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Sorting With A Neural Net 
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Abstract 

In this paper a three-layered perceptron is derived that exactly solves the problem of 
sorting n numbers. The perceptron configuration has O(n2 ) nodes and can be viewed 
as a "neural" implementation of the parallel enumerative sorting algorithm developed 
by Preparata. Furthermore, it is shown that the problem of sorting n numbers cannot 
be solved exactly by a two-layered perceptron. 

Keywords: Sorting, Combinatorial Optimization, Neural Network, Multi-Layered Per
ceptron, Classification 

1 Introduction 

In [4], we discussed a general method for constructing multi-layered perceptrons which 
solve a given combinatorial optimization problem exactly. One of the examples given in 
[4] is the problem of sorting n numbers. By formulating this problem as a combinatorial 
optimization problem and using the general construction method, we obtained a three
layered perceptron, with n inputs, ~n!(n! - 1) nodes in the first hidden layer, n! nodes in 
the second hidden layer and n2 nodes in the output layer, that exactly solves the problem. 
Although it is nice to have a general construction method, it is clear that exploitation of 
the problem structure may lead to simpler neural nets for solving the problem. In this 
paper it is investigated how much can be won for the problem of sorting n numbers. 

We firstly show that the exact three-layered perceptron mentioned above can be reduced 
to an exact three-layered perceptron that solves the problem of sorting n numbers, having 
n inputs, in(n - 1) nodes in the first hidden layer, n2 nodes in the second hidden layer 
and n2 nodes in the output layer. The exact three-layered perceptron which is obtained 
in this way is closely related to the parallel enumerative sorting algorithm developed by 
Preparata (see [2, 3]). Hence, the results presented in this paper can also be viewed as a 
mathematical model of this algorithm. . 

Secondly, we show that the problem of sorting n numbers cannot be solved exactly by a 
multi-layered perceptron with less than three layers, using the necessary condition for the 
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exact classification of subsets by a two-layered perceptron that is derived in [5]. Further
more, we discuss the possibility of solving the sorting problem by an exact multi-layered 
perceptron with less than O( n2 ) nodes. 

This paper is organized as follows. In Section 2 we describe the combinatorial optimization 
problem proposed in [4] as an alternative for the problem of sorting n numbers and give an 
exact three-layered perceptron solution having O((n!)2) nodes, that is obtained by using 
the method presented in [4]. This solution then serves as a starting point for the reduction 
process that leads to the O(n2 ) solution presented in Section 3. In Section 3.1 we reduce 
the size of the first hidden layer from ~ n!( n! - 1) to ~ n( n - 1) and show that the given 
combinatorial optimization problem is equivalent to the problem of sorting n numbers. In 
Section 3.2 we show that the size of the second hidden layer can be reduced from n! to n2• 

In Section 4 we investigate whether the dimensions of the obtained exact three-layered 
perceptron can be reduced any further. The paper ends with some concluding remarks 
and references. 

2 Notation And Premisses 

In this paper we consider the problem of sorting n numbers for some fixed n E 1N. For any 
given set of numbers XI, ••• , Xn E nt, the objective is to sort these numbers in ascending 
order, Le. we must find a permutation 11" of {l, ... ,n} such that Xlr(i) ;:; Xlr(i+I) for all 
i = 1, ... , n - 1. In this way 11" -1 (j) denotes the place of the j th number in the ordering of 
Xl, ••• , X n • It is intuitively clear that the sorting problem is equivalent to the problem of 
finding a permutation 11" that maximizes Ei=l iX?r(i)' Formal arguments for this equivalence 
are given in Section 3. 

From the above it follows that the problem of sorting n numbers can be formalized as 
a combinatorial optimization problem. Before doing so, we discuss an extension of the 
standard sorting problem which gives a better insight into our approach and leads to a 
useful formalization. Let {vdf=l be a sequence of n numbers with Vi ::f: Vj for all i =/: j 
(for brevity we write from now on {vd instead of {vdf=l)' Then the problem of sorting 
x}, ... , Xn according to {Vi} is to find a permutation 11" such that X?r(i) ;:; x1r(j) for all 
i,j = 1, ... , n with Vi < Vj. This problem is not harder than the standard problem: if 11-

sorts Xl, .•• , Xn 'standardly' and if sorts {Vi} 'standardly', then 11" = ?roi-1 sorts xl, . .. , Xn 

according to {Vi}. 

