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1. Introduction 

This report presents a generalization of the model proposed by Coolen 

(1991b), and can be regarded as a sequel to that report. An introduction to 

imprecise probabilities can be found in Cool en (1991a, 1991b). 

The model generalizes the former versions, as the lower and upper densities 

are no longer restricted to be equal upto a constant factor, and some 

results are derived for the maximum imprecision. 

Within the Bayesian framework this general model allows wide classes of 

prior densities, with advantages clearly stated by Pericchi and Walley 

(1991). The price for the greater generality of the model is that more 

hyperparameters need to be assessed. 

As before, the imprecise densities follow the concept of intervals of 

measures, presented by DeRobertis and Hartigan (1981), and discussed by 

Walley (1991, ch. 4). 

In section 2 the model is introduced and results for the maximum imprecision 

are presented. In section 3 Bayesian inference is discussed, where the 

suggested form of the upper prior density allows the use of conjugate 

imprecise prior densities. 
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2. The Model and Max~um Dmprecision 

A real random variable X has a distribution with pdf f
x

(XI8), with 8eR for 

k 
ease of notation, but the results presented also hold for 8eR (ke~+), where 

8~(81' .. ,8
k
)· We write the imprecise prior densities 1 and u in the 

following form: 

where 1(8)~O and a(8)~O for all 8, and cO~O is a constant independent of 8. 

The results hold generally, as every u (with u(8)~1(8) for all 8) can be 

written in this form. We assume 1 and u to be continuous. 

8 
Let L(8): J l(w)dw, 

-0) 

0) 

L : ~ I 1 (w) dw, 
-0) 

8 
A(8) := J a(w)dw, 

-0) 

0) 

A: J a (w) dW, 
-0) 

8 
U(8) := J u(w)dw 

-0:> 

0) 

U := I u(w)dw = L+COA. 
-0) 

and 

It is also assumed that L, A and Co are finite. 

For the model proposed here, a can be multiplied by any positive constant, 

-1 
say K, and Co by K , without any effect on the results. Therefore, without 

loss of generality, one can choose K such that, for example, A=l or A=L or 

The imprecise cdf's that correspond to 1 and u are {Coolen C1991a)} 

L (e) + COA (8) 
L (8) 

and F (8) 
L 

F (8) 
L + C

O
[A-A(8)] 
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The corresponding prior imprecision is 

~(B) F(B) - F(e) 
Co {L (B) [A-A (9)] + A (B) [L-L (e) ]} + C~A (e) [A-A (B) J 

L 
2 + COLA + C~A (B) [A-A (e) ] 

Walley's measure of information {Walley (1991, ch.S) I becomes 

-1 L2 + COLA - Co (L(B) [A-A(9l] + A(e) [L-L(B»)} 
I (B) = ~ (B) -1 = -----------------::-------

Co{L(e) [A-A(B)] + A(e) [L-L(9)]} + C~A(e) [A-A(B)] 

{Refering to Co we will also use ~O(e) and IO(e) for ~(e) and I(B).} 

For trivial situations (such as A=O, L=O, cO=O or combinations thereof) the 

results are obvious {see Coolen (1991a)}. Therefore we consider only 

positive A, L and Co (unless stated otherwise) . 

Theorem 1 gives an upperbound for ~(B) . 

Theorem 1 

Proof 

U - L 
U 

1 -
L 

U 

~(B) s 
L(B) [A-A(e») + A(B) [L-L(B) J + COAle) [A-A(e)] A 
-------------------------------------------- s ~---

L 
2 + COLA + C~A (B) [A-A (e) ) L + COA 

2ALA(B) + A
2

L(B) - 2AA(B)L(B) - LA
2

(B) -

K = ALL(e) + L
2
A(B) - 2LA(B)L(B) - AL2. 

