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(Dated: February 4, 2021)

This work studies the variational quantum eigensolver algorithm, designed to determine the
ground state of a quantum mechanical system by combining classical and quantum hardware. Meth-
ods of reducing the number of required qubit manipulations, prone to induce errors, for the varia-
tional quantum eigensolver are studied. We formally justify the qubit removal process as sketched by
Bravyi, Gambetta, Mezzacapo and Temme [arXiv:1701.08213 (2017)]. Furthermore, different clas-
sical optimization and entangling methods, both gate based and native, are surveyed by computing
ground state energies of H2 and LiH. This paper aims to provide performance-based recommenda-
tions for entangling methods and classical optimization methods. Analyzing the VQE problem is
complex, where the optimization algorithm, the method of entangling, and the dimensionality of
the search space all interact. In specific cases however, concrete results can be shown, and an en-
tangling method or optimization algorithm can be recommended over others. In particular we find
that for high dimensionality (many qubits and/or entanglement depth) certain classical optimization
algorithms outperform others in terms of energy error.

I. INTRODUCTION

Presently, quantum computing is in the noisy
intermediate-scale (NISQ) era [1], where the avail-
able universal quantum computers cannot outperform
their classical counterparts except for a few, specific,
well-designed cases [2]. However, even in the NISQ
era quantum computers can be used in practice. One
such application is the variational quantum eigensolver
(VQE) algorithm, first proposed in a paper by Peruzzo
and McClean in 2014 [3]. The algorithm is hybrid,
e.g. at certain points a quantum processor unit (QPU)
is addressed. The VQE algorithm has shown proof of
concept for small molecules with several different designs
of qubits [4–8]. The aim of the algorithm is to determine
the lowest eigenvalue of a quantum Hamiltonian, which
can be equated to finding the ground state energy of a
molecule. The algorithm has also been implemented to
solve NP-hard problems, such as the travelling salesman
problem [9], in polynomial time.

To illustrate how the VQE algorithm works, a
schematic of the relevant circuit diagram is shown in
Fig. 1. To determine the ground state energy of a Hamil-
tonian the VQE algorithm maps the fermionic degrees of
freedom of molecules onto a set of qubits. These qubits
can then be manipulated into a trial state with a certain
energy by applying a sequence of entanglement opera-
tors Uent and individual rotations Ui,j . The length of
this sequence is the depth d which plays an important
role in determining which part of the state space can
be addressed by the VQE. The entanglement operator
Uent is a multi-qubit gate that ensures entangled states

∗ Corresponding author: r.j.p.t.d.keijzer@student.tue.nl

can be reached and thus its choice is critical in exploit-
ing the quantum nature of the method. This operator is
necessary for utilizing the computational powers of the
multi-qubit structure. By applying a problem dependent
Hamiltonian to the trial state, its energy can be mea-
sured using a QPU. Based on these measurements the
classical part of the computer proposes a new trial state
(new rotations) by means of a classical optimization algo-
rithm [10]. Because of the limited hardware of quantum
computers, each qubit manipulation has a non-negligible
probability of error. Therefore, it is important to mini-
mize the number of necessary manipulations.
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Figure 1: Schematic circuit diagram of the VQE algo-
rithm. The qubits are manipulated by a sequence of en-
tanglement operators Uent and individual rotations Ui,j
into a prepared trial state.

This paper examines three ways of achieving this
minimization: (i) by reducing the number of qubits used
to describe the problem as proposed by Bravyi et al.
[11], (ii) by reducing the number of qubit manipulations
using entanglement methods native to the physical
system, and (iii) by optimizing the classical search
algorithm used to converge on the ground state.
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The layout of this paper is as follows. In Secs. II and III
the VQE algorithm and the method of simulation are de-
scribed. Sec. IV gives a constructive proof of the scheme
by Bravyi et al. [11] Secs. V and VI respectively describe
multi-qubit entangling methods and classical optimiza-
tion algorithms. Finally, in Sec. VII we compare and
contrast the methods and their results on small molecule
VQE problems.

II. QUANTUM MEASUREMENTS AND
SIMULATION SETUP

The VQE algorithm exploits the variational princi-
ple and aims to find a set of parameters minimizing
the energy of a quantum system. The states of a sys-
tem are mapped to qubits and the classical optimiza-
tion algorithm optimizes the variational calculation. To
do so for Hamiltonians of small molecules requires a
characterization of their electron spin-orbitals. For this
the Hartree-Fock method is applied, which reformulates
the Hamiltonian in first-quantization form [12]. The
Born-Oppenheimer approximation is applied which en-
sures that the nuclear contribution to the Hamiltonian
is constant [12]. The Hamiltonian H1 under the Born-
Oppenheimer approximation becomes

H1 = −
∑
i

∇2
~ri

2
−
∑
i,j

Zi

|~Ri − ~rj |

+
∑
i,j>i

1

|~ri − ~rj |
+
∑
i,j>i

ZiZj

|~Ri − ~Rj |
,

(1)

where, ~Ri and Zi are the position and charge of nucleus
i. ~ri is the position of electron i. In VQE, the Hamilto-
nian is described in Hartree units [13]. The Hamiltonian
is reformulated in second-quantization form [14] H2, by
projecting it onto a finite set of orthogonal spin-orbital
modes {φ1}ni=1, as

H2 = Vnn +
∑
p,q

hpqa
†
paq +

1

2

∑
p,q,r,s

hpqrsa
†
pa
†
qaras, (2)

where the nuclei-nuclei interaction potential Vnn =∑
i,j>i ZiZj/|~Ri − ~Rj | is constant and the annihilation

and creation operators a†i and ai work on a set of or-
thogonal spin-orbital modes {φ1}ni=1 determined by the
linear combination of atomic orbitals (LCAO) method
and which induce the fermionic algebra [15]. The num-
ber of considered orbitals determines the complexity of
the problem and with that the number of required qubits.
For this paper the 1s orbital for hydrogen H2 and the 1s,
2s and 2px orbitals for lithium-hydrogen LiH (aligned on
the x-axis) are low enough in energy to be considered
in the LCAO construction. All higher energy atomic or-
bitals are ignored. The molecular integrals hpq and hpqrs

are referred to as the one-electron and two-electron inte-
grals respectively

hpq =

∫
S∗p(ω)Sq(ω)dω

×
∫
R3

φ∗p(~r)

(
∇2
~r

2
−
∑
i

Zi

| ~Ri − ~r|

)
φq(~r)d~r,

(3)

hpqrs =

∫ ∫
S∗p(ω1)Ss(ω1)S∗q (ω2)Sr(ω2)dω1dω2

×
∫
R3

∫
R3

φ∗p(~r1)φ∗q(~r2)φr(~r2)φs(~r1)

|~r1 − ~r2|
d~r1d~r2,

(4)

where Si(ω) is the spin part of the spin orbitals [16].

