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Abstract

Job Heijmans, Industrial and Applied Mathematics, University of Technology Eindhoven
Chance Constrained Programming and Applications, Submitted September 18, 2020
Supervisor: Prof. dr. A.P. Zwart

The aim of this thesis is to gain insights in methods for chance constrained pro-
gramming using practical problems. In this thesis, a description of chance constrained
programming is given, and different solution methods are described.
Two practical problem will be examined starting with the chance constrained portfolio
problem. The traditional scenario generation approach by G. Calafiore & Campi (2005)
will be compared with an adaption of this approach by Pagnoncelli et al. (2009). A look
will be taken at problems that can be solved exact in order to be able to say something
about the accuracy of the methods. It seems that the first method is very conservative,
and the second will, on average, give us a good approximation.
In the second problem a epidemic model will be described and assuming uncertainty
in its parameters a chance constrained optimization problem will be presented. In this
model a control function will be determined to display the percentage of people that are
in quarantine. The used model shows that it is best to start with a stricter quarantine
and work towards a less strict quarantine. Also the model shows it is important to
keep in mind uncertainty in epidemic models, as small parameter changes can have high
impact on the development of an epidemic.
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1 Introduction

In many modern systems, uncertainty plays a big role. Think for example of systems
where we have scheduling tasks with non-deterministic processing times (Cai et al.,
2014), maintenance systems where failure times are random (Wang, 2010), and many
more. In order to be able to make decisions under this uncertainty, one can use tools
from stochastic programming. In stochastic programming problems, we have to make
choices in which we keep in mind there is some stochastic process going on.

A famous example of this is the newsvendor problem. In this problem there is a
newsvendor, which has to make a choice on how many papers he will buy, and after-
wards he will try to sell the newspapers he bought. In this problem, the demand of the
newspapers is a stochastic variable. The newsvendor does not know what the demand
will be, but if he buys too few newspapers, he will sell them all but could have sold
more, and if he buys to much newspapers, he will end up with newspapers he bought
for nothing. Now we want to optimize the profit of the newsvendor.
This is just a basic example of a stochastic optimization problem. This problem can be
extended, and we could add a constraint for example, that says that the probability of
having to much left-over newspapers is small. Then this constraint is called a chance
constraint (as it is depending on the random demand) and we are dealing with a chance
constrained optimization problem. In this paper we will focus on chance constrained
programming and we will look at different methods to solve such problems.

In many real-life problems we are dealing with heavy-tailed distributions. Heavy-
tailed distributions find applications in for example finance (Gabaix et al., 2003), disease
spreads (Meyer & Held, 2014), city/firm sizes (Gabaix, 2016), etc. In this thesis we will
both look at chance constrained programming with lower- and heavy-tailed distribu-
tions. The reason that we will make a distinction between heavy-tailed and lower-tailed
chance constrained problems is that we cannot apply all of the tools from lower-tailed
chance constrained programming to problems with heavy-tailed distributions. We will
see why this is the case later.

The methods that will be described will be exampled using two practical problems
at the heart of two recent global crises. We consider robust financial investment policies
when losses are following a certain distribution. Furthermore, we will design an epi-
demic model related to the Covid-19 virus, in which we seek an exit strategy such that
the number of occupied intensive care beds are bounded. In this problem we will work
with parameter uncertainty in the model, and therefore formulate a chance constrained
program. While both of these practical problems are entirely different, they both fit
into the framework of chance constrained programming.

In this report, we start in Section 2 with a description of chance constraint pro-
gramming, and methods there are to solve such problems. Then we will formally define
heavy-tailed distributions and show what problems they give in chance constrained pro-
gramming in Section 2.2. Thereafter we will go into the practical problems. Starting
with the chance constrained portfolio problem in Section 3, which we will describe with
a support of the use of heavy-tailed distributions. Different solution methods are tai-
lored to the problem and will be compared in Sections 3.3 up to 3.5. Section 4 will be
devoted to the epidemic spread model and an exit strategy. In Section 5 the methods
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that are used to solve our exit strategy problem will be described and the results of
these methods will be discussed.
A conclusion will be given in Section 6 and we will finish with a discussion in Section 7.

1.1 Mathematical Notations

We will shortly describe some mathematical notations that will be used throughout this
thesis. Let N ∈ N, then by [N ] we denote the set {1, 2, ..., N}. Now, if U is the universal
set and A ⊆ U , then we denote its complement by Ac := {a ∈ U |a 6∈ A}. If we have
two sets A and B, we denote the Minkowski sum as A + B := {a + b|a ∈ A, b ∈ B}.
Furthermore, let λ ∈ R, then we say λA := {λa|a ∈ A}.
Let p ≥ 1, then we say the p−norm of some vector x ∈ Rd will be referred to as ||x||p :=
(|x1|p + ...+ |xd|p)1/p. If Y is a random variable, then we say E [Y ]+ := E [max{0, Y }].
We will refer to Landau’s big-O and small-o as O(·) and o(·) respectively.
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2 Chance Constrained Programming

In stochastic optimization, chance constraint programming is used for risk averse op-
timization. In chance constraint programming we have a certain objective which we
want to optimize, and a probabilistic constraint on some event. There are many real-
life problems in which chance constraints programming can help us making decisions.
An example is the goal of optimizing your revenue in a casino, in such a way that the
probability of going bankrupt is low, or scheduling a bus-schedule in such a way that
the probability of a certain delay is low.
In this section we will set up a framework for chance constrained programming and
provide an overview of results from the literature.

The general problem we will look at is the following.

minimize C(x)

subject to P (φ(x, L) > 0) ≤ δ,
x ∈ χ.

Here C : χ → R is our objective function, L ∈ Rdl a vector of random variables,
φ : χ × Rdl → R is our risk function and δ is the risk level. χ is an arbitrary space in
which we can choose our variables.
In the definitions above we do not make any assumptions on convexity of C, φ, or χ,
however in many solution methods, such assumptions have to be made. Shapiro et al.
(2014) give different conditions on these functions and sets in order to assure that the
problem is a convex optimization problem. We will describe some important definitions
and results from Shapiro et al. (2014) (mainly Chapter 4). However, we will not use the
theorems we will mention in our implemented methods.

In order to say something about the convexity of our feasible set, we start with the
definition of a function being α-concave. Let f(x) be a non-negative function defined on
a convex set Ω ⊆ Rd, then f(x) is called α-concave, for α ∈ [−∞,∞], if for all x, y ∈ Ω
and λ ∈ [0, 1] the following holds:

f(λx+ (1− λ)y) ≥ mα(f(x), f(y), λ),

where mα : R+ × R+ × [0, 1]→ R is defined as

mα(a, b, λ) = 0 if ab = 0,

and if a, b > 0 and 0 ≤ λ ≤ 1 then

mα(a, b, λ) =


aλb1−λ if α = 0,

max{a, b} if α =∞,
min{a, b} if α = −∞,
(λaα + (1− λ)bα)(1/α) otherwise.

In case α = 1, the function f(x) is just a concave function, in case α = 0 we say f(x) is
log-concave, as then ln(f(x)) is concave. In case α = −∞ we say that it is quasi-concave.
Furthermore we will define what an α-concave random variable is. Let A,B ⊆ Rd two
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Borel measurable sets and λ ∈ (0, 1). Then we define the convex combination using the
Minkowski sum as follows:

λA+ (1− λ)B = {λa+ (1− λ)b | a ∈ A, b ∈ B}.

Now we say that L is an α-concave random variable if

P (L ∈ λA+ (1− λ)B) ≥ mα(P (L ∈ A) ,P (L ∈ B) , λ),

for all Borel measurable sets A,B and λ ∈ [0, 1].
Now Shapiro et al. (2014) give different theorems on conditions which assure the feasible
region of the chance constraint to be convex.

Let us define X = {x ∈ χ|P (g(x, L) ≥ 0) > p} for some function g : χ × Rdl → R
and p ∈ [0, 1]. Then Corollary 4.41 states that if g(·, ·) is quasi-concave jointly in both
arguments and L has an α-concave probability distribution, then X is a convex set.
Another theorem from the book, Theorem 4.48, will will be referred to later on when
we look at the Portfolio Problem. A simplification of this Theorem is as follows. Let
p ∈ (0.5, 1), then the set X = {x ∈ Rd : P

(
xTL ≤ b

)
≥ p} is convex whenever L has

a nondegenerated log-concave probability distribution, symmetric around some point
µ ∈ Rd.

The theorems provide us with knowledge of the convexity of our solution space, but
this does not mean we can easily find the solution space explicitly. The methods we have
implemented do not rely on the theorems and definitions above, but these are included
to describe the type of research done in chance constrained programming.

Now define for random variable Z the Value at Risk (VaR)

V aR1−δ(Z) = inf{t : FZ(t) ≥ 1− δ},

where FZ denotes the cumulative distribution function of Z. The value at risk is a term
that is widely used in finance. The value at risk is the first value of t such that the
probability that Z is lower than t is above 1− δ. A property of the value at risk which
we will use later on is V aR1−δ(Z + t) = V aR1−δ(Z) + t for all t ∈ R. Furthermore, if Z
is a continuous random variable, the following equivalence holds.

P (Z > 0) ≤ δ ⇐⇒ P (Z ≤ 0) ≥ 1− δ ⇐⇒ V aR1−δ(Z) ≤ 0.

Then the chance constraint in our formulation can be replaced with

V aR1−δ(φ(x, L)) ≤ 0.

The VaR constraint is equivalent to the constraint in our main formulation, which
means that this does not necessarily give a convex solution space. Nemirovski & Shapiro
(2007) give an approximation of the solution space that is convex, using the Conditional
Value at Risk (CVaR). The CVaR is the expected loss given that there is a loss. The
CVaR is defined as follows:

CV aR1−δ(Z) = inf
t∈R
{t+ δ−1E[Z − t]+}.

The infimum in this term is attained at t∗ = V aR1−δ(Z). Using this, we see

CV aR1−δ(Z) = E [Z|Z ≥ t∗] .
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Replacing our chance constraint with CV aR1−δ(φ(x, L)) ≤ 0, gives us a conservative,
convex approximation of the real solution space. However, this still does not guarantee
that our solution space is easy to determine. More approximation methods are devel-
oped, for example Nemirovski & Shapiro (2007) describe the Bernstein approximation,
where the moment generating function is used to approximate the chance constraint.
One could use well known inequalities from probability theory to approximate the solu-
tion space, depending on the problem one looks at. The goal of this thesis is however
on approximations involving Monte-Carlo techniques.

2.1 Scenario Approaches

In the past decades much effort is done in chance constrained programming. For some
specific problems, exact approaches are developed, an example of this will be shown in
Section 3.3. Other approaches try to make relaxations of the solution spaces in order
to simplify the problem. Another rich studied approach is the scenario approach, first
introduced by G. Calafiore & Campi (2005). The essence of the scenario approach is
that we sample different vectors l from our random vector L and state that for these
samples φ(x, l) > 0.
Let us take N samples, say li for i = 1, ..., N . Then the scenario approach introduced
by G. Calafiore & Campi (2005) is the following.

minimize C(x)

subject to φ(x, li) ≤ 0, ∀i = 1, ..., N,

x ∈ χ.

We see that if C is convex, χ is convex and φ(x, l) is convex in x for fixed l, then we get
a convex program, for which fast algorithms are developed.

Say x∗ is the optimal solution of the scenario approach. Let F = {x ∈ χ|P (φ(x, L) > 0) < δ},
the solution space of our original problem. We want to determine N such that there is
a probability of at least 1− β that x∗ ∈ F . In G. C. Calafiore & Campi (2006) a lower
bound is given on N such that we can say that x∗ ∈ F with probability at least 1− β.
This bound is

N ≥ d2/δ ln(1/β) + 2dl + 2dl/δ ln(2/δ)e.

We see that the number of samples we need grows as O(1/δ ln(1/δ)) when δ → 0.
One could argue that the scenario approach as introduced above is a conservative

approach, as we set our solution to hold for all N samples of L, but in the original
problem, only a fraction 1 − δ should hold. This observation is used by Pagnoncelli et
al. (2009) to construct another scenario approach. For some general γ they formulate
the following optimization problem.

minimize C(x)

subject to φ(x, li) ≤ 0 + yi ·M, ∀i = 1, ..., N,

N∑
i=1

yi ≤ γ ·N,

yi ∈ {0, 1}, ∀i = 1, ..., N,

x ∈ χ.

9



Here M is a large number, such that if yi = 1, the constraint is always met. In
their study, Pagnoncelli et al. (2009) argue that performance of this approach depends
on γ. Under some conditions (C being continuous, χ being compact and φ being a
Carathéodory function) they prove that if we take γ = δ, the solution we will find con-
verges to the solution of the initial problem as N is moving towards infinity.

In both approaches we need order O(1/δ ln(1/δ)) samples, and thus constraints.
Especially for the second case where we have a binary variable this can become a bot-
tleneck as also that much binary variables are needed. A possibility for improving this
problem is to use importance sampling methods. In the Section 2.3 we will describe an
importance sampling method for heavy-tailed distributions created by Blanchet et al.
(2020).

