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Nuclear magnetic resonance dephasing effects in a spherical pore
with a magnetic dipolar field

R. M. E. Valckenborg, H. P. Huinink,a) and K. Kopinga
Department of Applied Physics, Eindhoven University of Technology, P.O. Box 513, 5600 MB Eindhoven,
The Netherlands

~Received 5 October 2001; accepted 19 November 2002!

The NMR dephasing behavior of the nuclear spins of a fluid confined in a porous material can be
investigated by Hahn spin echoes. Previous experimental results on water in a magnetically doped
clay have shown a nonmonoexponentially decaying magnetization, which can be understood neither
by the known dephasing rate of freely diffusing spins in a uniform gradient nor by spins diffusing
in a restricted geometry. For a better understanding of NMR measurements on these systems, a
systematic survey was performed of the various length scales that are involved. The standard length
scales for the situation of a uniform gradient are diffusing length, structure length, and dephasing
length. We show that for a nonuniform gradient, a new length scale has to be introduced: the
magnetic-field curvature length. When a particle diffuses less than this length scale, it experiences
a local uniform gradient. In that case the spin-echo decay can be described by the so-called local
gradient approximation~LGA!. When a particle diffuses over a longer distance than the structure
length, the spin-echo decay can be described by the motional averaging regime. For both regimes,
scaling laws are derived. In this paper, a random-walk model is used to simulate the dephasing effect
of diffusing spins in a spherical pore in the presence of a magnetic dipole field. By varying the
dipole magnitude, situations can be created in which the dephasing behavior scales according to the
motional averaging regime or according to the LGA regime, for certain ranges of echo times. Two
model systems are investigated: a spherical pore in the vicinity of a magnetic point dipole and a
spherical pore adjacent to a magnetic dipolar grain of the same size as the pore. The simulated
magnetization decay curves of both model systems confirm the scaling laws. The LGA,
characterized by a nonmonoexponential magnetization decay, is also investigated by calculating the
spatially resolved magnetization in the pore. For this regime, the magnetization is found to be
inhomogeneously distributed within the pore, whereas it is homogeneously distributed in the
motional averaging regime. ©2003 American Institute of Physics.@DOI: 10.1063/1.1536970#
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I. INTRODUCTION

Soon after the first1H NMR measurements, it becam
clear that the Hahn spin-echo decay1 of the nuclear magne
tization of water confined in a porous material differs fro
its bulk behavior. For a constant magnetic-field gradient,
is caused by two competing effects: relaxation at surfa
and dephasing due to diffusion in inhomogeneous magn
fields. The decay rate of confined water will increase co
pared to the bulk fluid, because the water molecules hit
pore wall, where the nuclear spin has a higher probability
relax. On the other hand, the decay rate will decrease
cause the dephasing in a confined geometry is less. Th
caused by the fact that the molecules are hindered to dif
to regions in the material, where the magnetic field is v
different from the magnetic field they experienced at the
ginning of the pulse sequence.

There has been a lot of research, both experimental
theoretical, on these two magnetization decay mechanis
Brownstein and Tarr have first described the enhanceme
the NMR relaxivity of a water-saturated pore by its po

a!Electronic mail: H.P.Huinink@tue.nl; Fax:1131 40 2432598; Tel:1131
40 2473406.
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surface in the seminal article.2 This description was extende
by Cohen and Mendelson3 for a system of interconnecte
pores. The dephasing in a porous material was first descr
by Wayne and Cotts.4 Robertson5 provided the necessar
theory to explain the experimental data. Recen
Hürlimann6 gave an overview of all possible spin-echo dec
mechanisms due to dephasing in a single pore in the p
ence of a uniform magnetic-field gradient. Relaxivity is n
glected in this analysis, because it is independent of
dephasing mechanism. For short times, the ‘‘free-diffusio
decay is dominant, because the majority of the spins did
feel the influence of the pore walls yet. For longer times a
small magnetic-field gradients, the ‘‘motional averaging’’ r
gime is valid, in which the spins travel a long time throug
the pore, hitting the pore wall often, before significa
dephasing occurs. For longer times and large magnetic-fi
gradients, the ‘‘localization’’ regime is found,7 in which the
spins dephase before reaching the pore wall. With the ai
a random-walk model, we studied the intermediate regi
between the motional averaging and the localization regim8

