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Abstract

Graph drawing beyond planarity focuses on drawings of high visual quality for non-planar
graphs which are characterized by certain forbidden edge configurations. The (rectilinear) cross-
ing number of a drawing is a well-established criterion for its quality. Forbidding an edge con-
figuration may drastically increase the crossing number for some graphs. Chimani et al. [GD’19]
gave bounds for the supremum of the ratio between the crossing number of three classes of
beyond-planar graphs and the unrestricted crossing number. Lower bounds on this supremum
imply that there is a graph for which the crossing number increases by some factor, while upper
bounds imply that the crossing number can never increase more than certain factor.

In this thesis we extend the results by Chimani et al. to the main currently known classes of
beyond-planar graphs characterized by forbidden topological patterns and answer several of
their open questions. We achieve linear lower bounds for all the classes of beyond-planar graphs
we consider, yielding tight bounds for the 1-gap-planar and the skewness-1 crossing ratio. Ad-
ditionally, we extend our contstructions to the forbidden configurations that are dependent on
some variable k.
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Chapter 1

Introduction

A central topic in graph drawing are good drawings of graphs which are not necessarily planar.
A natural criterion for the quality of a drawing is the number of edge crossings. While em-
pirical studies suggest that the number of crossings is not the only factor that influences hu-
man understanding of a drawing, it is nevertheless one of the most relevant aesthetic indicat-
ors [20, 25, 26, 33]. However, it is NP-hard to compute the minimum number of crossings of a
graph G across all possible drawings of G, also referred to as the crossing number of G, cr(G) [18].
Meaningful upper and lower bounds, as well as heuristic, approximation, and parameterized
algorithms, have hence been a major focus [10].

Drawing edges as straight-line segments aligns well with another important aesthetic criterion:
minimizing the number of bends. One classic variant is hence the rectilinear crossing number cr(G)
of a graph G, that is, the minimum number of crossings across all straight-line drawings of G.
Clearly cr(G) ≤ cr(G) for any graph G. The straight-line restriction increases the crossing number
arbitrarily: for every k there exists a graph G such that cr(G) = 4 and cr(G) = k [9]. On the other
hand, if G = (V ,E) is a graph with maximum degree ∆ then cr(G) = O(∆ ·cr2(G)) [8, 30] and when
|E| ≥ 4|V | this bound can be improved to cr(G) = O(∆cr(G) logcr(G)); see Schaefer’s book [29] on
crossing numbers. Computing cr(G) is also NP-hard (actually, it is ∃R-complete [7, 28]) but in
polynomial time it can be approximated to cr(G) + o(n4) [17].

Empirical studies suggest that not only the number of crossings matters for human understand-
ing, but also the topological and geometric properties of the drawing. In recent years there has
been particular interest in such drawings of beyond-planar graphs, which are characterized by cer-
tain forbidden crossing configurations of the edges; see the recent survey by Didimo et al. [16].
It is hence natural to consider also the relation between the (unrestricted) crossing number and
the crossing number across beyond-planar drawings.

Chimani et al. [15] gave bounds on the supremum % of the ratio between the 1-planar, quasi-
planar, and fan-planar crossing number of a graph G (cr1−pl(G), crquasi(G), and crfan(G), respect-
ively) and the unrestricted crossing number cr(G). These results show that there exist graphs
that have significantly larger crossing numbers when drawn with the beyond-planar restrictions.
We extend their results giving a more general lower bound for k-planarity. Furthermore, we an-
swer several of their open questions, including the extension to other classes of beyond-planar
graphs and realizing their lower bounds as well as our lower bounds in the straight-line setting
(i.e. when edges are drawn as straight-line segments). The bounds are summarized in Table 1.1;
all can be achieved with straight-line drawings.

Crossing Numbers of Beyond-Planar Graphs 1



CHAPTER 1. INTRODUCTION

Below we define all beyond-planar graph families that are considered in this thesis and show
examples of configurations that are forbidden for that family. A graph belongs to a family F if
it admits a drawing that belongs to F , that is, the forbidden configuration of F does not occur
in the drawing. These definitions correspond to the definitions as described in Section 3.1 in the
survey by Didimo et al. [16].

k = 2

k-planar drawings, do not contain an edge crossed more than k times. The
notion of 1-planar drawings was introduced in 1965 [27] and they have
since been widely studied. The study of k-planar graphs (k > 1) was intro-
duced to find lower bounds on the crossing number of a graph [23].

We define the k-planar crossing number of a k-planar graph G, crk−pl(G),
as the minimum number of crossings over all k-planar drawings of G. We
define the k-planar crossing ratio, %k−pl, as the supremum of crk−pl(G)/cr(G)
over all k-planar graphs G.

k = 3

k-quasi-planar drawings, do not have k mutually crossing edges. We use
the term quasi-planar to refer to 3-quasi-planar. Early results on this family
aimed to determine the maximum number of edges for these graphs [4, 24].
These results answered the question of what the maximum number of
edges is of a geometric graph that contains no 3 pairwise disjoint edges
posed by Avital and Hanani [5]. The problem of determining or estimat-
ing the maximum number of edges in a k-quasi-planar graph for k ≥ 3 was
raised by Kupitz [21] and by Perles in unpublished notes.

We define the k-quasi-planar crossing number of a k-quasi-planar graph G, crk−quasi(G), as the
minimum number of crossings over all k-quasi-planar drawings of G. We define the k-quasi-
planar crossing ratio, %k−quasi, as the supremum of crk−quasi(G)/cr(G) over all k-quasi-planar
graphs G. Similarly, we denote the quasi-planar crossing number as crquasi and the quasi-planar
crossing ratio as %quasi.

Fan-planar drawings, do not contain two independent edges that cross a
third one or two adjacent edges that cross a third edge from different sides.
The latter means that the common endpoint of the two adjacent edges is
on different sides of the third edge [19]. This family of drawings can be
viewed as opposite to the class of fan-crossing-free drawings. Kaufmann
and Ueckerdt achieved a tight bound on the maximum number of edges
for fan-planar graphs [19].

We define the fan-planar crossing number of a fan-planar graph G, crfan(G),
as the minimum number of crossings over all fan-planar drawings of G. We
define the fan-planar crossing ratio, %fan, as the supremum of crfan(G)/cr(G) over all fan-planar
graphs G.

k, l = 2

(k,l)-grid-free drawings, do not contain a (k, l)-grid: a set of k edges all
crossing each edge in a set of l edges [22]. If the k edges are incident to
the same vertex the (k, l)-grid is radial; if the l edges are also incident to the
same vertex the (k, l)-grid is biradial. A (k, l)-grid is natural if all its edges
are independent and no two edges in the same group cross. Pach et al.
gave an upper bound on the maximum number of edges in a (k, l)-grid-free
graph [22].

We define the (k, l)-grid-free crossing number of a (k, l)-grid-free graph G,
crk,l−grid−free(G), as the minimum number of crossings over all (k, l)-grid-free drawings of G. We
define the (k, l)-grid-free crossing ratio, %k,l−grid−free, as the supremum of crk,l−grid−free(G)/cr(G)
over all (k, l)-grid-free graphs G.

2 Crossing Numbers of Beyond-Planar Graphs



CHAPTER 1. INTRODUCTION

Planarly connected drawings, are such that each pair of crossing edges
is independent and there is a crossing-free edge that connects their end-
points [2]. In terms of forbidden configuration a planarly connected draw-
ings does not contain a pair of crossing edges that do not have their en-
dpoints connected by a crossing-free edge. Ackerman et al. introduced
the class of graphs because they are related to quasi-planar graphs and to
maximal 1-planar and fan-planar graphs [2]. The authors achieved a linear
upper bound on the maximum number of edges in planarly connected graphs.

We define the planarly connected crossing number of a planarly connected graph G, crpl−con(G),
as the minimum number of crossings over all planarly connected drawings of G. We define the
planarly connected crossing ratio, %pl−con, as the supremum of crpl−con(G)/cr(G) over all planarly
connected graphs G.

k = 1

k-gap planar drawings, allow to map each crossing to one of the two cor-
responding edges such that each edge has at most k crossings mapped to
it [6]. In terms of forbidden configuration a k-gap-planar drawing may not
have more than k crossings mapped to an edge when optimally mapping
each crossing to a corresponding edge. In a cased drawing of a graph, each
crossing is resolved by locally interrupting one of the two crossing edges.
A k-gap-planar graph can equivalently be defined as graph that admits a
cased drawing in which each edge has at most k gaps. Bae et al. achieved a
tight bound on the maximum number of edges in gap-planar graphs [6].