Some important concepts in quantum computing are
introduced below. These are required to understand the
VQE method and are used in proofs that follow.

Definition 1. Pauli Matrices

I :=

(
1 0
0 1

)
, X :=

(
0 1
1 0

)
, Y :=

(
0 −i
i 0

)
, Z :=

(
1 0
0 −1

)
.

(5)

Definition 2. m-fold Single Qubit Operator

σρj := I⊗(j−1)⊗ρ⊗I⊗(m−j), j ∈ 1, ...,m, ρ ∈ {X,Y, Z}.
(6)

These m-fold single qubit operator work on a m-qubit
state but only change the state of one of the qubits.

Definition 3. m-fold Pauli operator space Pm

Pm := {±1,±i} × {I,X, Y, Z}⊗m. (7)

Pm forms a group under operator multiplication since
the Pauli operators P1 form a group. Note that since the
Pauli matrices are a complete set for the Hilbert space
of complex 2 × 2 matrices, Pm is a complete set for the
Hilbert space of complex 2m × 2m matrices

The Jordan-Wigner transformation can be used to map
the creation and annihilation operators of Eq. (2) to com-
binations of Pauli matrices [17]. The transformation is
given by

aj = I⊗j−1 ⊗ σ+ ⊗ Z⊗m−j , (8)

a†j = I⊗j−1 ⊗ σ− ⊗ Z⊗m−j , (9)

where m is the number of qubits. The σ± operators are
defined as

σ± :=
X ± iY

2
. (10)

It can be shown that the transformed operators aj
and a†j obey the canonical commutation relations for
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fermions. Since this transformation is local the electron
configuration can be determined from the qubit state.
Since the number of required qubits is a key factor deter-
mining the required effort for calculation on both physical
systems and in simulations it is desirable to reduce the
number of qubits where possible. This can be done by
projecting only on those states describing the right num-
ber of electrons (e.g. for LiH the state |101100〉 would
describe three electrons while only two electrons, in the
outer shells, are analyzed for the problem). For this pur-
pose a projector operator Πm

elecN on the states describing
N electrons is defined as

Πm
elecN :=

∏
j 6=N

j=0,...,m

Nstate − j
N − j

, (11)

where Nstate is the operator returning the state it oper-
ates on multiplied by the number of electrons described
by the state. A similar projection can be done on spin up
and down of states. Another way of reducing the number
of qubits necessary to describe the problem is using
the symmetry of the Hamiltonian as described in Sec. IV.

Because Pm is a complete set for the Hilbert space of
complex 2m × 2m matrices, any m-qubit Hamiltonian H
can be written as a linear combination of elements of the
m-fold Pauli operators in Pm as

H =
∑
k

hkσ
k, σk = σk1 ⊗ σk2 ⊗ ...⊗ σkm ∈ Pm,

hk = 〈H,σk〉F =
∑
i,j

HT
ijσ

k
ij = tr(H†σk).

(12)
This is a finite dimensional Fourier decomposition with
the Frobenius inner product 〈·, ·〉F on matrix represen-
tations of the operators. Note that in Eq. (12) σkij is a
matrix element, not a Pauli matrix working on a qubit.
Any rotation on a single qubit can be written as

R(α, β, γ, δ) = eiαZβXγZδ, (13)

where α, β, γ, δ ∈ [0, 2π]. The operators Xφ and Zφ de-
note a rotation of an angle φ around the given axis and
are given by

Xφ = cos(φ/2)I + sin(φ/2)X,

Yφ = cos(φ/2)I − i sin(φ/2)Y,

Zφ = cos(φ/2)I + sin(φ/2)Z.

(14)

III. TRIAL STATE INITIALIZATION AND
MEASUREMENT

In order to initialize a trial state the individual qubits
have to be put in a requested state using a sequence of
rotation and entanglement operations. The depth d of a
state preparation is defined as the length of this sequence,
or equivalently the number of entanglement operations
applied. Each state on the Bloch sphere of a single qubit
can be reached with a ZXZ-rotation. Such a rotation on
a qubit q at a depth i can be written as

Uq,i(~θ) = Zθq,i1
Xθq,i2

Zθq,i3
, (15)

where ~θ has three elements for every qubit and depth
pair. In total 3d + 3 rotations would be done for every
qubit. However, in this paper the ansatz state will always
be the vacuum state. The first Z-rotation can therefore
be omitted. Thus the parameter vector ~θ is an element
of the search space [0, 2π]⊗D, where D = (3d+ 2)m. To
reach the trial state described by the parameter vector
~θ the ansatz state |ψinit〉 is rotated and entangled. The
entanglement operator is Uent. The prepared trial state
after all rotations and entanglements will be

|Ψ(~θ)〉 =

(
m∏
q=1

Uq,d(~θ)× Uent

)
×

(
m∏
q=1

Uq,d−1(~θ)× Uent

)
× ...

×

(
m∏
q=1

Uq,0(~θ)

)
|ψinit〉.

