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Chapter 1 

GENERALINTRODUCTION 

1.1 Prologue 

In almost every branch of engineering, heat transfer problems are encountered. The 
determination of the rate of heat transfer is a key problem in mechanica! design 
and construction, especially for process equipment. The sizing of boilers, heaters, 
refrigerators, heat exchangers, etc., primarily depends on the amount of heat to he 
transferred. 

To estimate the size and expected feasibility of the equipment necessary to meet 
given heat rate specifications, as well as to estimate the investments required, a 
detailed heat transfer analysis must be made. Moreover, the design also depends on 
the rate at which the heat is to be transferred under given conditions. The reliable 
operation of equipment components such as turbine blades, walls of combustion 
chambers or hearings depends on the possibility of cooling them by removing heat 
at a large rate from a surface. Also, in the design of electric power equipment a heat 
transfer analysis must he carried out to avoid conditions that will cause overheating 
and damage. Heat transfer processes are also involved in high speed flow, e.g.: 
supersonic and hypersonic flow, occurring for example in blast waves caused by 
explosions or the bow shock formed by a reentry vehicle. These examples show that 
heat transfer is essentially present in almost every branch of engineering. 

In order to solve these heat transfer problems two branches of science are avail
able, i.e. thermodynamics and fluid dynamics. 

Classica! thermodynamics studies the equilibrium states of a system from a 
macroscopie point of view and the relations amongst them. Thermodynamica does 
not deal with the details of a process to change the equilibrium state of a sys
tem. These changes in the state of a system involve transfer of heat and conversion 
of heat to other forms of energy (besides transport of mass and momenturn in many 
cases) and it is the branch of fluid dynamics which studies the phenomena and 
mechanisms of the transfer and conversion processes. The transport phenomena are 
described on a sufficiently large scale that the media of transport, often a fluid, may 

13 



14 Chapter 1. GENERAL INTRODUCTION 

be considered as a. continuum. 

The transfer processes a.re affected by many influences, e.g.: the mechanisms 
of transport; the geometrica.l configura.tion of the system; the environment and 
history often expressed in boundary and initial conditions, respectively; the physical 
properties of the ma.terials and fluid. 

A basic mechanism of heat transfer is cpnduction, which will be discussed, to
gether with the other mechanisms, i.e. convection and ra.diation, in the next section. 
Heat transfer by conduction is of practical ~mportance in many problems such a.s: 
contact conduction involving a. contact resistance aga.inst heat transfer; cooling and 
hea.ting equipment a.pplying fins, rods, tubes~ etc. to improve the effectiveness of the 
heat transfer process; hea.t tra.nsporting electronics packaging; conduction in layered 
or composite materia.ls, etc. Most of these practical applications of heat transport 
by conduction involve configurations of considerable geometrie complexity. In this 
thesis steady hea.t transfer by conduction will be stuclied in combination with the 
possibility to cope ea.sily with a wide variety of different sha.pes. 

Since in general analytical solutions are restricted to relative simple geometries, 
numerical approxima.tion techniques have to be used to solve the governing equa
tions. Parameters which affect the 'efficiency' of the solution method, such as the 
order of a.pproximation (k) and the number of discretisation units (N), are identified 
and their influence on the solution process i~ studied. This will indicate possibilities 
to improve the numerical methods. 

Since the details of the geometry have an important influence on the heat transfer 
process, a ma.in issue in solving this class of problems is increa.sing the degree of 
flexibility in handling arbitra.rily shaped regions in an effective wa.y. In a.ddition, 
a.llowing the complex geometry to be built up from different materia.ls, ea.ch with 
their own pa.rticular hea.t conducting properties, we encounter the cla.ss of problems 
involving heterogeneaus media. Extensive computations are required to account for 
all the details in the complex heterogeneaus structure. Such a computational effort 
is often much too expensive for practical purposes such as estimating the overall 
dimensions of hea.t conducting equipment or to determine global characteristics of 
the configurations such as the total amount of heat transferred. 

Highly efficient techniques, choosing 'optimal' values for the procedure parame
ters k and N to solve such deta.iled hea.t conduction problems, may reduce the costs 
substantia.lly. An alternative to avoid expensive analysis in heterogeneaus media is 
to model the globa.l conductivity of the heterogeneaus structure on a.n appropriate 
macroscopie sca.le by determina.tion of a.n 'effective' conductivity. The 'effective' 
conductivity is obta.ined by some means of a.veraging the different conductivities of 
the constituents. 

One can distinguish between irregular and repetitive structures. In irregular 
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structures the different constituents are more or less randomly distributed over the 
region of interest, while in regular or repetitive structures the constituents are dis
tributed in some orderly pattern. Modeling of irregular structures most often starts 
with the determination of the statistica} properties of the material which subse
quently are assigned to a repetitive replacement structure. This implies that by 
focusing on repetitive structures there is no loss of generality of the approach. The 
present study is aimed at contributing to the research project 'laminar flames' of de 
Goey [Goe89) carried out at tbe Eindhoven University of Technology. In this project 
accurate temper at ure measurements may be obtained if tbe effective conductivity of 
the regularly perfora.ted plate, mounted on the flat-flame burner shown in Fig.{l.l), 
is known. 

!f:::=:;;t;;;~~ fla me 
111 cooling 

plate 

f 

burner 

flow 

Fig.l.l: Repetitive perforated burnerplate. 

A generalized metbod to determine tbe 'effective' conductivity of a repetitive 
complex structure of a composite material is developed. A similar technique as 
described bere is also applicable to tbe determination of other transport properties 
such as the electrical conductivity, the dielectric constant, the magnetic permeability, 
etc. of simHar structures [Vri52]. 
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1.2 Heat transfer 

In this section we will discuss the basic modes of heat transfer. However, first 
the role of thermodynamica and :fluid dyna.mics in the analysis of heat transfer is 
explained. Next, we will focus on the mode of heat transfer by conduction and 
introduce Fourier's law governing this transfer mechanism. To complete the mathe
matkal description needed for analyzing heat transfer processes the conservation law 
of energy is discussed, specifically as far as heat transfer by conduction is concerned. 

1.2.1 Basic heat transfer processes 

Heat is a form of energy which :flows spontaneously from a region of high temperature 
to lower temperature regions. The process by which the energy transport takes 
place is known as heat transfer. Heat transfer takes place in a system if a difference 
in temperature exists, without the necessity of the boclies or media of different 
temperature to he in direct contact. 

The rate of heat flow depends mainly upon certain physical properties of the 
boclies in which the heat is stored, the respective temperatures and the a.mbient 
conditions. 

Thermodynamica deals with the relation between heat and other forms of en
ergy. The fust law of thermodyna.mics sta.tes tha.t energy can neither he created nor 
destroyed but only changed from one form to another. By experience, and expressed 
in the second la.w of thermodynamica heat tlows spontaneously from high temper
a.tures to lower temperatures. Since all heat transfer processes involve the transfer 
and conversion of energy from one form into another form, they must obey both laws 
of thermodynamica. However, classical thermodyna.mics does not consider the de
tails of a process but rather the equilibrium states and the relations a.mongst them. 
Fluid dyna.mics, however, is concerned with the mechanisms of mass, momenturn 
and energy transfer and conversion. In engineering heat transfer, both branches of 
science are involved. 

Heat fl.ow is governed by a. combination of various laws of physics. Literature 
of heat transfer [Kre86, Hsu63, Bir60] generally recognizes three distinct types of 
categones of heat transfer processes: -conduction, -convection and - radiation. 

Whenever an object such as an iron rod is heated on one side, heat :flows from 
the warmer end to the colder end of the rod, the object itself does not move. This 
process of heat tra.~sfer is called conduction. 

In the case of convection, heat is absorbed by a :fluid in motion and ca.rried to 
another location where the fl.uid may transfer heat to its surroundings. 

The third mode of heat transfer, i.e. radiation, may he illustrated by the 
experience that one feels warmth when one stands in front of a fireplace or when 
sitting in the sun. In this case one does not receive heat by convection, since the 
convection currents near the fireplace carry heat upward mainly. Nor does one 
receive heat by conduction, since air is a. poor conductor. Radiation can take place, 
even without a medium between the two bodies, as can he demonstra.ted by placing 
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two solid bodies at different temperatures inside a vacuum. Neither conduction nor 
convection of heat betweenthem is possible, since bothof these processes require a 
transport medium. However, heat transfer does take place by radiation. 

In our applications we restriet the class of problems to solid objects, eliminating 
heat transfer by convection. Furthermore, heat transfer by radiation becomes im
portant only if relative high surface temperatures are involved. This is not the case 
in the applications to be considered in this thesis. This implies that in the present 
study we will consider heat transfer by conduction only. 

1.2.2 Conduction 

The explanation of the mechanism of heat conduction is mainly based on the cla.ssical 
kinetic theory of ga.ses [Cha.70, Ken38, Knu52] and the theory of free electrans and 
phonons in solid ma.terials [Lor77, Fer88]. According to the cla.ssical kinetic theory, 
the temperature of a smal! sample is related to the average molecular kinetic energy 
of the sample. 

In gases at higher tempera.ture, molecules move faster tha.n in gases at lower 
temperatures. The higher the temperature, the more kinetic energy the molecules 
possess. Energy is transferred from one molecule to the other by the impacts of the 
molecules. This process of transferring energy will continue until the temperature 
difference is annihilated. In that case the net transfer of energy is reduced to zero. 
The heat transfer of energy through collision is the mechanism of heat conduction 
inside a volume of gas. It should he kept in mind that the movement of individual 
molecules is only noticeable on a. microscopie scalé because on the macroscopie scale 
the mass of the gas does not change position, otherwise we would be dealing with 
heat transfer by convection rather than by conduction. The explanation of heat 
conduction by the kinetic theory is correct for an ideal gas. 

In solids the molecules are packed so close together that they are not able to 
travel, noteven on a microscopie scale. However, they do vibrate about their equi
librium position. Part of the process of heat conduction is believed to depend on 
these molecular vibrations by transfer of kinetic energy to neighboring molecules. 
These vibration waves travelling through the solid are often seen as phonon move
ments analogous to the movement of photons as model for the propagation of light 
waves. 

The flow of free electrans in metals also contributes to the mechanism of heat 
conduction. Pree electrans are electrans which are easily separated from the ion 
and which move freely through the lattice of ions. The free electrans transport heat 
better than the phonons implying that a good electric conductor is also a good 
thermal conductor. This relation between the thermal and electric conductivity 
of metals finds expression in the law of Wiedemann-Franz, which states that the 
ratio of thermal and electric conductivity is proportional to the temperature of the 
material. 
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The molecular vibra.tions and the motion of free electrons is often seen a.s a. 
pbonon ga.s and an electron gas, respectively, a.ble to move tbrough tbe solid trans
ferring heat from one pla.ce to another. 

In liquids the conduction of heat ma.y he considered a.s a composition of the 
conduction mecha.nisms for gases and those for solids, i.e. besides transfer through 
vibra.tion energy, molecules of liquids ma.y interchange their positions with neighbor
ing molecules, though at a. slow rate, while the molecules of solids a.lways ma.intain 
their rela.tive position within the solid. 

The atoms of a. crysta.lline medium such as a metal are arranged in a lattice. 
The structures of the lattice in the metals are rela.tively simple. If there are no or 
only a few irregularities in the lattice structure (i.e. at low temperatures), electrons 
ca.n move quite freely, without disturbance and the conductivity of the meta.l will 
he high. 

For very low temperatures the movement of the free electrans increases with 
increa.sing temperature. For higher tempera.tures this movement is obstructed by 
irregularities of the lattices. Thermal vibra.tions are the main ca.use of irregula.ri
ties in the lattices of the metallic ions. Otber causes are impurities, stra.ins, dis
pla.ced atoms, etc. The thermal vibration of the lattices increa.ses with increasing 
temperature interlering with the motion of free electrans and thereby reducing the 
conductivity at high tempera.tures. Consequently, the conductivity of a meta.l ex
hibits a maximum at a certa.in tempera.ture. This is also true for insuiators a.lthough 
the maximum is reached a.t a. higher temperature (Fig.(1.2)), since the dominating 
transfer mecha.nism is of a different kind. The conductivity of a non-metallic, such 

Fig.1.2: Conductivity vs. Temperature. 

as most insulators, is mainly determined by the pbonon movement, i.e. thermal 
vibrations. With increasing temperature the pbonon movement increases until the 
pbonon-pbonon interaction (collisions) starts to obstruct the transfer process. In 
Cba.pter 4, where the effective conductivity of the burnerplate is determined, we 
will neglect the temperature dependenee of the conductivity because relatively the 
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range of the burnerplate temperature is small [50K]. The thermal conductivity is 
therefore assumed to be constant. 

1.2.3 Fourier's law 

Above aguments concern the microscopie scale of heat conducting materiaL This 
is not a suitable scale to solve practical heat transfer problems where a typically 
macroscopie scale is required. Consequently a macroscopie description of the heat 
conducting properties of a medium is needed. It was Fourier [Fou55] who first es
tablished, from experimental observation, the fundamental equation of steady state 
heat conduction. To illustrate Fourier's law consider a slab of solid homogeneaus 
material with cross-section A and length L. The two parallel and isothermal sur
faces are maintained at temperatures T1 and To, respectively, where T1 > T0 • lt 
is assumed that the :flow of heat is limited to the direction along the x-axis ( see 
Fig.(1.3)) perpendicular to the isothermal surfaces of the slab, and that there is no 

Fig.1.3: One-dimensional heat conduction. 

heat :flow in other directions. Under steady state conditions, a constant rate of heat 
:flow Q through the slab is observed due to the temperature difference tlT T1 - T0 • 

It is then found that for not too extreme values of T the following relation holds 

9._=->.tlT 
A L' (1.1) 

where Q is the amount of heat conducted per unit of time [W]. That is, the heat :flow 
per unit area in positive x-direction is proportional to the temperature decrease per 
unit length in the positive x-direction. The constant of proportionality (Wm-1K-1] 

is the thermal conductivity of the material of the slab. In analytica! treatments it is 
more useful to work with the differential form of Eq.(l.l), i.e. the limiting form as 
the slab length L approaches zero. If the local heat :flow per unit area is indicated 
by q, Eq.(l.l) becomes 

dT 
q = ->.-. 

dx 
(1.2) 
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This equation is the one- dimensional form of Fourier's law of heat conduction. It 
states that the heat flux by conduction is proportional to the temperature gradient 
and depends on a material constant À. Here, the medium is assumed to be isotropic, 
i.e. À is the same in all directions. In fact, the heat flux and temperature gradient 
are vector quantities. The general form of Fourier's law of heat conduction reads 

q= -xÇ}r, (1.3) 

which indicates that the heat flux vector q is proportional to the temperature gradi
ent VT, but oppositely directed. Eq.(1.3) is an equation obtained from experimental 
results fitting the phenomenological observations. The solid under consideration is 
treated as a continuurn without consideration on the underlying physical mechanism 
of heat transfer on a microscopie scale. 

For Fourier's law to be valid, several other assumptions are made; the solid is 
treated as being homogeneous and isotropic, excluding multi-component systems or 
anisotropic materials. Furthermore, the constant of proportionality is assumed to be 
independent of position as wellas of state variables. However, in practice it is found 
that it may depend on several variables of state such as temperature and pressure 
[Bir60]. In anisotropic materials additional influences such as the Dufour effect 
[Bir60], which affects transfer of energy due toa concentration gradient, may become 
important. For anisotropic materials the conductivity is direction dependent, which 
is described by replacing the scalar À by a second order tensor L. 

In view of the type of applications aimed at, the remaioder of this thesis will 
only consider homogeneous media with a conductivity behavior fully governed by 
Fourier's law, Eq.(1.3). In order to analyze a heat conduction process completely, 
the conservation law of enthalpy is used. For the type of applications considered 
in this thesis, i.e. heat conduction problems in solids, the law of conservation of 
enthalpy reads 

(1.4) 

where the flux term qrepresents the heat transfer by conduction only. Furthermore, 
it is assumed that Cp is constant, because of the relatively small range of temper at ure 
variations. There is no convective heat transport since only solids are considered. 
The right hand side S of Eq.(1.4) represents the rate of addition of energy, for 
instanee due to chemica! reactions or external sources. Therefore, this term is often 
indicated as souree term. The first term on the left-hand side represents the rate of 
enthalpy increase in timeT where p is the density of the materialand Cp the specific 
heat at constant pressure. The equation for the conservation of energy expresses 
that in a fixed control volume V the souree S per unit of volume determines the 
net sum of the rate at which the enthalpy increases and the outward heat flux by 
conduction through the surface A = 8V of the control volume. This law is usually 
formulated either as an integral equation viz.Eq.(1.4) or as a partial differential 
equation by applying th~ divergence theorem to the surface integral and assuming 
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that V is an arbitrary volume 

(1.5) 

where p is constant since the material is a solid. After substitution of Fourier's 
law the time-dependent enthalpy equation governing the class of heat conduction 
processes to be stuclied reads 

(1.6) 

a PDE for the time-dependent temperature distribution within the solid. 
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1.3 Numerical simulation 

The analysis of an unsteady heat conduction problem in a solid is described by 
the equation of conservation of energy, viz. Eq.(1.6). For the type of applications 
considered in this thesis, i.e. steady heat conduction problems, the first term ( trau
sient part) of Eq.(1.6) could be omitted. The solution can also be obtained as the 
asymptotic T -+ oo steady-state salution of Eq.(1.6). Time r can be considered as 
a relaxation parameter without the necessity to represent the transient evolution of 
the solution time-accurate. In such an approach T is a pseudo-time, not necessarily 
uniform in space, while it is assumed that the final steady-state solution will be 
independent of the time-like path that has been foliowed to obtain the solution. To 
emphasize the relaxation property, time r [s] is replaced by the relaxation parame
ter t (pseudo time) with t = T/(Cpp) [s/(Jm-3K-1)] yielding the adapted (pseudo-) 
unsteady equation for the temperature 

(1.7) 

A partienlar heat conduction problem may be solved in principle if all necessary 
boundary conditions and initial conditions are known as well. In principle, because 
only very few problems can he solved analytically. Such problems involve usually 
simply shaped regions and simple boundary conditions and/or initial conditions. 
Some of these solutions can he found in Carslaw [Car59]. 

In engineering practice the geometry can have a wide variety of sha.pes, ranging 
from simple rectangular walls via cylindrical pipes and tubes to irregularly shaped 
pla.tes, ducts, fins, etc. Therefore, most of the solutions can not be written in 
closed analytical form. This is especially true for higher-dimensional problems, i.e. 
problems involving two or three space dimensions. In this thesis we will consider · 
(one- and) two dimensional stationary problems. In this dass of problems, still a 
wide variety of practical heat conduction problems is included. Many problems, 
three dimensional in principle, can he reduced to two-dimensional problems due 
to symmetry properties or almost complete absence of activity or varlation in the 
third direction. Asymptotic solutions, i.e. solutions for extreme values of certain 
parameters may also reduce the number of dimensions involved. Examples thereof 
are steady solutions in a transient lormulation where t -+ oo. Still, apart from 
exceptionally simple cases, analytica} solutions can hardly be found. 

1.3.1 Numerical approximation 

Due to the difficulty of obtaining analytica! solutions, ma.ny practical heat transfer 
problems have to be a.pproa.ched by the metbod of numerical analysis. Several 
numerical methods are known [Fle88, Hir88, Zie89], most of them are ba.sed on the 
principles of the Finite Difference Metbod (FOM) or the Finite Element Metbod 
(FEM). Being able to determine the solution of the problem is not the only advantage 
of using numerical methods. 
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Another advantage is that heat transfer problems may be simulated which are 
not, or only at high expenses, reproducible in experimental model tests. This opens 
the possibility to study the heat transfer characteristics of designs by theoretica! 
means. 

In a numerical simulation changes of the geometrical contiguration can be stucl
ied relatively easy and cost-effective compared to experimental tests, which would 
require model construction and redesign. So, numerical approximation techniques 
provide us with a cost-effective tool of design optimization. Moreover, numerical 
methods provide us with detailed and comprehensive information on the tempera
ture distribution within the solid, which is hard to obtain in experiments. 

With the help of computational techniques, we are able to analyze complex heat 
transport problems in detail. Global characteristics are determined from these, also 
to provide the designer with the information he needs for design analysis. 

To enable a thorough numerical analysis, efficient and fl.exible computer codes 
are required. For example, the geometrical contiguration of the system may be 
chosen freely or may be changed easily, the system may be composed of several 
materials each with their particular transport properties, boundary conditions may 
be chosen out of a large class of possibilities, etc. The solution process must be 
efficient in terms of computing time, accuracy and memory requirements. Many of 
these requirements are contradictory and compromises are necessary. To develop a 
computational method, one must obtain information about the possibilities to meet 
each of these requirements and which parameters are of importance for geometrie 
fl.exibility, accuracy, computing time, memory requirements, etc. 

Therefore, in the remainder of this section important parameters are identitied 
and a numerical method is introduced as a tool to study the infl.uences of these 
parameters on several relevant characteristics of a computational method. The 
method at hand will be explained and discussed comprehensively in Chapter 2, 
where these parameters are tuned to minimize computational effort. 

1.3.2 The Taylor-series method 

Focusing on the numerical approximation methods exclusively, it will be clear that 
important measures to qualify methods and to compare them mutually are accuracy 
and computing time. Methods producing tirst estimates of the solution very fast are 
not pre-eminently better or worse than methods which take long computing time 
to produce highly accurate solutions. This depends partially on the requirements 
posed by the application at hand, which brings in the subjective judgment. 

The objective measures, accuracy on one hand and required computing time on 
the other hand depend on two important parameters; 

• the number of discretisation volumes (N), a reciprocal measure for the average 
size of the dicretisation elements 

• the order of the approximation ( k) of the particular numerical algorithm 
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The latter is a mea.sure for the behavior of the relative truncation error in the limiting 
ca.se of infinitesimally small volumes (N-+ oo). In many conventional methods the 

order of approximation does not exceed the fixed value k = 2. Within the context 
of the TSM the order k is a degree of freedom. Moreover, k may be given a different 
value for each element separately, in principle. 

General a.pplicable proportionality relations for the error e [Fle88, Hir88, Zie89] 
and for the required computing time C [Gol89, Wes68, Dah74, Pre89] are 

€ ~ (~) kfd (1.8) 

C ~ (N)d"' k/J (1.9) 

which are valid suflident large values of N, where a, {J take values between 1 and 
3. Here, d is the number of spatial dimensions of the problem. Of course, accuracy 
and computing time are also in:fiuenced by other characteristics like the type of PDE 
being solved, the choice of the discretisation technique, the salution procedure, the 
element distribution, the type of computer system used, etc. Nevertheless, a.ccuracy 
and computing time in most numerical methods are mainly determined by these 
key-parameters, i.e. order k of the numerical algorithm and the number of elements 
N of the discretisa.tion. Moreover, the form of the mathematica! expressions in 
Eqs.(l.S) and {1.9) are valid for a wide cla.ss of conventional numerical methods. 
Therefore, the relative in:fiuence of the parameters k and N show great resemblance 
between the va.rious numerical approxima.tion techniques. 

Choosing a suitable numerical technique to solve the problem at hand, one must 
know the in:fiuence of these parameters on the performance. Therefore, a straight
forward method, in which the dependency of k and N on the performance is ea.sily 
estimated and both parameters may be varied in a simple way, might be a very 
useful method. One such metbod is the Taylor series metbod (TSM), which is based 
on solving the PDE by substitution of a power series, in partienlar a Taylor series. 

Once the mutual in:fiuence of the order k and the number of elements N is known, 
one may choose a combination of ( k, N) which satisfies the accuracy demands, for ex
ample e ~ 0.01. However, in general, several combinations are possible tomeet this 
requirement, at different computing costs C(k, N). It would be more cost- effective 
trying to find that specific combination (k, N) which roeets the accura.cy specifica
tion at a minimum computing time. This idea of optima! tuning of both parameters 
will give an indication of the possibilities for improvement, a.s is demonstrated in 
Chapter 2. Since the validity of Eq.(l.S) and (1.9) is quite general because they 
include conventional discretisation schemes and well-known solvers forsets of linear 
equa.tions, it is conjectured tha.t the findings of this research ba.sed on the TSM will 
also a.pply to other, more conventional, a.pproximation techniques like FDM and 
FEM. 
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1.4 Arbitrarily shaped regions 

In analyzing the influence of the geometrical shape, in the field of structural opti
mization or in problems involving heterogeneous media, one must he able to define 
and change the geometrical properties in an easy and flexible way, and this as ac
curate as is required. 

For solving the heat conduction problem, the governing PDE and the necessary 
boundary and initial conditions completely define the problem. The governing PDE 
is most easily solved in a predefined cartesian coordinate system or alternatively 
in a more general orthogonal coordinate system. In these systems specification 
of conditions on arbitrarily shaped boundaries is a complex matter. Numerical 
approximation techniques require either interpolation in terms of data specified at 
discrete boundary points or an extremely fine discretisation of the region, both at 
relatively high computational expenses. 

An alternative is a generalization of a concept which is applied in problems in
volving a circular, cylindricalor spherical domain. In these problems polar, cylindri
cal or spherical coordinates are used almost naturally. In fact, a coordinate system 
is chosen to enable an easy representation of the boundaries and thereby of the 
conditions specified thereon. This concept in generalized form is the application of 
'Body-Fitted-Coordinate' (BFC) systems, though in our applications a Boundary
Fitted Coordinate system would have been an appropriate term as well. 

1.4.1 Body-Fitted Coordinates 

BFC systems are general curvilinear coordinate systems defined such that along 
each boundary-(contour in 2D, surface in 3D) one coordinate is constant while the 
other coordinate(s) are varying monotonically. A 2D example is shown in Fig.(1.4) 
H a circular region is involved, usually a polar coordinate system is applied. The 

Fig.l.4: A simple BFC system. 

coordinate lines with r = R. and r = Ro coincide with the inner and outer edges 
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Fig.1.5: Polar coordinates as a BFC system. 

of the annular region, respectively (see Fig.(1.5)). In the 2D example of polar 
coordinates, the problem formula.ted in a pre-defined coordinate system, say carte
sian coordinates (x, y), is transformed to a. problem definition in polar coordinates 
(r,rp). In genera.l, a.pplica.tion of a. BFC system implies eva.lua.tion of a. coordinate 
transformation from the pre-defined coordina.tes (x, y) to a new set of (body-fitted) 
coordina.tes (e,q), see for example Fig.(1.5). 

From here on we will assume that the pre-defined coordinate system is a cartesian 
system hecause derivations of severa.l transformation relations are ohtained easier 
starting in a. cartesian system. This is no essentia.l restrietion since any coordinate 
system may he chosen as the origina.l one. By the BFC transformation the region of 
interest in the rea.l world, which is often indicated as the physica.l domain, is mapped 
onto a rectangular region in the BFC system, often called the computationa.l domain. 
In 2D problems each curvilinear contour bounding a part of the physical domain 
is mapped on a straight line segment in the computationa.l domain because one of 
the new coordinates is constant on each boundary. lt is this particular property of 
BFC systems which gives us the advantage of accurately descrihing the contour of 
the physical domain and the corresponding boundary conditions without the need 
for interpolation or for discretisation on an extremely fine grid. 

1.4.2 Grid generation 

In practice, the transformation from the cartesian (x, y) coordinate system to the 
BFC ({, q) system, or vice versa, is carried out hy some grid generation procedure, 
whiçh requires the specifica.tion of the functions x({, 17) and y(e, q) on the domain 
houndaries, e.g. x({l,q),y({11 q),x(e,712) and y(e,f12). 

The procedure must map the system in a one-to-one correspondence, otherwise 
transformation from one space to the other can not he performed uniquely. An 
exampleof a non-unique mapping is the transformation of a circular physical domain 
to a rectangle in the computational space. The center of the physical domain (x = 
O,y = 0), i.e. a single point, is mapped on the line (r = 0, 0 ::;; rp < 211'). Other 
examples of such special points may occur if the physical domain is split into a 
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number of subdomains, each of which is transformed to a separate computational 
subdomain. Conneetion of these subdomains sametimes introduces mappings of 
vertices on straight line segments and vice versa. Special care ha.s to he taken with 
transformation of these special points. 

So far nothing ha.s been said about the actual procedure which ta.sk it is to solve 
the boundary value problem of generating the mapping of the interior x(Ç, '11) and 
y(Ç, IJ) given the correspondence hetween the two coordina.te systems on the hound
aries of the domains. To solve this type of problem a prescription (e.g. a system of 
PDE's) is neerled reflecting the requirements that in the interior the mapping must 
smoothly join the mapping at the houndaries. Several techniques for solving these 
type of boundary value probieros are known. According to Thompson [Tho82], they 
may he divided into two categories, i.e. the algebraic grid generation methods and 
the elliptic grid generation methods. 

The farmer category consists of a wide variety of interpolation techniques. Inter
polation of the prescribed values on the boundary of the rectangular computational 
domain is one of the most direct methods to generate a mapping for the interlor 
region. 

The second cla.ss of methods is the elliptic grid generation methods. The bound
ary value problem is a classica! problem of elliptic PDE. Elliptic generation methods 
take the coordinates to he solutions of a system of PDE. If the coordinates are given 
on the entire closed boundary, the system of PDE must he elliptic. When only part 
of the boundary is given or the boundary is not a closed contour (2D) or surface 
(3D), the system used, has to he parabalie or hyperbolic. These latter situations 
may occur for example in free surfaces or in cases where the position of (part of) 
the outer boundary is unknown beforehand. In this thesis we will only consider 
the general case of a completely specified closed boundary so that only elliptic grid 
generation methods will he discussed in some detail. Hyperbolk and parabalie gen
eration systems are discussed in Thompson [Tho85]. 

1.4.3 Solving the transport equation 

Once the coordinate correspondence between the physical and computational do
main is known, the PDE governing the transport problem under consideration 
may be solved numerically by a discretisation technique, such as a finite difference 
method. 

The discretisation takes place in the computational domain, because of its simple 
rectangular shape and because here the boundary and the corresponding boundary 
conditions can be described accurately. Application of the BFC implies that the 
transport equation ha.s to he transformed from the cartesian (physical) coordinates 
(x,y) to the BFC (e,'ll)· 

Transformation of the transport equations introduces (metric) coefficients for 
each partial derivative. These metric coefficients contain geometrical information 
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(expressions in fust partial deriva.tives xç, x11 , yç and y11 ) on the coordinate transfor
mation and are therefore, in genera!, position dependent. Furthermore, in general 
additional terms of partial deriva.tives, such as cross derivatives, are introduced in 
the PDE. With these modifications the PDE may beoome somewhat more compli
cated but its fundamental structure remains the same. This is a neat price for the 
advantage of being able to handle arbitrarily shaped regions. 

