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Cumulative Pollution with a Backstop 

Abstract 

In this paper we examine optimal time paths of consumption and production in a simple model 

encompassing production and consumption of a "dirty" and costlier "clean" good and a pollution stock 

that can decline over time with degradation or assimilation. with alternative specifications of the 

assimilation function. 

With positive assimilative capacity, the optimal path often (though not always) settles into a steady 

state that invol ves some continued use of the polluting commodity. Temporary banning of the polluting 

commodity is indicated in some cases, and permanent banning also arises along an optimal path when 

assimilative capacity decreases with pollution. 
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CUMULATIVE POLLUTION WITH A BACKSTOP 

IN1RODUCTION 

Environmental policymakers must address the adverse effects of a number of 

pollutants that accumulate in the environment. Examples of such concerns include toxic 

substances like PCBs and heavy metals, radioactive contamination, biological 

contaminants in water that require time to break down, water acidification, and 

stratospheric ozone depletion. For these substances, whose damages depend on the 

concentration of pollution (the accumulation of nondegraded emissions), policy must do 

more than simply address the current emissions flow. 

In this paper we examine optimal time paths of consumption and production in a 

simple model encompassing production and consumption of a "dirty" and "clean" good 

where direct unit cost of production is higher for the latter good. The two goods are 

assumed to be perfect substitutes in consumption, but the dirty good creates pollution at a 

rate that we assume is propOltional to production; the clean good creates no pollution. 

The pollution stock also can decline over time with degradation or assimilation. 1 A key 

element of our analysis is the consideration of several alternative specifications of the 

assimilation function, including the assumption that assimilation decreases with 

accumulation of pollution. This specification is especially interesting since it gives rise to 

nonconvexities that lead to multiple possible equilibria. 

Our main analytical focus is on characterizing time paths that maximize net 

surplus, including utility of consumption and pollution damages. These characterizations 

allow us to discuss various policies that might be used to help internalize long-term 

pollution externalities (those related to the stock of accumulated pollution). The 

characterizations allow us in particular to explore the conditions under which the clean 

substitute partially or fully displaces the polluting commodity along an optimal path. In 

the latter outcome, policy to internalize the externality would seek, directly or indirectly, 
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to ban the polluting commodity. Whether this should be done directly or via taxation is 

another question we address. 

We also give briefer consideration to the effects on the consumption time paths of 

imposing a phaseout constraint (a limit on cumulative production) of the polluting 

commodity beyond whatever restrictions are implied along the net-present-value 

maximizing path. The phaseout constraint could be interpreted as a response to concerns 

of unperceived hazards from pollutant accumulation (e.g., "threshold" effects in ecosystem 

degradation), or a response to difficulties in using less direct policy instruments. 

The balance of the paper is divided into five parts. In Section 2 we describe the 

general analytical framework. Sections 3-5 contain characterizations of optimal paths 

under different assumptions about pollutant assimilation. Section 6 concludes the paper 

by summruizing policy insights that can be drawn from it. 

2. THE GENERAL MODEL 

We consider the problem of maximizing 

subject to 

x = rtqb - A(x) , xeD) = Xo given. (2.1) 

Here p is the positive rate of time preference and a is the emission per unit of production 

of the polluting commodity. The instaneous utility function is U, assumed concave with 

U' (0) = 00. The pollution decay function is A We consider alternative specifications of 

A below. D is the damage function, assumed strictly convex and increasing with D'(O) == 0 

and D'( 00) = 00. The variables qa and % are the production of the non-toxic and the toxic 
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commodity respectively; ca and cb are the per unit production costs, with Cb.< Ca. Finally, 

X denotes the stock of pollutants. 

We next dedve the necessary conditions for optimality. The problem at hand is 

not a standard optimal control problem because the decay function A is not in all cases 

continuously differentiable. Therefore the necessary conditions dedved below only hold 

for those values of x for which the functions involved are continuously differentiable. The 

Hamiltonian is: 

The necessary conditions are 

U'(qa +qb)~Ca(=ca ifqa >0) 

U' (qa +qb) ~ cb -eptXa (= Cb - eptXa if qb > 0) 

X = e-pr D' (x)+M' (x) 

Define f... = -e prx. Then we can rewdte the necessary conditions as 

U' (qa +qb) ~ ca (= ca if qa > 0) 

U' (qa +qb) ~ cb +af...(= cb +af... if qb > 0) 

