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Abstract

In recent years advancements in legged robotics have shown the advantage of legged robots in se-
arch and rescue applications and industrial inspection environments. From a planning and control
perspective walking motions, and especially running motions, introduce challenges. When the feet
of the robot hit the ground, discontinuities are introduced in the state trajectory. Furthermore,
the moment at which these events take place change as the system or its input trajectory are per-
turbed. Finding a physically realizable motion for the robot can be performed using the optimal
control framework, however, current strategies often involve �xing the event times, mode sequence,
or assume that impacts occur at zero relative velocity. This could, however, limit the maximum
achievable performance of the system.

In order to use common tools within the optimal control framework, the optimal control problem
subject to hybrid dynamics would need to be approximated. Current work has shown that, using
sensitivity analysis, trajectories of a hybrid system can be approximated, along a nominal jumping-
trajectory, by a hybrid system with �xed event times. The current theory on sensitivity analysis
is either limited to the �rst order, or focused on simulation of hybrid systems, instead of optimal
control. In order to approximate the original problem as an LQ problem, the theory would need
to be extended up to second order.

This works focuses on extending the theory on sensitivity analysis of hybrid systems with state-
triggered jumps to the second order. This extension would then allow to use common optimal
control techniques to solve a local approximation of the original control problem subject to state-
triggered hybrid dynamics. This work extends the work done for �rst order and shows, in simu-
lation, that the derived expressions do approximate the original system and cost functional up to
second order.
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Chapter 1

Introduction

Recent advancements in legged robotics have made it possible to demonstrate legged robots in
search and rescue applications and industrial inspection environments [1] [2]. Legged robotics is
a �eld in robotics which concerns itself with the development and application of robots with legs,
and therefore robots that can walk. Two example systems are depicted in Figure 1.1.
Legged locomotion does not su�er from the same constraints on the mobility of the robot as one
might encounter when using a more traditional locomotion approach, such as wheeled robots. For
example, legged robotics are capable of traversing terrain which contains large obstacles, obstacles
with a size comparable to that of the robot itself, such as steps and stairs [1]. Robots with wheels
will often not be able to traverse these types of terrain. Furthermore, recent advancements have
shown that legged robots with wheels could be able to combine the speed and e�ciency of wheeled
robotics, while retaining the ability to handle these types of challenging terrain [3],[4], and [5].
Walking is often considered to be a trivial task for a human being. However, the task is inherently
di�cult to execute for a robot. During the task the legs of the robot make, and break, contact
with the �oor. Impacts occur when this contact happens at a non-zero velocity. These impacts are
complex physical events, events that take place over timescales much smaller than that of the other
dynamics of the system. A modeling assumption that can be made to simplify the model, or to
prevent the need for very small time steps in model-based simulation, is to assume these events are
instantaneous. The system �ows according to a smooth di�erential equation in between impacts,
and the state trajectory jumps when an impact is encountered. Systems experiencing impacts,
resulting in discontinuities of the state trajectory, can be studied and described within the �eld
of nonsmooth mechanics [8]. Controlling systems experiencing impacts can be a challenging task.
It can therefore be compelling to simplify the complexity of the control problem by assuming,
and enforcing, that these impacts happen at zero (or close to zero) relative velocity [9]. Such an
approach has been shown to work, however, it could severely limit performance. To achieve better
performance, one would need to take the nonsmoothness and impacts of the system into account
in the controller design and planning.

(a) ANYmal, a quadrupedal robot1 (b) Atlas, a bipedal humanoid robot2

Figure 1.1: Examples of systems from the legged robotics �eld.

1Described in [6]. Image source: ANYbotics
2Described in [7]. Image source: Boston Dynamics
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The goal of this project is to develop a method that is able to plan motions for a legged robot which
experiences impacts. The optimal control framework has been shown to be a useful framework for
generating trajectories for a wide variety of systems. However, solving an optimal control problem,
subject to hybrid dynamics with state-input triggered jumps, remains di�cult. This is partly due
to the event times of the trajectory not being known a priori. Therefore the goal of this research is
to approximate trajectories and the cost functional of an optimal control problem that is subject
to hybrid dynamics with state-input triggered jumps, a class of systems that is often encountered
within the context of legged robotics.

1.1 Objective

Approximation of hybrid systems experiencing state-input triggered jumps has already been des-
cribed in literature. A �rst order sensitivity analysis is presented in, among others, [10], and is
extended in [11] to describe systems experiencing simultaneous impacts. In [12], a second-order
sensitivity analysis is performed to reduce the computational cost of repetitive simulation of hybrid
systems. Currently, there are no results on using the proposed sensitivity analysis approach to ap-
proximate an optimal control problem subject to state-input triggered hybrid dynamics. Therefore,
the objective of this research is to

• Develop a time-triggered approximation of optimal control problems that are subject to
general nonlinear hybrid dynamics with state-input triggered jumps.

• Verify the accuracy, and order, of the approximation using simulations of both the approxi-
mation and the original formulation.

• Solve the approximated optimal control problem, and show and verify the resulting trajec-
tories in simulation.

1.2 Outline

Besides this introduction, this report is structured as follows.

Chapter 2 combines the literature review on the state of the art of planning for legged robotics
with a overview of nonsmooth mechanics and numerical optimal control. The second part of this
chapter is devoted to introducing hybrid systems with state-input triggered jumps and some of the
notation used in this report.

Chapter 3 presents the main contribution of this report. It shows and derives the sensitivity
analysis both for �rst and second order, and presents an attempt at solving the approximated
optimal control problem.

Chapter 4 validates the expressions derived in Chapter 3. Numerical simulations are presented
which show the accuracy and order of the approximation.

Chapter 5 presents the conclusions of this research and recommendations for future work.
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Chapter 2

Preliminaries

In this chapter, an overview of existing literature will be provided. This overview is meant to both
give an introduction to the context of legged locomotion, and to illustrate key concepts that will be
used in Chapter 3. Section 2.1 provides an overview of literature relevant to this project. Section
2.1.1 provides an overview of the state of the art in planning for legged locomotion. Afterwards
an overview of literature for nonsmooth mechanics, reference spreading, and numerical optimal
control methods are presented in sections 2.1.2 through 2.1.4. Section 2.1.5 focuses on the work
already done on the sensitivity analysis of hybrid systems and describes the work on which most
of the contributions of this project are based. Finally, the literature review is summarized and
concluded. Section 2.2 is used to introduce the notation used in Chapter 3, as well as to introduce
the reader to the class of systems that is considered in this project.

2.1 Literature Review

2.1.1 State of The Art in planning for Legged Locomotion

Controlling a mechanical system often involves tracking a reference trajectory. In the context of
legged locomotion the design of these trajectories must be done taking the nonlinearity and hybrid
nature of the system into account. In order to generate a reference trajectory, planning algorithms
exist. Furthermore, the base movement, the motion of the body of the robot, that is, not the
legs, cannot be directly in�uenced by the motor torques, i.e., the system is underactuated. The
base movement results from the contact forces of the feet, which have strong restrictions. The feet
can only push, not pull; additionally only the feet which are in contact can generate forces [13].
Furthermore, depending on the con�guration and design of the robot, complex phenomena such
as slip, stick and rebound can occur [14], while at the same time the robot needs to remain in
balance. A wide variety of methods to �nd a physically realizable motion have been described in
literature. This section will give an overview and describe the major di�erences in the approach
and applicability of these methods.

Model-free versus model-based methods. The �rst distinction that can be made, within the
large variety of methods, is between the model-free and the model-based methods. Model-free
methods are based on techniques from the �eld of machine learning. In [15], [16], and [17] rein-
forcement learning techniques are used to generate a physically realizable motion. In [15], two
neural networks are presented which split the task, of �nding a motion for a quadruped robot, up
into two subtasks. The �rst neural network is a terrain-aware planner, which generates a sequence
of footholds and base motions. The second neural network is then responsible for executing and
controlling this motion, while at the same time maintaining balance and dealing with disturbances.
The presented results seem promising. The robot is able to navigate non-�at terrain without lo-
sing balance and the networks are general enough to be able to navigate previously unseen terrain.
While promising, model-free methods have their drawbacks. It is challenging to shape the reward
in such a way that it results in a stable locomotion policy. It might, for instance, be necessary to
carefully hand-design the reward function to encourage particular solutions [16]. Additionally, it
can be challenging to e�ciently train policies. Furthermore, environments used for training need
to be rich enough in order to be generalizable to previously unseen environments [15].
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Figure 2.1: LittleDog crossing a wide variety of di�erent types of terrain [24].

Model-based methods generally make use of a model of the system and deterministic optimization
algorithms to �nd a suitable motion. Examples include [18], [19], and [20]. Model-based techni-
ques are often based on concepts within the �elds of control theory and optimal control. This, in
certain cases, allows one to give guarantees of stability and performance. Model-free techniques
are generally not able to provide these guarantees. Performance is often dependent on the data
the method was trained on. Performance can, for instance, be limited if the method does not
generalize to a new environment. The focus of this project is to develop a planning method for
legged systems experiencing impacts. This method will be based on model based techniques, for
aforementioned reasons. The remaining of this chapter will further categorize planning methods
within the class of model-based approaches.

Task synergy synthesis versus holistic approaches. Model-based methods can be categorized
further. On the one hand, there exist the task synergy synthesis methods, these methods split the
planning problem up into subtasks [21]. The combination of the solutions of these subtasks then
forms the solution of the original problem. On the other hand, there are the holistic approaches.
These methods solve the problem as a whole.
Methods that can be classi�ed as task synergy methods decompose the problem into a set of sim-
pler subproblems. A common approach is to independently plan the footsteps and the motion
of the Center of Mass. This makes the problem more tractable on high-dimensional systems [21]
[22]. Decoupling the footstep and center of mass planning often involves introducing heuristics.
Splitting the problem up into subtasks simpli�es the problem such that solutions can be found in
real time, however, it can limit the reachable set of solutions and thereby be overly conservative
[21]. In [23], a model of the environment is constructed using an occupancy grid. Based on this
grid, and a tree of possible actions, a rough body path and the locally best footholds are chosen.
In order to maintain stability the Center of Mass (CoM) is kept within the triangle formed by
the supporting legs. In [24], a control architecture is presented for quadruped locomotion over
rough terrain. The control strategy includes a system that learns optimal footholds from expert
demonstration, a body trajectory optimizer and an inverse dynamics controller. The method is
able to traverse a wide variety of terrain, as is shown in Figure 2.1. Furthermore, the method
generalizes to previously unseen terrain.

Holistic approaches do not split the problem up into subproblems. This makes holistic approaches
generally more computationally expensive than methods based on a task synergy approach. Ho-
wever, tackling the full problem at once it does not limit the performance of the system. In this
class of methods the problem is often formulated as an optimal control problem, as it provides the
framework for designing a control policy minimizing a performance index, while at the same time
respecting the system dynamics [21]. In general, a closed-form solution to this problem does not
exist. However, numerical methods can be used to �nd a solution. On the one hand, there are
trajectory optimization (TO) methods, which �nd a feedforward input signal, and corresponding
state trajectory. Methods successfully applying TO based algorithms in the context of legged loco-
motion include [13] and [20]. On the other hand, there are the dynamic programming approaches.
SLQ [25] and iLQR [26] are dynamic programming methods, based on DDP (di�erential dynamic
programming)[27]. SLQ will be described in Section 2.1.4. Applications of DP based algorithms,
in the �eld of legged locomotion, include [28], [29], [30] and [6].
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Figure 2.2: Time series of gap crossing, showing more complex motions generated by the method
presented in [29]. The top series showing a 1 m gap, for which the robot almost has to reach
outside its kinematic limits. The lower series showing a 2 m gap, for which the robot has to leap
over the gap [29].

Holistic planning methods are generally computationally more expensive than methods using a
task synergy approach. However, �nding the optimal state trajectory and switching times, under
the in�uence of impacts, requires solving the problem as a whole. A perturbation in the state
trajectory can lead to a perturbation in the switching time. This means that it is not possible to
to plan footsteps before the base motion is determined.
Modeling approach. Within the model-based methods, a further distinction can be made be-
tween the di�erent types of models that are used internally. These models range from inverted
pendulum models, Center of Mass (CoM) dynamics models plus kinematics to full descriptions
of the rigid-body dynamics of the system. The �rst type of methods optimize the position of
the Zero-Moment Point (ZMP), and model the system as an inverted pendulum [13]. While this
drastically simpli�es the system, methods optimising the ZMP, [23] and [31], are shown to be able
to e�ectively plan and control locomotion tasks for a quadruped robot. However, this approach is
not able to describe more complex motions, such as vertical motions or changes in body orienta-
tion [13]. The Center of Mass (CoM) dynamics models, like the models used in [29] and [7], which
incorporate the full kinematics of the robot, also make assumptions in order to simplify the model.
The inputs to the model are assumed to be the contact forces and joint velocities. Furthermore, it
is assumed that the inertia about the CoM is constant, and is evaluated at the default con�guration
of the robot [18]. However, as long as this assumption is valid, methods based on this model do not
restrict the range of possible motions of the robot, like methods based on the inverted pendulum
model do. At the same time, it drastically simpli�es the model [7]. Applications include [18],
[29], and [6], in which the CoM dynamics model is combined with the SLQ method to generate
physically realizable motions for a quadruped robot, both in simulation and on an experimental
setup using a Model Predictive Control (MPC) scheme. In [29], this method is used to cross a gap
wider than the reach of the robot's legs, as depicted in Figure 2.2. In [7], a CoM model, including
kinematics, is used to plan motions for a bipedal humanoid robot. A full description of the rigid-
body dynamics of the system is applied in [20]. The methods using this type of model generally
optimize the joint torques, instead of the contact forces or position of the CoM. Furthermore, the
inertia of the system is not assumed to be constant, but dependent on the current con�guration of
the robot. While models describing the full rigid body dynamics are the most accurate description
of the system, planning a trajectory using these methods can be infeasible online [20].
Currently, there is not much published work on planning for legged systems that experience im-
pacts. Commonly, in most methods, impacts and the resulting state discontinuities are assumed
not to occur or are ignored and compensated for in feedback [29]. These approaches could, ho-
wever, lead to a decrease in achievable performance, or lack experimental evidence [32]. In [32],
a method for planning motions of legged systems experiencing impacts is presented. The method
extends the di�erential dynamic programming (DDP) framework to be impact-aware and enforces
the switching constraints using an augmented Lagrangian approach. The switching times are op-
timized separately using Newton's method. The method is applied, in simulation, to a quadruped.
Impacts are assumed to be inelastic. The mode sequence is speci�ed beforehand and �xed. In
[33], a holistic planning method is described for a humanoid robot experiencing impacts. The
impacts are modeled as instantaneous and fully inelastic. Further elaboration on impact modeling
is presented in [34]. Modeling the impacts as inelastic is preferred over modeling the reaction
forces, since it leads to more natural motions [34]. A further advantage of modeling the impacts
as inelastic is that it can be assumed that no accumulation of events occurs.
Prespeci�ed parts of Solution. A �nal distinction that can be made between di�erent methods
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is whether or not parts of the solution are prespeci�ed. A part of the planning problem is to �nd
the optimal mode sequence and switching times. A step one can take to simplify the problem, and
thereby decrease the computational cost, is to specify the mode sequence and/or switching times
beforehand. This could increase optimization speed, however, it also introduces heurisitcs. These
heuristics can become hard to tune for complex problems and could limit the range of achievable
motions [13]. Methods not specifying the gait beforehand include [15] and [20]. Results suggest,
however, that in some cases the gait found by these methods matches the gaits commonly chosen
for the other methods. Furthermore, the gaits presented in [20] are the result of careful tuning
of the cost function. Therefore, one can choose to specify the gait beforehand, appropriate to the
task and conditions. This is, for instance, shown in [29] and [32].

Concluding this section, a variety of planning approaches has been presented. The following secti-
ons will explore further literature relevant for this project. Finally, Section 2.1.6 will summarize the
discussed literature, and draw conclusions on the approaches that are most suitable for application
within the context of this project.

2.1.2 Nonsmooth Mechanics

The dynamics of legged robotic systems are inherently nonsmooth, due to their legs making and
breaking contact. Multiple frameworks exist to describe systems of which the dynamics are not
smooth. This section will discuss the frameworks described in [35], [36], [37], and [38].
Di�erential inclusion A �rst approach to modeling nonsmooth systems is by describing them
as Filippov systems. Filippov systems are systems with a discontinuous right-hand side, and are
systems that can be described in di�erential inclusions with a set valued right-hand side. The
di�erential inclusion simultaneously describes the modes of the system, and therefore avoids the
need to switch between the di�erent di�erential equations [36]. The systems are described by a
vector �eld that is discontinuous, but the state trajectory of the system is continuous [35]. The
state being continuous rules out the use of this framework in the context of impacts. These models
can, however, for example, be used in the context of dry friction [35].
Measure di�erential inclusionMeasure di�erential inclusions (MDI) build upon the di�erential
inclusion framework, however this framework does allow the state trajectory to be discontinuous.
The continuous-time dynamics as well as the impulsive dynamics can be described in a single
inclusion. One major advantage of this framework is that it is able to describe accumulation of
events, i.e., Zeno behaviour [36]. The framework is also suitable for robust numerical simulation,
using the time-stepping method [36].
Soft Contact Modeling The third approach models the impacts as a soft contact. The advantage
of this approach is that it arrives at a smooth system, which could make it suitable for common
numerical integration techniques. However, using this approach, the resulting di�erential equations
could become very sti�, i.e., require small time steps to accurately integrate. This could, therefore,
mean that the system becomes unsuitable for numerical integration [36].
Hybrid systems The �nal approach considered is the hybrid system approach. The system �ows
along the vector �eld described by its di�erential equation (continuous-time dynamics) as long
as the system is within its �ow set. After leaving this set, the jump map is applied (discrete-
time dynamics), after which �ow can continue according to the di�erential equation in the now
active mode [37]. One common way to describe the �ow set is through the use of guard functions.
The system can �ow, as long as the guard functions are larger than zero. Once one of the guard
functions becomes equal to zero, the jump map is applied. In contrary to the (measure-) di�erential
inclusion framework, it is di�cult to deal with an accumulation of events in the hybrid systems
framework. The occurrence of accumulation of events is often assumed not to happen in the hybrid
systems framework. Systems experiencing accumulation could, therefore, better be described in
the di�erential inclusion framework, because the impulsive dynamics are implicit in the inclusion.
Hybrid systems are of particular interest when it comes to control design. Results on control design
exist within the other discussed frameworks, however, are best developed for hybrid systems.
The key properties of the discussed frameworks are summarised in Table 2.1. A discussion on which
of these frameworks would be best suited in this project is provided at the end of this chapter.
The next section will describe the di�culties encountered in reference tracking for nonsmooth
systems. It will also describe the concept of reference spreading, a concept that solves the problems
encountered in reference tracking for nonsmooth systems.
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Figure 2.3: Illustration of the reference trajectory extension approach, as used in reference sprea-
ding. The original reference is de�ned on the time interval Iα. The post- and pre-event extensions
are shown as a dashed line. The resulting reference trajectory is de�ned on the interval Ījα.
Source of Figure: [40]

Table 2.1: Summary of properties of considered modeling frameworks

Suitable for
numerical
simulation

Suitable for
Control Design

Describe
accumulation of

events

Describe
impacts

Soft Contact Modeling X

Di�erential inclusion X X

Measure Di�erential inclusion X X X

Hybrid systems ∼ X X

2.1.3 Reference Spreading

Reference tracking for nonsmooth mechanical systems can be di�cult, especially when the state
trajectory is discontinuous, and one cannot assume that the desired trajectory and the state of the
system jump at the same time. In this case peaking [39] occurs. Spikes in the trajectory of the
error signal occur at the switching times of both the state and reference trajectories. When an
Euclidean error measure is used, peaking could lead to the conclusions that the system displays
unstable behaviour in the Lyapunov sense [39]. This conclusion can, however, be di�erent if one
inspects the original state trajectory and exploits an alternative distance measure between the ori-
ginal and perturbed trajectories. The approach proposed in [40] called reference spreading control
is of interest in this project, due to its application in [10] to derive a �rst- order approximation
of trajectories of a hybrid system with state-input triggered events. Reference spreading control
introduces an error, i.e. distance, notion to combat this peaking behaviour. Instead of using the
Euclidean error between the state and reference trajectory, it uses a novel de�nition of error. First
the reference trajectory is extended before and after the event times, as is illustrated in Figure 2.3.
The error is then de�ned as the Euclidean error between the state and reference trajectory which
have encountered the same number of events. Using this approach the event time of the state is
allowed to deviate, without the peaking occurring. Furthermore, because there is no assumption
on periodicity of the reference signal, it is less restrictive than some other introduced error notions.
Successful application of reference spreading control is shown both in simulation [39] [41], [40],
[42], and experiments [43].