Solving the transport problem numerically by a. discretisa.tion in the computa
tional domain will produce a solution in terms of the BFC's. Consequently, the 
trunca.tion error will also be expressed in terms of the BFC system. In our formu
lation the size of the discretisation elements has been chosen to be of order unity, 
for reasons that will become clear later. From this resulting expression for the trun
cation error it can not beseen whether the error will vanish if the element sizes in 
the physical domain are reduced. For judging the discretisation technique and its 
convergeri:ce behavior, the truncation error must be eva.luated in the physical domain 
(see Chapter 3). 

1.4.4 Additional advantages 
As a matter of fact, application of BFC systems has many other advantages. 

Suppose that boundaries in the physical domain are moving. Allowing the coor
dinate transformation to be time dependent ma.y result in a computational domain 
that will remain fixed in time. Discretisation points then remain fixed although the 
physical domain is moving. The time dependenee will appear in the PDE through 
the metric coeflicients. 

Furthermore, local grid adaption by attraction or repulsion of coordinate lines 
in some regions will destroy any existing grid orthogonality. Since a BFC system 
in general is a curvilinear system, grid adaption will cause no extra complication at 
all. Application of BFC allows development of very general finite-di:lference methods 
able to access transport problems involving arbitrarily shaped regions and regions of 
high solution activity, i.e. steep gradients in the solution. If a finite-volume metbod 
is used to solve the conservation la.w goveming the transport problem, the coordina.te 
transformation provides us with the loca.tion of the grid points in physical space, 
which are used in formula.ting the conservation law for a. local control volume. The 
transport equations, in integral form, do not necessarily need to he transformed to 
the computational space. 
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1.5 Effective transport properties 

1.5.1 Scale 

29 

For heterogeneous and composite media it is possible, at least in principle, to calcu
late temperature distributions and to obtain detailed temperature information for 
each species which may occupy arbitrarily shaped regions. 

In practical heat conduction problems where many species are involved or where 
the structure involves much geometrical details, the relevant scale is very small 
compared to the over-all scale of the object considered. This implies that a numerical 
solution of the heat conduction problem would require a very fine discretisation 
and therewith result in high computational expense. · Sometimes it is inevitable 
to solve the heat conduction problem in such detail, but fortunately it is often 
possible to reduce the problem by averaging the conduction properties and assigning 
these average values to larger-seale regions which may still exhibit a wide variety in 
shape. In this way some (detailed) information is lost but the gross properties which 
repreaent the situation at a larger scale are preserved, reducing the computational 
effort required. 

To what extent the scale can be enlarged dependends on the problem considered 
and the level of detail required. In this section we will introduce areas of application 
and some of their scale enlargement (averaging) techniques. In Chapter 4, a suitable 
averaging technique is developed and demonstrated for a special type of structures, 
i.e. repetative structures introduced in section 1.1. 

1.5.2 Random composites 

In engineering, transfer of heat is not always desired. In the field of insulation 
for instance, the task is to reduce transport of heat. Besides solids of very low 
thermal conductivity, most heat insulating materials may he considered as mixtures 
of gases and solids. They inherit their insulating properties from the low thermal 
conductivity of the gas component, often dry air. In general, the higher the fractional 
void volume, the lower will he the conductivity of the material. Other factors such 
as the arrangement of the solid component, its size and shape also have an influence 
on the apparent conductivity of the insulating materiaL 

Another field of application of composite materials is the area of mixtures of 
materials. Fibrous material consists of matrix material where fibers are added either 
randomly as in Fig.(1.6) or distributed in a more regular fashion. Application can 
be found in building materials where synthetic fibers are used for their combination 
of the advantageous properties of both matrix material as well as the fiber material. 
The fibrous structure is not the only class of mixtures. Porous, granular and cellular 
composites are also commonly used and the study of heat transfer in composites 
is important with developments in soil sdence, mechanica! engineering, chemica! 
engineering, building and other branches of applied science. 

Analytica! determination of the heat conductivity of complex structured compos
ites is impossible from a practical point of view. Several factors inhibit an analytic 
treatment of the problem: the geometrical configuration of the composite, possible 
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Fig.l.6: Example of fibrous material. 

non-homogeneous fractions due to impurities, transfer of heat by combination of 
transport mecha.nisms other than purely by conduction, the microscopie sca.le of the 
relevant transport phenomena, etc. etc. 

An a.lternative, already indicated above, is to describe the 'average' va.lue of 
conduction of heat in terros of an effective conductivity. In order to assure tha.t mean 
va.lues have a physica.l significance, one must average over a sample of the composite 
which is sma.ll with respect to the macroscopie sca.le of the entire composite but 
large enough with respect to the microscopie sca.le of the composite structure . 

Many attempts have been made to obtain formulae that express the effective 
conductivity in terros of parameters such as porosity and the conductivities of the 
gaseous and solid components. 

Some roodels consider porous bodies as structures consisting of homogenuous 
material which properties are a mixture of those of the solid phase and those of the 
gas component. Severa.l formulae based on this type of representation have been 
proposed in [Woo61, Sug61]. 

Many of these roodels relate the effective therma.l conductivity to the conduc
tivities and fractional volumes of its components [Vri52, Bra64]. The simplest of 
these assumes a distri bution of the components according to their arrangement, i.e. 
parallel or seria.l, with respect to the direction of heat flow [Wyl54, Gri70]. The 
general structure of the actua.l material corresponds to combina.tions of the series 
and para.llel a.rrangements. 

For experimenta.l validation or for proposing empirica.l heat conduction models, 
measurement must provide necessa.ry data. Opposed to theoretica.} developments 
where assumptions about the transport mechanism or about the distribution of 
the different constituents have to he made, measurements yield data which are 
the accumulation of all transport mechanisms participating in the heat transfer 
process. Determination of the conductivity then results in the so-called 'apparent 
conductivity' [Tye69] which may di:lfer from the e:lfective conductivity since it a.lso 
contains contributions from other heat transfer modes than conduction. Preventing 
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other transfer modes to occur by specific experimental conditions or determination 
of correction procedures may imprave the correspondence between the apparent and 
the effective conductivity. 

1.5.3 Repetitive composites 

So far only composites with more or less randomly distributed components were dis
cussed. Another important class of composites are those having orderly distributed 
components. Many models used for the random composites are based on certain 
assumptions about the composition of the composite, mostly mean values for prop
erties such as dimensions and mutual distance of the fibers, position and dimension 
of the granules. 

Repetitive composites are also applied as such in engineering equipment. For 
example as fortification matrix in building equipment, as filter in the food and 
beverage industry, as buffer to drain away heat from a heating process, etc. 

In this thesis we will consider heat transport in repetitive structures, because of 
its importance as a basic contiguration in rnadeling transport properties of materials 
containing randomly distributed composites and also because it is used as such in 
existing structures applied in heat transfer processes. One such repetitive structure 
is the perforated messing plate in Fig.(l.l ), located in the top of a burnerhead. 
This plate fixes the position of the flame-front. A further purpose of the plate is 
to smooth the temperature and velocity distribution of the gas flowing through the 
burner. 

To obtain accurate flame temperature measurements, which are needed for the 
rnadeling of the cambustion process in laminar flames [Goe89], it is necessary to 
determine the amount of energy withdrawn from the flame by the burnerplate. In 
this process, the conductivity of the regularly perforated burnerplate has to he 
known. It is for this reason that we will take the perforated burnerplate as example 
in rnadeling the effective conductivity of a repetitive heterogeneaus structure in 
Chapter 4. This will he accomplished by first studying apart the plate around 
one hole and subsequently use locally determined properties to enlarge the scale of 
interest and finally model the effective conductivity of the entire plate. 

The main topics in rnadeling effective transport properties are the averaging 
procedure to he used to obtain the 'average' or effective quantity and the verification 
to confirm the validity of the assumptions made. The averaging procedure depends 
on several aspects, as was mentioned before. First of all, there are the various 
transport mechanisms involved versus the heat transport model which only concerns 
heat transport by conduction. Furthermore, the assumed boundary conditions of the 
individual sample must he in reasonable agreement with the real physical situation 
in which it is embedded in its natural environment, see Chapter 4. 
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Chapter 2 

THE TAYLOR SERIES 
METHOD. 

SUMMARY 

Efficiency in solving differential equations is improved by increasing the order of a 
Taylor-series approximation. Computing time can be reduced up to a factor of 40 
and an amount of memory storage can be saved, up to a factor of 70. The truncation 
error can he estimated not only by order but also by magnitude. 
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SUMMARY 

Efficiency in solving differential equations is improved by increasing the order of a Taylor series approxima
tion. Computing time can be reduced up toa factor of 40 and an amount of memory storage can be saved, up 
to a factor of 70. 

The truncation error can be estimated not only by order but also by magnitude. 

I. INTRODUCTION 

Solving problems numerically in engineering today often requires huge amounts of computing 
time and. memory storage: for example, three-dimensional problems involving non-stationary 
phenomena and complex geometry. Therefore it is of the utmost importance to develop numer
ical methods which are as efficient as possible for the problem to be tackled. 

A metbod for solving differential equations is proposed. The method, based on the continuity 
of the solution, is not new. 1 -

5 Gibbons 1 formulated automatic programs to integrale ordinary 
differential equations which are reducible to rational form. Barton et al. 2• 3 showed the efficiency 
of the metbod in terms of required computing time, concluding that in some applications 

duced up toa factor of 40. For heat conduction the metbod is superior 
to all others nd accuracy, according to Collatz. 4 He generalized the application to 
two-dimensional systems and pointed out that instability was one of the problems still to be 
tackled. In a stabitity analysis, Small s-s indicated that the method is V on Neumann stabie over 
a wide class of equations, if the differential equations are linear. He also infers this stability for 
non-linear problems. Consistency and convergence were also proved by Small. 

Bearing this in mind, we propose a general formulation of this Taylor series metbod to handle 
one-dimensional differential equations (DE). This one-dimensionality is no essential restrietion of 
the method, it is just for simplicity. For two- and three-dimensional probieros the presented 
advantages of this metbod are even more spectacular presumably. 

The formulation is set up to be a bie to change the number of elements N, and to change the 
order of the Taylor series expansion k. Using equidistant elements, expressions to estimate gained 
accuracy and required computing time are derived. We use these expressions to optimize 
accuracy and computing time in terms of k and N. 

Unlike the more conventional metbod of increasing the number of elements only, we conclude 
that the optimum combination of k and N is located towards regionsof higher-order k, especially 
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for high accuracy demands and higher-order DE. Derivatives of the solution are available by 
hardly any effort. Non-linearity of the DE does nol complicate the method fundamentally. These 
aspects are additional advantages. 

The analytica! work which has to be done preceding each different type of differential equation 
may be regardedas a disadvantage of the method. Ho wever, within the field of engineering, the 
sametype of differential equations underlie a wide class of problems. Consequently, it is necessary 
only once to perform the analytica! part of the problem. To increase the efficiency even more or to 
tackle (extremely) stiff DE, one can apply non-equidistant elements, as will be demonstraled in 
Section 7. Another possible improvement, with respect to the treatment of boundary eonditions 
in more-dimensional problems, is a formulation of the problem in Body-Fitted Co-ordinates 
(BFC), an object of recent study. 

We hope therefore that we can take advantage of this metbod in future, especially within the 
areas of stress analysis, fluid-flow and heat-eonduetion problems. 

In the following sections we will present the metbod and optimize 'efficiency'. 
In Section 2 we present the formalism to approximate the exact solution of a general 

one-dimensional (non-)linear DE numerically. The order of approximation kis introduced and 
the calculating domaio is subdivided into N elements. 

In Sectiens 3 and 4 we derive analytica! expressions in terms of k and N for the relative 
truncation error e of the approximation and for the computing time T needed to calculate the 
approximation. These expresslons contain the order of the DE mand the radius of convergence of 
the series R as parameters. 

In Section 5 the above mentîoned analytica! expresslons are used to minimize required 
computing in termsof k and Nat a given relative accuracy. This optimum combination (k0 , N0 ) 

still depends on the two parameters m and R. The influence of both parameters is shown. 
Demonstrations, using equidistant elements, are provided as illustration in Section 6 and an 

application of non-equidistant elements is shown in Sectien 7. Concluding remarks are sum
marized in Section 8. 

2. FORMALISM 

A metbod is proposed to approximate the solution of a eertaio class of one-dimensional 
differential equations (DE), not necessarily linear. Using the notation 

_ m _ d;x 
X - dr; 

as the ith derivative of x(r), an mth-order DE can be denoted by 

( 1) 

(2) 

In genera!, the solution for an mth-order DE fora real function x(r), re[r0 , rd depends on 
m parameters c1 , c2 , ••• , c.,. 

These parameters are determined by the m initia! or boundary conditions 

b 1, 2, ... , m 

Several methods are known and have proved their use in practice in solving these DE. One ofthe 
methods, relatively uncommon in the engineering field, is a method based on power series. The 
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basic idea of this method is to approximate the exact solution by means of a Taylor series 
expansion. 

The function x(r) is expanded into a Taylor series around r., a point within the calculation 
domaio 

00 

x(re + t) = I Xjli (4) 
i=O 

with 
0 

and t as local co-ordinate. According to Small, 6 maximum stability is achieved if t, is taken at the 
middle of the calculation domain. Substituting these series in the DE and equating the factors in 
front of (r- r,)i to zero for each i yields an infinite number of equations 

0, I, 2, ... , oo (5) 

because the DE must be satisfied for all re[t0 , rt]. Similarly the m initial and boundary 
conditions are denoted by 

b l, 2, .... ,m (6) 

Note that !F, 'I& and Fi (i= 0, l, ... , oo ), Gb (b = 1, 2, ... , m) repcesent the DE and boundary 
conditions exactly. The equivalence between these two formulations for functions represented by 
converging series forms the basic idea of the method. These formulations are illustrated in 
Section 6. 

!F and '~• are functionals with the function x as the solution ofthe DE and its first m derivatives 
as arguments. This is a general way of denoting a DE. 

Fi and Gb are functions with the values of the solution of the DE and all its derivatives at the 
point t = t, as its arguments. 

The solution (and its derivatives) in the neighbourhood of t = t, is known if all terms of the 
Taylor expansion X; (i = 0, l, ... '00) in t = t, are known. 

Equations (5) and (6) forma well-posed infinite set of equations for the infinite set ofunknowns 
X;, i= o;:\, 2, ... , oo. To obtain a set suitable for numerical computation the series has to be 
truncated. Suppose we want to estimate the exact solution by the series 

k+m 

XIO)(t. + t) = I X;ti 
i=:O 

(7) 

using only the first k + m + l coefficients x0 , x 1 , ••• , xk+m· The choice of k + m + 1 coefficients 
might seem to be a bit strange at first sight. It wiJl become clear by considering the estimation of 
the highest derivative in the mth-order DE 

k (i+ m)' 
X(m)(t + t) = " ---·X· t 1 

e 4.- ·r a+m 
i=O I. 

(8) 

lt is easy to see that this mth-order derivative is approximated by a kth-order series. Approxima
tions of all lower derivatives contain more terms. The series representation of the nth-order 
derivative is 

Hm-• (i+ n)! . 
X(•)(t + t) = " --x t' e L- ., i+" 

i=O I. 
(9) 



2.2. Formalism. 37 

P. J. M. SONNEMANS, L. P. H. DE GOEY AND J. K. NIEUWENHUIZEN 

In order to delermine the coefficients x0 , x 1 , .•. , xk +., we need k + m + 1 equations. The 
boundary conditions yield m equations, while the remaining k + 1 equations are provided by 
equation (5) for i = 0, 1, ... , k. 

b = 1,2, ... ,m 

i =0, 1, ... ,k 

(10a) 

(lOb) 

The numerical solution ofthis finite set is a kth-order approximation ofthe exact solution and all 
its derivatives, as we will show in Section 3. The approximation of the function x. determined up 
to the kth-order, also contains some information on the higher coefficients xk+ 1 , ... , xk+.,, 

k+m 
L xiti 

i=k+l 

It causes a slight impravement on the numerical results in our examples. 

(11) 

The approximation according to equation (7) will give some idea of the behaviour of the 
variabie in the neighbourhood of r = re. Naturally, nothing can be asserled generally about the 
extent of the region of convergence. We implicitly suppose that the Taylor series of the solution 
exists and is convergent. This is an important restrietion of the method presenled so far: the 
Taylor series must be convergent. 

If the calculation domian exceeds the region of convergence, we must subdivide the calculation 
domain in (N) elements, and proceed in the same way as before for each element separately. Here 
we restriet ourselves to equidistant elements for simplicity. An application of non-equidistant 
elements is given in Section 7. 

Formally, equation (10) is valid for each element separately, introducing a set of k + m + I 
unknowns x6, x{, ... , xf+m for each element j: 

//('xd, x/, . .. , x/+m) = 0, i= 0, I, ... ,k (12) 

j= 1,2, ... ,N 

and of course the initia! and boundary conditions 

b = 1,2, ... ,m (13) 

Some bookkeeping shows that we still need (N - I )m equations to make thesetof equations well 
posed. This number of equations will be provided by connecting the elements, because until now 
the approximations fortheseparate elements do not correlate at all. To obtain a well-posed set of 
equations we introduce m continuity conditions on the (N - 1) common element boundaries by 
demanding the continuation of the m lower derivatives of the varia bie. These conditions conneet 
the behaviour of the solution of two adjoint elements. 

These continuity conditions will be denoted by 

(14) 

b = 1,2, ... ,m j =I, 2, ... , N- 1 

For ease of notation the unknowns of all the elements will be denoted by a vector 

X= (xJ, xf, ... , xf+m' ... , xd, x/, ... , xt+m' ... , x~, xf, ... , x:+m), j =I, 2, ... , N (15) 

and thesetof equations (12), (13) and (14) by 

a(x) = 0 (16) 
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Here a, in genera!, is a vector of the (non-)linear operators i/, Ob and h,/ arranged in a special 
order such tbat the resulting set of equations to be solved can be represented by a band matrix. 
Tbe vector 0 contains zeros. 

This well-posed set of equations can be solved by standard metbods, e.g. tbe Newton-Rapbson 
method. 

In fact, this metbod is a repetitive procedure to improve an estimation of the solution by 
a determined correction. 

Suppose x* is an estimation of the salution x of equation (16). A new estimation 
x"'* = x* + dx can be determined by calculation of the correction vector dx, using a linearization 
of the set of equations · 

a(x**) = 0 = a(x* + dx) = a(x*) + ddal dx + ... 
x •• 

(17) 

The derivative of a with respect to x for the estimation x = x* is a matrix A. Neglecting the 
higher-order derivatives of a, and substituting the matrix A yields 

Adx = f, or dx -A 1 f (18) 

using f as a notation for a(x*). This set of linear equations can be solved with a standard 
numerical method, e.g. LU-decomposition. As indicated earlier, we will arrange J/, gb and h,/ in 
a in such a way to give matrix A a band structure, of which we take advantage during the solving 
process. Note that a linear DE is represented by a linear operator a and that the solution of 
equation (16) is found after only one iteration. 

3. ERROR ESTIMATION 

In order to qualify the approximation we have to study the difference between the exact analytica! 
solution and the approximation. This difference, often referred to as the (truncation) error, is of 
order lJk + 1, as indicated by Smal!, 6 where 2ll represents the length of one (equidistant) element. 

This becomes obvious if we consider the truncation of the nth-derivative of the exact solution 
according to the formalism 

Hm-• (i+ n)! i L --.1-xi+.ll + E. 
i=O L 

(19) 

The truncation error is known as the rest term of Lagrange, 9 

E = I )'x<Hm+ll(r.+Ç)t>Hm+t-•, o::;;;ç::;;;ll 
" (k +, m + 1 n . 

(20) 

lt is easy to see that the truncation error of the highest derivative in the DE is of lowest order, 

E =--~-x.(k+m+ll(r + ll)lJk+l 
"' (k + 1)! • .. 

(21) 

Tbe lowest order in approximating the derivatives of the DE forms the restricting factor for all 
approximations since equation (2) has to be satisfied. Accordingly we find, in agreement with 
Small, 6 that the truncation error of the function itself is also of order lik+ 1. 

At this stage it seems unnecessary to expand the series representation of the (lower) derivatives 
beyond the term containing t1, as is done in equation (9). Indeed, no improvement is made on the 
order of approximation but practice shows that numerical results move just a bit more towards 
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the exact solution if we do it as welt. That is the reason for the expansion of the series 
representation of the lower derivatives beyond the tenn tk. Since the bandwidth of the system 
matrix bas not changed by including these extra tenns no extra computing time is needed. 

To quantify the error we still need the factor preceding 6H 1• This factor must describe the rest 
tenn and consequently it must contain some infonnation about the series behaviour of conver
gence. 

For an exact solution the (k + !)th-order truncation error of the function itself is given by 

1 
E = --- ."tk+ 0 (r + ")öH 1 0 s: " s: b (k + 1)! A e ~ ' "<;, ""' 

(22) 

The error is exact whenever we are dealing with the exact solution. However, we estimate it by 

1 E- ---x(k+I>(r )öHl- x ók+l 
- (k + 1)! • - Hl 

(23) 

This estimation is good if the solution is known exactly in combination with sufficiently small 
elements. We use this very same expression as an indicator for the error in the approximation. We 
assume that the trutteation error is small, implying that the approximation differs slightly from 
the exact solution. Consequently the difference between equation (23) and the true error will be 
small. We use 

(24) 

as indicator of the error. Here 2ó is the element length. Using N equidistant elements, ó satisfies 

L 
2N 

(25) 

L being the lengthof the calculation domain (r1 - r0 ). 

From equation (24) we see that for stronger converging series the rest tenn will be smaller, 
which is expressed in a smaller value of I xk + 1 1. Furthermore, it can be seen that the error is indeed 
of order k + l. 

Because we want to study the influence of the order of approximation and the number of 
elements we rewrite equation (24) as a function of k and N. First of all we normalize the error 
because we are interested in the relative errors only. Therefore we divide the error indicator by 
lx0 l, the order of magnitude of the function x(m itself, 

6 e =lxud(ó)u1=(.!_)k+l 
lxol lxol ru1 

(26) 

with 

(27) 

as an estimation for the radius of convergence ~ for which 

(28) 

is satisfied. Substituting equation (25) we rewrite the expression for the error indicator 

(29) 
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In equation (29) r expresses the information a bout the behaviour of convergence of the series, 
which we already mentioned. This relative truncation error is independent of co-ordinale sealing 
sinceL is scaled in the same way as r. We use this knowledge to write equation (29) more elegantly 
by introducing the normalized radius of convergence 

L 
"R=2r (30) 

The quantity R cao be interpreted as an estimation for the radius of convergence if we scaled the 
co-ordinale to L = 2. Substitution of (30) changes the relation for the indicator of relative error 
into 

& = (-1 )k+t = &o(.!_)k+t 
Rk+ 1 N N 

(3la) 

with 

(
_I )t+t 
Rl+t 

(31b) 

With equation (26) we are able to give &0 a mathematical meaning. 
The parameter e0 represents the ratio between jxl+ d and jx0 j. A value of &o = 1 means xl+ 1 is 

of the samemagnitude as x0 . Smallervalues of &o imply less influence ofthe(k + l)th derivative, 
while higher values suggest a stronger influence of this derivative. High values of e0 do not mean 
that the series does oot converge. Convergence cao be forced by taking very smal! elements so 
that 

(32) 

The parameter &0 merely tells us whether it will cost us much elfort to achieve a eertaio amount of 
accuracy. So e0 contains information about the behaviour of convergence. 

The truncation error according to equations (31) depends on the behaviour of convergence 
Rand on the variables k and N. In Figure 1 this truncation error is plotted for R = 1. It is obvious 
that both increasing k and increasing N wiJl give more accurate results. On the other hand, 
increasing k or N wiJl increase the required computing time as well, which we will see in the next 
section. Given a required accuracy, an optimum combination of k and N exists for which 
computing time wiJl be minima!. Finding this optimum is the aim of the next two sections. 

Before that, we mention that, whenever an approximation of the solution is determined, 
equation (26) can be evaluated for each element to give an indication of the accuracy at ooce. 

Now we are able to indicate the gained accuracy of the approximation within the whole 
calculation domain. Being a bie to indicate the accuracy of the solution oot only by order but also 
in magnitude in sucb a fast way is rather uoique, since conventional methods need recalculating 
the whole problem with a different number of elements or a different order of approximation, in 
order to get an idea of the accuracy. 

4. COMPUTING TIME 

In probieros involving many elentents, computing time is primarily spent on solving the set of 
equations 

Adx=f (33) 
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Figure t. The relative iruncation error e as a function of k and N for R 

In one-dimensional problems the matrix A is very often banded. Some problems destroy this 
band structure; for example, 'circular' problems in which only the circumferential direction is of 
importance. Boundary conditions in this kind of problem conneet the firsl and the last element, 
causing loss of band structure. For these problems special profile solvers should be used. We 
restriet ourselves to problems with a band structure, covering a great variety of engineering 
problems. The solver used is a procedure for LU-decomposition taking advantage of the band 
structure. The computing time we estîmate is basedon this sol ver. Other solvers give comparable 
results since the order of their computing time remains the same. 

Computing time required by the band matrix solver used here, to solve a set of linear equations 
represented by a (n x n) matrix with p subdiagonals on both sides of the main diagonal, is 
proportional to 

n(p2 + 3p + 1) (ip3 + p2) 

according to Golub and van Loan. 10 

In our case the dimeosion and bandwidth appear to be 

n N(k + m +I) 

p = (k + 2m) 

(34} 

(35) 

in which N is the number of elements, k is the order of approximation and m is the order of the 
DE. Computing time C is determined by 

C C0 {N(k + m + l)[(k + 2m) 2 + 3(k + 2m) +I] 

(36) 

C0 is a hardware dependent factor representing the time the computer needs fora floating point 
operation. High va lues of C 0 indicate a low performance in floating point arithmetic. In the next 
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section we will use a non-dimensional time 

T= C(k, N) 
Co 

(37) 

Computing time is increased by higher values of both k and N. In Figure 2 computing time 
according to equation (37) is plotted for m = 2. 

In two-dimensional problems, the subject of our recent study, both the number of variables and 
the number of equations wiJl increase. In general a band structure can be achieved by numbering 
the elements appropriately. Very often in two-dimensional problems the band is sparse, which 
might be exploited to reduce the amount of computing time even more. 

5. OPTIMJZING 

As mentioned aiready in the first section, the Taylor series bas to be convergent in order to 
approximate the exact solution by truncating the series. To what order the series bas to be 
truncated depends on the magnitude of the relative truncation error, which is given by 

er+ I e = eo N (38a) 

with 

80 = lxt+II == (.!_)Hl 
lxol R 

(38b) 

Without loss of generality we have normalized the co-ordinate, i.e. L = 2. 

Figure 2. Computing time Tas a llmction of k and N for m = 2 
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Several combinations of k and N, needing different amounts of computing time, are possible to 
achieve the same accuracy, which can be seen from equation (38). An optimum combination 
(k0 , N 0 ) exists, so that the computing time will be minimal to achieve a desired accuracy. To find 
this optimum we will use 

( 
1 )k+t 

€ = e(k, N) = RN 

T = T(k, N) = N f(k, m)- g(k, m) 

f(k, m) = (k + m + l)[(k + 2m) 2 + 3(k + 2m) +I] 

g(k, m) = i(k + 2m) 3 + (k + 2m) 2 

(39a) 

(39b) 

which were explained in Sections 3 and 4 as the analytica) relations descrihing the relative error 
and the non-dimensional required computing time respectively. We treat the quantities k and 
N as if they are continuons in order to get a better idea of the behaviour of the different relations. 
We keep in mind that k and N are discrete in reality. 

Lines of constant e and constant T are plotted in the k,N -space in Figure 3. We see that higher 
accuracy (i.e. smaller values of&) can be achieved by increasing k and N, as might be expected. 
Shorter computing time can be achieved by smaller values of k and N. In Figure 3 it can be seen 
that in an optimum both lines of constant e and of constant T coincide at (k0 , N 0 ) and have the 
same tangent. We will now determine this optimum. 

Contours of constant T and constantE 

:z. 10 E2 Tl = 1060 
T2 = 750 

8 T3 = 500 ().> 

;;:; El = lE-2 ..... 8 E2 = 5E-3 0 
El .... 

<U 
..0 e 
:::l 

6 Tl :z. 

4 
No 

T3 

2 

4 6 8 10 

Order of appr. k 
Figure 3. Projections of contours of constant accuracy and of constant computing time in tbe (k, N) area, witb an 

optimum 
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First we eliminate the variabie N from equation (39a) with e given as a tolerated relative error. 
The resulting equation for N is substituted in equation (39b) yielding a function in k which is to be 
minimized. 

The expressions locating the optimum combination (k0 , N0 ) formally still contain two para
meters, i.e. m and R. 

The first parameter to be discussed is m, the order of the DE. In Figure 4 optimum curves for 
m I, 2, 3 and 4, for R I, are shown. It can be seen that for higher-order DE the optimum 
curves are located towards regions of higher k, as expected, since high-order DE express the 
importance of high derivatives. 

The second parameter to be discussed is R. lts influence can be seen in Figure 5. Tbe 
mathematica! interpretation of this parameter bas already been discussed in Section 3. lt 
contained information about the bebaviour of convergence. Assuming e to be constant, we see 
that, for series with high values of R, the optimum is also sbifted towards regions of higher k, as 
might be expected, since high values of R indicate that large elements can be used. Accuracy is 
gained more economically by increasing the order k rather than using more smaller elements. 
This will become clear when we compare the computing time of the optima! choice with that of 
first· and second-order approximation as used in most existing methods. 

Wedefine ratios of required computing time and memory storage used by an ith-order choice, 
i.e. k = i and N = N; (the corresponding number of elements to achieve the same accuracy). and 

Optimum curves: parameter m 
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Figure 4. Optimum çUtveS in thc (k, N) area for R = I, witb m as parameter 
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Optimum curves: parameter R 

R=0.6 

R=l.O 

- R= 1.2 

2 4 6 8 10 
Order of appr. 

12 
k 

Figure 5. Optimum curves in the (k, N) area for m = 2, with R as parameter 

by optimum choice (k 0 , N 0 ): 

T(k =iN) T - ' I 

i ut. - T(ko, No) 

M(k = i,Nd 

M(k0 , N 0 ) 

45 

(40a) 

(40b) 

A comparison with !st- and 2nd-order methods, as far as they are comparable with the same 
relationships equation (39) for relative truncation error and computing time, is made with respect 
to computing time and memory storage relative to this Taylor series method. 

