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Summary

This thesis studies partial synchronization in networks of delay-coupled systems.
Partial synchronization refers to the phenomenon that coupled systems can be grouped
into clusters such that synchrony is only observed within each cluster. The coupling
considered here contains a time-delay. A pattern of partial synchronization can
be characterized by a partial synchronization manifold which is a linear invariant
subspace of the state space of the network dynamics, corresponding to partially
synchronous motion. The existence and asymptotic stability of such a manifold are
required to observe partial synchronization in simulations and experiments. The latter
guarantees that the manifold attracts the neighboring solutions. Therefore, the partial
synchronization problem can be tackled in two steps: 1) identify partial synchronization
manifolds; 2) analyze the stability of the partial synchronization manifolds. This thesis
aims to provide an efficient method to characterize all partial synchronization manifolds
and tractable stability conditions of partial synchronization manifolds. In return, the
method and stability conditions provide insights into the relation between the dynamics
of individual systems, coupling parameters, time-delays, and partial synchronization.

First, a method is proposed to identify all partial synchronization manifolds in delay-
coupled networks, using the information on network structure and coupling type. The
method relies on a recently proposed existence criterion for partial synchronization
manifolds. The criterion is expressed as a row-sum check on the ordered adjacency
matrix (which represents the network structure). In this thesis, the criterion is
extended so that the method is also applicable to networks with different systems,
and the computational efficiency is significantly improved for the case where only the
transmitted signals in coupling contain a time-delay. In addition, the method allows to
automatically decompose the network dynamics into synchronization error dynamics
describing the deviations of the system states within the clusters, and dynamics on
manifolds describing the network dynamics after synchronization. The method is
implemented as a publicly available software tool.

Second, the stability of the partial synchronization manifolds is analyzed by using
the second method of Lyapunov. The stability analysis of partial synchronization
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iv SUMMARY

manifolds is recast as the stability analysis of an equilibrium (or zero solution) of the
synchronization error dynamics. It is shown that the linearized error system can be
interpreted as a linear parameter-varying (LPV) time-delay system. By assessing the
stability of this LPV time-delay system using a Lyapunov-Krasovskii functional (LKF),
the sufficient conditions for the local stability of partial synchronization manifolds
are derived and expressed in the form of linear matrix inequalities (LMIs), whose
feasibility can be assessed by using standard numerical tools.

Third, the partial synchronization in a practical sense is considered. From an application
perspective, the conditions for partial synchronization are too stringent, as inevitable
perturbations or uncertainties (considered as additive to the nominal setting) destroy
the zero equilibrium of the error system. Consequently, exact partial synchronization,
where the states of the systems within each cluster are perfectly synchronized, cannot be
achieved. Instead, an approximate synchronization, practical partial synchronization,
may be observed, where the states of the systems within each cluster converge to
each other up to some tolerance, and this tolerance tends to zero if (the size of) the
perturbations tend to zero. In this case, the error system in the analysis is viewed as a
non-autonomous time-delay system with a bounded additive perturbation. By assessing
the practical stability of this error system using LKFs, the conditions for practical
partial synchronization is derived and again formulated in term of LMIs. Besides, an
explicit relation between the size of perturbation and the bound of the synchronization
error is provided. All these conditions (for both exact and practical synchronization)
induce restrictions on the coupling strength and time-delay. They can be used to check
whether for a given set of parameters partial synchronization occurs and shed a light on
the parameter dependence.

Fourth, experiments on a network of electronic neurons are performed to demonstrate
the obtained theoretical results. Each electronic neuron is the implementation of
a neuron model in a circuit board. A cross correlation-based notion of practical
synchronization is introduced to quantify the synchronization between the neurons.
The experiments confirm the theory well though the theoretical results tend to be
conservative. The synchronization regions in network parameter space determined by
the theoretical conditions are a qualitative match of those obtained via experiments,
although the former are smaller than the latter due to the conservatism of the theory.

Finally, a control design is presented to achieve vehicle platooning which is a real-life
application of controlled network synchronization. The design, grounded in model
predictive control (MPC), employs a cooperative adaptive cruise control (CACC)
strategy to achieve vehicle platooning. The CACC strategy uses vehicle-to-vehicle
communication to allow for inter-vehicle data exchange such that short inter-vehicle
distances can be reached while guaranteeing safety. To improve the cohesion of the
platoon when encountering disturbance, a bi-directional network topology is used. It is
shown that compared to the commonly used unidirectional topology, the bi-directional
topology allows the vehicles to maintain shorter distances.



Samenvatting

Dit proefschrift bestudeert partiële synchronisatie in netwerken van systemen met
tijdsvertragingen in de koppeling. Partiële synchronisatie betreft het fenomeen waarbij
gekoppelde systemen in clusters kunnen worden ingedeeld, waarbij binnen elke cluster
synchroon gedrag wordt waargenomen. Een patroon van partiële synchronisatie
wordt gekenmerkt door een zogenaamde variëteit van partiële synchronisatie. Dit
is een deelruimte van de toestandsruimte van het gehele netwerk, die invariant is met
betrekking tot de systeemdynamica en waarin de trajecten gedeeltelijk synchroon
zijn. Het bestaan, alsook de asymptotische stabiliteit van zulke variëteit zijn vereist
voor het waarnemen van partiële synchronisatie in simulatie en experiment, wat
leidt tot een twee stappen procedure voor de analyse van partiële synchronisatie.
Dit proefschrift heeft als doelstelling om efficiënte methodes aan te reiken om alle
variëteiten van partiële synchronisatie te berekenen, en om de stabiliteit ervan na te
gaan. De stabiliteitsvoorwaarden leveren inzicht in de relatie tussen de dynamica van
individuele systemen en parameters van de koppeling, en het optreden van partiële
synchronisatie.

Vooreerst wordt een methode voorgesteld om alle variëteiten van partiële synchronisatie
te bepalen op basis van de netwerkstructuur en het soort koppeling. De methode
is gebaseerd op een bestaanscriterium voor variëteiten van partiële synchronisatie,
uitgedrukt als rijsomtest op de geordende verbindingsmatrix van het netwerk. In
dit proefschrift wordt het criterium uitgebreid zodat het ook toepast kan worden op
netwerken van verschillende systemen. Tegelijkertijd wordt de rekenkost gereduceerd
wanneer enkel de verzonden signalen tussen de (deel)systemen vertraagd zijn.
Bovendien is het mogelijk om de netwerkdynamica automatisch op te splitsen in
de foutendynamica, bepaald door onderlinge verschillen tussen de toestanden binnen
de clusters, en de dynamica op de variëteit, die het netwerkgedrag na synchronisatie
beschrijft. De methode is geïmplementeerd in vrij beschikbare software.

Als tweede bijdrage wordt de stabiliteit van variëteiten van partiële synchronisatie
geanalyseerd met behulp van de tweede methode van Lyapunov. De stabiliteitsanalyse
van zo’n variëteit kan herleid worden tot de stabiliteitsanalyse van de evenwichtsop-
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lossing van de foutendynamica, namelijk de nul-oplossing. Er wordt aangetoond dat
de linearisatie geïnterpreteerd kan worden als een lineair parameter-variërend systeem
met vertragingen. Door de stabiliteit van dit systeem te onderzoeken met behulp van
een Lyapunov-Krasovskii functionaal (LKF), worden voorwaarden voor de lokale
stabiliteit van variëteiten van partiële synchronisatie afgeleid, en uitgedrukt in de vorm
van standaard lineaire matrixongelijkheden.

Ten derde wordt partiële synchronisatie in een meer praktische setting behandeld.
Vanuit toepassingsperspectief zijn de bestaansvoorwaarden voor partiële synchronisatie
te streng, aangezien onvermijdelijke verstoringen of modelleringsfouten het nul-
evenwicht van het foutensysteem ongedaan maken. Bijgevolg kan exacte partiële
synchronisatie niet bereikt worden maar kan een zwakkere notie van synchronisatie,
die we praktische partiële synchronisatie nomen, worden waargenomen. Hierbij
convergeren de systemen binnen elk cluster op een tolerantie na, waarbij deze
tolerantie naar nul gaat als de grootte van de verstoringen naar nul gaat. In de
analyse kan de foutendynamica dan geïnterpreteerd worden in termen van een
niet-autonoom systeem met een begrensde additieve verstoring. Door de zgn.
praktische stabiliteit van dit foutensysteem te beoordelen met behulp van LKFs,
worden voorwaarden voor praktische partiële synchronisatie afgeleid, alsook een
expliciete relatie tussen de grenzen op de verstoringen en de synchronisatiefouten. De
voorwaarden, voor zowel exacte als praktische synchronisatie kunnen worden gebruikt
om te voorspellen of partiële synchronisatie plaats vindt, en ze werpen een licht op de
parameterafhankelijkheid.

Als vierde bijdrage worden experimenten uitgevoerd op een netwerk van elektronische
neuronen om de theoretische resultaten te staven. Elk elektronisch neuron komt
overeen met de implementatie van een neuronmodel op een printplaat. Om de
synchronisatie te kwantificeren wordt een criterium op basis van de kruiscorrelatie
tussen opgemeten tijdsreeksen gebruikt. De gebieden in de parameterruimte
overeenkomstig synchronisatie, die worden bepaald door de theorie en de experimenten,
komen kwalitatief overeen. In het eerste geval zijn ze kleiner, doordat de theoretisch
analyse leidt tot voldoende maar niet nodige voorwaarden voor synchronisatie.

Tenslotte wordt een regelaarsontwerp voorgesteld om een lineaire formatie van
voertuigen te stabiliseren, een toepassing van gecontroleerde netwerksynchronisatie.
Het ontwerp is gebaseerd op een coöperatieve adaptieve cruise control-strategie, die
gebruikt maakt van communicatie tussen de voertuigen. Om de cohesie van de groep
na een verstoring te herstellen, wordt een bidirectionele netwerktopologie gebruikt. die,
in vergelijking met de algemeen gebruikte unidirectionele topologie, de voertuigen in
staat stelt om kortere tussenafstanden aan te houden zonder aan veiligheid in te boeten.
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Chapter 1

Introduction

Abstract: This chapter introduces the synchronization phenomenon and gives some
historical notes. It continues with an introduction to partial synchronization and relevant
concepts. At the end of this chapter, the motivation, main contributions and outline of
this thesis are presented.

1.1 The synchronization phenomenon

What is synchronization? The word synchronization is derived from the word
synchronous which has a Greek origin “σύγχρονος” composed of the prefix “συν”
meaning the same or together and “χρονος” meaning time [30]. Literally translated,
synchronous means occurring at the same time [30]. Therefore, synchronization refers
to the phenomenon that “events” keep occurring simultaneously (for an extended period
of time) [5]. This phenomenon has been observed in various fields, ranging from nature,
science, engineering to society. Examples include: fireflies flashing synchronously [6],
geese flying in flock during migration [7], vehicles moving in platoons [8], audience
forming “Mexican waves” during a football match [9], etc. Besides its ubiquitousness,
synchronization also plays a very important role in life. For example, heartbeats are
regulated by clusters of synchronized pacemaker neurons [10], and blood sugar levels
are maintained by the insulin secreted by the synchronized β -cells in the pancreas [11].

1
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1.1.1 Historical notes

The scientific community has been investigating synchronization for centuries. The
Dutch physicist, mathematician, astronomer and inventor Christiaan Huygens was
probably the first scientist who made a record of the synchronization phenomenon. In
1665, he documented the synchronous motions of two pendulum clocks mounted next
to each other on a wooden beam [12], see Figure 1.1. The two clocks swung with the
same frequency but in opposite directions. He also pointed out accurately that it was
the imperceptible motion of the beam that caused the anti-phase synchronization of
the two clocks. In the middle of the eighteenth century, another important observation
on synchronization was made by Lord Rayleigh in his famous book “The theory of
sound”. He described the synchronization of two organ pipes which sounded in unison
when their outlets were close to each other [13]. With the development of electrical and
radio engineering, another progress in the investigation of synchronization was made
by Edward Appleton and Balthasar van der Pol. In the 1920s, they theoretically and
experimentally studied the synchronization of triode electronic generators [14, 15] after
the discovery of this phenomenon by W. H. Eccles and J. H. Vincent when applying
for a British patent [16]. These studies were of great importance because of their
applications on radio communication systems. Progress was also made in other fields.
In 1967, Winfree discussed the synchronization of biological oscillators in [17]. This
was one of the first works to analyze synchronization in a large population of nonlinear
oscillators. The early work on synchronization focused on two coupled oscillators.
Pioneered by the work of Fujisaka and Yamada [18] in 1983, researchers discovered
that chaotic systems could synchronize ([19, 20, 21, 22]), which was then a surprising
finding. It was previously believed that it was impossible for chaotic systems to be
synchronized due to their high sensitivity to initial conditions. Later on, in 1998,
Pecora and Carroll showed that the stability of the synchronous state of coupled chaotic
systems could be analyzed by using a master stability function in [23], which became a
popular tool for analyzing synchronization problems. Another research focus has been
synchronization of systems interconnected via time-delay couplings since the 1980s.
This is because that in reality, the couplings usually contain time-delays as a result of
the finite information transmission and processing speeds among the coupled systems.
In 1989, Schuster and Wagner investigated the synchronization (mutual entrainment) of
two delay-coupled phase oscillators [24]. In [25], it was shown that the master stability
function method could also be applied to analyze the synchronization of delay-coupled
chaotic systems. More results on synchronization of delay-coupled systems can be
found in [26, 27, 28, 29] and the references therein. Inspired by these seminal works,
synchronization has become a focus of study for researchers from various disciplines
including physics, biology, mathematics, engineering, and even social science.
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Figure 1.1: The original drawing of two pendulum clocks mounted on a common
support by Christiaan Huygens [12]

1.1.2 Partial synchronization

Synchronization comes in different forms. One trivial form of synchronization is full
synchronization, also called complete synchronization, which refers to the situation
where all the systems inside a network behave identically. Other typical forms of
synchronization include phase synchronization, generalized synchronization, partial
synchronization, etc. Phase synchronization only requires a relation between the
phases of the systems, while their amplitudes can be uncorrelated [30]. Generalized
synchronization means that the states (outputs) of the coupled systems satisfy a
given function [30]. In this thesis, we focus on partial synchronization or cluster
synchronization. Partial synchronization is a form of incomplete synchronization where
only some (but not all) systems in the network are synchronized to the same trajectory.
When the systems in a network are partially synchronized, they can be grouped into
different clusters, and within each cluster, synchrony is observed but it is not present
between systems from different clusters. Partial synchronization often occurs in large,
complex systems. One typical example concerns the synchronous activities of neurons
in parts of the human brain [31]. It is worth noting that full synchronization is not
always desirable: synchronization of an excessive amount of neurons can cause brain
disorders like epilepsy and Parkinson’s disease [32]. Considerable attention has been
attracted to partial synchronization recently, see, e.g., [33, 34, 35, 36, 37], and the
references therein. Sometimes, there exist time-delays in and between the systems,
for instance, due to the transmission time of signals among the systems, which may
induce partial synchronization. Some studies have been performed to study partial
synchronization of networked systems with delayed couplings, see [38, 39, 40, 3, 41].
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Unlike full synchronization, partial synchronization can have many different patterns
in a network of coupled systems1. For example, a network consisting of three systems,
labeled by 1,2,3, can be grouped into clusters (partitioned) in five ways:

• nodes 1 and 2 in one cluster, node 3 being separate;

• nodes 1 and 3 in one cluster, node 2 being separate;

• nodes 2 and 3 in one cluster, node 1 being separate;

• nodes 1, 2 and 3 in one cluster;

• no cluster (nodes 1, 2, 3 are separate from each).

Moreover, the number of possible partitions increases rapidly with the number of
systems in a network. This raises the first question considered in this thesis: Which
partial synchronization patterns will be observed given a network? In particular, which
partial synchronization patterns are supported by the network topology, the coupling
function (coupling strength, time-delay, etc.), and the dynamics of the individual
systems? A pattern of partial synchronization supported by the network structure can
be characterized by a partial synchronization manifold which is a positively invariant
set2 in the state space of the coupled systems [3]. On a partial synchronization manifold,
the systems show a pattern of partially synchronous motion. Then the question can be
solved by identifying partial synchronization manifolds and analyzing the stability of
such manifolds. When a partial synchronization manifold is identified, its asymptotic
stability, which guarantees the convergence of the states of the whole network to it,
is also required to observe the corresponding partial synchronization pattern [1]. In
practice, due to network imperfections, modeling errors, etc., perturbations are often
present in networks of coupled systems. This leads to the second question which is
about the robustness of partial synchronization. With the presence of perturbations,
the coupled systems may only show an approximate form of synchronization where
the differences of the states of the synchronized systems only converge to some
(small) bound (referred to as practical synchronization [42, 43]), or even worse, the
synchrony will disappear. Therefore, it is important to investigate the robustness of
partial synchronization. Several studies have been performed to investigate practical
synchronization in delay-free coupled systems, see [44, 3, 43, 42]. However, no
work has been done on the quantitative analysis of practical partial synchronization of
interconnected systems, in particular in the presence of delayed couplings.

1In fact, full synchronization can be considered as a special pattern of partial synchronization where all
systems are grouped into one cluster.

2Given a dynamical system, a subset of its state space is called a positively invariant set if it satisfies the
property that when the system’s state is inside this set at time t0, the state will remain within this set for all
t > t0.
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1.2 Motivation and contributions

This thesis focuses on partial synchronization in networks of dynamical systems that are
interconnected via time-delay couplings. Given a delay-coupled network, the following
key questions are addressed: 1) what are possible partial synchronization patterns that
can be observed in the network; 2) when will a certain pattern of partial synchronization
emerge in the network; 3) how robust is the partial synchronization with respect to
perturbations? The network structure, coupling function and the dynamics of the
individual systems all play a role in formulating a form of partial synchronization in
the network. The challenge here is to find the relation between these factors and partial
synchronization.

Consider N dynamical systems of the form

ẋi(t) = fi(xi(t),ui(t)),

yi(t) = hi(xi(t)), i = 1,2, . . . ,N,
(1.1)

with state xi, input ui and output yi. The systems are coupled as their inputs will depend
on the outputs of the connected systems.

Two types of delayed couplings considered are given by

ui(t) = k
N

∑
j=1

ai j[y j(t− τ)− yi(t)], (invasive coupling) (1.2)

and

ui(t) = k
N

∑
j=1

ai j[y j(t− τ)− yi(t− τ)], (non-invasive coupling) (1.3)

where i = 1,2, . . . ,N, τ is the time-delay, k > 0 represents the coupling strength, and
ai j ≥ 0 stands for the weights on the connection from system j to system i. If ai j = 0,
system j is not connected to system i. If ai j > 0, system j is connected to system i.
Note that the connection here is not symmetric, i.e., ai j and ai j are not necessarily equal
to each other. Actually, the weights ai j

3 contain the information on the communication
structure of the network. The parameter k seems redundant here as it could be embedded
in the weights (ãi j = kai j). This parameter k is used because it is assumed that the
network structure is given (ai j is fixed) and the synchronization conditions will be
checked against k. Following the naming conventions in [45, 46, 47, 3], coupling (1.2)
is referred to as invasive coupling as it does not generally vanish when all systems are
synchronized, and coupling (1.3) is referred to as non-invasive coupling as it vanishes
when all systems are synchronized. The invasive coupling applies to the situation

3If the coupling is represented by a graph (see Chapter 2), the matrix A = (ai j) corresponds to its
adjacency matrix.
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where information coming from other systems is subject to some delay due to finite
transmission speed. The non-invasive coupling applies to the situation where the
sensors and/or actuators have delays, for example, in a car following problem, drivers
react with some delays on the distances between their cars.

The delayed type coupling is considered because in some cases time-delay cannot
be neglected and time-delay can cause drastic changes to the stability properties of
systems. Apart from being delayed, these couplings are also diffusive, i.e., they are
defined based on the differences between the (delayed) output signals of the connected
systems. Diffusive coupling is an important type of coupling that has been found in
many different types of networks, such as networks of coupled neurons [32, 48, 49,
50], biological systems [51, 52, 53], mechanical systems [54, 55, 56] and electrical
systems [57, 58].

The objective of this thesis is to investigate and characterize the influence of dynamics
of the individual systems, network structures, coupling types, and time-delays on
the occurrence and patterns of partial synchronization. The occurrence of partial
synchronization is determined by the existence and stability of partial synchronization
manifolds, while each partial synchronization manifold corresponds to a pattern of
partial synchronization. Hence, the partial synchronization problem is tackled in two
steps: 1) identify partial synchronization manifolds; 2) assess the stability of partial
synchronization manifolds. Through these two steps, this thesis provides:

i an efficient method to characterize all partial synchronization manifolds for
delay-coupled systems (1.1), (1.2) and (1.1), (1.3);

ii tractable stability conditions for partial synchronization manifolds.

The method takes the type of system dynamics, network structures (the adjacency
matrix), and the types of couplings as inputs to compute all partial synchronization
manifolds of the coupled systems. The stability conditions of the partial synchronization
manifolds impose restrictions on the coupling parameter k and time-delay τ . In this
way, these results provide insights into the relation between the system dynamics,
network structures, coupling parameters, time-delays and partial synchronization. The
results obtained from the first step are shown in Chapter 3, and those obtained from the
second step are presented in Chapter 4. The robustness of partial synchronization is
also investigated by considering the practical form of partial synchronization, and the
results are presented in Chapter 5. Besides, as a demonstration of the theoretical results
in a practical sense, a series of experiments in a network of coupled electronic neurons
are performed, and the results on synchronization of these neurons are presented in
Chapter 6. Finally, Chapter 7 gives another demonstration of a real-life application of
synchronization in networked systems – vehicle platooning.
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1.3 Outline

The thesis is organized as follows.

Chapter 2 introduces the notation and concepts used throughout the thesis.

Chapter 3 presents a method to characterize all partial synchronization manifolds
in delay-coupled systems. First, existence conditions for partial synchronization in
networks of delay-coupled systems are presented. The existence conditions allow for
systems to be different in the networks. Second, the method using these conditions
is developed to compute all partial synchronization manifolds. The computational
efficiency is improved for the invasive coupling case compared to the method in [3].
In addition, the method performs a decomposition of the network dynamics into
synchronization error dynamics and dynamics on the manifolds. The synchronization
error dynamics will be used for stability analysis of partial synchronization manifolds
in the next chapters.

Chapter 4 presents sufficient conditions for partial synchronization in networks of
delay-coupled systems. The synchronization is considered in an exact sense, i.e., the
differences between the states of the synchronized systems converge to zero. The
sufficient conditions for partial synchronization are derived by assessing the stability
of the synchronization error dynamics which are derived using the method developed
in Chapter 3. It is shown that the synchronization error dynamics, after linearization
around the zero equilibrium, can be interpreted as a linear parameter varying time-delay
system. By constructing Lyapunov-Krasovskii functionals, the stability conditions for
such systems, i.e., the condition for (exact) partial synchronization are acquired and
formulated in the form of linear matrix inequalities (LMIs) which can be efficiently
solved by several existing numerical tools.

Chapter 5 presents sufficient conditions for practical partial synchronization in
networks of delay-coupled systems. Recall that practical partial synchronization here
refers to a form of approximate synchronization where the states (or outputs) of the
systems in each cluster are not identical, but converge to each other up to some (small)
bound. It is required that the bound goes to zero if (the size of) the perturbations go to
zero. Perfect synchronization is impossible in this case due to perturbations. First, it is
shown that the conditions for the existence of partial synchronization manifolds are
fragile as infinitesimal perturbations on the networks can lead to violations of these
conditions. In this case, partial synchronization in the exact sense cannot emerge, but
practical partial synchronization may occur instead. Second, the synchronization error
dynamics of the perturbed networks are derived. Due to the perturbations, this error
system has no zero equilibrium. Third, the conditions for practical synchronization
manifolds are derived through a practical stability analysis of the synchronization
error system. This practical stability analysis does not require a zero equilibrium of
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the error system. The error system is viewed as a time-delay system affected by an
additive perturbation induced term. This term goes to zero when the perturbations
become zero, and in the limit, the error system will have a zero equilibrium. By using
Lyapunov-Krasovskii functionals, conditions for practical synchronization are derived
and formulated in the form of LMIs.

Chapter 6 presents experimental results on synchronization in networks of delay-
coupled electronic neurons to demonstrate the theoretical results shown in the previous
chapters. An experimental setup consisting of up to sixteen electronic neurons is used.
Each electronic neuron is an electric circuit board realization of a mathematical model
for biological neurons. First, the model of the electronic neuron and its behavior modes
are introduced. Second, a cross correlation-based notion of practical synchronization
is introduced to quantify the synchronization of the electronic neurons. Note that the
electronic neurons are only expected to be synchronized in a practical sense, that is,
the outputs of the synchronized neurons only converge to each other within a small
bound. Exact synchronization is not possible as all electronic neurons are slightly
different because, for instance, no electrical components are identical. Finally, a
series of experiments are performed with different network settings. The experiments
confirm the theory well though the theoretical results tend to be conservative. The
synchronization regions in network parameter space determined by the theoretical
conditions are a qualitative match of those obtained via experiments, although the
former are smaller than the latter reflecting the conservatism of the method developed
in Chapter 4. However, despite the conservatism, the theoretical results are still
able to provide an estimation of bounds of the network parameters between different
synchronization patterns, and predict transitions from one pattern to another when the
network parameters are changed.

Chapter 7 presents a control design to achieve platooning of vehicles with acceleration
limitations as a real-life application of (controlled) network synchronization. The
control design, grounded on model predictive model (MPC), employs a cooperative
adaptive cruise control (CACC) strategy to achieve vehicle platooning. The CACC
strategy uses vehicle-to-vehicle communication to allow for inter-vehicle data exchange
such that short inter-vehicle distances can be reached while guaranteeing safety. The
MPC technique is chosen as the basis of the design because of its ability to easily
accommodate the acceleration limitation. To improve the cohesion of the platoon when
encountering disturbances, a bi-directional network topology is used. It is shown that
compared to the commonly used unidirectional topology, the bi-directional topology
allows the vehicles to maintain shorter distances. This indicates that choosing a proper
network topology can improve the performance of synchronization.

Chapter 8 summarizes the conclusions of all chapters and gives recommendations for
future research.



Chapter 2

Preliminaries

Abstract: This chapter introduces the notation and concepts that are used throughout
the thesis. Section 2.1 introduces the notation. Section 2.2 presents the concept of
semipassive systems. Section 2.3 deals with time-delay systems, focusing on the
stability properties. Section 2.4 introduces linear matrix inequality and its connection
with stability analysis. Finally, section 2.5 gives an introduction to some basics of
graph theory.

2.1 Notation

2.1.1 Sets and numbers

The symbols C, R, R≥0, R+, Z and Z≥0 denote the sets of complex, real, non-negative
real, positive real numbers, integers, and non-negative integers, respectively. Re(λ )
and Im(λ ) represent the real and imaginary parts of a complex number λ , respectively.
The imaginary unit is denoted by j =

√
−1.

2.1.2 Vectors, matrices and norms

The space Rn denotes the n-dimensional real vector space. For a vector v ∈ Rn, its
Euclidean norm is given by ‖v‖ :=

√
v>v, where v> denotes the transpose of v. The

space Cn denotes the n-dimensional complex vector space. For a vector v ∈ Cn, its
Euclidean norm is given by ‖v‖ :=

√
vHv, where vH denotes the conjugate transpose

9
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of v. The n-dimensional vector with all entries 1 is denoted by 1n, or simply 1 if no
confusion arises.

The spectral norm of a matrix A ∈ Rm×n, denoted by ‖A‖, is the induced 2-norm
‖A‖:= maxx∈Rn = ‖Ax‖

‖x‖ . The induced ∞-norm of a matrix A ∈Rm×n, denoted by ‖A‖∞,
is defined as ‖A‖∞ := max1≤i≤m ∑

n
1≤ j≤n |ai j|, where |ai j| is the absolute value of the

i jth entry of the matrix A. The notations rank(A), ker(A), and σ(A) stand for the rank,
the right kernel, and the spectrum of a matrix A. Note that in this thesis, a spectrum
σ(·) is considered as a multiset. A multiset is a collection of objects (called elements)
where the elements may appear more than once [59]. For example, for the matrix A
given by

A =

1 0 0
0 1 0
0 0 2

 ,
the spectrum σ(A) is the multiset {1,1,2}.
The n×n identity matrix is denoted by In, or simply I if no confusion can arise. The
n×m matrix with all entries 0 is denoted by 0m×n, or simply 0 if no confusion can
arise. The symbol⊗ represents the Kronecker product of two matrices. If A is an m×n
matrix and B is a p×q matrix, the Kronecker product A⊗B is defined as:

A⊗B =


a11B a12B · · · a1nB
a21B a22B · · · a2nB

...
...

. . .
...

am1B am2B · · · amnB

 ∈ Rmp×nq,

where ai j is the i jth entry of A.

The operator diag() with matrix arguments creates a block-diagonal matrix with the
arguments on the main diagonal. Let A and B be two square matrices, then diag(A,B)
is defined as

diag(A,B) =
(

A 0
0 B

)
.

A symmetric matrix A ∈ Rn×n is called positive (negative) definite, denoted by A > 0
(A < 0), if x>Ax > 0 (x>Ax < 0),∀x ∈ Rn\{0}. It is positive (negative) definite if and
only if all of its eigenvalues are positive (negative). It is called positive semi-definite,
denoted by A ≥ 0, if x>Ax ≥ 0,∀x ∈ Rn. It is semi-definite if and only if all of its
eigenvalues are non-negative.
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2.1.3 Functions

A function V : X → R≥0 defined on a subset X of Rn, is called positive (negative)
definite if V (x) > 0 (V (x) < 0),∀x ∈ X\{0} and V (0) = 0. It is called radially
unbounded if X = Rn and V (x)→ ∞ as ‖x‖→ ∞.

Let r be a non-negative integer. A function V : Rn→ R≥0 is called C r-smooth if it has
continuous derivatives up to order r.

A continuous function α : [0,a)→ [0,∞) is of class K if it is strictly increasing and
α(0) = 0 [60].

2.2 Semipassive systems

This section introduces the concept of semipassivity of dynamical systems. Semipas-
sivity is a weakened version of the passivity property, as clarified in the following
definition.

Definition 2.2.1. [61, 62] Consider a system of the form

ẋ(t) = f (x(t),u(t)),

y(t) = h(x(t)),
(2.1)

where x(t) ∈ Rn, u(t) ∈ Rm, y(t) ∈ Rm, and sufficiently smooth functions f : Rn→ Rn

and h : Rn→ Rm. Suppose that there exist a C r-smooth, r ≥ 1 nonnegative storage
function V : Rn → R≥0,V (0) = 0 and a scalar function S : Rn → R such that the
following inequality holds:

V̇ (x(t))≤ y>(t)u(t)−S(x(t)). (2.2)

The system (2.1) is called

• C r-passive if S(x) in (2.2) is nonnegative for all x ∈ Rn.

• strictly C r-passive if S(x) in (2.2) is positive definite.

• C r-semipassive if S(x) in (2.2) is nonnegative for x outside some ball B = {x ∈
Rn |‖x‖< R}.

• strictly C r-semipassive if S(x) in (2.2) is positive for x outside some ball B =
{x ∈ Rn |‖x‖< R}.
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Basically, when ‖x‖ is large enough, a semipassive system behaves like a passive system.
A nice property of semipassive systems is that their solutions are bounded when the
systems are diffusively coupled [62]. This thesis utilizes this property to guarantee the
boundedness of the solutions of coupled systems. Many systems, especially physical
and biological systems, are semipassive, see [63].

2.3 Time-delay systems

The dynamics of the delay-coupled systems will be modeled by time-delay systems.
The specific class of time-delay system addressed in this thesis is the retarded type time-
delay system. In this section, some basic concepts about time-delay systems, including
the initial value problem and stability of equilibra, are introduced. This section only
gives a brief introduction to time-delay systems. For more details about the properties,
stability analysis and control design of time-delay systems, see [64, 65, 66] and the
references therein.

A time-delay system of retarded type can be described by a set of retarded functional
differential equations which are introduced in what follows by adopting the setting
and conventions from [67]. Let τ ≥ 0 be a given real number. C ([−τ,0],Rn)
denotes the Banach space of continuous functions mapping the interval [−τ,0] to
Rn, equipped with the supremum norm ‖φ‖s = sup0≤θ≤τ‖φ(θ)‖,φ ∈ C ([−τ,0],Rn).
If t0 ∈ R,T ≥ 0 and x ∈ C ([t0 − τ, t0 + T ],Rn), then for any t ∈ [t0, t0 + T ], the
function xt = xt(θ) ∈ C ([−τ,0],Rn) is defined by xt(θ) = x(t +θ),−τ ≤ θ ≤ 0. Let
f : R×C ([−τ,0),Rn)→ Rn and “·” represents the right-hand derivative1. Then, the
relation

ẋ(t) = f (t,xt), (2.3)

is called a retarded functional differential equation, or RFDE for short.

Let the initial time instant be t0, then the initial condition of (2.3) is a function φ ∈
C ([−τ,0],Rn) specifying the value of x(t) at the time interval [−τ +t0, t0], i.e., φ(θ) =
x(t0 +θ),θ ∈ [−τ,0]. The function xt is the state of (2.3). A function x is a solution of
(2.3) on [t0−τ, t0 +T ],T ≥ 0 if x ∈ C ([−τ + t0, t0 +T ),Rn) and x(t) satisfies (2.3) for
almost all t ∈ [t0, t0 +T ). The function f is assumed to be continuous in all arguments
and Lipschitz in the second argument, which guarantees existence and uniqueness of
the solution. For given initial time instant t0 and initial condition φ , x(t; t0,φ) denotes
the solution of (2.3) through (t0,φ).

Next, the notions of stability of an equilibrium of a time-delay system (retarded
functional differential equation) in the sense of Lyapunov are presented. An equilibrium

1The right-hand derivative of a function x(t) is ẋ(t) = lim∆t→0+
x(t+∆t)−x(t)

∆t .
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is a constant function [−τ, 0]→ x∗ such that f (t,x∗) = 0 for all t. Without losing
generality, it is assumed that x∗ = 0.

