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Abstract— Thanks to the development in fields of materials 

and power electronics, the use of high speed electrical machines 

has boosted significantly in recent decades due to their many 

advantages and applications. To enhance this king of machines, 

it is absolutely necessary to reduce losses. This is especially 

applicable to eddy current losses. Their evaluation in the cooling 

sleeve of a toroidal high speed permanent magnet machine in 

this paper has been performed through 2D analytical harmonic 

model implemented in Matlab, 2D FEM model implemented in 

Cedrat Flux software and laboratory tests. The final goals have 

been to obtain a validated model to estimate eddy current losses 

and determine if the segregation of losses method is applicable 

for the considered problem. Two different materials, copper and 

aluminum, have been analyzed changing their thickness and 

varying the airgap between the external part of stator coils and 

cooling sleeve. The results show how electrical conductivity, 

frequency and geometry influence eddy current losses. 

Keywords—high speed machines, electrical machines, PM 

machines, eddy current losses, 2D analytical model, 2D harmonic 

model, Matlab, 2D FEM model, Flux, laboratory tests, segregation 
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I. INTRODUCTION 

The electromechanical conversion [1] in electric machines 
causes losses which play an essential role in determining the 
efficiency and temperature-rise of a machine [2]. It is 
fundamental to estimate accurately and reduce as much as 
possible eddy current losses because they are a significant 
issue in high speed permanent magnet (PM) machines, 
particularly in the rotor, as heat generated by these currents 
may lead to the demagnetization of magnets in the rotor due 
to local temperature rise [3, 4]. Precisely for cooling purposes, 
the machine analyzed in this paper has an external cooling 
sleeve in which eddy current losses have been evaluated. The 
aim of this paper is to present a validated model to estimate 
eddy current losses. Furthermore, it is examined if the 
segregation of losses method, used for the rotor loss 
measurement [5], can be applied for the case considered here. 
In order to perform this analysis, 2D analytical modeling, 2D 
FEM modeling and laboratory tests have been carried out. 
Multiple simulations, varying different parameters, have been 
done to evaluate the influence of frequency, electrical 
conductivity and geometry on eddy current losses. 

II. THE INVESTIGATED MACHINE 

The subject of the analysis presented here is a synchronous 
high speed PM machine. The cross section of the machine is 
shown in Fig.1 and dimensions and parameters are listed in 
Table I. 
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Fig. 1. The benchmark machine used for the analysis. 

TABLE I.  DIMENSIONS AND PARAMETERS OF THE BENCHMARK MACHINE. 
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Dimensions and parameters 

Quantity Value Symbol 

Nominal power [kW] 3.7 �� 

Pole number 2 � 

Fundamental frequency [kHz] 4 �� 

Rated nominal current [A] 12 ��  

Magnet radius [mm] 5.5 �	 

Retaining sleeve outer radius [mm] 7.5 �
� 
Stator inner radius [mm] 9 ��� 

Slot depth [mm] 10 ℎ� 
Inner winding radius [mm] 27 ��� 

Outer winding radius 30.75 ��� 

Cooling/External sleeve thickness [mm] 1.5 ℎ�� 
 

Due to the toroidal stator design and highly permeable 
stator yoke, the field of the outer side of the coils does not 
reach the magnet and does not contribute to the torque. 
Consequently, the field of the outer side of coils causes pure 
losses by inducing eddy currents in the external sleeve. 

III. 2D ANALYTICAL MODEL 

A. Harmonic modeling method 

The harmonic modeling method has been used because it 
is fast, accurate and particularly suitable for the considered 
geometry. Indeed only the outer part of the machine has been 
modeled in polar coordinate system as shown in Fig. 2. This 
model is solvable per harmonic because there is no variation 
of the geometry in � direction (no slots). The harmonic 
modeling technique [6] is based on Fourier analysis where the 
total geometry is divided into separate regions. In the case 
considered here, there are four regions, as shown in Fig.3. 