(16)
With the trial state prepared, the expectation value of
H can be measured on a quantum computer as

〈H〉~θ =〈Ψ(~θ)|H|Ψ(~θ)〉 =
∑
k

hk〈Ψ(~θ)|σk|Ψ(~θ)〉

=
∑
k

hk〈Ψ(~θ)|σk1 ⊗ σk2 ⊗ ...⊗ σkm|Ψ(~θ)〉.
(17)

In quantum computers these expectation values require
sufficient measurements. In simulation the expectation
values require an inner product of matrices and vectors.
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IV. Z2 SYMMETRY QUBIT REDUCTION
SCHEME

This section formally justifies the qubit removal pro-
cess as described by Bravyi et al. [11]. In this process
the Z2 symmetries in Hamiltonians [11], which often orig-
inate from geometric symmetries in the molecule, are
exploited to reduce the number of qubits necessary to
describe the Hamiltonian. The reductions will substan-
tially lower computation power and time. The main idea
of the qubit reduction scheme is to transform a m-qubit
Hamiltonian in such a way that the Pauli operators in
the decomposition will all have either I or X as the last
r ∈ N factors (e.g. YXXZIX and ZXYZXX). If the i-th
term of every Pauli operator in the decomposition is I
or X then [H,σxi ] = 0, so the Hamiltonian H and σxi
commute and thus share common eigenvectors. One can
therefore replace the i-th factors of the operators with
the eigenvalues ±1 and thus taper off a qubit [11]. We
ignore the phases of the m-fold Pauli operators because
these do not influence commutation. Doing so every m-
fold Pauli operator becomes its own inverse. First some
definitions are given and lemmas are proven in order to
help provide a constructive proof of the scheme.

Definition 4. Symmetry Group
A symmetry group S of a group G is an abelian subgroup
of G such that −I 6∈ S.

Definition 5. Center and Centralizer
Let G be a group. The center Z(G) of G is the set of
elements commuting with every element of G.

Z(G) = {z ∈ G | zg = gz ∀g ∈ G}. (18)

The centralizer CG(A) of A ⊆ G is the set of all elements
in G which commute with every element of A.

CG(A) = {g ∈ G | ag = ga ∀a ∈ A}. (19)

Lemma 1. Symmetry group commuting with 2m × 2m

Hamiltonian
Let S ⊆ Pm be a symmetry group. S commutes with a
2m× 2m Hamiltonian H =

∑
k hkσ

k if S commutes with
every Pauli operator in the decomposition of H. Thus,
let H =

∑
k hkσ

k. If ∀k S commutes with σk then S
commutes with H.

Proof. sH = s
∑
k hkσ

k =
∑
k hksσ

k =
∑
k hkσ

ks =
Hs

Lemma 2. Redefining of generators
Let the generators τ1, τ2, ..., τr generate the abelian group
S = 〈τ1, τ2, ..., τr〉 ⊂ Pm and let i, j ∈ {1, ....r}
with i 6= j. Then S = 〈τ1, τ2, ..., τi, ..., τj , ..., τr〉 =
〈τ1, τ2, ..., τi, ..., τj−1, τiτj , τj+1, ..., τr〉

Proof. Since τi, τj ∈ S it holds that τiτj ∈
S. Therefore, 〈τ1, τ2, ..., τi, ..., τj−1, τiτj , τj+1, ..., τr〉 ⊆
〈τ1, τ2, ..., τi, ..., τj , ..., τr〉. Now if τiτj , τi ∈ S then
τiτiτj = τj ∈ S. Therefore 〈τ1, τ2, ..., τi, ..., τj , ..., τr〉 ⊆
〈τ1, τ2, ..., τi, ..., τj−1, τiτj , τj+1, ..., τr〉.

Lemma 3. Commutation of product
Let A,B1, B2 and B3 be operators such that A commutes
with B1 and anti-commutes with B2 and B3. Then B1B2

and B2B1 anti-commute with A. B2B3 and B3B2 com-
mute with A.

Proof. AB1B2 = B1AB2 = −B1B2A and AB2B1 =
−B2AB1 = −B2B1A. So indeed B1B2 and B2B1 anti-
commute with A. Furthermore, AB2B3 = −B2AB3 =
B2B3A and AB3B2 = −B3AB2 = B3B2A. So indeed
B2B3 and B3B2 anti-commute with A.

An important result of stabilizer theory [18] is that a
symmetry group commuting with a m-qubit Hamilto-
nian will at most require m generators. This is a key
fact in the reduction scheme (the exact proof of this
is given by Fujii [19]). A proof sketch would take the
following form. Each symmetry group commuting with a
m-qubit Hamiltonian is a symmetry group of Pm. Each
symmetry group generator projects a m-qubit basis
state onto one of its eigenvalues ±1. Therefore, each of
the generators divides the Hilbert space of m-qubits into
two subspaces. The generators share a common set of
eigenvectors as they all commute. The generators thus
partition the m-qubit space into 2#generators subspaces.
Since there are only 2m basis states, #generators ≤ m.

Now the algorithm for the qubit reduction is given be-
low. For notation purposes the single qubit operators
X,Y and Z on qubit i are sometimes denoted as σXi , σ

Y
i

and σZi respectively. The first goal is to find a symmetry
group S, commuting with H, which has a maximal num-
ber of generators. First off, every Pauli operator σk ∈ Pm
will be encoded as a binary row-vector (ax|az) of length
2m as follows

σ(ax|az) = σ(ax1, ..., axm|az1, ..., azm) =

m∏
i=1

(σxi )axi(σzi )azi ,

(20)
where axi, azi ∈ {0, 1}. As an example IZXY =
(0011|0101). Using the standard inner product on 2m-
dimensional vectors in Z2, resulting in a value 0 or 1, the
following commutation relation holds

σ(ax|az)σ(bx|bz) = (−1)ax·bz+az·bxσ(bx|bz)σ(ax|az).
(21)

Following this, a scalar product × is defined on the vector
space of binary vectors of length 2m as

a× b := ax · bz + az · bx ∈ {0, 1}. (22)

This vector product is symmetrical and linear in both a
and b. By evaluating this vector product it can easily be
determined if the corresponding operators will commute
or anti-commute, see Eq. (21).

The set of k Pauli operators σ1, ...,σk appearing
in the decomposition of H can be represented by vectors
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(a1
x|a1

z), ..., (a
k
x|akz) which can in turn be represented in a

k × 2m matrix G as

G =


· · · a1

x · · · · · · a1
z · · ·

· · · a2
x · · · · · · a2

z · · ·
...