Definition 2.3.1. ([67, 68]) Consider the RFDE,

ẋ = f (t,xt), (2.4)

and suppose that f (t,0) = 0 for all t ∈ R. Then the zero solution of (2.4) x≡ 0 is

• stable if for any t0 ∈ R and number ε > 0 there is δ = δ (t0,ε) > 0 such that
‖φ‖s < δ implies ‖x(t; t0,φ)‖< ε for all t ≥ t0;

• uniformly stable if it is stable and the number δ can be chosen independently of
t0;

• locally asymptotically stable if it is stable and there exists a number δ (t0)> 0
such that ‖φ‖s < δ implies x(t; t0,φ)→ 0 as t→ ∞.

• globally asymptotically stable if it is stable and x(t; t0,φ)→ 0 as t→ ∞.

• locally uniformly asymptotically stable if it is uniformly stable and there exists
a number δ > 0 such that for every ε > 0 there is a T = T (ε,δ )> 0 such that
‖φ‖s < δ implies ‖x(t; t0,φ)‖< ε for all t ≥ t0 +T .

• globally uniformly asymptotically stable if it is uniformly stable and for all δ > 0
and ε > 0 there is a T = T (ε,δ )> 0 such that ‖φ‖s < δ implies ‖x(t; t0,φ)‖< ε

for all t ≥ t0 +T .

• locally uniformly exponentially stable if it is uniformly stable and there are
constants m,α,δ > 0 such that ‖φ‖s < δ implies ‖x(t; t0,φ)‖ ≤me−α(t−t0)‖φ‖s
for all t ≥ t0.

• globally uniformly exponentially stable if it is uniformly stable and there are
constants m,α > 0 such that ‖x(t; t0,φ)‖ ≤ me−α(t−t0)‖φ‖s for all t ≥ t0.

Similarly to the case of systems without delay, the direct Lyapunov method can also be
used to analyze the stability of time-delay systems. However, special attention should
be paid to the Lyapunov function V . In fact, it will become a functional as the state
variable xt in a time-delay system is already a function. Let V : R×C ([−τ,0],R)→R
be continuous and x(t; t0,φ) be a solution of (2.4) through (t0,φ). The upper right-hand
derivate of V (t,φ) along the solution of (2.4) is defined as

V̇ (t,φ) = lim
∆t→0+

sup
1
∆t

[V (t +∆t,xt+∆t(t0,φ))−V (t,φ)].

Then, the following theorem can be used to assess the stability of time-delay systems.
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Theorem 2.3.2. (Lyapunov-Krasovskii stability theorem, [68]) Consider the RFDE (2.4)
and suppose f :R×C ([−τ,0],Rn)→Rn is completely continuous2 and u,v,w :R≥0→
R≥0 are continuous nondecreasing functions, u(s) and v(s) are positive for s > 0, and
u(0) = v(0) = 0. If there is a continuous functional V : R×C ([−τ,0],Rn)→ R such
that

u(‖φ(0)‖)≤V (t,φ)≤ v(‖φ‖s), (2.5)

V̇ (t,φ)≤−w(‖φ(0)‖), (2.6)

then the zero solution x ≡ 0 of (2.3) is uniformly stable. If w(s) > 0 for s > 0 the
solution x≡ 0 is uniformly asymptotically stable. If, in addition, lims→∞ u(s) = ∞, the
solution x≡ 0 is globally uniformly asymptotically stable.

The functional V (t,φ) is called Lyapunov-Krasovskii functional (LKF). Sometimes,
Lyapunov-Krasovskii functionals V (t,φ , φ̇) that also depends on the state derivatives
are used, see [68, 69]. In this case, one of the following norms is needed to replace the
supremum norm ‖·‖s in (2.5):

‖φ‖W = max{‖φ‖s,‖φ̇‖s}, (2.7)

or

‖φ‖W = max
θ∈[−τ,0]

‖φ(θ)‖+
[∫ 0

−τ

‖φ̇(θ)‖dθ

]1/2

, (2.8)

The conclusions in Theorem 2.3.2 still hold when ‖φ‖s is replaced by ‖φ‖W , see [70,
69].

For linear time-invariant time-delay systems, the stability analysis can be also be done
by using frequency domain methods, for example, by inspecting the characteristic roots
of the time-delay systems.

Consider a linear time-delay systems of the form

ẋ(t) = A0x(t)+A1x(t− τ), (2.9)

where x(t) ∈ Rn and Ai ∈ Rn×n, i = 0,1 and time delay τ > 0.

The characteristic equation of (2.9) is given by

det∆(λ ) = 0, (2.10)

where
∆(λ ) := λ I−A0−A1e−λτ .

The roots of (2.10) are called the characteristic roots of (2.9).
2The mapping f : R×C ([−τ,0],Rn)→ Rn is completely continuous if it is continuous and maps

bounded sets in R×C ([−τ,0],Rn) into bounded sets in Rn.
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Theorem 2.3.3. ([65]) The zero solution x(t)≡ 0 of (2.9) is asymptotically stable if
and only if all of its characteristic roots are located in the open left half-plane.

The characteristic equation (2.10) has an infinite number of characteristic roots.
However, given any finite real number γ , the number of characteristic roots in the
plane {λ ∈ C|Re(λ )> γ} is finite. In other words, the number of characteristic roots
located on the right side of any vertical line is finite.

An important property of the characteristic roots of (2.9) is that they behave
continuously with respect to the variations of the time delay and the system
matrices [65]. That is, when the time delay τ , the matrix A0 or A1 varies, the
characteristic roots may transit from the left half-plane to the right half-plane (or
vice versa) only by crossing the imaginary axis. Hence, the stability regions in a
parameter space can be determined by checking for the imaginary axis crossings of the
roots with respect to the changes of the parameters.

2.4 Linear matrix inequalities

In this thesis, many criteria are formulated in the form of linear matrix inequalities
(LMIs). This section introduces linear matrix inequalities and their connection with
stability analysis. There exist several off-the-shelf software tools that can solve LMIs
efficiently, for instance, MOSEK [71], SEDUMI [72], SDPT3 [73], and the MATLAB
LMI toolbox [74].

A linear matrix inequality (LMI) is a constraint of the form

A (x) = A0 +
m

∑
i=1

xiAi < 0, (2.11)

where x= [x1, . . . ,xm]
> ∈Rm is the vector of the decision variables xi and the symmetric

matrices Ai = A>i ∈ Rn×n, i = 0, . . . ,m, are given. If there exists a vector x∗ ∈ Rm such
that the inequality (2.11) holds, the LMI is called feasible.

The variables can be also matrices, which is the case for most control applications. A
typical example is the Lyapunov inequality

A>P+PA < 0, (2.12)

where A ∈ Rn×n is given and the symmetric matrix P ∈ Rn×n is the design variable.

Let E1, . . . ,Em ∈ Rn×n be m linearly independent symmetric matrices, where m =
n(n+1)/2. Then the symmetric matrix P can be expressed by P = ∑

m
i=1 xiEi, where
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x1, . . . ,xm are the decision variables. In this way, (2.12) can be seen as a special form
of (2.11):

A>
(

m

∑
i=1

xiEi

)
+

(
m

∑
i=1

xiEi

)
A = x1

(
A>E1 +E1A

)
+ . . .+ xm

(
A>Em +EmA

)
< 0.

(2.13)

When using the direct Lyapunov method to analyze the stability of dynamical systems,
the requirements on the Lyapunov function(al)s can in many cases be transformed into
LMIs. Improved stability conditions can be obtained by using a so-called descriptor
transformation, see [69] and the references therein.

2.5 Elementary graph theory

In this thesis, the coupling between systems is presented by graphs. This section briefly
introduces some basic concepts in graph theory. The notations and terminology are
adopted from [75, 76]. A graph G consists of a pair (E ,V ), where V is the set of
vertices and E is the set of edges. Let i, j ∈ V be two nodes, then (i, j) ∈ E denotes
the directed edge from node i to node j. The edge can also be undirected if (i, j) ∈ E
implies ( j, i) ∈ E . A graph with directed edges is called a directed graph, or digraph.
Otherwise, it is an undirected graph. In the remainder of this section, only directed
graphs are considered. An edge joining a node to itself is called a self-loop. If two or
more edges connecting an ordered pair of nodes, the edges are called multiple edges.
A graph is simple if it has neither self-loops nor multiple edges. A graph is strongly
connected if, for any two nodes i, j in it, there exist a directed path from i to j.

If two nodes are connected by an edge, they are called adjacent. For a graph G with n
vertices, the adjacency matrix A ∈ Rn×n is then defined as A = (ai j) where

ai j =

{
1, if ( j, i) ∈ E (G ),

0, otherwise.

It is also possible to assign weights to the edges, thus the graph becomes a weighted
graph. Let wi j be the weight on the edge j, i, then the weighted adjacency matrix is
defined as A := (ai j) with

ai j =

{
wi j, if ( j, i) ∈ E (G ),

0, otherwise.

To include the information on weights, a graph G is now extended as a triple-tuple
(V ,E ,A).
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The degree matrix D ∈Rn×n of a graph is a diagonal matrix with the degree di = ∑ j ai j
as entries on its diagonal, and the Laplacian matrix L is defined by L := D−A.





Chapter 3

Characterization of partial
synchronization manifolds

Abstract: In this chapter, a method to characterize all partial synchronization manifolds
in networks of delay-coupled systems is presented. The method is developed based
on a recently proposed algorithm for computing partial synchronization manifolds
with improved computational efficiency and also applicable to networks of different
systems. In addition, the method performs a decomposition of network dynamics into
the synchronization error dynamics and the dynamics on the manifolds in a systematic
way, which is important in the context of stability analysis of partial synchronization
manifolds. The results presented in this chapter are published in [77] and [78].

3.1 Introduction

This chapter focuses on partial synchronization in networks of systems interacting via
diffusive time-delay couplings. From a mathematical point of view, a prerequisite for
partial synchronization is the existence of so-called partial synchronization manifolds,
which are positively invariant sets in the state space of the delay-coupled systems.
On such a manifold, the systems show partially synchronized motion. Note that
the existence of a partial synchronization manifold, by itself, does not imply that in
experiments synchronous behavior within each cluster of the corresponding partition
will appear. The latter also requires the manifold to be asymptotically (practically)
stable, which will be dealt with in the next chapters.

19
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In [33], such manifolds are identified by exploiting the symmetry under permutation
of the networks with identical systems coupled through diffusion. In [40], a so-called
equitable partition is defined to identify partial synchronization manifolds. More
equivalent existence conditions for partial synchronization manifolds for networks
of identical systems interacting via linear diffusive time-delay couplings have been
presented in [3]. Using one of the criteria, which utilizes the block structure
of the reordered adjacency matrix of a network, a method for computing partial
synchronization manifolds has been developed in [3]. In this chapter, an improved
method is presented which is more computationally efficient when the couplings are
invasive, i.e., they do not vanish when full synchronization emerges. Most work on
partial synchronization considers networks consisting of identical systems. In some
research, systems with different dynamics are also considered, see, e.g., [38, 79]. In
this chapter, the method proposed in [3] is also extended to allow for networks with
(some but not all) different systems at the nodes. In addition, the extended method in
this chapter performs an automatic decomposition of the network dynamics into the
synchronization error dynamics and the dynamics on the manifolds, which serves as a
foundation for stability analysis in the subsequent chapters.

The remainder of this chapter is organized as follows. Section 3.2 shows how to
characterize and compute partial synchronization manifolds. Section 3.4 presents the
decomposition of the network dynamics into the synchronization error dynamics and
the dynamics on the manifolds. Section 3.5 uses a numerical example to demonstrate
the usage of the method to analyze partial synchronization of delay-coupled systems.

3.2 Characterization of partial synchronization man-
ifolds

In this section, some relevant concepts on partial synchronization manifolds are
introduced, and the existence conditions for partial synchronization manifolds in [3]
are extended to allow for networks with different systems at the nodes. As an extension
of [3], the settings and conventions in [3] are adopted throughout this section.

3.2.1 Existence of partial synchronization manifolds

We consider a network consisting of N systems whose coupling is represented by a
directed graph G = (V ,E ,A), where

• V = {1,2, . . . ,N} is a finite set of nodes with cardinality |V |= N;
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• E ⊂ V ×V is the set of directed edges, where the edge (i, j) points from node i
to node j;

• A = (ai j) ∈ RN×N is the weighted adjacency matrix, where ai j > 0 represents
the weight of edge ( j, i) when ( j, i) ∈ E , and ai j = 0 when ( j, i) /∈ E .

Note that the graphs considered here are simple and strongly connected.

Every node hosts a dynamical system of the form{
ẋi(t) = fi(xi(t))+Biui(t),
yi(t) =Cixi(t),

(3.1)

where xi(t) ∈ Rn are the states, fi : Rn→ Rn are sufficiently smooth functions, ui(t) ∈
Rm are the inputs, yi(t) ∈ Rm are the outputs, Bi ∈ Rn×m are the input matrices, Ci ∈
Rm×n are the output matrices, and i = 1, . . . ,N. Here, we assume that all CiBi are
similar to positive definite matrices, i.e., there exist invertible matrices Mi ∈ Rm×m

and positive definite matrices Wi ∈ Rm×m such that CiBi = M−1
i WiMi. This assumption

guarantees that all the systems are left-invertible [80]. A dynamical system is called left-
invertible when the input-output map of the system is injective [81]. Left-invertibility
is introduced to render the sufficient condition presented later in this section for the
existence of partial synchronization manifolds necessary, cf. [3]. One common choice
of the matrices Bi and Ci is Bi = Ci = I, which corresponds to the case of full state
feedback.

The systems (3.1) interact via either one of the following two types of diffusive
couplings:

invasive coupling
ui(t) = k ∑

j∈Ni

ai j[y j(t− τ)− yi(t)] (3.2)

or

non-invasive coupling

ui(t) = k ∑
j∈Ni

ai j[y j(t− τ)− yi(t− τ)], (3.3)

where Ni is the neighboring set of node i, i.e., N := { j ∈ V |( j, i) ∈ E }, ai j are the
entries of the weighted adjacency matrix A, τ is the time-delay, and k is the coupling
strength.

For the coupled systems (3.1), (3.2) or (3.1), (3.3), a solution denoted by x(·) =[
x1(·)> · · · xN(·)>

]> is a partially synchronous solution if there exist nodes i, j ∈ V
with i 6= j such that

xi(t) = x j(t),∀t ≥ t0 whenever xi(θ) = x j(θ) for θ ∈ [t0− τ, t0]. (3.4)
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Here xi(·) is the component of the solution corresponding to node i in the network.

When a partially synchronous solution exists, the nodes can be grouped into clusters
such that the systems at the nodes inside each cluster have equal states. In order to
describe this clustering of nodes in a graph G , the concept of partition is used. A
partition P is a set of nonempty, disjoint subsets of V whose union is V . These
subsets are referred to as parts of the partition. In this way, a part represents a cluster
of the nodes. The number of parts is denoted by κ . A partition is parameterized by a
permutation matrix Π. The permutation matrix Π is associated with an equivalence
relation ∼, which is such that i ∼ j if the i j-th entry of Π is equal to 1. Note that
κ = dimker(IN−Π).

Example 3.2.1. Consider a graph G with V = {1,2,3,4,5}. The partition P =
{{1,3,4},{2,5}} with κ = 2 parts can be presented by the permutation matrix

Π =


0 0 1 0 0
0 0 0 0 1
0 0 0 1 0
1 0 0 0 0
0 1 0 0 0

 .
It is easy to verify that dimker(I5−Π) = 2.

We denote the state space of the coupled systems by C ([−τ,0],RNn) and the states of
the coupled systems by xt ∈ C ([−τ,0],RNn) with

xt(θ) :=


xt,1(θ)
xt,2(θ)

...
xt,N(θ)

=


x1(t +θ)
x2(t +θ)

...
xN(t +θ)

 , θ ∈ [−τ,0].

Then, with a permutation matrix Π, the condition of form (3.4) can be expressed as

xt(θ) = (Π⊗ In)xt(θ), ∀θ ∈ [−τ,0], ∀t ≥ t0, (3.5)

or equivalently, xt ∈M (Π) for all t ≥ t0, where

M (Π) := {φ ∈ C ([−τ,0],RNn) |φ(θ) = col(φ1(θ),φ2(θ), . . . ,φN(θ)),

φi(θ) ∈ Rn, i = 1, . . . ,N, φ(θ) = (Π⊗ In)φ(θ)∀θ ∈ [−τ,0]}.

is the set of partially synchronous states induced by the permutation matrix Π.

Note that M (Π) is a linear subspace of C ([−τ,0],RNn).
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The set M (Π) is called a partial synchronization manifold if it is a positively invariant
set for the coupled systems (3.1), (3.2) or (3.1), (3.3), i.e., xt0 ∈M (Π) implies xt ∈
M (Π) for all t > t0. This brings the following definition.

Definition 3.2.2. ([3]) The set M (Π) with permutation matrix Π for which 1 < κ < N
is a partial synchronization manifold for the coupled systems (3.1), (3.2), or (3.1), (3.3),
if it holds that xt ∈M (Π),∀t > t0 whenever xt0 ∈M (Π).

A partition P associated with the permutation matrix Π is called viable if the
corresponding set M (Π) is a partial synchronization manifold. However, identifying a
viable partition can be challenging since a direct verification of the invariance property
is difficult. With the help of another permutation matrix R introduced in what follows,
the viability of a partition can be checked by using some algebraic conditions on the
adjacency matrices.

Given a partition P , the nodes can be relabeled such that the first κ1 nodes belong to
cluster 1, the second κ2 nodes belong to cluster 2, and so on:

{{1, . . . ,κ1},{κ1 +1, . . . ,κ1 +κ2}, . . .},
where κi, i = 1, . . . ,κ are the sizes of parts of P . Mathematically, this can be done by
using another permutation matrix R, which is referred to as the reordering matrix. An
N×N permutation matrix R is a reordered matrix if it satisfies

R>ΠR =


ΠC(κ1) 0

ΠC(κ2)
. . .

0 ΠC(κκ)

 , κ

∑
i=1

κi = N, (3.6)

i.e., R>ΠR is a block diagonal matrix with κ blocks ΠC(κi), each of which is a κi×κi
cyclic permutation matrix with

ΠC(κi) =


0 0 · · · 0 1
1 0 · · · 0 0

0
. . . . . .

...
...

...
. . . . . . 0 0

0 · · · 0 1 0

 ∈ Rκi×κi , (3.7)

and ΠC(1) = 1.

Using R, the reordered adjacency matrix AR can be constructed as follows:

AR = R>AR =


A11 A12 · · · A1κ

A21 A22 · · · A2κ

...
. . . . . .

...
Aκ1 Aκ2 · · · Aκκ

 , Ai j ∈ Rκi×κ j . (3.8)
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The reordered adjacency matrix has a block-structure where the diagonal blocks
describe the interactions between the systems inside the same clusters and the off-
diagonal blocks describe the interactions between the systems in different clusters.
Now, we can introduce the existence conditions for partial synchronization manifolds.
To allow for systems to have different dynamics ( fi(·) 6= f j(·), Bi 6= B j and Ci 6=C j, for
some i, j ∈ V ), we extend Theorems 3 and 4 in [3] and give the existence conditions in
the following theorem:

Theorem 3.2.3. Given an adjacency matrix A and a permutation matrix Π of the same
dimension, and assuming that CiBi, i = 1, . . . ,N are similar to positive definite matrices,
the following statements are equivalent:

(1) M (Π) is a partial synchronization manifold for (3.1) and (3.2), respectively
(3.1) and (3.3);

(2) all blocks, respectively all off-diagonal blocks, of the reordered adjacency matrix
(3.8), partitioned in blocks of size κi × κ j have constant row-sums and, in
addition, F , B and C defined by

F :=


f1(·)
f2(·)

...
fN(·)

 ,B :=


B1
B2
...

BN

 ,C :=


C>1
C>2

...
C>N


satisfy the conditions

F = (Π⊗ In)F , B = (Π⊗ In)B, C = (Π⊗ In)C . (3.9)

Here, the conditions F = (Π⊗In)F , B = (Π⊗In)B and C = (Π⊗In)C indicate that
all the nodes in the same cluster host systems with the same input-output dynamics, but
the nodes in different clusters can host systems with different input-output dynamics.
Thus, this theorem can be also applied to the situation where some (but not all) systems
in the networks are different, thus marking it as an extension of Theorems 3 and 4 of
[3] where only networks of identical systems are considered.

From Theorem 3.2.3, it can be found that only the topology (the adjacency matrix)
and, to a very limited extent, the types of dynamics of the systems play a role on
the existence of partial synchronization manifolds, while the other parameters such
as delay τ and coupling strength k have no impact. The intuition behind Theorem
3.2.3 is the following. The row-sum conditions on the adjacency matrix guarantee
that every system inside the same cluster receives the same (amount of) interactions
from other systems, and the restriction on the dynamics type of the systems ensures
that all systems in the same cluster have the same input-output dynamics. Under



CHARACTERIZATION OF PARTIAL SYNCHRONIZATION MANIFOLDS 25

those conditions, the solutions will be able to stay on M (Π) if they start on M (Π).
Note that the row-sum conditions for networks with non-invasive coupling are less
restrictive than the ones with invasive coupling. For the non-invasive coupling case,
only off-diagonal blocks of AR are required to have constant row-sums. This is because
that the interactions between the systems in the same clusters (represented by the
diagonal blocks) will not affect the invariance of the set M (Π) for networks with
non-invasive coupling. The non-invasive coupling of the systems in the same clusters
will vanish when these systems are synchronized. For example, suppose that systems
(1) and (2) are in the same cluster, then the coupling terms a12[y2(t− τ)− y1(t− τ)]
and a21[y1(t− τ)− y2(t− τ)] vanish independently of the values of a12 and a21 when
the systems (1) and (2) are synchronized.

The results presented in Theorem 3.2.3 can be extended to networks with systems of a
more general form {

ẋi(t) = f̄i(xi(t),ui(t)),
yi(t) = hi(xi(t)),

where functions f̄i : Rn×Rm → Rn, and functions hi : Rn → Rm, i = 1, . . . ,N. A
prerequisite here is that these systems are left-invertible. Then the only change is that
the conditions (3.9) will be replaced by

f̄1(·, ·)
f̄2(·, ·)

...
f̄N(·, ·)

= (Π⊗ In)


f̄1(·, ·)
f̄2(·, ·)

...
f̄N(·, ·)

 ,


g1(·)
g2(·)

...
gN(·)

= (Π⊗ In)


g1(·)
g2(·)

...
gN(·)

 .
Additionally, the results presented in Theorem 3.2.3 can also be extended to networks
with multiple time-delays. This is done by decomposing the networks into subnetworks
according to the time-delays and then imposing the row-conditions and conditions (3.9)
on all subnetworks. Consider a network with p distinct delays, whose corresponding
coupling functions are

ui(t) = ∑
j∈Ni

ai j[y j(t− τi j)− yi(t)], (3.10)

or
ui(t) = ∑

j∈Ni

ai j[y j(t− τi j)− yi(t− τ)], (3.11)

where τi j ∈ {τ1,τ2, . . . ,τp} with 0 < τ1 < τ2 < .. . < τp = τ . Define the matrices
A`, `= 1, . . . ,r as

Ã` = (ã`,i j), with ã`,i j =

{
ai j if τi j = τ`,

0 otherwise.
(3.12)
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Therefore, the network G can be decomposed as

G (V ,E ,A) = G̃1(V , Ẽ1, Ã1)⊕·· ·⊕ G̃p(V , Ẽr, Ãp), (3.13)

where Ẽ` ⊂ V ×V presents the set of edges corresponding to τ`, `= 1, . . . , p.
Then, we have the following condition for existence of partial synchronization
manifolds for this type of networks.

Theorem 3.2.4. Consider a graph G that decomposes as in (3.13). Given an adjacency
matrix A and a permutation matrix Π of the same dimension, and assuming that CiBi,
i = 1, . . . ,N are similar to positive definite matrices, the following statements are
equivalent:

(1) M (Π) is a partial synchronization manifold for (3.1) and (3.2), respectively
(3.1) and (3.3);

(2) for each ` = 1, . . . , p, all blocks, respectively all off-diagonal blocks, of each
block-structured matrices R>Ã`R, partitioned in blocks of size κi×κ j according
to (3.6), have constant row-sums, and, in addition, F , B and C defined by

F :=


f1(·)
f2(·)

...
fN(·)

 ,B :=


B1
B2
...

BN

 ,C :=


C>1
C>2

...
C>N


satisfy the conditions

F = (Π⊗ In)F , B = (Π⊗ In)B, C = (Π⊗ In)C . (3.14)

Like Theorem 3.2.3, this is also an extension of Theorems 5 and 6 in [3] to allow for
different systems at the nodes of the networks.

In addition to multiple time-delays, networks may have physically distinct communi-
cation channels that have different characteristic interaction weights. Similarly, these
networks can be decomposed into subnetworks according to their weights. Then we can
apply the row-sum criterion in each subnetwork for identifying partial synchronization
manifolds in the whole networks, see Appendix A for more information.

It should be emphasized that the existence of a partial synchronization manifold is only
necessary for the networks to be partially synchronized. In order to observe partial
synchronization of a network, the stability of a partial synchronization manifold is also
required. It will be shown in the subsequent sections the coupling parameters k and τ

affect the stability of a partial synchronization manifold.
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3.3 Computation of partial synchronization mani-
folds

This section introduces a method for computing all partial synchronization manifolds
for networks with identical/non-identical dynamical systems at the nodes. It is an
improved version of the algorithm in [3] which only works for networks with identical
systems. The improvements are two-fold: 1) increasing computational efficiency for
the networks with invasive couplings; 2) allowing for networks with different systems
at the nodes.

The original algorithm for identifying all partial synchronization manifolds in [3]
consists of two ingredients: generating all possible partitions, and checking the
viability of each partition (i.e., checking whether or not it corresponds to a partial
synchronization manifold). For the latter, the algorithm checks the row-sum criteria in
Theorem 3 or 4 in [3]. However, this algorithm only considers networks with identical
systems. Moreover, it scales badly with the network size due to its combinatorial
nature. The number of possible partitions of N systems grows with N in an exponential-
like way. To see that, we first review how all the partitions are generated using
the original algorithm in [3]. In this algorithm, each partition of a network with N
systems is presented by a N-digit code d1 · · ·dN , which is defined in such a way that
the nodes i, j ∈ {1, . . . ,N} belong to the same cluster if and only if di = d j. Table
3.1 demonstrates the generation of all possible partitions using this coding system in
the original algorithm from [3]. System 1 is always assigned code 0. When adding a
second system, there will be two possible partitions: one coded by 00 when systems 1
and 2 belong to the same cluster, the other one coded by 01 when system 2 belongs to a
new cluster. Now a third system is added. Based on every possible partition of systems
{1,2}, the partitions of systems {1,2,3} are generated. Starting with partition 00, the
third system can be put into the same cluster of systems 1 and 2 or a new cluster, coded
by 000 or 001 respectively. Similarly, for partition 01, there are three possibilities: 010
(systems 1 and 3 in the same cluster), 011 (systems 2 and 3 in the same cluster) or
012 (systems 3 in a new cluster). Continuing this procedure, all possible partitions for
networks with N systems are generated. Note that the number of partitions generated
in this way is known as the Bell number. In combinatorial mathematics, Bell numbers
{B0,B1, . . .}, introduced in [82], count the numbers of partitions of a set. The N-th Bell
number BN is the number of partitions of a set of size N. Starting with B0 = 1, the Bell
numbers can be generated by using the following recurrence relation [83]:

Bn =
n−1

∑
k=1

(
n−1

k

)
Bk, for n≥ 1,

where
(

n−1
k

)
define the binomial coefficients. It can be shown that the Bell
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numbers increase in an exponential-like way with N. The first few Bell numbers
are 1,1,2,5,15,52,203,877,4140, . . .

System Systems Systems Systems · · ·
1 1,2 1,2,3 1,2,3,4
0 00 000 0000

0001
001 0010

0011
0012

. . .
01 010 0100

0101
0102

011 0110
0111
0112

012 0120
0121
0122
0123

. . .

Table 3.1: Generating the set of all partitions of a number of systems using the original
algorithm [3].

The improved method proposed in this section includes the same ingredients with some
modifications to the first ingredient. The second ingredient remains the same and uses
the row-sum criteria in Theorem 3.2.3 for the viability check. Therefore, the second
ingredient will not be elaborated on in this chapter.

The first ingredient now involves two N-dimensional integer vectors vF ,vS ∈ ZN .
The first vector vS = (Si), i = 1, . . . ,N will be used to limit the number of partitions
generated for the case of the invasive coupling (3.2). It is defined in such a way
that Si = S j if and only if the sum of the i-th row equals that of the j-th row for
i, j ∈ {1,2, . . . ,N}. In other words, it presents the (in)equalities between the row-sums
of the adjacency matrix before being reordered. As is seen from Theorem 3.2.3, when
the coupling is invasive, a necessary condition for a viable partition is that each block
of the (full) reordered adjacency matrix has constant row-sums. This indicates that
for any two nodes to be in the same part of a viable partition, it is necessary that
their corresponding rows in the original adjacency matrix have the same row-sum.
Hence, vS can be used to limit the options when allocating the nodes into clusters, thus
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limiting the number of generated partitions. Given the adjacency matrix, the method
will construct this vector automatically, see the procedure in Appendix B. The second
vector vF = (Fi) ∈ ZN , i = 1,2, . . . ,N that represents the types of dynamical systems
at all the nodes is also used to restrict the number of partitions. It is defined such that
Fi = Fj if and only if fi(·) = f j(·), Bi = B j and Ci =C j for any i, j ∈ {1,2, . . . ,N}. To
be precise, this vector is used such that the conditions (3.9) are automatically satisfied
when selecting possible partitions. The types of dynamical systems are assumed to be
known, i.e., vF is given.

Now, we demonstrate how the vectors vF and vS are used when generating the partitions.
To satisfy the conditions on the types of system dynamics, vF is exploited to reduce the
number of partitions. System 1 still gets code 0. However, when adding subsequent
systems, the possibilities will be restricted by the (in)equalities of the corresponding
entries of vS. When the coupling is invasive, vS is also used to determine where to
put the newly added systems to further reduce the number of generated partitions.
See the procedure illustrated in Algorithm 1. In the case of non-invasive coupling,
the procedure is similar with the exception that there is no vS, i.e., when adding the
sequential system i, Di = {d j |Fi = Fj, j = 1, . . . , i−1}∪{max(d1,d2, . . . ,di−1)+1}.

Algorithm 1: Generate partitions (invasive coupling case), [77]

Input: vS = [S1 · · · SN ]
>, vF = [F1 · · · FN ]

>

Output: set of partition codes {d1 · · ·dN} for systems {1, . . . ,N}
let D1 = {0} be the set of partition codes for system {1} (d1=0);
for i=2,. . . ,N do

set the set of partition codes for systems {1, . . . , i} empty;
foreach element in the set of partition codes for systems {1, . . . , i−1} do

retrieve d1, . . . ,di−1;
compute the set Di =
{d j | Si = S j &Fi = Fj, j = 1, . . . , i−1}︸ ︷︷ ︸

System i allowed in the same clusters
of the other systems due to

the same row-sums and same dynamics

∪{max(d1, . . . ,di−1)+1}︸ ︷︷ ︸
System i in a new cluster

;

append every element of Di to the current code d1 · · ·di−1 and add all
corresponding codes d1 · · ·di in the set of partition codes for systems
{1, . . . , i};

end
end

With the partitions generated, the viability of these partitions can be checked by using
the row-sum criterion from Theorem 3.2.3.

Remark. The number of possible partitions for networks generated by the improved
algorithm can be inferred from the structures of vF and vS (in case of invasive coupling).
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For simplicity, we focus on vF first. Consider a network of systems interacting via
invasive coupling with a constant row-sum adjacency matrix (vS = 1) or non-invasive
coupling. Suppose vF has d distinct elements, i.e., the systems have d distinct types
of input-ouput dynamics. Denote ki, i = 1, . . . ,d as the numbers of entries with equal
values. The number of partitions NP generated by the new procedure is

NP =
d

∏
i=1

Bki . (3.15)

Here Bki is the number of partitions of a set of size ki, i.e., the ki-th Bell number.

This can also be explained more intuitively. First, we group the nodes according to
the types of the systems’ input-output dynamics and denote this partition by P̄ =
{P̄1, . . . ,P̄d}. Then ki, i = 1, . . . ,d is the number of nodes in Pi. For the nodes to be
in the same part in a viable partition, they must be in the same parts of P̄ . Therefore,
the allowable partitions can be generated by:

• Generate all partitions of sub-networks of P̄i and denote the partition set as D̄i;

• Obtain the partitions of the whole network by combining these partitions of
sub-networks, i.e., D̄1× D̄2×·· ·× D̄d .

Since |D̄i|= Bki , the total number of partitions (|D̄1× D̄2×·· ·× D̄d |) equals ∏
d
i=1 Bki .

Obviously, the following inequality always holds for d ≥ 2

BN >
d

∏
i=1

Bki , (3.16)

where N = ∑
d
i=1 ki. This supports the conclusion that in many cases the improved

algorithm generates fewer partitions than the original algorithm. For the special case
vS = 1 (d = 1), i.e., all systems are identical, the numbers of partitions generated by
both algorithms are the same.

For vS, similar conclusions can be drawn. Consider a network of identical systems
(vF = 1) with an invasive coupling. Suppose vS has d̃ distinct elements, i.e., the
adjacency matrix A has d̃ distinct row-sums. Denote k̃i, i = 1, . . . ,d, as the numbers of
entries with equal values. The number of partitions ÑP generated by the new procedure
is

ÑP =
d̃

∏
i=1

Bk̃i
. (3.17)

Here Bk̃i
is the number of partitions of a set of size k̃i, i.e., the k̃i-th Bell number. In this

case, we also have the following inequality holds for d̃ ≥ 2

BN >
d

∏
i=1

Bk̃i
, (3.18)
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which also indicates that fewer partitions are generated in many cases using the
algorithm proposed in this chapter.