2.2 Heavy-Tailed Distributions

In this section, we will explain what a heavy-tailed distribution is. After that we will
shortly explain the impact of the presence of heavy-tailed distributions in chance con-
strained programs. In this thesis, we will only look at heavy-tailed distributions in the
Portfolio Problem in Section 3.

2.2.1 Definitions Regarding Heavy-Tailed Distributions

We will use the definitions as given in the book by Foss et al. (2013). Let L be a random
variable, and F (x) its cumulative distribution function. Then we define its tail function
F̄ (x) as P (L > x) = 1− F (x).
Random variable L is called (right) heavy-tailed if its moment generating function
ML(t) = E

[
eLt
]

is infinite for all t > 0. So

ML(t) =

∫ ∞
−∞

extdF (x) =∞ for all t > 0.

This definition is equivalent to the statement that lim supx→∞ F̄ (x)etx =∞ for all t > 0.
On the contrary, we define L to be light-tailed if there exists a t > 0 such that
ML(t) < ∞. This directly implies that all of the moments of a light-tailed distribu-
tion are finite.

An important subclass of the heavy-tailed distributions are the long-tailed distribu-
tions. L is called long-tailed distributed if F̄ (x) > 0 for all x and for every fixed y > 0
we have

F̄ (x+ y)

F̄ (x)
→ 1 as x→∞.

This definition is equivalent to the following statement.

P (L > x+ y|L > x)
x→∞−−−→ 1,

for every fixed y > 0.

Some well known examples of heavy-tailed distributions are the Pareto distribution,
log-normal distribution and the Weibull distribution. In this thesis we will use the
Pareto distribution to model return rates in Section 3.5.
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2.2.2 Heavy-Tailed Distributions in Chance Constrained Programming

In chance constraint programming, many approaches lean on convex approximations of
the solution space. These approaches make use of upper-bounds known in probability
theory. For example Nemirovski & Shapiro (2007) describe the Bernstein approximation
to determine a convex conservative approximation with a key assumption that the ran-
dom variables involved have finite moment generating function in the neighbourhood of
zero. Here we already see that this approximation method cannot be used if heavy-tailed
distributions are in play, as the moment generating function is infinite.
Furthermore, above we have stated some theorems on convexity of the solution space.
For example Theorem 4.48 from Shapiro et al. (2014) needs that L is a log-concave dis-
tribution, however every log-concave distribution cannot be a heavy-tailed distribution,
and therefore the theorem does not hold if we assume a heavy-tailed distribution.

2.3 Optimal Scenario Generation Method for Heavy-Tailed Distribu-
tions

As we have seen, many approximation techniques for chance constrained optimization
rely on the existence of a finite moment generation function of the random variable.
When we work with heavy-tailed distributions, these approximation techniques cannot
be used. However, the scenario approach can still be applied. If we set a confidence
level β ∈ (0, 1) and generate N ≥ (2/δ) ln(1/β) + 2d + (2d/δ) ln(2/δ) samples from a
d-dimensional random vector, then the scenario approach will give a feasible solution of
our original problem with probability 1 − β (G. C. Calafiore & Campi, 2006). We see
that N grows with order (1/δ) ln(1/δ) if δ → 0. This results in an optimization problem
with many constraints if we have a very low value of δ.

Blanchet et al. (2020) provide an algorithm that is tailored to heavy-tailed distri-
butions. In this approach, a form of importance sampling is done, and therefore a new
bound on the number of generated samples occurs. In this section we will provide the
idea of the algorithm and give the most important results. In Section 3.5 we will see
how the algorithm works in practice. We will check all of the assumptions that will
be presented in this section. We will restrict our general problem to the case where
C(x) = cTx for some vector c.

We start with a brief overview of the algorithm. Let us say Fδ is the feasible region
of our optimization problem. So Fδ := {x ∈ χ|P (φ(x, L) > 0) ≤ δ}. Now we define
for any x ∈ Rd the violation event Vx as Vx := {L ∈ Rdl |φ(x, L) > 0}. Now, in order
to apply this scenario generation approach, for any δ > 0 we should be able to find a
set Oδ ⊆ χ referred to as the outer approximation set, and Cδ ⊆ Rdl referred to as the
uniform conditional event, for which the following holds.

1. The set Fδ is a subset of Oδ.

2. For all x ∈ Oδ the event set Cδ contains the violation event Vx.

3. There is an M > 0 independent of δ such that P (L ∈ Cδ) ≤M · δ.

This property is referred to as Property 1.
After we have found these sets, we will use the same procedure as in the approach of
G. Calafiore & Campi (2005), but now we sample from Cδ and restrict our x to be in Oδ.
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Using this approach, we have to generate less samples and hence have fewer constraints.
Hence we have the following conditional sampled problem.

min cTx

s.t. φ(c, lδi ) ≤ 0, ∀i = 1, ..., N ′,

x ∈ Oδ.

Here lδi are samples from the conditional distribution (L|L ∈ Cδ).

The main result of Blanchet et al. (2020) is given in their Theorem 1. It states the
following.
Theorem 1 Suppose that Property 1 is imposed, and given an confidence level β > 0.

1. If N ′ is an integer satisfying

N ′ ≥ (2M) log(1/β) + 2 · dl + (2dlM) log(2M),

then with probability of at least 1 − β the optimal solution of the conditional
sampled problem is in the feasible region Fδ (if the problem is feasible). Hence the
solution is greater or equal to the original chance constrained problem.

2. If N ′ ≤ βδ−1P (L ∈ Cδ) and the original chance constrained problem is feasible,
then with probability at least 1− β the conditional sampled problem has a lower
optimum then the original problem

Now we want to construct Oδ and Cδ. Blanchet et al. (2020) describe two methods
to find these. The scaling method is treated in detail and this is the method we will
use for our problem. There are three assumptions needed in order to use the scaling
method. We will introduce some definitions and state the assumptions.

The first assumption states that L should be multivariate regularly varying. We
will define what it is to be multivariate regularly varying using the definition given by
Blanchet et al. (2020). The d−dimensional random vector L and its distribution is said
to be multivariate regularly varying with limit measure µ(·), being a Radon measure, if

P
(
x−1L ∈ ·

)
P (||L||2 > x)

v−→ µ(·), if x→∞.

Here
v−→ means it converges vaguely which is defined as follows.

If µn(·), µ(·) are Radon measures, then µn converges to µ vaguely if for all compactly
supported continuous functions f : R̄d/{0} → R the following holds (Blanchet et al.,
2020):

lim
n→∞

∫
R̄d/{0}

f(x)µn(dx) =

∫
R̄d/{0}

f(x)µ(dx).

In order to state assumption 2 we first have to introduce the definition of a level
function and a level set. A function π : Rd → [0,∞] is a level function if the following
two statements hold. (i) for any α ≥ 0 and x ∈ Rd, we have π(αx) = απ(x) and (ii)
limδ→0 infx∈Fδ π(x) =∞. Then the level set is defined as Π = {x ∈ Rd|π(x) = 1}. Now
assumption 2 says there must exist a level function π and a level set Π.
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For further analysis we need to pick a non-decreasing function h : R>0 → R>0

such that limα→∞ h(α) = ∞ and a positive function r : R>0 → R>0 that ensure that
{φ(αx, h(α)L)/r(α)}α≥1 is tight. Here h characterizes the scaling rate of L and r char-
acterizes the scaling rate of φ(α · x, h(α) · L). Now the auxiliary functions Ψ+ and Ψ−
will be defined as they are in Blanchet et al. (2020). Ψ+ and Ψ− are the asymptotic
upper and lower bound respectively of φ(αx, h(α)L)/r(α) over the level set Π if for any
compact set K ⊆ Rd the following holds.

lim inf
α→∞

inf
l∈K

(
Ψ+(l)− sup

x∈Π
[φ(αx, h(α)l)/r(α)]

)
≥ 0,

lim sup
α→∞

sup
l∈K

(
Ψ−(l)− inf

x∈Π
[φ(αx, h(α)l)/r(α)]

)
≤ 0.

Then we define the ε−outer approximation event Cε,+ and ε−inner approximation
event Cε,− as

Cε,+ = {l ∈ Rdl |Ψ+(l) ≥ −ε},
Cε,− = {l ∈ Rdl |Ψ−(l) ≥ ε}.

Now we can give the third and last assumption that has to hold in order to use this
method. There must exists S ⊆ Rdl such that µ(Sc) <∞ and

S ⊆ αS, Ψ+(l) ≤ Ψ+(αl), ∀l ∈ S, α ≥ 1

. Furthermore, there must exist some ε > 0 such that Cε,+ is bounded away from the
origin.

Now we have seen all three assumptions we have to check. There is one property
left needed to construct Oδ and Cδ. Property 2 states; There exists δ0 such that for any
δ < δ0 we can explicitly compute αδ such that

P (||L||2 > h(αδ)) = O(δ) and Fδ ⊆
⋃
α≥αδ

α ·Π =: Oδ.

Now we will give Theorem 3 which is the theorem that gives us the construction of
Oδ and Cδ.

Theorem 3 Suppose that Property 2 and Assumption 3 are met, then there exists
a δ0 > 0 such that for all δ < δ0 the sets

Oδ =
⋃
α≥αδ

α ·Π and Cδ = h(αδ) · (Cε,+ ∪KC ∪ SC),

satisfy Property 1. Where S is the set of Assumption 3 and K is a ball in Rdl with finite
limiting measure.

While checking all assumptions, we obtain the tools to construct the outer approx-
imation set Oδ and the uniform conditional event set Cδ) from Property 1. Then by
Theorem 1 we can solve the conditional sampled problem and assure that we have a
feasible solution with probability at least 1− β if

N ′ ≥ (2M) log(1/β) + 2 · dl + (2dlM) log(2M).
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3 Chance Constrained Portfolio Problem

In this section, we will explain the chance constrained portfolio problem. In Appendix
A a small data analysis is done in order to come up with some reasonable parameters
to use when we are looking at computational results.

3.1 Chance Constrained Portfolio Problem Description

Portfolio optimization is a well-studied problem in the literature. In portfolio optimiza-
tion, there are say K possible companies in which we can invest. We assume that we can
spread our investments over these K companies as we like. The goal is to optimize the
revenue we will make by this investments. In literature, different forms of the portfolio
optimization problem are studied. For example, there is a risk averse formulation in
which the variance of the total return rate is minimized; the book by Qin (2016) pro-
vides different risk averse portfolio optimization models. In our model, we will assume
the following.

• Exact knowledge of the return rate distributions are known. In particular we will
look at return rates that are Normally, Laplace and Pareto distributed.

• Except for the money you invest, there are no extra costs in making an investment.
So investing everything you have in one company, or split it over two companies,
will not give a difference in costs.

• There is an option for a risk-free investment with a return rate of 0.

We will set up a risk averse formulation in which we use chance constraints to ensure
that our loss is not too low. Our objective will be to maximize the expected revenue.

Let (Ri)i=1,...,K be a sequence of random variables representing the return rates of
K possible investments. Then we want to solve the following system.

max
x∈χ

K∑
i=1

E[Ri]xi (1a)

s.t. P(
K∑
i=1

Rixi ≤ −η) ≤ δ. (1b)

Where χ = {x ∈ RK |
∑K

i=1 xi ≤ 1, xi ≥ 0 ∀i = 1, ...,K}, we will assume that η > 0
and δ < 0.5. Then, if we find a solution to the problem above, we have an investment
strategy such that we maximize the expected return rate, such that the probability of
losing more then η is lower than δ. In order to stick to the formulation of Section 2 we
define φ(x,R) = −η −

∑K
i=1Rixi.

Using the definition of the value at risk, as described in Section 2, constraint 1b can
be replaced with V aR1−δ(−η −

∑K
i=1Rixi) ≤ 0 or

V aR1−δ(−
K∑
i=1

xiRi) ≤ η.

We will see that for some specific choices of distributions for the return rate, this can
be solved exactly. Also for K = 1 this can be calculated easy for many distributions.
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We can make a convex approximation for this problem using the conditional value at
risk (CVaR). So we can replace constraint 1b with the constraint

CV aR1−δ(−
K∑
i=1

xiRi) ≤ η.

This is a conservative constraint, i.e. if for some x this constraint holds, then also con-
straint 1b holds. This constraint can be interpreted as follows. Given we have a loss,
we want that loss to be less then η with probability δ.

Recall Theorem 4.48 from Shapiro et al. (2014) which stated that X = {x ∈
Rd|P

(
xTL ≤ b

)
≥ p} is convex if p ∈ (0.5, 1) and L has a nondegenerated log-concave

probability distribution, symmetric at some point µ ∈ Rd. This theorem can be be ap-
plied for us as well. Our solution space can be written as F = {x ∈ RK |P

(
−xTR ≤ η

)
≥

1 − δ}, where 1 − δ ∈ (0.5, 1). Then assuming R is log-concave distributed, symmetric
at some µ ∈ RK , then −R is symmetric and log-concave distributed as well (Bagnoli &
Bergstrom, 2005) and the theorem holds. Examples of distributions that are symmetric
and log-concave are for example the normal distribution, Laplace distribution and the
uniform distribution over a closed interval. Knowing this, does not guarantee that it is
easy to find a solution, it only gives us information about the solution space.