According to this model, the presence of a unifor
magnetic-field gradient results in monoexponential de
curves for all regimes except for the free-diffusion regim
3 © 2003 American Institute of Physics
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This is in contrast to the experimental data on clay and fir
clay bricks,9 which show pronounced nonmonoexponent
decay, which of course could not be attributed to free dif
sion in a uniform gradient. In the present study, we introdu
a model which describes the observed spin-echo decay
to dephasing more accurately. Fired-clay bricks contain a
of ferromagnetic impurities, which can give rise to large
homogeneous magnetic fields. Therefore, we have inco
rated a dipolar magnetic field in the model, which is pro
ably more realistic than a uniform gradient. This will b
described in Sec. II. Weisskoffet al.10 reported simulations
and experiments on the influence of microscopic suscept
ity variations on dephasing rates. This study is valuable
understanding the effect of contrast agents in medical NM
which shows some simularities with our magnetic impuriti

We will show that for a dipolar magnetic field the spi
echo decay is more complex than the widely used simp
cation of a uniform gradient. By defining a magnetic-fie
curvature length we will quantify the validity of a so-calle
local gradient approximation. We will investigate how th
decay rate of the magnetization scales with the magnitud
a magnetic field with arbitrary geometry and formulate sc
ing laws for the various regimes. This will be done in Se
III. In Sec. IV numerical simulation results will answer th
question under which conditions the various regimes app
in the presence of a magnetic dipolar field and how
dephasing rate in these regimes is related to the magn
dipole strength. Section V concludes the paper.

II. SIMULATION MODEL

The main goal of the simulation model is to describe
magnetization decay in a porous material. As a starting po
we have studied the dephasing behavior of the spins in
single pore. The numerical model allows for an arbitra
number of dipoles in the porous matrix surrounding the po
However, for sake of clarity only one single pore in the v
cinity of one dipole is considered. Two configurations of th
system are investigated: one with a magnetic point dip
and one with a magnetic dipolar grain, which has the sa
size as the pore itself.

In a single water-saturated pore, random walks are
formed by the water molecules, and hence by the1H nuclei
which are measured in NMR experiments. These rand
walks are generated on a lattice instead of in a continu
because of computational efficiency. A cubic lattice with
size of 10031003100 lattice points is used. We introduce
this random-walk model in a previous paper8 to which the
reader is referred for a detailed description of the simulat
method. The numerical program has been checked ex
sively for the case of free diffusion and for a single pore w
a uniform magnetic-field gradient.

A. Dipolar magnetic field

Consider one ferromagnetic grain in the solid matrix o
porous material. The main magnetic fieldB0 is applied along
the z-axis. The magnetic field in thez-direction produced by
the ferromagnetic grain,Bdip , can be written as
Downloaded 07 Jan 2008 to 131.155.108.71. Redistribution subject to AI
-
l
-
e
ue
ot
-
o-
-

il-
r
,

.

-

of
l-
.

ar
e
tic

e
t,

ne

.

le
e

r-

m
m

n
n-

Bdip5
m0m

r 3 ~123 cos2 u!. ~1!

In this equationr is the length of the vectorr from the center
of the dipole to the position of the spin of interest,u is the
angle betweenr and thez-axis, m0 is the magnetic perme
ability, andm is the dipole moment of a ferromagnetic gra
with volumeVFe2O3

,

m5MFe2O3
VFe2O3

, ~2!

whereMFe2O3
is the saturation magnetization of iron oxid

(Fe2O3) present in, for instance, a fired-clay brick.11 From
SQUID magnetization measurements, it was found tha
B050.8 T, the field corresponding to our NMR measur
ments, the saturation magnetization is reached.12 This im-
plies that all dipoles are aligned withB0 . In the following
sections, it will become clear thatBdip does not necessarily
have to be aligned withB0 . The total magnetic field in the
z-direction (B01Bdip) will be present not only in the solid
matrix of the porous material but also in the voids. Becau
the susceptibility mismatch between air, water, and the b
material causes much smaller magnetic effects than this
polar magnetic field, it will be neglected in the present stu

Although the gradients produced by a dipole can be v
large, the spins will only probe the magnetic field over a ve
short distance, of the order of a pore size. Therefore
magnetic field variation within a pore, produced by such
dipole, will never become as large as the main magn
field. In the random-walk model all spins are excited. In
typical NMR experiment spins are excited within a band
1023B0 aroundB0 .13 The spins in the direct vicinity of the
dipole do therefore not contribute to the NMR signal in a re
experiment. For the case of the largest dipolar strength u
in the present study, about 10% of the spins would not
excited. However, in real materials it is not expected that
dipolar grains are in close contact with the pore, as in
model, but most will be enclosed in the solid matrix. T
difference between the random-walk model and a NMR
periment therefore affects only a small fraction of the sp
and will be neglected in the remainder of this paper.