Quantities T1 ut. and T2 ,.~., and M 1 rat. and M 2 ,.~. are presented in Tables I and 11 respectively. 
The computing time is calculated from (39b), and as an estimation for needed memory storage 

we use 

M = N(k + m + 1)(3 + 2(k + 2m))- (k + 2m)(k + 2m + 1) (41) 

representing the memory needed to store the non-zero elements of the matrix A and the veetors 
dx and f. 

Speetacut ar amounts of saved computing time and memory storage are achievable for higher
order DE, in particular if a high accuracy is desired. The Taylor series metbod in these cases (e.g. 
m = 4, R = 1, c = 10- 6

) is up toa factor 43 faster and uses up toa factor of 70 less memory 
storage than a !st-order method, which can beseen from Table I. 
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Table I. Ratiosof computing time needed by a !st-and 2nd-ordermethod: T1 ,.1. and T2 ,.1. for R 

m m=2 m 3 m=4 
·-·~-·----·--·--~-~-----·----------------------

& Tl rat. T2rzt. Ttrat. T2rat. Ttrat. T2rat. r, .. l. T2ra1. 

10 I 1·0 1·3 1·0 1·0 1-1 1-Q 1·3 1-1 
w-2 1·1 1·0 1·4 1·0 1·8 H 2·1 1·0 
10-3 1·7 H 2·5 1·2 J2 1·5 4·1 1·7 
w-4 3·0 1·3 4·7 1·7 6·5 2·1 8·4 2·5 
10-5 5·8 1·7 9·7 2-4 14 3-0 18 3-7 
w-• 12 2·5 21 3·6 32 4·7 43 5·9 
10-7 27 3·7 49 5·6 74 7·6 102 9-7 
10' 8 62 5-8 116 9·0 180 13 251 16 
10 9 146 9·4 284 !5 447 21 632 28 w-•o 356 16 708 26 1130 37 1620 49 

Table 11. Ratios of memory needed by a !st- and 2nd-order method: M 1 ral. and M hal. for R = 1 

m=l m 2 m=3 m 4 
--·--·--------··· 

Mtrat. Mlrat. Mlrat. Mlral. M,,.l. M2ra1. M1r•1. M2ra1. 
·------------------------------ ------------------------

w-• 1·0 1·0 H 1·0 1·2 1·0 1·4 H 
w- 2 1·4 1·0 1·8 H 2·2 1·3 2-6 1·4 
10'' 2·4 1·2 3-4 1·5 4-4 1·8 5-4 2·1 
10' 4 4·9 1·7 B 2·2 9·7 2-7 12 3-2 
10 -s 11 2·6 17 3·5 23 4·4 28 B 
10-6 25 4·1 40 5·7 55 7-3 70 8·9 
w-' 60 6·7 98 9·6 137 13 177 15 
J0-8 151 11 248 17 352 22 461 27 w-9 387 20 644 29 924 39 1220 49 
10 -I() 1010 36 1700 53 2470 71 3280 90 

6. DEMONSTRATIONS 

In this section the metbod and its rormalism as presented in Section 2 is illustrated by three 
examples, one linear and _two non-linear. 

First example 

iJ2x ox 
M ih2 + B ih + Kx = MG, r è [0, I] (42) 

with initial conditions: 

x<r = 0) =;: 0 

oxl - o 
Ot t•O-
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This DE is recognized as the equation of motion of a rnass-spring system in a gravitational field. 
Second example 

iJ x 
01 

- a(x) 2 = 0, re [0, 0·5] (43) 

with boundary condition: 

x(r = 0·5) =I 

The DE is an equation without direct physical interpretation. lts relevancy lies in its non
linearity, and in the structure of the analytica) solution. Since the analytica) solution can be 
written as a geometrical series, the approximation r of the radius of convergence is exact. 
Consequently the accuracy analysis is easier to observe. 

Third example 

(44a) 

with boundary conditions 

x(r = 0) = 0·15 

~~lt=l = 
0 

The term on the right-hand side is strongly non-Iinear: 

S(x) =a(!- x) 2 exp[fl(x- I)] 0 ~x~ I (44b) 

= 0 elsewhere 

This last example may beregardedas the energy equation used to calculate the stationary state of 
the non-dimensional temperature profile x( r) in a flat flame as a function of the non-dimensional 
distance r to the burner. 11 It serves as a demonstration of the metbod for real-Iife problems. 

Each of these cases will be discussed in the sections below. The optimum combinations (k0 , N 0 ) 

are determined and compared with the analytica) results. We already mentioned the general 
relation for the nth-derivative as a Taylor series using only the first k + m + I coefficients 
x 0 , x~> ... , xk+m because we make extensive use of it in the next subsections. The nth-derivative 
is given by 

(n) - k+m-n (i+ n)! i x (r. + t)- L --.
1
-x;+nt 

i=O l. 
(45) 

6.1. The rnass-spring system 

Consider the equation of motion of a rnass-spring system in a gravitational field, equation (42). 
We denote the DE according to the formalism by 

!F: MP)+ Bi1) + Kx10)- MG (46a) 

with boundary conditions 

'§I; X(O)(T = 0) 

'§2: x11)(r = O) 

(46b) 

(46c) 
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Substituting equation (45) and equating the different order terms to zero yields 

/ 0 : 2Mxi + Bx{ + Kx~- MG (47a) 

Ji: (i+ 2)(i + l)Mx/+ 2 +(i+ l)Bxf+t + Kx{ (47b) 

O,l, ... ,k j=l,2, ... ,N-l 

The boundary and continuity conditions result in 
k+m 

gt: L xf( -<5)1 (47c) 
;:o 

k+m-l 

g2: L (i+ l)xl+d-ó)1 (47d) 
i=O 

k+m 

h{: L x{(ó)1 xl+ 1(- ó)1 (47e) 
i=O 

k+m-1 

h~: L (i+ l){x!+ 1(<5)1 xi:lc- <5)1}, j = l, 2, ... , N- l (47f) 
1=0 

with m = 2. The physical quantities are chosen to be M = I, B = 5, K = 40 and G = 10. The 
analytica! so1ution for this problem is given by the equation 

x(r) = a 1 {I exp( -a2 r:t[cos(an) + a3sin(wr)]} (48) 

j4KM-B2 jïi5 
W= 2M =-2-

MG 
at K=4 

az 5 
al=-=--

w Jïi5 
Observe that the set of equations is linear, due to tb.:,: fact that the original DE is linear. The 
problem bas been calculated with different numbers of elements (N I, 2, ... , 6), and different 
orders of approximation (k = I, 2, ... , 6). The normalized radius of convergence is estimated 
numerically and its smallest value is about R = H. 

Tbe indications of the error are satisfying, wbich can be seen from Table lil. Suppose a relative 
error of t: = 10 5 is desired. According to tbe optimum curve (m = 2 and R = H) we find 
optimum values wbich differ slightly from numerical results. 

Optimum values 
N0 = 5·0 
~=5·7 
T0 = 4·7 kflops 

Numerical values 

Nnum 4 
knu111 = 6 
T0 • .., = 4·0 kFiops 

(49) 

Again we mention that k0 and N 0 are treated as if they were continuous quantities. Compared 
with lst and 2nd-order methods based on the same relations of accuracy and time., we have 
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Table lil Exact (number above) and estimated (number below) relative error in the numerical 
solution of the lst example 

l·4E- l 
!·OE- l 

2 9·1E- 2 1·9E 2 1·5E- 2 6·3E 3 2-9E-3 l·6E- 3 
2·0E -I NE I 1·3E- I 7·2E 2 4-SE- 2 BE 2 

3 1·8E- 2 2·2E 2 5-6E- 3 1·7E 3 HE- 4 3·2E- 4 
4·3E- I !·IE -I 2-JE-2 7·0E- 3 HE-3 1·2E- 3 

4 6·5E- 2 5-9E- 3 2·0E- 4 4·2E- 5 1·7E- 5 6-6E-6 
6·6E I 3·5E- 3 HE 3 HE-3 7·9E 4 4·0E -4 

5 
2·2E 2 7-2E-4 1-3E 4 NE- 5 6·9E 6 2·3E- 6 
1·2E l !·OE- 2 1·3E- 3 2·9E- 4 9·2E- 5 3-6E- 5 

6 
BE- 3 HE- 4 HE-5 1·4E- 6 2·5E- 7 5·7E- 8 
1·3E-l HE 3 HE- 5 5·9E 6 NE-6 1-ûE 6 
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reduced computing time by a factor of 9·9 and 2·4 respectively. These reductions are even more 
spectacular for higher accuracy and higher-order DE, as can be seen from Tables I and 11. 
Another important factor is the amount of memory storage needed to store the matrix A. Here 
a reduction is achieved by a factor of 17 and 3·S, respectively, since fewer elements are needed. 

Optimizing gives good estimates for optimum values of the relevant calculation quantities. One 
important cause of the small differences is that the estimations of T(k, N) and e(k, N) are, of 
course, not exact. Another reason is the treatment of k0 and N0 as if they were continuous. 

6.2. A non-linear differential equation 

The second example to be examined in the non-linear DE. 
According to the formalism we write 

Substituting (45) yields 

:1>: x0 )- ax<0 JX(o) 

~I: X(OJ(T = 0·5)- 1 

i 

/;: (i+ !)x/+ 1 " j j aL x,xi-h i= 0, I, ... , k 
l=O 

k+m 

h{: I x/(o); x!+ 1(-.5)1
, j=l,2, ... ,N-l 

i=O 

(SOa) 

(50b) 

(Sla) 

(S1b) 

(5lc) 

for m 1. To explain the last term in equation (Sla) it is important to study a multiplication of 
two series. Suppose we want to calculate the product C oftwo series A and B. Multiplying the two 
series and re-collecting by power 

oo oo "'(1 ) oe I a;t; I b1ti = I I albk-l tt = I Cttt 
i=O je() •=o z.".o l•O 

(52a) 
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k 

Ct= L albk-1 
1=0 

(52b) 

This is the basic relation, which we wiJl make use of extensively to calculate the powers and 
produels of series. 

The analytica) solution of the DE is 

) 2 .ç, {a(2r I)}; 
X(t = = t.... -'--::----"-

2 + a(l - 2r) l=o 2 

having a pole at r = (2 + a)/2a. We have chosen a 2 to simplify the analytica! solution 

x(r) =! (-1
-) 

2 I r 

(53) 

(54) 

The boundary condition is given at a distance from the singular point r = 1 to avoid numerical 
problems which could divert our attention. 

Note that equations (Sla) are non-Iinear because of the non-linearity of the DE. 
This problem is also calculated for dilTerent numbers of elements (N = 1, 2, ... , 6), and 

dilTerent orders of approximation (k = 1, 2, ... , 6). 
The exact coefficients for the Taylor series around r, are given by 

X; !(I - t,) -(1+ I) (55) 

The normalized radius of convergence is known exactly: 

R = ~~ 4(1 r.)e [4, 2] (56) 

The worst value of R is the smallest value R 2. Exact values and estimations of the error are 
given in Table IV. 

The estimated values of the error give a good impression of the accuracy. To demonstrate the 
use of the optimization we pose the next question. Suppose we allow a computing time T = 1·4 

Table IV. Exact (number above) and estimated (number below) relatîve error of the numerical 
solution of the 2nd example 

2·8E- 2 1-QE 2 S-QE- 3 2-9E- 3 1·9E 3 1-JE-3 
1·2E I HE 2 1·4E 2 7-SE- 3. 5-QE 3 3·5E- 3 

2 8·6E- 3 7-QE 4 I·SE 4 4·7E- 5 2-QE 5 9·5E- 6 
3-8E:_2 5·5E 3 1·7E- 3 HE -4 HE 4 2·2E -4 

3 
2·8E- 3 3·8E 4 8·9E 5 3-QE- 5 1·3E 5 6-2E- 6 
t·2E- 2 1-QE- 3 HE-4 6·9E- 5 2·9E- 5 1·4E-5 

4 9·2E-4 HE s 3-QE -6 5·8E-7 1·6E 7 HE-8 
4·1E- 3 1·9E -4 2·8E 5 6·8E- 6 2-3E 6 9·2E-7 

5 
3·1E -4 1·5E- S 1·7E- 6 BE-7 9·1E -8 3·1E-8 
1·4E- 3 3·6E 5 3·6E- 6 6·9E -7 1·8E -7 6·3E- 8 

6 
1-QE -4 1·3E 6 6-6E- 8 6·8E -9 1·3E -9 3-0E- 10 
4-6E- 4 7·0E- 6 4·9E -7 7·1E -8 l·SE- 8 4·4E- 9 
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kFiops. What is the maximum accuracy feasible, and for which combination of k and N do we 
achieve this? 

The (normalized) radius of convergenee is chosen to be the smallest value R = 2. A good 
estimation of the optimum combination (k0 , N 0 ) for m = 1 is found. The minimal error feasible is 
e;:::: 10 s at 

Numerical values 

Nnum = 3 
knum = 5 
Tnum = 1·2 kFlops 

6.3. The energy equation of a flat ftame 

The last problem to be studied is 

with boundary conditions 

x<• = O) = O·t5 

oxl -o 
iJr ,=l-

The term on the right-hand side stands for 

S(X) =a(! - x) 2 exp[P(x !)] 

with a= - 1848, P = 10 and y = 1·49. 

(57) 

(58a) 

(58b) 

The DE can be regarded as the energy equation of a flat (lD) flame, prescrihing the non
dimensional temperature x as a function ofthe non-dimensional distance to the burner r. The first 
two termsin equation (58a) describe the conductive and convective transport of heat in the flame. 
S(x) can be interpreled as a souree term due to burning of the fuel. 11 The souree term is strongly 
temperature dependent No analytica! solution is available. A comparison with the solution of 
a Finite Differenee (FD) metbod is made. 

This problem is chosen to show the method's comprehensive range of application in real-life 
problems and to demonstratea way of dealing with termsin the DE which themselves depend on 
the variabie itself, like the souree term. 

The general idea remains the same, except for S(x). The souree term is expanded in a Taylor 
series of r indirectly: 

(59) 

In this series the powers of dx are replaeed by their Taylor series expansions 

dxl 1 d
2
xl 2 x(r,+t) x{r.)+-d t+2td~ t + ... 

T r., • t t., 

(60) 
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Tbe Taylor series expansion of dx itself is written as 
00 

dx(r. + t) = x(t. + t)- X(t.) = L xi+ 1 t1+1 

i=O 

00 "' 

= t L x1~ 1 t 1 = t L dx/t1 (61) 
1=0 i=O 

For ease of notation wedefine a new coefficient dxf wbich depends on tbe original unknowns. 
Tbe coefficient dxf is the ith coefficient in the series representing (dx)''. The powers of dx in 

series formulation are generated by repeated multiplying. This multiplying can he done systemati
caily, which we will demonstrate. Eacb series (dx)" is calculated as the product of the preceding 
power (dx)r 1 and dx. Tbe recurrent relation reads 

(62) 

or using equations (52a) and (52b), 
«:; 00: 00 

t~' L dxftl = tp-l L dxr- 1 t L dxl (63) 
l=O i=O j=O 

with 
t 

dxf = L dxf- 1 dxl-r (64) 
1~o 

Determination of the powersof dx is done according to the above recurrent relation. Formally we 
define the coefficient of (dx)0 by 

0 {1 ifi=O 
dx, = 0 if i 1- 0 

because. now we are able to write the fini te set of equations very elegantly by 
i 

};: (i+ 2)(i + l)xi+ 2 - y(i + l)xi+t- L S1dx/-1 
j=O 

g.: (k+• ) ~~o xl(- c5)i - (H5 

(i+• ) g2: L (i+ l)x{i 1 (c5)1 

1=0 

i+oo 
hl· I· L x/(c5)1

- x;+ 1
( -c5)1 

1=0 

t+ .. -1 

hl: I: (i+ l)(x/. 1 (c5)1
- x/:l (- c5)1

) 
i•O 

usin& the truncated series as an approximation. 

(65) 

(66a) 

(66b) 

(66c) 

(66d) 

(66c) 

Note that the equations}; = 0 are non-linear because of the non-linearity of the DE. To set up 
these equations weneed the derivatives of S with respect to X· F or this example the derivatives are 
determined easily, but in general one needs a numerical metbod to obtain derivatives of a lunetion 
without eausins instability problems. In the problem discussed bere we use analytica~ derivatives 
in order to avoid diversion from the main subjects of tbis paper. 
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Figure 6. The souree term S(X) for 0.;; x.;; I 

Table V. Comparison of approximations computed 
by a Finite Difference and the Taylor-series method 

for the 3rd example 

0·05 
0·15 
0·25 
0·35 
0-45 
0·55 
0·65 
0·75 
0·85 
0·95 

x 0 (r) F.D. 

0·24191 
0·44164 
0·64761 
0·81522 
0·90993 
0·95274 
0·97249 
0·98308 
0·99021 
0·99660 

x 0 (r) Taylor 

0·24191 
0·44162 
0·64770 
0·81537 
0·90998 
0·95274 
0·97250 
0·98309 
0·99021 
0·99660 
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1.0 

Solving the set of equations has to be done with suffieiently small elements in order to deseribe 
the souree term properly. In Figure 6 the souree term S(x) is shown. 

This problem has been ealculated with N = 10 and k = 2 using under-relaxation to avoid 
uneontrolled behaviour of the iteration proeess. A eomparison with the outeome of a FD method 
is shown in Table V. 



54 Chapter 2. THE TAYLOR SERIES METHOD. 

SOL VING DIFFERENTlAL EQUA nONS 

7. NON-EQUIDISTANT ELEMENTS 

7.1. Introduelion 

In many practical problems the solution of a one-dimensional dilferential equation (DE) is not 
as smooth as in the first three examples presented in Sectîon 6. In these cases regions with 
different 'activity' of the solution can be distinguished. These dilferences in 'activity' find expres
sion in the radius of convergence changing with the co-ordinate. Using equidistant elements, like 
we did in the first three examples, would be uneconomic in problems involving the radius of 
convergence changing over a wide range of magnitude. The accuracy would be worsein regions 
with a smaller radius of convergence. 

These problems have different scales, that is the dependent variabie changes over a distance 
much smaller than the scale of the system. In the additional example presented bere, we will apply 
the Taylor series methods with non-equidistant elements toa problem exhibiting two extremely 
different scales. This example considers a stationary one-dimensional shock wave. 

The Taylor series metbod requires considerable continuity within each element. This, however, 
will not be a serious problem in principle, since solutions of engineering problems described by 
a DE are always continuous. The reader should bear this in mind in spite of the fact that 
a solution could appear to be discontinuous at places where the radius of convergence changes 
suddenly and extremely, as in the example which is presented here. 

7.2. Stationary shock wave 

Consider the flow of an ideal gas through a duet. In a very small region the velocity changes 
from the upstream value v1 to a downstream value v2 • There is no change of velocity outside the 
region. 

lt can be shown 12 that, under the proper conditions, almost all of the changes of gas condition 
take place in an extremely thin region called a 'shock wave'. 

The stationary one-dimensional equations of change for the system under consideration are 
ij 

iJx (pu) = 0 (67) 

iJu 
pu-= 

iJ x 
iJp + ~ iJ (/l iJu) 
iJx 3 iJx 

puê iJT =!_(kiJT)+uop +~Jl(iJu)2 
" iJx iJx ox àx 3 ox 

(68) 

(69) 

where part of the notation is taken from Reference 12. These equations may be written as a single 
relation containing only u and x as variables: 

~ Lu iJu - "' + I u2 + Cm u = 'I - I C, 
3 PtVI OX 2y PtV! 1 

ê 
1 =...,..! 

Cv 

c, = Hvd 2 + ê,T, 
C111 = Pt + p,(vd2 = p,((vt)2 + RTtfM) 

if we use the ideal gas law and assume tbe Prandtl number of tbe ideal gas to be Pr = j. 

(70a) 

(70b) 

(70c) 

(70d) 
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With dimensionless velocity 4> = ujv 1 E [0, IJ and the values 

M=2xJ0- 3 [kgmol- 1J 

c. = 1·039 x 104 [J kg -IK -IJ 

y=~ [-J 

Jl = 8·35 x J0- 6 [Nsm - 2 J 

PI= 0·5216 [kgm -JJ 

V1 = 5·494 X J03 [ms- 1J, 

T 1 = 697·15 [KJ 
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(71a) 

(71b) 

(71c) 

(71d) 

(71e) 

(71f) 

(71g) 

representing supersonic (Ma 1 = 2·5) flow of hydrogen gas, equation (70a) can be written as 

with 

In addition the co-ordinate is scaled, 

B
1 

= _ 3(y + l)p1v1 
8yjl 

dx = fJdx 

(72a) 

(72b) 

(73) 

with jJ as a sealing parameter being constant, but possibly different, for each element separately. 
Substitution in the DE (72a) yields 

84> 
Pt/> ax + Bdt/>- l)(t/>- o-37) = o (74) 

We will refer to the range of the x-co-ordinate as the 'physical domain', while the x-range is 
referred to as the 'calculating domain'. Furthermore, the situation with jJ = I will be referred to as 
the 'unscaled' situation, despite the velocity sealing. 

In this latter case the physical and calculating domains will be identical. 
Note that from equations (74) and (72b) it can be seen that jJ ::::: J0 8 is an interesting sealing 

value (B 1 = - 2·059 x I 08 ), near the shock position, where 4> and x are of order I. This value for 
jJ is interpreled as a very small region in the physical domain being stretched to map a wider 
region in the calculating domain, as will occur in the immedia te neighbourhood of the shock. F or 
a large distance from the shock, we have that 4>-+ I or 4>-+ 0·37, so that jJ becomes smaller. 

For sufficiently small values of jJ, the first term of equation (74) may be neglected. Now the 
solution is constant, being determined by a polynomial of degree 2, 

with roots 

BI (t/>- 1)(</1 - 0·37) = 0 

tP1 = I·Q 

rP2 = 0·37 

(75a) 

(75b) 

(75c) 

which we will see are the asymptotic values of the solution, before and after the 'shock' region. 
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The analytical solution of equation (72a) can be found by integration, 

(I - 4>) 
(t/> -I}J7)0 .37 = K exp(- BI{ I 1}37}x) (76) 

where K is an inlegration constant K can be solved by using the boundary condition. As 
boundary condition we take the middle of the shock, where 4> = 1/ Ma 1 , to be x 0. The name 
'boundary condition' is somehow a bit confusing because the condition is not referring to an 
actual boundary. 'Inner condition' might be a better name: 

This gives for K, 

73. Consequences of sealing 

tj>(x = 0) 

( I ) 1--

K~ ( I Ma'r" 
--0·37 
Ma 1 

(77) 

(78) 

Application of the Taylor series metbod will result in a set of non-Iinear equations which we 
solve by the Newton-Raphson method. Without scaüng the co-ordinate properly, numerical 
singularity of the Jacobian occurs. Sealing the co-ordinate improves the condition of the 
Jacobian, as we wilt show in this section. We remind the reader that a regular matrix is well 
conditioned if all elements are of comparable magnitude. 

The elements of the Jacobian come from two kinds of equations: first of all the equations 
representing the DE. Formally the scaled DE (74) is represented by 

Ïdtbo, i$., ... , i$,+.,)= 0, i= 0, I, ... , k (79) 

with 

(80) 

For further explanation we remind the reader of the definition of the radius of convergence 
equation (27). ft is easy to verify that the subsequent relations hold: 

(Sla) 

'i;= Prk 
(81b) 

Equation (79) gives elements in the Jacobian of the form 

alt 
-;;- j = 0, 1, ... 'i+ 1 
ötj>j 

(82) 

For a fixed value of i (the same row in the Jacobian) the elements of the matrix can be 
approximated by using equation (27), 

alt <- >' · o 1 · 1 - Tj , } = , , ... , I + 
ot/>o 

(83) 
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which causes numerical singularity of the Jacobian if the scaled radius of convergence i'i(::::; f3ri) 
takes very small values. Applying the Taylor series metbod rigorously in the unscaled shock 
region (/3 1 and i'= r::::; 10 8

) will cause such numerical singularity. As the reader already 
might suspect, this singularity wiJl be omitted by sealing the distance, for each element, in a way 
so that 

(84) 

will have a bounded value, close to unity, fora suitable j. Relation (84) justifies the treatment of (3. 
as an indicator of solution activity. lt is easy to see that a large sealing parameter has to be used 
close to the shock region (very smal! radius of convergence), and outside this region very smal! 
values (or even no sealing) are appropriate (large radius of convergence). 

Bounding r causes the elements of one row, for a fixed value of i, to become of comparable 
magnitude. The elements in different rows are also of comparable magnitude, because the 
magnitudes of j; for different values of i are comparable. This can be verified by consirlering 
equation (79), 

(85) 

in which, for each term, the order of magnitude can be estimated by 

(86) 

using equatîon (27). From this we see that all]. are of comparable magnitude, because i' is close to 
unity. 

Not only the equations representing the DE, but, of course, also the continuity equations and 
boundary conditions must be considered. These are the second kind of equations the elements of 
the Jacobian come from. 

The scaled continuity equations and boundary conditions are relations of the form 

k+m-• ( + ')I 
-"--1--{<b~ (b)' <bf+\1(b.+d'}=O n! t+n I! 

(87) 

with 

(88) 

in which n indicates the equation considers the nth-derivative of the solution, and the e-index 
indicates the involved elements. 

It is easy to explain the influence of sealing by consirlering one element e which needs 
excessively strong sealing (/3. ~ 1 ). In this case coupling of this scaled element also causes 
numerical singularity because of the row-dominating matrix element (P.b.)k+m-•. This domina
ting element occurs at least in two rows in the same column, since either the element must be 
coupled to its two neighbour(s) or to one neighbour and in addition at least one over-all 
boundary condition must be satisfied. 

This singularity occurs for excessively large values of P.b •. An example is sealing in the shock 
region (/3. ::::; 108 ). 

This singularity can also be omitted by adjusting the element size, according to equation (88), 
with b.,just like r, an appropriate bounded value. We will use equidistant elements bin the scaled 
situation. 



58 Chapter 2. THE TAYLOR SERIES METHOD. 

SOLVING DIFFERENTlAL EQUATIONS 

We saw that sealing improves the condition of the Jacobian if the elements are redistributed 
accordingly. The values of r and g_ still to be specified, c1mnot be chosen freely because the 
criterion of convergence bas to be satisfied, 

(89) 

This criterion, which is in agreement with equatiori (32), indicates that the element size should 
never exceed the radius of convergence. 

Until now we did not choose a specific fJ value. There are, of course, several ways to specify the 
sealing. 

The possibility we choose uses the DE (74) to specify the sealing factor 

p \Bt(~o- !_Hfo 0·37)1 (90) 
flofl1 

The precise element size 6 is still to be determined. An optimization strategy, not the same, but 
similar to the one in Section 5, can provide us witb E. 

In this example we used a more arbitrary choice for % because our main intention is to 
demonstra te the possibility of handling problems in volving different scales with the Taylor series 
method. 

7.4. Results 

In our example we divide the calculation domian ie[-0·1,0·1] into N+2 equidistant 
elements. Of course, two of them will be boundary elements while N of them are inner elements. 
We want the final solution in element N - I to satisfy the boundary condition, cf. equation (77). 

As initia! guess we will provide the boundary elements with the asymptotic values from 
equations (75a) and (75b). For the inner elements we use a linear behaviour of tbe solution as 
initia! guess, which even doesnothave to satisfy the 'inner' boundary condition. Furthermore, we 
start with p = I for each element. Updating ofthe {J's for the innerelementsis done according to 
equation (90). The fJ-values for the boundary elements P 1 and fJN + 2 are updated to guarantee the 
range of the physical domain at both sides of the shock to be 0·1, 

N 

fJN+!ON+l + L 2fJ.b. 0·1 (91a) 
e=t 

(91b) 

This very simple scale updating is not the most elegant one but it does not harm the purpose of 
this demonstration. 

The solving procedure is started with one update of the P-values according to equations (90) 
and (91). This updating will be performed only once, and further, the fJ-values wiJl remain fixed. 
The Newton-Raphson metbod is used to improve the numerical approximation until the relative 
correction is small enough (10- 13). Only a few ( < 10) Newton-Raphson iterations are necessary 
to find the final numerical solution. 

To qualify the numerical solution a comparison is .made with the analytical solution f1 given by 
e<>uation (76). We define an average relative error e of the inner elements as 

I ION I f/(i.) f/(i.) I E=-I 
tON •= I f/(x;,) 

(92) 



2. 7. Non-equidistant elements. 59 

P.'J. M. SONNEMANS, LP. H. DE OOEY AND J. K. N!EUWENHUIZEN 

where, for each inner element, ten points x. are chosen equidistantly in order to calculate the 
relative error. Note that the boundary elements are not included in this definition because their 
dominating influence on the error (10 -l) is due to their sealing parameter being determined 
according to equation (91), which is rather ad hoc. 

For N = 5 and N = 10 (k = 0, l, ... , 5) the error according to equation (92) is given in Table 
VI. Comparing the different situations, a similar influence of k, as in the first three examples of the 
previous section, can be observed. Increasing the order of approximation will increase the 
accuracy, which can beseen from Figures 7 and 8. For k ;;;;, 2 the difference between the numerical 
and exact solution is hardly noticeable. 

Furthermore, it is quite remarkable that the accuracy is almost independent of the number of 
(inner) elements N (Table VI). This is another phenomenon which is caused by the ad hoc sealing 
procedure for the two boundary elements. Because of this sealing metbod doubling the number of 
elements will not reduce %(nor e) but inslead the inner elements will occupy a wider neighbour
hood of the shock region, which can beseen from Figures 7 and 8. Until the region occupied by 
the inner elements approaches the range of the calculating domain, the boundary elements wil! 
maintain their dominating influence on the error, because their size remains almost the same. 
That is the reason why the boundary elements were excluded from the definition of E in order to 
qualify the numerical solution in the neighbourhood of the shock. 
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Table Vl. Average relative error 

k N =5 N=IO 

0 o-n x w- 2 0·95 x w- 3 

I o-36 x w- 3 0·18 x 10-J 
2 0·78 x 10- 4 0·4o x w- 4 

3 o-6t x w- 4 o·t8 x to- 4 

4 o-21 x to- 4 o-50 x w-s 
5 o-47 x w- s o-87 x w- 6 

The required computing time (CPU in seconds) for one iteration i~ measured. The most 
time-consuming procedures are the assembling process of the Jacobian and solving (LU-de
composition fora banded system) the linearized set of equations, cf. equation (18). 

