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Abstract

Experimental work on the electrical percolation threshold of polymeric host materials enriched
with electrically conductive nanofillers has produced highly scattered results even for superficially
identical formulations. In the literature, many explanations for the underlying phenomenon have
been put forth. In particular, the presence of electromagnetic or flow fields is almost inevitable
in the production process of nanocomposites and is suggested to be the partial cause of this
mutual disagreement in the experiments. To investigate this, we theoretically model percolation
in two types of material. First, we consider dispersions of hard spherical particles subject to shear
flow. We set up a model that combines a heuristic criterion for percolation and a Smoluchowski
theory for the pair structure in shear flow. We find that the structural deformation induced
by the shear flow increases or decreases the percolation threshold depending on the shear rate
and the surface-to-surface distance over which electron transport occurs. Next, we numerically
investigate equilibrium dispersions of hard nanorods subject to external orienting and disorienting
quadrupolar fields using the connectedness Ornstein-Zernike formulation, explicitly taking their
orientational degrees of freedom and liquid-crystalline transitions into account employing a formal
minimisation of the Onsager free energy. We find that external quadrupolar fields can significantly
increase the percolation threshold, cause complex re-entrant percolation behaviour, and induce
bi- and triaxiality in the shapes of nanofiller clusters.
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Chapter 1

Introduction

The addition of nanoparticles such as carbon nanotubes, carbon black, silver nanowires or graphene
to common plastics can enhance their conductive properties tremendously [1–8]. For instance, the
incorporation of a slight amount of a carbon nanotube additive into an insulating polymeric host
has been shown to increase its electrical conductivity by over ten orders of magnitude [7]. These
polymer composites have stirred up a great interest for industrial applications in photovoltaics
[9, 10], optoelectronics [11], gas sensing [12], and liquid crystalline displays [13]. They have
additionally been suggested for use as actuators [14, 15], smart materials [16, 17], electromagnetic
interference shields [18], and optically transparent yet electrically conductive films [19].

Ordinarily, the large effect that nanoparticles have on the conductive properties of their
insulating host material is seen in the context of percolation theory [20–22]. If sufficiently many
nanofillers are added to the host, they form a conductive network that spans the entire material.
It is through this network that electricity (or heat) can be conducted efficiently. At the particle
density where a system spanning network is created, a sharp increase in the conductive properties
of the material can be observed [23]. The packing fraction associated with this network formation
is called the percolation threshold. Percolation theory is primarily aimed at finding this particle
concentration. We stress that percolation theory does not predict the actual conductivity of the
resulting nanocomposite; it is solely a geometric framework for establishing if a material-spanning
network exists.

Common engineering applications require that the nanoparticle density in such composites
be as low as possible to retain the advantageous properties of plastics such as their optical
transparency, mechanical flexibility, and low manufacturing costs [24]. Therefore, the goal is
to design conductive polymer composites that have a nanofiller concentration just above the
percolation threshold. It has been shown that this threshold is highly dependent on the degree of
anisometry of the nanoparticles [25–27]. For instance, the percolation threshold of ideal rod-like
particles scales inversely proportional to their aspect ratio (the length-over-width ratio) [27].
This means that, in theory, it is possible to make the percolation threshold arbitrarily low by
increasing the slenderness of the particles. However, since long, stiff particles, such as carbon
nanotubes, are prone to breaking, there is a practical limit to the aspect ratio of conductive fillers
in nanocomposites [28]. Therefore, it is important to be able to predict the percolation threshold
quantitatively to efficiently manufacture conductive polymeric materials.

A major challenge has surfaced in recent decades. It turns out that the percolation threshold
is not only very sensitive to the particle shape but also to many other factors, such as their
size polydispersity [29–32], inter-particle interactions [33] and to the homogeneity [34] as well as
isotropy [35] of their dispersion in the host. This sensitivity is so large, in fact, that results of
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CHAPTER 1. INTRODUCTION

percolation experiments under laboratory conditions seem difficult to replicate on a quantitative
level due to imperfections such as particle aggregation and alignment by the mixing process [36].
This also implicates that comparisons between experimental studies and theoretical work on the
percolation threshold are qualitative at best.

To understand why these factors have such a significant impact on the percolation threshold,
extensive analytical analyses have been conducted on all of the abovementioned characteristics for
dispersions of rod-like particles [31, 35, 37]. Even after this host of work, physical understanding
of the effects of the manufacturing process on the presence of conductive networks in the resulting
composite remains lacking. One of the underlying fundamental difficulties is the inherent non-
equilibrium nature of the way nanoparticles are commonly dispersed in the polymeric host. When
the particle positions are subsequently frozen by polymerisation, a non-equilibrium structure
remains. This raises foundational questions around the use of equilibrium liquid state theory to
gain insight into the clustering properties of materials with non-equilibrium structures.

To take on this fundamental problem, we theoretically model percolation in a colloid of
spherical particles subject to a shear flow. Since such a material is not in equilibrium, we choose
to engage this problem with a percolation model that requires only structural input to estimate
the percolation threshold. We provide this structural information by solving the non-equilibrium
Smoluchowski equation on the two-particle level for the perturbation of the structure relative to
that of the corresponding equilibrium material. Since the equilibrium structure of a dispersion of
hard spheres is reasonably well understood, we are able to calculate the percolation threshold as
a function of the shear strength. We compare the results of this theory with simulation results to
establish its accuracy.

To aid the understanding of equilibrium percolation as well, model percolation in an
equilibrium dispersion of long, hard, rodlike particles in external orienting and disorienting
quadrupolar fields that model the external structural influences of externally applied flow or
electromagnetic fields. Since we consider this dispersion in a state of thermal equilibrium with
respect to these fields, we can use canonical liquid state theory, adapted for connectedness, to
find the percolation threshold. We find that the percolation behaviour in this material is very
rich due to the complex interplay between the (dis)orientation induced by the external field and
the alignment caused by the excluded volume interactions between the hard rods. To gain further
insight, we also analyse the dependence of the particle aspect ratio on the percolation threshold
and evaluate the cluster shape in various regimes.

The remainder of this report is divided into five chapters. In the next two chapters,
we describe the concepts and methods that we use in the later chapters to gain a physical
understanding of the percolating behaviour of particles that experience external influences. In
Chapter 2, we present a theoretical framework on the structure and connectivity in equilibrium,
based on liquid state theory. In Chapter 3, we describe how to conduct molecular dynamics
simulations and numerical clustering analysis. In Chapter 4, we use the concepts introduced
in Chapters 2 and 3 to describe percolation of spheres in a shear flow. In Chapter 5, we apply
the concepts discussed in Chapter 2 to model percolation in the second material, i.e., long rods
subject to external fields. In the last chapter, we give a conclusion and outlook.

2 Geometric percolation of colloidal particles



Chapter 2

Geometric percolation in the
liquid state

Summary

In this chapter, we present a brief, non-rigorous overview of the methods that have been developed
in the context of liquid state theory to find the structure and degree of clustering of anisometric
particles in equilibrium. In particular, we discuss the canonical Ornstein-Zernike equation and
how it can be adapted to describe connectedness instead of structure. The aim of this chapter
is mainly to introduce the underlying physical framework of the methods that we use in later
chapters.

Geometric percolation of colloidal particles 3



CHAPTER 2. GEOMETRIC PERCOLATION IN THE LIQUID STATE

2.1 Introduction

The goal of this work is to study material spanning conductive networks of particles. In order for
pairs of particles to conduct electricity, they do not need to physically touch. If two particles are
close enough together, electrons can undergo quantum-mechanical tunnelling to ‘hop’ from one
particle to another. The rate at which they do so decays exponentially with the surface-to-surface
distance of the particles [38].

This exponential decay does not need to be taken into account explicitly to model the
percolation threshold. It is believed that modelling particle connectedness as a sharp cut-off
distance produces equivalent results to an exponentially decaying connectedness probability.
Therefore, throughout this work, we do not explicitly take into account the conductivity of the
particles, but use a geometric criterion to determine whether particles are connected. For this,
we use the so-called cherry pit model: we surround each particle with a connectivity region. If
two connectivity regions of particles overlap, we consider them connected. This region does not
add any new inter-particle interactions. Therefore, the particles do not know whether they are
connected to another particle or not.

Figure 2.1: Spherocylindrical (a) and spherical (b) cherry pit particles: we consider hard-
core particles with diameter D surrounded by a connectivity shell of size λ which determines
whether particles are connected. In the case of spherocylindrical particles, we have not drawn the
hemispherical end-caps for clarity.

In the case of spherical and spherocylindrical particles, we define the thickness of this
connectivity shell around the particle by (λ−D)/2, where D is the hard core diameter of the
particles. Here, λ is the total diameter of the connectivity region. This geometry is visualised in
Fig. 2.1.

We note that since this cherry pit model does not introduce any new interactions between
particles, we are effectively assuming that the particles are impervious to applied electric potentials
and temperature gradients between particles. This assumption may hold only if the host matrix
is fully polymerised, and the particle positions and orientiations are effectively frozen in before

4 Geometric percolation of colloidal particles



CHAPTER 2. GEOMETRIC PERCOLATION IN THE LIQUID STATE

the conductivity experiment is initiated.
We consider a dispersion of N anisometric particles in a volume V with thermal energy

kBT = 1/β. In principle, such a dispersion can have a position-dependent number density
ρ(r), which we explicitly take into account in this chapter. Since we are mostly interested in
homogeneous dispersions however, we drop the position dependence in later chapters and consider
it to be a constant ρ(r) = ρ = N/V . Each particle has orientational degrees of freedom. To
accommodate for them, we assign to each particle an unit orientation vector u. We define the
orientational distribution function ψ(u) such that the probability of finding a particle with an
orientation in [u,u + du] is ψ(u)du. In the isotropic case, where the orientations of all particles
are equally likely, we have ψ(u) = 1/4π.

To find the particle density at which macroscopic clusters appear, we need to quantify the
size of the clusters as a function of density. This is the aim of the remaining sections of this
chapter.

2.2 Cluster size

A common method to tackle this problem is to start from the framework of liquid state theory.
In the theory of liquids, the pair correlation function g(r1, r2,u1,u2) quantifies the probability
to find two particles at positions r1 and r2 with orientations u1 and u2 [39]. It is normalised
such that

∫∫∫∫
dr1dr2du1du2ρ(r1)ρ(r2)ψ(u1)ψ(u2)g(r1, r2,u1,u2) = N2, where the integrations

range over all positions and orientation of the particles. The pair correlation function provides
detailed information about the microstructure of the arrangement of particles in gases, liquids and
solids, and can be used to determine, among others, the static structure factor, the compressibility
and the pressure of a material.

For notational convenience, we may choose to abbreviate the positions and orientations
of all particles in the following sections. For example, we write the pair correlation function
g(1, 2) ≡ g(r1, r2,u1,u2). Note that in this new notation, we write the integral

∫
d1(. . .) to

abbreviate
∫∫

dr1du1ρ(r1)ψ(u1)(. . .). For example, the normalisation of the pair correlation
function is now abbreviated by

∫∫
d1d2g(1, 2) = N2.

To use the methods of liquid state theory to our problem of geometric percolation, we
divide the pair correlation function into two new functions g(1, 2) = g+(1, 2) + g∗(1, 2), the pair
connectedness function g+(r, r′,u,u′) and the blocking function g∗(r, r′,u,u′). They describe
the probability of finding connected and disconnected particles with the specified positions and
orientations. With these definitions and corresponding normalisations, it is straightforward to see
that the number of connected particle pairs is equal to Nc = 1

2

∫∫
d1d2g+(1, 2), where the factor

of one half is to avoid double counting.
We can use the expression for the number of particle pairs to find the average cluster size [40].

The argument goes as follows. Suppose we have a particle dispersion in which there are nk clusters
consisting of k particles. The total number of particles is known, and thus we have N =

∑
k nkk.

The probability that a particle belongs to a cluster of k particles is now knk/N . Therefore the
average size of the cluster a randomly chosen particle belongs to is given by S =

∑
k k

2nk/N . The
total number of connected particle pairs can now be calculated as the total number of connections
within one cluster, summed over all clusters: Nc =

∑
k nkk(k − 1)/2 = N(S − 1)/2. Using this

last identity, together with the earlier obtained expression for Nc, we find

S = 1 +
1

N

∫∫
d1 d2g+(1, 2), (2.1)

We note that this definition of S corresponds to the weight average cluster size, and not the number

Geometric percolation of colloidal particles 5



CHAPTER 2. GEOMETRIC PERCOLATION IN THE LIQUID STATE

average. We define the percolation threshold to coincide with the location of the divergence of
this function. In Chapter 3, we show that this is indeed the choice that gives results consistent
with simulations.

2.3 The pair distribution function

In liquid state theory, a successful approximation of the pair distribution function g can be
obtained by the Ornstein-Zernike relation. We can adapt this relation to find an approximation
for g+ as well. First, we give a quick overview of the canonical Ornstein-Zernike relation, with
emphasis on the underlying structure rather than mathematical rigour. For a more complete
overview, we refer to Hansen & McDonald [39]. The derivation of the Ornstein-Zernike relation
assumes that particles only interact through pair interaction potentials U(1, 2), and that the
material is in an ergodic state of thermal equilibrium.

Ornstein and Zernike showed that the pair correlation function g can be related to another
function C via an integral equation that was later named after them [41]

g(1, 2) = 1 + C(1, 2) +

∫
d3C(1, 3)(g(3, 2)− 1). (2.2)

Here, C is called the direct correlation function1, which can in principle be obtained by taking
the second functional derivative of the excess free energy with respect to the density. Relation
(2.2) is a recipe for finding the pair distribution function g, if the excess free energy is known.
This, however, is in general not the case, and one often has to resort to (ad hoc) approximations
of C.

The structure behind the Ornstein-Zernike relation is more clearly visible if we solve it
recursively for g. This yields

g(1, 2) = 1 + C(1, 2) +

∫
d3C(1, 3)C(3, 2) (2.3)

+

∫∫
d3d4C(1, 3)C(3, 4)C(4, 2) + . . . ,

which is an infinite sum of integrals. It turns out insightful to write such integrals as diagrams
based on graph theory. The above equation then becomes2

g(1, 2) = 1+
C

1 2 +
C C

1 2 (2.4)

+
C C C

1 2 + . . . .

These diagrams allow us to see the structure in the integral expressions. Such diagrams always
consist of circles linked by bonds. The white circles, called root points, denote the arguments of
the expression that the diagram stands for. For example, the values of all diagrams in the above
expression depend on the positions and orientations of particles 1 and 2. The black circles, called
field points, denote integrations in the expression. For example, a single black circle denotes the
operator

∫
d3(. . .), acting on the remainder of the expression that the diagram represents. The

integration variable 3 can be named anything and is therefore not specified in the black circle. A

1Note: in many standard texts, the direct correlation function is denoted by the small letter c, which in this
work is reserved to denote a concentration. We chose to make it a capital to avoid confusion.

2For clarity, we have omitted prefactors that are usually included to account for the multiplicity of the diagrams
[39].

6 Geometric percolation of colloidal particles



CHAPTER 2. GEOMETRIC PERCOLATION IN THE LIQUID STATE

bond connecting two circles indicates a function with the two points associated with the circles
as arguments. A C-bond connecting two white circles labelled i and j denotes the expression
C(i, j) for example.

Eq. (2.4) tells us that the correlations between the locations and orientations of particles
are transmitted through chains of intermediate particles. The correlations between directly
neighbouring intermediate particles are quantified by the direct correlation function C.

As a result of the ability to apply both graph theory and density functional theory to these
diagrams, it can be shown that the direct correlation function C(1, 2) can also be expressed as an
infinite sum of integrals. In fact, it has been found to equal the sum of a subset of all diagrams
consisting of two white root points labelled 1 and 2 and an arbitrary number of black field points,
connected by bonds that are associated with the Mayer function f(1, 2) ≡ exp(−βU(1, 2))− 1.
In our case of impenetrable particles, f = −1 if the particles overlap and f = 0 if they do not.
An added constraint to the diagrams in the expansion of C is that they cannot contain a circle
that would leave the diagram disconnected upon its removal. Such circles are called connecting
circles. The first few terms in the expansion of C are written down below

C(1, 2) = 1 2 + 1 2 + 1 2 + 1 2 + 1 2 (2.5)

+ 1 2 + 1 2 + 1 2 + 1 2 + 1 2

+ . . . .

In the above diagrams, we have omitted the labels f above all bonds for clarity. For example,

1 2 is not part of the expansion because it contains a black connecting circle.

To summarise, we have expressed the pair distribution function g as an infinite sum of
integrals of the direct correlation function C (Eq (2.3)), which in turn can be calculated as an
infinite sum of integrals of the pair potential (hidden in the Mayer functions f). The usual path
forward is to devise an approximation of C either by explicitly neglecting many of the diagrams
in its expansion or by bringing forward another expression of C in terms of U and possibly g.
After having approximated C, a corresponding approximation can be found for g by solving the
Ornstein-Zernike integral equation (2.2). Examples of classical approximations of the expansion
(2.5) are the Percus-Yevick, hypernetted chain and second virial closure relations, each with their
own merits [39]. In later chapters we make use of both the second virial closure as well as the
Percus-Yevick closure.

The second virial closure is only accurate in the limit that N/V → 0, and consists of
neglecting all but the first diagrams in the above expansion. Therefore, the remaining closure is
written as

C(1, 2) ≈ f(1, 2). (2.6)

The Percus-Yevick closure is more sophisticated, and yields accurate results up to interme-
diate packing fractions. Its functional form is given by

C(1, 2)(f(1, 2) + 1) ≈ f(1, 2)g(1, 2), (2.7)

which can be shown to exactly reproduce all second and third order diagrams in the expansion of
C(1, 2) [42].

Geometric percolation of colloidal particles 7



CHAPTER 2. GEOMETRIC PERCOLATION IN THE LIQUID STATE

Together with either one of these closures, the Ornstein-Zernike equation (2.2) can be
solved to find the pair correlation function. In the case of homogeneous dispersions of spherical
particles, the pair correlation function becomes dependent only on the distance between the
particles r = |r2 − r1| and is then often referred to as the radial distribution function. We plot
the pair correlation function for a dispersion of hard spherical particles in Fig. 2.2, together
with simulation results3. It is clear that the Percus-Yevick closure is accurate for much higher
densities, even near until the fluid-solid transition (which occurs between ρliquidD

3 = 0.94 and
ρsolidD

3 = 1.04 [43]), whereas the second virial closure fails early in the low-intermediate density
regime. Since we use the Percus-Yevick closure in Chapter 4 again to find the equilibrium pair
correlation function, we report a numerical iterative procedure for finding a solution to the
Ornstein-Zernike equation in App. F.

0 1 2 3 4 5
|r2 − r1|/D
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r
co

rr
el

at
io

n
fu

n
ct

io
n

g
(r

1,
r 2

)

ρD3 = 0.1

ρD3 = 0.5

ρD3 = 0.9

ρD3 = 1.2

Simulations

Percus Yevick

Second Virial

Figure 2.2: Comparison of the pair correlation functions obtained with the second virial and
Percus-Yevick closure for a homogeneously dispersed liquid of hard spheres. The different curves
correspond to different densities. We have added an offset between them for clarity. For reference,
we also plot the pair correlation function from a simulation of the same particles.

3In fact, the dots and lines in Fig. 2.2 are for particles that interact through the potential given in Eq. (4.22)
with ε0 = 100, ε = kBT , and σ = 2−1/6D. This potential very closely matches hard-sphere interactions, while
being more convenient for simulations than true hard-sphere interaction potentials.
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CHAPTER 2. GEOMETRIC PERCOLATION IN THE LIQUID STATE

2.4 The pair connectedness function

Coniglio et al. use the expansions of g and C to find an expression for the pair connectedness
function g+ [40]. To do this, they imagine that particles interact with two effective pair potentials,
one describing the interactions between connected particles U+, and the other describing the
interactions between disconnected particles U∗. They are defined such that U+ = U and U∗ =∞
if the particles are connected and U+ =∞ and U∗ = U if they are not. This definition of U+ and
U∗ ensures that exp(−βU) = exp(−βU+) + exp(−βU∗). We can now define the corresponding
Mayer functions f+ = exp(−βU+) and f∗ = exp(−βU∗)− 1, such that f = f+ + f∗. Note that
these new effective potentials are not connected to physical forces in any way. They are simply
introduced to be able to conduct a mathematical cluster analysis.

Now that we have defined a way in which we can divide bonds between particles in connected
and disconnected contributions, we can also divide the expansion of the direct correlation function

C = C+ + C∗, Eq. (2.5). If we denote a connected f+(r2, r2) bond with a bold line 1 2

and a disconnected f∗(r2, r2) bond with a dotted line 1 2 , the separation can be carried

out diagrammatically. For example, the expansion up to third order becomes

C(1, 2) = 1 2 + 1 2 + . . . (2.8)

=
f+

1 2 +
f∗

1 2 + 1 2 + 1 2 + 1 2

+ 1 2 + 1 2 + 1 2 + 1 2 + 1 2

+ . . . .

All diagrams with a continuous path of f+ bonds between the white root points describe a
situation in which particles 1 and 2 are connected, and therefore are part of the expansion of C+,
which we call the direct connectedness function. Thus, we write the first terms of the expansion
of C+ as

C+(1, 2) = 1 2 + 1 2 + 1 2 + 1 2 (2.9)

+ 1 2 + 1 2 + . . . ,

where all the other diagrams belong to C∗. It is straightforward now, to also divide the expansion
of g in a connected part g+ and a disconnected part g∗. Since g is written as a sum of linear
chains of C bonds, see Eq. (2.4), it is intuitive that the expansion of g+ consists solely of chains
of C+ bonds; if there had been any C∗ bond in a such a chain, the two white particles would not

Geometric percolation of colloidal particles 9



CHAPTER 2. GEOMETRIC PERCOLATION IN THE LIQUID STATE

be connected. Therefore, we can write

g+(1, 2) =
C+

1 2 +
C+ C+

1 2 (2.10)

+
C+ C+ C+

1 2 + . . . .

All remaining diagrams, such as
C∗ C+

1 2 within the expansion of g add up to g∗.

The definitions of f+ and f∗ require us to also include the unity term in g in the expansion of
g∗.