B. Dephasive spin-echo decay

In a NMR experiment, the transverse nuclear magnet
tion M is measured. It is equal to the sum of the magne
moments of all individual spins of the ensemble,

M5M0^exp~ iw!&[
M0

K (
k51

K

exp~ iwk!, ~3!

where the superscriptk refers to one of theK spins andM0 is
the magnitude of the equilibrium nuclear magnetization.
the phasewk of all spins is known, also the resulting mag
netization is known and can be compared with experime
data. The phasewk can be calculated from a random-wa
simulation of the diffusive motion of the spins within th
pore. In order to correctly describe this continuous proces
dephasing by a random walk, the mean squared displacem
resulting from the actual self diffusionD of water has to be
P license or copyright; see http://jcp.aip.org/jcp/copyright.jsp
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equal to the mean squared displacement in the simulati
This condition is satisfied by taking the following time ste
Dt for a random walk:

Dt5
l 2

2dD
, ~4!

whered53 is the number of dimensions andl is the distance
between two neighboring lattice points.

The phaseDwk accumulated during a time intervalDt
equals

Dwk52p f L~r k!Dt. ~5!

Here r k is the position of particlek and f L is the Larmor
frequency at that position, which depends on the magn
field by f L5gB/2p, whereg is the gyromagnetic ratio (g
52.673108 rad/Ts).

We concentrate on the Hahn spin-echo intensity, beca
this is of most interest for the dephasing study. The 90° pu
defines the starting time and the 180° pulse, which inve
the accumulated phase, is applied att5JDt. Consequently,
the phase of a particle at the spin-echo timetE52JDt is
given by

wk5gDtF (
j 51

J

B~r j
k!2 (

j 5J11

2J

B~r j
k!G , ~6!

where r j
k is the position of particlek after j time steps and

B(r j
k) is the spatially dependent magnetic field.

III. THEORY

A. Uniform magnetic-field gradient

For the spin-echo decay in the presence of a unifo
magnetic-field gradient, three length scales are importan6

~1! The diffusion length,l D5A6Dt;
~2! The structural length,l S5V/S, which is equal toR/3 for

a spherical pore with volumeV, surface areaS, and ra-
dius R;

~3! The dephasing length,l g5A3 D/gg, whereg is the gradi-
ent strength.

It should be noted that the diffusion length is a functi
of time. The longer the molecules can diffuse, the larger
distance they can travel. The structural length determi
how far the molecules can travel because of the restric
geometry. The dephasing length indicates how far a part
has to travel to dephase by 2p. Only particles with less
dephasing contribute significantly to the spin-echo decay

The spin-echo decay due to dephasing is generally g
as a dephasing rateRd ,

lnS M ~ t !

M0
D.2Rdt1u~ t2!. ~7!

Note, that when the magnetization decays exponentially,
~7! becomes equal toM (t)5M0 exp(2Rdt). As mentioned
before, the relaxation contribution is not considered. T
shortest of the length scales determines the dominant me
nism of the spin-echo decay. Free diffusion will occur wh
the diffusion length is the shortest length scale, which w
Downloaded 07 Jan 2008 to 131.155.108.71. Redistribution subject to AI
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occur always for very small times. Motional averaging w
occur when the structural length is the shortest length sc
This means that the particles can probe the complete p
space, without significant dephasing. Finally, the localizat
regime will occur when the dephasing length is the shor
length scale. This means that the particles dephase sig
cantly before they reach the pore wall. It was found that
the motional averaging regime the dephasing rate scales
g2 and in the localization regime withg2/3 ~cf. Ref. 8!. It is
not clear whether these scaling laws hold in the presence
dipolar field.

B. Nonuniform magnetic-field gradient

Obviously, in the case of a dipolar field, or more gen
ally, a nonuniform magnetic-field gradient, one can no lon
use the gradient strength as a parameter, because it now
pends on position. Although we are interested in dipo
fields, which vary in all spatial directions~3D!, we limit our
discussion in Secs. III B and III C to fields that vary only
one directionx ~1D!. We have done this to keep this discu
sion as simple as possible, because it is meant as a qu
tive explanation of the dephasing behavior. Now, the imp
tant question is what will happen with the above defin
length scales:

~1! The diffusion length is independent of the magnetic fie
and therefore remains the same,l D5A6Dt;

~2! The structural length is also independent of the magn
field and remains,l S5V/S;

~3! The dephasing length becomes a function of the posi
x, l g(x)5A3 D/gg(x), whereg(x) is the local gradient
strength.

