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Abstract

In this thesis, we study several open problems related to the k-independence num-
ber, which is defined as the maximum size of a set of vertices at pairwise dis-
tance greater than k (or alternatively, as the independence number of the k-th
graph power). Firstly, we extend the definitions of vertex covers and cliques to
allow for natural extensions of the equivalencies between independent sets, ver-
tex covers, and cliques. Next, we provide proofs for the NP-completeness and
W [1]-completeness of the k-Independent Set Problem. Due to the computational
complexity of the problem, we focus on deriving new bounds. To that purpose, we
investigate the relation to the h-diameter and the corresponding complexity. Addi-
tionally, we show an equivalency between the k-independence number of hyper-
cubes and the code theoretical function A(n, d). We derive further novel bounds
for the k-independence number of graph products based on the Cartesian, Kro-
necker, and strong products, extending previous bounds on the independence
number of product graphs. Finally, we extend and provide an implementation of
an SDP-based algorithm for the Maximum Independent Set Problem by McKen-
zie et al. to the Maximum k-Independent Set Problem.
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1 Introduction

One of the classical problems in graph theory is that of determining the maximum
independent set, known as the Maximum Independent Set Problem (MIS). For a
given graph G = (V,E), a set of vertices S ⊆ V is said to be independent if it does
not contain a pair of vertices connected by an edge e ∈ E. The maximum indepen-
dent set is the largest such set. The cardinality of the maximum independent set is
referred to as the independence number or the stability number of G, denoted by
α(G). The decision version of MIS, known as the Independent Set Problem, con-
cerns whether for a given p, the graph contains a set of p pairwise non-adjacent
vertices.

MIS is strongly connected to two other well-studied problems, the Minimum
Vertex Cover Problem (MVC) and the Maximum Clique Problem (MC) [9]. Namely,
a set of vertices S ⊆ V is independent if and only if its complement S = V \ S is
a vertex cover. A vertex cover is a set of vertices such that for all edges e ∈ E, at
least one of the endpoints is in the set. Furthermore, S is independent if and only
if S is a clique in the complement graph G = (V, (V × V ) \ E), where a clique is a
set of vertices such that each pair of vertices in the set is connected by an edge.

MIS, MVC and MC are among the original problems to have been proven to
be NP-complete by Karp [37]. The extensive previous algorithmic work on these
problems therefore has focused on optimizing exact algorithms, finding accurate
approximation algorithms and providing bounds on solutions [11, 12, 15, 19, 30,
36, 39, 44, 48, 49, 51, 52, 55, 56, 57, 59].

A natural extension of MIS concerns the Maximum k-Independent Set Problem,
the determination of the maximum k-independent set. A set of vertices S ⊆ V
is said to be k-independent if all vertices in S have a pairwise distance greater
than k. Thus, it is equivalent to MIS for k = 1. The cardinality of the maximum
k-independent set is referred to as the k-independence number of G, denoted by
αk(G). The associated decision problem, referred to as the k-Independent Set
Problem, concerns whether for a given p, the graph contains a set of p vertices at
pairwise distance greater than k.

Figure 1: Illustration of the definition of a k-independent set. In the graph, the
highlighted set of vertices is 2-independent, as these are at pairwise distance at
least 3.

It is important to note that the k-independence number is equivalently defined
as the independence number of the power graph. The power graph of a graph
G, denoted by Gk, shares the vertex set of G and contains an edge between
two vertices v1, v2 if the distance between v1 and v2 is at most k in G. Figure 2
visualizes G, G2, G3 and G4 for G the cycle graph of 8 vertices, C8, as an example.

On the k-Independent Set Problem 5
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G G2 G3 G4

Figure 2: Illustration of the definition of power graphs using C8 as the original
graph.

The variants of the k-Independent Set Problem can be formulated based on
power graphs as well. Namely, a set S ∈ V is a k-independent set in G = (V,E)
if and only if S is an independent set in Gk. Thus, αk(G) = α(Gk). However,
even the simplest algebraic or combinatorial parameters of Gk cannot be deduced
easily from the similar parameters of G. This provides the main initial motivation
of this work. For instance, neither the spectrum [18], nor the average degree [20],
nor the rainbow connection number [8] can be, in general, derived directly from the
original graph. For instances, only in some specific cases the spectrum of G and
Gk are related, see Section 2 in [3].

In this thesis, we will present a number of novel results on the k-independence
number and the associated computational problems. From a computational per-
spective, we show that the k-Independent Set Problem is W [1]-complete. For
general graphs, we show new bounds for the k-independence number based on
the h-diameter. For hypercube graphs, we show an equivalence between the
k-independence number and the maximum number of codewords in a binary code
of given length and at a certain minimum distance. We show novel bounds for prod-
uct graphs constructed using the Cartesian, Kronecker, and strong graph products.
Finally, we provide an extension to an SDP formulation for the MIS problem.

This thesis is structured as follows. Section 2 provides an overview of previous
work on the k-independence number. Section 3 presents the aforementioned new
results. To end up, Section 4 discusses some concluding remarks on the main
results of this thesis. In the appendix, both a glossary of terms and the code we
used for experiments can be found.
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2 Previous work

The study of the k-independence number has attracted quite some attention in
recent years. In the following sections, which are divided depending on the re-
sult nature, we provide an overview of the different results on the k-independence
number.

2.1 Algorithmic work

The k-Independent Set Problem has been shown to be NP-hard for general graphs
by Kong and Zhao [40]. Thus, unless P = NP , no polynomial time algorithms
exist for the exact computation of the k-independence number. The same holds
for the regular independence number, for which various polynomial time approx-
imation algorithms have been developed. Notably, as matrix multiplication has a
asymptotic computational complexity of O(n2.3728639) [43], using repeated squar-
ing, the adjacency matrix of Gk can be computed with an asymptotic complexity of
O(log(k) · n2.3728639) given the adjacency matrix of G. As such, any metric com-
puted in polynomial time for G can be computed in polynomial time for Gk.

Duckworth and Zito have extended a simple heuristic-based algorithm for the
approximation of the independence number of connected random d-regular graphs
to the 2-independence number [22]. It is based on repeatedly uniformly randomly
selecting a vertex of minimum non-zero degree. Subsequently, if one the neigh-
bours of the selected vertex has degree d, this neighbour is added to a set S. If
such a vertex exists, all edges incident to this vertex and its neighbours are re-
moved from the graph. Otherwise, only all edges incident to the originally selected
vertex are removed. The process is repeated until no vertex of non-zero degree
remains. The set S then forms a 2-independent set, and its cardinality is used as
an approximation for the 2-independence number of the graph. Their work focuses
on the analysis of the performance of said algorithm for k = 2, where they find it
to perform favourably compared to previous approaches. They also find that the
algorithm does not extend easily to larger k.

2.2 Graph theoretic bounds

As mentioned in Section 2.1, the k-independence number is a NP-hard parameter.
Therefore it makes sense to obtain sharp upper bounds for αk.

In this regard, Firby and Haviland [28] proved an upper bound for αk(G) in terms
of the average distance in an n-vertex connected graph. The k-independence
number has also been studied from an algebraic point of view by Abiad et al. [1,
2, 3], Fiol [26] and O et al. [54]. Their work focuses on providing sharp upper
bounds on αk which solely depend on the eigenvalues of the original graph G, and
not of the graph power Gk. Recently, Wocjan et al. [60] have shown bounds on
the quantum k-independence number, a related parameter which helps to quantify
quantum entanglement.

In particular, Abiad, Cioabă, and Tait [1] obtained the first two spectral upper
bounds for the k-independence number of a graph: an inertial-type bound and a
ratio-type bound. They constructed graphs that attain equality for their first bound
and showed that their second bound compares favorably to previous bounds on
the k-independence number. Abiad, Coutinho, and Fiol [2] extended the spectral
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bounds from [1]. Wocjan, Elphick, and Abiad [60] showed that the inertial-type
bound from [2] is also an upper bound for the quantum k-independence number.
Fiol [26] introduced the minor polynomials in order to optimize, for k-partially walk-
regular graphs, a ratio-type bound. Recently, Abiad et al. [3] showed several sharp
inertial-type and ratio-type bounds for αk and χk which depend purely on the eigen-
values of G, and proposed a method to optimize such bounds using Mixed Integer
Programming (MILP).

On the k-Independent Set Problem 8
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3 New results

3.1 Equivalences with other graph parameters

The equivalencies between MIS, MVC and MC mentioned previously can be ex-
tended for the k-Independent Set Problem. To that purpose, we first provide a
number of definitions. These definitions extend the definitions of vertex covers and
cliques, similar to k-independent sets extending independent sets. For a graph
G = (V,E), let δG(vi, vj) denote the distance between vi, vj ∈ V .

3.1.1 k-vertex cover

Definition 3.1. For a graph G = (V,E), a set S ⊆ V is said to be a k-vertex cover
if for every simple path p in G of length ` at most k, at least ` vertices on the path
are contained in S.

The definition of the k-vertex cover is illustrated in Figure 3.

G G′

Figure 3: Illustration of the definition of a k-vertex cover. The highlighted ver-
tices in G do not form a 2-vertex cover, as the shortest path between the two
non-highlighted vertices is a path of length 2, on which only a single vertex is high-
lighted. In contrast, highlighting one of these vertices, as shown in G′, does result
in a 2-vertex cover.

This definition allows us to extend the equivalency between MIS and MVC to an
equivalency between the k-Independent Set Problem and finding a k-vertex cover.
The proof is structured similarly to that for the equivalency between MIS and MVC.

Theorem 3.1. For a graph G = (V,E), a set S ⊆ V is k-independent if and only if
V \ S is a k-vertex cover.

Proof. We first prove that if S is k-independent, V \ S is a k-vertex cover. Let
S be k-independent. Consider a simple path of length ` ≤ k. Let S` ⊆ V be
the set of vertices on this path. Let us assume that |S` \ (V \ S)| > 1. Then let
v1, v2 ∈ S`\(V \S). Thus, v1, v2 ∈ S. But then δG(v1, v2) ≤ ` ≤ k, which contradicts
with the k-independence of S. Therefore, |S` ∩ (V \ S)| ≥ ` − 1 must hold for all
simple paths of length ` ≤ k in G. Thus, V \ S is a k-vertex cover.

Next we show that if V \ S is a k-vertex cover, S must be k-independent. Let
V \ S be a k-vertex cover and let v1, v2 ∈ S. Assume that δG(v1, v2) ≤ k. Let p

On the k-Independent Set Problem 9
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be the shortest path between v1 and v2. Thus, p is of length δG(v1, v2) ≤ k. But
then, as V \ S is a k-vertex cover, at most a single vertex on p can be in S, which
contradicts with the definitions of v1 and v2. Thus, for all v1, v2 ∈ S, δG(v1, v2) > k.
Therefore, S is k-independent.

The case k = 1 yields to the following well-known result:

Corollary 3.1.1. For a graph G = (V,E), a set S ⊆ V is independent if and only if
V \ S is a vertex cover.

The next result will allow us to provide an alternative proof of Theorem 3.1.

Lemma 3.2. For any graph G = (V,E), a set of vertices S ⊆ V is a k-vertex cover
of G if and only if S is a vertex cover of Gk.

Proof. We will first show for a graph G = (V,E) that if a set S ⊆ V is a k-vertex
cover of G, it must be a vertex cover of Gk. Let thus S ⊆ V be a k-vertex cover
of G. We then consider an arbitrary edge (v1, v2) in the power graph Gk. By the
definition of the power graph, it follows that δG(v1, v2) ≤ k. Let p be the shortest
path between v1 and v2 in G. Thus, p is of length at most k. As S is a k-vertex
cover of G, by the definition of a k-vertex cover, at most a single vertex on p is not
contained in S. Therefore, at least one of the vertices v1, v2 must be contained in
S. As thus for every edge in Gk one of the endpoints must be in S, S is a vertex
cover of Gk.

Next, we will show that if a set S ⊆ V is a vertex cover of Gk, it must also be a
k-vertex cover of G. Let thus S ⊆ V be a vertex cover of Gk. We then consider an
arbitrary path p in G of length ` at most k. Let Sp ⊆ V be the set of vertices on path
p. As thus for all vi, vj ∈ Sp it holds that δG(vi, vj) ≤ k, Sp forms a clique in Gk, that
is, the subgraph induced by Sp in Gk is the complete graph K`+1. Therefore, due
to S being a vertex cover of Gk, at most one of the vertices in Sp is not contained
in S. Thus, at least ` vertices on p are contained in S. As p was picked arbitrarily,
it holds for all paths of length at most k in G, and thus S is a k-vertex cover of G.

We have thus shown that S ⊆ V is a k-vertex cover of G if and only if it is a
vertex cover of Gk.

Note that Theorem 3.1 also directly follows from Lemma 3.2 by applying the
equivalency of independent sets and their complement being vertex covers to
power graphs.

3.1.2 k-clique

Similarly, we can introduce a definition for a k-clique, which allows us to extend the
equivalency between MIS and MC. The k-clique as defined has to our knowledge
not been studied previously.

Definition 3.2. For a graph G = (V,E), a set S ⊆ V is said to be a k-clique if for
every simple path ` between vertices v1, v2 ∈ S of length at most k in the complete
graph on V , E ∩ ` 6= ∅.

An illustration of a the k-clique definition can be seen in Figure 4.
Note that, unlike for the k-vertex cover, it does not hold that for a graph

G = (V,E) a set S ⊆ V is a k-clique in G if and only S is a clique in Gk. Consider

On the k-Independent Set Problem 10
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G G′

Figure 4: Illustration of the definition of a k-clique. The highlighted vertices in G do
not form a 2-clique, as none of the edges along the highlighted path are in G. In
contrast, the same set of highlighted vertices in G′ does form a 2-clique.

for example the graph G = (V,E) given by V = {v1, v2, v3} and E = {(v1, v2)}.
By design, G2 = G and S = {v1, v2} is a clique in G2. However, due to the path
(v1, v3, v2) in the complete graph on V and (v1, v3), (v2, v3) 6∈ E, S is not a k-clique
in G.