In the following example, we show the improvement on computational efficiency of
the proposed method in comparison to the original method.

Example 3.3.1. Consider a network of eight identical systems interacting via an
invasive coupling. The adjacency matrix of the network is given by

A =



0 0 1 0 0 1 0 0
0 0 0 0 0 0 3 1
1 1 0 3 0 0 1 0
1 1 1 0 0 0 3 0
1 1 3 3 0 0 3 0
0 0 0 0 0 0 1 0
1 1 1 3 0 0 0 0
0 0 0 0 1 0 0 0


,

The vector vS indicating the (in)equalities of row sums is given by

vS = A18 =
[
2 4 6 6 11 1 6 1

]>
.

Since all the systems are identical, the vector vF = 18. Table 3.2 shows the process of
partition generation using the improved algorithm. As can be seen from it, there are
only 10 partitions generated, while the original algorithm generates B8 = 4140 (the 8th
Bell number) partitions.

Recall that the number of possible partitions can be calculated from the structure of vS.
Re-arrange the entries of vS by their values, we have

ṽS =
[
1 1 2 4 6 6 6 11

]>
,

therefore, the total number of possible partitions equals B2×B1×B1×B3×B1 = 10,
where Bi represents the i-th Bell number. In fact, the partitions generated by the
improved algorithm are a subset of those generated by the original algorithm. Thereby,
there are fewer partitions available for performing the row-sum test, thus saving
computational effort. Both algorithms are implemented as MATLAB programs. For
comparisons, these two MATLAB programs are run on the same laptop with a 2.7
GHz Intel® i7-6820HQ processor and 8 GB DDR4 RAM to compute the partial
synchronization manifolds of this example. The computation times are 0.219106
seconds (the original algorithm) and 0.065287 seconds (the improved algorithm),
which confirms the efficiency of this improved algorithm.



32 CHARACTERIZATION OF PARTIAL SYNCHRONIZATION MANIFOLDS

System Systems Systems Systems Systems Systems Systems Systems
1 1,2 1,2,3 1,2,3,4 1,2,3,4,5 1,2,4,5,6 1,2,3,4,5,6,7 1,2,3,4,5,6,7,8

d1 ∈ {0} d2 ∈ {1} d3 ∈ {2} d4 ∈ {2,3} d5 ∈ {3} d6 ∈ {4} d7 ∈ {2,5} d8 ∈ {4,5}
0 01 012 0122 01223 012234 0122342 01223424

01223425
d8 ∈ {4,6}

0122345 01223454
01223456

d5 ∈ {4} d6 ∈ {5} d7 ∈ {2,3,6} d8 ∈ {5,6}
0123 01234 012345 0123452 01234525

01234526
d8 ∈ {5,6}

0123453 01234535
01234536

d8 ∈ {5,7}
0123456 01234565

01234567

Table 3.2: Generating the set of all partitions of eight systems with row-sum restrictions.

3.4 Dynamics decomposition of partially synchro-
nized networks

This section presents a systematic approach to split the dynamics of the network into
two parts: 1) dynamics of synchronization error; 2) dynamics of solutions lying on the
partial synchronization manifolds. The asymptotic stability of the synchronization error
dynamics reveals the stability of the partial synchronization manifolds. That is, when
the synchronization error dynamics are stable, the partial synchronization manifolds
will be able to attract nearby solutions, and partially synchronous solutions will be
robust against small perturbations. So the synchronization error dynamics are important
for stability analysis of partial synchronization manifolds, while, the dynamics on the
manifolds can be used to study the behaviors of the systems after synchronization.

For simplicity, the systems are assumed to be ordered in a preliminary stage according
to a viable partition P associated with Π in κ clusters. To have the systems ordered
in this way, one can use the ordering matrix R introduced in Section 3.2.1. The state
variables are also re-indexed such that xi, j denotes the j-th state in the i-th cluster, that
is,

x1,1, x1,2, . . . ,x1,κ1 cluster 1,
x2,1, x2,2, . . . ,x2,κ2 cluster 2,

...
...

xκ,1, xκ,2, . . . ,xκ,κκ
cluster κ,
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where κi is the number of nodes in cluster i and ∑
κ
i=1 κi = N.

In order to separate the dynamics on the manifold from the error dynamics, a new set
of coordinates is defined

z = Hx =



x1,1
x2,1

...
xκ,1
E1
E2
...

Eκ


, with Ei =

ei,2
...

ei,κi

=

xi,2− xi,1
...

xi,κi − xi,1

 , i = 1, . . . ,κ. (3.19)

By construction, H ∈ RnN×nN is an invertible matrix describing the transformation
of the coordinates, and Ei denotes the synchronization errors within cluster i. The
systems corresponding to x1,1,x2,1, . . . ,xκ,1 are referred to as the reference systems of
each cluster.

Since Π is a viable partition, the row-sum of all (off-diagonal) blocks in (3.8) are
constant for networks with invasive (non-invasive) couplings. Let ρi j be the value
of the row-sums of the (i, j)-th block of matrix A, with i, j ∈ {1, . . . ,κ} and, in case
of non-invasive coupling, i 6= j. Additionally, for i = j, we define ρi j = 0 in case of
non-invasive coupling. Also, the dynamical systems at the nodes in each cluster are
the same. In this case, let us denote the dynamics of the nodes in cluster i by gi, B̃i,C̃i,
i = 1,2, . . . ,κ . That is, f̃1 = f1 = f2 = · · · = fκ1 , f̃2 = fκ1+1 = fκ1+1 = · · · = fκ1+κ2 ,
B̃1 = B1 = B2 = · · ·= Bκ1 , C̃1 =C1 =C2 = · · ·=Cκ1 , and so on.

3.4.1 Synchronization error dynamics

In what follows, the synchronization error dynamics for networks with invasive and
non-invasive couplings are derived.

Networks with invasive coupling

Let

ρi =
κ

∑
j=1

ρi j, i = 1, . . . ,κ
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denote the row-sums of the adjacency matrix, corresponding to each cluster. Then the
error dynamics can be expressed as

ė1,2(t)
...

ė1,κ1(t)
...

ėκ,2(t)
...

ėκ,κκ
(t)


=



f̃1(x1,1(t)+ e1,2(t))− f̃1(x1,1(t))
...

f̃1(x1,1(t)+ e1,κ1(t))− f̃1(x1,1(t))
...

f̃κ(xκ,1(t)+ eκ,2(t))− f̃κ(xκ,1(t))
...

f̃κ(xκ,1(t)+ eκ,κκ
(t))− f̃κ(xκ,1(t))


−



kB̃1C̃1ρ1e1,2(t)
...

kB̃1C̃1ρ1e1,κ1(t)
...

kB̃κC̃κ ρκ eκ,2(t)
...

kB̃κC̃κ ρκ eκ,κκ
(t)



+ kB̃(Ared⊗ Im)C̃



e1,2(t− τ)
...

e1,κ1(t− τ)
...

eκ,2(t− τ)
...

eκ,κκ
(t− τ)


,

(3.20)

with
B̃ = diag(Iκ1−1⊗ B̃1, . . . , Iκκ−1⊗ B̃κ),

C̃ = diag(Iκ1−1⊗C̃1, . . . , Iκκ−1⊗C̃κ),

and
Ared = T1AT T

1 −T2AT T
1 . (3.21)

Here T1,T2 ∈ R(N−κ)×N are defined as

T1 = diag(T11, . . . ,T1κ),T2 = diag(T21, . . . ,T2κ),

with

T1i =


0 1 · · · 0
...

. . .
...

1 0
0 · · · 0 1

 ,T2i =


1 0 · · · 0
1 0 · · · 0
...

...
...

1 0 · · · 0

 ∈ R(κi−1)×κi , i = 1, . . . ,κ.

The first term in (3.21) corresponds to matrix A where the rows and columns,
corresponding to the reference systems (described by x1,1, . . . ,xκ,1) are taken out. The
second term has the following form, which corresponds to matrix A where the columns
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corresponding to the reference systems are taken out, and the rows corresponding to the
reference systems are repeated for (κi−1) times in the rows corresponding to cluster i.

T2AT T
1 =



a1,2 · · · a1,κ1
...

. . .
...

a1,2 · · · a1,κ1

a1,κ1+2 · · · a1,κ1+κ2
...

. . .
...

a1,κ1+2 · · · a1,κ1+κ2

· · ·

...
...

...
aN−κκ+1,2 · · · aN−κκ+1,κ1

...
. . .

...
aN−κκ+1,2 · · · aN−κκ+1,κ1

aN−κκ+1,κ1+2 · · · aN−κκ+1,κ1+κ2
...

. . .
...

aN−κκ+1,κ1+2 · · · aN−κκ+1,κ1+κ2

· · ·


.

Note that if Bi = B and Ci =C for all i = 1, . . . ,N, the term kB̃(Ared⊗ Im)C̃ reduces
to kAred⊗BC.

The following result concerns the spectrum of Ared. Recall that as mentioned in
Section 2.1.2, a spectrum is considered as a multiset (a generalization of set by allowing
its elements to appear more than once [59]) in this thesis.

Theorem 3.4.1. Let σΠ(A) be the part of the spectrum of A, corresponding to
the invariant subspace ker(I−Π), i.e., all eigenvalues of A whose corresponding
eigenspaces belong to ker(I−Π). Then we have

σ(Ared) = σ(A)\σΠ(A). (3.22)

Proof. When the set M (Π) is a partial synchronization manifold, ker(I−Π) is a right
invariant subspace of A, see [3] for details. That is,

ker(I−Π) =
{ κ

∑
i=1

civi|ci ∈ R
}
,

where vi are the (generalized) eigenvectors of A, corresponding to σΠ(A).

Using H defined in (3.19), we can construct the matrix Ā as

Ā = HAH−1 =

[
A11 A12
0 Ared

]
, (3.23)

where A11 ∈ Rκ×κ , A12 ∈ Rκ×(N−κ) and 0 ∈ R(N−κ)×κ .

Based on the structure of Ā, we have

σ(A) = σ(Ā) = σ(A11)]σ(Ared). (3.24)
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Here the symbol ] represents the sum or (arithmetic) addition of two multisets. For
example, suppose that σ(A11) = {1,2,2} and σ(Ared) = {1,3}, then σ(A) = σ(A11)]
σ(Ared) = {1,2,2,1,3}. Note that the spectra σ(A),σ(Ā),σ(A11),σ(Ared) and σΠ(A)
are multisets.

As vi ∈ ker(I−Π), i.e., vi = Πvi, the vectors wi = Hvi will have the form

wi =

[
w̄i
0

]
, (3.25)

where w̄i ∈ Rκ and 0 ∈ RN−κ , i = 1,2, . . . ,κ .

If for some i ∈ {1,2, . . . ,κ}, vi is an eigenvector of A, wi is an eigenvector of Ā, which
indicates

Ā
[

w̄i
0

]
=

[
A11 A12
0 Ared

][
w̄i
0

]
= λi

[
w̄i
0

]
.

Therefore,
A11w̄i = λiw̄i.

A similar argument holds for the generalized eigenvectors of A. It follows that

σ(A11) = σΠ(A).

Hence, we can conclude (3.22), completing the proof.

Networks with non-invasive coupling

When defining a series of vectors ρ̃i ∈ Rκi−1 with their elements being the row-sums
of the rows in A corresponding to xi,2, . . . ,xi,κi for i = 1, . . . ,κ , the error dynamics of
networks with non-invasive couplings can be expressed as

ė1,2(t)
...

ė1,κ1(t)
...

ėκ,2(t)
...

ėκ,κκ
(t)


=



f̃1(x1,2(t))− f̃1(x1,1(t))
...

f̃1(x1,κ1(t))− f̃1(x1,1(t))
...

f̃κ(xκ,2(t))− f̃κ(xκ,1(t))
...

f̃κ(xκ,κκ
(t))− f̃κ(xκ,1(t))


− kB̃(Lred⊗ Im)C̃



e1,2(t− τ)
...

e1,κ1(t− τ)
...

eκ,2(t− τ)
...

eκ,κκ
(t− τ)


,

(3.26)
with

Lred = diag(ρ̃1, . . . , ρ̃κ)−Ared. (3.27)
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Again, if Bi = B and Ci =C for all i = 1, . . . ,N, the term kB̃(Lred⊗ Im)C̃ reduces to
kLred⊗BC.

The following result concerns the spectrum of Lred.

Theorem 3.4.2. Let σΠ(L) be the part of the spectrum of L, corresponding to
the invariant subspace ker(I−Π), i.e., all eigenvalues of L whose corresponding
eigenspaces belong to ker(I−Π). Then we have

σ(Lred) = σ(L)\σΠ(L). (3.28)

Proof. Replace A, A11, A12 and Ared with L, L11, and Lred in the proof of Theorem
3.4.1.

3.4.2 Dynamics on the synchronization manifolds

Networks with invasive coupling

For a network with invasive coupling, the dynamics on the synchronization manifolds
can be described by a network of κ coupled systems:

ẋi,1(t) = f̃i(xi,1(t))+ kB̃i

κ

∑
j=1

ρi j
(
C̃ jx j,1(t− τ)−C̃ixi,1(t)

)
, (3.29)

where i = 1, . . . ,κ .

This reduced network can be represented by the graph G̃ = (Ṽ , Ẽ ,Asyn), where |Ṽ |= κ

and Asyn = (ρi j)
κ

i, j=1 ∈ Rκ×κ .

Note that the “reduced" adjacency matrix Asyn has in general diagonal elements different
from zero, implying the presence of self-loops in (3.29).

Networks with non-invasive coupling

For a network with non-invasive coupling, the dynamics on the synchronization
manifolds can be described by a network of κ coupled systems:

ẋi,1(t) = f̃i(xi,1(t))+ kB̃i

κ

∑
j=1, j 6=i

ρi j
(
C̃ jx j,1(t− τ)−C̃ixi,1(t− τ)

)
, (3.30)

where i = 1, . . . ,κ .
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This reduced network can be represented by the graph G̃ = (Ṽ , Ẽ ,Asyn), where |Ṽ |= κ

and Asyn = (ρi j)
κ

i, j=1 ∈ Rκ×κ . Note that ρi j = 0 if i = j.

It is important to note that this type of coupling may affect the dynamics on the
synchronization manifold. Hence, strictly speaking, the terminology “non-invasive”
only applies to fully synchronous solutions.

Remark. For a stable partial synchronization manifold, to observe the corresponding
partial synchrony in practice, it also requires that xi,1(t) 6= x j,1(t),∀t ≥ t0, for every i 6=
j ∈ {1, . . . ,κ}, which means the reduced network has no stable partial synchronization
manifold.

3.4.3 Software

This method presented above is implemented as a publicly available software package
which is able to:

• compute partial synchronization manifolds given a network (adjacency matrix A
and coupling type, dynamical system types of each node)

• compute the matrices describing the synchronization error dynamics (Ared or
Lred) and the dynamics on the manifolds (Asyn) given a viable partition.

The second part can easily be achieved by using (3.21) or (3.27), and Asyn = (ρi j).

The input of the software includes the adjacency matrix A of a network. If A contains
non-integer elements, a pre-defined tolerance is required for performing the row-
sum test. If A only contains integer elements, the calculation in the software can
be performed in exact arithmetic. If the adjacency matrix A is decomposable in the
way defined in (A.1) (i.e., A = ω1A1 + . . .+ωrAr, where ωi, i = 1, . . . ,r are rationally
independent and Ai, i= 1, . . . ,r are adjacency matrices with non-negative integer entries,
see Appendix A), and if the input {A1,A2, . . . ,Ar} is provided, the calculations can also
be done in exact arithmetic.

The software is implemented as a MATLAB function and can be downloaded from the
following link:

http://twr.cs.kuleuven.be/research/software/delay-control/manifolds/
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3.5 Numerical example

We present a didactic example of a network with four interconnected systems to show
the analysis process presented in the preceding sections. It will be shown in the example
that the coupling parameters (the coupling strength and time-delay) impact the stability
of the partial synchronization manifolds.

The systems are of the following form:

ẋi(t) = A0xi(t)+Bui(t),

yi(t) =Cxi(t),
(3.31)

with

A0 =

[
−ε 1
−Ω2 −ε

]
,B =

[
0
1

]
,C =

[
1 0

]
,Ω,ε ∈ R≥0 and i = 1,2,3,4.

Here ui describes the couplings between the systems:

ui = k ∑
j∈Ni

ai j[y j(t− τ)− yi(t− τ)], (3.32)

where ai j are the elements of the adjacency matrix A defined as below

A =


0 0.1 2 1

0.1 0 1 2
4 2 0 0.3
3 3 0.3 0

 , (3.33)

and where the coupling strength k and the time delay τ are considered as parameters.
Since the network only contains 4 nodes that host the same linear system, it is possible
to characterize and analyze the partial manifolds of the network analytically.
Combining the systems of all the nodes, we have

ẋ1(t)
ẋ2(t)
ẋ3(t)
ẋ4(t)

= I⊗A0


x1(t)
x2(t)
x3(t)
x4(t)

− kL⊗BC


x1(t− τ)
x2(t− τ)
x3(t− τ)
x4(t− τ)

 . (3.34)

Here L is the weighted Laplacian matrix, defined by

L := D−A =


3.1 −0.1 −2 −1
−0.1 −3.1 −1 −2
−4 −2 −6.3 −0.3
−3 −3 −0.3 6.3

 , (3.35)
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where

D =

∑
N
j=1 a1 j 0

. . .
0 ∑

N
j=1 aN j

=


3.1 0 0 0
0 3.2 0 0
0 0 6.3 0
0 0 0 6.3

 .
The eigenvectors and eigenvalues of L are

V =


0.50 0.56 −0.32 0.15
0.50 −0.79 −0.32 −0.22
0.50 0.18 0.63 −0.63
0.50 −0.19 0.63 0.73

 ,σ(L) = {0,2.93,9.00,6.87}. (3.36)

First, we explain how to compute the stability regions of (3.31)-(3.32) in the (k,τ)
parameter space. The characteristic function of (3.34) is given by

γ(λ ;k,τ) = det(I⊗ (λ I−A0)+L⊗ kBCe−λτ). (3.37)

As in [29], this function can be factorized as

γ(λ ;k,τ) =
4

∏
i=1

γi(λ ;k,τ), (3.38)

with
γi(λ ;k,τ) = det(λ I−A0 + kBCλi(L)e−λτ), i = 1,2,3,4. (3.39)

Denoting k̃ = λi(L)k, each corresponding characteristic equation is of the following
form

(λ + ε)2 +Ω
2 + k̃e−λτ = 0. (3.40)

To analyze the stability of (3.34) at the equilibrium, we substitute λ = jω,ω > 0,
into (3.40)

−ω
2 + ε

2 +2 jεω +Ω
2 =−k̃e− jωτ . (3.41)

Equating the module and phase of the left side with the right side of (3.41), we have

(−ω
2 + ε

2 +Ω
2)2 +(2εω)2 = k̃2, (3.42)

arctan(
2εω

−ω2 + ε2 +Ω2 )+2πl =−ωτ, l ∈ Z. (3.43)

From these two equations, we can express k̃ and τ as functions of ω , i.e., k̃ := k̃(ω)
and τ := τ(ω). Therefore, by sweeping ω , we can depict the crossing curves of the
time-delay system numerically in the parameter space (τ, k̃). Figure 3.1 shows the
stability crossing curves of the system with Ω = 1 and ε = 0.02. These values are used
in the remainder of the example. The stability region is marked with the symbol “S”.
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Note that for ω = 0, we have k̃ =−(ε2 +Ω2).
Next, the partial manifolds of this system is analyzed by using the procedure and
software presented in the preceding section. Using the software developed in this work,
we can easily identify a viable partition P = {{1,2},{3,4}} and derive the separated
dynamics.
The synchronization error dynamics are described by[

Ė1(t)
Ė2(t)

]
=

[
A0 0
0 A0

][
E1(t)
E2(t)

]
− kLred⊗BC

[
E1(t− τ)
E2(t− τ)

]
, (3.44)

with

Lred =

[
3.2 −1
−1 6.6

]
,σ(Lred) = {2.93,6.87}. (3.45)

We can see that σ(Lred)⊂ σ(L).
By comparing (3.34) and (3.44), we observe that they are of the same form (but
different dimensions). Therefore, the factorized characteristic function is

2

∏
i=1

γi(λ ;k,τ) =
2

∏
i=1

det(λ I−A0 + kBCλi(Lred)e−λτ), (3.46)

which is part of (3.39).
The dynamics on the manifold are given by[

ẋ1
ẋ3

]
=

[
A0 0
0 A0

][
x1(t)
x3(t)

]
+

[
kBCρ12(x3(t− τ)− x1(t− τ))
kBCρ21(x1(t− τ)− x3(t− τ))

]
, (3.47)

i.e., [
ẋ1
ẋ3

]
=

[
A0 0
0 A0

][
x1(t)
x3(t)

]
− kLsyn⊗BC

[
x1(t− τ)
x3(t− τ)

]
, (3.48)

where

Lsyn =

[
ρ12 −ρ12
−ρ21 ρ21

]
=

[
3 −3
−6 6

]
,σ(Lsyn) = {0,9}. (3.49)

We can see that σ(Lred) = σ(L)\σ(Lsyn), which verifies Theorem 3.4.2. Again, the
factorized characteristic function of (3.48) shown below is part of (3.39):

2

∏
i=1

γi(λ ;k,τ) =
2

∏
i=1

det(λ I−A0 + kBCλi(Lsyn)e−λτ). (3.50)

A comparison between (3.36) on one hand, and (3.45), (3.49) on the other hand, yields
additional information that the eigenvalues λ1(L) = 0 and λ3(L) = 9 are related to the
dynamics on the manifolds, and that the eigenvalues λ2(L) = 2.93 and λ4(L) = 6.87
are related to the synchronization errors dynamics. Note that the decomposition can
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already be observed from the patterns of the eigenvectors in (3.36), see also Theorem 2
in [47].

However, when the network becomes complicated (e.g., increased size), analysis by
hand may become extremely difficult. In this case, the procedure proposed in this
chapter will show its advantage, as it is automatic and more systematic.

0 1 2 3 4 5 6 7 8 9
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S

τ

k̃
=
k
λ
i(
L
)

Stability crossing curves in the (τ, k̃) parameter space

Case I
Case II

Figure 3.1: Stability regions of (3.31)-(3.32) with Ω = 1 and ε = 0.02.

Now, we check the stability crossing curve of the time-delay system described by
(3.41). From Figure 3.1, It can be seen that the parameters k and τ impact the stability
of the partial synchronization manifolds. To illustrate the impact, the two following
cases are considered:

• Case I with τ = 5.0 and k = 0.05;

• Case II with τ = 5.0 and k = 0.08.

For Case I, we have [k̃1 k̃2 k̃3 k̃4] = [0 0.15 0.45 0.34]. The parameter pairs (τ, k̃i) are
shown in Figure 3.1. All the points are inside the stability region. Therefore, all the
dynamics are stable.
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For Case II, we have [k̃1 k̃2 k̃3 k̃4] = [0 0.23 0.75 0.55]. The parameter pairs (τ, k̃i) are
shown in Figure 3.1. As we can see from it, the pair (τ, k̃3) is outside of the stability
region while the other three pairs are inside the stability region. From the analysis
above, we know k̃3 is related to the dynamics on the manifold. Therefore, the partial
synchronization manifold is stable, while the dynamics on the manifold are unstable.
Figure 3.2 shows the simulation results of the network. Note that the differences
between y1 and y2, respectively, between y3 and y4 are invisible after some time.

Finally, we also add a nonlinear term in each system.

ẋi(t) = A0xi(t)+Bui(t)+h(xi(t)),

yi(t) =Cxi(t),
(3.51)

where

h(xi(t)) =
[
−vi(t)(v2

i (t)+w2
i (t))

−wi(t)(v2
i (t)+w2

i (t))

]
, (3.52)

and

xi(t) =
[

vi(t)
wi(t)

]
, vi,wi ∈ R.

The effect induced by the nonlinear term is that after the stability of the synchronized
equilibrium is lost by increasing k, the partially synchronous solutions converge
to a limit cycle. The latter is shown in Figure 3.3. Note that when the systems
contain nonlinearities, the method using the frequency domain technique as above to
analyze the stability of partial synchronization manifolds is not applicable. We present
another method to derive conditions for stability of partial synchronization manifolds
in networks of general (nonlinear) systems in Chapter 4.

It is worth mentioning that the matrix (3.35) reveals that the coupling of the nodes
within clusters is weak and that the coupling of the nodes between clusters is strong. In
this sense, it might be surprising that, when k is increased, the dynamics on the manifold
associated with P = {{1,2},{3,4}} become unstable first, instead of breaking the
synchrony within the clusters. However, this can be explained by the presence of the
time delay and the sensitivity of high gain feedback with respect to it.

3.6 Conclusions

In this chapter, a method to identify all partial synchronization manifolds of delay-
coupled systems is presented, which is implemented in the form of a MATLAB
function. First, the method from [3] is extended to allow the systems in the networks
to be different and improve the computational efficiency for the invasive coupling
case. Second, the dynamics of the network is split into two parts: 1) synchronization



44 CHARACTERIZATION OF PARTIAL SYNCHRONIZATION MANIFOLDS

0 10 20 30 40 50 60 70 80 90 100

Time t

-3

-2

-1

0

1

2

3
S

o
lu

ti
o
n
 y

i

y
1

y
2

y
3

y
4

Figure 3.2: Simulation results of the network of coupled linear systems (3.31), (3.32)
with τ = 5.00 and k = 0.08

error dynamics; 2) dynamics on manifolds. The stability of the synchronization error
dynamics is a direct indicator of the stability of partial synchronization manifolds.
The relations between the spectrum of the separated dynamics and that of the original
networks is also specified. Finally, to demonstrate the proposed procedure for the
analysis of partial synchronization manifolds, a didactic example is presented. Using the
procedure along with the software, the dynamics of the network can be systematically
separated, which can be used for stability analysis of the manifolds.
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Figure 3.3: Simulation results of the network of coupled nonlinear systms (3.51), (3.32)
with τ = 5.00 and k = 0.08





Chapter 4

Partial synchronization in
networks of delay-coupled
systems

Abstract: In this chapter, sufficient conditions for partial synchronization in networks
of delay-coupled systems are presented. The conditions, derived by using a Lyapunov-
Krasovskii approach, guarantee the stability of partial synchronization manifolds. First,
the synchronization error dynamics are isolated from the network dynamics using the
method presented in Chapter 3. Second, we use a parameter-dependent Lyapunov-
Krasovskii functional to assess the local stability of partial synchronization manifolds,
by employing techniques originally developed for linear parameter-varying (LPV)
time-delay systems. The stability conditions are formulated in the form of linear matrix
inequalities (LMIs) which can be solved by several existing tools. The results presented
in this chapter are published in [84].

4.1 Introduction

This chapter focuses on partial synchronization in networks of systems interconnected
via linear diffusive time-delay couplings. The synchronization is said to be exact when
the states of the synchronized systems converge to each other, i.e., the synchronization
errors converge to zero. In the next chapter, synchronization in a practical sense will be
considered where the states of the synchronized systems are not completely identical
but remain within some distance from each other. Networks may consist of different

47
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types of dynamical systems. More precisely, it is allowed for some (but not all) systems
to have different dynamics. The diffusive time-delay couplings can be invasive or
non-invasive. As in Chapter 3, partial synchronization manifolds are used to describe
patterns of partial synchronization. The sufficient conditions for partial synchronization
will be obtained via the stability analysis of such manifolds. To analyze the stability
of such manifolds, firstly, the synchronization error dynamics are isolated from the
network dynamics and then linearized around the zero equilibrium solution; secondly,
such dynamics are interpreted in terms of a linear parameter-varying (LPV) time-delay
system. In this way, by assessing the stability of the LPV time-delay system, we can
derive sufficient conditions for the local stability of partial synchronization manifolds.
Several papers have been devoted to the stability analysis of LPV time-delay systems,
see [85, 86, 87]. The stability of such systems is assessed by using the Lyapunov-
Krasovskii theorem with a quadratic Lyapunov-Krasovskii functional candidate. The
conditions for positivity of the functional and negative-definiteness of its derivative
along the solutions can be expressed in terms of LMIs. By choosing appropriate
Lyapunov functionals and techniques for the LMIs, the conservatism can be reduced,
see [86, 88]. Although similar LMI conditions deduced from parameter-independent
Lyapunov functionals have been used for the stability analysis of full synchronization
(see [27, 89, 28]), few works exploit this framework for the partial synchronization
case. Therefore, we will use such a method based on a delay- and parameter-dependent
Lyapunov functional for the stability analysis of partial synchronization manifolds
here.

The structure of this chapter is as follows. Section 4.2 reintroduces the network
settings and the relevant concepts, including the systems, couplings, and partial
synchronization manifolds, which have been studied in Chapter 3. Section 4.3 addresses
the separation of the synchronization error dynamics from the network dynamics by
using the method presented in Chapter 3. In Section 4.4, the local stability conditions
of the synchronization error dynamics inferred from a Lyapunov-Krasovskii functional
are derived. Section 4.5 presents an example where the results of this chapter are
applied to a network of Hindmarsh-Rose neuron models. Finally, Section 4.6 provides
the conclusions.

4.2 Networks

In this section, we introduce the networks of delay-coupled systems under consideration,
by adopting the settings in Chapter 3. Besides, the concept of and existence conditions
for partial synchronization manifolds are recalled.

The networks are represented by simple, strongly connected directed graphs G =
(V ,E ,A), where
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• V = {1,2, . . . ,N} is a finite set of nodes with cardinality |V |= N;

• E ⊂ V ×V is the set of directed edges, where the edge (i, j) points from node i
to node j;

• A =
(
ai j
)
∈ RN×N is the weighted adjacency matrix, where ai j > 0 represents

the weight of edge ( j, i) when ( j, i) ∈ E , and ai j = 0 when ( j, i) /∈ E .

Every node in the network hosts a time-invariant dynamical system of the form{
ẋi(t) = fi(xi(t))+Biui(t),
yi(t) =Cixi(t),

(4.1)

where xi(t) ∈ Rn are the states, fi : Rn→ Rn are sufficiently smooth functions, ui(t) ∈
Rm are the inputs, yi(t) ∈ Rm are the outputs, Bi ∈ Rn×m are the input matrices, Ci ∈
Rm×n are the output matrices, and i = 1, . . . ,N. Here, fi, Bi and Ci can vary for
different nodes, that is, in this setting, it is allowed for some systems to have different
input-output dynamics. In addition, CiBi are assumed to be similar to positive definite
matrices to guarantee the left-invertibility of the systems.

The systems (4.1) interact via either one of the following two types of diffusive
couplings:

invasive coupling ui(t) = k ∑
j∈Ni

ai j[y j(t− τ)− yi(t)], (4.2)

or
non-invasive coupling ui(t) = k ∑

j∈Ni

ai j[y j(t− τ)− yi(t− τ)], (4.3)

where Ni is the neighboring set of node i, defined as Ni := { j ∈ V |(i, j) ∈ E }, and τ ,
k are, respectively, the time-delay and coupling strength.

We have the following assumption on the coupled systems (4.1), (4.2) and (4.1), (4.3).

Assumption 4.2.1. The solutions of the coupled systems (4.1), (4.2) and (4.1), (4.3)
are ultimately bounded.

The boundedness is then used during the derivation of the stability conditions of the
partial synchronization manifolds in Section 4.4.

For the systems (4.1) coupled via invasive coupling (4.2), Assumption 4.2.1 is
guaranteed if the systems satisfy the following assumption.

Assumption 4.2.2. Systems (4.1) are strictly C 1-semipassive with a radially
unbounded storage function V .
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When the systems (4.1) are strictly C 1-semipassive, they have radially unbounded
storage functions V1(x1), V2(x2), . . ., VN(xN), satisfying the semipassivity inequal-
ity (2.2). Then, networks of such systems interconnected via the invasive coupling
(4.2) have ultimately bounded solutions [63]. There exists a radially unbounded
nonnegative function V (x1,x2, . . . ,xN) = ∑

N
i=1 ϑiVi(xi)+

k
2 ∑

N
i=1 ∑ j∈Ni ϑiai j

∫ 0
τ
‖y j(t +

s)‖2ds, where ϑi is the i-th entry of the vector ϑ ∈ RN with all entries positive and
ϑ>L = 0, and a constant ϒ∗ ≥ 0 such that V̇ (x1,x2, . . . ,xN)< 0, for any ϒ≥ ϒ∗ and
all possible (x1,x2, . . . ,xN) subject to V (x1,x2, . . . ,xN)≥ ϒ. See [63] for more details.
More precisely, the set {x ∈ C ([−τ,0],RNn)|V (x1,x2, . . . ,xN) ≤ ϒ} is a forward
invariant set for the dynamics (4.1) coupled via (4.2), and all solutions converge
to this set in finite time.

For the systems (4.1) coupled via invasive coupling (4.2), similar results hold, but an
additional restriction on coupling strength is needed, see [1].

For the coupled systems (4.1), (4.2) or (4.1), (4.3), a solution is a partially synchronous
solution if there exist i, j ∈ V with i 6= j such that

xi(t) = x j(t), ∀t ≥ t0, (4.4)

whenever xi(t) = x j(t) for t ∈ [t0− τ, t0].

According to (4.4), the nodes can be grouped into clusters. To describe the clustering
of the nodes, a natural way is to use the concept of partition which is parameterized by
an N×N permutation matrix Π, as in Section 3.2.

Denoting xt ∈ C ([−τ,0],RNn) as the state of the network with

xt(θ) :=


x1(t +θ)
x2(t +θ)

...
xN(t +θ)

 , θ ∈ [−τ,0],

the conditions of the form (4.4) can be expressed as xt ∈M (Π),∀t ≥ t0, where

M (Π) := {φ ∈ C ([−τ,0],RNn) |φ(θ) = col(φ1(θ), . . . ,φN(θ)),

φi(θ) ∈ Rn, i = 1, . . . ,N, φ(θ) ∈ ker(INn−Π⊗ In), ∀θ ∈ [−τ,0]}
is the set of partially synchronous states induced by the permutation matrix Π.