The dephasive spin-echo decay depends on the ma
tude of the magnetic field gradient. The diffusing partic
will probe an approximately uniform magnetic-field gradie
during the very first period of the spin-echo measureme
However, after a certain amount of time, the particle starts
experience deviations from this uniform gradient. This c
be quantified using a Taylor expansion of the magnetic fi
aroundx0 ,

B~x!5B01U]B

]xU
x0

~x2x0!1
1

2! U]
2B

]x2U
x0

~x2x0!2

1Q~~x2x0!3!, ~8!

where the first derivative is the local gradient,

g~x0![U]B

]xU
x0

, ~9!

and the second derivative is the curvature,

C~x0![U]2B

]x2U
x0

. ~10!

Now we introduce a magnetic-field curvature leng
scale l B , which is defined as the ratio of the first and th
second derivative,
P license or copyright; see http://jcp.aip.org/jcp/copyright.jsp
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l B~x![Ug~x!

C~x!
U. ~11!

As long as the particles have diffused a distance sm
compared to this magnetic-field curvature length, they ex
rience a uniform gradient and the higher order terms of
magnetic field are neglegible. Often this is called the lo
gradient approximation~LGA!.6,14,15 When the particles
travel over longer distances, the effect of the higher or
terms becomes significant and the LGA is no longer ap
cable. There is no general analytical formula describing
situation. Only the magnetization decay in a perfectly pa
bolic magnetic field has been solved exactly by Doussal
Sen.16 We find it useful to put all relevant length scales
one schematic graph, Fig. 1. One should note that this s
ation is just one example of all the possible situations wh
can occur.~In Sec. III C more situations will be shown.! On
the horizontal axis the positionx in the pore is depicted. On
the vertical axis the length scales are plotted. The struct
length l S is a constant for all particles and therefore a ho
zontal line. The diffusion lengthl D is also equal for all par-
ticles in the porous material. However, it is a function
time. This is visualized in Fig. 1 by the analytical express
for the diffusion length on the vertical axis below the arro
Both the dephasing lengthl g(x) and the magnetic-field cur
vature lengthl B(x) are a function of position.

The graph can be used to determine the regime of
spin-echo decay. For very short times the diffusion length
the shortest length scale for all particles at all positions. T
local gradient approximation gives the spin-echo decay. A

FIG. 1. Schematic picture of spatially~1D! varying length scales in a pore
On the horizontal axis, the positionx in the pore is depicted. On the vertica
axis the length scales are plotted. The diffusion lengthl D is independent of
x, but a function of time. The structure lengthl S is independent ofx and is
shown as a dashed line. Both the dephasing lengthl g(x) and the magnetic-
field curvature lengthl B(x) are a function of the position in the pore. For
known magnetic field, these length scales can be calculated. In this exa
they are drawn with an arbitrary shape. In the dark gray area, no mag
zation is left. The spin-echo decay in the light gray area can be describe
the LGA. In the white area, some magnetization will be present, but
spin-echo decay rate is unknown. The transitions from one regime
another regime occur at timest I , t II , and t III , which are explained in the
text.
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certain time,t I , some particles have diffused further than t
dephasing length. These particles have accumulated su
large phase difference, that they do not contribute sign
cantly to the signal anymore. This regime is dark gray in F
1. Some time later,t II , some particles have diffused furthe
than the magnetic-field curvature lengthl B . Therefore, the
LGA is not valid anymore for these particles. However, th
have not moved further than the dephasing lengthl g and
therefore they still contribute to the spin-echo signal. At th
time, the LGA breaks down and will no longer describe t
spin-echo decay correctly. The regime of the spin-echo de
where the LGA holds is shaded light gray in Fig. 1. As sa
before, it is not clear how to describe the spin-echo deca
larger times. At very large times,t III , when there is still some
signal left because for some particlesl D, l g , a fraction of
these particles feel the structure lengthl S as the shortes
length scale. However, the rest of these particles feel
magnetic-field curvature lengthl B as the shortest length
scale. Also in this case, the resulting spin-echo decay is
known.