At this point, we have everything that we need in order to make headway. We have an
expression of the cluster size as a function of the pair connectedness function g+ (5.7), and in
turn an expression of g+ in terms of C+, which can be rewritten recursively as

g+(1, 2) = C+(1, 2) +

∫
d3C+(1, 3)g+(3, 2), (2.11)

and finally, we have an expression of C+, see Eq. (2.9).
The last hurdle is to find an appropriate approximation for the direct connectedness function

C+. The simplest nontrivial approximation of C+ is the second virial approximation, which can
be obtained by neglecting all diagrams but the first, to end up with

C+(1, 2) ≈ f+(1, 2) (2.12)

A connectedness Percus-Yevick closure can also be constructed, although its form is slightly less
elegant [40, 44]

C+(1, 2) ≈ f∗(1, 2)g+(1, 2) exp(βU+) + f+(1, 2)g(1, 2) exp(βU) (2.13)

In contradiction to the excellent results of the regular Percus-Yevick closure, the connectedness
Percus-Yevick closure shows clear deviations from simulation data, which can be seen in Fig.
2.3, where we show percolation threshold calculated with the Percus-Yevick closure. The Percus-
Yevick closure clearly overestimates the percolation threshold significantly [44]. For a quantitative
predictions, one must therefore find either a better closure of the connectedness Ornstein-Zernike
equations, or use another, possibly heuristic, theory.
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Figure 2.3: The dimensionless percolation threshold for hard spheres calculated with the connec-
tedness Ornstein-Zernike equation in conjunction with the Percus-Yevick closure as function of
the ratio between the hard sphere diameter and the connectivity length. The calculations were by
R. de Bruijn using the methods presented in [44]. We also print Monte Carlo simulation results
of the same material due to M. Miller.

2.5 Conclusion

In this section, we have briefly discussed the structure of the methods from liquid state theory
that allow us to quantify the equilibrium structure of a liquid through the Ornstein-Zernike
equation, and how to adapt this equation to the connectedness Ornstein-Zernike equation in
order to describe the clustering behaviour of particles. This allows us to calculate the particle
density at which the weight averaged cluster size diverges, which coincides with the density at
which material spanning clusters first appear, also called the percolation threshold.

We also show that there is a stark contrast between the regular and connectedness version
of the Ornstein-Zernike relation regarding the accuracy of the Percus-Yevick closure.
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Chapter 3

Molecular dynamics and
numerical cluster analysis

Summary

We present and analyse a method of finding the relation between the structural and the clustering
behaviour of dispersions of hard spherical particles by means of computer simulation methods.
The methods we present are able to find the percolation threshold in excellent agreement with
literature values for relatively small particle trajectory data sets. In full accordance with earlier
findings, we find that the spatial correlations induced by the hard-core inter-particle interactions
create a non-linearity in the way that the percolation threshold scales with the particle size
relative to a connectivity distance. This non-linearity is due to the complex interplay between
two phenomena that are dominant at different particle sizes: the excluded volume interactions
decrease the number of direct connections each particle can form. However, excluded volume
effects also increase the local density around the hard core particle, increasing the number formed
connections. Together, these phenomena cause the percolation threshold as function of the size of
the hard-core diameter to have a local minimum.
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3.1 Introduction

In this chapter, we describe the techniques we use to study the clustering behaviour of hard,
spherical particles by means of computer simulations. The goal is not to show findings novel to
the literature, but rather to describe comprehensively the simulation method we apply in Chapter
4. The first section of this chapter is devoted to molecular dynamics simulations. Specifically, we
discuss how to solve the Langevin equation in a many particle simulation. In the second section,
we explore how a set of particle trajectories from a molecular dynamics simulation can be used to
gather clustering information, and in particular we describe an efficient method of finding the
percolation threshold. In the last section, we discuss and conclude our results.

3.2 Molecular dynamics

In order to elucidate the time-resolved clustering behaviour of particles, we first need a way to
generate their trajectories. Monte Carlo simulations are cusomarily used to this end due to their
computational efficiency. However, it is difficult to apply them to out-of-equilibrium systems,
which we intend to investigate in Chapter 4. Therefore, we instead use molecular dynamics
simulations to find particle trajectories. In this section, we give a brief description of this method.
If a more comprehensive overview is required, several textbooks have been composed on the
subject, e.g., the monograph of Rapaport [45].

Very generally, molecular dynamics simulations involve the large-scale integration of New-
ton’s second law of motion. First, a specified number of particles N is given a position that
lies somewhere in three-dimensional space, and they are additionally assigned a random initial
velocity such that the temperature of the material corresponds to a prescribed value by the
equipartition theorem. For each particle, the force acting on that particle is calculated, and an
approximation is made regarding the change of its velocity and position over a small but non-zero
time step ∆t. This force might be due to some external influence, such as an electric field, or
it can be induced by the interaction with another particle. Subsequently, all particle positions
and velocities are now updated, and the forces are recalculated. This exercise is repeated until
the trajectories of the particles allow for a sufficiently strong statistical analysis. Typically, a
simulation consists of a total of 105 – 109 time steps.

3.2.1 Langevin dynamics

In practice, simulations are often course-grained to improve the efficiency and thereby the total
time the simulation takes to run. This implies that some or all of the internal detail and degrees
of freedom of simulated molecules or groups of molecules are discarded, retaining only much
simpler entities for the computer to deal with. For example, it is not unusual in such simulations
for a micron-sized colloidal particle to be treated as a point particle with no internal structure.
This point particle interacts with similar point particles by an effective pair potential that is
introduced such that it reproduces the behaviour of the original particles as accurately as possible.
The search for an effective pair potential that accurately represents the often complex interactions
of larger particles is highly non-trivial in many cases and often has to be based on an intricate
understanding of the many-body behaviour of type of particle in question [46].

In the study of colloidal suspensions, there is another highly effective method one can use
to simplify a molecular dynamics simulation. A colloidal suspension typically consists of large
solute particles that are dispersed in a solvent of much smaller particles. In most cases, the
equilibrium behaviour of the solvent is reasonably well understood and one is mostly interested
in the behaviour of the solute. To that end, solvent particles are often completely removed from
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the simulations, but have their effects taken into account implicitly [47]. The collisions of small
solvent particles with large solute particles are then modelled by a random force acting on the
solute particles. The equation of motion describing the evolution of the trajectory xi(t) of a large
solute particle under the influence of such an implicit solvent is called the Langevin equation,
which is given by

mi
d2xi
dt2

= −∇U(xi)− γ
dxi
dt

+
√

2kBTγFr(t) (3.1)

for i = 1, . . . , N . The Langevin equation states that for every particle, the product of its mass
mi and its acceleration is equal to the sum of three forces. The first force, which is expressed
in terms of a potential energy above, is due to the conserved interactions of this solute particle
with all other solute particles, in combination with all externally applied forces. The second force
describes the damping effect that the solvent particles exert. A particle moving at some velocity
through the solvent has to displace all the solvent particles in its way. This force is modelled as
the product of a constant damping parameter γ and the velocity of the particle. According to
Stokes’ law, the damping parameter is related to the size of the particles according to γ = 3πµσ,
where σ is the diameter of the particle, and µ is the dynamic viscosity of the medium. The third
and last force is a random force, which describes the way the small solvent particles collide with
a stationary solute particle as a random force Fr. This random force has a mean of zero and is
delta-correlated in time, implying that

〈Fr(t)〉 = 0 and 〈Fr(t1)Fr(t2)〉 = δ(t2 − t1), (3.2)

where δ(t) is the dirac-delta distribution and the angular brackets denote an ensemble average.
The prefactor of this random force in Eq. (3.1) can be derived from the Fluctuation Dissipation
Theorem [48]. The random force term is also responsible for maintaining the temperature of the
dispersion, and is, therefore, sometimes also called a Langevin thermostat.

3.2.2 Interactions

The interactions between particles in molecular (or Langevin) dynamics simulations can be very
complex. However, our goal is to model hard-core particles, which only prohibit any particle
overlap but do not undergo other interactions. In molecular dynamics simulations, it is impractical
to use ‘true’ hard-sphere potentials, since their corresponding forces are non-analytic1. Instead,
we use a potential that is related to the so-called Lennard-Jones potential. The Lennard-Jones
potential is given by

ULJ(r) = 4ε

((σ
r

)12

−
(σ
r

)6
)
. (3.3)

Here, ε is a parameter that controls the strength of the potential, and σ is the size of the particle.
This potential approximates the way in which very typical electroneutral atoms interact, and was
first used to predict the viscosity of Argon [50]. The first term models the hard repulsion between
particles ultimately due to the Pauli exclusion principle. The second term is the attraction caused
by Van der Waals forces, which model the combined electromagnetic attraction caused by London,
Debye, and Keesom forces [51].

To model hard-core particles, however, it is customary to ignore the attractive part of
the potential and only use the short-ranged repulsion. We accommodate this by adapting the

1To use a true hard-sphere potential in a molecular dynamics simulation, it is possible to model the hard-core
dynamics using so-called event-driven simulations [49]. This, however, is outside the scope of the present work.
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Lennard-Jones potential to what is often called the Weeks-Chandler-Andersen potential [52]

UWCA(r) =

{
4ε
((

σ
r

)12 −
(
σ
r

)6)
+ ε, r < 21/6σ

0, r ≥ 21/6σ.
(3.4)

The removal of the attractive tail of the Lennard-Jones potential causes particles to lose the
inclination to aggregate. This ensures that the particles remain homogeneously dispersed through-
out the simulation domain, which is essential, since the degree of homogeneity has been shown
to have a major influence on the percolation threshold [22, 53]. In the rest of this chapter, we
use the value of σ to refer to the size of the particles. Note that results calculated for ‘hard’
particles interacting through a Weeks-Chandler-Anderson potential with a particle size σ should
differ slightly with respect that calculated for particles of the same size interacting with a true
hard-sphere potential. We discuss this in more detail in Section 3.3.

3.2.3 Time integration

After having calculated the total force acting on a particle, we need to translate this to an
approximation of the displacement of that particle in a finite time period ∆t. To do this, we
could resort to simple Taylor polynomials,

x(t+ ∆t) = x(t) + v(t)∆t+ a(t)
∆t2

2
+ . . . , (3.5)

v(t+ ∆t) = v(t) + a(t)∆t+ . . . (3.6)

a(t) =
1

m
F(t) (3.7)

where we define F(t) as the total force on a particle, and its velocity v(t) and acceleration
a(t) as the first and second time derivatives of the particle trajectory. Neglecting all higher order
terms provides us with a direct way to calculate the displacement of all particles given the force
acting upon them. Unfortunately, this method is notoriously unstable and requires the time step
∆t to be chosen impractically small to prevent non-physical explosions [45]. In this work, we
use a different time integration scheme, called the Velocity Verlet scheme, which is both more
accurate and less prone to instabilities [54].

The Velocity Verlet scheme is very similar to the naive scheme outlined above, but uses
a better approximation for the velocity. This results from the fact that this algorithm is one
order more accurate than the more simple Taylor method above2. At any time step, the scheme
consists of performing the following steps in succession: [55]

1. Calculate the new positions using x(t+ ∆t) = x(t) + v(t)∆t+ a(t)∆t2

2 ;
2. Using the new position vectors, calculate the new forces on all particles using the pair

potentials;
3. Calculate the new acceleration using the force derived from the new particle positions

a(t+ ∆t) = 1
mF(t+ ∆t);

4. Calculate the new velocity using the average of the new and the old acceleration v(t+∆t) =
v(t) + ∆t(a(t) + a(t+ ∆t)/2.
The properties of this scheme cause it to be very well suited for molecular dynamics

simulations, and it has been adopted as one of the most commonly used integration schemes
[55].

2The order of an integration scheme describes the scaling of the discretisation error. A second order scheme is
a scheme for which the local discretisation error scales with ∆t2.
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3.2.4 Boundary conditions

All macroscopic systems—whether they are breaths of air or bars of metal—consist of too many
particles to simulate explicitly using modern computers. For example, a typical breath of air
contains roughly 1020 molecules, whereas the largest molecular dynamics simulation performed to
date included ‘only’ 109 particles, and needed to run on 130,000 processors to reach a performance
of 1 ns per day [56]. In order to gain any information about bulk properties of materials, it is
therefore necessary to introduce periodic boundary conditions. This means that we simulate
particles in a finite simulation box, and imagine that this box tiles all of space. Every particle in
our simulation box also exists in all other boxes as a periodic image. An illustration of this idea
is given in Fig. 3.1.

Figure 3.1: Two-dimensional illustration of periodic boundary conditions. The central simulation
box envelops three particles. One of which is about to leave the box on the right, as its image
enters on the left.

In principle, every particle should feel the presence of all images of all other particles and
all images of itself. However, by convention, we only calculate the interaction between a particle
and the nearest image of another particle, such that the maximal number of interactions to be
calculated is equal to N(N − 1)/2. This convention has the requirement that the box size is
much bigger than the range of the interaction. For especially long-ranged interactions such as
Coulombic forces, more elaborate methods have been constructed [57]. A second consequence of
the finite size of the simulation box is that no correlations can be obtained over a length scale
longer than halve of the box size. Therefore, in a simulation of a physical phenomenon that
has long range spatial correlations, care must be taken to make the simulation box sufficiently
large.

In this chapter, we conduct several Langevin dynamics simulations using the LAMMPS
software package that implements the methods we have outlined above [58]. We conduct the
simulations in Lennard-Jones units, meaning that the mass m, Boltzmann constant kB , particle
size σ and interaction strength unit ε are set to unity. Unless otherwise specified, we set the
temperature to T = ε/kB, the damping constant to γ = 10, and the time step to ∆t = 10−3τ ,
where τ =

√
mσ2/ε is the unit of time. To obtain SI values of the parameters listed above, a

choice has to be made for the mass, size and interaction strength of the simulation. For example,
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if we set the particle size to equal one nanometer, the mass to m = 104 g/mol and the interaction
strength such that T = 300 K, we find by Stokes’ law that the dynamic viscosity of the solvent
is somewhat lower than that of water. We stress that this choice is not unique, and that our
simulations are equally valid for any other choice of units, as long as the other parameters are
re-interpreted accordingly.

We initialise the simulation by placing every particle on a lattice and equilibrate the
simulation for at least 100τ . After this initial equilibration time we save the particle positions
every time unit τ for a total simulation time of 104τ . We use these particle trajectories in order
to calculate the cluster sizes.

3.2.5 Shear simulations

In Chapter 4, we perform simulations of dispersions of particles in simple shear flow. This means
that we assume that the colloidal particles are not dispersed in a solvent at rest, but in a solvent
with a positionally dependent velocity vx = γ̇y, where γ̇ is the shear rate. To effectively simulate
this with an implicit solvent, we need to implement two changes. Firstly, whenever a particle
passes one of the periodic boundaries in the y-direction, we need to remap its velocity in the
x-direction to match its new location. For example, if a particle leaves the positive y-boundary,
its image entering the simulation through the negative y-boundary has its x-velocity changed by
−γ̇Ly, where Ly is the box dimension in the y-direction. Such boundary conditions are called
Lees-Edwards boundary conditions [59].

The second aspect we need to change is the thermostat. To ensure that we are simulating
particles at a given temperature T , we need to take into account that the background shear
velocity should not contribute to the calculation of the global temperature. Therefore, one needs
to use the velocity of the particles relative to the local background velocity in the temperature
calculation. This choice effectively means that we simulate the particles in local equilibrium with
respect to the moving background fluid.

Having implemented these adaptations, our simulations show a linear velocity profile as
intended. To be quantitative and be able to compare with other work, two dimensionless numbers
are often introduced. The first is called the Peclet number Pe = γ̇σ2/4D0, and is used to quantify
the strength of the shear flow, relative to the diffusion. In its definition, D0 = kBT/γ is the single
particle diffusion constant, which can also be determined by calculating the slope of the mean
squared displacement of isolated particles

〈
(x(t)− x(0))2

〉
= 6D0t in the absence of a flow field.

The second number is the particle Reynolds number Rep = ρsγ̇σ
2/4η = 3πρsγ̇σ

3/4γ, where ρs
is the density of the solvent. The particle Reynolds number quantifies the relative effect of the
flow and the inertia on the motion of the particle. Using the example parameters of above, and
assuming that the solvent is water, these dimensionless numbers are given by Pe = 2.5γ̇ and
Rep ≈ 10−2γ̇, where γ̇ is given in units of τ−1. The fact that the particle Reynolds number is
low indicates that the role of inertia is small. Indeed, in much of the analysis on sheared colloidal
dispersions, the particle Reynolds number is assumed to vanish. This places us in the Stokes flow
regime, where the governing equations for the particle motion are linear [60]. Throughout the
remainder of this document, we make the same assumption.

3.3 Cluster analysis

In this section, we describe the methods that we apply in order to analyse particle clustering.
Throughout this document, we approach connectivity and percolation purely geometrically, i.e.,
we introduce some distance criterion λ to be satisfied in order to consider particles connected,
as described in Chapter 2. Since this does not introduce any new interactions or bonds, we can
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simply use the full molecular dynamics trajectories without any alterations, and extract the
clustering behaviour. We use the same connectivity criterion as described in Chapter 2: if the
distance between the centres of mass of two particles is smaller than the connectivity length λ,
we consider the particles to be directly connected. Two particles can be indirectly connected
through direct connections with other particles, in which way larger clusters are created.

To calculate what particles should be grouped into clusters, we perform a full hierarchical
clustering procedure to find the linkage matrix for a given set of particle positions, using the
algorithm presented in Ref. [61]. The rows of the linkage matrix in essence describe the order
in which clusters are merged as the connectivity length λ increases. Each row of the matrix
includes the labels of the particles that are merged, and the distance between the clusters that are
merged. For example, the first row always indicates that the pair of particles with the smallest
mutual distance is merged into a cluster of two particles. The last row describes the merger of
two clusters into a single cluster that encompasses all particles in the simulation box.

Using this linkage matrix, it is relatively easy to find how the particles should be divided
into clusters for a specific value of λ. To do this, we iterate over the rows of the matrix, clustering
particles as prescribed, until we reach a merger with a cluster distance larger than our value of
λ.

3.3.1 Mean cluster size

Having defined the way in which we cluster particles, it is now possible to measure how the
average cluster size behaves as we change the density and hard-core diameter of the particles. In
Fig. 3.2a, we logarithmically plot the average cluster size for varying connectivity volume fraction,
that we define as ϕλ = πρλ3/6 for two system sizes. In the figure, we also make a distinction
between the number average cluster size

∑
k knk/

∑
k nk = N/

∑
k nk, and the weight average

cluster size
∑
k k

2nk/N , where nk is the number of clusters of k particles. As is to be expected,
for very low connectivity volume fractions, both mean cluster sizes are unity, since no particles
are connected. As the connectivity volume fraction increases, the mean cluster size also increases,
until it saturates when all particles are connected. The mean cluster size in that case is equal to
the total number of particles in the simulation, which is a finite-size effect.

In the intermediate regime, the number average cluster size and the weight average cluster
size show qualitatively different behaviour. The number average cluster size seems to increase
exponentially with the connectivity volume fraction, visible from the linear behaviour in the figure.
The weight averaged cluster size, however, seems to diverge at a fixed connectivity length. Of
course, since our system is finite, a real divergence is impossible giving rise to a quick saturation
of the cluster size. The location of this divergence of the weight averaged cluster size can be
identified as the percolation threshold, as we stated in Section 2.2. We can clarify this by plotting
the same figure for non-interacting particles, in which case the percolation threshold is established
to six decimal places to be πρλ3/6 = 0.341889(3) [62]. This value roughly coincides with the
inflection point of the weight average cluster sizes in Fig. 3.2b.

If we compare Fig. 3.2a with Fig. 3.2b, we can clearly see the effect that the hard core
repulsion has on the mean cluster size. This effect is twofold. Firstly, the repulsion in the
case of interacting particles prevents particles from being connected as long as the connectivity
length is smaller than the particle diameter. This means that the mean cluster size only starts
significantly increasing as the connectivity volume fraction is larger than the hard core volume
fraction πρσ3/6 ≈ 0.37. Secondly, the excluded volume effect of the hard cores also decreases the
variance in the nearest neighbour distances between particles. This implies that the connectivity
length at which all particles are connected in a single cluster is much lower. This is clearly visible
in the figures through the fact that the number average cluster size saturates at much lower
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Figure 3.2: The weight- and number-averaged cluster size for hard (a) and penetrable (b) spheres
as a function of the connectivity volume fraction πρλ3/6 at number density ρσ3 = 0.7. In figure
(b), we indicate the literature value of the percolation threshold, which coincides with the location at
which the weight averaged cluster size grows most rapidly. Both the number- and weight-averaged
cluster size are shown for two different system sizes of N = 103 and N = 104 particles. This
system size determines to what value the mean cluster sizes saturate.

connectivity length for interacting particles than it does for non-interacting particles.
It is possible to obtain the percolation threshold by the analysis of how the weight averaged

cluster size behaves as the connectivity length increases, at constant density. However, a more
accurate and direct method has been developed in literature, which relies on finding the probability
that a percolating cluster appears in a simulation, and investigating how this probability scales
with system size. In the next section, we analyse and apply this method to find how the percolation
threshold behaves as the ratio σ/λ changes.

3.3.2 Percolation threshold

In the thermodynamic limit, the percolation threshold is well-defined. That is, there exists a
volume fraction above which a percolating network always forms, and below which it never forms.
A percolating network can be understood as a network that spans the entire material, or in
other words, a network that creates a path from one side of the material to the other. In a
finite simulation, unfortunately, there are two difficulties that are not present in ‘infinitely’3 large
materials. Firstly, the definition of a percolating network is ambiguous. Should this imply that
the network touches opposite ends of the simulation box, or that it connects to its image through
the periodic boundaries to form an effectively infinite network? Secondly, in finite systems, the
percolation threshold does not exist, i.e., there is a nonzero probability that a dispersion of
particles well below the percolation threshold happens to span the entire simulation box. This

3By infinite, we mean that it satisfies the thermodynamic limit. For all our intents and purposes, any macroscopic
material is infinite.
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means that we need a way to extract the percolation threshold from finite simulations, while it is
by definition a process that happens on infinite scales. In short, the first problem is how to define
a percolating cluster in a finite system, and the second is how to define the percolation threshold.
We deal with the former first and revisit the latter later in this section.

The question of how to define a percolating cluster in finite simulations has been answered
in different ways in the literature [63]. The most common approach is to define a percolating
cluster to be either a spanning cluster or a wrapping cluster. A spanning cluster is a cluster
that constitutes a continuous path from any boundary of the simulation box to the opposite
boundary. It does thereby span the simulation box, but it does not necessarily span the periodic
continuation of the simulation box. A wrapping cluster is a cluster that is connected through the
periodic boundaries to an image of itself, thereby spanning the continuation of the simulation box,
but not necessarily the simulation box itself. In some works, a percolating network is required to
span both the simulation box and its periodic continuation. In this work, we call such clusters
bridging. To clarify this, we graphically illustrate our three different definitions of a percolating
cluster in Fig. 3.3. In Fig. 3.3a, we show an example of a spanning cluster. Additionally, we
show a bridging and a non-bridging wrapping cluster in Figs. 3.3b and 3.3c. We stress that all
bridging clusters also belong to the set of all spanning and wrapping clusters.

(a) (b) (c)

Figure 3.3: Three different definitions for percolating clusters, illustrated in two dimensions:
(a) A spanning cluster that connects the boundaries of the simulation box, but does not span the
periodic continuation of the simulation box; (b) A bridging cluster which spans both the simulation
box and its periodic continuation; (c) A wrapping, but not bridging cluster that spans the entire
material but not the simulation box.