The set M (Π) is a partial synchronization manifold for the coupled systems (4.1), (4.2),
or (4.1), (4.3), if and only if it is positively invariant under the dynamics (4.1),
(4.2), or (4.1), (4.3), respectively, see Definition 3.2.2. If the set M (Π) is a partial
synchronization manifold, the partition P associated with Π is called viable. The
viability of a partition (the existence of a partial synchronization manifold) can be
checked by the conditions in Theorem 3.2.3.
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4.3 Synchronization error dynamics

In this section, we show how to separate the synchronization error dynamics from the
network dynamics, using the procedure presented in Chapter 3. The synchronization
error dynamics are linearized and will be used for analyzing the local stability of the
partial synchronization manifolds.

As in Chapter 3, the systems are assumed to have been pre-ordered by clusters according
to a viable partition P associated with Π as follows

x1,1, x1,2, . . . ,x1,κ1 cluster 1,
x2,1, x2,2, . . . ,x2,κ2 cluster 2,

...
...

xκ,1, xκ,2, . . . ,xκ,κκ
cluster κ,

where κi is the number of nodes in cluster i with ∑
κ
i=1 κi = N. Here, x1,1, . . . ,xκ,1 are

referred to as the reference systems of the clusters. Now, we denote the synchronization
errors by

Ei =

ei,2
...

ei,κi

=

xi,2− xi,1
...

xi,κi − xi,1

 , i = 1, . . . ,κ. (4.5)

We also denote ρi j as the value of the row sums of the i jth block of the adjacency matrix
for i, j ∈ {1, . . . ,κ} (in case of non-invasive coupling, i 6= j). Note that these blocks
have constant row-sums since P is viable. In the case of non-invasive coupling, we
define ρi j = 0 when i = j. Recall that the nodes in each cluster host the same dynamical
systems. Therefore, we denote the dynamics of the nodes in cluster i by f̃i, B̃i,C̃i,
i = 1,2, . . . ,κ , where f̃1 := f1 = f2 = · · · = fκ1 , f̃2 := fκ1+1 = fκ1+1 = · · · = fκ1+κ2 ,
B̃1 := B1 = B2 = · · ·= Bκ1 , C̃1 :=C1 =C2 = · · ·=Cκ1 , and so on.

4.3.1 Networks with invasive coupling

In what follows the linearized synchronization error dynamics of the networks with
invasive couplings will be derived. First, we denote the row sums of the adjacency
matrix, corresponding to the reference systems by

ρi =
κ

∑
j=1

ρi j, i = 1, . . . ,κ.

According to Section 3.4, the synchronization error dynamics can be presented as a
time-delay system (3.20) with a zero equilibrium Ei = 0, i = 1, . . . ,κ .
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Letting δEi be the small variation of Ei from zero, the linearized error dynamics of
networks with invasive couplings (around the zero equilibrium) can be expressed as

d
dt

 δE1(t)
...

δEκ(t)

 = AI0

 δE1(t)
...

δEκ(t)

 + AI1

 δE1(t− τ)
...

δEκ(t− τ)

 , (4.6)

with

AI0 =


Iκ1−1⊗ ( ∂ f̃1

∂x (x1,1(t))− kρ1B̃1C̃1) 0
. . .

0 Iκκ−1⊗ ( ∂ f̃κ
∂x (xκ,1(t))− kρκ B̃κC̃κ)

 (4.7)

AI1 = kB̃(Ared⊗ Im)C̃ , (4.8)

B̃ = diag(Iκ1−1⊗ B̃1, . . . , Iκκ−1⊗ B̃κ),

C̃ = diag(Iκ1−1⊗C̃1, . . . , Iκκ−1⊗C̃κ),

and
Ared = T1AT T

1 −T2AT T
1 , (4.9)

where T1,T2 ∈ R(N−κ)×N are defined as

T1 = diag(T11, . . . ,T1κ),T2 = diag(T21, . . . ,T2κ),

with

T1i =


0 1 · · · 0
...

. . .
...

1 0
0 · · · 0 1

 ,T2i =


1 0 · · · 0
1 0 · · · 0
...

...
...

1 0 · · · 0

 ∈ R(κi−1)×κi .

For more information on the derivation and a detailed interpretation of T1AT>1 and
T2AT>1 , we refer to Section 3.4.

4.3.2 Networks with non-invasive coupling

Here, the linearized synchronization error dynamics of the networks with non-invasive
couplings are derived. First, we define a series of vectors ρ̃i ∈ Rκi−1 with their entries
being the row sums of the rows in A corresponding to xi,2, . . . ,xi,κi for i = 1, . . . ,κ .
According to Section 3.4, the synchronization error dynamics are given by (3.26). Then,
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the linearized error dynamics of networks with non-invasive couplings (around the zero
equilibrium) can be expressed as

d
dt

 δE1(t)
...

δEκ(t)

 = AN0

 δE1(t)
...

δEκ(t)

 + AN1

 δE1(t− τ)
...

δEκ(t− τ)

 , (4.10)

with

AN0 =


Iκ1−1⊗ ∂ f̃1

∂x (x1,1(t)) 0
. . .

0 Iκκ−1⊗ ∂ f̃κ
∂x (xκ,1(t))

 (4.11)

AN1 =−kB̃(Lred⊗ Im)C̃ , (4.12)

Lred = diag(ρ̃1, . . . , ρ̃κ)−Ared. (4.13)

4.4 Conditions for partial synchronization

In this section, sufficient conditions for partial synchronization, i.e., the stability
conditions for the partial synchronization manifolds are presented. These conditions are
derived by analyzing the stability of the synchronization error systems (4.6) or (4.10).
First, it is shown that the error systems can be interpreted as an LPV time-delay system.
Second, the stability conditions for such systems, implying the stability conditions for
the partial synchronization manifolds, are derived by using the Lyapunov method and
formulated in the form of LMIs.

By comparing the structure of (4.6) with that of (4.10), we notice that these two error
systems (4.6) and (4.10) can be re-written in a unified form as

Ẋ (t) = A (η(t))X (t)+AdX (t− τ), (4.14)

where
X (t) =

[
E>1 (t) · · · E>κ (t)

]>
,

A (η(t)) =

{
AI0 invasive coupling,
AN0 non-invasive coupling,

η(t) = [x1,1(t), . . . ,xκ,1(t)],

Ad =

{
AI1 invasive coupling,
AN1 non-invasive coupling.
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In this way, the error system can be interpreted as an LPV time-delay system,
whose dynamics depend on exogenous non-stationary parameters η(t). Then the
synchronization problem of the delay-coupled networks can be reformulated as the
stability problem of LPV time-delay systems. Due to the time-varying nature of
the LPV systems, the existing results based on the frequency-domain method or
eigenvalue-based analysis techniques cannot be applied for the analysis of this class of
systems. Alternatively, we resort to the Lyapunov method to analyze the stability of
the underlying systems. In particular, some sufficient delay-dependent conditions to
check the partial synchronization problems can be obtained in what follows.

Recall that under Assumption 4.2.1, the solutions are bounded. That is, the
parameters xi,1(t), i = 1,2, · · · ,κ range between some extremal values η i and η̄i,
i.e., xi,1(t) ∈ [η i, η̄i]. The boundedness of xi(t) also leads to the derivative ẋi(t)
to be confined as ẋi,1(t) ∈ [vi, v̄i], i = 1,2, · · · ,κ , where vi and v̄i are, respectively,
the lower and upper bound on ẋi,1(t). The latter can be readily derived from
Ẋ (t) = A (η(t))X (t)+AdX (t− τ). Specifically, if ‖X (t)‖ ≤ ηo for all t ≥ 0, it
follows that ‖Ẋ (t)‖ ≤max{‖X (t)‖≤ηo,‖X (t−τ)‖≤ηo} ‖A (η(t))X (t)+AdX (t− τ)‖
holds. However, as ‖A (η(t))‖ and ‖Ad‖ also depend on the coupling parameter k,
the bounds of ẋi,1(t) relate to k. So, it is reasonable to assume that, given a fixed pair of
coupling parameters (k,τ), (η(t), η̇(t)) ∈ Γη ×Γv, that is, the parameter vector η(t)
is constrained into a hypercube Γη , and the variation rate of η(t) also belongs to a
hypercube Γv. Hence, parameter-dependent conditions for all (η(t), η̇(t)) ∈ Γη ×Γv,
as we now provide, are sufficient for the stability of the partial synchronization manifold
under consideration.

Theorem 4.4.1. ([84]) The LPV time-delay system (4.14) with bounded (η(t), η̇(t)) ∈
Γη ×Γv is asymptotically stable if there exist positive definite symmetric matrices
P(η),Q j,Z j ∈ R(Nn−κn)×(Nn−κn), and matrices G j ∈ R(4Nn−4κn)×(Nn−κn), j = 1,2,3,
such that the following LMI holds for all possible (η , η̇) ∈ Γη ×Γv,

Φ
τ

3 G1
τ

3 G2
τ

3 G3
∗ − τ

3 Z1 0 0
∗ ∗ − τ

3 Z2 0
∗ ∗ ∗ − τ

3 Z3

< 0, (4.15)
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where (letting He(A) := (A+A>))

Φ := Φ1 +He
(

Λ0P(η) ¯A +
3
∑
j=1

G jΛ j

)
+ ¯A >

(
τ

3

3
∑
j=1

Z j

)
¯A ,

Φ1 := diag
(

Q1 +
∂P(η)

∂η
η̇ ,−Q1 +Q2,

−Q2 +Q3,−Q3

)
,

¯A :=
[

A (η) 0 0 Ad
]
,

Λ0 :=
[

I 0 0 0
]>

,
Λ1 :=

[
I −I 0 0

]
,

Λ2 :=
[

0 I −I 0
]
,

Λ3 :=
[

0 0 I −I
]
.

(4.16)

The symbol ∗ denotes the symmetric terms in a symmetric matrix.

The proof of Theorem 4.4.1 is given in Appendix C. In the proof, the following
Lyapunov-Krasovskii functional is used:

V (t,η) = X >(t)P(η)X (t)+V1(t)+V2(t)+V3(t), (4.17)

where

Vj(t) :=
∫ t−( j−1) τ

3

t− j τ
3

X >(s)Q jX (s)ds+
∫ −( j−1) τ

3

− j τ
3

∫ t

t+θ

Ẋ >(s)Z jẊ (s)dsdθ . (4.18)

Here, V1 +V2 +V3 is a “discretized” or “fragmented” version of the integral terms∫ t
t−τ

X >(s)QX (s)ds +
∫ 0
−τ

∫ t
t+θ

X (s)ZX (s)ds with a fragmentation order of 3.
This discretization structure can reduce the conservatism of the results obtained
by the Lyapunov-Krosovskii method [68]. However, it comes at a price of higher
computational cost. We use a fragmentation order of 3 to balance between the
conservatism and computational cost. Another technique, called the free-weighting
matrix technique [90], is also used to reduce the conservatism. We refer to Appendix C
for the details.

Remark. The delay-dependent conditions in Theorem 4.4.1 are semi-infinite
inequalities due to their parametric dependence. To cast the parameter-dependent
conditions into a finite-dimensional optimization problem, the Lyapunov matrix P(η) in
(4.17) can be approximated by a finite set of basis functions [85]. The basis functions
{hl(η)}nh

l=1 for P(η) should guarantee that

P(η) =
nh

∑
l=1

hl(η)Pl , Pl = P>l . (4.19)

To further eliminate the dependence on the parameter vector η , a finite gridding
{ηr}L

r=1 of the parameter space can be introduced to generate finite-dimensional
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convex optimization conditions [86]. We note that sufficient conditions in terms of finite
LMIs can also be obtained using Pólya’s relaxation or sum-of-squares techniques [91].

Remark. By omitting the double integral term associated with Z j in (4.18), we can
also derive delay-independent conditions for the stability of system (4.14). This brings
the following corollary.

Corollary 4.4.2. The LPV time-delay system (4.14) with bounded (η(t), η̇(t)) ∈ Γη ×
Γv is asymptotically stable if there exist positive definite symmetric matrices P(η),
Q j ∈ R(Nn−κn)×(Nn−κn), j = 1,2,3, such that the following LMI holds for all possible
(η , η̇) ∈ Γη ×Γv,

Φ̃ := Φ1 +He
(
Λ0P(η) ¯A

)
< 0, (4.20)

where Φ1, Λ0 and ¯A are defined in (4.16).

4.5 Numerical example

In this section, the results from Section 4.4 are applied to a network consisting of four
Hindmarsh-Rose neurons interconnected via invasive coupling. It is explored under
which conditions, in particular with which coupling strengths k and time-delays τ ,
partial synchronization can occur in such network.

Consider a network of four Hindmarsh-Rose neurons described by the following
equations:

ẋi,1(t) = c−dx2
i,3(t)− xi,1(t),

ẋi,2(t) = ri(s(xi,3(t)+ v0)− xi,2(t)),

ẋi,3(t) =−ax3
i,3(t)+bx2

i,3(t)+ xi,1(t)− xi,2(t)+Em +u(t),

yi(t) = xi,3(t), i = 1,2,3,4,

(4.21)

where the parameters a, b, c, d, ri, s, v0, Em are constants, and xi,1(·), xi,2(·), xi,3(·) and
ui(·) are the recovery variable, the adaptation variable, the membrane potential, and the
external current of the i-th neuron [92]. The values of these parameters are a = 1, b = 3,
c = 1, d = 5, r1 = r3 = 0.004, r2 = r4 = 0.005, s = 4, v0 = 1.618 and Em = 3.25. It
has been proved in [93] that this Hindmarsh-Rose model is strictly semipassive. The
structure of the network is described by the adjacency matrix

A =


0 2 0 1
2 0 1 0
0 1 0 2
1 0 2 0

 . (4.22)
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Here, we assume that the systems are coupled via (4.2). Using the tool developed
in Chapter 3, only one viable partition {{1,3},{2,4}} is identified. The full
synchronization manifold does not exist, which indicates that full synchronization
cannot be observed. The corresponding linearized synchronization error dynamics

Ẋ (t) = A X (t)+AdX (t− τ), (4.23)

where
A := diag(A1,A2),

A1 :=

 −1 0 −2dx1,3(t)
0 −r1 r1s
1 −1 −3ax2

1,3(t)+2bx1,3(t)−3k

 ,
A2 :=

 −1 0 −2dx2,3(t)
0 −r2 r2s
1 −1 −3ax2

2,3(t)+2bx2,3(t)−3k

 ,
Ad := kAred⊗BC, B =C> = [ 0 0 1 ]>,

Ared :=
[

0 1
1 0

]
.

For this network of Hindmarsh-Rose neurons, given a pair of (k,τ), the stability
analysis of the partial synchronization manifolds is performed in two steps: 1) estimate
the bounds of x1,3(t), x2,3(t), ẋ1,3(t) and ẋ2,3(t) by numerical simulation of the network;
2) check the feasibility of the LMIs in Theorem 4.4.1. Specifically, to solve the stability
problem, we pick five basis functions in expansion (4.19) as follows:

h1(η) = 1, h2(η) = x1,3(t), h3(η) = x2
1,3(t),

h4(η) = x2,3(t), h5(η) = x2
2,3(t).

(4.24)

To this end, by solving the condition (4.15), it has been checked that the Hindmarsh-
Rose neurons with networks described by (4.22) are partially synchronous with
x1,3(t) = x3,3(t) and x2,3(t) = x4,3(t) when k = 1.05 and τ = 10. The simulation of the
coupled systems is performed with the initial conditions xi(θ) = [−3.6070 3.5837 −
0.7221]>, i = 1,2,3,4 using the dde23 solver from MATLAB, and the simulation runs
over 500 time units. Based on the simulation, it is found that the states x1,3 and x2,3 are
in the range of [−2,2], and the state derivatives ẋ1,3 and ẋ2,3 are in the range of [−6,6].
With these bounds, the LMIs (4.15) is solved by using the MATLAB LMI toolbox [74].

Furthermore, by using Theorem 4.4.1 with different values of k and τ , we have
calculated the synchronization region for k ∈ [0,5] and τ ∈ [0,100], see the grey
area in Figure 4.1(a). It is shown that when k ≥ 1.05, the partial synchronization
manifold is locally stable even for a quite large value of time-delay τ . For comparison,
the synchronization region detected by comparing the state trajectories of the same
network is also depicted in Figure 4.1(b). The trajectories are calculated by simulating
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the network in MATLAB using the same solver and initial conditions indicated in the
previous paragraph. It can be seen from the two figures that the partial synchronization
region obtained by Theorem 4.4.1 is smaller than the one obtained by simulation. This
is not unexpected since the Lyapunov method generally comes with conservatism.
Besides, the LPV time-delay system is an over-approximation of the synchronization
error system. For example, the exogenous variables (parameters) η in the LPV time-
delay system (4.14) are actually state components of the coupled systems, and therefore
these parameters are not independent from each other. It is possible that the exogenous
variables η and their derivatives (η , η̇) cannot traverse every point in the space defined
by Γη ×Γv.
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Figure 4.1: Partial synchronization regions (grey-colored area) in the (k,τ) parameter
space computed via the LMIs in Theorem 4.4.1 (a) and via simulations (b)

Remark. Using Theorem 4.4.1, it has been validated that when k is large enough
(k ≥ 1.05), the Hindmarsh-Rose neurons are partially synchronized (x1,3(t) = x3,3(t)
and x2,3(t) = x4,3(t)) within a large range of τ . That is, the partial synchronization
manifold tends to be locally stable independent of time-delay τ . This can be explained
via the concept of convergent dynamics ([63]). In particular, bearing in mind that the
input matrix B = [ 0 0 1 ]> and output matrix C = B> in this example, it can be
easily checked that CB = 1 > 0. Then, the system can be equivalently transformed into
the following form:{ ˙̄X (t) = g1(X̄ (t), ȳ(t)),

˙̄y(t) = g2(ȳ(t),X̄ (t))− kbD̄ȳ(t)+ kbĀȳ(t− τ),
(4.25)

where Ā := T>1 AT1, D̄ := diag(ρ̃1, ρ̃2), b =CB = 1, in addition, the X̄ (t) subsystem
with ȳ(t) as input is convergent. For this family of delay-coupled systems, it has been
shown in [40] that the coupled networks can realize the delay-independent partial
synchronization when k is larger than some positive number k0. However, it is difficult



NUMERICAL EXAMPLE 59

to compute the exact value of this threshold k0 by the synchronization conditions in
[40]. Resorting to Theorem 4.4.1 in this chapter, we can estimate the value of k0.

Remark. There is another method to estimate the bounds of (η , η̇), which does not
rely on simulations. As mentioned at the beginning of this chapter, the solutions
of interconnected semipassive systems coupled via invasive coupling are ultimately
bounded. It has been proved that Hindmarsh-Rose neurons are semipassive [93].
Therefore, the coupled Hindmarsh-Rose neurons in this example have ultimately
bounded solutions. In fact, an invariant set can be found for these coupled neurons,
see Appendix D for more details. It is also shown in Appendix D that the solutions of
each coupled neuron can stay inside a box B= [−73.0705,1]× [−3.6994,3.8489]×
[−8.3256,21.8676] ∈ R3 once they enter this box. This box is also an invariant set
for an uncoupled neuron. However, the solutions of coupled neurons are confined
to a smaller space than the box, see Figure 4.2. It shows the invariant box and the
trajectories of coupled neurons with k = 1.05 and τ = 10 that are initialized at four
different vertices of the invariant box. The trajectories of the neurons converge to a
much smaller space after the transient period. Therefore, the bounds of (η , η̇) inferred
from this invariant box are much larger than the actual bounds, which leads to a
quite conservative result when using the LMI conditions to identify the synchronization
regions. For example, for all solutions inside this box, the states x1,3 and x2,3 are in
the range of [−3.6994,3.8489], and the state derivatives ẋ1,3 and ẋ2,3 are in the range
of [−129.8799,123.8744]. Based on the bounds of these intervals, the LMIs are only
feasible for τ = 10 when k ≥ 9.

Figure 4.2: The invariant box and the trajectories of coupled neurons
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4.6 Conclusions

In this chapter, the local stability of (exact) partial synchronization manifolds is
addressed by utilizing the Lyapunov method. First, the synchronization error dynamics
are isolated from the network dynamics, whose stability determines the stability of
the partial synchronization manifold under consideration. Second, it is shown that the
linearized synchronization error dynamics can be (over)approximated by an LPV time-
delay system. By choosing a parameter- and delay-dependent Lyapunov-Krasovskii
functional, the stability conditions are formulated in terms of LMIs, which can be
solved efficiently. Finally, a numerical example is presented, where this method is
applied to a network consisting of four Hindmarsh-Rose neurons.



Chapter 5

Practical partial
synchronization in networks of
delay-coupled systems

Abstract: In this chapter, sufficient conditions for practical partial synchronization in
networks of delay-coupled systems are presented. Due to perturbations or uncertainties
in the network or system dynamics, practical partial synchronization may be observed,
which refers to the situation where the states of the systems within each cluster converge
to each other up to some bound, and this bound tends to zero if (the size of) the
perturbations tend to zero. In this chapter, the case where perturbations exist in the
interactions of systems is considered. To derive sufficient conditions for practical
partial synchronization, first, the synchronization error dynamics are separated from the
network dynamics, and we interpret them in terms of a nonautonomous system of delay
differential equations with a bounded additive perturbation. Second, by assessing the
practical stability of this error system, conditions for practical partial synchronization
are derived and formulated in terms of linear matrix inequalities. In addition, an explicit
relation between the size of perturbation and the bound of the synchronization error is
provided. The results presented in this chapter are published in [94].

5.1 Introduction

As mentioned in the previous chapters, the existence and (asymptotic) stability of
partial synchronization manifolds are required to observe partial synchronization in

61
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a network of coupled systems. Such manifolds are actually hyperplanes in the state
space of the networked systems. When such a manifold exists, the solutions of the
systems that start on the corresponding hyperplane will remain on it. For solutions
that are initialized outside that hyperplane, the stability of the partial synchronization
manifold will ensure the solutions to be attracted to this hyperplane. See Figure 5.1
for an illustration of these concepts using a network of three coupled systems as an
example. The existence of partial synchronization manifold M = {(x1,x2,x3)|x1 = x2}
guarantees that the trajectory A stays on the manifold (middle plane, in red) once it
reaches the manifold. The stability of the partial synchronization manifold guarantees
that trajectory A is attracted to the manifold.

x1
x2

x3

µ

M= {(x1,x2,x3)|x1 = x2}
Partial synchronization manifold

Mµ{(x1,x2,x3)|‖x1−x2‖ ≤ µ}

A: (exact) partial synchronization
B: practical partial synchronization

A

B

Figure 5.1: Partial synchronization and practical partial synchronization in a network
of three coupled first-order systems with systems 1 and 2 being synchronized.

The necessary and sufficient conditions for the existence of partial synchronization
manifolds have been presented in Chapter 3. However, the existence conditions are
fragile, in the sense that they may be violated by infinitesimal perturbations on coupling
weights and delays, as well as perturbations to the dynamical systems at the nodes
that create more heterogeneity. As a result, synchronization in the sense that the states
of the synchronized systems converge to each other cannot be achieved. Instead, an
approximate form of synchronization may be observed, in the sense that the states (or
outputs) of the synchronized systems are not completely identical, but remain close to
each other within some bound that depends on the size of the perturbation. Inspired
by the notion of practical stability, this robust version of synchronization is referred
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to as practical synchronization. Figure 5.1 also illustrates an example of such a form
of synchronization. As the figure shows, the solution may be unable to stay on the
manifold because of perturbations. In such a case, the trajectory B is unable to stay on
the middle plane (in red), but it remains inside the space between the two outer planes
(in blue). This space is represented by the set Mµ = {(x1,x2,x3)|‖x1− x2‖ ≤ µ}. The
example in this figure is a finite-dimensional case, however, the idea holds true for the
infinite-dimensional case as well. The actual reason inducing practical synchronization
is that the linear subspace characterized by the zero synchronization errors E ≡ 0
is no longer (positively) invariant in the system of synchronization errors due to the
perturbations. In other words, the synchronization error system has no zero equilibrium
in this case. Without the zero equilibrium, an intuitive expectation is that the errors
will stay close to zero if the perturbation is small under suitable conditions. However,
this is not always the case, for example, when the system is in the vicinity of a
bifurcation point. Hence, it is important to develop methods to guarantee practical
partial synchronization. In addition, due to network imperfections, modeling error,
etc., perturbations are often present in the network of coupled systems, thus making it
important to study this type of synchronization.

Several studies have been performed to investigate practical synchronization in delay-
free coupled systems, see [44, 3, 43, 42]. In [44] and its supplementary material [3],
theoretical results on practical synchronization of delay-free, diffusively coupled
non-identical systems with application to Hindmarsh-Rose neurons are presented.
It is shown that when the coupling strength is sufficiently large, the systems achieve
practical synchronization by using the property of semi-passivity and convergent system
theory. In [43], some preliminary results on practical synchronization of delay-free
interconnected heterogeneous oscillators are presented, where the product between
the input matrix and output matrix is assumed to be positive definite and the zero
dynamics subsystem is convergent. In [42], by assuming the QUAD property (see [95])
for each system, conditions on the interconnection structure of networks of perturbed
nonlinear systems with non-delayed diffusive couplings are derived to achieve practical
synchronization. The benefit of the results in [43], [96], [44] and [42] is that they
provide conceptual insights into the collective behavior of network-interconnected
systems with model heterogeneity. However, no work has been done on the quantitative
analysis of practical partial synchronization of interconnected systems, in particular in
the presence of delayed couplings.

In this chapter, the practical partial synchronization in networks of delay-coupled
systems is studied. We start with partial synchronization investigated in Chapters 3-4
as a nominal case. Subsequently, we focus on the case where there are perturbations
on the coupling. It is shown that when the perturbations are present, exact partial
synchronization becomes in general impossible. More precisely, the synchronization
error dynamics have no zero equilibrium due to perturbations. Without the zero
equilibrium, the methods used in most works on synchronization (including the one
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presented in Chapter 4) which require a linearization around the equilibrium are not
applicable. Here, with (exact) partial synchronization as a nominal case, we study
its persistence under perturbations. In particular, by connecting the practical partial
synchronization with the practical stability of the synchronization error dynamics, we
derive conditions for practical partial synchronization. In this practical stability analysis,
an equilibrium of the synchronization error dynamics is not required. To this end, firstly,
the dynamics of synchronization errors are isolated from the network dynamics with the
inclusion of the perturbation; secondly, by viewing the synchronization error dynamics
as a time-delay system affected by additive perturbations, conditions for the practical
stability of such an error system, corresponding to the conditions for practical partial
synchronization of the network are derived. The conditions are formulated in the form
of LMIs, which can be efficiently solved by several existing numerical tools.

The remainder of this chapter is organized as follows. In Section 5.2, by reusing the
setting of Chapter 3, the networks of delay-coupled systems under consideration are
introduced, including the systems and couplings. In addition, partial synchronization is
re-introduced as a nominal case for practical partial synchronization. It is shown that
small perturbations on the coupling can render exact synchronization impossible and
lead to practical partial synchronization. In Section 5.3, the main problem addressed
in this chapter is formulated by formally defining practical partial synchronization. In
Section 5.4, the main results of this chapter, i.e., the sufficient conditions for practical
partial synchronization, are presented. In Section 5.5, a numerical example is presented.
Finally, the conclusions are given in Section 5.6.

5.2 Networks

This section introduces the setting of the networks, including the systems in the
networks and the coupling between the systems. In addition, the (exact) partial
synchronization manifold is re-introduced and one example is used to show that small
perturbations can make exact synchronization impossible and lead to practical partial
synchronization.

In this chapter, we consider the same networks of systems interacting via linear diffusive
time-delay couplings as in the previous chapters, therefore the same setting is adopted.
These networks are represented by simple, strongly connected directed graphs G =
(V ,E ,A), where

• V = {1,2, . . . ,N} is a finite set of nodes with cardinality |V |= N;

• E ⊂ V ×V is the ordered set of edges, where the edge (i, j) points from node i
to node j;
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• A =
(
ai j
)
∈ RN×N is the weighted adjacency matrix, where ai j > 0 represents

the weight of edge ( j, i) when ( j, i) ∈ E , and ai j = 0 when ( j, i) /∈ E .

Every node in the networks hosts a dynamical system of the form{
ẋi(t) = fi(xi(t))+Biui(t)
yi(t) =Cixi(t),

(5.1)

where i ∈ V , states xi(t) ∈ Rn, sufficiently smooth functions fi : Rn → Rn, inputs
ui(t) ∈ Rm, outputs yi(t) ∈ Rm, input matrices Bi ∈ Rn×m and output matrices Ci ∈
Rm×n, i = 1, . . . ,N. Here, we assume all CiBi are similar to positive definite matrices,
which guarantees that all the systems are left-invertible (the system input-out maps are
injective).

The systems (5.1) interact via invasive coupling

ui(t) = k ∑
j∈Ni

ai j[y j(t− τ)− yi(t)], (5.2)

where, Ni is the neighboring set of node i, i.e., Ni := { j ∈ V |(i, j) ∈ E }, and τ , k are,
respectively, the time-delay and coupling strength.

As in Chapter 4, we have the following assumption on systems (5.1).

Assumption 5.2.1. Systems (5.1) are strictly semipassive with a radially unbounded
storage function V .

This assumption on semipassivity is to be used to guarantee the boundedness of
solutions of the networked systems. The boundedness is later on used in the derivation
of conditions for practical partial synchronization. It has been shown in [63] that
Assumption 5.2.1 guarantees all solutions of the systems (5.1) coupled via (5.2) to be
ultimately bounded independently of k and τ . More precisely, it has been pointed out
in [63] that under this assumption, there exists a bounded set Ω, positively invariant
under the dynamics (5.1), (5.2), which attracts all solutions in finite time.

Networks of systems interconnected via non-invasive coupling are not considered
in this chapter because for such networks, Assumption 5.2.1 does not guarantee the
solutions of the systems to be ultimately bounded. An additional restriction on the
coupling strength is required (an upper bound should be imposed on the coupling
strength), see [1] for more details. If the solutions of the systems in networks with
non-invasive coupling are ultimately bounded, the results presented in this chapter can
be extended to such networks.

The state space of the coupled systems (5.1) and (5.2) is denoted by C ([−τ,0],RNn).
The network state is defined as below

xt ∈ C ([−τ,0],RNn), xt = x(t +θ),θ ∈ [−τ,0]. (5.3)
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In what follows we review the results on exact practical partial synchronization from
the previous chapters, which serve as a nominal case in the subsequent sections. In
addition, an example is presented which shows that these conditions can easily become
invalid due to a small perturbation. In such a situation, exact synchronization is no
longer possible, and only practical synchronization may occur.

As in Chapter 3, the set of partially synchronous states induced by the permutation
matrix Π (representing a partition P) is given by

M (Π) := {φ ∈ C ([−τ,0],RNn) |φ(θ) = col(φ1(θ), . . . ,φN(θ)),

φi(θ) ∈ Rn, i = 1, . . . ,N, φ(θ) = (Π⊗ In)φ(θ), ∀θ ∈ [−τ,0]}.
Then, the set M is an (exact) partial synchronization manifold when it is positively
invariant under the dynamics (5.1), (5.2), see Definition 3.2.2.

A partition P associated with Π is called viable if the set M (Π) is a partial
synchronization manifold. The viability of a partition can be verified using the row-sum
conditions and conditions (3.9) in Theorem 3.2.3. However, these conditions are very
fragile in the sense that they may be violated by infinitesimal perturbations on coupling
weights and delays, as well as perturbations to the dynamical systems at the nodes
which create more heterogeneity. In the example below, we demonstrate that small
perturbations on the coupling cause such conditions to be violated, and as a result,
exact partial synchronization can not be observed.

Example 5.2.2. Consider a network of four nodes shown in Figure 5.2. The adjacency
matrix of this network is

An =


0 2 0.1 1
4 0 2 0.3

0.1 1 0 2
3 0.3 3 0

 . (5.4)

We assume that every node hosts a nonlinear system of the form
ẋi,1(t) = 0.2xi,1(t)+ xi,2(t)−10xi,1(t)(x2

i,1(t)+ x2
i,2(t))+ui,2(t)

ẋi,2(t) =−xi,1(t)+0.2xi,2(t)−10xi,2(t)(x2
i,1(t)+ x2

i,2(t))+ui,1(t)
yi,1(t) = xi,2(t)
yi,2(t) = xi,1(t), i = 1,2,3,4,

(5.5)

and that the systems are coupled via (5.2). Note that the system (5.5) is semipassive,
see Appendix G.

By applying Theorem 3.2.3 to all possible partitions of this network, we find the only
viable partition P = {{1,3},{2,4}}. This can be done automatically by using the
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software program presented in Chapter 3. As the network here is relatively simple, the
viability of this partition can be easily done by hand. First, since all the systems are
identical, conditions (3.9) are satisfied. Second, the constant row sum requirement is
also met. The corresponding permutation matrix Π and the reordering matrix R are
given by

Π =


0 0 1 0
0 0 0 1
1 0 0 0
0 1 0 0

 , R =


1 0 0 0
0 0 1 0
0 1 0 0
0 0 0 1

 .
The reordered adjacency matrix is

R>AnR =


0 0.1 2 1

0.1 0 1 2
4 2 0 0.3
3 3 0.3 0

 .
Each block in this matrix has a constant row sum.