Thus, the relation between k-clique and k-independent set is less trivial than
for the k-vertex cover. The proof of such relation is similar in structure to that for
the equivalency between MIS and MC.

Theorem 3.3. For a graph G = (V,E), a set S ⊆ V is k-independent if and only if
S is a k-clique in G.

Proof. We first show that if S is k-independent in G, S is a k-clique in G. Let ` be a
simple path between v1, v2 ∈ S in the complete graph on V of length at most k. For
S to be k-independent in G, ` ∩ E 6= `. Thus, there must exist an edge e ∈ `, such
that e 6∈ E. Then, by the definition of the complement, e ∈ E. As this must hold for
all paths of length at most k between two vertices in S in the complete graph, S is
a k-clique in G.

Next we show that for S a k-clique in G, S must be k-independent in G. Let `
be a simple path between v1, v2 ∈ S in G of length at most k. As ` is thus also a
simple path in the complete graph on V , and as S is a k-clique in G, there must
exist an edge e ∈ ` such that e ∈ E ∩ `. Then, by the definition of the complement,
e 6∈ E. Thus, as therefore for all simple paths of length at most k between vertices
in S at least one of the edges is not in E, S is k-independent in G.

The case k = 1 yields to the following well-known result:

Corollary 3.3.1. For a graph G = (V,E), a set S ⊆ V is independent if and only if
S is a clique in G.

3.2 Complexity

As shown by Kong and Zhao [40], the k-Independent Set Problem is NP-complete.
However, we were initially unsuccessful in accessing their work (the paper has not
been published online and the authors initially did not answer our email). For that
reason, we provide our own proof. Recall that the k-Independent Set Problem

On the k-Independent Set Problem 11
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concerns whether for a given p, the graph contains a set of p vertices at pairwise
distance greater than k.

Lemma 3.4. The k-Independent Set Problem is NP-hard.

G G′ G′′

Figure 5: Illustration of the graph construction used in the proof of Lemma 3.4.
Graph G′ is the constructed result for G and a value of 2 for k, and G′′ for G and a
value of 3 for k.

Proof. To show the NP-hardness of the k-Independent Set Problem, we will pro-
vide a reduction from the regular Independent Set Problem for any fixed k, p.

Let a graph G = (V,E) be given. We construct a graph G′ = (V ′, E′) from G
such that the existence of a k-independent set of size p in G′ is equivalent to the
existence of an independent set of size p in G. G′ is constructed as follows. All
edges in G are replaced by a path consisting of k − 1 new vertices and therefore
k new edges. Then, if k is even, we add edges between all the midpoints of these
new paths. Thus, these midpoints form a clique in G′. Otherwise, if k is odd, the
midpoint of the paths is not well-defined. Instead, we consider the two vertices
closest to the theoretical midpoint of the path. We add edges from all these points
to a single additional vertex. An illustration of this construction is given in Figure 5.

In either case, G′ has a number of properties we will use. Firstly, if two vertices
in G were connected by an edge, the distance between these vertices in G′ is
exactly k. Furthermore, for V̂ = V ′ \ V the set of added vertices, for v1, v2 ∈ V̂ ,
the distance between v1 and v2 is at most k. Moreover, for v1 ∈ V and v2 ∈ V̂ , the
distance between v1 and v2 is also at most k. Thus, for all v1 ∈ V̂ and v2 ∈ V ′,
δG′(v1, v2) ≤ k.

Let then S′ ⊆ V ′ be a k-independent set for G′ of size |S′| ≥ p. Thus, for
v1, v2 ∈ S′, δG′(v1, v2) > k. From S′ we will construct a set S ⊆ V and show that S
is a independent set in G.

Assume that S′ ∩ V̂ 6= ∅ and let v ∈ S ∩ V̂ . As ∀v1∈V̂ ,v2∈V ′δG′(v1, v2) ≤ k and
∀v1,v2∈S′δG′(v1, v2) > k, it must hold that v is the only element in S′. Then let S be
a set consisting of an arbitrary vertex in V . Otherwise, S′ ∩ V̂ = ∅. Then, we set S
to be equal to S′.

If |S| = 1, trivially S is an independent set in G. If |S| > 1, by the previous
construction, S′ ⊆ V . By construction, the distances between v1, v2 ∈ V in G′ is
smaller than or equal to k if and only if there does not exist an edge (v1, v2) ∈ E.
Thus, S is an independent set in G of size |S| = |S′| ≥ p in all cases.

Now consider another set S∗ ⊆ V , such that S∗ is independent in G and that
|S∗| ≥ p. Then, the set S∗ must by construction be k-independent in G′. Thus we
must conclude that there exists an independent set of size at least p in G if and
only if there exists a k-independent set of size at least p in G′.

On the k-Independent Set Problem 12
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After completion of this proof, Dr. Zhao provided us with their work. Our proof
is highly similar to theirs, with only minor differences in some details. Notably, for
the case where k is odd, we connect the two most central vertices of any path
replacing an edge to an additional vertex, where Kong and Zhao show that only
connecting a single vertex suffices. Additionally, they show that the k-Independent
Set Problem remains NP-hard for regular bipartite graphs for k ≥ 2 [40].

Lemma 3.5. The Maximum k-Independent Set Problem is NP-hard.

Proof. To show the NP-hardness of the Maximum k-Independent Set Problem, we
will provide a reduction from the associated decision problem, the k-Independent
Set Problem.

Let for a graph G = (V,E) the maximum k-independent set be given by S ⊆ V .
Then, by the definition of the maximum k-independent set, G contains a
k-independent set of size p if and only if p ≤ |S|.

Lemma 3.6. The k-Independent Set Problem is in NP.

Proof. To show that the decision problem is in NP, we have to show that we can
verify that a solution is correct in polynomial time. Let a graph G = (V,E) and
values for the parameters k and p be given. Let furthermore a set S ⊆ V of cardi-
nality p be provided. For S to satisfy the requirements, it must be a k-independent
set. We can verify whether it is k-independent by computing the distance over the
graph between each pair of points in S, for instance via p − 1 executions of the
Breadth-First-Search (BFS) algorithm. As the asymptotic running time of BFS is
given by O(V + E), the overall running time for checking the k-independence of S
is given by O(p · (V + E)). This running time can trivially be bounded from above
by O(V 2 + E · V ), which is clearly a polynomial relation on the input variables of
the graph.

Theorem 3.7. The k-Independent Set Problem is NP-complete.

Proof. The theorem directly follows from Lemma 3.4 and Lemma 3.6, and the
definition of NP-completeness.

It is important to observe that if we know that a graph parameter is NP-hard for
G, is does not imply that such parameter is NP-hard for the power graph Gk. This
means that in general one cannot just use the same reduction used for the G on
Gk. Consider for example 1-planarity of a graph. A graph is said to be 1-planar if
it can be drawn in the Euclidean plane such that each edge crosses at most one
other edge. For general graphs G, it is known to be NP-complete to determine
whether a graph is 1-planar [29]. However, for power graphs Gk with k ≥ 6, it is
computable in polynomial time. Namely, any connected component in G of order
at least 7, will trivially result in a clique of order 7 in Gk for k ≥ 6. As K7 is known to
not be 1-planar [16], the resulting power graph Gk cannot be 1-planar. Therefore,
Gk can only be 1-planar if all the connected components of G are of order at most
6. Due to the problem being fixed-parameter tractable when parameterized by the
cyclomatic number [7], and as the cyclomatic number is bounded by the size of
the largest connected component, we can determine whether Gk is 1-planar in
polynomial time for k ≥ 6.

Next, we will consider parameterized reductions. While the Independent Set
Problem is not fixed parameter tractable, it is well known to be W [1]-complete [47].
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Thus, it is natural to consider whether the same holds for the k-Independent Set
problem.

Central to the W hierarchy of complexity classes is the notion of a parameter-
ized reduction. A parameterized reduction from a decision problem P to a decision
problem Q is a function φ satisfying the following three requirements:

1. φ(x) is an input satisfying problem Q if and only if x is an input satisfying
problem P .

2. φ(x) is computable in f(ρ) · |x|O(1) for f any real valued function and ρ the
parameter of x.

3. ρ′ ≤ g(ρ) for some function g, ρ the parameter of x, and ρ′ the parameter of
φ(x).

A problem is then contained in the W [t] complexity class if a parameterized re-
duction exists from the problem to Weighted Circuit Satisfiability (WCS), where the
weight is the parameter of the WCS instance, the depth of the circuit is constant,
and the weft of the circuit is at most t.

Analogously to the NP complexity class, a problem P is W [t]-hard if there ex-
ists a parameterized reduction from another W [t]-hard problem to problem P . A
problem is considered to be W [t]-complete if it is both W [t]-hard and contained in
W [t].

Lemma 3.8. The k-Independent Set Problem is W [1]-hard parameterized by p.

Proof. To show that the k-Independent Set Problem is W [1]-hard parameterized
by p, we consider a parameterized reduction from the Independent Set Problem,
which is known to be W [1]-complete, to the k-Independent Set Problem. Specifi-
cally, we consider the reduction provided in the proof of Lemma 3.4. It remains to
show that the provided reduction is a valid parameterized reduction. Being a poly-
nomial time reduction, we only have to show that the parameter of the instance
of the k-Independent Set Problem is solely dependent on the parameter of the
instance of the Independent Set Problem.

Let p′ ∈ N be the parameter associated to the instance of the Independent
Set Problem, being the size for which we aim to determine the existence of an
independent set of said size. Similarly, let p be the corresponding parameter in
the instance of the k-Independent Set Problem. Then, by the construction of the
reduction, p = p′, which trivially satisfies the requirement.

Thus, the considered reduction is a valid parameterized reduction. Therefore,
due to the Independent Set Problem being W [1]-complete, the k-Independent Set
Problem is W [1]-hard.

Lemma 3.9. The k-Independent Set Problem is in the W [1] complexity class.

Proof. To show that a problem is in the W [1] complexity class, we must provide a
parameterized reduction to an instance of Weighted Circuit Satisfiability with weft
at most 1 and a constant depth. As the Independent Set Problem isW [1]-complete,
there exists such a reduction for the Independent Set Problem. Therefore, it suf-
fices to provide a parameterized reduction from the k-Independent Set Problem to
the Independent Set Problem.

Let a graph G = (V,E) and values k and p be given. By computing the all-pairs
shortest paths in O(|V |3) using the Floyd-Warshall algorithm, we can construct
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Gk in polynomial time, independent of p. Then, as αk(G) = α(Gk), the problem
instance has been reduced to an instance of the Independent Set Problem.

We then show that the reduction is a valid parameterized reduction. As the
complexity of the reduction is polynomial and solely depends on the number of
vertices in the graph, it only remains to show that the parameter associated to
the instance of the Independent Set Problem solely depends on the parameter
associated to the instance of the k-Independent Set Problem. By the construction
of the reduction, these are equal. Therefore, the requirement is trivially satisfied
an the reduction is a valid parameterized reduction.

Then, as the Independent Set Problem is in the W [1] complexity class, the
k-Independent Set Problem is contained in the W [1] complexity class as well.

Theorem 3.10. The k-Independent Set Problem is W [1]-complete.

Proof. The theorem directly follows from Lemma 3.8 and Lemma 3.9, and the
definition of W [1]-completeness.

Next we discuss the following problem, which was raised by Prof. Spieksma
during a seminar on the work by Abiad et al. [3].

Problem 3.11. Investigate the relation between the complexity of computing αk
and the value of k itself.

We first note that there exist classes of graphs such that α can be computed
in polynomial time, but for which the computation of αk for k ≥ 2 is NP-hard. This
holds for example for the class of regular bipartite graphs. The independence
number of bipartite graphs is well known to be computable in polynomial time. For
instance, using that the minimum vertex cover is the complement of the maximum
independent set, and that by Kőnig’s Theorem the number of vertices in the min-
imum vertex cover is equal to the number of edges in a maximum matching [41],
we can use polynomial time algorithms for maximum matchings to compute α in
polynomial time [32]. In contrast, for k ≥ 2, Kong and Zhao show that computing
αk remains NP-hard for regular bipartite graphs [40].

Next, we note that for k ≥ D(G) for D(G) the diameter of graph G, it trivially
holds that αk(G) = 1. More generally, for larger k, the density of the power graph
Gk increases. However, as the Independent Set Problem is not fixed-parameter
tractable for general graphs [17], the k-Independent Set Problem does not allow a
polynomial algorithm parameterized by the density. We leave the following open
problem.

Problem 3.12. Investigate the relation between the value of k and the complexity
of determining αk for different graph classes.

3.3 Related graph parameters

In this section, we explore the relationships between the k-independence number
and other graph parameters. As a byproduct of such relationships, we obtain new
bounds on both αk and the related parameters.
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3.3.1 h-diameter

Let D denote the diameter of a graph G. Chung, Delorme and Solé [13] introduced
the h-diameter of a graph as a natural extension of D. The h-diameter of a graph
G, denoted by Dh(G), is defined as the largest pairwise minimum distance of a set
of h vertices in G, i.e., the best possible distance of a code of size h in G. Note that
for D2 = D. While the diameter of a graph measures how far two distinct points
can be; the h-diameter measures how far h points can be; in other words, how
good can a code of size h in the graph be.

A F

B

C D

E

Figure 6: Illustration of the definition of the h-diameter. The graph has a 2-diameter
of 4, given by vertex set {D,E}, as no other pair of vertices exists at a larger
distance. Similarly, the 3-diameter is 2, determined by {B,D,E}, and for h = 4, 5, 6
the diameter is given by 1, as no set of four vertices exists with a pairwise distance
greater than 1.

Since its introduction, the h-diameter has been extensively studied. Chung,
Delorme and Solé [13] study a function N(k,∆, Dh), the largest size of a graph of
degree at most ∆ and h-diameter Dh, and provide constructions of large graphs
with given degree and h-diameter. They also give upper bounds for the eigenval-
ues, and new lower bounds on spectral multiplicity. We refer to Section 1.3 of [21]
and Section 3.5.3 of [50] for an overview, and to [35] for some sharp bounds.