...
· · · arx · · · · · · arz · · ·

 (23)

Now if a Pauli operator σ(bx|bz) were to commute with
every term in H it must be that G × (bx|bz) = 0, where
the vector product ×, defined in Eq. (22), is taken for
every row in G. From the theory of stabilizer codes the
concept of a parity check matrix E is borrowed [20]. This
matrix E is defined as

E =


· · · a1

z · · · · · · a1
x · · ·

· · · a2
z · · · · · · a2

x · · ·
...

...
· · · arz · · · · · · arx · · ·


Note that EGT = 0. Now if the operator σ(bx|bz) were to
be part of the symmetry group S then (bx|bz) ∈ ker(E).
Next a basis for ker(E) can be constructed. Let d :=
dim(ker(E)). These basis vectors b1, ..., bd give rise to
Pauli operators σ1, ...,σd ∈ Pm. However, it is not
guaranteed that these Pauli operators mutually commute
and thus will form a set of generators for a symme-
try group S. Commutation can be enforced by apply-
ing the algorithm below to obtain a set of new vectors
g1, ..., gr ∈ span(b1, ..., bd) with r ≤ d. This is the part
not formally justified in the paper by Bravyi et al [11].
The operators corresponding to these vectors will be lin-
early independent and commuting. We are thus looking
for generators of a maximal Abelian subgroup of ker(E).
Hence

∀i, j ∈ {1, ..., r} : gi × gj = 0. (24)

The algorithm for finding maximal abelian subgroups [21]
is described as follows

1. Define G = 〈σ(b1), ...σ(bd)〉.

2. Now compute the center C of G and set A := C.
Since A is abelian A ⊆ CG(A).

3. If CG(A) = A then A is a maximal abelian sub-
group of G. Else, take an arbitrary a ∈ CG(A)\A.
Define A := 〈A ∪ {a}〉 and repeat step 3.

This procedure must halt as G is finitely generated and
A keeps growing while still A ⊆ G holds. As mentioned
previously, it is known that there are maximally m gen-
erators in S [19]. Thus S = 〈τ1, τ2, ...τr〉 where r ≤ m.

Definition 6. Generator transform
Let i ∈ 1, ..., r and let τi be a generator of a symmetry

group S = 〈τ1, ..., τr〉. Let τi anti-commute with a single

qubit operator σρj , where j ∈ 1, ...m and ρ ∈ {X,Y, Z}.
Define new operators τ̃k as

τ̃k =

{
τk if k = i ∨ τkσρj = σρj τk
τiτk else

. (25)

These new operators are linearly independent, mutually
commuting and generate S according to lemma 2. Fur-
thermore, these new generators were transformed in such
a way that τ̃i anti-commutes with σρj while all other τ̃k
commute with σρj according to lemma 3.

For each n ≤ r the qubit reduction scheme requires a
triple {An, Bn, Vn} with An = {q(i)|i = 1, ..., n i 6=
j → q(i) 6= q(j)} a set of qubit-indices, Bn = {ρ(i)|i =
1, ..., n ρ(i) ∈ {X,Z}} a set of labels and Vn = {νi|i =
1, ..., r, νi = τα1

1 ...ταr
r , αj ∈ {0, 1}} a set of generators

of S. This triple {An, Bn, Vn} should satisfy the predi-
cate

Π({An, Bn, Vn}) : ∀i ∈ {1, ..., n} ∀j ∈ {1, ..., r}

σ
ρ(i)
q(i)νj = (−1)δi,jνjσ

ρ(i)
q(i)

(26)

This requirement states that each qubit i should anti-
commute only with generator i.

Lemma 4. Assume that Π({An, Bn, Vn}) is satisfied. Let
τn+1 = P1P2...Pm where Pi ∈ {I,X, Y, Z}. There exists
j ∈ {1, ...,m} such that j 6∈ An and Pj 6= I.

Proof. Proof by contradiction. Assume that ∀i 6∈ An :
Pi = I. Define the subgroup Snl < Pm for l ≤ n as

Snl ({An, Bn, Vn}) =

{σ = P1P2...Pm| j 6∈ An ⇒ Pj = I, ∀i ∈ {1, ..., l}

στi = τiσ, ∀w ∈ {1, ..., n} σσρ(w)
q(w) = σ

ρ(w)
q(w)σ}

(27)

Snl is a subgroup of Pm as for every l ≤ n it is true that
I⊗m ∈ Sl and if σa, σb ∈ Snl then σaσb ∈ Snl (the inverses
are of course trivially satisfied as every element is its own
inverse). One can see that τn+1 ∈ Snn by construction.

From the condition ∀w ∈ {1, ..., n} σσ
pq(w)

q(w) = σ
pq(w)

q(w) σ it

follows that |Sn0 | = 2n, as in every position in An only
two operators out of {I,X, Y, Z} are allowed. It is easy
to see that Snl+1 is a subgroup of Snl . Lagrange’s theorem
gives

|Snl |/|Snl+1| = |Snl /Snl+1| ∈ N. (28)

Note now that σ
ρ(l+1)
q(l+1) is in Snl but not in Snl+1, since it

must anti commute with τl+1. So, |Snl |/|Snl+1| ≥ 2. Then
|Sn0 |/|Snn | ≥ 2n. Therefore, |Sn| = 1 and thus Sn = I, the
only group with one element. But by construction it was
known that τn+1 ∈ Snn . Since I can not be a generator
a contradiction is reached. Therefore, there must indeed
exist a j ∈ 1, ...,m such that j 6∈ An and Pj 6= I.