We define the k-gap planar crossing number of a k-gap planar graph G, crk−gap(G), as the min-
imum number of crossings over all k-gap planar drawings of G. We define the k-gap planar
crossing ratio, %k−gap, as the supremum of crk−gap(G)/cr(G) over all k-gap planar graphs G.

k = 2

k-fan-crossing-free drawings, do not contain an edge that crosses k ad-
jacent edges. Edges are adjacent if they all have an endpoint in common.
We use fan-crossing-free to refer to 2-fan-crossing-free [13]. The class of
k-fan-crossing-free graphs graphs coincides with the class of radial (k,1)-
grid-free graphs, for k ≥ 2. Cheong et al. achieved a tight bound on the
maximum number of edges in a fan-crossing-free graph [13].

We define the k-fan-crossing-free crossing number of a k-fan-crossing-free
graph G, crk−fan−free(G), as the minimum number of crossings over all k-
fan-crossing-free drawings of G. We define the k-fan-crossing-free crossing
ratio, %k−fan−free, as the supremum of crk−fan−free(G)/cr(G) over all k-fan-crossing-free graphs G.
Similarly, we denote the fan-crossing-free crossing number as crfan−free and the fan-crossing-free
crossing ratio as %fan−free.

k = 1

Skewness-k drawings, can be made planar by removing at most k edges.
In terms of forbidden configuration this means that the drawing does not
contain a set of crossings not covered by at most k edges. Here, a cross-
ing is covered by an edge, if that edge is part of the crossing. Skewness-k
graphs are mainly studied for k = 1 under the name of almost planar or near
planar graphs. Remarkably, computing the unrestricted crossing number
of almost planar graphs is NP-hard [11, 12]. On the other hand, it has been
shown that computing a minimum-crossing drawing for the insertion of an
edge in a planar graph can be done in linear time. This implies that skewness-1 crossing number
can be computed in polynomial time.

We define the skewness-k crossing number of a skewness-k graph G, crskew−k(G), as the minimum
number of crossings over all skewness-k drawings of G. We define the skewness-k crossing ra-
tio, %skew−k , as the supremum of crskew−k(G)/cr(G) over all skewness-k graphs G.

Crossing Numbers of Beyond-Planar Graphs 3



CHAPTER 1. INTRODUCTION

k = 1
k-apex drawings, A k-apex can be made planar by removing at most k
vertices. Accordingly, the drawing does not contain a set of crossings not
covered by at most k vertices. Here, a crossing is covered by an vertex, if
that vertex is the endpoint of an edge that is part of the crossing. It is imme-
diate to see that a skewness-k drawing is also a k-apex drawing. Generally,
1-apex graphs are mainly recognized as apex graphs. Similarly to the edge
insertion problem, it has been shown that computing a minimum-crossing
drawing for the insertion of an vertex and some edge connected to that vertex in a planar graph
can be done in polynomial time [14]. This implies that 1-apex crossing number can be computed
in polynomial time.

We define the k-apex crossing number of a k-apex graph G, crk−apex(G), as the minimum number
of crossings over all k-apex drawings of G. We define the k-apex crossing ratio, %k−apex, as the
supremum of crk−apex(G)/cr(G) over all k-apex graphs G.

4 Crossing Numbers of Beyond-Planar Graphs



CHAPTER 1. INTRODUCTION

Table 1.1: Bounds for the supremum % of the ratio between crossing numbers.

Family Forbidden Configurations Lower Upper

k-planar
(k ≥ 1)

An edge crossed more than
k times

k = 2
Ω(n/k)

(Section 2.2)
O(k
√
kn)

(Section 2.2)

k-quasi-
planar
(k ≥ 3)

k pairwise edges crossing
k = 3

Ω(n/k3)
[15]

f (k)n2 log2n
[15]

Fan-planar

Two independent edges
that cross a third one or
two adjacent edges that
cross another edge from

different ”sides”

Ω(n)
[15]

O(n2)
[15]

(k, l)-grid-
free

Set of k edges such that
each edge crosses each

edge from a set of l edges.

k, l = 2
Ω

( n
kl(k + l)

)
(Section 3.1)

g(k, l)n2

(Section 3.1)

Planarly
connected

Two crossing edges that do
not have two of their

endpoint connected by a
crossing-free edge or two
adjacent edges crossing

Ω(n)
(Section 3.2)

O(n2)
(Section 3.2)

k-gap-planar

More than k mappings to
an edge when optimally

mapping each crossing to a
corresponding edge

k = 1
Ω(n/k3)

(Section 3.3)
O(k
√
kn)

(Section 3.3)

k-fan-
crossing-free

An edge that crosses k
adjacent edges

k = 2

Ω(n/k2)
(Section 3.4)

O(k2n2)
(Section 3.4)

Skewness-k
Set of crossings not

covered by at most k edges

k = 1
Ω(n/k)

(Section 4.1)
O(kn+ k2)
(Section 4.1)

k-apex
Set of crossings not

covered by at most k
vertices

k = 1
Ω(n/k)

(Section 4.2)
O(k2n2 + k4)
(Section 4.2)
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Chapter 2

Revisiting k-planar, quasi-planar
and fan-planar graphs

Chimani et al. addressed three different classes of beyond-planar graphs: 1-planar, quasi-planar
and fan-planar graphs [15]. They studied the crossing ratios of the classes. The crossing ratio %F
is the largest ratio crF (G)/cr(G) possible over all graphs G that are in F. In other words it indicates
how much larger the crossing number can get by enforcing the forbidden configuration of F in
the worst case.

They showed lower bounds on the crossing ratios, which show that there does exist a graph that
has an increase in crossing number by a certain factor. Furthermore, they showed upper bounds
on the crossing ratios, which indicate that there are no graphs which have an increase by more
than a certain factor. Additionally, they used their constructions to prove a lower bound for the
k-planar crossing ratio and the k-quasi planar crossing ratio.

We generalise the lower bound for the k-planar crossing ratio. For completeness, we recall the
upper bounds and we recall the remaining lower bounds. Additionally, we provide upper bounds
for the k-planar crossing ratio and the k-quasi planar crossing ratio, as they were not mentioned
by Chimani et al.

We can show a lower bound on a crossing ratio %F by presenting a graph with cr(G) ≤ x and
crF (G) ≥ y. This then implies the lower bound Ω(y/x).

Our upper bounds on the crossing ratio %F for the beyond-planar graph families F that we stud-
ied are all rather straightforward. They are based on (i) the definition of the beyond-planar
class F , (ii) the fact that crF (G) > cr(G) only holds for non-planar graphs, (iii) the known bounds
on the maximum number of edges of graphs in each class, and (iv) the fact that drawings minim-
izing the crossing number are simple (see for example Lemma 1.3 in [29]). A drawing is simple1

if every pair of edges has at most one point in common (either a common endpoint or a proper
crossing). Thus, in crossing-minimizing drawings two edges cross at most once.

Chimani et al. [15] asked whether their lower bounds carry over into the straight-line setting.
We show that every lower bound also holds in the straight-line setting. We argue our lower
bounds on the rectilinear crossing ratio %F for several beyond-planar graph families F . In the
following, %F denotes the supremum of crF (G)/cr(G) over all graphs G that admit a straight-line
drawing in F . Additionally, crF (G) denotes the minimum number of crossings over all straight-
line drawings in F of a graph G. In other words, we argue that the same lower bounds hold when
we can only draw edges as straight-line segments.

1Simple drawings are also known as good drawings.

6 Crossing Numbers of Beyond-Planar Graphs



CHAPTER 2. REVISITING K-PLANAR, QUASI-PLANAR AND FAN-PLANAR GRAPHS

The straight-line setting imposes an additional constraint on the drawings. Therefore, all upper
bounds directly apply in the straight-line setting. Lemma 1 proves that it is sufficient to draw
each of our lower bound constructions with straight lines to establish the same bounds. We
say that two drawings of a graph are weakly isomorphic if there is a one-to-one correspondence
between their vertices and edges that is incidence-preserving and crossing-preserving.

Lemma 1. Let G be a graph and D be a drawing of G with x crossings, showing that cr(G) ≤ x.
Moreover, let F be a beyond-planar family of graphs such that crF (G) ≥ y. If there is a straight-line
drawing of G weakly isomorphic to D and a straight-line drawing of G in F , then cr(G) ≤ x and
crF (G) ≥ y.

Proof. Since there is a straight-line drawing of D with the same number of crossings it immedi-
ately follows that cr(G) ≤ x. Drawing graphs in a straight-line setting imposes an extra constraint
on the drawing. Thus, the number of crossings cannot decrease. Since G has a straight-line
drawing in F it follows that crF(G) ≥ y.