Each of the three definitions has been used in the literature of simulations of the percolation
threshold. For example, Refs. [64–66] use spanning clusters in their analysis, Refs. [53, 67] use
wrapping clusters, and [68] use bridging clusters. The difference between the latter two definitions
is subtle and not often made explicit, but as we show later in this chapter, if all wrapping clusters
are included, a significantly more accurate prediction for the percolation threshold is obtained at
a given simulation size at the cost of being slightly more computationally expensive.

One should also choose whether to require a percolating cluster to percolate in at least any
one or two directions [63], or in precisely one, two or three directions [69]. For simplicity, we
choose to require that a percolating network percolates in at least any one of the three directions.
We note that all of the above definitions converge to the same percolation threshold as the
simulation size increases. The speed of this convergence, however, may vary.

We now address the second problem we posed earlier this section. In order to define the
percolation threshold in a finite system, such that it is independent of the simulation size and
that it corresponds to the percolation threshold of an infinitely large material, we calculate the
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percolation probability Pp(λ) as a function of the connectivity volume fraction λ. This probability
corresponds to the fraction of particle configurations that include a percolating cluster if the
connectivity length is set to a value of λ. In the thermodynamic limit, this probability is zero below
the percolation threshold and one above. However, in finite simulations, it is a monotonically
increasing function that becomes steeper as the number of particles increases.

We calculate this probability in a method similar to that presented by Nigro et al. [70]. Given
the set of particle positions at ti, we calculate the critical value λc,i for the connectivity length that
first produces a percolating cluster. This critical value indicates that in that particle configuration
a percolating network is produced for all λ ≥ λc, since increasing the connectivity length can
never disconnect any particles. Therefore, we can use the set of these critical connectivity lengths
to find the percolation probability Pp(λ). The resulting approximation is

Pp(λ) ≈ 1

Nt

Nt∑
i=1

ϑ(λ− λc,i), (3.8)

where ϑ(x) is the Heaviside step function and Nt is the number of particle configurations
sampled.

The procedure described above is different from the more common discrete sampling
of Pp(λ), where the probability function is estimated at several predefined values of λ by
generating and averaging over a large number of independent configurations for each λ. We
believe that the advantages of the method we use over this discrete sampling method are that each
particle configuration contributes information for all λ, reducing the total number of independent
configurations necessary to get similarly strong statistics. Additionally, this method ensures that
the percolation probability Pp(λ) is monotonically increasing by construction, further decreasing
the statistical noise in the final probability function. Lastly, it eliminates all interpolation errors
that are introduced when the value of the percolation probability is needed at some specified value
of the connectivity length λ that was not part of the set of values on which it was sampled.

To find the critical value of the connectivity length λc,i in a sample, we perform a full
hierarchical clustering procedure to find the linkage matrix for a given set of particle positions
without taking the boundary conditions into account. As explained earlier, this linkage matrix
quantifies in which order the particles should be clusters with increasing λ. After this linkage
matrix is calculated, it is not difficult to determine to which cluster each particle belongs for
a specific connectivity length λ. This information can be used to determine whether or not a
spanning, wrapping or bridging cluster has formed. The algorithm for detecting spanning and
bridging clusters from here is trivial.

To find all the wrapping clusters, we construct a cluster graph in which each vertex is a
cluster and each edge indicates a connection from one cluster to another through one of the
periodic boundary conditions4. We also include information about through which boundary the
connections are made. In order to find a continuous path from one cluster to an image of itself,
we use a breadth-first search algorithm on the cluster graph [71]. This procedure is visualised by
the schematic in Fig. 3.4. If such a path is found for any cluster, we know that a percolating
cluster exists and what particles it comprises. With a simple binary (bisection) search, we can
now determine the smallest λ for which a percolating cluster is formed, which we call λc,i. The
set of λc,i for all i lets us determine the percolation probability with Eq. (3.8). We note that in
three dimensions, the continuous wrapping paths from a cluster to one of its images can become
quite complex.

Once the percolation probability function is obtained, there are several methods available

4In the language of graph theory, a vertex is a circle, and an edge is a connection between circles.
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Figure 3.4: Schematic of the procedure by which we determine the existence of a wrapping
cluster. Given a set of particle positions, we first naively divide them into clusters without taking
the boundary conditions into account. Next, we construct a graph containing information about
what cluster is connected to what other cluster through the periodic boundaries. For example, an
arrow from 1 to 2 labelled with a ∓x indicates that 1 is connected to 2 through the −x-boundary,
and 2 to 1 through the +x-boundary. We perform a breadth-first search on this graph to find a
continuous path from any cluster to an image of itself. The final wrapping cluster in the cartoon
consists of the clusters labelled 1, 2, and 3, including all their images.

by which the percolation threshold can be extracted. In the thermodynamic limit, we know that
the percolation probability vanishes below the percolation threshold, and is equal to unity above
it. This allows us to find the percolation threshold with relative ease in a multitude of ways. For
example, one can find the connectivity volume fraction where the percolation probability equals
some specified value, say Pp(λ) = 0.5, for multiple simulation sizes at constant number density and
extrapolate this location to 1/N → 0, where N is the number of particles in the simulation box
[68]. There are many more methods for achieving the same results, some of which have the benefit
of determining the relevant critical exponents en passant [66]. A relatively simple method, which
we employ in this work, is to find the intersection between two percolation probability curves at
different system sizes [63]. If the simulation contains sufficiently many particles, this intersection
point accurately approximates the percolation threshold. In Fig. 3.5, we show the percolation
probabilities obtained for spanning, wrapping and bridging clusters for different cluster sizes for
non-interacting particles. Each curve is determined from the trajectories from one molecular
dynamics simulation, from which in every time span of τ one particle configuration is used up to
a total of Nt = 104 configurations. In Fig 3.5, we also indicate percolation threshold.

We find that the intersections of the probability curves for all three methods converge to
the same percolation threshold. However, the wrapping method converges significantly faster and
for smaller system sizes than the other two methods do, corroborating the earlier findings of Ref.
[63]. Another interesting feature in Fig. 3.5 is the considerable difference between the curves
pertaining to the curves of wrapping and bridging clusters. At the percolation threshold, the
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Figure 3.5: Percolation probability curves Pp as a function of the connectivity volume fraction
πρλ3/6 for the three different definitions of percolating clusters of non-interacting particles:
spanning clusters, wrapping clusters and bridging clusters. Each set of probability curves is plotted
for four different system sizes N . The dashed black line indicates the known percolation threshold
[62], and the insets show where the curves for the different definitions intersect each other.

fractions of wrapping clusters that bridge is smaller than 50%, independent of the simulation
size. This means that at the threshold, most clusters are not connected to any of their six nearest
images, but to ones located in further away cells.

In the rest of this work, we use the intersection between the probability curves of simulations
of N = 500 and N = 4000 with the wrapping cluster criterion to determine the percolation
threshold, with a total of Nt = 104 configurations. For non-interacting particles, this yields a
percolation threshold of πρλ3/6 = 0.34187, which deviates less than 0.01% from the literature
value [62].

Having fully established the methods by which we can determine the percolation threshold,
we can evaluate the effect that hard-core interactions exert on it. To do this, we conduct molecular
dynamics simulations for different values of the Lennard-Jones particle size σ at constant number
density. In Fig. 3.6a, we plot the resulting percolation threshold as a function of σ/λ. We see
that for small to intermediate σ, the percolation threshold decreases, whereas for high σ, the
trend reverses and the percolation threshold increases with an increase in particle size.
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Figure 3.6: (a) The dimensionless percolation threshold πρλ3/6 as a function of the ratio of
the particle size σ and the connectivity length λ, as determined by the procedure described in the
main text. Also plotted are the results of the equilibrated hard-sphere (diameter σ) Monte Carlo
simulations due to Miller [72]. In (b) we present the pair distance distribution (∝ r2g(r)) at
connectivity volume fraction ρπλ3/6 = 0.3 for varying σ/λ ratios. The area under these curves is
proportional to the coordination number, i.e., the average number of direct connections that each
particle has.

This behaviour can be explained as the result of the interplay between two physical
phenomena. These phenomena can be seen more clearly in Fig. 3.6b, where the pair distance
distribution, which is proportional to r2g(r), is plotted at the percolation threshold for three
different values of the ratio σ/λ as a function of the particle distance. We show only small
distances 0 ≤ r ≤ λ, where the pair of particles form direct connections. If σ/λ = 0, the pair
distance distribution scales quadratically with r, since g(r) = 1 in that case. For 0 < σ/λ0 < 1,
the excluded volume interactions prohibit particles from being very close together, which decreases
the number of direct connections each particle has. This phenomenon causes the percolation
threshold to increase as σ/λ increases, and causes the very steep rise for high σ/λ, since the
volume in which particles can be directly connected becomes very small. For intermediate values
of σ/λ, this effect is subdominant to a second phenomenon, which causes the local minimum in
the percolation threshold seen in Fig. 3.6a.

Since an increase of the hard excluded volume increases the particle crowding, the local
density around a particle’s hard core increases. This in turn increases the number of direct
connections each particle has. The connections that this phenomenon adds are more important for
long-range connectivity than the connections that the hard particle excludes, because they bridge
larger distances. This the reason why the percolation threshold can be decreased by excluded
volume interactions.

In Fig. 3.6a, we also plot the results of equilibrated Monte Carlo simulations of percolation
of hard spheres due to Ref. [72]. We see that for small σ/λ, the deviations with our data are
negligible and can be attributed to statistical noise on either side. For larger values of σ/λ,
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we can see the effect of the different interaction potentials, implicating that a Weeks-Chandler-
Andersen potential slightly increases the percolation threshold compared to a true hard-sphere
potential.

3.4 Discussion and conclusion

In this chapter, we have described a simulational method and analysis framework to find the
percolation threshold in dispersions of spherical interacting particles. We find that our method
gives results consistent to very high accuracy with known literature values. The influence of hard
core interactions between the particles either decreases or increases the percolation threshold
depending on the size of the particle relative to the connectivity length. This nonlinearity is
explained as the combined effect of two phenomena. On the one hand, the excluded volume
interactions decrease the number of direct connections each particle makes by decreasing the
volume in which particles can be connected. On the other, the expulsion of particles by the
excluded-volume effects causes a local increase in the microscopic density around the particles,
which aids long-range connectivity. Concluding, we believe that a comparison between previous
literature data and results generated by the method described in this chapter provide sufficient
confidence that we can apply the method to finding the percolation threshold in sheared suspensions
too. Therefore, we apply the method described above to percolation of this non-equilibrium
system to test the accuracy of the theoretical work presented in Chapter 4.

Currently, a method of analytically predicting the percolation threshold of (hard) spheres
with quantitative precision remains elusive [73]. In contrast to the case of rodlike particles,
described in Chapter 5, closures for connectedness Ornstein-Zernike equation fail to quantitatively
predict the percolation threshold, despite being highly accurate for predicting the structure
of hard-sphere fluids [44]. Other methods, such as the one we extensively use in Chapter 4,
often rely either on fitting procedures or other heuristic arguments. In the interest of aiding
the development of new analytical tools with more predictive power, we provide spatial and
temporospatial pair connectedness, blocking and correlation functions slightly above and below
the percolation threshold for various values of the hard sphere volume fraction, in Appendix
E.
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Chapter 4

Percolation of spherical colloids in
shear flow

Summary

In this chapter, we present a model that is designed to predict the percolation threshold in
an out-of-equilibrium dispersion of spherical particles subject to simple shear flow. The model
combines the heuristic percolation criterion of Alon et al. with a theoretical description of the
shear-induced distortion of the structure by Blawzdziewicz et al. for dilute suspensions without
hydrodynamic interactions [74, 75]. To test the accuracy of the model and its ingredients, we
compare with simulation results. We find that shear flow can both slightly increase and decrease
the percolation threshold, depending on the connectivity length. We conjecture that the decrease
is due to the emergence of shear-induced linear contact clusters. This conjecture is supported by
our simulation finding that shear flow elongates clusters.
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4.1 Introduction

If a polymer composite host is enriched with nanofiller particles, the degree of homogeneity of the
dispersion of the nanoparticles is of great influence to the resulting enhancement of the properties
of the polymer composite [76]. Hence, great care is taken in the manufacturing process to disperse
the nanofillers evenly. Often this is done by techniques such as sonication, manual mixing or
shear mixing, followed by casting and curing the composite [77]. These methods can successfully
help dispersing the particles and preventing aggregation of the nanofillers. However, because the
curing is done relatively quickly after the mixing—to prevent aggregations—the structure of the
nanofillers is essentially frozen in, preventing them to reach their thermodynamic equilibrium
configurations.

This means that if the goal is to model the percolation threshold in such polymer composites,
the use of equilibrium liquid state theory as described in Chapter 2, is fundamentally flawed since
the particles cannot be assumed to behave as if they would in equilibrium. To circumvent this
issue, a quantitative, out-of-equilibrium percolation theory is needed. Unfortunately, no such
theory is known to the authors. An alternative is to take a more heuristic approach, such as we
do in this chapter. We use a simple geometric criterion for the percolation threshold that was
developed to be able to predict the percolation threshold for particles of any shape from their pair
correlation function1 [74]. We combine this with a Smoluchowski equation for the pair correlation
function of particles in shear flow. Together, these two ingredients provide us with a relatively
simple way to qualitatively predict the percolation threshold in sheared dispersions.

In this work, we restrict ourselves to dispersions of spherical particles. In principle, a model
such as this could be constructed for anisometric particles as well. However, the complicated
dynamics of such particles induced by a shear flow in combination with their phase transition
behaviour would render such a model either much more complicated or much less predictive.
Even spherical particles exhibit nontrivial properties induced by shear flow. For example, an
applied shear flow is known to either increase or decrease the viscosity of the medium significantly
depending on the strength of the flow field, phenomena which are known as shear thinning and
thickening [60]. Additionally, sheared particles have been reported to aggregate hydrodynamically
in chain-like structures at low to moderate volume fractions [78, 79], and have been predicted to
exhibit long-range order near walls [80]. Moreover, a shear strain can hysteretically deform the
crystalline structure of densely packed spherical particles into a so-called sliding layer structures,
or can break it completely in case of sufficiently strong flow fields [81].

In equilibrium, hard-core particles have infinitely brief collisions. In sheared dispersions of
which the particles are sufficiently large that the shear flow dominates the diffusive mobility of
the particles, however, two hard-core repulsive particles may hydrodynamically stick to each other
for finite contact times. On the basis of this insight, de Gennes conjectures that infinite clusters
appear at some critical volume fraction, where such clusters comprise an infinite number of
physically touching particles [82]. This is in close analogy with the cherry-pit percolation problem
where the particles need not touch to be considered connected. Because of the sheared origin of
these ‘contact clusters’, de Gennes argues that such clusters must have a very transient nature,
meaning that connections between particles are formed and broken in accordance with some
average contact time. These conjectures has recently been provided with evidence by simulations,
which find the emergence of simulation spanning contact clusters at volume fractions around
ϕ = 0.3−0.4, depending on the simulation size [83]. Additionally, the simulations indicate that the
clusters are roughly linear, extremely transient and that they conform reasonably well to standard
isotropic percolation theory. Two-dimensional simulations of similar sheared dispersions also
show that such clusters have a highly transient nature, indicated by their stretching, compressing,

1which will turn out to be accurate as long as the particles are not very ‘pointy’.
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and rotating behaviour, the latter leading to the transport of particles in the gradient direction
perpendicular to the flow field [84].

Many theories have been proposed to describe the structure of particles in a flow field
analytically. The starting point of which is often the Smoluchowski equation that describes
the dynamics of the many-body particle distribution function [85, 86]. The N -body equation is
averaged over N − 2 degrees of freedom to yield an equation for the 2-body distribution, which
is closely related to the pair correlation function. In its general form, this equation exactly
reproduces the dynamics of the many-body distribution function at the Brownian timescale,
taking into account all many-body colloidal and hydrodynamic interactions. It is, however,
still of little practical use since it explicitly contains the unknown 3-body distribution function,
for which an equation can be constructed similarly by averaging over the N − 3 degrees of
freedom. This equation then contains a 4-body distribution, and so on, creating a hierarchy of
coupled integro-differential equations. In practise, one often approximates the 3-body interactions
either by factorising them into 2-body interactions [87–89] or related approximations [90–93],
or by neglecting them altogether [75, 94–96]. A similar choice must be made for hydrodynamic
interactions: they are either disregarded [75, 89, 93], approximated by some heuristically known
parametrisation [94], or taken into full account at the two-body level [91, 97].

In this chapter, we follow the work of Blawzdziewicz and Szamel who disregard all hydro-
dynamic and three-body interactions to produce an equation for the pair correlation function of
hard spheres in a simple shear flow that can be solved analytically with relative ease [75]. The
resulting radial distribution function is believed to become exact in the dilute limit, and has been
shown to reproduce the known shear-thinning behaviour of hard spheres qualitatively, and shows
the same kind of boundary-layer behaviour as theories based on more complete Smoluchowski
equations [95].

This chapter is structured as follows. Firstly, we outline the heuristic percolation criterion
of Alon, Balberg and Drory [74] that predicts the percolation threshold based only on the
pair correlation function. Secondly, we give an overview of the Smoluchowski based theory of
Blawzdziewicz and Szamel and its predictions for the pair correlation function of sheared particles.
Thirdly, we combine the two theories into a single framework that predicts the percolation
threshold in a sheared suspension. Throughout this chapter, we make comparisons with molecular
dynamics simulation results to establish the validity of the made assumptions and to assess how
they can be improved.

4.2 A heuristic percolation criterion

In this section, we describe the percolation criterion developed by Alon et al. [74], developed to
predict the percolation threshold for anisometric particles based only on geometric structural
input. In the presence of non-equilibrium flow fields, its geometric and heuristic nature is an
advantage, since it is not rooted in equilibrium statistical mechanics. The model has been shown
to give accurate results for permeable spheres, cubes, circles and squares, and does not lose its
predictive power when polydispersity or attractive particle interactions are introduced [67].

We present the criterion specifically for monodisperse hard spheres. For a presentation
applicable to particles that are anisometric, polydisperse in size or shape, or interact with different
interparticle potentials, we refer to Refs. [67, 74]. We consider a dispersion of N spherical particles
with diameter D that are impenetrable, i.e., we assign an infinite energy to a configuration where
any pair of particles overlap and zero energy otherwise. We disperse them homogeneously in a
volume V , such that the macroscopic number density is ρ = N/V . The structure encoded in the
pair correlation function g(r) can be calculated accurately with the Ornstein-Zernike relation
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in conjunction with the Percus-Yevick closure as described in Chapter 2. If the centre-to-centre
distance of a pair of particles is smaller than the connectivity length λ, we call them directly
connected.

Alon, Balberg and Drory postulate that the percolation threshold must be determined by
two length scales. The first, l, is the average distance between directly connected particles (that is,
particles with a mutual distance < λ). The second, L2, is given by the average distance between
particles that both have two or more direct connections. Such particles are seen as the backbones
of a percolating cluster, since only by particles with two or more connections, connectivity can be
propagated. All such particles have a mantle of directly connected neighbours around them that
are on average a distance l away from each other. Alon et al. state that a percolating cluster
exists if the mantles of such particles overlap. In other words, percolation threshold is determined
by the condition L2 = 2l, which is visualised in Fig. 4.1.

Figure 4.1: Percolation is postulated to occur when the average nearest distance L2 between a
pair of particles with two or more connections is smaller than twice the average distance between
directly connected particles, i.e., particles whose mutual distance is smaller that the connectivity
length λ.

To find the percolation threshold, we only need to calculate both the length scales and find
at what density they are equal. We start by calculating the weighted distance l between two
directly connected particles. Since the probability of finding a particle in a volume d3r at position
r relative to a test particle is equal to ρg(r)d3r, we surmise that the mean squared distance
reads

l2 =

∫
Vλ

d3rg(r)r2∫
Vλ

d3rg(r)
. (4.1)

Here, we integrate over a so-called connectivity volume Vλ being the volume around a particle in
which the centre of another particle can travel while remaining directly connected to the first.

In our case of spherical connectivity volumes, we simply have
∫
Vλ

d3r = 4π
∫ λ

0
dr r2. For the

averaging, we use the second moment of the pair correlation function g(|r|) over the volume Vλ,
instead of the first because it gives slightly better results, according to Alon and coworkers. It
essentially gives the regions in the connectivity shell that are farther away a larger weight.

The second length scale L2 is defined as the average closest distance between particles
that each have two or more connections. To approximate this length scale, we assume that
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the probability that a randomly chosen particle has k direct connections obeys the Poisson
distribution Pk = Bk exp(−B)/k!, where B is the average number of connections per particle.
This assumption turns out to be exact if the particles are ideal [98, 99], and from our simulations
we find it to be accurate for non-ideal particles too, see Fig. 4.2a. The effective density of particles
that have at least two neighbours is now easily calculated

ρ2 = ρ(1− P0 − P1) (4.2)

= ρ (1− (1 +B) exp(−B)) . (4.3)

The average volume per particle that has two or more neighbours is 1/ρ2. Assuming that
this volume is spherical, Alon et al. find the average distance between particles with at least two
neighbours to be L2 = 2(4πρ2/3)−1/3. The average number of neighbours B in the expression of
ρ2 can be evaluated from

B = ρ

∫
Vλ

d3rg(r) = 4πρ

∫ λ

D

dr2g(r). (4.4)

The condition 2l = L2 is now an equation that depends only on the pair correlation function
g(r) and the number density ρ. In equilibrium, the pair correlation function can be calculated
from liquid state theory as described in Chapter 2.

The logical path forward is therefore to combine the condition with the Ornstein-Zernike
relation and the Percus-Yevick closure. Using Brent’s root finding algorithm [100], we numerically
solve this nonlinear set of equations to obtain the percolation threshold as function of D/λ. The
result is presented in Fig. 4.2b, where we also plot our simulation results and the solution of
the connectedness Ornstein-Zernike relation closed with the Percus-Yevick approximation. It is
clear that this simple criterion outperforms this closure and is quantitative up to a few per cent.

With this simple percolation criterion, we can investigate the influence of a flow field on
the percolation threshold with only the radial distribution function as input. Unfortunately,
calculating this function for an arbitrary flow field is not straightforward. Therefore, we dedicate
the next section to the method we use to obtain it in simple shear.
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Figure 4.2: (a) Distribution of direct connections at the percolation threshold at several dens-
ities determined with our molecular dynamics simulations of hard spheres. The lines are the
corresponding Poisson distributions. The figure shows that even at high densities, the number
of connections are approximately Poisson distributed. (b) Percolation threshold as function of
the hard-core diameter D scaled by the connectivity length λ of the particles. The line shows
the prediction of the method of Alon et al., and the dots are Monte Carlo results due to Mark
Miller. The predictions from liquid state theory with the Percus-Yevick closure from Chapter 2
are indicated by the diamonds.