Theorem 5. Let S = 〈τ1, τ2, ...τr〉 be a symmetry group.
For every n ≤ r there exists a triple {An, Bn, Vn} such
that Π({An, Bn, Vn}) is satisfied.
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Proof. The proof is given by induction over n

Base case n = 1: consider τ1 = P1P2...Pm where
Pi ∈ {I,X, Y, Z}. Since τ1 is a generator there must be
a Pj 6= I. The first qubit index is chosen as q(1) = j
thus A1 = {j}. The first label ρ(1) is chosen as

ρ(1) =

{
X if Pj ∈ {Y, Z}
Z if Pj = X

. (29)

Thus, B1 = {ρ(1)}. The generator transform from defi-
nition 6 can now be applied to the original generators of
S to yield new generators τ̃1, ..., τ̃r which form V1. For
ease of argumentation the new generators τ̃1, ..., τ̃r are
renamed to τ1, ..., τr. Lemmas 2 and 3 now show that
Π({A1, B1, V1}) is satisfied.

Induction cases 2 ≤ n+ 1 ≤ r.
From lemma 4 there exists a j ∈ 1, ...m such that j 6∈ An
and Pj 6= I. One can then choose q(n+ 1) = j and

ρ(n+ 1) =

{
X if Pj ∈ {Y, Z}
Z if Pj = X

. (30)

The generator transform of definition 6 can be applied to
the generators in Vn to yield new generators τ̃1, ..., τ̃r.
These generators form Vn+1. For ease of argumenta-
tion the new generators τ̃1, ..., τ̃r are renamed to τ1, ..., τr.
Π({An+1, Bn+1, Vn+1}) is now satisfied.

The existence and construction of a triple {Ar, Br, Vr}
such that Π({Ar, Br, Vr}) is satisfied has been proven.
Using the found triple {Ar, Br, Vr} one can define the
operators Ui for i = 1, ...r, according to

Ui =

{
1
2 (σzq(i) + τi)(σ

z
q(i) + σxq(i)) if ρ(i) = Z

1√
2
(σxq(i) + τi) if ρ(i) = X

.

(31)
Below certain properties of the defined operators Ui are
shown. Since Pauli matrices are Hermitian and unitary

σ
ρ(i)†
q(i) = σ

ρ(i)
q(i) , τ †i = τi and σ

ρ(i)†
q(i) σ

ρ(i)
q(i) = τ †i τi = 1. Using

the implied commutation relations the following holds

U†i Ui = 1, Uiσ
x
q(i)U

†
i = τi,

Uiσ
x
q(j)U

†
i = σxq(j) for j 6= i.

(32)

This allows for the definition of the unitary operator
U = U1U2...UrW , where W is a permutation operator
assigning qubit i to qubit q(i). As a combination of uni-
tary operators U is also unitary. The following relation
follows from Eq. (32) Uσxi U

† = τi.
The transformed Hamiltonian H ′ can be defined as

H ′ = U†HU =
∑
k

hkU
†σkU. (33)

Define ηk = U†σkU . Since ∀i, j ∈ {1, ..., r} [σi, τj ] = 0
it must be that ∀i, j ∈ {1, ..., r} [ηi, σxj ] = 0. Therefore,

H ′ commutes with the last r qubits and thus shares
eigenvectors with σxm−(r−1), ...σ

x
m. The last r qubits can

thus be replaced by the X operator eigenvalues ±1.

This section justifies the Z2 symmetry qubit reduction
scheme described by Bravyi et al. [11]. It shows a con-
structive proof of the scheme. Since it is constructive it
should be feasible to implement this scheme in code and
put it to use. Bravyi et al. have successfully applied this
scheme in practice to Hamiltonians of small molecules
such as H2 and LiH to reduce the number of qubits nec-
essary to describe the problem by 1. Because the focus
of this paper is on the individual influences of the entan-
gling methods and the classical optimization algorithms
on the VQE algorithm, the reduction algorithm will not
be used in the rest of the paper.

V. MULTI-QUBIT ENTANGLING METHODS

In the preparation of the trial state the entanglement
operator Uent ensures that the full Hilbert space of
trial states can be reached. In this section multi-qubit
entangling methods will be described, some gate based
and others native to the physical qubit systems. In this
work we study the Rydberg quantum computing system
and its accompanying Rydberg interaction [22–25] .
This section discusses the multi-qubit gates used in the
simulations of Sec. VII.

Figure 2: Quantum circuit diagram of the CNOT chain
and pairs methods for m = 4.
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The standard entanglement operator on two qubits is
the CNOT gate. A way to entangle more than two qubits
is by applying the CNOT gate in a chain or pairwise as
is shown in Fig. 2. Since qubit operations are prone to
errors it is desirable to use as few as possible to entangle
all qubits. The chain and pair methods respectively
use m − 1 and m(m − 1)/2 CNOT operations for m
qubits. A way of reducing the number of operations
is using entanglement interactions native to the qubit
system. These interactions can entangle all qubits using
only one operation and thus when considered as a single
gate, are a more efficient way of entangling all qubits.
Note that this efficiency only holds if the interaction is
native to the qubit system, on other systems it might
have to be constructed out of multiple other interactions.

A method proposed by Jaksch et al. [24] uses the
Rydberg interaction. The Rydberg interaction is a long
range interaction which, when one Rydberg atom (qubit)
is in the excited state, blocks the others from going to
that state. Thus it can function much like a CNOT
gate. However, because of the long range interaction it
also allows for a so called Cm−1NOT gate where one
qubit controls all m − 1 other qubits, thus multi-qubit
entanglement is achieved [26]. Another physical multi-
qubit entangling method is the Krawtchouk chain [27].
The Krawtchouk chain is an entangling method based
on the physical Hamiltonian of a Rydberg system which
can be described as an interacting spin chain. Such a
spin chain could consist of trapped ions or ultra-cold
Rydberg atoms [27]. The Krawtchouk chain allows for
the construction of the iPHASEm gate which mirrors
the left and right side of a chain of qubits and multiplies
it by a factor i (for instance |01101〉 → i|10110〉).

The Krawtchouk chain is an important method to
construct other multi-qubit gates. Several studies have
shown that the Krawtchouk Hamiltonian gate can be
transformed, using only few one and two qubit rotations
[28, 29]. Two examples of these transformations are the
iSWAP2 gate and the Cm−1NOT gate. The iSWAP2 gate
swaps the last two qubits and multiplies the state by a
phase i. This swapping is controlled by the first m − 2
qubits. Figure 3 shows how the iPHASEm gate can be
transformed into a Cm−1 NOT gate.

