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Abstract—High-speed slotted permanent magnet (PM)
machines are characterized by high power density and
high efficiency, which makes them widely used in different
applications. Consequently, fast and accurate models which
predict their behaviour are highly required. Eddy current
effects which, due to the existence of slots, are present
even at no-load conditions, impose long solving time for
finite element models (FEM). As an alternative, this paper
presents a harmonic model (HM) for the calculation of
no-load magnetic field in high-speed slotted permanent
machines. Beside having inherently shorter solving time
than FEM, HM proposed in this paper brings additional
reduction in the model size and solving time. This is
achieved by identifying harmonic components which ac-
tually contribute to the electromagnetic field. Components
which make no contribution, but are present in the generic
field solution, are eliminated from the model.

Keywords—High-speed permanent magnet machines,
eddy currents, slotting effect, finite element model, harmonic
model, semi-analytical model, no-load magnetic field.

I. INTRODUCTION

No-load magnetic field in permanent magnet (PM)
machines is required for the calculation of the induced
electromotive force (emf), electromagnetic torque and
eddy current losses due to slotting effect. A fast and
accurate tool for the field calculation is the harmonic
modeling (HM) method [1]. The modeling of the
no-load field of slotless high-speed PM machines using
the harmonic model (HM) is relatively straightforward
[2], [3]. Due to the smooth stator surface, there are no
other spatial harmonics introduced in the air-gap field
except those present in the magnetization and therefore
there are no eddy-currents in the rotor. However, in
slotted machines the interaction between the magnet
and the stator teeth introduces additional harmonic
components. How the rotor moves and alternately passes
teeth and slot openings, the magnetic field experienced

in the rotating reference frame changes, causing eddy
currents in the rotor.

To model eddy currents using the HM, the frequency
at which the electromagnetic field varies in the domain
with eddy currents needs to be known. If magnetic
field originates from the stator currents, the rate of
change of the field is determined by the frequency of
the currents [4]. If the excitation is the rotor magnet, the
rate of change of the total field is proportional to the
product of the rotor mechanical speed and the number
of slots. In the latter case, however, the frequency
associated to individual spatial harmonic components
in the HM, required for the implementation, is not
known in advance. This paper demonstrates a procedure
to determine this frequency. Initially, a magnetostatic
model of a benchmark machine is solved. Using this
solution for 2 different rotor positions, the required
frequency for different spatial harmonic components
is obtained. Then, the full HM with included eddy
currents is implemented. To make the model smaller
in size, computationally more efficient and stable,
the magnetostatic model is also used to predict and
eliminate harmonics component which do not contribute
to the field.

The benchmark machine, used for the verification
of the model is shown in Figure 1, while its parameters
are listed in Table I. It has a fully cylindrical magnet
on the rotor, magnetized diametrically and contained
in a metallic retaining sleeve. Although it utilizes
concentrated coils, this topology is not characterized
by a rich spatial harmonic content of the armature
electromagnetic field in the air-gap [5], which allows
it to be used for the high-speed operation [6], [7]. To
decrease the complexity of the model, it is assumed
that slot openings and slots have the same width equal



Fig. 1. Benchmark high-speed machine used for the verification of
the developed model.

TABLE I. PARAMETERS OF THE BENCHMARK HIGH-SPEED
MACHINE.

Parameter Symbol Value Unit
Fundamental frequency f0 4 kHz
Relative permeability of the magnet µrm 1.035 -
Electric conductivity of the magnet σm 6.25·105 S/m
Remanent flux density of the magnet Brem 1.19 T
Relative permeability of the sleeve µrs 1 -
Electric conductivity of the sleeve σs 8.33·105 S/m
Number of turns per phase N 68 -
Slot opening width sin 10 degree
Axial length ls 25 mm
Magnet radius rm 5.5 mm
Sleeve outer radius rsl 7.5 mm
Stator inner radius rsi 9 mm
Slot outer radius rsb 24 mm
Yoke outer radius ryo 32 mm

to sin given in Table I. Therefore, each slot and the
corresponding slot opening are merged into a single
slot region. This is commonly used assumption made in
the HM, and typically does not introduce a significant
error in the calculation of the magnetic field in the
air-gap and the rotor [1]. Furthermore, the stator iron is
considered to be infinitely permeable and the field in
iron is not modeled. The magnetic field is assumed to
be 2-dimensional, described in polar coordinates.

