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Reading guide

This supplementary document relates to “Exact space–time prism of an activity program:

bidirectional searches in multi-state supernetwork”, published in IJGIS .

This document includes three parts:

(1) illustration of limitations of existing methods;

(2) illustration of different search methods that can find the exact STP and PPA;

(3) schematic representation of search spaces

The following abbreviations are used in this document.

STP: Space–time prism

NTP: Network–time prism

PPA: Potential path area

ALT: A*, landmark, and triangular inequalities

Feixiong Liao

Urban Planning and Transportation Group, Eindhoven University of Technology

https://doi.org/10.1080/13658816.2021.1881101
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Part 1: Illustration of limitations of existing methods
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Illustration of limitations of existing methods

Figure from Kuijpers (2017) in Encyclopedia of GIS.

https://doi.org/10.1007/978-3-319-17885-1_1599

Method 1: build trip-based STP blocks

Limitation: It requires a pre-determined activity sequence (e.g., from block 1 to 

block 4 in subfigure b), which underestimates the STP and PPA. 

Block 1

Block 2

Block 3

Block 4

(a) A trip-based STP (b) An activity-based STP

https://doi.org/10.1007/978-3-319-17885-1_1599
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Illustration of limitations of existing methods

Figure from Chen and Kwan (2012) in IJGIS.

http://dx.doi.org/10.1080/13658816.2011.624520

Method 2: enumerate all possible space-time paths 

Limitation: It requires finding the shortest paths between two locations (e.g., A1

and B1) of every two activities and calculating the time expenses of all travel paths

between two anchors (e.g., O1 and O2), which are computationally inefficient.

(anchor 1) (anchor 2)

Two sample travel paths consisting of two flexible activities (A and B).

http://dx.doi.org/10.1080/13658816.2011.624520


Example of an activity-specific feasible space–time region
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Illustration of limitations of existing methods

Figure from Kang and Chen (2016) in Transportmetrica A.

http://dx.doi.org/10.1080/23249935.2016.1189708

Method 3: intersect all activity-specific feasible space-time regions.

Limitation: Activity-specific space‒time regions overlook the temporal constraint

of the entire activity program, which overestimates the STP (for example, given an

activity program of two activities having the same duration and locations, their

intersection is one activity-specific space‒time region, but the actual region should

be smaller due to accumulated activity duration).

http://dx.doi.org/10.1080/23249935.2016.1189708
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Illustration of limitations of existing methods

Figure from Liao (2019) in IJGIS.

https://doi.org/10.1080/13658816.2018.1563300

Method 4: Uni-directional search in multi-state supernetworks

Limitation: It applies heuristic methods to generate approximate lower and

upper bounds of time expenses of partial activity-travel patterns (e.g., n|s to

H1), which produces approximate STP bounds.

Schematic representation at the search frontier n|s

https://doi.org/10.1080/13658816.2018.1563300
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Part 2: Illustration of different search methods 
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Illustration of different search methods

1 2 3 4 5 6 7 8 9 10

H0 H1

0

1

2

3

4

5

6

Setup
Consider a (gird) network in the 2-D space with the following characteristics: 1 m as the link

length and 1 m/min as the link travel speed, making 1 min as the link travel time. H0 and H1 at

coordinators (3, 3) and (7, 3) are two anchor points, and 7 min is the travel budget (tB). The

following pages show the search spaces of different search methods to find the potential path

area (PPA, shown in the next page) and space–time prism (STP, shown in the last page).
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Illustration of different search methods

PPA
The PPA is highlighted by the blue links and nodes. By definition, other nodes can not reached

given the anchor points and travel time budget.

1 2 3 4 5 6 7 8 9 10

H0 H1
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Illustration of different search methods

Search space by one-to-all shortest path search
The pink nodes show the search space by running the one-to-all shortest path search from H0.

The shortest travel times from H0 to the rightmost pink nodes are 7 min (tB). Moreover, a one-to-

all shortest path search from H1 is needed. Combined, the search space covers the entire network.

1 2 3 4 5 6 7 8 9 10

H0 H1
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Illustration of different search methods

Search space using the method of Kuijpers and Othman (2009)
In Kuijpers and Othman (2009), the one-to-all shortest path searches are limited in the area

delineated by the planar PPA (the pink nodes), i.e., 𝑒 H0, 𝑛 + 𝑒 H1, 𝑛 ≤ 𝑡B (where 𝑒 ∙,∙

denotes the travel time between two nodes calculated with the Euclidean distance and maximum

speed; n is a node). Compared with the previous page, the search space is smaller.
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Remark: The search space is smaller as 𝑒 H0, 𝑛 + 𝑒 H1, 𝑛 ≤ 𝑡B rules out nodes.