'J..., = -D' (x)+ (p+ A' (x»'J..., 

(2.2) 

(2.3) 

(2.4) 

The interpretation of these necessary conditions is straightforward. Condition 

(2.2) says that marginal instantaneous utility of the non-toxic commodity should not 

exceed the marginal cost of producing it. This is also the meaning of (2.3), where 

marginal costs of the toxic commodity consist of production costs plus the costs of the 

environmental damage. 
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Equation (2.3) indicates that aJ.. should be interpreted as the current-value shadow 

cost of increasing the pollution stock through current production of the polluting quantity; 

equivalently, A is the cun'ent value of reducing the pollution stock by one unit. To see 

this, integrate the expression for the change in the present value costate, A, to obtain: 

-~(t) = rt(s)ds 

= Looe -ps D'(x(s»ds + L'1:(s)A'(x(s»ds (2.5) 

The first telm in (2.5) is the present value of future damage costs from a current increase 

in the pollution stock. The second term is the present value of future change in the state 

dynamics, -A', valued at the costate -~(s) Since A = _ePt~, it follows that A has the 

same interpretation except for the change in focal date from date zero to date t. 

Before working out some special cases we introduce one fmal bit of notation. 
A 

Define A by 

(2.6) 

A 

It follows from (2.2) and (2.3) that if A > A then it is too costly to use the toxic 

commodity because its production costs plus environmental damage costs exceed the 
A 

production costs of the non-toxic commodity. If A < A then only the toxic commodity 
A 

will be produced. Finally, if A = A it may be optimal to have simultaneous production of 

both commodities. 
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3. CONSTANT DECAY 

The first case we wish to examine is where the motion of pollution is described as 

follows: 

(3.1) 

where "I is a positive constant. This type of decay is relevant if the assimilative capacity 

A(x) in (2.1) is unaffected by pollutant accumulation. This is not likely to be true globally, 

though it may be roughly correct over small intervals of x.2 This case also is a useful point 

of depruture for considering more complex assimilation functions below. 

The necessary conditions become (2.2), (2.3) and (2.4) with A'(x) == O. In order 

to have an interesting problem it will be assumed that, if the social cost of pollution would 

not be taken into account in the production decision, pollution would increase -- that is, 

the solution of U'(qb) = cb satisfies qb > l. By virtue of this assumption there exist 
ex. 

'A.* > 0 and x* such that U,(l) = cb +a'A. * and D'(x*) = p'A. * (this follows from our 
ex. 

assumption that D'(O) = 0, so that the locus D'(x) = p'A. goes through the origin). 

The locus of points where 'i.. = 0 is given by D'(x) = p'A. , which starts at the origin 
A 

and is increasing. The locus of points where x = 0 for 'A. < 'A. is found from ex.q b = Y and 

U' ('L) = cb + a'A.. Two possibilities now arise. If the assimilative capacity (y) is high, then 
ex. 

i > 'A. *; if the assimilative capacity is low, then i < 'A. *. If i > 'A. * > 0, as is depicted in 

figure 3.1, then it is optimal to converge to the unique steady state ('A. *, x *) with qb > 0 

and qa =0. 

Insert figure 3.1 

A 

If 'A. * > 'A. , as in figure 3.2, then the dynamics are more complex. 
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Insert figure 3.2 

Define x by D'(x) / p = A. If Xo > x we set qb = 0 and qa > 0 until x = x, which 

occurs in finite time. At this point we increase qb discontinuously to :r. so that x = 0, 
ex. 

while setting qa > 0 such that U,(l + qa) = cb + ai = ca. If Xo < x we have qb > 0, 
ex. 

qa = 0, and x> 0 until x = x, at which time we again have simultaneous production and 

consumption of qa and qb. The optimality of this strategy follows from the fact that the 

program satisfies the necessary conditions, from the concavity of U and -D and from the 

fact that along any alternative feasible program the stock of pollutants is bounded from 

above. See the appendix for the details. 

Assuming that A * < A , as in figure 3.1, there are several options available for 

limiting the hazard associated with pollution accumulation beyond the net-benefit

maximizing outcome described in the diagram. Lowering A * reduces x *. This can be 

accomplished by taxing qb' raising the unit cost cb. 