VI. CLASSICAL OPTIMIZATION METHODS

Alongside the multi-qubit entangling method the
classical optimization method plays an important role
in the VQE algorithm. In this paper two contrast-
ing methods which have been applied to VQE in
previous research, are used. The local Simultaneous
Perturbation Stochastic Approach (SPSA) [4] and the
global DIviding RECTangles (DIRECT) method [30, 31].

SPSA starts with an input initial trial state |Ψ(~θ0)〉

with parameter vector ~θ0 ∈ [0, 2π]⊗D. At every itera-
tion step a small perturbation is done from the param-
eter vector towards a random direction to obtain two
new parameter vectors ~θk,±=~θk + ck ~∆k. Here ~∆k is a
(3d + 2)m-dimensional random vector that is generated
by a sufficiently random generator and ck is a yet to be

defined constant. In this paper ~∆k is determined by the
Rademacher distribution where every vector entry has a
probability of 1/2 of being either 1 or -1. The gradient
~gk is estimated by

~gk =
〈Ψ( ~θk,+)|H|Ψ( ~θk,+)〉 − 〈Ψ( ~θk,−)|H|Ψ( ~θk,−)〉

2ck
~∆k.

(34)
To decrease the energy of the trial state at iteration k a
step against the gradient direction is taken such that

~θk+1 = ~θk − ak~gk, (35)

where ak is a weight factor dependent on the iteration
step. The factors ak and ck are given by

ak =
a

kA
, ck =

c

kΓ
. (36)

The constants A, c and Γ are best chosen to be 0.602,
0.01 and 0.101 respectively to guarantee the smoothest
gradient descent [32]. The constant a is dependent on
the gradient around the initial position and is defined
according to

a =
2π

5

c〈
|〈Ψ(~θ1,+)|H|Ψ(~θ1,+)〉 − 〈Ψ(~θ1,−)|H|Ψ(~θ1,−)〉|

〉
~∆1

,

(37)
where 〈...〉~∆1

is the expectation value over the distribu-

tion of ~∆1. This is the way the average slope around the
initialization vector is calculated in order to calibrate
the optimization process. In practice this expectation
value is approximated using Monte-Carlo methods. A
step is taken in the direction opposite of the gradient in
order to, conceivably, reach a lower energy value. The
SPSA algorithm is a local optimization method.

The second method is the DIviding RECTangles (DI-
RECT) approach [33, 34]. The DIRECT algorithm at-
tempts to find the global minimum of a Lipschitz con-
tinuous function f : [0, 2π]⊗D → R defined on a convex
hypercube [0, 2π]⊗D. A Lipschitz continuous function is
one for which the following relation holds

∃K > 0 ∀~x1, ~x2 ∈ [0, 2π]⊗D :

|f(~x2)− f(~x1)| ≤ K||~x2 − ~x1||2.
(38)

Appendix A shows the proof that Hamiltonian evalua-
tion, f(~x) = 〈~x|H|~x〉 is Lipschitz continuous.

A hypercube s is a cuboid subset of RD. Let Sk be the
set of hypercubes that the original hypercube [0, 2π]⊗D
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Figure 3: Quantum circuit diagram for the C4NOT gate for m = 5 together with how it would be constructed from
the iPHASE6 gate which is created by the Krawtchouk Hamiltonian. Here H is a Hadamard gate.

was divided in after k iterations. Each of these hyper-
cubes skj ∈ Sk has a center ckj ∈ RD and a dimension

dk,maxj ∈ R, the length of its largest side. dk,ij will be the
length of its side in direction i. In the DIRECT algorithm
optimal hypercubes will be be partitioned in the next it-
eration. A hypercube ski ∈ Sk is considered optimal if

there exists a K̃ > 0 such that

f(cki )− K̃dk,maxi ≤ f(ckj )− K̃dk,maxj , j = 1, ..., |Sk|
(39a)

f(ckj )− K̃dk,maxj ≤ fkmin − ε|fkmin|, (39b)

where fkmin = minj{f(ckj )}, and ε is a small positive con-

stant. In this research ε = 10−20. An optimal hypercube
skj with center ckj will be partitioned into smaller hyper-
cubes. For a subdivision first a set of new sample points
in the hypercube is defined as

Ak+1
j = {ckj } ∪ {ckj ±

1

3
dk,maxj ~ei | i : dk,ij = dk,maxj }, (40)

where ~ei is the unit vector in direction i. So partitions
are only done in the direction where the hypercube has
the largest length. Since hypercubes can not overlap the
order of partitioning the different dimensions matters.
The first division will be done in the direction of the
sample point with the lowest function value. The second
division with the second lowest function value, etc.,
see Fig. 4. This way the hypercube with the lowest
function value will become the largest of the partition.
Larger hypercubes are more likely to satisfy Eq. (39a)
and thus to be partitioned again in the next iteration.
The partitioning will result in a new set of hypercubes
Sk+1 which can be tested for optimality. The center
of an optimal hypercube Sk will again be the center
of a hypercube in Sk+1. The set of centers for which
the energy is tested thus grows at each iterations step.
The hypercubes will eventually converge to the optimal
ground state. The DIRECT algorithm is a global
optimization method.

Figure 4: Iteration step of the DIRECT algorithm for a
three dimensional (D = 3) hypercube. Divisions are only
done along the dimensions with the largest length.

VII. RESULTS

This section will investigate the behaviour of the
discussed multi-qubit entangling methods and classical
optimization algorithms on VQE problems of H2 and
LiH. For both H2 and LiH the simulations are run over
interatomic distances from 0.392a0 to 0.931a0 and 0.72a0

to 1.71a0 respectively, in steps of 0.049a0 and 0.09a0

respectively, with a0 the Bohr-radius, and the resulting
errors with the Hartree-Fock energy are averaged. For
problems with a small number of qubits, such as H2 with
the 1s orbital (2 qubits) and LiH with the 1s, 2s and
2px orbitals (6 qubits), the dimension of the state space
is limited. In other, more complex, problems one might
want to start off with a certain ansatz initial state to see
if the VQE algorithm is able to improve upon this. For
consistency, we choose the initial state to be the vacuum
state |ψinit〉 = |0...0〉 in this work. When the errors in
ground state energies of two algorithms are compared,
the algorithm with the lower error is said to outperform
the other.
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Table I: Errors in Hartree for exact ground energy for 103 iteration SPSA simulations comparing the entangling
methods for H2 and LiH at depths 1 to 6.