For N == 5 and N = 10 (k = 0, I, ... , 5) the total relative computing time needed for both 
procedures together is sbown in Table VII. The oomputing time in Table VIJ is relative to the 
required computing time for k = 0 and N = 5. 
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Table VII. Relative computing time 

k N =5 N 10 

0 1-()0 1·1! 
I H8 1·59 
2 1·59 2·24 
3 2·06 3·24 
4 2-71 4-41 
5 3-53 6·00 

As one might ex peet, more computing time is required for a larger number of elements N and 
for a higher order k. 

8. CONCLUSIONS 

From Figures 1 and 2 we see that higher accuracy can be achieved by increasing the number of 
elements and by increasing the order of approximation, at the cost of more computing time 
needed. This is not very surprising, since higher accuracy and less computing time are contradic
tory demands. 

More meaningful is the fact that an optimum between these two demands exists. An important 
result is that this optimum may be achieved, not by increasing the number of elements only, but 
by simultaneously increasing the order of approximation. 

In comparison with !ow-order methods (k I, 2), a reductîon of required computing time or 
a higher accuracy is achieved. Especially for high accuracy demands (e <a: 1) in high-order DE 
(m = 4} these advantages are spectacular, as can be seen in Tables I and 11. 

This is an important feature, since the more conventional numerical methods are based on 
approximations of a fixed orderand suftielent accuracy is achieved by increasing the number of 
elements only. Fora proper base on which to make a more general conclusion in this direction 
one should make a thorough comparison ofthis power-series metbod with tbe more conventional 
methods. It is not the author's purpose to claim that the proposed metbod overrules other 
metbods, but to attract tbe reader's attention to the possibility tbat it is worthwhile to increase the 
order of approximation also, rather than only increasing tbe number of elements more or less 
automatically. 

An other important advantage is the possibility to estimate the error in the solution, not only 
by order but also by magnitude. This is rather unique since the more conventional numerical 
methods estimate the accuracy by recalculating the problem wîth a different number of elements 
or different order of approximation. 

The analytica! work which bas to be done preceding each different type of DE may be regarded 
as a disadvantage of the method. Ho wever, within the field of engineering, the same type of DE 
underlies a wide class of problems. Consequently, it is necessary to perform the analytica! part of 
the problem only once. This, in combination with the possibility to program some fundamental 
operators which occur frequently in the DE, weakens this disadvantage substantially. 

In the last example we have seen how a realistic problem invalving regions of extremely 
different activity (shock wave) can be handled using the Taylor series method. The hardly 
'shocking' key to solve this problem is sealing in combination with element redistribution. 

Increasing k the order of approximation will increase the accuracy of the sol u ti on, similar to the 
results of the previous three, more academie, examples. 
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Ll(avîng the equidistant element distribution, we mîght as wel! choose an order of approxima· 
tion 'ror each element separately, whîch is a rather unusual combination. Non-equidistant 
elementsin combination with non-constant order of approxîmation complîcates the optimization 
problem extremely, as it wiJl become a kind or 'tra velling salesman' problem. Finding the global 
optimum will need special algorithms like the 'simulated annealing' technique described in 
Press. 13 Alternatives such as local (i.e. elementwise) optimization as primary research have our 
preference. 

We hope that we can take advantage of the Taylor series metbod in fut ure, especially within the 
areasof heat-conduction and fluid-flow problems formulated in Body-Fitted.Co-ordinates, the 
object of our recent study. 
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Chapter 3 

GRID GENERATION 

3.1 Introduetion 

Within the field of numerically solving partial differential equations (PDE) on arbi
trarily shaped regions, grid generation has become a common tool [Tho84, Ha.ü86, 
Smi80, Cas91]. Though some methods for solving PDE's on arbitra.ry regions employ 
a. rectangular grid which intersects the boundary of the region, most methods utilize 
a grid which conforms to the shape of the region. Much of the impetus herein bas 
come from computational Huid dynamics, although the methods are also applicable 
to other physical problems involving the solution of of PDE's in two- and three
dimensional space, e.g. stress analysis, heat and mass transfer, electromagnetism, 
solid mechanics, etc. 

The technique of grid generation involves the construction of a so-called Body
Fitted-Coordinate (BFC) system. A BFC-system in 2D situations is a curvi-linear 
coordinate system of which (part of) a coordinate line coincides with (part of) a 
boundary of the region. As a consequence the region, transformed to the BFC 
system, will become a rectangular shape bounded by straight line segments, as can 
beseen in Fig.(3.1) . 

• 
Fig.3.1: Mapping of physical domain to computational domain 

63 
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The transformed region is often referred to as the computational domain, while 
the complexity of the shape of the region is visible in the physical domain only. The 
geometrical difficulty of the problem is now alleviated, all calculations can be carried 
out on a rectangular computational domain irrespective of the shape of the region 
in the physical space. Consequently the PDE, representing the physical problem at 
hand, has to be transformed to the computational domain, i.e. with the new curvi
linear coordinates as the independent variables. When a PDE is transformed onto 
a BFC system, corresponding boundary conditions will be defined on straight line 
segments. Consequently, boundary conditions can be implemented easily without 
the need of interpolation, as is generally the case in a rectangular cartesian grid, 
regardless of the boundary shape in the physical domain. Even if the boundary 
is moving, the region may remain fixed in the transformed space by allowing the 
transformation to be time-dependent. This allows the development of computational 
methods for the numerical solution of PDE's on arbitrarily shaped regions, which 
shape might even be time-dependent. 

Furthermore, BFC systems, in general non-orthogonal systems, may be used as 
adaptive coordinate systems. Local adaption of the grid, i.e. attraction or repulsion 
of coordinate lines introduces inevitably non-orthogonality (unless special orthog
onal grid generation procedures are used). This departure from orthogonality is 
in principle no problem for BFC systems since such a system is curvilinear itself. 
Coordinate lines may be concentrated in regions with large gradients without the 
introduetion of additional computational difficulties. 

Moreover, in a fully adaptive grid system the physics of the problem at hand must 
direct the grid-cells to (re)distribute themselves in such a way that the solution can 
be represented with a sufficient and more or less spatially uniform accuracy on the 
cells available. All reasons for using BFC systems involve improvement of efficiency, 
whether this is achieved by removing the geometrical difficulties of the shape of the 
region or by the advantageous possibilities of grid adaption. The latter will not be 
pursued in this thesis. 

BFC systems are generated by determining the values of the coordinates in the 
physical domain from the given values on the boundaries of the region of interest. 
When the grid, which is generated in computational space, is completed the com
plexity of the physical boundary shape is removed from the problem. The mapping 
between the computational domain and the physical domain must be unique. One 
point in computational space corresponds to only one point in physical space. In 
this way grid generation can be thought of as the deformation of an elastic rectan
gular membrane, which is in its relaxed state in the computational domain. Markers 
(grid points) are put all over the membrane in a rectangular pattern. The edges of 
the elastic membrane are then attached to the boundary segments of the complex 
shaped body in the physical domain. Tension will smoothly stretch the membrane 
to reach its final state of equilibrium. Another way to think of the grid is as a struc
ture on which the numerical solution is built. Since the number of grid-points is 
limited, the most economical distribution of points requires that the distribution of 
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the points available will be influenced by both the geometry of the physical domain 
and by the salution of the PDE. This idea is very close to the concept of adaptive 
grids. 

Basically there are two ways of generating a BFC system numerically: 

• algebrak interpolation of the boundary values. 

• solving a set of PDE's with the boundary values used as boundary conditions. 

Examples of the first dass, aften called transfinite interpolation, are the faster ones 
and they allow explicit control of the point distribution. Some of these interpola
tion methods propagate boundary slope discontinuities into the interior, or more 
seriously, the grid may overlap or coordinate lines may leave the domain. On the 
other hand methods from the second class, specifically the ones based on solving 
elliptic PDE's, produce smooth grids and overlap can he prevented. 

Being able to handle arbitrarily shaped regions with discretisation techniques 
based on structured grids, such as finite differences or the TSM, is the main purpose 
of using a BFC system. The implementation of boundary conditions on a coordinate 
line of the grid, rather than on an arbitrary curve cutting obliquely through the 
grid is an additional advantageous aspect of the BFC system. A more accurate 
representation may he achieved by using more points, and a new point-distribution 
if necessary. 

Besides above mentioned geometrical and accuracy aspects, the influence of the 
order of the numerical approximation on the accuracy is an additional aspect stuclied 
in this research project. Both methods (Le. more, possibly redistributed, elements 
and high-order approximation schemes) involve more computational work, and oon
sequently will need more computing time. The difference between them is that 
for increasing the accuracy the latter is an extra degree of freedom, of which the 
influence is stuclied here. 

In section 3.2 the concept of a BFC system is introduced. Some topological 
aspects and related spedal mappings are discussed. Section 3.3 concerns with some 
of the most popular grid generating procedures used, namely the ones based on 
solving a set of elliptic PDE's. The elliptic grid generating procedures are only a 
small fraction of all available strategies, most of which are mentioned in Thomspon 
[Tho84] and Thompson [Tho82]. The physical problem we want to solve, i.e. heat 
conduction in a complex shaped solid body, is described in section 3.4. Also, the 
similarity in the formulation of the grid generation and the physical problem is 
demonstrated, from which we will benefit in section 3.5. where the discretisation 
according to the Taylor-Series Methad (TSM) is descri bed. The special structure of 
the resulting system of algebrak equations is fully exploited during development of 
a highly efficient methad to solve this system. In section 3.6. some numerical results 
are presented and discussed. The influence of the salution parameters, charaderistic 
of the TSM, on the performance is discussed. Similar results may he expected with 
more conventional numerical methods, such as the Finite Difference Methad (FDM), 
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if the order of approximation is treated as extra degree of freedom. This method is 
used here for reason of comparison, both for the generation of the grid as well as for 
solving the heat equation. 
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3.2 Grid generation 

In the following sections, rnostly a two-dirnensional physical region with a ca.rtesian 
coordinate systern will he considered. Generalization to three dirnensions or use of 
other coordinate systerns will he evident in most cases and is ornitted. 

3.2.1 Body-Fitted-Coordinate systems 

Consider an arbitrarily shaped region in physical space. A coordinate system that 
is Body-Fitted will have sorne coordinate line corresponding with each bounda.ry 
segment. An exa.rnple thereof is given in Fig.(3.2) for the annula.r region between 
two concentric circles where a mapping to the polar coordinate systern provides the 
cornputational dornain. 

Fig.3.2: Polar BF-Coordinate systern. 

The curvilinear coordinates r and I(> va.ry on the intervals fri, r2] and [0, 21r], 
respectively. Note that on the inner and outer boundary one of the coordina.tes (r) is 
constant w hile the other coordinate (I(>) is varying rnonotonically over the sa.rne range 
on each bounda.ry. The systern can he represented as a rectangle in the transformed 
region. The annula.r region in physical space is rnapped onto the rectangle in the 
computational space. The top (r = r 2) and bottorn (r = rt) correspond to the inner 
and outer circles, respectively. The vertical sides of the rectangle, i.e. I(> = 0 and 
cp = 211" correspond to the two coïncident sides of the branch cut in physical space. 
In fact, the physical region may he thought of as a deforrned elastic rnernbrane 
under tension which has been opened at the cut ( cp = 0 and 211") and then relaxed 
into its basic rectangular equilibrium configuration, to forrn the transformed region. 
Boundary conditions can not he specified on the sides corresponding to the branch 
cut, on these re-entrant boundaries periodicity conditions must he imposed. The 
curvilinea.r coordinates rnay be normalized in the appropriate way such as to map 
the physical region onto a rectangular region which will he the sa.rne rega.rdless of the 
shape in physical space. If the curvilinear coordinates are denoted by cp = e and r = 
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17, the general functional relationship in this simple example between the cartesian 
coordinates and the curvilinear coordinates may be written as x = x(Ç, 17 ), y = 
y( {, 17 ). The generalized statement for the present example is: find x = x( Ç, 11) and 
y = y( Ç, 11) in the annular region bounded by the two concentric circles, x2 + y2 = q1

2 

and 'f/2
2 respectively. The variation of { on these boundaries must be over the same 

interval and in the same direction. The { coordinate exhibits a periadie behavior 
over its range of variation. lt is this boundary value problem which is to be solved 
in order to generate a BFC system. 

The basic idea of a BFC-system is to keep one coordinate constant at each 
segment of the boundary of the region of interest, while the other curvilinear co
ordinates will vary along the boundary monotonically. The variatien must be in 
the same direction and over the same range for two opposing boundaries in com
putational space. With the values of the curvilinear coordinates specified on the 
boundary, it then remains to generate values for these coordinates in the interior 
of the computational domain. There must be a unique correspondence between 
the cartesian and the curvilinear system to guarantee a one-to-one mapping of the 
physical region on the transformed region. Coordinate lines of one family should 
not cross themselves, and lines of different families must not cross each other more 
than once. 

H the inner circle of the annular region, in our example, would shrink to zero 
(r = 0), this mapping would conflict with the requirement of the one-to-one corre
spondence between the physical a.nd computa.tiona.l domain. Special care has to be 
taken in treating these special, singular, points of the mapping. 

The boundary value problem in the computational space involves generating 
the values of the cartesian coordinates x and y as a function of the computational 
coordinates, i.e. x = x( e' '1) and y = y( e' '1) from the specified boundary val u es of 
x({, IJ) and y(Ç,q) on the rectangular boundaries e = ehe = 6.'7 = '71 and 11 = '72· 

The topology of the resulting BFC- system depends on how the boundaries in the 
cartesian system corresponds with the ones in the BFC-system. In the membrane 
analogy: the deformation of the elastic membrane depends on how the edges of 
the rectangular membrane (the computational domain) are attached to the complex 
physical shape. Many examples of different topological principles, simply-connected 
as well as multiply-connected, are given by Thompson [Tho85]. We restriet our
selves to simply-connected regions, since our primary object is to present the basic 
principles of application of this coordinate transformation, rather than to reproduce 
an extensive study in types of possible topologies. 

3.2.2 Simply-connected regions 

The most simple physical regions are the simply-connected regions. A region can 
be identified as being simply-connected if any closed contour in the region can he 
shrunk to zero without leaving the region. So mappings of simply-connected re
gions do not contain any re-entrant boundary, excluding physical situations such as 
obstacles in the interior of the physical field (like the annular region between two 
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concentric circles mentioned above). Forsome simple simply-connected regions the 
mapping of the physical boundary is obvious and natura.!, i.e. corners are mapped on 
corners and smooth segments of the boundary are mapped onto smooth segments, 
as is shown in Fig.(3.3). Forthese simple regions no difficulties with point-to-point 

Fig.3.3: Natural BFC system. 

correspondence occur. Note that on each pair of opposite boundaries on which the 
same curvilinear coordinate is constant, the other curvilinear coordinate is varying 
over the same range, which ena.bles a rectangular equidistant grid. The generaliza
tion to more complex regionsis straightforward. However, the boundary segment in 

Fig.3.4: Mapping of a vertex on a smooth segment. 

physical space on which a curvilinear coordinate is constant may have slope discon
tinuities. For exa.mple an L-shaped region may he mapped on a simple rectangle as 
shown in Fig.(3.4), exhibiting a slope-discontinuity at point P and Q. The cartesian 
coordinates at the boundary-segment 1 - 2 - 3 in physical space are mapped on the 
straight boundary segment 1' - 2' - 3' in computational space. A unique normal 
direction cannot be defined at P, nor at Q. Furthermore, the slope discontinuity 
may propagate into the interior. Whether or not this occurs depends on the metbod 
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Fig.3.5: Mapping of a smooth segment on a vertex. 

of generating the BFC-system. Another possibility is a configuration in which a 
slope-continuous boundary in physical space is mapped onto segments of different 
families in the computational space introducing a vertex, as is shown in Fig.(3.5). 
At point Q, in physical space, a normal direction can be defined without difficulty, 
while defining a unique normal direction at Q' in the computational domain is not 
possible. In practice, the normal vector in Q' is not needed and can be arbitrarily 
chosen in a computationally convenient way as an outward pointing vector. The 
family of curvilinear coordinate is switched at point Q in physical space. Some 
important consequences of introducing special points will be considered below. 

3.2.3 Multiply-connected regions 

In multiply-connected regions, cuts (i.e. re-entrant boundaries) and slits (internal 
gaps of zero volume (3D) or zero area {2D) in the physical region) are introduced. 
The category of geometries that can be handled is thereby considerably extended. 
The correspondence between the physical and computational region becomes more 
complicated in 3D applications. An extensive survey on the treatment of multiply
connected regions and on the generation of 3D grids can be found in Thompson 
[Tho85]. 

In this thesis only simply-connected regions are considered, which are mapped 
on a rectangular computational domain. 

3.2.4 Special points in grids 

As already pointed out, mapping the boundary of the physical domain on the com
putational domain sometimes introduces so-called [Tho85] special points, which can 
be recognized as those points where a smooth boundary in the physical domain is 
mapped on a vertex in the computational dömain or where a vertex in the physical 
domain is mapped on a smooth boundary in the computational domain. We will 
pay attention to both types of special points below. 
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Mapping a vertex on a smooth segment 

The first kind of special point may be recognized as the vertex in the physical 
domain which is mapped on a smooth part of the boundary in the computa.tional 
domain. In mathematica! terms sufficiently smooth means that a suflident number 
of spatial derivatives exist. An example is given in Fig.(3.6) In Fig.(3.6) it ma.y be 

A 

vL 
x 

1} 

T 

Fig.3.6: Mapping of a vertex on a smooth segment. 

seen that the curve of constant 17-coordinate changes its direction abruptly at point 
P. The orientation ( and magnitude) of the covariant base vector bt, i.e. the vector 
tangential to the contour 17 =constant, bas suddenly changed, which is denoted by 

(3.1) 

where the + and indices indicate from which side P is approached. The - sign 
corresponds with an approach from point 1, while the + sign refers to an approach 
from the opposite direction, i.e. point 3. The vector constant c indicates the change 
of the covariant base vector in magnitude as well as in direction. With 

r = x(Ç, 17)ê., + y((, 17)ë'y, (3.2) 

for the position of the point in physical space and using the definition of the covariant 
base-vector (App. A), Eq.(3.1) is rewritten as 

(3.3) 

which is equivalent to 
ax - ax - c 
1J( P+ 1J( p- - "'' 

~ - ~ =ey 
iJ{ P+ iJ{ p- I 

(3.4) 

The above equation expresses that the first derivatives of the scalar functions x(Ç, '1) 
and y(Ç, q) with respect to the boundary coordinate is discontinuons at Pand at P'. 
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As a consequence, the slope discontinuity in the computational domain occurs 
for any scalar. field 1/J, suffi.ciently smooth in the physical domain, not only for the 
smooth physical coordinates x and y, i.e. 

= 4::/:0, (3.5) 

if V 1/J ::/: o. This discontinuity in the s-derivative is necessary to compensate for 
the abrupt change of the base vector bt in order to guarantee the smoothness of 
the scalar field in physical space (i.e. first derivatives of 1/J with respect to x and 
y ). Note that in physical space all relevant properties depending on the physical 
coordinates are well-defined and smooth, without any discontinuities. 

Mapping the physical properties onto the computational domain, i.e. expressing 
them in terms of ( e' '1) coordinates introduces a slope discontinuity in the physical 
property 

{3.6) 

Since the coordinates e, 11 are smooth in the computational domain, it is easy to see 
from Eq.(3.6) tha.t the first derivative of 1/J with respect toe, is not uniquely defined 
in P'. This is of course also true for the physical coordinates x,y. Consequently xe 
and Ye are not uniquely defined in P', nor the quantities which are derived from 
these partial derivatives (such as the metric tensor). 

Mapping a smooth segment on a vertex 

The second kind of special point may he recognized as the vertex in the compu
tational domain which is a map of a smooth part of the boundary in the physical 
domain. An example is given in Fig.(3. 7). In this figure it is seen that the line of 

!=conol. 

Fig.3.7: Mapping a smooth segment on a vertex. 

constante and of constant q meet at point Q smoothly. However, the covariant base 
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veetors in Q change suddenly, similar as at Q in the previous suhsection. Neverthe
less, the situation in Q is essentially different hecause the covariant base veetors ht 
and bz are parallel in Q. It is the direction dependency of the covariant base veetors 
ht and b2 which is typical for point Q. In our example 

bï bt 
Fï~ = -wr· (3.7) 

We rewrite this equation as 
(3.8) 

i.e., the covariant base veetors are paralleland therefore can no Jonger serve as~ 
veetors in a two-dimensional space. 

One of the consequences is that partial derivatives with respect to Ç and 11 are 
dependent, e.g. let 4; he a smooth scalar field in the physical domain. Then the 
tangential derivative of 4> in Q yields 

(3.9) 

which demonstrates the dependency. In fact the above equation expresses that 
the derivative of t/; in positive Ç-direction is continued in negative 71-direction after 
appropriate rescaling. From the definition of the Jacobian it follows that 

.;g = j"bl x b21 
= (xey11 - x11 ye) 0. (3.10) 

The result is that an infinitesimal area element around Q' shrinks to zero when it 
is transformed to Q in the physical domain. 

Another consequence of parallel covariant base veetors is that contravariant base 
veetors do not exist, since a unique normal direction cannot be defined in Q'. 

3.2.5 Remarks 

Appearance of a special point Q results in a singularity in the computational domain 
since no base can he defined for this type of mapping due to the dependency of the 
coordinates at Q. 

In P a unique normal direction can not he defined either. A discontinuity in 
the first partial derivative of the cartesian coordinates with respect to the houndary 
coordinate causes the Jacobian to become infinity. Consequently, a unique normal 
direction can not he defined in P. The consequences of these special points for the 
numerics, depends on the numerical discretisation technique used. We will pay 
attention to these numerical aspects when needed. 
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3.3 Grid generation systems 

As noted in section 3.2, a BFC system is constructed by determination of a mapping 
x(e, 71) and y(e, 71) between the coordinate values of the BFC system, i.e. e, q, and 
the coordinate values of the reierenee system, e.g. x, y, in the interior of a hounded 
region from the values of x and y specified at the houndary of the region. 

The determination of the coordinates inside a hounded region from houndary 
values is a boundary-value problem and may he accomplished hy taking the coor
dinates as solutions of an elliptic system of partial differential equations (PDE), a 
category of grid generation systems we focuss on. 

With this technique grid overlap or coordinate lines leaving the domain are pre
vented, as long as the system of elliptic PDE's (with the cartesian coordinates as 
independent variables) satisfies the maximum principle, meaning that the extreme 
values of the curvilinear coordinates e(x, y) and q(x, y) occur at the domain hound
aries and not somewbere in the interior. An inherent smoothing mechanism due to 
the elliptic properties of the governing PDE's prevents houndary discontinuities to 
propagate into the interior. Furthermore, adding source-like terms to the PDE al
lows control over the grid point distrihution, although excessive souree-magnitudes 
may conflict with the maximum-principle. 

This extremum principle is obeyed hy some elliptic PDE, for instanee by the 
system of Laplace equations · 

vze• = 0. (i=1,2) (3.11) 

Furthermore, the smoothness of the grid, inherent to the Laplacian operator, may 
heseen if one recognizes that Eq.(3.11) can he ohtained from tbe Euler equations 
for the minimization of the functional 

(3.12) 

where the quantity 1ve•1 can he considered as a measure of the grid point density 

along the line on wbich e• varies. Large values of lve'l indica.te a concentra.tion of 
e•-coordinate lines. Searching the minimum of I in Eq.(3.12) expresses the mini
mization of grid point density, or in the memhrane analogy, the minimization of the 
potential strain energy ( witb unity elasticity modulus) accumulated in the mem
hrane wbile it is deformed from its rectangular shape in the computational domain 
to its final shape in the pbysical domain. 

In order to have some control over the distri bution of coordinate lines, the system 
of La.place equations, Eq.(3.11), may he generalized toa system of Poisson equa.tions 

V2e' = p•. (i=1,2) (3.13) 

The 'source-like' term pi may he used to control the grid point spacing, and therehy 
the concentration and orientation of coordinate lines. The magnitude of P', in prac
tise, is restricted to values such that the extremum principle, which is a suflident 
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condition for guaranteeing the one-to-one correspondence between the two coordi
nate systems, is still obeyed. 

Since all calculations are done in the computational space ( with the curvilinear 
coordinates e, 11 as the independent variables), in fact the inverse problem is solved, 
substituting Eq.(3.13) in V2r = Ö (see Eq.(A.23) 

v 2r = gii(rNi + (v2e·w~·), 
= gii(reoeJ + P,~re·) 
=0 

(iJ,k=1,2) (3.14) 

where the 'source' P" is rewritten as gii P;~· For our 2D purposes we will use 
Eq.(3.14) with P;~ = 0, since we don't need any additional stretching or redis
tribution of the coordina.te lines generated by the La.pla.ce system. 

The possibility to re-use partsof the computer code, to solve the heat conduction 
problem (governed by the sametype of elliptic PDE), is an additional reason why 
in our case it is advanta.geous to use the a.bove system for generating the grid. Since 
Eq.(3.14) is non-linear the iterative solution procedure needs an initial guess which 
must he close enough to the solution sought for. Therefore, we use an initial grid 
constructed by (bilinear) interpolation of the boundary values, which in practice has 
proven its usefulness. 

Many grid generation methods are known [Tho85J, such as methods which solve 

v · (DVÇ') = o, (3.15) 

with the control function D as a variabie diffusivity ( or strain modulus). This 
system also corresponds to the Euler equations for ma.ximization of the smoothness, 
but now with the coefficient D serving as a weight function. The smoothness is 
enhanced where D is large. 

Methods to generate orthogonal grids have been developed which incorporate 
the orthogonality conditions, 9ii = 0( i -:f j). Orthogonality at the boundaries 
can be achieved, in addition to specificatien of the point distribution, by control 
functions. An alternative metbod to guarantee orthogonality at the boundaries is 
to use a. system of fourth-order elliptic PDE's by replacing the Laplacian V2 by the 
biharmonic operator V4• This system requires more boundary conditions, so that 
in such a. metbod the point distribution as well as the coordina.te line intersection 
angles can be specified. This is very convenient for interfa.cing segmented grids where 
slope continuity of the grid linea must be gua.ranteed a.t the segment interfaces. 
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3.4 Definit ion of the physical problern 

Within the field of mechanica! engineering, especially within the specialization heat
and mass transfer in combustion and heating equipment, contact phenomena and 
the interaction between fluids and solicis is a main item of research. Many different 
phenomena and their mutual interaction, such as fluid flow, heat transfer, chemi
ca! reactions and phase changes are involved. In genera!, during the design of an 
apparatus, most of the effort is spent on the treatment of phenomena associated 
with flu.id flow. Nevertheless, in order to develop a complete picture of the oper
ation of the apparatus, it is of crucial importance that the heat transport, within 
the often complex-shaped material of the equipment, and interaction with the fluid 
is correctly taken into account. For example, the efficiency of heating equipment 
depends on the heat transfer charaderistics and the shape of the exchanger. The 
need for numerical tools to handle a wide variety of complex geometries and to solve 
(heat )transport problems efficiently, becomes clear. 

For these reasons, we developed a computational method for solving the heat 
equation, to obtain the temperature distribution in 2D solid bodies, exposed to 
external heat sources. The method can cope with a great variety of shapes in 
an efficient way. Furthermore we are able to study the influence of the order of 
the approximations used in the computational method on the accuracy and on the 
required computing time. 

In this section we study temperature distributions in 2D solid objects, shown 
m Fig.(3.8), exposed to an external heat souree located in the third dimension , 

(0,1) (1, 1) (1,1 ) (2,1) 

'"[]' 8 / +/ 
Yt__:ol (1,0) YL (1.0) Yt_:·'' (1 .01 

x x x 

Fig.3.8: Three solid objects 

causing a heat flux perpendicular to the 2D plane. This heat-flux is accounted for 
in our 2D model as a homogenuous souree term. 

The examples shown in Fig.(3.8) are chosen for their relative simplicity in order 
to develop the computational method and test its efficiency. The application of 
the BFC concept is explained in the next chapter where temperature fields in more 
complex shaped boclies are studied. In the present section the transport problem 
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is formulated following tbe construction of a BFC system. Tbe analogy between 
tbe equations governing tbe beat transfer problem and the equations governing the 
coordinate transformation is given in the last part of this section. 

3.4.1 General formulation 

Both heat conduction and the generation of a BFC system can be formulated as the 
transient problem in the physical domain 

h =ho on r, (3.16) 

where h is the appropriate unknown scalar function (T, Ç or 17 ) and À[hJ the con
ductivity coefficient. The right-hand side contains a conduction term and a souree 
term. Although above formulation suggests a strong similarity of grid generation 
and the problem of solving the heat equation, both problems are independent and 
they are fundamentally different. 

The generation of a 2D grid involves solving a system of two coupled PDE's, 
while the heat equation is a single PDE. Furthermore, the heat equation is a linear 
PDE while the system of PDE's governing the grid generation is non-linear. 

These fundamental differences would imply different solution procedures using 
the charaderistic properties of each particular problem. For instance, for grid gen
eration, an iterative solver for solving the system of linear equations bas to be used 
in the procedure for solving the system of non-linear equations obtained upon dis
cretization of the PDE's, while a direct solver would be more appropria.te for solving 
systems of linear equations resulting from the discretization of the heat equation. 

Nevertheless, we will use the same solution procedure for both problems in order 
to be able to handle more complex transport problems in future than the present 
ditfusion problem of heat transfer by conduction. Furthermore, large parts of the 
grid generation code can be used to solve the heat equation problem. 

Within the context of our examples, involving uniform .Xh, we take a unit con
duction coefficient Àh = 1, by proper sealing of the space-coordinates. The solution 
is formulated in terms of a transient phenomenon by introducing the time as a re
laxation parameter. Time-stepping from an initia! guess towards the steady-state 
solution is a well-known [Fle88] relaxation technique. 

Both the grid generation problem and the heat equation problem involve Dirich
let boundary conditions. The subscript x in Eq.(3.16) refers toa fixed position in the 
physical domain. We transform the above equation to the computationa.l domain 
where all discretiza.tions wil! be performed. Employing 

- = - +x·Vh (ah) (ah) . -
at t at i 

(3.17) 

which is the time derivative in the computational domain, to rewrite Eq.(3.16) re-
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sults, with Àh = 1, in 

(ah) . ~ 2 at t- i · V' h = V' h + S[hJ, h =ho on r (3.18) 

with the appropriate expressions involving the spatial derivatives with respect to Ç 
a.nd T'f, representing the same problem i~ the computational domain with (Ç, T'f) as 
the independent variables. The vector i indicates the grid speed in the physical 
domain during the transient part of the grid generating procedure. Once the grid is 
known, this term will va.nish because the position of the grid points remains fixed 
in the heat conduction problem. This term would not vanish if a time dependent 
grid would be used, like in transport problems in volving moving boundaries or time
dependent grids. The boundary conditions are now understood to be given on the 
coordinate boundaries in the computational domain, which coincide with straight 
line segments. 