2.1 Compound edges

`

x

y

For two of their proofs Chimani et al. [15] use the notion of extended edges,
which we refer to as `-compound edges: a `-compound edge (x,y) is a com-
bination of the edge (x,y) and a set Πxy of ` − 1 paths of length two all
connecting x and y (see figure). They show that if two `-compound edges
cross, then D contains at least ` crossings (Lemma 5 in [15], quoted below).
Furthermore, they use the fact that a `-compound edge is crossed to prove
that a drawing contains at least ` crossings. We indicate `-compound edges
with thick blue lines.

Lemma 2 (Lemma 5 in [15]). Let G be a graph containing two independent
edges (u,v) and (w,z). Suppose that u and v (w and z resp.) are connected by
a set Πuv (Πwz resp.) of ` − 1 paths of length two. Let Γ be a drawing of G. If
(u,v) and (w,z) cross in Γ , then Γ contains at least ` crossings.

Proof [15]. Suppose that (u,v) and (w,z) cross. If each of the ` − 1 paths Πwz crosses (u,v), then
the claim follows. Assume otherwise that at least one of these paths does not cross (u,v). This
path forms a 3-cycle with t with (w,z); the `−1 paths of Πuv all cross at least one edge of t, which
proves the claim.

2.2 k-planar graphs

2.2.1 1-planar graphs

Chimani et al. showed a tight bound on the 1-planar crossing ratio %1−pl = n/2 − 1 [15]. This
means that this is the highest possible 1-planar crossing ratio.

Theorem 3 (Theorem 1 in [15]). For every ` ≥ 7 there exists a 1-planar graph G` with n = 11` + 2
vertices such that cr1−pl(G`) = n− 2 and cr(G`) = 2 which yields the largest possible 1-planar crossing
ratio.

They showed that G` admits a drawing with 2 crossings (see Figure 2.1a where the red sub-
graph can be drawn planarly), and only one 1-planar drawing, which admits 11` crossings (see
Figure 2.1b).

Crossing Numbers of Beyond-Planar Graphs 7



CHAPTER 2. REVISITING K-PLANAR, QUASI-PLANAR AND FAN-PLANAR GRAPHS

(a) cr(G`) = 2 (b) cr1−pl(G`) = 11`

Figure 2.1: Drawings of the graph G` as reasoned in the proof of Theorem 3 (original figure
in [15]).

Straight-line setting. The graph G` constructed by Chimani et al. [15] without the special edge
is planar. Thus, by Fary’s theorem it admits a plane straight-line drawing. Moreover, as in Fig-
ure 2.1a, G` can be drawn with straight-line edges and such that cr(G`) = 2. Thomassen showed
that for every 1-planar drawing D there exists a straight-line drawing weakly isomorphic to D
if and only if D does not contain a B- or W -configuration [32]. The 1-planar drawing in Fig-
ure 2.1b (which is redrawn from Chimani et al. [15]) contains neither a B- or a W -configuration.
Hence, there is straight-line drawing weakly isomorphic to it. Thus, by Lemma 1, the statement
of Theorem 3 also holds in the straight-line setting and %1−pl = n/2− 1

Corollary 3.1. For every ` ≥ 7 there exists a 1-planar graph G` with n = 11` + 2 vertices such that
cr1−pl(G`) = n− 2 and cr(G`) = 2 which yields the largest possible rectilinear 1-planar crossing ratio.

2.2.2 k-planar graphs

Lower bound. In a k-planar drawing no edge can be involved in more than k crossings. Chi-
mani et al. [15] proved a tight bound on the crossing ratio for 1-planarity, %1−pl ≥ n/2−1. They also
noted that the same arguments hold for k-planarity, if one allows parallel edges (multiple edges
between two vertices). They achieve a k(n− 2)/2 lower bound on %k−pl for graphs with n vertices
by replacing all edges except for one in their construction for 1-planarity by a bundle of k parallel
edges. We show that parallel edges are not needed to extend their proof to k-planarity. However,
the dependence on k in the lower bound that we achieve is worse than the lower bound show by
Chimani et al. using parallel edges.

To extend their construction to k-planarity we introduce k-planar compound edges (see Figure 2.2),
which exhibit essentially the same behavior as k parallel edges. One k-planar compound edge
consists of k2 parallel edges, each subdivided k − 1 times (so it consists of a total of k3 edges). To
prove the bounds for k-planarity, we replace each edge except for one in the 1-planar construc-
tion in [15] with a k-planar compound edge. In a k-planar setting, each k-planar compound edge
can cross exactly one other k-planar compound edge (see Figure 2.2).

Theorem 4. For every ` ≥ 7 there exists a k-planar graph Gk
` with n = 23`(k − 1)k2 + 11` + 2 vertices

such that cr(Gk
` ) ≤ 2k2 and crk−pl(G

k
` ) ≥ k4(11`), thus %k−pl ∈Ω(n/k).

Proof. We construct the graph G` as described in Section 2 by Chimani et al. [15] (see Figure 2.1).

8 Crossing Numbers of Beyond-Planar Graphs



CHAPTER 2. REVISITING K-PLANAR, QUASI-PLANAR AND FAN-PLANAR GRAPHS

x1

x2

y1 y2

(a) Two 2-planar compound edges crossing

x1

x2

y2y1

(b) Two 3-planar compound edges crossing

Figure 2.2: Examples of k-planar compound edges.

The construction of G` consists of three parts: a rigid graph P (black edges, round vertices); its
dual P ∗ (red edges, square vertices); a set of binding edges (green edges); and one special edge
(orange edge). The graph G` has 11` + 2 vertices and 23` + 1 edges.

Subsequently, we replace each edge in G` except the special edge with a k-planar compound
edge. This means we remove every edge and replace it by k2 edges parallel edges, all split by
k − 1 vertices, yielding Gk

` . Thus, in total we have n = 23`(k − 1)k2 + 11` + 2 vertices in Gk
` . Two

k-planar compound edges may cross while maintaining k-planarity (see Figure 2.2). Gk
` admits a

drawing with 2k2 crossings, when the graph is drawn as in Figure 2.1a, thus cr(Gk
` ) ≤ 2k2.

We show that crk−pl(G
k
` ) ≥ k4(11`). Suppose we have a k-planar, crossing minimal drawing Γ

of Gk
` . We now transform each k-planar compound edge in Γ such that each path of length k now

becomes one edge. Thus, each k-planar compound edge becomes k2 parallel edges, yielding a
drawing Γ ′ of a multigraph G`,k2 . Since all edges remain in the same position and only subdivi-
sions are removed, it follows that the number of crossings in Γ ′ is equal to the number of crossings
in Γ . Additionally, it follows that G`,k2 is a modification of G` in which each edge except the spe-
cial edge is replaced with k2 parallel edges. This multigraph G`,k2 with 11`+2 vertices is actually
the same graph used in Corollary 3 in [15] for their construction showing a tight bound on %k2−pl

when k2 parallel edges are allowed. In their proof they show that crk2−pl(G`,k2 ) = k4(11`).

In Γ each edge in each path of length k had at most k crossings. Thus, in Γ ′ each edge has at
most k2 crossings (the special edge has at most k crossings). Therefore, Γ ′ is k2-plane drawing
of G`,k2 . Thus, there are at least k4(11`) crossing in Γ ′ and at least k4(11`) crossing in Γ . Since by
definition Γ is a crossing minimal drawing of Gk

` , we have shown that crk−pl(G
k
` ) ≥ k4(11`). Recall

that cr(Gk
` ) ≤ 2k2 and n = 23`(k − 1)k2 + 11` + 2. It follows that %k−pl ∈Ω(n/k).

Upper bound. A k-planar graph with n vertices can have at most 3.81
√
kn edges [1]. Each edge

can have at most k crossings. Thus, a crossing-minimal k-plane drawing cannot have more than
k · 3.81

√
kn crossings. This yields %k−pl ∈O(k

√
kn).

Straight-line setting. We argue that the graph G` constructed by Chimani et al. [15] still admits
the correct straight-line drawings when edges are replaced with k-planar compound edges.

The graph G` without the special edge is planar. Thus, by Fary’s theorem it admits a plane
straight-line drawing. Moreover, as in Figure 2.1a, G` can be drawn with straight-line edges and

Crossing Numbers of Beyond-Planar Graphs 9



CHAPTER 2. REVISITING K-PLANAR, QUASI-PLANAR AND FAN-PLANAR GRAPHS

such that cr(G`) = 2. Since our k-planar compound edges can be drawn with straight-line edges
and arbitrarily close to the original edges they replace, we have that Gk

` (a modification of the
graph G` in which every edge except for the special edge was replaced by a k-planar compound
edge) admits a straight-line drawing with 2k2 crossings. Thus cr(Gk

` ) ≤ 2k2.