2.1.4 Numerical Optimal Control Methods

In legged robotics, the planning problem entails �nding a physically realizable state trajectory,
that accomplishes a certain goal, taking into account the enviorment and the constraints of the
system. Holistic planning methods generally formulate the planning problem as an optimal control
problem. This optimal control problem is formulated by de�ning and minimizing a performance
index, and is subject to the dynamics of the considered system. Solving nonlinear optimal control
problems is often done numerically, since a closed form solution generally does not exist. Broadly
speaking, there are three di�erent types of approaches to solve an optimal control problem nume-
rically: stagewise, indirect, and direct methods [44].
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Stagewise optimal control methods break up the optimal control problem into a collection of
simpler subproblems [29]. Solving stagewise optimal control problems involves sequentially solving
Riccati-like equations backwards in time. The solution of these subproblems yields a state feed-
back. After forward integration of this updated state feedback law a new input trajectory with
an improved cost is obtained [45]. Within the class of stagewise methods, a further distinction
between Dynamic programming based and Newton-based methods is made.
Dynamic programming methods use the principle of optimality to recursively �nd a feedback
controller for all times and initial conditions. In a continuous-time setting this leads to the HJB
(Hamilton-Jacobi-Bellman) equation. However, a closed-form solution to this equation might be
di�cult to obtain, or might not exist. The solution can, however, be obtained using numerical
methods that approximate the solution. Di�erential Dynamic Programming (DDP) iteratively sol-
ves a second-order approximation of Bellman's equation. Section 2.1.4 of this chapter will discuss
the Sequential Linear Quadratic method, which is based on DDP, in more detail.
Stagewise Newton's method (SNM) is a second type of stagewise optimal control method. SNM
is solved recursively, contrary to the traditional Newton's method. However, SNM does have the
same descent direction as the traditional method [45]. The descent direction is found by taking
a second-order approximation of the unconstrained optimization problem about the nominal tra-
jectory. Section 2.1.4 will discuss the projection operator method in more detail. This method is
based on SNM, however it includes a stabilizing feedback in the forward integration, which makes
it perform better on large time horizons [45].
Direct methods transform the optimal control problem into a �nite-dimensional nonlinear pro-
gramming problem (NLP). Because of this transformation the problem can then be solved using
�nite-dimensional optimization solvers, e.g., Sequential Quadratic Programming (SQP) [44]. The
approach is often summarized as: "First discretize, then optimize" [44]. This class can be further
subdivided into: single shooting, direct multiple shooting and direct collocation methods [29]. Sin-
gle shooting approaches discretize the control inputs. An ODE solver is then used to obtain the
state trajectory and sensitivities resulting from the discretized input. Direct collocation approa-
ches discretize both the state and input. Constraints are introduced to ensure that the solution
satis�es the discretized ODE model. Multiple shooting approaches combine the principles of single
shooting and collocation approaches. In multiple shooting the input is discretized, however, the
time horizon is divided into smaller pieces. Equality constraints are introduced to ensure continuity
at the boundaries of these divisions [29].
Indirect Methods use the necessary condition of optimality of the in�nite dimensional problem
to derive a boundary value problem. This boundary value problem is then solved numerically using
shooting or collocation techniques. The approach can be summarized as: "First optimize, then dis-
cretize" [44]. A disadvantage of this approach is that a su�ciently accurate initial approximation
of the optimal trajectory is needed [46]. This class of methods, therefore, has limited application
in robotics [29].

The remaining of this section will focus on stagewise optimal control methods. The following
subsection will focus on PRONTO, an optimal control method within the class of SNM. The �nal
subsection will focus on SLQ, an optimal control method within the class of DDP-based methods.
The focus on stagewise optimal control methods is explained by their advantages. Firstly, stagewise
methods do not only �nd a feedforward solution of the optimal control problem, but also �nd a state
feedback. Furthermore, stagewise methods do generally not su�er from the high computational
complexity encountered using direct methods. The stagewise methods described in this chapter
converge quadratically, as long as the dynamics are approximated quadratically and second-order
conditions for optimality are satis�ed [45]. However, one should keep in mind that the methods
discussed in this chapter are approximations of the original problem, and therefore the solutions
obtained using these methods are only locally valid.
The reader is advised to skip this section on �rst reading, as it contains a lot of detail. The main
message of this section is that both presented methods rely on a linear�quadratic (LQ) approxi-
mation of the original optimal control problem to �nd a solution. Constructing an approximation
of the dynamics of a nonsmooth system is the subject of the following section.

Projection Operator Method (PRONTO)

In [47], the Projection Operator based Newton's method for Trajectory Optimization (PRONTO)
is introduced. PRONTO is an algorithm to numerically solve (nonlinear) optimal control problems.
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Extensions to include input, state, and terminal constraints exist [48], [49]. A general form of an
unconstrained optimal control problem can be de�ned as

min
(x,u)(·)

h(x,u),

s.t. ẋ = f(x(t),u(t)), x(0) = x0,
(2.1)

with the cost functional

h(x,u) :=

∫ T

0

l(s,x(s),u(s))ds+m(x(T )) (2.2)

with l(t,x,u) and m(x) the running and terminal costs, f(x,u) the control vector �eld and x0

the initial condition. PRONTO de�nes the projection operator P. The projection operator maps
a (bounded) state and input curve (α,µ) to a trajectory (x,u) of the nonlinear system and it is
de�ned as

ẋ(t) = f(x(t),u(t)), x(0) = α(0),

u(t) = µ(t) + K(t)(α(t)− x(t)),
(2.3)

where K(t) is a time-varying controller gain. Notice that, irrespective of the choice of K, the
projection P maps a trajectory of the system onto itself, i.e., ξ = P(ξ) when ξ is a trajectory of
the system.

With the use of the projection P it is possible to rewrite the optimization problem as

min
ξ∈T

h(ξ) = min
ξ=P(ξ)

h(ξ), (2.4)

in which T is the manifold containing all trajectories of the system, i.e., all ξ for which ξ = P(ξ)
[47]. By de�ning,

g(ξ) := h(P(ξ)), (2.5)

it is possible to rewrite the constrained optimisation problem (2.4) as an unconstrained optimisation
problem, [49]

min
ξ=P(ξ)

h(ξ) = min
ξ
g(ξ). (2.6)

For a formal mathematical proof on why this is possible, and a proof on why the projection ope-
rator P is a continuous nonlinear projection operator the reader is referred to [47].
Based on the observations above, that using the de�ned projection operator the problem can
be rewritten into an unconstrained optimisation problem, algorithm 1 is proposed [47]. In this

Algorithm 1 PRONTO method for optimal control (based on [47])

Given : initial trajectory ξ0 ∈ T
for i = 0,1,2, ... do
Redesign feedback controller K if desired/needed
Search direction:
ζi = argmin

ζ∈TξiT
Dg(ξi) · ζ + 1

2D
2g(ξi) · (ζ, ζ)

Step size:
γi = argmin

γ∈(0,1]
g(ξi + γζi)

Update:
ξi+1 = P(ξi + γiζi)

end for

algorithm, �nding the search direction corresponds to solving a (standard) LQ problem, i.e., mini-
mizing a second-order approximation of the cost function g subject to the linearized dynamics of
the perturbation (ζ) of the nominal trajectory (ξ) [49]. The LQ problem is constructed through
calculating the �rst-order and second-order derivatives D g and D2g, w.r.t the nominal trajectory
ξ, of the functional g. This is an optimization problem which can be solved using common tools
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[47]. One such an approach is the use of Riccati di�erential equations. Backward integrating the
Riccati di�erential equation belonging to the optimization problem results in an update of the
input trajectory. The update step corresponds to �nding the nominal trajectory corresponding to
the search direction and step size. This corresponds to integrating the dynamics in (2.3).

Currently, there is no mention in literature of an extension of this method to optimal control
problems for nonsmooth systems, or more speci�cally hybrid systems. Even though [49] does
mention hybrid systems, they are mentioned to justify enforcing a terminal constraint on the
optimised trajectory. One could, for instance, imagine a situation in which enforcing a discrete
transition at the end of a trajectory, by exactly satisfying a guard function, could be necessary.

Sequential Linear Quadratic (SLQ)

A second method for solving a nonlinear optimal control problem is Sequential Linear Quadratic
(SLQ), described in, among others, [25]. SLQ is a di�erential dynamic programming (DDP)-based
method. Similar to PRONTO, discussed in the previous subsection, SLQ iteratively attempts to
�nd the optimal solution of the problem by recursively �nding the solution of an LQ problem.
However, PRONTO and SLQ are not identical. PRONTO computes the search direction by com-
puting a second-order approximation of the optimal control problem. The search direction in SLQ,
and other DDP-based methods, is found by solving a second-order approximation of the HJB
equation. This means that, while the algorithms look similar, they do not always coincide and �nd
the same search direction. This subsection will brie�y explain this method. The section will also
brie�y addresses the extensions made in [25] to extend the SLQ method to switched systems.

DDP is introduced in [27] for discrete-time systems. SLQ, which can be described as continuous-
time DDP, is presented in [25]. In [27], the algorithm is described in three steps. First, a non-
optimal trajectory is generated using a non-optimal control input trajectory, which in [25] is called
a rollout. Using these nominal trajectories an LQ approximation of the optimal control problem,
centered on the current iterate, can be constructed. A search direction is found by solving the LQ
approximation. By repeating, this procedure the methods �nds a solution to the optimal control
problem. The method is described in more detail in [25]. The SLQ algorithm described in [25] is
repeated in Algorithm 2.

Algorithm 2 SLQ algorithm (based on [25])

Given: System Dynamics and Cost Function
Initialize: Initialize controller with stable control law µ0(·)
while number iterations < max number of iterations and ||l(·)||2 > lmin do
Rollout:
Forward Integrate system dynamics {α,µ}
Construct and Solve LQ problem:
Compute LQ approximation along the nominal trajectory
Solve the �nal value di�erential equations
Update Control law:
Line search for the optimal step size γ
Update control law: µ∗(t,x) = µ(t) + γ∗l(t) + L(t)δx(t)

end while

In the algorithm δx(t) is de�ned as α(t) − x(t). The variables l(t) and L(t) follow from solving
the �nal value di�erential equations, i.e., Riccati equations. Notice that there is a parallel between
the SLQ and PRONTO methods. Both methods sequentially solve an LQ approximation of the
original problem. However, as stated before, SLQ computes a second-order approximation of
the HJB equation. PRONTO �nds the search direction by approximating the optimal control
problem itself. The search direction of these methods are, therefore, not always identical. A
further di�erence is the amount of Riccati equations that need to be solved. Solving the LQ
problem in PRONTO involves solving two Riccati equations. In SLQ only one Riccati equation
needs to be solved.
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Optimal Control for Switched Systems (OCS2)

In [29], an algorithm is proposed which is able to �nd an optimal trajectory for a switched sy-
stem with a prede�ned mode sequence. Finding the trajectory is performed in two main steps.
The algorithm alternates between these two steps. In the �rst step, the algorithm optimizes the
continuous-time controller, for which it uses the SLQ algorithm. In the second step, the algorithm
calculates the cost function derivatives with respect to the switching times, to optimize the swit-
ching times using a gradient descent method. In [29], this method is applied on a legged system.
The method can be applied to systems which can be modeled as a switched system. The state
trajectory of these systems, therefore, need to be continuous. This means that this method cannot
be used for systems experiencing impacts. The focus of this project will therefore be to develop a
method, which can be used for systems experiencing impacts, inspired on the approach taken by
this method, SLQ and PRONTO.

2.1.5 Sensitivity Analysis

The previous section discussed two methods to �nd the solution of a nonlinear optimal control
problem. Both these methods rely on a local LQ approximation of the optimal control problem
to �nd a solution to the original problem. A technique to construct a �rst-order approximation of
the behavior of a hybrid system with state-input triggered jumps is described in [10], which draws
from previous results in literature. The jumps are assumed not to be simultaneous. Furthermore,
in [10] a transversality assumption is made, which is expressed as

D1γ(α−, τ) · α̇− +D2γ(α−, τ) · 1 6= 0 (2.7)

with γ the guard function, α the (nominal) state trajectory, and τ the event time. This assumption
is common when dealing with state-triggered systems [10], and allows to conclude that there exists
an unique event time. The sensitivity analysis in [10] is based on the reference spreading framework
discussed in Section 2.1.3. One of the main di�culties of deriving an approximation of the behavior
of a hybrid system with state-input triggered jumps is that a perturbation of either the initial
condition or the input trajectory could typically lead to deviating event times.
The behavior of the hybrid system is approximated along a nominal trajectory. Perturbations
from this trajectory are captured by a time-varying linear system with time triggered jumps. The
event times of this system correspond to the event times of the nominal trajectory. In [40], this
sensitivity analysis is used to construct an LQR tracking controller for a unilaterally constrained
system experiencing impacts. In [11], the sensitivity analysis is extended to systems experiencing
multiple simultaneous impacts. In [42], the analysis is extended to mechanical systems experiencing
inelastic impacts.
In [50], a comparable approach to approximate the dynamics of a hybrid system is presented. The
approximation is derived using a �rst-order sensitivity analysis of the hybrid system, represented
as a parameter-dependent model consisting of the discrete dynamics, the continuous dynamics
and algebraic equations. The main interest of the sensitivity analysis performed in [50] is to
reduce the large computational cost of repetitive simulation. The model structure allows the
sensitivity analysis to not only describe trajectories resulting from a perturbed input trajectory or
initial condition but also to describe the state trajectories of a model with perturbed parameters.
The approach is extended in [12]. The sensitivity analysis is expanded to the second order to
include higher-order information and thus improve the accuracy of the trajectory approximation.
In contrary to the work in this project, however, only perturbations of the initial conditions and
system parameters are considered. Furthermore, no extensions are made to approximate the cost
functional, since the interest in using the developed theory for optimal control is not present in
[12].
The following section will summarize and discuss the �ndings of this chapter. It will also relate
the sensitivity analysis in this section to the optimal control methods discussed in the previous
section.

2.1.6 Summary and discussion

In Section 2.1.1, a variety of planning methods for legged locomotion are discussed. Within the
model-based methods, a distinction can be made between the holistic and task synergy methods.
The latter solves the planning problem by dividing it into subtasks. This approach can result in a
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suboptimal solution to the problem, however, it can also decrease the computational cost. Within
the context of this project, a further limitation of this approach is the separate planning of con-
tacts and state trajectories, which makes incorporating impact-aware planning di�cult. Holistic
approaches can be more computationally expensive, however, do not su�er from the aforementi-
oned problems, since the entire problem is solved at once. Planning problems within this class
of methods are often de�ned as an optimal control problem. Section 2.1.4 describes two approa-
ches for solving a nonlinear control problem. Both methods rely on approximating the nonlinear
optimal control problem as an LQ problem. In the �nal section of this chapter a technique is
described which can approximate the dynamics of a hybrid system. Approximating a general
nonlinear optimal control problem, subject to the dynamics of a hybrid system with state-input
triggered jumps, as an LQ problem involves extending this sensitivity analysis to the second order.
It requires �nding expressions for the quadratic terms in the cost function of the approximated
problem. Deriving this approximation will, therefore, be one of the steps taken in this project.

A second distinction made in Section 2.1.1 involves the modeling approach. Three di�erent types
of models are presented: inverted pendulum models, COM dynamics plus kinematics models, and
models which fully describe the rigid body dynamics of the system. All three model types have
been shown to be e�ective in modeling the system, however, especially the �rst one has its limita-
tions. The methods utilising an inverted pendulum model are not able to describe vertical motions
and changes in orientation of the robot. The methods using rigid body models do not have this
limitation, however, the model can become very complex for complex systems. The methods using
CoM dynamics models drastically simplify this model. As long as the assumption of constant in-
ertia about the CoM is valid it does not restrict the set of possible motions of the robot. This type
of model is, therefore, deemed the most suitable for application within the context of this project,
since it can describe complex motions and impacts, without the complexity and computational
cost of the full rigid body dynamics models.

A �nal modeling choice is introduced in Section 2.1.2. Four di�erent modeling frameworks within
the �eld of nonsmooth mechanics are described. Four properties of these methods are summarized
in Table 2.1. The �rst property is whether models described in the framework are suitable for
simulation. Only the soft contact models do not have this property since models described in
this framework can become very sti�. A second property is whether models can describe impacts,
i.e., whether the state of the model can be discontinuous. Models within the measure di�erential
inclusion (MDI) framework and hybrid system framework have this property. A third property
is whether models can describe the accumulation of events. Within the considered frameworks
only the models within the MDI framework can describe the accumulation of events. However,
since impacts are assumed to be inelastic, within the context of legged robotics, it can be assumed
that accumulation of events does not occur. The �nal discussed property of the frameworks is
whether the frameworks are suitable for control design. The hybrid systems framework satis�es
this property, since the literature on hybrid systems is best developed from a controls perspective.
Therefore, a hybrid systems approach is preferred and taken in this project.

2.2 Hybrid Systems with State-triggered Jumps

A subgoal of this research is to approximate and solve optimal control problems which are subject
to hybrid dynamics with state-input triggered jumps, such that these approximations can be used
to solve the trajectory planning problems that have been introduced in the previous sections of this
chapter. This section will give the reader a brief introduction on the class of hybrid systems that
is considered, as well as introduce and explain some of the notation that will be used in Chapter 3.
First, a brief overview of hybrid systems is provided. The di�erential and di�erence equations are
introduced along with its properties. Furthermore, the di�erence between systems experiencing
time and state-input triggered jumps is explained. Secondly, the notation used in later chapters is
introduced, since this report will not make use of the conventional system of indexing modes and
event times. Thirdly, a short example will be discussed, along with an explanation of why the ex-
tensive sensitivity analysis performed in the following chapter is necessary. Finally, we will explore
whether we can generally expect to be able to exactly approximate a system experiencing state-
triggered jumps, in particular whether we can expect to exactly approximate linear hybrid systems.

17



Traditionally a dynamical system is classi�ed as either a continuous-time dynamical system or a
discrete-time dynamical system. The evolution of the state of a mechanical system is according to
the laws of physics, and is, therefore, naturally described by a continuous-time dynamical system
[37], which is represented by a system of di�erential equations. These di�erential equations are
denoted as

ẋ(t) = f(x(t),u(t), t), (2.8)

with x(t) ∈ Rn and ẋ(t) ∈ Rn respectively the state trajectory of the system and its time deriva-
tive, u(t) ∈ Rm the input trajectory, and with the function f : Rn × Rm × R→ Rn describing the
vector �eld of the di�erential equation. In general the vector�eld can be nonlinear, however, it is
generally assumed that the vector �eld is di�erentiable with respect to its arguments.
While physical processes are generally described by continuous-time dynamics, processes (such as
impacts) happen at relatively small time scales compared to the other dynamics of the system,
as was already discussed in Section 2.1.2. These transitions, resulting from impacts, are, there-
fore, often modelled as a discrete-time transition, described by a di�erence equation [37]. These
di�erence equations can be denoted as

x+ = g(x−,u−, t), (2.9)

with x− ∈ Rn and x+ ∈ Rn respectively the state of the system before and after the discrete-time
transition, u− ∈ Rm the input before the transition, and with the function g : Rn×Rm×R→ Rn
describing the jump map. Again, the jump map can generally be nonlinear with respect to its
arguments.
From the perspective of modelling mechanical systems that experience impacts it seems intuitive to
combine these two modelling techniques, to describe both the continuous-time evolution, according
to Newton's laws, and to describe the, assumed to be instantaneous, impacts using as a single
hybrid system. Away from impacts, a hybrid systems evolves along its di�erential equation, at
the time an impact occurs the di�erence equation is applied. For a justi�cation of why the hybrid
systems framework is used, and an exploration of other nonsmooth mechanical frameworks, the
reader is referred back to Section 2.1.2. In the hybrid systems framework, the impact, a discrete-
time transition, occurs at the event time. At this event time the jump map is applied, leading
to an instantaneous jump in the state trajectory. In order to determine whether the current time
instance is an event time a guard function is introduced. At the state, input, and time instance an
event is triggered an event if

γ(t,x(t),u(t)) = 0, (2.10)

with γ : R × Rn × Rm → R, the guard function and x(t) ∈ Rn and u(t) ∈ Rm the current state
and input. The guard function is larger than zero away from events. It is thus observed that,
in the general case, the event times are dependent on time, the state trajectory , and the input
trajectory. A system which has event times that are dependent on the state and input trajectories
is, therefore, referred to as a system with state-input triggered jumps, or a state-input triggered
system for short. This dependency on the state trajectory means that a priori it cannot be expected
that the event times are known, furthermore, a perturbation of a trajectory generally leads to a
perturbation of the event times.
While event times are generally not known a priori for systems experiencing state-input triggered
jumps, this is not the case for the class of systems that experience time-triggered jumps. The
guard function of this class of systems is only dependent on the current time instance. This means
that event times are known a priori, and that they are constant, and thus that they do not change
when the system is perturbed.

2.2.1 Notation of Trajectories of a Hybrid System

For sake of readability, this report will be using a non standard way of denoting indices of segments
and event times of trajectories. This section will, therefore, be dedicated to brie�y explaining the
notation used for indexing.
Consider a trajectory of the class of hybrid systems de�ned in the previous section. Furthermore,
assume that nt events occur within the considered time interval. These events occur at t ∈
{τ1, τ2 . . . , τnt}. This means that the zero-th segment of the trajectory is de�ned as the segment
of the trajectory between τ0 and τ1. Similarly the �rst segment is de�ned as the segment between
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Figure 2.4: Illustration of a trajectory x(t, i) with nt jumps in the time interval [0, T ].

τ1 and τ2. Generally, the k-th mode of the trajectory is the segment between τk and τk+1.
While the above described system for indexing is correct, the expressions can become cluttered
when this system is used. Therefore, this report will use an alternative system for denoting the
indexing of both event times and segments within the trajectory. The notation used in this report
is illustrated in Figure 2.4, for a state trajectory that encounters nt events.
First, the trajectory is divided into segments, where each segment has a number corresponding to
the event counter, starting with 0. When a variable is considered within this segment, away from
the event times, it is denoted as

[k]x(t) := x(t, k),

with x the considered trajectory, and k the event counter. The left and right bracket then indicate
that the trajectory is considered somewhere within the segment k. While this looks di�erent
to conventional ways of denoting trajectories, this is still comparable to conventional notations.
However, when the variable is considered at the event time, the di�erence between the conventional
system and the system used in this report emerges. The notation used in this report denotes the
event times, that are the beginning and end of segment k, as τ[k and τk] respectively. The left
bracket denotes that we consider the leftmost time instance of its segment, the right bracket denotes
the opposite. Conversion between this notation, and conventional notation is possible, when we
consider that

[k := k k] := k + 1.