For each problem, i.e. grid generation and heat-conduction, Eq.(3.18) will be 
examined further. First, we will focus on the grid generation problem, since this is 
the first step necessary to tackle the problem. Following the description of the grid 
generation we wiJl treat the heat conduction problem. 

3.4.2 Grid generation 

For the purpose of grid generation the scalar h in Eq.(3.18) represents the coordi
nates Ç and T'f, successively. The grid remains fixed (i.e. steady) in the computational 
domain implying that the first term in the left-hand side of Eq.(3.18) equals zero. 
The grid still has all its moving abilities in physical space represented by i. We 
take S[eJ = 0 a.nd S[~J = 0, which is interpreted by Thompson [Tho77] as absence of 
additional requirements to redistribute the grid spacing. The result is denoted by 
the set of equations 

(3.19) 

which after evaluation of the gradient and Laplacian can be written as 

:i: = Vx, 

y = Vy . (3.20) 

with V the second-order differential operator 

(3.21) 

Note that the two PDE's Eqs.(3.20) are non-linear and coupled, although the way 
of representation would suggest otherwise. Note also that the dependent variables 
in Eqs.(3.20) are the cartesian coordinates x and y with Ç and T'f as the indepen
dent coordinates, although the original system of (elliptic) PDE's viz. Eq.(3.16) is 
formulated with h = Ç, T'f as the dependent variables . The boundary conditions in 
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Eq.(3.18) have to be transformed to the computational domain as well, which is 
denoted as 

x= x(Ç;, 77) 
x = x(Ç, 77;) 

and 

and 

y = y(Ç;,77) 
y = y(Ç, 71i) 

on r; or 

on r;. (3.22) 

The grid is generated as the steady solution of Eqs.(3.20), i.e. fort --+ oo, satisfyirig 
Eq.(3.11), with the steady boundary conditions specified by Eqs.(3.22). Timethen 
plays the role of a relaxation parameter [Fle88]. 

3.4.3 Heat conduction 

In the heat conduction problem, the scalar h is replaced by the temperature T. 
Since the medium in which the heat-transport takes place is a solid, the (steady) 
grid will remain fixed in physical space (i= Ö): 

(3.23) 

Evaluating the Laplacian in the new coordinates, the above equation is written as 

(3.24) 

representing the heat-conduction problem formulated in the computational domain. 
Substitution of Eq.(3.11) yields for mappings satisfying Laplace's equation 

(3.25) 

To accommodate general transformations as well as for computational reasons, ex
plained in the next section, we take Eq.(3.24) insteadof Eq.(3.25) as the governing 
PDE for the heat conduction problem. Once the grid is known, the non-linear 
behavior of Eq.(3.24) depends solely on the souree term. 

J(Ç, 77) A(Ç,77) B(Ç, IJ) C(Ç, 77) 
grid generation x(Ç,77) 0 0 0 

y(Ç,77) 0 0 0 
heat conduction T(Ç,77) (V2Ç) (V277) Sr Tl 

Table 3.1: General PDE. 

We will use the similar appearance of Eqs.(3.20) and (3.24) in solving both 
problems with the Taylor-series method. From these equations we may conclude 
that both problems, i.e. grid generation and heat-conduction, are described by the 
steady part of the non-linear equation (J = T,x,y): 

j Vf + ('V2Ç)h + (V277)f~ + Sllb 

V f + Ah + B J~ + C, 

(3.26) 
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with the variabie and coefficients given in Table(3.1) completed with the boundary 
conditions 

(3.27) 
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3.5 The Taylor-Series discretisation 

In this section the Taylor-series method (TSM) of discretisation is extended to two 
dimensions. It is applied to discretise the unsteady Poisson equation in general 
coordinates derived in the previous section 

j = 'D f + Afe + B /" + C. (3.28) 

Furthermore, an efficient algorithm will be developed to solve the resulting system 
of algebraic equations. The structure of this system depends on the choice whether 
the time-wise discretization is explicit or implicit. Some general aspects will be 
discussed providing arguments on which we base a suitable choice for an efficient 
solution method. First of all the discretisation within the context of the Taylor
Series Method, i.e. the extensions to two dimensions of the method described in 
Chapter 2, will be derived. Then the system of algebraic equations will be solved 
making extensive use of the known structure of the system. The Dirichlet boundary 
conditions are given in cubic-spline form ([Sch81, Sar71, Bel86, Boo78]), in order to 
provide the necessary function values and its derivatives. 

3.5.1 Discretisation 

Because all calculations will be performed in the rectangular computational domain, 
the termsof Eq.(3.28) containing the Laplacian operators have to be evaluated with 
the new (Ç, 77) coordinates as the independent variables. Therefore we write Eq.(3.28) 
formally as 

(3.29) 

The coefficients a'i contain the metric information about the specific coordinate 
transformation. The space-wise dicretisation is done by applying the TSM. In this 
method, the rectangular (Ç, TJ) domain, is divided into equal-sized elements which, 
without loss of generality, we choose, to be square (length D.Ç = 1, width .Ö.TJ = 1). 
The coordinates Ç and TJ range from 0 to N and from 0 to M, respectively. Here, 
N and M represent the number of elements in the Ç and TJ direction, respectively. 
In the remainder, M will be chosen equal toN for convenience. The solution of the 
PD E is locally ( elementwise) expanded in a two-dimensional Taylor-series around 
the center of each element 

where 

00 00 

f = L: L: J;,i dÇ' dr/, 
i:Oj=O 

1 8i+i f 
/;,i= D8t'8 i' l.J. .. TJ 

(3.30) 

(3.31) 

represents the ith derivative of f with respect to Ç and the jth derivative with 
respect to TJ, evaluated at the center of the element. dÇ and dTJ are local coordinates 
with origin at the element center, ranging within the intervals [-D.Ç,D.Ç] = [-1,1] 
and [-.Ö.TJ,.Ö.TJ] = [-1,1]. Note that, in general, the coefficients a'i in Eq.(3.29) 



82 Chapter 9. GRID GENERATION 

depend on the coordinates ({, q). Consequently they also have to be written as 
Taylor-series, similar to Eq.(3.30). 

As mentioned before, time is introduced as a relaxation tool only. Therefore, no 
strict time continuity conditions have to be imposed, which allows us to choose a 
simple Euler time discretisation rather than a more elaborate discretisation in the 
time coordinate. Thereby 

(3.32) 

for sufficiently small ilt. The superscript n indicates the time level. Substitution of 
these series in the PDE, Eq.(3.29), yields the Taylor-series expansions of the PDE. 
Collecting equal powersof d{ and dq, and equating them to zero (because the PDE 
must hold everywhere in each element) gives part of the necessary relations for the 
unknown J;;r. 

If we use the algebraic operators for series given in App.B, the result is 

rt.r- Je = ilt 
; i 
E E ( a~~,J-,) J;,q + 
p=Oq=O 

((i+1)! 1,0 ) --i,-a;-p,J-q f;+l,q + 

(U+ 1)! o,1 ) 
j! a;-l>.i-q J;,q+l + (3.33) 

( (i :! 2)1 a~~pJ-q) J;+2,q + 

((i+ 1)!(j + 1)! ~.1 . ) f;+l,q+l + ., ., a,_,,,_, 
S.J. 

( {j + 2)1 0,2 ) 
jl a;-pJ-o J;,q+2 + 

S;.; (i,j =0,1, ... ,oo) 

For the superscript* one may substitute either n (explicit update) or n+ 1 (implicit 
update) or a combination of both time levels. This elaborate process of collecting 
equal powers of d{ and dq is done by computer by using routines for each separate 
series- operation such as addition and multiplication of series (see App.B). Denoting 
the right-hand side of Eq.(3.33) without souree term as 

i+2 j+2 

Cft.; = E E LfJ J;,q, (3.34) 
p=Oq=O 
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we write the discretised PDE as a combination of the explicit (0 = 0) and the 
implicit (0 = 1) evaluation of Eq.(3.33) 

t?>:H = ~'!'. + é:..t (oe t?>f-1 + (1- O)C t!'. + S; •). (3.35) Jt,J J,,, J,,, J,,J '~ 

To arrive at a system useful for practical calculations, we truncate the system at 
finite values for i and j. We choose the same truncation for both directions (which 
is not a necessity), this in order to study the influence of the order of truncation. 

i = j = 0, 1, ... 'k. (3.36) 

Note that the system according to Eq.(3.35) is not complete, i.e. it contains more 
variables /;,; than there are equations, due to the circumstance that Eq.(3.28) con
tains space derivatives. To be precise, the set of Eq.(3.35) contains the variables 
Ai (i= 0, 1, .. , k+2 and j = 0,1, .. , k+2). We will consider the required additional 
relations later on. Eq.(3.35) may also be written as 

(I- é:..tOC)f[',jl = (I- é:..t(l O)C)/;~1 + é:..tS;,; 

which is denoted by 

B/;".fl = g 

with 

i+2 i+2 
IftJ = EESfSJJ;,q 

p=Oq=O 

/;"J 

(3.37) 

(3.38) 

(3.39) 

(3.40) 

The additional equations necessary to solve the entire system are obtained from 
the equations for continuity of the Taylor-series expansions over the edges of the 
elements and from the boundary conditions. The continuity conditions account for 
the connectivity between neighboring elements, while dicretisation of the boundary 
conditions will guarantee appropriate continuity of the domain with its environment. 
The continuity conditions are relations between the variables of two neighboring 
elementsexpressing 'interior boundary conditions' which must be satisfied on the 
common element-boundaries. For example, solving the Laplace system (2nd_order 
PDE) requires continuity across element edges of the solution and its first derivatives. 
The continuity conditions between an element [M) and its Bast-neighboring element 
[E] are denoted by 

00 

EU[M)i,jl(t:..Ç)i - (f[E]i,jl ( -t:..Ç)i) = 0, 
i=O 

00 

ECi + 1)(/[M]i,,tt(t:..Ç)i- (f[E]i.jl(-ÄÇ)i) = 0, 
i=O 

(j=1,2, ... , oo). 

(3.41) 
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(with Ae = 1). In the discretised PDE (3.33) the indices [M], [EJ, etc. were omitted 
for ease of notation. 

Boundary conditions express connectivity of the domain with its environment, 
involving unknowns of only one element. For example a Dirichlet type of boundary 
condition on the North boundary of element (M] will he denoted by 

Ei=Oooj[M]i,Jl(Aq)i=N[M],, (i=0,1, ... ,oo) (3.42) 

(with Aq = 1) where the right-hand side N[M], contains known coefficients pre
scrihing the boundary conditions as coeffi.cients of their Taylor-series expansion 
around the midpoint of the edge of the element coinciding with the boundary. These 
Taylor-series expansions are obtained from the spline-representation ([Boo78, Spa73, 
Mar84]) of the boundary conditions. 

Eqs.(3.41) and (3.42) also have to he truncated to arrive at a finitesetof equa
tions. The truncation bas to he done very carefully and in agreement with the 
truncation of the PDE (3.36), this in order to avoid rednetion of the order of 
the accuracy of the metbod and to avoid the introduetion of dependent equa.tions. 
First of all we do some bookkeeping. For each element we have ( k + 3)2 unknowns 
J;J(i,j = 0,1, ... , k + 2). To solve them, weneed an equal number of equations. 
(k+ 1)2 of them are given by Eq.(3.37). For each element we have two continuity or 
boundary conditions in each direction. We are able to approximate each condition 
up to order (k + 2), which gives us an additional 4(k + 3) equations (order 0 in
cluded). Four of them are dependent due tothefact that the conditions in different 
directions have to he continuons at the corner points. Excluding the approximation 
of the upper two orders in one direction, yields 2(2k + 4) continuity or boundary 
conditions, which gives the required total of (k + 3)2 independent equations. 

The coeffi.cients of the Taylor-series approximation of the boundary conditions 
can not be chosen independently. Prescrihing k coeffi.cients in one direction and 
k + 2 coefficients in the other direction does not imply that boundary conditions in 
different directions are approximated up to a different order, but is merely a way of 
automatically satisfying the necessary condition that boundary conditions have to 
guarantee continuity in the comerpoints. 

This implies that ifEq.(3.41) is truncated to j = 0, 1, ... , k (or j = 0, 1, ... , k+2), 
Eq.(3.42) will be truncated to i= 0, 1, ... , k + 2 (or i= 0, 1, ... , k), respectively. 

The system of (linear) equations accounting for the continuity conditions and 
boundary conditions is denoted by 

Cfi.r = e, (3.43) 

which guarantees the connectivity of the updated approximation. Note that this 
system is also incomplete, but assembling Eq.(3.37) and (3.43) yields the total square 
system of equations, which we denote in matrix notation by 

Ajn+l = b, (3.44) 

with 

A= A(At,tJ,jn), and b = b(At,IJ,jn,§). (3.45) 
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3.5.2 lmplementation 

In this section a dedicated algorithm is presented to solve the system of equa.tions, 
Eqs.(3.44), efficiently. The algorithm is based on a 'sla.b-by-slab' technique, i.e. 
evaluating the solution by stepping through the domain row-by-row (or column-by
column), in combination with the explicit time evaluation. First we will discuss 
some general aspects of the system of equations (3.44), followed by a. discussion 
of the modifications of Eq.(3.44) which are introduced by the ( direction splitting) 
'slab-by-slab' method. 

General aspects 

Ifthe PDE is non-linear (e.g. in case of grid generation), B in Eq.(3.37) will depend 
on l In that case we linearise the system by evaluating B using the solution at the 
previous iteration, i.e. B = B(/11

). Note that if the Euler explicit scheme is used, 
the operator B will equal I. 

Note that dicretisation of the PDE yields relations between variables of one 
element only. Consequently Eq.(3.37) exhibits a block-diagonal structure as is shown 
in Fig.(3.9). The blocks are completely uncoupled. However, these subsystems can 

Fig.3.9: Block-diagonal structure of B. 

not be solved separately because each subsystem is not a square system. 
Evaluation of the continuity and boundary conditions introduces relations be

tween the variables of different elements. Therefore, these continuity relations de
stroy the block-diagonal structure of the system, which can beseen from Fig.(3.10). 
Eqs.(3.41) and (3.42) are always linear in the unknowns Jrfl which yields a constant 
operator C, guaranteeing the cortesponding continuity of the solution at time step 
n+l. 

If the PDE is linear (A is independent of f'n) the matrix A needs to be de
composed ([For67, Lan57]) only once. As mentioned before explicit time evaluation 
(0 = 0) also causes A to be constant. Possible non-linearities of the PDE (for the 
case of grid generation) are then entirely accounted for in the term on the right
hand side of Eq.(3.37). That is one of the reasons for choosing the explicit Euler 
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Fig.3.10: Set of continuity and boundary conditions. 

scheme. Another advantage of 8 reducing to the identity operator I is the possi
bility to evaluate part of the variables immediately from Eq.(3.37). The remaining 
unknowns ma.y he solved from Eq.(3.43) from which the variables alrea.dy updated 
are eliminated first. 

This is the idea. of successively solving the equations resulting from the discreti
sa.tion of the PDE, foliowed by solving the connectivity relations. We will show 
tha.t this idea. can he implemented very economically, especially if this technique is 
used in combination with a 'sla.b-by-slab' update of the solution on the complete 
comp~tational domain. 

Slab-by-slab approach 

We will discuss the modifications of Eq.(3.43} due to the application of the slab
by-slab technique. Consider one slab, for example in Ç-direction, i.e. a row of the 
computational domain. The PDE Eq.(3.37) remains the same as do the continuity 
conditions between the elements belonging to the same slab and the boundary con
ditions in the Ç-direction. The continuity conditions ( continuity of function value 
and its first derivatives) with elements from other slabs are replaced by Dirichlet 
(local) boundary conditions (only continuity of function va.lue) eva.lua.ted from the 
most recent solution a.vailable in the neighboring sla.bs. Modifications in these con
nectivity equations, however, are minor and linearity of Eq.(3.43) is preserved. lts 
global structure is also preserved. The system reduces to 

Iff.r = g i,j E [0, ... , kj (3.46) 

C'ft.r = e' remaining i,j (3.47) 

where C' is the modified matrix and e' is the corresponding modified right-hand side. 
Part of the coefficients 

1r.r, (iJ=O,l, ... ,k). (3.48) 

are evaluated from Eq.(3.46) for each slab-element. This is shown graphically in 
Fig.(3.lla.) where all variables of one element are ordered in a matrix structure. 
Positions with variables being upda.ted in this part of the algorithm are hatched. 
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Fig.3.11: Order in solving the variables trf1 of one element 

The remairring unknown variables of this first step are completely determined 
by the connectivity conditions. Eliminating the already known coefficients reduces 
Eq.(3.47) to a system which can be solved very efficiently due to the possibility 
to uncouple the remaining system into a series of 2 x 2 subsystems and a set of 
pentadiagonal systems, which we will show now. The system corresponding to 
Eq.(3.47) consists of two types of equations. First, the equations accounting for the 
connectivity with the neighboring slabs. This type of equation involves variables of 
only one slab element, part of which are already known by evaluation of Eq.(3.37). 
Suppose the actual slab is in e-direction (a row). Connecting the salution of each 
slab element to its North- and South neighbors, by local Dirichlet conditions, yields 
2 equations for each power of de'( i = 0, ... , k ). Eliminating the coefficients already 
evaluated from Eq.(3.37), these equations are denoted by 

k+2 
I: /;~Jl(ó.q)i = 

i=k+l 
k+2 
I: /;~Jl( -D.q)i = 

i=k+l 

k 

N; - L ft'.Ji ( Ó.TJ )i 
j:O 

k 

s,- I: /;~Jl( -D.q)i (3.49) 
j:O 

(i= O,l, ... ,k). 

(with Llq = 1), where the right-hand side is now known. For each power i the same 
2 x 2 subsystem is to be solved, which yields the extra variables shown in Fig.(3.11b ). 
After determination of these variables for each slab element and power i separately, 
the only coefficients still to be solved are 

,.~r. (i k+1,k+2). (3.50) 
(j = O,l, ... ,k+2). 

for each slab element. The corresponding equations are provided by the continuity 
conditions and the boundary conditions in the slab direction e.g. Eq.(3.41). These 
have to he solved for all different powers of dT}i(j 0, 1, ... , k + 2), which may 
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he done separately for each j. Eliminating the coefficients already known from 
Eqs.(3.37) and Eq.(3.50), yields for every j, a subset of 2N linear equations for the 
variables 

P>+l çn+l 
Jk+lJ• Jlc+2J• (3.51) 

for all N slab elements. This set produces a pentadiagonal matrix with bandwidth 
2, which again happen to be the same for every j. One simple LU-decomposition 
for a banded system and one back substitution for every j will solve these remaining 
varia.bles, a.s shown in Fig.(3.llc). 
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3.6 Results and conclusions 

In this section some results are presented and discussed. Particularly the accuracy 
of the numerical salution and the required computing time are studied. 

The grids are generated according to Eq.(3.11) employing the method presented 
in the previous section. The heat conduction problems for the three regions, shown 
in Fig.(3.8), arealso solved using the method presented in the previous section. 

3.6.1 Grid generation 

The accuracy of the computed temperature distribution should be stuclied in the 
physical domain since only accuracy in the physical domain is of practical impor
tance. It will be shown now that the order of the truncation error is not affected 
by the coordinate transformation; we are able to express the accuracy (truncation 
error) of the solution in terms of d{ and dq, derivatives of the variabie T and the 
metric coefficients, with respect to these coordinates. An illustrative lD example 
for a scalarfield f is 

f., = fe. (3.52) 
Xç 

Suppose the metric coefficient xe is evaluated analytically, and therefore exact. Ap
plying the TSM (up to order 1 only), in the computational domain, i.e. substituting 
the Taylor-series expansion of fe 

te ft + 2hdf. + ~fmde . . . (3.53) 

in Eq.(3.52), where different notations are used for the derivatives of f with respect 
to the coordinate e to distinguish between the unknown variable, e.g. ft, and the 
derivatives which are part of the truncation error, e.g. fw, etc. Substitution in 
Eq.(3.52) results in 

(3.54) 

with the leading term of the truncation error 

ft~ :e Gfw) (3.55) 

where A{ = 1 is used. Since, this series does not contain a power of some quantity 
less than one, there is no indication that the successive terms become progressively 
smaller and the series can not be trunca.ted without further considera.tion. The 
partial derivatives of f with respect to e depend on the grid point distribution. 
Therefore, we transform these derivatives to derivatives with respect to the physi
cal coordinate x, which are independent of the point distribution. Transformation 
relations are given by 

Je = xçf., 

fee xeef., + xe2 f"'"'' 
Ieee xwf., + 3xexeefzx +x/ fxxx, (3.56) 

etc. 
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After substitution into Eq.(3.55), the result is 

ft = :( Glxeed~: + 3xexed~:~: + x/ fzzz] + · · .) (3.57) 

H, the grid point distribution x(Ç), using N grid points, is given by the function q 
depending on the scaled BFC e/N, i.e. 

(3.58) 

not necessarlly sa.tisfying the Lapla.ce equa.tion we use for grid generation, Eq.(3.57) 
may be written as 

ft= ~ [ ~:' fz + 3q" fz~: + (q')2 f~:~:~:] (~2 ) + • • • (3.59) 

where the deriva.tives of q with respect to the coordinate e are denoted by q'' q"' etc. 
From tbis expression it is clea.r tbat the Ta.ylor·series representation is second·order 
accurate, rega.rdless of tbe form of tbe grid point distribution as tbe number of grid 
points increases. The truncation error approaches zero as N-2 • Crucial point bere 
is that tbe transformation q ( or grid point distribution) of the coordinate system x 
to tbe coordinate system Ç bas to be maintained. If thls is tbe case, tben tbe error 
will decrease by a factor tbat is a power of the inverse of the number of grid points. 

In Eq.(3.59) it was assumed that the metric coeffi.cient was determined ana
lytically and is therefore exact. Numerical eva.luation of the metric coeflicient is 
preferabie to analytic evalua.tion, even for lower orders of approximation tba.n tbe 
order used to solve the transport problem Eq.(3.29), wbich will be shown now. Tbe 
Taylor-series expansion (up to order 0) for tbe metric coeffi.cient xç reads 

(3.60) 

Determination of the redprocal of tbe series expansion of tbe metric coeflicient, i.e. 
xe-1 (a.ccording to tbe procedure given in App.B) yields 

2_ = (2..) + (-xee) de+ (-txeee + xei) dez 
X( Xt Xt2 Xt2 Xt3 • • • 

(3.61) 

Note the ditference in notation for the first derivative of x with respect toe, used 
again, to distinguisb between tbe unknown variable, i.e. x1, and the deriva.tives 
which contribute to tbe trunca.tion error, e.g. xee. Substitution of Eq.(3.61) into 
Eq.(3.54) and using Eq.(3.56), will result in a different truncation error f 2 

(3.62) 

From this we see tbat by evaluating the metric coeffi.cient numerically instead of 
ana.lytically one term vanisbes in the leading part of the trunca.tion error. Tbe 
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term that is removed is the most troublesome one since it contains the derivative f:e 
being represented. This derivative is also removed in the higher-order terms of the 
truncation error. Thus, the numerical evaluation of the coordinate transformation 
by the same discretisation metbod is preferabie over exact analytica! evaluation, as 
was already conduded by Thompson [Tho85] for the Finite Difference method. In 
the context of the TSM we add to this condusion that this is true even for lower 
order approximations for the metric coefficient. 

Furthermore, there is no need for the mapping ( and thus for the metric coeffi
cient) to satisfy the governing PDE (3.11) accurately. This will not be a surprise 
when we realize that grids generated by interpolation techniques are also more than 
one grid point distribution is possible to map the physical domain onto the com
putational domain. For this reason the grid is generated for a fixed value k = 1. 
An additional advantage is of course a reduction of computing time generating the 
grid. The only requirement any grid has to satisfy is that it possesses a sufficiently 
smooth distribution, on which it is possible to discretise and solve the transport 
problem in the complex geometry accurately. 

To study the accuracy of the computed temperature distri bution as a. function of 
the parameters k and N, the coordinate transformation is kept identical. In this way 
the transformation ( defined by the metric coefficients) will not affect the behavior 
of the truncation error, which itself will be determined entirely by the discretisation 
of the heat equation. 

As a consequence the grid so generated will satisfy Eq.(3.11) only for k = 0,1 
and not for higher values of k. The Poisson equation for the temperature field 
expressed in (Ç, 77) coordinates is then given by Eq.(3.24) ratherthen Eq.(3.25) for 
k > 1. This is the reason that Eq.(3.24) is used as the general PDE governing the 
heat conduction problem. 

An alternative way to guarantee a fixed coordinate transformation would be a 
transformation generated by an interpolation, e.g. using polynomials of the bound
ary values. This interpolation has to be the same for all calculations induding the 
case of low k, implying a low order interpolation. Furthermore, sufficient continu
ity must be guaranteed between the elements, i.e. coordinate values and their first 
derivatives. 

Note that in our application of the TSM, k = 1 implies an element-wise boundary 
interpolation polynomial of degree 3. This is the Taylor-polynomial in one direction 
being of degree k + 2 as was mentioned in the previous section. To describe the 
boundaries, a cubic spline interpolation is quite satisfactory in practice , because of 
its smoothing properties and its broad applicability. 

As an initial guess for the interior grid point distribution, we use a bilinear 
interpatation between the boundary grid points. This initial guess will already 
satisfy the cubic spline interpolation at the boundaries after just one iteration. 

As may be seen from Fig.(3.12a) the boundary conditions, described by cubic 
splines, are well satisfied. We may conclude that the proposed methad works well 
for generating grids. 
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Fig.3.12: Grid and isotherms for third shape. 

Projection of Fig.(3.12a) onto a rectangle displays a problem in the corner 
(e, 17) = (1, 1), where the Jacobian of the transformation vanishes, since this is a 
special point as mentioned in section 3.2. The Taylor-series, however, will never 
be expanded at this point. Nevertheless, the series for x({,17) and y(e,IJ) should 
be expanded at a point at a sufficiently large distance from this corner to avoid 
detoriation of the converganee of the series. 

3.6.2 Heat conduction 

The temperature field is calculated on the generated grids as is shown for the third 
example in Fig.(3.12). Tbe characteristic 'temperature bulge' can clearly he seen, 
as well as that the Dirichlet boundary conditions are satisfied. Results of the tem
perature at the center of the regions, indicated in Fig.(3.8), of the three regions, are 
given in Tables (3.2,3.3,3.4), for different values of N a.nd k. 

The calculations for higher (k, N)- combinations not given in the Tables are 
omitted due to computing time limitations. In Table (3.2) the analytical result 
for the temperature at the center of the square region, due to [Car59], is included 
for comparison. They show that the accuracy increases for increasing k and N as 
one might expect and agrees with analogous results in lD situations, discussed in 
cha.pter 2. 

Higher accuracy demands can he satisfied by increasing k or N. Both parameters 
also have their influence on the required computing time which itself depends on the 
solution procedure. From an 'economie' point of view higher accuracy demands can 
be satisfied with a preferenee for higher-order approximations as ca.n he seen from 
Table (3.2), which is also a similar tendency as shown in chapter 2 for lD problems. 
This preference, the basic idea of using the Taylor-series metbod optimally, will in 
general depend on the problem being solved, i.e. the order of the PDE and the 
behavior of the solution quantified in lD problems by the radius of convergence. To 
quantify this dependency for 2D problems a more detailed research in this direction 
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Temper at ure* 10'. 
N=1 N=2 N=4 N=8 N=16 

~0.62500 0.66667 0.71867 0.73218 0.73407 
0.72917 0.74112 0.73697 0.73658 0.73653 

k=3 0.72917 0.73628 0.73663 0.73669 0.73673 
k=4 0.73661 0.73655 0.73671 0.73670 -
CPU: normalisation unit is 0.18 sec. on SUN Spare I. 

N=l N=2 N=4 N=8 N=16 
k=1 1 1.0 · 101 1.7. 102 2.8 ·10" 5.1 . 104 

k=2 2.7 3.0 · 101 6.7. 102 6.8 . 10~ 1.1 . 105 

k=3 3.8 6.0 · 101 1.3 . 103 2.0 ·104 2.0. 105 

k=4 9.2 1.3. w• 3.3. 10~ 4.3 .lQ~ -

Table 3.2: Temperature and Normalized Comp.time for square region. Analytica! 
solution: 0. 7367135 

would be necessary. The results from Table 3.3 and Table 3.4 are similar although 
the geometrical complexity increases. 

As disadvantages of the methad we encountered the assumed smoothness of 
the salution and the large number of unknowns, which will grow explosively if the 
methad is extended to 3- dimensional probieros or large systems of PDE's in 2D 
problems. The advantage of this methad will therefore be exhibited particularly in 
relative smal!, sufficiently smooth problems invalving a complex geometry, and high 
accuracy demands. The set of equations has a special structure as demonstrated 

N=16 
0.53800 

0.53819 0.53819 
0.53874 0.53825 
0.53842 

4.0 
9.0 

Table 3.3: Temperature and Normalized Comp.time for skew region. 

in section 3.5, requiring a special salution procedure which can be utilized to obtain 
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solvability from a practical point of view. This special salution procedure constrains 
the ftexibility of the metbod and it renders a stability analysis very laborious[Sma.83, 
Fle88]. Therefore, we reeall that this method is used as a tooi providing us with 

N=8 N=16 
0.94692 0.95429 
0.95734 0.95668 
0.95733 0.95733 
0.95728 

k=2 5.1 
k=3 8.6 
k=4 1.3 ·10 

Table 3.4: Temperature and Normallzed Comp.time for third region. 

the aforementioned tendendes in a dear and understandable way, i.e. efficiency 
of numerical approximation techniques (induding conventional methods) can be 
increased by using higher-order discretisation schemes, provided that a high-accurate 
solution is required which itself is sufficiently smooth. 

Changes in the system of equations due to different boundary conditions (Neu
mann type) do not change the structure of the system. More general grids (e.g. 
L-shaped domains) do change the slab-by-slab procedure because of the different 
slab sizes. 

As comparison with a more practicaland conventional method, results of finite
difference calculations are given in Table (3.5), where 1~".1 represents the difference 
between the numerical solution and the analytica! solution if available, or otherwise 
the difference with the solution on the finest grid. CPU represents the required 
computing time on a SUN Spare I workstation, normalized in the same way as 
Tables (3.2), (3.3) and (3.4). Here a standard central difference scheme is used 
for grid generation as well as for solving the heat equation. Central differencing 
produces a 2nd-order truncation error on a uniform grid. For small deviations from 
uniform grids, i.e. still sufficiently smooth grids, the truncation error will also he of 
second-order. However, on grids with abrupt changes in the grid point distribution 
the truncation error will no longer be of second-order. The presented result appears 
to be second-order accurate. 