2 

and 

The proof is completed by showing that K1sO and K2SO for all 1 (L), a (A) 

and a. Using the relation 

AL(a) + LA(a) = AL + A(B)L(B) + [A-A(B)] [L(9)-L] twice, it follows that 
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K1 ALA (a) + A[A-A(a)] [L(a)-L] - AA(a)L(S) - LA
2

(S) 

ALA(a) + A[A-A(a)] [L(S)-L) - A(S) (AL + A(a)L(S) + (A-Aca») [L(a)-L)J 

-A
2

(a)L(a) + [A-A(S)]2[L(S)-L] S 0 {since OSA(a)SA and OSL(a)SL}, and 

L(AL + A(S)L(S) + (A-A(S)] [L(S)-LJ) - 2LA(S)L(a) - AL2 

L(-A(9)L(9) + [A-A(9)][L(9)-LJ) S o. 

* 

o 

Next, the unknown maximum value of ~(a), denoted by ~ is considered. A 

* * * * value a for which ~(9)=~ is denoted by a , so ~(a )=~ • The corresponding 

* * minimum information I(a ) is denoted by I . Let a be the median of the 
a 

distribution with cdf A (a) /A, so A(9
a

)=A/2, and S1 the median of the 

distribution with cdf L(S)/L, so L(Sl)=L/2 {we assume that these values 

unique, although the theory can be extended to allow situations in which 

more than one value of 9 leads to A(9)=A/2 or L(a)=L/2}. 

k 
For 9E~ , let Ma ;= {(a

1
,· .,a

k
) IA(9

I
, .. ,9

k
)=A/2} and 

MI ;= {(91 ,· .,ak ) IL(Sl" .,9k )=L/2). 

Corollary 2 

are 

From theorem 1 follows 
COA 

---------. There are only two situations for 
L + COA 

which the equality holds; 

COA * ~ 39: [A(S)=A A L(9)=O] v [A(a)=O A L(a)=L]. 

Proof 

This follows from the proof of theorem 1: 

For a given 9 f ~(a) = iff c 
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According to corollary 2, the maximum imprecision (when A and L are known) 

can be derived in two situations. If there exists a S such that A(S)=A and 

_ COA 
L{S}=O, then F(S)=O and F(S)=L+COA' while if there exists a S such that 

A(S)=O and L(S)=L, then F(S)= ___ L __ and F(S)=l. 
- L+COA 

* A lower bound for 6 is 

Lemma 3 

Proof 

C
O

LA/2 
6(S ) 

a L2 + COLA 

u - L 
U + L 

+ 
2 2 

COA /4 

+ 
2 2 

COA /4 

COA (2L+C
O

A) 

(2L+C
O

A) 
2 

COA 

L + COA 

k 
For SE~ I the imprecision takes this value for all SEM . 

a 

* 

o 

From the bounds for 6 , following from theorem 1 and lemma 3, corollaries 4, 

5 and 6 follow. 

Corollary 4 

Proof 

with L>O. o 
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Corollary 5 

* * I:::. L 21:::. L 

* * (1-11 )A (1-1:::. ) A 

Proof 

This follows from {remark that the assumption 

* that L, A and Co are positive implies that 0<1:::. <1}. 

Corollary 6 

L * ~ I ~ 
2L 

U - L . 

Proof 

o 

This follows from the definition of I(B) and the bounds for I:::. • Note that 
m 

* I(B)~I for all B. Cl 

* Theorem 7 states a useful result about the location of the unknown value B . 

k 
In this form theorem 7 only holds for BE~. The analogous result for aE~ is 

presented in theorem 9. 

Theorem 7 

* If BE~: min(aa,a
1

) ~ a ~ max(aa,B1 ). 