The indexing of variable x is denoted in a similar way. The value of x at event time τ[k is denoted

as [kx+, which is, therefore, shortened notation for x(τk, k). The value of x at τk] is denoted as k]x
which is, therefore, shortened notation for x−(τk+1, k + 1). It is important to note, however ,that
indexing will sometimes be omitted, when the index is clear from context.

2.2.2 Example of a State-triggered Hybrid System

To illustrate the concept of a hybrid system experiencing state-input triggered jumps, this sub-
section will give an example of such a system, and at the same time show some numerical si-
mulations to provide some key insights. The system that will be considered in this subsection is
the bouncing ball system, as this is a classical example within the theory of hybrid systems, it is
described in, among others, [37] and [39].
The bouncing ball model describes an object, with mass m, as it falls towards the ground. Given
Newton's laws of motion, the di�erential equation describing the continuous-time evolution of the
position of the object can be described as

p̈ = −g,

with p(t) ∈ R the position of the object at time t, and g the gravitational acceleration. The impact
that occurs when the object hits the �oor, located at p = 0, is assumed to be partially inelastic,
and described by Newton's impact law,

p+ = p−,

ṗ+ = −eṗ−,
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Figure 2.5: Nominal and perturbed trajectory of the bouncing ball model.

with e ∈ (0, 1] the coe�cient of restitution. The impact law describes the relation between the
state before and after impact, according to this law, the position of the ball remains equal, however
the velocity changes sign and the magnitude remains equal or decreases, depending on the value
of e. If the state of the system x ∈ R2 is de�ned, with the components x1 and x2 describing
the position and velocity of the object respectively, then, in state space representation, the hybrid
system can be denoted as

ẋ(t) =

[
0 1

0 0

]
x(t) +

[
0

−g

]
, γ(t,x(t)) > 0, x(0) = x0

x+ =

[
1 0

0 −e

]
x−, γ(t,x(t)) = 0,

with γ(t,x) : R × R2 → R the guard function, which determines whether the combination of the
current time t and state x(t) triggers an event. The guard function γ is de�ned as

γ(t,x) := x1 =
[
1 0

]
x.

As stated before, in the analysis of state-triggered hybrid systems a common assumption is the
transversality assumption in (2.7). Here it is clear why this assumption is often necessary. In a
case that γ = 0, but (2.7) is not satis�ed, it is possible that the jump map gets applied inde�nitely,
which would prevent evolution of the system along the continuous-time dynamics, which would in
turn halt the passing of time.
As explained before, when we perform a numerical simulation of the system above, the expected
behaviour of the system is that of an object under constant acceleration up to the point that the
position of the object is equal to zero. At the time that the position is equal to zero, it is expected
that the sign of the velocity �ips and is reduced in magnitude, and, consequently, that the ob-
ject bounces back. Figure 2.5 illustrates, with a solid black line, such a numerical simulation, for
e = 0.9 and x0 = [1, 0]T . The expected behaviour is indeed observed. For reasons explained later,
this trajectory will be referred to as the nominal trajectory for the remainder of this section. In
the same �gure, a red solid line is plotted. This red line corresponds to a numerical simulation,
of the same system, however, with a perturbed initial condition, namely x0 = [1.1,−0.1]T . Again,
the expected behaviour is observed, however, when the nominal and perturbed trajectories are
compared clear di�erences are apparent. The main di�erence, and the reason for this discussion, is
the shifting of the event times between the nominal and perturbed trajectories. Furthermore, an
increasing error between the nominal and perturbed trajectories is observed, which can, at least
partially, be explained by the mismatched event times.

2.2.3 Approximation of Linear Hybrid Systems

Sensitivity analysis of continuous-time and discrete-time dynamical systems is a tool that is of-
ten used to approximate perturbed trajectories of a nonlinear dynamical system. In case of the
�rst-order sensitivity analysis a key step is linearisation of the system. This is why, in general, a
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�rst-order sensitivity analysis of a linear dynamical system yields the same result as any higher-
order analysis, since the approximation of the system is equal to the system itself. This section
will investigate whether the same can be said for the class of hybrid dynamical systems considered
in this report, when the di�erential equations, di�erence equations, and guard functions are linear.

In order to investigate whether the trajectories of the perturbed hybrid system are linearly depen-
dent on the size of the perturbation, let us consider the following linear di�erential equation

ẋ(t) =

[
0 1

0 0

]
x(t) (2.11)

with x1 and x2 representing the position and velocity of a mass. The proposed system is similar
to the system considered in the previous section, however, the direction of movement is changed,
such that gravity does not a�ect the system dynamics. Consider a similar guard function to the
bouncing ball example, from the previous section. In that case, the guard function is

γ(t,x) = x1 =
[
1 0

]
x.

Since at this moment we are only interested in the value of the �rst event time of the perturbed
system, the jump map is not explicitly de�ned. The initial condition of the system is given by

xε(0, 0) = x0 + εz0, (2.12)

with ε equal to zero for the nominal trajectory, and z0 representing the perturbation of the initial
condition. Given that the initial condition is such that an event occurs at time tε, then

γ(tε,x(tε)) = 0, (2.13)

which, in case of linear system, means that it is possible to �nd an explicit expression for the event
time tε with respect to ε. When this expression is nonlinear, we can generally not expect that
a linear hybrid system of the considered class can be captured exactly by a �rst-order sensitivity
analysis.
A classical result in the analysis of time-invariant linear systems provides an expression for the
value of the state at the time tε, given the initial state x0 at t = 0. Without specifying the value
of the event time tε, the state at the event time can be expressed as

x(tε) = eAtε(x0 + εz0), (2.14)

with eAtε the matrix exponential of Atε. Since A is already in Jordan form, (2.14) is readily
expressed as

x(tε) =

[
1 tε

0 1

]
(x0 + εz0). (2.15)

The value of the event time is determined by the guard function, the value of the event time can,
therefore, be calculated as the value of t > 0, for which

γ(t,x) =
[
1 0

]
x(tε) = 0,

= x01 + εz01 + tε(x02 + εz02) = 0.

In the case that the initial condition x0 is equal to [1 0]T and that the initial condition is perturbed
in the direction z0 equal to [0 − 1]T , the event time tε can be expressed as

tε =
1

1 + ε
, (2.16)

which means that the event time is nonlinearly dependent on the size of the perturbation ε, which
means that it can generally not be expected that a linear state-input triggered hybrid system can
exactly be described by a time-triggered linear approximation of the original system. Figure 2.6
combines the values obtained from evaluating (2.16) and performing a series of numerical simula-
tions for varying values of ε, which con�rms that the obtained expression does indeed provide the
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Figure 2.6: Perturbed event time for the linear hybrid system, obtained through simulation (red)
and obtained through evaluating (2.16)(blue).

perturbed event time, as well as it con�rms that this relation is indeed nonlinear. This observation
further justi�es the goal of this thesis in obtaining a second-order sensitivity analysis of state-
triggered hybrid systems. A second-order approximation would not only result in more accurate
approximations of nonlinear systems, but would also be able to approximate linear state-triggered
hybrid systems more accurately.

This �nal observation concludes this section on state-input triggered hybrid systems. This section
has both introduced the notation used for segments of the state and input trajectories used in the
sensitivity analysis in the following chapter, and shown and explained some of the challenges in
deriving an approximation of trajectories of state-input triggered hybrid systems. Furthermore,
we have seen that it can in general not be expected that a �rst- or second-order approximation
of trajectories of hybrid systems with state-input triggered jumps is exact, due to the nonlinear
dependency of the event time on the perturbation.
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Chapter 3

Second-order Sensitivity Analysis

of State-triggered Hybrid Systems

The goal of this research is to approximate an optimal control problem subject to hybrid dynamics
with state-input triggered jumps. This chapter will describe the problem formulation for this
optimal control problem as well as given an insight into the sensitivity analysis, which is used
to approximate the optimal control problem. The main result of this chapter is presented in
Proposition 8, however, the reader is advised to read the entire chapter, since the propositions are
build upon each other. Section 3.1, will introduce the formulation of the optimal control problem
to be approximated, it will introduce both the cost functional and the dynamics to which the
solution of the problem is subject to. Section 3.2 will detail the �rst-order sensitivity analysis for
trajectories of hybrid system with state-input triggered jumps. Section 3.3 will detail the second-
order sensitivity for trajectories of the considered class of systems. Finally, an attempt at solving
the resulting optimal control problem is presented in Section 3.4.

3.1 Problem Formulation and Overview

As stated before, the starting point of this chapter is the formulation of a nonlinear optimal control
problem, subject to a hybrid dynamical system with state-input triggered jumps. From now on,
this problem will often be referred to as the original problem, as this is the optimal control problem
that is approximated. First, consider a cost functional, describing the cost of a trajectory, as

min
(x,u)(·)

h(x,u), (3.1)

h(x,u) :=

nt∑
k=0

∫ tk]

t[k

l([k]x, [k]u, t, k) dt+

nt∑
k=0

m(k]x, k]u, tk], k), (3.2)

with nt the number of jumps within the considered �nite time interval [t0, T ], the state x ∈ X ⊂ Rn,
the input u ∈ U ⊂ Rm, the intermediate cost function l : X × U × R × N → R, and the jump
cost function m : X × U × R × N → R. The indexing of the event times t[k and tk] and further
notation used in this chapter is explained in more detail in Section 2.2.1. Both the intermediate
cost function l and jump cost function m are assumed to be, at least, twice di�erentiable with
respect to both input and state, as well as di�erentiable with respect to time.

The dynamics are assumed to be described by

[k]ẋ = [k]f([k]x, [k]u, t) t[k ≤ t < tk], k = {0, 1, 2, . . . , nt}, (3.3)

[k+1x = k]g(k]x, k]u, t) t = tk], k = {0, 1, 2, . . . , nt − 1}, (3.4)

with f : X × U × R × N → Rn describing the continuous-time behaviour of the system and
g : X × U × R × N → Rn describing the discrete-time behaviour. Note that this is an extension
of the system described in Section 2.2, since both the continuous- and discrete-time dynamics are
also dependent on the jump counter k. Both the f , and g, are assumed to be twice di�erentiable

23



with respect to state and input, as well as di�erentiable with respect to time. The initial condition
of the system x0 ∈ X is assumed to be known, and is denoted by

x(t0, 0) = x0. (3.5)

Since the class of systems considered in this research is the class of hybrid systems with state-input
triggered jumps, the event times are not �xed, nor known a priori. The event times are directly
determined by the state and input trajectories. The function which determines if the current state
and/or input triggers an event, the guard function, is assumed to be described by

k]γ(k]x(t), k]u(t), t) > 0 t[k ≤ t < tk], k = {0, 1, 2, . . . , n}, (3.6)

k]γ(k]x(t), k]u(t), t) = 0 t = tk], k = {0, 1, 2, . . . , n− 1}, (3.7)

with γ : X × U × R × N → R known as the guard function, which is again assumed to be twice
di�erentiable with respect to input and state, as well as di�erentiable with respect to time.

Consider a nominal trajectory of the system described above. This nominal trajectory is a valid
trajectory of the hybrid system, i.e., it satis�es the system dynamics, however is not necessarily
the solution of (3.1). This nominal state and input trajectory is denoted by α and µ respectively,
the event times of the nominal trajectory are denoted by τ . Recall that, in the context of the
projection operator approach, we would say that this nominal trajectory lies on the trajectory
manifold T .
In this same context, we are interested in deriving expressions for the �rst- and second-order
derivatives of the projection operator P, in order to use the projection operator approach to
solve the original optimal control problem. Introduce a curve γ := (β,ν), which represents the
perturbation of the nominal trajectory. Note that, in this paragraph, there is an overload of
meaning, for historical reasons, between the guard function γ and the curve γ.
By perturbing the nominal trajectory with this curve γ, and projecting the resulting curve, i.e.,
by considering P(ξ + εγ), and expansion in series we �nd the �rst derivative of the projection
operator DP(ξ) · γ. The �rst derivative of the projection operator maps the curve γ := (β,ν)
in the neighbourhood of the nominal trajectory ξ := (α,µ) ∈ T to a trajectory ζ := (z,v) on
the tangent space of T at ξ, i.e., TξT , which represents the space of trajectories of the linearised

dynamics along the nominal trajectory ξ [45]. In a similar way, the second-order derivative of the
projection operator D2P(ξ) · (γ,γ) maps the curves γ to a trajectory ω := (y,w). A contribution
of this thesis is to show that expansion in series of the unconstrained optimisation problem (2.6),
and restricting the descent direction γ to the tangent space of T , results in an optimal control
problem of the following structure

min
(z,v)(·)

nt∑
k=0

∫ τk]

τ[k

[k]aT [k]z + [k]bT [k]v +
1

2

[
[k]z
[k]v

]T [
[k]Q [k]S
[k]ST [k]R

][
[k]z
[k]v

]
ds

+

nt∑
k=0

k]aTJ
k]z + k]bTJ

k]v +
1

2

[
k]z
k]v

]T [
k]QJ

k]SJ
k]STJ

k]RJ

][
k]z
k]v

]
(3.8)

+

[
k]z
k]v

]T [
k]Q−·

k]S−·
k]S−+

k]R−+

][
k]v̇

[k+1v

]
with z and v the �rst-order sensitivity of state and input, respectively. These sensitivities are then
governed by linearised dynamics with time-triggered jumps

[k]ż(t) = [k]A(t)[k]z(t) + [k]B(t)[k]v(t), (t, k) ∈ dom α, (3.9)

[k+1z = k]G(t)k]z + k]H(t)k]v (t, k) ∈ eveα, (3.10)

with dom α and eveα the reference domain and the event time set, respectively. These sets are
de�ned as in [51] and can be expressed as

dom α :=

nt⋃
k=0

([
τ[k, τk]

]
× {k}

)
, (3.11)

eveα :=

nt⋃
k=0

(
{τk]} × {k}

)
, (3.12)
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and with the initial condition
z(t0, 0) = 0. (3.13)

The remainder of this chapter will be used to show and explain the sensitivity analysis to derive
these expressions, as well as justify the expressions above. Section 3.2 describes the �rst-order
sensitivity of trajectories of the hybrid system, Section 3.3 describes the second-order sensitivity.

3.2 First-Order Sensitivity Analysis

The �rst step in deriving expressions for the �rst-order derivative of P is to �nd expressions which
describe the perturbation of the nominal state trajectory, z, for a given input perturbation v,
i.e., to de�ne the dynamics of DP(ξ) : γ 7→ ζ. As explained in Section 3.1, this derivative is
obtained through expansion in series of the perturbed nominal trajectories. The main di�erence
in deriving these expressions, compared to the classical case in, among others, [49], is that events
are state-input triggered. We can, generally, not expect the event times to remain constant under
perturbation.
Therefore, an important concept, in deriving these expressions, is reference spreading, which was
recalled in detail in Section 2.1.3. The main point here is that, from a reference spreading per-
spective, the state trajectory is �continuously extended about its impact times� [43]. From a
reference spreading perspective the state keeps evolving along the vector �eld, even after a guard
function is triggered, an example of these extensions is shown in Figure 3.1. This �gure also shows
the reason for these extensions. Comparing two trajectories with di�erent event times could result
in large di�erences, while the di�erence away from events might be small. Proposition 1 shows
that, given the reference spreading approach, we can approximate the original system state-input
triggered dynamics as a linear hybrid system with time triggered jumps. Note that Proposition 1
and its proof are based on the work in [10], and are known results.

Proposition 1. Perturbations of a nominal state trajectory, α, of the nonlinear system with state-
input triggered jumps described by (3.3)-(3.5) can be �rst-order approximated as a linear system
with time-triggered jumps. The perturbation, z, is governed by

ż := A(t, k)z + B(t, k)v, (t, k) ∈ dom α, (3.14)

z+ := G(t, k)z− + H(t, k)v−, (t, k) ∈ eveα, (3.15)

with z the �rst-order sensitivity of the nominal state α, and v the �rst-order sensitivity of the
nominal input µ. Furthermore, the matrices of this approximate system are de�ned as

A(t, k) := D1f(α,µ, t, k), (3.16)

B(t, k) := D2f(α,µ, t, k), (3.17)

G(t, k) :=
1

γ̇−
(ġ− − α̇+)D1γ(α−,µ−, t, k) +D1g(α−,µ−, t, k), (3.18)

H(t, k) :=
1

γ̇−
(ġ− − α̇+)D2γ(α−,µ−, t, k) +D2g(α−,µ−, t, k), (3.19)

where γ̇− := γ̇(α−,µ−, τk], k) and ġ− := ġ(α−,µ−, τk], k) and

γ̇(α,µ, t, k) := D1γ(α,µ, t, k) · α̇+D2γ(α,µ, t, k) · µ̇+D3γ(α,µ, t, k) · 1, (3.20)

ġ(α,µ, t, k) := D1g(α,µ, t, k) · α̇+D2g(α,µ, t, k) · µ̇+D3g(α,µ, t, k) · 1. (3.21)

Furthermore, a more compact, but equivalent way of expressing (3.15) is

z+ := L(ξ−, ξ̇
−
, ξ̇

+
) · ζ−, (t, k) ∈ eveα. (3.22)

with ξ := (α,µ), ζ := (z,v) and

L(ξ−, ξ̇
−
, ξ̇

+
) := (ġ− − α̇+)l +D1g(ξ−, τk], k), (3.23)

lT (ξ−) :=
1

γ̇−
D1γ(ξ−, τk], k). (3.24)

Furthermore, the initial condition of the linear time-triggered systems, de�ned by (3.14) and (3.15),
is

z(t0, 0) := z0. (3.25)
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Figure 3.1: Illustration of symbols of the nominal and extended trajectories at the perturbed event
time tk],ε. The red line denotes the nominal trajectory. The perturbed trajectory is denoted by a
blue line, its extension is shown in dotted lines around the event time.

Proof. Recall the perturbed input trajectory, which consists of the nominal input trajectory µ, and
the perturbation of the input v and is parametrized by ε. This perturbed input trajectory can be
expressed as

uε(t) := µ(t) + εv(t). (3.26)

As a consequence of perturbing the input trajectory, the nominal state trajectory is perturbed. By
expanding the perturbed state trajectory, xε, in series, this trajectory can be expressed as

xε(t) := α(t) + εz(t) + o(ε), (3.27)

where the higher order terms result from the nonlinearity of the hybrid system. The perturbed
state and input trajectories then result in a perturbed event time, which can be expanded in series
as

tk],ε := τk] + ∆ε,k] = τk] + ε∆′0,k] + o(ε), (3.28)

with τk] the event time at the end of the k-th segment of the nominal trajectory, ∆ε,k] the perturba-
tion of the event time, and ∆′0,k] the derivative of tk,ε with respect to ε, evaluated at ε equal to zero.

At the perturbed event time tk],ε the extended trajectories are considered, in the same way as is
explained in Section 2.1.3 and shown in Figure 3.1. An extended trajectory corresponding to a
trajectory xε will be denoted as xε. Furthermore, the right limit of this extended trajectory will
be denoted as xB

ε , x right-pointing triangle, and will be used as a concise way to denote xε(tk],ε, k).
Similarly, xC

ε , x left-pointing triangle, will denote the left limit of the extended trajectory xε, and
is, therefore, a concise way to denote xε(t[k+1,ε, k + 1).
Given this notation, the left limit of the perturbed state trajectory xε in (3.27) can be expanded
in series with respect to ε and t, respectively, as

xB
ε := xε(tk],ε, k) = αB + εzB + o(ε),

= α− + α̇−(tk],ε − τk]) + ε(z− + ż−(tk],ε − τk])) + o(ε),

= α− + ε(α̇−∆′0 + z−) + o(ε), (3.29)

where it is assumed that both α and z are di�erentiable with respect to time in the interval between
the nominal event time τk] and the perturbed event time tk],ε. Furthermore, in the above the minus
superscript, (·)−, is used to denote that the respective trajectory is evaluated at (τk], k + 1).
Using the same notation, the expansion with respect to ε and t of the left limit of the perturbed
input trajectory is

uB
ε := uε(tk],ε, k) = µB + εvB + o(ε),

= µ− + µ̇−(tk],ε − τk]) + ε(v− + v̇−(tk],ε − τk])) + o(ε),

= µ− + ε(µ̇−∆′0 + v−) + o(ε), (3.30)

where it is assumed that both µ and v are di�erentiable with respect to time in the interval between
the nominal event time τk] and the perturbed event time tk],ε. Similarly, the right limits of both
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the perturbed state and input trajectories can be written as

xC
ε := xε(t[k+1,ε, k + 1) = α+ + ε(α̇+∆′0 + z+) + o(ε),

uC
ε := uε(t[k+1,ε, k + 1) = µ+ + ε(µ̇+∆′0 + v+) + o(ε),

in which the plus superscript, (·)+, is used to denote that the respective trajectory is evaluated at
(τ[k+1, k + 1). Recall that the original system is a system with state-input triggered jumps. This
means that the nominal state trajectory, nominal input trajectory and, nominal event times are
related to each other according to

γ
(
α−,µ−, τk], k

)
= 0, (3.31)

in which γ is the guard function. However, by construction, this relation is also valid for the
perturbed trajectories and event times, since a perturbed trajectory is still a trajectory of the
original system. Substituting the perturbed trajectories and event time results in

γ
(
xB
ε ,u

B
ε , tk],ε, k

)
= 0, (3.32)

which can be expanded in series, with respect to ε as

γ(α−,µ−, τk], k)+D1γ(α−,µ−, τk], k) · (xB
ε − α−)

+D2γ(α−,µ−, τk], k) · (uB
ε − µ−)

+D3γ(α−,µ−, τk], k) · (tk],ε − τk]) + o(ε) = 0.