We will start looking at the case in which we assume the return rates to be normally
distributed. As in this case we can easily calculate both the exact solution as the
approximated solutions. We can use this to compare differences in solutions. Thereafter
we will look at more realistic distributions of the return rates and see which approaches
can be used.

3.2 Data Analyses on Return Rates

‘ In Appendix A we have done some data analyses of the Amsterdam Exchange Index
(AEX index) which is the most important stock market index in the Netherlands. Our
goal of this data analysis is not to find the exact distributions of return rates, but merely
to find somewhat realistic parameters for the distributions we will look at.

Something we saw in this data analysis is that there are some remarkable jumps in the
AEX index, and especially in march 2020 there is a drop of -10.75%, which is the second
largest drop that has ever occurred in the history of the AEX index (Aandelenbeurzen
crashen, AEX en Dow boeken grootste verlies sinds 1987 , 2020). We see that in order to
capture big drops and jumps like these, we need to use distributions with heavier tails,
and cannot for example use the normal distribution.
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We will now start looking at solution approaches for different portfolio return rate
distributions. For some distributions we can solve the problem exactly. We will also
implement the scenario approach introduced by G. Calafiore & Campi (2005) and the
integer program scenario approach introduced by Pagnoncelli et al. (2009). Also the im-
portance sampling method by Blanchet et al. (2020) is explained for Pareto-distributed
return rates.

3.3 Normally Distributed Return Rates

We will first assume that return rates are normally distributed and we know the mean
and standard deviation of all of the distributions. Let Ri ∼ N (µi, σi) for i = 1, ...,K. As-
sume that the return rates are independent. We will start looking at the value at risk. We
want to determine the value at risk V aR1−δ(−

∑K
i=1 xiRi). We use simple knowledge of

sums of normal distributions to find that −
∑K

i=1Rixi ∼ N
(
−E[R]Tx,

√∑K
i=1(xiσi)2

)
.

This can be used to determine the value at risk. Let Ψ be the cumulative probabil-
ity function of the standard normal distribution. Then we determine the VaR. Say

Z = −
∑K

i=1 xiRi, Z̄ = −E[R]Tx and σZ =
√∑K

i=1(xiσi)2.

V aR1−δ(Z) = inf{t : FZ(t) ≥ 1− δ}

= inf{t : P
(
Z − Z̄
σZ

≤ t− Z̄
σZ

)
≥ 1− δ}

= inf{t : Φ(
t− Z̄
σZ

) ≥ 1− δ}

= inf{t : t ≥ σzΦ−1(1− δ) + Z̄

= Φ−1(1− δ)

√√√√ K∑
i=1

(xiσi)2 −
K∑
i=1

xiE [Ri] .

Here we have Φ is the cumulative distribution function of a standard normal distribution.
Hence, our optimization problem becomes the following.

max
x∈χ

K∑
i=1

E[Ri]xi

s.t. Φ−1(1− δ)

√√√√ K∑
i=1

(xiσi)2 −
K∑
i=1

xiE [Ri] ≤ η.

This is a convex second-order conical program, which can be calculated using existing
methods (Boyd & Vandenberghe, 2004).

Even though the above program is easy solvable, we will also calculate the CVaR to
be able to compare the differences in usages of the VaR and CVaR. We make use of the
knowledge that for t∗ = V aR1−δ(Z) we have CV aR1−δ(Z) = E [Z|Z > t∗]. We already
determined the VaR. So now we set t∗ = V aR1−δ(Z). We will use the following facts on
the standard normal distribution. Let Φ be the cumulative distribution function of the
standard normal distribution, and φ be its density function. Then φ′(z) = −zφ(z) and
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φ(z) = Φ′(z). For ease of notation, let T ∗ = (t∗− Z̄)/σZ = Φ−1(1− δ) and Y ∼ N (0, 1).

CV aR1−δ(Z) = E [Z|Z ≥ t∗]
= E

[
Y · σZ + Z̄|Y ≥ T ∗

]
= Z̄ + σZE [Y |Y ≥ T ∗]

= Z̄ +
σZ
∫∞
T ∗ zφ(z)dz

P (Y ≥ T ∗)

= Z̄ +
−σz

P (Y ≥ T ∗)

∫ ∞
T ∗

φ′(z)dz

= Z̄ +
−σZ

1− Φ(T ∗)
(−φ(T ∗))

= Z̄ + σZ
φ(Φ−1(1− δ)

1− Φ(Φ−1(1− δ))

= Z̄ +
σZ
δ
φ(Φ−1(1− δ)).

So we have an explicit expression for the CVaR. This results in the following relaxation
of the optimization problem.

max
x∈χ

K∑
i=1

E[Ri]xi

s.t.
φ(Φ−1(1− δ))

δ

√√√√ K∑
i=1

(xiσi)2 −
K∑
i=1

xiE [Ri] ≤ η.

Again, we have a conical program which we can solve using existing methods. We see
that for independent normal distributions, it is easy to calculate the VaR and the CVaR.
We will see that for other distributions, this will become a hard problem, especially if
we are dealing with multiple return rates we can invest in. However, the problem we
have solved now, can be generalised to the use of a multivariate normal distribution.
So in this case the random variables (Ri)i=1,...,K do not have to be independent. Let Σ
be the covariance matrix, then replace

√∑
(xiσi)2 by ||Σx||2, which gives us a second

order conical program.

3.3.1 Results Different Methods

We have seen 4 methods to solve the chance constrained portfolio problem with respect
to normal distributed return rates. In this section we will solve the problem using all of
the methods and compare the results. First we start with a case of only one return rate
and then look at a case with multiple investment options.

At first we look at a single random variable that is normal distributed with mean
µ = 2.8002 · 10−4 and standard deviation σ = 1.1164 · 10−2 as we found for the AEX-
index in our data analysis. Set η = 0.02 and β = 0.005. We first examine the impact
of δ on the problem. We will refer to the different approaches as follows. The exact
solution is denoted as VaR, the relaxation using the conditional value at risk is referred
to as CVaR, the scenario approach as introduced by G. Calafiore & Campi (2005) will
be referred to as SA-LP (scenario approach linear program) and the alternative scenario
approach by Pagnoncelli et al. (2009) is referred to as SA-MIP (scenario approach mixed
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integer program).

As the SA-LP and SA-MIP methods give slightly different results every time they
are used, we will run them 1000 times and use the mean value, in Section 3.6 we will
also check the variance of the results in those 1000 runs. We see the results of the four
methods in Figure 1, where we plot the investment ratio as function of δ. We choose to
display the investment and not the expected revenue, but this can easily be calculated
by a multiplication with µ.

In Figure 1 we see some features of our different methods. The first obvious result we
see is that our investments increase with δ. This is expected, as we are able to take more
risk if we set δ higher. Furthermore we see that the exact solution by the VaR method
is almost equal to the solution of the SA-MIP method. This is a very nice result, as it
gives us reason to believe that the SA-MIP method can be used in cases where the exact
solution is too hard to calculate. Furthermore we see, as expected, that the results of
the CVaR method are somewhat lower then the exact solution, but as already explained
this is because CVaR is a conservative relaxation of the original problem. Moreover,
the SA-LP is much lower then the other methods. This shows that even though the
SA-MIP is computational harder to solve, the SA-LP method is far too conservative.
Also some test are done in fixing δ and changing β (for β ∈ (0, 0.2)), but this gave very
little differences on the results and therefore these results are not displayed.
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Figure 1: The fraction of your money to put in an investment for different methods as
function of δ.

Now we have been looking at the case where there is only one possible stock to
invest in. Let us add two more options, one with a higher mean and higher variation,
and one with lower mean and lower variation. Now the results become interesting in
terms of choosing between low-risk low-profit or risky higher-profit investments. We set
the following distribution parameters for the return rates.
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Return Rate Mean (µ) Standard Deviation (σ)

1 0.00028002 0.011164

2 0.00035 0.02

3 0.0001 0.007

So the first one is the one which we already have seen before, the second is a more
profitable more risky investment and the third is less profitable and less risky. Again,
the four methods are tested for different values of δ going from 0.001 to 0.01.

The results are depicted in Figure 2. In Figures 2a-2c we see the investment variables
x1, x2, x3 respectively. In Figure 2d the total expected return rate is shown. There are
some remarkable results. Because of the safer option to invest in we see that even for
the lower values of δ that all money gets invested (x1 + x2 + x3 = 1) using the VaR or
SA-MIP. For the CVaR we see that for values δ greater than 0.002 also all money gets
invested. From that point on-wards there the investments in the safer option get lower
and we can invest in the higher-profit riskier options.
For the SA-LP method we see a different result. This method seems to be far more con-
servative then the other methods and for the values of δ we have tested we never invest
all of our money. We see that if we allow more risk, so δ is going up, the investments in
the less risky stock also go up (this would continue until all money is invested).

In the end, the goal is to optimize the total expected return rate. Therefore we have
to look at Figure 2d. We see that this figure has the exact same structure as Figure
1 where there is only one possible investment. The VaR and SA-MIP coincide very
well, the CVaR is somewhat more conservative and the SA-LP has far lower values.
So again we can conclude that for this problem the CVaR method gives a rather nice
approximation of the real optimization problem.

3.4 Laplace Distributed Return Rates

As we have seen in the data analysis in Appendix A, the normal distribution is not suit-
able in order to model the return rates. We have seen that that the Laplace distribution
is an improvement to use when modelling return rates. Again, first the VaR and the
CVaR are calculated. However, this time they will be calculated for the case in which
there is only one possible investment. Later it will be shown that it is hard to calculate
the VaR and CVaR in case of more possibilities to invest in.

Let R be Laplace distributed with location parameter µ and scale parameter b > 0,
so E [R] = µ. Then R has the following probability density function.

fR(y) =
1

2b
e−
|y−µ|
b .

This gives the cumulative distribution function

FR(y) =


1

2
e
y−µ
b if y < µ,

1− 1

2
e−

y−µ
b if y ≥ µ.

We still assume that δ ≤ 1
2 . We are in the case of only one stock to invest in, so it is
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Figure 2: Comparison of the investments to be made using different methods (VaR,
CVaR, SA-LP, SA-MIP) as function of δ. Case where we have three different normally
distributed return rates.

convenient to say x = x1, and therefore we want to find V aR1−δ(−xR).

V aR1−δ(−xR) = inf{t : P(−xR ≤ t) ≥ 1− δ}

= inf{t : P(R ≤ −t
x

) ≤ δ}

(1)
= inf{t :

1

2
e
−t/x−µ

b ≤ δ}

= inf{t : − t+ µx

bx
≤ ln(2δ)}

= inf{t : t ≥ −µx− bx ln(2δ)}
= −x(µ+ b ln(2δ)).

Note: In step (1) we use that δ < 0.5. Now this gives us the following maximization
problem.

max
x∈χ

xµ

s.t. − x(µ+ b ln(2δ)) ≤ η.

We see that we get a simple linear program which we can solve by hand. We know
µ, b, η > 0 and ln(2δ) < 0. We split up in two cases: If µ+ b ln(2δ) ≥ 0, then any x ∈ χ
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holds, and thus we find an optimum at x = 1. Otherwise we get x ≤ −η/(µ+ b ln(2δ))
which gives us optimum x = min(−η/(µ+ b ln(2δ)), 1). Intuitively, if δ increases to 0.5,
the term b ln(2δ) will go to zero, and we will fully invest as our mean revenue is positive.

The VaR is used to calculate the CVaR. Let t∗ = V aR1−δ(−xR) as calculated
above. Then the CV aR1−δ is calculated. For X,Y ∼ exp(1/b) we have X − Y + µ ∼
Laplace(µ, b), therefore −xR = xY − xX − xµ ∼ Laplace(−xµ, xb). This also gives us
the density function of Z := −xR. Now we have the tools to calculate the CVaR.

CV aR1−δ(Z) = E[Z|Z > t∗]

=
1

P (Z > t∗)

∫ ∞
t∗

yfZ(y)dy

(1)
=

1

δ

∫ ∞
t∗

1

2xb
ye−

y+µx
bx dy

=
1

δ

[
−1

2
(bx+ y)e−

y+µx
bx

]∞
t∗

=
1

2δ
(bx+ t∗)e−

t8+µx
bx

=
1

2δ
(bx− µx− bx ln(2δ))e−

−µx−bx ln(2δ)+µx
bx

= x((1− ln(2δ))b− µ).

In (1) we use that P (−xR > t∗) = δ and t∗ > −µx. So now the CVaR is calculated and
the following relaxation can be set up.

max
x∈χ

xµ

s.t. x((1− ln(2δ))b− µ) ≤ η.

Later on, the differences between the VaR and CVaR will be highlighted. First, a look
will be taken at the case where there are multiple investment possibilities which all have
a return rate that is Laplace distributed. We will see that this becomes a hard problem
even for only two return rates.