Similarly as for the standard sorting problem, one can intuitively see that the extended 
sorting problem is equivalent to the problem of finding a permutation 11" that maximizes 
Ei::l Vi X1r(i) or, equivalently, minimizes - Ei=lViX1r(i)' Hence, the extended sorting prob
lem can be formalized as a combinatorial optimization problem (I, S, F, c), where I denotes 
the set of problem instances, S denotes the set of solutions, F ~ S denotes the set of feasi
ble solutions, c denotes the cost function and where for a given instance x E I the problem 
is to find a feasible solution y E F with minimal cost C(Yi x). We have for the extended 
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sorting problem: 

I = nn, 
S = {r I r is an integer function10n {I, ... , n}}, 

F = {11" 111" is a permutation of {I, ... , n H, 
n 

c(1I"jx) = - L:V,X'II"(i)' 
i=1 

(1) 

We describe the exact three-layered perceptron that is obtained by applying the general 
method given in [4] to the above combinatorial optimization problem, since it serves as a 
starting point for the exact three-layered perceptron with O( n2 ) nodes that we derive in 
Section 3. 

The first step is to put the combinatorial optimization problem (I,S,F,c) in a 0-1-
formulation. This is done by representing permutations of {I, •.. , n} as nxn 0-I-matrices: 
Y E {a, l}nxn represents the permutation 11" if Yij = 1'11"(i)=j for all i,j, where 10 denotes 
the true-false indicator (I true = 1, lralse = 0). One can easily verify that for any sequence 
{ail we have that 2:j=1 ajYij = a'll"(i), if Y represents 11". Hence, we obtain the following 
0-I-formulation of the extended sorting problem. 

I = nn, 
S = {O,I}nxn, 

n n 

F = {y E {a, l}nxn I L: Yij = L: Yij = I}, 

n n 

C(y;x) = - L:L:ViXjYij, 
,=1 j=l 

i=1 j=1 

where for a given x E I the problem is to find ayE F that minimizes c(y; x). 

(2) 

The second step is to add a preference measure p : S -+ n to the problem: if for some 
instance there exists more than one feasible solution with minimal costs, we prefer the 
solution Y E F with the highest value of the preference measure p(y). For obvious reasons 
we assume that p satisfies p(y) ::f. p(z) for all Y ::f. z. Moreover, we assume here that p is 
of the form: 

n n 

p(y) = L:L:ei7]jYij, (3) 
i=l j=l 

where {ei} and {7]i} are two sequences with ei ::f. ej and 7]i ::f. 7]j for all i ::f. j. 

The third step is to verify that the combinatorial optimization problem (I,S,F,(c,p» 
with additional preference measure p, is equivalent to the classification problem (n, r), 
with 0 = I, r = {Oy 1 Y E F} and Oy given by: 

Oy = {x E II Vz E F\{y} : C(YiX) < c(z;x) V (c(Yix) = C(ziX) A peg) > p(z))}, (4) 

iTo make (1) and (2) exactly equivalent, we have to impose some conditions on this function. However, 
since these conditions are irrelevant to the problem definition, they have been left out. 
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where for each instance x E Sl the problem is to classify x as a member of one of the 
subsets Sly for some y E F (see also [4]). 

In the final step we derive a three-layered perceptron that exactly solves (Sl, r), and hence, 
exactly solves (I, S, F, (c,p». For this purpose we let 0 denote the hard-limiting response 
function, which satisfies 0(A) = 1 if >. ~ 0 and 0(A) = 0 if A < O. For notational 
convenience we extend this definition to all vectors A of arbitrary dimension, with the 
usual assumption that 0 is applied elements-wise. 

Theorem 1 Let J : m.n -+ {o,l}nxn be the function J = g(3) 0 g(2) 0 g(l), with g(/) = 
0(9(1» and g(/) for 1 = 1,2,3 defined by: 

n n 

'v'y,y1eF,p(y»p(yl) g~~;I(x) = L: L: Vk(Ykl - Y~/)XI, 
k=l/=l 

'v' 'lieF ut2) ( w) = E (l z=y - 1ZI=y)WZ,ZI - L: 1, 
z,z'eF zEF 

p(z»p(z') p(z)<p(y) 

(5) 

'v'i,j=l, ... ,n g~)(v) = L: Zij'Vz - 1. 
zEF 

Then J represents a three-layered percel1tron that exactly solves (Sl, r). 

Proof (Sketch, for details see [4]) 
Since g(l), g(2) and g(3) represent one-layered perceptrons and have matching dimensions, 
f = g(3) 0 g(2) 0 g(l) represents a three-layered perceptron. 