1 3

2 4

0.1

2
1

0.1

1

24

2

0.3

3
3

0.3

Figure 5.2: The network of Example 5.2.2 with adjacency matrix An

To validate the result, a simulation of this network with k = 0.3 and τ = 2 has been
performed. The results are plotted in Figure 5.3. The network is initialized on the partial
synchronization manifold, i.e., x1(θ)= x3(θ),x2(θ)= x4(θ),−τ ≤ θ ≤ 0. From Figure
5.3, we can see that systems 1 and 3, 2 and 4 remain perfectly synchronized. The
states remain on the partial synchronization manifold since they start on the manifold.
However, as mentioned before, the existence conditions of such manifold are fragile.
For instance, a small perturbation on the coupling can cause a violation of these
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conditions. Assume there exists a perturbation ∆A on the adjacency matrix:

A = An +∆A =


0 2 0.1 1
4 0 2 0.3

0.1 1 0 2
3 0.3 3 0

+


0 0.2 0 0
0.2 0 0 0.05
0 0 0 0

0.1 0 0.2 0

 . (5.6)

With this adjacency matrix, the row-sum conditions in Theorem 3.2.3 are not satisfied.
The simulation of this perturbed network is shown in Figure 5.4. As can be seen
from Figure 5.4, the states of systems 1 and 3, 2 and 4 are not identical, but remain
close to each other, that is, an approximate form of synchronization occurs. This
is also confirmed in Figure 5.5 which shows the synchronization errors defined as
e1 = x3,1− x1,1, e2 = x3,2− x1,2, e3 = x4,1− x2,1 and e4 = x4,2− x2,2. In this figure,
to better indicate the sizes of these errors, they are expressed as the percentages of
maximum magnitudes of the relevant state variables ( e1

max
t
|x1,1(t)| ×100%, e2

max
t
|x1,2(t)| ×

100%, e3
max

t
|x2,1(t)| ×100%, e4

max
t
|x2,2(t)| ×100%). Besides, we can observe that ei = 0 is

not an equilibrium of the synchronization error dynamics when the perturbation is
present. The results above may not be very surprising. For small perturbations to the
nominal adjacency matrix corresponding to the coupling, one would intuitively expect
the solutions to remain almost synchronized within the clusters. However, this intuition
may also fail, for instance, if the system is close to a bifurcation point. Therefore, it is
important to develop tools that guarantee the required robustness of the synchronization
with respect to the perturbation.

In the next section, this situation with perturbation on coupling impacting the partial
synchronization of delay-coupled systems is generalized and forms the main problem
addressed in this chapter.

Remark. First, we would like to emphasize that in this example with (5.4), no full
synchronization manifold exists. By definition, a full synchronization manifold is
always a subset of any partial synchronization manifold. Therefore, to have partial
synchronization, the stability conditions of the partial synchronization manifold should
not coincide with the stability conditions of the full synchronization manifold. If no
full synchronization manifold exists, this requirement is readily met. Second, from the
reordered adjacency matrix, we can see that the coupling of the nodes within clusters
is weak, and that the coupling of the nodes between clusters is strong (see the ordered
adjacency matrix). In fact, this property favors the partial synchronization manifold
to be stable in the network with An for some (k,τ). It might sound counter-intuitive
but can be explained by the presence of the delay and the sensitivity of high gain
feedback with respect to it. Thus, while in the delay-free case high gain coupling favors
synchronization, the situation is different in the presence of time-delay, see [78]. More
precisely, an upper bound exists for the product of the coupling gain and time-delay
such that the delay-coupled network can be synchronized [1]. In other words, for a



NETWORKS 69

0 2 4 6 8 10 12 14 16 18 20 22 24 26 28 30 32 34 36 38 40 42 44 46 48 50−6

−4

−2

0

2

4

6 ·10−2

time t

st
at

e
x i

,1
States of the example network with An

x1,1x2,1x3,1x4,1

−5 0 5
·10−2

−5

0

5
·10−2

x1,1

x 2
,1

−5 0 5
·10−2

−5

0

5
·10−2

x1,1

x 3
,1

−5 0 5
·10−2

−5

0

5
·10−2

x2,1

x 4
,1

Figure 5.3: Simulation results of the network corresponding to Example 5.2.2, with
adjacency matrix An
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Figure 5.4: Simulation results of the network corresponding to Example 5.2.2, with
adjacency matrix A
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Figure 5.5: Synchronization errors of the network corresponding to Example 5.2.2,
with A and An

given time-delay, the coupling gain should be bounded such that the delay-coupled
network can be synchronized.

5.3 Practical partial synchronization

This section introduces the concept of practical partial synchronization, addressing the
case where there are perturbations on the coupling. In addition, the synchronization
error dynamics are also derived, which lays the basis for the stability analysis in the
next section.

5.3.1 Practical partial synchronization definition

Suppose that there exists a viable partition P for the network of systems represented
by the graph G = (V ,E ,An) and assume that the adjacency matrix of the network is
perturbed to A = An +∆A, with a perturbation bound

‖∆A‖∞ ≤ δ . (5.7)
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Note that the perturbed adjacency matrix A should preserve the basic properties of
the adjacency matrix: non-negative entries and zero diagonal entries. That is, ∆A is
constrained such that a∆

i j = 0 if i = j and a∆
i j ≥−an

i j if i 6= j with a∆
i j being the entries

of ∆A and an
i j the entries of An.

In this case, the row-sum conditions in Theorem 3.2.3 may be violated even
for arbitrarily small perturbations, and exact partial synchronization may become
impossible. However, using the following relaxation of the set M (Π) for µ ≥ 0

Mµ(Π) := {φ ∈ C ([−τ,0],RNn) |φ(θ) = col(φ1(θ), . . . ,φN(θ)),

φi(θ) ∈ Rn, i = 1, . . . ,N, ‖φ(θ)− (Π⊗ In)φ(θ)‖ ≤ µ, ∀θ ∈ [−τ,0]},

we can analyze an approximate form of partial synchronization, formally defined as
follows.

Definition 5.3.1. For a network of systems (5.1), (5.2) represented by the graph
G = (V ,E ,An), given a partition P , permutation matrix Π and perturbation bound δ

in (5.7), the network is practically partially synchronized with respect to the clustering
represented by P if there exist a class K function β (δ ) and a function T = T (φ ,δ )
such that whenever the adjacency matrix is perturbed to An +∆A with ||∆A||∞ ≤ δ the
solutions satisfy

xt(φ) ∈Mµ(Π), ∀φ ∈ C ([−τ,0],RNn), ∀t > T,

where µ = β (δ ).

Note that since β ∈K , Mµ=0(Π) = M (Π), hence, practical partial synchronization
implies partial synchronization of the nominal network.

5.3.2 Perturbed synchronization error dynamics

Here, the perturbed synchronization error dynamics (the synchronization error
dynamics of the perturbed networks) are derived. First, the synchronization error
dynamics of the nominal networks are presented by recalling the results of Chapter 3.
Then, by adding the perturbations to the error system, the synchronization error
dynamics of the perturbed networks are derived. By comparing the synchronization
error dynamics of these two cases, the impacts of the perturbations are shown, which
explains why exact partial synchronization becomes impossible in the presence of
perturbations. In addition, the perturbed synchronization error dynamics will be used
to derive the conditions for practical partial synchronization in the next section.



72 PRACTICAL PARTIAL SYNCHRONIZATION IN NETWORKS OF DELAY-COUPLED SYSTEMS

Nominal network We start with the nominal network using the procedure in
Chapter 3. Suppose that there exists a viable partition P for the networked systems
with the graph G = (V ,E ,An). Without loss of generality, we assume that the systems
have been pre-ordered into clusters according to the partition P associated with Π as
follows

x1,1, x1,2, . . . ,x1,κ1 cluster 1,
x2,1, x2,2, . . . ,x2,κ2 cluster 2,

...
...

xκ,1, xκ,2, . . . ,xκ,κκ
cluster κ.

We adopt the same notations as in Section 3.4. The synchronization error dynamics of
the nominal network are then given by the time-delay system (3.20). To rewrite it in a
more compact form, we define X (t),Xr(t),A0,A1,F(X (t),Xr(t)) as below.

X (t) =

E1(t)
...

Eκ(t)

 ∈ RNn−κn, Xr(t) =

1κ1−1⊗ x1,1(t)
...

1κκ−1⊗ xκ,1(t)

 ∈ RNn−κn,

A0 =

Iκ1−1⊗ (ρ1B̃1C̃1) 0
. . .

0 Iκκ−1⊗ (ρκ B̃κC̃κ)

 ,
A1 = B̃(Ared⊗ Im)C̃ ,

F(X (t),Xr(t)) =



f̃1(x1,1(t)+ e1,2(t))− f̃1(x1,1(t))
...

f̃1(x1,1(t)+ e1,κ1(t))− f̃1(x1,1(t))
...

f̃κ(xκ,1(t)+ eκ,2(t))− f̃κ(xκ,1(t))
...

f̃κ(xκ,1(t)+ eκ,κκ
(t))− f̃κ(xκ,1(t))


. (5.8)

See Section 3.4 for the definitions of Ei,ρi, B̃i,C̃i, f̃i, i = 1, . . . ,κ and Ared. The vectors
X and Xr are the collection of the synchronization errors and states of the reference
systems, respectively. Roughly speaking, F is related to the differences of the nonlinear
terms fi between the systems in each cluster, A0 is related to the dynamics of the
reference systems, and A1 is related to the network structure. Note that F(0,Xr(t))≡ 0.

In this way, the error dynamics of the nominal network can be rewritten as

Ẋ (t) = F(X (t),Xr(t))− kA0X (t)+ kA1X (t− τ). (5.9)
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As a consequence of the viability of the partition, X (t) = 0 is an equilibrium point of
the synchronization error dynamics (5.9). More specifically, because of the row sum
conditions and condition (3.9) in Theorem 3.2.3, the other two terms containing Xr(t)
and Xr(t − τ) respectively, are canceled during the derivation of (5.9). These two
terms are not zero when X (t) = 0. The stability of partial synchronization manifolds
can be inferred from the stability of this equilibrium, which is necessary for networks
to exhibit exact partial synchronization in practice.

Perturbed network We now look into the effect of the perturbation in (5.7) on the
synchronization error dynamics (5.9). In the presence of the perturbation, the row sums
of the blocks in the reordered adjacency matrix (3.8) are not anymore constant. We
keep associating x1,1, . . . ,xκ,1 with the role of reference systems. Hence, we continue
to denote ρi j as the row sum of the first row of i jth block of the adjacency matrix for
i, j ∈ {1, . . . ,κ}, while the sums of the other rows become ρi j +∆i j,l with l = 2, . . . ,κi.
That is, for the block Ai j in (3.8), its row sums are denoted by

ρi j
ρi j +∆i j,2

...
ρi j +∆i j,κi

 , (5.10)

where, by the assumption that ‖∆A‖∞ ≤ δ , |∆i j,l | ≤ δ for i, j = 1, · · · ,κ, l = 1, · · · ,κi.
The collection of ∆i j,l is denoted by ∆ ∈ R(N−κ)×κ as below

∆ =



∆11,2 ∆12,2 · · · ∆1κ,2
...

...
...

...
∆11,κ1 ∆12,κ1 · · · ∆1κ,κ1

...
. . . . . .

...
∆κ1,2 ∆κ2,2 · · · ∆κκ,2

...
...

...
...

∆κ1,κ1 ∆κ2,κ1 · · · ∆κκ,κ1


. (5.11)

Then the synchronization error dynamics can be expressed as

Ẋ (t) = F(X (t),Xr(t))− kA0X (t)+ kA1X (t− τ)+Ξ(Xr(t),Xr(t− τ),∆),
(5.12)

where the additional term compared to (5.9) is given by

Ξ(Xr(t),Xr(t− τ),∆) = A2(∆)Xr(t)+A3(∆)Xr(t− τ), (5.13)

satisfying the property that

Ξ(Xr(t),Xr(t− τ),0) = 0. (5.14)
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The matrices A2(∆) and A3(∆) are defined as follows:

A2(∆) = k

diag
(

∑
κ
l=1 ∆1l,2, . . . ,∑

κ
l=1 ∆1l,κ1

)
⊗ B̃1C̃1 0
. . .

0 diag
(

∑
κ
l=1 ∆1l,2, . . . ,∑

κ
l=1 ∆1l,κκ

)
⊗ B̃κC̃κ

 ,
(5.15)

A3(∆) = kB̃(A∆⊗ Im)C̃ , (5.16)

where

A∆ =

diag(∆11,2, . . . ,∆11,κ1) · · · diag(∆1κ,2, . . . ,∆1κ,κ1)
...

. . .
...

diag(∆κ1,2, . . . ,∆κ1,κκ
) · · · diag(∆κκ,2, . . . ,∆κκ,κκ

)

 .
As a consequence of Assumption 5.2.1, all solutions of systems (5.1), coupled via (5.2),
converge to a positively invariant set Ω. Hence, without losing generality, we can
assume that the initial conditions satisfy xt0 ∈ Ω, implying xt ∈ Ω for all t ≥ t0.
Meanwhile, ‖A2‖ and ‖A3‖ depend on ∆, in such a way that they can be uniformly
bounded for all xt ∈ Ω. Therefore, we can assume that the perturbation term is also
bounded,

‖Ξ(Xr(t),Xr(t− τ),∆)‖ ≤ γ, (5.17)

where γ = ζ (δ ) and function ζ belongs to class K . Furthermore, there exists a
bounded set Ωr, independent of δ , such that xt ∈Ω implies Xr ∈Ωr.

In summary, the perturbation on the coupling introduces an additional bounded term in
the equation for the synchronization error dynamics. The term becomes zero if and
in general only if the perturbation becomes zero. Moreover, due to this term, the zero
point is generally not an equilibrium of the synchronization error dynamics. All the
above allows to connect the problem of practical partial synchronization with practical
stability of the error system, in the sense of Definition 1 in [97].

Definition 5.3.2. Given a partition P , permutation matrix Π and perturbation bound
γ , the network is practically partially synchronized with the clustering represented by
P if system (5.12) with Xr ∈Ωr and the initial data X0 = Ψ, is practically stable, i.e.,
there exist functions β (γ) ∈K and T = T (γ,Ψ)≥ 0 such that, whenever ‖Ξ(t)‖ ≤ γ

and Xr(t) ∈Ωr for all t ≥ 0, we have

‖X (Ψ)(t)‖ ≤ β (γ), ∀Ψ ∈ C ([−τ,0],R(N−κ)n), ∀t ≥ T (γ,Ψ). (5.18)

In the following section, tractable sufficient conditions for practical stability of (5.12)
are derived, accompanied by the explicit construction of a function β . It is important
to note that due to the “additive perturbation” Ξ in (5.12), the synchronization error
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X (t)≡ 0 is not invariant under the dynamics (5.12). As a distinctive feature of this
work, this implies that in the stability analysis, linearization around the zero equilibrium,
which is a cornerstone in most works on exact (partial) synchronization, is no longer
possible.

5.4 Conditions for practical partial synchronization

In this section, sufficient conditions for practical partial synchronization are derived
through the stability analysis of the synchronization error dynamics. The Lyapunov-
Krasovskii theorem is used for the stability analysis and the obtained conditions are
expressed in the form of LMIs.

As mentioned earlier, the solutions of the coupled systems (5.1), (5.2) are bounded, that
is, x ∈Ω with Ω = {x|‖x‖ ≤ r,r > 0}. Hence, for every cluster, we have xi, j ∈Ωx, i =
1, . . . ,κ, j = 1, . . . ,κi with Ωx = {xi, j|‖xi, j‖ ≤ rx,rx > 0} being a bounded set induced
by Ω. Additionally, the functions fi are sufficiently smooth. Therefore, a Lipschitz
condition1 is satisfied for each component of F(X (t),Xr(t)),

‖ f̃i(xi, j + ei, j)− f̃i(xi, j)‖ ≤ Li, j‖ei, j‖,∀xi, j + ei, j,xi, j ∈Ωx, (5.19)

where Li, j ∈ R+ and Ωx = {xi, j|‖xi, j‖ ≤ rx,rx > 0}.
Combining (5.19) with the structure of (5.8), we can also conclude that there exists an
L ∈ R+ such that for all possible Xr(t) ∈Ωr and X (t) ∈Ω,

‖F(X ,Xr)‖ ≤ L‖X ‖. (5.20)

Using the above Lipschitz condition, we extend the method in [97] to analyze the
practical stability of the time-delay system (5.12) which includes a nonlinear component
F(X (t),Xr(t)). In [97], only linear time-delay systems are considered. Through this
stability analysis, the conditions for practical partial synchronization are derived, which
also yield an explicit expression of µ as a K function of γ , as stated in the theorem
below.

Theorem 5.4.1. [94] Consider a network of systems (5.1), (5.2) represented by the
graph G = (V ,E ,A). For a partition P , if there exist positive definite matrices
P,Q ∈ R(N−κ)n×(N−κ)n and a positive constant σ such that the inequalities

M (P,Q)+2σN (P)< 0, (5.21)

1A function f : Ω→Rn satisfies a Lipschitz condition if there exists an L∈R+ such that ‖ f (x)− f (y)‖≤
L‖x− y‖,∀x,y ∈Ω. A Lipschitz condition is satisfied for any smooth function f (x), x ∈Ω with Ω being a
compact set.
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L <
λmin(P)
λmax(P)

σ , (5.22)

hold, where

M (P,Q) =

[
−kPA0− kA>0 P+Q kPA1

kA>1 P −e−2στ Q

]
, N (P) =

[
P 0
0 0

]
, (5.23)

and L is the Lipschitz gain defined in (5.20), then the error system (5.12), corresponding
to this partition, is practically stable, i.e., the network is practically partially
synchronized with respect to P .

Furthermore, the functions β and T in (5.18) can be constructed from the solutions of
(5.21) - (5.23), see Appendix E.

The proof of Theorem 5.4.1 is given in Appendix E. In the proof, the Lyapunov-
Krasovskii method is used with the following Lyapunov-Krasovskii functional

v(Xt) = X >(t)PX (t)+
∫ 0

−τ

X >(t +θ)e2σθ QX (t +θ)dθ . (5.24)

We refer to Appendix E for the details.

Although the LMIs are not very transparent, in the sense that they do not explicitly
reveal a relation between practical partial synchronization and the network parameters
(k and τ), some conclusions can still be drawn by looking into the structure of the LMIs.
For exact partial synchronization, it has been shown in [1] that there exist positive
constants k̄ and ρ̄ such that if k > k̄ and kτ < ρ̄ , the exact partial synchronization
manifold is stable, as illustrated in Figure 5.6. Similar conclusions are also expected for
practical partial synchronization. First, k should be large enough to achieve practical
partial synchronization. From the term −kPA0− kA>0 P+Q at the upper-left corner
of M (P,Q), we can see that a larger k can contribute to the negative definiteness of
M (P,Q). Second, k should also be bounded. For M (P,Q) to be negative definite, the
Schur complement of −e−2στ Q should be also negative definite, i.e.,

− kPA0− kA>0 P+Q+ k2PA1e2στ Q−1A>1 P < 0. (5.25)

Note that the last term contains k2. Therefore, when k is too large, the last term becomes
dominant, thus making the above inequality difficult to fulfill. Third, τ can be small.
A smaller τ helps the term −e−2στ Q in M (P,Q) to remain negative definite. Finally,
large τ is not desired. Clearly, for large τ , −e−2στ Q goes to zero, thus making the
LMIs (5.21) difficult to be satisfied.

In the derivation of the conditions in Theorem 5.4.1, we have included information
about the nonlinearity of the functions fi into a single Lipschitz gain which needs
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Figure 5.6: Partial synchronization region (gray area) in the (k,τ) space [1].

to be compensated by the coupling. This approach facilitates the formulation of
conditions, however, it also leads to the additional restriction on the upper bound of
L in (5.22), which indicates that Theorem 5.4.1 is only applicable for systems with
mild nonlinearities. To reduce the restriction, another theorem is proposed where more
information on (the boundedness of) the nonlinearity is exploited. To this end, we
introduce the bounds of the nonlinearity componentwise such that the boundedness of
the nonlinearity is captured by a series of bounds instead of a single constant L.

The vectors X (t),Xr(t) and F(X (t),Xr(t)) are reformulated as follows:

X (t) =

 X1(t)
...

XNn−κn(t)

 ,Xr(t) =

 Xr,1(t)
...

Xr,Nn−κn(t)

 ,

F(X (t),Xr(t)) =

 ψ1(X1(t),Xr(t))
...

ψNn−κn(XNn−κn(t),Xr,Nn−κn(t))

 ,
where X`(t),Xr,`(t) ∈ R and ψ` : R×R→ R, `= 1, . . . ,Nn−κn.

Since the functions fi are sufficiently smooth and the solutions xi(t) are bounded, there
exist F−` and F+

` such that

F−` ≤
ψ`(X`(t),Xr,`(t))

X`(t)
≤ F+

` , for `= 1, . . . ,Nn−κn, (5.26)

or equivalently,

(ψ`(X`(t),Xr,`(t))−F−` X`(t))(ψ`(X`(t),Xr,`(t))−F+
` X`(t))≤ 0. (5.27)

With F+
` and F−` specified, another set of conditions for practical partial synchroniza-

tion is provided in the theorem below.
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Theorem 5.4.2. [94] Consider a network of systems (5.1), (5.2) represented by
the graph G = (V ,E ,A). For a partition P , if there exist symmetric positive
definite matrices P, Q, Z, W ∈ R(N−κ)n×(N−κ)n, a positive definite diagonal matrix
V ∈ R(N−κ)n×(N−κ)n, and a positive constant σ such that the inequality

Θ+H1PH2 +H>2 PH>1 + τ
2H>2 ZH2 < 0 (5.28)

holds, where

Θ =


2σP+Q− e−2στ Z−F1V e−2στ Z F2V 0

∗ −e−2στ Q− e−2στ Z 0 0
∗ ∗ −V 0
∗ ∗ ∗ −W

 ,
H1 =

[
I 0 0 0

]>
,

H2 =
[
−kA0 kA1 I I

]
,

F1 = diag{F−1 F+
1 ,F−2 F+

2 , · · · ,F−Nn−κnF+
Nn−κn},

F2 = diag
{F−1 +F+

1
2

,
F−2 +F+

2
2

, · · · , F−Nn−κn +F+
Nn−κn

2

}
,

(5.29)

then the corresponding system (5.12) is practically stable. That is, the network is
practically partially synchronized with respect to P . Furthermore, the functions β

and T in (5.18) can be chosen as:
1) for ‖Ψ‖W ≤ γ√

2σα2λmin(W )
,

µ = β (γ) =
γ√

2σα1λmin(W )
, T = 0; (5.30)

2) for ‖Ψ‖W > γ√
2σα2λmin(W )

,

µ = β (γ) =
kµ γ√

2σα1λmin(W )
, T =

1
2σ

ln
(

2σα2‖Ψ‖2
W − γ2λmax(W )

2σα1µ2− γ2λmax(W )

)
, (5.31)

with 1 < kµ < 1
γ

√
2σα2

λmax(W )‖Ψ‖W .

Here, ‖Ψ‖W is the norm of the initial data ‖Ψ(θ)‖W := max{‖Ψ(θ)‖s,‖Ψ̇(θ)‖s}
as defined in (2.7), and α1 = λmin(P), α2 = λmax(P)+ τλmax(Q)+ τ3

2 λmax(Z). The
symbol ∗ denotes the symmetric terms in symmetric matrices.

The proof of Theorem 5.4.2 is given in Appendix F. As with the proof of Theorem
5.4.1, the Lyapunov-Krasovskii method is used. A Lyapunov Krassovskii functional of
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the following form is used:

v(Xt) =X >(t)PX (t)+
∫ t

t−τ

X >(θ)e2σ(θ−t)QX (θ)dθ

+ τ

∫ 0

−τ

∫ t

t+s
Ẋ >(θ)e2σ(θ−t)ZẊ (θ)dθds.

(5.32)

We refer to Appendix F for the details.

As with Theorem 5.4.1, similar conclusions on the parametric dependence of the
practical partial synchronization can also be drawn from Theorem 5.4.2. We focus
on the block at the upper-left corner of the matrix Θ+H1PH2 +H>2 PH>1 + τ2H>2 ZH2,
given by

− kPA0− kA>0 P+ τ
2k2AT

0 ZA0 +2σP+Q− e−2στ Z−F1V. (5.33)

For the LMIs to be feasible, it is desired for this matrix to be negative definite.
Apparently, we can see that a sufficiently large k helps the matrix (5.33) to be negative
definite due to the part−kPA0−kA>0 P. However, due to the part τ2k2AT

0 ZA0, kτ should
be bounded such that (5.33) can be negative definite.

Remark. Similar as in [97], an “exponential estimate” of the synchronization errors
X is provided when deriving these two theorems, which indicates how fast solutions
of the coupled systems converge to the set Mµ . The constant σ is related to the
exponential decay rate estimate. A larger value of σ indicates a faster decay of the
synchronization errors. In addition, as can be seen from the expressions of β (γ), σ is
also inversely related to the amplification of the perturbation. Thus, a larger value of σ

results in a smaller bound on the synchronization errors µ . However, the LMIs (5.21)
and (5.28) may become infeasible for a large σ , due to the presence of such terms as
2σN (P), −e−2στ Q in (5.21) and 2σP, −e−2στ Z in (5.28), respectively. Furthermore,
because of the presence of the terms −e−2στ Q and −e−2στ Z, a smaller value of time-
delay τ is required for a larger value of σ . Therefore, there exists a trade-off when
choosing the value of σ . A practical way to handle this trade-off, is to start with a small
σ for the sake of the LMIs feasibility, and then increase it incrementally to a desired
value (e.g., for a small enough bound of the synchronization errors µ) for which the
LMIs are still feasible with an acceptable time-delay τ .

5.5 Numerical example

This section revisits Example 5.2.2 presented in Section 5.2 with the focus on the
perturbed network, which is analyzed by using the results from the previous section.
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The network is shown in Figure 5.7. Recall that the adjacency matrix is perturbed with
∆A such that

A = An +∆A =


0 2 0.1 1
4 0 2 0.3

0.1 1 0 2
3 0.3 3 0

+


0 0.2 0 0
0.2 0 0 0.05
0 0 0 0

0.1 0 0.2 0

 . (5.34)

It can be proved that the systems (5.5) of the network are semipassive, see Appendix G.

1 3

2 4

0.1

2+0.2
1

0.1

1

24+0.2

2

0.3+0.05

3+0.1
3+0.2

0.3

Figure 5.7: The network of Example 5.2.2 with adjacency matrix A

Recall that for the nominal adjacency matrix An, partition P = {{1,3},{2,4}} is a
viable partition. However, due to the perturbation ∆A, no viable partition exists for this
network with A. The corresponding synchronization error dynamics of form (5.12) are
derived accordingly by considering the practical partial synchronization of nodes 1,3
in one cluster and nodes 2,4 in another cluster. The key matrices A0 and A1, which are
required to construct the LMIs (5.28) in Theorem 5.4.2, are given by

A0 :=
[

ρ1BC 0
0 ρ2BC

]
− 1

k

[
As 0
0 As

]
,

A1 := Ared⊗BC,



NUMERICAL EXAMPLE 81

where

ρ1 = 3.3, ρ2 = 6.55,

As =

[
0.2 1
−1 0.2

]
, B =C> =

[
0 1
1 0

]
, Ared =

[
−0.1 1
1.2 −0.35

]
.

Note that the matrix As represents the linear components of the systems (5.5). The
matrix A0 is extended to include these linear components.

For a given pair (k,τ) Theorem 5.4.2 can be used to check if the network is practically
partially synchronized in two steps: 1) estimate the values of F+

` and F−` by using
numerical simulations of the network; 2) check the feasibility of the LMIs in Theorem
5.4.2 for a given σ . As mentioned in the previous sections, the states of the network
dynamics converge to a positively invariant set in finite time. Note that the value of this
finite time depends on the initial data. For example, when the systems are initialized
far away from the invariant set, it takes longer to reach the set. In order to reduce
conservatism, at the first step, only the data after some time are used for estimation.
Here, we use the data after 600 time units for estimation. In particular, we find that
the LMIs (5.28) are feasible for k = 0.3, τ = 2 with σ = 0.22 by using the MATLAB
toolboxes of SDPT3 ([73]) and YALMIP ([98]). First, with this pair of (k,τ), we
construct F1 and F2 using the estimated values of F+

i and F−i given by
F+

1
F+

2
F+

3
F+

4

=


−0.0064
0.0009
1.4035
0.0372

 ,


F−1
F−2
F−3
F−4

=


−0.0480
−0.0255
−0.0963
−0.1279

 . (5.35)

Now, the values of H1, H2, F1, F2, τ , and k are available for solving the LMIs. Second,
with the help of the YALMIP and SDPT3 toolboxes, the LMIs in (5.28) are cast into
an optimization problem with the matrices P, Q, Z, W , and V as design variables, then
MATLAB automatically constructs the matrices if it finds that such matrices exist for a
given σ . To find the maximum possible value of σ , the second step is repeated for a
series of values of σ starting from 0.01 with an incremental step of 0.01. It turns out that
until σ = 0.22, these matrices exist for k = 0.3, τ = 2 and their values are presented in
Appendix H. It is important to point out that for these values of (k,τ) the zero solution
(xi = 0) of the coupled network dynamics is (locally) exponentially unstable, which can
be verified by checking the spectral abscissa (rightmost eigenvalues) of the linearized
dynamics of the whole coupled network. Notice that full synchronization will not
emerge as there is no full synchronization manifold.

As an illustration of the obtained results, a simulation of the network with k = 0.3,
τ = 2, and the adjacency matrix A defined in (5.34) is performed, using the dde23 solver
from MATLAB with relative and absolute tolerance of 1e−3 and 1e−6, respectively.
The simulation runs over 1000 time units. Unlike in Section 5.2, initial data outside
the partial synchronization manifold are used in this simulation such that we can also
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investigate the stability of partial synchronization. The values of the initial data used
are x1(θ) = [0.0170 0.0365]>, x2(θ) = [0.0035 0.0190]>, x3(θ) = [0.0208 0.0462]>,
x4(θ) = [0.0283 0.0378]>,−τ ≤ θ ≤ 0, which are randomly chosen in the interval of
[0,0.05].

The evolution of the states xi,1, i = 1,2,3,4 is depicted in Figure 5.8 in the time interval
[0,100] (before partial synchronization is fully established) and Figure 5.9 in the time
interval [990,1000] (after partial synchronization is fully established). As can be seen
from those figures, x1,1 and x3,1, respectively, x2,1 and x4,1 converge to each other (up to
a barely visible tolerance). In addition, Figure 5.9 also shows the solutions converge to
a limit cycle, which is induced by the nonlinear terms −10xi,1(t)(x2

i,1(t)+ x2
i,2(t)) and

−10xi,2(t)(x2
i,1(t)+ x2

i,2(t)) in (5.5). To compare exact synchronization with practical
synchronization, we have also simulated the network with the same values of (k,τ)
and the nominal adjacency matrix An. The synchronization errors e1 = x3,1− x1,1,
e2 = x3,2− x1,2, e3 = x4,1− x2,1 and e4 = x4,2− x2,2 of the networks with A and An
are shown in Figure 5.10 and Figure 5.11. As in Figure 5.5, the errors are scaled
by the maximum magnitudes of the relevant variables in these figures. Clearly, the
synchronization errors in the network with A are larger than those in the network with
An. Besides, the figures also indicate that the practically synchronized states only
converge to each other up to some bound, but cannot become identical in the network
with A.

To demonstrate the relation between the size of the perturbation and the bound of the
synchronization errors, we run a series of the simulations of this network with the same
k and τ , but with a series of different adjacency matrices defined below

A = An + k∆ ·∆A, (5.36)

with An, ∆A defined in (5.34), and k∆ = 0,0.05,0.10, . . . ,0.5.
The relation between ‖ei‖ and δ = ‖k∆∆A‖∞ obtained from these simulations is shown
in Figure 5.12. Here, the signals x1,1, x2,1, x1,2, x2,2, x3,1 and x4,1 are sampled in the
time interval [990,1000] to compute the synchronization errors ei. Figure 5.12 shows
that the synchronization error grows with the size of perturbation, and it converges to
zero when the perturbation goes to zero.

5.6 Conclusions

In this chapter, practical partial synchronization of delay-coupled systems is studied.
First, the synchronization error dynamics are separated from the whole network
dynamics for the case where there are perturbations on the coupling, which render exact
synchronization impossible. Second, the notion of practical partial synchronization is
introduced and sufficient conditions, formulated in terms of LMIs, are provided. The
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Figure 5.8: The states xi,1 of the network with k = 0.3,τ = 2 in the time interval [0,100]

relation between the bounds on the synchronization errors and those of the perturbations
is made explicit. From a methodological point of view, a main challenge in the analysis
is that the zero solution is no longer an equilibrium point of the synchronization error
system. Finally, a numerical example is presented, where the conditions for a network
of nonlinear systems to be practically partially synchronized are derived by using one
of the theorems proposed in this chapter.

The study of practical partial synchronization in this chapter is under the assumption
of perturbations of the adjacency matrix. It is worth noting that this methodology can
also be applied to other situations where the bounded perturbations or uncertainties are
present in other components of the network that lead to a violation of the existence
conditions for the partial synchronization manifold under consideration (for instances,
perturbations of the vector fields fi, input matrices Bi, output matrices Ci). In these
cases, one can use some small tolerance when comparing the network components.
If the differences between these components are within the tolerance, they can be
considered as identical, thus potential partial synchronization patterns can be identified.
Once a partial synchronization pattern is identified, a system in each cluster can be
appointed as a nominal system such that the differences between the nominal system



84 PRACTICAL PARTIAL SYNCHRONIZATION IN NETWORKS OF DELAY-COUPLED SYSTEMS

990 991 992 993 994 995 996 997 998 999 1,000−5
−4
−3
−2
−1

0
1
2
3
4
5

·10−2

time t

st
at

e
x i,

1
States of example network with A

x1,1x2,1x3,1x4,1

Figure 5.9: The states xi,1 of the network with k = 0.3,τ = 2 in the time interval
[990,1000]

and the other systems in each cluster are minimized. After that, one can use the
same procedure presented in this chapter to obtain the conditions for practical partial
synchronization.
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Figure 5.10: Synchronization errors of the network with A (practical synchronization,
blue colored) and An (exact synchronization, red colored) in the time interval [0,100]
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Chapter 6

Experimental synchronization
of delay-coupled neurons

Abstract: This chapter aims to demonstrate the theoretical results on partial
synchronization that are presented in Chapter 4 via experiments with networks of
electronic neurons. The electronic neurons are the implementations of the Hindmarsh-
Rose neuron model in circuit boards. First, some basic concepts of neurons and the
Hindmarsh-Rose model are introduced. Then, results of the experiments of delay-
coupled Hindmarsh-Rose neurons are presented along with the theoretical results.