After manipulation, and after substitution of (3.29) and (3.30), this relation can be simpli�ed to

ε(∆′0γ̇
− +D1γ · z− +D2γ · v−) + o(ε) = 0, (3.33)

with γ̇− := γ̇(α−,µ−, τk], k) and γ̇(α,µ, t, k) as de�ned in (3.20). By focusing on the �rst-order
terms in (3.33) , ∆′0 can be expressed as

∆′0 = − 1

γ̇−
(
D1γ

− · z− +D2γ
− · v−

)
. (3.34)

The state of the system before and after impact is related through the jump map in (3.4). This
relation is, again, valid for both the nominal and the perturbed trajectories. Therefore, it can be
expressed as

xC
ε = g(xB

ε ,u
B
ε , tk],ε, k). (3.35)

The expression above can be expanded in series, with respect to ε, as

α+ + ε(α̇+∆′0 + z+) + o(ε) = g(α−,µ−, τk], k)

+D1g · (xB
ε −α−)

+D2g · (uB
ε − µ−)

+D3g · (tk],ε − τk]) + o(ε),

→ ε(α̇+∆′0 + z+) + o(ε) =εD1g · (α̇−∆′0 + z−)

+εD2g · (µ̇−∆′0 + v−)

+εD3g · (∆′0) + o(ε).

Focusing on �rst-order terms, this expansion can be simpli�ed to obtain an expression for the
perturbation of the state after the jump as

z+ =

(
α̇+ − ġ−

γ̇−
D1γ

− +D1g

)
z− +

(
α̇+ − ġ−

γ̇−
D2γ

− +D2g

)
v−, (3.36)

:= G(t, k) z− + H(t, k) v−, (3.37)

with ġ− := ġ(α−,µ−, τk], k) and ġ(α,µ, t, k), G(t, k) and H(t, k) de�ned as in (3.21), (3.18) and
(3.19) respectively.
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Let η := (x,u), ξ := (α,µ), and ζ := (z,v). Through substitution of these stacked trajectory
de�nitions in (3.37) a more compact notation of (3.34) and (3.37) is obtained

z+ := L(ξ−, ξ̇
−
, ξ̇

+
) · ζ−, (3.38)

∆′0 := l · ζ−, (3.39)

with L and l de�ned as in (3.24) and (3.23).

Proposition 1,and its proof, derive expressions for the �rst-order sensitivity of the state trajectory
in an open loop setting. In other words, in the previous proposition a �rst-order approximation
is derived for the case that v is not dependent, through a control law, on z. However, in the
context of the projection operator approach, we do not directly consider the open-loop situation.
The projection operator maps a curve ξ + εγ onto a trajectory (xε,uε)(·) of (3.3)-(3.7) using the
feedback control law

uε(t) = µ(t) + εν + K(t)(α(t) + εβ − xε(t)), (3.40)

with K(t) a time-varying controller gain, and xε the resulting perturbed state trajectory of the
system. In PRONTO the descent direction given by the curve γ is not unique, the projected
trajectory can be obtained by more than one curve γ. Therefore, to �nd an unique descent
direction the attention is restricted to descent directions on the tangent space TξT . By restricting

the curve γ := (β,ν) to the tangent space TξT , i.e., by restricting the perturbation to be a

trajectory of the linearisation about ξ, it can be shown that

ζ = DP(ξ) · γ = γ, γ ∈ TξT . (3.41)

This means that, in this case, the perturbation γ is equal to the trajectory of the �rst-order
sensitivities ζ. This means that the results derived in Proposition 1 remain valid in the closed-loop
case, when the perturbation is a trajectory of the linearisation along the nominal trajectory.

3.2.1 First-Order Approximation of the Cost Functional

In the previous exposition, we derived an expression for the �rst-order derivative of the projection
operator DP(ξ) · γ for a hybrid system with state-input triggered jumps. This section will be
dedicated to specializing this result to de�ne the �rst-order derivative of the cost functional h(P(ξ))
as de�ned in (2.6). Using the same perturbation method as in the previous section and by expansion
in series, we �nd the �rst-order derivative Dh(ξ) · γ.
However, due to the similarities between results presented in Proposition 1, and the currently
proposed expansion we will present these results as a specialization of the results of Proposition
1. By augmentation of the state vector, with a state representing the running cost, we obtain a
hybrid system, which represents both the evolution of the state, as well as the cost of the trajectory.
Finding an expression for the trajectory of this augmented system directly provides the �rst-order
derivative of the cost functional. However, the value of the running cost does experience a jump
at the terminal time, while this is not necessarily the case for the state trajectory. Appendix A.3
brie�y explores how the results from the following proposition could be specialized to incorporate
the terminal cost, which is a time triggered event by de�nition.

Proposition 2. The running cost, at time instance t, is de�ned as the cost that corresponds to
the trajectory (α,µ) up to the current time instance, such that at the �nal time T

xl(T ) := h(x,u), (3.42)

with h the cost functional of the original optimal control problem 3.1. The trajectory zl is de�ned
as the �rst-order sensitivity of the trajectory xl. Augmenting the trajectories of the hybrid system
(3.3)-(3.7) with an additional state representing the running cost of the respective trajectory leads
to the following augmented trajectories and input

ξ̂ := (α̂, µ̂), α̂ := (αl,α), µ̂ = µ. (3.43)

Similarly, the augmented trajectory of the �rst-order sensitivity is written

ζ̂ := (ẑ, v̂), ẑ := (zl, z), v̂ := v. (3.44)
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Then, the continuous-time dynamics of the augmented �rst-order sensitivities satis�es

[k] ˙̂z =

[
żl

ż

]
:= Â(t, k) ẑ + B̂(t, k) v̂ =

[
0 [k]aT

0 [k]A

]
ẑ +

[
[k]bT

[k]B

]
v̂,

[
zl(t0, 0)

z(t0, 0)

]
:=

[
0

z0

]
,

(3.45)
with

[k]aT := D1l(ξ, t, k), (3.46)

[k]bT := D2l(ξ, t, k), (3.47)

and [k]A and [k]B de�ned as in (3.16) and (3.17), and l as the running cost de�ned in the original
optimal control problem (3.1). The discrete-time dynamics of the augmented �rst-order sensitivity
is given by

[k+1ẑ =

[
[k+1zl
[k+1z

]
=

[
1 k]lTJ
0 k]L

][
k]zl
k]ζ

]
, (3.48)

with

k]lTJ := (l− − l+ + ṁ−)lT +D1m
− =:

[
k]aJ

k]bJ

]
(3.49)

ṁ− = D1m · ξ̇
−

+D2m · 1, (3.50)

with l and m the intermediate and jump cost respectively as de�ned in (3.1), and l de�ned as
in (3.24). Given there are nt jumps within the time in the time interval [t0, T ], the �rst-order
sensitivity, at the terminal time T , of the cost of a trajectory ζ satisfying (3.14)-(3.15) can be
expressed as

zl(T ) =

nt∑
k=0

∫ τk]

τ[k

[k]aT [k]z + [k]bT [k]v ds+

nt∑
k=0

k]lTJ
k]ζ−. (3.51)

Proof. The proof is started by introducing an expression for the vector �eld of the augmented
system. The vector �eld of the cost state is equal to the intermediate cost of the optimal control
problem (3.1), thus combined with the original vector �eld (3.3) this augmented vector �eld can
be expressed as

f̂(α̂, µ̂, t, k) =

[
l(α,µ, t, k)

f(α,µ, t, k)

]
. (3.52)

with l(α,µ, t, k) as de�ned in (3.1). The vector �eld of both the cost state and the regular state
is not a function of the cost state itself, therefore the linearisations of the vector �eld can be
expressed as

Â(t, k) = D1f̂(α̂, µ̂, t, k) =

[
0 aT

0 A

]
, (3.53)

B̂(t, k) = D2f̂(α̂, µ̂, t, k) =

[
0 bT

0 B

]
, (3.54)

with A and B de�ned as in (3.16)-(3.17), and a and b de�ned as in (3.46)-(3.47). The di�erential
equation governing the �rst-order sensitivity of the cost state can, therefore, be expressed as

żl = aT (t, k)z + bT (t, k)v. (3.55)

The discrete-time behaviour of the augmented system is governed by both the augmented guard
function and the augmented jump map. The cost on the state during an event is captured by the
jump cost m in the optimal control problem (3.1), the discrete transition of the regular state of
the system is captured in (3.4), therefore we can express the augmented jump map as

ĝ(ξ̂, t, k) =

[
αl +m(ξ, t, k)

g(ξ, t, k)

]
. (3.56)
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The time derivative of the augmented jump map is expressed as

˙̂g(ξ̂, t, k) =

[
l(ξ, t, k) + ṁ(ξ, t, k)

ġ(ξ, t, k),

]
. (3.57)

The appearance of l, from (3.1), in this expression is directly caused by the occurrence of αl in the
de�nition of the jump map. The event times of the original system are not in�uenced by the value
of the cost state, i.e., the augmented guard function is only a function of the original state. This
is expressed as

γ̂(ξ̂, t, k) = γ(ξ, t, k). (3.58)

To obtain an expression for the jump map of the cost state, recall the de�nition of l in (3.24). This
de�nition can be augmented and be expressed as

l̂
T

:= − 1

˙̂γ
−D1γ̂(ξ̂, t, k), (3.59)

=
[
0 lT

]
. (3.60)

The 0-term, in this expression, is a direct consequence of γ not being a function of the cost state.
Recall the de�nition of L in (3.23), this de�nition can be specialized and can be expressed as

L̂ = ( ˙̂g
−
− ˙̂α

+
)̂l +D1ĝ

− (3.61)

=

([
l− + ṁ−

ġ−

]
−

[
l+

α+

])[
0 lT

]
+

[
1 D1m

−

0 D1g
−

]
(3.62)

:=

[
1 lTJ
0 L

]
, (3.63)

with lTJ de�ned as (3.49). Recalling (3.22), we can de�ne the jump map of the cost state as

z+l = z−l + lTJ · ζ
−. (3.64)

Combining the results from (3.55) and (3.64) then directly results in the expression in (3.51).

With this �nal proposition this section can be concluded. To recall, the �rst-order derivative of the
projection operator P is the linear mapping that maps any curve γ, in the neighbourhood of the
nominal trajectory ξ ∈ T , to a trajectory ζ ∈ TξT . Using Proposition 1 we can de�ne DP(ξ) · γ,
for the considered class of hybrid systems with state-input triggered jumps, as

ż = A(t, k)z + B(t, k)v , (t, k) ∈ dom α, z0 = z(t0, 0) = 0,

z+ = G(t, k)z− + H(t, k)v−, (t, k) ∈ eveα,

v = ν + K(t, k)(β − z),

with A(t, k) and B(t, k) de�ned as in (3.16) and (3.17) respectively, G(t, k) and H(t, k) de�ned
as in (3.18) and (3.19) respectively, and K(t, k) a time-varying controller gain. Furthermore given
that the curve γ is a trajectory of the linearisation about ξ, i.e., given that γ ∈ TξT , we can de�ne

the �rst-order derivative of the cost functional (2.6), which is denoted as Dh(P(ξ)) · ζ, as

zl(T ) :=

nt∑
k=0

∫ τk]

τ[k

[k]aT [k]z + [k]bT [k]v ds+

nt∑
k=0

k]aTJ
k]z + k]bTJ

k]v,

with [k]aT and [k]bT de�ned as in (3.46) and (3.47) respectively, k]aTJ and k]bTJ de�ned as in (3.49),
and with the trajectory ζ := (z,v) subject to

[k]ż = [k]A[k]z + [k]B[k]v , (t, k) ∈ dom α, z0 = z(t0, 0) = 0,

[k+1z = k]G k]z + k]H k]v, (t, k) ∈ eveα,

with A and B de�ned as in (3.16) and (3.17) respectively, G and H de�ned as in (3.18) and (3.19)
respectively.
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3.3 Second-Order Sensitivity Analysis

In the previous section, expressions were derived to describe the �rst-order sensitivity of perturbed
trajectories of the original system. The �rst-order sensitivity is governed by a linear time-triggered
hybrid system, the cost functional of the optimal control problem is approximated by a linear
cost functional. This section will expand the theory developed in the previous section, and derive
approximations up to second order. The reader is advised to �rst read the previous section, as
this section will make use of the results derived there, furthermore, largely the same steps will be
taken.
The �rst step, in deriving the equations governing the second-order sensitivity of the perturbed
trajectory and its cost, is to derive the dynamics that govern the second-order derivative of the
projection operator D2P(ξ) : (γ1,γ2) 7→ ω, which maps the perturbation γ onto a trajectory
ω := (y,w). For more details on the importance of the derivatives of the projection operator, the
reader is referred to Section 2.1.4 and the references therein.

Proposition 3. The second-order sensitivity of the system with state-input triggered jumps des-
cribed by (3.3)-(3.5) is governed by

ẏ = A(t, k)y + B(t, k)w +D2f(α,µ, t, k) · (ζ(t), ζ(t)), (t, k) ∈ dom α (3.65)

y+
i = Li · ω− + Di · (ζ

−, ζ−) + Fi · (ζ
−, ζ−)

+ 2 Ei · (ζ
−, v̇−) + 2 Gi · (ζ

−,v+), (t, k) ∈ eveα (3.66)

with A(t, k) and B(t, k) de�ned as in (3.16) and (3.17) respectively, yi the i-th component of the
vector y, with the trajectory of the second-order sensitivity of both state and input ω := (y,w),
and

Li(ξ
−, ξ̇

−
, ξ̇

+
) := D1g

−
i + (ġ− − α̇+)il

T , (3.67)

Di(ξ
−, ξ+, ξ̇

−
, ξ̇

+
, ξ̈
−
, ξ̈

+
) := D2

1g
−
i + (ġ− − α̇+)id + lRi + RT

i lT + (g̈− − α̈+)ill
T , (3.68)

Ei(ξ
−, ξ+, ξ̇

+
) := (ġ− − α̇+)ie + lSi, (3.69)

Fi(ξ
−, ξ+) := −l(A+

i L)− (A+
i L)T lT , (3.70)

Gi(ξ
−, ξ+) := −lB+

i , (3.71)

with Si and Ri being the i-th rows of their respective matrices

R(ξ−, ξ+, ξ̇
−

) := D2
1g
− · ξ̇ +D21g

− · 1 +D1g
− ·

[
A− B−

0 0

]
, (3.72)

S(ξ−) := D1g
− ·

[
0

I

]
, (3.73)

and

lT (ξ−) := −D1γ
−

γ̇−
, (3.74)

d(ξ−, ξ̇
−
, ξ̈
−

) := − 1

γ̇−

(
D2

1γ
− + rlT + lrT + γ̈−llT

)
, (3.75)

e(ξ−, ξ̇
−
, ξ̈
−

) := − 1

γ̇−
lsT , (3.76)

rT (ξ, ξ̇
−

) := D2
1γ
− · ξ̇

−
+D21γ

− · 1 +D1γ
− ·

[
A− B−

0 0

]
, (3.77)

sT (ξ−) := D1γ
− ·

[
0

I

]
, (3.78)
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and where γ̈− := γ̈(ξ−, ξ̇
−
, ξ̈
−
, τk], k) and g̈− := g̈(ξ−, ξ̇

−
, ξ̈
−
, τk], k) and

γ̈(ξ, ξ̇, ξ̈, t, k) := D2
1γ(ξ, t, k) · (ξ̇, ξ̇) + 2D12γ(ξ, t, k) · (ξ̇, 1) +D2

2γ(ξ, t, k) +D1γ(ξ, t, k) · ξ̈,
(3.79)

g̈(ξ, ξ̇, ξ̈, t, k) := D2
1g(ξ, t, k) · (ξ̇, ξ̇) + 2D12g(ξ, t, k) · (ξ̇, 1) +D2

2g(ξ, t, k) +D1g(ξ, t, k) · ξ̈.
(3.80)

Proof. As a �rst step we will, again, �rst introduce the expansion, with respect to ε, of the
perturbed trajectory xε. This expansion, up to second order can, similarly to (3.28), be expanded
in series as

tε = τ + ε∆′0 +
1

2
ε2∆′′0 + o(ε2).

with ∆′0 the derivative of tε with respect to ε, as de�ned in (3.34), and ∆′′0 the second-order
derivative for which an expression will be derived later in this proof. At the left limit of the
perturbed event time, tε, the extended state trajectory is expanded with respect to time to obtain

xB = αB + εzB +
1

2
ε2yB + o(ε2)

= α− + ε(α̇−∆′0 + z−) +
1

2
ε2(α̇−∆′′0 + α̈−(∆′0)2 + 2ż−∆′0 + y−) + o(ε2).

In the same way, an expression for the extended input trajectory at the left limit of the perturbed
event time is obtained and can be expressed as

uB = µB + εvB +
1

2
ε2wB + o(ε2)

= µ− + ε(µ̇−∆′0 + v−) +
1

2
ε2(µ̇−∆′′0 + µ̈−(∆′0)2 + 2v̇−∆′0 + w−) + o(ε2).

By introducing ω = (y,w), a stacked trajectory of the second-order sensitivities, these expression
can be combined in

ηB
ε := ξ− + ε(ξ̇

−
∆′0 + ζ−) +

1

2
ε2(ξ̇

−
∆′′0 + ξ̈

−
(∆0)2 + 2ζ̇

−
∆′0 + ω−) + o(ε2).

with η := (x,u) and ζ := (z,v). For the right limit, of the same stacked trajectory, the following
expression can be obtained

ηC
ε := ξ+ + ε(ξ̇

+
∆′0 + ζ+) +

1

2
ε2(ξ̇

+
∆′′0 + ξ̈

+
(∆0)2 + 2ζ̇

+
∆′0 + ω+) + o(ε2).

Again, recall that the original system is a system with state-input triggered jumps. The event
times of both the nominal and the perturbed trajectory satisfy (3.7), i.e.,

γ(ηB, τk], k) = 0.

This expression can be expanded in series with respect to ε to obtain

γ(ξ−, τk], k) + D1γ(ξ−, τk], k) · (ηB
ε − ξ

−)

+ D2γ(ξ−, τk], k) · (tk],ε − τk])

+
1

2
D2

1γ(ξ−, τk], k) · (ηB
ε − ξ

−,ηB
ε − ξ

−)

+ D12γ(ξ−, τk], k) · (ηB
ε − ξ

−, tk],ε − τk])

+
1

2
D2

2γ(ξ−, τk], k) · (tk],ε − τk], tk],ε − τk]) + o(ε2) = 0,

after manipulation, and a focus on the second-order terms, this expression can be rewritten

∆′′0 γ̇
− + (∆′0)2γ̈− +D1γ · ω− +D2

1γ · (ζ
−, ζ−)

+∆′0

[
D2

1γ · (ξ̇
−
, ζ−) +D2

1γ · (ζ
−, ξ̇

−
) + 2D1γ · ζ̇

−
+D12γ · (ζ−, 1) +D21γ · (1, ζ−)

]
= 0, (3.81)
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with γ̈− := γ̈(ξ−, ξ̇
−
, ξ̈
−
, τk], k), and γ̈ de�ned as in (3.79). In order to further simplify (3.81) recall

and substitute the de�nition of ∆′0 in (3.39). Furthermore, realize that ζ̇ can be constructed as

ζ̇ =

[
ż

v̇

]
=

[
A B

0 0

]
ζ +

[
0

I

]
v̇, (3.82)

in which the matrices A and B are de�ned in (3.16) and (3.17) respectively, and are the directly
result from the expression obtained in (3.14). After substitution of (3.39) and (3.82) into (3.81),
∆′′0 can be expressed as

∆′′0 := l · ω− + d · (ζ−, ζ−) + 2e · (ζ−, v̇−), (3.83)

with l, d and e de�ned in (3.74)-(3.76).
The state before and after an event is related through the jump map in (3.4). By expanding (3.4)
in series, up to the second order, we obtain

ε(α̇+∆′0 + z+) +
1

2
ε2(α̇+∆′′0 + α̈+(∆0)2 + 2ż+∆′0 + y+) =

D1g(ξ−, τk], k) · (ηB
ε − ξ

−)

+ D2g(ξ−, τk], k) · (tk],ε − τk])

+
1

2
D2

1g(ξ−, τk], k) · (ηB
ε − ξ

−,ηB
ε − ξ

−)

+ D12g(ξ−, τk], k) · (ηB
ε − ξ

−, tk],ε − τk])

+
1

2
D2

2g(ξ−, τk], k) · (tk],ε − τk], tk],ε − τk]) + o(ε2).

Focusing on the second-order terms results in

y+ =D2
1g · (ζ

−, ζ−) +D1g · ω−

+∆′′0(ġ− − α̇+) + (∆′0)2(g̈− − α̈+) (3.84)

+∆′0

[
D2

1g · (ζ
−, ξ̇

−
) +D2

1g · (ξ̇
−
, ζ−) + 2D1g · ζ̇

−
+D12g · (ζ−, 1) +D21g · (1, ζ−)− 2ż+

]
.

Simpli�cation of the expression above is performed by recalling the defenitions of ∆′0, ∆′′0 and ζ̇ in
(3.39),(3.83), and (3.82). Furthermore, realize that, through substitution of (3.22) into (3.14) we
�nd

ż+ = A+ζ+ + B+v+,

= A+(Lζ−) + B+v+. (3.85)

By substituting (3.39), (3.83) ,(3.82) and (3.85) in (3.84), expression (3.66) is obtained.

The results from Proposition 3 are based on an open loop setting. It was, inexplicitly, assumed
that the trajectories v and w do not depend on z and y, and are thus chosen freely. In PRONTO,
however, the system is controlled by a control law of the form in (3.40), in which α+ εβ describes
the perturbed reference signal, and in which µ + εν describes the perturbed feedforward input.
The following proposition will propose that in this case w is fully de�ned by the trajectory of y
and is thus not chosen freely.