A more drastic approach, as discussed in Toman and Palmer (1994), involves 

phasing out the use of qb. In this case the maximization is subject to the side constraint 

(3.2) 

where So is the allowed cumulative production of the polluting product and T is some 

fixed final time (possibly T = 00). An alternative interpretation is that pollution is brought 

about by the use of raw material from an exhaustible resource (fossil fuels) and must 

eventually cease. This converts the problem to a generalized Rotelling depletion problem 

with a backstop (Heal 1976). The necessary condition for optimal qb > 0 becomes 
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(3.3) 

where \jI > 0 is the Hotelling rent The polluting and nonpolluting commodities will not 

be produced simultaneously, and the quota of allowed qb output will be depleted before 

the clean commodity is introduced unless the initial pollution stock is large; in any event, 

once production of the polluting commodity is initiated it will continue until the entire 

quantity So is used Up.3 

4. EXPONENTIAL DECAY 

As our second specification we consider the case where the rate of decay of 

pollution is proportional to the stock of pollution. This is likely to be the case, e.g., for 

radioactive substances. The accumulation of pollution is given by 

(4.1) 

Here ~ is a positive constant. The necessary conditions are (2.2), (2.3) and 

A=-D'(X)+(P+~)A (4.2) 

The cOlTesponding phase diagram is easily sketched. See figure 4.1 below. 

Insert figure 4.1 

The locus A=O is given by A = D' (x) / (p+ ~), which starts at the origin and is 

increasing in x. The locus .x = 0 for A < i is given by aqb =~, U' (~ ) = cb + aA. In 
a 
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the figure it is assumed that the two loci have a point of intersection (J.. *, x * )for some 

A 

"A. * < J... In that case it is optimal to converge to the steady state, which is obviously 

unique. Again, a tax on qb will move the x = 0 locus to the left and reduce the steady-

state pollution stock. Imposing a phaseout constraint on qb also operates as described in 

the previous section. 

If ~ is small then the x = 0 locus moves to right; if cb is small the x = 0 locus 
A 

moves to the right and J.. increases. Under these circumstances it is possible that there is 

no point of intersection of the x = 0 and i = 0 loci in the region where "A. < i. In this 

case the analysis is more complex, as shown in Figure 4.2. 

Insert figure 4.2. 

A 

Define i by J.. = D'(x) I (p + 11). It is clear from the directions of motion in the 
A 

phase diagram that a path starting above and to the right of (x, "A.) and converging to this 
A 

point is a candidate for an optimum. Since J.. > "A. along this path, qb = 0 and x = -1lX , so 

that x falls to x in fmite time. By construction, V'( 1lX) > cb + a5:. (i.e., the x = 0 locus is 
ex 

above J.. > ~). At x = x, choose qb = IlX and qa > 0 such that 
ex 

V'(qb +qa) = cb +a5:. = ca (given the definition of i). At this point, the first-order 

conditions are satisfied, and x = J.. = O. In short, we begin with qa > 0 and qb = 0 for a 

fmite time interval until x = x , then discontinuously increase qb to !li to remain at 
ex 

(x, i). Thus, with high initial pollution we should not use the polluting commodity until 

exponential pollution decay has rendered the environment clean enough. That this path 

not only satisfies the necessary conditions for optimality but also the sufficient conditions 
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is shown in the appendix. A similar argument, with qb > 0 and qa = 0 until x = x, 
generates the convergence to stationarity when Xo < x . 

5. IRREVERSIBILITY AND NONCONVEXITY 

Next we consider the case where the assimilative capacity of nature decreases as 

the stock of pollution increases. To be concrete, we use the following description of the 

time path of the stock of pollution: 

x= 
y 

aqb for x>-
11 

(5.1) 

Here y and 11 are positive constants. When the stock of pollution reaches its critical level 

1., there is no way back. For 0::; x < 1. there is some assimilation, but it declines 
11 11 

(linearly) with x. 

One question to be answered is whether or not it could be optimal in certain 

circumstances to attain the critical stock level and stay there, or even go beyond it. 

Tahvonen and Withagen (1994) study a pollution accumulation model without the 

possibility of a transition to an alternative commodity. They fmd that it can indeed be 

optimal to reach the point of no return. Another question is whether or not the polluting 

commodity will be banned eventually by regulators maximizing the present value of total 

surplus. 