12

Illustration of different search methods

Search space using the method of Chen et al. (2016)
In Chen et al. (2016), the forward search is guided by the goal-directed search using A* (lower

bound travel times are calculated with the Euclidean distance and maximum speed), i.e.,

𝑡 H0, 𝑛 + 𝑒 H1, 𝑛 ≤ 𝑡B (where 𝑡 ∙,∙ denotes shortest travel time between two nodes). As

discussed in the manuscript, the backward search space is the PPA. Compared with the previous

pages, the search space is smaller.

1 2 3 4 5 6 7 8 9 10

0
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6

H0 H1

Remark: The search space is smaller as 𝑡 H0, 𝑛 + 𝑒 H1, 𝑛 ≤ 𝑡B rules out more nodes.
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Illustration of different search methods

Search space using ALT to replace A* (part 1)
The forward search is guided by the goal-directed search using ALT (A*, landmark, triangular

inequalities, see the manuscript for detailed explanations). Below is the search space using two

landmarks at coordinators (0, 0) and (10,6), indicated by flags . Likewise, the backward search

space is the PPA.
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Remark: The effects of ALT is not obvious since only two landmarks are used.
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Illustration of different search methods

Search space using ALT to replace A* (part 2)
The forward search is guided by the goal-directed search using ALT with four landmarks at the

four corners. As seen, the search space is equal to the PPA.
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Remark: ALT outperforms the methods in Kuijpers and Othman (2009), Chen et al. (2016).



15

Illustration of different search methods

Search space by naïve simultaneous bidirectional search (SBS)
The forward and backward searches are implemented simultaneously. The search frontiers are

not expanded if 𝑡𝑜𝑝F + 𝑡𝑜𝑝R > 𝑡B (see the manuscript for notational definitions). In this

example, 𝑡𝑜𝑝F = 𝑡𝑜𝑝R = 4. The two red nodes are the last explored in both directions (note that

these two nodes may differ due to the node scanning sequence). The search space is smaller than

that by two unidirectional one-to-all shortest path searches (on page 10).
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Remark: Naïve SBS stops processing new nodes when 𝑡𝑜𝑝F + 𝑡𝑜𝑝R > 𝑡B.
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Illustration of different search methods

Search space by SBS with ALT (four landmarks)

As discussed in the manuscript, the search frontiers are not expanded if 𝑡𝑜𝑝F + 𝑡𝑜𝑝R > 𝑡B −

ALT(H0, H1). 𝑡𝑜𝑝F and 𝑡𝑜𝑝R are the transformed frontiers and ALT(H0, H1) is the lower bound

travel time calculated by the ALT method, where 𝑡𝑜𝑝F = 𝑡𝑜𝑝R = 2,ALT(H0, H1) = 4. The two

red nodes are the last explored in both directions. Thus, the search space is approximately the

same as that of page 14.

1 2 3 4 5 6 7 8 9 10

H0 H1

0

1

2

3

4

5

6

Remark: SBS with ALT is goal-directed and explores less space than the naïve SBS.
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Illustration of different search methods

STP (or NTP, network–time prism)
All the above search methods (pages 10–16) are able to find the exact PPA and STP. The STP

can be obtained by pinpointing the earliest arrival and latest departure times at any location in

space, between which the location are reachable in time. For example, if the time frame is [0, 7]

in minute, the figure below indicates the accessible time ranges at the nodes. However, it is

usually not straightforward to draw the STP in the 3-D space.
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[1, 2] [0, 3] [1, 4] [2, 5] [3, 6] [4, 7] [5, 6]

[1, 2] [2, 3] [3, 4] [4, 5] [5, 6]

[1, 2] [2, 3] [3, 4] [4, 5] [5, 6]
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Part 3: Schematic search spaces

Supporting information
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Supporting information

TBS (two-stage bidirectional search)

H0 H1

n1

n2

n3

Search space of Kuijpers and Othman (2009) = 2 × 

Search space of Chen et al. (2016) =   +

actual time expense and search direction

estimated time expense by A* 

PPA in the planar space

forward shortest path search space

backward shortest path search space

actual PPA

Figure 1 Schematic representation of search spaces. Node 𝑛𝑖 (𝑖 = 1,2,3) is at the border 

of a search space. The time expense of pattern H0 – 𝑛𝑖 – H1 is equal to 𝑡B − 𝑑𝑎.
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Supporting information

Naïve SBS (Simultaneous bidirectional search)

Figure 4 Schematic representation of the search space of the naïve SBS method 

(comparable with Figure 1 only when the blue ellipses are drawn on the same scale). 

topF topB

H0 H1

Overall search space =  +

topF forward search frontier
topB backward search frontier

actual PPA

once shortest path search space
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Supporting information

Goal-directed SBS (Simultaneous bidirectional search)

Figure 6 Schematic representation of the search space of the goal-directed SBS method 

(comparable with Figures 1 and 3 only when the blue ellipses are drawn on the same scale). 

H1H0

actual PPA

one directional search space

forward search frontier

backward search frontier

Overall search space =  +

Ftop

Ftop

Btop

Btop