Camparing the results of the TSM and FDM, shows that the TSM results ap
proach the results of the FDM for highervalues of k and N. Observing the required 
computing time of the TSM, we conclude that this is achieved more economically 
for relative higher orders and relative fewer elements ([Son9lb]). 
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region 1 
grid Tm leml CPU 

17 x 17 o. 7378521 . w-2 1.1 . 10 -J 1.0 .1Ql 

33 x 33 0.7369967. 10-2 2.8. w-4 1.4' 102 

65 x 65 o. 7367846 . w-2 7.1. w-5 2.0. 103 

region 2 
! grid Tm leml CPU 

17 x 17 0.5375314 . 10 ·:.! 6.3. 10 -4 4.5 •!OU 
33 x 33 0.5380189 . w-2 1.4 . w-4 6.0 ·101 

65 x 65 0.5381629 . w-2 - 9.0. 102 

region 3 
grid Tm lfml CPU 

17 x 17 0.9522660 . 10 -~ 4.9. 10 -J 1.0 · 101 

33 x 33 o.9570I04 . w-2 1.0. w-4 1.6. 102 

65 x 65 o.9569148 . w-2 - 2.5. 103 

Table 3.5: FDM: grid, temperature, error and comp.time for the three shapes 

It can be concluded that, in agreement with the findings for the 1D problems 
stuclied in Chapter 2, that high accuracy demands can be satisfied more efficiently 
by relative high-order schemes using relative few elements. Solution alternatives, 
such as direct methods would affect the levels of computational effort but not the 
qualitative findings of the k, N influence on 'efficiency' due to the general relations 
for accuracy and computing time according to Eqs.(1.8,L9) valid for N --+ oo. 
Nevertheless it should be kept in mind that the applications shown, posses some 
degree of smoothness which is charaderistic for heat conduction problems. 

The advantage of application of Body-Fitted-Coordinates becomes clear, espe
cially in the third example where curved boundaries are involved. The geometrical 
aspects of the problem are entirely included in the metric coefficients of the PDE. 
This provides great flexibility in using numerical approximation techniques based 
on structured grid for complex physical domains. 
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Chapter 4 

REPETITIVE STRUCTURES 

4.1 Introduetion 

Engineering heat transfer processes involves energy transport within ga.ses, fluids 
and solids as well as from one fluid or ~olid to the other, from fluids to solids, etc. 
([Shi90, Eck91]). Sometimes, for exa.mple in experiments, additional solid structures 
are placed in the fluid to control some flow property, for example the velocity profile 
or the fluid temperature. These additional structures have .often some smooth shape 
allowing the fluid to pass in a controlled way. To be able to predict or to estimate 
the effect of the disturbance on the global fluid and heat flow, it is necessary to 
model the relevant transport phenomena adequately ([Sch74, Col88]). 

An example of such a disturbance occurs in fiameholders, which stabilize flat 
flames, i.e. planar-front flames, often used for research in fla.me behavior. One of 

rïi;;t;;~~flame 
cooling 
plate 

I 
burner 

flow 

Fig.4.1: Perforated plate in burnerhead. 

the most relevant quantities is the fiame-temperature. However, this temperature is 
difficult to mea.sure. Most measuring techniques, like described by de Goey [Goe89j 
cannot determine the fia.me temperature with errors smaller than 50K for a fla.me 
temperature of the order of 2000K. A method which would enable a more accurate 

97 
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temperature measurement will he described in this chapter. The basis of the method 
is similar to that of [Bot54]. The flame temperature, T{,, can he determined by 
measurement of the amount of energy withdrawn from the flame. This energy is 
withdrawn by coolinga flat regularly perforated plate positioned on top of the burner 
head as is shown in Fig.(4.1). The plateis heated homogeneously by the flame and 
forced cooling is imposed at the edge of the plate. To determine the amount of 
heat withdrawn from the flame by the cooling process, one needs to know the heat
conduction properties of the perforated plate. The heat flux S from the flame to 

I I I 
f-/ À 

u 

r' b 

s 
111 I I I a lh 

2R l 

Fig.4.2: Heat flux to the burnerplate. 

the perforated plate, illustrated in Fig.( 4.2), is proportional to the heat loss of the 
flame 

s = puC"(n- Tt) (4.1) 

where pu is the mass flux through the burner, Cp the specific heat of the gas and 
n the adiabatic gas temperature. pu is usually measured, while ep and Tb are 
calculated accurately. If we are able to determine S accurately, we might obtain 
accurate values for T{,. In fact the accuracy of T{, (in fact the measurements of S) 
approaches the accuracy of n when T{, -+ n (i.e. S -+ 0). This accuracy happens 
to he 0(10K) [Str84, Qua92]. 

The flux S, thought of as a surface souree [W · m-2] homogeneously distributed 
over the plate, is transported to the edge of the plate entirely by conduction, i.e. 

S=--- rÀ- h 1 a ( . aT") 
r or or ' 

(4.2) 

in which >. is the 'effective' conductivity of the perforated plate and Tp(r) is the 
plate temperature distibution. Here, h indicates the thickness of the plate. 

4.1.1 Preliminaries 

It can he shown from Eq.(4.2) in combination with boundary conditions at the center 
(r = 0) of the plate where T =Tc and ~!' = 0, that a uniform heat flux S gives rise 
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to a parabolic temperature profile over the plate 

(4.3) 

The temperature profile is measured with thermocouples located at several positions 
in the burnerplate. A typical result is given in Fig.(4.3). However, we still have 

(\ 
-R R r 

Fig.4.3: Parabolic temperature profile. 

one serious problem before we are able t.o determine an accurate value of Tt, that is 
how todeterminet The determination of~ will he the main issue of this chapter. 

In case a heat-conduction calculation has to be performed, a technica! problem 
immediately becomes clear when one realizes that the round burner plate contains 
more than 1,000 perforations in a hexagonal pattern, as is shown in Fig.(4.4). Even 

Fig.4.4: Hexagonal perforated plate structure. 

though symmetry reduces this geometrical problem by a factor of 6, it would still be 
very tedious and unpractical to consider a few hundred holes in a heat-conduction 
calculation. 
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4.1.2 Effective conductivity 

Our interest is to determine the total amount of heat withdrawn from the flame 
rather than a detailed study of the heat flow pattern inside the burner plate. There
fore, we may roncentrate on defining an effective conductivity, which defines the 
global heat-conduction property of the burner plate, which in our case consists of 
regular structures romposed of different materials. 

The idea, in principle, as described by Rayleigh [Ray92} for dielectric proper
ties, is to recognize a basic cell which repeats itself throughout the structure. The 
geometrie ronfiguration should he the same for all cells, and also the boundary ron
ditions must be periodic. Defining the effective conductivity of such a cell gives the 
possibility to predict the effective heat ronducted by that cell fully determined by 
its boundary conditions. Then, the effective conductivity of the regular structure is 
that of one basic cell, since the structure is a multiple repetition of a basic cell. The 
problem of determining the heat conducted by the total structure is now reduced 
to the problem of examining the heat conduction in only one single cell. Note that 
each singlecellis built up out of different materials, in our case brass and air. 

H the boundary conditions of the separate cells are not exact copies of each other, 
but differ slightly, we may assume that the difference in the effective conductivity 
of the separate cells is negligible. On the other hand, if the boundary ronditions 
of the separate cells are completely different, the approach would be to classify the 
boundary conditions and to examine one cell of each class of boundary ronditions. 
H the number of classes approaches the number of cells, this strategy based on 
symmetry willlose its attractiveness and will be as laborious as the determination 
of the temperature field in the entire structure. 

4.1.3 Scalar versus tensor conductivity 

In an isotropie material the ronductivity is represented by a scalar À , which may 
be seen as a factor with which the temperature gradient is multiplied to yield the 
heat flux, i.e. the heat flux vector is aligned with the temperature gradient. 

For an anistropic material the heat flux is in general not parallel to VT but may 
also be rotated with respect to the temperature gradient, e.g. due to a directional 
bias of the conductivity. A representative sample of a structure which is built up out 
of different materials will in general also exhibit some kind of 'anisotropic' ronductive 
behavior. Therefore we propose 

Îf= -t. VT, (4.4) 

as the heat conduction model for this 'anisotropic' sample. In the more general 
situation of non-linear anisotropy, the elementsof L (a 2 x 2 tensor in 2D situations) 
ma.y depend on the direction of the temperature gradient, i.e. L = L(~), where ~ 
indicates the direction of the tempera.ture gradient anticlockwise from the horizontal 
direction. Since the sample is representative for the entire structure, the 'anisotropic' 
model will also hold for the entire structure. 
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We interpret representative as that the entire regular structure can be built up 
by connecting shifted copies of the representative sample. In the next discussion we 
will refer to a representative sample as a cell. 

In general, L is a general 2 x 2 tensor with different elements, which describes 
the conductive behavior of one single cell as well as the entire structure. 

It is also possible ( depending on the geometry and boundary conditions) tha.t 
regular structures are built up out of copies of the cell which are rotated or otherwise 
are symmetrie variauts of the cell. The structure has some symmetry properties in 
that case. Although the conductivity of each separate cell may be modeled by a gen
eral L or some symmetrie variant thereof, the conductivity of the entire structure 
will possess similar symmetry properties modeled by a reduced farm of L. Conse
quently the conductivity of a single cell is not representative for the conductivity of 
the entire structure if cells have to be rotated, folded or manipulated otherwise then 
shifted, to be able to compose the structure. 

Therefore, we define the basic cell as the smallest cell with which the entire 
structure can he built up by connecting copies of this cell arisen purely by shifting. 
An example thereof is given in our case by the hexagonal structure of the burnerplate. 
Several configurations may be nominated for 'basic cell', some of them are shown 
in Fig.(4.5). As mentioned before, the effective conductivity L(</l) of the regular 

Fig.4.5: Candidates for basic cell. 

structure will be equal to the effective conductivity L( <P) of one single basic cell. 
While composing the entire structure from basic cells, no rotations or any other 
kind of symmetry operations are allowed on this basic cell. Otherwise the effective 
conductivity of the complete structure can be described by a reduced simpler variant 
of L satisfying in varianee with respect to these rotations or symmetry operations. 

As we will see in section 4.2 there is another constraint in defining a suitable 
basic cell. This constraint is that for the determination of the effective conductiv
ity, it must be possible to determine the temperature on the entire cell boundary. 
Insulations must be embedded within the cell, because the temperature can not he 
determined in insulated regions. This implies that in gener al, none of the candidates 
shown in Fig.( 4.5) satisfies this requirement. For the burnerplate the smallest cell 
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possible which satisfies all the constraints is the hexagonal cell centered around the 
hole, depicted in Fig.(4.6). Besides from translation, all other potential candidates 

Fig.4.6: The new basic cell. 

must be rotated, folded or manipulated, in order to compose the structure. 
The hexagonal cell is invariant for rotation over n · 11' /3{n = 1, 2, ... ) and sym

metrie with respect to directions n · 11' /6(n = 1, 2, ... ). From this it can be shown 
that the conductivity tensor reduces to the conductivity scalar 

L(4>) = i(4>)I = i(tJ>). (4.5) 

by concluding that the elements of the tensor L must remain the sa.me if the tem
perature gradient and flux vector are simultanuously subjected to these symmetry 
operations. Therefore, we will consider only those situations where the effective 
conductivity is a scalar from now on. Clea.rly, the coefficient i may still va.ry with 
the direction 4> of the temperature gradient but the heat flux vector will always be 
aligned with the gradient of the temperature. 

4.1.4 Direction dependenee 

In our exa.mple, as shown in Fig.(4.3), we have to deal with a 'parabolic' temperature 
distri bution on a circular plate containing hundreds of tiny holes in a regular pa.ttern. 
Since the flux in the circula.r pla.te will globally point in radial direction, the effective 
heat flux will 'a.ttack' from a different direction. Therefore, it is important to study 
the possible va.riation with direction of the effective conductivity. To do so, we have 
to a.pply a temperature gradient in different 'directions of attack' 4>. 

One possibility to apply a temperature gradient is based on the following con
siderations. The distance between two adjoining holes (pitch) will he of the order of 
the dimensions of one single cell. These dimensions are small relative to the length 
scale of the variation in the temperature. The temperature distribution along the 
boundary of one cell is therefore reasonably approximated by a bilinear function. 
Therefore, as typical boundary conditions we might assume Dirichlet conditions, i.e. 
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a given linearly varying temperature dis tribution along the edge of the cell, as if the 
cell were embedded in a temperature field of uniform gradient. 

In this way, the effective conductivity of one single cell can only change if the 
gradient field applied on the cell changes direction. The magnitude of the gradient 
wil! not have any infiuence. Therefore the effective conductivity depends upon the 
direction of the gradient only. 

Por the calculation process of global heat transport we distinguish between strong 
direction dependenee and weak direction dependence. In situations where the direc
tion dependenee is negligible ( or weak) the effective conductivity will be ( almost) 
the same in all directions. Consequently, the structure may be treated as being 
isotropic. Discretisation may be performed without directional bias and on any 
suitable discretization length, no geometrical restrictions due to the specific struc
ture have to be considered, other than computational restrictions on accuracy and 
stability. 

H the direction dependenee is strong, the largest scale on which discretisation 
may be performed is the scale of one single basic cel!, which is in general much larger 
than the conventional discretisation scale required for resolving the details of the 
structure. Coupling of basic cells by satisfying conservation of effective heat flux and 
boundary conditions will result in effective temperature gradients for the composing 
cells. Prom this, the 'angle of attack' r/1 may be deduced and the direction dependent 
effective conductivity may be updated. Re-evaluation of the set of equations will 
complete the iterative procedure which will finally lead to an approximation of the 
global temperature distribution. Por our specific application to the burnerplate we 
have to check whether the direction dependenee is weak or strong. 

4.1.5 Boundary conditions 

To determine the effective conductivity of the perforated plate we will consider one 
basic cell. Temperature boundary conditions correspond to the situation that the 
cell is embedded in its natural environment. Since at the cell boundary the temper
ature is unknown at first, we will have to make assumptions about the temperature 
distribution along the cell boundary. 

In our case, the anisotropic behavior is introduced by the perforations. The 
disturbance of a uniform cell configuration due to the pedoration will have a small 
infiuence on the conductivity if its dirneusion relative to that of the cell is small. 
A larger disturbance will cause a larger infl.uence and will make it more difficult to 
arrive at a proper assumption for the temperature boundary conditions. Whatever 
conditions are chosen, their correctness has to be checked. This can be done by a. 
series of calculations in which the basic cell is gradually being surrounded by more 
and more basic cells, consiclering an increasing part of the natural environment of 
the basic cell. If the effective conductivity of the basic cell becomes insensitive to the 
addition of still more cells, the boundary conditions for the basic cell can be deduced 
from the calulated temperature distribution within the cluster. This infiuence of the 
boundary conditions will he studied. 

Assumptions about the temperature boundary conditions can bemadein several 
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ways. One option has already been mentioned, i.e. prescrihing the temperature at 
the boundary (Dirichlet conditions) asuming that the basic cell is embedded in a 
bilinear temperature field. This approach resembles the space-discretisation of a 
continuum, in which a basic cell corresponds with an elementary discretisation 'cell' 
over which the solution is approximated by a bilinear function. 

By changing the direction of the temperature gradient one could study the di
rection dependency of the effective conductivity. However, this set of boundary 
conditions does not correspond with those for which analytica! results were given 
by Perrins, et.al. [Per79]. They consider the heat flux in two very partienlar direc
tions, namely those for which it is possible to determine the effective conductivity 
analytically. Perrins considered a heat flux in horizontal direction by imposing a 
prescribed temperature difference (Dirichlet conditions) in horizontal direction and 
Neumann conditions (insulation) in vertical direction as shown in Fig.(4.7). The 

Fig.4. 7: The cell used by Perrins. 

case with a heat flux in vertical direction may be treated analogously. We require 
that our set of boundary conditions includes the partienlar directions of Perrins. 

Therefore, we will extend Perrins' set of boundary conditions, by applying a 
temperature difference in the specified direction of interest by prescrihing differ
ent temperatures (OK and lK) on the two far most apart boundary points. On 
the remaining boundary the heat flux is allowed to enter or leave the cell only in 
that specified direction, this by preventing heat flow perpendicular to that specified 
direction of interest. . 

The difference with the first-mentioned set of boundary conditions (Dirichlet 
conditions corresponding to embedding the cell in a bilinear temperature field) is 
that the new set includes those boundary conditions for which analytica! results of 
Perrins [Per79] are available. 

The concept of effective conductivity, can be thought of as the basic cell con
sisting of only one material with a uniform (effective) conductivity. In this way, the 
two approaches·with different boundary conditions mentioned before, are exactly 
the same, descrihing the (effective as wellas non-effective) heat transport similarly. 



. .f. 1. Introduetion 105 

The two sets of boundary conditions are distinct only if one realizes that the cell 
consists of several different heat-conducting materials. Therefore, the result of both 
methods will in general not be the same for non-uniform materials. 
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4.2 Problem definition 

4.2.1 Determination of an effective conductivity 

Conductivity, a. property of the ma.terial, qua.ntifies the constant of proportionality 
between the heat flux ca.used by the va.ria.tion in the temperature a.nd the temper· 
a.ture gradient responsible for the difi'erence in temperature. The conductivity of 
the material is sa.id to be large if heat is already conducted by a. small temperature 
difference. 

Whenever an object consists of several different materials, it is generally no 
longer possible to spea.k a.bout 'the conductivity' of tha.t object, beca.use some pa.rts 
will conduct heat easier than other parts. To be ahle to qua.ntify the conductivity 
of composite ma.terials, one ma.y use avera.ging techniques involving some weighting 
of the properties of the different ma.terials of the object. 

The different weighting procedures a.nd concepts are formula.ted in this section 
in a general three·dimensional space whereas only twa.dimensional situa.tions are 
considered in the applica.tions and figures. 

4.2.2 A volume-averaging procedure 

Several ways of averaging the relevant properties are possible. One of them is the 
volume·averaging procedure mentioned hy de Vries !Vri52), which bas been a.pplied 
to determine the dielectric constant of soil. In this a.pplication the soil is treated as 
a regular structure in which a single granule with part of its surroundings forms the 
basic cell. As suggested by de Vries [Vri52], this very same idea is also a.pplica.ble 
to heat conduction and other transport phenomena. The speèific property is aver· 
a.ged with the volume fra.ctions of each constituent as the weighting factor. Each 
constituent is understood to he isotropie and homogeneous. The procedure will he 
expla.ined briefly below. 

In heat conduction problems, the relevant quantities are the temperature gradi· 
ent a.nd the heat flux. Both veetors are a.veraged over the volume V of a basic cell, 
which consist of say N fra.ctions of different homogeneons materials. The averaged 
or effective temperature gradient is defined as 

vt = ~ jvrdv 
V 

(4.6) 

NV.!! .. 
= ~ ~V. VT1dV. 

•=1 'V; 

(4.7) 
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where a; = tf is the volume part occupied by fraction i, and V'Î'; the volume 
averaged temperature gradient of fraction i. Using the same notation, the effective 
heat flux is given by 

... q = ~ J ifáV (4.8) 
V 

= t V; ~ J i[;dV; 
i=t V V; v: . 
N 

- l:a;~; 
i=l 
N 

= -a·À·\?T.· 2:: .... 
t ' ,, (4.9) 

i=l 

where the uniformity of each fraction allows excluding À; from the volume averaging. 
The effective conductivity is defined by 

(4.10) 

yielding with Eqs.( 4. 7) and ( 4.9) 

N ... (4.11) 
E a;\?T; 
i=l 

In genera!, it will be impossible to compose the effective conductivity of the global 
structure analytically from the effective conductivity of the basic cells, by means 
of parallel and serial clustering of cells. This is only possible if all cells are exact 
copies of each other, i.e. including their boundary conditions. In this special case 
there will he no difference between the over-all conductivity and the conductivity of 
a single cell. 

Some simple test cases, such as a serial or parallel clustering of two different 
materialsin one single basic cell, subject to the same boundary conditions as given 
in the experiment in Fig.(4.7), show that the volume- averaging procedure yields 
the same effective conductivity as may he derived analytically as the reptacement 
conductivity of two serial or parallel clustered conductors. A problem, however, 
occurs if at least one of the constituents is a perfect insulator. In that case, the 
insuiator contribution to the effective flux is zero, while the contribution to the 
effective temperature gradient can not he determined, due to the non-existence of a 
unique temperature distribution in the insulated field. This is a serious restrietion 
of the volume averaging procedure. 

This is the main reasou why we introduce a different averaging technique. A 
further reasou is that it is difficult to find a physical interpretation of the volume
averaging technique in Eq.( 4.11 ). There is no physical reason for not using other 
weighting factors instead of the volume fractions a; such as the mass fractions for 
example. A different averaging procedure has been used by Rayleigh [Ray92], for 
the determination of the effective dielectric constant. 
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4.2.3 A surface-averaging procedure 

As mentioned in the previous section, we only consider effective conductivities which 
are direction-dependent scalar functions. Rayleigh considered special basic cells, 
with shapes suited for analytical treatment if the temperature gradient is in a specifi.c 
direction. Here, we develop an averaging procedure which can he applied to general 
cases. 

In this procedure Green's theorem is used, which is derived fust. Green's theorem 
follows from the application of the divergence theorem: 

j V · ädV = f n. ädA. (4.12) 
V A=8V 

Eq.( 4.12} applies to any well-behaved vector field ä defined in the volume V bounded 
by the closed surface A, with the unit normal vector n pointing outward. 

Let ä = <PVV", where <P and V" are arbitrary scalar fields. Substitution in the 
divergence theorem yields with 

Green's first identity: 

v ·{<PVV") = <PV2V" + V<P. vv" 
n. (<PVV") = ,pr;. vv" 

f (<Pil· VV")dA = j (ifJV2?/J + V<P. VV")dV, 
A=BV V 

(4.13) 

( 4.14) 

(4.15) 

Subtracting from Eq.(4.15) the analoguous equation with <P and V" interchanged 
yields Green's theorem: 

f (<Pil. vv"- V"n. V<P)dA = f<<PV2V"- V"V2<P)dV. (4.16) 
A=8V V 

H 8 denotes the coordinate in the direction we want to determine the effective con
ductivity of an object consisting of a single constituent of constant À,(see Fig.(4.8)), 
the heat flux is constrained to leave the volume only in the direction of varying 8. 

In Eq.(4.16) we substitute <P = -À8 and V"= T, which leads to 

- j(sii · ÀVT- ÀTn · Vs)dA =- j À(sV2T- TV2s)dV, (4.17) 
A V 

where the uniformity of À within a single isotropie constituent is used. V and 
A = 8V represent the volume and closed surface of the constituent. Since both 
components of the right-hand side are zero, because both the temperature distri
bution and the function tjJ = -Às satisfy the Lapla.ce equation, the result with 
q= -ÀVT is 

f ( sn . q)dA = f (-ÀTn . V 8 )dA. (4.18) 
A=8V A=8V 
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Fig.4.8: Direction of effective conductivity. 

Note that bathpartsof Eq.( 4.18) are surface integrals rather than volume integrals. 
Eq.(4.18) is the basis for our definition of the effective heat conduction; 

f (sn · q)dA 
~ =: _ A=IW . f (Tn. Vs)dA 

( 4.19) 

A=8V 

Bath, the numera.tor as well as the denominator of the above definition can be 
given a physical interpretation. The numerator contains the inner-product of the 
unit normal and the heat flux vector, which is a measure of the flux through A 
out of the volume V. This flux is weighted with the coordinate s. The flux if 
satisfies the homogeneaus heat equation, i.e. in absence of sourees it implies that 
all incoming heat Q must also leave the volume again. Therefore, if all positive 
and all negative contributions to the surface-integral, i.e. inward and outward heat 
fluxes, respectively, are collected separately, they add up to the same amount of 
heat +Q and -Q, but acting on different s-values, i.e. s""t and Sin· The latter two 
can he interpreted as 'centers' of outflow and inflow, respectively, as is indica.ted in 
Fig.(4.9). Therefore, the numerator of Eq.(4.19) can he interpreted as the product 
of the amount of heat Q flowing through the volume V, and the difference in the 
centers of out- and inflow (s""t- s;,.). 

The physical interpretation of the denominator of Eq.(4.19) is not as easy. First 
of all, we realize that V s is the base vector in the direction of increasing s. The 
inner-product of the unit normal and the s-base vector, tagether with the surface 
increment dA, yields the projected surface increment in the direction of s, i.e. +dA11 
or -dAp. Here, also the complete surface-integral can be determined by collecting 
all contri butions with different sign separately, to yield + Ap and - Ap respectively 
(comparable to Q for the numerator). This projected surface is weighted with the 
temperature T. The denominator can be written as the product of projected surface 
Ap and the difference between the 'temperature centers' Thigh and Ttow, analogous 
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y• s 
4 

Fig.4.9: Centers of in/ outflow and of temperature 

to the numerator. Substitution of these ideas in Eq.(4.19) yields 

Q (sout- s;,.) 
A11 (Ttow - Thigh) 

(4.20) 

For the trivia! case of a rectangular homogeneaus isotropie basic cell, with unit 
thickness and boundary conditions as given in Fig.(4.10), i.e. isotherms on the 

Fig.4.10: Homogeneous isotropie cell. 

east, the west boundary and symmetry (insulation) on the north and the south 
boundary, the effective conductivity in horizontal direction equals 

i __ Q (Xout -X;,.) 
- A11 (Ttow - Thigh)' 

(4.21) 

where Q is the total arnount of heat flowing through the cell per unit thickness, while 
A11 and (xout-x;,.) are the horizontal and vertical dimensions of the cell, respectively. 
(Thigh - 1iotu) is the temperature difference driving the heat flow. Note that the 
conductivity may he determined even if the cellis a perfect insuiator (Q=O), as long 
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as the boundary conditions (here T1ow and Thigh) are known. The above approach is 
an essential extension of the class of problems on which this method may he applied 
in comparison with the volume-averaging technique of de Vries [Vri52]. 

For the rectangular celll is easily determined because it is built up of only one 
constituent. We will now derive a relation to determine the effective conductivity 
for objects of more general shape consisting of an arbitrary number of materials. 

4.2.4 The effective conductivity of a composite material 

The starting point for the determination of an effective conductivity of a basic cell, 
built up out of N different constituents, is the same as was used deriving Eq.(4.19). 
In Eq.( 4.18) we treat each distin ct constituent as a separate closed surface, which 
is allowed because >..s is 'well-behaved' in its own (fraction)volume. 

f (siï · qjdA = f (-.\;Tiï · Vs)dA, (i=l,2, ... ,N) 
A;=é!V; A;=é!V; 

An example with two constituentsis shown in Fig.(4.11). 

~ 
~ 

Fig.4.11: Composite with two constituents. 

Summation over all fraction of the left-hand side of Eq.(4.22) yields 

N 

LH S = ~ f ( siï · qj dA. 
•=1A;=é!V; 

(4.22) 

(4.23) 

Each closed surface A; is split up in two parts, one part belongs to the internal surface 
(Ai") and another part (A""t) forms part of the outer surface of the composite cell. 

(4.24) 
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The first part of this expression, i.e. the integration over each internal (fraction-) 
boundary, cancels out because each internal surface is part of two fractions. Con
tinuity of the heat flux q along this internal surface and the opposite direction of 
the normal on the common internal surface of two neighboring volumes implies that 
their contributions cancel mutually. The final result is the summation over the 
surface which forms the outer boundary of the composite cell: 

LHS = ~ f (sn · q')dA 
t Ar'' 

(4.25) 

= f (sn. q')dA. 
A=8V 

For the righthandside of Eq.(4.22), the summation over all fractions is denoted by 
RHS 

RHS = ~ f (-À;Tn·Vs)dA 
' A;=8V; 

(4.26) 

= ~-À; f (Tn · Vs)dA 
• A;:8V; 

where it is assumed that À; is constant in each sub-volume. Splitting each surface 
into an internal and external part does not result in the cancelling of any terms 
because of the differences in the fraction conductivities À;. Substitution of Eqs.(4.25) 
and (4.26) in LHS = RHS yields 

f (sn · q')dA =~-À; f (Tn. Vs)dA. (4.27) 
A::I'IV ' A;=I'IV; 

To define a suitable effective conductivity, we treat the composite basic cell as a 
black box, modeled as an imaginary homogeneons material with ~ as its conductivity 
coefficient. In order to guarantee the same boundary conditions, the heat flux at the 
bounding surface of the cell bas to he equal to the one on the boundary surface of 
the black box model. Consequently, the left-hand side of Eq.(4.27) will not change, 
contrary to the right-hand side in which the conductivities À; have to he replaced 
by ~ which can he put in front of the summation, i.e. 

RHS = -~~ f (Tn·Vs)dA 
' A;=I'IV; 

= -~ j(Tii · Vs)dA. (4.28) 
A 

where cancellation of the surface integrals over the internal surfaces is used. A proper 
definition of the effective conductivity follows now from Eqs.(4.25) and (4.28) as 

j ( sii · q')dA 

~ ;: - A=8V ( 4.29) f (Tn· Vs)dA 
A=8V 
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simila.r to Eq.( 4.19). Substitution of Eqs.( 4.27) and ( 4.28) in Eq.( 4.29) gives 

~À; f (Tn·Vs)dA, 
• A;=&V; 

L: f (Tn · Vs)dA, 
• A;=8V; 

113 

(4.30) 

Note that the effective conductivity is obtained as the result of an averaging proce
dure of the fraction conductivities with the fraction surface integrals as weighting 
factors. For the situation of only one homogeneaus plate, it follows that ~ equals .À. 

As a simple example we will consider a 2D rectangular basic cell built up out of 
homogeneaus plates of different isotropie materials, clustered serially and subject to 
bounda.ry conditions corresponding to a heat flux constrained to the horizontal direc
tion, as can beseen from Fig.(4.12). The horizontal edges are planes of symmetry 

Fig.4.12: Serial cluster of isotropie cells. 