4.3 Pair correlation function

In this section, we focus on finding the pair correlation function of a colloidal dispersion of hard,
spherical particles in a flow field. To simplify our analysis, we only consider simple shear flow,
which we define by imposing the macroscopic velocity field V = γ̇yx̂, where γ̇ is the shear rate.
To simplify comparisons with our simulations and other works, we introduce a dimensionless
parameter that quantifies to what degree particle transport occurs through the background
velocity field relative to thermal particle diffusion. We identify this parameter as a Peclet number
and define it as Pe = γ̇D2/4D0. Here, D is the hard-core diameter of the particles as before, and
D0 is the self-diffusion constant, which by Stokes’ law can be related to the solvent viscosity as
we eluded to in Chapter 3. We have chosen to include a factor of 4 in the definition of the Peclet
number because it is usually defined in terms of the hard-core radius of particles instead of the
diameter.

We derive an approximation for the pair correlation function g(r,Pe) for a sheared dispersion
from the many-body Smoluchowski equation. This equation describes the time-dependent N -body
probability density function PN (r1, . . . , rN , t) of interacting particles on Brownian time scales,
and it can be derived from the Langevin equation (3.1) in the limit that the particles’ inertia is
subdominant to the viscous damping [101]. This limit is reached at timescales where the diffusive
mean squared displacement of the particles is much larger than their inertial displacement, i.e.,
if t � 2mD0/kBT . Here we have defined m as the particle mass and kBT as the thermal
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energy.
If we neglect all hydrodynamic interactions between the particles, we can write down this

many-body Smoluchowski equation as [85]

∂PN
∂t

=

N∑
i=1

∇i · (D0∇iPN +D0βPN∇iΨ− γ̇yiPN x̂) , (4.5)

where β = (kBT )−1 is the inverse thermal energy, ∇i is the gradient operator with respect to the
ith particle position ri (i = 1, 2, . . . , N), and Ψ is the potential energy, which we assume to be
pair-wise additive

Ψ(r1, . . . , rN ) =

N∑
i=1

N∑
j>i

U(ri, rj). (4.6)

Here U(ri, rj) is the pair potential between particles i and j. For hard particles, U(r1, r2) =∞ if
the particles overlap and U(r1, r2) = 0 if they do not.

From the Smoluchowski equation (4.5), we can derive an equation for the pair correlation
function by integrating over the positions of particles 3, . . . , N , because this integration results in
an equation for the 1- and 2-body probability density functions P1 and P2 which can be related
to the pair correlation function g as

g(r1, r2, t) =
P2(r1, r2, t)

P1(r1, t)P1(r2, t)
, (4.7)

where the 1- and 2-body probability density functions can be obtained from their N -body
counterpart by integrating out the other particle positions

P1(r1, t) =

∫
dr2 . . . drNPN (r1, . . . , rN , t); (4.8)

P2(r1, r2, t) =

∫
dr3 . . . drNPN (r1, . . . , rN , t). (4.9)

In Eqs. (4.8) and (4.9), the integration ranges over all of three-dimensional space for each
integrated particle position.

The full integration of the Smoluchowski equation over the coordinates ri (i = 3, 4, . . . , N) is
slightly involved and its details are not crucial in order to understand the remainder of this chapter.
Therefore, we present the results here and refer to Appendix A for the complete derivation. In the
derivation, we have divided the pair correlation function in an equilibrium contribution g0(r) and
a shear-induced perturbation δg(r,Pe), such that g(r,Pe) = g0(r) + δg(r,Pe). The equilibrium
pair correlation function g0(r) is only dependent on the radial coordinate and therefore is often
referred to as the radial distribution function. Since equilibrium statistical mechanics provides
an accurate theory for the equilibrium pair correlation function, as discussed in Chapter 2, we
aim our focus mainly at the shear-induced perturbation. The integration of the Smoluchowski
equation (4.5) results in a boundary value problem for this perturbation.

2D0∇2δg − γ̇y ∂δg
∂x

= 0 r > D, (4.10)

2D0
∂δg

∂r
− γ̇ xy

r
δg = γ̇

xy

r
r = D, (4.11)

where we note that δg = 0 for r < D.
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This boundary value problem is the starting point of the theory of Blawzdziewicz and
Szamel [75]. To find an analytical solution, we use arguments similar to theirs, which were
partly inspired by the work of Elrick [102]. The differential equation (4.10) essentially ensures
conservation of mass, while the boundary condition (4.11) requires that there is no mass flux into
excluded volume of the hard-core particles. In the derivation of this boundary-value problem from
the Smoluchowski equation, several assumptions and approximations were made. We enumerate
them below.

1. We assume that the pair-distribution function is stationary, that is, ∂g/∂t = 0. This holds
if the shear velocity field has been present for sufficiently long that the structure of the
dispersion has had time to fully develop.

2. We assume that the macroscopic density is homogeneous. In this case, we can use P1(r1, t) =
1/V , and g(r1, r2) ≡ g(r) = V 2P2(r1, r2), where we define r = |r2 − r1|.

3. We assume that the particles only interact through additive pair interactions, see Eq. (4.6).
4. As already mentioned, we neglect all hydrodynamic interactions, that is, we neglect all

interactions between particles that are mediated by the solvent. These include both short-
ranged lubrication forces and long-ranged hydrodynamic many-body interactions. The
validity of this approximation depends both on the volume fraction of the dispersion and
on the shear rate. It is known that if either one of those parameters is large (e.g. ϕ > 0.2
or Pe > 10), significant qualitative changes are seen in the structure of sheared dispersions
due to the presence of these interactions [103, 104]. If both are low, however, the differences
seem mainly of quantitative nature.

5. Eqs. (4.10) and (4.11) are derived in the dilute limit that the volume fraction ϕ→ 0. This
means that we neglect all many-body correlations by disregarding the effect that particle
crowding causes structural correlation apart from that caused by the pair potential itself.
This approximation causes our theory to be invalid anywhere outside the very dilute regime,
since we have seen in Chapter 2 that visible structural correlations start to occur at very low
densities. In fact, with this approximation we implicitly assume that the equilibrium pair
correlation function g0(r) = exp(−βU(r1, r2)) = ϑ(|r| −D), where ϑ(r) is the Heaviside
step function. To extend the validity of our theory to higher densities, we re-introduce
many-body correlations at a later stage in this chapter.
The last approximation removes all density dependence from the shear-induced perturbation

of the pair correlation function. By comparison with molecular dynamics simulations, we test to
what degree this is the case later this chapter.

We proceed by nondimensionalising Eqs. (4.10) and (4.11) by introducing new variables

r′ = (x′, y′, z′)T = r
√

γ̇
2D0

and δg′(x′, y′, z′) = δg(x, y, z), such that Eqs. (4.10) and (4.11)

read

∇′2δg′ − y′ ∂δg
′

∂x′
= 0 r′ >

√
2Pe, (4.12)

∂δg′

∂r′
− x′y′

r′
δg′ =

x′y′

r′
r′ =

√
2Pe. (4.13)

The influence of the strength of the shear flow is now completely contained within the location
of the boundary. To solve this boundary-value problem, we first find solutions to Eq. (4.12) in
terms of Green’s functions and then use a method similar to the method of images to satisfy the
boundary condition (4.13). Because the full derivation of the solution might distract from our
message, we present it in Appendix B, and simply state the result here.

The result of the boundary-value problem is given by the infinite linear combination of
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functions T ′αβ(r′):

δg′(r′) =

∞∑
α,β=0

CαβT ′αβ(r′) r′ >
√

2Pe, (4.14)

in which Cαβ are coefficients that are determined by the boundary condition. The functions
T ′αβ(r′) are given by

T ′αβ(x′, y′, z′) = (4.15)

1

4

∫ ∞
0

dτ

(
1

τπ

)3/2√
3

τ2 + 12

(
∂

∂x′

)α(
∂

∂y′
+ τ

∂

∂x′

)β
exp

(
−y
′2

4τ
− z′2

4τ
− 3(2x′ − y′τ)2

4τ(τ2 + 12)

)
.

We find the coefficients Cαβ by expanding the boundary condition in terms of spherical harmonics.
To do this, we first insert T ′αβ(r′) into the right-hand side of the boundary value (4.13) and

subsequently write the result as a linear combination of real-valued spherical harmonics Ylm(r̂′)
with coefficients jlmαβ for each α and β.

∂T ′αβ
∂r′

− x′y′

r′
T ′αβ =

∞∑
l=0

l∑
m=−l

jlmαβYlm(r̂′). (4.16)

Here, the real spherical harmonics are defined in terms of the regular spherical harmonics Ŷ ml (r̂′)
as

Ylm =


i√
2

(
Ŷ ml − (−1)mŶ −ml

)
=
√

2(−1)mIm
(
Ŷ
|m|
l

)
m < 0

Y 0
l m = 0
1√
2

(
Ŷ −ml + (−1)mŶ ml

)
=
√

2(−1)mRe
(
Ŷ
|m|
l

)
m > 0.

(4.17)

Each coefficient jlmαβ can be determined by multiplying both sides of Eq. (4.16) with the corres-
ponding real spherical harmonic and integrating over the entire boundary, that is, the surface of
the sphere with r′ =

√
2Pe. Due to the orthogonality of the real spherical harmonics, this yields

the expansion coefficients

jlmαβ =

∫ 2π

0

dφ′
∫ π

0

dθ′ sin(θ′)Y lm(θ′, φ′)

(
∂T ′αβ
∂r′

− x′y′

r′
T ′αβ

)
. (4.18)

Using the fact that x′y′/r′2 =
√

4π/15Y2,92(r̂′), we now write the full boundary condition
(4.13) as

∞∑
α,β=0

Cαβ
∞∑
l=0

l∑
m=−l

jlmαβYlm(r̂′) =

√
8πPe

15
Y2,92(r̂′) r′ =

√
2Pe, (4.19)

or, more compactly,
∞∑

α,β=0

Cαβjlmαβ =

√
8πPe

15
δl,2δm,92, (4.20)

for all integers 0 ≤ l <∞ and −l ≤ m ≤ l, again due to the orthogonality of the real spherical
harmonics. Eq. (4.20) is a system of infinitely many linear equations in the coefficients Cαβ .

To summarise, we have expressed the solution of the boundary value problem constituted by
Eqs. (4.12) and (4.13) as an infinite linear combination of the functions Tαβ(r′) with coefficients
Cαβ , which in turn can be expressed as the solution of an infinite system of linear equations
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with coefficients jlmαβ . The latter coefficients can be calculated with Eq. (4.18). The solution as
presented above have a slightly different form than those presented by Blawzdziewicz et al. The
reason for this difference probably stems from a different choice of dimensionless variables.

To make headway, we proceed by solving the linear system of Eq. (4.20) numerically,
truncating all terms for which α+β > lmax and all equations for which l > lmax. As we know that
−l ≤ m ≤ l by the definition of the spherical harmonics, and that jlmαβ = 0 if l −m is odd (the
corresponding real spherical harmonics are not even in z, which they have to be in our expansion
since our boundary value problem is), we are left with a square system of real-valued linear
equations that is easily solved. We also numerically perform the integrations given in Eqs. (4.18)
and (4.15) respectively using a Lebedev quadrature and Simpson’s rule [55, 105]. In Appendix F,
we describe the numerical procedure in more detail.

Figure 4.3: The influence of a simple shear flow in the xy-plane on the radial distribution
function of hard, spherical particles. In Figs. (a), (b), and (c) we show the function δg(r,Pe) =
g(r,Pe)− g(r, 0) for Pe = 0.1, 2.5, and 10.0. In (d), (e), and (f), we show the influence of simple
shear with the same shear rates on the perturbation of the structure factor (S(q,Pe)− S(q, 0))/ϕ,
where ϕ is the hard-core volume fraction of the dispersion and S(q,Pe) is the static structure
factor where the flow field is quantified by the Peclet number Pe.

The results that follow a truncation given by lmax = 10 are visualised in Fig. 4.3. In the
literature, the results are often presented in terms of the perturbation of the structure factor
S(q,Pe) = 1+ρ

∫
dr(g(r,Pe)−1) exp(ir·q), because this quantity can be measured experimentally

with scattering experiments. Therefore, we also present the perturbation of the structure factor
S(q,Pe)− S(q, 0), which might aid in comparing with literature. The results from our numerical
procedure are visually indistinguishable from those by Blawzdziewicz and Szamel.

We see that for all Peclet numbers, the perturbation in the structure respects the inversion
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symmetry of the boundary value problem (4.10) and (4.11). In addition, we observe that for
low Peclet numbers, the compressional (xy < 0) and extensional quadrants (xy > 0) of δg are
very similar in shape, but different in sign. This indicates that positive and negative fluctuations
in the pair correlation function are diffusively dissipated in a similar way, as long as they are
small. When they become larger, as the Peclet number increases, this symmetry is broken, and a
boundary layer is formed in the compressional quadrant, whereas a low-density ‘wake’ is formed
in the extensional quadrant, in which the pair correlation function can be close to zero for high
Peclet numbers.

The presence of this long wake induces a negative boundary layer in the low q structure
factor. Dhont showed that the width of this boundary layer scales with Pe1/2 and that its presence
causes the structure factor to be non-analytic in Pe, that is, for small Pe

S(q,Pe) 6= S0(q) + PeS1(q) + Pe2S2(q) + Pe3S3(q) + . . . , (4.21)

for any set of functions Si(q) [95].
In the work on the analytical method presented by Blawzdziewicz and Szamel [75] that

we use here, a detailed comparison is made with the similar analytical theories of Dhont [95],
Schwarzl and Hess [92], and Ronis [106]. Additionally, Blawzdziewicz and Szamel show that this
method qualitatively reproduces the shear thinning behaviour that was found in experiments for
this type of particle. In the remainder of this work, we set lmax = 10, because the inclusion of
more terms in the expansion does not visually change the results up to Pe, but does cause the
method to become computationally expensive. Blawzdziewicz and Szamel also state that this
cut-off leads to sufficiently converged results.

4.4 Comparison with simulation data

We now have an approximation of the pair correlation function, which is the only quantity
required as input for our percolation criterion. Nothing now restrains us from calculating the
percolation threshold for colloidal suspensions in shear flow. However, before we do so, we think
it is important to first establish to what extend our theoretical prediction of the pair correlation
function compares to simulations. In other words, we want to make sure that this theory gives
accurate results such that we can correctly interpret the obtained percolation threshold at a later
stage. To that end, we perform Langevin dynamics simulations along the lines as described in
Chapter 3.

In Chapter 3, we have performed all simulations with the standard Weeks-Chandler-Andersen
potential. This potential is introduced because when simulated, it gives results for macroscopic
material properties that are accurate up to the high density regime [107]. However, slight
deviations might occur at lower densities in the microscopic structure. To simplify the comparison
between the theoretical and simulation results, we therefore slightly adapt the potential to better
model hard spheres by rescaling the potential by a constant ε0. The new potential is given
by

UWCA(r) =

{
4ε0ε

((
σ
r

)12 −
(
σ
r

)6)
+ ε0ε, r < 21/6σ

0, r ≥ 21/6σ.
(4.22)

In the rest of this chapter, we set ε0 = 100, ε = 1kBT and D = 21/6σ. We visualise this change in
the pair-potentials in Fig. 4.4. We stress that the difference between a Weeks-Chandler-Andersen
potential with ε0 = 1 and ε0 = 100 is unlikely to result in large changes to macroscopic material
properties, including the percolation threshold. This potential was merely chosen to be able to
eliminate the soft characteristics in the microstructure.
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Figure 4.4: The figure shows the pair potentials we use in this work as function of the particle
distance. The analytical theory of this chapter is based on a hard-sphere potential of which we
compare the results to the results of simulations of particles interacting with a Weeks-Chandler-
Andersen potential with ε0 = 100.

Figure 4.5: The pair correlation function g(r,Pe), equilibrium pair correlation function g0(r)
and its perturbation δg(r,Pe) of a dispersion of hard particles in a shear flow, obtained with
Langevin dynamics simulations, discussed in Chapter 3. The pair correlation function g(r,Pe) was
obtained from a simulation at a volume fraction ϕ = 0.1 at Peclet number Pe = γ̇D2/4D0 = 10.1,
and g0(r) was obtained from a simulation at Pe = 0 at the same volume fraction. The perturbation
δg(r,Pe) is calculated by taking the difference of the two.

In order to find the perturbation of the pair distribution function in our simulations, we
perform three simulations. Firstly, we perform a simulation in the absence of flow in very dilute
conditions (ϕ ≈ 10−4) to obtain the free-particle diffusion constant D0 by measuring the mean
squared displacement

〈
(r(t)− r(0))2

〉
= 6D0t and calculating its slope. The result never differs

more than 2% from Einstein’s theoretical prediction of D0 = kBT/γ. To obtain the equilibrium
pair correlation function g0(r), we perform a simulation in the absence of a flow field at some
volume fraction ϕ. To find the shear-dependent pair correlation function g(r,Pe), we subsequently
perform a simulation at the same volume fraction with the flow field turned on at shear rate γ̇
with corresponding Peclet number Pe = γ̇D2/4D0. In the last expression, we use the diffusion
constant D0 from the dilute equilibrium simulation, and we check whether the imposed shear
rate γ̇ matches the resulting velocity profile in the sheared simulation. The perturbation of the
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pair correlation function is again defined by δg(r,Pe) = g(r,Pe)− g0(r). An example of the three
functions in that expression from a typical simulation is given in Fig. 4.5.

Figure 4.6: Comparison between theory and simulations of the shear-induced perturbation of the
pair-correlation function δg(r,Pe) at low and high volume fractions of hard, spherical particles in
the flow-gradient plane. The figures in the first column (a, d) correspond to the theoretical model,
whereas the second (b, e) and third (c, f) column correspond to low and high volume fractions ϕ.
The first row (a-c) represents dispersions at Peclet number Pe ≈ 1, and for the second Pe ≈ 10.
Each row shares a colour bar that indicates the values of δg(r,Pe). For clarity, we added a thin
black line at r = D indicating the theoretical excluded volume of hard, spherical particles. Note
that both dilute simulations were not conducted at the same density. For the low-Peclet case, we
set ϕ = 0.1, whereas we choose ϕ = 0.01 for the high-Peclet case.

In this Fig. 4.5, we see that the perturbation δg(r,Pe) has qualitatively the same features
as the theoretical model in Fig. 4.3c. That is, we see a boundary layer developing in the
compressional quadrant, and a wake in the extensional quadrant. However, the observant reader
might also notice a qualitative difference between the theoretical and simulation data. It seems
that a second-order peak in the pair correlation function is now present, whereas it is not in the
equilibrium function g0(r). This indicates that the presence of shear flow induces a local density
increase near the boundary in the compressional quadrant, which might suggest that shear-induced
chain-formation is taking place as observed in experiments [78, 79]. This phenomenon is not
present in the theory presented in Fig. 4.3c, since the theoretical model is derived with the
assumption that three-body correlations are negligible. The latter difference is also visible in
the equilibrium pair correlation function, which distinctly deviates from a step function. In the
next section, where we use the pair correlation function to calculate the percolation threshold, we
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Figure 4.7: Shear-induced perturbation of the pair-correlation function δg(r,Pe) of spherical
particles along three different curves in the flow-gradient plane according to the theory and to
simulations at volume fraction ϕ = 0.01 and ϕ = 0.4 for Peclet number Pe = 10. Figure (a),
(b) and (c) correspond to the perturbation at constant radial distance if r = 1.2D, and along the
curves r = r(x̂ + ŷ)/

√
2, and r = r(−x̂ + ŷ)/

√
2 respectively.

make a correction for this discrepancy.
To make a more comprehensive comparison between theoretical and simulation results, we

present Figs. 4.6 and 4.7. In Fig. 4.6 we show the shear-induced perturbation in the xy-plane for
two different Peclet numbers in a low- and high-density simulation. We see that at a low volume
fraction ϕ, the results qualitatively match the theoretical model excellently, at least up to Pe = 10.
In the high-density case, however, we find that the many-body interactions induce highly complex
correlations, which are qualitatively different from the behaviour that our theoretical model
captures. Such correlations are also present in the equilibrium pair correlation function at this
density. However, the perturbation of the shear-flow on these structural correlations is a nontrivial
one. At low Peclet numbers, we see that the peaks of the equilibrium pair correlation function
are either enlarged or suppressed depending in the compressional and extensional quadrant
respectively. The opposite happens with the troughs. This means that in the compressional
quadrant, the flow increases the amount of structural correlations, whereas the opposite happens
in the extensional quadrant. If the strength of the shear flow is increased, this behaviour persists
in the compressional quadrant but deforms in the extensional quadrant creating interesting
structural patterns.

A more quantitative comparison is made in Fig. 4.7, where we plot the same data presented
in Fig. 4.6d–f along the curves characterised by r = 1.2D, φ = π/4 and φ = 3π/4 all lying in
the xy-plane, where we define θ, and φ as the polar and azimuthal coordinate. The figure shows
that the theoretical model slightly underestimates the shear-induced perturbation at very low
volume fractions. This slight discrepancy might be induced by a number of factors, such as
numerical discretisation errors or non-convergence of Eq. (4.20) for lmax = 10. Additionally, it
might be induced by simulation inaccuracies such as finite time-stepping or the slight failure of
the pair potential to represent a true hard sphere potential. The combined effect of the latter
two explanations can also be seen at the particle boundary in the compressional quadrant in
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Fig. 4.6, where it is visible that other particles are able to non-physically penetrate the r < D
region slightly. At high volume fractions we again see that the theoretical model qualitatively
fails to predict the high-density features of δg(r,Pe). In fact, we see the emergence of a new
peak in the perturbation of the pair correlation function at constant radius (leftmost plot). In
the constant-angle plots (middle and right), we primarily see a large increase in the structural
correlations for high densities, which is to be expected.

We have shown that we have obtained an approximation of the shear-induced perturbation
of the pair-correlation function that is quantitative at low densities. In this work, we make no
attempt at improving this approximations for many order correlations, since we believe that
the current theory is sufficient to capture the qualitative behaviour of the percolation threshold
of sheared dispersions, at least as long as the percolation threshold is located at low hard-core
volume fractions, which is the case if the hard-core diameter D is sufficiently small compared to
the connectivity length λ.

To proceed, we use the theory of this section in the next section in conjunction with the
heuristic presented in Section 4.2 to approximate the percolation threshold.

4.5 Percolation threshold

Since we are in possession of a geometric criterion to find the percolation threshold that requires
only a pair correlation function as input, and of an estimate for the effect that simple shear exerts
on that pair correlation function, we can now combine the two models to find the influence of a
flow field on the percolation threshold, which is our primary goal.

In the previous section, we evaluate the pair correlation function as the sum of its equilibrium
value and a distortion, the former of which we approximate by g0(r) = exp(−βU(r)), with U(r)
the hard-sphere interaction potential. In doing so, we have removed all density dependence
from the pair correlation function g(r,Pe), which is only valid if the volume fraction ϕ� 1. To
extend the validity of our model, we re-introduce the density dependence in the pair correlation
function in an ad hoc fashion by approximating the equilibrium contribution with the solution of
the Ornstein-Zernike equation closed with the Percus-Yevick approximation that we describe in
Section 2.3. The resulting pair correlation function is now the sum of an accurate equilibrium
term and a low-density shear-induced perturbation.