While there exist polynomial time algorithms to calculate the diameter of a
graph [14], the complexity of the h-diameter is still open. The next result settles
this down.

In order to formulate the complexity, we will use the decision problem associ-
ated to the computation of the h-diameter. This problem concerns whether for a
graph G = (V,E) and a given h and p, there exist a set of vertices S ⊆ V such that
|S| = h and the distance between vertices in S in G is at least p. Equivalently, the
problem can be stated as whether Dh(G) ≥ p holds.

Lemma 3.13. For fixed h, the h-diameter problem for a graph G = (V,E) can be
solved in polynomial time O(|V |h+2).

Proof. Let the graph G = (V,E) be given. First observe that for fixed h, we can
iterate over all subsets of V of size h. By precomputing the all-pairs shortest paths
in O(|V |3) using the Floyd-Warshall algorithm, finding the minimum distance for a
subset can trivially be achieved in O(h2). As there are

(|V |
h

)
subsets of size h, and

as each iteration thus has an asymptotic running time of O(h2), we can find the
h-diameter in O(|V |3 + h2 ·

(|V |
h

)
). Moreover, as the number of subsets of size h
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is trivially bounded by the total number of subsets of V of size at most h, which
is given by O(|V |h), we conclude that the h-diameter problem can be solved in
O(|V |2 + h2 · |V |h) = O(|V |h+2).

Lemma 3.14. For general h, the decision problem associated to the computation
of the h-diameter is NP-hard.

Proof. To show that the associated decision problem is NP-hard, we will provide a
reduction from the Independent Set Problem, which is well known to be NP-hard.
Let a graph G = (V,E) be given. Let p ∈ N denote the size for which we aim
to check whether G contains an independent set of said size. We claim that G
contains an independent set of size p if and only if Dp(G) ≥ 2.

We first show that if G contains an independent set of size p, Dp(G) ≥ 2 must
hold. Let S ⊆ V be such an independent set. Then, as by the definition of an
independent set δG(v1, v2) ≥ 2 for v1, v2 ∈ S, and as S is a set of vertices of
cardinality p, by the definition of the h-diameter, Dp(G) ≥ minv1,v2∈S δG(v1, v2) ≥ 2.

Next we show that if Dp(G) ≥ 2, G must contain an independent set of size p.
Let S ⊆ V be a set of vertices of size p such that for any v1, v2 ∈ S, δG(v1, v2) ≥
Dp(G) holds. By the definition of the h-diameter such a set must exist. But as
δG(v1, v2) ≥ Dp(G) ≥ 2 for all v1, v2 ∈ S, no two vertices in S are adjacent. Thus,
S is an independent set of size p in G.

This completes the reduction from the Independent Set Problem to the decision
problem associated with the computation of the h-diameter, proving the latter’s
NP-hardness.

Lemma 3.15. For general h, the decision problem associated to the computation
of the h-diameter is in NP.

Proof. To show that the decision problem is contained in the NP complexity class,
we have to show that a solution is verifiable in polynomial time. Let graph
G = (V,E) and values for h and p be given. Let furthermore a set S ⊆ V of cardi-
nality h be given. For S to satisfy the requirements, it must be a p-independent set.
By Lemma 3.6, this can be verified in polynomial time. Therefore, a solution to the
decision problem associated to the computation of the h-diameter can be verified
in polynomial time, placing the problem in the NP complexity class.

Theorem 3.16. For general h, the decision problem associated to the computation
of the h-diameter is NP-complete.

Proof. The theorem directly follows from Lemma 3.14 and Lemma 3.15, and the
definition of NP-completeness.

Next, we will also consider the parameterized complexity of the decision prob-
lem associated to the computation of the h-diameter.

Lemma 3.17. For general h, the decision problem associated to the computation
of the h-diameter is W [1]-hard parameterized by h.

Proof. To show that the decision problem associated to the computation of the
h-diameter is W [1]-hard parameterized by h, we consider a parameterized re-
duction from the Independent Set Problem, which is known to be W [1]-complete.
Specifically, we consider the reduction provided in the proof of Lemma 3.14. It
remains to show that the provided reduction is a valid parameterized reduction.
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Being a polynomial time reduction, we only have to show that the parameter of the
instance of the h-diameter decision problem is solely dependent on the parameter
of the instance of the Independent Set Problem.

Let p ∈ N be the parameter associated to the instance of the Independent
Set Problem, being the size for which we aim to determine the existence of an
independent set of said size. Then, by the construction of the reduction, h = p,
which trivially satisfies the requirement.

Thus, the considered reduction is a valid parameterized reduction. Therefore,
due to the Independent Set Problem being W [1]-complete, the decision problem
associated to the computation of the h-diameter is W [1]-hard.

Lemma 3.18. For general h, the decision problem associated to the computation
of the h-diameter is in the W [1] complexity class parameterized by p.

Proof. To show that the decision problem associated with the computation of the
h-diameter is contained in the W [1] complexity class, we will provide a parameter-
ized reduction to Weighted Circuit Satisfiability of the set of circuits having weft at
most 1 and constant depth.

Let graph G = (V,E) be given. To construct the circuit, we first create an input
for every vertex in V . Next, we invert all inputs. In the next layer of the circuit, an
or-gate is added for each pair of inputs v1, v2 ∈ V with δG(v1, v2) < h. Each such
gate is then connected with the inverted inputs of the two corresponding vertices.
Finally, the or-gates are connected to a single and-gate, which functions as the
output. By design, this final gate is the only gate in the circuit with an input degree
greater than two, satisfying the weft requirement. The construction of the circuit is
illustrated in Figure 7.

Next, we will show that the h-diameter of G is at least ` if and only if the circuit
is satisfiable for some assignment of weight `. We observe that the circuit only
outputs True if and only if all or-gates evaluate to True. Moreover, such an or-gate
evaluates to True if and only if at most one of the associated inputs is True. By
the construction, two inputs are associated to an or-gate if and only if the distance
between the associated vertices in G is smaller than h. Thus, the circuit outputs
True if and only if inputs are set to True such that the associated vertices are at
least at distance h of one another in G. Therefore, the circuit is satisfiable for some
assignment of weight ` if and only if there exist ` vertices in G which are pairwise
at a distance of at least h, which is equivalent to Dh(G) ≥ `.

It remains to show that the reduction is a valid parameterized reduction. For
the translation of the graph to the corresponding circuit, the all-pairs shortest paths
can be computed in O(|V |3) with the Floyd-Warshall algorithm. As the subsequent
construction of the circuit can be completed in O(|V |2), the reduction is of polyno-
mial complexity only dependent on the number of vertices in the graph. Then, as
by the formulation of the reduction the parameter p associated to the h-diameter
decision problem instance is equal to the weight of the corresponding instance of
Weighted Circuit Satisfiability, the reduction is a valid parameterized reduction.

As we have thus provided a parameterized reduction from the decision problem
associated with the computation of the h-diameter to Weighted Circuit Satisfiability
of the set of circuits with weft at most 1, we conclude that said decision problem
parameterized by p is contained in the W [1]-hardness class.

While the h-diameter is not equivalent to the k-independence number, it is re-
lated. The following results establish such relationship between both graph param-
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Figure 7: Illustration of the reduction of decision problem associated to the com-
putation of the h-diameter to Weighted Circuit Satisfiability as used in the proof of
Lemma 3.18. On the left, the graph P5 is given, and on the right the corresponding
circuit for h = 3.

eters.
Recall that we use δG(vi, vj) to denote the distance between vertices vi, vj in

graph G.

Lemma 3.19. For any graph G, αDk(G)−1(G) ≥ k for all k ∈ N+.

Proof. Let a graph G = (V,E) be given. Let S ⊆ V be a set such that |S| = k and
minv1,v2∈S δG(v1, v2) = Dk. The definition of Dk ensures that such a set exists.
Then, S is a (Dk(G)− 1)-independent set, and thus αDk(G)−1(G) ≥ |S| = k.

Lemma 3.20. For any graph G, Dαk(G)(G) ≥ k + 1 for all k ∈ N.

Proof. Let a graph G = (V,E) be given. Let S ⊆ V be a maximum k-independent
set in G. Then, by definition, S is of cardinality αk(G), and thus Dαk(G)(G) ≥
minv1,v2∈S δG(v1, v2) > k.

Next we study the tightness of the inequalities presented in Lemmas 3.19
and 3.20. In order to obtain some insights for the study of such equality cases,
we used the output of brute force based computer simulations (see Appendix 5.2
for details).

Lemma 3.21. There does not exist a connected graph G = (V,E) with |V | ≥ 4
such that αDk(G)−1(G) = k for all k ∈ {2, 3, . . . , |V |}.

Proof. First we observe that if Dk1(G) = Dk2(G) for k1, k2 ∈ {2, 3, . . . , |V |} and
k1 6= k2, and thus αDk1

(G)−1(G) = αDk2
(G)−1(G), the equalities αDk1

(G)−1(G) = k1
and αDk2

(G)−1(G) = k2 cannot both hold. Therefore, if a connected graph
G = (V,E) with |V | ≥ 4 were to exist for which αDk(G)−1(G) = k for all
k ∈ {2, 3, . . . , |V |}, it must hold that Dk1(G) 6= Dk2(G) for all k1, k2 ∈ {2, 3, . . . , |V |}
where k1 6= k2.

From the definition of the h-diameter, for any connected graph G with at least
two vertices, for k ∈ {2, 3, . . . |V |}, it follows that Dk(G) ∈ {1, 2, . . . , |V | − 1}. As
the sets {2, 3, . . . |V |} and {1, 2, . . . , |V | − 1} are equal in size, for Dk(G) to be
distinct for all k ∈ {2, 3, . . . , |V |}, for each k∗ ∈ {1, 2, . . . , |V | − 1} there must exist
a k ∈ {2, 3, . . . , |V |} such that Dk(G) = k∗.

Importantly, therefore, there must exist a k ∈ {2, 3, . . . , |V |} such that
Dk(G) = |V | − 1. As path graphs are the only graphs in which the distance be-
tween two vertices can be exactly |V | − 1, by the definition of the h-diameter, this
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equality can only be attained for some k in a path graph. More specifically, it is at-
tained in any path graph by k = 2, as only two vertices in a path graph can be at a
distance of |V | − 1, namely the endpoints. Thus, for a connected graph G = (V,E)
the αDk(G)−1(G) = k can only hold for all k ∈ {2, 3, . . . , |V |} if G is a path graph.

Moreover, for any path graphG, by the definition of the h-diameter,D|V |(G) = 1.
However, as trivially also D|V |−1(G) = 1 for all path graphs with |V | ≥ 4, there does
not exist a connected graph G = (V,E) with |V | ≥ 4 such that αDk(G)−1(G) = k for
all k ∈ {2, 3, . . . , |V |}.

Lemma 3.22. For each connected graph G = (V,E) with |V | ≥ 2 there exists a
k ∈ {2, 3, . . . , |V |} such that αDk(G)−1(G) = k.

Proof. Let G = (V,E) be given. Let k = |V |. Then, as |V | ≥ 2 and G connected,
Dk(G) = 1. But then, by the definition of the k-independent set, αDk(G)−1(G) =
α0(G) = |V | = k.

In the proof of the next lemma, we will use ∞ to denote the value of Dh(G)
when graph G has at least h connected components. In this case, a set of h
vertices can be constructed such that there does not exist a path between any two
elements in said set.

Lemma 3.23. There does not exist a connected graph G such that Dαk(G)(G) =
k + 1 for all k ∈ N.

Proof. From the definition of the h-diameter, it follows that for any connected graph
G = (V,E), it holds that Dk(G) ≤ |V | for any k ∈ {2, 3, . . . , |V |} and D1(G) = ∞.
Moreover, by the definition of the k-independence number, αk(G) ∈ {1, 2, . . . , |V |},
and then it follows that for k = |V |, Dαk(G)(G) = k+ 1 cannot hold for a connected
graph G = (V,E).

Lemma 3.24. For each connected graph G = (V,E) with |V | ≥ 2 there exists a
k ∈ N+ such that Dαk(G)(G) = k + 1.

Proof. Let a graph G = (V,E) be given. Let ` = max{k ∈ N+|αk(G) > 1}. As G is
connected, and |V | ≥ 2, ` must exist.

Assume for the sake of contradiction that Dα`(G)(G) 6= ` + 1. By Lemma 3.20
it then follows that Dα`(G)(G) > ` + 1. Let S ⊆ V be a set of vertices such that
|S| = α`(G) and δG(v1, v2) > ` + 1 for all v1, v2 ∈ S. By the definition of the
h-diameter, S must exist.

But then, by the definition of the k-independence number, α`+1(G) ≥ |S| =
α`(G) > 1 . Thus, ` cannot have been the maximum of {k ∈ N+|αk(G) > 1},
and therefore our assumption cannot hold. Thus, ` ∈ N+ such that Dα`(G)(G) =
`+ 1.

The case k = 0 has specifically been excluded from Lemma 3.24 as trivially
Dα0(G)(G) = D|V |(G) = 1 for any graph G = (V,E).

3.3.2 (s1, s2, . . . , sr)-diameter

In this section we establish the complexity of another graph parameter related to
the h-diameter. Fiol et al. [[27], Section 2.4] introduced and upper bounded the
(s1, s2, . . . , sr)-diameter, which is the maximum distance between r vertex subsets
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of sizes s1, s2, . . . , sr. Note that for si = 1 for 1 ≤ i ≤ r, the (s1, s2, . . . , sr)-diameter
equals Dr. As such, the (s1, s2, . . . , sr)-diameter is a generalization of the
h-diameter.

Theorem 3.25. The decision problem associated to the computation of the
(s1, s2, . . . , sr)-diameter is NP-hard.