Thomassen showed that for every 1-planar drawing D there exists a straight-line drawing weakly
isomorphic to D if and only if D does not contain a B- or W -configuration [32]. The 1-planar
drawing in Figure 2.1b (which is redrawn from Chimani et al. [15]) contains neither a B- or a W -
configuration. Hence there is straight-line drawing weakly isomorphic to it. Since again k-planar
compound edges can be drawn with straight-line edges and arbitrarily close to the original edges
they replace, there is a straight-line drawing of Gk

` that is also k-plane. Thus, by Lemma 1, the
statement of Theorem 4 also holds in the straight-line setting.

Corollary 4.1. For every ` ≥ 7 there exists a k-planar graph Gk
` with n = 23`(k−1)k2 +11`+2 vertices

such that crk−pl(G
k
` ) = 11`k4 and cr(Gk

` ) ≤ 2k2. Thus, %k−pl ∈Ω(n/k).

2.3 k-quasi-planar graphs

Lower bound. Chimani et al. showed a linear lower bound on the quasi-planar crossing ratio
%quasi [15]. They asked whether there exist quasi-planar graphs whose crossing ratio is Ω(n2).
This question remains open.

Theorem 5 (Theorem 4 in [15]). For every ` > 2, there exists a quasi-planar graphG` with n = 12`−5
vertices such that crquasi(G`) ≥ ` and cr(G`) ≤ 3, thus %quasi ∈Ω(n).

u0

u1 u2

u3

u5 u4

x

(a) cr(G`) ≤ 3

u0

u1 u2

u3

u5 u4

x

(b) crquasi(G`) ≥ `

Figure 2.3: Drawings of graph G` to illustrate the proof provided by Chimani et al. [15] for
Theorem 5. Thick blue edges are `-compound edges (original figure in [15]).

They argued that their proof could be extended to k-quasi-planar graphs by using exactly the
same construction in which the cycle C has length 2k.

Corollary 5.1 (Corollary 6 in [15]). For every ` ≥ 2 and k ≥ 3, there exists a k-quasi-planar graphG`,k

with n = 2k(`+1) vertices such that crquasi(G`,k) ≥ ` and cr(G`,k) ≤ k(k−1)/2, thus %k−quasi ∈Ω(n/k3).

Upper bound. The maximum number of edges in quasi-planar graphs with n vertices is 6.5n −
20 [3]. Thus, as stated in [15], %−quasi ∈O(n2).

The maximum number of edges in k-quasi-planar graphs with n vertices is ckn logn, where ck
depends only on k [31]. Thus, as stated in [15], %k−quasi ≤ f (k) ·n2 log2n.

10 Crossing Numbers of Beyond-Planar Graphs
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Straight-line setting. Chimani et al. [15] showed that %quasi ∈Ω(n). Figure 2.4 is a straight-line
version of Figure 2 in [15]. Thus, by Lemma 1, the statement of Theorem 4 in [15] also holds in
the straight-line setting.

Corollary 5.2. For every ` ≥ 2 there exists a quasi-planar graph G` with n = 12`−5 vertices such that
crquasi(G`) ≥ ` and cr(G`) ≤ 3, thus %quasi ∈Ω(n).

Chimani et al. [15] showed that %k−quasi ∈ Ω(n/k3). For a different k we can easily expand the
drawings by adding more vertices between u2 and u3 and between u4 and u5 and rearranging the
edges such that they all mutually cross.

Corollary 5.3. For every ` ≥ 2 there exists a k-quasi-planar graph G` with n = 12` − 5 vertices such
that crk−quasi(G`) ≥ ` and cr(G`) ≤ 3, thus %k−quasi ∈Ω(n/k3).

x

u0

u3u4

(a) cr(G`) ≤ 3

x

u0

u3u4

(b) crquasi(G`) ≥ `

Figure 2.4: Straight-line drawings of graph G` that are weakly isomorphic to the drawings in
Figure 2.3 to support the reasoning of Corollary 5.2. Thick blue edges are `-compound edges.

2.4 Fan-planar graphs

Lower bound. Chimani et al. [15] gave a linear lower bound on the supremum %fan of the ratio
between the fan-planar and the unrestricted crossing number. They asked whether there exist
fan-planar graphs whose crossing ratio is Ω(n2). This question remains open.

Theorem 6 (Theorem 7 in [15]). For every ` > 2, there exists a fan-planar graph G` with n = 9` + 1
vertices such that crfan(G`) = ` and cr(G`) = 3, thus %fan ∈Ω(n).

Upper bound. (For completeness we repeat the upper bound argument in Theorem 6.) A fan-
planar graph with n vertices can have at most 5n− 10 edges [19]. Thus, a crossing-minimal fan-
planar drawing cannot have more than (5n− 10)2 crossings. Thus, as stated in [15], %fan ∈O(n2).

Straight-line setting. Chimani et al. [15] showed that %fan ∈ Ω(n). Figure 2.6 is a straight-line
version of Figure 3 in [15]. Thus, by Lemma 1, the statement of Theorem 7 in [15] also holds in
the straight-line setting.

Corollary 6.1. For every ` > 2, there exists a fan-planar graph G` with n = 9` + 1 vertices such that
crfan(G`) = ` and cr(G`) = 3, thus %fan ∈Ω(n).

Crossing Numbers of Beyond-Planar Graphs 11
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(a) cr(G`) ≤ 3 (b) crfan(G`) ≥ `

Figure 2.5: Drawings of graph G` to illustrate the proof provided by Chimani et al. [15] for
Theorem 6. Thick blue edges are `-compound edges (original figure in [15]).

(a) cr(G`) ≤ 2 (b) crfan(G`) ≥ `

Figure 2.6: Straight-line drawings of graph G` that are weakly isomorphic to the drawings in
Figure 2.5 to support the reasoning of Corollary 6.1. Thick blue edges are `-compound edges.
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Chapter 3

Additional beyond-planar graphs

Chimani et al. conjectured that their results could be extended to further families of beyond-
planar graphs. In this section we extend their results, using similar proof structures, to four
more classes of beyond-planar graphs: k, l-grid-free graphs, planarly connected graphs, k-gap-
planar graphs, and k-fan-crossing-free graphs. For all four of the classes we achieve lower bounds
on the crossing ratio which are linear in the number of vertices n. For k-gap-planar and k-fan-
crossing-free crossing ratios, we first provide a lower bound for the base cases (1-gap-planar and
2-fan-crossing-free crossing ratios) and then show how to extend the proof to the general class.
For the 1-gap-planar crossing ratio this results in a tight bound. For k, l-grid-free crossing ratio
we provide a general proof, and additionally a figure of a small example (k = 2, l = 3).

3.1 k,l-grid free graphs

Lower bound. In a (k, l)-grid-free drawing it is forbidden to have a set of k edges all crossing each
edge in a set of l edges. We show that %k,l−grid−free ∈Ω(n) by creating a graph where a (k, l)-grid
occurs when we draw all regular edges (black) in the inner face of a cycle of `-compound edges
(see Figure 3.1). Thus, a regular edge must be drawn (at least partially) in the outer face and has
to cross at least one `-compound edge (blue), which results in at least ` crossings.

Theorem 7. For every ` ≥ 2, k > 1, l > 1 there exists a (k, l)-grid free graph G` with
n = 2(k + l)` + 2(k + l)− 19 vertices such that crk,l−grid−free(G`) ≥ ` and cr(G`) ≤ k · l.

Thus, %k,l−grid−free ∈Ω
( n
kl(k + l)

)
.

Proof. Let graph G` be constructed as follows: We start with a cycle C of length 2k + 2l, C =
〈u1, . . . ,u2k+2l〉 and a vertex x connected to each vertex of C, yielding G′ . Make each edge in G′ a
`-compound edge by adding ` − 1 disjoint paths of length two between its endpoints. Finally we
add the regular edges (ui ,u2k+l−i+1) for i = 1, . . . , k and we add the regular edges (uk+i ,u2k+2l−i+1)
for i = 1, . . . , l (see Figure 3.1 for an example with k = 2 and l = 3). In general, the resulting
graph G` has n = 2(k + l)` + 2(k + l)− 19 vertices.

If no regular edge crosses G′ , they must all be drawn within the unique face of size 2k + 2l in G′ .
Then, the drawing would not be (k, l)-grid free, as there would be a group of k edges that all
split the face such that for each edge in a group of l edges, its endpoints lie on a different plane.
Summarily, there would be a group of k edges such that each edge crosses all edges of a group
of l edges. The drawing then has k · l crossings but is not (k, l)-grid free.