(n · VT = 0) while the left- and right-most edges coincide with isotherms. Consicl
ering the conductivity in the horizontal direction, this is a lD problem, invalving a 
constant non-zero horizontal heat flux Q, causing a temperature difference 

(4.31) 

in fraction i, with length !:::.L; and unit thickness. Evaluation of the weight factors, 
i.e. surface integrals in Eq.( 4.30), yields 

If we use 

L: À,!:::.T; 
). = -='=--=Te- Tw • 

(4.32) 

(4.33) 
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as tbe amount of beat passing through fraction i, Eq.(4.32) may he rewritten as 

(4.34) 

which is a well-known lD result for the effective conductivity of a sandwich clustering 
of different materials [Kre86]. Similarly, for a parallel clustering of n plates as is 
sbown in Fig.(4.13) with unit thickness and height (Ap)1, insulated in vertical 

Fig.4.13: Parallel cluster of isotropie cells. 

direction and a temperature difference in horizontal direction, whicb is the same for 
all pla.tes AT,= AT, evaluation of the surface integrals of Eq.(4.30) yields 

• ~.Ài(Ap)i 

.À = ·~(Ap)i ' (4.35) 

' 
for the effective horizontal conductivity. No te the similarity of Eqs.( 4.34) a.nd ( 4.35) 
with the rules of thumb to de termine the (therm al) resista.nce of repla.cement in a. 
serlal a.nd parallel clustering of (thermal) resistances. 

Also note that contrary to the volume-a.veraging procedure, fractions being per
fect insuiators are no difficulty at all in this concept (as long as the cell boundary 
conditions are known). In our case, i.e. determination of the effective conductivity 
of the burnerplate with insulated holes, the volume-averaging technique cannot he 
used. Instead, the metbod of Rayleigh has been extended to fit our purposes. 
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4.3 Numerical Computation 

4.3.1 Grid generation 

The geometry of the burnerplate, as described in section 4.1, makes it almost in
evitable to apply a BFC system. Therefore, the first step is to generate a grid, 
suitable for solving the heat equation. Since the heat transport problem in the en
tire plate is reduced to solving the problem for one or at most a few basic cells, we 
concentrate on the generation of a grid for one cell. Of course, several topologies are 
possible. Main considerations are: a rectangular domain in computational space is 
preferabie over an 1-shaped domain. Coordinate lines of one family should coindde 
as much as possible with stream lines around the holes, since that will make the BFC 
system a more natura} coordinate system. Coupling of domains in order to enable 
the enlargement of the region of interest, should he as simple as possible. Based 
on these considerations, we choose to generate grids for each half of the basic cell 
of Fig.(4.6) as is shown for an upper half in Fig.(4.14) Specification of the bound-

Fig.4.14: Grid in upper half cell. 

ary and solving Eq.(3.20) will result in the distri bution of the physical ( cartesian) 
coordinates on the computational domain, i.e. x= x((,17) and y = v(e,l]). Note 
that two corners (discontinuity in the boundary tangent) are mapped on a smooth 
boundary segment (continuous tangent). These two points are special points as ex
plained in chapter 3. For numerical implementation this type of mapping does not 
cause any problems. 

Grid calculation of only one upper half is needed, since cells may directly he 
composed by rotation and translation of this original grid. The governing equations 
Eq.(3.20) are discretised using a central difference scheme of second-order accuracy: 

X( = ~ (Xi+l,j- Xi-lJ) + () (~2 )' 
x~ = ~ (xi,j+l - Xi,j-1) + 0 (~2 ) , 

x<E = (x;+l,j- 2x;,; + X;-1.;) + 0 (~2 ), (4.36) 
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X('l = i (Xi+JJ+l - Xi-lJ+l + Xi...:I,j-IXi+I,j-1) + 0 (~2 ) 1 

x1111 = (xi,i+I- 2x;.; + x;.;-1) + 0 (~2 ), 
where it is assumed, for simplicity, that N represents the numher of elements in 
each direction, similar as in Eq.(3.61). x;.; represents the numerical a.pproximation 
for the function x{Ç,q) at the position x(Ç;,qj), i.e. x;.;= x(i,j), recalling that 
.ä.e = 1, .á.q = 1. The a.ccuracy of this difference scheme is of second-order, i.e. 
Eq.(4.36). 

As a.n initial guess for the grid, we use an { transfini te [Tho85)) interpolation based 
on tbe coordinates of the edges. An important property of this type of interpola.tion 
is that the interpolated function fits at all the edges, which is necessa.ry to generate 
a. proper first guess for the bounda.ry-fitted grid. 

The final solution for the grid is found hy itera.tion. In fa.ct we use the Ga.uss
Seidel overrela.xa.tion [Hir88] itera.tive method, often referred to as the successive 
overrelaxation (SOR) method. 

4.3.2 The Heat Equation 

For solving the heat equa.tion subject to specified boundary conditions we want to 
he able to couple several doma.ins in an easy and fl.exible wa.y. Tbis is necessary to 
study the infl.uence of the boundary conditions on the effective conductivity, as was 
discussed in section 4.1. The heat equa.tion is also discretised with finite differences, 
using a scheme which is most appropriate to meet our requirements of coupling 
doma.ins. 

One is free to use different schemes for the separate tasks of grid generation 
and of solving the heat equation. Once the grid is generated, it is strongly advisable 
though that for solving the heat equation, the discretisation of the metric coeffi.cients 
( xe, x11 , Ye, etc.) and space derivatives of the temper at ure (Te, T11 , etc.) is performed 
a.ccording to the same discretisa.tion scheme, in order to avoid spurious souree terms 
to occur which ma.y cause loss of accuracy, as was discussed in section 3.6. 

As discretisation metbod we use a finite-volume approach, similar as in [Par86] 
and [Dem87]. The governing pseudo-transient equation Eq.(3.16) is written in inte
gral form 

ja;: dV- j ii · )..VTdA = j SdV. 
V A=8V V 

(4.37) 

We reeall that the .transient part is only introduced as relaxation tooi and does not 
represent a physical realistic transient part. Furthermore, we take ).. = 1 implying 
that the effective conductivity will represent the ratio Óf the effective conductivity 
to the conductivity of the material of the plate, i.e. brass. In the remainder of tbis 
chapter souree terms are not involved because for studying the conductivity behavior 
of composites, the purpose discussed insection 1.4, we prefer absence of any souree 
disturbing the natural heat transport purely by conduction. Presence of any souree 
would cause the right-hand side of Eq.( 4.17) to be non-zero. Consequently this 
bas to he accounted for by adding a souree volume integral to the numerator in 
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Eq.(4.19). Since the occurrence of any sourees gives no additional information, we 
will omit the last term of Eq.(4.37). 

The method used, is a celi-vertex method, i.e. the unknown temperature is 
situated at the grid cell corner points. The control volumes are centered around the, 
grid points. In order to explain the discretisation scheme concisely we concentrate on 
one control volume shown in Fig.(4.15) Grid point (i,j) is denoted as the center P 

E@iff 
Efffjj-1 

f 1-1 1 1+1 
1J: 

T 

Fig.4.15: Control volume representation. 

of the control volume. The center (i,j) is surrounded by 8 neighboring nodes, which 
are denoted, anti-clockwise, in the conventional way; (i+ l,j), (i+ l,j + 1), (i,j + 
1), ... , {i+ l,j - 1). The midpoints of the control-volume faces are denoted by; 
(i+ t,j), (i,j +i), (i- t,j) and (i,j- !)· The corner points of the control volume 
are (i+ Î•i + t), (i- t,j + t), (i- t,j- Î) and {i+ t,j- Î) Fora control volume 
~V Eq.( 4.37) may be written as 

1 t l ... } ~t j j ii · >.VTdA dt. 
t-At k::&AV 

(4.38) 

In the left-hand side the order of the integration with respect to time and space can 
be interchanged. Carrying out the integration in time and approximating T by the 
value of T at the center (i,j) of the control volume, assuming that it represents an 
average over the control volume, results in 

__!__ ft ll 8T dV} dt = .,P (T'!'+- T'!'-:) 
~t 8t ~t t,J t,J 

t-At V 

(4.39) 

where the superscripts n+ and n- denote the value at tand t-ilt respectively, which 
are associated with the new and old timelevel in the pseudo-transient concept. The 
cell volume is given by .,P as can be seen from the fundamental transformation 
relations given in App.(A). The right-hand side of Eq.(4.38) represents the integral 
over the volume-faces of the diffusion ftuxes. 

1 tl ~} 1 t{ ... ) ~t j j ii · )..VTdA dt = ~ Llt j j ii · )..VTdA dt 
t-At A t-At AAm 

( 4.40) 
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For each cell this integral includes all four {m = -1,1,-2,2) faces. Because each 
face is allowed to have a slope-discontinuity at the face center, a face of the control 
volume consistsof two parts, one at each side of the face-center, see Fig.(4.16). To 

Fig.4.16: Faces of control volume. 

be a.ble to couple domains in a flexible way, we distinguish between these two parts 
and we will evaluate the contribution in Eq.( 4.40) of each part sepa.rately. Therefore, 
evaluation of Eq.(4.40) involves eight terms for each grid point not on the boundary 
of the domain. For condseness we shall only consider two faceparts: one in each 
coordinate direction. The remaining parts are evaluated similarly. 

First of all, the contribution to Eq.(4.40) due toa face on which the coordinate 
ei' (i = 1 or 2) is constant, is 

j n · ..\VTdA = g'iT{;..\vgdeJ, (4.41) 
.O.A; 

where some fundamental transformation relations are used (see App.A). Evaluation 
of Eq.(4.41) for points Q and R in Fig.(4.16) yields 

j n · ..\VTdAt = (l17{ + g12T11) ..\V§~, (4.42) 
.O.At 

j n · ..\VTdAt = (l1T{ + g22T11) ..\V§~. (4.43) 
.O.A2 

respectively. Note the factor Î• accounting for only half the face of the control 
volume. To complete the integration of the diffusion fluxes a two time-level temporal 
difference scheme is introduced for the right-hand side of Eq.(4.38), leading to 

L~t j { J n·..\VTdA}dt = L:L j Fmdt 
m 1-.0.1 .O.A.,. m t-.O.t 

= L: (rF~+ + (1- r)F~-), (4.44) 
m 
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with 
T Fm J ii. xÇITdA (4.45) 

AAm 

given in Eqs.(4.42) and (4.43), where T E [0, 1]. An Euler explicit scheme corre
sponds to r = 0, while T = 1 implies a fully implicit scheme. 

Evaluation of the first partial derivatives of a scalar f(f T, x, or y) with 
respect to e and 1] at one of the cell {aces is performed using the function value at 
the four nocles neighboring the cell face, as is shown in Fig.( 4.17). The function 

Fig.4.17: The four nocles involved for flux-determination. 

within the region spanned by these four nocles is assumed to he given by the bilinear 
function 

where { = Ç Ç; E [0, l] and ~ = 1]- 1Ji E [0, 1] are the local curvilinear coordinates 
and the indices i,j indicate the function values f(i,j) at the nodes. We reeall that 
~Ç = ~Tf = 1. This relation yields for the first derivatives 

Ie Ui+t,i- li.i)(1 - i7) + Ui+lJ+I - li.;+I)fi, 
f'fl = UiJ+l- hJ)(I- Ü+ (/;+I,j+I- li+I,j){ 

(4.47) 
( 4.48) 

Evaluation of fe,j'fl at the points Q and R in Fig.(4.17) implies substitution of 
({ = 0.5, i7 = 0.25) and ({ = 0.25, i7 = 0.5), respectively. Partial derivatives on other 
faces are evaluated analogously. 

In this way it will he clear that evaluation of partial derivatives (i.e. metric 
coefficients and corresponding fluxes) at cell {aces will have the same result, whether 
they are evaluated as part of the right face of a given control volume or as part of 
the left face of the control volume on its right-hand side. These kind of difference 
schemes are called 'conservative' schemes [Tho85]. They are essential to prevent 
spurious souree terms to occur. Another consequence of using the above evaluation 
for the derivative of both temperature as wellas the physical coordinates bas already 
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been discussed insection 3.6, i.e. using the same discretisation scheme for evaluating 
the fi.rst derivatives, eliminates the most troublesome term in the truncation error. 

Discretisation of all partial derivatives and substitution into the governing equa
tion ( 4.37) yields an algebraic equation for each interior point, which we denote 
by 

a"!~T!'~ = "'anK+TKn+ + "'anK-TKn- + a':'-:-T!'-: + b (4.49) 
I,J I,J L...." L...J 11J 11J ' 

K K 

where the subscript K denotes summation over the eight neighboring nodes, i.e. 
K E {(i+ 1,j), (i+ 1,j + 1), (i,j + 1), ... , (i+ l,j -1)}, and the coefficients aj't, ai(
are the corresponding weighting factors on two consecutive time levels, containing 
the metric information, which, in our case of steady grids, happens to be time 
independent ai(+ = ai(-. For simplicity we use the Euler explicit scheme ( T = 0), 

' n+ 0 d n+ 0 meanmg a K = an a1,; = 
n+ n+ L n- n- n- n- b a· · T· · = aK TK +a· · T· · + . I,J I,J I,J I,J (4.50) 

K 

The resulting set of equations is easily solved. The ditfusion term contains contribu
tions from cross-derivatives (i.e. terms containing g12 in Eqs.(4.42 and 4.43) which 
may be of either sign. Therefore, they could destroy the diagonal dominanee if their 
magnitude beoomes too large (e.g. due to excessive departure from orthogonality). 
Several improvements are possible; 

• these contributions could be lumped into the term b 

• tal<ing smaller time-steps will help restoring diagonal dominanee 

• application of a more impHeit scheme (r > 0) 

We will use the Euler explicit scheme, since it is easy to implement and gives us the 
second option mentioned above automatically. 

4.3.3 Boundary conditions 

As possible boundary conditions two kinds may occur in principle, i.e. the Dirichlet 
condition (T = To), and a generalized form of the Neumann condition, i.e. the flux 
in a specified direction (not necessarily normalto the boundary) is prescribed. The 
fust kind of boundary condition is very simple to implement 

T;J = To(Ó, at specified boundary nodes. (4.51) 

The second kind of boundary condition, i.e. specified flux in a particular direction, 
. may be written as 

j w · >.VTdA = qw, (4.52) 
A 

where qw is the prescribed flux in the direction of unit vector w. If we denote the 
unit vector w by 
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evaluation of Eq.(4.52) yields 

[( WtY11 - w2x'~) Te + ( w2xe - WtY~) T11 ] .X p;;l dçi = q"" (4.54) 

with (i = 1, 2) and (j = 2, 1), on boundaries on which e, 1f is constant, respec
tively. First partial derivatives are evaluated in the same way as in Eq.(4.41). The 
conventional N eumann condition is a special case, i.e. w = ii 

(4.55) 

which will result in Eq. ( 4.41). In our application, the flux is allowed to enter or lea.ve 
the basic cell in the direction of; only, of determining the effective conductivity. This 
condition implies suppression of the flux in the direction of w J. s. Implementation of 
this general Neumann condition requires flux evaluations on the domain boundaries. 
The corresponding control volumes consist of only a part of the internal control 
volumes used to discretise the PDE. An example is given in Fig.( 4.18) where the 
flux needs to he evaluated at S and T, ·yielding a linear equation 

\ 

~ 
0 

s 
T 

j+l 

l0 
l0 

H 

1-1 

Fig.4.18: Points S,T where flux is evaluated. 

a;,jTi,i + L aLTL + c = 0, 
L . 

(4.56) 

where c contains the righthandside of Eq.(4.52) and the subscript L indicates the 
summation over the neighbors surrounding point (i,j). If we introduce a relaxa.tion 
parameter T to imprave the solution gradually, we modify Eq.(4.56) to 

a 'iJ T;7i+ = ai,j T;7i- - T ( ai.J T;j- + ~af TE- + c) (4.57) 

Again, the weighting factors ( containing only metric information) are time-indepen
dent due to the steady grid. 

For w being aligned to the boundary tangent, the generalized Neumann condition 
becomes a Dirichlet condition actually, with the boundary tangent coindding with 
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an isotherm (unknown heat flux perpendicular to the boundary). As the direction 
of insulation approaches the boundary tangent 

(4.58) 

The diagonal-dominance of the coefficient matrix in Eq.( 4.57) is lost, due tothefact 
that the coefficients atj and aiJ become smaller. Takinga smaller relaxation factor 
T is our preferred choice to solve the system of equations successfully. 

4.3.4 Coupling of domains 

The physical domain (a number of basic cells) is split up into single basic cells 
which consist of an upper and lower half. Each half is transformed separately to the 
computational domain which in our configuration is a rectangle. In order to conneet 
theseparate (sub )domains properly, each subdomain is extended with an extra layer 
of grid points which contains information of the immediate neighboring grid points 
of the grid in the neighboring subdomain. In this way the interface boundary points 
can be treated as interior points. 

The solution is updated point by point and domain by domain. Befare calculating 
the correction for all the interior points, the extra layer is updated to provide the 
most recent approximation available from the neighboring domains. In this way 
these extra layers account for the influence of the neighboring subdomains. 

Coupling of domains sometimes introduces special points, i.e. points which are 
surrounded by a non-standard number of neighbors, or where smooth line-segments 
are mapped on vertices and vice versa. As a matter of fact this latter situation 
already occurs in one single domain. In the mapping of each half of a basic cell, two 
slope discontinuities are mapped on a smooth line segment in the computational 
domain, as can beseen in Fig.(4.19). These special points, introduce no numerical 

Q R 

1111111111111 

Fig.4.19: Mapping of upper half cell. 

difficulties, i.e. given the discrete representation of the mapping around such a 



4.3. Numerical Computation 123 

special point, one is unable to reconstruct whether the actual physical boundary 
contains a slope discontinuity or is perfectly smooth. The actual slope discontinuity 
does not propagate into the domain, due to the smoothing properties of solving the 
set of Laplace equations to generate the grid. 

Points which require special attention are grid points which have a nonstandard 
number of neighbors. They occur as two or more basic cells are coupled, as can 
be seen in Fig.(4.20). Again we mention that coupling of cells is necessary in 

Fig.4.20: Non-standard points introduced by coupling cells. 

order to study the influence of the imposed boundary conditions, as is explained in 
the introduction. In points A, B and C the central gridpoints are surrounded by 9 
neighbors instead of the usual 5 on walls. The difficulty is not the presence of some 
kind of singularity, but rather an administrative problem. Separate treatment of 
these points is the alternative we have chosen for. Several other possibilities may 
be thought of. For example a data structure which allows an arbitrary number 
of neighbors. The same problem occurs in point D, an interior point with a non
standard number of neighbors (12 instead of 8). For all non-standard points, just 
mentioned, one must be very careful to implement the equation of conservation of 
energy correctly (correct sign for the different contributions), which is tedious since 
on the interface different domains, each with their own orientation of the coordinate 
system, are taken into account. 

4.3.5 Integration procedure 

The surface integrals of Eq.(4.30) for the effective conductivity, are determined using 
numerical quadrature. Several procedures are possible. It is necessary to choose a 
procedure which is at least second-order accurate. This to preserve the accuracy of 
the temperature field. A higher accuracy, involving more computational effort, is 
not useful since no additional accuracy will be noticeable due to the second-order 
procedure used to solve the heat equation. 

We choose a procedure based on the trapezoidal rule, which has a global error of 
2nd_order in the integration interval and alocal error of 3rd_order. This procedure is 
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simple to implement and consistent with our bilinear interpolation of vertex function 
values 

(4.59) 

(4.60) 

For known ( smooth) metric coefficients the local truncation error in the physical 
plane is also of third order in terros of !:l.x and !:l.y, analogous to the accuracy 
considerations in section 3.6. 
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4.4 Results 

In this section the results are presented of the determination of the ratio e of the 
effective conductivity to the conductivity of the plate material, i.e. 

~ 
e=--

Àbrass 
(4.61) 

The surface-averaging concept explained in section 4.2 is used. 
First of all, we campare our numerical results with the analytica! results of 

Perrins [Per79], for the cell shown in Fig.( 4.21 ). This cell is subject to a horizontal 
heat flux. To study the influence of the direction of heat flux on the effective 

Fig.4.21: Cell used by Perrins. 

conductivity, we defined a new basic cell. Comparisons are carried out between 
results for the cell of Perrins and results for the new basic cell. Furthermore, the 
direction-dependency of the effective conductivity is exa.mined. 

For the treatment of one basic cell we are forced to make assumptions with 
respect to the boundary conditions for the temperature distribution, i.e. the rea.l 
physical situation is to be approximated. The influence of this approximation will 
he shown by coupling a number of basic cells so that the heat flow is simulated 
in an increasingly larger part of the plate. Since now the former edge is within 
the interior of the domain, the temperature distribution along the former edge can 
be compared with the temperature distribution imposed as boundary condition. If 
there is a considerable difference, it will he noticable as a difference in the effective 
conductivity. As a final check, results for a completely embedded 'Perrins cell' are 
compared with analytica! results obtained from a model without influences from the 
boundary. 

Numerical results are validated by comparison with experimental results for the 
burner plate. The temperature at a discrete number of positions and the a.mount of 
heat transport is predicted. From these data. the effective conductivity is obtained. 
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Finally, the infiuence of the plate structure on the effective conductivity is inves
tigated by varying the radius of the circular holes in Perrins' analytica! results. From 
these results an upper limit for the radius can be given which shows the maximum 
deviation of the conductivity from the isotropie value. 

4.4.1 Analysis 

The hexagonal structure of circular holes is described by Perrins [Per79] as circles 
of radius a. For ease of comparison we will adopt the same nomenclature. Unit 
distance between neighboring circles is assumed. The conductivities of the circle 
material and of the surrounding plate material are specified by their ratio a . The 
ratio e of the effective conductivity to that of the plate material is to be determined. 

In our particular situation we have circles of radius a = 0.4 and the ratio of 
conductivities being zero a = 0, since the circles are insulated regions. 

From Perrins' analysis, it follows that the ratio of the effective conductivity is 
e = 0.2641, fora heat flux constrained to the horizontal as wellas for one constrained 
to the vertical direction. 

H the varia.tion of e with the direction of the prescribed flux is negligible (i.e. 
smaller than 1 percent for our purposes ), we may treat the cell as being isotropie in 
practical situations, i.e. for tempera.ture measurements. 

Numerical calculations are performed on grids of different grid point density. 
The topology of the grid is shown in Fig.(4.22). Two of them are coupled point-

Fig.4.22: Grid and isotherms for Perrins cell. 

symmetrically around the center of the cell. 
From the calcula.ted temperature distributions the (relative) effective conductiv-

. ity eis determined according to the surface-averaging procedure explained in section 
4.2. Results are given in Table(4.1). Within the range of the approximation error 
tbe predicted effective conductivity is in agreement with the ana.lytical result very 
closely. For finer grids tbe numerical approximation approaches the analytica! 
result. The dimensions of the grids migbt seem somewhat strange at first sight. 
However, they are chosen tomeet two important requirements as good as possible. 
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Table 4.1: Results for Perrins' cell with fanal. =0.2641 

Firstly, the grid point densities in both directions must be comparable in order to 
prevent the control volumes to possess a too high aspect ratio. Secondly, results for 
Perrins' celland those for the hexagonal basic cell must be compared. In order to 
enable the latter, both grids should be as equal as possible. This is satisfied best 
by taking the number of elements along the boundary A-B half of the number of 
elements along B-C. 

The ratio of the number of grid points in the two directions should be kept the 
same if the 2°d·order reduction of the approximation error is to he investigated. 
Since the generation of a refined grid implies a different ratio, the numerical ( trun
cation) error does not exhibit the 2nd_order reduction property that might have 
been expected. 

In view of the numerical error and the required accuracy of 1%, we will use a 
grid point distribution corresponding with the 16 x 8 grid, i.e. 16 circumferential 
and 8 radial grid points, for the configuration given in Fig.(4.22), which agrees with 
a 32 x 8 grid for each half basic cell used in the next section. 

4.4.2 A new basic celland the influence of the flux-direc
tion 

The cellof Perrins is not suited for imposing a flux in an arbitrary direction, because 
the temperature is undefined in the interior of the circles (insulations ). Furthermore, 
Perrins' cell is not a basic cell according to the definition of section 4.1, i.e. the 
entire structure cannot be built up by pure translations of this cell, because folding 
operations arealso necessary. We have seen insection 4.1 that a cell with which the 
entire structure can be built up by pure translations of that cell is an appropriate 
basic cell. 

Therefore, we define a new (basic) cell which is hexagonal and is presented in 
Fig.(4.23). The hexagonal domain is split up in an upper and lower part, which 
are images of each other. For each part (sub-domain) a grid is generated with 
comparable point density (31 x 8) to give results of the same accuracy as obtained 
for Perrins cell. 

The insulated circles are enclosed in the matrix material so that the temperature 
can be calculated everywhere on the cell-boundary. The result for the hexagonal 
basic cell is presented in Table( 4.2) for a (31 x 8) grid and for flux directions from 
4> 0" to 30°. 
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Fig.4.23: New basic cell: grid and isotherms ( tP = 20°). 

tP [degr.] E 
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Table 4.2: Results for E for different <fo-values. Grid 31 x 8, fanal=0.2641 

The flux direction is changed only in the range 0° :5 tP :5 30°, because of the 
symmetry properties of the cell. Differences may he caused by the fact that for 
the new basic cell the boundary conditions do not reflect the physical situation 
exa.ctly. From Table( 4.2) it ma.y he concluded tha.t the variation in E for various 
flux directions is of no practical importance, since the effective conductivity remains 
within the range of the computational accuracy. 

Note that for each type of material (insulated regions included) integration is 
to be performed over the contours defining the region occupied by that specific 
material.For the basic cell given in Fig.(4.23), integration is performed for the plate 
material along the outer hexagonal boundary and the inner circular boundary, while 
for the insulated hole integration is performed only over the inner circular boundary. 
Note that although insulated regions do not contribute to the numerator (Àt = 0), 
they certainly do so to the denominator. 

Note the increasing agreement between numerical and analytica! results with 
increasing rP· This may he explained partially by the decreasing influence of the 
inexact boundary conditions. As explained in section 4.2 only contours projected 
in the flux direction will contribute. For tP = 0°, all non-horizontal contours do 
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contribute. It is on these same contours that assumptions are made with respect 
to the physical boundary conditions. For 1/J = 30°, all contours contribute, but the 
contributions of the two opposing contours coinciding with isotherms (which are 
exact physical boundary conditions) dominate the contributions from the remaining 
con tours. 

4.4.3 Inftuence of boundary conditions 

For Perrins' cell subject to a horizontal or vertical heat flux, exact boundary con
ditions are formulated, leading to the analytica! exact results as mentioned earlier. 
The new basic celland its boundary conditions (prescribing the flux direction) are 
not in agreement with the exact physical situation, even in the partienlar flux di
rections of Perrins. Therefore it is necessary to check if the boundary conditions, as 
we have formulated in section 4.2, are suited for the determination of the effective 
conductivity. 

To do so, we couple an increasing number of basic cells to form an increasingly 
larger part of the actual structure, thereby approximating the physical situation 
closerand closer. Calculations (for a horizontal flux direction) are performed for up 
to 4 basic cells, arranged as shown in Fig.(4.24), employing (31 x 8) grids. The 

Fig.4.24: Four coupled basic cells ( 1/J = 0°). 

computed effective conductivity is given in Table(4.3). These results are obtained 
from the integration over all cells including more and more holes which can be seen 
as disturbances in a field of constant heat flow. Integration over all cells implies a 
kind of averaging over the basic cells involved. At first sight an alternative wou1d 
be integration over the same single basic cell every time, which is embedded in an 
increasingly larger part of the hurnerplate. This strategy will only produce satis
factory results if the number of cells is large, this to insure that the local boundary 
conditions of the basic cell under consideration are to be in reasonable agreement 
with physcial reality. From Tahle (4.3), no relevant influence of the number of cells 
is observed, suggesting a satisfactory formulation of the houndary conditions. We 
already forsaw, the success of the hexagonal as basic cell in section 4.2. There it 
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nr.of cells f 1~1 •,.n,.J 
1 0.2623 0.0070 
2 0.2617 1 o.oo9o 
3 0.2617 0.0089 
4 0.2617 0.0089 

Ta.ble 4.3: Results for f for up to 4 cells. Grid (31 x 8), ~ = 0", fanal=0.2641 

was sta.ted tha.t the smallest cell possible which structure can he used to build up 
the entire strucure by repetitive shifting that cell, will exhibit the same effective 
conductivity as the entire structure. 

As a last check we will consider the 4 basic cells with a horizontal heat flux 
(</I= 0") allowed at the bounda.ries. Note that in the center a Perrins cell can be 
distinguished which is completely embedded. The conductivity ca.n only be esti
ma.ted, since for this Perrins cell we need the tempera.ture on the entire bounda.ry 
(including the part of the vertical bounda.ries which are lying in the insulated cir
cula.r regions). Since we cannot determine any temperature inside an insulation we 
assume that these vertical bounda.ries coincide with isotherms. This assumption is 
only exact if we have an infinite number of Perrins' cells. In our situation of only 
4 hexagonal basic cells, vertical boundaries of Perrins' cell do not exa.ctly coincide 
with isotherms. 

For this particula.r cell the conductivity is found to be e = 0.2613, which is still a 
reasonable estimate after all. At this point we conclude that the hurnerplate may he 
treated as being uniform and isotropic. This allows modeling of radial conductive 
heat transport using the uniform heat conduction coefficient. 

4.4.4 Infl uence of edges 

For a practical prediction of heat conduction we note that the hurnerplate is almost 
completely built up out of hexagonal cells, except for a few incomplete cells at the 
plate edge. The infl.uence of these edge cells is not stuclied but may he assumed 
to he of minor importance, since the edge is only a fractional part of the complete 
burner plate and because it is assumed that tbe conductivity of this part will not 
he different by orders of magnitude. 

This minor infl.uence may he made clear as follows. In practice, tbe burner plate 
transports heat from the center of the plate to the edges which are kept on a constant 
temperature by forced cooling. The plate is split up in two concentric parts, i.e. a 
'perforated zone' built up from hexagonals exclusively and a 'edge zone' consisting of 
incomplete cells, as shown in Fig.( 4.25). Note that the isotbermal edge of the burner 
plate does not contribute to the contour integrals directly because the projected 
contours cancel. However, its infl.uence is indirectly noticeable because it affects the 
temperateat the interface of the 'edge zone' and tbe 'perforated zone'. If the 'edge 
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edge 
zone 

Fig.4.25: Zonal parts of the burnerplate. 
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zone' is a good conductor and if it is small enough, its infiuence will presumably 
be small. The ideal situation would be a perfect conductive or infinitely small 
'edge zone'. In both cases the application of the isothermal boundary conditions 
T = 0 at the boundary of the 'perforated zone' would be exact. The determination 
of the effective conductivity from accurate experiments could verify the present 
assumption of minor infiuence of the edge of the burnerplate on the predicted value 
of the effective conductivity. 