Molecule Entangler d=1 d=2 d=3 d=4 d=5 d=6

H2

CNOT chain 4.8 × 10−4 1.8 × 10−4 1.9 × 10−4 3.2 × 10−4 4.1 × 10−4 5.9 × 10−4

CkNOT 2.1 × 10−4 1.5 × 10−4 1.8 × 10−4 3.1 × 10−4 3.2 × 10−4 6.0 × 10−4

iPHASEm 1.9 × 10−2 1.9 × 10−2 1.9 × 10−2 1.9 × 10−2 1.9 × 10−2 1.9 × 10−2

iSWAP2 1.9 × 10−2 1.9 × 10−2 1.9 × 10−2 1.9 × 10−2 1.9 × 10−2 1.9 × 10−2

LiH

CNOT chain 1.0 × 10−1 3.1 × 10−2 1.9 × 10−2 1.6 × 10−3 1.5 × 10−2 1.5 × 10−3

CkNOT 1.2 × 10−1 2.6 × 10−2 1.8 × 10−2 5.0 × 10−3 1.5 × 10−2 6.6 × 10−3

iPHASEm 4.2 × 10−3 2.9 × 10−3 1.9 × 10−3 1.4 × 10−3 1.4 × 10−2 1.4 × 10−2

iSWAP2 2.4 × 10−2 2.1 × 10−3 4.3 × 10−2 1.9 × 10−3 2.3 × 10−3 2.0 × 10−3

Figure 5: A typical energy error from Hartree-Fock en-
ergy versus iteration number for the entangling meth-
ods iPHASEm, Cm−1NOT and iSWAP2 compared to the
standard CNOT chain. The VQE problem describes a
LiH molecule (6 qubits) at depth 6, with classical opti-
mization SPSA.

To investigate the dependence of the VQE results
on entangling methods for fixed (SPSA) classical opti-
mization algorithm, we first analyze the ground state of
LiH for d=6 using the iPHASEm, iSWAP2, Cm−1NOT
and CNOT chain gates (discussed in Sec. V) as shown
in Fig. 5. Here it is found that methods based on the
Rydberg interaction are able to perform comparably
to the CNOT chain method (see Sec. V.) Repeating
these simulations for LiH and H2 as a function of depth
d we get the resulting errors given in Table I. These
results seem to further support that Rydberg interaction
entangling methods can compare to the CNOT chain
method in terms of performance. The optimal entangling
method however appears to be problem dependent. The
entanglement depth d can open up the search space for
the trial state allowing lower errors to be reached as can
be seen in many of the LiH cases of Table I. However, it

can also overcomplicate the problem by introducing too
many rotation parameters and thus take more iterations
to converge as we see in H2 cases. Another interesting
fact is seen for iPHASEm and iSWAP2 at H2, where the
entangling method is not fit for the problem regardless
of the depth, and an error as low as the CNOT chain
and CkNOT errors is not reached.

Next, we analyze the ground state energies of LiH and
H2 as a function of the classical algorithm optimization
algorithm (SPSA or DIRECT, see Sec. VI) for both
CNOT and iPHASEm to check additional dependence
on the entangling method as shown in Fig. 6. We sum-
marize the results of the VQE calculations for a specific
molecule in terms of the depth and dimensionality. The
considered VQE problems are Hamiltonians of H2 at
depths 1 to 8 and of LiH at depths d 1 to 4. This
results in dimensions ranging from 10 to 84. In order to
compare SPSA and DIRECT, ground state energy com-
putation is iterated for 104 and 25 times respectively.
These numbers were chosen because for considered
ground state calculations, the errors of the SPSA
and DIRECT methods do not decrease by more than
10−4 Hartree in the last 103 and 5 iterations, respectively.

From Fig. 6 it can be seen that for H2 ((a) and (c))
SPSA performs better, while for LiH ((b) and (d))
the DIRECT algorithm performs better. However, the
DIRECT algorithm performs better on average at higher
depths regardless of the entangling method, although
this holds to a lesser degree for the iPHASEm results in
Fig. 6 (c). The DIRECT algorithm also performs better
for larger numbers of qubits m, indicating that dimen-
sionality D differentiates significantly the performance
of classical search algorithms.

Having highlighted the role of dimensionality D, we
return finally to discuss the relatively lesser dependence
in Fig. 6 on the chosen entangling method. Comparing
the results for CNOT pairs (Figs. 6 (a) and (b)) and
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iPHASEm (Figs. 6 (c) and (d)) it is seen that the er-
rors reached in the same problems differ per entangling
method. For instance at H2, for CNOT pairs at high
depths DIRECT gives less error than SPSA while for
iPHASEm SPSA still performs better. The preference
of one algorithm over another seems thus to be depen-
dent on the entangling method. It is remarkable that
a different entanglement scheme changes the preference
for a certain classical optimization algorithm as they are
implemented in distinct parts of the algorithm. We spec-
ulate that this has to do with the “scrambling” nature
of a given entangling method in a given search space. In
a fully scrambled search space a gradient is meaningless.
For this reason the SPSA algorithm might perform worse

compared to the DIRECT algorithm and thus a local
search becomes expensive in terms of computing power.
This would explain, for instance, why at high dimen-
sionality the CNOT pairs method performs better when
combined with a global rather than local search method
(Figs. 6 (a) and (b)) and vice versa for the iPHASEm
method (Figs. 6 (c) and (d)). Ultimately this requires a
way to measure the amount of scrambling that an entan-
gling method performs on a given search space. Although
no such measure exists presently for operators, it would
be analogous to how the entropy of a state provides a
measure of its degree of entanglement. The derivation of
such a scrambling measure for operators on a given search
space remains however the subject of future studies.