Crossing Numbers of Beyond-Planar Graphs 13
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u1 u2

u3

u4

u5

u6u7

u8

u9

u10

(a) cr(G`) ≤ 6

u1 u2

u3

u4

u5

u6u7

u8

u9

u10

(b) cr2,3−grid−free(G`) ≥ `

Figure 3.1: Drawings of graph G` to illustrate the proof for Theorem 7. Thick blue edges are
`-compound edges.

Thus, in order to make a (k, l)-grid-free drawing, at least one regular edge r = (ui ,uj ) must cross
and edge (a,b) of G′ . Consider the closed (possible self-intersecting) curve L composed of r plus
the subpath of C connecting ui to uj and containing none of the vertices a and b. This curve
partitions the the plane into two or more regions, and a and b lie in different regions. Thus (a,b)
and the ` − 1 paths connecting a and b cross L, yielding ` crossings in Γ , as desired.

Upper bound. The maximum number of of edges in (k, l)-grid-free graphs with n vertices is ck,ln,
where ck,l depends only on k and l [22]. Thus, %k,l−grid−free ≤ g(k, l) ·n2.

Straight-line setting. Figure 3.2 is a straight-line version of Figure 3.1. Thus, by Lemma 1, the
statement of Theorem 7 also holds in the straight-line setting for k = 2, l = 3. For a different k
we can easily expand the drawings by adding more vertices between u1 and u2 and between u6
and u7. For a different l we can do the same between u3 and u4 and between u9 and u10.

Corollary 7.1. For every ` ≥ 2, k > 1, l > 1 there exists a k, l-grid free graph G` with n = 2(k+ l)`−19+

2(k + l) vertices such that crk,l−grid−free(G`) ≥ ` and cr(G`) ≤ k · l, thus %k,l−grid−free ∈Ω
( n
kl(k + l)

)
.

x

u1 u2

u6u7

(a) cr(G`) ≤ 6

x

u1 u2

u6u7

(b) cr2,3−grid−free(G`) ≥ `

Figure 3.2: Straight-line drawing of graph G` that are weakly isomorphic to the drawings in
Figure 3.1 to support the reasoning of Corollary 7.1. Thick blue edges are `-compound edges.
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3.2 Planarly-connected graphs

Lower bound. In a planarly connected drawing it is forbidden for two edges to be crossing when
their endpoints are not connected by a crossing-free edge (i.e. an edge that is not crossed). We
show that %pl−con ∈Ω(n2) by creating a graph G` in which a crossing occurs between two regular
edges (black) whose endpoints are not connected by a crossing-free edge when we drawn all the
regular edges the inner face of a cycle of `-compound edges (see Figure 3.3). Thus, at least one
regular edge is drawn in the outer face and has to cross at least one `-compound edge (blue),
which results in at least ` crossings.

x

u1 u2 u3

u4

u5

u6u7

u8

(a) cr(G`) ≤ 3

x

u1 u2 u3

u4

u5u6u7

u8

(b) crpl−con(G`) ≥ `

Figure 3.3: Drawings of graph G` to illustrate the proof for Theorem 8. Thick blue edges are
`-compound edges.

Theorem 8. For every ` ≥ 2 there exists a planarly connected graph G` with n = 16` − 7 vertices such
that crpl−con(G`) ≥ ` and cr(G`) ≤ 3. Thus, %pl−con ∈Ω(n).

Proof. Let graph G` be constructed as follows (see Figure 3.3). Start with an 8-cycle C = 〈u1,u2, . . . ,u8〉,
and a vertex x connected to each vertex of C, yielding G′ . Make each edge in G′ a `-compound
edge by adding `−1 disjoint paths of length two between its endpoints. Finally add regular edges
(u1,u5), (u3,u7), (u3,u5) and (u4,u6).

The resulting graph G` has n = 16(` − 1) + 9 = 16` − 7 vertices and admits a drawing with 3
crossings, so cr(G`) ≤ 3 (see Figure 3.3a). As we can see in Figure 3.3b, G` admits a planarly
connected drawing with `+1 crossings. We prove that crpl−con(G`) ≥ `. If two `-compound edges
of G′ cross each other, then the claim follows from Lemma 5 in [15].

If no regular edge crosses G′ , they must all be drawn within the unique face of size 8 in G′ .
Then, (u1,u5) would cross (u3,u7) and (u4,u6) would cross (u3,u5). This would contradict planar
connectivity, as there would be no crossing-free edge that connects endpoints of (u1,u5) and
(u3,u7).

Thus, in order to make a planarly connected drawing, at least one regular edge r = (ui ,uj ) must
cross and edge (a,b) of G′ . Consider the closed (possible self-intersecting) curve L composed of r
plus the subpath of C connecting ui to uj and containing none of the vertices a and b. This curve
partitions the the plane into two or more regions, and a and b lie in different regions. Thus, (a,b)
and the ` − 1 paths connecting a and b cross L, yielding ` crossings in Γ , as claimed.

Upper bound. (For completeness we repeat the upper bound argument in Theorem 8.) A
planarly connected graph with n vertices can have at most cn edges, where c is an absolute con-
stant [2]. Thus, a crossing-minimal planarly connected drawing can have at most c2n2 crossings.
This yields %pl−con ∈O(n2).
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u1

u5u6u7

x

(a) cr(G`) ≤ 3

u5u6

u7

u3

x

(b) crpl−con(G`) ≥ `

Figure 3.4: Straight-line drawings of graph G` that are weakly isomorphic to the drawings in
Figure 3.3 to support the reasoning of Corollary 8.1. Thick blue edges are `-compound edges.

Straight-line setting. Figure 3.4 is a straight-line version of Figure 3.3. Thus, by Lemma 1, the
statement of Theorem 8 also holds in the straight-line setting.

Corollary 8.1. For every ` ≥ 2 there exists a planarly connected graph G` with n = 16` − 7 vertices
such that crpl−con(G`) ≥ ` and cr(G`) ≤ 3. Thus, %pl−con ∈Ω(n).

3.3 k-gap-planar graphs

Lower bound. In a k-gap-planar drawing it is forbidden to have more than k mappings to an edge
when optimally mapping each crossing to a corresponding edge. We show that %k−gap ∈Ω(n/k3)
by creating a graph where there are too many crossings to map to the corresponding edges when
we draw all regular edges (black) in the inner face (see Figure 3.5). Thus, at least one regular edge
is drawn in the outer face and has to cross a `-compound edge (blue), which results in at least `
crossings. We first show that the bound holds for 1-gap-planarity and then how the construction
can be extended to k-gap-planarity.

Theorem 9. For every ` ≥ 2 there exists a 1-gap-planar graph G` with n = 16` − 7 vertices such that
cr1−gap(G`) ≥ ` and cr(G`) ≤ 6. Thus, %1−gap ∈Θ(n).

Proof. The upper bound %1−gap ∈ O(n) follows directly from the fact that a 1-gap-planar graph
with n vertices can have at most 5n− 10 edges [6]. Since each edge can have at most 1 crossings
assigned to it, the number of crossings cannot exceed the number of edges. Thus, a 1-gap-planar
graph can have no more than 5n − 10 crossings. Clearly, if cr1−gap(G) > cr(G) it must hold that
cr(G) ≥ 2. This yields %1−gap ∈O(n).

For the lower bound %1−gap ∈ Ω(n) we first construct the graph G`, drawn in Figure 3.5. Start
with an 8-cycle C = 〈u1,u2, . . . ,u8〉, and a vertex x connected to each vertex of C, yielding G′ .
Make each edge in G′ a `-compound edge by adding ` − 1 disjoint paths of length two between
its endpoints. Finally add regular edges (ui ,ui+4), i = 1,2,3,4.

The resulting graph G` has n = 16(` − 1) + 9 = 16` − 7 vertices and admits a drawing with six
crossings, so cr(G`) ≤ 6 (see Figure 3.5a). As we can see in Figure 3.5b, G` admits a 1-gap-planar
drawing with 3` + 3 crossings. We prove that cr1−gap(G`) ≥ `. If two edges of G′ cross each other,
then the claim follows from Lemma 5 in [15].

If no regular edge crosses G′ , they must all be drawn within the unique face of size eight in G′ .
Then, they would mutually cross, because every regular edge exactly splits the face such that
for every other regular edge its endpoints are on different planes. This would contradict 1-gap-
planarity, as there would be 6 crossings having to be mapped to 4 edges. Thus, in order to make
a 1-gap-planar drawing, at least one regular edge r = (ui ,uj ) must cross and edge (a,b) of G′ .
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(b) cr1−gap(G`) ≥ `

Figure 3.5: Drawings of graph G` to illustrate the proof for Theorem 9. Thick blue edges are
`-compound edges.