II. MAGNETOSTATIC MODEL

The harmonic modeling method is based on the analytical
solution of the governing equation in terms of the mag-
netic vector potential, which is derived from Maxwell’s
equations. For the no-load magnetostatic situation (no
imposed current density or eddy current density) and
considered magnetization pattern, the governing equation
is given by [8]

∇2Az = 0. (1)

The single existing component of the vector potential,
the axial one, is indicated by Az [Wb/m]. Equation (1)

is valid in all regions of the machine where the field is
calculated. Its general solution valid in the magnet region
can be written using the complex Fourier series as

Am
z (r, θr) =

∞∑
kp=−∞

C̄m

(
r

rm

)|kp|
ejkpθr . (2)

In the retaining sleeve the general solution has the
following form

As
z(r, θr) =

∞∑
kp=−∞

(
C̄s

(
r

rsl

)kp

+ D̄s

(
r

rsl

)−kp
)
ejkpθr ,

(3)

and equivalently in the air-gap

Ag
z(r, θr) =

∞∑
kp=−∞

(
C̄g

(
r

rsi

)kp

+ D̄g

(
r

rsi

)−kp
)
ejkpθr .

(4)

In (2)-(4), r and θr are the radial coordinate and the
circumferential coordinate in the rotor reference frame,
respectively, while radii used for the normalization of
the solution are given in Table I. Terms C̄m, C̄s, D̄s,
C̄g, D̄g are unknown complex constants. If Np is the
maximum value that kp takes during the implementation
of the model, expressions (2)-(4) contain 10Np constants
in total. Expressions (3) and (4) have identical form,
and the retaining sleeve and the air-gap could be
modeled as a single region in the magnetostatic model,
simplifying it and decreasing its size. However, these
regions have to be modeled separately in the model with
eddy currents. The model size reduction, shown in the
following section, is illustrated using the magnetostatic
model. However, it is equally valid for the model with
eddy currents. Therefore, the sleeve and the air-gap are
modeled as separate regions even in the magnetostatic
model, to clearly demonstrate the benefits of the
reduction of the model size, which are also utilized in
the model including eddy currents.

The general solution of (1), valid in each slot denoted
by index i, is given by the real Fourier series as

Aui
z (r, θisl) =

∞∑
knp=1

Ciu( r

rsb

)knpπ
sin

+Di
u

(
r

rsb

)−knpπ
sin


· cos

(
knpπ

sin
θisl

)
. (5)

Terms Ciu and Di
u are unknown constants in each slot,

while θisl is the circumferential coordinate in the local
slot reference frame, fixed to the edge of the slot. The
reference frame positioned in this way gives only the
cosine component for the vector potential in slots [9].



If Nnp is the maximum value that knp takes during the
implementation of the model, and Ns is the number of
slots, expression (5) contains 2NsNnp constants.

By using the definition of the magnetic vector potential
[10]

~B = ∇× ~A, (6)

and the constitutive relation for the permanent magnet
material

~B = µ0µr ~H + ~Brem, (7)

the radial magnetic flux density Br [T] and the circumfer-
ential magnetic field strength Hθ [A/m] can be expressed
in each region, respectively, as

Br(r, θ) =
1

r

∂Az(r, θ)

∂θ
, (8)

and

Hθ(r, θ) = − 1

µ

(
∂Az(r, θ)

∂r
+Bθrem(θ)

)
. (9)

In (9) Bθrem [T] is the circumferential component of
the remanent flux density. Bθrem in (9) models the
influence of the magnetization, despite it not being
explicitly present in (1). By utilizing (8) and (9), a
set of boundary condition equations can be defined,
respecting the continuity of Br and Hθ at radii which
separate different regions. At rm, rsl and rsb, boundary
conditions are valid for each individual spatial harmonic
component, since a single fundamental period is
used. At radius rsi, which separates the air-gap (with
the fundamental spatial period of 2π) and slots (the
fundamental spatial period 2sin), the situation is different.

Circumferential components of the magnetic field
strength in the air-gap (Hg

θ ) and each slot (Hui
θ ) are

equal over the boundary between the air-gap and the
corresponding slot. At the interface with infinitely
permeable teeth, Hg

θ is zero. If the expression for the
calculation of complex Fourier coefficients in the air-gap
is applied on this boundary condition, an equation
relating peak values of Hg

θ and Hui
θ can be written for

each value of kp as

ˆ̄Hg
θ(r = rsi, kp) =

Ns∑
i=1

∞∑
knp=1

Ĥui
θ (r = rsi)χ

i(kp, knp).