We now numerically integrate the pair correlation function over the connectivity shell to
find an approximation of the two implicitly density dependent length scales l and L2 as they are
defined in Section 4.2. We subsequently use Brent’s root finding method to find the density that
satisfies 2l = L2 for a given ratio D/λ.

In Fig. 4.8a, we present our results on the effect of shear flow on the percolation threshold
according to our model. We compare them to simulation results plotted in Fig. 4.8b. If the
hard-core diameter D goes to zero and particle interactions become negligible, we find that the
effect of the shear flow on the percolation threshold is almost non-existent. This is to be expected,
of course, since the flow field does not induce any structural changes if the particles do not
interact, i.e., if D = 0. In the intermediate and high D/λ regime, the results show that an applied
shear flow can both increase and decrease the percolation threshold of a material depending on
the hard-core size and strength of the flow field.

We conjecture that the shear-induced decrease of the percolation threshold is closely related
to the emergence of shear-induced contact clusters [82–84]. Even at volume fractions where
such clusters are finite, they might play a significant role in aiding long-range connectivity and
therefore in decreasing the percolation threshold with respect to the equilibrium situation.

Fig. 4.8 indicates that there is good qualitative agreement between our theoretical model
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Figure 4.8: Theoretical (a) and simulation (b) results of the dimensionless percolation threshold
of a dispersion of hard spherical particles subject to a simple shear flow as function of the ratio of
the hard core diameter D and connectivity length λ. The strength of the shear flow is quantified
with the Peclet number Pe. The lines in (b) are guides to the eye. Note that the set of Peclet
numbers is not exactly equal in both figures.

and simulation results of the percolation threshold. Our model correctly predicts the shear flow
to induce an increase and subsequent decrease of the percolation threshold and gives an accurate
approximation of the location of the cross-over between these two regimes. Quantitatively, our
theory seems to overestimate the effect of the shear flow on the percolation threshold especially
at high D/λ, where the hard core volume fraction is high and the shear flow significantly affects
many body correlations as we show in Fig. 4.6.

We stress that we neglect all hydrodynamic interactions in both the theory and simulations,
without providing any justification for this simplification. Therefore, we do not expect that either
our theory or simulation results provide quantitative agreements with experiments. However,
since hydrodynamical interactions have been shown to not qualitatively change the structure of
sheared dispersions at sufficiently low densities, we expect our results to qualitatively hold even if
hydrodynamical interactions are properly included.

In order to find an indication to what extend clusters are elongated due to the shear flow,
we calculate the gyration tensor for each cluster in a molecular dynamics simulation, and average
over all clusters and 103 independent particle configurations. Given that we have particle positions
rj that all belong to the same cluster, where j = 1, . . . , k and k is the number of particles in that
cluster, we can define the gyration tensor in the form of a matrix reading

S =
1

k

k∑
j=1

(rj −R)(rj −R)T , (4.23)

where R is the centre of mass position of the cluster. Since most clusters contain only one particle,
giving S = 0, it is useful to take the weight average instead of the normal number average of S to

42 Geometric percolation of colloidal particles



CHAPTER 4. PERCOLATION OF SPHERICAL COLLOIDS IN SHEAR FLOW

give more significance to larger clusters and to get better statistics.
The eigenvalues and -vectors of the resulting mean gyration tensor give information about

the shape of the average cluster [108]. The eigenvectors lie along the principal axes of the clusters
and the eigenvalues give the corresponding moments. In Fig. 4.9a we plot the eigenvalues as
a function of the Peclet number below the percolation threshold at volume fraction ϕ = 0.16
and D/λ = 0.82. We label the eigenvalues such that λ3 > λ2 > λ1. We find that the eigenvector
corresponding to λ2 always lies along the z-axis, whereas the remaining two eigenvectors always
lie in the xy-plane. In Fig. 4.9a we see that the clusters grow when the strength of the shear flow
increases. Interestingly, we also see that the smallest eigenvalue is largely unaffected by the flow
field for this particular choice of parameters. Additionally, the flow field causes the clusters to
become triaxial, that is, their sizes are notably different along their three principal axes.
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Figure 4.9: (a) Eigenvalues and (b) ratio of largest and smallest eigenvalue of the mean gyration
tensor of particle clusters as a function of the strength of the shear flow. The eigenvalues were
obtained by calculating the gyration tensor averaged over each cluster in a simulation of N = 1000
particles below the percolation threshold at connectivity volume fraction πρλ3/6 = 0.30 and
D/λ = 0.82. The corresponding hard-core volume fraction is ϕ = 0.16.

In Fig. 4.9b, we plot the ratio of the largest and smallest eigenvalue as a function of the
Peclet number. This ratio is a measure of the anisometry of the particles and it seems to increase
linearly with the Peclet number in this regime. Due to a lack of time, we have not been able to
perform a more comprehensive study of how this anisometry behaves throughout our parameter
space. It remains to be seen whether the linear increase found for this particular set of parameters
is characteristic of the shear-dependent cluster shape, or if more complex shear-induced elongation
behaviour exists.

Our observation of these elongated clusters gives some, yet inconclusive, evidence for our
conjecture that the shear-induced decrease of the percolation threshold is caused by the emergence
linear contact clusters. We have not yet performed any other analysis to further substantiate this
claim. Follow-up work shall therefore need to shed more light on this issue.
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4.6 Discussion and conclusion

In this chapter, we have presented a model that gives a qualitatively accurate description of the
percolation threshold of sheared suspensions of spherical particles in the absence of hydrodynamic
interactions. The model is based on the conjunction of a heuristic percolation criterion presented
by Alon, Balberg and Drory [74] and the theory for the shear-induced distortion of the pair
correlation function by Blawzdziewicz and Szamel [75]. In order to test the validity of the two
works, we have compared both independently with results of Langevin dynamics simulations as
described in Chapter 3.

Alon, Balberg and Drory’s percolation criterion is based on a purely geometric argument,
applicable in out-of-equilibrium materials. It states that the percolation threshold is achieved
if two length-scales are equal. This equality condition results in a nonlinear equation of the
density that only requires the pair correlation function as external input. In accordance with
earlier simulation studies [67, 74], we find that the heuristic percolation criterion gives accurate
agreement with simulations for hard, spherical particles for all ratios of the hard-core diameter
and the connectivity length.

Using the theory of Blawzdziewicz and Szamel, we provide the pair-correlation function
that is required as input for the percolation heuristic. This work approximates the shear-induced
perturbation of the dilute pair correlation function on the Smoluchowski equation at the two-
particle level, neglecting all hydrodynamic interactions and influences of three-body correlations
on this perturbation. We use this perturbation together with the equilibrium structure provided
by standard liquid state theory (see Chapter 2) to find an approximation of the pair correlation
function that is accurate up to the intermediate density regime, in which the coupling between
many-body interactions and the imposed shear flow become non-negligible. We show by means
of Langevin dynamics simulations that the theory for the perturbation of the pair correlation
function in shear flow is very accurate in the dilute limit. However, as expected, significant
deviations start to occur as the particle volume fraction increases.

Put together, the two theories provide a predictive framework for the percolation threshold
in sheared suspensions that gives semiquantitative agreement with simulations of hard spherical
particles. Both the theory and simulations indicate that shear flow can increase or decrease the
percolation threshold depending on the hard-core diameter, connectivity range, and shear rate.
We postulate that the decrease is due to the emergence of linear clusters of particles that aid
long-range connectivity.

A decrease in the percolation threshold of suspensions due to shear-induced clusters has also
been found in experiments. In particular, Schueler et al. have showed that they could engineer
the percolation threshold of carbon black in a polymer resin to be as low as 0.06 vol% by using
shear flow to induce particle aggregations with low fractal dimensions [109]. This stands in stark
contrast to the ‘equilibrium’ percolation threshold of carbon black, which is roughly 0.2-0.3 vol%.
Micrographs of the resulting structure show that material-spanning aggregations are formed that
include a high fraction of the carbon black particles.

The heuristic framework presented in this chapter can in principle be adapted for anisometric
particles. However, as the particle shape departs far from sphericity, the heuristic percolation
criterion fails [67]. To model percolation of sheared dispersions of rods, for example, significant
changes in the structure of this criterion are required. Additionally, the Smoluchowski equation
should be adapted to account for the rotational diffusion of anisometric particles and the non-
isotropy of the particle mobility.
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Chapter 5

Percolation of hard nanorods in
an external field

Summary

We present a numerical study on the continuum percolation of rodlike particles in the presence of
orientational and disorientational quadrupolar fields. With this research, we aim to qualify the
effects of externally applied axial and planar orientational order on the concentration at which
percolating networks form. We perform a comprehensive analysis of the behaviour of the weight
average number of particles in a cluster as function of the strength of the external field, the
particle density, and particle aspect ratio, taking into explicit account the intrinsically induced
order by excluded volume effects, including the concomitant low-density phase transitions. We
find that these external quadrupolar fields can raise the percolation threshold substantially and
cause exotic, nontrivial behaviour of the cluster size and shape.
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5.1 Introduction

Because of the fact that the percolation threshold in homogeneous materials scales approximately
inversely with the aspect ratio of network forming particles [27], it is especially beneficial from an
engineering perspective to use highly anisotropic nanofillers. In this spirit, a large fraction of the
physics literature on percolation is focused on describing networks and percolation behaviour of
rodlike particles, both theoretically and experimentally. This is a challenging subject not only
due to the phenomena mentioned in Chapter 1, but also due to the fact that rodlike particles
spontaneously self-organise orientationally at low packing fractions. These phase transitions are
hard to prevent because the particles undergo them driven fully by entropy [101, 110]. This
implies that in order to investigate the influence of factors such as length polydispersity or
dispersive inhomogeneity on the percolation threshold, one has to take the phase behaviour of
long rodlike particles into careful consideration.

In addition to entropy-driven alignment, externally induced alignment is ubiquitous in real
materials due to processes in their manufacturing such as shear strains and externally applied
electromagnetic fields. Therefore, in order to comprehend the structure and percolation of highly
anisotropic nanoparticles, we must understand the interplay between internal and external particle
alignment.

Finner et al. have shown that such dispersions of rod-like particles in external orienting
fields exhibit complex behaviour [111]: in the dilute limit, the particles cannot create material-
spanning clusters. As one adds more particles, the average network grows, until its size diverges
at the percolation threshold. At even higher densities, however, the alignment induced by the
external field and excluded-volume interactions can suppress percolation. This is called re-entrance
behaviour. To restore the percolating state, one could fruitfully choose to add even more particles,
regaining system-spanning networks. However, testament to the nonlinearity of the interplay
between the effects on the network size of the addition of particles and the induced alignment
induced by those additional particles, percolation can again break down and form again at even
higher densities. In summary, as the density increases monotonically and everything else remains
constant, percolation can appear from a non-percolating state up to three times [111].

With the present work, we would like to extend Finner’s numerical analysis of percolation
in orientational fields, by also considering disorientational fields. Disorientational fields can
exist both as external electromagnetic quadrupolar fields and as the flow field resulting from
the uniaxial compression of the sample material. Additionally, one could conceivably model the
confinement of nanorods between two walls as them being subject to a strong disorientational
field in three dimensions.

The word ‘disorientational’ might be considered a misnomer. The difference between an
orientational and a disorientational field is that the former pushes particles towards an axis
whereas the latter pushes them away from an axis toward the plane perpendicular to that axis.
Paradoxically, a disorientational field does induce order and can cause a phase transition from an
unordered isotropic phase to an ordered liquid crystalline phase [112]. Furthermore, in rod-like
dispersions subject to disorientational fields, a symmetry breaking can occur that is not seen
in materials subjected to orientational fields. We try to clarify the physical reason behind this
distinction below.

In a dispersion of rod-like particles subject to a small external orienting field, the particles
align slightly along the field axis. If the density is increased, excluded volume effects can induce a
phase transition from what is called the paranematic state to the nematic state, in which the
particles are strongly aligned. The axis along which the particles are aligned, which is called the
nematic director, is the same as the external field axis. The resulting orientational distribution
therefore possesses azimuthal symmetry, see Fig. 5.1.
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Figure 5.1: Orientational distribution of rod-like particles subject to an orientational external
field directed along the z-axis. The colour indicates the fraction of particles aligned in the
corresponding direction with increasing probability density from blue to white to red. The figure
shows the phase transition from a low-density paranematic state (left), to a high-density nematic
state (right).

In a dispersion of those same particles subject to a small disorientational field, however,
the particles align away from the field axis. Now, if the particle density is increased, the same
phase transition to a nematic state can occur. In this case, the nematic director always lies in
the plane perpendicular to the field axis, see Fig. 5.2. Because of the fact that the external field
and the excluded volume effects do not drive the particles in the same direction, the resulting
nematic phase is biaxial, i.e., it is no longer symmetric under rotations around the director. If
the external disorienting field becomes infinitely strong, it forces all particles to be oriented in
the xy-plane.

Finner’s numerical work found partial disagreement with the results of an earlier analytical
treatment of Otten et al. on the influence of externally induced particle alignment on the
percolation threshold [113]. This is especially relevant because it is almost inevitable to introduce
some sort of particle alignment during the manufacturing process, whether or not intentionally.
For computational reasons, Finner et al. only considered external orientational fields and not
disorientational case. In this chapter, we present a more comprehensive study on the effects of
external quadrupolar fields on the percolation threshold.

In this chapter, we conduct an extensive numerical study on the properties and behaviour of
rod-like particles subject to a quadrupole field; both orientational and disorientational. Thereby
we extend earlier works, which either only consider orientational fields [111] as described above,
or perform computations on a lattice [114], or do not take into account the excluded volume
interactions between rods [115]. We investigate how the percolation threshold depends on the
system parameters, i.e., the particle concentration, external field strength, particle aspect ratio and
a connectivity criterion that specifies particle connections. We also briefly investigate the shape
of non-percolating clusters and its dependence on the underlying thermodynamic phase.

The remainder of this chapter is divided into three parts. Firstly, we devote a section on
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Figure 5.2: Orientational distribution of rod-like particles subject to a disorientational external
field which drives the particle orientations away from the z-axis. The colour indicates the fraction
of the particles aligned in the corresponding direction with increasing probability density from blue
to white to red. The figure shows the phase transition from a low-density antinematic state (left),
to a high-density nematic state (right).

Onsager theory, which allows us to find the orientational distribution function for particles and
the locations of the relevant phase transitions in the limit of infinite aspect rations. Secondly, we
apply continuum percolation theory to find when dispersions of those particles percolate. In the
last section, we investigate the effect of the aspect ratio by extending the theory presented in the
previous sections.

5.2 Onsager theory

A dispersion of impenetrable rod-like particles has been shown to undergo a transition from a
isotropic phase to a nematic phase by Onsager in one of his seminal papers [116]. His treatise,
which is believed to become exact in the limit of infinitely slender particles, is based on the balance
of translational and orientational entropy. He shows that at sufficiently high concentrations, the
particles must orient themselves along a common axis, called the nematic director, because this
configuration allows for more translational freedom in the expense of rotational freedom, thereby
increasing the total entropy. Onsager theory was shown to become quantitatively accurate if
L/D & 100 [117].

5.2.1 The orientational distribution function

In this work, we use Onsager’s framework to find the particle orientational distribution function
ψ(u), where the orientation is given in spherical coordinates by u = (sin θ cosφ, sin θ sinφ, cos θ)T

with θ and φ the polar and azimuthal angle. We assume that the particles can be accurately
modelled as spherocylinders having length L and diameter D. The particles are impenetrable,
meaning that we assign an infinite energy to a configuration where any two particles overlap.
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Apart from this excluded volume interaction, the particles do not interact. We introduce a
dimensionless parameter c = πρL2D/4, which is equal to the product of the aspect ratio and
the hard-core volume fraction in the slender-particle limit. Here ρ = N/V , is the macroscopic
number density. The parameter c plays the role of the particle concentration in the rest of our
work and we address it as such. However, note that any remark we make containing a phrase
like “as the concentration increases” can also be interpreted to mean “as the particle aspect ratio
increases”.

We assume that the particles are subject to an external field of quadrupole type. This is the
most natural external field to consider, since it respects the symmetries of the rod-like particles.
We rotate our coordinate system such that the field axis coincides with the z-axis. This field
assigns an energy to each particle given by

U

kBT
= −K cos2 θ. (5.1)

Here kBT is the thermal energy and K is the dimensionless field strength. If K is positive, the
particles favour being aligned along the z-axis, and we call the field orientational. If K is negative,
however, the particles prefer to be aligned in the xy-plane, and the field is called disorientational
or planar.

Onsager showed that the free energy per particle in units of thermal energy can be written
up to an arbitrary constant as

F

NkBT
= ln c+ 〈lnψ(u)〉+

4c

π
〈〈|u× u′|〉〉′ −K〈cos2 θ〉. (5.2)

In the above equation, we introduced a shorthand notation for the angular averaging operator
〈. . .〉 ≡

∫
du(. . .)ψ(u), where the integration runs over all orientations on the unit sphere1. The

first term in the free energy corresponds to the translational entropy of an ideal gas, while
the second accounts its orientational entropy. The third term describes the excluded volume
interactions and essentially is a measure of the size of the average volume that is not available to
a particle because of the other particles. The size of this volume is proportional to the average
length of the cross product of the two particle orientations, or, more simply put, proportional to
the average sine of the angle between two particle orientations. This product can be calculated
explicitly in terms of the orientations of two particles with orientations u and u′ to be

|u× u′| =
√

1− (cos θ cos θ′ + sin θ sin θ′ cos(φ− φ′))2
. (5.3)

The goal of Onsager theory is to find the equilibrium orientational distribution function ψ(u),
which quantifies how the particles are oriented in thermal equilibrium. An expression for the
equilibrium orientational distribution function can be obtained by formally minimising the free
energy with respect to ψ(u) under the normalisation constraint that the orientational distribution
must integrate to one. This yields the Onsager equation

ψ(u) =
1

Z
exp

(
K cos2 θ − 8c

π
〈|u× u′|〉′

)
, (5.4)

where Z is a constant that ensures normalisation. Eq. (5.4) is a nonlinear integral equation
for ψ(u) due to its presence in the angular integral in the exponent. A successful method for
approximating the solution of the Onsager equation, applied by Onsager himself for K = 0

1Mutatis mutandis for the primed variable.
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and by Khoklov and Semenov for K 6= 0, consists of guessing the functional form of ψ(u; {αi}),
dependent on some combination of parameters {αi} and then minimising the free energy (5.2)
with respect to these parameters. However, numerical analysis has shown that some results from
this procedure are quantitatively inaccurate [118, 119].

Therefore, we choose to solve this equation numerically with the method of recursive
iteration: first we make a rough estimate of the function ψ(u) and then use Eq. (5.4) to find a
better approximation. We repeat this until the solution has converged. We treat the procedure as
converged when the maximal difference between two subsequent iterations is smaller than 10−8.
In fact, it has been shown that this procedure is highly convergent when applied to the Onsager
equation [120]. Typically, a numerically accurate solution is found after roughly 10–30 iterations.
To approximate the integral, we use the Lebedev quadrature of order 131, yielding highly accurate
approximations of integrals on the unit sphere. More information on this quadrature in given in
Appendix F.1.

5.2.2 Order parameters and the phase diagram

Given the equilibrium orientational distribution function ψ(u), we can quantify the amount of order
in a dispersion of particles by looking at two order parameters. The first, S1 = (3〈cos2 θ〉 − 1)/2,
is the conventional nematic order parameter, which quantifies to what extend the rods are aligned
along the z-axis (which coincides with the external field axis). This order parameter is unity if
all particles are aligned along this axis, and vanishes if the particles are distributed isotropically.
If all the particles are aligned in the xy-plane, we have S1 = −1/2. Knowledge of S1 can be used
to identify if the particles are in the isotropic or nematic phase in the case of orienting fields
(K > 0).

The second order parameter, S2 = 〈cos(2φ) sin2 θ〉, quantifies to which extend the orienta-
tional distribution is asymmetric with respect to a rotation about the azimuthal axis and can
be used to see if a phase transition has occurred in the case of disorienting fields. S2 equals
zero if the orientational distribution is symmetric with respect to rotations around the z-axis,
and S2 = 1 if all particles are oriented along the x-axis. In the case of disorientational fields, a
nematic field could develop along all directors in the xy-plane because each of these directions
is energetically equivalent. The result of the numeric recursive iteration therefore depends on
our initial guess of the orientational distribution. We choose this initial guess such that, if the
particles organise themselves in a nematic phase for K < 0, the resulting director always lies
along the x-axis.

Figure 5.3 shows the density dependence of both order parameters for orientational and
disorientational fields. For sufficiently strong orientational fields (K = 1 qualifies), we find that
both order parameters increase continuously with concentration; there is no sharp transition
between a slightly ordered and a very ordered liquid crystal. However, in the case of strong
disorientational fields, K = −2 for example, the figure shows that such a transition exists: at some
concentration the derivative of the order parameters is discontinuous. Khokhlov and Semenov
found that this continuous phase transition occurs for arbitrarily strong disorientational fields
and show that it occurs at c = 3π2/16 ≈ 1.85 for K →∞ [112].

Onsager found that for sufficiently small external fields, the particles can lower their free
energy by separating into two phases, a low density unordered phase, and a high density ordered
phase. To find the value of the densities of two coexisting phases, the common tangent method
is often used. This method translates to the requirement that the two phases are in thermal
equilibrium: the pressures and chemical potentials are equal in both phases.

The dimensionless pressure p and chemical potential µ can both be expressed in terms
of the free energy F , whose value we can evaluate having already found the equilibrium ψ(u),
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(a) K = 1 (b) K = −2

Figure 5.3: The order parameters S1 = (3〈cos2 θ〉−1)/2 and S2 = 〈cos(2φ) sin2 θ〉 as function of
concentration for (a) orienting fields and (b) disorienting fields. The insets show the orientational
distribution function at the concentration corresponding to their locations. The colours used have
the same meaning as in Fig. 5.1 and 5.2.

as [101]

p = − c

ρkBT

(
∂F

∂V

)
N,T

= c2
∂f

∂c
and µ =

1

kBT

(
∂F

∂N

)
V,T

= f + p/c. (5.5)

For a fixed field strength, we can solve the system of equations p(c1) = p(c2) and µ(c1) =
µ(c2), where c1 6= c2. The solutions are shown as function of K in Fig. 5.4. From this Figure,
we can identify six phases. If the external field K is equal to zero, and the particle dispersion is
sufficiently dilute, the orientational distribution function takes a constant value ψ(u) = 1/4π,
meaning that there is no order. This phase, which is not indicated in the figure, is called isotropic.
In the isotropic phase, it is easy to show that S1 = S2 = 0. If the concentration is increased to
fall in the range c ∈ (3.290, 4.191), the particles spontaneously separate into isotropic domains of
density c = 3.290 and high density nematic domains where c = 4.191. If c > 4.191, all particles
are in the nematic phase. We find the location of the boundaries of the phase coexistence region,
commonly referred to as binodals, to at least three decimal places consistent with their literature
values [121].