Define Wy,z = {x I c(y; x) ~ c( Z; x)}, then one easily verifies that x E Wy,z iff g~~l( x) = 1. 
Furthermore, we have 

Sly = n Wy,z n n W;,y' 
zEF,p(z)<p(y) zeF,p(z»p(y) 

whicll implies x E Sly iff (g~2) 0 g(I»( x) = 1. Due to the addition of the preference measure, 
the subsets Slll are disjoint. This can be shown to imply that x E Sly iff x E Vy~j> for all 
i,j = 1, ... ,n, where Vq(i j ) = UzeF,z;j=qSlz and (Vq(ij»* = Vi!}) for q = 0,1 (see [4]). 

Hence, x E Sly iff (g!]) 0 (g(2) 0 g(l»)( x) = Yij for all i, j = 1, ... , n, which completes the 
proof of the theorem. 0 

Since IFI = nt, the above exact three-layered perceptron has ~n!(n! - 1) nodes in the first 
hidden layer and n! nodes in the second hidden layer. In the next section we show that 
this exact three-layered perceptron can be reduced to an exact three-layered perceptron 
with !n(n - 1) nodes in the first hidden layer and n2 nodes in the second hidden layer, 
giving a total of !n(5n - 1) nodes (including the n2 nodes in the output layer). 

In the remainder of this paper we assume that the sequences {Vi}, {ed and {17d are all 
monotone (either increasing or decreasing), in order to keep the analysis transparent. In 
the general case the results remain valid, except for some minor modifications. 
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3 Main Results 

Consider agaln the combinatorial optimization problem (/,5, F, (c,p)) given by (2) in the 
previous section with the additional preference measure p given by (3). In this section we 
rigorously derive a three-layered perceptron with ~n(5n-l) nodes that exactly solves the 
above problem, by reducing the size of the exact three-layered perceptron (5), presented in 
the previous section. This is done in two steps. Firstly, we show that the number of nodes 
in the first hidden layer can be reduced from !n!(n! - 1) to in(n - 1), see Section 3.I. 
Secondly, we show that the number of nodes in the second hidden layer can be reduced 
from n! to n2 , see Section 3.2. 

In the derivations presented in this section, we will not use the O-l-representation of a 
permutation, since it complicates the notation. Instead we return to the original formu
lation using 1I"S, i.e. we consider the combinatorial optimization problem (/,5,F,(c,p)) 
given by (1), where for a given a: E 1 the problem is to find a 11' E F that minimizes c(y; 11'). 
If there is more than one optimal solution, we choose the one with the highest value of 
the preference measure p given by (cf. (3»): 

n 

p( 11') == L ei'1'1r(i) , (6) 
i=l 

The corresponding classification problem (n, f) has classifying subsets given by (cf. (4)): 

n'lr == {a: I \f* E F\ {11'} : c( 11'; a:) < c( *; a:) V (c{ 11'; a:) == c{ i; a:) A p( 11') > p( * ))}. (7) 

In the following section we use the above formulation to find an exact multi-layered per
ceptron with inC n -1) nodes in the first hidden layer, by deriving an alternative definition 
of the subsets n'lr' 

3.1 Reducing The First Hidden Layer 

The classifying subsets n'll" given by (7) are defined using a total of ilFl(IFI - 1) == 
in!(n! - 1) bounding hyperplanes, which account for the ~n!(n! - 1) nodes in the first 
hidden layer (see the proof of Theorem 1). We need these many hyperplanes (nodes) 
since in general the costs of a permutation has to be compared with the costs of every 
other permutation and every comparison defines a hyperplane. In the first main result 
of this paper, we show that -for this cost function- the number of comparisons can be 
substantially reduced. \Ve prove that we only have to compare the costs of a permutation 
to the costs of the permutations that are obtained by swapping two successive entries of 
that permutation, which yields a total of in(n -1) comparisons. In order to formalize the 
above statement we give the following definitions. 
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Definition 1 For all k = 1, ... , n - 1 the permutation li(k) is obtained from the permu
tation 11' by swapping the k th and (k + 1) th en try: 

(k)( ') _ { 11'( i), 
11' t - 1i(2k + 1 _ i), 

i i= k, k + 1 
i = k,k + 1. 

Definition 2 For every permutation 11' the set O~ is defined by: 

(8) 

In Theorem 2 we prove that O?!' = O~ for all 11' E F, which is then used to show that all 
the subsets O?!' can be defined using a total of ~n(n - 1) hyperplanes only. The main idea 
in the proof of Theorem 2 is that we write the difference in costs of two permutations as 
a linear combination (Lemma 1), with positive multiplication factors (Lemma 2), of the 
difference in costs of the first permutation and a number (at most n - 1) of successive 
swaps of this permutation necessary to obtain the second permutation. First, we need two 
more preliminary definitions. 