C. Regimes

In the previous section we have discussed a specific s
ation ~cf. Fig. 1!. Now, in Fig. 2, a comprehensive overvie
is given. The horizontal axis again reflects the positionx in
the restricted geometry and the vertical axis denotes the v
ous length scales. The situation of Fig. 2~b! is described in
the previous subsection. Figure 2~a! differs from Fig. 2~b! in
the sense that the LGA breaks down before any particle

le,
ti-
by
e
to

FIG. 2. Overview of the situations which can occur with respect to
length scales,l D , l S , l g(x), l B(x). On the horizontal axis the positionx in
the pore is depicted and on the vertical axis the length scales are plotte
~a! the smallest length scale isl B , which implies that the LGA will only
hold for a certain time interval. Thereafter unknown spin-echo decay
occur. The situation of~b! is similar to Fig. 1. Whenl g(x) is the shortest
length scale, as shown in~c!, the LGA can be used for the complete spi
echo decay curve. Whenl S is smaller than bothl g(x) and l B(x), the mo-
tional averaging regime is applicable, as shown in~d!.
P license or copyright; see http://jcp.aip.org/jcp/copyright.jsp
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travelled over a distance longer thanl g . In Fig. 2~c! the
complete spin-echo experiment is described by the LGA.
get a motional averaging regime afterl D. l S , it is needed
that l S, l g for the complete pore. For this case, the magne
field curvature length is not important. An example of th
situation is shown in Fig. 2~d!.

To distinghuish between the various situations, scal
laws can be helpful. The scaling for the motional averag
regime will be given in the next subsection. Thereafter,
scaling for the LGA~situation c! will be derived. The re-
maining situations~a! and~b! are described by the LGA with
respect to the first part of the spin-echo decay. One can
culate the time at which deviations are expected and the
known spin-echo decay starts. These deviations become
ible in the numerical results which will be discussed in S
IV.

D. Motional averaging scaling

Wayne and Cotts have analyzed their experiment o
confined gas as a motional-narrowing problem.4 This ap-
proach gives a good idea about the phase accumulation
diffusing spin in the motional averaging regime. Althoug
the applied magnetic field is static, a diffusing spin expe
ences a time-dependent magnetic field. The resulting dep
ing rate is given by the autocorrelation function of the ra
domly varying part of the magnetic field,B(x(t)), seen by
the diffusing spin,17

Rd5g2E
0

`

^B~x~0!!B~x~ t !!&dt. ~12!

This equation is valid for timest@tc , the correlation
time of the motion. The scaling of Eq.~12! for different pore
sizes and magnetic fields is of great interest, because it
give us a tool to identify the motional averaging regime. T
magnetic field can be written as

B~x~ t !!5mh~x~ t !!, ~13!

wherem is a factor reflecting the magnitude of the magne
field andh(x) is the spatial geometry of the field. Note th
for the situation of a dipolar field,m can be taken equal to th
dipole strength. However, we like to derive a scaling law
an arbitrary magnetic field. Substitution of such a field~13!
into Eq. ~12! yields

Rd5g2m2E
0

`

^h~x~0!!h~x~ t !!&dt. ~14!

If only the magnetic field strength is varied, it is clear thatRd

scales withm2. We like to stress that Eq.~14! also holds for
3D systems. For such a systemx(t) should be replaced by
the position vectorr (t).

E. Local gradient scaling

The spin-echo decay for a freely diffusing particle in
uniform magnetic-field gradientg is given by1

M5M0 expS 2
Dg2

12
g2t3D , ~15!
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wheret is the spin-echo time. Ifg depends on the positionr ,
it is shown in Sec. III B that this description of the spin-ec
decay remains valid as long asl D, l B ,

M5
M0

V E expS 2
Dg2

12
g2~r !t3Dd3r . ~16!

To find the scaling of the dephasing with magnetic fie
strength, the magnetic field will again be written asB(r )
5mh(r ). Hence the magnetic-field gradient can be writt
as g(r )5m f (r ). Substitution of this gradient into Eq.~16!
yields

M5
M0

V E expS 2
Dg2

12
f 2~r !~m2/3t !3Dd3r . ~17!

By putting the magnetic field strengthm and spin-echo time
t together, it becomes clear that the magnetization is a fu
tion of the combination of these two quantities,

M5M ~m2/3t !. ~18!

This implies that the dephasing rate scales with the ma
tude of the magnetic field to the power 2/3 (Rd;m2/3) when
the field geometry is taken constant. One should remem
that this only holds if the particle diffuses freely and expe
ences a uniform local gradient~the LGA condition!. Finally,
we want to stress that Eq.~17! is applicable to both 1D and
3D systems as long as the spins experience variations in
magnetic field that vary linear with position. In this case t
reference frame can always be oriented such that the grad
in the field is oriented along one of the axes.