Proof. To show that the associated decision problem is NP-hard, we will pro-
vide a reduction from the decision problem associated to the computation of the
h-diameter. Let a graph G = (V,E) and value h ∈ N+ be given. Let k ∈ N denote
the value for which we aim to check whether Dh(G) ≥ k. If k = 0, the inequality
trivially holds. Thus assume k > 0. We claim that Dh(G) ≥ k if and only if the
(s1, s2, . . . , sr)-diameter of G for r = h and s1 = s2 = . . . = sr = 1 is at least k.

We first show that if Dh(G) ≥ k, it must hold that the (s1, s2, . . . , sr)-diameter
of G with the given parameters is at least k. If Dh(G) ≥ k, there exists a set of
vertices S ⊆ V such that pairwise the vertices in S are at a distance of at least k. If
we then consider the vertices in S as a collection of size h of single-element sets,
these sets are thus at a distance of at least k. But then, as these sets fulfill the
criteria for the chosen parameters for r, s1, s2, . . . , sr, the (s1, s2, . . . , sr)-diameter
of G is at least k.

Next we show that if the (s1, s2, . . . , sr)-diameter of G with the given parameters
is at least k,Dh(G) must hold. If the (s1, s2, . . . , sr)-diameter ofG is at least k, there
must exist h single-element sets of vertices at a distance of at least k from one
another. Let S1, S2, . . . , Sh be these sets. As k > 0, the vertices of which these
sets consist are distinct. Let v1, v2, . . . , vh be the elements of sets S1, S2, . . . , Sh
respectively. Moreover, let S = {v1, v2, . . . , vh} be the set of these vertices. As
thus δG(vi, vj) ≥ k for all vi, vj ∈ S where vi 6= vj , S is a set of h vertices at
distance at least k from one another in G. Therefore, Dh(G) ≥ k.

This completes the polynomial time reduction from the decision problem asso-
ciated to the computation of the h-diameter to the decision problem associated with
the computation of the (s1, s2, . . . , sr)-diameter, proving the latter’s NP-hardness.

3.3.3 k-distance chromatic number

First studied by Alon and Mohar [5] and later named by Fertin et al. [25], the
k-distance chromatic number of a graph G = (V,E), denoted by χk(G), is the
chromatic number of the k-graph power graph, that is, χk(G) = χ(Gk). Alterna-
tively, the k-distance chromatic number is defined as the smallest α for which there
exists a k-distance α-coloring for G (a α-coloring is an assignment of positive in-
tegers upper bounded by α to all vertices in the graph). A k-distance coloring
is a coloring where a pair of vertices vi, vj ∈ V is assigned two distinct colors if
δG(vi, vj) ≤ k.

Special efforts have been put on the following question of Alon and Mohar
[5]: What is the largest possible value of the chromatic number χ(Gk) among all
graphs G with maximum degree at most d and girth (length of a shortest cycle
contained in G) at least g? For k = 1, this question was essentially a long-standing
problem of Vizing, which stimulated much of the work on the chromatic number of
bounded degree triangle-free graphs, and was eventually settled asymptotically by
Johansson by using the probabilistic method [34]. The case k = 2 was considered
and settled asymptotically by Alon and Mohar [5].
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The next lemma is a straight forward observation which has recently been used
to provide new sharp lower bounds on χk for a question by Alon and Mohar when
the spectra of G and Gk are related, see [[3], Corollary 2.3].

Lemma 3.26. For any graph G = (V,E), αk(G) ≥ d |V |χk(G)e for all k ∈ N+.

Proof. Since αk(G) = α(Gk) and χk(G) = χ(Gk) the result follows straight forward
applying the well known bound α(G) ≥ d |V |χ(G)e to the power graph Gk.

As we show in the next Lemma 3.27, a relation exists between the k-distance
chromatic number of a graph and that of any of its subgraphs. However, inter-
estingly, as shown by the counter example presented in Figure 8, such a direct
inequality relation does not hold for the k-independence number for general k.

Lemma 3.27. Let H = (V ′, E′) be a subgraph of a graph G = (V,E). Then
χk(H) ≤ χk(G) for all k ∈ N.

Proof. Because δH(v1, v2) ≥ δG(v1, v2) for all v1, v2 ∈ V ′, any k-distance coloring
of G is a valid k-distance coloring for H. Due to χk(G) being the smallest number
of colors required for a coloring of G, χk(H), the minimum number of colors for a
coloring of H, is at most χk(G).

G H1 H2

Figure 8: Counterexamples for the existence of a direct inequality relation for the
k-independence number with subgraphs. For k = 1, αk(G) = 2, αk(H1) = 1 and
αk(H2) = 3, with H1, H2 subgraphs of G.

3.4 Hypercube graphs

In this section we study a relationship of αk with coding theory. Other connections
of the k-independence number with coding theory have recently been shown by
Fiol [26]. Besides providing tight spectral bounds on the k-independence number
of a k-partially walk-regular graph and providing infinite families of graphs for which
such spectral bounds are tight, Fiol also showed that odd graphs O` with ` odd do
not have a 1-perfect code.

The main objects considered in coding theory are metric vector or matrix spaces.
Subsets of such spaces are known as codes. One of the fundamental issues in
coding theory concerns constructing codes of given pairwise distance and hav-
ing maximal cardinality. Most known and most investigated spaces are Hamming
spaces. Thousands of papers and books are devoted to codes in the Hamming
metric. In this section, we show that the k-independence number is a relevant
graph parameter in the field of coding theory by showing a new equivalence.
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One of the fundamental issues studied in coding theory is the Hamming dis-
tance between codewords, defined as the number of elements in which two code-
words differ [46]. Codes are often represented by Hamming graphs, in which two
codewords, represented by vertices, are adjacent if and only if they differ by a
single element. The distance between two codewords in the Hamming graph is
thus equal to their Hamming distance. Examples of Hamming graphs are given in
Figure 9.

01 11

00 10

010

011 111

101

100000

001

110

Q2 Q3

Figure 9: Hamming graphs on 4 and 8 vertices. In the left example, the vertices
represent two digit binary codewords. The vertices 01 and 10 are at Hamming
distance two, as the codewords differ in exactly two positions. Similarly, in the
example on the right, the vertices represent three digit binary codewords.

The main problem is to identify the largest code of a given length and minimum
distance between codewords. This problem is encoded in the function A(n, d),
which equals the maximum number of codewords in a binary code of length n
such that the minimum distance between codewords is at least d. A(n, d) can be
generalized to Aq(n, d), where q represents the number of elements in the alphabet
used to construct the codewords. Thus, A(n, d) = A2(n, d).

For Aq(n, d), a well known upper bound is the Hamming bound, which is given
by

qn∑t
k=0

(
n
k

)
· (q − 1)k

,

where t = bd−12 c. The bound poses a limitation on the efficiency with which the
space containing the codewords can be used for error-correcting codes. Codes
that attain the Hamming bound are referred to as perfect codes. Note that Ham-
ming codes are nontrivial examples of perfect codes. The notion of perfect codes
has been extended to t-perfect codes, introduced by Kratochvil [42]. Let for a graph
G = (V,E) a code C ⊆ V be given. Then C is a t-perfect code if and only if the
sets St(c) = {v ∈ V |δG(v, c) ≤ t} for c ∈ C partition V .

Observe that perfect codes and t-perfect codes can be equivalently defined in
terms of independent sets and k-independent sets, respectively. A perfect code
(or 1-perfect code) in a graph G = (V,E) is a subset C of V that is an independent
set such that every vertex in V \C is adjacent to exactly one vertex in C. Similarly,
a t-perfect code in a graph G = (V,E) is a subset C of V such that every vertex
in V \ C has a distance of at most t to exactly one vertex in C. As therefore every
vertex on a path between two vertices in V may have a distance of at most t to
only one of those two vertices, such a path must be of a length greater than 2t.
Thus, V is a (2t)-independent set.
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A specific and important type of Hamming graphs are hypercube graphs. A
hypercube graph, denoted by Qn, is constructed by creating a vertex for every
binary codeword of length n, and adding an edge between two codewords if and
only if their Hamming distance equals 1. For instance, Figure 9 shows Q2 and
Q3. The next result shows that the k-independence number of Qn for k = d− 1 is
equivalent to the function A(n, d).

Theorem 3.28. A(n, d) = αd−1(Qn) for all n, d ∈ N+.

Proof. We will first show that A(n, d) ≥ αd−1(Qn). Let S be a maximum cardinality
(d − 1)-independent set in Qn. By the definition of k-independent sets, for any
two v1, v2 codewords in S, the δQn

(v1, v2) ≥ d. Let S′ be the set of codewords
the vertices in S correspond to. As Qn is a Hamming graph, δQn(v1, v2) is equiv-
alent to the Hamming distance between s1 and s2 for s1, s2 ∈ S′ corresponding to
v1, v2 ∈ S. Therefore, S′ forms a code with binary codewords of length n and a
minimum Hamming distance of at least d. Thus, A(n, d) ≥ |S′| = |S| = αd−1(Qn).

Next, we will show that A(n, d) ≤ αd−1(Qn). Let S be a maximal code with
binary codewords of length n and minimum Hamming distance of at least d. As all
s ∈ S are binary codewords of length n, they correspond to vertices in Qn. Let S′

be the set of vertices that the codewords in S correspond to. As for s1, s2 ∈ S
the Hamming distance is at least d, and due to Qn being a Hamming graph,
δQn

(v1, v2) ≥ d for the corresponding vertices v1, v2 ∈ S′. Thus, S′ is a
(d− 1)-independent set in Qn. Thus, αd−1(Qn) ≥ |S′| = |S| = A(n, d).

It then follows that A(n, d) = αd−1(Qn) must hold.

Corollary 3.28.1. Existing coding theory upper bounds for A(n, d) directly yield
new upper bounds for αd−1(Qn).

For the graph class of hypercubes, Corollary 3.28.1 brings new upper bounds
for αk. An overview of existing bounds for the maximum size of a binary code
with word length n and minimum distance d, A(n, d), can be found in [46], with an
updated overview being maintained in [10].

Problem 3.29. How do the coding theory upper bounds which we show that can be
used for αd−1(Qn) compare with the existing upper bounds of αk (see Section 2.2)
applied to the hypercube graph Qn?

Name Bound in [2] Lovász
number ϑ2

Inertial-type
bound MILP
(20) [3]

Inertial-type
bound MILP
(27) [3]

α2

Q2 1 1 1 1 1
Q3 2 2 2 2 2
Q4 3 2 5 4 2
Q5 5 5 7 7 4
Q6 10 8 14 14 8
Q7 16 16 30 30 16

Table 1: Comparison between different existing bounds in the literature for α2 and
Qn.
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Name Bound in [2] Lovász
number ϑ3

Inertial-type
bound MILP
(20) [3]

Inertial-type
bound MILP
(27) [3]

α3

Q2 - 1 1 - 1
Q3 - 1 1 - 1
Q4 - 2 5 - 2
Q5 - 2 6 - 2
Q6 - 5 7 - 4
Q7 - 8 29 - 8

Table 2: Comparison between different existing bounds in the literature for α3 and
Qn. The entries indicated with − were not investigated for k = 3 in the correspond-
ing papers [2, 3].

In Tables 1 and 2, we have also included Lovász numbers ϑ2 and ϑ3. The
Lovász number of a graph G, denoted by ϑ(G), is the solution to a semi-definite
program dealing with arrangements of vectors associated with G, originally intro-
duced by Lovász [45]. It is a well known upper bound for the Shannon capacity of
a graph, which in turn is an upper bound for the independence number. To provide
an upper bound for the k-independence number, we use ϑk to denote the Lovász
number ϑ of power graph Gk.

3.5 Product graphs

For graphs G1 = (V1, E1), G2 = (V2, E2), we consider the Cartesian product, the
Kronecker product, and the strong product, denoted by G1�G2, G1 × G2, and
G1 � G2 respectively. The vertex set for all these product graphs is given by the
Cartesian product of the vertex sets V1 and V2. The edge sets of the product graphs
are given as follows, where E�, E×, and E� denote the edge sets of G1�G2,
G1 ×G2, and G1 �G2 respectively:

E� = {((u1, u2), (v1, v2)) | (u1 = v1 ∧ (u2, v2) ∈ E2) ∨ (u2 = v2 ∧ (u1, v1) ∈ E1)}
E× = {((u1, u2), (v1, v2)) | (u1, v1) ∈ E1 ∧ (u2, v2) ∈ E2)}
E� = E� ∪ E×

G1 G2

u1 u2

v1 v4

v2

v3

Figure 10: Graphs used in the illustration of the definition of the product graphs in
Figure 11.

Although it holds that αk(G) = α(Gk), in general this does not apply to graph
products. For instance, in general α(Gk1�G

k
2) 6= αk(G1�G2), where � denotes the

Cartesian product. The same applies to some other classical graph products like
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G1 �G2G1 ×G2G1�G2

Figure 11: Illustration of the Cartesian, Kronecker, and strong graph products.
Graphs G1 and G2 are given in Figure 10. For the sake of readability, labels of the
vertices have been left out. For each of the graph products, the vertex in the ith

row and jth column is given by (ui, vj).

the Kronecker product. Therefore, in this section we investigate the behaviour of
the k-independence number for several widely used graph products. However, for
the strong product of two graphs, the next result shows that there is no value in
finding bounds specifically for αk since one can use the existing bounds for α on
the power graphs.

Lemma 3.30. For any graphs G1, G2, it holds that Gk1 �Gk2 = (G1 �G2)k.