3.4.1 Sum of Laplace Distributed Return Rates

Let us now assume there are two companies to invest in and they have return rates R1

and R2 such that for i = 1, 2, Ri ∼ Laplace(µi, bi). Then let Zx = −x1R1 − x2R2.
We are interested in the V aR1−δ(Zx) and CV aR1−δ(Zx). We have that Zx is a linear
combination of R1 and R2. Linear combinations of Laplace distributed random variables
are studied in Nadarajah (2007). We will see that the cumulative density function of
Zx is not a nice looking function and it will be hard to solve the original problem.
Let FZx(z) be the cumulative density function of Zx. Assume z ≤ −x1µ1 − x2µ2, then
by Nadarajah (2007) we get the following.

FZx(z) =
exp

(
µ2
b2

+ 1
b2x2

(z + µ1x1

)
2

−
(

x1/b2
4(x1/b2 + x2/b1)

+
x1/b2

4(x1/b2 − x2/b1)

)
·(

exp

(
1

b1x1
(z + µ2x2) +

µ1

b1

)
− exp

(
µ2

b2
+

1

b2x2
(z + µ1x1

))
.
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The expression in case z > −x1µ1 − x2µ2 can also be derived from Nadarajah (2007).
In order to use the expression above to calculate the V aR, inf{t : FZx(t) ≥ 1−δ} should
be solved for arbitrary x1 and x2. Unlike the one-dimensional case, this cannot easily
be done. This illustrates that the VaR and CVaR cannot always be found as easy as in
the normal distributed case.

3.4.2 Results Different Methods

As we did in the case of Normal distributed return rates, we will now test our methods
on the case where we have Laplace distributed return rates. This time we do not have
exact results for the case of multiple return rates, so we cannot say anything about how
good our approximation methods work in that case. However, in the 1-dimensional case
we can, and therefore we will be looking at the case of a single return rate.
We take one random variable with parameters found in the data analysis. We start
setting η = 0.02, β = 0.001 and δ = 0.005. We will look what happens if we change δ or
we change η. Looking at the expressions we have found for the VaR and CVaR we can
already predict that our profit will grow linear in η if we use the VaR and CVaR method.

In Figure 3 the results are shown. Figure 3a shows the investment as function of δ.
We see the same characteristics as we saw before. The VaR and SA-MIP methods again
are very close to each other. A difference we see with Figure 1 is that however the shape
coincides, the values are lower now. This can be explained as follows. We now have a
distribution with wider tails, so there is more mass in the tails of the distribution. Then
the value at risk will be attained faster.
Now we also give the relation to η in Figure 3b. As we already expected, the Var and
CVaR move linear with η. We also see that the scenario approaches behave linear which
is not that hard to imagine, as mini∈[N ] ηri = ηmini∈[N ] ri.
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Figure 3: Results of Different Methods on Laplace Distributed Return Rate.

3.5 Pareto Distributed Return Rates

Up until now, we have only seen low-tailed distributions to model the return rates in the
portfolio. Now we will look at the case in which we consider a heavy-tailed distribution.
In particular we will model the left-tail to be Pareto distributed. Again we will start
looking at the case of a single possible investment. Thereafter we will adapt our problem
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in such a way that the algorithm described by Blanchet et al. (2020) can be used. In
order to use this algorithm some assumptions and approximations have to be made.

We will now look at the case in which we have only one return rate R, which has a
symmetric Pareto distribution defined by the following function.

P(R− µ < y) =


1

2

(
1

1− y

)a
if y ≤ 0,

1− 1

2

(
1

1 + y

)a
if y > 0,

where µ = E[R]. Again we want to find a closed expression for V aR1−δ(−xR) ≤ η. Let
define P = R− µ, then V aR1−δ(−xR) = V aR1−δ(−xP − xµ). Combining this gives us
the constraint

V aR1−δ(−xP ) ≤ η + xµ.

For fixed x ∈ χ we now define Z = −xP . Then the cumulative density function and the
probability density function can be set up.

FZ(y) = P (−xP ≤ y)

= P
(
P ≥ −y

x

)
= 1− P

(
P <

−y
x

)

=


1

2

(
x

x− y

)a
if y ≤ 0,

1− 1

2

(
x

x+ y

)a
if y > 0.

Take the derivative of the cumulative density function gives us the probability density
function

fZ(y) =


a

2x

(
x

x− y

)a+1

if y ≤ 0,

a

2x

(
x

x+ y

)a+1

if y > 0.

Now the VaR can be calculated and thereafter the CVaR. Note that by the assumption
δ < 0.5 we are only dealing with the case that y > 0.
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V aR1−δ(Z) = inf{t : FZ(t) ≥ 1− δ}

= inf{t : 1− 1

2

(
x

x+ t

)a
≥ 1− δ}

= inf{t :
x

x+ t
≤ (2δ)1/a}

= inf{t : x ≤ (2δ)1/a(x+ t)}

= inf{t : x

((
1

2δ

)1/a

− 1

)
≤ t}

= x

((
1

2δ

)1/a

− 1

)
.

So our optimization problem becomes the following.

max
x∈χ

xµ

s.t. x

((
1

2δ

)1/a

− 1

)
≤ η + xµ.

This is a linear program with only one variable. As in the case of Laplace distributed
return rates, the VaR can easily be determined and the resulting optimization problem
is a very simple one. Now let t∗ = V aR1−δ(Z), then we have everything in hand to
calculate the CVaR. Note, to be able to calculate the CVaR we need to assume that the
first moment of Z exists, i.e. a > 1.

CV aR1−δ(Z) = E [Z|Z ≥ t∗]

=
1

P (Z ≥ t∗)

∫ ∞
t∗

yfZ(y)dy

= δ−1

∫ ∞
t∗

a

2x
y

(
x

x+ y

)a+1

dy

=
1

2δx

[
−1

(a− 1)
x

(
x

x+ y

)a
(x+ ay)

]∞
t∗

=
1

2δ(a− 1)

 x

x+ x
((

1
2δ

)1/a − 1
)
a(

x+ ax

((
1

2δ

)1/a

− 1

))

=
1

2δ(a− 1)

(
2δ

(
x(1− a) + ax

(
1

2δ

)1/a
))

= x

(
a

a− 1

(
1

2δ

)1/a

− 1

)
.

This gives us the following optimization problem, which again is a linear program with
only one variable.

max
x∈χ

xµ

s.t. x

(
a

a− 1

(
1

2δ

)1/a

− 1

)
≤ η + xµ.
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3.5.1 Optimal Scenario Generation

If we consider multiple return rates to invest in, calculating the VaR or CVaR cannot
simply be done, and approximations should be used. In Section 2.3 we have described
the algorithm of Blanchet et al. (2020) which can be used to solve chance constrained
programs that involve heavy-tailed distributions. In this approach, a form of impor-
tance sampling is done, and therefore a new bound on the number of generated samples
occurs. In order to use this algorithm we should adapt our problem in such a way that
all of the assumptions hold.

Let us have d independent random variables (Ri)i=1,...,d. LetRi = λi−Li where Li is

identical independent Pareto distributed for all i = 1, ..., d. We say P (L > y) =
(

κ
κ+y

)a
.

Also we assume a > 1 and E [Ri] > 0 for all i = 1, ..., d. Furthermore replace the
variables xi in the problem by 1/yi and drop the constraint of x ∈ χ. Then the following
optimization problem is considered.

max
y≥0

d∑
i=1

E [Ri]

yi

s.t. P

(
d∑
i=1

Ri
yi
≤ −η

)
≤ δ.

We will stick to the notation used by Blanchet et al. (2020). Our chance constraint can
be rewritten in terms of Li, which gives us

P

(
d∑
i=1

Li − λi
yi

− η ≥ 0

)
≤ δ.

Then define φ(y, L) =
∑d

i=1(Li − λi)/yi − η and Fδ = {y ∈ Rd|P (φ(y, L) ≥ 0) ≤ δ},
which denotes the feasible region of the chance constraint.

In Section 2.3 we have given an overview on the algorithm and stated all of its
assumptions. We will now show that the assumptions hold and construct the outer
approximation set Oδ and the uniform conditional event Cδ.

As our vector of random variables L consists of Pareto distributed random variables,
we know that L is multivariate regularly varying (Kley et al., 2016) and therefore As-
sumption 1 of the paper is met. In order to check Assumption 2 recall that we have to
construct a proper level function and level set.
For our problem we set the level function to be

π(y) = min
i∈[d]

yi.

This is a level function as π(αy) = mini αyi = αmini yi = απ(x) and when δ → 0 we do
not allow any risk and therefore all y entries go to infinity. This gives us the level set

Π = {y ∈ Rd|min
i∈[d]

yi = 1}.

As we have shown the existence of a level function and level set, assumption 2 is met as
well.
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As we have seen, we need to pick a non-decreasing function h : R>0 → R>0 such that
limα→∞ h(α) =∞ and a positive function r : R>0 → R>0 such that {φ(αx, h(α)L)/r(α)}α≥1

is tight. We will choose h(α) = α and r(α) = 1 so that {φ(αx, αL)}α≥1 is tight.
Now recall the definition of the auxiliary functions Ψ+ and Ψ−. Ψ+ and Ψ− are the
asymptotic upper and lower bound respectively of φ(αx, h(α)L)/r(α) over the level set
Π if for any compact set K ⊆ Rd the following holds.

lim inf
α→∞

inf
l∈K

(
Ψ+(l)− sup

x∈Π
[φ(αx, h(α)l)/r(α)]

)
≥ 0,

lim sup
α→∞

sup
l∈K

(
Ψ−(l)− inf

x∈Π
[φ(αx, h(α)l)/r(α)]

)
≤ 0.

Observe that lim infα→∞ φ(αx, αl) =
∑d

i=1 li/xi − η, and its supremum over Π is met if

xi = 1 for all i = 1, ..., d. Hence Ψ+(l) =
∑d

i=1 li− η is a valid asymptotic upper bound.
Furthermore the infimum over Π is obtained if all entries of x tent to infinity except
for the entry that coincides with the smallest li, as that should be 1. This gives us
asymptotic lower bound Ψ−(l) = mini∈[d] li − η. Hence we will work with the functions

Ψ+(l) =
d∑
i=1

li − η,

Ψ−(l) = min
i∈[d]

li − η.

Then by definition we construct ε−outer approximation event Cε,+ and ε−inner approx-
imation event Cε,− as

Cε,+ = {l ∈ Rd|
d∑
i=1

li ≥ η − ε},

Cε,− = {l ∈ Rd|min
i∈[d]

li ≥ η + ε}.

Now the third and last assumption will be checked. Let S = Rd, then clearly µ(Sc) <∞
and S ⊆ αS for all α ≥ 1. Furthermore Ψ+(l) ≤ Ψ+(αl) for all l ∈ S and α ≥ 1. Now
we only have to check if there exists some ε > 0 such that Cε,+ is bounded away from
the origin. Let ε ∈ (0, η), then η − ε > 0 and therefore, for all l ∈ Cε,+ it holds that∑d

i=1 li > 0 and hence Cε,+ is bounded away from the origin.

Now all assumptions are checked, we have to determine αδ such that

P (||L||2 > h(αδ)) = O(δ) and Fδ ⊆
⋃
α≥αδ

αΠ = Oδ.

We will first find an αδ such that the second holds, thereafter we will show that using
this αδ also fulfills the first condition.

Fδ =
{
y ∈ Rd|P (φ(y, L) ≥ 0) ≤ δ

}
=

{
y ∈ Rd|P

(
d∑
i=1

Li
yi
≥ η +

d∑
i=1

λi
yi

)
≤ δ

}
.
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Now let αy = mini∈[d] yi, then for all i = 1, ..., d we have

Li
yi
≤ Li
αy

and
αy
yi
≤ 1.

We will use this to make an approximation for Fδ.

Fδ =

{
y ∈ Rd|P

(
d∑
i=1

Li
yi
≥ η +

d∑
i=1

λi
yi

)
≤ δ

}

⊆

{
y ∈ Rd|P

(
d∑
i=1

Li
αy
≥ η +

d∑
i=1

λi
yi

)
≤ δ

}

=

{
y ∈ Rd|P

(
d∑
i=1

Li ≥ ηαy + αy

d∑
i=1

λi
yi

)
≤ δ

}
(1)
=

{
y ∈ Rd|(1 + o(1)) · d · P

(
L1 ≥ αyη + αy

d∑
i=1

λi
yi

)
≤ δ

}

=

{
y ∈ Rd|(1 + o(1)) · d ·

(
κ

κ+ αyη + αy
∑d

i=1
λi
yi

)a
≤ δ

}

=

{
y ∈ R|κ+ αyη +

d∑
i=1

αy
yi
λi ≥ κ

(
(1 + o(1)) · d

δ

)1/a
}

(2)

⊆

{
y ∈ Rd|αyη ≥ κ

((
(1 + o(1)) · d

δ

)1/a

− 1

)
−

d∑
i=1

λi

}

=

{
y ∈ Rd|min

i∈[d]
yi ≥

κ

η

((
(1 + o(1)) · d

δ

)1/a

− 1

)
− 1

η

d∑
i=1

λi

}
.