IV. RESULTS AND DISCUSSION

For two model systems, the dephasing of the magnet
tion is simulated. In the first system, a magnetic point dip
is located at the wall of a pore of constant size. Simulatio
are performed for various dipole strengths. The upper
lower bound of the dipole strength are chosen in such a w
that the simulated dephasing rate is of the same order as
dephasing rates that can be measured in a NMR experim
In the second system, a dipolar grain of varying size is
adjacent to a pore of varying size, but for every simulati
the dipole size is equal to the pore size. Again scaling la
will give insight into the dephasing process for dephas
rates in the experimentally accessible range.

A. Varying magnetic dipole strength

First, two simulations are presented of the same mo
with a different magnetic dipole strength to show the diffe
ence in spin-echo decay. These two simulations corresp
to the lower and upper bounds of the dipole strength va
tion in the more systematical survey, presented at the en
this section. These bounds are chosen in such a way, tha
dephasing rates are within the range of experimental ve
cation.

Consider one dipole with a dipole strengthm, located at
the pore wall, just inside the porous material~cf. Fig. 3!. The
pore size is taken such thatl S50.33mm and the dipole po-
P license or copyright; see http://jcp.aip.org/jcp/copyright.jsp
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sition is taken arbitrarily atf5p/2. The magnetic dipole
strength equals 10214 A m2 and the dipole is assumed to be
point dipole.

Figure 4~a! shows the simulated spin-echo decay for
Hahn spin echoes. The number of simulated particles i
3106, which appears to give a noise level of about
31023. It is clearly visible that the spin-echo decay is n
monoexponential, in contrast to all previous simulation
sults with a uniform magnetic-field gradient.8 This nonmo-
noexponential behavior is also observed in NMR Hahn sp
echo measurements on heavily~wt. % Fe2O3>5%)
magnetically doped materials.9 It is expected that these simu
lations are characterized by the situation of Figs. 2~a! or 2~b!,
in which the LGA breaks down. In this case, for a significa
number of particles the diffusion length becomes equal to
magnetic-field curvature length before it becomes equa
the dephasing length. It is not clear yet, how the dephas
rate can be described after this transition time@time of the
kink in Fig. 4~a!#. However, before the transition time, w
expect that the slope of the spin-echo decay scales acco
to the LGA, which will be shown below.

Next, the magnetic dipole strengthm is decreased to
10219 A m2, without changing the configuration, to obser
the effect on the spin-echo decay. Figure 4~b! shows the re-
sult of this simulation. The spin-echo decay is monoex

FIG. 3. Schematic picture of the simulated situation. A magnetic dipole w
strengthm is located just outside the pore with radiusR53l S . The position
of the dipole is specified by the anglef.
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nential for all times. The number of simulated particles is
3104, which appears to give a noise level of about
31023. Because the relaxivity of bulk water withou
dephasing is of the order of 1 s21 and the relaxivity of re-
stricted water easily gets one order of magnitude larger, o
a very small spin-echo signal will be left att50.5 s. There-
fore it might be difficult to measure such a small dephas
rate in an actual NMR measurement.

To get a better understanding of the relaxivity of th
model system, the dipolar strength is varied systematic
betweenm510219 A m2 and 10214 A m2. The dephasing
rate Rd is taken equal to the initial slope of the spin-ec
decay curve, because the LGA describes the initial magn
zation decay. The scaling laws for the motional averag
regime hold for all times. The observed spin-echo decay
this regime are monoexponential.

Figure 5 shows the dephasing rate as a function of dip
strengthm for three structural lengthsl S50.1, 0.33, and 1
mm ~the pore radiusR53l S , and the total lattice sizel
53R). For every pore size a transition can be seen from

h

FIG. 5. Dephasing rateRd as a function of the magnetic dipole strengthm
for three pore sizes. The solid lines represent the scaling laws for the
tional averaging regime (slope52) and the LGA situation (slope52/3).
FIG. 4. Simulated Hahn spin-echo intensity as a function of spin-echo time for a pore size corresponding tol S50.33mm and a dipole positionf5p/2. The
solid line represents the initial slope of the data.~a! Dipole strengthm510214 A m2; ~b! m510219 A m2.
P license or copyright; see http://jcp.aip.org/jcp/copyright.jsp
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behavior ofRd;m2 to a behavior ofRd;m2/3. This transi-
tion shows some similarity with simulations based on a va
ing uniform gradient strength~cf. Fig. 5 from Ref. 8!. For
that situation it was found that the motional averaging
gime scales withg2 and the localization regime withg2/3.
The scaling of the simulated dephasing rate for the pre
situation of a dipolar field with a varying strength can
understood from the scaling laws presented in Sec. III.
already showed that the dephasing rate scales withm2 @cf.
Eq. ~14!# in the motional averaging regime. This behavior
most clear for the smallest (l S50.1mm) pores~cf. Fig. 5!,
which can be understood from the fact that for motional
eraging, the diffusion length has to be larger than the p
size. For the LGA, we derived that the dephasing rate sc
with m2/3 @cf. Eq. ~18!#, if the field geometry is not changed
This behavior is indeed observed in Fig. 5.