If we point our attention to a dispersion subject to an orienting external field K > 0,
the behaviour we find is dependent on the field strength. If the field is weak, the qualitative
behaviour is unchanged: upon an increase of concentration, the now called paranematic phase
(the field induces slight nematic order) transitions to a nematic phase through a region of phase
coexistence. If the field is strong enough, however, the distinction between the external field
induced paranematic phase and the concentration induced nematic phase vanishes. This region
in which this distinction is lost is called superparanematic. The corresponding critical point is
located at K = 0.255 and c = 3.2.

A disorienting field causes qualitatively different behaviour than an orienting field. Instead
of a critical point, a tricritical point (K = −1.18, c = 2.86) marks the suppression of phase
coexistence. At this tricritical point, the discontinuous phase transition transitions into a
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Figure 5.4: Phase diagram of long rod-like particles in the concentration/external field plane.
We can identify several phases by their distinctive symmetries. For sufficiently weak external
fields, the dispersion can separate in a high density and a low density phase. The region in which
this can occur is enclosed by the binodals, which are indicated as solid lines. We find a critical
point at K = 0.255 and a tricritical point at K = −1.18. At the tricritical point, the binodals
converge, and form a continuous phase transition between the antinematic and biaxial nematic
phase.

continuous one. For K � 0, the antinematic and the biaxial nematic phase are separated by
this continuous phase transition, of which the location is determined by the location of the
discontinuities in the derivatives of the order parameter S2, see Fig. 5.3b for example.

This phase diagram is not a new result. It was calculated by Khoklov and Semenov by
analytical variational methods and by Varga et al. using similar numerical methods to ours
[112, 118, 119]. Varga et al. showed that the methods employed by Khokhlov and Semenov
overestimate the critical and tricritical field strength by a factor of approximately 2. Our
calculations corroborate that finding and show precise agreement with those of Varga and
coworkers.

In real dispersions of long rods, other ordered high density phases such as the smectic
phases can also be found. Therefore, the diagram printed in Fig. 5.4 is only complete if the
particle aspect ratio is sufficiently high that we can justify taking the low-density limit.
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5.3 Geometric percolation

Having found a way to quantify the orientational distribution using Onsager theory, we can now
start to deal with our main target: percolation. We use the framework we set up in Chapter
2 to find the percolation threshold. We assume that each particle has a connectedness shell
with diameter λ, which determines the regions in which we consider particles to be connected.
In Chapter 2, we discussed how to find the weight average cluster size within this model. For
homogeneously dispersed rodlike particles, it can be expressed as

S = 1 + ρ

∫
dr〈〈g+(r,u,u′)〉〉′, (5.6)

where g+ now only depends on the distance between the particles instead of both their absolute
positions, such that we can define the coordinate r as r2 − r1. In this case, the density ρ is not
dependent on any spatial coordinate. As we showed in chapter 3, it is appropriate to define the
percolation threshold as the density at which this function diverges.

Note also that the definition of the average cluster size S is very similar to that of the static
structure factor at vanishing wave length, but instead of an integration over g, the cluster size
is found by integrating only over the connectedness part of g, named g+. Due to this striking
similarity, we find it irresistible to generalise by interpreting the average cluster size S as the value
of the ‘connectedness structure factor’ S+ at zero wave vector S = S+(q = 0), such that

S+(q) = 1 + ρ〈〈ĝ+(q,u,u′)〉〉′, (5.7)

and

ĝ+(q,u,u′) =

∫
dre−iq·rg+(r,u,u′). (5.8)

This interpretation of S+ allows us to extract not only information on the size of the clusters
of particles, but also about their shape by considering nonzero wave vectors. We exploit this in a
later section. For now, we focus solely on the cluster size.

5.3.1 The pair connectedness function

We make headway by applying theory introduced in Chapter 2. We have an expression of the
cluster size as a function of the pair connectedness function g+ (5.7), and in turn an expression
of g+ in terms of C+, which can be rewritten recursively as

g+(r,u,u′) = C+(r,u,u′) + ρ

∫
dr′′

〈
C+(r− r′,u,u′′)g+(r′,u′′,u′)

〉′′
, (5.9)

and finally, we have an expression of C+, see Eq. (2.9). We hinted earlier at the fact that this
problem might be more natural to tackle in Fourier space than in real space, which is more
tangible here due to the convolutional nature of the integral above. To determine the cluster size,
or more generally the connectedness structure factor, we need the Fourier transform of the pair
connectedness function ĝ+, see Eq. (5.7). Therefore, we solve Eq. (5.9) in the Fourier domain as
well. We have

ĝ+(q,u,u′) = Ĉ+(q,u,u′) + ρ〈Ĉ+(q,u,u′′)ĝ+(q,u′′,u′)〉′′, (5.10)

where we assume that the dispersion of particles is homogeneous in space, and where we use the
fact that a convolution product in real space becomes a normal product in reciprocal space. If
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the orientational distribution is isotropic, the orientational averages factorise and Eq. (5.10) can
be averaged over u′ and solved straightforwardly [122], giving

S+(q) = 1 +
ρ
〈〈
Ĉ+(q,u,u′)

〉〉′
1− ρ

〈〈
Ĉ+(q,u,u′)

〉〉′ , (5.11)

where the percolation threshold can be easily identified to be at ρ = 1/〈〈Ĉ(0,u,u′)〉〉′. In
symmetry-broken phases, such as the nematic and antinematic, this expression does not give
the correct value for the percolation threshold, and we must solve the full integral equation
(5.10) and subsequently average to find the cluster size. However, the so-called excluded-volume
approximation ρ = 1/〈〈Ĉ(0,u,u′)〉〉′ is an occasionally used approximation in analytical models
for approximating the percolation threshold. In Appendix C, we investigate to what degree this
approximation gives accurate results in symmetry-broken phases.

Since we expect the percolation threshold for long rods to be at low volume fractions, we do
not need a sophisticated closure for the Ornstein-Zernike equation. Therefore, we use the second
virial approximation

C+(1, 2) ≈ f+(1, 2) =

{
1 if 1 and 2 are connected and do not overlap,

0 otherwise.
(5.12)

This approximation is believed to become exact in the limit that L/D →∞, since, in that limit,
the particle density at the threshold goes to zero with D/L [123]. The second virial closure is
especially well suited for application in the Fourier domain. This can be easily seen by considering
the fact that Ĉ+(0,u,u′) is just the real-space integral of C+(r,u,u′). By Eq. (5.12), we can

interpret f̂+(0,u,u′) as the volume of space that one particle can occupy while being directly
connected to a second particle, given their orientations u and u′. This volume can be calculated
to be

Ĉ+(0,u,u′) ≈ f̂+(0,u.u′) (5.13)

= 2L2(λ−D)|u× u′|+ 2πL
(
λ2 −D2

)
+

4π

3

(
λ3 −D3

)
≈ 2L2(λ−D)|u× u′|,

where the second and third term in the second line account for the effects of the end-caps of the
spherocylinders, which become negligible as L/D →∞ [115]. We use the second virial closure for
now. In Sec. 5.4, we employ a better approximation for particles with finite slenderness. The fact
that this |u× u′| term shows up here as well as in Onsager theory is not a coincidence. In fact,
one could state that this is due to the very definition of the direct correlation function being the
second derivative of the excess free energy with respect to the density. This means that limit in
which this virial approximation holds is equivalent to the Onsager limit. In this limit, the second
virial approximation for percolation becomes exact in the same way that the Onsager free energy
does.

5.3.2 Percolation islands

Having established a theoretical model for the pair connectedness function ĝ+(q,u,u′) and the
associated cluster size S = 1 + ρ〈〈ĝ+(0,u,u′)〉〉′, we can now employ a numerical procedure
to investigate the behaviour of these functions. First, we find the orientational distribution
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function as described in Sec. 5.2. The second step is solving the integral equation (5.10).
However, we can reduce the dimensionality of the problem by averaging this equation over u′,
and solving for ĥ(u) = 〈ĝ+(0,u,u′)〉′. In terms of this intermediate function h, the connectedness
Ornstein-Zernike equation now reads

ĥ(u) =
〈
Ĉ+(0,u,u′)

〉′
+ ρ

〈
C+(0,u,u′′)ĥ(u′′)

〉′′
, (5.14)

with S = 1 + ρ
〈
ĥ(u)

〉
. In contrast to the nonlinear Onsager equation for the orientational

distribution function, Eq. (5.14) is linear. This means that we do not need to perform the
recursive iteration described in Sec. 5.2. Instead, we discretise it, and write it as a matrix
equation, which is straightforward to solve

h = b + Ah, =⇒ h = (I−A)−1b, (5.15)

where hi = h(ui), bi =
∑
j ψjwjĈ

+(0,ui,uj), and Aij = ρC+(0,ui,uj)wjψj . Here we define
ψj as the discretised orientational distribution function and wj as the weight associated with
grid-point uj in the angular integration described in Appendix F.1.

The cluster size is now easily calculated with S = 1 + ρ
∑
i hiψiwi. A positive finite value

for S indicates a non-percolating dispersion, whereas a percolating dispersion is characterised
by an non-physical, negative cluster size. We find the percolation threshold by requiring that
1/S = 0, which translates to the physical requirement that the average cluster size diverges at the
onset of percolation. A visual explanation of this procedure is provided in Fig. 5.5. We perform
a linear interpolation in order to accurately find the percolation threshold. In Fig. 5.5, also the
isotropic spinodal is indicated. This is the concentration below which the recursive iteration of
the Onsager equation starting from a nematic trial function, converges to an isotropic distribution
instead [124].

We have scanned the parameter space spanned by our three main parameters c, K, λ/D
to obtain a comprehensive diagram that shows when percolation occurs, which we show in Fig.
5.6. If the connectedness shell thickness λ < 1.15D, the alignment induced by the external field
and concentration prevents percolating clusters from appearing all together. This was shown
analytically and confirmed by Monte Carlo simulations by Finner et al. [125]. If 1.15D < λ <
1.236D, enclosed percolation islands are present [111, 125]. In this regime, for sufficiently weak
external fields, percolating particle clusters are formed in the dilute phases (isotropic, paranematic,
and antinematic). Upon an increase in the concentration or field strength, the additional induced
alignment causes the percolating clusters to disconnect. This interplay between the effects of an
increase in concentration causes very complex behaviour in the region around λ = 1.24D. Here,
the percolation islands fan out, and transform from islands to peninsulas to normal coastlines.
Within this transition there are examples of repeated re-entrance effects, where percolating
clusters can form and break down multiple times.

A second observation we make from Fig. 5.6 is that the biaxial nematic phase, which
can occur if K < 0, displays qualitatively different percolation behaviour than the uniaxial
nematic phase (K > 0). The presence of the continuous phase transition for K < 0, creates a
non-differentiability in the percolation diagram which is not present for K > 0.

5.3.3 Correlation lengths

We can use the connectedness structure factor S+(q) to investigate the shape of non-percolating
clusters, to get a clearer understanding of the effects of biaxiality in the orientational distribution
function on cluster formation. We quantify the shape of the clusters by evaluating the small
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Figure 5.5: Inverse cluster size as function of concentration for K = 0 and λ/D = 1.21. The
percolation threshold is obtained by requiring that the mean cluster size diverges, i.e., 1/S = 0.
This figure illustrates the method that we use to find the percolation threshold for any value of the
external field strength K and the connectivity range λ/D. In the figure, also the phase coexistence
region and the isotropic spinodal are indicated as reference.

q → 0 behaviour of the structure factor. First, we wil identify the correlation lengths in the
small-wavelength expansion of the connectedness structure factor, and we subsequently illustrate
a method of efficiently obtaining them. To start, we can immediately write down the expansion
of the structure factor for small q

S+(q) = S+(0) +
1

2

∂2S+

∂q2
x

∣∣∣∣
q=0

q2
x +

1

2

∂2S+

∂q2
y

∣∣∣∣
q=0

q2
y +

1

2

∂2S+

∂q2
z

∣∣∣∣
q=0

q2
z + . . . , (5.16)

because of the symmetry argument that our theory must be invariant to the transformation
q→ −q, since our particles are inversion symmetric. This means that any term that is not even
in all spatial directions, qx, qy, and qz must vanish. The coefficients in front of the quadratic
terms in q give us information about the shape of clusters. Therefore, it is customary to interpret
them in terms of correlation lengths. Here, we define the correlation lengths as

S+(q)− 1

S+(0)− 1
=
〈〈ĝ+(q,u,u′)〉〉′
〈〈ĝ+(0,u,u′)〉〉′ = 1− ξ2

xq
2
x − ξ2

yq
2
y − ξ2

zq
2
z + . . . , (5.17)
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Figure 5.6: The occurrence of percolation for varying concentration c, external field strength
K and connectedness shell thickness λ/D. For very low concentration, no percolating cluster
exists. As the concentration increases, a percolating cluster is formed and possibly destroyed (and
sometimes reformed) dependent on the value of the external field strength and the connectivity
range λ/D. Also indicated in the figure are the binodals and second order phase transition
computed from Onsager theory, see Fig. 5.4.

where ξx is the correlation length in the x-direction, and so on. These correlation lengths are
qualitative, not quantitative, measures of the average dimensions of a cluster, and therefore are
better suited to indicate cluster shape than size. To calculate these lengths, we need to calculate
the pair connectedness function for finite wave vectors. To do this, we first require to obtain an
expression for the direct connectedness function Ĉ+(q,u,u′) = f̂+(q,u,u′). In the slender rod
limit and for qD� 1, this can be shown to equal

Ĉ+(q,u,u′) = f̂+(q,u,u′) = 2L2(λ−D)|u× u′|j0
(
L

2
q · u

)
j0

(
L

2
q · u′

)
(5.18)

using Straley’s oblique coordinate system [113, 126], where the spherical Bessel function j0(x) =
sin(x)/x. With this expression, it is now possible to solve the connectedness Ornstein-Zernike equa-
tion (5.10) to get the full wave vector dependence of ĝ+, and extract the correlation lengths.

However, there is a numerically less expensive way to go about this problem. We can derive
an expression for the leading order anisotropic term in an expansion of the pair connectedness
function

ĝ+(q,u,u′) = ĝ+(0,u,u′) +
∂2ĝ+(q,u,u′)

∂q∂q

∣∣∣∣
q=0

: q q + . . . , (5.19)
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where we define the double dot product : as the sum of the element-wise product of the matrices,
and diadic products with (a b)ij = aibj , where a and b are vectors. In Eq. (5.19), the linear
term drops out for symmetry reasons.

The matrix of coefficients ∂2ĝ+(q,u,u′)
∂q∂q

∣∣∣
q=0

contains all the information we need to find the

correlation lengths, see Eq. (5.17). Therefore, we can restrict our calculation to finding this
matrix instead of the full ĝ+(q,u,u′). We derive an expression for this matrix by taking the
second derivative of the connectedness Ornstein-Zernike equation (5.10) and evaluating at q = 0.
Because the first derivatives of both ĝ+ and Ĉ+ vanish at q = 0, this simplifies to

∂2ĝ+(q,u,u′)

∂q∂q

∣∣∣∣
q=0

=
∂2Ĉ+(q,u,u′)

∂q∂q

∣∣∣∣∣
q=0

+ ρ

〈
∂2Ĉ+(q,u,u′′)

∂q∂q

∣∣∣∣∣
q=0

ĝ+(0,u′′,u′)

〉′′

+ ρ

〈
Ĉ+(0,u,u′′)

∂2ĝ+(q,u′′,u′)

∂q∂q

∣∣∣∣
q=0

〉′′
. (5.20)

Using the fact that ∂2Ĉ+(q,u,u′)
∂q∂q

∣∣∣
q=0

= − 1
6 (λ − D)L4|u × u′|(u u + u′u′) we can formulate a

closed equation for the coefficients that we need to calculate the correlation lengths2,

∂2ĝ+(q,u,u′)

∂q∂q

∣∣∣∣
q=0

=− 1

6
(λ−D)L4|u× u′|(u u + u′u′)

− 1

6
ρ(λ−D)L4

〈
|u× u′′|(u u + u′′u′′)ĝ+(0,u′′,u′)

〉′′
+ 2ρ(λ−D)L2

〈
|u× u′′| ∂

2ĝ+(q,u′′,u′)

∂q∂q

∣∣∣∣
q=0

〉′′
. (5.21)

We can simplify the numerics by averaging this equation over u′, and solving the result one
matrix element at a time, since the elements are not coupled. The correlation lengths are now
easily calculated using

ξ2
α = −1

2

ρ

S+(0)− 1

〈〈
∂2ĝ+(q,u,u′)

∂q2
α

∣∣∣∣
q=0

〉〉′
, (5.22)

where the Greek index α can denote any of the Cartesian coordinates. We numerically find that
the off-diagonal elements vanish, as we predicted with symmetry arguments.

In Fig. 5.7, we plot the correlation lengths at different connectivity lengths and field
strengths. For any orientational external field K ≥ 0, we find as expected that the correlation
lengths perpendicular to the field, ξx and ξy, are equal. The relative value of the parallel
correlation length, ξz, is determined by the phase the dispersion is in. Naturally, in the isotropic
phase (K = 0) it is equal to the perpendicular lengths, see Fig 5.7a. As a check of our numerical
procedure, we verify that the correlation lengths in the isotropic phase in the low density limit
are equal to L/6, which can also be calculated analytically, see App. D. Upon the entrance of
the nematic phase, we see that the parallel correlation length is significantly larger than the
perpendicular ones, indicating that clusters in the nematic phase are elongated. This was found
in earlier work as well [111, 113, 125]. In the low density paranematic phase, the external field

2This identity was misprinted in our earlier work [111]. This error does not affect any of the results, or
subsequent equations, of that work.
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Figure 5.7: Correlation lengths as function of the concentration along vertical slices in Fig.
5.6. The subfigures correspond to the slices across the isotropic-nematic transition at K = 0,
λ/D = 1.1 (a), and across the antinematic-biaxial nematic transition at K = −5 (b), λ/D = 1.2;
K = −4.5, λ/D = 1.24 (c), and K = −4, λ/D = 1.23 (d). We see a wide variety of behaviour
across this transition, depending on the field strength and connectivity length.

causes a slight alignment of the particles, which in turn causes a slight elongation of the clusters,
mildly mimicking the behaviour in the nematic phase.

If we consider a negative field strength, we can clearly see the effects of biaxiality on the
cluster shape. In the low density antinematic phase, the particles are oriented away from the
z-axis slightly. This results in the fact that the correlation lengths in the direction perpendicular
to the field axis are higher than the parallel one. We therefore expect that the clusters in this
phase take the shape of oblate spheroids. When the antinematic-biaxial nematic continuous phase
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transition is approached, the clusters become larger, increasing the correlation lengths. Dependent
on the connectivity length this increase may or may not cause percolation, see Figs. 5.7b–5.7d.
At the phase transition, indicated in the figures with black dashed lines, the correlation lengths
ξz and ξy show a clear cusp, and start to decrease when the concentration is increased further.
The correlation length along the director, which is defined to coincide with the x-axis in this
phase, however does not show this nondifferentiability, and keeps increasing monotonically. The
relative strength of the external field and the internal aligning field caused by excluded volume
effects determines the ratio of the two correlation lengths perpendicular to the director ξz and ξy.
In this phase therefore, we conclude that the ellipsoidal clusters are triaxial.

5.4 Finite aspect ratios

In the preceding sections, we looked at the phase behaviour and percolation of infinitely slender
nanorods. The question arises in what way this behaviour changes when the particle aspect ratio
decreases from infinity. In the context of Onsager theory, a few methods have been developed
to account for particles with a finite length-diameter ratio. The best known one, produced by
Lee and Parsons independently, is based on interpolating between the free energy of infinitely
slender particles produced by Onsager and the Carnahan-Starling free energy of spheres. This
approximation produces highly accurate phase diagrams, and has been widely used in literature
[127–129]. An alternative method, called Scaled Particle Theory, is based on an interpolation of
the work required to insert a very large and a very small particle into the dispersion [130, 131].
This estimation of the work is used to correct the free energy. Scaled Particle Theory has been
shown to produce more accurate results when applied to percolation theory by Finner et al. [132].
For this reason, we choose to use this method. A detailed comparison between both methods and
Monte Carlo simulation results is presented in by Finner et al., who showed that Scaled Particle
Theory predictions for the percolation threshold deviates less than 10%, even for rods with aspect
ratios down to L/D = 5 [132]. Here, we give a quick overview of this theory before applying it to
the percolation problem. We first use scaled particle theory to adjust the Onsager free energy to
take into account the end-caps of the particles, and find the equilibrium orientational distribution
function. Subsequently, we use the same adjustment for the direct connectedness function Ĉ+, in
order to accurately find the percolation threshold.

5.4.1 Scaled Particle Theory

We model our N particles as spherocylinders with cylindrical length L, diameter D. This definition
implies that the so-called ‘full’ aspect ratio equals (L+D)/D. However, in this work we refer the
to aspect ratio as the simple ratio L/D. The volume fraction of this dispersion is given by

ϕ =
N

V

(
πLD2

4
+
πD3

6

)
= c

(
D

L
+

2

3

D2

L2

)
, (5.23)

where V is the volume available to the rods.
Cotter and Wacker derived an expression for the Scaled Particle Theory free energy of

spherocylindrical particles, that incorporates an approximation of virial terms beyond the second.
This free energy is given up to a constant by [130, 131, 133]

F

NkBT
= f = ln

(
ϕ

1− ϕ

)
+ 〈lnψ(u)〉+A

(
ϕ

1− ϕ

)
+
B

2

(
ϕ

1− ϕ

)2

−K〈cos2 θ〉, (5.24)
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where

A = 3 +
12

π

(
L
D

)2
3 LD + 2

〈〈|u× u′|〉〉′ , (5.25)

and

B =
12
(
L
D + 1

) (
2 LD + 1

)(
2 + 3 LD

)2 +
48

π

L2

D2

(
L
D + 1

)(
2 + 3 LD

)2 〈〈|u× u′|〉〉′ , (5.26)

where the new L/D-dependence is due to the Scaled Particle Theory approximation. It is not
hard to show that this free energy reduces to expression (5.2) as D/L→ 0 and ϕ→ 0.

From this expression of the free energy, we find the equilibrium orientational distribution
function by requiring that δf/δψ = 0, and solving the resulting integral equation

ψ(u) =
1

Z
exp

(
K cos2 θ − 8Γc

π
〈|u× u′|〉′

)
, (5.27)

where Z is a normalisation constant, and

Γ =
1

1− ϕ

(
1 +

ϕ

1− ϕ
2 + 2 LD
2 + 3 LD

)
. (5.28)

is the Scaled Particle Theory correction factor. Note that Eq. (5.27) is identical to Eq. (5.4)
for the infinite aspect ratio case if Γ = 1. Indeed, it is easy to see that Γ→ 1 as L/D →∞ at
constant c.