In (1), we use the ‘single big jump’ principle that applies to i.i.d. Pareto distributed
random variables (Foss et al., 2013). Note that this only holds if αy(η +

∑d
i=1 λi/yi) is

high, which is the case for low values of δ. In (2) we use that αy/yi ≤ 1. Furthermore,
for δ small enough we may neglect the o(1) term. Set

αδ =
κ

η

((
d

δ

)1/a

− 1

)
− 1

η

d∑
i=1

λi.

Then for δ small enough we have Fδ ⊆
⋃
α≥αδ αΠ. Now we will check if for this αδ the
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condition P (||L||2 > h(αδ)) = O(δ) holds.

P (||L||2 > h(αδ)) /δ = P

(
d∑
i=1

L2
i > α2

δ

)
/δ

(1)
= (1 + o(1)) · d · P

(
L2

1 > α2
δ

)
/δ

= (1 + o(1)) · d · P (L1 > αδ) /δ

= (1 + o(1)) · d
δ
·
(

κ

κ+ αδ

)a
= (1 + o(1)) · d

δ
·

(
κη

κη + κ
(
d
δ

)1/a − κ−∑d
i=1 λi

)a

= (1 + o(1)) · d ·

(
κη

κηδ1/a + κd1/a − κδ1/a − δ1/a
∑d

i=1 λi

)a
δ→0−→ d

( κη

κd1/a

)a
= ηa.

Hence P (||L||2 > h(αδ)) /δ converges to a constant and therefore the condition that
P (||L||2 > h(αδ)) = O(δ) for δ → 0 holds. Now we have an approximation for αδ that
holds if δ is very low. Now we can determine the outer approximation set Oδ and the
uniform conditional event Cδ as given in Theorem 3 by Blanchet et al. (2020). We let
K = S = Rd. We can choose any ε ∈ (0, η), so let us choose ε = η/2.

Oδ =

{
y ∈ Rd|min

i∈[d]
yi ≥

κ

η

((
d

δ

)1/a

− 1

)
− 1

η

d∑
i=1

λi

}
,

Cδ =

{
l ∈ Rd|

d∑
i=1

li ≥
1

2
κ

((
d

δ

)1/a

− 1

)
− 1

2

d∑
i=1

λi

}
.

Now, the only thing left to do in order to properly set up the algorithm is determine M
such that P (L ∈ Cδ) ≤Mδ.

P (L ∈ Cδ)
δ

= δ−1P

(
d∑
i=1

Li ≥
η

2
αδ

)

= δ−1d · (1 + o(1)) ·
(

κ

κ+ ηαδ/2

)a
= δ−1d · (1 + o(1)) ·

 κ

κ+ 1
2κ
((

d
δ

)1/a − 1
)
− 1

2

∑d
i=1 λi

a

= d · (1 + o(1)) ·

 κ

δ1/a
(
κ/2−

∑d
i=1 λi/2

)
+ κd1/a/2

a

δ→0−−−→ d ·
(

2κ

κd1/a

)a
= 2a.
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Then, as we find this bound in case δ → 0, we choose our M to be double as much, so
M = 2a+1. This gives us all the tools to apply the algorithm.
Let N ′ = d2M log(1/β) + 2d+ (2dM) log(2M)e, then take N ′ samples (lj)j=1,...,N ′ from
(L|L ∈ Cδ) using acceptance-rejection (- or importance-) sampling. Then solve the
following optimization problem.

max

d∑
i=1

E [Ri] /yi

s.t

d∑
i=1

lji − λi
yi

− η ≤ 0, ∀j = 1, ..., N ′,

y ∈ Oδ.

Now, our goal is to translate this problem back to the original problem in which we have
xi = 1/yi for i = 1, ..., d. Let us define Ôδ = {x|xi = 1/yi, y ∈ Oδ}, then this set can be
defined as

Ôδ =

{
x ∈ Rd|0 ≤ xi ≤

η

κ
(
(d/δ)1/a − 1

)
−
∑d

i=1 λi
,∀i = 1, ..., d

}
.

Then the optimization problem above can be rewritten in terms of x.

max

d∑
i=1

xiE [Ri]

s.t.

d∑
i=1

xi(l
j
i − λi)− η ≤ 0, ∀j = 1, ..., N ′,

x ∈ Ôδ.

This is a linear program. Looking at N ′, we see that it does not depend on δ and thus
if δ is becoming small, the optimization problem above does not increase in number of
conditions. However, sampling from L to get a sample from (L|L ∈ Cδ) takes O(1/δ)
samples on average.

Some important notions on this approximation. Many of the steps in the approxi-
mations above depend on low values of δ, but no specific upper bound on δ is given and
therefore some caution is advised when a δ is chosen. Furthermore, the ‘single big jump’
principle is used for the independent Pareto distributed random variables, but in terms
of investments, independence is not a reasonable assumption. Think for example on a
major event like the Covid-19 crisis, in which there is a big drop in the stock exchange
market for many stocks at the same time.

3.5.2 Results of the Methods

We start analysing the case of a return rate that is symmetric Pareto distributed, as in
the beginning of this section. We compare the VaR, CVaR and the scenario approaches.
Then we will do the same using the optimal scenario generation algorithm, here we will
also look at the change in behavior for more dimensions.
As we already stated in our data analysis, we have defined our return rate at day n
to be (cn − cn−1)/cn−1 where cn is the closing index at day n. Different studies have
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another definition of the return rate. In Gabaix et al. (2003) the return rate is defined as
ln(cn)−ln(cn−1). They find that this definition follows power law holds for different stock
markets (depending on the time between n and n− 1) where we have P (L > x) ∼ x−3.
We stick to the information we have found in the literature and therefore assume a = 3
to be able to test the approaches for heavily-tailed distributions.

We set the following parameters. a = 3, µ = 2.5, η = 0.02, β = 0.001. We will show
the results for δ ∈ (0.001, 0.04) as in this interval we see can nicely see the behaviour of
the different methods.

The results are shown in Figure 4. This time the figure has less similarity with the
previous ones. For the VaR, we see that there is a certain point at which the tolerated
investment is going up very fast. The same holds for the CVaR, but this happens for
a far larger value of δ. We see that the SA-LP method does not get a similar upwards
drift. This can be explained as we are looking at a distribution with heavy tails, and
the probability that there is a low value in all our N samples is high. For SA-LP just
one very low sample already restricts us to invest very little.
In the SA-MIP we see a different behaviour. This time the SA-MIP line does not
follow the VaR line as closely as in the previous cases. For values of δ approximately
between 0.005 and 0.011 the approximation is less conservative then the exact solution
and for higher values it is more conservative. Here we see that the use of heavy-tailed
distributions has a big impact on approximation methods.
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Figure 4: Investment Ratio when Return Rate is Pareto Distributed as Function of δ.

Now we will look at the scenario generation method described by Blanchet et al.
(2020). First, we will look at the one dimensional case, as we can calculate the exact
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value now. We need to choose the parameters κ, a and λ. Let us say κ = 6, a = 3
and λ = 3, then E [R] = 1. We set β = 0.01 and η = 1. We will compare the method
introduced by Blanchet et al. (2020) to the method by G. Calafiore & Campi (2005).
We will repeat the procedures 1000 times in order to investigate the difference in mean
and variance of the two approaches.
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Figure 5: Comparison of the approach of Blanchet et al. (2020) and G. Calafiore &
Campi (2005) where 1000 simulations are done.

In Figure 5 the results are shown. In Figure 5a we see the investment that should
be done according to our solution methods. We see that the method by Blanchet et al.
(2020) appears to be a more conservative method, which restricts us to invest less then
the solution of the method of G. Calafiore & Campi (2005). Furthermore, in Figure
5b we see that the variance of the 1000 runs is lower for the method of Blanchet et
al. (2020). What we do see is that for decreasing δ the values of the two methods do
somewhat get closer together.
Next to these results, we have also looked at the case in which we have multiple possible
investment possibilities. We chose d = 3 and d = 5 to have a look at the differences in
the two methods we get there. We should be careful in blindly looking at the results,
as the approximations we have done for the Blanchet et al. (2020) approach are based
on a low value of δ, especially if d is going up. Therefore in the case of d = 5 we have
taken lower values of δ ranging from 0.001 to 0.01.
The results for the case of three return rates are given in Figure 6. Here the results look
a little bit as in the previous case, only this time the two approaches are closer together.
We see that the variance of the Blanchet et al. (2020) approach is lower.
In Figure 7 however, we see a whole different result. Here, again the two approaches
are getting closer to each other if δ decreases, but now the G. Calafiore & Campi (2005)
approach seems to be more conservative. Also its variance is lower. A reason for this
could be that our approximations might not be very appropriate for higher dimensions.

3.6 Variance of Scenario Approaches

As we already stated, the results of the scenario approaches are not deterministic. In
the results above we have used the scenario approach (both LP and MIP) 1000 times
and took the mean value. In this section we will inspect what the variance is in these
approaches and also determine in how many of the runs the solution will be in the fea-
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Figure 6: Comparison of the approach of Blanchet et al. (2020) and G. Calafiore &
Campi (2005) where there are three identically distributed return rates.
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Figure 7: Comparison of the approach of Blanchet et al. (2020) and G. Calafiore &
Campi (2005) where there are five identically distributed return rates.

sible region. Again we will look at what will happen when we change the values of δ.

We will look at the variance of the 1000 solutions from different samples. Again we
will look at values of δ where δ = 0.01, 0.02, ..., 0.1. In Figure 8 we see the variances
on the investment rate that we find for different scenarios. We see, that for the case
where we have Normal and Laplace distributed return rates, the variance of the scenario
approach using integer variables is lower than when solving the LP. However for the case
where we have Pareto distributed return rates, this is not the case. Here we see that the
variance in the SA-MIP approach is increasing faster and is far larger than the variance
of the SA-LP method. Also for lower values of δ, which are not really well visible, the
variance of the SA-MIP approach is higher. So we see that the behaviour of the methods
is totally different in case of a heavy-tailed distribution.

We have seen that for the Normal and Laplace distribution, the variance is higher
if we use the SA-LP method. Also, for all distributions we have looked at, the mean
results of the SA-MIP method is far closer to the exact solution then the SA-LP method.
However, we have to be careful using the SA-MIP method. By examining the results, we
find that if we use the SA-MIP approach, in only about 50% of the cases our solution is in
the feasible region of the main problem. This means that if we use the SA-MIP method
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Figure 8: Comparison of the Variance of Investment with different distributions.

only once, we have a very high possibility of getting results outside of the feasible region.
Even if we use multiple runs and take the average, as we have done in our results, we
are not guaranteed to be in the feasible region. We can see this by looking at Figures
1, 3 and 4, where the SA-MIP line exceeds the VaR line occasionally. Whenever that
happens, the solution is not in the feasible region. Pagnoncelli et al. (2009) warn that it
might be better to choose an γ 6= β and ensure that at most γ ·N of the constraints are
unfulfilled. To get a higher probability on a feasible solution we should then take γ < δ.
Furthermore if we look at our 1000 results per approach, we see that all of the solutions
given by the SA-LP are in our feasible region, regardless of their higher variance.

3.7 Results and Comparison

In this section we will give an overall view on the results we have seen so far. Furthermore
we will look at some improvements in methods that would be interesting for future
investigation.
Looking back at all of the figures and results we have seen above, we might draw the
following conclusions. First of all, the CVaR method is a more conservative method
than the exact VaR method. This was already known and underpinned by the results.
Furthermore, we see that for our problem, the scenario approach by G. Calafiore &
Campi (2005) is a very conservative approach. Especially in the case of a heavy-tailed
return rate.
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The scenario approach by Pagnoncelli et al. (2009) however, seems to be a very good
approach looking at how close the approximated solution comes to the exact solution.
As we already stated in the previous section, one must be very careful in using this
method, as results are very likely to be outside of the feasible region. As already stated
in Section 2.1, the performance of the approach depends on γ and we have chosen γ to
be equal to δ (γ is the fraction of conditions that do not have to be met). In order to
get more reliable solutions, we should search for values of γ which assures us better that
our solution is in the feasible region.
It is clear to see that the scenario approaches we have looked at work better in case
of lower-tailed distributions than in the case of heavy-tailed distributions. Moreover,
we have seen that the approach by Blanchet et al. (2020) a solution of the same order
of magnitude as the G. Calafiore & Campi (2005) approach (for sufficiently small δ),
which is a very conservative approach. We might be interested in introducing integer
variables in the Blanchet et al. (2020) approach to get a less conservative, but still
reliable approach. This could be interesting for future research.
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4 Epidemic Model on Exit Strategy

In this section we will consider epidemic models based on the spread of a virus. We
start with a small model, just to indicate how heavy-tailed distributions come in play
in epidemic models. Thereafter we will formulate a continuous and a discrete extension
of the well-studied SIR-model. After establishing these model, our meaning of an exit
strategy will be described. Thereafter, a chance constrained optimization problem will
be formulated in which we look for a strategy in which we ensure that the intensive care
capacity will not be exceeded using a quarantine variable. We will assume uncertainty
on the reproduction rate of the virus (the mean number of people that get infected by
one infected person).