The modeling of the decay function in (5.1) introduces a nonconvexity that might 

lead to multiple trajectories satisfying the necessary conditions for optimality. We 

therefore first concentrate on the situation where the critical stock of pollutants equals or 

is larger than the critical level (1.). Then the problem reads 
11 
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subject to 
. 'Y 
X=aqb'xO ;:::-

~ 

The necessary conditions are (2.2), (2.3) and (2.4) with A'(x) = O. 

As in section 3 we define x by D'(x) = p5:.. Now two cases may occur: 

Xo > x or Xo ::; x. Suppose first that Xo > X. Then the use of the polluting commodity 

will be zero right from the start and, hence, x(t) = xo . To see this, consider an increase of 

the use of the polluting commodity by a marginal unit for just a short period of time, after 

which it is put back to zero indefinitely. Pollution then increases by a and its marginal 

damage is aD'(xo). Discounted back, this value is aD'(xo) I p. Instanteous additional 

revenues are Ca - cb' namely the profit made by using the polluting commodity instead of 

the clean commodity. In the case at hand we have aD'(xo) I p > ca - cb so that the 

proposed deviation is suboptimal. If x> Xo > I, however, then qb > 0 until x is reached 
~ 

even though Xo > I. In this case the use of the toxic commodity ceases within finite time, 
~ 

but the pollution remains at a high level indefmitely, 

We now turn to the case where 0 < Xo < I. Then the necessary condition (2.4) 
~ 

becomes 

~=-D'(X)+(p-~)A (5.6) 

It will be assumed here that p > ~.4 To construct the phase diagram, we look for the loci 

x = 0 and A == O. See figure 5.1 below. 
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Inselt figure 5.1 

The curve i = 0 is given by A = D' (x) I (p -~) for 0::; x < 1.. and A = D'(x) I p for x ~ 1... 
J.l J.l 

The curve x = 0 is given by U' (q b) = cb + ciA ,aq b = Y - ~ for 0 < x < 1... As in section 
~ 

3 we assume that the optimal production level of the dirty commodity in the absence of 

environmental damage is such that pollution increases, even from a zero pollution level. 

Hence there is a positive A satisfying these conditions for x = O. 

In figure 5.1 it is assumed that x > 1.. Moreover, it is assumed that the x = 0 
~ 

locus intersects the i = 0 locus twice, namely at (A ~ , x;) and (A*2' x; ), with 

A~ < A; < i. Other cases will be discussed below. In general there is not a unique 

trajectory satisfying the necessary conditions. There is a unique trajectory leading from 

Y A 'I 
X = - to x = x. Along an optimal trajectory, I\, should be continuous. Therefore we can 

~ 

define.:! as the smallest x for which there is a trajectory satisfying the necessary conditions 

and leading to Y, with A continuous. Thus, if .:! < xo < 1.. there is a trajectory leading to 
J.l J.l 

A x. However, by taking an appropriate A> A it is possible to fmd an alternative trajectory 

satisfying the necessary conditions and leading to (x; , A;) where A; = i and where x; is 
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defmed by D'(x;) = (p - 11)1..;. So, if :! < Xo < l it is necessary to perform an integral 
11 

comparison test in order to find out which trajectory is optimal. 

For x; < Xo <:! it is optimal to converge to x;. The point (x;, A;) is 

characterized by the fact that qb is taken positive so as to guarantee that x remains 

A 

constant, while A is constant at A. Moreover, both the polluting commodity and the non-

polluting commodity are produced and consumed. Thus there is no banning of the 

polluting commodity, although its stock is nonincreasing. Finally, for 0 < Xo < x; it is 

* optimal to use the polluting commodity forever; the stock converges to the constant Xl . 

In summary, we have for the case depicted in figme 5.1: 

i) * * 0< Xo < x2 => qb (t) > 0 (all t), x(t) ~ Xl as t ~ 00 

ii) x; < Xo <:! => qb > 0 (all t) or qb = 0 initially, x(t) ~ x; as t ~ 00 

iii) :! < Xo < 'Y => qb(t) = 0 initially, x(t) ~ x; as t ~ 00 

11 

or q b (t) > 0 initially, x(t) ~ x as t ~ 00 

Next we consider the case where there is only one point of intersection of the loci 
• A * * x = 0 and 1..= 0 for A < A, namely (AI' xl). See figure 5.2 below. 