Definition 3 For every pair of sequences {ail and {Pi} the mapping SOt,/3 F - 1R is 
defined by: 

71. 

sa,/3(li) = Lo:,P?!'(i)' (10) 
i=l 

Notice that both c( 11'; x) and p( 11') can be put in the form given by (10). 

Definition 4 For every sequence {ai} with O:i i= ai+! and for all k = 1, ... , n - 1 we 
define the mapping D~k) : F - 1R by: 

k 

Dik)(li) = (ak - ak+d-1 L(ai - a?!'(i»' (ll) 
i=1 

Lemma 1 Let {ai} and {I'd be a pair of sequences with aj i= ai+!. Let 11', * E F, then 
we have: 

71.-1 

SOt • .B(lI') - 8Ot,.B(li01T-1) = L D~k)(*)(8a • .B(1i) - SOt,.B(lI'(k»). (12) 
k=l 

Proof 
Using Definitions 3,4 and 1, the result follows using some elementary calculations: 

n n 

= L aip1r(i) - L aip?!'(*-l(i» 
.=1 1=1 

n n 

= L aip?!'(i) - L a*(i)p1r(i) 
1=1 i=1 
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n n-l n 

= 2: 2:(ai - a.t(i»(,61r(k) - ,6'11"(k+1» + 2:(ai - a~(i»,67r(n) 
i=l k=i i=l 
n-1 k 

= 2: L(ai - O:i(i»(,611'(k) - ,6lt(k+1» + 0 
k=li=l 
n-1 

= 2: D~k)(*)(O:k - ak+1)(,611'(k) - ,611"(k+1» 
k=l 
n-1 

= 2: D~k)( *)( 8o:,{3( 11") - 8a .e( 1I"(k»). 
k=l 

Lemma 2 Let {ai} be a monotone sequence, then we have: 

(i) D~k)( 7r) ~ 0 for all 11" E F and k = 1, ... , n - 1-

Ui) D~k)(1I") = 0 implies D~~)(1I") = 0 for every sequence {aD with a~ =I a~+l' 

Proof 

o 

(i) Take 11" E F, k E {1, ••• ,n -I} and define Ak = {11"(1), .•. ,1I"(k)}, Bk = {1, ... ,k}\Ak 
and Ck = Ak \{l, .. . ,k}. Then obviously IBkl = ICkl and (O:k - ak+1)-l(aj - aj) > 0 for 
all i E Bk and j E Ck. This implies: 

D~k)(7r) = (ak - ak+1)-l [ L O:j - 2: ai] 
iE{l •...• k} tEAk 

= (ak - ak+1)-l [2: ai - 2: ai] 
ieB/c iEC/c 

~ 0, 

with the equal sign only if Bk = Ck = 0. This completes the proof of (i). 

(ii) From the proof of (i) above it follows that D~) (11") = 0 implies that Bk = 0 and hence, 
Ak = {I, ... , k}. This yields that for every sequence {aD with a~ =I a~+ 1 we have: 

D~)(1I") = (ak - ak+1)-l [ 2: a~ - 2: ai] = 0, 
iE{l •...• k} ieA/c 

which completes the proof of the lemma. o 

Theorem 2 Let 11" E P, 07r and O~ given by (7) and (9), respectively. Then 0'11" = O~. 
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Proof 
(S;) Follows directly from the definitions (7) and (9). 

C2) Let x E n~ and i E F\{lI'}. Define fr = i-10ll't then we have i = 1I'0fr-1• By noting 
c( 11'; x) = -SV,:I:( 1I')t c( i; x) = -sv,x( 1I'0fr-1) and using Lemma 1 we find: 

n-1 

C(1I'iX) - c(i;x) = L nf,k)(fr)(c(1I';x) - c(1I'(k);x». (13) 
k=1 

From (13) combined with Lemma 2, part (i), we conclude two things. Firstly, since 
x E n~ implies c(1I';x):::; c(1I'(k);x) for all k, we have c(1I';x) :::; c(i;x). Secondly, we find 
that c( 11'; x) = c( ij x) implies c( 11'; x) = c( 1I'(k); x) or n~k)( fr) = 0 for k = 1, ... , n - 1. We 
complete the proof by showing that this implies p(1I') > p(i). 