 

Fig. 2. Representation of outer sides of toroidal windings in the polar 
coordinate system. 

 
Fig. 3. Regions considered in the harmonic model of outer sides of 
toroidal windings. 

An airgap of 0.5 mm has been added in the model because 
for construction reasons the coils and cooling sleeve do not 
touch each other and there is a very thin layer of air. As a 
consequence, the outer airgap radius �� is equal to 31.25 mm 
and the outer external sleeve radius �� to 32.75 mm. Within 
each region, the field solution is obtained by solving Maxwell 
equations in terms of the magnetic vector potential which 
takes different forms. 

B. The source term as a Fourier series 

First of all, the source term has to be written as a Fourier 
series [1]. So the phase current density has been defined as: 

��,����, �� = �� ���� �
! "#$%& '#$(& )

&
�����, 

 

(1) 
 

where:  

*����� = �+,-�. /0�, (2) 

1 = "0, − 4
5 6, − 7

5 6), (3) 

in which 8�  is the number of turns in series per stator 
phase winding, *����� is the phase current [A], s is the phase 

spread in circumference [rad], ���  and ���  are, respectively,  
the inner and outer winding radii [mm] and �����  is the 
distribution function, shown in Fig.4, the amplitude of which 
is 1. The distribution function, which takes into account the 
spatial distribution of conductors, has been written as Fourier 
series: ����� = : ;<,-<=><?@> , 

 

(4) 
where: ;< = A

4B C  ,@-<=  D�B@B . (5) 

 

Fig. 4. Distribution function of all three phases. 

The angles which define the coils E  and the airgap 
between the coils E��
  are dependent so the angles have been 
parametrized by expressing E��
 = ��E�. Thanks to that, it is 
possible to define the points of interest to describe the 
distribution functions as only function of E as shown in Fig.5 
and ;< for phase A can be calculated as: 
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Since the phases are shifted, ;< is the same for every phase 
and the shift is taken into account in the distribution functions: 

��,���� = K ;<,-<=
>

<?@>
,  

(7) 
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Fig. 5. Distribution function of phase A. 



Using (1), (2), (7), (8) and (9) the current density 
distribution for the three-phase system can be written as: 

����, �� = 8��+E����4 − ���4 �2
K �;<,-<=,-. +>

<?@>  

+ ;<,-<"=@45B),-". @45B) + ;<,-<"=/45B),-". /45B)�, 
 

(10) 
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(11) 
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The equation (12) can be simplified defining P = Q + 1: 

N1 + ,@-"45BR�) + ,-"45BR)O = S 0  ∀P ≠ 3W  3  ∀P = 3W , 
with �W ∈ Z� because, mathematically, it defines three 
complex numbers which have the same amplitude and are 
shifted for 120 degrees. So when P is divisible by three, they 
are shifted for a multiple of 2π. As a consequence, the three 
complex numbers have the same amplitude and phase shift 
(they are aligned) so the sum is three times the single one. So 
redefining ;< as a function of W by substituting Q = 3W − 1, it 
is obtained: 

��,���� =
⎩⎨
⎧ 

0                            ∀W ≠ �Q + 1� 3⁄
 3 8��+E����4 − ���4 �2

  ∀W = �Q + 1� 3⁄  . 
 

(13) 
 

In conclusion ∀W = �Q + 1� 3⁄ : 

����, �� = ��,���� K _;<�W�,-��5�@A�=/. �`>
�?@> .  

(14) 
 

C. Solutions of magnetic vector potential 

Governing differential equation for the magnetic vector 
potential takes different forms in different types of region as 
shown in Table II [1]. The solutions, shown in Table III [1], 
have been obtained by the separation of variables method. It 
assumes that the magnetic vector potential, that depends on � 
and � , can be represented as the multiplication of two 
functions depending respectively only on � and �. 