Consider the closed (possible self-intersecting) curve L composed of r plus the subpath of C
connecting ui to uj and containing none of the vertices a and b. This curve partitions the the
plane into two or more regions, and a and b lie in different regions. Thus, (a,b) and the `−1 paths
connecting a and b cross L, yielding ` crossings in Γ , as desired.

The proof on the lower bound can be extended to k-gap-planarity by making the cycle of length 8k,
but in this case the dependency on k of the lower bound that we obtain does not match the upper
bound.

Theorem 10. For every ` ≥ 2 there exists a k-gap-planar graph Gk
` with n = 16k`−8k+1 vertices such

that crk−gap(Gk
` ) ≥ ` and cr(Gk

` ) ≤ 8k2 − 2k. Thus, %k−gap ∈Ω(n/k3).

Proof. Let graph Gk
` be constructed as follows: We start with a cycle C = 〈u1,u2, . . . ,u8k〉 of

length 8k. We connect each vertex of C to a new vertex x. Let this graph be Gk Next, we re-
place all edges with `-compound edges. Finally, we add the regular edges (ui ,ui+4k),1 ≤ i ≤ 4k. If
no regular edge crosses Gk , they must all be drawn within the unique face of size 8k in Gk . Then,
they would mutually cross, because every regular edge exactly splits the face such that for every
other regular edge its endpoints are on different planes.

A cycle of length 8k has 4k edges mutually crossing, which results in
(4k

2
)

= 1
2 (4k)(4k−1) = 8k2−2k

crossings to map onto 4k edges. For to k-gap-planarity to hold, their may not be more than k
crossings mapped to any edge. Thus, if the number of crossings exceeds the number of edges
times k, k-gap-planarity does not hold. Clearly, 8k2 − 2k > 4k2 for k > 1

2 . Thus, for every k ≥ 1 a
cycle of 8k will, in the inner face, have more crossings than edges to map them to.

Thus, in order to make a k-gap-planar drawing, at least one regular edge r = (ui ,uj ) must cross
and edge (a,b) of G′ . Consider the closed (possible self-intersecting) curve L composed of r plus
the subpath of C connecting ui to uj and containing none of the vertices a and b. This curve
partitions the the plane into two or more regions, and a and b lie in different regions. Thus (a,b)
and the ` − 1 paths connecting a and b cross L, yielding ` crossings in Γ , as desired.

Upper bound. (For completeness we repeat the upper bound argument in Theorem 9.) A 1-gap-
planar graph with n vertices can have at most 5n − 10 edges [6]. Since each edge can have at
most 1 crossing assigned to it, the number of crossings cannot exceed the number of edges. Thus,
a 1-gap-planar graph can have no more than 5n− 10 crossings. This yields %1−gap ∈O(n).

A k-gap-planar graph with n vertices can have at most O(
√
kn) edges [6]. Since each edge can

have at most k crossings assigned to it, the number of crossings cannot exceed the number of
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edges times k. Thus, a k-gap-planar graph can have no more than O(k
√
kn) crossings. This yields

%k−gap ∈O(k
√
kn).

Straight-line setting. Figure 3.6 is a straight-line version of Figure 3.5. Thus, by Lemma 1, the
statement of Theorem 9 also holds in the straight-line setting.

Corollary 10.1. For every ` ≥ 2 there exists a 1-gap-planar graph G` with n = 16` − 7 vertices such
that cr1−gap(`) ≥ ` and cr(G`) ≤ 6. Thus, %1−gap ∈Ω(n).
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(a) cr(G`) ≤ 6
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(b) cr1−gap(G`) ≥ `

Figure 3.6: Straight-line drawings of graph G` that are weakly isomorphic to the drawings in
Figure 3.5 to support the reasoning of Corollary 10.1. Thick blue edges are `-compound edges.

For a different k we can easily expand the drawings by adding more vertices between u2 and u3
and between u4 and u5 and rearranging the edges such that they all mutually cross. Thus, by
Lemma 1, we argue that the statement of Theorem 10 also holds in the straight-line setting.

Corollary 10.2. For every ` ≥ 2 there exists a k-gap-planar graph Gk
` with n = 16k` − 8k + 1 vertices

such that crk−gap(G`) ≥ ` and cr(G`) ≤ 8k2 − 2k. Thus, %k−gap ∈Ω(n/k3).

3.4 k-fan-crossing-free graphs

`

Lower bound. In a k-fan-crossing-free drawing it is forbidden for an edge

to cross k adjacent edges. Clearly, in a k-fan-crossing-free drawing it is
forbidden for an edge to cross an `-compound edge with ` ≥ k. Thus,
we introduce the notion k-fan-crossing-free `-compound edges. A k-fan-
crossing-free `-compound edge (x,y) is the combination of the edge (x,y)
and ` − 1 disjoint paths of length 3 connecting x and y (see figure). In a
k-fan-crossing-free drawing Γ a k-fan-crossing-free `-compound edge may
be crossed. By the same proof that was provided for Lemma 5 in [15], it
follows that if two k-fan-crossing-free `-compound edges cross in Γ , then Γ

contains at least ` crossings.

We show that %k−fan−free ∈Ω(n/k2) by creating a graph where a regular edge
(black) crosses k adjacent regular edges when we drawn them in the inner face (see Figure 3.7).
Thus, at least one regular edge is drawn in the outer face and has to cross at least one k-fan-
crossing-free `-compound edge (green), which results in at least ` crossings. We first show that
this bound holds for 2-fan-crossing-freedom and then how the construction can be extended to
k-fan-crossing-freedom.
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Figure 3.7: Drawings of graph G` to illustrate the proof for Theorem 11. Thick green edges are
k-fan-crossing-free `-compound edges.

Theorem 11. For every ` ≥ 2 there exists a fan-crossing-free graph G` with n = 20` −14 vertices such
that crfan−free(G`) ≥ ` and cr(G`) ≤ 2. Thus, %fan−free ∈Ω(n)

Proof. Let graph G` be constructed as follows; see Figure 3.7. Start with an 5-cycle C = 〈u1,u2, . . . ,u5〉,
and a vertex x connected to each vertex of C, yielding G′ . Make each edge in G′ a fan-crossing-
free compound edge by adding ` − 1 disjoint paths of length three between its endpoints. This
makes them into fan-crossing-free compound edges. Finally add regular edges (u1,u3), (u1, ,u4)
and (u2,u5).

The resulting graph G` has n = 10 · (2` − 2) + 6 = 20` − 14 vertices and admits a drawing with 2
crossings, so cr(G`) ≤ 2; see Figure 3.7a. As we can see in Figure 3.7b, G` admits a fan-crossing-
free drawing with ` crossings. We prove that crf an−f ree(G`) ≥ `. If two edges of G′ cross each
other, then the claim follows from Lemma 2.

If no regular edge crosses G′ , they must all be drawn within the unique face of size 5 in G′ . Then,
(u2,u5) would cross (u1,u3) and (u1,u4), since (u2,u5) splits the face such that v1 is on a different
plane than v3 and v4. This would contradict fan-crossing-freedom, as (u1,u3) and (u1,u4) are
adjacent edges. Thus, in order to make a fan-crossing-free drawing, at least one regular edge
r = (ui ,uj ) must cross and edge (a,b) of G′ . Consider the closed (possible self-intersecting) curveL
composed of r plus the subpath of C connecting ui to uj and containing none of the vertices a
and b. This curve partitions the the plane into two or more regions, and a and b lie in different
regions. Thus (a,b) and the ` − 1 paths connecting a and b cross L, yielding ` crossings in Γ , as
desired.

The proof can be extended to k-fan-crossing-freedom by making the cycle of length 3+k, adding
the extra vertices between u3 and u4, and adding more edges like (u1,u3) and (u1,u4).

Corollary 11.1. For every ` ≥ 2 there exists a fan-crossing-free graph G` with n = (6 + 2k)` − k − 2
vertices such that crk−fan−free(G`) ≥ ` and cr(G`) ≤ k. Thus, %k−fan−free ∈Ω(n/k2).

Upper bound. A fan-crossing-free graph with n vertices can have at most 4n − 8 edges [13].
Thus, a crossing-minimal fan-crossing-free drawing cannot have more than (4n − 8)2 crossings.
This yields %fan−free ∈O(n2).
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Figure 3.8: Straight-line drawing of graph G` that are weakly isomorphic to the drawings in
Figure 3.7 to support the reasoning of Corollary 11.2. Thick blue edges are `-compound edges.
Thick green edges are fan-crossing-free compound edges.