Proof 

This theorem follows by analysis of the first derivative of I:::. (a) : 

ll' (a) 

C
O

([A-2A(a)]K
3 

+ [L-2L(a)] K
4

1 

{L
2 + COLA + C~A(a) [A-A(B) 1}2 

7 
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K3 L
2
1(B) + C

O
L

2
a(B) + C

O
LA1(9) + C~L(9)A(9)a(B) + 

C~ [L-L (9») [A-A (9) ] a (9) + C~A (9) [A-A (B) ] 1 (B) and 

Under the assumption that L, A and Co are positive (restricted to 1(9»0 and 

a(9»0, both K3 and K4 are positive): 

* 9<min(9
a
,9

1
), so A>2A(9) and L>2L(B) ~ ~I (B»O, so 9<B i 

* 9>max(B
a

,9
1

), so A<2A(9) and L<2L(B) ~ ~I (9)<0, so B>B . 

The restriction to positive 1(9) and a(B) is allowed, as the possible 

situation that, for some 9<min(9
a

,B
1

) or 9>max(9
a
,9

1
), ~(B)=O caused by 

1(9)=a(B)=O, implies that 9 is an inflection (the sign of ~, (9) can only 

change for values of 9 between the medians) . o 

Corollary 8 

* * If Be~ and 9
a

=9
1

, then 9 =B
a

=9
1 

and ~ 

Proof 

This follows from theorem 7 and the proof of lemma 3. o 

The situation of corollary 8 occurs in the model proposed by Coolen (1991b), 

where a(9)=1(B) for all 9, so u(9)=c
0
1(B), with C

O
=c

O
+1. Then, corollary 8 

* leads to ~ 

c -1 o 
whereas theorem 1 states ~(9) :5 

-c -1 o 
for all 9. 

From corollaries 2 and 8 we can conclude that situations exist in which the 

* * above lower and upper bounds for ~ are taken by A . So, given L and A, 
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these are the sharpest possible bounds. 

k * * * For OeR an analogous result as theorem 7 is theorem 9. Let 0 =(0
1

, .. Ok)' 

M a : = {( 01 , .. , Ok) I A (01 , .. , Ok) <A/2 I , 

Theorem 9 

k 
If OeR : 

Proof 

o * * and o 

+ 
M 

a 

and 

For i=l, .. , k, 
dLl(O) 

is equal to Ll' (0) as presented in the proof of theorem 

7, with a(O) and 1(0) replaced by, respectively, 

and 

As in the proof of theorem 7, it is easily seen that: 

- -
so A(0)<A/2 and L(0)<L/2 

dLl(O) o e MallMl , => > 0 for all i=l, .. ,ki 

+ + so A(0»A/2 and L(0»L/2 
dLl(O) 

0 for all i=l, .. , k. o E MallMl , => < [] 
dO. 

~ 
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3. Bayesian Inference 

Next we discuss application within the Bayesian framework, as was suggested 

when introducing 1 and u as densities for the parameter 9. For practical 

purposes the according results for imprecise predictive densities will be 

important, as these directly relate to X, the random variable of interest. 

The following imprecise predictive densities for X correspond to 1 and u: 

m 

lx(x) J fx(XIW)l(W)dw, and, with ax(x) 
-00 

m 

J fx(xlw)a(W)dW, 
-00 

00 

ux(x) J fx(xlw)u(W)dW = lx(x) + cO·x(x). 
-00 

We assume that fx is continuous. As before, generalization to a finite 

dimensional random variable x is possible, and also geR
k 

is allowed. 

From the form of U
x 

it is easily seen that the theory can be applied to the 

imprecise predictive densities {see also Coolen (1991b»), by defining LX(X)' 

the definitions of L(9), L, etc. 

Perhaps the most important advantage of the Bayesian concept, compared to 

other theories of statistical inference, is the possibility of updating 

prior densities when new data, say n independent observations denoted by 

x=(x
l

' .. ,x ), come available. 
- n 

* The maximum posterior imprecision is denoted by b and the minimum posterior 
n 

* information by I . Let ~(9Ix) denote the likelihood function based on the 
n -

density f
x

(XI9) and data ~. The prior densities for 9, 1 and u, are updated 

to posterior densities {Coolen (1991a) I 1(91~) ~(9IX)1(9) and 

~(91~)a(9), while to update u, Co is replaced also by c
n

' so 

10 



Again, the form of U(el~) is analogous to the form used to derive the above 

results, so these can also be related to the posterior densities. For eE~k 

analogous results hold. 