4.1 Simple Model to Show Presence of Heavy-tailed Distributions

In this section a very simplified model of epidemic virus spread will be described which
keeps track of the number of infected people. The model is described to show how heavy-
tailed distributions come in play in epidemic models. Let I(t) be the number of infected
people at day t. Now assume that there is a recovery rate of γR ∈ (0, 1) which denotes
the fraction of infected people that will be recovered in a day (note: we do not assume
any deaths here, but include the rate people become deceased in the recover rate). Let
L be the number of people that an infected person will infect per day, we assume L is
normally distributed with mean µ and standard deviation σ. This assumption models
the situation where L is unknown, as is often the case for a new virus, and decisions
have to be made. Then the following equation for I(t) can be set up;

I(t+ 1) = I(t)− γRI(t) + LI(t) for t = 0, 1, 2, ..,

where I(0) is the initial number of infected people. So the number of infected people
at day t + 1 is equal to the number of infected people at day t minus the number of
recovered people and plus the new infections. We assume L to be normally distributed
and therefore L̄ = (1− γR + L) ∼ N (µ+ 1− γR, σ). Then our model can be written as

I(t) = L̄tI(0) for t = 1, 2, ...

Now we will show that for t > 2 this will be a heavy-tailed distribution by showing that
the moment generating function of L̄t is infinite. Let µ̂ = µ+ 1− γR and let ML̄,t(y) be
the moment generating function of L̄t.

ML̄,t(y) = E
[
eyL̄

t
]

=

∫ ∞
−∞

ey·x
t 1

σ
√

2π
e−

1
2(x−µ̂σ )

2

dx

=
1

σ
√

2π

∫ ∞
−∞

ey·x
t− 1

2σ2
(x2−2µ̂x+µ̂2)dx

=∞ ∀y > 0, t > 2.

So in this toy model, the number of infected people at day 3 already follows a heavy-
tailed distribution. In the following sections we will consider a more advanced model
and analysing the model will be harder. However in many SIR-based epidemics models
we see that the number of infected people will follow an exponential growth at the start
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and therefore, like in our toy model, small alterations in the reproduction rate can have
large influences on the outcome of the model.

4.2 Continuous Time Extended SIR Model

In this section we will explain a more complicated model. The model is an extension to
the well studied SIR-model in which there are three types of people; susceptible people
S, infected people I and recovered people R. We will extend this model where we also
take into account hospitalised patients H (on the IC) and deceased patients D. We will
assume the following structure.

S I R

H

D

So susceptible people can be infected. Then an infected patient either gets recovered or
goes to the IC. An hospitalised patients will hopefully recover, or it gets deceased. Once
recovered there is no possibility to get infected again. Consider a population of size N ,
we assume N is fixed, so there is no migration. At time t we say S(t) is the number of
susceptible people, I(t) is the number of infected people, H(t) the number of patients
on the IC, and D(t) and R(t) denote the number of deceased and recovered patients on
day t respectively.

In this section we will look at an continuous time model. We will first formulate the
model, thereafter we will give an interpretation on how we can determine exit strate-
gies for the crisis and give an chance constraint formulation. For this model we will be
able to show some results on our exit strategy. Later we will formulate an even more
extended model, in the sense that it also keeps track on how long patients are infected
etc., but somewhat easier to implement as the model will be a discrete-time model. For
this model we will show numerical results.

Our continuous time model has the following dynamics.

S(t) = N − I(t)−H(t)−R(t)−D(t)

dI(t) =
β

N
S(t)I(t)dt− (γIR + γIH)I(t)dt

dH(t) = γIHI(t)dt− (γHD + γHR)H(t)dt

dD(t) = γHDH(t)dt

dR(t) = γHRH(t)dt+ γIRI(t)dt.

Here γab is the rate that an individual goes from state a to state b. β is the rate that
susceptible people get infected, here there is a term S(t)/N added to ensure that if there
are less susceptible, the infection rate will decrease as well.
Now in this model there can be a lot of uncertainties. For example, it is very hard to
get to know the number of infected people at a certain point, so setting an I(0) already
gives uncertainty. Furthermore the β− and γ−parameters cannot be determined exact
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and therefore could be considered uncertain. Especially the parameters β, γIR and γIH
are very uncertain as a result of I(t) being unknown.

Now we will simplify the model above a little bit by looking at a virus that has not
spread much yet which causes N ≈ S(t). This gives us the possibility to replace the
equation for I(t) by

dI(t) = βI(t)dt− (γIR + γIH)I(t)dt,

at the beginning of the spread. This equation can be solved explicitly, which will be
done in the following section.

4.3 Continuous Exit Strategy Optimization Problem

In this section we will introduce a control function which can be used by the government
to determine the strictness of a potential lock-down. We introduce the control function
q(t), which symbolizes the fraction of infections at time t that do not occur because of
a lock-down. In other words, if there is a very strict lock-down and everyone has to
remain at home, q(t) has a high value.

We will continue looking at the continuous linearized model as we have described
above. Our control function has the following effect on the dynamics of our model. The
function for dI(t) will be replaced by

dI(t) = (1− q(t))βI(t)dt− (γIR + γIH)I(t)dt.

Our goal will be to find a control function such that our the number of patients on
the IC will never be greater than the maximum capacity of the IC. Of course we could
choose a very strict lock-down, but this will lead to many problems, both economically
as psychologically. We introduce a cost-function of our lock-down, f such that the cost
of the lock-down will be defined as

CT (q) :=

∫ T

0
f(q(t))dt.

Let Hc be the IC capacity. Then, under the dynamics we have described, we can set up
the following chance constrained optimization problem.

min CT (q)

s.t. P

(
sup
t∈[0,T ]

Hq(t) > Hc

)
< δ.

where δ is confidence parameter. Here we use q as a subscript for Hq(t) to emphasize
that the number of patients on the IC does depend on q.

The equation for I(t) can be explicitly calculated (depending on q(t)) and is given
by

I(t) = I(0) exp

{∫ t

0
(1− q(s))β − (γIR + γIH)ds

}
.

From our equation of H(t) in section 5.2 we can observe that

Hq(t) =

∫ t

0
γIHI(s) exp{−(γHD + γHR)(t− s)}ds.
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Now we can substitute the expression of I into the expression of H to obtain the fol-
lowing.

Hq(t) = γIHI(0) exp{−(γHD+γHR)}
∫ t

0
exp

{∫ s

0
(1− q(u))β − (γIR + γIH)du+ (γHD + γHR)s

}
ds.

We will use this expression in the proof that a decreasing control function will be opti-
mal for our chance constraint problem.

4.3.1 Optimal Control Function is Decreasing

As already stated, the optimal control function for our problem will be decreasing. To
show this, we define the set of control functions

CT := {q ∈ L∞([0, T ]) : 0 ≤ q(t) ≤ 1 ∀t ∈ [0, T ]}.

Then we define the set of decreasing control functions

DT := {q ∈ CT : q(s) ≥ q(t) ∀0 ≤ s ≤ t ≤ T}.

We will show the following proposition:

Proposition 1. For any q ∈ CT there is a q0 ∈ DT such that CT (q) = CT (q0) and∫ t
0 q(s)ds ≤

∫ t
0 q0(s)ds for all t ∈ [0, T ].

After proving this proposition, we will use it to show that we do have a decreasing
optimal control function.

Proof of Proposition 1. For n ≥ 1 let us approximate function q by q(n) defined as

q(n)(t) = j · 2−n if t ∈ An,j := {t ∈ [0, T ] : j · 2−n ≤ q(t) ≤ (j + 1)2−n},

for j = 0, 1, ..., 2n − 1. Then clearly ∀t ∈ [0, T ] we have q(n)(t) ≤ q(n+1)(t). Also we
have point-wise convergence limn→∞ q

(n)(t) = q(t). Then by the monotone convergence
theorem we know that

lim
n→∞

∫ t

0
q(n)(s)ds =

∫ t

0
q(s)ds.

Now let L be the Lebesgue measure, then
∑2n−1

j=0 L(An,j) = T . Now let us define q
(n)
0

as follows;

q
(n)
0 (t) = sup{j · 2−n : 0 ≤ j ≤ 2n − 1,

2n−1∑
i=j

L(An,i) ≥ t}.

It is clear that q
(n)
0 (s) ≥ q(n)

0 (t) if 0 ≤ s ≤ t ≤ T . Furthermore we have q
(n)
0 (t) ≤ q(n+1)

0 (t)

for all t ∈ [0, T ]. Hence q0(t) = limn→∞ q
(n)
0 (t) is well defined and decreasing, so q0 ∈ DT .

Note that CT (q(n)) = CT (q
(n)
0 ) as over the whole interval [0, T ] both the functions get

the same value over equal sizes of the intervals. Furthermore observe that
∫ t

0 q
(n)(s)ds ≤

intt0q
(n)
0 (s)ds for all t ∈ [0, T ]. Now again by the monotone convergence theorem we get

CT (q) = CT (q0) and
∫ t

0 q(s)ds ≤
∫ t

0 q0(s)ds.
Hence our proposition is proven.
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Now assume we have an optimal control function qCT for our problem which is not
in DT . By Proposition 1 we can construct q0 ∈ DT such that CT (q) = CT (q0) and∫ t

0 q(s)ds ≤
∫ t

0 q0(s)ds. Looking at our expression for Hq(t) we see that∫ t

0
q(s)ds ≤

∫ t

0
q0(s)ds ⇒ Hq(t) ≥ Hq0(t).

Therefore, if q is a feasible solution to our problem, then q0 should be a feasible solution
as well. So we find that for every optimal control function, we can construct an other
optimal control function that is decreasing.

From now on we will be looking at discrete time model. One interesting research
question is if the optimal control function for these problems is decreasing as well.

4.4 Discrete Time Extended SIR Model

In this section we will explain the model that is implemented. The model looks the same
as the previous continuous model, but we will discretize it. Furthermore there are some
extensions, as we keep track of how long people have been infected. We have taken the
continuous model of Ferretti et al. (2020) and used this to make a discretized model.

We again consider a population of size N and assume N is fixed. At day t we say
S(t) is the number of susceptible people, I(t) is the number of infected people, H(t)
the number of patients on the IC, and D(t) and R(t) denote the number of deceased
and recovered patients on day t respectively. The dynamics are the same as before,
so susceptible people can become infected, infected patients can either go to the IC or
recover. Patients on the IC either recover or become deceased.

We introduce the following parameters. We let γIH and γIR be the probability that
someone who is infected has to go to the IC or is recovered, respectively. Let γHD be
the rate of people getting deceased and γHR the rate of people getting recovered after
been on the IC.

The number of susceptible people that become infected will be derived from the
model explained by Fraser et al. (2004). During the Covid-19 crisis, Ferretti et al.
(2020) have examined this model and found parameters fitting the Covid-19 outbreak.
The model they use is predicting an infection rate curve over time, displaying the rate
that an infected person infects someone else after being infected for a certain time him-
self. We have discretized this model and put it into the extension of the SIR model.
The model by Fraser et al. (2004) also gives us the possibility to test with app tracing
and self quarantine of infected people, we will come to this later.

In the model, Y (t, τ, τ ′) is introduced as the number of individuals at time t who
where infected at a time t− τ by individuals who where in turn infected at a time t− τ ′.
We want to discretize this and therefore introduce Y ∗(t, τ), as the number of people
that are infected in time interval [t, t+ 1) by people that where infected in time interval
[t− τ, t− τ + 1) (or in discrete terms, the number of people that where infected on day t
by someone infected on day t− τ). This gives us Y ∗(t, τ) =

∫ τ+1
τ

∫ t+1
t Y (t′, 0, τ ′)dt′dτ ′.

In our model we assume that once a patient gets infected, he will stay infected and
infectious for t0 days, where t0 is chosen such that Y ∗(t, τ) is negligibly small for all
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τ > t0. From the paper by Ferretti et al. (2020) we observe t0 = 13. After these t0 days,
a patients either recovers or has to go to the IC (so patients will only go to the IC if
they have been infected for t0 days). A patient on the IC has a certain probability to
decease or to recover.

In the definition of Y ∗(t, τ) some more parameters and functions are hidden. First
of all, the probability density function of the generation time, w(τ), which is the time it
takes for an individual to infect another individual. Next to this we have R0, the basic
reproduction number. R0 is the average number of people that one infected patient will
infect when no interventions take place. We define β(τ) = R0w(τ) as the rate function,
which is the rate that an individual will infect other individuals when there are no in-
terventions.
Next to the infection rate, we also need the cumulative distribution function of the in-
cubation time s(τ), which gives the probability that a patient infected τ time ago has
already become symptomatic.

Fraser et al. (2004) also define two ‘intervention’ parameters, namely εI and εT . At
the moment an individual becomes symptomatic, there is a probability of εI that the
person will go into isolation. Someone who is in isolation will not be able to infect any-
one else anymore. Furthermore, when individuals have been isolated, they have their
contacts traced. The contacts will be quarantined with probability εT . The contacts of
these quarantined individuals will only be contacted at the moment the individual gets
symptoms himself.