(10)

Function χi is evaluated as

χi(kp, knp) =
1

2π

δi+sin∫
δi

cos

(
knpπ

sin
θsl

)
e−jkpθrdθr, (11)

where δi is the position of the origin of the local slot
reference frame expressed in the rotor reference frame.

Radial components of the magnetic flux density in
each slot (Bui

r ) and the air-gap (Bg
r ) are equal over

boundaries between each slot and the air-gap. If the
expression for the calculation of the Fourier coefficients
of sine terms in slots is applied on these boundary
conditions, for each value of knp in each slot an equation
relating peak values of Bui

r and Bg
r can be written as

B̂ui
r (r = rsi, knp) =

∞∑
kp=−∞

ˆ̄Bg
r(r = rsi)ξ

i(knp, kp), (12)

where ξi is calculated as

ξi(knp, kp) =
2

sin

sin∫
0

ejkpθr sin

(
knpπ

sin
θisl

)
dθisl. (13)

Expressions (11) and (13) are evaluated using the fol-
lowing relation between θr, θisl and δi

θisl = θr − δi. (14)

The developed model is implemented for the benchmark
machine by setting Nnp at 5. To get the lowest possible
calculation error, Np is chosen according to [1], as

Np = Nnp
π

sin
, (15)

which sets Np at 90. This results with the model con-
taining 960 equations. The model is implemented for
the position in which the d-axis of the rotor is aligned
with one slot edge, with the calculation time of 0.25
seconds. The validation is done using 2D finite element
model (FEM), and results are shown in Figures 2 and
3, where the radial and circumferential components of
the air-gap flux density are shown. A good agreement is
achieved, with the discrepancy between RMS values of
the flux density components corresponding to the HM
and FEM of 0.07 % and 0.72 % for the radial and the
circumferential component, respectively.

III. MODEL SIZE REDUCTION

By analyzing previously derived magnetostatic field so-
lution, it is possible to decrease the calculation time
and the size of the model by reducing the number of
used equations, without losing accuracy. If harmonic
peak values of any field quantity in the air-gap region
are observed, at an arbitrary radius, it can be seen
that certain harmonic components have value zero. By
removing these components from the model, the number
of equations can be significantly reduced.
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Fig. 2. Radial component of the magnetic flux density in the air-gap,
at radius 8.5 mm.
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Fig. 3. Circumferential component of the magnetic flux density in
the air-gap, at radius 8.5 mm.

Table II shows index kp for first 9 harmonic components
having non-zero values in the permanent magnet field
model for the benchmark machine. Any pair of compo-
nents with the same absolute value of kp from Table II
contributes to a single spatial harmonic of order kpm.
Based on values shown in Table II it can be concluded
that machines having a magnet with diametrical magneti-
zation, beside the fundamental spatial harmonic, generate
in periodic regions spatial harmonics of following orders

kpm = pNs ± 1, (16)

where p is a positive integer, and Ns is the number
of slots. A formulation equivalent to (16) is also given
in [11]. The magnetostatic model is implemented once

TABLE II. INDEX kP OF NON-ZERO HARMONIC COMPONENTS
FOR THE BENCHMARK MACHINE.

kp ±1 ±5 ±7 ±11 ±13 ±17 ±19 ±23 ±25

more, considering only components which actually con-
tribute to the field in periodic regions, for which holds

kp = ±kpm. (17)

The maximum value of kpm corresponds to the value Np

used in the full model. The number of harmonics used
in each slot, Nnp, is also the same as in the full model.
The reduction in the number of equations leads to a
significant decrease in the calculation time and the size of
the model. Namely, the model of the benchmark machine
reduces to 370 equations, which is approximately 2.6
times lower than in the full model. Consequently, the
total number of elements in the system matrix (that has
to be inverted to obtain the unknown constants) decreases
more than 6.5 times. Additionally, the calculation time
reduces to 0.15 s. The model with included eddy currents,
which will follow, is therefore implemented only with the
reduced number of equations.

IV. TIME DEPENDENCY IN THE ROTATING

REFERENCE FRAME

The stator geometry is periodic in the circumferential di-
rection, with the fundamental spatial period equal to one
slot pitch. Therefore, the electromagnetic field expressed
in the rotor reference frame is the same in any 2 instants
of time which differ for the period required for the rotor
to change its position for one slot pitch. Therefore, the
frequency of variations of the electromagnetic field seen
by the rotor is given by

frot = Nsf0, (18)

where f0 [Hz] is the frequency corresponding to the
rotor mechanical speed. However, this is valid for
the total field, which is modeled as a summation
of different spatial harmonics. To properly include
time dependency in the electromagnetic field model,
frequencies associated to time variations of each spatial
harmonic component have to be known.