00 00 

Let L(x) := I l(WI~)dw and A(x) := I a(WI~)dW. For the maximum prior 
-00 -00 

imprecision the bounds are for the maximum 

posterior imprecision analogous bounds are 

c 
* 

c 
n n 

~ a ~ 

2L(~)/A(~) 
n 

L(~)/A(~) + c + c 
n n 

For the special situation in which a=l {see Coolen (1991b)}, it is obvious 

1. Then, according to corollary 8, the maximum prior 

* imprecision is a
O 

* 

Co 
~~-----, and the maximum posterior imprecision 

2 + Co 

a 
n 

c 
n 

---------. In this situation, not changing Co when updating would imply 
2 + C 

n 

that the maximum imprecision never changes (in fact, here we would like 

cn<co for positive n, as more data gives us more information, and, 

decreasing imprecision seems to be logical, as 1 and a are equally changed 

by multiplication by the likelihood, which means that the new data does not 

support either 1 or a more than the other). Coolen (1991b) proposes (in a 

different form, using c =c +1, see the remark after corollary 8) to use 
n n 

c 
n 

Co * 
1 + n7~ , where ~ is such that I~ 

* the bounds of the minimum posterior amount of information, I~ (corollary 6) 

* are equal to the bounds of 1
0

, multiplied by 2. 

We adopt this c for the general situation, where the data (likehood) can 
n 

* support 1 more than at or vice versa, so the behaviour of the bounds for a 
n 

also depends on L(~)/A(~). 
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If the data support 1 and a about equally, so L(X)/A(~) ~ L/A, then the 

* bounds of ~ decrease by the influence of c . 
n 

If the data support 1 more than a, implying that L(~)/A(~) > L/A, then the 

* bounds of ~ decrease as well by the influence of the data as by replacement 

of Co by c n ' 

If the data support a more than 1, implying that L(~)/A(~) < L/A, then the 

effect of the data on the maximum imprecision consists of two more or less 

contradictory parts. First, as the data support the difference between u and 

1 more than 1, the imprecision logically increases. Secondly, if new data 

come available, it seems to be logical that the maximum imprecision 

decreases (think in terms of more information), which is modelled by c 
n 

replacing cO' So if the data support a more than 1, there are as well 

* arguments for decreasing as for increasing bounds of ~ . 

The fact that the change of imprecision depends on both the amount of new 

data and the way these data support 1 and a, is a strong argument in favour 

of the chosen model, and of the role of c 
n 

The special form of u introduced in this report, leads to analytically 

simple updating if both 1 and a are members of a conjugate family with 

regard to the chosen model density fx(XIB). For example, if the distribution 

of X belongs to the one-parameter exponential family {see Coolen (1991b)}, 

so fxCxlB) = g(x)h(B)exp{t(x)¢(B)} and 

~(BI~) = (1:Jg(Xi»)hnCB)exP{it1t(Xi)¢(B)}, then we can choose 1 and a to be 

members of the family of conjugate priors, say {Coolen (1991b)} with 

hyperparameters (VI,T
I

) and (v ,T ) respectively. If data x=(x
1

' .. ,x ) come 
a a - n 

available, these priors are updated by replacing (Vl,t
l

) by 

n n 

(Vl+n,T
l

+ L t(xi », and (Va,T
a

) by (va+n,t
a

+ L t(x
i
»· 

i=l i=l 
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To derive l(Blx) and a(BI~) the factor (l~!g(Xi») can be deleted (it is 

easily verified that it does not affect the above theory), but, of course, 

these posterior densities may not be normalized, as L(x) and A(x) play an 

important role. 
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