Proposition 4. Assuming that the control law controlling the hybrid system takes the following
form

uε(t) = µ(t) + εν(t) + K(t)
(
α(t) + εβ(t)− xε(t)

)
, (3.40)

with K(t) a time-varying controller gain, β(t) a perturbation of the state reference signal, and ν(t)
a perturbation of the input reference signal. Given that,[

β

ν

]
=: γ ∈ TξT , (3.86)
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or in other words given that the perturbation of the reference signal, γ, is a trajectory of the
linearisation (3.14)-(3.15), the dynamics governing the second-order sensitivity can be expressed as

ẏ = Acl(t, k)y +D2f(ξ, t, k) · (ζ(k), ζ(k)) (t, k) ∈ dom α (3.87)

y+
i = Li · ω− + Di · (ζ

−, ζ−) + Fi · (ζ
−, ζ−)

+ 2 Ei · (ζ
−, v̇−) + 2 Gi · (ζ

−,v+), (t, k) ∈ eveα (3.88)

with L, D, E, G and F de�ned as in (3.67)-(3.70), and

Acl(t, k) = A(t, k)−B(t, k)K(t, k), (3.89)

ω =

[
y

w

]
=

[
I

−K

]
y. (3.90)

Proof. First, substitute the expression for the second-order expansion of xε in the control law
introduced in (3.40), to obtain

uε = µ+ εν + K

(
α+ εβ −

(
α+ εz +

1

2
ε2y

))
,

uε = µ+ ε (ν + K (β − z))− 1

2
ε2Ky.

Observing the structure of the second-order expansion of the perturbed input signal, we can directly
conclude

v = ν + K(β − z), (3.91)

w = −Ky. (3.92)

The expression above, then allows to write ω as

ω =

[
I

−K

]
y (3.93)

Given that γ = (β,ν) is a trajectory of the linearisation (3.14)-(3.15), β = z and consequently
ν = v. This directly results in the expressions (3.87) and (3.88) for the controlled system, when
substituted in (3.65) and (3.66) respectively.

3.3.1 Second-Order Approximation of the Cost Functional

In the previous section, the cost functional was approximated by introducing an augmented state.
This state keeps track of the running cost of the trajectory, and thus represents the cost of the
trajectory up to the current time. The trajectory of this augmented state vector, for the original
system, is governed by a state-input triggered hybrid system. The �rst-order sensitivity of the
cost functional was, therefore, presented as a specialization of the results describing the �rst-order
sensitivity of the perturbed state trajectory.
This section will make use of this same perspective, and use the results of the previous subsection,
which described the second-order sensitivity of the perturbed state trajectory, to derive expressions
that describe the second-order sensitivity of the augmented state vector.

Proposition 5. Given the augmented trajectories,

ξ̂ := (α̂, µ̂), ζ̂ := (ẑ, v̂), (3.94)

with α̂, µ̂, ẑ, and v̂ de�ned as in (3.43)-(3.44), introduce the augmented trajectory ω̂ := (ŷ, ŵ),
with ŷ := (yl,y) and ŵ := w. Then, the discrete-time dynamics governing the cost state yl can be
described as a specialization of the result obtained in (3.65)-(3.66), namely

ẏl = aTy + bTw +D2l(ξ) · (ζ, ζ), (3.95)

y+l = y−l + lJ · ω− (3.96)

+ dJ · (ζ−, ζ−) + fJ · (ζ−, ζ−) (3.97)

+ 2 eJ · (ζ−, v̇−) + 2 gJ · (ζ−,v+), (3.98)
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with

lTJ := (l− − l+ + ṁ−)lT +D1m
−, (3.99)

dJ := D2
1m
− + (l− − l+ + ṁ−)d + (l̇− − l̇+ + m̈−)llT + lrTJ + rJ lT , (3.100)

eJ :=
(
ṁ− + l− − l+

)
e + l sJ , (3.101)

gJ := −l(b+)T , (3.102)

fJ := −l(a+)TL−
(
(a+)TL

)T
lT , (3.103)

with l and m de�ned as in (3.1), l, d and e de�ned as in (3.74)-(3.76), L de�ned as in (3.67), a
and b de�ned as in (3.46) and (3.47) respectively, and with

rTJ := D2
1m · ξ̇

−
+D21m

− · 1 +
[
1 D1m

]
· hJ , (3.104)

hJ :=

[
a−

T

b−
T

A− B−

]
, (3.105)

sJ := D1m
− ·

[
0

I

]
. (3.106)

Furthermore, in line with (3.21) and (3.80)

ṁ− := D1m · ξ̇
−

+D2m · 1, (3.107)

m̈− := D2
1m
− · (ξ̇

−
, ξ̇
−

) + 2D12m
−(ξ̇

−
, 1) +D2

2m
− · (1, 1) +D1m · ξ̈

−
. (3.108)

Proof. Recall the result on the second-order jump map in (3.66). Given the introduction of the
augmented trajectories, this result can be specialised as

ŷ+
i = L̂i · ω̂

− + D̂i · (ζ̂, ζ̂) + 2Êi · (ζ̂
−
, v̇−) + 2Ĝi · (ζ̂

−
,v+) + F̂i · (ζ̂

−
, ζ̂
−

). (3.109)

To derive expressions for the matrices of the augmented jump map, recall the matrices de�ned to
express ∆′′0 as de�ned in (3.83). These matrices can be specialized and expressed as

l̂
T

=
[
0 lT

]
, (3.110)

d̂ =

[
0 0

0 d

]
, (3.111)

ê =

[
0

e

]
, (3.112)

r̂T =
[
0 rT

]
, (3.113)

ŝT = sT , (3.114)

with l, d, e, r and s de�ned in (3.74)-(3.78). The zero-terms in these expressions directly result
from γ̂ not being dependent on the cost state, as was already concluded in (3.58).
Recalling the expression for L obtained in (3.67), we can specialize this expression to include the

cost state, by using the expressions for ĝ and ˙̂g in (3.56) and (3.57), to obtain

L̂ = ( ˙̂g
−
− ˙̂α

+
)̂l
T

+D1ĝ
−),

=

([
l− + ṁ−

ġ−

]
−

[
l+

α̇+

])[
0 lT

]
+

[
1 D1m

−

0 D1g
−

]
,

=

[
1 (l− − l+ + ṁ−)lT +D1m

−

0 L

]
=:

[
1 lTJ
0 L

]
, (3.115)

with lTJ de�ned as in (3.99) and L de�ned as in (3.67).
The expression for the matrix R in (3.72) can be specialized as

R̂ = D2
1ĝ
− · ˙̂
ξ
−

+D21ĝ
− · 1 +D1ĝ

− ·

[
Â B̂

0 0

]
,
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By using the expressions for ĝ in (3.56) and (3.57), and through substitution of Â and B̂ in (3.53)
and (3.54) this expression results in

R̂ =

[
0 D2

1m · ξ̇
−

0 D2
1g · ξ̇

−

]
+

[
0 D21m

− · 1
0 D21g

− · 1

]
+

[
1 D1m

−

0 D1g
−

]
·


[

0 aT

0 A

] [
bT

B

]
0 0


:=

[
0 rTJ
0 R

]
,

with rJ de�ned as in (3.105) and R de�ned as in (3.72). Specializing expression (3.68) for the
bilinear map D results in

D̂i = D2
1ĝ
−
i +

(
˙̂g
−
− ˙̂α

+
)

d̂ + l̂R̂i + R̂
T

i l̂
T

+
(

¨̂g
−
− ¨̂α

+
)

l̂̂l
T
,

with Ri the i-th row of the matrix R̂. After substitution of expressions (3.56)-(3.57) and (3.110)-
(3.111), this expression results in

D̂1 =

[
0 0

0 dJ

]
, (3.116)

D̂i =

[
0 0

0 Di−1

]
, i ∈ {2, 3, . . . , n}, (3.117)

with dJ de�ned as (3.100) and Di de�ned as (3.68). The matrix S in (3.73) can be specialized to

Ŝ = D1ĝ
− ·

[
0

I

]
:=

[
sJ

S

]
, (3.118)

with sJ de�ned as in (3.106) and Si de�ned as in (3.73). Specializing the bilinear map E in (3.69)
results in

Êi =
(

˙̂g
−
− ˙̂α

+
)
i
ê + l̂Ŝi,

with Ŝi the i-th row of the matrix Ŝ. After manipulation, and substitution of (3.57) and (3.112)
this results in

Ê1 :=

[
0

eJ

]
, (3.119)

Êi :=

[
0

Ei−1

]
, i ∈ {2, 3, . . . , n}. (3.120)

with eJ de�ned as in (3.101) and Ei de�ned as in (3.69). The bilinear map F from (3.70) can be
specialized as

F̂i = −̂l
(
Â+
i L̂
)
−
(
Â+
i L̂
)T

l̂
T
,

after substitution of the expressions for Â and L̂ in (3.53) and (3.115), this results in

F̂1 :=

[
0 0

0 fJ

]
, (3.121)

F̂i :=

[
0 0

0 Fi−1

]
, i ∈ {2, 3, . . . , n}. (3.122)

with fJ de�ned as in (3.103) and Fi de�ned as in (3.70). Finally, the expression for G in (3.71)
can be specialized as

Ĝi = −̂lB̂+
i ,
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after substitution of the expression for B̂ in (3.54), this results in

Ĝ1 :=

[
0

gJ

]
, (3.123)

Ĝi =

[
0

Gi−1

]
, i ∈ {2, 3, . . . , n}. (3.124)

with gJ de�ned as in (3.102) and Gi de�ned as in (3.71). Substitution of the specialized results
in this proof into (3.109), results in the jump map of the cost state yl in (3.98).

Propositions 3 and 5 show that both the state and cost trajectories, of the second-order sensitivity,
are described by a linear di�erential equation with a quadratic feedforward term that is dependent
on the trajectory of the �rst-order sensitivity. This is in an important observation, as, in PRONTO,
the fact that these di�erential equations are driven by a nonlinear term is used by replacing the
trajectory y by a trajectory q which is integrated backwards in time [47]. Using the results from
[47], which are repeated in Appendix A.2, the quadratic feed forward term is incorporated within
the cost functional. Proposition 6 uses the results from Appendix A.2 to extend the known results
to include jumps in the state trajectory.

Proposition 6. Given the fact that there are nt jumps in the time interval [0, T ] the cost related
to the second-order sensitivity of the original system is given by:

yl(t) =

nt∑
k=0

∫ τk]

τ[k

[k]d(r) + [k]qT [k]D(r) dr +

nt∑
k=0

k]c+ [k+1qT k]C, (3.125)

with

[k]d := [k]bT [k]w + [k]D2l · ([k]ζ, [k]ζ), (3.126)

[k]D := [k]B[k]w + [k]D2f · ([k]ζ, [k]ζ), (3.127)

k]c := k]bTJw− + k]dJ · (ζ−, ζ−) + k]fJ · (ζ−, ζ−)

+ 2 k]eJ · (ζ−, v̇−) + 2 k]gJ · (ζ−,v+), (3.128)

k]C := k]BJw− + k]D · (ζ−, ζ−) + k]F · (ζ−, ζ−) (3.129)

+ 2 k]E · (ζ−, v̇−) + 2 k]G · (ζ−,v+), (3.130)

and with

k]aTJ = k]lJ ·

[
I

0

]
, (3.131)

k]bTJ = k]lJ ·

[
0

I

]
, (3.132)

k]AJ = k]L ·

[
I

0

]
, (3.133)

k]BJ = k]L ·

[
0

I

]
, (3.134)

(3.135)

and with q(t) governed by

−[k]q̇(t) := [k]AT [k]q + [k]a, t ∈ [τ[k, τk]) ∀ k ∈ {0, 1, . . . , nt}, (3.136)

k−1]q := [kAT
J

[kq + [kaJ , t = τ[k ∀ k ∈ {1, 2, . . . , nt}, (3.137)

with
nt]q(τnt]) = 0, (3.138)

and with ζ := (z,v) governed by the linearisation of the original system in (3.14)-(3.15).
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Proof. Recall the result obtained in (3.98). At the event times the cost state is subject to the
discrete dynamics expressed as

[k+1yl = k]yl + k]lJ · ω− + k]dJ · (ζ−, ζ−) + k]fJ · (ζ−, ζ−) (3.139)

+ 2 k]eJ · (ζ−, v̇−) + 2 k]gJ · (ζ−,v+), (3.140)

with y−lk] the value of the cost state before the event, and subsequently y+lk] the value of the cost

state after said event, and the matrices lJ , dJ , eJ , gJ and fJ de�ned as in (3.99)-(3.103).
The value of the cost state after an continuous-time evolution is expressed as (A.9), and is repeated
as

k]yl = [kyl +

∫ τk]

τ[k

(
[k]qT [k]B + [k]bT

)
w +

(
[k]D2l(ξ) + [k]qT [k]D2f(ξ)

)
· (ζ, ζ) ds, (3.141)

with the continuous-time trajectory of q described by di�erential equation (A.10), the vector �elds
l and f de�ned in (3.1) and (3.3) respectively, B and b de�ned in (3.17) and (3.47) respectively,
and qT [k]D2f(ξ) used as shorthand notation for

[k]qT [k]D2f(ξ) :=

n∑
i=1

[k]qi
[k]D2fi(ξ) (3.142)

with q ∈ Rn, qi the i-th component of the vector q, and fi the i-th component of the vector �eld
f . Since the trajectory of the system is a composition of a continuous-time evolution followed by
a discrete-time transition, we can express the cost at the end of the trajectory as

yl(T ) =

nt∑
k=0

(
k]yl − [kyl

)
+

nt∑
k=0

(
[k+1yl − k]yl

)
, (3.143)

in which every continuous-time evolution is followed by a discrete-time transition. Substitution of
(3.140) and (3.141) in the above expression results in

yl(T ) =

nt∑
k=0

∫ τk]

τ[k

(
[k]qT [k]B + [k]bT

)
·w +

(
[k]D2l(ξ) + [k]qT [k]D2f(ξ)

)
· (ζ, ζ)ds

+

nt∑
k=0

k]lJ · ω− + k]dJ · (ζ−, ζ−) + 2 k]eJ · (ζ−, v̇−) + 2 k]gJ · (ζ−,v+) + k]fJ · (ζ−, ζ−),

in which it is clear that the cost state is directly dependent on the evolution of the second-order
sensitivity of the state trajectory. To continue the proof of the proposed result, a dummy system is
introduced. This system is designed to resemble the characteristics of the hybrid system describing
the trajectory of y and yl in (3.65)-(3.66). The continuous-time evolution of this system is described
as

ẏl :=[k] aT [k]y +[k] w (3.144)

ẏ :=[k] A [k]y +[k] u (3.145)

with the terms w and u being the terms driving yl and y without having a dependency on these
trajectories. Given the dummy system (3.144)-(3.145), and using the result from (A.9), the value
of the cost state at the time moment t in the time interval [tk, T ], in which no event occurs, can
be written as

[kyl(t) = [kyl + [kqT [ky +

∫ t

tk

[k]w(r) +
(
[k]q(r)

)T
[k]u(r)dr. (3.146)

with

−[k]q̇(t) = [k]AT [k]q(t) + [k]a, (3.147)

k]q = 0, (3.148)

The discrete-time dynamics of the dummy system are de�ned as

[kyl := k−1]yl + k−1]aTJ
k−1]y + k−1]wJ , (3.149)

[ky := k−1]AJ
k−1]y + k−1]uJ , (3.150)
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with uJ and wJ , again, the driving terms of their respective trajectories, these terms are, again,
not dependent on y and yl itself. Substitution of these discrete transitions into (3.146) results in

[k]yl(t) =k−1]yl + k−1]aTJ
k−1]y + k−1]wJ

+
(
k]q
)T [

k]AJ
k]y + k]uJ

]
+

∫ t

tk

[k]w(r) +
(
[k]q(r)

)T
[k]u(r)dr,

which, after algebraic manipulation and ordering of terms, results in

[k]yl(t) = k−1]yl+

[(
[kq
)T

k−1]AJ + k−1]aTJ

]
k−1]y

+

[
k−1]wJ +

(
[kq
)T

k−1]uJ

]
+

∫ t

tk

[k]w(r) +
(
[k]q(r)

)T
[k]u(r)dr.

In the expression above, the term multiplied with k−1]y is recognized to be

k−1]q− = k−1]AT
J

[kq + k−1]aJ , (3.151)

resulting in

[k]yl(t) = k−1]yl + (k−1]q)T k−1]y +
[
k−1]wJ + ([kq)T k−1]uJ

]
+

∫ t

tk

[k]w(r) +
(
[k]q(r)

)T
[k]u(r)dr.

Now consider the value of the cost state before the n-th event, without directly relating it to (3.3.1),
we can express it, similarly to (3.146), as

k−1]yl =[k−1 yl + ([k−1p)T [k−1y +

∫ tk

tk−1

[k−1]w(r) +[k−1] p(r)T [k−1]u(r)dr, (3.152)

with

−[k−1]ṗ(t) =[k−1] AT [k−1]p(t) +[k−1] a,

k−1]p = 0.

Substitution of (3.152) into (3.3.1) the directly results in

[k]yl(t) =

[
[k−1yl + ([k−1p)T [k−1y +

∫ tk

tk−1

[k−1]w(r) + [k−1]p(r)T [k−1]u(r)dr

]
(3.153)

+ k−1]q k−1]y +
[
k−1]wJ + ([kq)T k−1]uJ

]
+

∫ t

tk

[k]w(r) + ([k]q(r))T [k]u(r)dr. (3.154)

By using classical results it is possible to express the state [k−1y as

k−1]y = Φk,k−1
[k−1y +

∫ tk

tk−1

Φk,r
[k−1]u(r)dr (3.155)

with Φ(t, t0) the state transition matrix corresponding to the system ẏ = Ay, and with Φk,k−1
and Φk,s a shortened notation for Φ(τk, τk−1) and Φ(τk, s) respectively.
Substitution of (3.155) into (3.154) results in

[k]yl(t) = [k−1yl +
[
[k−1p + ΦT(k,k−1)

k−1]q
]T

[k−1y

+
[
k−1]wJ + ([kq)T k−1]uJ

]
+

∫ t

tk

[k]w(r) + ([k]q(r))T [k]u(r)dr

+

∫ tk

tk−1

[k−1]w(r) +
[
ΦTk,r

k−1]q +[k−1] p(r)
]T

[k−1]u(r)dr,
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which can be expressed as

[k]yl(t) = [k−1yl +
(
[k−1q

)T
[k−1y

+
[
k−1]wJ + ([kq)T k−1]uJ

]
+

∫ t

tk

[k]w(r) + ([k]q(r))T [k]u(r)dr

+

∫ tk

tk−1

[k−1]w(r) +[k−1] q(r)T [k−1]u(r)dr.

Given there are n events in the time interval [0, t], and given that the state yl and y are both zero
at t = 0, then upon repetition of the above procedure, the value of the cost state at time moment
t will result in

[k]yl(t) =

nt∑
k=0

[
k]wJ + ([k+1q)T k]uJ

]
+

nt∑
k=0

∫ tk]

t[k

[k]w(r) +[k] q(r)T [k]u(r)dr, (3.156)

with the trajectory of q(t) de�ned by (3.136)-(3.137) through the combination of (3.147) and
(3.151). To derive an expression for the cost state at time t, for the original system, �rst recall the
di�erential equations governing the second-order sensitivity of the state and cost state in (3.65)
and (3.95)

[k]ẏl = [k]aTy + [k]bTw + [k]D2l(ξ) · (ζ, ζ), (3.157)

[k]ẏ = [k]Ay + [k]Bw + [k]D2f(ξ) · (ζ, ζ), (3.158)

in which the terms dependent on y and yl are easy to separate from the driving terms in the
expressions. Comparing the dummy system (3.144)-(3.145) to the original second-order sensitivity
system (3.157)-(3.158), it can be observed that the terms [k]u and [k]w in the dummy system are
equivalent to

[k]w := [k]bTw + [k]D2l(ξ) · (ζ, ζ), (3.159)

[k]u := [k]BTw + [k]D2f(ξ) · (ζ, ζ). (3.160)

Similarly recall the expression for the discrete-time behaviour of the cost state yl and the state y
in (3.66) and (3.98). Separation of the terms dependent on y and w directly results in

[k+1yl = k]yl + k]lJ ·

[
I

0

]
y− + k]lJ ·

[
0

I

]
w−

+ k]dJ · (ζ−, ζ−) + k]fJ · (ζ−, ζ−)

+ 2 k]eJ · (ζ−, v̇−) + 2 k]gJ · (ζ−,v+),

[k+1y =k]L ·

[
I

0

]
y− + k]L ·

[
0

I

]
w−

+ k]D · (ζ−, ζ−) + k]F · (ζ−, ζ−)

+ 2 k]E · (ζ−, v̇−) + 2 k]G · (ζ−,v+),

with I the identity matrix of appropriate dimensions, and the matrices as de�ned in the original
de�nition of (3.98) and (3.66) respectively. The autonomous and driving terms are again easily
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distinguishable, the terms uJ and wJ in the dummy system (3.149)-(3.150) are equivalent to

k−1]wJ :=lJ ·

[
0

I

]
w−

+ dJ · (ζ−, ζ−) + fJ · (ζ−, ζ−) (3.161)

+2eJ · (ζ−, v̇−) + 2gJ · (ζ−,v+),

k−1]uJ :=L ·

[
0

I

]
w−

+ D · (ζ−, ζ−) + F · (ζ−, ζ−) (3.162)

+2E · (ζ−, v̇−) + 2G · (ζ−,v+),

Substitution of (3.159),(3.160),(3.161) and (3.162) in (3.156) then results in (3.125) of the propo-
sition.