Expressions (2)-(4) can be more complectly represented
using the generic expression

Az(r, θr) =

∞∑
kp=−∞

ˆ̄Az(r, kp)ejkpθr , (19)

where the solution in the radial direction ˆ̄Az contains
unknown constants. If any of the constants is evaluated
for different rotor positions, it can be seen that its modu-
lus does not change with the position (and consequently
with time). Since only arguments of complex constants
change with the rotor position (and consequently with



time), any constant can, using a generic complex variable
C̄, be represented as

C̄(kp) = C̄0(kp)ejβ(kp,t), (20)

where C̄0 is a value of a complex constant at arbitrary
rotor position (arbitrary instant of time), while β repre-
sents time (position) dependent variable which describes
the change of the argument of C̄ with the position (and
consequently with time). If C̄θ0 represents the value of
C̄ at the initial rotor position θ0 (for time instant t = 0),
variable β can be represented as

β(kp, t) = lp(kp)ω0t, (21)

where lp is the time harmonic index which corresponds
to a single value of the spatial harmonic index kp, and ω0

is the fundamental angular frequency. Then, the generic
constant C̄ can be rewritten as

C̄(kp) = C̄θ0(kp)ejlp(kp)ω0t. (22)

By using the argument of any of the constants contained
in ˆ̄Az , lp corresponding to each spatial harmonic compo-
nent can be determined. This is illustrated in Figure 4,
where 2 time dependent sinusoidal waveforms S1 and S2
with corresponding frequencies ω1 and ω2 are shown.
Arguments of S1 at time instants t1 and t2 can be
expressed, respectively, as

arg(S1)(t = t1) = ω1t1; arg(S1)(t = t2) = ω1t2. (23)

Frequency ω1 can be obtained as

ω1 =
arg(S1)(t = t2)− arg(S1)(t = t1)

t2 − t1
. (24)

Equivalently, lp in the permanent magnet field model can
be obtained as

lp(kp) =
arg
(
C̄(kp)

)
(t = t2)− arg

(
C̄(kp)

)
(t = t1)

ω0(t2 − t1)
.

(25)

Software packages used for the implementation of

S1

t

S2

t1 t2

T2

t2 − t1

T1

Fig. 4. Determination of arguments of sinusoidal functions varying
in time at different frequencies.

the considered model typically give the value of the

argument of a complex number in the range between
−π and π. Therefore, the numerator of (25) will be
between −2π and 2π, within one period of the time
varying waveform. To ensure that (25) gives the correct
result, interval (t2− t1) has to be smaller than the period
of the considered time varying sinusoidal waveform,
like in the case of waveform S1 in Figure 4. If the
selected time interval (t2− t1) is too big for the targeted
frequency, (25) does not give a correct result. This
would be the case for waveform S2 shown in Figure 4,
where the chosen time interval (t2 − t1) is bigger than
period T2. For the benchmark machine, interval (t2− t1)
is chosen to be 1 µs. If it is assumed that the absolute
value of the numerator of (25) is 2π, time interval
of 1 µs would be sufficient to accurately determine
lp up to 250. However, the absolute value of the
numerator of (25) for some harmonic components will
be lower that 2π. Therefore, the maximum value of lp
that can be accurately determined is also lower than 250.

Values of lp obtained from (25) are shown in Table III
for harmonic components listed in Table II. By utilizing
lp, (19) can be rewritten as an explicit function of time
as

Az(r, θr, t) =
∞∑

kp=−∞

ˆ̄Aθ0z (r, kp)ej(kpθr+lp(kp)ω0t), (26)

where ˆ̄Aθ0z is the solution in the radial direction obtained
at the initial rotor position with constants corresponding
to the generic constant C̄θ0 . As lp is always a multiple

TABLE III. VALUES OF lP FOR THE BENCHMARK MACHINE
WITH CORRESPONDING VALUES OF kP .

kp ±1 ±5 ±7 ±11 ±13 ±17 ±19 ±23 ±25
lp 0 ±6 ±6 ±12 ±12 ±18 ±18 ±24 ±24

of the number of slots, results shown in Table III are in
accordance with (18). Combined representation of spatial
and time harmonics given by (26) is a very effective way
to model time dependency, since each spatial harmonic
is merged only with the corresponding time harmonic,
without using double summation.