By noting p(1I') = S{,1](1I'), p(i) = Se,1](1I'0,r-1) and using Lemma 1 we find: 

n-1 

p( 11') - pC i) = L nt) (fr )(p( 11') - p( 1I'(k»). (14) 
k=1 

Since x E n~ we have that c( 11'; x) = c( 1I'(k); x) implies pC 11') > p( 1I'(k». Furthermore, from 
Lemma 2, part (ii), we know that n~k)(fr) = 0 implies nt)(fr) = O. Using these results 
in (14) we conclude that c(lI';x) = c(i;x) implies p(1I') 2: p(i). However, p(1I') '# p(i) 
because i '# 11'. 0 

Corollary 1 If the sequences {Vi}, {ei} and {l1i}, which define c and p, respectively, are 
all increasing, then for all 11' E F we have: 

Proof 
From Theorem 2 it follows that n?!' = n~, with n~ given by (9). Secondly, one easily 
verifies that c(1I';x) < c(1I'(k)jx) iff X?f(k) < X?!'(k+l)' if {Vi} is increasing, and p(1I') > p(1I'(k» 
iff lI'(k) < 1I'(k + 1), if {ed and {l1i} are increasing. 0 

This result also holds if {Vi} is increasing and {{i} and {11i} are both decreasing, as follows 
directly from p( 11') = Ei=l eil11r(i) = Ei=1 (-ei)( -l1?!'(i»' Similarly, we have that if {vd is 
decreasing, the first smaller-than symbol in (15) has to be replaced by a greater-than 
symbol. Finally, if either {ei} or {l1d (not-both) is decreasing, the second smaller-than 
symbol has to be replaced by a greater-than symbol. 

In the remainder of this paper we assume that the three sequences are increasing, as the 
other cases are treated similarly. Using Theorem 2 and (15), it follows that the combi
natorial optimization problem (I,S,F,(c,p» given by (1) is equivalent to the problem of 
finding an ordered sorting of n given numbers, where -due to our assumption on {Vi}, 
{ei} and {l1i}- the objective is to find an ascending sort of the given set of numbers in 
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which the original order of the numbers is preserved as good as possible. In Theorem 3 
we show how Corollary 1 can be used to obtain a second exact three-layered perceptron 
for the problem (I, S, F, (c, p». 
Theorem 3 Let f : JRn -+ {O,1}nxn be the function f = g(3) 0 g(2) 0 g(l), with g(l) = 
0(0(/» and 0(1) for I = 3,2, 1 defined by, respectively: 

n 
'Vi<i O!]l(x) = L:(1k=i - h=i)Xk, 

k=l 
n n n-l 

'VyEF 0~2)(w)= L: L: L:(YmkYm+I,I- YmlYm+I.k)Wkl 
k=ll=k+l m=l 

n n n-l 

- L: L: L: YmkYm+I.l, 
k=ll=k+l m=l 

Vi,i oW(v) = L: ziivz - 1. 
zEF 

Then f represents a three-layered perceptron that exactly solves (0, r). 

Proof (Analogous to the proof of Theorem 1) 
Define Tii = {x I Xi:::; Xj)}, then x E Tij iff gV)(x) = 1 and from (15): 

011" = n T 1I"(k).1I"(k+I) n n T;(k+I).1I"(k)· 
k:1I"(k)<1I"(k+I) k:lr(k»lr(k+l) 

This implies x E 011' iff (g~2) 0 g(I»( x) ~ 0, where 

g~2)(w) = L: (Wlr(k),lr(k+I) - 1) - L: W1\"(k+Il,1I"(k)' 
k:?r(k)<1I"(k+I) k:1\"(k»1\"(k+I) 

(16) 

It is straightforward to show tbat g~2)(w) = g~2)(w) ify and 11' represent the same permu
tation, and hence, x E Oy iff (g~2) 0 g(1»(x) = 1. The rest of the proof is equal to the last 
part of the proof of Theorem 1. IJ 

The above theorem shows that the number of nodes in the first hidden layer of tbe three
layered perceptron that exactly solves the problem, can be reduced from the ~n!(n! - 1) 
used in (5) to !n(n - 1) in (16). However, the size of the second hidden layer is still 
IFI = nL The next step is therefore to reduce the size of the second hidden layer, which 
is the subject of the following section. 

3.2 Reducing The Second Hidden Layer 

The above results for the first hidden layer do not directly imply a method for reducing the 
number of nodes in the second hidden layer. We therefore need a new idea for reducing 
the second hidden layer. The key result is to derive an alternative expression for the 
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sets Vpj) = U yEF,Yij=l fly = U1fEF,1f(i)=j fl1f' using the expression (15) for fl1f • From this 
alternative expression we then obtain the perceptron configuration with O(n2) nodes that 
exactly solves (I, S, F, (c,p», see Theorem 4. First we need a last definition. 