4.4.5 Experimental validation 

Besides numerical investigations, two experimental methods described by Thung 
[Thu92] have been used to verify the numerical results found so far. Here, we will 
discuss these two experimental techniques. 

In the first method a plate which consists of three concentric zones is observed. 
The center and outer zones are unperforated solid brass zones enclosing a perfora.ted 
annular zone. The center is heated causing heat to be transferred by conduction 
through the perforated zone outward to the edge of the plate which is cooled uni
formly. From measured temperatures at appropriate radii in the two unperforated 
zones the heat flux entering and leaving the perforated zone are determined. Solving 
the energy conservation law for the perforated zone providesus with an effective con
ductivity e. Repeating this experiment in different radial directions would indicate 
a possible anisotropy by variation in e values. 

From the metbod the effective conductivity in each radial direction is found to 
be 0.260 :::=; e :::=; 0.274, a variation of about 5% due to experimental accuracy. These 
results are in sufficiently close agreement with the numerical value of e l=::j 0.264. 

The basic principle of the secoud experimental metbod is to obtain the effective 
conductivity from the amount of conducted heat transferred from the edge of the 
plate to the center of the actual burnerplate. Therefore, the plate is heated at its 
edge with hot water and caoled by the gas flowing through the perforations. The 
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conservation law of energy providesus with a PDE with an assumed ~ value. Fitting 
the computed temperature distri bution to the temper at ure obtained experimentally, 
with ~as fitting parameter, will result in an effective conductivity. From the exper
iments the {relative) effective conductivity is found to be 0.257 S E S 0.471. The 
large f values are found for the higher gas veloeities which obstructs a complete heat 
exchange between the gas and pla.te. The latter is assumed in applying the conset
cation law of energy used. For lower gas velocity values the effective conductivity is 
in good agreement with our numerical results. 

From the above discussion we may conclude that the numerical results are con
firmed by the two experiments. 

4.4.6 Intluence of cylinder radius 

An interesting parameter which has infl.uence on the direction dependency of the 
conductivity is the ratio a of the circle radius and half the distance between two 
a.djoining circles. Larger values of the parameter a indica.te larger drcle radii, im
plying a larger region occ).lpied by the insulated circle material. The heat flow will 
be forced through an increasingly smaller passage between the circles. Therefore it 
might be assumed that any anisotropic behavior will appear for larger values of a. 

From Table( 4.4 ), showing the relative effective conductivity obtained analytically 
for Perrins' cell in horizontal and vertical direction, it can beseen that within our 
specifications anisotropic behavior occurs for values a > 0.48, which corresponds 
to a. circle radius of 96% of its maximum value, i.e. the radius for which circles 
touch (a = 0.5). For our purpose, tha.t is temperature measurement, consiclering 

a f., Eli 1(";:'"1 
0.40 0.2641 0.2641 0.0000 
0.45 0.1470 0.1470 0.0000 
0.48 0.0747 0.0745 0.0021 
0.49 0.0480 0.0471 0.0173 

Table 4.4: fin horizontal (x) and vertical (y) direction for several a-values according 
to Perrins. 

the bumerplate with a = 0.4 isotropic, will do perfectly. Furthermore, a perforated 
bumerplate with a > 0.48 is very difficult and therefore very expensive to manu
facture. Numerical verification and computation for different flux directions make 
a. different grid topology necessary to prevent the control volumes to beoome ex
tremely elongated in the narrow passage, where the two circles approach ea.ch other. 
Consequently, a.dditional computations are not relevant in our situa.tion and do not 
give any extra useful informa.tion. 
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4.4. 7 Conclusions 

From the results obtained in this chapter, we conclude that for the perforated plate 
(a = 0.4) the relative effective conductivity is e ~ 0.264 with a direction dependency 
which is negligible ( < 1 %) for the present purpose of temperature measurements. 
Consequently we may treat the burnerplate as consisting of a homogeneaus and 
isotropie material with ~ = eÀbrass. 

The method presented to determine the effective conductivity of a composite 
is based on the method of Rayleigh [Ray92]. This methad is applied to very spe
cific geometries and particular flux direction [Ray92, Per79]. In this chapter the 
methad is extended to determine the effective conductivity in arbitrary flux direc
tions. Moreover, no geometrie restrictions have to he considered as long as insulated 
regions are embedded in conductive regions. In comparison with the method of de 
Vries [Vri52] which does not allow any insulated parts at all, the present method 
provides an important extension of the class of composites that can he treated. 

Furthermore, the method presented is not limited to the prdiction of the con
ductive property of any composite but is also applicable to the determination of 
any effective, material dependent transport property, such as the electrical conduc
tivity, the dielectric permittivity, the Lame constant or any other of the analogous 
quantities listed by de Vries [Vri52]. 
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Appendix A 

Fundamental transformation 
relations 

Many extensive presentations of general transformation relations between two co

ordinate systems can be found in the literature [Tho85, Lei74, Flü72], using basic 
concepts of differential geometry and tensor analysis [Spi59, Bri64, Mis73, Con47, 
Law67]. It is assumed that the reader is familiar with the most elementary concepts. 

In this appendix basic transformation relations which are often used will he 
developed. 

A.l Base veetors 

In general, a 3D curvilinear coordinate system (ei, i = 1, 2, 3) may be thought of 
as the space curves formed by the intersection of surfaces on which one of the 
coordinates is constant. These curvilinear lines are the coordinate lines. The 

~I 

Fig.A.l: Covariant base-vectors. 

position vector r is then defined by a set of three numbers 

(A.l) 
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The tangents to the coordinate lines are the covariant base veetors 

{i=1,2,3} 

which, in genera!, are different in each point. An exarnple is given in Fig.(A.l). 
Coordinates used as subscript indicate partial differentiation with respect to tha.t 
coordinate, unless stated otherwise. The index i indicates the coordinate nurnber 
which takes the values from one to the number of dimensions.Besides these (tangent) 
covariant baseveetors a second set of natura! baseveetors can be defined, i.e. the 
veetors normal to the coordinate surfaces on which the coordinate e• is constant as 
is shown in Fig.(A.2) These contravariant baseveetors are defined by 

Fig.A.2: Contravariant basevectors. 

b' = lim e'(r + dr')- e'(r') -vei 
dr ..... o ldr'l - · (i=1,2,3) 

Note the similarity between Eq.(A.l) and Eq;(A.l). From Figs.(A.l) and (A.2) it 
can also be seen that both sets of baseveetors are parallel if the coordinate system 
is an orthogonal system. Furthermore, the t~o sets of baseveetors are identical if 
the magnitudes of the baseveetors arealso the sarne, which happens to he true for 
any orthonormal coordinate system. The coordinate index i is a superscript bere to 
distinguish these contravariant basevector fror:h the covariant basevectors. 

An arbitrary vector v may he written in general coordinates as 

v = 1ib, (A.2) 

= v;b•, 

dependent which set of baseveetors is chosen. Note the application of the Einstein~ 
convention, i.e. summation is to he performed for each corresponding pair of super
and subscript. 



A.2. Differential elements 137 

A.2 Differential elements 

Relations for infinitesimal increments of differential quantities such as are length, 
surface and volume, are necessary to derive differential formulations of the basic 
conservation principles. The general differential increment of a position vector ris 

given by 

The are length of this position increment satisfies 

(ds)2 ldr'J2 
= 'b; . 'bjaei aej 
= 9iiaei ae, 

where 9ii are the components of the covariant metric tensor, 

(A.3) 

(AA) 

(A.5) 

which is symmetrie. Analogous to the covariant metric tensor, the contravariant 
representation of the metric tensor is defined by 

(A.6) 

Some important well-known [Gra85] relations between the co- and contravariant 
baseveetors are 

b;. bi c5{ (A.7) 

I% I lgij 1-1 = Jg. (A.8) 

b x b I J ylgbk (i,j ,k) cyclic (A.9) 

where, x represents the cross- (vector )product. An increment of area dAi on a surface 
on which the coordinate e is constant is given by 

I bi x bkldçi dçk 
V91 bi I açi ae, (i=1,2,3), (i,j,k) cyclic. 

using Eq.(A.9). An increment of volume dV is given by 

dV 

using Eqs.(A.9) and (A.7). 

(A.lO) 

(A.ll) 
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A.3 Space derivatives 

Expressions for the spa.ce deriva.tive operators in volving the nabla operator V, can 
he obta.ined by applying the divergence theorem to a differential volume element 
bounded by fixed coordinate surfaces 

I v . v;av = 1 iï. wdA, (A.12) 
V A=BV 

fora well-behaved vector field w yielding 

1 v. v;.;gaeaeae = (A.13) 
V 

3 

E I (bi x 'h~o). waëae~o- 1 (bi x 'bk) . waëae", (i,j,k) cyclic 
i=l A~ A~ 

where A~ and A~ indicate the element sides of constant Ç; at larger and smaller 
values of e. Evaluating the limit a.s the volume approaches zero yields 

(ij,k) cyclic. (A.14) 

For excluding w from the parenthesis [ ], it is necessary to consider the important 
fundamental metric identity 

3 

= L[r~j x fé·l~· (A.15) 
i=l 

3 3 

= L rçi~' x re• + E fêi x fê•e•· 
i=l i=l 

and since (i,j, k)are cyclic 
3 3 

= E rçie' x fê• + E rek x fê•çi 
i=l' i=l 

3 3 

= E re,e• x rek E re•ei x re• 
i=l i=l 

3 

E[6j x ;;kle• = (A.l6) 
i=l 

Using this result for Eq.(A.l4) yields 

(ij,k) cyclic, (A.l7) 

For the nabla operator we can write 

(A. IS) 
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which can be deduced from Eq.(A.17). This formulation is called the non-con
servative formulation. Using the fundamental metric relation c.f. Eq.(A.16), tbe 
nabla operator can also be written as 

(A.19) 

The latter is called the conservative formulation. This nomendature becomes clear 
if we reeall that the quantity (bi x b~o) · w represents a flux through the increment 
of surface area dAi. The diiference between the two forms is that the area used 
in numerical representation of the flux in the conservative form, Eq.(A.19), is the 
area of the individual sides of the volume element. In the non-conservative form, 
Eq.(A.l8), the area at the center of the element is used. For discretization methods 
like the Finite Volume or Finite Diiference method, the conservative formulation 
seems to be the more favourable numerical representation of the flux through the 
element surface, since it gives the telescopic collapse of the flux when the diiference 
equations are summed over the field. 

Chosing between these two formulatiÓns can be looked u pon as making the choice 
for starting with the closed surface integral in the divergence theorem to obtain the 
conservative form, while starting with the diiferential form of the theorem yields the 
non- conservative form. 

For the diiferential operators below, applied to a scalar field w or a vector field 
w, the non-conservative form of the nabla-operator, Eq.(A.l7), is used. 

• gradient: 

• divergence: 

• curl: 

• laplacian: 

V 2w = ;;•. [bi[w](i]ç~ 

= b' · bi[w]eoei + b' · [bi](;[w](.i 
= g'i[wJN:.i + (V'2Çi)[w]~.i 

A.4 Time derivatives 

The total time derivative of a scalar w is given by 

dw 

dt 

(A.20) 

(A.21) 

(A.22) 

(A.23) 

(A.24) 
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H we choose a cartesian reference coordinate system (x), the time derivative yields 

(fJw) · .. (fJw) :.. .. - +x·Vw= - +{·Vw fJt I fJt ( (A.25) 

where the subscripts z,(indicate a fixed position in t~e cartesian system and in the 

curvilinear system, respectively. The veetors !i and ( indicate the velocity of the 
observer in the cartesian and curvilinear system, respectively. The nabla operator 
V is to he evaluated in the appropriate coordinate system. From Eq.(A.25) a very 
convenient formulation can he obtained to perfarm calculation of transient phenom
ena on fixed curvilinear positions, by substitution of ( = 0. After this substitution 
Eq.(A.25) yields 

(A.26) 

The right-hand side consists of the partial time deriva.tive at a fixed position in the 
curvilinear system (subscript{), which is corrected for movement of the curvilinear 
system relative to the cartesian system ( ii). So, calculation of transient phenomena, 
even with a time- dependent curvilinear system can he performed with discretisation 
of space on fixed curvilinear positions. Eq.(A.26) is rewritten as 

(wt)l = (wt)t- !i· Vw (A.27) 

in order to he consistent with the notation introduced earlier 

A.5 Convective transport 
The last term of Eq.(A.27) is a correction term due to movement of the curvilinear 
system relative to the cartesian system. This term may be seen as a convective 
contribution, which will interact with the physical convection. Therefore, we will 
consider the convective transport of the scalar w 

(w1)t+V·(t1w) = (wt)(-ii·Vw+V·(itw) 

= (w1)t+ (V· l}w +V· ([t1- ii]w) (A.28) 

This convection equation consists of three terms: the first term represents the un
steady part on a fixed position in the curvilinear system due to the transient behavior 
of the scalar field w, the secoud term represents the contri bution due to the dilata
tion the volume element. The last term is the net outward flux through the faces of 
the moving volume element. To collect the first two terms we will substitute 

v. !i = b'•. [liJ(• 
= bj·b; 

3 1 .. .. ..; 
= E rn<b; x b~o. b,) 

i=l vU 

= (v'§)t 
v'ü 

(i,j,k cyclic) 

(A.29) 
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in Eq.(A.28), which yields 

1 - . 
../9( ..füw )1 + V · ([u- x]w) (A.30) 

where the subscript {, indicating a fixed position in the curvilinear system, is omit
ted. Substitution of Eq.(A.l9) for the nabla-operator will result in 

(A.31) 

which expresses the conservation of the quantity ..f9w transported by convection. lt 
is easy to recognize the unsteady (first) termand the net flux (second term) through 
the volume-faces. 

A.6 The transport equations 

To be able to use general curvilinear coordinates for solving general transport prob
lems, the governing equations have to be evaluated in the general curvilinear coor
dinates. Most of the transformation relations are already explained in the previous 
sections. The general transport equation of a scalar field w reads 

(8w) - - -fit x +V·(uw)-V·(rVw)-S=O (A.32) 

where the subsequent terms repreaent the unsteady part, the convective contribu
tion, the diffusive con tribution and a source. The only difference with the convective 
part Eq.(A.28) is the diffusive contribution and the souree term. We rewrite these 
terms similar to Eq.(A.30). Substitution of Eq.(A.l9) for the nabla operator yields 
for the diffusive part 

V. (rVw) 

(A.33) 

For the souree term we write 
1 

S = ..j9 (..j9S) (A.34) 

Substitution of Eqs.(A.30),(A.33) and (A.34) into the transport equation yields 

(A.35) 

expressing the conservation of the quantity ..;gw. This equation could also be ob
tained if the integral formulation of the conservation equations 

{A.36) 
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would have been used as point of departure, since evaluation of the volume integral 
a.ccording to Eq.(A.ll) yields a.n equivalent of Eq.(A.35), i.e. 

[ {(viw), + 6• ·[la- &,ygw- r [vibiw]ejle,- ygs} cJe1dedç3 = o. (A.37) 
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Operators for Series 

Some basic algebraic operators for 2D-series are derived, i.e. summation, product, 
differentation and division. Basic 2D series are denoted by 

00 00 

A = 'E 'E a;,; ae' d17i 
i=O j=O 

in the sections below. 

B.l Summation 

The easiest operator for series is the summation 

C = aA+/38 

Substitution of Eq.(B.l) and recollection of equal powersof de'd17i yields 

00 00 00 00 00 00 

E E ( ct,j) de dqi = aLL (ak,!) dekd1]1 + /3 L L (bm,n) dfnd!]n 
i=O j=O k:O 1=0 m=O n=O 

00 00 

E E < aa;,; + f3b,,j) de' d"'i 
i::O j:O 

The coefficients c;,j of the sum C satisfy 

Ci,j = aa;J + {3b;,j for (i,j = 1,2, ... ,oo) 

B.2 Product 

The product C of two series A and B according to 
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(B.l) 

(B.2) 

(B.3) 

(B.4) 

(B.5) 

(B.6) 
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satisfies 
()Q ()Q 0() 00 (X) (X) 

E E (Ci,i) dëd11.i = E E (ak,l) dçkdq1 * E E (bm,n) tJemd71" (B.7) 
i=Oj=O k=O 1=0 m=O n=O 

00 00 00 00 

= E E E E (ak,l * bm,n) de"+md'll+n 
k=O l=O m=O n=O 

Collecting equal powers of de'd'l.i implies that k + m = i and l + n = j. Rewriting 
the right-hand side of Eq.(B. 7) yields 

oooo oooo(i i ) 
~E(Ci,i)de'dqi = ~E Et;(a",,*b,_,.,j_,) dÇ'd~ (B.8) 

which yields for the series expansion of the product 

CiJ = (t É(ak,l *bi-kJ-I)) 
lt=OI=O 

(B.9) 

B.3 Di:fferentiation 
Substitution of Eq.(B.l) in the mth derivative of the series A with respect to Ç and 
the nth derivative with respect to '7 1 i.e. 

C = er+" A ( ) 
fJÇméJqn B.lO 

yields 

(for m :5 k,n :51) 

Collecting equal powersof de'dq.i with k-m= i and l- n = j results in 

""(. ·)·uid..J = "" e+m. J +n. . . dt'd i 00 00 ()Q ()Q ((' )'(. )' ) 

,t..., ,t..., Ci,J ..._ 'I ,t..., ,t..., 'I 'I a,+m.J+n .. '1 
i=O j=O i=O j=O ~. J' 

The coefficients of the derivative C satisfy 

(i+ m)! (j + n)! 
Ci,j = 'I ., ( a;+m,j+n) z. J. 

B.4 Division· 

(B.ll) 

(B.l2) 

(B.l3) 

Division of two series is equal to the product of the series in the numerator with 
the reciprocal of the series in the denominator. To be able to divide two series, the 
redprocal of a series is to be determined 

(B.l4} 
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This is performed by recalling tha.t the product of a series with its redprocal is one 

(B.15) 

where I is the series representation of one, i.e. 

(B.l6) 

where ~?;;0 represents a. 20 Kronecker delta., having value 1, if i= 0, and j = 0 and 
0 otherwise. 

For ease of notation, we introduce a different nota.tion for the bounded summa.
tion. Wedefine V[i,j] as thesetof pairs of indices (k,l) ranging from 0 :5 k :5 i and 
0 :5 l 5 j. The conventional summation is denoted by 

(B.17} 

Furthermore, wedefine V[i,j] repreaenting the set V[i,j] minus the pair of highest 
indices (i,j). 

Now, we concentrate on the determination of the coefficients e;,; of the redprocal 
series C. After substitution of Eq.(B.l6) in (B.9) it follows with Eq.(B.15) that 

l: ck,l * a;-lc,j-1 
(k,t)eV[i.i] 

c;,; * ao,o + l: Clc,l * a;-lc,j-1 

(lc,l)eil[i,i] 

From this, the coefficient C;,j can be deduced as 

i"··=-1-(~0'0 - " C1c1*a· L' 1) "-'tr) $tJ "'-' 1 J-A;,J-

ao,o (k,l)eil[i,j] 

(B.l8) 

(B.19) 

~ote, that the coefficient c;,i only depends on lower order coefficients c~e,t with ( k, l) E 
V[i,j]. Therefore, these coefficients are determined successively for increasing order. 
It may be clear that in a root, i.e. a0,0 = 0, the redprocal is not defined. 
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Summary 

Starting point of this thesis is the determination of heat transport in 2D solid boclies 
in a flexible and efficient way. The solid boclies are, in genera!, complex shaped. 
Important aspects of this category of problems are 

• the charaderistic (relative) 'smooth' temperature. 

• the complex geometrie configuration of the bodies. 

• the heterogeneaus composition of the bodies. 

In Chapter 1 the principles of heat transfer and some related numerical aspects 
are concerned. In Chapter 2 the Taylor-series metbod is presented as discretisation 
technique to solve differential equations numerically. 

Besides the usual elementlength, the order of approximation of the discretisation 
scheme is an extra degree of freedom. The influence of both parameters on the 
'efficiency', expressed as required computing time, is stuclied qualitatively as wellas 
quantitatively for a number of testcases. ' 

The error of the numerical approximation is easily estimated and an optima! tun
ing of both parameters is possible to achieve a prescribed accuracy of the salution at 
a minimal cost of required computing time. The position of this tuned combination 
is also dependent on the kind of problem to be solved, i.e. the type of differential 
equation and the specification of the corresponding boundary conditions. It is shown 
that solutions of relative 'smooth' problems can he found numerically efficient by 
using a high-order discretisation scheme and relative few elements, especially for 
high accuracy demands. 

This discretisation technique is generalized in Chapter 3 to solve problems of the 
aimed category of 2D heat transport problems. 

A very important aspect in this generalization is the required fl.exibility to dis
cretize the differential equation on a large variety of shapes. For that reason, Body
Fitted-Coordinates (BFC) are introduced. In concept, this implies the determination 
of a coordinate transformation in such a way that the edges of the (2D) boclies under 
consideration are described by lines on which one (Body-Fitted) coordinate is kept 
constant. Consequently, a complex geometry is mapped on a simple rectangular 
shape. 

As a possibility to generatea BFC-system we chose the robust method of solving 
a set of elliptic differential equations. 

147 



148 Summary 

The transport equation to he solved, is discretized on the simple rectangular 
structure in the new BFC-system. Solving the (heat) transport problem in complex 
sha.pes is thereby reduced to solving the transformed problem on a. simpler structure. 
In this wa.y, the influence of geometrical varia.tions on relevant transport properties 
is ea.sily studied, beca.use consequences of changes in the geometry are restricted to 
the generation of a new BFC-system, which is relatively simple. 

In this Chapter it is also shown that the influence of the elementsize as well as of 
the order of the discretisation scheme on the achieved a.ccura.cy and on the required 
computing time is in agreement with the conclusions of Chapter 1. This influence 
is not a.ffected by the coordinate transformation. 

In Chapter 4 the concept of BFC-systems is applicated to model the heat tran
port in a realistic complex structure. The effective conductivity of a perfora.ted brass 
pla.te is modeled by averaging detailed information a.bout the heat flux and about 
the temperature distribution. Correct accounting for the geometry, by applying the 
BFC-concept, is necessa.ry to obtain this deta.iled information. The model of the 
effective conductivity is another contribution to the efficient determination of the 
(global) heat transport in complex geometries. 

In this last Chapter the avera.ging procedure is generalized to determine the 
possible anisotropic behavior due to the geometrie complexity. 

Analytica! result, as far as ava.ila.ble, are verified by numerical results. Com
putations show tha.t the pla.te structure may he treated as being isotropie with an 
effective thermal conductivity which can be determined a.ccurately. 
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Het uitgangspunt van dit proefschrift is het bepalen van het warmtetransport in 
2D vaste lichamen op een flexibele en efficiente manier. De vaste lichamen zijn in 
het algemeen complex van vorm. Belangrijke aspecten die bij deze kategorie van 
problemen een rol spelen zijn 

• het kenmerkende (relatief) 'gladde' verloop van de temperatuur. 

• de complexe geometrische configuratie van de lichamen. 

• de heterogene samenstelling van de lichamen. 

Na een algemeen inleidend Hoofdstuk 1, waarin de principes van warmtetransport 
en enkele gerelateerde numerieke aspecten aan bod komen, wordt in Hoofstuk 2 de 
Taylor-reeks methode als discretisatietechniek gepresenteerd om differentiaalverge
lijkingen numeriek op te lossen. Deze presentatie beperkt zich tot een-dimensionale 
differentiaalvergelijkingen. 

Bij deze discretisatie-methode treedt naast de gebruikelijke elementgrootte ook 
de orde van het discretisatie-schema op als extra vrijheidsgraad. De invloed van 
beide parameters op de 'efficientie', gemeten in benodigde rekentijd, wordt zowel 
kwalitatief als kwantitatief bestudeerd voor een aantal testproblemen. 

De fout in de numerieke oplossing kan eenvoudig geschat worden en een op
timale afstemming van beide parameters is mogelijk teneinde een voorgeschreven 
nauwkeurigheid in de oplossing te bepalen tegen een minimale investering in beno
digde rekentijd. De samenstelling van deze kombinatie wordt mede bepaald door het 
soort probleem dat opgelost wordt, d.w.z. het type differentiaalvergelijking en de 
specifikatie van de bijbehorende randvoorwaarden. Aangetoond wordt dat oplossin
gen van relatief 'gladde' problemen numeriek efficient gevonden kunnen worden door 
een hoger-orde discretisatie-schema te gebruiken bij gebruik van relatief weinig ele
menten. Dit geldt met name voor hoge nauwkeurigheidseisen. 

Deze discretisatietechniek wordt in Hoofdstuk 3 gegeneraliseerd om problemen 
uit de beoogde kategorie van 2D warmtetransport problemen op te kunnen lossen. 

Een zeer belangrijk aspect bij deze uitbreiding is de gewenste flexibiliteit om 
de differentiaalvergelijking te kunnen discretiseren op een grote diversiteit aan geo
metrische vormen. Daartoe worden zgn. Body-Fitted-Coordinates (BFC) geintro
duceerd. Conceptueel betekent dit het bepalen van een coordinatentransformatie 
zodanig dat de randen van de te beschouwen (2D) lichamen worden beschreven 
door lijnen waarop een van de twee coordinaten constant blijft. Als gevolg van 
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deze coordinatentra.nsformatie wordt een complexe geometrie afgebeeld op een veel 
eenvoudigere rechthoekige vorm. 

Als mogelijkheid om een BFC-systeem te genereren wordt gekozen voor de ro
buuste methode van het oplossen van een set elliptische differentiaalvergelijkingen. 

De op te lossen tranportvergelijking wordt vervolgens gediscretiseerd op de een
voudige rechthoekige structuur in het nieuwe BFC-systeem. Het oplossen van het 
(warmte) transport probleem in complexe vormen is nu gereduceerd tot het oplossen 
van het getransformeerde probleem op een eenvoudigere structuur. Op deze manier 
kunnen de invloeden van wijzigingen in geometrie op relevante transportgrootheden 
eenvoudig bestudeerd worden, doordat gevolgen van geometriewijzigingen beperkt 
blijven tot het genereren van een nieuw BFC-systeem, hetgeen relatief eenvoudig is. 

In dit hoofdstuk wordt ook aangetoond dat de invloed van zowel de element
grootte als van de orde van het gebruikte discretisatie-schema op de behaalde nauw
keurigheid en benodigde rekentijd overeenkomt met de eerder geconstateerde resul
taten uit Hoofdstuk 1, en dat deze invloed niet aangetast wordt door de coordinaten
transformatie. 

In Hoofdstuk 4 tenslotte, wordt het concept BFC-systemen toegepast om het 
warmtetransport in een realistische complexe structuur te modelleren. Het effec
tieve geleidingsgedrag van een geperforeerde messing plaat wordt gemodelleerd door 
detailinformatie over warmtestroom en over temperatuurverdeling op een geschikte 
manier te middelen. Dit model is een verdere verbetering om het (globale) warmte
transport efficient te bepalen. Voor het verkrijgen van deze detailinformatie is cor
recte verwerking van de geometrie noodzakelijk. 

In dit laatste Hoofdstuk wordt tevens de middelingsprocedure gegeneraliseerd 
om de mate van anisotropie vast te stellen, welke veroorzaakt wordt door de geome
trische complexiteit. 

Numeriekeresultaten verifiëren de analytische resultaten voor zover beschikbaar. 
Berekeningen tonen aa.n dat de structuur als isotroop materiaal beschouwd mag 
worden met een nauwkeurig te bepalen effectieve thermische geleidingscoefficient. 
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behorende bij het proefschrift van 
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I 
Een kwalitatieve beoordeling van numerieke discretisatietechnieken kan niet vol
ledig zijn indien uitsluitend objectieve maatstaven als criteria gehanteerd worden. 

II 
Bij de ontwikkeling van programmatuur voor lange termijn gebruik, dient de 
programmeur bij de keuze van een geschikte programmeertaal, zich niet te laten 
misleiden door korte termijn voordelen. 

III 
Gebruikersgroepen van fundamenteel verschillende numerieke benaderingstech
nieken neigen ertoe elkaar als concurrent te beschouwen en daarmee het gemeen
schappelijk belang van de oorspronkelijke doelstelling uit het oog te verliezen. 

IV 
Het vruchtbaar gebruik van hogere orde discretisatie methoden komt pas volledig 
tot haar recht in de specifieke kategorie van problemen waarvan de oplossingen 
voldoende 'glad' zijn. 
Dit pro•J•clri/1; Hoojdiluk !. 

V 
De uit numeriek oogpunt wenselijke eigenschap dat een grid 'voldoende glad' 
moet zijn, wordt goed weergegeven door de set van differentiaalvergelijkingen die 
het generatieproces beschrijven. 
Dit 'P'tiJt/•cl.rift; otf'ltlijking (3.11 ). 

VI 
In vrijwel elke hierarchische organisatiestructuur leidt verticale geslotenheid tot 
horizontale openheid. 



VII 
Het feit dat autorijden op gas fiscaal het zwaarst is belast, maakt uitspraken 
waarin de overheid milieubelangen benadrukt, telkenmale tot demonstraties van 
haar eigen blind zijn. 
Kentoor motorrijtuigenhluting Apeldoorn; torieven. 

VIII 
De wetenschappelijke erkenning van succesvol werk wordt niet altijd toegewezen 
aan de bijdragen die direct tot dit succes hebben geleid. 

IX 
In samenspraak met minderheidsgroeperingen wordt veelvuldig de term 'accep
tatie' gebezigd, terwijl in het gunstigste geval slechts 'tolerantie' van toepassing 
is. 
Algemene wet gelijke behandeling; Nederland .. grondwet. 

x 
Met name in de politiek wordt een niet-onbelangrijk deel van de persoonlijke 
werkzaamheden besteed aan het handhaven van de eigen positie, hetgeen au
tomatisch zou worden bereikt indien deze volledig zouden worden aangewend 
waarvoor ze zijn bedoeld, n.l. het maken van constructief en goed beleid. 

XI 
Het zogenaamde "recht" van uitsluiting wegens besmetting met het HIV-virus, 
zoals dit onlangs uit angst werd misbruikt in de biljartsport, wordt niet uitslui
tend toegepast in verenigingsverbanden. 
Volkskrant, 5 ~tptemóer, 199!). Hi~ Nieaw•, no.18, ~tpt-okt 1992, HIV Vereniging Nederland. 

XII 
Ten onrechte getuigen reclame-moeders niet van vertrouwen in de gezonde nier
funktie van hun kroost wanneer ze voortdurend hun behoefte aan alsmaar sterker 
absorberende luiers kenbaar maken. 