V. MODEL WITH EDDY CURRENTS IN THE ROTOR

When eddy currents are considered in the magnet and the
retaining sleeve, the governing equation in these regions
is given by [2]

∇2Az − µ0µrσ
∂Az
∂t

= 0, (27)

while the governing equation in the air-gap and slots
is given by (1). To utilize certain boundary condition



expressions developed in the magnetostatic model, the
solution for the model with eddy currents can first be
given for the initial rotor position θ0, and then multiplied
by ejlpω0t to include the time dependency, as done in (26).
Solutions in the air-gap and slot regions remain the same
as given by (4) and (5). Therefore, correlation functions
χi and ξi can still be used. The general solution of (27)
for the initial rotor position, which holds in the magnet
region, is given by

Amθ0
z (r, θr) =

∞∑
kp=−∞

C̄θ0m Ikp(pmr)e
jkpθr . (28)

The general solution of (27) in the retaining sleeve for
the initial rotor position is

Asθ0
z (r, θr) =

∞∑
kp=−∞

(
C̄θ0s Ikp(psr) + D̄θ0

s Kkp(psr)
)
ejkpθr .

(29)

Terms C̄θ0m , C̄θ0s and D̄θ0
s represent unknown complex

constants for the initial rotor position, while Ikp and Kkp

are modified Bessel functions of the first and second
kind or order kp, respectively. Parameters pm and ps are
introduced as

pm =
√
jµ0µrmσmlpω0, (30)

and

ps =
√
jµ0µrsσslpω0, (31)

where µrm, µrs, σm and σs are introduced in Table I.
Expressions (28) and (29), which give the vector
potential as a real function, are valid for higher order
spatial harmonics, for which holds kp 6= ±1. For the
fundamental spatial component, for which kp = ±1
and lp = 0, the vector potential solution in the magnet
and in the air-gap is in the form given by (2) and (3),
respectively. After applying boundary conditions, by
following the same procedure as described in Section II,
the unknown constants can be obtained.

The model is implemented by utilizing the reduced set
of equations, in a same way as in Section III. The
initial position of the rotor is the same one used in
the implementation of the magnetostatic model, but the
time instant is set to 15 µs. The validation is again done
using 2D finite element model (FEM), and results for
the air-gap field are shown in Figures 5 and 6. Again,
a good agreement is achieved, with the discrepancy
between RMS values of the flux density components
corresponding to the HM and FEM being 0.06 % and
0.57 % for the radial and the circumferential component,
respectively. However, the model is solved for 0.46
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Fig. 5. Radial component of the magnetic flux density in the air-gap,
at radius 8.5 mm and t = 15 µs.
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Fig. 6. Circumferential component of the magnetic flux density in
the air-gap, at radius 8.5 mm and t = 15 µs.

seconds, which is 3 times longer than the solving time
of the corresponding magnetostatic model.

It is difficult to visually distinguish the difference
between the displayed results corresponding to the
magnetostatic model and the model including eddy
currents, and to recognize the effect of eddy currents.
For that reason, the distribution of eddy currents in the
sleeve at time instant of 15 µs, obtained by the HM and
FEM, is shown in Figure 7. The eddy current density is
calculated as

Jz,eddy(r, θr, t) = −σs
∂As

z(r, θr, t)

∂t
, (32)

where As
z is obtained by using (29) as

As
z(r, θr, t) = Asθ0

z (r, θr)e
jlp(kp)ω0t. (33)

VI. CONCLUSION

This paper has demonstrated an effective procedure
for modeling the no-load magnetic field in high-speed
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permanent magnet machines. The model which includes
eddy current effects has been built starting from the
magnetostatic model. It has been shown that non-
existing harmonic components can be removed from the
model in advance, which significantly decreases the size
of the model and reduces the solving time. However,
the model with included eddy currents requires higher
computational time than the corresponding magnetostatic
model.

The developed semi-analytical model, which has
been successfully validated by the finite element model,
is given as an explicit function of time. This allows
to further calculate the induced electromotive force.
Additionally, using the developed model it is possible
to calculate eddy current losses in the rotor due to the
slotting effect, as well as to investigate the behaviour
of the cogging torque due to the interaction of the
permanent magnet and stator teeth.
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