Definition 5 For all x E lR,n and j = 1, .. . ,n we define the number Aj(x) E {1, ... ,n} 
by: 

(17) 

Lemma 3 Leti,j E {l, ... ,n} andVpj) = U1fEF,1f(i)=jfl1f1 where fl1f is given by (15) and 

Aj(x) is given by (17). Then: 

(18) 

Proof 
(~) Let x E fl1f for some 11' E F with lI'(i) = j and define A = {k I X1f(k) < X1f(i) V (X1f(k) = 
X1f(i) A lI'(k) ~ 1r(i»)}, then one easily verifies that A;(x) = #A. We prove that Aj(x) = i 
by showing that A = {I, ... , i}. Distinguish the following cases for k E {I, ... , n}: 

k = i Obviously k E A. 

k < i \Ve show that k E A. Firstly, since x E fl1f we have using (15) that X1\"(k) ~ 

X1\"(k+1) ~ ••• ~ X1\"(i)' If X1\"(k) = Xlf(i) then X1\"(k) = X?!'(k+1) = ... = Xlf(i), and 
hence, using (15) again, lI'(k) < lI'(k + 1) < ... < lI'(i). 

k > i Copy the lines for the case k < i with k and i interchanged to show that k ¢ A. 

en Suppose Aj(x) = i, then there exists an 1 ~ s ~ i such that {k I Xk < Xj V (Xk = 
xi A k ~ j)} = {kI, . .. , ks, ... , kd, satisfying x k, < X j for 1 ~ I < s and x ki = xi, kl ~ j 
for s ~ 1 ~ i. Let {k I Xk > Xj V (Xk = Xj A k > j)} = {ki+l," .,kn }, then without loss 
of generality we assume Xki < Xk1+l V (Xkl = Xk1+1 A kl < kl+1), for 1 ~ I < 8, 8 ~ I ~ i 
and i < 1< n, respectively. Finally, define 11' E F by 1r(l) = kl' (I = 1, ... ,n), then the 
verifications of 11'( i) = j and x E fllf are straightforward. 0 

In the following theorem we present a three-layered perceptron that exactly solves the 
problem of sorting n numbers, using ~n(n - 1) nodes in the first hidden layer and n2 

nodes in both the second hidden layer and the output layer. 

Theorem 4 Let f : lR,n --+ {O, 1 }nxn be the function f = 9(3) 0 g(2) 0 g(l), with gel) = 
8(0(1» and o(l) for I = 3,2,1 defined by, respectively: 

n 

Vi.i=l •...• n,i<j : oWCx) = 2:(1k=j -1k=i)Xk, 
k=1 n ,.. 

Vi.i=1 .... ,,.. : U!;>Cw) = 2: 2: (11=j - h=j)Wkl + n + 1- i - j, (19) 
k=11=k+l 

n n 

Vi,j=1, ... ,,.. U~)('V)= 2:2:(h=i -lh=i+t)11=j'Vld-1. 
k=1/=1 
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Then f represents a three-layered perceptron that exactly solves en, r). 

Proof 
We firstly show that A:i( x) ;::: i iff (gil) 0 g(l»( x) ;::: 0: 

Aj(x) = #{k I Xk < Xj V (Xk = Xj A k ~ j)} 
= l+#{k<jlxk$xj}+#{k>jlxk<Xj} 

= 1+ Lgi~)(x)+ L(1-g)i)(x» 
k<j k>j 

= (g!J>og(l»(x)+i. 

We use this in combination with Lemma 3 to complete the proof: 

vpj) = {x I A;(x) = i} 

= {x I Aj(x) ;::: i A Aj(x) < i+ 1} 

= {x I (gil) 0 g(l»(X) = 1 A (gWt,i ° g(l»(x) = O} 

= {x I (gU) 0 (g(2) 0 g(l»)(x) = I}. 

o 

The exact three-layered perceptron for the sorting of n numbers, presented in Theorem 4 
has a network configuration that consists of three layers, n inputs, ~ n( n - 1) nodes in 
the first hidden layer, n2 nodes in the second hidden layer and n2 outputs. In Figure 1 
an example of the configuration of this three-layered perceptron is given for n = 3. Note 
that for convenience we have added the nodes (i,j) with i ;::: j in the first hidden layer. 
The structure of the exact three-layered perceptron given by Theorem 4 is remarkably 
simple. In fact the given 'neural' solution is closely related to the parallel enumerative 
sorting algorithm of Preparata [3J. The three layers of the perceptron correspond to the 
three tasks distinguished in Preparata's algorithm (see [2]): 

• Count acquisition, 

• Rank computation, 

• Data rearrangement. 