Insert figure 5.2 

Clearly, for 0 < Xo <:! it is optimal to converge to the steady state (A;, x;). If 

~ < Xo < l an integral comparison test must be performed in order to determine whether 
~ 

it is optimal to converge to x , using the polluting commodity for an initial period of time, 
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or it is optimal to refrain from the use of the polluting commodity in order to arrive at the 

steady state eventually. 
~ 

Finally, it could be that there is no point of intersection of the two loci for A < A. 

See figure 5.3 below. 

Insert figure 5.3 

For Xo large (i.e., close to 1.) the integral comparison test again has to be perfonned to 
Il 

determine whether x should be allowed to grow to x or restricted to the steady state, x; . 
For 0 < Xo <:! we have convergence to a situation of simultaneous use of the polluting 

and the nonpolluting commodity. 

In summary, the nonconvexity of the decay function, at a pollution level from 

which pollution cannot decrease anymore is responsible for the phenomenon of multiple 

equilibrium trajectories. Only from a comparison of the co"rresponding welfare functionals 

we can leam which trajectory is optimal. 

From a policy perspective, it is again the case that if the system converges to a 

regular steady state, the pollutant stock in that steady state can be reduced by taxing the 

polluting commodity. However, there may be multiple steady states, as indicated above. 

More troubling still is the fact that an increase in unit producer cost from the levying of a 

tax also will increase x. This in tum heightens the dilemma in figures 5.1-5.3 of choosing 

between restricting the polluting commodity in order that x converges to a steady state, or 

allowing x to increase past the point of no return. 

We also fmd here that banning use of the polluting commodity arises here in two 

utterly different circumstances. On the one hand, banning is a strategy for reaching a more 

II green" steady state, like x = x; in figure 5.1.5 However, banning also may result only 

after pollution "saturates" the system and assimilative capacity is destroyed. 
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From the point of view of economic policy, this is not a comforting conclusion. It 

suggests that a slight elTor in the estimation of the actual stock of pollutants or the 

parameters of the cost, utility, and assimilation functions calls for an entirely different way 

of policy making.6 The analysis also highlights an interesting distributional issue 

previously identified in a number of models of natural resource use and capital 

accumulation (see, e.g., Krautkraemer 1985). Societies with high initial endowments of 

environmental quality (low x) are more likely to converge to a "green" steady state than 

societies that for whatever reason inherit a legacy of significant past pollution. For the 

latter societies, the least of evils from a present value perspective may involve intense 

pollution-generation activity until saturation is reached. 

6. CONCLUDING REMARKS 

While the models we consider are highly stylized, several observations emerge 

from them that may be useful in formulating and assessing policy responses to 

accumulative pollution. The first point is that with positive assimilative capacity, the 

optimal path often (though not always) settles into a steady state that involves some 

continued use of the polluting commodity at a rate consistent with assimilative capacity. 

In such cases, permanently banning the polluting commodity may not be present value 

maximizing in that it ignores the valuable services provided by assimilative capacity. Of 

course, the steady-state use of the polluting commodity will be quite low if assimilative 

capacity also is low. Moreover, banning may still be desirable in practice if more direct 

policy measures (such as pollution taxes on nonpoint sources) are not administratively 

feasible, or if concerns about unanticipated damages give rise to a desire for a "safe 

minimum standard" (Toman 1994) for ecosystem protection. 

We fmd that temporary banning of the polluting commodity is indicated if the 

initial pollution stock is large, the commodity is highly polluting, and the rate of 

assimilative capacity is low. This policy gives degraded ecosystems a chance to recover. 
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Permanent banning also arises along an optimal path when assimilative capacity decreases 

with pollution. However, banning in this case occurs only when the environment is 

already highly degraded. 

In considering policy for dealing with pollution accumulation, it is worth noting 

first that some policy is needed even to achieve a steady state with continued use of the 

polluting commodity: unless the user cost of environmental degradation is internalized, 

there is no incentive to substitute the cleaner good. In theory one could imagine a time

varying tax on the polluting good or emissions that generates the first-best optimal path, 

but aside from the multiple equilibrium problem discussed below, such a time-varying tax 

is 'impractical. A less accurate but simpler alternative would be to gauge the tax needed to 

SUppOlt a steady state and then develop a mechanism for stepwise transition to that point. 

A somewhat stiffer tax would increase ecological protection, as already noted. When 

multiple equilibria exist, care is needed to determine which steady state might be induced 

by a pruticular levy. 