Next to the intervention parameters stated above, we will introduce a ‘quarantine
function’ q(t) which represents the fraction of infections that do not occur due to people
staying home. We will assume that this will adjust the infection rate β(τ) in such a way
that we get an infection rate of (1− q(t))β(τ). So the rate that someone infects another
person, is not only depending on the time the infected person is already infected, but
also on the point of time we are. We will add a subindex q to Y ∗(t, τ) to make clear
that it also depends on q(t) so we use Y ∗q (t, τ).

We will first give a mathematical representation of the dynamics of our model. Later
we will explain how Y ∗q (t, τ) is determined using an approximation. We will assume that
once an individual is infected, it will not infect others that day.

S(t+ 1) = S(t)−
t0∑
τ=1

Y ∗q (t, τ)

I(t+ 1) = I(t) +

t0∑
τ=1

Y ∗q (t, τ)−
t0∑
τ=1

Y ∗q (t− t0, τ)

H(t+ 1) = (1− γHD − γHR)H(t) + γIH

t0∑
τ=1

Y ∗q (t− t0, τ)

D(t+ 1) = D(t) + γHDH(t)

R(t+ 1) = R(t) + γIR

t0∑
τ=1

Y ∗q (t− t0, τ) + γHRH(t).

As Y ∗q (t, τ) is the number of infected people infected at day t by someone that is infected
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at day t−τ and an infected individual stays infectious for t0 days, the sum
∑t0

τ=1 Y
∗
q (t, τ)

is the number of new infections on day t and
∑t0

τ=1 Y
∗
q (t − t0, τ) the number of people

who where infected t0 days ago and will now either recover or go to the IC.

Recall Y (t, τ, τ ′) is the number of individuals at time t that where infected at time
t− τ by an individual who was infected in turn at time t− τ ′. Fraser et al. (2004) gives
us the following expression.

Y (t, 0, τ) = (1− q(t))β(τ)(1− εIs(τ))

∫ ∞
τ

(1− εT (1− 1− s(τ ′)
1− s(τ ′ − τ)

))Y (t, τ, τ ′)dτ ′,

where Y (t, τ, τ ′) = Y (t − τ, 0, τ ′ − τ). A detailed explanation on this equation can be
found in Appendix B. In order to discretize this, recall β(τ) = R0 · w(τ) and define

f(τ ′, τ̂) = w(τ̂)(1− εIs(τ̂))

(
1− εT + εT

1− s(τ ′)
1− s(τ ′ − τ̂))

)
.

Then define

g(τ, τ ′) =

∫ τ ′+1

τ ′

∫ min(τ̂ ′,τ+1)

τ
f(τ̂ ′, τ̂)dτ̂dτ̂ ′.

In Appendix B a discretization of Y (t, 0, τ) to Yq(t, τ) is given. This results in the
following recursion.

Y ∗q (t, τ) =
S(t)

N
(1− q(t))R0

t0∑
τ ′=τ

Y ∗q (t− τ, τ ′ − τ)g(τ, τ ′).

Here, the values for g(τ, τ ′) do not depend on t and therefore they can be calculated
in advance. Now we have all tools to use our model. This gives us a tool to set up an
optimization problem for an exit strategy, this will be done in the following section.

To give an indication of the dynamics of the model, we apply the model the set of
parameters that will be explained in Section 5.1.3. Here we assume q(t) = 0 and R0 = 2.
We show the first 6 weeks of the epidemic spread. The figure is visible in Figure 9. We
see that we start with a slowly increasing growth but at some point in time there is a
large increase in the number of infected people.

In Figure 10 we see the effect of the parameters εI and εT on the IC occupancy.
We see that these interventions can be very effective. In practice however, it is hard to
determine what these parameters are and how to be able to change these.

4.5 On Discrete Exit Strategy Optimization Problems

One of the bottlenecks many countries suffer from during the Covid-19 crisis is the
capacity on the intensive care. The model we proposed keeps track of the number of IC
beds in use. We will try to find a way to get trough the crisis without the IC getting
full, as this will cost the lives of humans.
In this section we will formulate an optimization problem in which we want to exit the
crisis without exceeding the number of needed IC beds. We will start by introducing
a simple optimization problem which we can solve analytically. Thereafter we will
formulate the exit strategy problem for the extended SIR model as described in Section
5.2.
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Figure 9: Dynamics of the extended SIR model in the first 6 weeks.

4.5.1 Simple Exit Strategy Model

We assume a simplified model in which we only keep track of the number of hospitalized
patients. Let H(t) be the number of people on the IC at day t. Again let q(t) be the
fraction of people that is in quarantine at day t. We assume that up until day S we do
not have interventions and after day S we have a T day span in which we are able to
determine the quarantine variable on every day. In this model, there is a simple dynamic
which is that the number of hospitalized patients at day t is equal to the number at day
t − 1 times the reproduction number, which is R before day S, and (1 − q(t − S))R at
day t > S. Hence we have the following dynamics.{

H(t) = H(0)Rt t = 1, 2, ..., S,

H(S + 1 + t) = H(S + t) · (1− q(t))R t = 0, 1, ..., T − 1.

Now we will assume that R is a random variable. Hence we have a stochastic system in
which we want to keep H(t) < Hc for all t = 0, 1, ..., S + T . Here Hc the the capacity
on the IC. As we have done in the portfolio optimization, we will set up an chance
constrained optimization problem. Let δ be the confidence level such that we will not
exceed the IC capacity with probability of at least 1− δ. Furthermore, we want to keep
the quarantine parameter low, so we choose to minimize

∑T−1
t=0 q(t). Hence we have the
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(a) Effect of εI on IC occupancy.
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(b) Effect of εI and εT on IC occupancy.

Figure 10: Effect of both immediate quarantine after getting symptoms and effect of
app tracing.

following problem.

min

T−1∑
t=0

q(t)

s.t. P (H(S + 1 + t) > Hc) ≤ δ, t = 0, 1, ..., T − 1,

H(t) = H(0)Rt, t = 1, 2, ..., S,

H(S + 1 + t) = H(S + t)(1− q(t))R, t = 0, 1, ..., T − 1,

q(t) ∈ [0, 1], t = 0, 1, ..., T − 1.

Of course we assume that H(t) ≤ Hc for all t = 0, 1, ...S. In Section 6 we will see how
we are able to approximate this using the method by G. Calafiore & Campi (2005) and
get an explicit solution from this method.

4.5.2 Exit Strategy Extended SIR Model

We assume a model in which there is a government which can set limitations on all
N individuals in the model in such a way that they are able to determine q(t) for all
t = 0, 1, .... This means that the government is able to determine the fraction op people
that does not meet other people and therefore can change the reproduction rate. Of
course, in our model, we could set q(t) = 1 for t = 1, ..., t0 and in this way after t0 days
nobody is infected anymore. However, this would mean that all of the N individuals
may not see anyone for t0 days, which is practically not reachable. We will try to to
find a function q(t) in which we want to limit the values of q(t).
In practice, a government will not state new quarantine rules every day, and therefore
we will limit the government to change q(t) every u weeks. We will look at a time-frame
of T days, where T is a multiple of 7u. In particular we will look at the case in which
u = 3 and T = 42. Hence, there will be two decision variables, say q1, q2, such that
q(t) = q1 for t = 0, 1, ..., 21 and q(t) = q2 for t = 22, ..., 42. Our aim will be to minimize
C(q1, q2) which is a function that is increasing in q1 and q2.

In Ferretti et al. (2020) an estimation for R0 is done. They determine R0 = 2.0. We
have to be careful using this value of R0 and assuming that this is the correct value. In
models from epidemics, small differences in R0 can have great changes in the outcome of
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the model. Therefore we will keep the uncertainty of R0 in mind and let it be a random
variable.
Recall that H∗(q,R0) is the maximum value H(t) attains for t = 0, 1, ..., T using quar-
antine function q(t) and reproduction number R0. Now we can set a chance constraint
where we do not want H∗(q,R0) to exceed the IC capacity. Let Hc be the capacity at
the IC. Then we can set up the following chance constrained optimization problem.

min
q1,q2∈[0,1]

C(q1, q2)

s.t P (H∗(q,R0) > Hc) ≤ δ,
q(t) = q1, ∀t = 0, 1, ..., T/2,

q(t) = q2, ∀t = T/2 + 1, ..., T.

Here we see that the structure of the chance constraint is the same as in the portfolio
optimization problem, however, the structure of the function H∗(q,R0) is far harder to
analyse. Therefore we will only look at approximation methods to solve the problem.
There are some research questions we are interested to look at. We will look at the
difference of the exit strategy that comes out of our chance constrained problem and
the exit strategy we would get if we would assume R0 to be deterministic and equal to
its expected value.

To illustrate that the solution space of this problem is not necessarily convex, we
show Figure 11. Here we see a heatmap showing the number of patients on the IC on
its maximum. On the x-axis we see the q1 variable and on the y-axis q2. This figure
shows that our solution space is not necessarily convex. For example, if we set q2 = 0
and start with a q1 of about 0.65 we get a higher maximal occupancy then when we
start with q1 = 0.25 or q1 = 1. Hence it is not necessarily true that our feasible region
is convex (this is also depending on Hc).
Also, from tests and analyses, we find that H∗(q,R0) is not necessarily increasing in
R0. Because of this, we cannot simply sample from the distribution of R0 and take the
largest value.
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Figure 11: Heatmap of maximum IC capacity for different values of q1 and q2, where
T = 84 and R0 = 2.3.
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5 Epidemics Model Methods and Results

In this section we will show the methods we have implemented in order to solve the op-
timization problem stated in the previous section. Thereafter we will use these methods
to generate results. We will look at the differences between the optimization problem
and the case of a deterministic reproduction number.

5.1 Solution Methods

First, the methods we have used to solve the problem are described. We will be able to
solve the first model by hand. In the extended SIR-model we will be using approxima-
tions.

5.1.1 Simple Model Approach

We will start by looking at the model described in Section 4.5.1. In order to solve this
model by hand, we start with some observations. First of all, note that we can combine
the constraints in such a way that we get the following optimization problem.

min
T−1∑
t=0

q(t)

s.t. P

H(0)RS+1+t
t∏

j=0

(1− q(j)) > Hc

 ≤ δ, t = 0, 1, ..., T − 1,

q(t) ∈ [0, 1], t = 0, 1, ..., T − 1.

We see that H(S+ 1 + t) is strictly increasing in R and hence we can replace the chance
constraint with the constraint that

H(0)rS+1+t
t∏

j=0

(1− q(j)) ≤ Hc, t = 0, ..., T − 1 where r := F−1
R (1− δ).

So now we have cleared our problem from the chance constraint, and will show how to
solve this problem explicitly. For convenience of writing we will say q̃(t) = 1− q(t) and
we will try to maximize

∑T−1
t=0 q̃(t). We get the following optimization problem.

max
T−1∑
t=0

q̃(t)

s.t.

t∏
j=0

q̃(j) ≤ Hc/H(0) · r−(S+1+t), ∀t = 0, ..., T − 1,

q̃(t) ∈ [0, 1], ∀t = 0, ..., T − 1.

In the problem above we can recognize something like the standard from of a geometric
program as formalized by Boyd et al. (2007), and hence we can use a similar trick. Let
us say y(t) = − ln(q̃(t)), then we can rewrite our optimization problem. We know that
q(t) ∈ [0, 1], hence y(t) ≥ 0. Furthermore, if we replace q̃(t) by e−y(t) in the constraint
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we can rewrite it as follows.

t∏
j=0

e−y(j) ≤ Hc/H(0) · r−(S+1+t)

⇒ e−
∑t
j=0 y(j) ≤ Hc/H(0) · r−(S+1+t)

⇒
t∑

j=0

y(j) ≥ ln(H(0)/Hc) + (S + 1 + t) ln(r).

Now we have transformed our optimization problem into the following.

max
T−1∑
t=0

e−y(t)

s.t.
t∑

j=0

y(j) ≥ ln(H(0)/Hc) + (S + 1 + t) ln(r), ∀t = 0, ..., T − 1,

y(t) ≥ 0, ∀t = 0, ..., T − 1.

Now we set m(t) = max{0, ln(H(0)/Hc) + (S + 1 + t) ln(r)} for all t = 0, ..., T − 1. We
will show that these follow the property that

0 ≤ m(t) ≤ m(t+ 1) for t = 0, ..., T − 2.

It is clear that m(t) is non-negative by its definition, so also if m(t) = 0, then also
m(t) ≤ m(t + 1). Furthermore if m(t) > 0, then m(t + 1) − m(t) = ln(r), and by
assumption r > 1. Hence m(t+ 1) ≥ m(t).
Now we will state a Lemma which provides us with the optimal solution of our problem.
Thereafter we will give the proof of this Lemma.