Preparata's algorithm requires O( n2 ) processors and completes the sorting in O(1og n) 
time. If we use a straightforward simulation of the obtained three-layered perceptron 
on a PRAM, we need O( n3 ) processors and O(1og n) time (see [4]). This number of 
processors is necessary since we have O( n3 ) connections between the second and the first 
layer. However, a large part of the calculations is identical and it can be shown that 
0(n2 ) processors suffice, in which case we obtain Preparata's algorithm. In an idealized 
situation, all the calculations of one layer of a multi-layered perceptron can be done in 
constant parallel time. In this situation the time and space complexity are 0(1) and 
O( n2 ), respectively. In the next section we examine ways to improve upon these bounds. 
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Figure 1: The network configuration oj a three-layered perceptron that exactly solves the 
problem oj sorting 3 numbers. 
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4 Further Reductions 

In this section we investigate whether it is possible to find a multi-layered perceptron for 
the problem of sorting n numbers exactly, that has a smaller number of layers and/or 
nodes than the exact three-layered perceptron given in Theorem 4. In fact we show that 
a reduction of the number of layers is impossible and that a reduction of the number of 
nodes is very unlikely. 

4.1 Reducing The Number Of Layers 

In this section we prove that the problem of sorting n numbers cannot be solved by an 
exact multi-layered perceptron with less than three layers. To this end we use Theorem 5 
below. The theorem gives a necessary condition for a subset to be exactly classifiable by a 
two-layered perceptron. This condition requires the existence of two spheres and a closed 
linear half-space. The sphere B( Xa, 6) with centre Xa E R n and radius 6 > 0 denotes the 
set {x ERn IlIx-xall < 6}. The (closed, linear) half-space W(a, b) with a ERn and bE R 
denotes the set {x E]Rn I a· x + b ~ o}. If"' = W(a,b) is a half-space, then the interior 
WO and complement W* of Ware given by the (open) half- spaces WO = {x I a· x + b > o} 
and W* = {x I a· x + b < O}, respectively. 

Theorem 5 ([5]) Let V be a subset of R n for which there exist two spheres Bb B2 and 
a closed linear half-space W such that: 

(20) 

then the classification problem (Rn, {li, V*}) cannot be solved exactly by a two-layered 
perceptron. 

An exact two-layered perceptron with n inputs and n2 outputs, solves the problem of 
sorting n numbers if and only if the output labelled (i,j) classifies the subset Vpj) for 
all i,j, where Vpj) = U1!'EF,I!"(i)=j n1!' is the set of instances x ERn for which the number 
Xj has to be put on the ith position (see also [4]). Hence, if we can find a pair i,j for 
which the subset vpj) satisfies the conditions of Theorem 5, it follows that the problem of 
sorting n numbers cannot be solved by an exact two-layered perceptron. Since it easy to 
see that the subsets Vpj) and lilnj) can be exactly classified by a two-layered perceptron, 
we have to examine the pairs i,j with 1 < i < n and 1 $ j $ n. In fact we can show that 
for all these pairs i,j the subset Vpj) satisfies the conditions of Theorem 5. 

In Figure 2 we present the typical cause for the non-existance of an exact two-layered per
ceptron for the sorting problem, by considering n = 3. Figure 2 shows a two-dimensional 
cut of the set VP2) = {x E ]R31 Xl ~ X2 ~ X3 V X3 < X2 < Xl}, from which it is clear 
that this set satisfies the conditions of Theorem 5. In order to prove in general that vlij) 
cannot be classified exactly by a two-Ia;yered perceptron, we start by considering ~(ii) for 
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Figure 2: A graphical presentation ofthe set {(Xb X2) E nt2 1 Xl ~ X2 ~ X3 V X3 < X2 < xd 
for a given value of X3 E nt. 

some i E {2, ... , n - I}. Define p, q, a E ntn by: 

p = (0, ... , 0ill' ~' 2,2, ... ,2) 
q = (0, ... ,0 1, 1,0,2, ... ,2) 

a = (0, ... ,0 1, -1, 0,0, ... ,0) 

i-I i 

Then we define two spheres Bl = B(p,l), B2 = B(q, 1) and a half-space W = W(a,O). 
Verifying that the four sets V = VPi) , Bl, B2 and W satisfy the conditions (20) of 
Theorem 5 is straightforward, which implies that the subset VP'i) cannot be classified 
exactly by a two-layered perceptron. To show that VPi) cannot be classified exactly by a 
two-layered perceptron, we construct p(i), q(i) and a(i) by swapping the i-I th and ph 

entry of p, q and a, respectively. Then one can verify that V = VPi), Bl = B(pW, 1), 
B2 = B( q(j}, 1) and W = W( -a(i), 0) also satisfy the conditions (20) of Theorem 5. ' 