Proof. Let G1 = (V1, E1) and G2 = (V2, E2) be given. Let Gk1 � Gk2 =
(VGk

1�G
k
2
, EGk

1�G
k
2
) and (G1 � G2)k = (V(G1�G2)k , E(G1�G2)k). Then, trivially,

VGk
1�G

k
2

= V(G1�G2)k = V1×V2. It thus remains to show that EGk
1�G

k
2

= E(G1�G2)k .
Let ((u1, u2), (v1, v2)) ∈ E(G1�G2)k . This edge can exist in (G1�G2)k if and only

if there exists a path of length at most k between (u1, u2) and (v1, v2) in G1 �G2.
Let such a path be given by the sequence of vertices (wi1 , wi2) for 1 ≤ i ≤ l with
l ≤ k the length of the path. Let (wi1) and (wi2) for 1 ≤ i ≤ l be the sequences of
vertices in V1 and V2 respectively. If we remove directly repeating vertices from this
sequences, by the definition of the strong graph product, we obtain paths of length
at most k between u1 and v1 in G1 and u2 and v2 in G2. Thus, as we can also
always construct the path in the product graph from the paths in G1 and G2, there
exists a path of length at most k between (u1, u2) and (v1, v2) in G1�G2 if and only
if there exist edges between u1 and v1 in Gk1 and u2 and v2 in Gk2 . Then, by the defi-
nition of the strong graph product, we conclude that ((u1, u2), (v1, v2)) ∈ E(G1�G2)k

if and only if ((u1, u2), (v1, v2)) ∈ EGk
1�G

k
2
.

Corollary 3.30.1. For any graphs G1, G2, it holds that α(Gk1 �Gk2) = αk(G1 �G2).

Note that Corollary 3.30.1 implies that we can use the existing upper bounds
for α for the strong product of two graphs, see for instance Jha and Slutzki [[33],
Theorem 2.6].

The independence number of the Cartesian and Kronecker product of graphs
have been investigated by Vizing [58], Sonnemann and Krafft [53], Jha and Slutzki
[33], and Klavžar [38], resulting in tight bounds. For instance, Vizing [58] obtained
the following well-known bounds on α(G1�G2):

Theorem 3.31. [58] If G = (V1, E1) and G2 = (V2, E2) are graphs, then

α(G1)α(G2) +min{V1 − α(G1), |V2| − α(G2)} ≤ α(G1�G2) ≤ min{α(G1)|V2|, α(G2)|V1|}.

It is easy to see that if both G1 and G2 are complete graphs, then Theorem 3.31
yields the exact value of α(G1�G2). However, in general, there is a gap between
the two bounds.
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In this section we focus on extending a number of known bounds for α of graph
products (Cartesian and Kronecker) to αk. Some of the bounds previously known
in the literature ([58, 33]) follow as a corollary of our main results. To state our main
results, we first introduce some basic preliminary lemmas which cover the relation
between distance in graphs and distance in their graph products.

Recall that we use δG(vi, vj) to denote the distance between vertices vi, vj in
graph G.

Lemma 3.32. For any two graphs G1 = (V1, E1), G2 = (V2, E2), it holds for any
pair of vertices (u1, u2), (v1, v2) ∈ V1 × V2 in the product graph G1�G2 that

δG1�G2
((u1, u2), (v1, v2)) = δG1(u1, v1) + δG2(u2, v2).

Proof. Let graphs G1 = (V1, E1), G2 = (V2, E2) be given.
We first show that δG1�G2

((u1, u2), (v1, v2)) ≤ δG1
(u1, v1)+δG2

(u2, v2). Let P1 =
(u1, . . . , v1) be the sequence of vertices in V1 forming the shortest path between
u1 and v1 in G1. Similarly, let P2 = (u2, . . . , v2) be the sequence of vertices in V2
forming the shortest path between u2 and v2 in G2. Thus, |P1| = δG1(u1, v1) and
|P2| = δG2(u2, v2).

Then, by the definition of the Cartesian graph product, the path P , formed
by joining the sequences ((P1)i, u2) for 1 ≤ i ≤ δG1

(u1, v1) and (v1, (P2)j) for
1 ≤ j ≤ δG2

(u2, v2) is a valid path in G1�G2 connecting (u1, u2) and (v1, v2). As
δG1�G2

((u1, u2), (v1, v2)) is the length of the shortest such path, and |P | = |P1| +
|P2| = δG1(u1, v1)+δG2(u2, v2), δG1�G2

((u1, u2), (v1, v2)) ≤ δG1(u1, v1)+δG2(u2, v2)
must hold.

Next we show that δG1�G2
((u1, u2), (v1, v2)) ≥ δG1

(u1, v1) + δG2
(u2, v2). Let P

be a path in G1�G2 attaining the shortest length δG1�G2
((u1, u2), (v1, v2)) between

(u1, u2) and (v1, v2), and let it consist of the sequence of edges
((u1,i, u2,i), (u1,i+1, u2,i+1)) for 1 ≤ i ≤ δG1�G2

((u1, u2), (v1, v2)).
By the definition of the Cartesian graph product, exactly one of the statements

u1,i = u1,i+1 and u2,i = u2,i+1 must hold for each 1 ≤ i ≤ δG1�G2
((u1, u2), (v1, v2)).

Let S1 = {i ∈ N|1 ≤ i ≤ δG1�G2
((u1, u2), (v1, v2)) ∧ u2,i = u2,i+1}. Similarly, let

S2 = {i ∈ N|1 ≤ i ≤ δG1�G2
((u1, u2), (v1, v2)) ∧ u1,i = u1,i+1}. Then the edges

(u1,i, u1,i+1) for i ∈ S1 describe a path between vertices u1 and v1 in G1 of length
|S1|. Similarly, the edges (u1,i, u1,i+1) for i ∈ S2 form a path between vertices u2
and v2 in G2 of length |S2|. Then, it follows that δG1�G2

((u1, u2), (v1, v2)) = |P | =
|S1|+ |S2| ≥ δG1

(u1, v1) + δG2
(u2, v2).

As we have thus shown that both δG1�G2
((u1, u2), (v1, v2)) ≤ δG1

(u1, v1) +
δG2(u2, v2) and δG1�G2

((u1, u2), (v1, v2)) ≥ δG1(u1, v1) + δG2(u2, v2) must hold,
equality follows.

Lemma 3.33. For any two graphsG1 = (V1, E1), G2 = (V2, E2), it holds for any pair
of vertices (u1, u2), (v1, v2) ∈ V1×V2 in the product graphG1×G2 with δG1

(u1, v1) ≥
δG2

(u2, v2) that
δG1×G2((u1, u2), (v1, v2)) = δG1(u1, v1)

if and only if there exists a walk in G2 between u2 and v2 of length δG1
(u1, v1).

Proof. Let graphs G1 = (V1, E1), G2 = (V2, E2) be given.
We will first show that δG1×G2

((u1, u2), (v1, v2)) ≥ δG1
(u1, v1). Let

P = ((u′1, v
′
1), (u′2, v

′
2), . . . , (u′δG1×G2

((u1,u2),(v1,v2))
, v′δG1×G2

((u1,u2),(v1,v2))
))
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be a shortest path between (u1, u2) and (v1, v2) in G1×G2. Then, by the definition
of the Kronecker graph product, P1 = (u′1, u

′
2, . . . , u

′
δG1×G2

((u1,u2),(v1,v2))
) is a valid

walk between u1 and v1 in G1 of length δG1×G2
((u1, u2), (v1, v2)). As δG1

(u1, v1) is
the length of the shortest path between u1 and v1, and thus of the shortest such
walk, δG1×G2((u1, u2), (v1, v2)) = |P | = |P1| ≥ δG1(u1, v1) must hold.

Next we will show that if there exists a walk in G2 between u2 and v2 of length
δG1

(u1, v1), there exists a path between (u1, u2) and (v1, v2) in G1 × G2 of length
δG1

(u1, v1) as well. Let P1 = (u′1, u
′
2, . . . , u

′
δG1

(u1,v1)
) be a shortest path between u1

and v1 in G1. Next, let P2 = (v′1, v
′
2, . . . , v

′
δG1

(u1,v1)
) be a walk of length δG1

(u1, v1)

between u2 and v2 in G2. Then, by the definition of the Kronecker graph product,

P = ((u′1, v
′
1), (u′2, v

′
2), . . . , (u′δG1

(u1,v1)
, v′δG1

(u1,v1)
))

is a valid path between (u1, u2) and (v1, v2) in G1 ×G2 of length δG1
(u1, v1).

Then, we will show that there only exists a path of length δG1
(u1, v1) between

(u1, u2) and (v1, v2) in G1 × G2 if there exists a walk in G2 between u2 and v2 of
length δG1(u1, v1). Let in that case

P = ((u′1, v
′
1), (u′2, v

′
2), . . . , (u′δG1×G2

((u1,u2),(v1,v2))
, v′δG1×G2

((u1,u2),(v1,v2))
))

be a shortest path between (u1, u2) and (v1, v2) in G1×G2. Then, by the definition
of the Kronecker graph product, P2 = (v′1, v

′
2, . . . , v

′
δG1×G2

((u1,u2),(v1,v2))
) is a valid

walk between u2 and v2 in G2 of length δG1×G2
((u1, u2), (v1, v2)) = δG1

(u1, v1).
Together these statements directly prove the lemma’s statement.

Lemma 3.34. For any two graphs G1 = (V1, E1), G2 = (V2, E2), it holds for any
pair of vertices (u1, u2), (v1, v2) ∈ V1 × V2 in the product graph G1 × G2 that
δG1×G2((u1, u2), (v1, v2)) equals the minimum number ` ∈ N such that there ex-
ists both a walk between u1 and v1 in G1 of length ` and a walk between u2 and v2
in G2 of length `.

Proof. Let graphs G1 = (V1, E1), G2 = (V2, E2) be given.
First we will show that δG1×G2((u1, u2), (v1, v2)) is at least as large `. Let

P = ((u′1, v
′
1), (u′2, v

′
2), . . . , (u′δG1×G2

((u1,u2),(v1,v2))
, v′δG1×G2

((u1,u2),(v1,v2))
))

be a shortest path between (u1, u2) and (v1, v2) in G1 × G2. Then, by the def-
inition of the Kronecker graph product, P1 = (u′1, u

′
2, . . . , u

′
δG1×G2

((u1,u2),(v1,v2))
)

is a valid walk between u1 and v1 in G1 of length δG1×G2
((u1, u2), (v1, v2)) and

P2 = (v′1, v
′
2, . . . , v

′
δG1×G2

((u1,u2),(v1,v2))
) is a valid walk between u2 and v2 in G2 of

the same length. As |P1| = |P2|, it follows that δG1×G2
((u1, u2), (v1, v2)) = |P | =

|P1| = |P2| ≥ `.
Next we show that δG1×G2((u1, u2), (v1, v2)) is at most as large `. Let

P1 = (u′1, u
′
2, . . . , u

′
`) be a walk between u1 and v1 in G1 of length ` and similarly

let P2 = (v′1, v
′
2, . . . , v

′
` be a walk between u2 and v2 in G2 of length `. Then, by the

definition of the Kronecker graph product,

P = ((u′1, v
′
1), (u′2, v

′
2), . . . , (u′`, v

′
`))

is a valid walk between (u1, u2) and (v1, v2) in G1×G2. As δG1×G2
((u1, u2), (v1, v2))

is the length of the shortest path between (u1, u2) and (v1, v2) in G1×G2, and thus
the shortest such walk, δG1×G2

((u1, u2), (v1, v2)) ≤ |P | = |P1| = |P2| = `.
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As we have thus shown that δG1×G2((u1, u2), (v1, v2)) is both at least and at
most as large as `, it must be exactly equal to `.

Corollary 3.34.1. For any two graphs G1 = (V1, E1), G2 = (V2, E2), it holds for any
pair of vertices (u1, u2), (v1, v2) ∈ V1 × V2 in the product graph G1 ×G2 that

δG1×G2((u1, u2), (v1, v2)) ≥ max(δG1(u1, v1), δG2(u2, v2)).

Note that the distance between vertices in a Kronecker product graph may be
infinite, as the Kronecker graph product does not preserve the connectedness of
the original graphs. Take for instance the product graph P2 × P3 where P2 and P3

are the path graphs with two and three vertices respectively.

Lemma 3.35. For any two graphs G1 = (V1, E1), G2 = (V2, E2), it holds for any
pair of vertices (u1, u2), (v1, v2) ∈ V1 × V2 in the product graph G1 �G2 that

δG1�G2
((u1, u2), (v1, v2)) = max(δG1

(u1, v1), δG2
(u2, v2)).

Proof. Let graphs G1 = (V1, E1), G2 = (V2, E2) be given.
We will first show that δG1�G2

((u1, u2), (v1, v2)) ≥ max(δG1
(u1, v1), δG2

(u2, v2)).
Let P1 = (u1, u

′
1, u
′
2, . . . , u

′
δG1

(u1,v1)−2, v1) be a shortest path between u1 and v1 in
G1. Similarly let P2 = (u2, u

′′
1 , u
′′
2 , . . . , u

′′
δG2

(u2,v2)−2, v2) be a shortest path between
u2 and v2 in G2.

Without loss of generality, assume that δG1(u1, v1) ≥ δG2(u2, v2). Then, by the
definition of the strong graph product, the path

P = ((u1, u2), (u′1, u
′′
1), . . . , (u′δG2

−2, u
′′
δG2
−2), (u′δG2

−1, v2), . . . , (u′δG1
−2, v2), (v1, v2))

where δG1
and δG2

are shorthand notations for δG1
(u1, v1) and δG2

(u2, v2)
respectively, is a valid path between (u1, u2) and (v1, v2) in G1 � G2 of length
max(|P1|, |P2|).

As δG1�G2
((u1, u2), (v1, v2)) is defined as the length of the shortest such path,

δG1�G2
((u1, u2), (v1, v2)) ≥ |P | = max(|P1|, |P2|) = max(δG1(u1, v1), δG2(u2, v2)).

Next we show that δG1�G2
((u1, u2), (v1, v2)) ≤ max(δG1(u1, v1), δG2(u2, v2)).