A k-fan-crossing-free graph with n vertices can have at most 3(k − 1)(n − 2) edges [13]. Thus, a
crossing-minimal k-fan-crossing-free drawing cannot have more than (3(k −1)(n−2))2 crossings.
This yields %k−fan−free ∈O(k2n2).

Straight-line setting. Figure 3.8 is a straight-line version of Figure 3.7. Thus, by Lemma 1, the
statement of Theorem 11 also holds in the straight-line setting.

Corollary 11.2. For every ` ≥ 2 there exists a fan-crossing-free graph G` with n = 10 · (2` − 2) + 6 =
20` − 14 vertices such that crfan−free(G`) ≥ ` and cr(G`) ≤ 2. Thus, %fan−free ∈Ω(n).

For a different k we can easily expand the drawings in Figure 3.8 by making the cycle of length
3+k, adding the extra vertices between u3 and u4, and adding more edges like (u1,u3) and (u1,u4).

Corollary 11.3. For every ` ≥ 2 there exists a fan-crossing-free graph G` with n = (6 + 2k)` − k − 2
vertices such that crk−fan−free(G`) ≥ ` and cr(G`) ≤ k. Thus, %k−fan−free ∈Ω(n/k2).
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Chapter 4

Crossing ratios of skewness-k and
k-apex graphs

We prove bounds on the crossing ratio of two more families of beyond-planar graphs: skewness-k
graphs and k-apex graphs. Due to the nature of these families we present graph constructions
which are different from before. We create a special graph and prove a linear lower bound on
the skewness-1 crossing ratio using a case distinction of possible drawings of the graph. We then
extend this proof to the 1-apex crossing ratio.

4.1 Skewness-k graphs

In a skewness-k drawing all crossings must be covered by at most k edges. A crossing is covered
by an edge when the edge is part of the crossing. We show that %skew−1 ∈ Ω(n). We do this by
creating a graph G` and showing by a case distinction that in a skewness-1 drawings of G` there
are at least ` crossings. We then show how this construction can be extended to skewness-k by
combining multiple copies of G`.

Theorem 12. For every ` ≥ 3 there exists a skewness-1 graph G` with n = 11` − 4 vertices such that
crskew−1(G`) ≥ ` and cr(G`) ≤ 3. Thus, %skew−1 ∈Θ(n).

Proof. The upper bound %skew−1 ∈ O(n) directly follows from the fact that a skewness-1 graph
with n vertices can have at most 3n − 5 edges [16]. Since at most 1 edge is involved in every
crossing, there can not be more crossings than the number of edges. Thus, a crossing-minimal
skewness-1 drawing cannot have more than 3n− 5 crossings. This yields %skew−1 ∈O(n).

For the lower bound %skew−1 ∈Ω(n) we first construct the graph G`, drawn in Figure 4.1. Add 6
vertices u1 . . .u6 and add the `-compound edges: (u1,u2), (u2,u3), (u3,u4), (u4,u5) and (u5,u6). Add
the vertex x and add the `-compound edges (u1,x), (u2,x), (u3,x), (u4,x), (u5,x) and (u6,x). Add the
regular edges (u1,u4), (u2,u5) and (u3,u6). This graph is illustrated in Figure 4.1.

The resulting graph G` has n = 11` − 11 + 7 = 11` − 4 vertices and admits a drawing with 3
crossings, so cr(G`) ≤ 3 (see Figure 4.1a). As we can in Figure 4.1b, G` admits a skewness-1
drawing with ` crossings. We prove that crskew−1(G`) ≥ `.

We show there is no skewness-1 drawing with less than ` crossings. We denote by P the path
(u1,u2), (u2,u3), (u3,u4), (u4,u5), (u5,u6) of `-compound edges. When in a drawing D an edge
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u1 u2 u3 u4 u5 u6

x

(a) cr(G`) ≤ 3 x

u1 u2 u3 u6 u5 u4

(b) crskew−1(G`) ≥ `

Figure 4.1: Drawings of graph G` to illustrate the proof for Theorem 12. Thick blue edges are
`-compound edges.

crosses P , it holds by Lemma 5 in [15] that D then has at least ` crossings. Let past vertices
at edge (ux,ux+1) of P be the vertices uy where y < x. Let future vertices at edge (ux,ux+1) of P be
the vertices uy where y > x+ 1.

If all edges of P make a 3-cycle with x such that all other vertices lie in the same face bounded
by the 3-cycle, then all three regular edges (u1,u4), (u2,u5) and (u3,u6) have to mutually cross,
making the drawing not skewness-1. This is illustrated in Figure 4.1a.

If any edge of P makes a 3-cycle with x such that there are future vertices on both the inner face
and the outer face of the 3-cycle, or such that there are past vertices on both the inner face and
the outer face of the 3-cycle, then P crosses itself and the claim follows by Lemma 2.

The only case remaining is when any edge of P makes a 3-cycle with x such that the 3-cycle
divides past vertices and future vertices (i.e. all past vertices lie on the inner face and all future
vertices lie on the outer face or vice versa). We then make a case distinction:

1. For the first edge of P (u1,u2) there are no past vertices and for the last edge of P (u5,u6)
there are no future vertices. Thus, these edges cannot divide the past and future vertices.

2. If the second edge of P (u2,u3) divides the past and the future vertices, then u1 and u4 will
be in a different face. This implies that the regular edge (u1,u4) has to cross P .

3. If the third edge of P (u3,u4) divides the past and the future vertices, then u2 and u4 will
be in a different face. This implies that the regular edge (u2,u4) has to cross P . This is
illustrated in Figure 4.1b.

4. If the fourth edge of P (u4,u5) divides the past and the future vertices, then u3 and u6 will
be in a different face. This implies that the regular edge (u3,u6) has to cross P .

These cases cover all possible drawings, and each possible drawing Γ is either not skewness-1,
or contains a crossing between a regular edge r = (ui ,uj ) and an edge (a,b) of P . When such a
crossing occurs, r forms a 3-cycle L with x, which divides the plane into two regions such that a
and b are in different regions. Thus (a,b) and the ` − 1 paths connecting a to b has to cross L,
yielding ` crossings in Γ , as desired.

The proof for skewness-1 can easily be extended to skewness-k.

Theorem 13. For every ` ≥ 3 there exists a skewness-k graph Gk
` with n = 11`k − 5k + 1 vertices such

that crskew−k(Gk
` ) ≥ `k and cr(Gk

` ) ≤ 3k. Thus, %skew−k ∈Ω(n/k).

22 Crossing Numbers of Beyond-Planar Graphs



CHAPTER 4. CROSSING RATIOS OF SKEWNESS-K AND K-APEX GRAPHS

x

(a) cr(G`) ≤ 3

x

(b) crskew−1(G`) ≥ `k

Figure 4.2: Each of the k petals contains a copy of G`, resulting in a graph Gk
` .

Proof. We simply add k copies of G` and identify their vertex x. We denote the resulting graph
by Gk

` . An example of this is shown for k = 3 in Figure 4.2. A drawing of Gk
` is only skewness-k if

all k instances of G` are drawn skewness-1. Therefore, applying the above proof on all instances
gives crskew−k(Gk

` ) = k`. However, if skewness-k is not enforced, there exists a drawing with
cr(Gk

` ) ≤ 3k. That is, when every instance is drawn with three crossings. Therefore, for every k
we have shown that %skew−k ∈Ω(n/k).

Upper bound. (For completeness we repeat the upper bound argument in Theorem 12.) A
skewness-1 graph with n vertices can have at most 3n − 5 edges [16]. Since at most 1 edge is
involved in every crossings, there can not be more crossings than the number of edges. Thus,
a crossing-minimal skewness-1 drawing cannot have more than 3n − 5 crossings. This yields
%skew−1 ∈O(n).

A skewness-k graph with n vertices can have at most 3n− 6 + k edges [16]. Since at most k edges
are involved in all crossings, there can not be more crossings than the number of edges times k.
Thus, a crossing-minimal skewness-k drawing cannot have more than 3kn − 6k + k2 crossings.
This yields %skew−k ∈O(kn+ k2).

Straight-line setting. Figure 4.3 is a straight-line version of Figure 4.1. Thus, by Lemma 1, the
statement of Theorem 12 also holds in the straight-line setting.