Magnetic vector potential in the conducting material is 
expressed by using the modified Bessel functions of the first �<�a�� and second kind b<�a�� in which: 

a4 = cd�d
ef. (15) 

TABLE II.  GOVERNING DIFFERENTIAL EQUATIONS IN DIFFERENT 

REGIONS. 
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Governing equations 

Imposed current g4h� = −d�ijjj⃗  

Air g4h� = 0 

Conducting material g4h� = de lh�l�  

TABLE III.  SOLUTIONS FOR MAGNETIC VECTOR POTENTIAL. 
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Solutions for magnetic vector potential 

Imposed 
current 

h�A = "mA�@< + nA�< + opqr <&@7 �4) ,-�<=/. �  (16) 

Airgap h�4 = �m4�@< + n4�<�,-�<=/. � (17) 

Conducting 
material 

h�5 = �m5�<�a�� + n5b<�a���,-�<=/. � (18) 

Unbounded 
air 

h�7 = �m7�@<�,-�<=/. � (19) 

D. Derivation of magnetic field from the vector potential 

From (16), (17), (18) and (19) the radial component of the  
magnetic flux density (21) and the circumferential of magnetic 
field (22) have been derived in each region [6] thanks to (20): 

sj⃗ = g × h⃗ = s
 ,⃗
 + s= ,⃗= = N1� lh�l� O ,⃗
 − lh�l� ,⃗= , (20) 

s
 = 1� lh�l� , (21) 

u= = s=d = 1d N− lh�l� O. (22) 

E. Definition of boundary conditions and solutions of 

unknown coefficients 

Then, the boundary conditions [7] have been defined 
imposing, at boundaries between different regions, the 
continuity of the radial component of the magnetic flux 
density and the circumferential component of the magnetic 
field strength. The seventh condition has been defined 
imposing the circumferential component of the magnetic field 
strength at the surface of the iron equal to zero, which 
descends from the assumption that soft-magnetic materials 
have infinite permeability [6]. Solving these boundary 
conditions results in a set of seven equations which have been 
written in a matrix form and, thanks to that, the unknown 
coefficients have been obtained. 

IV. 2D FEM VALIDATION 

The 2D analytical model has been validated with 2D FEM 
model. Indeed, the analytical model is more satisfactory 
because in FEM to solve eddy current problems it is required 
to use a transient solver which takes a lot of time and several 
simulations need to be run to obtain the same results got in 
few seconds with the analytical model. Moreover, in FEM the 
user has to pay attention to small details like the size of the 
mesh. In Fig.6 and Fig.7 are shown respectively the radial and 
circumferential components of magnetic flux density and in 
Fig.8 the current density in the external sleeve. Then, eddy 
current losses in an external sleeve of 1.5 mm, listed in Table 
IV have been compared. It is clear that the results from 2D 
analytical and 2D FEM models are in good agreement. 

TABLE IV.  MODELS COMPARISON. 
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(W
) Models comparison 

Airgap 
Analytical model FEM model 

Copper Aluminum Copper Aluminum 

Without airgap 12.5 17.32 12.53 17.44 

With airgap of 
0.5 mm 

12.12 16.74 12.09 16.86 



 
Fig. 6. Comparison of radial component of magnetic flux density in copper 
external sleeve between analytical and FEM models. 

 

 
Fig. 7. Comparison of circumferential component of magnetic flux density 
in copper external sleeve between analytical and FEM models. 

 

 
Fig. 8. Comparison of current density in copper external sleeve between 
analytical and FEM models. 

V. EDDY CURRENT LOSSES BEHAVIOR 

The behavior of eddy current losses has been analyzed for 
two different materials, copper and aluminum. Furthermore, 
the external sleeve and the airgap thickness, as well as the 
frequency, have been varied. As shown in Fig.9, which shows 
the results in rated operating condition, it is clearly noticeable 
that the thickness of the external sleeve influences eddy 
current losses. Indeed, starting from 1.5 mm, which is the 

thickness of the cooling sleeve of the machine, decreasing the 
thickness, losses increase significantly because the thickness 
is lower or approximately equal to the skin depth, which is 
equal to 1.03 mm. As a consequence, eddy currents 
completely penetrate the material. On the other hand, 
increasing the thickness, losses tend to a constant value. This 
happens because, even increasing the thickness, current keep 
flowing in the same thickness, so over a certain value 
increasing the thickness does not have an influence on losses. 