6.1 Introduction

Synchronous oscillations of neurons have been observed in many parts of the nervous
system, especially in its center, the brain. Such synchrony is reported to underlie specific
brain functions, such as memory formulation [99] and language comprehension [100],
and even disorders, for example, epilepsy and Parkson’s disease [32]. Therefore, it is
important to understand when and which patterns of such synchronous behaviors occur
in neuronal networks.

The fundamental unit of a neuronal network is a neuron. A neuron can be considered
as a dynamical system with the membrane potential as the output and the input current
as the input. The membrane potential of a neuron is the difference in electric potential
between the interior and exterior of the neuron. The activities of a neuron can be
categorized into three different cases by how the membrane potential is changing. First,
the membrane potential can be constant over time, called resting. Second, the neuron

87
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can fire action potential at a constant rate, called spiking. An action potential is a
rapid rise and subsequent fall of the neuron’s membrane potential [101]. Third, the
neuron may produce action potentials between relatively long periods of quiescence,
called bursting. In this chapter, the Hindmarsh-Rose model is used which is able to
mimic all these behaviors of a neuron. It has been also proved that all models of a
neuron, including the Hindmarsh-Rose neuron model, are semipassive [93]. Another
advantage of the Hindmarsh-Rose model is that it can be easily implemented on an
electrical circuit board. The Hindmarsh-Rose neuron is a three-dimensional model of
the following form [92]:

ẏ(t) =−ay3(t)+by2(t)+ z1− z2 +E +u(t),

ż1(t) = c−dy2(t)− z1(t),

ż2(t) = r(s(y(t)+ y0)− z2(t)),

(6.1)

where y ∈ R is the membrane potential, z1,z2 ∈ R are internal variables, u ∈ R is the
input, and a,b,c,r,s ∈R+, E,y0 ∈R are constant parameters. Depending on the choice
of the parameters, the model can produce different types of behaviors.

Another important component in networks of neurons is the communication interface.
The most common communication interface between neurons is called a synapse. Two
different types of synapses exist: chemical synapses and electrical synapses [102]. In
a chemical synapse, the presynaptic neuron converts the electrical activity into the
release of a chemical called neurotransmitter which induces a synaptic current at the
postsynaptic neuron [103]. In an electrical synapse, the presynaptic and postsynaptic
neuron membranes are connected by gap junctions which induce a direct high
conductance pathway between the presynaptic and postsynaptic neurons [103]. In other
words, the synaptic current in an electrical synapse is in the form of g · (V1−V2), with
g being the synaptic conductance, V1 being the membrane potential of the presynaptic
neuron and V2 being the membrane potential of the postsynaptic neuron. Electrical
synapses play an important role in the synchronization of neurons [32]. It worth noting
that the electrical synapse can be modeled by the diffusive coupling introduced in
the previous chapters. By experimenting with a network of Hindmarsh-Rose neurons
interconnected via diffusive coupling, this chapter mainly aims to demonstrate the
theoretical results obtained in Chapter 4. In addition, the experimental results provide
some insights into the collective behaviors in neuronal networks.

The structure of this chapter is as follows. Section 6.2 briefly introduces the
experimental setup. In Section 6.3, the experimental results on networks of electronic
Hindmarsh-Rose neurons with different network settings are presented, accompanied
by the theoretical results using the method in Chapter 4 for comparison. Finally,
Section 6.4 provides conclusions.
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6.2 Experimental setup

In this section, the experimental setup is briefly introduced. More details about the
setup can be found in [104].

The experimental setup used in this chapter consists of up to sixteen circuit realizations
of Hindmarsh-Rose neurons and a coupling interface, see Figure 6.1.

(a) Electronic Hindmarsh-Rose neuron. (b) Coupling interface [105].

Figure 6.1: The experimental setup. The electronic Hindmarsh-Rose neuron (a) and
the coupling interface (b)

The dynamics of each electronic Hindmarsh-Rose neuron is governed by the following
equations:

żi,1(t) = 100(−y2
i (t)−2yi(t)− zi,1(t)),

żi,2(t) = 0.5(4yi(t)+4.472− zi,2(t)),

yi(t) = 100(−y3
i (t)+3yi(t)−8+5zi,1(t)− zi,2(t)+Ei +ui(t)),

(6.2)

where yi(t) is the output of the ith model neuron, zi,1(t),zi,2(t) are the internal states,
and ui(t) is the input that is used to communicate with other neurons. Depending on
the values of Ei, the Hindmarsh-Rose neuron can exhibit different types of behaviors,
see Figure 6.2. It has been found that the neuron behaves in resting mode when
0 ≤ Ei ≤ 1.4, in bursting mode (with 1 to 5 spikes) when 1.4 ≤ Ei ≤ 3.1, in chaotic
bursting mode when 3.1 ≤ Ei ≤ 3.5, and in spiking mode when Ei ≥ 3.5 [106]. By
setting Ei to be different values, we can have different types of neurons.

Note that the model (6.2) is modified from the original Hindmarsh-Rose model (6.1)
by redefining the variables t,zi,1,zi,2 and yi:

t 7→ 100t, zi,1(t) 7→
1
5
(zi,1(t)+4), zi,2 7→ zi,2(t)−6, yi(t) 7→ yi(t)−1.
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Figure 6.2: Different types of neuron behaviors due to different values of the parameter
Ei (when ui ≡ 0).
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This modification is used to avoid the saturation of signals in the circuit such that
off-the-shelf components such as resistors, capacitors, analog voltage multipliers, and
operational amplifiers can be used. Every state signal zi,1, zi,2 or yi can be measured as
a voltage through one of the five coaxial connectors at the right side of the circuit board
shown in Figure 6.1(a). Concerning the remaining two coaxial connectors, one is used
to set the parameter Ei, and the other one will be connected to the coupling interface to
get ui(t).

The coupling interface is connected with the input and output channels of the electronic
Hindmarsh-Rose neurons via coaxial cable. The coupling function, network topology,
and the time-delays are specified in the coupling interface. The core component of
the coupling interface is a 210 MHz Atmel ARM© Thumb©-based AT91SAM9260
microcontroller which is used to compute the coupling inputs ui based on the outputs yi
using the coupling functions defined in a custom-made software program. In principle,
any type of coupling function can be implemented. Considering that time-delays always
occur in the signal transmission between real neurons due to finite transmission speed,
we focus on invasive coupling in this chapter

ui = k
N

∑
j=1

ai j(y j(t− τ)− yi(t)), i = 1, . . . ,N, (6.3)

where ai j is the i jth entry of the adjacency matrix A, k is the coupling strength, and τ

is the time-delay (transmission delay).

6.3 Experimental synchronization

In this section, we present the experimental results on synchronization of delay-coupled
Hindmarsh-Rose neurons to support the theoretical results of Chapter 4. A network
of four Hindmarsh-Rose neurons coupled via invasive coupling (6.3) with different
network topologies and model parameters is considered.

Note that no electrical components are identical in practice. Therefore, every
electronic Hindmarsh-Rose neuron is slightly different from each other. Hence, exact
synchronization may not be possible. A notion of practical synchronization is needed
in this case. One way to define such a form of synchronization is to specify a bound on
the differences between the outputs of neurons as in, for example, Chapter 5 and [105].
In [105], two systems are considered to be practically synchronized when their outputs
after some time t1 satisfy the condition that ‖y1(t)−y2(t)‖ ≤ µ,∀t ≥ t1 with µ being a
small positive number. However, this definition is not ideal for neuronal systems. When
the neurons produce spikes, the differences between the outputs of two synchronized
neurons can still be large, which will lead to the choice of a relatively large µ .
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In neuroscience, the cross-correlation function is widely used to detect synchronization
between neurons [107]. In this chapter, we adopt the cross-correlation based definition
of practical synchronization of neurons in [106]. The cross-correlation coefficient of
two sampled signals x = [x1,x2, . . . ,x`] and y = [y1,y2, . . . ,y`] is defined as

Cox,y =
∑
`
i=1(xi− x̄)(yi− ȳ)√

∑
`
i=1(xi− x̄)2

√
∑
`
i=1(yi− ȳ)2

, (6.4)

where x̄ and ȳ denote the mean values of the signals x and y. Obviously, Cox,y =Coy,x.
In addition, the value of Cox,y lies in the interval [−1,1]. The coefficient Cox,y =
1 indicates a perfect positive correlation, Cox,y = −1 indicates a perfect negative
correlation, and Cox,y = 0 indicates no correlation. The closer Cox,y is to 1 (-1), the
stronger the positive (negative) correlation between the variables x,y is. Note that
negative correlation implies anti-phase synchronization. In this thesis, synchronization
is considered at both magnitude and phase levels. Therefore, only the positive relation
is considered in this chapter. By using the definition of cross-correlation coefficient
in (6.4), two neurons i, j are considered to be practically synchronized when their
sampled outputs yi and y j satisfy the following condition

Coyi,y j ≥ 1− ε, ε is a small positive number. (6.5)

Note that the cross-correlation coefficient can only be expected to be close to 1 in
practice (Coyi,y j < 1, i 6= j), which can cause a “transitivity” issue when identifying
synchronization patterns. For example, the conditions Coy1,y2 ≥ 1− ε and Coy2,y3 ≥
1−ε do not guarantee that Coy1,y3 ≥ 1−ε . That is, systems 1 and 3 are not necessarily
practically synchronized when systems 1 and 2, respectively, systems 2 and 3 are
practically synchronized. Therefore, it is important to compare all output signals of a
network with more than two nodes to correctly identify synchronization patterns. A
more detailed definition on practical partial synchronization of a network of electronic
Hindmarsh-Rose neurons is given below.

Definition 6.3.1. A network of N neurons is practically partially synchronized with
a synchronization pattern presented by a partition (clustering) P = {P1, . . . ,Pκ},
1 < κ < N, when the following holds for all `= 1, . . . ,κ and i, j = 1, . . . ,N:

Coyi,y j ≥ 1− ε if and only if i, j ∈ P̀ , (6.6)

where yi,y j are the sampled outputs of neurons i, j, and ε is a predefined small positive
number. In addition, if κ = 1, the network is practically fully synchronized.

In other words, a network of neurons is considered to be practically partially
synchronized with a certain synchronization pattern if only the neurons within the same
clusters satisfy condition (6.5).
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The value of the threshold ε is chosen as ε = 0.001, and this choice is made by
examining the experimental data, see Section 6.3.1 for more details. In [106], it
has been shown that the bounds of synchronization regions vary when this threshold
changes. Therefore, it is important to choose a proper threshold such that different
synchronization patterns can be characterized. All the output signals in the experiments
are sampled at 1 kHz in a time span of 5s.

6.3.1 Network with same type of neurons

In what follows, networks consisting of the same type of neurons with different
topologies are considered. The neurons are of the same type if the same value of the
parameters Ei is adopted. First, a series of experiments are performed in a network
with a topology compatible with multiple synchronization manifolds. The influence
of the value of ε on synchronization identification is investigated by examining the
obtained experimental data. Second, experiments are performed in a network with a
topology compatible with one single synchronization manifold.

Multiple partial synchronization manifolds

In this setting, the network of the Hindmarsh-Rose neurons has multiple partial
synchronization manifolds. The topology of the network is given by

A =


0 2 0 1
2 0 1 0
0 1 0 2
1 0 2 0

 , (6.7)

and the neurons are interconnected via invasive coupling (6.3).

The values of parameter Ei are set to E1 = E2 = E3 = E4 = 3.3 such that the neurons are
of the same type, i.e., they have the same (nominal) input-output dynamics. By using the
method presented in Chapter 3, four viable partitions are identified: P1 = {{1,2,3,4}},
P2 = {{1,2},{3,4}}, P3 = {{1,3},{2,4}} and P4 = {{1,4},{2,3}}. That is, the
network can exhibit four possible synchronization patterns: 1) full synchronization,
denoted by FS; 2) partial synchronization where neurons 1, 2 synchronize and
neurons 3, 4 synchronize, denoted by PS1; 3) partial synchronization where neurons
1, 3 synchronize and neurons 2, 4 synchronize, denoted by PS2; and 4) partial
synchronization where neurons 1, 4 synchronize and neurons 2, 3 synchronize, denoted
by PS3. In experiments, two neurons are considered to be synchronized if the correlation
coefficients of their output signals satisfy condition (6.5). Specially, to identify these
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synchronization patterns, a vector vc = [c1 c2 c3 c4 c5 c6]
> ∈ R6 is used with ci being

ci =

{
1 coi ≥ 1− ε,

0 otherwise,

where [co1 co2 co3 co4 co5 co6] = [Coy1,y2 Coy1,y3 Coy1,y4 Coy2,y3 Coy2,y4 Coy3,y4 ].

Then, the synchronization patterns can be parameterized by vc, see Table 6.1. For
example, synchronization pattern PS1 means that co1 =Coy1,y2 ≥ 1− ε (neurons 1, 2
synchronize), co6 =Coy3,y4 ≥ 1− ε (neurons 3, 4 synchronize), and coi < 1− ε, i =
2, . . . ,5 (all the other pairs of neurons do not synchronize), implying that the vector vC
is vC = [1 0 0 0 0 1]>.

Table 6.1: Synchronization patterns and vc

Synchronization patterns value of vc

Full synchronization [1 1 1 1 1 1]>

Partial synchronization PS1 [1 0 0 0 0 1]>

Partial synchronization PS2 [0 1 0 0 1 0]>

Partial synchronization PS3 [0 0 1 1 0 0]>

Experiments with different values of the coupling strength k and time-delay τ are
performed with this network. Different values of ε are used for characterizing
the synchronization patterns based on the experimental results. The resulting
synchronization regions in the parameter space (k,τ) are depicted in Figure 6.3. Note
that there is no region corresponding to partial synchronization PS3 where nodes
1, 4 synchronize and nodes 2, 3 synchronize. When ε = 0.1, no synchronization
region corresponding to partial synchronization PS2 is detected because condition (6.5)
is too relaxed to differentiate between PS2 and FS with ε = 0.1. In addition, the
minimum values of the coupling strength k of the full synchronization region and partial
synchronization region PS1 increases when ε decreases. To give a better impression
of the relation between the similarity of the outputs of two neurons and the value of
the correlation coefficient, the experimental results of network (6.7) with different
values of the parameters (k,τ) (leading to different correlation coefficients) are shown
in Figure 6.4. It can be seen that when the pair of outputs has a correlation coefficient
of 0.999, the two outputs are highly similar. Based on Figures 6.3-6.4, ε is set as 0.001
as the threshold to characterize practical synchronization of the neurons in experiments,
which provides a resolution high enough to characterize different synchronization
patterns.

The results obtained by checking the LMI conditions in Theorem 4.4.1 from Chapter 4
are presented in Figure 6.5. Note that there is no region corresponding to partial
synchronization PS3 where nodes 1, 4 synchronize and nodes 2, 3 synchronize. By
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Figure 6.3: Synchronization regions of the network with the adjacency matrix (6.7) in
the (k,τ) space via experiments, detected by using different values of ε: (a) ε = 0.1,
(b) ε = 0.01 and (c) ε = 0.001.
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comparing Figure 6.5 with Figure 6.3(c), it can be seen that there are some mismatches
between the synchronization regions obtained by experimental data and those computed
by checking the LMI conditions. This can be explained by the conservatism of the
theoretical results in Chapter 4. When computing the synchronization regions using
the LMI conditions, the regions are computed by checking the feasibility of the LMI
conditions for each partial synchronization manifold. Here, the synchronization regions
corresponding to P2, P3 and P4 are determined by checking LMI conditions. The
full synchronization region is not directly computed as it is the intersection of the partial
synchronization regions. Due to the conservatism of the LMI conditions, the regions
PS1 +FS corresponding to P2 computed by LMI conditions are smaller than those
obtained by experiments, and the same goes for the regions FS+PS2 corresponding to
P3 , which causes the mismatches.

It should be noted that the parameter Ei also impacts the values of coupling strength
and time-delay that induce synchronization patterns. The parameter Ei is often
used to model the effects of external clues on neurons, for example, the effect of
light on neurons in suprachiasmatic nucleus which controls the circadian rhythms
of mammals [106]. In particular, it has been shown that the suprachiasmatic
nucleus neurons exhibit different fire activities when exposed to different light
stimulations [108]. It is possible that during a light-dark cycle, the neurons behave in
different modes because of the changing light density. This leads the neurons to exhibit
different synchronization patterns such that the circadian rhythm is entrained to the
24-hour light-dark cycle. To demonstrate that, a series of experiments with different
values of Ei (representing different light densities) are conducted, and the resulting
synchronization regions are shown in Figure 6.6. Recall that the neurons operate in
bursting mode when Ei = 2, in chaotic bursting mode when Ei = 3.3, and in spiking
mode when Ei = 5. By comparing the synchronization regions in Figures 6.3(c) and 6.6,
it can be seen that the synchronization pattern PS2 is more likely to occur when the
neurons can produce sufficient numbers of spikes (chaotic bursting and spiking). In
addition, the corresponding synchronization region PS2 increases when the behaviors
of the neurons become spikier.

Single partial synchronization manifold

In this experiment, a network consisting of the same type of Hindmarsh-Rose neurons
which has only one partial synchronization manifold is considered.

The adjacency matrix is given by

A =


0 2 0 1
3 0 1 0
0 1 0 2
1 0 3 0

 . (6.8)
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Figure 6.6: Synchronization regions of the network with the adjacency matrix (6.7) in
the (k,τ) space via experiments with (a) Ei = 2 and (b) Ei = 5, detected by adopting
ε = 0.001 as the synchronization threshold.

The values of Ei are set to E1 = E2 = E3 = E4 = 3.3.

In this case, only one viable partition exists, P3 = {{1,3},{2,4}}. The experimental
results are presented in Figure 6.7.

Surprisingly, there are two other synchronization patterns (full synchronization FS and
partial synchronization PS1) observed in the experiment. This discrepancy between
theory and experiment will be explained by using results from simulations and another
series of experiments described in what follows. One possible explanation is the usage
of a less stringent criterion for practical synchronization in experiments (compared to
exact synchronization or synchronization in simulations). In contrast to experiments, a
more strict synchronization criterion is used to check synchronization in simulations
where the neurons can be considered to be identical. For simulation data, in addition
to the inequality condition (6.5), it is also required that the differences between the
outputs of two synchronized neurons should remain within the simulation tolerance.
Two simulations are performed with the parameters (k,τ) being (0.5,1.6) in the PS1
region and (4,1.6) in the FS region. The numerical MATLAB solver dde23 is used in
the simulations with relative and absolute tolerance of 1e−5 and 1e−6. Every simulation
runs over 10 time units and only the data after 5 time units is used to avoid transient
behaviors. The simulation results are shown in Figures 6.8 – 6.9. At the first glance
of Figure 6.8, the network seems to be partially synchronized with k = 0.5,τ = 1.6.
However, through a scrutiny of the synchronization errors shown in Figure 6.8(b), it
can be seen that nodes 1, 2, and nodes 3, 4 are in fact not synchronized. Although the
synchronization errors y2− y1 and y4− y3 are smaller than the other synchronization
errors, they are still much larger than the simulation tolerances. According to the
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Figure 6.7: Synchronization regions of the network with (6.8) in the (k,τ) space via
experiments, detected by adopting ε = 0.001 as the synchronization threshold.

synchronization errors shown in Figure 6.9(b), it can also be found that the network with
k = 4 and τ = 0.16 is not fully synchronized, but partially synchronized with nodes 1, 3
in a cluster, and nodes 2, 4 in another cluster. While dealing with experimental results,
the less stringent practical synchronization criterion is used. Then by this criterion,
similar cases appearing in experiments will be considered as partial synchronization
{{1,2},{3,4}} or full synchronization.

On the other hand, the adjacency matrix (6.8) can be viewed as the adjacency
matrix (6.7) with an additive perturbation:

A = An +∆A =


0 2 0 1
2 0 1 0
0 1 0 2
1 0 2 0

+


0 0 0 0
1 0 0 0
0 0 0 0
0 0 1 0

 . (6.9)

Based on the experimental and simulation results, we can infer that the synchronization
patterns FS and PS1of the network with the adjacency matrix (6.7) are somewhat
robust to perturbations. It is seen that the shapes of regions in Figure 6.3(c) and
Figure 6.7 share some similarities. Moreover, if the perturbations increase, the regions
corresponding to FS and PS1 should shrink. To verify this inference, a network with
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Figure 6.8: Behaviors of the neurons in the network with the adjacency matrix (6.8),
k = 0.5 and τ = 0.16 in simulation.
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Figure 6.9: Behaviors of the neurons in the network with the adjacency matrix (6.8),
k = 4 and τ = 0.16 in simulation.
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the following adjacency matrix is tested

A =


0 2 0 1
6 0 1 0
0 1 0 2
1 0 6 0

 . (6.10)

Furthermore, the values of the parameters Ei are set to Ei = 5. With Ei = 5, the
behaviors of the neuron will be spikier, thus enhancing the influences of the perturbation.
The synchronization regions of this network obtained via experiments are shown in
Figure 6.10. As is seen in the figure, the size of the PS2 region increases while the
sizes of the FS and PS1 regions decrease.
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Figure 6.10: Synchronization regions of the network with the adjacency matrix (6.10) in
the (k,τ) space via experiments, detected by adopting ε = 0.001 as the synchronization
threshold.

In summary, the results mentioned above indicate that the adopted synchronization
measure can, sometimes, fail to accurately characterize synchronization patterns. In
this case, a further examination of the differences between the systems’ outputs is
needed. Comparisons between the sizes of these differences can help to correct the
conclusions on synchronization patterns.
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6.3.2 Network with different types of neurons

In what follows, a network consisting of different types of neurons is considered. The
neurons are of different types when different values of the parameters Ei are adopted.
In this experiment, the values of Ei is set as E1 = E3 = 3.3 and E2 = E4 = 5.5. The
adjacency matrix of the network is given by

A =


0 2 0 1
2 0 1 0
0 1 0 2
1 0 2 0

 , (6.11)

and the neurons are interconnected via invasive coupling (6.3).

Using the method presented in Chapter 3, only one viable partition P = {{1,3},{2,4}}
is identified. The experimental results with different values of the coupling strength
k and time-delay τ are presented in Figure 6.11(a), where the grey area is the
synchronization region in the (k,τ) space. The results obtained by a series of
simulations are presented in Figure 6.11(b). The results obtained by checking the
LMI conditions in Theorem 4.4.1 from Chapter 4 are presented in Figure 6.11(c).
Qualitatively, the synchronization regions in these three figures have similar shapes.
The region obtained via simulations is a good match of the one obtained via experiments,
while the region obtained via LMIs is smaller than the other two, which can be explained
by the conservatism of the results in Chapter 4.
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Figure 6.11: Synchronization regions of the network with the adjacency matrix (6.11)
in the (k,τ) space via experiments (a), simulations (b) and LMIs (c)

It has also been observed that when k is increased, the network tends to show full
synchronous behavior. For example, when k = 5 and τ = 0.1, the network is considered
to be fully synchronized by the correlation criterion (Co≥ 0.999), see the behaviors of
the network in Figure 6.12. This can be explained by the interacting term becoming
dominant in the dynamics when increasing k, which causes the neurons in different
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clusters to behave almost identically. However, by comparing the synchronization
errors shown in Figure 6.13, it can be found that the differences between y1 and y3,
respectively, y2 and y4 are much smaller than the other cases, indicating that the network
is partially synchronized rather than fully synchronized. In particular, except for the
pairs of outputs y1 and y3, respectively, y2 and y4, there exist relatively big biases
between the other pairs of outputs, which is caused by adopting different values of Ei.
Note that the adjacency matrix (6.11) is the same as (6.7) in Section 6.3.1. Based on
the results in Section 6.3.1, the network is expected to be practically fully synchronized
with k = 5,τ = 0.1, when the values of Ei are identical. That is, if the same values of
Ei are adopted, the biases between the outputs in Figure 6.13 will vanish.

6.4 Conclusions

In this chapter, results of experiments in networks of delay-coupled Hindmarsh-Rose
neurons are presented. A cross correlation-based notion of practical synchronization is
introduced to quantify the synchronization of the electronic Hindmarsh-Rose neurons.
The experiments have been performed with different network settings. The comparisons
between the experimental and the theoretical results show the conservatism of the
method developed in Chapter 4. However, although the LMI based analysis cannot
provide sharp bounds on the coupling parameters for which the systems synchronize,
it is able to provide an estimation of these bounds, and predict transitions from one
regime to another when parameters are changed. It has been noticed that sometimes,
the adopted practical synchronization criterion is not able to accurately identify partial
synchronization patterns, as the definition of practical synchronization assumes an
explicit separation of the nominal dynamics and perturbations, which is not available.
The latter makes the conclusions about the occurrence of patterns sensitive to the
thresholds used in the criteria for synchronization. In practice, (small) mismatches
between a physical system and its nominal theoretical model are inevitable. To reduce
the sensitivity to the synchronization criteria threshold, a more accurate nominal
theoretical model can be identified, which is a subject for further research.
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Figure 6.12: Behaviors of the neurons in the network with the adjacency matrix (6.11),
k = 5 and τ = 0.1 in experiment
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Figure 6.13: Synchronization errors of the network with the adjacency matrix (6.11),
k = 5 and τ = 0.1.



Chapter 7

A model predictive control
approach to truck platooning

Abstract: Vehicle platooning is an example of controlled network synchronization
applications. To improve its performance in terms of the cohesion of a platoon, a
Model Predictive Control (MPC) based Cooperative Adaptive Cruise Control (CACC)
strategy is proposed in this chapter for vehicle platooning. This approach guarantees
that the vehicles in the platoon keep their desired relative positions even when the
acceleration limits are reached. A bi-directional topology is employed such that the
acceleration capabilities are shared from the rear to the front of a platoon. As a result,
the behaviors of the vehicles can be adjusted according to the acceleration limitations
of their following vehicles to maintain the cohesion of a heterogeneous platoon. The
proposed technique is demonstrated via simulation. The results show that choosing a
proper network topology can help to improve the performance of synchronization.

7.1 Introduction

In recent years, vehicular platooning, as an application of controlled network
synchronization, has received intensive attention, see [109, 110, 8, 4, 111]. Cooperative
Adaptive Cruise Control (CACC) is commonly used to realize vehicular platooning.
It employs vehicle-to-vehicle (V2V) communication to allow for inter-vehicle data
exchange such that very short following distances between vehicles can be reached
while guaranteeing safety. This short inter-vehicle distance platooning leads to an
increase in road throughput [112, 113], and a decrease in fuel consumption [114, 115].

107



108 A MODEL PREDICTIVE CONTROL APPROACH TO TRUCK PLATOONING

The latter mainly concerns truck platoons, as trucks experience larger air drag than
passenger cars, see [4]. In addition, CACC techniques are often designed to guarantee
the string stability of a vehicle platoon (i.e., disturbance attenuation along the vehicle
string [8]), which is also necessary for improving throughput and safety.

In many recent CACC designs, one common assumption is the homogeneity of
platoon vehicles, see [8, 116, 2, 117]. However, in real life, this assumption does
not hold as all vehicles behave differently. In [118], a CACC controller is designed to
achieve platooning of heterogeneous vehicles by reformulating the problem in terms
of designing decentralized controllers for systems with time-delays and solving it
using the method presented in [119]. However, like many other CACC designs in
the literature, this CACC controller is designed assuming linear dynamics. In reality,
vehicle dynamics are non-linear, especially for heavy-duty trucks. For example, the
acceleration capability of a truck is heavily affected by its payload. Hence, trucks
in a platoon can have different non-linear and time-varying acceleration capabilities
due to different payloads, which can lead to a platoon breakup or other traffic cutting
in between in certain scenarios (e.g., dense traffic or hilly terrain) [4]. Consider a
platoon of trucks whose acceleration capabilities decrease along the platoon. When
the lead vehicle accelerates to a higher velocity, the following vehicles might not be
able to follow closely due to lower acceleration limits, resulting in big gaps between
vehicles in the transient process. This type of gap creating behavior has also been
observed experimentally [120]. In [120], vehicle-following experiments are performed
with a CACC equipped heavy-duty truck following a much lighter passenger vehicle.
In the experiments, it has been shown that during the catch-up, large spacing errors
(the difference between the actual and desired inter-vehicle distances) occur due to
the lower acceleration capability of the truck (more frequent gear shifting and lower
acceleration limits). Although these gaps vanish eventually (after the platoon reaches
steady state again), they should be avoided since they increase the average inter-vehicle
distance (less fuel saving) and the possibility of other traffic cutting in between. So, it
is desirable to keep the vehicles in a platoon close to each other even in the transient
period. This concept of keeping vehicles staying together is referred to as platoon
cohesion [4].

However, to the best of our knowledge, few works have considered platoon cohesion
explicitly in the CACC or platooning control design. In [4], a bi-directional multi-
layer CACC approach is presented to achieve the cohesion of platoons subject
to heterogeneous vehicle acceleration capabilities. This approach has a two-layer
architecture: 1) a lower layer where a unidirectional CACC as in [8] is employed to
achieve low level vehicle control goals (vehicle following); 2) an upper layer where
information containing the spacing error and acceleration limitations are shared from
the rear to the front of the platoon. In this way, the lead vehicle is aware of the
whole platoon’s acceleration capability and is able to adapt its behavior accordingly
to maintain platoon cohesion. However, some parts of the information communicated
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on the upper layer, such as the spacing error, may be considered to be confidential,
which hinders the application of this approach. In [121], a bi-directional adaptive cruise
control (BiACC) approach to vehicular platoon is proposed with the goals of string
stability and platoon coherence (cohesion). Unlike the CACC approach, the BiACC
approach does not use wireless V2V communications, instead, it uses an additional
distance sensor to measure the inter-vehicle distance to the follower vehicle. With
the inter-vehicle distance to the follower vehicle as an additional input, the BiACC
controller can also look in the backward direction. In this way, the behaviors of the
vehicles can also be adjusted according to their following vehicles to keep the cohesion
of the platoon. However, this design requires an additional sensor. Moreover, in this
design, to compute the spacing error to the follower vehicle, the spacing policy (the
rule determining the desired inter-vehicle distance) of the follower vehicle needs to
be known by the preceding vehicle, which can cause a confidentiality issue as the
approach in [4].

In this chapter, we propose a Model Predictive Control (MPC)-based CACC strategy
for heterogeneous vehicle platooning to achieve platoon cohesion. The vehicle platoon
under consideration is heterogeneous in the sense that the vehicles in the platoon
possess different maximum acceleration capabilities. MPC is chosen as the basis of
the design because it is able to directly accommodate the acceleration limitation. An
introduction to MPC can be found in Appendix I. MPC has become a popular choice to
design an adaptive cruise control strategy in both research and industrial applications,
see [122, 123, 2, 124]. Nowadays, the computing power in the embedded hardware
of vehicles is sufficient to run MPC controllers. Inspired by [4], the proposed MPC-
based CACC also adopts a bi-directional topology to keep platoon cohesion. Via V2V
communication, the intended acceleration of preceding vehicles is sent to the following
vehicles, and the acceleration limitation of following vehicles is sent to the preceding
vehicles. Note that from the rear to the front of the platoon, only the acceleration
capability information is shared among vehicles. In this way, the proposed approach
avoids the confidentiality issue of the approach in [4]. Besides, no additional distance
sensor to monitor the distance to the follower vehicle is required. Another benefit of
sharing acceleration limitations between vehicles is that it allows the vehicles to adjust
their behaviors accordingly to maintain the cohesion of a heterogeneous platoon, which
is another contribution of this work compared to the MPC-based CACC strategy in [2].

The chapter is organized as follows. Section 7.2 introduces the vehicle model, platoon
settings, and platoon cohesion, formulating the problem statement. Section 7.3
describes the MPC-based CACC design. The simulation results of the proposed
CACC approach are presented in Section 7.4. Finally, Section 7.5 gives the concluding
remarks.
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7.2 Problem formulation

In this section, the vehicle model, platoon settings, and platoon cohesion are introduced,
formulating the main problem addressed in this chapter.

7.2.1 Vehicle model

Let us consider a string of n vehicles. Each vehicle is indexed by i ∈ V = {1,2, . . . ,n}
with i = 1 indicating the lead vehicle and i = n the last vehicle. The position, velocity,
acceleration at time t of vehicle i is denoted by pi(t), vi(t) and ai(t). The longitudinal
dynamics of vehicle i are described by the following non-linear system [4]:

ṗi(t) = vi(t),
v̇i(t) = 1

mi+meq

(
ηT id
Rw

Ti(t)−Crlv2
i (t)−miBrlvi(t)

−Arlmi cosα−migsinα
)
,

Ṫi(t) =− 1
τi

Ti(t)+ 1
τi

Tre f ,1(t−φi),

(7.1)

where Ti(t) is the drive torque, Tre f ,i(t) is the desired torque, τi is the driveline time
constant, φi is the actuation response delay, mi is the vehicle mass, Arl , Brl and Crl
denote the road-load parameters associated with road friction, internal friction and
aerodynamic drag force, respectively. Furthermore, ηT is the transmission efficiency,
Rw is the wheel radius, g is the gravitational constant, α is the road slope angle, and id
is the driveline ratio, defined as

id = iaxleig, (7.2)

where iaxle is the final drive ratio and ig is the current gear ratio. Here, ig := ig(vi) is
defined as a piecewise-constant function of velocity to model the gear shifting effect.
Consequently, id is also a piecewise-constant function of velocity. That is, it takes
different constant values for different velocity ranges. Finally, meq is the equivalent
mass of all the rotating parts of the vehicle which is defined as

meq =
i2dJe + Jw

R2
w

, (7.3)

with Je being the mass moment of inertia of the engine and Jw being the mass moment
of inertia of all wheels. Since the driveline ratio id appears in (7.3), the equivalent
mass meq(vi) is also a piecewise-constant function of velocity. In general, all these
vehicle parameters can be different among the platoon members. In this chapter, we
consider the vehicle mass as a heterogeneous parameter since it can vary significantly
for different trucks, the other parameters are considered to be homogeneous, including
φi and τi, that is, φi = φ and τi = τ . As shown in [4], using the following control law
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for the desired torque Tre f ,i:

Tre f ,i =
Rw

ηT id

(
Crl(vi(2τiv̇i + vi)+miBrl(τiv̇i + vi)

+miArl cosα +migsinα

+(mi +meq)ui
)
,

(7.4)

with ui being the desired acceleration (the input to the driveline), the non-linear
longitudinal dynamics (7.1) can be feedback linearized. By substituting (7.4) and
ai = v̇i into (7.1), the longitudinal vehicle dynamics (7.1) can be rewritten as

ṗi(t) = vi(t),
v̇i(t) = ai(t),
ȧi(t) =− 1

τ
ai(t)+ 1

τ
ui(t−φ).

