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F(x) = zIo(x) + sinh z [Io(x) f exp (t cosh z)Ko(t) dt 

-Ko(x) f exp (t cosh z)Io(t) dt]- 

F(x) can also be expressed as a series of modified Bessel functions by making 
use of the expansion 

exp(x cosh 0) = Io(x) + 2 I2 I(x) cosh nO, 

F(x) = zIo(x) + 2 E n-' In(x) sinh nz. 

Also solved by L. CARLITZ (Duke University), I. FARKAS (University of 
Toronto) and the proposer. 

Editorial note. Carlitz notes that if we put 
00 

C2 Z2n 1(z = Z 2E 
n-0 (2n)! 

it follows that 

(2n + 1)C2n = -na csch z E (2n 1) C2n-2,, n _ 1. 

The proposer notes that the singularities of I(z) appear to be isolated essential 
singularities at the points z = i niri, n = 1, 2, 3, * . . . 

Problem 67-4, A Double Sum, by L. CARLITZ (Duke University). 
Show that 

i(r + s)2(m+ n-r-s)2 1 2m+2n+2) 
rOsO r m - m r J 2 2m + 1 

Solution by the proposer. 
We have 

{(1 X y)2 - 4xy -1/2 2r) x7yr( 1 - X - y)-2r-I 
r=O r, 

00 /~~~~~\ 
Z (2r) Xtyt (2r k+ ) (x + y)k 
r=O \r 

= E (2r) tr (2r + m + n)! 
r=O r m,n-O (2r)! m!rnt! 

oo min(m,n) (m+n)! 

mn-O r-O (2r)!(m - r)!(n -r)! 

E m+ n) XvYn m n) 
E (m + n) xmin(mn m,n=O n r-O \ \ 

00 / 

m,n= n 
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Similarly, 

{(1 -x - y) - 4xy} = 2 2rXryr(l - x _ y)-2r-2 

r00 

(1 ) =ZE 22rxryr 
0 

(2r +m + n +1) 
m,n=0 (2r + 1)! m! n! XY 

, (m + n + )!mn min(mn) (m)(n) 

m,mnO m!n! r=O (2r + 1)! 

Now 

min(m,n) (-m)r(-n)r 2r 
min(m, 

m)r( )r 

r=O (2r + 1)! r=O r!(3/2). 

(3/2)m+n (2m + 2n + 1)! m! n! 
(3/2)m(3/2)m- (2m + 1)!(2n + 1) ! (m + n) !' 

so that 

(2) ? (2m +2n+ 2Xyn = { (y 1 - _ y)2 - 4xy-1. 
2 mn,n-0 2m + 1/ 

Comparing (1) and (2) we obtain the stated result. 
Remark. In exactly the same way we can prove that 

00 

E2 C(m, n; X))xmy = {(1 - x _ y)2 _ 4xy-X, 
m,n=0 

where 

C(m, n; X) (2X)m+n (X + - ) m+n 
m nI ( + 1) m(X + D 

This implies 
in n 

E E C(r, s; a)C(m - r, n - s;) = C(m, n; a + ). 
r=O 8=0 

J. BOERSMA (Technological University, Eindhoven, The Netherlands) ob- 
tained his solution by noting that the double series Smn is the coefficient of xmyn 
in the expansion of the generating function 

F(x, y) = r + s) iy8} = {F4(1, 1, 1, 1; x, y 2, 

where F4 denotes a hypergeometric function of two variables. From [4, 5.7(a) 
and 5.10(b)], 

F(x, y) = [(1 - X _ y)2 _ 4xy]1. 

Then expanding out F(x, y) by the binomial theory, he showed that 
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Smn = (n ( m) + 1)! F (-m-2 -m; n(-+m + 1; 11 
(n -m)!(2m +1)! 

1 2m + 2n + 2 
2 2m + 1J 

REFERENCE 

[4] A. ERDELYI, W. MAGNUS, F. OBERHETTINGER AND F. G. TRICOMI, Higher Transcendental 
Functions, vol. 1, McGraw-Hill, New York, 1953. 


	Article Contents
	p. 117
	p. 118
	p. 119

	Issue Table of Contents
	SIAM Review, Vol. 10, No. 1 (Jan., 1968), pp. 1-119
	Front Matter
	An Introduction to Generalized Functions and the Generalized Laplace and Legendre Transformations [pp. 1-24]
	An Example of Optimal Control [pp. 25-55]
	Bigradients and the Problem of Routh and Hurwitz [pp. 56-66]
	Classical Analysis and the Generalized Heat Equation [pp. 67-80]
	Short Notes: On the Equivalence of Certain Stability Properties [pp. 81-84]
	Short Notes: Further Extension on Transforming from Boundary Value to Initial Value Problems [pp. 85-87]
	Short Notes: A Note on Second Order Nonlinear Oscillation [pp. 88-91]
	Book Reviews
	Review: untitled [pp. 92-93]
	Review: untitled [pp. 93-94]
	Review: untitled [pp. 94-95]
	Review: untitled [p. 95]
	Review: untitled [pp. 95-96]
	Review: untitled [pp. 96-97]
	Other Books Received [pp. 97-100]

	Chronicle [pp. 101-106]
	Problems
	Problem 68-1, A Network Inequality [pp. 107-108]
	Problem 68-2, An Integral Equation of Convolution Type [p. 108]
	Problem 68-3, A Sequence of Symmetric Bernoulli Trials [pp. 108-109]
	Problem 68-4, A Family of Summation Formulae [p. 109]
	Problem 68-5, Extrema of Expectations of Uniform Order-Statistics [p. 109]

	Solutions
	Problem 66-7 [p. 110]
	Problem 66-14 [p. 110]
	Problem 66-18 [p. 110]
	Errata: Problem 66-16 [p. 110]
	Problem 62-7 [pp. 110-112]
	Problem 64-15 [p. 112]
	Problem 66-19 [pp. 112-113]
	Problem 66-20 [pp. 113-114]
	Problem 67-1 [pp. 114-115]
	Problem 67-2 [pp. 115-116]
	Problem 67-3 [pp. 116-117]
	Problem 67-4 [pp. 117-119]

	Back Matter