In Fig.10 it is shown how at rated operating conditions 
eddy current losses change in the external sleeve in copper of 
1.5 mm varying the thickness of the airgap ℎ�. As expected, 
by increasing the airgap eddy current losses decrease because, 
the magnitude of the field and, therefore, eddy currents are 
higher closer to the source. 

The same trends have been obtained in the external sleeve 
made of aluminum with only one significant difference which 
is higher values. Nevertheless, this phenomenon does not 
happen always. Indeed, eddy current losses behavior depend 
on the frequency. At low frequencies losses are higher in 
copper, instead at high frequencies in aluminum as shown in 
Fig.11 and Fig.12. This [1] happens because at low 
frequencies eddy currents are resistance-limited which means 
that they have negligible effect on the field and the associated 
losses decrease with the conductivity of material. Conversely, 
about inductance-limited eddy currents, they produce a 
reaction field which tends to oppose the exciting field causing 
the so called “screening effect” and the associated losses 
increase if the conductivity of the material decreases. 

 

Fig. 9. - Eddy current losses in copper external sleeve changing its thickness 
without the airgap at rated operating conditions. 

 
Fig. 10. Eddy current losses in copper external sleeve of 1.5 mm changing 
the thickness of the airgap at rated operating conditions. 



 
Fig. 11 Eddy current losses in copper external sleeve changing the 
frequency at low frequencies with �
	�= 12 A and external sleeve of 1.5 
mm. 

 
Fig. 12 Eddy current losses in copper external sleeve changing the 
frequency at high frequencies with �
	�= 12 A and external sleeve of 1.5 
mm. 

VI. EXPERIMENTAL INVESTIGATION 

To determine if the segregation of losses approach, 
previously used in [5], can be used in this specific problem to 
evaluate eddy current losses in the external sleeve, 
experimental measurements have been carried out with a 
sleeve made of copper shown in Fig.13 using the electric 
scheme in Fig.14. 

The experimental setup used for the measurements is shown 
in Fig.15. The devices that has been used are: 

• Waveform generator Agilent 33500B Series, 

• Two linear amplifiers TOE 7621-40, 

• Oscilloscope RIGOL DS1104B, 

• Current probe Tektronix TCP312 30A DC 

• Power analyzer ZES Zimmer LMG500. 

  
Fig. 13.The machine under test. Fig. 14. The connection diagram. 

 

Fig. 15. The experimental setup used for the measurements. 

Two tests have been carried out: with (ws) and without 
(ns) the external sleeve. In both tests the rotor has been 
removed because the presence/absence of rotor do not have an 
influence. For the two tests, the following relations can be 
written: 

���,�� = ��v,�� + �wx,�� + ��yxxzx , (23) 

���,�� = ��v,�� + �wx,��, (24) 

��yxxzx = ���,�� − ���,��. (25) 

in which ��� is input power, ��v copper losses, �wx  iron losses 

and ��yxxzx  eddy current losses in the external sleeve. 
Expression (25) is correct as long as ��v,�� = ��v,��  and �wx,�� = �wx,�� . The best approximation which allows to 

assume that is keeping current constant in both tests. 

In the laboratory tests the two linear amplifiers have been 
used as voltage sources, so knowing that: 

• The inductance P is different in the two tests because 
eddy currents influence inductance, 

• P decreases by increasing the frequency with a higher 
relative drop in the test with the cooling sleeve, 

• The resistance { gets higher with the frequency, 

and being the current equal to: 

|�| = |}|{ + fP ,  

(26) 
 

to maintain the current constant the value of the voltage } has 
to be adapted constantly. 