(7.5)

In addition, the input ui is constrained with a lower and upper bound,

amin,i ≤ ui ≤ amax,i, (7.6)

where amin,i < 0 represents the minimum acceleration (deceleration) limit, and amax,i
represents the maximum acceleration limit due to the limited engine torque. Here,
the deceleration limit amin,i is modeled by a constant value, while the maximum
acceleration limit amax,i is a time-varying value determined by the maximum engine
torque, current gear ratio, velocity, etc. More precisely, by setting Ti = Tmax,i in the
second equation of (7.1), the maximum acceleration limit amax,i is given by

amax,i(vi) =
1

mi +meq

(
ηT id
Rw

Tmax,i−Crlv2
i −miBrlvi

−miArl cosα−migsinα

)
,

(7.7)

where Tmax,i is the upper bound of the engine torque. In addition, it is assumed the
engine and gearbox are designed such that the maximum engine torque is always
available. Note that, as (7.7) indicates, amax,i is state-dependent, while, in many MPC-
based CACC designs (e.g., [109], [111], [2]), a fixed value of amax,i is often used.

7.2.2 Platoon settings

A schematic diagram of a vehicular platoon is shown in Figure 7.1. The inter-vehicle
distance di is defined as the distance between the front bumper of vehicle i and the rear
bumper of vehicle i−1, given by

di(t) = pi−1(t)− pi(t)−Li, i ∈ V \{1}, (7.8)
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i-1 i i+1

pi+1

pi
pi−1

Lidi

amax,i

ui−1

amax,i+1

ui

Figure 7.1: Schematic overview of a heterogeneous vehicle platoon and the bi-
directional information flow topology

where Li is the length of vehicle i.

For each vehicle in the platoon, the objective is to longitudinally follow the preceding
vehicle at the desired distance defined as below

dr,i(t) = ri +hivi(t), (7.9)

where ri is the desired standstill distance and hi is the time gap, respectively. This
spacing policy is chosen because of its favorable properties for disturbance attenuation,
see [8].

Combining (7.8) and (7.9), the spacing error ei(t) is given by

ei(t) = di(t)−dr,i(t) = pi−1(t)− pi(t)−Li− ri−hivi(t). (7.10)

Obviously, one essential goal of vehicle platoon control design is to asymptotically
realize the desired spacing distance, i.e., zero spacing error

lim
t→∞

ei(t) = 0,∀i ∈ V \{1}. (7.11)

Another important goal of vehicle platoon control design is to achieve the platoon’s
string stability, the attenuation of disturbances in the upstream direction of vehicles.
Several definitions of string stability are available in the literature. Here, we briefly
introduce the Lp(p = 2,∞) induced norm-based string stability notion from [8]. Let
the signal of interest for vehicle i be denoted by zi(t) (e.g., ai(t), vi(t) and ui(t)), the
string stability requirement can be expressed as

‖zi(t)‖Lp ≤ ‖zi−1(t)‖Lp ,∀i ∈ V \{1}. (7.12)
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7.2.3 Platoon cohesion

As mentioned before, in many CACC designs, vehicles are assumed to be homogeneous.
Moreover, some designs also assume that the vehicle has unlimited acceleration
capability. Using such controllers in practice where the vehicles have heterogeneous
acceleration limitations, may cause undesired performance, as illustrated in the example
in Figure 7.2.

Figure 7.2 sketches the scenario where a platoon of heterogeneous vehicles breaks
up during acceleration using the controllers which do not take care of the different
acceleration capabilities. Here, a platoon of four trucks with different masses is
considered. The 4th truck has a larger mass than the other three trucks. Initially, all
vehicles drive at 60 km/h, forming a platoon. Then, the desired speed of the lead vehicle
is increased to 80 km/h. With a larger mass, the 4th vehicle has lower acceleration
capability, which makes it impossible to keep up with the other vehicles when the
acceleration limit is reached. Thus, a big gap between Truck 3 and Truck 4 is created,
breaking up the platoon. This big gap might leave space for other traffic to cut in.
Moreover, this leads to less fuel saving due to a larger average following distance.
Therefore, it is important to consider the cohesion of a platoon when designing a control
strategy. Loosely speaking, platoon cohesion means that the spacing errors ei(t) should
remain small (also in the transient phase) when the platoon is disturbed from steady
state. The requirement of platoon cohesion can be presented by

‖ei(·)‖∞ ≤ c, (7.13)

where c > 0 is a parameter of choice. Here, ‖ei(·)‖∞ denotes the ∞-norm of ei(t):

‖ei(·)‖∞ = sup
t
|ei(t)|. (7.14)

7.3 Control design

In this section, we propose an MPC-based CACC strategy for the control problem of the
vehicle platoon presented in the previous section. The control strategy is designed to
achieve two goals: 1) vehicle following, i.e. limt→∞ ei(t) = 0,∀i ∈ V \{1}; 2) platoon
cohesion, i.e. ‖ei(t)‖∞ ≤ c,c > 0,∀i ∈ V \{1},∀t > t1 (t1 is the time instance when the
vehicles form a platoon). Another important goal of CACC design, string stability, is
not directly enforced here. Instead, the string stability property of the resulting platoon
dynamics is assessed by means of simulation results for different MPC controller
parameters. The design of the proposed strategy is inspired by [4] for adopting a
bi-directional topology and by [2] for the MPC design.
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Truck 1 Truck 2 Truck 3 Truck 4

Truck 1 Truck 2 Truck 3 Truck 4

Truck 1 Truck 2 Truck 3 Truck 4

c: vi = 80km/h, i = 1,2,3,4

b: v1 = 60km/h→ 80km/h

a: vi = 60km/h, i = 1,2,3,4

Figure 7.2: Platoon behavior during acceleration from 60 km/h to 80 km/h. Phase a:
all vehicles drive at 60 km/h. Phase b: the lead vehicles accelerate to 80 km/h. In
this transient phase, the 4th truck is not able to follow the preceding vehicle due to
lower acceleration capability. A big gap between the 3rd truck and 4th truck is created,
breaking the platoon. Phase c: The platoon reaches steady state again (the platoon is
assumed to be stable). All vehicles drive at 80 km/h. The gap vanishes.

7.3.1 Control law design

A block diagram of the CACC controller is shown in Figure 7.3. The CACC consists
of two parts: 1) a feedforward action based on the wirelessly communicated intended
acceleration of a preceding vehicle; 2) a feedback action calculated by the MPC
controller. Here, we adopt the control law from [2], given by

u̇i(t) =−
1
hi

ui(t)+
1
hi

qi(t), (7.15)

with
qi(t) = ui−1(t−θ)+uMPC

i (t), (7.16)

where θ is the communication delay, ui−1(t− θ) is the (delayed) feedforward part,
and uMPC

i is the MPC-based feedback part. Note that, by employing a bi-directional
topology, amax,i+1 is shared to vehicle i and fed into the MPC controller to formulate
constraints. The detailed usage of this information is explained in the following part of
this section.

7.3.2 MPC design

First, the closed-loop system is derived for the design of the MPC controller. Let the
state vector xi(t) be

xi(t) =
[
ei(t) ėi(t) ëi(t) ui(t−φi)

]>
. (7.17)
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MPC Controller
uMPC
i 1

his+1

his + 1 Vehicle Model

e−θs

amax,i+1

qi

ui−1

+ uipi−1 ei

pi

−

Vehicle i

CACC Controller

Figure 7.3: Block diagram of the CACC Controller

According to the definition of the spacing error, the third derivative of ei is given by
...e i(t) = ȧi−1(t)− ȧi(t)−hiäi(t) (7.18)

As mentioned before, ui−1 is wirelessly communicated to vehicle i, therefore the
communication delay θ should be included in the model of vehicle i−1 when seen
from vehicle i:

ȧi−1(t) =−
1
τ

ai−1(t)+
1
τ

ui−1(t−φ −θ). (7.19)

Then the third derivative of ei can be expressed as:

...e i(t) =−
1
τ

ëi(t)−
1
τ
(ui(t−φ)+hiu̇i(t−φ))+

1
τ

ui−1(t−φ −θ). (7.20)

Shifting time over φ in (7.15) and (7.16), and then combining them, yields

u̇i(t−φ) =
1
hi
(ui−1(t−φ −θ)+uMPC

i (t−φ))− 1
hi

ui(t−φ). (7.21)

Substituting (7.21) into (7.20), we have

...e i(t) =−
1
τ

ëi(t)−
1
τ

uMPC
i (t−φ). (7.22)

Now, the closed-loop system is given by

ẋi(t) = Axi(t)+B1uMPC
i (t−φi)+B2ui−1(t−θi−φi),

yi(t) =Cxi(t),
(7.23)

with

A =


0 1 0 0
0 0 1 0
0 0 − 1

τ
0

0 0 0 − 1
hi

 ,B1 =


0
0
− 1

τ
1
hi

 ,B2 =


0
0
0
1
hi

 , (7.24)
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and the outputs y = [ei(t) ėi(t) ui(t−φi)]
> with

C =

1 0 0 0
0 1 0 0
0 0 0 1

 . (7.25)

Second, to implement the MPC controller, the discretization of the above system is
needed. Let us denote the sampling time by ts. The actuation delay and communication
delay are approximated by the discrete time delays φ d

i and θ d
i , respectively, defined as

the closest integer multiple of the sampling time φ d
i = b φi

ts
e ∈ N0 and θ d

i = b θi
ts
e ∈ N0.

The corresponding discrete model using zero-order-hold method (see [125]) is shown
below

xi(k+1) = Adxi(k)+Bd,1uMPC
i (k−φ

d
i )

+Bd,2ui−1(k−θ
d
i −φ

d
i ),

yi(k) =Cdxi(k),

(7.26)

where

Ad =


1 ts τ2e−ts/τ + tsτ− τ2 0
0 1 τ− τe−ts/τ 0
0 0 e−ts/τ 0
0 0 0 e−ts/hi

 , (7.27)

Bd,1 =


tsτ + τ2e−ts/τ − τ2− t2

s /2
−ts− τie−ts/τ + τ

e−ts/τ −1
1− e−ts/hi

 , (7.28)

Bd,2 =


0
0
0

1− e−ts/hi

 ,Cd =C. (7.29)

Third, two constraints are imposed for desired functionality. The first one concerns the
distance. The distance should be non-negative:

di = ei +dr,i ≥ 0. (7.30)

The second one relates to the limitation of the acceleration:

amin,i ≤ ui ≤ ãmax,i. (7.31)
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where, amin,i is prescribed, and ãmax,i is a virtual acceleration limit determined by
comparing amax,i with ãmax,i+1 (obtained via V2V communication):

ãmax,i =

{
min{amax,i, ãmax,i+1}, i ∈ V \{n},
amax,i, i = n.

(7.32)

With (7.32), it is guaranteed that

ãmax,i ≤ ãmax,i+1, (7.33)

that is, for each vehicle, it always has an equal or stronger acceleration ability compared
to its preceding vehicle, which enables the vehicles to stay close during acceleration,
achieving platoon cohesion. However, the platoon cohesion condition (7.13) is not
formulated as a constraint for the MPC controller. If (7.13) is used as a constraint
directly, the MPC problem will become infeasible for certain cases, for instance, for
platooning vehicles with large (greater than c) initial spacing errors. The condition
is only required after a platoon is formed (for example, for the transient periods after
the platoon is perturbed from steady state). In addition, to meet the condition (7.13)
with a given c, apart from using (7.32), the MPC design parameters also need to be
well-tuned. It is also worth mentioning that like amax,i(vi), ãmax,i is also state-dependent,
thus making (7.31) a state-dependent constraint. Note that for the vehicle dynamics
model, the input saturation condition (7.6) is also replaced by (7.31).

Finally, we can formulate the MPC control problem as the optimization problem as
below.

min
uMPC

i (·|k)

Np

∑
j=1

(
yi(k+ j|k)>Qyi(k+ j|k)

+uMPC
i (k+ j|k)>RuMPC

i (k+ j|k)

+∆uMPC
i (k+ j|k)>R∆∆uMPC

i (k+ j|k)
)
,

(7.34)

subject to the prediction model (7.26) and the constraints

EiuMPC
i (k+ j|k)+Fiyi(k+ j|k)≤ Gi, (7.35)

with

Ei =

0
0
0

 ,Fi =

−1 0 0
0 0 −1
0 0 1ri

 ,Gi =

ri + riv(k)
−amin,i

ãmax,i(k)

 , (7.36)

where ∆uMPC
i (·) is the changing rate of the MPC control action, defined by

∆uMPC
i (k) = uMPC

i (k)−uMPC
i (k−1),
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Np is the prediction horizon, Q = diag(q1,q2,0) with q1 > 0, q2 > 0, and R > 0, R∆ > 0
are the weighing matrices.

The weighing matrix R is related to fuel consumption. R∆ is introduced for driving
comfort, see [2], [126]. The inequalities (7.35) incorporate the two constraints (7.30)
and (7.31), the latter allows vehicles to catch up with their preceding vehicles more
easily. All these design parameters directly affect the performance of the MPC
controller. To satisfy the requirements on vehicle following, platoon cohesion and
string stability, a set of well-tuned parameters are required. To provide guidance on
parameter tuning, the impacts of these design parameters are investigated by means of
simulations with different MPC design parameters.

7.4 Simulation results

In this section, the effectiveness of the proposed MPC-based CACC is demonstrated.
Several simulations are performed using MATLAB and Simulink. The proposed MPC-
based CACC is applied to the vehicle platoon in the example of Section 7.2.3 and the
same scenario is repeated. Besides, we have performed a parameter study to investigate
the impact of the MPC design parameters (the weighting matrices) and thereby to
provide guidance for choosing parameters.

First, the values of the vehicle and platoon parameters are specified. The masses of the
vehicles are listed below:

(m1,m2,m3,m4) = (25,25,25,40) ·103 [kg]. (7.37)

Consequently, the levels of the maximum acceleration amax,i are different for the trucks.
The other values of the trucks and platoon parameters are listed in Table 7.1 and the
gear shifting rule is shown in Table 7.2. As in [4], the gear shifting rule is simply
modeled by changing the gear ratio ig according to the actual speed of the truck. More
specifically, when the speed reaches another speed range, the gear ratio changes to the
new gear ratio in 1.5 seconds at a constant rate. In reality, there is also a dip in the
acceleration due to the clutch release when a truck changes gears. However, this effect
is not included here since it is not the focus of this chapter. We refer to the experimental
results in [120] for more realistic behaviors of trucks with gear shifting. For the first 10
seconds, the platoon is moving at a speed of 60 km/h with zero spacing error. After
t = 10s, the desired speed of the lead vehicle is set to vdes =80 km/h. The lead vehicle
is equipped with the following cruise controller

u1(t) = kv(vdes− v1), (7.38)

with kv > 0.
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Table 7.1: Values of vehicle and platoon parameters

Parameter Value Unit Parameter Value Unit
Rw 0.45 m Crl 1.25 kg/m
iaxle 2.5 - α 0 rad
Jw 232 kgm2 g 9.81 m/s2

Je 2.5 kgm2 τ 0.1 s
Tmax,i,∀i 2500 Nm φ 0.2 s

Li,∀i 17 m θ 0.15 s
ηT 1 - hi,∀i 0.7 s
Arl 0.039 m ri,∀i 2.5 m
Brl 0.0037 m/s2 amin,i,∀i −6 m/s2

Table 7.2: Gear ratios for different speed ranges [4]

Speed range[km/h] Gear ratio ig[−]
0−10 9.6

10−20 5.9
20−30 3.5
30−45 2.1
45−70 1.2
> 70 1

Second, we apply the CACC strategy proposed in this chapter using the same parameters
as in [2] (listed in Table 7.3) and the simulation results are depicted in Figure 7.4. For
comparative purposes, the CACC proposed in [2] is also applied to this example with
the same parameters and the simulation results are depicted in Figure 7.5. In this CACC
design, only the local acceleration limitations are considered, that is,

amin,i ≤ ui ≤ amax,i. (7.39)

From Figure 7.4 and Figure 7.5, we can see that the spacing errors are greatly reduced
when using the CACC proposed in this chapter, compared to the one from [2]. The
vehicle platoon maintains platoon cohesion (with c = 0.86) using the MPC-based
CACC technique presented in this chapter. However, in Figure 7.4, between t = 35s
and t = 50s, overshoots in the acceleration and speed response are observed and the
platoon shows string unstable behavior (for example, the spacing errors are amplified
along the platoon). To explain this phenomenon, let us examine the platoon response
from the beginning. The leader starts to accelerate at t = 10s. During the period
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Figure 7.4: Acceleration ai, speed vi, and spacing error ei response of a four-truck
platoon during acceleration from 60 km/h to 80 km/h using MPC-based CACC.

from t = 15s to t = 35s, the accelerations of all the vehicles are constrained at the
same levels. But the vehicles start to accelerate at different times, hence there are
speed differences between the vehicles, which leads to a building up of the spacing
error during this period. At t = 35s, the speed of the lead vehicle comes close to the
desired speed and it begins to stop accelerating, while the other vehicles continue to
accelerate to close the gaps. But with the current set of the MPC parameters, the CACC
controller behaves like a high proportional gain Proportional Integral Derivative (PID)
controller, thus making the following vehicles accelerate excessively (overshoot). Due
to the excessive acceleration, the vehicles need to decelerate afterward. To reduce
this undesired behavior, we have performed a simulation-based study on the MPC
parameters (Q,R,R∆). From the simulation results we have observed:

• q1 behaves similarly as a proportional gain in a PID controller. Increasing
the value of q1 leads to a decrease in the settling time and an increase in the
overshoot.

• q2 behaves similarly as a derivative gain in a PID controller. Increasing the value
of q2 leads to an increase in the settling time and a decrease in the overshoot.
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Figure 7.5: Acceleration ai, speed vi and spacing error ei response of a four-truck
platoon during acceleration from 60 km/h to 80 km/h using MPC-based CACC from
[2].

• R has a similar impact as q2.

• R∆ introduces additional oscillations to the system response. A high value of R∆

brings oscillations with large magnitude.

Based on these observations, we have chosen another set of parameters (listed in Table
7.4) such that the undesired behaviors are avoided. Here, q2 and R are increased to
minimize the overshoots, while q1, as well as Np, is increased to ensure the settling
time is still acceptable. The simulation results are shown in Figure 7.6. Additionally,
the cohesion of the platoon improves in terms of the upper bound of the spacing errors
(now c = 0.74). The price paid here is a slower response. The spacing error reduces to
zero after 120 seconds instead of 60 seconds.

Another way to avoid the undesired behavior is to adopt the following definition of
ãmax,i, i ∈ V \{n} instead of (7.32):

ãmax,i =

{
amax,i if amax,i < ãmax,i+1,

ãmax,i+1− ε else,
(7.40)
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where ε > 0 is a design variable. By introducing ε , every following vehicle has the
ability to accelerate faster than its preceding vehicle, i.e. ãmax,i < ãmax,i+1, while (7.32)
only guarantees ãmax,i ≤ ãmax,i+1. In this way, the undesired behavior can be avoided
without slowing down the system response. The simulation results with ε = 0.01 and
the parameters in Table 7.3 are shown in Figure 7.7. As can be seen from Figure 7.7,
the spacing errors become even smaller and the platoon exhibits string stable behaviors.
However, this rule imposes more restrictions on ãmax,i than (7.32), and the restrictions
grow with the number of vehicles in a platoon. Hence, for a long vehicular platoon, the
values of ãmax,i of the vehicles (especially the ones in the front part of the platoon) may
be too small.

Table 7.3: MPC Parameters used in [2]

Parameter Value
Np 30
ts 0.01s
q1 0.4
q2 0.125
R 0.01

R∆ 0.005

Table 7.4: MPC Parameters after tuning

Parameter Value
Np 50
ts 0.01s
q1 1.2
q2 2
R 2

R∆ 0.005

7.5 Conclusions

In this chapter, an MPC-based CACC approach is proposed to achieve platooning
of heterogeneous vehicles with limited acceleration capabilities. The approach has
been proven to be effective to improve the performance in terms of platoon cohesion
(maintaining a small spacing error), while maintaining the confidentiality of the
vehicle parameters (only maximum acceleration capabilities are communicated in the
downstream direction of a platoon). The main key factor leading to the improvement is
the adoption of a bi-directional topology instead of the commonly used unidirectional
topology, which indicates that choosing a proper topology can improve the performance
of synchronization. The proposed approach has been demonstrated via simulation. The
influences of the MPC parameters on platooning performance are also investigated
via simulations, which provides guidance for parameter choice. However, another
performance requirement, string stability, is not directly enforced in the control design,
which can be a direction for future work. For instance, in [126], it has been shown
that with certain choices of MPC parameters, the MPC controller can guarantee string
stability when the constraints are inactive.
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Figure 7.6: Acceleration ai, speed vi and spacing error ei response of a four-truck
platoon during acceleration from 60 km/h to 80 km/h using MPC-based CACC with
parameters in Table 7.4.
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Figure 7.7: Acceleration ai, speed vi and spacing error ei response of a four-truck
platoon during acceleration from 60 km/h to 80 km/h using MPC-based CACC with
parameters in Table 7.3 and ε = 0.01.



Chapter 8

Conclusions and
recommendations

Abstract: This chapter summarizes the main results presented in the previous chapters
and gives recommendations for future research.

8.1 Conclusions

In this thesis, partial synchronization in networks of diffusively time-delay coupled
systems has been studied. Diffusive time-delay coupling is an important interaction
found in networks of interconnected systems. First, conditions for identifying all
possible synchronization patterns (presented by partial synchronization manifolds) are
derived. The conditions are expressed in the form of some algebraic requirements on the
adjacency matrix and restrictions on the type of input-output dynamics of the systems.
A relation between the network topology and the existence of partial synchronization
manifolds is established. In addition, an algorithm utilizing these conditions is
developed to efficiently compute all possible partial synchronization manifolds. Second,
sufficient conditions for stability of partial synchronization manifolds in such networks
are derived, provided that partial synchronization manifolds are identified. These
conditions are also important because the observation of partial synchronization
requires not only the presence of a partial synchronization manifold but also its stability.
Third, an approximate form of partial synchronization is considered, where the states
of the systems in the same cluster only converge to each other up to some bound due
to perturbations. Sufficient conditions for this form of partial synchronization are

125



126 CONCLUSIONS AND RECOMMENDATIONS

also derived. Fourth, the theoretical results are demonstrated by experiments with a
network of electronic neurons. Finally, as an application of synchronization, a CACC
control strategy employing a bi-directional V2V communication topology to achieve
platooning of connected vehicles is presented. By comparing the performances of the
proposed controller with a previously proposed controller that employs a unidirectional
topology, the influence of network topologies on the performance of synchronization is
demonstrated.

In Chapter 3, a framework, along with an algorithm to identify possible synchronization
patterns in networks of delay-coupled systems, is provided. The network setting is
introduced, including the systems and couplings under consideration. The systems
in a network do not necessarily have the same input-output dynamics. Two different
types of couplings are considered: invasive coupling and non-invasive coupling. The
invasive coupling is a diffusive coupling where time-delays appear in the received
output signals from other systems, and the non-invasive coupling is a diffusive coupling
where the time-delay is present in all signals. From an analysis point of view, the
main difference between the two types of coupling is that non-invasive coupling
vanishes when all systems are synchronized while invasive coupling does not vanish in
general. The concept of a partial synchronization manifold is used to represent possible
synchronization patterns. Conditions for the existence of such manifolds are derived,
and an algorithm is developed, based on these conditions to compute these manifolds.
The conditions show the relation between synchronization patterns and the network
topology. In addition, the conditions and algorithm also apply to the case where the
systems in a network have different input-output dynamics, extending the results in [3].
Furthermore, the algorithm comes with higher computational efficiency when dealing
with networks with invasive coupling compared with the one developed in [3].

In Chapter 4, sufficient conditions for partial synchronization are derived. Synchro-
nization is considered in an exact sense, which means that the differences between
the states of the synchronized systems converge to zero. The conditions are derived
based on the stability of the synchronization error dynamics. Synchronization errors
are the differences between the states of the systems within the same clusters. It is
shown that the synchronization error dynamics can be interpreted in terms of an LPV,
time-delay system when linearized around the zero equilibrium. By constructing a
Lyapunov functional, sufficient conditions for the stability of this system, i.e., sufficient
conditions for partial synchronization are derived. The conditions are expressed in the
form of LMIs. By checking the conditions against the network parameters, for example,
the coupling strength, the time-delay, the dependence of partial synchronization on the
parameters can be revealed. More precisely, distinct synchronization regions can be
identified in the parameter space. The bounds of regions can be computed by solving
the LMIs. In the previous works [1, 40], it is only shown that these bounds exist,
however, a tractable way to estimate them is not provided.

In Chapter 5, sufficient conditions for practical partial synchronization are derived.
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Practical synchronization refers to an approximate form of synchronization where
the differences between the states of synchronized systems only converge up to some
bound due to perturbations induced by model mismatches, network imperfections, etc.
In addition, the bound goes to zero when the perturbations vanish. The conditions
are derived by assessing the practical stability of the synchronization error dynamics.
Besides, an explicit relation between the bound and the size of perturbation is provided.
Similar to the (exact) partial synchronization case, these conditions also allow to
assess the parameter dependence of practical partial synchronization. The conditions
together with the explicit relation between the synchronization error bound and the
size of perturbations provide a tool to judge and quantify the robustness of partial
synchronization when encountering perturbations.

In Chapter 6, experimental results are presented to demonstrate the theory developed
in the previous chapters. The experimental setup consists of up to sixteen circuit
boards, each of which consists of an electric realization of the famous Hindmarsh-Rose
model. A cross correlation-based criterion is used to characterize the synchronization
of the neurons from measurements. It is found that the synchronization regions in
the coupling strength, time-delay (k,τ) parameter space obtained by checking the
theoretical conditions are smaller than those obtained via experiments. This can be
explained by the conservatism of the Lyapunov-Krosovskii method which is used to
derive the theoretical results, leading to sufficient (but not necessary) conditions for
synchronization or partial synchronization.

In Chapter 7, an MPC-based CACC control strategy is proposed to achieve platooning
of trucks with different dynamic limitations. The proposed control design utilizes a
bi-directional topology to share dynamic limitations between the vehicles such that
the cohesion of a platoon can be maintained, even when dynamic limitations are
encountered. In this way, the performance of synchronization (platoon cohesion) is
improved compared to the commonly used unidirectional CACC control methods.

8.2 Recommendations

This section gives some recommendations for future research. In this thesis, the results
are derived under three main assumptions: 1) the coupling functions are static and
linear; 2) the time-delays are constant and uniform; 3) the network topology is fixed.
So a straightforward recommendation is to extend the results to time-varying and
heterogeneous time-delays, time-varying network topologies, and general nonlinear
dynamical coupling functions. In what follows, a few examples are listed that serve as
motivations for future research in some directions.
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Networked Control Systems Networked Control Systems (NCSs) constitute an
important class of networks of coupled systems. NCSs are control systems in which
the sensors, actuators, and controllers exchange information through a shared digital
communication network [127]. NCSs have received considerable attention recently,
see [127] and references therein. Despite many advantages offered by NCSs, such as
ease of installation and maintenance, large flexibility, etc., the introduction of networks
into control systems also causes some issues due to communication imperfections
and constraints. For example, a finite transmission speed induces time-delays in the
coupling which influence the occurrence of synchronization, as shown in the previous
chapters. However, other types of communication constraints are not considered in
this thesis. Another important type of communication constraints is due to signal
sampling. In NCSs, a continuous-time signal has to be sampled before transmission
over the digital communication network. More precisely, the continuous-time signal
is firstly sampled and encoded in a digital format at the sender side, then transmitted
over the network, and finally decoded at the receiver side. The sampling along with
the encoding-decoding process can induce additional delays in the coupling. Note that
sampling can be periodic or aperiodic in NCSs. The latter indicates that the overall
delay can be time-varying. Moreover, in practical applications, systems are usually
sampled at different frequencies, implying that the overall delays are not uniform.
In [128, 129, 130], synchronization of sampled-data systems (NCSs) has been studied.
However, in these works, the systems are assumed to have the same sampling frequency.
In [131], conditions for synchronization of two coupled nonlinear oscillators under
asynchronous aperiodic sampled-data transmission are provided. But, assessing the
impact of non-uniform and/or aperiodic sampling on (partial) synchronization of NCSs
with a larger network, i.e., the impact of heterogeneous and/or time-varying time-
delays on multiple (>2) coupled systems remains an open question. This open question
is important because solving it not only helps to understand the behaviors of NCSs but
also provides guidelines for control design of NCSs. By solving this open question,
the relation between synchronization and the sampling parameters can be unveiled.
With this relation available, one could aim at designing controllers with a maximum
sample interval that still guarantees synchronization, and at the same time, minimizes
the communication.

Networks of Neurons In Chapters 4 and 6, networks of diffusively coupled
Hindmarsh-Rose neurons have been used for demonstrating the results developed
in this thesis. In reality, neural networks are far more complex than the examples
presented in these chapters. As mentioned in Chapter 6, there are two types of synapses:
electrical synapses and chemical synapses. Unlike electrical synapses which can be
modeled by linear diffusive couplings, chemical synapses are more complex and
can only be modeled by nonlinear coupling functions. Therefore, to understand the
collective behavior of neurons with chemical synapses, it is important to consider
synchronization of interconnected systems with nonlinear coupling. In Chapter 6, it is
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briefly mentioned that the behaviors of individual neurons in suprachiasmatic nucleus
(SCN) are influenced by light, thus influencing the synchronization patterns of these
neurons. It turns out light has more complicated influences on the SCN neurons. Light
stimulation also alters the coupling between the SCN neurons. It has been reported
that the coupling between SCN neurons is subject to diurnal variation [132, 133]. The
authors of [133] observe in their experiments that the electrical coupling between SCN
neurons is stronger in the middle of the day than in the late day or early night. However,
the relation between the change of coupling and the synchronous behaviors of SCN
neurons is still unclear. This motivates an investigation on synchronization of coupled
systems with time-varying coupling.

Vehicle Platooning When designing control strategies for vehicle platooning in
Chapter 7, the structure of the network is considered to be fixed. However, this is not
always the case in practice. It is possible that some vehicles have to leave the platoon
while some other vehicles will join the platoon at some point of time. This type of
scenario motivates to investigate synchronization of coupled systems in the presence of
a time-varying network topology.

Of course, the examples mentioned above do not cover all the open questions and
interesting applications related to (partial) synchronization of coupled systems. These
examples are just the tip of the iceberg. It is for future research to investigate the open
questions and expand the applications of synchronization.





Appendix A

Partial synchronization
manifolds in networks with
multiple weights

In this appendix, the existence conditions for partial synchronization manifolds in
networks with multiple weights are presented.

Suppose a network G has r characteristic scalar interaction weights ω`, ` = 1, . . . ,r.
We can decompose it as

G (V ,E ,A) = G1(V ,E1,ω1A1)⊕·· ·⊕Gr(V ,Er,ωrAr), (A.1)

where A` are adjacency matrices with non-negative integer entries and E` is the set of
edges corresponding to A`. Here ⊕ denotes a sum on graphs with the same set of nodes
V , which joins the sets of edges and sums the adjacency matrices. Therefore,

G1(V ,E1,ω1A1)⊕·· ·⊕Gr(V ,Er,ωrAr) = G
(
V ,∪r

`=1E`,∑
r
`=1 ω`A`

)
,

which means

A =
r

∑
`=1

ω`A` (A.2)

and
E = ∪r

`=1E`. (A.3)

Here, the numbers ω`, ` = 1, . . . ,r are called basis weights. This decomposition
can be used, for example, when systems are communicating using r different
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types of communication channels, then A j describes the network determined by the
communication using the channel of type j.

Clearly, satisfying the row sum criteria in item 2 of Theorem 3.2.3 for all adjacency
matrices A` simultaneously is a sufficient condition for M (Π) to be a partial
synchronization manifold. However, this condition becomes both sufficient and
necessary when the basis weights are rationally independent. The basis weights
are rationally independent if and only if the following implication holds for any integer
numbers q1, . . . ,qr

r

∑
`=1

ω`q` = 0⇒ q` = 0 ∀`= 1, . . . ,r. (A.4)

The existence conditions of partial synchronization manifolds in those networks are
given in the following theorem:

Theorem A.1.1. Consider a graph G that decomposes as (A.1) and suppose that the
numbers ω1, . . . ,ωr are rationally independent. Given an adjacency matrix A and a
permutation matrix Π of the same dimension, and assuming that CiBi, i = 1, . . . ,N are
similar to positive definite matrices, the following statements are equivalent:

(1) M (Π) is a partial synchronization manifold for (3.1) and (3.2), respectively
(3.1) and (3.3);

(2) for each `= 1, . . . ,r, all blocks, respectively all off-diagonal blocks, of all block-
structured matrices R>AlR, partitioned in blocks of size κi×κ j according to
(3.8), have constant row-sums, and, in addition, F , B and C defined by

F :=


f1(·)
f2(·)

...
fN(·)

 ,B :=


B1
B2
...

BN

 ,C :=


C>1
C>2

...
C>N


satisfy the conditions

F = (Π⊗ In)F , B = (Π⊗ In)B, C = (Π⊗ In)C . (A.5)

Like Theorem 3.2.3, this is also an extension of Theorems 5 and 6 in [3] to allow for
different systems at the nodes of the networks.

By comparing Theorem A.1.1 with Theorem 3.2.3, it can be concluded that the method
presented in Section 3.3 can also be used to compute the partial synchronization
manifolds of networks with multiple weights. The difference is that the row-sums
check should be applied to all A`, `= 1, . . . ,r provided that the weights ωl are rationally
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independent. The benefit of the decomposition of the networks according to the weights
is that all the decomposed adjacency matrices A` only contain integer entries such that
the method for computing partial synchronization manifolds can be carried out in exact
arithmetic.