The difference in dephasing behavior between the m
tional averaging regime and the LGA regime can be clarifi
by observing the spatially resolved transverse magnetiza
For this purpose, the magnetization needs to be simulate
every lattice point (106 in total!. It was found that a simula
tion of 108 particles is required to get a good signal to no
ratio. For the motional averaging regime@simulation of Fig.
4~b!# the magnetization was found to be homogeneously
tributed for every spin-echo time. In case of a large dip
strengthm510214 A m2 @simulation of Fig. 4~a!# the mag-
netization was found to be inhomogeneously distributed.
visualize the spatial distribution of the magnetization, is
magnetization surfaces were plotted. Figure 6 shows the
gions with a transverse magnetization larger than1

2M0 for
four successive spin-echo times, in a simulation with a p
radius of 3mm, corresponding tol S51 mm, and a dipole
strengthm510214 A m2. It is clearly visible that the magne
tization is destroyed by dephasing in the neighborhood of
dipole. The volume of zero magnetization increases fa

FIG. 6. Isomagnetization surface of
1
2M0 for four successive spin-echo

times. The magnetic dipole (m510214 A m2) is situated at the top of the
pore with a radius of 3mm.
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than the diffusion process. For example, consider the
spin-echo timet57.6ms in Fig. 6. At that time, the diffusion
length is only 0.3mm, whereas the volume of zero magne
zation is nearly equal to the pore radius of 3mm.

B. Dipole size equals pore size

In the above simulations, the dipole was considered a
point dipole with a certain strength. In a real material, ho
ever, a varying dipole strength can only be achieved b
varying dipole size@cf. Eq. ~2!#. Therefore we have per
formed simulations in which the effect of the dipole size
included. To keep the amount of simulations manageable
focus on the configuration of a dipole with a size equal to
pore size~cf. Fig. 7!. The dipole strength is calculated for
sphere of Fe2O3 with radiusR. Next, this strength is assoc
ated with a point dipole at a distanceR from the pore wall.

The radiusR of both the pore and the dipole was varie
between 0.1mm and 100mm. Simulating pores and magnet
grains smaller than 0.1mm is very time consuming, becaus
the lattice dimension scales with the pore size~cf. Ref. 8 for
details!. Pores and magnetic dipoles larger than 100mm were
found to give a deviation from the monoexponential dec
for very short times. In that case, the initial decay rate is o
valid for a small part of the spin-echo decay. Figure 8 sho
the resulting dephasing rate as a function of radiusR. This
figure illustrates that the dephasing rate for this configurat
also gives two scaling regimes, one in whichRd;R2 and
one in whichRd;R2/3.

To understand these two scaling properties, a dimens
less space coordinater 85r /R is introduced. Next, we con
sider the magnetic dipole field@cf. Eq. ~1!#, in which the
dipole strength can be made dimensionless with

m8[
m

R3 , ~19!

because it depends linearly on the volume of the dipole@cf.
Eq. ~2!#. It follows from Eqs.~1!, ~13!, and~19! that the field
geometry h(r ,cosu) and the scaled field geometr
h8(r 8,cosu) are related by the following equation:

h8~r 8![h~r !R3;
R3

r 3 5
1

~r 8!3 . ~20!

FIG. 7. Schematic picture of the simulation with equally sized pore a
dipole. In the actual calculations the effect of the dipole is represented
point dipole with a strengthm;R3 placed in the center of the finite-size
dipolar grain.
P license or copyright; see http://jcp.aip.org/jcp/copyright.jsp
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When the pore size and the lattice size scale withR ( l 8
5 l /R), the time step,Dt, scales according to@cf. Eq. ~4!#.

Dt85
l 82

2d D
. ~21!

As a consequence, the time in this simulation, which is
ways a multiple ofDt, scales with

t85
t

R2 . ~22!

For the motional averaging regime, all these scal
properties@Eqs. ~19!, ~20!, ~22!# are substituted in the gen
eral equation for the dephasing rate@cf. Eq. ~14!#, resulting
in

Rd;m2E
0

`

^h~0!h~r !&dt

;m82R6E
0

`

^h8~0!h8~r 8!R26&dt8R2;R2. ~23!