The results of Proposition 6 are derived under the assumption that the �rst- and second-order
sensitivities of the input trajectory, v and w, are independent of z and y, i.e., the results of
Proposition 6 are valid in an open-loop setting. Proposition 7 extends the results to a close-loop
setting, using a similar reasoning as was used in the derivation of the �rst-order results.

Proposition 7. Given that the system is controlled by the control law de�ned in (3.40), and given
that the perturbation1 of the reference signal γ = (β,ν) is a trajectory of the linearisation (3.14)-
(3.15), and consequently given that β = z and ν = v, the second-order sensitivity of the running
cost can be expressed as

yl(T ) =

nt∑
k=0

∫ τk]

τ[k

[
[k]Q [k]S
[k]ST [k]R

]
·
(
[k]ζ, [k]ζ

)
dr

+

nt∑
k=0

[
k]QJ

k]SJ
k]STJ

k]RJ

]
· (ζ−, ζ−) (3.163)

+
[
2 k]eJ + 2[k+1qT k]E

]
· (ζ−, v̇−)

+
[
2 k]gJ + 2[k+1qT k]G

]
· (ζ−,v+)

with eJk and gJk as de�ned in (3.101) and (3.102), Ek and Gk as de�ned in (3.69) and (3.71)
and with [

[k]Q [k]S
[k]ST [k]R

]
:= [k]D2l + [k]qT [k]D2f , (3.164)[

k]QJ
k]SJ

k]STJ
k]RJ

]
:=
[
k]dJ + k]fJ

]
+ [k+1qT

[
k]D + k]F

]
(3.165)[

k]Q−·
k]S−·

]
:=
[
2 k]eJ + 2 [k+1qT k]E

]
, (3.166)[

k]S−+
k]R−+

]
:=
[
2 k]gJ + 2 [k+1qT k]G

]
, (3.167)

with k]dJ ,
k]fJ de�ned in (3.100) and (3.103),with [k]D, [k]F de�ned in (3.68) and (3.70) and with

q(t) de�ned as the trajectory of

−[k]q̇(t) = [k]AT
cl

[k]q + [k]acl, t ∈ [τ[k, τk]) ∀ k ∈ {0, 1, . . . , nt}, (3.168)

k−1]qk = [kAT
Jcl

[kq + [kaJcl , t = τ[k ∀ k ∈ {1, 2, . . . , nt}, (3.169)

with

nt]q(τnt]) = 0, (3.170)

1The meaning of the symbol γ is overloaded in this section due to a historic inheritance from the literature
related to the projection operator approach (PRONTO).
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and with

[k]Acl(t) := [k]A(t)− [k]B(t)[k]K(t), (3.171)

[k]acl(t) := [k]aT (t)− [k]bT (t)[k]K(t), (3.172)

k]aTJcl := k]lJ ·

[
I

−K

]
, (3.173)

k]AJcl := k]L ·

[
I

−K

]
, (3.174)

(3.175)

with k]lJ and k]L de�ned as in (3.99) and (3.67) respectively, [k]aT , [k]bT de�ned in (3.46)-(3.47)
and [k]AT and [k]BT de�ned in (3.16)-(3.17).

Proof. First, recall the de�nition of the control law in (3.40) and the resulting expression for the
stacked trajectories of the second-order sensitivities ω in (3.93). Given this expression, it is possible
to rewrite the di�erential equations in (3.157) and (3.158) to incorporate this control law as

ẏl = aT y + bTw +D2l(ξ) · (ζ, ζ) = aTcl y +D2l(ξ) · (ζ, ζ), (3.176)

ẏ = A y + B w +D2f(ξ) · (ζ, ζ) = Acly +D2f(ξ) · (ζ, ζ), (3.177)

with acl := a −KTb and Acl := A −BK. Similarly, this control law can be incorporated in the
expressions for the second-order jump map in (3.88) and (3.66) as

y+l = y−l + lJ ·

[
I

−K

]
y− + dJ · (ζ−, ζ−) + 2eJ · (ζ−, v̇−) + 2gJ · (ζ−,v+) + fJ · (ζ−, ζ−),

(3.178)

y+ = L ·

[
I

−K

]
y + D · (ζ−, ζ−) + 2E · (ζ−, v̇−) + 2G · (ζ−,v+) + F · (ζ−, ζ−). (3.179)

Given Equations (3.176)-(3.179), we can employ the same argument as was used to derive (3.125)
to obtain

yl(t) =

nt∑
k=0

∫ τk]

τ[k

[k]d+ [k]qT [k]D dr +

nt∑
k=0

k]c+ [k+1qT k]C, (3.180)

with

[k]d := [k]D2l · ([k]ζ, [k]ζ), (3.181)

[k]D := [k]D2f · ([k]ζ, [k]ζ), (3.182)

k]c := k]dJ · (ζ−, ζ−) + 2 k]eJ · (ζ−, v̇−) + 2 k]gJ · (ζ−,v+) + k]fJ · (ζ−, ζ−), (3.183)

k]C := k]D · (ζ−, ζ−) + 2 k]E · (ζ−, v̇−) + 2 k]G · (ζ−,v+) + k]F · (ζ−, ζ−), (3.184)

with the matrices dJk , eJk , gJk and fJk de�ned in (3.100)-(3.101), the matrices Dk, Ek, Gk, and
Fk de�ned in (3.68)-(3.70), and with q(t) de�ned as the trajectory of the hybrid system (3.168)-
(3.170). By algebraic manipulation of (3.180), and grouping of terms we obtain (3.163).

Finally, the main result from this project is achieved by combining the results from Propositions
2 and 7 to obtain the approximation, up to second order, of the optimal control problem.

Proposition 8. Consider the running cost of the trajectory x which can be expanded, with respect
to ε, as

xl(T ) = αl(T ) + εzl(T ) +
1

2
ε2yl(T ) + o(ε2). (3.185)
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The optimal control problem proposed in (3.8) takes the following form

min
(z,v)(·)

nt∑
k=0

∫ τk]

τ[k

[k]aT [k]z + [k]bT [k]v +
1

2

[
[k]z
[k]v

]T [
[k]Q [k]S
[k]ST [k]R

][
[k]z
[k]v

]
ds

+

nt∑
k=0

k]aTJ
k]z− + k]bTJ

k]v− +
1

2

[
k]z
k]v

]T [
k]QJ

k]SJ
k]STJ

k]RJ

][
k]z
k]v

]
+

[
k]z
k]v

]T [
k]Q−·

k]S−·
k]S−+

k]R−+

][
k]v̇

[k+1v

]
(3.186)

with aT , bT , aTJ and bTJ de�ned in (3.46), (3.47), and (3.49), and the matrices containing Q, R
and S-terms de�ned in expressions (3.164)- (3.167). Furthermore, solutions to this optimal control
problem are subject to

[k]ż = [k]A[k]z + [k]B[k]v, (t, k) ∈ dom α, z0 = z(t0, 0) = 0, (3.187)

[k+1z = k]Gk]z + k]Hk]v, (t, k) ∈ eveα, (3.188)

with A and B de�ned in (3.16)-(3.17) and with G and H de�ned in (3.18)-(3.19).

Proof. First, recall the the the cost of the nominal trajectory (3.1), the �rst-order sensitivity of
the cost of the nominal trajectory zl (3.51), and the second-order sensitivity of the cost of the
nominal trajectory yl (3.163). Substitution of (3.1), (3.51), (3.163), results in the second-order
approximation of the cost of the perturbed trajectory. To obtain the optimal control problem
(3.186), observe that (3.1) is not a function of the perturbation, and consequently that it can be
excluded from the cost of the optimisation procedure. This then directly results in (3.186).

3.4 Solving the LQ-problem

Recall the goals of this research, along with the progress made in the previous sections of this
chapter. Firstly, the goal of this research is to approximate trajectories of a hybrid system with
state-input triggered jumps, such that this approximation can be used to solve a LQ optimal
control problem subject to linear time triggered hybrid dynamics. The previous sections of this
chapter have presented the sensitivity analysis up to second order. The result is an optimal control
problem similar to a LQ problem, which is expressed in (3.186). The main focus of this section is
then to investigate solving this LQ problem. The structure of this section is as follows. Firstly,
a simpli�ed formulation of this problem is formulated. Secondly, a solution to this problem is
proposed. Finally, this proposition will be examined using a well chosen numerical example.

Simpli�ed formulation

Investigating (3.186), it is observed that the LQ problem consists of two parts. The term within
the integral, the intermediate cost, has a familiar structure. The structure of the intermediate cost,
namely, is the same as the structure of the a classic LQ problem. The main di�erence between
regular LQ problems and the problem encountered here is found in the jump cost. In classical
LQ problems the jump cost, or terminal cost, is only dependent on the state. In this optimisation
problem the jump cost is dependent on the state, the pre- and post-impact input, and the time
derivative of the input pre-impact.

A �rst step in �nd a solution for the proposed problem is taken by simplifying the problem for-
mulation. In the original problem formulation in Section 3.1 both the guard function and jump
map are assumed to be input dependent. When this input dependency is dropped, it can be shown
that the dependency on v̇− is dropped from the jump cost in (3.186), furthermore, the RJ -term in
the terminal cost becomes zero. The second step of simpli�cation that is taken, in order to solve
(3.186), is to ignore terms dependent on v+. As stated before, the main di�culty in solving (3.186)
is that the terminal and jump costs are input dependent. However, when using Riccati equations
to solve a LQ problem, the Riccati equations are integrated backwards in time. This e�ectively
means that at the jump time the input v+ is already known, due to the backwards integration.
In the remaining of this section the problem is further simpli�ed to a single mode LQ problem.
The problem that will be considered in this chapter only consists of a intermediate cost and a
terminal cost. The terminal cost is only dependent on the terminal value of state z and the input
v. Furthermore, only quadratic terms are considered.
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Proposed solution

The previous section has introduced a set of simpli�cations for the LQ problem arising from the
sensitivity analysis in (3.186). These simplifactions result in

min
(z,v)(·)

∫ T

t0

1

2

[
z

v

]T [
Q 0

0 R

][
z

v

]
ds+

1

2

[
z(T )

v(T )

]T [
QJ SJ

STJ 0

][
z(T )

v(T )

]
(3.189)

subject to

ż = A(t)z(t) + B(t)v(t), z(0) = z0. (3.190)

This problem has similarities to a classic LQ problem. However, there is still a major di�erence
between a classical LQ problem and the problem considered in this section. Classic LQ problems
generally have a terminal cost, that is only dependent on the �nal value of the state. The termi-
nal condition of the Riccati equation is then equated to this terminal cost to obtain this terminal
condition, after which integration of the Riccati equation results in the solution to the LQ problem.

In our case the terminal condition is dependent on both the state and input. This means that
the classical approach of solving the LQ problem is no longer valid. However, an attempt can be
made to write (3.189) as a classical LQ problem with a state dependent terminal cost. When this
is possible, and valid, we can use conventional tools to solve (3.189).

First, assume that the optimal solution, to the optimal control problem (3.189), has the same
structure as the solution to a regular LQ problem, i.e.,

v?(t) = −K(t)z(t) = −R(t)−1B(t)P(t)z(t), (3.191)

with v? ∈ Rm the optimal input trajectory, K ∈ Rn×m the optimal time-varying controller gain,
and P ∈ Rn×n the solution to the Riccati equation. If this assumption is satis�ed, this means
that the terminal input v(T ) can be written as a function of a linear controller gain K(T ) and the
terminal state z(T ). This in turn allows to rewrite the terminal cost as a function of the terminal
state z(T ), and the linear controller gain K(T ). Given this structure, Appendix A.4 shows that,
given (3.191), the Riccati di�erential equation that solves (3.189) is given by

− Ṗ(t) = Q(t) + A(t)TP(t) + P(t)A(t)−P(t)B(t)(R(t))−1B(t)TP(t), (3.192)

with the terminal condition

P(T ) = QJ −P(T )B(T )R−1SJ − SJR−1B(T )P(T ). (3.193)

Numerical example

In order to investigate whether the solution proposed in the previous section could be the solution
to the optimal control problem a numerical example is introduced. This numerical example will not
be able to proof that the proposed solution is indeed the solution, however, if a counter example
can be found then the proposition can be falsi�ed. Therefore, given the optimal control problem
(3.189)-(3.190), consider for the cost functional

Q(t) = 1, (3.194)

R(t) = 1, (3.195)

SJ(t) = 1, (3.196)

QJ(t) = 1, (3.197)

and consider the following for the system dynamics

A(t) = 0, (3.198)

B(t) = 1. (3.199)
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Given the cost functional, and system dynamics the terminal condition for the Riccati equation,
as proposed in the previous, can be computed, by substitution of the cost functional and system
dynamics, and solving (3.193) as

P(t1) = QJ −P(t1)BR−1SJ − SJR−1BP(t1)

= 1−P(t1)−P(t1),

=
1

3
,

Integration of the Riccati di�erential equation, using this terminal condition, and by integrating
the system dynamics using the resulting control law, the cost of the resulting state trajectory is
computed as approximately 0.437. As sated before, if a trajectory can be found, resulting in a lower
cost then we know that our proposed solution is not the solution to the optimal control problem.
Through changing the value of the terminal condition, speci�cally changing it to P(t1) = 1.167,
we are able to �nd a trajectory with a lower cost, in this case a cost of approximately 0.363. More
details, and plots of the resulting trajectories, are included in Appendix A.4.
However, the main message here is that the proposed solution is not actually the solution to
the simpli�ed optimal control problem and that, therefore, the derived LQ problem will remain
unsolved in this report and left for future investigation.
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Chapter 4

Numerical Validation

The previous chapter is seen as the main contribution of this research. It has developed the
second-order sensitivity analysis of trajectories of a state-input triggered hybrid systems, and in
turn de�ned time-triggered hybrid systems that govern the sensitivities of the nominal trajectory.
Using the trajectories of the sensitivities allows to approximate the trajectory of a perturbed sy-
stem. This chapter will focus on presenting examples of approximated trajectories for systems
within the class of hybrid systems that is considered in this report.
First, a system with linear di�erential and di�erence equations will be considered. Afterwards a
nonlinear system will be considered. Both sections are structured similarly. First the system, refe-
rence trajectory, and perturbations are introduced. Secondly, the trajectories of the sensitivities,
and the approximation are presented for a single ε. Finally, key characteristics of the approxima-
tion are presented for a range of ε, in order to verify whether the approximation is indeed of second
order.

4.1 Validation for a Linear Hybrid System

As stated before, the goal of this section is to show and validate the results obtained in the
previous chapter for a linear hybrid system. The linear system that is considered in this section
is a controlled impacting mass sliding on a smooth surface, comparable to the system discussed
in [40], and as illustrated in Figure 4.1.
Mathematically, the system is expressed as

ẋ =

[
0 1

0 0

]
x +

[
0

1

]
u, when γ(t,x) > 0, (4.1)

x+ =

[
1 0

0 −0.9

]
x− when γ(t,x) = 0, (4.2)

with x ∈ R2 the state of the system, with its components x1 and x2 describing the position and
velocity of the mass, and with u ∈ R the input of the system. The guard function γ : R×R2 → R
is de�ned as

γ(t,x) = x1. (4.3)

The initial condition of the state, which is considered in this numerical example is

x0 =

[
1

−1

]
+ ε

[
1

0

]
, (4.4)

The nominal trajectory is designed as a piece-wise continuous polynomial through a set of waypoints,
which are included in Table B.1. The corresponding input signal is obtained via inverse dynamics.
The perturbation of the input signal v is obtained as the di�erence between the nominal input
trajectory and a second input trajectory corresponding to a state trajectory through a di�erent
set of points with di�erent event times, both of which are illustrated in Figure B.1. The perturbed
state trajectory is then obtained by integrating the system dynamics using the extended perturbed
input trajectory and the perturbed initial condition.
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Figure 4.1: The linear hybrid system that is considered in this section.
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Figure 4.2: Nominal and perturbed trajectories of the linear hybrid system for ε = 0.4.

Figure 4.2 shows the nominal and perturbed state and input trajectories for ε = 0.4, in a black and
red solid line, respectively. Notice that the event times shift as the input trajectory is perturbed.
Furthermore, notice the di�erence in both initial and �nal state. The �rst event time, originally
at t = 0.5[s], occurs later due to the perturbation and does not occur until t ≈ 0.54[s]. Similarly
the second event time is shifted from t = 1.5[s] to t ≈ 1.53[s].

Validation of a trajectory over time

A result from the sensitivity analysis, which was derived in the previous chapter, are the time
triggered hybrid systems governing the sensitivities of the state trajectory. Using these results,
trajectories for the �rst- and second-order sensitivities are obtained and plotted in Figure 4.3.
The �rst row contains the same nominal trajectories as were plotted in Figure 4.2. The second
row contains the trajectories of the �rst-order sensitivity analysis. The rightmost �gure shows
the perturbation of the nominal input trajectory v, which is comparable in magnitude to µ. The
leftmost and center �gure show the trajectory corresponding to the input perturbation. The �nal
row of this �gure show the second-order trajectories. The linear controller gain was set to zero,
explaining the zero value of w. The straight lines for the second-order state trajectories are then
explained by the absence of w, the structure of A, and by the linearity of the di�erential equation
of the original system.
Through summation, and multiplication by their respective ε-term, of the nominal, �rst-order, and
second-order trajectories a second-order approximation of the perturbed trajectories is obtained.
This second-order approximation, along with the �rst-order approximation and the perturbed tra-
jectory itself, are plotted in Figure 4.4 for ε = 0.4.
In Figure 4.4 it can be observed that the second-order approximation is a more accurate approx-
imation of the original perturbed trajectory. The �rst component, the component encoding the
position, of the �rst-order approximated state starts to diverge from the original perturbed trajec-
tory after the �rst event. By observation of the second component of this trajectory it is possible
to explain this divergence, since there is a visible o�set between the velocities of these trajecto-
ries, leading to the observed drift. Furthermore, this o�set in the approximated velocity and the
resulting drift in position is also observed in the second-order approximation, however, for this
trajectory it does not appear until the second event.
The error between the second-order approximation and the extended perturbed trajectory of the
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Figure 4.3: Trajectories of the nominal trajectory, the �rst-order sensitivity, and the second-order
sensitivity for the linear hybrid system.
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Figure 4.4: The original and approximated perturbed trajectories for ε = 0.4.

original system is de�ned as

error(t, k) := xε(t, k)−
(
α(t, k) + εz(t, k) +

1

2
ε2y(t, k)

)
, (t, k) ∈ dom α, (4.5)

with xε the extended perturbed trajectory, α the nominal trajectory, and z and y the trajectories
of the �rst- and second-order sensitivities, respectively. The error between the �rst-order approx-
imation and the perturbed trajectory is then de�ned in an equivalent manner. Calculating these
error leads to Figure 4.5. The observations from the Figure 4.4 are con�rmed by Figure 4.5. The
error between the approximations and the original trajectory is non-existent up to the �rst event,
since the linear di�erential equation of the original system is perfectly captured by the approxima-
tion up to that point. After the �rst event, a signi�cant error is observed for the second component
of the �rst-order sensitivity, leading to an increasing error in the �rst component of this trajectory.
After the second event it is apparent that the second-order approximation has a higher error than
the �rst-order approximation. While the second-order approximation is of higher order, this does
not mean that we can generally expect that the approximation error is always smaller. This is
con�rmed later in Figure 4.9.
In order to analyse the approximation of the cost functional for the perturbed trajectory, the
following cost functional is considered for trajectories of the original system (x,u)(·)

h(x,u) =

nt∑
k=0

∫ tk]

t[k

[
[k]x
[k]u

]T [
Q 0

0 R

][
[k]x
[k]u

]
ds (4.6)

+

nt−1∑
k=0

[
k]x
k]u

]T [
QJ 0

0 RJ

][
k]x
k]u

]
, (4.7)
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Figure 4.5: The error between the original and approximated perturbed trajectories for ε = 0.4.
The perturbed trajectory of the original system was extended using trajectory spreading.
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Figure 4.6: Nominal, perturbed, �rst-order and second-order approximation of the cost functional.

with nt the number of events in the considered time interval, and the cost matrices de�ned as

Q = I,

R = 1,

QJ = diag(10, 10),

RJ = 1.

By integration of the expressions derived in the previous chapter the plot in Figure 4.6 is obtained.
The plot shows the cost trajectories corresponding to the nominal, perturbed and approximated
state and input trajectories. Due to the scale of the plot it is di�cult to draw conclusions on
the accuracy of the approximations. A conclusion that can be drawn, however, is that both
approximations describe the perturbed cost trajectory approximately. No peaks or divergence of
the approximation is observed in this plot. In order to evaluate the error between the approximation
and the original trajectory, however, it is more insightful to investigate the cost trajectories of the
perturbed and approximated trajectories relative to the nominal cost trajectory. This deviation
from the nominal cost trajectory is de�ned as

Relative cost(t, k) := xl,ε(t, k)− αl(t, k), (t, k) ∈ dom α, (4.8)

with xl,ε the extended perturbed cost trajectory, and αl the nominal cost trajectory. The approxi-
mation of this relative cost trajectory is obtained by subtracting the nominal cost trajectory from
the approximations of their respective orders. The obtained trajectories are plotted in Figure 4.7.
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Figure 4.7: Cost of the perturbed extended, �rst-order and second-order approximation of the cost
functional, relative to the value of the nominal cost trajectory.