Using the equilibrium orientational distribution function ψ(u), we can calculate the dimen-
sionless pressure p and chemical potential µ in the same way as described in Section 5.2. We
find3

p =
Πϕ

ρkBT
= c

(
ϕ

1− ϕ

)
+Ac

(
ϕ

1− ϕ

)2

+Bc

(
ϕ

1− ϕ

)3

(5.29)

and

µ = ln

(
ϕ

1− ϕ

)
+ 〈lnψ(u)〉+ (1 + 2A)

(
ϕ

1− ϕ

)
+

(
A+

3

2
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)(
ϕ

1− ϕ

)2

+B

(
ϕ

1− ϕ

)3

−K〈cos2 θ〉. (5.30)

Using the pressure and chemical potential, we calculate the binodals and second order
phase transition by the same method as described in Sec. 5.2. The resulting phase diagrams for
L/D = 100 and L/D = 20 are plotted in Fig. 5.8.

From this figure, we conclude that the external field strengths at the critical and tricritical
points are only weakly dependent on the aspect ratio. The critical and tricritical volume fractions,
however, are proportional to D/L as L/D → ∞. This could have also been concluded from
Sect. 5.2. At aspect ratios below roughly one hundred, we find a clear deviation from this
scaling behaviour, which is in excellent agreement with simulations and numerical work at K = 0
[133].

3Note: here, the dimensionless pressure is defined slightly differently than in Sec. 5.2.
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Figure 5.8: Phase diagram of hard spherocylinders with aspect ratios L/D ∈ {∞, 100, 20} in
terms of a scaled volume fraction as function of the external field strength K. Within the enclosed
region, high and low density phases coexist. We calculated the location of the binodals using the
Onsager free energy, with Scaled Particle Theory corrections for the finite aspect ratios. The
terminology of the phases is shown in Fig 5.4.

5.4.2 Percolation of spherocylinders

To apply the Scaled Particle Theory correction also to the calculation of the cluster size, we
closely follow the procedure presented in Ref. [115]. We rescale our contact volume with the
same parameter Γ that we used to rescale our excluded volume, given by Eq. (5.28), such that
the closure of the Connectedness Ornstein-Zernike equation (5.10) reads,

Ĉ+(0,u,u′) = Γf̂+(0,u,u′). (5.31)

In this equation, the contact volume, including the contributions by the hemispherical end-caps
is given by

f̂+(0,u,u′) = 2L2(λ−D)|u× u′|+ 2πLD2

((
λ

D

)2

− 1

)
+

4πD3

3

((
λ

D

)3

− 1

)
, (5.32)

where λ is the connectivity length. The new second and third terms account for the effects of
the hemispherical end-caps. We note that the form of closure (5.31) is not based on physical
arguments, but rather on considerations of convenience. However, in our view it makes sense to
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use the same renormalisation in the excess free energy as in the direct connectedness function
because there is a strong physical connection between the two. Additionally, it can be shown
that this approximation yields very accurate results for aspect ratios L/D > 10 [115]. By the
same methods described in Sec. 5.3.2, we now solve the connectedness Ornstein-Zernike equation
and find the cluster size as function of the volume fraction, aspect ratio, connectedness criterion,
and external field strength.

The percolation threshold can again be found by the requirement that the cluster size
diverges. This procedure results in the percolation diagrams shown in Fig 5.9. Here we plot
for aspect ratios L/D = 100 and L/D = 20 the percolation thresholds for several different
connectedness criteria as function of the external field. The diagram for L/D →∞ is given in
Fig 5.6. The percolation thresholds are expressed in terms of the product of the volume fraction
and the aspect ratio ϕL/D, which in the slender particle limit is the exact definition of our
parameter c.

We find in full agreement with our earlier numerical work that the finite particle slenderness
introduces a high concentration percolation transition. After all, a finite dispersion with sufficiently
many particles always percolates. The location of this high concentration percolation threshold
is strongly dependent on the aspect ratio. Apart from this additional percolation threshold,
our results show that the diagram does not change qualitatively as the aspect ratio decreases
to L/D = 20. However, if the particle anisometry is decreased further, the percolation islands
and peninsulas disappears entirely. For spherical particles, at L/D = 0, the diagram has lost its
dependence on the external field, as the orientation of spheres has no influence on percolation
within our model. In this regime, the concentration at which percolating clusters appear is only
dependent on the ratio between the connectivity criterion and the particle diameter.
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Figure 5.9: Percolation threshold for spherocylinders with aspect ratio L/D = 100 (a) and
L/D = 20 (b) as function of the external field strength K for different connectedness criterion
λ/D. The hatched region is the region of phase coexistence.
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5.5 Discussion and conclusion

We have numerically investigated the effect of external field induced antinematic order on the
percolation threshold and cluster shape in dispersions of spherocylindrical particles. This was
performed in the context of a self-consistent combination between Onsager theory of the isotropic-
nematic phase transition and the connectedness Ornstein-Zernike equation by Coniglio and
coworkers [40, 116]. We applied Scaled Particle Theory corrections to incorporate approximations
of the higher order virial terms in the Onsager free energy and used a similar approximation for
the direct connectedness function. This allowed us to generalise our findings to rods with aspect
ratios of down to approximately L/D = 10.

For small connectivity lengths, we find that percolation islands form in the concentra-
tion/external field plane, meaning that upon an increase of concentration, percolating clusters
can form and break down subsequently. For particles with finite aspect ratios, as we usually
encounter in real materials, a high density percolation threshold always exists. If the connectivity
length increases, the percolation islands grow, and eventually fan out, connecting to this high
density threshold. On the other hand, when the connectivity length is large enough, the low
density percolation can never be broken down by the induced order due to the external field or
excluded-volume effects, and it always precedes the abovementioned high density percolation
threshold. To the best knowledge of the authors, no simulations have been conducted of percola-
tion of nanorods subject to externally applied quadrupolar fields. However, our results in the
disorientational regime show surprising qualitative resemblance with the percolation diagrams of
simulations of nanorods in shear flow [134]. However, we expect this similarity to be coincidence
because the authors show that this re-entrant perclation behaviour is due to rod aggregation
instead of alignment.

As the aspect ratio decreases, and the rods increasingly resemble spheres, the effects
described above disappear. For spherical particles, indeed, the influence of the external field
vanishes, because the average surface to surface distance cannot any longer be influenced by the
rotational degrees of freedom. For homogeneously dispersed spherical particles, the percolation
threshold is uniquely determined by the ratio λ/D as we have seen in previous chapters.

It is a major challenge to disperse carbon nanotubes isotropically in polymer composites, not
only due to the intrinsically occurring phase transitions, but also due to the used manufacturing
processes such as spin coating and shear mixing [135]. Even in controlled laboratory experiments,
external electric, magnetic or flow fields are omnipresent and our results show that the effects
of such weak external fields on the percolation threshold can be rather significant. We believe
that this fact can explain a part of the scatter in the experimental data of the conductivity of
nanocomposite materials.

Additionally, we calculated correlation lengths to get insight into the shape of nonpercolating
clusters. Our results confirm earlier findings that from the isotropic to nematic phase cluster go
from spherical to elongated. Moreover, across the continuous antinematic-biaxial nematic phase
transition, we find that the clusters transition from being oblate spheroids to triaxial prolate
ellipsoids. The highly anisometric shape of clusters in these phases can be exploited to generate
materials that have anisotropic conductivity properties [136].
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Chapter 6

Conclusions and outlook

The aim of this work has been to investigate the behaviour of the percolation threshold of particle
dispersions. We considered two different models:

• a non-equilibrium dispersion of hard spherical particles subject to a simple shear flow, and,
• an equilibrium dispersion of hard rodlike particles subject to external quadrupolar fields.

The common denominator of these two distinct dispersions is that they are both meant to model
the influence of experimentally induced external influences on the percolation threshold in polymer
composites.

With the first model, we have found that the influence of shear flow on the percolation
threshold of a dispersion of spherical particles can be captured by a simple heuristic model
semi-quantitatively. The model predicts that the percolation threshold is slightly increased if the
connectivity length is large with respect to the particle diameter, and decreased up to roughly
10% if the particle diameter is close to the connectivity range. We postulate that this decrease
is caused by the emergence of linear contact clusters that have been experimentally observed
in sheared dispersions [78]. To provide a further indication for this conjecture, we show that
subpercolating clusters elongate due to the shear flow for a certain choice of parameters. We,
however, do not provide conclusive evidence for our claim.

The theoretical model slightly overestimates the influence of the shear flow on the percolation
threshold when compared with molecular dynamics simulations. This discrepancy might be caused
by a variety of factors, but is probably due to the heuristic nature of the used criterion or the
fact that we neglected all shear-induced many-body correlations.

The second model shows the highly complex physics that arise when the particles are non-
spherical and hard. Such particles are known to self-organise entropically into liquid-crystalline
phases. The combination of this internally driven alignment with externally applied aligning or
disaligning fields leads to a variety of symmetry-broken phases. We show that the percolation
threshold is highly sensitive to the degree of alignment in a dispersion of rodlike particles. This
sensitivity is manifested by the fact that material-spanning clusters can form and break down
multiple times with increasing particle density, while keeping all other relevant parameters
constant. We also show that this behaviour is present over a wide range of particle aspect
ratios, and causes the cluster shape to become bi- or tri-axial depending on the underlying
thermodynamic phase.
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Outlook

Due to the heuristic nature of the percolation criterion we applied to find the percolation threshold
in the first model, we do not have a way of analytically investigating the degree of anisometry
of the particle clusters. To provide further evidence for our conjecture that the decrease in
the percolation threshold is due to the emergence of linear clusters, it would be interesting
to investigate the cluster shape more comprehensively and to measure the percolating cluster
statistics depending on the shear rate with molecular dynamics simulations. Unfortunately, we
have not found the opportunity to conduct such an analysis with a sufficiently satisfactory degree
of comprehensiveness. Therefore, we leave this problem to further research.

Additionally, to make our model more quantitative, several improvements could be made.
First of all, shear-induced many-body correlations could be taken into account. This can be
done, for example, by including three-body correlations explicitly in the Smoluchowski theory
and close the theory by approximating the three-body correlations in terms of the two-body
correlations. Alternatively, one could leverage our knowledge of the equilibrium material to use
the Percus-Yevick pair correlation function as the equilibrium structure directly in Eq. (A.14),
effectively including many-body correlations implicitly.

In addition to many-body interactions, we have neglected hydrodynamic interactions entirely
throughout this analysis. To include them, one must incorporate the tensorial mobility of the
particles explicitly. For example, this can be achieved by including hydrodynamic interactions
in the form of pairwise lubrication forces as is done in Ref. [91]. Such a procedure is especially
applicable if the shear flow is strong relative to thermal diffusion and the the particle volume
fraction is high.

To do away with the heuristic nature of the theory altogether, it might be possible to
formulate a dynamic percolation theory from dynamic density functional theory or power functional
theory similar to how connectedness Ornstein-Zernike theory is derived from liquid state Ornstein-
Zernike theory [137]. However, as far as is known to the authors, no such formulation exists in
the literature. Alternatively, Fortuin and Kasteleyn have shown that the percolation can also
be considered in terms of generalised Ising, or Potts models [138, 139]. Since methods exist to
study the dynamics of Ising models in external fields, see for example Ref. [140], it is imaginable
that such methods could also be applied to the percolation problem. However, even if dynamical
percolation could be studied this way, it is not entirely straightforward to apply such lattice
models to continuum systems, although the formalism exists [141].

To extend our model to non-spherical particles also, it is necessary to adapt the Smoluchowski
theory to account to include the resulting anisometric structures as well. For particles with very
high aspect ratios, the percolation criterion that we have used, has been shown to fail, and must
be adapted to retain its predictive power.

Although simulations of Kwon et al. show that dispersions of rodlike particles in shear flow
have strikingly similar re-entrant percolation behaviour to that we observed for rods in external
quadrupolar fields [134], the underlying cause is probably different. Indeed, in the case of our
work, percolation is suppressed by external-field-induced particle alignment, whereas Kwon and
coworkers show that hydrodynamic agglomeration of rods is the origin. To properly theoretically
model percolation in sheared suspensions of hard rods, therefore, a dynamical percolation theory
needs to be set up that can incorporate not only the entropically driven particle alignment, but
also the shear-induced particle aggregation.
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Appendix A

Derivation of equation 4.10

To derive Eq. (4.10), and the boundary condition (4.11), we start with the many body Smoluchow-
ski equation. As in the main text, we define PN (r1, . . . , rN , t) to be the probability density function
of N particles at time t. Ignoring all hydrodynamic interactions between the particles, we can
write down the many-body Smoluchowski equation [85]

∂PN
∂t

=

N∑
i=1

∇i · (D0∇iPN +D0βPN∇iΨ− Γ · riPN ) , (A.1)

where D0 = kBT/3πDη is the self-diffusion constant of the particles, β = (kBT )−1 is the inverse
thermal energy, ∇i is the gradient operator with respect to ri, and Ψ is the potential energy,
which we assume to be pair-wise additive

Ψ(r1, . . . , rN ) =

N∑
i=1

N∑
j>i

U(ri, rj), (A.2)

where U(ri, rj) is the pair potential between particles i and j. As mentioned in the main text, the
Smoluchowski equation (A.1) describes the time-dependent N -body probability density function
PN (r1, . . . , rN , t) of interacting particles on Brownian time scales. In the context of percolation
criterion described in the previous section, we are interested in finding the pair correlation function,
which relates the 1-body with the 2-body probability density functions.

g(r1, r2, t) =
P2(r1, r2, t)

P1(r1, t)P1(r2, t)
(A.3)

It essentially measures to what extend pairs of particle positions are correlated, hence its
name. The 1- and 2-body functions can be reduced from their N -body counterpart as

P1(r1, t) =

∫
dr2 . . . drNPN (r1, . . . , rN , t), (A.4)

P2(r1, r2, t) =

∫
dr3 . . . drNPN (r1, . . . , rN , t), (A.5)

where we integrate over all of three-dimensional space for each particle position. Now, to obtain
an equation for the two particle probability function, we integrate the full Smoluchowski equation
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(A.1) over the positions of particles 3, . . . , N , of which we present the result term by term.
Firstly, the time derivative part simplifies to∫

dr3 . . . drN
∂PN
∂t

=
∂P2

∂t
. (A.6)

Secondly, we have ∫
dr3 . . . drN

N∑
i=1

∇i · (D0∇iPN ) = D0∇2
1P2 +D0∇2

2P2, (A.7)

for the diffusion term, since we assumed that D0 is a positionally independent scalar. Thirdly, we
have ∫

dr3 . . . drN

N∑
i=1

∇i · (D0βPN∇iΨ) (A.8)

= βD0∇1 · (P2∇1U(r1, r2)) + βD0∇2 · (P2∇2U(r1, r2)) (A.9)

+ βD0(N − 2)

(
∇1 ·

∫
dr3P3∇1U(r1, r3) +∇2 ·

∫
dr3P3∇2U(r2, r3)

)
, (A.10)

for the interaction term, and lastly,∫
dr3 . . . drN

N∑
i=1

∇i · (Γ · riPN ) = ∇1 · (Γ · r1P2) +∇2 · (Γ · r2P2) , (A.11)

for the flow term.
We can proceed by assuming that we have a homogeneous system such that a global

translation leaves all functions invariant. It is now easy to show that P1(r1, t) = 1/V , since∫
dr1P1(r1, t) = 1. We perform a global translation such that r2 lies at the origin. In order to

simplify the equations, we also define two relative coordinates r = r1 − r2 and r′ = r3 − r2, such
that ∇1 = ∇ and ∇2 = −∇−∇′. Additionally, we assume that all three-body interactions and
correlations are negligible by letting the density ρ→ 0. We now find the more simple equation
for the pair correlation function g(r1, r2, t) = g(r,0, t) ≡ g(r, t)

∂g

∂t
= 2D0∇2g + 2D0β∇ · (g∇U)−∇ · (Γ · r g). (A.12)

We are primarily interested in the shear-induced distortion of the equilibrium pair cor-
relations function, since we have a successful theory of the latter. To that end, we divide the
pair correlation function in an equilibrium part and a distortion g(r, t) = g0(r, t) + δg(r, t). The
equilibrium pair correlation function is the solution to Eq. (A.12) in the absence of a flow
field

∂g0

∂t
= 2D0∇2g0 + 2D0β∇ · (g0∇U). (A.13)

By substitution, we find an equation for δg

∂δg

∂t
= 2D0∇2δg + 2D0β∇ · (δg∇U)−∇ · (Γ · r g0)−∇ · (Γ · r δg). (A.14)
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To simplify this further, we note that g0 = exp(−βU) is a the steady state solution of Eq. (A.13),
which we can use to close Eq. (A.14). This sets the equilibrium pair distribution function to
equal a step function in the case of hard-core interactions. The fact that this is a solution of the
equation for the equilibrium distribution function stems from the fact that we threw away all 3+
body interactions. In a real system, this is an approximation that becomes exact in the dilute
limit, as ρ→ 0. However, at higher densities, it introduces an error in our predictions. A higher
order approximation could in principle be used to close the equations, but we do not pursue this
in the present work.

Since we are considering hard core particles, we can now write Eq. (A.14) as a boundary
value problem, with a no-flux boundary condition given by

∂δg

∂t
= 2D0∇2δg − γ̇y ∂δg

∂x
r > D, (A.15)

2D0
∂δg

∂r
= γ̇

xy

r
(δg + 1) r = D,

where we used ∇ · (Γ · rg) = γ̇y ∂g∂x . The equation we are left with is a diffusion equation
with an extra convective term that captures the effect of the flow field. The boundary condition
arises from requirement that there be no mass flux at contact of two particles

r̂ · [2D0∇δg + 2D0β∇ · (δg∇U)− γ̇yx̂(g0 + δg)] = 0 r = D+, (A.16)

where the second term vanishes due to the fact that ∇U = 0 for all r, except at r = D, in the case
of hard spheres. We find Eq. (4.10) by taking the stationary variant of Eq. (A.15), by setting
∂/∂t = 0.
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Solution of equation 4.12

We dedicate this appendix to finding the solution of the dimensionless equation (4.12), and the
accompanying boundary condition (4.13). However, instead of starting with the steady-state
equation, it turns out to be easier to start with the time dependent equation, and taking the
steady state limit later. Therefore, we start with

∂δg′

∂t′
−∇′2δg′ + y′

∂δg′

∂x′
= 0 r′ >

√
2Pe, (B.1)

∂δg′

∂r′
− x′y′

r′
(δg′ + 1) = 0 r′ =

√
2Pe,

where we have defined the Peclet number Pe = γ̇D2/4D0. We can make the convective term in
the equation simpler to deal with using another change of variables

u = x′ − y′t′ v = y′ w = z′ s = t′ (B.2)

θ(u, v, w, s) = δg′(x′ − y′t′, y′, z′, t′),

such that

∇′2 = (1− s2)
∂2

∂u2
− 2s

∂2

∂u∂v
+

∂2

∂v2
+

∂2

∂w2
, and

∂

∂t′
=

∂

∂s
− v ∂

∂u
. (B.3)

Eq. (B.1) now simplifies to

∂θ

∂s
= (1 + s2)

∂2θ

∂2u
+
∂2θ

∂v2
+
∂2θ

∂w2
− 2s

∂2θ

∂v∂u
. (B.4)

We deal with the boundary conditions when we transform the solution back to our original
dimensionless coordinates. This new equation is most easily solved in the Fourier domain.
Therefore, we define the spatial Fourier transform and its inverse

θ̂(ξ, η, ζ, s) =

∫∫∫
dudvdw θ(u, v, w, s)ei(ξu+ηv+ζw) (B.5)

θ(u, v, w, s) =
1

(2π)3

∫∫∫
dξdηdζ θ̂(ξ, η, ζ, s)e−i(ξu+ηv+ζw), (B.6)
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where all integrals range from −∞ to ∞, such that equation (B.4) reads in the Fourier do-
main

∂θ̂

∂s
= −

(
ξ2 + η2 + ζ2

)
θ̂ + 2ξηsθ̂ − ξ2s2θ̂, (B.7)

which can be readily solved:

θ̂(ξ, η, ζ, s) = θ̂(ξ, η, ζ, 0) exp

[
−
(
ξ2 + η2 + ζ2

)
s+ ξηs2 − 1

3
ξ2s3

]
. (B.8)

Here, θ̂(ξ, η, ζ, 0) is given by the Fourier Transform of the initial configuration. To simplify
notation, we introduce the function

Ĝ(ξ, η, ζ, s) = exp

[
−
(
ξ2 + η2 + ζ2

)
s+ ξηs2 − 1

3
ξ2s3

]
, (B.9)

such that real space solution of (B.4) is given by the convolution product of θ(u, v, w, 0) and
θ(u, v, w, s)

θ(u, v, w, s) = θ(u, v, w, 0) ∗G(u, v, w, s) (B.10)

=

∫∫∫
G(u− u′, v − v′, w − w′, s)θ(u′, v′, w′, 0)du′dv′dw′ds′, (B.11)

where ∗ denotes the convolution operation and G(u, v, w, s) is determined with the inverse Fourier
transform of Ĝ to be

G(u, v, w, s) =
1

4

(
1

sπ

)3/2√
3

s2 + 12
exp

(
−v

2

4s
− w2

4s
− 3(2u+ vs)2

4s(s2 + 12)

)
. (B.12)

The function G(u,w, v, s) satisfies Eq. (B.4) without boundary conditions and subject to the
initial condition θ(u, v, w, 0) = δ(u)δ(v)δ(w), which is equivalent to saying that it satisfies Eq.
(B.4) with delta peak centred at u = v = w = s = 0 as source term

∂G

∂s
− (1 + s2)

∂2G

∂2u
− ∂2G

∂v2
− ∂2G

∂w2
+ 2s

∂2G

∂v∂u
= δ(0, 0, 0, 0) t ≥ 0. (B.13)

Therefore, we identify G(u− u′, v − v′, w − w′, s) as a free-space Green’s function of Eq. (B.4)
[142]. Using the method of images, we can in principle satisfy the boundary condition belonging
to Eq. (B.4) by extending the domain of the function θ to all of space and placing source terms
inside the region that was not part of its original domain. If we place these source terms such
that the linear combination of the solutions that correspond to those sources also satisfies the
boundary condition, we have found the solution of the original Eq. (B.4) in its original domain.
We note that due to the linearity of the differential operator, any linear combination of solutions
must still be a solution to Eq. (B.4).

To solve this equation, we use a variant of the method of images that we call the method of
multipole sources [143], which relies on the fact that we can create multipoles by placing several
source terms in very close proximity to each other. Using this technique, we place multipole
sources in that region to satisfy the boundary conditions. To simplify, we choose to place them
all at the origin, which is part of this excluded region. Since a multipole is made of delta sources
placed infinitesimally close together with different signs, the solution corresponding to that
multipole is equal to the superposition of the Green’s functions at the corresponding locations.
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This superposition is proportional to a high-order partial derivative of the Green’s function in
the limit that the sources approach each other. Take a dipole for example, if we place two point
sources of strength ±1/h at (u, v, w, s) = (−h, 0, 0, 0) and (0, 0, 0, 0), and let h→ 0, the solution
corresponding to this dipole source becomes

θ(u, v, w, s) = lim
h→0

(G(u+ h, v, w, s)−G(u, v, w, s)/h =
∂G(u, v, w, s)

∂u
. (B.14)

Because of the fact that higher order multipoles are created in the same way by superimposing
lower order multipole sources, the solutions corresponding to them are all higher order derivatives
of the Green’s function.