Therefore the dephasing rate scales withR2 in the motional
averaging regime, as is also observed in Fig. 8. Hence
can conclude that for small dipolar magnetic grains, the s
tem is in the motional averaging regime.

To understand the scaling in the LGA, the spatial deri
tive of the field is also needed. Using Eqs.~1!, ~13!, ~19!,
~20! and“5(1/R)“8 yields

u“Bu5
m8

R
u“8h8u. ~24!

Substitution of this dimensionless magnetic-field gradi
into the general LGA equation@Eq. ~16!# yields

M5
M0

V8
E expS 2

Dg2

12
u“8h8u2S S m8

R D 2/3

t D 3Dd3r 8.

~25!

FIG. 8. Dephasing rate as a function of dipole size and pore size for
different dipole strengths. The solid lines are guides to the eye to show
scaling behavior of the dephasing rate in the motional averaging reg
(slope52) and the LGA situation (slope522/3).
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This equation shows that the dephasing rate in the L
scales with the dipole size and pore sizeR22/3, as is ob-
served for large dipolar magnetic grains in Fig. 8.

However, large dipolar magnetic grains result in ve
curved exponential decay. Therefore we decided to decre
the dimensionless dipole strengthm8 by a factor of 10. This
corresponds to a ferromagnetic material with a 10 tim
smaller saturation magnetization. A nice advantage of
smaller dipole strength is that the crossover point from
motional averaging regime into the LGA regime occurs a
dephasing rates which is accessible with experimental NM
It can also be understood why the transition from the m
tional averaging regime into the LGA regime occurs now
a larger dipole size, because the 2p phase accumulation limi
is reached for larger pores. The absolute value of the dep
ing rate in the motional averaging regime decreases b
factor of 102 for the same value ofR, which is consistent
with Eq. ~23!. From Eq. ~25! we expect a factor of 102/3

decrease for the part of the curve corresponding to large p
sizes and dipole sizes~after the transition!, which tendency
can also be deduced from Fig. 8. Therefore not only
scaling of the decay rate with dipole size, but also the sca
with dipole strength is understood.

V. CONCLUSIONS

A random-walk model is used to investigate the NM
dephasing behavior of hydrogen spins of water in a p
subject to a dipolar magnetic field. It is found that in such
magnetic field a motional averaging regime can occur,
also observed for a uniform magnetic-field gradient. Beca
a dipolar magnetic field gives rise to a distribution
magnetic-field gradients, the localization regime no long
appears. Instead of this, the spin-echo decay is more c
plex. To clarify this situation, a spatially varying magneti
field curvature length is defined. If the diffusion length
small compared to this magnetic-field curvature length, p
ticles experience a local uniform gradient. In this situatio
the spin-echo decay can be described by a so-called LG

If the dephasing length is larger than the structural len
for all particles in the pore, the motional averaging regim
will occur at large echo times. In this regime the dephas
rate scales with the strength of the dipolar field squared
the dephasing length is smaller than the structural length
a significant fraction of the particles in the pore, the situat
is more complicated. The LGA will hold as long as the d
fusion length is smaller than the magnetic-field curvatu
length for all particles in the pore. For this situation, we ha
derived that the dephasing rate scales with the strength o
dipolar field to the power 2/3. This scaling is not only val
for a dipolar magnetic field, but holds for an arbitrary ma
netic field with a fixed spatial geometry and a varying ma
nitude.

The random-walk simulations have proven that the g
eral scaling laws derived for the dephasing rate in the m
tional averaging regime and for the LGA are correct. T
simulations with large dipole strengths also showed a tra
tion time at which the spin-echo decay starts to deviate
nificantly from the LGA regime. To investigate the effect
the size of the dipole, simulations are performed in which
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dipole size is taken equal to the pore size. For this situat
again the dephasing rate scales differently in the LGA reg
and the motional averaging regime. Scaling laws specific
this configuration are derived and are found to agree qua
tatively with the simulation results.

Direct proof of the presence of two distinct regimes c
also be found in the 3D spatially resolved magnetizat
plots. These demonstrate that the magnetization is hom
neous for the motional averaging regime and inhomogene
for the LGA regime.

In conclusion, the random-walk model reveals new fu
damental insight into the dephasing behavior of diffus
spins in inhomogeneous magnetic fields. The model is
rently used to interprete NMR spin-echo measurements
materials containing large amounts of ferromagnetic imp
ties.
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