From Figure 4.7, it is apparent that there is indeed a di�erence in accuracy of the approximations.
Firstly, it is observed that the �rst-order approximation has a visibly larger approximation error,
even before the �rst event. However, this is expected, since the cost functional has a quadratic
structure, which cannot be described by the �rst-order approximation. This also explains why
the second-order approximation achieves a better approximation. Furthermore, we see that both
approximations are not able to exactly describe the perturbed trajectory. Both approximations
start to deviate from the perturbed trajectory after the �rst event. However, this is to be expected,
since both approximations were not able to exactly describe the state trajectories either. We do,
however, observe that the second-order approximation performs signi�cantly better.
While it is insightful to investigate the evolution of the approximation over time, for a single ε,
the plots presented above are not able to paint the full picture. The size of the perturbation, ε,
used in this section was chosen to show a clear di�erence between the approximation, as well as to
show the strength and shortcomings of the second-order approximation. Trajectories for a larger
and smaller ε are included in Appendix B.1. The following section will further investigate the
approximation of characteristics of the trajectories for a range of ε, and will investigate whether
the claimed order of approximation is indeed achieved.

Validation of characteristics for varying ε

The previous section has analysed the trajectories of the �rst- and second-order sensitivity, as
derived in the previous chapter, for a �xed ε and against time. This section will focus on analysing
characteristics of the same trajectories for increasing values of ε. These characteristics are the
error between the (approximation of the) perturbed and the nominal trajectory, the value of the
cost functional, and the (predicted) deviation of the event times. The goal of this section is then
to show that the obtained expressions indeed result in a �rst- and second-order approximation of
these characteristics, and consequently are the line and parabola that are tangent to the original
nonlinear curve.

In the previous chapter, the series expansion of the perturbed event time tε was de�ned as

tε = τ + ε∆′0 +
1

2
ε2∆′′0 + o(ε2), (4.9)

with τ the event time corresponding to the nominal trajectory. Omitting τ from this expression,
an approximation of the deviation from the nominal event time is obtained, for both the �rst and
second order. Plotting this deviation against the actual deviation from the event time, results
in Figure 4.8. It is observed that the �rst- and second-order approximations, as proposed in the
previous chapter, are indeed approximations of the black dashed curve of their respective order.
It is, furthermore, observed that the poor performance of the �rst-order approximation in the
previous section is explained by the relatively large error between predicted deviation and actual
deviation from the event time, compared to the second-order approximation, especially for the
second event time.
The second characteristic that is evaluated is the deviation from the nominal trajectory, similarly
to how the deviation of the event time was evaluated. This deviation is de�ned as

e(t, j) := α(t, j)− xε(t, j). (4.10)
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Figure 4.8: The deviations from the nominal event times of the linear system with a perturbed
input trajectory, for increasing ε.

0 0.1 0.2 0.3 0.4
0

0.1

0.2

0.3

0.4

0.5

0 0.1 0.2 0.3 0.4
0

0.05

0.1

0.15

0.2

0.25

0 0.1 0.2 0.3 0.4
0

0.2

0.4

0.6

0.8

1

1.2

1.4

0 0.1 0.2 0.3 0.4
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

Figure 4.9: The deviation from the nominal state trajectory α for the linear system with a per-
turbed input trajectory, for increasing ε and four di�erent time instances.

The �rst- and second-order approximations of this deviation are then obtained by substituting
the �rst- and second-order approximations of the perturbed state trajectory. For the second-order
approximation of this deviation, this yields

e(t, j) : = α(t, j)− xε(t, j),

= −εz(t, j)− 1

2
ε2y(t, j) + o(ε2). (4.11)

The norm of the deviations is plotted in Figure 4.9. The norm is evaluated, and plotted, for a range
of time instances. These time instances were chosen to lie away from the nominal and perturbed
event times. The �rst plot shows the deviation, for increasing ε, at a time instance before the �rst
event. It is observed that the error increases linearly as ε increases, and that both approximations
match this trend without visible error. The other plots evaluate the norm of the deviation at a
time instance after the �rst event. Both approximations again seem to approximate the nonlinear
curve up to �rst- and second-order, respectively. However, this conclusion can be di�cult to draw
for the fourth plot, especially based on Figure 4.9. Therefore, two additional plots are included
in Appendix B.1, in which the components of the deviation are plotted separately. It is observed
that both curves, however, are not able to capture the shape of the nonlinear curve perfectly.
The �nal characteristic that is evaluated is the deviation from the nominal value of the cost
functional. The deviation, evaluated at the same time instances as the last plot, is plotted in
Figure 4.10, however opposed to last plot the characteristic is plotted against positive and negative
values of ε in order to better show the quality of the approximation. By observation of this �gure,
the same conclusion can be drawn for approximation of the value of the cost functional, as for the
approximation in the previous two plots. Both approximations approximate the nonlinear curve
up to their respective order. Furthermore, the �rst-order approximation deviates signi�cantly from
the actual value at ε = 0.4.
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Figure 4.10: The deviation from the nominal value of the cost function for the linear system with
a perturbed input trajectory, for increasing ε and evaluated at four di�erent time instances.

4.2 Validation for a Nonlinear Hybrid system

The previous section has shown that the derived expressions, and corresponding code, were able to
approximate the behaviour of a linear hybrid system with state-input triggered jumps up to second
order. However, this conclusion cannot yet be drawn for system of which the system dynamics are
nonlinear. Therefore, this section will explore a similar example for when the system dynamics are
nonlinear.
The hybrid dynamical system considered in this section is inspired by the system described in [43].
The system is described as an �actuated rebounding pendulum�(ARP), in other words, the system
models a pendulum, which is actuated at the axle, furthermore, the pendulum bounces back when
the tip hits a metal block, which is located at the equilibrium position of the pendulum. The
continuous-time dynamics of the system are expressed as

ẋ(t) = f(x(t),u(t), t) :=

[
x2(t)

1
I

(
− d x2(t)−Mg sin

(
x1(t) + φ

)
+ u(t)

)] , (4.12)

with the �rst and second components of the state vector x ∈ R2 describing the angular position
and angular velocity respectively, and where I is the inertia about the rotation axis, d the viscous
friction coe�cient, Mg the maximal moment due to gravity, and φ the angle between the vertical
and a line through the axis of rotation and center of mass (as is shown in Figure 4.11), and where u
is the torque produced by the motor. Opposed to the system described in [43], no Coulomb friction
is considered, as this would introduce a discontinuity in the vector �eld at x2 = 0. Parameters were
chosen identical to the parameters in the original paper, a table of the parameters is included in
as Table B.3 in Appendix B.2. The discrete-time dynamics describing the dynamics of the system
during impacts is expressed as

x+ = g(x−,u−, t) :=

[
1 0

0 −0.9

]
x−. (4.13)

In this section, the initial condition and its perturbations are de�ned as

x0 =

[
1

−1

]
+ ε

[
1

0

]
, (4.14)

with the �rst component of x0 ∈ R2 describing the angular position and the second component
describing the angular velocity. The nominal initial condition corresponds to an angle of 1 radian
between the center of mass of the pendulum and the vertical, as is illustrated in Figure 4.11, the
intial angular velocity is negative and, therefore, directed in the direction of the block at which
the pendulum rebounds.
The nominal and perturbed trajectories are generated in a similar way to the trajectories that were
presented in the previous section. In the previous section, the dynamical system considered was a
double integrator, leading to this direct relationship of the input trajectory as the second derivative
of the position trajectory. In this case this direct relationship is not present. Therefore, we need
to explicitly de�ne the inverse dynamics of the system, to approximate the system as a double
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Figure 4.11: The nonlinear hybrid system, an actuated rebounding pendulum (ARP), considered in
this section. Source of Figure: [43]
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Figure 4.12: Nominal and perturbed trajectories of the nonlinear hybrid system for ε = 0.4.

integrator [43]. To calculate the input trajectory, given the state trajectory and its derivatives, the
following expression is used

u(xd, ẋd, ẍd) = Iẍd + dẋd +Mg sin(xd + φ), (4.15)

with I, d, Mg and φ the earlier introduced physical parameters of the system, and xd, ẋd, ẍd
the desired position trajectory and its derivatives with respect to time. The perturbation of the
nominal input trajectory v is obtained as the di�erence between the nominal input trajectory and
an extended input trajectory constructed through a di�erent set of waypoints and with di�erent
event times. The corresponding input trajectories are plotted in Figure B.12, the way points and
event times are summarized in Table B.2.
The resulting nominal and perturbed state and input trajectories are plotted in Figure 4.12 for
ε = 0.4. The event times of the nominal trajectory are equal to t = 0.5s and t = 1.5s, the perturbed
trajectory encounters events at approximately t = 0.40s and t = 1.54s. Contrary to the nominal
input trajectory of the linear system, we consider the extended input trajectory to be the input to
the nonlinear system, since the nominal input trajectory contains jumps at the event times. This
extended input trajectory is generated through evaluating the inverse dynamics with the extended
nominal state trajectories.

Validation of a trajectory over time

As in the validation of the trajectories corresponding to the linear system, the validation is started
by discussing the trajectories for a single ε as they evolve over time. In this subsection all approx-
imations are generated using ε = 0.4, however trajectories corresponding to a larger and smaller ε
are included in Appendix B.2.
Figure 4.13 plots the trajectories corresponding to the nominal trajectory, the �rst-order sensi-
tivity, and the second-order sensitivity. Similar observations can be made, as were made during
the validation of the trajectories corresponding to the linear system. However, a few of these
observations change, as the hybrid system becomes nonlinear. While not directly caused by the
nonlinearity in the di�erential equation, we observe that the perturbation of the input trajectory
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Figure 4.13: Trajectories of the nominal trajectory, the �rst-order sensitivity, and the second-order
sensitivity for the linear hybrid system.
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Figure 4.14: The original and approximated perturbed trajectories for ε = 0.4.

has become discontinuous, due to the use of the inverse dynamics of the nonlinear system. Further-
more, it can be observed that, due to the nonlinearities, the trajectory of y has changed from being
a straight line between events, to a more dynamic trajectory. This is the direct result from the
second derivative of the di�erential equation not being equal to zero for the nonlinear di�erential
equation.
Again, the �rst- and second-order approximations of the perturbed trajectories is computed through
summation of the trajectories in Figure 4.13. The approximate perturbed trajectories are then
plotted in Figure 4.14. In the �gure, it can be observed that both approximations are able to
approximate the perturbed trajectory relatively well. Careful inspection of the �rst-order ap-
proximation shows that it has a larger error than the second-order approximation, however, both
approximations follow the general trend of the perturbed trajectory. This while the general trend
of this trajectory di�ers signi�cantly from the nominal trajectory, as was visible in Figure 4.12.
Figure 4.15 plots the error as de�ned in (4.5), and con�rms the inspection of Figure 4.14. The error
between the perturbed trajectory and the approximations is signi�cantly larger for the �rst-order
approximation. Especially around, and after, the second event the error is large. The second-order
approximation is able to better approximate the perturbed trajectory. However, notice that even
before the �rst event both approximations are not able to fully capture the system dynamics. This
is expected, and explained by the di�erential equation being of higher order to both approximations.
Finally, the relative cost trajectory, as de�ned in (4.8), is plotted in Figure 4.16. The �gure shows
the cost corresponding to the perturbed extended trajectory and its approximations relative to the
nominal cost. In order to calculate this cost, the same cost functional is used as in the previous
section. However, the matrix QJ is changed to have a constant value of I, instead of 10 I, in order
to better show the general trend. In this �gure, it is observed that both approximations are able
to capture the behaviour of the cost functional up to the �rst event. After the �rst event, only
the second-order approximation is able to accurately approximate the cost functional. Observe
that the �rst-order approximation has the opposite sign at times past the �rst event time, while
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Figure 4.15: The error between the original and approximated perturbed trajectories for ε = 0.4.
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Figure 4.16: Cost of the perturbed, �rst-order and second-order approximation of the cost functi-
onal, relative to the value of the nominal cost trajectory.

the second-order approximation is able to remain relatively close to the actual perturbed cost
trajectory.

Validation of characteristics for varying ε

Again, to validate that the obtained expressions result in a second-order approximation of the
perturbed trajectory, a set of key characteristics of these trajectories are evaluated for increasing
ε. When the �rst- and second-order approximation are tangent to the nonlinear curve of the actual
perturbed trajectory, then it can be concluded that the expressions proposed in this report are
indeed valid approximations, and thus that we can use these expressions to approximate nonlinear
hybrid systems with state-input triggered jumps. Similarly to the linear case, the characteristics
this section will evaluate and analyse are the event times, the deviation from the nominal trajectory
and the value of the cost functional.

Figure 4.17 plots the deviation from the nominal event times as the trajectory is perturbed for
increasing values of ε. It is observed that the �rst event time is increasingly shifted forward in time,
as ε increases. Furthermore it is observed that the �rst-order approximation is indeed tangent to the
nonlinear curve, however, due to the speci�c shape of the curve, it is hard to evaluate whether the
second-order approximation is tangent to this curve as well. The second event time is increasingly
shifted backwards in time, as ε increases. Again, it is observed that the �rst-order approximation
is tangent to the nonlinear curve. Contrary to the �rst event time, the second-order approximation
can also be observed to be tangent to the original curve.
By subtracting the �rst-order approximation from both the second-order approximation and

original curve we obtain Figure 4.18. The curves in this �gure still represent the shape of the
original curves, however, do no longer contain their linear component, which can make it easier to
draw conclusions on whether the second-order approximation is indeed tangent to the nonlinear
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Figure 4.17: The deviations from the nominal event times of the nonlinear pendulum system with
a perturbed input trajectory and initial condition, for increasing ε.
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Figure 4.18: The deviations from the nominal event times of the nonlinear pendulum system with
a perturbed input trajectory and initial condition, when the linear component is subtracted.

curve. By carefully studying the left sub�gure, it can indeed be concluded that the second-order
approximation is tangent to the original curve, and, therefore is a valid approximation of the curve.
Figure 4.19 plot the deviation from the nominal trajectory for both the original and approximated
trajectories. At all the time instances for which this deviation is plotted, it is apparent that both
approximations are tangent to the nonlinear curve. None of the curves match exactly. This matches
the observations made during the analysis of the trajectories for a single ε. Both approximations
are not able to exactly approximate the system dynamics, since the order of these dynamics is
higher than the order of approximation.
Finally, Figure 4.20 shows the value of the cost functional for increasing ε. It is observed that both
approximations are tangent to the nonlinear curve. And again, it is observed that the second-order
approximation is able to approximate the nonlinear curve signi�cantly better. As expected, none
of the curves is approximated exactly. Again this is caused by the approximations not being able
to exactly capture both the behaviour of the di�erential equations and, as we saw in Figure 4.17,
not being able to fully capture the deviation from the nominal event time, as ε increases.

0 0.1 0.2 0.3 0.4
0

0.5

1

1.5

2

2.5

3

3.5

0 0.1 0.2 0.3 0.4
0

0.5

1

1.5

2

2.5

0 0.1 0.2 0.3 0.4
0

0.2

0.4

0.6

0.8

1

0 0.1 0.2 0.3 0.4
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

Figure 4.19: The norm of the deviation from the nominal state trajectory α for the nonlinear
pendulum system with a perturbed input trajectory and initial condition, for increasing ε and four
di�erent time instances.
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Figure 4.20: The deviation from the nominal value of the cost function for the nonlinear pendulum
system with a perturbed input trajectory and initial condition, for increasing ε and evaluated at
four di�erent time instances.

Concluding this chapter, in the numerical validation it is apparent that both the �rst- and second-
order approximations are indeed approximations, of their respective order, of the quantities that
were calculated and plotted. In the context of this project, there is a special interest in approxi-
mating the cost functional of the original optimal control problem. In Figures 4.10 and 4.20 the
approximations of the cost functional are plotted against a range of ε. It is observed that the
nonlinear original curve is of second or higher order. While the second-order approximation is not
always able to perfectly match the original curve, the added value of the second-order sensitivity
analysis performed in this project is apparent, when the �rst- and second-order approximations
are compared.
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Chapter 5

Conclusion & Recommendations

In this report, an approximation of optimal control problems, that are subject to hybrid dynamics
with state-input triggered jumps, is derived. Solving optimal control problems of this class can
be problematic, since the event times are generally not known a priori. The events are triggered
when the guard function crosses zero. The value of the guard function, however, is dependent
on the the state and input trajectories. The approximation, developed in this report, considers
a nominal trajectory. The event times of this nominal trajectory are known a-priori. Through
perturbing the nominal input trajectory, the perturbation of the state trajectory and event times
can be calculated, making the time triggered approximation possible.

The sensitivity analysis shows that the original optimal control problem can be approximated as
a optimal control problem that shows similarities with classical LQ problems. The intermediate
cost function, that describes the cost of the continuous-time evolutions of the hybrid trajectory,
consists of both quadratic and linear terms. The jump cost and terminal cost also consist of both
linear and quadratic terms. The solution of the approximated optimal control problem is subject
to linear hybrid dynamics with time triggered jumps. Solutions to LQ problems, subject to linear
hybrid dynamics with time triggered jumps are known in literature. However, the structure of
the approximated optimal control problem includes an input dependent jump cost. No results in
literature are known to solve this class of problems when the input considered is the value of the
continuous-time input evaluated at the event time, instead of a separate discrete-time input.

An attempt at solving the approximated optimal control problem, with an input dependent ter-
minal cost, is presented. It is assumed that the general solution to a standard LQ problem, with
a state dependent terminal cost, remains valid when the terminal cost is input dependent. Furt-
hermore, it is assumed that the terminal input is given by the same control law as is found when
solving standard LQ problems. Given these assumptions, a adapted terminal condition for the
Riccati di�erential equation is derived, and this solution is proposed as the solution to the approxi-
mated optimal control problem. However, through varying this terminal condition it can be shown
that there exist trajectories to the approximated optimal control problem that have a lower cost.
In other words, it is shown, through introducing a counter example, that the proposed solution
cannot be the solution to the optimal control problem.

Finally, the derived expressions are veri�ed in simulation. The validation is performed for a linear
system, as well as a nonlinear system. Furthermore, the trajectories are plotted against time, as
well as for increasingly large perturbations. From the time plots it is concluded that the accuracy
of the approximation remains similar between the linear and the nonlinear system. Furthermore,
it is concluded that the second-order approximation is better able to capture the behaviour of the
system, for small and medium sized perturbations. Comparing the cost trajectories it is concluded
that, in general, the �rst-order approximation is not able to capture the behaviour in almost all
cases. This is most likely explained by the quadratic structure of the cost function, which can not
be captured by a linear approximation.
From the plots for increasingly large perturbations it is concluded that the derived approximations
indeed approximate the trajectories up to their respective order. It can ,furthermore ,be concluded
that the accuracy of approximation in the time plots is mainly a�ected by the shape of the nonlinear
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curve. It can, in general, not be expected that the approximations are able to capture behaviour
that is of higher order than the order of approximation.

5.1 Recommendations & Future Work

This research has provided the �rst steps in developing impact-aware locomotion planning for leg-
ged robotics. In the research, approximation, and validation of this approximation, of optimal
control problems subject to hybrid dynamics with state-input triggered jumps was performed. Ho-
wever, the validation of the approximation was quite limited. The validation systems that were
considered contained both linear and nonlinear di�erential equations, however the results were not
validated for nonlinear jump maps or guard functions. Furthermore, the results were not valida-
ted for systems with a state dimensions higher than two. Due to the high complexity of legged
systems it might be necessary to validate the approximation qualities of the developed results
for more complex systems. When the to be approximated nonlinear curves show complex behavi-
our, the developed approximations might not be able to capture the curve well enough to be useful.

In the problem formulation of this research, it was assumed that events do not happen simultane-
ously. However, in the context of legged robotics, and other areas in which state-input triggered
hybrid systems are encountered, simultaneous impacts can occur, for example when two legs hit
the ground at (approximately) the same time. It might be bene�cial to focus future work on
extending the developed work to consider simultaneous events, as this might enable a larger range
of admissible motions. This might involve extending the work in [51], in which a sensitivity ana-
lysis, up to �rst order, is derived for systems experiencing simultaneous events, using the positive
homogenization.

Finally, in this research an attempt was made to solve the approximated optimal control problem,
however it was shown that the proposed solution is not the optimal solution to the problem.
In order to ful�l the main aim of this research, to solve the original optimal control problem
through successively solving the approximated optimal control problem, more research needs to be
performed on how to solve this approximated optimal control problem. It might be bene�cial to
investigate why the currently proposed solution does not result in the optimal solution, and what
the optimal solution to a simple problem is, before taking further steps.
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Appendix A

Appendix to Chapter 3

A.1 Change of Integration Bounds

In proof 3 of Section 3.3 a double integral is encountered, which can be abstracted as

yl(t) =

∫ t

t0

∫ r

t0

h(r, s) ds dr, (A.1)

in which h(r, s) is a function of both the integration variable of the inner and the outer integral.
In this proof, there is a need to change the order of integration, such that the main result can be
derived. This appendix will brie�y illustrate the procedure to derive the bounds of the integral
with the reversed order of integration.

Figure A.1 illustrates the integration procedure of (A.1). The outer integral runs from r = t0 to
r = t, and is illustrated in blue arrows in this �gure. The inner integral runs from s = t0 till s = t
and is illustrated in red arrows.

0 r

s

t0 t

t0

t

r = s

Figure A.1: Illustration of the area integrated in equation (A.1)
.

The area integrated by the procedure illustrated by the blue and red arrows in Figure A.1 corre-
sponds to the a triangle. The area integrated by (A.1), a triangle enclosed by the lines s = t0,
r = t and r = s, is then illustrated in Figure A.2.
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s

t0 t

t0

t

r = s

Figure A.2: Illustration of the area integrated in equation (A.1) and (A.2).
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The area of the triangle in Figure A.2 can, however, also be expressed by another integration
procedure. When the integration order is reversed, the outer integral runs from s = t0 till s = t,
and the inner integral runs from r = s till r = t we arrive at the same triangle area as in A.2, as
is illustrated in Figure A.3.

0 r

s

t0 t

t0

t

r = s

Figure A.3: Illustration of the area integrated in equation (A.2).