Corollary 13.1. For every ` ≥ 3 there exists a skewness-1 graph G` with n = 11`−4 vertices such that
crskew−1(G`) ≥ ` and cr(G`) ≤ 3. Thus, %skew−1 ∈Ω(n).

u1

u2

u3 u4

u5

u6

x

(a) cr(G`) ≤ 3

u1

u2

u3 u6

u5

u4

x

(b) crskew−1(G`) ≥ `

Figure 4.3: Straight-line drawing of graph G` that are weakly isomorphic to the drawings in
Figure 4.1 to support the reasoning of Corollary 13.1. Thick blue edges are `-compound edges.
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For a different k we can easily expand the drawings more instances of G` to x. Thus, by Lemma 1,
we argue that the statement of Theorem 13 also holds in the straight-line setting.

Corollary 13.2. For every ` ≥ 3 there exists a skewness-k graph Gk
` with n = 11`k − 5k + 1 vertices

such that crskew−k(Gk
` ) ≥ `k and cr(Gk

` ) ≤ 3k. Thus, %skew−k ∈Ω(n/k).

4.2 k-apex graphs

Lower bound. In a k-apex drawing all crossings must be covered by at most k vertices. A cross-
ing is covered by a vertex when an edge incident to that vertex is part of the crossing. It is
clear that every skewness-k drawing is also k-apex. By this observation we know that there is a
graph G` with n = 11`−4 vertices which admits a drawing with three crossings, so cr(G`) ≤ 3 (see
Figure 4.1a), and admits a 1-apex drawing with ` crossings (see Figure 4.1b).

Moreover, the proof provided for the lower bound on the skewness-1 crossing ratio also holds
for 1-apex drawings: Every time the proof states a drawing is not skewness-1, it is because
three independent edges are crossing. Thus, the drawing is then also not 1-apex. It follows
that cr1−apex(G`) ≥ `.

Corollary 13.3. For every ` ≥ 3 there exists a 1-apex graph G` with n = 11` − 4 vertices such that
cr1−apex(G`) ≥ ` and cr(G`) ≤ 3. Thus, %1−apex ∈Ω(n).

Similarly, by the observation we know that for each k there is a graph Gk
` with n = 11`k − 3k + 1

vertices which admits a drawing with 3k crossings, so cr(G`) ≤ 3k, and admits a k-apex drawing
with k` crossings. As before, the proof for skewness-k works for k-apex, because the drawing is
only k-apex when every copy of G` is drawn 1-apex.

Corollary 13.4. For every ` ≥ 3 there exists a k-apex graph Gk
` with n = 11`k − 3k + 1 vertices such

that crk−apex(Gk
` ) ≥ `k and cr(Gk

` ) ≤ 3k. Thus, %k−apex ∈Ω(n/k).

Upper bound. A 1-apex graph with n vertices can have at most 4n − 10 edges [16]. Thus, a 1-
apex crossing-minimal drawing cannot have more than (4n−10)2 crossings. This yields %1−apex ∈
O(n2).

A k-apex graph with n vertices can have at most 3(n − k) − 6 +
∑k

i=1(n − i) = 3(n − k) − 6 + kn −
k(k+1)

2 edges [16]. Thus, a k-apex crossing-minimal drawing has at most
(
3(n− k)− 6 + kn− k(k+1)

2

)2

crossings. This yields %k−apex ∈O(k2n2−k4). By the definition of a k-apex drawing it follows that,
if crk−apex(G`) > cr(G) it must hold that n > k.

Straight-line setting. Figure 4.3 is a straight-line version of Figure 4.1. Thus, by Lemma 1, the
statement of Corollary 13.3 also holds in the straight-line setting.

Corollary 13.5. For every ` ≥ 3 there exists a 1-apex graph G` with n = 11` − 4 vertices such that
cr1−apex(G`) ≥ ` and cr(G`) ≤ 3. Thus, %1−apex ∈Ω(n).

For a different k we can easily expand the drawings more instances of G` to x. Thus, by Lemma 1,
we argue that the statement of Corollary 13.4 also holds in the straight-line setting.

Corollary 13.6. For every ` ≥ 3 there exists a k-apex graph Gk
` with n = 11`k − 3k + 1 vertices such

that crk−apex(Gk
` ) ≥ `k and cr(Gk

` ) ≤ 3k. Thus, %k−apex ∈Ω(n/k).
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Conclusions

We have shown that for each beyond-planar graph family with a topological configuration from
the survey by Didimo et al. [16], there exist graphs for which the crossing number increases
arbitrarily when imposing the constraints. This is an extension on the work by Chimani et al. [15],
answering most of their open questions. We gave a lower bound on the k-planar crossing ratio
in a setting where we do not make use of parallel edges. This lower bound is less tight than
the lower bound on the k-planar crossing ratio given by Chimani et al., where they used parallel
edges.

Furthermore, we extended their results to all beyond-planar graph families with topological
forbidden configurations (as opposed to geometric forbidden configurations). These families
are: (k, l)-grid-free graphs, planarly connected graphs, k-gap-planar graphs, k-fan-crossing-free
graphs, skewness-k graphs, and k-apex graphs. For the families k-gap-planar graphs, k-fan-
crossing-free graphs, skewness-k graphs, and k-apex graphs the forbidden configuration is de-
pendent on one variable k and they have a natural base case, where k has a set value. For planarly
connected graphs the forbidden configuration is constant and for (k, l)-grid-free graphs the for-
bidden configuration is dependent on two variables k, l and there is no useful natural base case,
as per the definition, a (1,1)-grid-free drawing is a planar drawing and there are two variables
involved. For the 1-gap-planar and the skewness-1 crossing ratios we presented tight bounds.
Furthermore, we achieved lower and upper bounds on the crossing ratio when k (or k, l) is un-
known. For these crossing ratios we were not able to achieve tight bounds. These results are
presented in Table 1.1 in Chapter 1.

Chimani et al. asked whether there exist quasi-planar and fan-planar graphs whose crossing
ratio is Ω(n2) and conjectured that this bound can be reached [15]. This question remains open.
Furthermore, for most of the classes we consider, the bound is not tight. Thus, the question can
be asked whether there exist graph families whose crossing ratios can reach the upper bounds,
or whether the upper bounds can be lowered.
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Mutzel. Crossings and planarization. In Roberto Tamassia, editor, Handbook on Graph Draw-
ing and Visualization, pages 43–85. CRC Press, 2013.

[11] Sergio Cabello and Bojan Mohar. Crossing number and weighted crossing number of near-
planar graphs. Algorithmica, 60(3):484–504, 2011.

[12] Sergio Cabello and Bojan Mohar. Adding one edge to planar graphs makes crossing number
and 1-planarity hard. SIAM Journal on Computing, 42(5):1803–1829, 2013.

[13] Otfried Cheong, Sariel Har-Peled, Heuna Kim, and Hyo-Sil Kim. On the number of edges
of fan-crossing free graphs. Algorithmica, 73(4):673–695, 2014.

[14] Markus Chimani, Carsten Gutwenger, Petra Mutzel, and Christian Wolf. Inserting a ver-
tex into a planar graph. In Proceedings of the Twentieth Annual ACM-SIAM Symposium on
Discrete Algorithms (SODA 2009), pages 375–383. SIAM, 2009.

[15] Markus Chimani, Philipp Kindermann, Fabrizio Montecchiani, and Pavel Valtr. Crossing
numbers of beyond-planar graphs. In Proceedings of the 27th International Symposium on
Graph Drawing (GD 2019), volume 11904 of LNCS, pages 78–86. Springer, 2019.

26 Crossing Numbers of Beyond-Planar Graphs



BIBLIOGRAPHY

[16] Walter Didimo, Giuseppe Liotta, and Fabrizio Montecchiani. A survey on graph drawing
beyond planarity. ACM Computing Surveys, 52(1):1–37, 2019.

[17] Jacob Fox, János Pach, and Andrew Suk. Approximating the rectilinear crossing number.
Computational Geometry, 81:45–53, 2019.

[18] Michael Garey and David S. Johnson. Crossing number is NP-complete. SIAM Journal on
Algebraic and Discrete Methods, 4(3):312–316, 1983.

[19] Michael Kaufmann and Torsten Ueckerdt. The density of fan-planar graphs. CoRR,
abs/1403.6184, 2014.

[20] Stephen G. Kobourov, Sergey Pupyrev, and Bahador Saket. Are crossings important for
drawing large graphs? In Proceedings of the 22nd International Symposium on Graph Drawing
(GD 2014), volume 8871 of LNCS, pages 234–245. Springer, 2014.

[21] Yakov S. Kupitz. Extremal Problems in Combinatorial Geometry. Aarhus Universitet, Matem-
atisk Institut: Lecture notes series. Matematisk institut, Aarhus universitet, 1979.

[22] János Pach, Rom Pinchasi, Micha Sharir, and Géza Tóth. Topological graphs with no large
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