Let the sequence P = ((u′i, v
′
i)) for 1 ≤ i ≤ δG1�G2

((u1, u2), (v1, v2)) be a shortest
path between (u1, u2) and (v1, v2) in G1 �G2. Then, by the definition of the strong
graph product, the sequence P1 = (u′i) for 1 ≤ i ≤ δG1�G2

((u1, u2), (v1, v2)), dis-
regarding direct repetitions of vertices, represents a valid path between u1 and
v1 in G1. Thus δG1�G2

((u1, u2), (v1, v2)) ≥ |P1| ≥ δG1(u1, v1). Analogously, we
can show that δG1�G2

((u1, u2), (v1, v2)) ≥ |P2| ≥ δG2
(u2, v2) where P2 = (v′i) for

1 ≤ i ≤ δG1�G2
((u1, u2), (v1, v2)). Thus, the inequality δG1�G2

((u1, u2), (v1, v2)) ≤
max(δG1

(u1, v1), δG2
(u2, v2)) must hold.

As thus both δG1�G2
((u1, u2), (v1, v2)) ≥ max(δG1

(u1, v1), δG2
(u2, v2)) and

δG1�G2
((u1, u2), (v1, v2)) ≤ max(δG1(u1, v1), δG2(u2, v2)) hold, equality follows.

The following two results extend Vizing’s lower and upper bounds from Theo-
rem 3.31.

Theorem 3.36. For all graphs G1 = (V1, E1), G2 = (V2, E2),

(i) αk(G1�G2) ≥ αk(G1) · αk(G2),

(ii) αk(G1�G2) ≤ min(αk(G1) · |V2|, αk(G2) · |V1|).
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Proof. (i) Let graphs G1 = (V1, E1), G2 = (V2, E2) and value k ∈ N be given. Let
S1 ⊆ V1 be a set of vertices such that |S1| = αk(G1) and S1 k-independent
in G1. Similarly, let S2 ⊆ V2 be a set of vertices such that |S2| = αk(G2) and
S2 k-independent in G2. We claim that the set of vertices S = S1 × S2 is
k-independent in G1�G2.

Let (u1, u2), (v1, v2) ∈ S be two distinct vertices in G1�G2. By Lemma 3.32,

δG1�G2
((u1, u2), (v1, v2)) = δG1

(u1, v1) + δG2
(u2, v2).

As (u1, u2) and (v1, v2) distinct, either u1 6= v1 or u2 6= v2 must hold. With-
out loss of generality, assume that u1 6= v1. In that case, it follows that
δG1�G2

((u1, u2), (v1, v2)) ≥ δG1(u1, v1). As u1, v1 ∈ S1, δG1(u1, v1) > k
must hold. Therefore it holds that δG1�G2

((u1, u2), (v1, v2)) > k. But as
(u1, u2), (v1, v2) ∈ S were selected arbitrarily, we conclude that S is
k-independent in G1�G2. As |S| = |S1| · |S2| = αk(G1) + αk(G2), we then
conclude that αk(G1�G2) ≥ αk(G1) · αk(G2).

(ii) Let graphs G1 = (V1, E1), G2 = (V2, E2) and value k ∈ N be given. Let
S ⊆ V1 be a set of vertices such that |S| = αk(G1) and S k-independent.
Let G′2 = (V2, ∅) be the graph given by the vertices of G2. Then, as remov-
ing edges from a graph cannot result in a decrease of the k-independence
number, and by the definition of the Cartesian graph product, αk(G1�G2) ≤
αk(G1�G′2).

In G1�G′2, due to the non-existence of edges in G′2 and the definition of the
Cartesian graph product, the sets Sv2 = {(v1, v2)|v1 ∈ V1} for v2 ∈ V2 are
independent. Let Gv2 be the subgraph induced by Sv2 in G1�G′2 for v2 ∈ V2.
Then, as Sv2 independent for v2 ∈ V2, αk(G1�G′2) =

∑
v2∈V2

αk(Gv2). More-
over, as ((x, v2), (y, v2)) ∈ E� if and only if (x, y) ∈ E1, αk(Gv2) = αkG1 for
all v2 ∈ V2. Therefore, αk(G1�G′2) = αk(G1) · |V2|.
Thus, αk(G1�G2) ≤ αk(G1�G′2) = αk(G1) · |V2|. Analogously, it can be
shown that αk(G1�G2) ≤ αk(G2) · |V1|.

While Theorem 3.36 is tight for complete graphs when k = 1 [58], this is not
the case for k > 1. Indeed, take for example G1 = G2 = K2, and k = 2. Then
αk(G1�G2) = 1, while αk(G1) · |V2| = αk(G2) · |V1| = 2. Note also that for k = 1
Theorem 3.36 yields to Vizing’s bounds from Theorem 3.31 (see [58] for more
details) and Jha and Slutzki [[33], Corollary 2.5].

The next result extends a lower bound by Jha and Slutzki [[33], Theorem 2.4].

Theorem 3.37. For all graphs G1 = (V1, E1), G2 = (V2, E2),

αk(G1 ×G2) ≥ max(αk(G1) · |V2|, αk(G2) · |V1|).

Proof. Let graphs G1 = (V1, E1), G2 = (V2, E2) and value k ∈ N be given. Let
S ⊆ V1 be a set of vertices such that |S| = αk(G1) and S k-independent. Let
S′ =⊆ V1 × V2 be the vertex set given by S × V2.

We will show that S′ is k-independent in G1 × G2. We consider the distance
δG1×G2((u1, u2), (v1, v2)) for two distinct vertices (u1, u2), (v1, v2) ∈ S′. By Corol-
lary 3.34.1, δG1×G2

((u1, u2), (v1, v2)) ≥ δG1
(u1, v1), and as u1, v1 ∈ S and S
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k-independent in G1, δG1×G2((u1, u2), (v1, v2)) ≥ δG1(u1, v1) > k. Thus, S′ is
k-independent in G1 ×G2.

Because |S′| = αk(G1) · |V2|, we conclude that αk(G1 × G2) ≥ αk(G1) · |V2|.
Analogously, it can be shown that αk(G1 ×G2) ≥ αk(G2) · |V1|.

For k = 1, Theorem 3.37 provides the lower bound by Jha and Slutzki [[33],
Theorem 2.4]. We should note that we have not been able to find a tighter up-
per bound than the trivial bound |V1| · |V2|. The upper bound shown in Jha and
Slutzki [[33], Theorem 2.4] does not seem to extend.

The next result extends the bound α(G1 � G2) ≥ α(G1)α(G2) shown by Jha
and Slutzki [[33], Theorem 2.6] to αk.

Theorem 3.38. For all graphs G1, G2,

αk(G1 �G2) ≥ αk(G1) · αk(G2).

Proof. Let graphs G1 = (V1, E1), G2 = (V2, E2) and value k ∈ N be given. Let
S1 ⊆ V1 be a set of vertices such that |S1| = αk(G1) and S1 k-independent in
G1. Similarly, let S2 ⊆ V2 be a set of vertices such that |S2| = αk(G2) and S2

k-independent inG2. We claim that the set of vertices S = S1×S2 is k-independent
in G1 �G2.

Let (u1, u2), (v1, v2) ∈ S be two distinct vertices in G1 �G2. By Lemma 3.35,

δG1�G2
((u1, u2), (v1, v2)) = max(δG1

(u1, v1), δG2
(u2, v2)).

As (u1, u2) and (v1, v2) distinct, either u1 6= v1 or u2 6= v2 must hold. Without loss
of generality, assume that u1 6= v1. Then, it follows that δG1�G2

((u1, u2), (v1, v2)) ≥
δG1

(u1, v1). As u1, v1 ∈ S1, δG1
(u1, v1) > k must hold. Therefore it holds that

δG1�G2
((u1, u2), (v1, v2)) > k. But as (u1, u2), (v1, v2) ∈ S were selected arbitrarily,

we conclude that S is k-independent in G1 � G2. As |S| = |S1| · |S2| = αk(G1) +
αk(G2), we conclude that αk(G1 �G2) ≥ αk(G1) · αk(G2) must hold.

Theorem 3.38 also directly follows from Corollary 3.30.1 and applying the bound
in Jha and Slutzki [[33], Theorem 2.6] to power graphs Gk1 and Gk2 .

Finally, the next result extends the bounds shown in Jha and Slutzki [[33], The-
orem 2.6].

Theorem 3.39. For all graphs G1, G2,

αk(G1 �G2) ≤ αk(G1�G2) ≤ αk(G1 ×G2).

Proof. Let graphs G1 = (V1, E1), G2 = (V2, E2) and value k ∈ N be given.
As by the definitions of the Cartesian and strong graph products E� ⊆ E�, and

as adding additional edges to a graph cannot cause the k-independence number
to increase in value, αk(G1 �G2) ≤ αk(G1�G2).

Next, αk(G1�G2) ≤ αk(G1 × G2) follows directly from Theorem 3.36(ii) and
Theorem 3.37.

Note that Theorem 3.36(i) also follows from Theorem 3.38 and Theorem 3.39.
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3.5.1 Tightness of the bounds

Next we investigate the tightness of the newly obtained bounds for αk of graph
products. We present the results of a brute force approach checking the tightness
of the new bounds for all products of graphs of certain order. For details on the
implementation see Section 5.2. The results are presented in Tables 3, 4, 5 and 6.
With |V1| and |V2| we denote the order of G1 and G2, respectively.

|V1|
|V2|

1 2 3 4 5 6
1 1/1 - - - - -
2 2/2 3/4 - - - -
3 4/4 5/8 7/16 - - -
4 11/11 12/22 14/44 21/121 - -
5 34/34 35/68 37/136 44/374 67/1155 -
6 156/156 157/312 159/624 166/1716 189/5304 311/24336

Table 3: Number of Cartesian graph products for which the lower bound from The-
orem 3.36(i) is attained for all k out of the total number of possible graph products
with all non-isomorphic G1 = (V1, E1) and all non-isomorphic G2 = (V2, E2) with
the orders of G1 and G2 given.

|V1|
|V2|

1 2 3 4 5 6
1 1/1 - - - - -
2 2/2 3/4 - - - -
3 4/4 5/8 7/16 - - -
4 11/11 12/22 14/44 21/121 - -
5 34/34 35/68 37/136 44/374 67/1155 -
6 156/156 157/312 159/624 166/1716 189/5304 311/24336

Table 4: Number of Cartesian graph products for which the upper bound from The-
orem 3.36(ii) is attained for all k out of the total number of possible graph products
with all non-isomorphic G1 = (V1, E1) and all non-isomorphic G2 = (V2, E2) with
the orders of G1 and G2 given.

We note that the values in Tables 3 and 4 are identical. Further investigation
has shown that for these small Cartesian graph products, the lower bound is tight
if and only if the upper bound is tight.

Proposition 3.40. Let G1 = (V1, E1) be an edgeless graph and G2 = (V2, E2)
an arbitrary graph. The bounds in Theorems 3.36, 3.37 and 3.38 are tight for the
graph products G1�G2, G1 ×G2 and G1 �G2 respectively.

Proof. We first consider G1�G2. As E1 = ∅, the edge set of G1�G2 is given by
∪vi∈V1{((vi, ui), (vi, uj))|(ui, uj) ∈ E2}. Moreover, we note that the sets
{((vi, ui), (vi, uj))|(ui, uj) ∈ E2} for vi ∈ V1 only contain edges on the vertex sets
{vi} × V2 respectively. Let Svi denote these vertex sets {vi} × V2 for vi ∈ V1.
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|V1|
|V2|

1 2 3 4 5 6
1 1/1 - - - - -
2 2/2 4/4 - - - -
3 4/4 6/8 7/16 - - -
4 11/11 15/22 15/44 26/121 - -
5 34/34 38/68 37/136 47/374 67/1155 -
6 156/156 165/312 160/624 176/1716 192/5304 326/24336

Table 5: Number of Kronecker graph products for which the bound in Theorem 3.37
is attained for all k out of the total number of possible graph products with all non-
isomorphic G1 = (V1, E1) and all non-isomorphic G2 = (V2, E2) with the orders of
G1 and G2 given.

|V1|
|V2|

1 2 3 4 5 6

1 1/1 - - - - -
2 2/2 4/4 - - - -
3 4/4 8/8 16/16 - - -
4 11/11 22/22 44/44 121/121 - -
5 34/34 68/68 136/136 374/374 1155/1155 -
6 156/156 312/312 624/624 1716/1716 5300/5304 24320/24336

Table 6: Number of strong graph products for which the bound presented in The-
orem 3.38 is attained for all k out of the total number of possible graph products
with all non-isomorphic G1 = (V1, E1) and all non-isomorphic G2 = (V2, E2) with
the orders of G1 and G2 given.

Then, these sets Svi partition V1 × V2 and are not connected. Let 〈Svi〉 de-
note the subgraph induced by Svi in G1�G2 for vi ∈ V1. Then it follows that as
these sets are not connected, αk(G1�G2) =

∑
vi∈V1

αk(〈Svi〉). But, as by con-
struction 〈Svi〉 is isomorphic to G2 for vi ∈ V1, αk(〈Svi〉) = αk(G2) for vi ∈ V1.
Thus, αk(G1�G2) =

∑
vi∈V1

αk(G2) = |V1| · αk(G2). Then, because trivially
αk(G1) = |V1|, the bound in Theorem 3.36(i) is tight. Moreover, as αk(G2) ≤ |V2|,
also the bound in Theorem 3.36(ii) is tight.

Next we consider G1×G2. As E1 = ∅, also G1×G2 is edgeless. It therefore triv-
ially follows that αk(G1×G2) = |V1×V2| = |V1| · |V2|. As furthermore αk(G1) = |V1|
and αk(G2) ≤ |V2|, the bound in Theorem 3.37 is tight.

Finally we consider G1�G2. As the edge set of G1�G2 is the union of the edge
sets of G1�G2 and G1 ×G2, and as G1 ×G2 is edgeless, G1 �G2 = G1�G2 must
hold. Therefore, αk(G1 � G2) = αk(G1�G2) = |V1| · αk(G2) as shown previously.
Due to αk(G1) = |V1|, the bound in Theorem 3.38 is thus tight.

Lastly, we leave an open problem related to Proposition 3.40.