This means that, the double integral in (A.1) can be expressed as

yl(t) =

∫ t

t0

∫ t

s

h(r, s) dr ds. (A.2)

A.2 Appendix of Known Results and Propositions

Proposition 9. Given the system of di�erential equations[
ẏl

ẏ

]
=

[
0 aT

0 A

][
yl

y

]
+

[
bT

B

]
w +

[
D2l · (ζ, ζ)

D2f · (ζ, ζ)

]
, (A.3)

with yl the cost state corresponding to the trajectory of y and w. The initial conditions of this
system are [

yl(t0)

y(t0)

]
=

[
0

0

]
. (A.4)

Then the value of the cost state in the interval [t0, t], in which no events occur, is expressed as

yl(t) =

∫ t

t0

(qTB(ξ) + bT (ξ))w + (D2l(ξ) + qTD2f(ξ)) · (ζ, ζ)dr, (A.5)

with
− q̇ = A(ξ)Tq + a(ξ), q(t) = 0. (A.6)

Proof. From earlier results, the di�erential equation governing the second-order sensitivities can
be specialized to include the cost state:[

ẏl

ẏ

]
=

[
0 aT

0 A

][
yl

y

]
+

[
bT

B

]
w +

[
D2l · (ζ, ζ)

D2f · (ζ, ζ)

]
,

[
yl(t0)

y(t0)

]
=

[
0

0

]
, (A.7)

which shows that the cost state does not depend upon itself.
From classical results, the trajectory of y can be expressed as

y(t) = Φ(t, t0)y0 +

∫ t

t0

Φ(t, s)(Bw +D2f(ξ) · (ζ, ζ))ds, (A.8)

with Φ(·, ·) the state transition matrix corresponding to the linear system ẏ = Ay. The trajectory
of the cost state can be expressed, for a given trajectory of y, as

yl(t) =

∫ t

t0

aT (r)y(r) + bT (r)w(r) +D2l(ξ(r)) · (ζ(r), ζ(r))dr,
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By substitution of (A.8) the expression above results in

yl(t) =

∫ t

t0

aT (r)Φ(r, t0)y0 dr

+

∫ t

t0

∫ r

t0

aT (r)Φ(r, s)
(
B(s)w(s) +D2f(ξ(s)) · (ζ(s), ζ(s))

)
ds

+bT (r)w(r) +D2l(ξ(r)) · (ζ(r), ζ(r))dr.

Using the result from Section A.1, the integration order can be reversed, resulting in

yl(t) =

∫ t

t0

aT (r)Φ(r, t0)y0 dr

+

∫ t

t0

∫ t

s

aT (r)Φ(r, s)dr
(
B(s)w(s) +D2f(ξ(s)) · (ζ(s), ζ(s))

)
ds

+

∫ t

t0

bT (r)w(r) +D2l(ξ(r)) · (ζ(r), ζ(r))dr.

By introducing,

q(s) =

∫ t

s

ΦT (r, s) a(r)dr, q(t) = 0,

it is possible to further simplify, and to lose the direct dependence on the second-order sensitivity.
The boundary condition of q(t) = 0 is a direct result of the integral being equal to zero at the time
moment t. Substituting the transposed of the de�nition of q(s) results in

yl(t) = qT (t0)y0 +

∫ t

t0

(qTB(ξ) + bT (ξ))w + (D2l(ξ) + qTD2f(ξ)) · (ζ, ζ)dr, (A.9)

with
− q̇ = A(ξ)Tq + a(ξ), q(t) = 0. (A.10)

A.3 Terminal Cost and Time-triggered Events

In the main text of this report, an approximation of trajectories of a state-input triggered hybrid
system is proposed. In the general case, events are encountered when the state and input depen-
dent guard function is equal to zero. However, in the proposed problem formulation at least one
time triggered event is expected. This event occurs at t = T , with T the time-horizon of the �nite
horizon optimal control problem. This event, at t = T , does not in�uence the state trajectory,
however, is introduced in order to apply the terminal cost function for the cost state. This section
will brie�y present how the results can be specialized to incorporate the terminal cost. A similar
approach could be used to derive expressions for a more general time triggered event, however, this
is omitted in this report.

In the case of the time triggered terminal cost, it is assumed that the structure of the guard function
takes the following form

γ(t) = τ − t, (A.11)

with τ ∈ R the time at which the event is triggered. In this case, the derivatives of the guard
function become

D1γ(ξ(t), t) = 0,

D2γ(ξ(t), t) = −1,

with ξ the stacked nominal state and input trajectories, and 0 of appropriate dimensions, and all
higher order derivatives equal to zero. For now, the jump map and jump cost are assumed to be
of the general form

ξ+ = g(ξ−, t),

α+
l = α−l +m(ξ−, t),

with αl the running cost of the nominal trajectory.
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First-order jump map

By substitution of the adapted de�nitions of both the guard function and state jump map, Ex-
pressions (3.18)-(3.19) can be specialized to

G(t, k) := D1g
−

H(t, k) := D2g
−,

with D1g and D2g the derivatives of the jump map with respect to the state and input respectively.
The resulting expression for the jump map, of the �rst-order sensitivity, shows that, when the event
times are �xed, the jump map is the linearisation of the original jump map. This is expected since
the event times are not perturbed, and that therefore compensation for this perturbation is not
necessary.

Second-order jump map

Similarly, the expressions derived for the second-order sensitivity of the state can be specialized
by substitution of the adapted de�nitions. More speci�cally, expressions (3.67)-(3.71) can be
specialized as

Li(ξ
−, ξ̇

−
, ξ̇

+
) := D1g

−
i ,

Di(ξ
−, ξ+, ξ̇

−
, ξ̇

+
, ξ̈
−
, ξ̈

+
) := D2

1g
−
i ,

Ei(ξ
−, ξ̇

−
, ξ̇

+
) := 0,

Fi(ξ
−, ξ+) := 0,

Gi(ξ
−, ξ+) := 0.

The specialization of the second-order jump map shows that, similarly to the jump map of the
�rst-order sensitivity, the discrete-time dynamics can be obtained through directly calculating the
derivatives of the original jump map. Due to the �xed event times, no compensation of perturbed
event times is necessary. Finally, the jump map of the running cost state as de�ned in (3.99)-(3.103)
can be specialized as

lTJ := D1m
−,

dJ := D2
1m
−,

eJ := 0,

gJ := 0,

fJ := 0.

Concluding this section, time triggered events can be described by appropriately de�ning the
guard function γ, which is especially useful when a terminal cost is present in the optimal control
formulation. For a general jump map a time triggered event results in a direct linearisation of
the original jump map. However, in case of a terminal cost, the jump map is expected to be
identical, i.e.,

g(ξ−, t) := ξ−,

with its derivatives equal to

D1g(ξ(t), t) = I,

D2g(ξ(t), t) = 0.

In this speci�c case, the jump map of both the �rst and second-order state sensitivities would also
be identical.

A.4 Derivation of the Proposed Solution to the LQ Problem

This section of the appendix is dedicated to showing the derivation, and assumptions, of the
proposed solution to the simpli�ed LQ problem, as it was introduced in Section 3.4. First recall the
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structure of the cost functional h(z,v), with its input dependent terminal cost, which is expressed as

h(z,v) :=

∫ t1

t0

1

2

(
zT (t)Q(t)z(t) + vTR(t)v(t)

)
dt+

1

2

[
z(t1)

v(t1)

]T [
QJ SJ

STJ 0

][
z(t1)

v(t1)

]
, (A.12)

with Q(·), R(·), QJ(·), and SJ(·) matrices of appropriate dimensions, R(·) symmetric positive
de�nite and Q(·) and QJ(·) symmetric positive semide�nite for all t ∈ [t0, t1]. The solution to the
LQ problem is subject to the linear time-varying system

ż := A(t)z + B(t)v, z0 = 0. (A.13)

Given the problem formulation above, the Hamiltonian and terminal cost can be de�ned as

H(t, z,u, λ) := λT (A(t)z + B(t)v)) +
1

2

(
zT (t)Q(t)z(t) + vTR(t)v(t)

)
(A.14)

K(z(t1),v(t1)) :=
1

2

[
z(t1)

v(t1)

]T [
QJ SJ

STJ 0

][
z(t1)

v(t1)

]
, (A.15)

with λ(t) ∈ Rn the co-state. From classical LQ problem, we know that the gradient of H with
respect to v vanishes along an optimal trajectory. Given that R(t) is positive de�nite, and therefore
invertible, we can solve for v and conclude that the optimal input must satisfy [52]

Hv? = 0 → v? = −R−1(t)BT (t)λ?(t). (A.16)

Riccati terminal condition

In [52] it is assumed, and shown, that the co-state is linearly dependent on the optimal state
trajectory, in a relation of the form

λ?(t) = P(t)z?(t) (A.17)

with P(t) a matrix valued function. In this section, it is assumed that this assumption remains
true in case that the terminal cost is input dependent. Furthermore, it is assumed that the optimal
input at time t1 keeps the same structure, and is thus expressed as

v?(t1) = −R−1(t1)BT (t1)λ?(t1), (A.18)

= −R−1(t1)BT (t1)P(t1)z?(t) := −K(t1)z?(t1), (A.19)

with K(t) a time-varying gain matrix. Given these assumptions, and by substituting (A.19) in
(A.15), the terminal cost can be written as a function of z(t1) only, and no longer as a function of
z(t1) and v(t1). The terminal cost is thus expressed as

K(z(t1)) :=
1

2
z(t1)T

(
QJ −P(t1)B(t1)R−1(t1)STJ − SJR−1(t1)BT (t1)P(t1)

)
z(t1). (A.20)

Given the terminal cost in (A.20), it can be observed that, given the assumptions, the proposed
problem can be written as a classical LQ problem with a state dependent terminal cost. In this
class of LQ problem, the terminal condition of the Riccati equation is found using

λ?(t1) = −Kz(z?(t1)), (A.21)

with Kz the derivative of K with respect to z. In this case, this yields the following expression,
which is equal to expression (3.193) presented in Section 3.4

P(t1)z(t1) =
(
QJ −P(t1)B(t1)R−1(t1)STJ − SJR−1(t1)BT (t1)P(t1)

)
z(t1). (A.22)

This terminal can then be obtained through solving (A.22) as a continuous-time Lyapunov equation
of the form

FX + XFT + W = 0, (A.23)

with

F := −STJR−1(t1)B(t1)− 1

2
I, (A.24)

W := QJ . (A.25)
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Riccati di�erential equation

λ?(t) must satisfy the adjoint equation, which is expressed as

λ̇?(t) = −Hz|? = −Q(t)z?(t)−AT (t)λ?(t), (A.26)

= −Q(t)z?(t)−AT (t)P(t)z?(t), (A.27)

with P(·) the matrix valued function introduced in (A.17). Di�erentiation of both sides of (A.17),
and substitution of the adjoint equation, yields

−Q(t)z? −AT (t)P(t)z?(t) = Ṗ(t)z?(t) + P(t)ż?(t), (A.28)

= Ṗ(t)z?(t) + P(t)(A(t)z(t)−B(t)R−1(t)BT (t)P(t))z?(t). (A.29)

When (A.29) is solved for Ṗ, the Riccati di�erential equation is obtained as

−Ṗ = AT (t)P(t) + P(t)A + P(t)B(t)R−1(t)BT (t)P(t) + Q(t). (A.30)

Veri�cation plots
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Figure A.4: Cost of trajectories with varying terminal condition
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Figure A.5: State and input trajectories of proposed solution and found solution with lowest cost.
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Appendix B

Appendix to Chapter 4

B.1 Appendix to Validation for a Linear Hybrid System

Generation of the nominal and perturbed trajectories was discussed in the section concerned with
the numerical validation for a linear hybrid system. The �rst part of this section will show the
way points used in the creation of the nominal and perturbed trajectories used in the numerical
validation. The rest of the section will be used to show supplemental plots from the numerical
validation.
As discussed during the numerical validation, the nominal and perturbed trajectories used in the
numerical validation are generated using a piecewise continuous polynomial. The polynomial is
designed, and �tted, to have a certain value and value of its derivatives at the begin and endpoint
of the considered time interval. The waypoints, and time at which they are enforced, for both
trajectories are shown in Table B.1.

Table B.1: Parameters used to generate the nominal and perturbed trajectories.

nr. Event x1 x2 t xε,1 xε,1 tε

0 1 −1 0.0 1 −1 0.0

1 X 0 −4 0.5 0 −5 0.4

2 1 −1 1.0 1 −1 1.0

3 X 0 −4 1.5 0 −5 1.6

4 1 −1 2.0 1 −1 2.0

The corresponding nominal and perturbed trajectories are plotted in Figure B.1. Note that the
perturbed trajectory in this plot is only achieved in the case that ε = 1. Furthermore, since
the initial condition is perturbed independently from the reference trajectory, the perturbed state
trajectory, and event times, are generally not expected to match the designed perturbed state
trajectory as long as z0 6= 0.

Extra plots from Linear system validation

In the numerical validation it was concluded that it is di�cult to draw conclusions on the accuracy
of the approximation for the fourth plot of Figure 4.9. This di�culty arises due to the particular
shape of the nonlinear curve, which makes it di�cult to judge whether the approximation are
tangent to this curve. In order to more con�dently draw conclusions on these curves, two steps
are taken. Firstly, the deviation of the components of the state vector are plotted separately. This
avoids using the norm of the deviation, allowing to use the deviation of each component itself. This
is bene�cial since taking the norm means that the sign information is lost, making the plots more
di�cult to interpret. Secondly, by subtracting the �rst-order approximation from the nonlinear
curve and its second-order approximation, the linear component of both curves is eliminated. It
turns out that these plots are easier to interpret. The resulting plots are found in Figures B.2
and B.3. Using these plots, the conclusion can be drawn that the second-order approximation is
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Figure B.1: The original generated nominal and perturbed trajectories.

indeed tangent to the nonlinear curve. The event column signi�es whether the waypoint triggers
an event, and thus whether the a jump occurs at the given time, for the given state.
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Figure B.2: The deviation from the nominal trajectory for the �rst component of the state vector.
The linear component of the curves is subtracted, such that the trend is more clearly visible.
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Figure B.3: The deviation from the nominal trajectory for the second component of the state
vector. The linear component of the curves is subtracted, such that the trend is more clearly
visible.

Trajectories for small ε

The numerical validation presented in Chapter 4 was performed using a �xed value of ε, which was
equal to 0.4. This section will brie�y explore the trajectories in the case that ε is small, and in this
case equal to 0.1. One of the main conclusions of the original validation was that the second-order
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approximation approximates the perturbed trajectories well, however, that the �rst-order approx-
imation struggles to fully capture the behaviour of the perturbed system.
Given the nominal trajectory, and its perturbation, as plotted in Figure B.4, the resulting ap-
proximated trajectories are plotted in Figure B.5. In Figure B.5 it is observed that, given this
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Figure B.4: Nominal and perturbed trajectories for the linear hybrid system for ε = 0.1.

small perturbation, both approximations do not show large deviations from the original trajectory,
contrary to the plots which were presented in the main text of this report. However, this is ge-
nerally expected, since the event times are almost equal to the nominal event times, as is seen in
Figure B.4.
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Figure B.5: The original and approximated perturbed trajectories of the linear hybrid system for
ε = 0.1.

The di�erence between the original and approximated perturbed trajectories is plotted in Fi-
gure B.6. While this di�erence was not visible in Figure B.5, Figure B.6 con�rms the observations
that were made in the main text. Namely, that the second-order approximation is able to approx-
imate the perturbed trajectory signi�cantly better.
Finally, the cost relative to the nominal trajectory is plotted in Figure B.7. It is again observed
that the �rst-order approximation is not able to fully capture the behaviour of the perturbed cost
functional. This while the second-order approximation matches the general trend of the perturbed
trajectory.
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Figure B.6: The error between the original and approximated perturbed trajectories for ε = 0.1
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Figure B.7: Cost of the perturbed, �rst-order and second-order approximation of the cost functi-
onal, relative to the value of the nominal trajectory for ε = 0.1.

Trajectories for large ε

The main text investigates the approximation accuracy for a perturbed trajectory with ε = 0.4.
The previous section investigated whether the same conclusions can be drawn for a smaller value
of ε, and concluded that the same observations can be made in the case that ε = 0.1. The goal
of this section is to investigate what happens when a larger value of ε is used. All plots in this
section are made with a perturbation with ε = 1. The corresponding nominal and perturbed
trajectories are plotted in Figure B.8. Plotting the corresponding approximations, one observation
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Figure B.8: Nominal and perturbed trajectories for the linear hybrid system for ε = 1.
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can immediately be made. The second event time is moved back signi�cantly for this value of ε.
The result is that both approximated trajectories signi�cantly di�er from the original perturbed
trajectory. While the second-order approximation still is a better approximation, than the �rst-
order approximation, according to Figure B.9. Both approximations do not follow the general
trend, and the di�erences are clearly visible in the plot of the state trajectory. Finally, plotting
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Figure B.9: The original and approximated perturbed trajectories of the linear hybrid system for
ε = 1.
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Figure B.10: The error between the original and approximated perturbed trajectories for ε = 1

the trajectory of the cost functional, results in Figure B.11. It is observed that while the second-
order approximation approximates this trajectory slightly better, both approximations are not able
to capture the signi�cant increase in cost, as the nominal trajectory is perturbed. Therefore, it
can be concluded that, while the second-order approximation still is slightly better than the �rst-
order approximation, large perturbations, and therefore trajectories far away from the nominal
trajectory, generally can not be expected to be approximated accurately.
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Figure B.11: Cost of the perturbed, �rst-order and second-order approximation of the cost functi-
onal, relative to the value of the nominal trajectory for ε = 1.

B.2 Appendix to Validation for a Nonlinear Hybrid System

Similarly to Table B.1 in Appendix B.1, Table B.2 speci�es the waypoints used to generate the no-
minal and perturbed trajectories used in the numerical validation for the nonlinear hybrid system.
The resulting nominal and perturbed trajectories are plotted in Figure B.12.

Table B.2: Parameters used to generate the nominal and perturbed trajectories.

nr. Event x1 x2 t xε,1 xε,1 tε

0 1 −1 0.0 1 −1 0.0

1 X 0 −4 0.5 0 −5 0.4

2 1 −1 1.0 1.5 −1 1.0

3 X 0 −4 1.5 0 −5 1.6

4 1 −1 2.0 1 −1 2.0
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Figure B.12: The original generated nominal and perturbed trajectories.

The parameters used in the continuous-time dynamics, as well as the inverse dynamics to transform
the second time derivative of state into the desired input, are summarized in Table B.3.

Table B.3: Continuous dynamics system parameters for the impacting pendulum model [43].

Parameter Symbol Value Unit

Inertia about the rotation axis I 4.7 · 10−4 kg m2

Viscous friction coe�cient d 2.6 · 10−4 N m s

Maximal moment due to gravity Mg 0.0472 N m

Angle between vertical and a line through the axis of rotation and CoM φ 0.116 rad
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Extra plots from nonlinear system validation

Trajectories for small ε

As discussed in the appendix on the numerical validation for the linear hybrid system, the main
text discusses the accuracy of the approximation for a �xed and medium sized ε. These sections
will brie�y investigate whether the same conclusions apply for a smaller or larger value of ε. The
value of ε considered in this section is 0.1. The corresponding nominal and perturbed trajectories
are plotted in Figure B.13.
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Figure B.13: Nominal and perturbed trajectories for the linear hybrid system for ε = 0.1.

Plotting the corresponding �rst and second-order approximation results in Figure B.14. It is
observed that both approximations approximate the perturbed trajectory with reasonable accuracy,
since, within the scale of the plot, no deviations are visible. However, Figure B.15 paints a slightly
di�erent picture. It is, again, observed that the second-order approximation approximates the
trajectory signi�cantly better, however, the y-axis of this plot shows that the errors between the
approximations and the original trajectory remain relatively small. Finally, Figure B.16 plots
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Figure B.14: The original and approximated perturbed trajectories of the nonlinear hybrid system
for ε = 0.1.

the cost of the perturbed trajectory and its approximations, relative to the nominal trajectory.
The same observations are made as in earlier plots of this type. The second-order approximation
is able capture the general trend set by the original perturbed trajectory, while the �rst-order
approximation is not able to fully describe the behaviour of this trajectory.
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Figure B.15: The error between the original and approximated perturbed trajectories for ε = 0.1

0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2
-6

-4

-2

0

2

Figure B.16: Cost of the perturbed, �rst-order and second-order approximation of the cost functi-
onal, relative to the value of the nominal trajectory for ε = 0.1.

Trajectories for large ε

Finally, this section will brie�y discuss plots corresponding to trajectories computed for a pertur-
bation with ε = 0.6. The corresponding nominal and perturbed trajectories are plotted in Figure
B.17, and the corresponding �rst and second-order approximations are plotted in Figure B.18.
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Figure B.17: Nominal and perturbed trajectories for the linear hybrid system for ε = 0.6.

From the latter �gure it is apparent that, given this larger size of ε, both approximations behave
similarly. However, both approximations are not able to exactly describe the result of the per-
turbation. This observation is con�rmed by Figure B.19, which plots the deviation between the
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Figure B.18: The original and approximated perturbed trajectories of the nonlinear hybrid system
for ε = 0.6.

perturbation and its approximations. It shows that the approximations show deviations which are
comparable in size, contrary to the plot corresponding to the smaller value of ε. Finally, plotting
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Figure B.19: The error between the original and approximated perturbed trajectories for ε = 0.6

the cost trajectory corresponding to the perturbed trajectory shows that, despite the signi�cant
deviation seen in the previous plot, the second-order approximation is able to approximate the
cost trajectory relatively well. As always, the �rst-order approximation is not able to capture the
behaviour of this trajectory.
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Figure B.20: Cost of the perturbed, �rst-order and second-order approximation of the cost functi-
onal, relative to the value of the nominal trajectory for ε = 0.6.
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