The unceltainty about the behavioral effects of long-term pollution tax effects 

when there are multiple equilibria underscores a weakness of this policy instrument. As 

noted previously, small mistakes can translate into large behavior changes. In contrast, 

tradeable pollution or production rights tied to the long-term state of the system would 

provide a more direct means for cost-effectively attaining environmental targets. To 

implement a trading system, the following steps might be pursued in practice: 

(i) Assess the cun'ent pollution stock, damages, and assimilation capacity. This step 

would clarify whether temporary banning to allow ecosystem recovery, permanent banning 

just to prevent further deterioration, or continued but retarded use of the polluting 

commodity might be appropriate. 

(ii) From the information in (i) one would try to assess candidate steady states and the 

long-telm pollution reductions needed to reach assimilative capacity. This would then 
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provide a target for the long-term number of emissions or production rights to be issued. 

In patticular, policy choices here would steer emissions toward some greener, long-term 

steady state or toward a high-pollution outcome if that is the least of evils. As needed, a 

transition path for reducing total emissions could be designed. Tradeability will maximize 

potential efficiency both across traders and over time. 

We close with several remarks about potential extensions. The analysis would be 

complicated but enriched by addressing pollution reduction from changes in technology 

versus consumption, and by including after-the-fact remediation investments. 

Discontinuities in marginal damages could be assumed to reflect threshold effects, along 

with damages that depend on discharge rates as well as cumulative volumes. Finally, a 

differential game model of multiple politics of an environmental commons would 

underscore the problems of policy coordination. 
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APPENDIX 

Let (x, qa' qb' A) satisfy the necessary conditions and let (x, qa' qb) denote an 

alternative feasible program. Let WT denote the difference in value between (x, qa' qb) 

and (x, q a' qb) over [0, 1]. Then since U is concave and D is convex, 

(A.I) 

A) constant decay: using (2.2) and (2.4) in (A. I) with A' = 0, we obtain 

rT t . 
-Jo e-P (pA - A)(X - x)dt 

+ J: (x - x )de -pt A (A.2) 

Integrating the second term in (A.2) by parts, we obtain 
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(A.3) 

where the last inequality follows from (2.3). Along the trajectOlies described as optimal in 

section 3, the stock of pollution x and its shadow price 'A, converge to constants. Along 

any altemative trajectory Zh is not greater than the production of the dirty commodity 

when disregarding pollution. Therefore the growth rate in pollution is at most linear and 

xCD'A,CDe -pT ~ 0 as T ~ 00. Therefore lim WT ~ 0 . 
T--'too 

B) exponential decay: arguing as in (A.2) and (A.3), we obtain 

rT rT . 
Jo D'(x)(x - x)dt + Jo e -pt [( P + Jl)'A, - 'A,]( x - x)dt 

= S; e -pt J1'A.(x - x)dt - [xeD - x(D]e -pT 'A,(T) 

Substituting (A.4) into (A. I) yields 
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T 

WT ~ J e-pt[U'(qa +qb)-Cb -CiA](qb -lib)dt+[xCn-x(T)]e-pTA,(n 
o 

~ [x(n - x(T)]e-pTA,(T) 

As in Case (A), we have lim Wr ~ 0 . 
T~oo 

CA.5) 

C) irreversibility: Suppose x(t):;;; 1.. and x(t) :;;; 1.. all t, then we can derive (A.5) again. 
Il Jl 



23 

ENDNOTES 

lOur model builds on previous work by Cropper (1976), Pethig (1991), Withagen and Tahvonen (1994), 

and Toman and Palmer (1994). 

2Fiedler (1992) provides a useful discussion (in German)"of this and numerous other assimilation function 

specifications. Specification (3.1) might also arise if, in addition to pollution discharges, one considers 

the addition of neutralizing substances to enhance assimilative capacity (e.g., additions of lime to buffer 

lake acidification). Remediation activities are beyond the scope of this paper and constitute an interesting 

extension. 

3 Using (2.4), it follows that the right hand side of (3.3) grows at approximately the rate of discount p. 

Thus (2.2) and (3.3) could never hold simultaneously except at an instant of time; moreover, q b will 

never be produced after q a production commences. 

4 If P < !l then A. is decreasing and becomes negative eventually. This is not an interesting case. 

* 5 Temporary bans also may be indicated, as in the path through x = ;! toward x = Xl in figure 5.2. 

6 We leave it to the reader to verify that this problem is less serious when x < Y because then the 
11 

nonconvexity at the critical pollution level is removed. 
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