The value of the current used in the test is chosen 
according to the most critical point, where the lowest value is 
achieved. It is without the sleeve at the maximum frequency. 
This happens because with the sleeve the reaction field of 
eddy currents decreases the flux linkage, which results in the 
drop of the inductance. Then, current is lower at the maximum 
frequency because the increasing frequency is more 
significant than the decrease of the inductance, which is not 
linear. 

The expected trend, the same got from the analytical and 
FEM models, is the one shown in Fig.16: increasing the 
frequency, losses also increase. Nevertheless, the results, 
which are listed in Table V, shown the opposite. Indeed, they 
are physically not possible because increasing the frequency 
values of eddy current losses in the sleeve are negative. This 
would mean that without the sleeve losses are higher than with 
the sleeve, and, moreover, it seems that increasing the 
frequency losses get lower which is impossible. 

A V
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A
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Fig. 16. Eddy current losses in copper external sleeve changing the 
frequency from 1 to 15 kHz with �
	�= 0.4 A and external sleeve of 1.5 
mm. 

TABLE V.  MEASUREMENTS RESULTS. 

Measurements results 

Frequency 

[kHz] 

~��,�� 

 [W] 

~��,�� 

[W] 

~������  

[W] 

1 0.444 0.308 0.136 

2 0.189 0.140 0.049 

3 0.176 0.139 0.037 

4 0.241 0.205 0.036 

5 0.334 0.301 0.033 

6 0.352 0.334 0.018 

7 0.359 0.353 0.006 

8 0.424 0.432 -0.008 

9 0.526 0.554 -0.027 

10 0.576 0.624 -0.047 

11 0.587 0.649 -0.062 

12 0.654 0.740 -0.086 

13 0.769 0.885 -0.115 

14 0.838 0.982 -0.144 

15 0.864 1.025 -0.161 

This means that the assumption on which the segregation 
of losses method is based, that ��v and �wx  are constant is not 

valid in this specific case. This happens because copper losses 
are function of the resistance, which depends, not only on the 
frequency, but also on the magnetic flux density. Indeed, it 
increases with the flux density. 

This phenomenon is particularly pronounced in this 
specific case because the magnetic flux density completely 
penetrates the conductors instead of what happened in the case 
studied in the paper [5] in which coils were located in the slots. 

As shown in Fig.17 the radial component of flux density 
is much higher without the sleeve and it is noticeable that it 
stays constant increasing the frequency without the sleeve, 
instead it decreases with the sleeve. This happens because 
eddy currents influence magnetic flux density and they are 
presented only with the sleeve. It is sufficient to take into 
account only the radial component of flux density because 
what changes the most with and without the sleeve is the radial 
component. 

This means that, even keeping the current constant for 
each frequency, the values of the flux density with and without 
the sleeve are different. So, knowing that the resistance 

increases with the magnetic flux density and the definition of 
copper and iron losses: 

��v,�� > ��v,��, (27) 

�wx,�� > �wx,�� , (28) 

and this motivates the negative values. 

VII. CONCLUSIONS 

In this paper a validated 2D analytical model to accurately 
estimate eddy current losses in the cooling sleeve of a toroidal 
high speed permanent magnet machine has been presented and 
it has been shown that the segregation of losses method cannot 
be applied in this specific case. The most significant reason is 
that the fundamental assumption, on which the method is 
based, is not verified in this case because magnetic flux 
density has different values with and without the external 
sleeve. Another possible approach to experimentally evaluate 
eddy current losses in the cooling sleeve, which could be the 
subject of a future study, could be the thermometric method 
[5], which consists in measuring accurately the rate of change 
of the temperature. 

 
Fig. 17. Rms radial component of the magnetic flux density with and without 
sleeve changing the frequency from 1 to 15 kHz. 
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