Appendix B

Construction of the row-sum
inequality indicator vector vS

The construction of the vector vS = [S1 · · ·SN ]
> ∈ ZN is explained, which indicates

the (in)equalities between the row-sums of the adjacency matrix A. Here, Si = S j if
and only if the i-th row and j-th row of A have the same row sum. The vector vS will
be then used to determine which nodes can be put into the same clusters during the
generation of all possible partitions. In what follows, we introduce the procedure to
construct vS for both cases where the adjacency matrix A is treated as a single matrix
and where A is decomposed into multiple matrices according to (A.2).

When the adjacency matrix A is treated as one single matrix, the process to acquire vS
is straightforward. If the adjacency matrix A only contains integer elements, vS can be
determined by simply calculating the row sums of A:

vS = A1N ,

where 1N is the N-dimensional vector with all entries equal to 1. If the adjacency
matrix A contains non-integer element(s), vS can be obtained by comparing the row
sums of A using a predefined tolerance.

Denote the number of distinct elements of vS by d. If d = N, no partial synchronization
manifolds exist. The algorithm for computing partial synchronization manifold will
stop and return a statement that no partial synchronization manifolds exist.

When the adjacency matrix A is decomposed in the form of (A.2), some extra effort is
needed to acquire vS.
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First, using the same method as above, we can obtain the vector v`,S indicating the
(in)equalities the row-sums of each matrix A` (`= 1,2, . . . ,r):

v`,S = [S`,1 · · · S`,N ]>.

Again, S`,i = S`, j if and only if the i-th and j-th rows of the matrix A` have the same
row-sum.

Second, we determine the common row sum indicator vS for all adjacency matrices.
In vS, Si = S j if and only the i-th and j-th rows of all matrices A`, `= 1, . . . ,r have the
same row-sum.

We start with the first row of the matrices. For the first row, the following vectors for
`= 1, . . . ,r are constructed:

G`,1 =


g`,1
g`,2

...
g`,N

 with g`,i =


1 for i = 1
1 for i = 2, . . . ,N if S`,i = S`,1
0 otherwise

.

Then, these r vectors are combined into one vector H1 by element-wise multiplication

H1 =


1

∏
r
`=1 g`,2

...
∏

r
`=1 g`,N

=


1

h1,2
...

h1,N

 .
Here, the i-th row and the 1st row in every adjacency matrix (A1,A2, . . . ,Ar) have the
same row sum if and only if h1,i = 1 for i = 2, . . . ,N.

For the subsequent rows, the procedure specified by Algorithm 2 is used to construct
the vectors Hi, i = 2, . . . ,d, where d is again the number of distinct elements of the
vector vS. Like H1, the vectors H2, . . . ,Hd are used to indicate which rows (among the
subsequent rows) in every adjacency matrix have the same row-sum. For example,
given two decomposed adjacency matrices A1 and A2

A1 =


0 1 0 1
1 0 0 2
0 1 0 2
1 0 2 0

 , A2 =


0 0 0 1
0 0 2 2
2 0 0 2
0 2 2 0

 ,
we have H1 =

[
1 0 0 0

]> by the definition of H1, and H2 =
[
0 1 1 1

]> by
the procedure in Algorithm 2. Here, H2 indicates that the second, the third and the
forth rows in each adjacency matrix have the same row-sum.
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Algorithm 2: Calculate Hi for vS

Input: v`,S, `= 1, . . . ,r and H1
Output: Hi, i = 2, . . . ,d
d← 1;
q← 2;
while q≤ N do

if ∑
d
i=1 hi,q 6= 0 then
q← q+1;
continue;

else
d← d +1 ;
construct the following vectors for `= 1, . . . ,r:

G`,d =


g`,1
gl,2

...
g`,N

 with gl,i =


1 for i = q
1 for i = 1, . . . ,q−1,q+1, . . . ,N if Sl,i = Sl,q

0 otherwise
;

combine these r vectors into one vector Hd by element-wise multiplication:

Hd =



∏
r
`=1 g`,1

...
∏

r
`=1 g`,q−1

1
∏

r
`=1 g`,q+1

...
∏

r
`=1 g`,N


=



hd,1
...

hd,q−1
1

hd,q+1
...

hd,N


;

q← q+1 ;
end

end

Collect all Hi, i = 1, . . . ,d in one matrix H

H =
[
H1 H2 · · · Hd

]
, d ≤ N.

Note that for d = N, no partial synchronization manifolds exist. The algorithm will
stop with the statement that no partial synchronization manifolds exist.

Finally, we multiply H with the vector v = [1 2 · · · d]> to obtain vS:

vS = Hv = [S1 · · ·SN ]
>.
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We remark that the procedure presented here can be also used for networks that are
decomposed according to the presence of multiple delays.



Appendix C

Proof of Theorem 4.4.1

Proof. Consider the following parameter-dependent Lyapunov-Krasovskii functional,

V (t) = X >(t)P(η)X (t)+V1(t)+V2(t)+V3(t), (C.1)

where

Vj(t) :=
∫ t−( j−1) τ

3

t− j τ
3

X >(s)Q jX (s)ds+
∫ −( j−1) τ

3

− j τ
3

∫ t

t+θ

Ẋ >(s)Z jẊ (s)dsdθ . (C.2)

Note that this Lyapunov-Krasovskii functional requires the initial functions to be
differentiable in [−τ,0] because of the presence of state derivatives in the last terms.
So, this Lyapunov-Krasovskii functional is, in fact, defined in C ([−2τ,0],RNn−κn),
which is a subspace of C ([−τ,0],RNn−κn). Hence, the conditions derived from this
functional are sufficient for the stability problem in [−τ,0].

Differentiating (C.1) along the solution of (4.14) yields

V̇ (t) =Ẋ (t)>P(η)X (t)+X >(t)P(η)Ẋ (t)+X >(t)Ṗ(η)X (t)+
3

∑
j=1

V̇j(t)

=X >
[
A >(η)P(η)+P(η)A (η)+ Ṗ(η)

]
X (t)

+X >(t− τ)A >
d P(η)X (t)+X >(t)P(η)AdX (t− τ)+

3

∑
j=1

V̇j(t),

(C.3)
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where

V̇j(t) =X >
(

t− ( j−1)
τ

3

)
Q jX

(
t− ( j−1)

τ

3

)
−X >

(
t− j

τ

3

)
Q jX

(
t− τ

3

)
+

τ

3
Ẋ >(t)Z jẊ (t)−

∫ t−( j−1) τ
3

t− j τ
3

Ẋ >(s)Z jẊ (s)ds

=X >
(

t− ( j−1)
τ

3

)
Q jX

(
t− ( j−1)

τ

3

)
−X >

(
t− j

τ

3

)
Q jX

(
t− τ

3

)
+

τ

3

[
X >(t)A >(η)Z jA (η)X (t)+X >(t)A >(η)Z jAdX (t− τ)

+X >(t− τ)A >
d Z jA (η)X (t)+X >(t− τ)A >

d Z jAdX (t− τ)

]

−
∫ t−( j−1) τ

3

t− j τ
3

Ẋ >(s)Z jẊ (s)ds.

(C.4)
Applying Jensen’s inequality1 to the right side of (C.4), we arrive at

V̇j(t)≤X >
(

t− ( j−1)
τ

3

)
Q jX

(
t− ( j−1)

τ

3

)
−X >

(
t− j

τ

3

)
Q jX

(
t− τ

3

)
+

τ

3

[
X >(t)A >(η)Z jA (η)X (t)+X >(t)A >(η)Z jAdX (t− τ)

+X >(t− τ)A >
d Z jA (η)X (t)+X >(t− τ)A >

d Z jAdX (t− τ)

]

− 3
τ

∫ t−( j−1) τ
3

t− j τ
3

Ẋ >(s)dsZ j

∫ t−( j−1) τ
3

t− j τ
3

Ẋ (s)ds.

(C.5)
1For any positive definite matrix M ∈ Rn×n, scalar τ > 0 and function φ ∈ C ([−τ,0],Rn), assuming that

the integrations concerned are well defined, the inequality holds [68]:

τ

∫ 0

−τ

φ
>(s)Mφ(s)ds≥

∫ 0

−τ

φ(s)dsM
∫ 0

−τ

φ
>(s)ds.
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It follows that

V̇ (t)≤X >
[
A >(η)P(η)+P(η)A (η)+ Ṗ(η)

]
X (t)

+X >(t− τ)A >
d P(η)X (t)+X >(t)P(η)AdX (t− τ)

+
3

∑
j=1

[
X >

(
t− ( j−1)

τ

3

)
Q jX

(
t− ( j−1)

τ

3

)
−X >

(
t− j

τ

3

)
Q jX

(
t− τ

3

)]

+
3

∑
j=1

τ

3

[
X >(t)A >(η)Z jA (η)X (t)+X >(t)A >(η)Z jAdX (t− τ)

+X >(t− τ)A >
d Z jA (η)X (t)+X >(t− τ)A >

d Z jAdX (t− τ)

]

−
3

∑
j=1

3
τ

[∫ t−( j−1) τ
3

t− j τ
3

Ẋ >(s)dsZ j

∫ t−( j−1) τ
3

t− j τ
3

Ẋ (s)ds
]
.

(C.6)
The Leibniz-Newton formula provides

X
(

t− ( j−1)
τ

3

)
−X

(
t− j

τ

3

)
−
∫ t−( j−1) τ

3

t− j τ
3

Ẋ (t)ds = 0, j = 1,2,3. (C.7)

Introducing the free weighting matrices ([90]) G j ∈R(4Nn−4κn)×(Nn−κn), j = 1,2,3, we
have

ξ
>G j

[
X
(

t− ( j−1)
τ

3

)
−X

(
t− j

τ

3

)
−
∫ t−( j−1) τ

3

t− j τ
3

Ẋ (t)ds
]
= 0, (C.8)

and [
X
(

t− ( j−1)
τ

3

)
−X

(
t− j

τ

3

)
−
∫ t−( j−1) τ

3

t− j τ
3

Ẋ (t)ds
]

G>j ξ = 0, (C.9)

where ξ =
[
X >(t) X > (t− τ

3

)
X > (t− 2τ

3

)
X > (t− τ)

]> and j = 1,2,3.

Adding the terms on the left side of (C.8) and (C.9) to the right side of (C.6), yields

V̇ ≤ ξ̄
>


Φ

τ

3 G1
τ

3 G2
τ

3 G3
τ

3 G>1 − τ

3 Z1 0 0
τ

3 G>2 0 − τ

3 Z2 0
τ

3 G>3 0 0 − τ

3 Z3

 ξ̄
>, (C.10)
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with ξ̄ =
[
ξ> 3

τ

∫ t
t− τ

3
Ẋ >(s)ds 3

τ

∫ t− τ
3

t− 2τ
3

Ẋ >(s)ds 3
τ

∫ t−τ

t− 2τ
3

Ẋ >(s)ds
]>

, and the

matrix Φ is defined as below

Φ := Φ1 +He
(

Λ0P(η) ¯A +
3
∑
j=1

G jΛ j

)
+ ¯A >

(
τ

3

3
∑
j=1

Z j

)
¯A ,

Φ1 := diag
(

Q1 +
∂P(η)

∂η
η̇ ,−Q1 +Q2,

−Q2 +Q3,−Q3

)
,

¯A :=
[

A (η) 0 0 Ad
]
,

Λ0 :=
[

I 0 0 0
]>

,
Λ1 :=

[
I −I 0 0

]
,

Λ2 :=
[

0 I −I 0
]
,

Λ3 :=
[

0 0 I −I
]
,

(C.11)

where He(A) := (A+A>).

That is, when the following inequality holds, V̇ < 0, which ensures the stability of the
system (4.14) 

Φ
τ

3 G1
τ

3 G2
τ

3 G3
∗ − τ

3 Z1 0 0
∗ ∗ − τ

3 Z2 0
∗ ∗ ∗ − τ

3 Z3

< 0. (C.12)



Appendix D

Invariant set of coupled
Hindmarsh-Rose neurons

In this appendix, it is proved that an invariant set exists in the state space of a network
of delay-coupled Hindmarsh-Rose neurons. Besides, the method to compute such an
invariant set is given. This work is inspired by [106] where networks of Hindmarsh-
Rose neurons interconnected via delay free coupling are considered.

Here, a network of N Hindmarsh-Rose neurons of the following form is considered

ẋi,1(t) = c−dx2
i,3(t)− xi,1(t),

ẋi,2(t) = r(s(xi,3(t)+ v0)− xi,2(t)),

ẋi,3(t) =−ax3
i,3(t)+bx2

i,3(t)+ xi,1(t)− xi,2(t)+Em +ui(t),

yi(t) = xi,3(t),

(D.1)

where i = 1,2, . . . ,N.

The coupling between the neurons is given by

ui(t) = k
N

∑
j=1

ai, j(y j(t− τ)− yi(t)), (D.2)

where k > 0 is the coupling strength, ai, j is the i jth entry of the adjacency matrix A,
and τ > 0 is the time-delay.
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The state space of the network is C ([−τ,0],R3N), and the state x(t +θ) is defined as

x(t +θ) =

x1(t +θ)
...

xN(t +θ)

 , (D.3)

where xi(t +θ) = [xi,1(t +θ) xi,2(t +θ) xi,3(t +θ)]>, θ ∈ [−τ,0], i = 1,2, . . . ,N.

D.1 Existence of invariant set

In what follows, the existence of an invariant set in the state space of N delay-coupled
neurons is proved.

First, recall that the Hindmarsh-Rose neuron is semipassive, which indicates that
each neuron has an invariant set when uncoupled (ui = 0). That is, there exists a
box B := [xl,1,xh,1]× [xl,2,xh,2]× [xl,3,xh,3] ∈ R3 that is positively invariant under the
dynamics of an uncoupled neuron with xl,p and xh,p, p = 1,2,3, being constant real
numbers.

Second, it can be shown that the set BI = {x(t +θ) ∈ C ([−τ,0],R3N) |xl, j ≤ xi, j(t +
θ)≤ xh, j, i= 1, . . . ,N, j = 1,2,3,∀θ ∈ [−τ,0]} is a positively invariant set of a network
of N neurons coupled via the invasive coupling (D.2).

Suppose N uncoupled neurons are initialized inside this invariant set B at time t0. At
time t1 (t1 > t0 + τ), the neurons are coupled via the invasive coupling (D.2). It can be
shown that the values of state variables of each neuron will remain within the box B as
of time t1.

From (D.1), it can be seen that the input ui only has a direct impact on the third state
variable xi,3. Therefore, the following analysis begins with xi,3.

Consider the two following extreme cases:

1. The state variable xi,3 reaches the upper boundary of the box B at time t1, i.e.,
xi,3(t1) = xh,3(t1).

Since B is an invariant set for the uncoupled neuron, we have

−ax3
i,3(t)+bx2

i,3(t1)+ xi,1(t1)− xi,2(t1)+Em ≤ 0. (D.4)

In addition, we have

x j,3(t1− τ)≤ xh,3 = xi,3(t1),∀ j = 1, . . . ,N, (D.5)
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leading to

ui(t1) = k
N

∑
j=1

ai, j(x j,3(t1− τ)− xi,3(t))≤ 0. (D.6)

Combining (D.4) with (D.6) yields

ẋi,3(t1) =−ax3
i,3 +bx2

i,3(t1)+ xi,1(t1)− xi,2(t1)+Em +ui(t1)≤ 0. (D.7)

Therefore, xi,3 cannot cross the upper boundary.

2. The state variable xi,3 reaches the lower boundary of the box B at time t1, i.e.,
xi,3(t1) = xl,3.

Since B is an invariant set for the uncoupled neuron, we have

−ax3
i,3(t1)+bx2

i,3(t1)+ xi,1(t1)− xi,2(t1)+Em ≥ 0. (D.8)

In addition, we have

x j,3(t1− τ)≥ xl,3 = xi,3(t1),∀ j = 1, . . . ,N, (D.9)

leading to

ui(t1) = k
N

∑
j=1

ai, j(x j,3(t1− τ)− xi,3(t))≥ 0. (D.10)

Combining (D.8) with (D.10) yields

ẋi,3(t1) =−ax3
i,3 +bx2

i,3(t1)+ xi,1(t1)− xi,2(t1)+Em +ui(t1)≥ 0. (D.11)

Therefore, xi,3 cannot cross the lower boundary.

So, it can be concluded that xi,3 will stay between the boundaries. Meanwhile, since ui
does not appear in the first two equations in (D.1), it has no direct immediate influence
on the state variables xi,1 and xi,2, which indicates they will also stay inside the box.
By putting all these observations together, it can be concluded that BI is an invariant
set of the N neurons coupled via (D.2).
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D.2 Computation of invariant set

The invariant set BI is actually determined by the values of six constants xl,p and
xh,p, p = 1,2,3 in the invariant box B. These constants satisfy the following conditions

c−dx2
i,3− xh,1 ≤ 0, ∀xi,3 ∈ [xl,3,xh,3],

−c+dx2
i,3 + xl,1 ≤ 0, ∀xi,3 ∈ [xl,3,xh,3],

r(s(xi,3 + v0)− xh,2)≤ 0, ∀xi,3 ∈ [xl,3,xh,3],

−r(s(xi,3 + v0)− xl,2)≤ 0, ∀xi,3 ∈ [xl,3,xh,3],

−ax3
h,3 +bx2

h,3 + xi,1− xi,2 +Em ≤ 0, ∀(xi,1,xi,2) ∈ [xl,1,xh,1]× [xl,2,xh,2],

ax3
l,3−bx2

l,3− xi,1 + xi,2−Em ≤ 0, ∀(xi,1,xi,2) ∈ [xl,1,xh,1]× [xl,2,xh,2].

(D.12)

First, because the second and third inequalities are linear, we can set

xh,2 = s(xh,3 + v0),

xl,2 = s(xl,3 + v0).
(D.13)

Second, we note that
xh,1 = c. (D.14)

Thus, xl,1, x3,l , and x3,h should satisfy

−ax3
h,3 +bx2

h,3 + c− s(xl,3 + v0)+Em ≤ 0,

ax3
l,3−bx2

l,3− xl,1 + s(xh,3 + v0)−Em ≤ 0,

−c+5max{x2
3,l ,x

2
3,h}+ xl,1 ≤ 0,

(D.15)

Finally, to find the smallest possible invariant box B, the values of xl,1, x3,l , and x3,h
are then determined by minimizing

V (xl,1,x3,l ,x3,h) = (x3,h− x3,l)
2, (D.16)

subject to the constraints (D.15).

Substituting a= 1, b= 3, c= 1, d = 5, Em = 3.25 and v0 = 1.618 into this optimization
problem and solving it with the MATLAB nonlinear programming solver fmincon, we
obtain the invariant box B for each neuron in the example of Chapter 4:

B= [−73.0705,1]× [−3.6994,3.8489]× [−8.3256,21.8676]. (D.17)



Appendix E

Proof of Theorem 5.4.1

Proof. Considering a Lyapunov-Krasovskii functional

v(Xt) = X >(t)PX (t)+
∫ 0

−τ

X >(t +θ)e2σθ QX (t +θ)dθ , (E.1)

we have
α1‖X (t)‖2 ≤ v(Xt)≤ α2‖Xt‖2

s . (E.2)

where α1 = λmin(P) and α2 = λmax(P)+ τλmax(Q).

Then

d
dt

v(Xt) =2X >(t)P[F(X (t),Xr(t))− kA0X (t)+ kA1X (t− τ)+Ξ(t,τ,∆)]

+X >(t)QX (t)−X >(t− τ)e−2στ QX (t− τ)

−2σ

∫ 0

−τ

X >(t +θ)e−2σθ QX (t +θ)dθ .

(E.3)
Here, 2X >(t)PΞ(t,τ,∆)≤ 2‖X (t)‖‖P‖‖Ξ‖, which implies

2X >(t)PΞ(t)≤ 2
γ‖P‖√

α1

√
v(Xt).

The other term satisfies

2X >(t)PF(X (t),Xr(t))≤ 2‖X >(t)‖‖P‖L‖X (t)‖ ≤ 2
v(Xt)

α1
‖P‖L.
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Then, we arrive at

d
dt v(Xt)≤

[
X (t)

X (t− τ)

]>
M (P,Q)

[
X (t)

X (t− τ)

]
−2σ

∫ 0
−τ

X >(t +θ)e2σθ QX (t +θ)dθ

+2 γ‖P‖√
α1

√
v(Xt)+2 ‖P‖L

α1
v(Xt).

Note that the functional can be rewritten as

v(Xt)=

[
X (t)

X (t− τ)

]> [ P 0
0 0

][
X (t)

X (t− τ)

]
+
∫ 0

−τ

X >(t+θ)e2σθ QX (t+θ)dθ .

So we can derive

d
dt v(Xt)+2

(
σ − L‖P‖

α1

)
v(Xt)−2 γ‖P‖√

α1

√
v(Xt)

≤
[

X (t)
X (t− τ)

]>(
M (P,Q)+2σN (P)

)[ X (t)
X (t− τ)

]
,

(E.4)

with M (P,Q) and N (P) defined in Theorem 5.4.1.

We can conclude from the above arguments that if condition (7) holds, then

d
dt

v(Xt)≤−2
(

σ − L‖P‖
α1

)
v(Xt)+2

γ‖P‖√
α1

√
v(Xt). (E.5)

If L < α1
‖P‖σ = λmin(P)

λmax(P)
σ , it can be shown that

‖Xt‖ ≤
√

λmax(P)+ τλmax(Q)√
λmin(P)

e
−
(

σ− Lλmax(P)
λmin(P)

)
t‖Ψ‖s

+
γλmax(P)

σλmin(P)−Lλmax(P)

(
1− e

−
(

σ− Lλmax(P)
λmin(P)

)
t
)
.

(E.6)

It follows that if L < λmin(P)
λmax(P)

σ , the system (5.12) is practically stable with µ and T
chosen as below:
for ‖Ψ‖s ≤ γλmax(P)

(σ− Lλmax(P)
λmin(P)

)
√

λmin(P)[λmax(P)+τλmax(Q)]
,

µ = β (γ) =
γλmax(P)

σλmin(P)−Lλmax(P)
,

T = 0,

(E.7)
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for ‖Ψ‖s >
γλmax(P)

(σ− Lλmax(P)
λmin(P)

)
√

λmin(P)[λmax(P)+τλmax(Q)]
,

µ = β (γ) =
kµ γλmax(P)

σλmin(P)−Lλmax(P)
,

T =
1

σ − Lλmax(P)
λmin(P)

ln

((
σ − Lλmax(P)

λmin(P)

)√
λmin(P)[λmax(P)+ τλmax(Q)]‖Ψ‖s− γλmax(P)(

σλmin(P)−Lλmax(P)
)
µ− γλmax(P)

)
,

(E.8)

where kµ satisfies the condition 1 < kµ <

(
σ− Lλmax(P)

λmin(P)

)√
λmin(P)[λmax(P)+τλmax(Q)]‖Ψ‖s

γλmax(P)
,

and ‖Ψ‖s is the supremum norm ‖Ψ(θ)‖s := supθ∈[0−τ] ‖Ψ(θ)‖.





Appendix F

Proof of Theorem 5.4.2

Proof. Consider the Lyapunov-Krasovskii functional

v(Xt) = X >(t)PX (t)+
∫ t

t−τ

X >(θ)e2σ(θ−t)QX (θ)dθ

+τ

∫ 0

−τ

∫ t

t+s
Ẋ >(θ)e2σ(θ−t)ZẊ (θ)dθds.

(F.1)

It follows from (F.1) that

α1‖X (t)‖2 ≤ v(Xt)≤ α2‖Xt‖2
W , (F.2)

where α1 = λmin(P) and α2 = λmax(P)+ τλmax(Q)+ τ3

2 λmax(Z). The norm ‖Xt‖W is
given by ‖Xt‖W = max{‖Xt‖s,‖Ẋt‖s} as in (2.7).

Differentiating (F.1) with respect to time t yields

v̇(Xt)≤ 2X >(t)P(F(X (t),Xr(t))− kA0X (t)+ kA1X (t− τ)+n(t,τ,∆))

+X >(t)QX (t)− e−2στX >(t− τ)QX (t− τ)

−2σ

∫ t

t−τ

X >(θ)e2σ(θ−t)QX (θ)dθ

+τ
2Ẋ >(t)ZẊ (t)− τe−2στ

∫
τ

t−τ

Ẋ >(θ)ZẊ (θ)dθ

−2στ

∫ 0

−τ

∫ s

t+s
Ẋ >(θ)e2σ(θ−t)ZẊ (θ)dθds.
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Using Jensen’s inequality, it follows that

v̇(Xt)≤2X >(t)P(F(X (t),Xr(t))− kA0X (t)+ kA1X (t− τ)+Ξ(t,τ,∆))

+2σX >(t)PX (t)+X >(t)QX (t)− e−2στX >(t− τ)QX (t− τ)

+ τ
2Ẋ >(t)ZẊ (t)− e−2στ(X (t)−X (t− τ))>Z(X (t)−X (t− τ))

−2σv(Xt).
(F.3)

With the inequalities (5.27) in mind, we have, for any diagonal matrix V > 0,[
X (t)

F(X (t),Xr(t))

]> [F1V −F2V
∗ V

][
X (t)

F(X (t),Xr(t))

]
≤ 0.

On the other hand, we have from (5.28) that
X (t)

X (t− τ)
F(X (t),Xr(t))

Ξ(t,τ,∆)


> [

Θ+H1PH2 +H>2 PH>1 + τ
2H>2 ZH2

]
X (t)

X (t− τ)
F(X (t),Xr(t))

Ξ(t,τ,∆)

< 0.

(F.4)
Combining (F.3) with (F.4), we can conclude

v̇(Xt)<−2σv(Xt)+Ξ(t,τ,∆)>WΞ(t,τ,∆).

Hence
v̇(Xt)<−2σv(Xt)+λmax(W )γ2.

Using Grönwall’s inequality, we arrive at

v(Xt)< v(Ψ)e−2σt − γ2

2σ
λmax(W )(e−2σt −1). (F.5)

Now, it follows from (F.2) that

‖Xt‖ ≤
√

γ2

2σα1
λmax(W )+ e−2σt

(
α2

α1
‖Ψ‖2

W −
γ2

2σα1
λmax(W )

)
. (F.6)

Observe that for an initial condition Ψ such that ‖Ψ‖W ≤ γ

√
λmax(W )

2σα2
we have

‖Xt‖ ≤ µ = γ

√
λmax(W )

2σα1
, ∀t ≥ 0. (F.7)
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For an initial condition Ψ such that ‖Ψ‖W > γ

√
λmax(W )

2σα2
, we have

‖Xt‖ ≤ µ, ∀t ≥ T (µ,Ψ), (F.8)

where µ = kµ γ

√
λmax(W )

2σα1
,1< kµ < 1

γ

√
2σα2

λmax(W )‖Ψ‖W , and the time T (µ,Ψ) is obtained
from the condition

0 < e−2σt
(

α2

α1
‖Ψ‖2

W −
γ2

2σα1
λmax(W )

)
< µ

2− γ2

2σα1
λmax(W ), (F.9)

thus,

T =
1

2σ
ln
(

2σα2‖Ψ‖2
W − γ2λmax(W )

2σα1µ2− γ2λmax(W )

)
. (F.10)





Appendix G

Proof of semi-passivity of
System (5.5)

Equation (5.5) is of the form (5.1) with{
ẋi(t) = f (xi(t))+Biui(t),
yi(t) =Cixi(t),

(G.1)

where

xi =

[
xi,1
xi,2

]
, yi =

[
yi,1
yi,2

]
, ui =

[
ui,1
ui,2

]
,

f (xi) =

[
0.2xi,1 + xi,2−10xi,1(x2

i,1 + x2
i,2)

−xi,1 +0.2xi,2−10xi,2(x2
i,1 + x2

i,2)

]
, Bi =

[
0 1
1 0

]
, Ci =

[
1 0
0 1

]
.

Define the so-called storage function V (xi) as

V (xi) =
1
2
(x2

i,1 + x2
i,2), (G.2)

and the scalar function S(xi) as

S(xi) =−0.4V (xi)+40V 2(xi), (G.3)

which is positive outside the ball B = {xi ∈ R2| V (xi)≤ 0.01}.
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Then, we have

V̇ (xi) = xi,1ui,2 + xi,2ui,1−
[
0.2(x2

i,1 + x2
i,2)+10(x2

i,1 + x2
i,2)

2]
= y>u+0.4V (xi)−40V 2(xi)

≤ y>u−S(xi).

That is, the condition (2.2) is satisfied.



Appendix H

Solution of LMIs (5.28) in the
example of Section 5.5

P =


19.6194 1.8757 4.7948 2.5742
1.8757 19.8934 0.9150 7.3896
4.7948 0.9150 17.8032 10.0527
2.5742 7.3896 10.0527 23.7725

 ,

Q =


11.1995 2.3924 1.2749 0.5651
2.3924 9.2019 0.5942 3.8496
1.2749 0.5942 8.6784 4.5230
0.5651 3.8496 4.5230 15.9833

 ,

Z =


0.2907 0.0351 0.2097 0.0774
0.0351 0.3373 0.1165 0.4194
0.2097 0.1165 0.2348 0.2100
0.0774 0.4194 0.2100 0.6446

 ,

V =


350.6328 0 0 0

0 386.4757 0 0
0 0 16.2167 0
0 0 0 148.6860

 ,

W =


354.5293 0.9549 −135.9724 −19.9116

0.9549 410.8246 −24.8248 −116.4935
−135.9724 −24.8248 391.4282 64.0708
−19.9116 −116.4935 64.0708 302.1782

 .
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Appendix I

Model predictive control

This appendix briefly introduces model predictive control (MPC) which is used to
achieve vehicle platooning in Chapter 7. MPC is one of the most successful and
popular control methods. It is able to control a process with optimal control efforts
while accounting for constraints.

The basic idea of MPC consists of two parts: 1) predict the future evolution of the
controlled system over a finite time horizon using a so-called prediction model; 2)
compute the optimal control input by minimizing an objective function while satisfying
the system constraints. More precisely, MPC solves an optimization problem at each
sampling instant and applies the first part of the computed optimal input to the system
until the next sampling instant, and then repeats the procedure at the next sampling
instant. The prediction model is a discrete time model obtained by discretizing the
continuous time model of the controlled system.

Consider a controlled system of the following form

ẋ(t) = fc(x(t),u(t)),

y(t) = gc(x(t),u(t)),
(I.1)

where x(t) ∈ X ⊂ Rn, u(t) ∈ U ⊂ Rm, and y ∈ Rm are the vector of states, inputs,
and outputs, respectively. The sets X and U denotes the feasible states and inputs
determined by the state and control input constraints, respectively. To employ MPC
controllers, (I.1) is transformed into a discrete time model

x(k+1) = f (x(k),u(k)),

y(k) = g(x(k),u(k)),
(I.2)
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where x(k) = x(kts), y(k) = y(kts) and u(k) = u(kts), k ∈ Z≥0, ts > 0, are the values of
continuous time signals x(t), y(t) and u(t) at sampling instant kts respectively, and ts
represents the sampling period. The functions f and g can be determined based on the
functions fc and gc. It is straightforward that g = gc. For example, consider a linear
continuous time system represented by the following state space model

ẋ(t) = Acx(t)+Bcu(t),

y(t) =Ccx(t)+Dcu(t),
(I.3)

where A ∈ Rn×n, B ∈ Rn×m, C ∈ Rm×n, and D ∈ Rm×m. The corresponding discrete
time model constructed by using the zero-order hold1 method is given by

ẋ(k+1) = Ax(k)+Bu(k),

y(k) =Cx(k)+Du(k),
(I.5)

where A = eActs , B =
∫ ts

0 eAcθ dθBc, C =Cc, D = Dd , see [125].

With the discrete model (I.2) ready, one can then design an MPC controller for the
controlled system.

A general formulation of the MPC control problem is:

min
u(·|k)

[
N1−1

∑
j=0

J1(y( j+ k|k))+
N2−1

∑
j=0

J2(u( j+ k|k))
]

(I.6)

subject to y(k|k) = y(k), (I.7)

x(k+ j+1|k) = f (x(k+ j|k),u(k+ j|k)), (I.8)

y(k+ j|k) = g(x(k+ j|k),u(k+ j|k)), (I.9)

x(k+ j|k) ∈ X, (I.10)

u(k+ j|k) ∈ U. (I.11)

Here, the vector y(k)∈Rm is the output measured at time instant k, and x(k+ j|k)∈Rn

is the prediction of state at the time instant k+ j calculated at the time instant k. The
vector u(k+ j|k) ∈ Rm is the control input at the time instant k+ j calculated at the

1Zero-order hold is an algorithm to reconstruct continuous time signals from discrete time signals:

x(t) = x(k), kts ≤ t < (k+1)ts, (I.4)

where x(k), k = 0,1,2, . . . ,n represents a discrete time signal, x(t) represents the reconstructed continuous
time signal, and ts is the sampling period, see [134].
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time instant k. The prediction model given by (I.8) and (I.9) (i.e., (I.2)) describes the
dynamics of the system. The objective function is given by (I.6). The equations (I.10)
and (I.11) represent the constants imposed on the states and control inputs, respectively.
The numbers N1 and N2 are two key design parameters, called the prediction horizon
and control horizon, respectively. The MPC controller becomes more aggressive when
N1 decreases or N2 increases [135]. After solving this optimization problem, the first
part of the computed optimal input u∗(k|k) is applied. This procedure is repeated at
each time instant.

Solving the optimization problem (I.6) – (I.11) may be challenging depending on
the property of system dynamics, the choice of the objective function, the form of
constraints, etc. Typically, convex quadratic objective functions are chosen. The
advantage of adopting a convex quadratic objective function is that when subject to
linear constraints, the optimization problem with such an objective function is also
convex, and therefore is numerically tractable. This type of optimization problems
can be efficiently solved by, for example, the active set method or interior point
method [136, 137].
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