Figure 6: Error with the Hartree-Fock energy in the reached ground state energy for VQE problems with different
depth, optimized with the SPSA and DIRECT algorithms. The entangling methods used are CNOT pairs ((a) and
(b)) and iPHASEm ((c) and (d)). Used VQE problems are the Hamiltonians of H2 (2 qubits, (a) and (c)) at depths
1 to 8 and LiH (6 qubits, (b) and (d)) at depths 1 to 4. Thus, the problems have dimensions ranging from D = 10 to
D = 84. SPSA was run with 104 iterations and DIRECT was run with 25 iterations. These were empirically chosen as
was found that the next 103 and 5 iterations respectively yielded less than 10−4 Hartree improvement on the ground
state energy.
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VIII. CONCLUSION

In this paper, we have focused on optimizing the VQE algorithm for quantum chemistry. First, a constructive
proof was shown for a qubit reduction scheme using the Z2 symmetries of Hamiltonians, based on the paper by
Bravyi et al. [11], which effectively reduces the total number of qubit operations. Then we examined the performance
of the VQE algorithm as a function of the entangling method choice, depth, and classical optimization algorithm.
Entangling methods based on both physical interactions, such as iPHASEm and Cm−1NOT gave a convergence
that was comparable to that of the CNOT chain method in the tested small molecule VQE problems. From the
results, although the entangling method and classical optimization method appear to interact in a complex, problem
dependent manner, we found a general trend that global search algorithms perform better than local algorithms at
higher dimensionality.

To further investigate links between dimensionality, entangling method, and classical optimization algorithm, VQE
calculations should be performed for more complicated molecular systems. Furthermore, our findings motivate future
studies on the scrambling powers of entanglement operators on a search space and how this might be encapsulated
quite generally by some measure. Such a concept would be foundational towards the design of efficient VQE circuitry.

Data available on request from the authors.
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Appendix A: Proof Lipschitz continuity of Hamiltonian evaluation

Theorem 6. Let H be a 2m × 2m Hamiltonian operator. The function f(~x) = 〈Ψ(~x)|H|Ψ(~x)〉, where ~x describes a
rotation of an ansatz |φ〉, is Lipschitz continuous.

Proof.

|f( ~x2)− f( ~x1)| = |〈Ψ( ~x2)|H|Ψ( ~x2)〉 − 〈Ψ( ~x1)|H|Ψ( ~x1)〉|
= |〈Ψ( ~x2)|H|Ψ( ~x2)〉 − 〈Ψ( ~x2)|H|Ψ( ~x1)〉+ 〈Ψ( ~x2)|H|Ψ( ~x1)〉 − 〈Ψ( ~x1)|H|Ψ( ~x1)〉|
= |〈Ψ( ~x2)|H|Ψ( ~x2)−Ψ( ~x1)〉+ 〈Ψ( ~x2)−Ψ( ~x1)|H|Ψ( ~x1)〉|
≤ |〈Ψ( ~x2)|H|Ψ( ~x2)−Ψ( ~x1)〉|+ |〈Ψ( ~x2)−Ψ( ~x1)|H|Ψ( ~x1)〉|
≤ ||Ψ( ~x2)||2 · ||H||2 · ||Ψ( ~x2)−Ψ( ~x1)||2 + ||Ψ( ~x1)||2 · ||H||2 · ||Ψ( ~x2)−Ψ( ~x1)||2
= 2||H||2 · ||Ψ( ~x2)−Ψ( ~x1)||2.

(A1)

Now the trial state |Ψ(~x)〉 is generated by rotations on the ansatz |φ〉, so |Ψ(~x)〉 = R(~x)|φ〉. All of the rotation
matrices as defined in Eq. (14) have elements which are continuously differentiable. Since the product of continuously
differentiable functions is still continuously differentiable, it is true that R(~x) can be written as

R(~x) =


f1,1(~x) f1,2(~x) · · · f1,2m(~x)

f2,1(~x) f2,2(~x) · · · f2,2m(~x)
...

...
. . .

...

f2m,1(~x) f2m,2(~x) · · · f2m,2m(~x)

 , (A2)

where fi,j(~x) are all continuously differentiable functions. Since all continuously differentiable functions are Lipschitz
continuous

∀i, j ∃ai,j > 0 : |fi,j( ~x2)− fi,j( ~x1)| ≤ ai,j || ~x2 − ~x1||2. (A3)

Then it is true that

||Ψ( ~x2)−Ψ( ~x1)||2 = ||R( ~x2)|00...0〉 −R( ~x1)|00...0〉|| ≤ ||R( ~x2)−R( ~x1)||2

=

∣∣∣∣∣∣∣∣∣∣

∣∣∣∣∣∣∣∣∣∣


f1,1( ~x2) f1,2( ~x2) · · · f1,2m( ~x2)

f2,1( ~x2) f2,2( ~x2) · · · f2,2m( ~x2)
...

...
. . .

...

f2m,1( ~x2) f2m,2( ~x2) · · · f2m,2m( ~x2)

−

f1,1( ~x1) f1,2( ~x1) · · · f1,2m( ~x1)

f2,1( ~x1) f2,2( ~x1) · · · f2,2m( ~x1)
...

...
. . .

...

f2m,1( ~x1) f2m,2( ~x1) · · · f2m,2m( ~x1)


∣∣∣∣∣∣∣∣∣∣

∣∣∣∣∣∣∣∣∣∣
2

≤
2m∑
i=1

2m∑
j=1

||fi,j( ~x2)− fi,j( ~x1)||2 ≤
2m∑
i=1

2m∑
j=1

ai,j || ~x2 − ~x1||2 ≤ K|| ~x2 − ~x1||2,

(A4)

whereK =
∑2m

i=1

∑2m

j=1 ai,j ∈ R+. Thus |f( ~x2)−f( ~x1)| ≤ 2·||H||2·K ·||~x2−~x1||2 and thus f is Lipschitz continuous.
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