Problem 3.41. Investigate whether the new obtained bounds for αk of graph prod-
ucts are tight for some connected infinite graph families.
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G1 �G2G1 ×G2G1�G2

Figure 12: Illustration of the Cartesian, Kronecker, and strong graph products for
the proof of Proposition 3.40. Graphs G1 is the edgeless graph on the two vertices
u1 and u2, and G2 is as given in Figure 10. For the sake of readability, labels of the
vertices have been left out. Note that for G1 = (V1, E1) and G2 = (V2, E2), G1�G2

and G1 �G2 are identical and are isomorphic to |V1| copies of G2, and G1 ×G2 is
an edgeless graph.

3.6 Formulations

Given that the k-Independent Set Problem is NP-complete (see Section 3.2), it
makes sense to study some formulations in order to calculate the exact value of
αk for small graphs and approximations for larger graphs.

While this Section does not contain novel and definite results, we have included
it for being the original focus of the thesis.

3.6.1 ILP formulation

The formulation of the MIS problem as an Integer Linear Program (ILP) is well
known [23]. For a graph G = (V,E), a variable xv is introduced for every vertex
v ∈ V . The problem can then be described by the following ILP:

Maximize
∑
v∈V

xv

Subject to xv1 + xv2 ≤ 1 ∀(v1, v2) ∈ E
xv ∈ {0, 1} ∀v ∈ V.

(1)

Observe that the objective function computes the cardinality of the considered set,
and will thus return the independence number upon termination.

While the ILP is guaranteed to return the optimal solution, its running time can-
not be bounded by a polynomial. Therefore, a Linear Program (LP) relaxation is
often used. The restriction of the domain of all xv to the set {0, 1} is replaced by
the interval [0, 1].

Both the ILP and the LP can be extended easily to the Maximum k-Independent
Set Problem. We replace the edge constraint to obtain the following ILP:

Maximize
∑
v∈V

xv

Subject to xv1 + xv2 ≤ 1 ∀v1, v2 ∈ V : δG(v1, v2) ≤ k
xv ∈ {0, 1} ∀v ∈ V.

(2)

The same LP relaxation can be used as for the MIS problem.
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3.6.2 SDP formulation

There also exist Semidefinite Programming (SDP) formulations for the MIS prob-
lem. The previously mentioned SDP for the computation of the Lovász number has
been used as the basis of such formulations [6]. Moreover, specialized formula-
tions exist for the MIS problem on hypergraphs [4].

We will consider a SDP formulation recently introduced by McKenzie et al. [49]
which results in the best known bounds for the independence number in the Feige-
Killian semirandom graph model. In their work, they use the following formulation
for a given graph G = (V,E) in which a n-dimensional vector xv is associated to
every vertex v ∈ V . Then,

Maximize
∑

v1,v2∈V
〈xv1 , xv2〉

Subject to 〈xv1 , xv2〉 = 0 ∀(v1, v2) ∈ E
||xv||2 = 1 ∀v ∈ V.

(3)

Similar as we did in Section 3.6.1, we can replace edge constraint to generalize
the SDP (3) to the Maximum k-Independent Set Problem, resulting in the following
formulation:

Maximize
∑

v1,v2∈V
〈xv1 , xv2〉

Subject to 〈xv1 , xv2〉 = 0 ∀v1, v2 ∈ V : δG(v1, v2) ≤ k
||xv||2 = 1 ∀v ∈ V.

(4)

To use the SDP formulations (3) and (4) in a computational setting, they must
first be translated into standard form. Due to the dot product being the most widely
used inner product in Euclidean space, we will denote the inner products used in
Formulations (3) and (4) by the ’·’ operator in the following formulations.

Firstly, we reformulate the constraints on all vertices, by expressing the squared
norm of the associated vector by the dot product with itself. The result is given in
Formulation (5):

Maximize
∑

v1,v2∈V
xv1 · xv2

Subject to xv1 · xv2 = 0 ∀(v1, v2) ∈ E
xv · xv = 1 ∀v ∈ V.

(5)

A popular standard formulation for semidefinite programs is given by Formula-
tion (6):

Maximize
n∑

i,j=1

Cij ·Xij

Subject to
n∑

i,j=1

Aijk ·Xij = bk ∀k = 1, . . . ,m

X � 0.

(6)

We transform Formulation (5) into this framework as follows. Let n be the num-
ber of vertices, |V |, and let C be an n×n matrix will all entries equal to 1. Note that
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each entry Xij thus represents the value of the inner product between the vectors
associated with vi and vj in the Formulation (5). Let m equal |E| + |V |. Then, for
each edge (v1, v2) ∈ E, we have an n × n matrix Ak for some k ∈ [1, |E|] with
entries

(Ak)ij =

{
1 if {i, j} = {v1, v2}
0 otherwise.

Correspondingly, we have bk equal to 0. These matrices correspond to the edge
constraints in Formulation (5). Next, for each vertex v ∈ V , we have an n×n matrix
Ak for some k ∈ [|E|+ 1,m] with entries

(Ak)ij =

{
1 if (i, j) = (v, v)

0 otherwise.

Correspondingly, we have bk equal to 1. These matrices correspond to the vertex
constraints in Formulation (5).

Some SDP solvers, including notably SageMath, require the formulation to be
of the dual form of Formulation (6). The dual problem formulation is given in For-
mulation (7):

Minimize
m∑
k=1

bk · yk

Subject to
m∑
k=1

yk ·Ak � C.
(7)

Note that, as bk equals 0 for all k ≤ |E|, and equals 1 for all k ≥ |E| + 1, the
objective function can be formulated as min(

∑m
k=|E|+1 yk).

Implementation of an extension of an algorithm by McKenzie et al. [49]

Due to odd behaviour of the native SDP solver in SageMath, we have implemented
the algorithm based on Formulation (6) in MOSEK, an optimization software pack-
age including a well-regarded SDP solver, as well. Our implementation is included
in Appendix 5.2.

Once the optimal solution to the semidefinite program has been found, the re-
sulting solution matrix X must be translated back to the vectors of Formulation (5).
As the entries of X all correspond to inner products between vectors, one method
is to determine the Cholesky decomposition. Namely, for X = L ·LT , where L is a
lower triangular matrix with positive diagonal entries, the vectors are then given by
the column vectors of LT . However, Cholesky decompositions only exist for pos-
itive definite matrices [31], and X is only guaranteed to be positive semidefinite.
For positive semidefinite matrices decompositions of the form L · LT still exist, but
the diagonals are only guaranteed to be non-negative rather than positive. In our
case, as each vector is guaranteed to be of length 1, this weaker variant suffices.
Adaptations to the traditional algorithms used for computing Cholesky decompo-
sitions exist to support the positive semidefinite case [31]. The implementation
incorporated in SageMath does not support positive semidefinite matrices. As a
result, our implementation of the algorithm only returns a value for its approxi-
mation of the k-independence number if the solution found by the SDP solver is
positive definite.
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The algorithm as proposed by McKenzie et al. then creates a set for each
vector containing all vectors that have a Euclidean distance less than

√
2−
√

2
to said vector. Based on these sets of vectors, we create sets containing the
associated vertices. For each such set, the proposed algorithm adds all vertices
that are independent with all vertices already in the set. For our purposes, we
instead add all vertices that are k-independent with all vertices already in the set.
Finally, like in the proposed algorithm, we return the size of the largest such set.

Due to the limitation in our implementation, we do not provide a comprehensive
performance analysis of the algorithm. For a number of named graphs available in
SageMath we provide the approximations determined by the algorithm in Table 7.
Note that this table should not be used without further context to draw conclusions
on the performance of the algorithm, as the graphs were specifically selected such
that the SDP does not return a positive semidefinite matrix.

Graph k = 1 k = 2 k = 3 k = 4
R α1 R α2 R α3 R α4

Bidiakis cube 5 5 2 2 1 1 1 1
Brouwer-Haemers graph 12 15 1 1 1 1 1 1
Clebsch graph 5 5 1 1 1 1 1 1
Cocliques of the Hoffman-Singleton graph 50 50 4 4 2 2 1 1
Conway-Smith graph related to 3Sym(7) 18 18 3 3 3 3 1 1
Coxeter graph 12 12 7 7 4 4 1 1
Double-star snark 13 13 6 6 4 4 1 1
Forster graph for 3Sym(6) 15 15 3 3 3 3 1 1
Franklin graph 6 6 2 2 1 1 1 1
Goldner-Harary graph 6 6 1 1 1 1 1 1
Golomb graph 4 4 2 2 1 1 1 1
Grotzsch graph 5 5 1 1 1 1 1 1
Hall-Janko graph 10 10 1 1 1 1 1 1
Herschel graph 6 6 2 2 2 2 1 1
Higman-Sims graph 22 22 1 1 1 1 1 1
Mesner graph 21 21 1 1 1 1 1 1
Moebius-Kantor graph 8 8 4 4 2 2 1 1
Moser spindle 2 2 1 1 1 1 1 1
Nauru graph 12 12 6 6 4 4 1 1
Pappus graph 9 9 3 3 3 3 1 1
Robertson graph 7 7 3 3 1 1 1 1
Schlaefli graph 3 3 1 1 1 1 1 1
Sims-Gewirtz graph 16 16 1 1 1 1 1 1
Sylvester graph 12 12 6 6 1 1 1 1
Thomsen graph 3 3 1 1 1 1 1 1
Tietze graph 5 5 3 3 1 1 1 1
Tutte-Coxeter graph 15 15 6 6 5 5 1 1
Wagner graph 3 3 1 1 1 1 1 1
Wells graph 10 10 2 2 2 2 1 1

Table 7: Performance of the extension of the SDP-based algorithm by McKen-
zie et al. for selected SageMath named graphs and k = 1, 2, 3, 4. In the table, the
returned value by the algorithm is denoted with R. Differences between the approx-
imation determined by the algorithm and the actual value for the k-independence
number are indicated in red.
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Extending the bounds by McKenzie et al. [49]

The original aim of this thesis was to extend the theoretical bounds presented by
McKenzie et al. based on the aforementioned SDP [49]. The motivation behind
extending the SDP for the k-Independent Set Problem was the first step in this
process.

The analysis resulting in the bounds by McKenzie et al. relies on the underly-
ing model by Feige and Kilian [24] for the generation of the graph. This adversarial
model was designed specifically for the MIS problem, and as such, cannot directly
be used for our purposes. In the Feige-Kilian model, a graph G = (V,E) with
E = ∅ is initially given. First, a set of vertices S ⊆ V with cardinality ` is chosen
at random. The remainder of the generation process ensures it remains indepen-
dent. As such, S is a planted independent set. Next, edges between S and V \ S
are randomly generated according to the Erdós-Rényi model. Afterwards, an ad-
versary is allowed to add any additional edges between S and V \ S, and within
V \ S.

For the bound analysis, it is trivially important that during the generation of the
graph, the planted set remains independent. Moreover, for the model to be pow-
erful, it is furthermore of importance that the adversary has significant freedom in
shaping the graph. These requirements should also hold for a possible adaptation
of the Feige-Kilian model used for deriving bounds in the case of the k-Independent
Set Problem. However, for the planted set to remain k-independent, the restrictions
in the Feige-Kilian model do not suffice.

If edges are placed at random between S and V \ S, or these edges can be
placed arbitrarily by the adversary, k-independence is not guaranteed for k ≥ 2.
However, if we disallow such edges, the problem of recovering the planted set
is trivial; one only needs to find the isolated vertices. Therefore, these edges
should be placed, either randomly or by the adversary, under additional conditions
ensuring the k-independence. These constraints make the analysis significantly
more complex. As a result, we have been unsuccessful in extending the bounds
by McKenzie et al.

On the k-Independent Set Problem 38



Hidde Koerts Supervised by Aida Abiad

4 Concluding remarks

Note that αk of a graphG is the independence number ofGk, that is αk(G) = α(Gk)
(the k-th power graph Gk of G has the same vertex set as G and two distinct ver-
tices are adjacent in Gk if their distance in G is at most k). However, in general,
even the simplest spectral or combinatorial parameters of Gk cannot be deduced
easily from the corresponding parameters of G [18, 20]. Similarly, the complex-
ity of the computation of the parameters of Gk cannot be derived easily from the
complexity for G.

Motivated by the previous remark, this thesis aimed to provide new complexity
insights regarding the k-Independent Set problem, as well as to obtain non-trivial
generalizations of graph theoretical results for the independence number that de-
pend purely on the parameters of the original graph and not of its higher powers.
During the research process, we also explored other graph parameters related to
the k-Independence number, leading to new bounds and complexity results.

Due to the broad scope of the covered research, the results vary in nature.
With our complexity and relational results, we aim to contribute to the general
understanding of the k-independence number and the associated computational
problems. Our work on the relation between the k-independence number and the
h-diameter, and on bounds for the k-independence number of graph products is of
a more focused nature.

Future work has been discussed throughput this thesis with several proposed
open problems.
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[52] PEÑA, J., VERA, J., AND ZULUAGA, L. F. Computing the Stability Number of
a Graph Via Linear and Semidefinite Programming. SIAM J. on Optimization
18, 1 (2 2007), 87–105.

[53] SONNEMANN, E., AND KRAFFI, O. Independence Numbers of Product
Graphs. JOURNAL OF COMBINATORIAL THEORY (B) 17 (1974), 133–142.

[54] TAOQIU, Z., O, S., AND SHI, Y. Sharp upper bounds on the k-independence
number in regular graphs, 2019.

[55] TOMITA, E., AND SEKI, T. An Efficient Branch-and-Bound Algorithm for Find-
ing a Maximum Clique. In Discrete Mathematics and Theoretical Computer
Science (Berlin, Heidelberg, 2003), C. S. Calude, M. J. Dinneen, and V. Va-
jnovszki, Eds., Springer Berlin Heidelberg, pp. 278–289.

[56] TOMITA, E., SUTANI, Y., HIGASHI, T., TAKAHASHI, S., AND WAKATSUKI, M.
A Simple and Faster Branch-and-Bound Algorithm for Finding a Maximum
Clique. In WALCOM: Algorithms and Computation (Berlin, Heidelberg, 2010),
M. S. Rahman and S. Fujita, Eds., Springer Berlin Heidelberg, pp. 191–203.