The above results also hold if the set of numbers is bounded or if it is restricted to be 
(a non-finite subset of) Q n, with Q the set of rational numbers. However, if the set 
of problem instances is a bounded subset of 'll.,n we conjecture that the problem can 
be solved exactly by a two-layered perceptron. The idea is that in this case the finite 
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Figure 3: Embedding the set {(Xl, X2) E 712
1 Xl :::; X2 :::; Xa V X3 < X2 < xIl, for a 

given value of X3 E 'lZ, in a subset of m,2 that can be classified with an exact two-layered 
perceptron (see also [5]). 

subsets vlij) can be embedded in subsets of Jan that can be exactly classified by a two
layered perceptron. In Figure 3 tIllS is shown for n = 3 and VP2) (cf. Figure 2). Based 
on results found for n = 3 we expect that the bounded integer sorting problem, with 
I = {x E ]Nkll :5 Xi :5 k, i = 1, ... ,n} for some k E]N, can be solved exactly by a 
two-layered perceptron with O(k· n!) nodes in the second layer. 

4.2 Reducing the number of nodes 

In the previous section we have shown that there exists no exact multi-layered perceptron 
for the problem of sorting n numbers with less than three layers. However, there might 
exist an exact multi-layered perceptron for the sorting problem with a smaller number of 
nodes, possibly distributed over more than three layers. We give an informal argument 
why we think that there cannot exist a multi-layered perceptron of the kind we consider, 
that exactly solves the problem of sorting n numbers with less than n2 nodes. 

In this paper we consider the standard type of multi-layered perceptrons, with the hard
limiting activation function in every node and connections between subsequent layers only. 
It follows that the input values of the network (the values of the n given numbers) cannot 
pass the first layer, Le. the input of a perceptron in a layer that is not the first layer, is 
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a Q-l-function of the inputs of the first layer. This implies that in an exact multi-layered 
perceptron that solves the sorting problem, all the required comparisons between the given 
input values have to take place in the first layer. Parallel algorithms that need less than 
O( n2 ) processors, use sophisticated schemes to avoid having to do all the n2 comparisons 
at the same time. Since on a multi-layered perceptron comparisons cannot be postponed 
to a higher layer and one cannot know in advance which comparisons are superfluous, the 
number of nodes in the first layer equals the total number of necessary comparisons, which 
is O(n2 ). 

If we allow other activation functions and/or connections between all layers, we can con
struct multi-layered perceptrons that exactly solve the problem of sorting n numbers with 
substantially less than O( n2 ) nodes, at the cost of more layers. The basic element is a 
comparator which one can construct using a two-layered perceptron that has a threshold 
logic activation function and/or connections between output and input layer (see [1]). A 
comparator has two inputs and two outputs, one output is the larger of the two inputs, 
the other input is the smaller of the two inputs. Since there exist comparator networks 
with 0(1og2 n) layers and O(n) comparators in each layer that solve the n-numbers sort
ing problem (see [2]), one can construct a special kind of multi-layered perceptron with 
0(1og2 n) layers and O( n) nodes in each layer that exactly solves the sorting problem. 

5 Concluding Remarks 

In this paper we have presented two exact three-layered perceptrons for the problem of 
sorting n numbers. Tbe first one has been obtained by formulating the sorting problem 
as a combinatorial optimization problem and applying the general method of finding an 
exact multi-layered perceptron for a given combinatorial optimization problem presented 
in [4]. By careful examination of the cost function the number of required nodes could be 
substantially reduced in two steps. III tbe first and second step of the reduction the sizes 
of the first and second hidden layer were reduced. This yields a three-layered perceptron 
that exactly solves the problem of sorting n numbers using a total of ~ n( n -1) nodes. The 
structure of tbe final result is easily interpreted and found to be closely related to parallel 
enumerative sorting algorithm of Preparata [3]. Hence, the results can also be viewed as 
a mathematical model for that algorithm. 

If in general a problem can be solved by an exact multi-layered perceptron with a fixed 
number of layers and a polynomial number of nodes, the problem can be solved on a 
PRAM in polylogarithmical time, which implies that the problem is in POLYLOGSPACE 

(see [4]). Since it is unlikely that a P-complete problem is in POLYLOGSPACE, it is unlikely 
to find efficient exact multi-layered perceptrons for such a problem. On the other hand, if 
a problem is known to be in POLYLOGSPACE, such as the sorting problem and the shortest 
path problem, finding an efficient exact multi-layered perceptron becomes a challenging 
problem. 
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