoeuvres the estimation scheme (𝐴) just
uses the single-track model when strictly necessary, i.e., when the
system observability cannot be guaranteed without it. Approach (𝐸), on
the other hand, always uses its information, even in dynamic situations
where the model is not valid. The outcome of this difference can clearly
be seen in the 𝑣𝑦 estimation error plot. Whilst for (𝐴) the lateral velocity
error remains small even during the double lane change, (𝐸) presents
significantly larger errors during the dynamic part of the manoeuvre.
A similar but less pronounced effect can be observed in the roll (𝜙)
estimation error, where errors close to 0.5 deg are reached in (𝐸). As
for the remaining states, benefits are relatively small. The advantages of
(𝐴) become even more conspicuous when compared against (𝐷), where
the inaccuracies of the vehicle model are combined with the effects of
the uncompensated bias.

8. Conclusion

This paper describes an approach to estimate the motion of au-
tonomous cars. The method is built upon the information provided by
a 6-D IMU and regular ESC sensors, hence avoiding reliability deficien-
cies inherent to GNSS and vision-based sensors. In order to achieve high
levels of accuracy, the presented estimator scheme not only supplies
estimates of the 3-D vehicle velocity and attitude angles, but also deter-
mines the IMU biases. Whilst the gyroscope and vertical accelerometer
biases can be determined while standing still, the longitudinal and
lateral biases are estimated while driving in an adaptive estimator. By
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Fig. 10. Estimated parameters and state estimation errors for the estimator designs (𝐴), (𝐷) and (𝐸) during the double lane change.

combining a kinematic model with a single-track model, road bank and
inclination effects on the motion are taken into account (even when
driving in a straight line). The estimation scheme relies on an adaptive
estimator based on the KF and RLS algorithms, which allows a direct
consideration of the sensor noise and model inaccuracies while holding
global convergence properties. With the aim of providing accurate
estimates also during collision avoidance manoeuvres, an measurement
covariance adaptation is introduced which reduces the influence of the
single-track model on the estimates when its information is superfluous.

Despite being able to provide accurate estimates without the aid
of GNSS and perception sensors, the approach does not preclude the
use of additional information when available and valid. This fact is
illustrated by extending the measurement model to include the GNSS
upwards velocity, which enhances the availability of the longitudinal
accelerometer bias estimation.

The experimental validation is conducted using data collected dur-
ing a normal urban drive and a double lane change, which exemplifies
a collision avoidance manoeuvre. The approach provides accurate and
reliable estimates in both scenarios. The simultaneous estimation of
motion states and IMU biases enhances the accuracy of the attitude
estimates and improves the behaviour of the velocity estimation during
turns and accelerating/decelerating periods. The measurement covari-
ance adaptation in collision avoidance manoeuvres, on the other hand,

allows an accurate estimation even when out of the single-track model
validity region.

In the present work, the performance enhancement achieved by the
measurement covariance adaptation has been illustrated using collision
avoidance manoeuvres. This framework can be applied to other driving
situations in which the validity region of the single-track model is
surpassed. These extensions will be subject of future work.
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