[57] UGURLU, O. New heuristic algorithm for unweighted minimum vertex cover. In
2012 IV International Conference ”Problems of Cybernetics and Informatics”
(PCI) (2012), pp. 1–4.

[58] VIZING, V. Cartesian product of graphs. Vycisl. Sistemy 9 (1963), 30–43.

[59] WANG, L., HU, S., LI, M., AND ZHOU, J. An Exact Algorithm for Minimum
Vertex Cover Problem. Mathematics 7, 7 (7 2019), 603.

[60] WOCJAN, P., ELPHICK, C., AND ABIAD, A. Spectral upper bound on the
quantum k-independence number of a graph. arXiv e-prints (Oct. 2019),
arXiv:1910.07339.

On the k-Independent Set Problem 43



Hidde Koerts Supervised by Aida Abiad

5 Appendix

5.1 Glossary of notations

The following table contains the notation we use throughout the report.

Notation Concept
δG(vi, vj) Distance between vertices vi ∈ V and vj ∈ V in graph G = (V,E)
α(G) The independence number of graph G
αk(G) The k-independence number of graph G
Gk The k-th power graph of graph G
D(G) The diameter of graph G
Dh(G) The h-diameter of graph G
χ(G) The chromatic number of graph G
χk(G) The k-distance chromatic number of graph G
ϑ(G) The Lovász number of graph G
ϑk(G) The Lovász number of power graph Gk

G�H The Cartesian product of graphs G and H
G×H The Kronecker product of graphs G and H
G�H The strong product of graphs G and H
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5.2 Code

For all computational results, we make use of the open source mathematics soft-
ware system SageMath1, specifically version 9.2. In this section, we will provide all
the code used to produce the presented results and support the supplied lemmas.

Computation of Gk

The following function is used to obtain Gk for a given graph G and positive integer
k.

1 def power_graph(G, k):

2 A = G.adjacency_matrix()

3 D = A

4

5 for j in range(2, k + 1):

6 D = D + A**j

7

8 B = D.apply_map(lambda n : (n > 0))

9 H = Graph(B)

10 H.allow_loops(False)

11 return H

Computation of αk

The following function is used to compute αk(G) for a given graph G and non-
negative integer k.

1 def alpha_k(G, k):

2 H = power_graph(G, k)

3 a = len(H.independent_set())

4 return a

Computation of Dk

The following function is used to compute Dk(G) for a given graph G and non-
negative integer k.

1 def k_diameter(G, k):

2 distance_range = [*range(k, G.diameter() + 1)]

3 G_distanced = G.distance_graph(distance_range)

4 return G_distanced.clique_number()

Computation of ϑk(G)

The following function is used to compute ϑk(G) for a given graph G and positive
integer k.

1 def lovasz_bound(G, k):

2 H = power_graph(G, k)

3 return H.lovasz_theta()

1https://www.sagemath.org/
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Code supporting Lemmas 3.21, 3.22, 3.23, 3.24

The following code was used to investigate the equality conditions of Lemma’s 3.19
and 3.20.

1 counter_n_graphs = 0

2 counter_at_least_one_k = 0

3 counter_all_k = 0

4

5 # Number of vertices

6 n = 8

7

8 # Iterate over all non-isomorphic graphs

9 for G in graphs(n):

10 if (not G.is_connected()):

11 continue;

12

13 counter_n_graphs += 1

14

15 no_k = True

16 all_k = True

17

18 for k in range(2, n + 2):

19 if (alpha_k(G, k_diameter(G, k) - 1) == k):

20 no_k = False

21 else:

22 all_k = False

23

24 if (not no_k):

25 counter_at_least_one_k += 1

26 if (all_k):

27 counter_all_k += 1

28

29 print("Number of graphs: " + str(counter_n_graphs))

30 print("Number of graphs for which equality holds for at least one k:

" + str(counter_at_least_one_k))↪→

31 print("Number of graphs for which equality holds for all k: " +

str(counter_all_k))↪→

Note that for investigating the relation given by Lemma 3.20, the condition in line
19 is replaced by (k_diameter(G, alpha_k(G, k)) == k + 1) and the range in
line 18 by (0, n + 1).

Investigation of tightness bounds for αk of product graphs

General functions used for checking the tightness of the various bounds for specific
graphs.

1 def check_lower_bound_cartesian_product(G_1, G_2, k):

2 product_graph = G_1.cartesian_product(G_2)

3 return alpha_k(product_graph, k) == alpha_k(G_1, k) *

alpha_k(G_2, k)↪→
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4

5 def check_upper_bound_cartesian_product(G_1, G_2, k):

6 product_graph = G_1.cartesian_product(G_2)

7 rhs = min(alpha_k(G_1, k) * G_2.order(), alpha_k(G_2, k) *

G_1.order())↪→

8 return alpha_k(product_graph, k) == rhs

9

10 def check_lower_bound_kronecker_product(G_1, G_2, k):

11 product_graph = G_1.tensor_product(G_2)

12 rhs = max(alpha_k(G_1, k) * G_2.order(), alpha_k(G_2, k) *

G_1.order())↪→

13 return alpha_k(product_graph, k) == rhs

14

15 def check_lower_bound_strong_product(G_1, G_2, k):

16 product_graph = G_1.strong_product(G_2)

17 return alpha_k(product_graph, k) == alpha_k(G_1, k) *

alpha_k(G_2, k)↪→

Experiments used to generate Tables 3, 4, 5 and 6.

1 def number_of_non_isomorphic_graphs(n):

2 count = 0

3 for G in graphs(n):

4 count += 1

5 return count

6

7 n_1 = 6

8 n_2 = 5

9

10 count_products = 0

11 count_cartesian_lb_tight = 0

12 count_cartesian_ub_tight = 0

13 count_kronecker_lb_tight = 0

14 count_strong_lb_tight = 0

15

16 tracking_counter = 0

17 num_graphs_1 = number_of_non_isomorphic_graphs(n_1)

18

19 for G_1 in graphs(n_1):

20 tracking_counter += 1

21 print("Evaluating graph " + str(tracking_counter) + " / " +

str(num_graphs_1))↪→

22 for G_2 in graphs(n_2):

23 count_products += 1

24

25 lb_cartesian_tight = True

26 ub_cartesian_tight = True

27 lb_kronecker_tight = True

28 lb_strong_tight = True

29

30 for k in range(1, n_1 * n_2 + 2):
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31 if (lb_cartesian_tight):

32 lb_cartesian_tight =

check_lower_bound_cartesian_product(G_1, G_2, k)

and lb_cartesian_tight

↪→

↪→

33 if (ub_cartesian_tight):

34 ub_cartesian_tight =

check_upper_bound_cartesian_product(G_1, G_2, k)

and ub_cartesian_tight

↪→

↪→

35 if (lb_kronecker_tight):

36 lb_kronecker_tight =

check_lower_bound_kronecker_product(G_1, G_2, k)

and lb_kronecker_tight

↪→

↪→

37 if (lb_strong_tight):

38 lb_strong_tight =

check_lower_bound_strong_product(G_1, G_2, k)

and lb_strong_tight

↪→

↪→

39

40 if lb_cartesian_tight:

41 count_cartesian_lb_tight += 1

42 if ub_cartesian_tight:

43 count_cartesian_ub_tight += 1

44 if lb_kronecker_tight:

45 count_kronecker_lb_tight += 1

46 if lb_strong_tight:

47 count_strong_lb_tight += 1

48

49 print("Total number of products evaluated: ", count_products)

50 print("Lower bound Cartesian product: ", count_cartesian_lb_tight)

51 print("Upper bound Cartesian product: ", count_cartesian_ub_tight)

52 print("Lower bound Kronecker product: ", count_kronecker_lb_tight)

53 print("Lower bound strong product: ", count_strong_lb_tight)

Experiments used to investigate the tightness of the bounds for several graph
families.

1 G_1 = graphs.AztecDiamondGraph(4)

2

3 lb_cartesian_tight = True

4 ub_cartesian_tight = True

5 lb_kronecker_tight = True

6 lb_strong_tight = True

7

8 for i in range(30):

9 print("Generating graph " + str(i + 1) + " / 30")

10 # Generate random G_2

11 G_2 = graphs.RandomGNP(7, 0.5)

12

13 for k in range(1, 10):

14 if (lb_cartesian_tight):
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15 lb_cartesian_tight =

check_lower_bound_cartesian_product(G_1, G_2, k) and

lb_cartesian_tight

↪→

↪→

16 if (ub_cartesian_tight):

17 ub_cartesian_tight =

check_upper_bound_cartesian_product(G_1, G_2, k) and

ub_cartesian_tight

↪→

↪→

18 if (lb_kronecker_tight):

19 lb_kronecker_tight =

check_lower_bound_kronecker_product(G_1, G_2, k) and

lb_kronecker_tight

↪→

↪→

20 if (lb_strong_tight):

21 lb_strong_tight = check_lower_bound_strong_product(G_1,

G_2, k) and lb_strong_tight↪→

22

23 print("Lower bound Cartesian product: ", lb_cartesian_tight)

24 print("Upper bound Cartesian product: ", ub_cartesian_tight)

25 print("Lower bound Kronecker product: ", lb_kronecker_tight)

26 print("Lower bound Strong product: ", lb_strong_tight)

To analyze different graph families implemented in SageMath, the function call
graphs.AztecDiamondGraph(4) in line 1 should be replaced with another graph
family constructor.

Implementation of extension of SDP algorithm by McKenzie et al. [49]

The following implementation is based on the MOSEK optimization software2.

1 # Function for finding a k-independent set based on McKenzie et al.

(2019)↪→

2 # Uses the Mosek solver

3 def mckenzie_mosek_k(G, k):

4

5 # Make Mosek environment

6 with mosek.Env() as env:

7

8 # Create task object

9 with env.Task(0, 0) as task:

10

11 # Precomputated constants

12 n_vertices = G.order()

13 n_edges = power_graph(G, k).size()

14

15 # Set logger

16 task.set_Stream(mosek.streamtype.log, print)

17

18 # Description for creation objective matrix

19 barci = []

20 barcj = []

2https://www.mosek.com/
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21 barcval = []

22

23 for i in range(n_vertices):

24 for j in range(i + 1):

25 barci.append(i)

26 barcj.append(j)

27 barcval.append(1)

28

29 # Set SDP variables

30 task.appendbarvars([n_vertices])

31

32 # Create objective matrix

33 symc = task.appendsparsesymmat(n_vertices, barci, barcj,

barcval)↪→

34

35 # Add constraints

36 task.appendcons(n_edges + n_vertices)

37

38 for i in range(n_edges):

39 task.putconbound(i, mosek.boundkey.fx, 0.0, 0.0)

40

41 for i in range(n_edges, n_edges + n_vertices):

42 task.putconbound(i, mosek.boundkey.fx, 1.0, 1.0)

43

44 # Create edge constraint matrices

45 constraints_matrices = []

46 for edge in power_graph(G, k).edges():

47 # Possibly swap to ensure that specified coordinate

is in bottom triangle of matrix↪→

48 first = edge[0] if edge[0] > edge[1] else edge[1]

49 second = edge[1] if edge[0] > edge[1] else edge[0]

50 constraints_matrices.append(

task.appendsparsesymmat(n_vertices, [first],

[second], [1]))

↪→

↪→

51

52 # Create vertex constraint matrices

53 for vertex in G.vertices():

54 constraints_matrices.append(

task.appendsparsesymmat(n_vertices, [vertex],

[vertex], [1]))

↪→

↪→

55

56 # Set objective matrix

57 task.putbarcj(0, [symc], [1.0])

58

59 # Set constraints

60 for i in range(n_edges + n_vertices):

61 task.putbaraij(i, 0, [constraints_matrices[i]],

[1.0])↪→

62

63 # Set objective sense
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64 task.putobjsense(mosek.objsense.maximize)

65

66 # Solve

67 task.optimize()

68 task.solutionsummary(mosek.streamtype.msg)

69

70 # Retrieve solution SDP

71 lenbarvar = n_vertices * (n_vertices + 1) / 2

72 barx = [0.] * int(lenbarvar)

73 task.getbarxj(mosek.soltype.itr, 0, barx)

74

75 # Convert solution from MOSEK stacked columns (half

vectorization) format to matrix↪→

76 for i in range(len(barx)):

77 if (barx[i] < 0):

78 barx[i] = 0

79 cols = []

80 start_index = 0

81 for i in range(n_vertices):

82 cols.append((i * [0]) + barx[start_index :

start_index + n_vertices - i])↪→

83 start_index += (n_vertices - i)

84

85 sol_X = matrix(RDF, cols).T

86 for i in range(n_vertices):

87 for j in range(i + 1, n_vertices):

88 sol_X[i, j] = sol_X[j, i]

89

90 # Use Cholesky decomposition to compute vectors

associated to vertices↪→

91 if (not sol_X.is_positive_definite()):

92 print("Solution found in SDP not positive definite,

aborting")↪→

93 return

94

95 vectors = sol_X.cholesky()

96

97 # Compute the sets for each vector using ball of radius

\sqrt(2 - \sqrt(2))↪→

98 sets = []

99 for i in range(n_vertices):

100 v_set = [i]

101 for j in range(n_vertices):

102 if (i != j and math.dist(vectors[i], vectors[j])

<= sqrt(2 - sqrt(2))):↪→

103 v_set.append(j)

104 sets.append(v_set)

105

106 # Append to all sets further vertices greedily

107 edges_power_graph = power_graph(G, k).edges()
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108 for i in range(n_vertices):

109 for s in sets:

110 if (i in s):

111 continue;

112

113 k_independent_from_set = True

114 for j in s:

115 if (min(i, j), max(i, j), None) in

edges_power_graph:↪→

116 k_independent_from_set = False

117

118 if k_independent_from_set:

119 s.append(i)

120 sage math sqrt

121 # Print k-independence number found

122 print("McKenzie et al.: ", max([len(s) for s in sets]))
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