We can thus write the solution of Eq. (B.4) as a linear combination of the functions

θαβ(u, v, w, s) =

∫∫∫
δ(u′, v′, w′, s′)

(
∂

∂u′

)α(
∂

∂v′

)β
(B.15)

G(u− u′, v − v′, w − w′, s− s′)du′dv′dw′

=

(
∂

∂u

)α(
∂

∂v

)β
G(u, v, w, s), (B.16)

where we leave out the multipoles in the w-direction for symmetry reasons (the boundary
conditions of (A.15) are independent of z). We can now perform the inverse transformation of
Eq. (B.2), and we find that the solution of Eq. (B.1) is given by a linear combination of the
functions

δg′αβ(x′, y′, z′, t′) =

(
∂

∂x′

)α(
∂

∂y′
+ t′

∂

∂x′

)β
G(x′ − t′y′, y′, z′, t′). (B.17)

We have now in principle found the solution to the transient boundary value problem
(except that we still have to find the values of the coefficients of the linear combination). However,
we are interested mainly in the pair correlation function of the fully developed flow, i.e. the
steady state solution. Using the limit method, we can transform these Green’s functions of the
transient equations to those of the steady state equations [142]. The result is given by

T ′αβ(x′, y′, z′) = lim
τ→∞

∫ τ

0

(
∂

∂x′

)α(
∂

∂y′
+ t′

∂

∂x′

)β
G(x′ − t′y′, y′, z′, t′)dt′. (B.18)

Summarising, the solution of our dimensionless steady state equation

y′
∂δg′

∂x′
−∇′2δg′ = 0, (B.19)

is given by

δg′(r′) =

∞∑
α,β=0

CαβT ′αβ(r′) r′ >
√

2Pe, (B.20)

where the coefficients Cαβ are determined by the boundary equation

∂δg′

∂r′
− x′y′

r′
δg′ =

√
2Pe

x′y′

r′2
r′ =

√
2Pe, (B.21)

where Pe = γ̇D2/4D0 is a dimensionless number quantifying the strength of the shear flow with
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respect to the diffusivity of the particles.
To determine the coefficients Cαβ , we insert Eq. (B.20) into Eq. (B.21), and find

∞∑
α,β=0

Cαβ
(
∂T ′αβ
∂r′

− x′y′

r′
T ′αβ

)
=
√

2Pe
x′y′

r′2
r′ =

√
2Pe. (B.22)

We can now expand the term within the brackets in real (valued) spherical harmonics Ylm(r̂′)
with coefficients jlmαβ

∂T ′αβ
∂r′

− x′y′

r′
T ′αβ =

∞∑
l=0

l∑
m=−l

jlmαβYlm(r̂′), (B.23)

where the real spherical harmonics are defined in terms of the regular spherical harmonics Ŷ ml (r̂′)
as

Ylm =


i√
2

(
Ŷ ml − (−1)mŶ −ml

)
=
√

2(−1)m=
(
Ŷ
|m|
l

)
m < 0

Y 0
l m = 0
1√
2

(
Ŷ −ml + (−1)mŶ ml

)
=
√

2(−1)m<
(
Ŷ
|m|
l

)
m > 0.

(B.24)

The coefficients jlmαβ can be determined by multiplying both sides of Eq. (B.23) with the corres-
ponding real spherical harmonic and integrating over all orientations. Due to the orthogonality of
the real spherical harmonics, this yields the expansion coefficients

jlmαβ =

∫ 2π

0

dφ

∫ π

0

dθ sin(θ)Y lm(θ, φ)

(
∂T ′αβ
∂r′

− x′y′

r′
T ′αβ

)
. (B.25)

Using the fact that x′y′/r′2 =
√

4π/15Y2,92(r̂′), we now find the coefficients Cαβ , by
writing

∞∑
α,β=0

Cαβ
∞∑
l=0

l∑
m=−l

jlmαβYlm(r̂′) =
√

8πPe/15Y2,92(r̂′) r′ =
√

2Pe, (B.26)

or, more compactly,
∞∑

α,β=0

Cαβjlmαβ =

√
8πPe

15
δl,2δm,92, (B.27)

for all integers 0 ≤ l < ∞ and −l ≤ m ≤ l. Eq. (B.27) is a system of infinitely many linear
equations in the coefficients Cαβ .
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The excluded-volume
approximation

In the present work, we use accurate numerical methods to integrate the connectedness Ornstein-
Zernike equation. However, in more analytical treatments one has to rely on various approxima-
tions to estimate the cluster size. A widely used example is the excluded-volume approximation,
where the percolation threshold is given by the inverse of the mean excluded volume [122, 144, 145].
This approximation assumes that the angular averaging of the pair connectedness function g+ and
the direct connectedness function C+ can be factorised. It reads that the percolation threshold is
given by:

ρ =
1〈〈

Ĉ(0,u,u′)
〉〉′ . (C.1)

The aim of this section is to evaluate the validity of this approximation by numerically
solving Eq. (C.1), and comparing to the full solutions of the Ornstein-Zernike equations. Due to
the implicit density dependence of the mean excluded volume, we solve this equation by finding
the root numerically. To do this, we use Brent’s method [100], which essentially attempts to
repeatedly find a better approximation of the root of the equation using quadratic interpolation.
We show the results in Fig. C.1. Comparing with the exact results which are presented in
Fig. 5.6 and reprinted here, we see that the excluded-volume approximation yields qualitatively
very accurate results. It shows the same role of particle alignment on the percolation threshold.
Quantitatively however, the approximation underestimates the percolation threshold significantly
in the ordered phases. In the isotropic phase, of course the percolation threshold matches the
exact values.
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Figure C.1: The occurrence of percolation for varying concentration c, external field strength K
and connectedness shell thickness λ/D as calculated from (a) the excluded-volume approximation
and (b) the full connectedness Ornstein-Zernike equation. Also indicated are the binodals and
second order phase transition computed from Onsager theory, see Fig. 5.4.
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Isotropic correlation lengths

In this Appendix, we show that the correlation lengths in the isotropic phase in the limit that
N/V → 0 are equal to L/6. We start at Eq. (5.21), which in the dilute limit reads

∂2ĝ+(q,u,u′)

∂q∂q

∣∣∣∣
q=0

= −1

6
(λ−D)L4|u× u′|(u u + u′u′) (D.1)

where the correlation lengths are now given by

ξ2
αβ =

L2

24

〈〈
|u× u′|(uαuβ + u′αu′β)

〉〉′
〈〈|u× u′|〉〉′

, (D.2)

where we predicted in the main text that the cross-correlations vanish. As we know that
ξxx = ξyy = ξzz, in the isotropic case, we can focus ourselves on the z-component. Therefore, we
have

ξ2
zz =

L2

12

∫∫∫
dφdθdθ′ sin θ cos2 θ| sin γ|∫∫∫

dφdθdθ′ sin θ| sin γ| , (D.3)

where the θ-integrations run from 0 to π and the φ integration runs from 0 to 2π and

| sin γ| =
√

1− (cos θ cos θ′ + sin θ sin θ′ cosφ)
2
. (D.4)

The two remaining integrals can be evaluated explicitly. We expand the function | sin γ| in terms
of Legendre functions P (cos γ) and apply the addition theorem to find,

| sin γ| =
∞∑
n=1

dnPn(cos γ) (D.5)

=

∞∑
n=1

dn

(
Pn(cos θ)Pn(cos θ′) (D.6)

+ 2

n∑
m=1

(n− 1)!

(m− 1)!
Pmn (cos θ)Pmn (cos θ′) cos(mφ)

)
, (D.7)
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if we integrate our expression of | sin γ| over the domain 0 < φ < 2π, we see that the last term
vanishes due to the presence of the cos(mφ), and we find

1

2π

∫ 2π

0

dφ| sin γ| =
∞∑
n=1

dnPn(cos θ)Pn(cos θ′), (D.8)

where the first few values of the coefficients dn were determined by Kayser et.al. [124]. In this
Appendix, we only need their first value d0 = π/4. Using this first term in the expansion of the
function | sin γ|, we can now write∫ π

0

dθ

∫ π

0

dθ′
∫ 2π

0

dφ sin θ sin θ′| sin γ| (D.9)

= 2π

∞∑
n=1

dn

∫ π

0

dθ

∫ π

0

dθ′ sin θ sin θ′Pn(cos θ)Pn(cos θ′).

Since ∫ π

0

dθ sin θPn(cos θ) =

{
2 n = 0

0 n = 1, 2, 3, . . . ,
(D.10)

which follows from the orthogonality relations of Legendre polynomials with P0(x) = 1, we
find1 ∫ π

0

dθ

∫ π

0

dθ′
∫ 2π

0

dφ sin θ sin θ′| sin γ| = 2π2. (D.11)

Similarly, we have∫ π

0

dθ

∫ π

0

dθ′
∫ 2π

0

dφ sin θ sin θ′ cos2 θ| sin γ| (D.12)

= 2π

∞∑
n=1

dn

∫ π

0

dθ

∫ π

0

dθ′ sin θ sin θ′ cos2 θPn(cos θ)Pn(cos θ′).

Since ∫ π

0

dθ sin θ cos2 θP0(cos θ) =
2

3
, (D.13)

we find ∫ π

0

dθ

∫ π

0

dθ′
∫ 2π

0

dφ sin θ sin θ′ cos2 θ| sin γ| = 2π · 2 · 2

3

π

4
=

2π2

3
. (D.14)

Therefore,

ξ2
zz =

L2

12

2π2

3

2π2
=
L2

36
, (D.15)

and thus
ξxx = ξyy = ξzz = L/6 (D.16)

in the absence of an external field, in the limit that ρ → 0 for any finite connectivity length
λ/D.

1Of course, this integral is much easier when evaluated directly over the angle γ...
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Appendix E

Particle correlations

At this moment in time, a quantitative method of predicting the percolation threshold of (hard)
spheres remains elusive, and the pursuit of a good percolation theory is a matter of active research.
In contrast to the case of rodlike particles, as described in Chapter 5, closures for connectedness
Ornstein-Zernike equation generally do not give accurate agreement with simulations, despite
being very accurate for in the structural case. In this appendix, we provide the pair correlation-,
connectedness- and blocking functions slightly above and below the percolation threshold for
various values of the hard sphere volume fraction for comparison with theory. Additionally, since
a fully dynamical percolation theory is also still lacking, we provide the Van Hove function, and
its connectedness and blocking part close to the percolation threshold.

In Fig. E.1, we show the pair correlation function g(r), the pair connectedness function g+

and pair blocking function g∗. We provide these functions slightly below and above the percolation
threshold for simulations of N = 1000 particles. The particles interact with a standard Weeks-
Chandler-Andersen potential (4.22) with ε0 = 1. The rows in Fig. E.1 respectively correspond to
number densities ρσ3 = (0.0, 0.5, 0.9). We see in the case for ideal particles (ρσ3 = 0), that the
radial distribution function is always equal to unity. At r < λ, the connectedness and blocking
parts are equal to one and zero respectively. When the radial coordinate is increased to r = λ,
they discontinuously jump to a finite value. When r is increased further, they seem to respectively
converge to either zero and one below the percolation threshold or to some finite values above
it.

In the second and third rows of Fig. E.1, we show the effect that structural correlations
have on this behaviour. At ρσ3 = 0.5, we see that the correlations visible in the radial distribution
function are also visible in the connectedness and blocking functions. Pair that have a mutual
distance r < σ receive a large energy penalty. In this region, we see that g = g+ = g∗ ≈ 0. If
σ < r < λ, the pairs of particle are always connected, and thus we see that g+ = g and g∗ = 0. For
r > λ, the functions all depend nontrivially on the radial coordinate and on the density. Similar
to the dilute case, it again seems that the connectedness and blocking functions tend to zero and
one below the percolation threshold and some finite values above it, when r/σ →∞.

If we are interested not only in instantaneous structural information but also in how
structural information is correlated in time, a good quantity to look at is the so-called Van Hove
function G(r,∆t). It quantifies the probability one particle found with at position r at time
t = ∆t, given that another particle was located at the origin at time t = 0. In the case that the
time difference ∆t = 0, the definition of the Van Hove function G(r, 0) is equivalent to that of
the pair correlation function.

Similar to how the pair correlation function can be divided in a connectivity and a blocking
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Figure E.1: The pair correlation function g(r), the pair connectedness function g+ and pair
blocking function g∗, from a simulation with N = 1000 particles interacting with the Weeks-
Chandler-Andersen potential at number density (a, b) ρσ3 = 0, (c,d) ρσ3 = 0.5, (e,f) ρσ3 = 0.9.
The columns correspond to connectivity lengths chosen such that the connectivity volume fraction
is slightly below (first column) or above (second column) the percolation threshold. In Figs. (a) and
(b), we set σ = 0, and the horizontal axis is instead given in terms of r/λ, with λ the connectivity
length.
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part, we divide the Van Hove function in a connectedness Van Hove function G+(r,∆t) and a
blocking Van Hove function G∗(r,∆t). They correspond to the probability that two particles are
found to be connected or disconnected at t = ∆t and that one of the particles is located at r
at t = ∆t and the other at the origin at time t = 0. With this definition, G+(r, 0) = g+(r) and
G∗(r, 0) = g∗(r). In the case of spherical particles in a homogeneous dispersion, all functions
above depend only on the radial distance r.

In Fig. E.2, we show the Van hove functions for the same parameters as chosen in Fig.
E.1. In the first row, we show them for ideal particles. We see that the low-r information in the
connectedness and blocking functions decays as the time difference is increased. This happens on
a timescale of tens or hundredths of simulation time units. As ∆t→∞, the functions become
constant, and seem to become equal to the r →∞-limit of g+ and g∗. In the non-dilute case, we
see that the structural correlations disappear on much shorter time scales (a few τ).

94 Geometric percolation of colloidal particles



APPENDIX E. PARTICLE CORRELATIONS

Figure E.2: The Van Hove function G(r) (black), the connectedness Van Hove function G+

(blue) and blocking Van Hove function G∗ (red), from a simulation with N = 1000 particles
interacting with the Weeks-Chandler-Andersen potential at number density (a, b, c) ρσ3 = 0, (d,
e, f) ρσ3 = 0.5, (g, h, i) ρσ3 = 0.9. The columns correspond to connectivity lengths chosen such
that the connectivity volume fraction is slightly below (first column), at (second column) or above
(third column) the percolation threshold. The solid lines correspond to a time difference ∆t = 0,
and therefore are equal to the data in Fig. E.1. The broken lines correspond to time differences
indicated in the legend, where τ is defined as the simulation time unit.
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Numerical procedure

In this appendix, we describe a few of the numerical procedures used in the text. We start by
giving a brief overview of the Lebedev quadrature, which is used to accurately integrate over the
surface of a sphere. Subsequently, we describe the numerical procedure that we invoke to solve
Eq. (4.12). Lastly, we describe a numerical integration method to solve the Ornstein-Zernike
equation with the Percus-Yevick closure.

F.1 Lebedev quadrature

The Lebedev quadrature is a numerical scheme for approximating the integral of some function f
over the unit sphere [105]

I =

∫ π

θ=0

∫ 2π

φ=0

f(θ, φ) sin θdθdφ ≈
N∑
i=0

f(θi, φi)wi. (F.1)

Lebedev proposed that the points ui = {θi, φi} and weights {wi} can be found by imposing
octahedral symmetry, and requiring that the approximation (F.1) is exact for all spherical
harmonics Y ml (θ, φ) up to order l, where −l ≤ m ≤ l This is equivalent to requiring that the
integration is exact for all three-dimensional polynomials up to degree l. The latter condition
results in a system of nonlinear algebraic equations that must be solved for the weights wi. The
points and weights have been tabulated up to order 131 [146]. An example of the distribution of
points is shown in Fig. F.1. The scheme of order 131 has a discretisation with 5810 gridpoints.
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(a) (b)

Figure F.1: Distribution of grid points of the Lebedev quadrature of order 23 (a) and 131 (b),
which is used for integration on a spherical surface.

F.2 Numerical solution procudure for Eq. (4.12)

In this appendix, we outline the numerical method we use to determine the radial distribution
function in simple shear.

We solve equation (4.12) writing its solution as a linear combination of derivatives of the
free space Green’s functions given by equation (B.12). For reference, these multipole sources
functions are reprinted here.

δg′αβ (x′, y′, z′, t′) =

(
∂

∂x′

)α(
∂

∂y′
− t′ ∂

∂x′

)β
G (x′ + t′y′, y′, z′, t′) , (F.2)

where

G (u, v, w, s) =
1

4

(
1

sπ

)3/2√
3

s2 + 12
exp

(
−v

2

4s
− w2

4s
− 3 (2u+ vs)

2

4s (s2 + 12)

)
. (F.3)

As doing the high order derivatives numerically introduces many discretisation errors, we choose
to tabulate the analytical closed form of these functions up to the necessary cut-off. For our
choice to neglect all terms with α + β > 10, a total of 66 functions remain. The first few are
presented below. The steady state solution is expressed in time integrals of the above functions.

δg′00 (x, y, z, t) = 1
4

√
3

t2+12 exp
(
−y24t − z2

4t − 3
4t

2x−yt
t2+12

)
/
(
π

3
2 t

3
2

)
δg′01 (x, y, z, t) =

(
− 1

4

(
−t2y + 3tx+ 6y

)√
3

t2+12 exp
(
−y24t − z2

4t − 3
4t

2x−yt
t2+12

))
/
(
π

3
2 t

5
2

(
t2 + 12

))
δg′02 (x, y, z, t) =

(
1
4

(
−2t5 + t4y2 − 6t3xy − 30t3 + 9t2x2 − 12t2y2 + 36txy − 72t+ 36y2

)√
3

t2+12 exp
(
−y24t − z2

4t − 3
4t

2x−yt
t2+12

))
/
(
π

3
2 t

7
2

(
t2 + 12

)2)
δg′10 (x, y, z, t) =

(
− 3

4 (−ty + 2x)
√

3
t2+12 exp

(
−y24t − z2

4t − 3
4t

2x−yt
t2+12

))
/
(
π

3
2 t

5
2

(
t2 + 12

))
δg′11 (x, y, z, t) =

(
3
4

(
−t4 + t3y2 − 5t2xy − 12t2 + 6tx2 − 6ty2 + 12xy

)√
3

t2+12 exp
(
−y24t − z2

4t − 3
4t

2x−yt
t2+12

))
/
(
π

3
2 t

7
2

(
t2 + 12

)2)
δg′20 (x, y, z, t) =

(
3
4

(
−2t3 + 3t2y2 − 12txy − 24t+ 12x2

)√
3

t2+12 exp
(
−y24t − z2

4t − 3
4t

2x−yt
t2+12

))
/
(
π

3
2 t

7
2

(
t2 + 12

)2)

To perform this time integration, we use Simpson’s rule on a logarithmically spaced grid with
a cutoff at t = 105 using 200 grid points. To fulfil the boundary conditions we sum the result
according to Eq. (B.20), where the coefficients Cαβ are determined by the boundary conditions.
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This determination is done by an expansion of the boundary conditions in terms of real spherical
harmonics, see Eq. (B.23)

∂T ′αβ
∂r′

− x′y′

r′
T ′αβ =

∞∑
l=0

l∑
m=−l

jlmαβYlm(r̂′). (F.4)

Due to the orthonormality of the real spherical harmonics, the coefficients jlmαβ are easily calculated
to be

jlmαβ =

∫ 2π

0

dφ

∫ π

0

dθ sin(θ)Y lm(θ, φ)

(
∂T ′αβ
∂r′

− x′y′

r′
T ′αβ

)
, (F.5)

at r′ =
√

2Pe, where we used the standard convention of the spherical coordinates (polar angle θ,
azimuthal angle φ). We perform the r′-derivative analytically (we evaluate it before the numerical
time integration) and we apply the Lebedev quadrature for the angular integrals. We use the
Lebedev scheme of degree 47, meaning that it exactly integrates any polynomial function up to
that degree. A discretisation error is introduced for functions with higher oscillatory behaviour.
If more precision is needed, a higher degree of accuracy can be chosen. We have found the degree
to be sufficient as long as it is significantly higher than lmax. This scheme approximates the
integral by a sum of the function evaluated at 770 different grid points on the surface of a sphere,
each with unique weights.

The last step is to solve the square linear system of Eq. (B.27). This is relatively common
problem which can be performed by any suitable standard algorithm.

F.3 Integration of the Ornstein-Zernike relation

Here, we present a numerical procedure for solving the Ornstein-Zernike equation for spherical
particles using the Percus-Yevick closure. Eqs. (2.2) and (2.7) are not analytically solvable in
general. Therefore, we resort to numerics to find the pair correlation function and structure
factor. For spherical particles, we define the discrete spatial grid ri = i∆r, i ∈ {1, . . . ,M − 1}
and corresponding reciprocal grid kj = j∆k, j ∈ {1, . . . ,M − 1}, where M is the number of grid
points. We set ∆r = M−1/2 and ∆k = πM−1/2, such that ∆r∆k = π/M . Now we discretise

the functions Ψi = riψ(ri) and Ψ̂j = kjψ̂(kj), Ψ ∈ {Γ, C}. In terms of these discrete functions,
Eqs. (2.2) and (2.7) become [147]

Γ̂j =
nĈ2

j

kj − nĈj
, and Ci = fi(Γi + ri) (F.6)

respectively, with fi = exp[−βU(ri)] − 1 the discrete Mayer function and U(ri) the interac-
tion potential between the particles. We use the following procedure to find the solutions to
Eqs. (F.6).

(i) Make an initial estimate for the function Γ
(0)
i . The guess Γ

(0)
i = 0 is satisfactory in

our case. (ii) Find C
(0)
i using (F.6), and (iii) transform to find Ĉ

(0)
j using the discrete sine

transform

Ψ̂j = 4π∆r

M−1∑
i=1

Ψi sin

(
πij

M

)
for j ∈ {1, . . . ,M − 1}. (F.7)

98 Geometric percolation of colloidal particles



APPENDIX F. NUMERICAL PROCEDURE

(iv) Find Γ
(1)
j using Eq. (F.6) and (v) transform back to real space using

Ψi =
∆k

2π2

M−1∑
j=1

Ψ̂j sin

(
πij

M

)
for i ∈ {1, . . . ,M − 1} (F.8)

to find a new estimate Γ
(1)
i . For high densities, it is necessary to mix this new estimate with the

old estimate for better convergence. (vi) Check if the solution of Γ
(1)
i has converged or diverged.

If so, stop. In this work, we used the convergence criterion (ζ(t))2 =
∑
i

(
Γ

(t)
i − Γ

(t−1)
i

)2

< 10−10,

and we label solutions as divergent if they did not converge within 106 recursive iterations. (vii)
Repeat steps (i)–(vi) [147].
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