Lemma 1. Let us have m(0),m(1), ...,m(T − 1) such that 0 ≤ m(t) ≤ m(t+ 1) for
all t = 0, 1, ..., T − 2. Then the optimal solution of the optimization problem

max

T−1∑
t=0

e−y(t)

s.t

t∑
j=0

y(j) ≥ m(t), ∀t = 0, 1, ..., T − 1,

y(t) ≥ 0, ∀t = 0, 1, ..., T − 1.

is attained at the point y∗ = (m(T − 1), 0, 0, ..., 0).

Proof. In order to prove Lemma 1, we will give a proof by contradiction. First we
show that y∗ = (m(T − 1), 0, 0, ..., 0) is a feasible solution for the problem. Then we
assume that there is a feasible solution y 6= y∗ such that the objective value of this
solution is higher.
We know that m(T − 1) ≥ max{m(t)}, hence

∑t
j=0 y

∗(j) = m(T − 1) ≥ m(t) for all
t = 0, 1, ..., T − 1. So we see that y∗ is a feasible solution.
Now assume there is some y 6= y∗ which is a feasible solution with an higher objective
value. Let us say

δ = y − y∗.
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For ease of notation we say δ = (−δ0, δ1, ..., δT−1). Note that in order to get to a higher
objective value, the first entry of δ should be strictly negative, furthermore all other
entries of δ should be greater or equal to 0 in order to remain in the feasible region.
Hence δi ≥ 0 for all i = 0, 1, ..., T − 1. Let us say C(y) =

∑T−1
t=0 e−y(t). Then we will

show that C(y∗) ≥ C(y) and thus we have a contradiction.
In order for y to be feasible, we need

∑T−1
j=1 δj ≥ δ0, otherwise

T−1∑
j=0

y(j) = m(T − 1)− δ0 +
T−1∑
j=1

δj 6≥ m(T − 1).

We have C(y∗) = T − 1 + e−m(T−1), also

C(y) = e−(m(T−1)−δ0) +

T−1∑
j=1

e−δj .

We will show an inequality that will help us to show our contradiction. Let x1, x2 ≥ 0,
then obviously (1− e−x1) ≥ 0 and (1− e−x2) ≥ 0. Hence

(1− e−x1)(1− e−x2) ≥ 0 ⇐⇒ e−x1 + e−x2 ≤ 1 + e−(x1+x2).

This inequality can be extended such that, assume we have x1, x2, ..., xN ≥ 0, then

N∑
n=1

e−xn ≤ N − 1 + e−
∑N
n=1 xn ,

as we can continue to use the inequality multiple times as in step i we have x1+....+xi ≥ 0
and xi+1 ≥ 0.
Furthermore, if we have a, b ≥ 0 such that a− b ≥ 0 then we can say x1 = b, x2 = a− b
which gives us

e−(a−b) + e−b ≤ 1 + e−a.

Now we can combine these to show are contradiction.

C(y) = e−(m(T−1)−δ0) +
T−1∑
j=1

e−δj

≤ e−(m(T−1)−δ0) + T − 2 + e−
∑T−1
j=1 δj

≤ e−(m(T−1)−δ0) + T − 2 + eδ0

≤ T − 2 + 1 + e−m(T−1)

= C(y∗).

Hence we have found that C(y) ≤ C(y∗) which contradicts our assumption. Therefore
y∗ must be an optimal solution for our problem and the proof is completed.

Now using Lemma 1 we find that our optimal solution is attained at y(0) = ln(H(0)/Hc)+
(S + T ) ln(r), y(1) = ... = y(T − 1) = 0. Translating this back into q(t) = 1− e−ln(y(t))

gives us

q(0) = 1− Hc

H(0)
r−(S+T ), and q(1) = ... = q(T − 1) = 0.

Note that this is a decreasing function. As we found for the continuous model, a
decreasing function seems to be optimal. For this model it seems to be better to start
with a (very) strict lock-down.
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5.1.2 Extended SIR Model Method

We will focus solving the exit strategy optimization problem that is introduced in Section
4.5.2. The dynamics of the underlying model are hard to analyse by hand and therefore
we will use the function H∗(·, ·) as a black-box function, where we can fill in values to
retrieve the maximum number of people on the IC. We will use scenario generation. So
let us have confidence level β and let N = d2/δ ln(1/β) + 2 + 2/δ ln(2/δ)e. Then take
samples (rj)j∈[N ] from the distribution of R0. We will solve the following problem.

min
q1,q2∈[0,1]

C(q1, q2)

s.t. H∗(q, rj) ≤ Hc, ∀j ∈ [N ],

q(t) = q1, ∀t = 0, 1, ..., T/2,

q(t) = q2, ∀t = T/2 + 1, ..., T.

Say χr =
{

(q1, q2) ∈ [0, 1]2|H∗(q, r) ≤ Hc

}
. From experimenting with the model,

we find that χr is not necessarily convex. However, if we fix q1 ∈ [0, 1] and look at
χq1r := {q2 ∈ [0, 1]|H∗((q1, q2), r) ≤ Hc}, then we find that either χq1r is empty or it
equals [a, 1] for some a ∈ [0, 1]. We will use this observation to make a solution method
that finds an optimal solution with a precision of 0.01.

For our approach we assume that C(q1, q2) is increasing in q2, which is an obvious
assumption as we do not want to have a high quarantine fraction. We will look at the
case that C is the 1-, 2- and ∞−norm.

We discretize q1 into the possibilities of being 0, 0.01, 0.02, ..., 0.99, 1. Then we will
look at the minimum value of q2 such that q2 ∈

⋂K
i=1 χ

q1
ri . (We set q2 to infinity if the set

is empty.) Now, by our previous observation we can do a search for the lowest value of
q2 which for all samples of R0 holds to our constraint. We will use a search starting at
1/2, and if then H(q, r) > Hc for some i we will set q2 to 3/4 and repeat, and otherwise
set it to 1/4 and repeat. If we repeat we will get a precision of 0.01 in 8 steps.
If C(q1, q2) is increasing in q2 this approach gives the optimal value for the scenario
approach. In Appendix C, the algorithm described above is given in pseudo code.

Next to this the scenario generation method we described above we will also look at
the approach where only a fraction 1− δ of the constraints have to be met. We get the
following problem.

min
q1,q2∈[0,1]

C(q1, q2)

s.t. H∗(q, rj) ≤ Hc + yi ·M, ∀j ∈ [N ],

N∑
i=1

yi ≤ δ ·N q(t) = q1, ∀t = 0, 1, ..., T/2,

q(t) = q2, ∀t = T/2 + 1, ..., T.

In the integer program formulation we only have to adapt the algorithm in such a
way that q2 ∈

⋂
i∈I χ

q1
ri where I ⊆ [K] and |I| ≤ δK. We do this by adding a counter

that counts the number of times a constraint is violated, and if this happens more then
δ · N times, we find that the pair (q1, q2) is not in the feasible region and we have to
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look forward.

We have implemented these solution methods and look at the following objective
functions: C(q) = ||q||a for a = 1, 2,∞. In the results we will see that these different
choices of the objective function result in different exit strategies.

5.1.3 Used Parameters

For the model itself we will use the following parameters.

t0 13

γIH 0.026445154

γIR 0.973554846

γHD 0.003718003

γHR 0.096281997

Table 1: Model Dynamics Parameters

From Ferretti et al. (2020) we take the generation time to be Weibull distributed
and the incubation time is lognormal distributed. We obtain the following parameters.

Generation time Shape parameter 2.826027
(Weibull distributed) Scale parameter 5.665302

Incubation time mean log 1.644
(lognormal distributed) standard deviation log 0.363

Table 2: Parameters of distributions

Here, the Weibull distribution with shape parameter k and scale parameter λ has
the probability density function

f(x) =


k

λ

(x
λ

)k−1
e(−x/λ)k if x ≥ 0,

0 if x < 0.

Furthermore we need to define our intervention parameters. Also, the period for which
we want to determine the fraction of quarantined people should be specified.

T 42 days

εI 0.4

εT 0

Table 3: Intervention Parameters

A very important part of this modeling is estimating R0. For now we will say that
R0 is normally distributed with mean 2 and standard deviation of 0.2. The value R0 = 2
comes from Ferretti et al. (2020), however they do not state a distribution for R0 (only
a confidence level), so the normal distribution is a assumption we make.
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We have used the following initial values (partly based on recent data in the Nether-
lands).

N 17 · 106

I(0) 10000

R(0) 510000

H(0) 397

D(0) 0

S(0) N − I(0)−R(0)−H(0)

Table 4: Caption

Finally, we set the IC capacity to Hc = 4500.

5.2 Results

In this section we will show the results given by the algorithm described in the previous
section. We will compare the results on which method we have used. Furthermore we
will look at the impact on our exit strategy when we use different functions for C(q1, q2).
We will start setting δ = 0.01 and β = 0.01. The results we obtain are given in Table
5. We see, as we might expect, that the values of the deterministic case (where we
take R0 = 2) are lower then the values where we want to keep in mind the uncertainty.
Furthermore the approach with integer variables has lower values than the one without
integer variables, which is what we expect.

In these results we do not see what the exit strategy is exactly. We will take a look at
the values of q1 and q2 itself, which are given in Table 6. When we look at the values of
q1 and q2, we see that there are different exit strategies that occur. If we optimize using
the 1-norm, the optimal strategy seems to be starting with a high quarantine variable
and then stop the quarantine in the second half (so q2 is about zero). So in this exit
strategy, we want to decrease the number of infected people to such an extent that the
three following weeks no quarantine is needed such that the IC capacity is not exceeded.
This is the result we might expect from our continuous model in Section 4.2, where we
saw that the optimal exit strategy control function is a decreasing function.
In case we want to optimize the 2-norm, we get a somewhat balanced result. We again
have a strategy that starts with a higher quarantine variable and then in the second half
gets a lower quarantine variable, but in this case the quarantine variable in the second
half is not zero anymore. Hence, there is a trade off in starting with a lower quarantine
quotient, but keeping people in quarantine for more weeks.
At last, we look at the case where we minimize the∞-norm, we get, as we might expect,
a balanced solution such that q1 and q2 are equal. So we find a quarantine quotient that,
if used for 6 weeks, the IC capacity will not be overflowed.

It is important to look at the difference between the deterministic case and the
non-deterministic case. First of all, we observe that there is not a very large difference
between the normal scenario approach and the approach where we use integer variables.
But, if we compare these to the deterministic case we do see a large difference. The
type of strategy is the same in both cases, so starting with a stricter lock-down. The
values of q however, are far lower. So if the government would not keep in mind the
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Method q1 + q2

√
q2

1 + q2
2 max{q1, q2}

Deterministic 0.70 0.63 0.45

Scenario Approach 0.93 0.89 0.70

Scenario Approach With Integer Variables 0.89 0.86 0.67

Table 5: Results of the different methods and their optimal value.

Method q1 + q2

√
q2

1 + q2
2 max{q1, q2}

Deterministic (0.7, 0) (0.53, 0.35) (0.45, 0.45)

Scenario Approach (0.93, 0) (0.88, 0.16) (0.70, 0.70)

Scenario Approach With Integer Variables (0.88, 0.01) (0.84, 0.21) (0.67, 0.67)

Table 6: Values we obtain for q1 and q2 of the different methods.

uncertainty on the reproduction rate, they would choose a far less-strict lock-down.

Note that, in contrary to what we did in in the portfolio problem, we do not apply
any variance analysis. This is because we see very little difference in different runs. This
might be due to the discretization.

We will now look at how the virus spreads under the control functions we have found.
One interesting thing we would like to look at is what happens if we use the methods and
the real reproduction number seems to be higher then 2. In Figure 12 we see the maxi-
mum IC occupancy that is reached over our time interval when the control functions of
Table 6 are used. Looking at the case where we took R0 to be deterministic and equal
to 2, we see that if R0’s real value wold be for example 2.2, the IC occupancy would
already by 20.000 which is more than 5 times the maximum number of IC places. In case
we use the scenario approach without integer variables, we see that even for R0 = 2.5
the IC occupancy stays far below the capacity. When looking at the scenario approach
with integer variables, we see that the IC capacity is reached at about R0 = 2.45 when
we have used the objective function of the 1- or 2-norm.
In these results we see two things. First of all, the model is very sensitive to the values
of q(t). We see for example in Figure 12b looking at the 1-norm, where it looks like we
could make q1 somewhat less and still be safe with the number of people on the IC. This
is not the case however, hence decreasing q1 just a little bit can have major effects.
The second result we see here, is that it is important to keep in mind uncertainty, as
when we are looking at our model with deterministic R0 and the real value is higher,
this can have great effects on the model and on the IC occupancy predictions.
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(a) Maximum IC Occupancy Deterministic Approach.
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(b) Maximum IC Occupancy Scenario Approach.
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Figure 12: Comparison of the Maximum IC Occupancy for different Values of R0 for all
of the methods and objective functions.
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6 Conclusion

In this thesis, we aimed to show and compare different methods of chance constrained
optimization. We have seen different methods based on scenario generation. In the
portfolio optimization problem, we are able to compare these methods to the exact op-
timal solution. We have seen that the method by G. Calafiore & Campi (2005) is a
very conservative method. Also, the solution using this method has a higher variance.
However, the solutions given by this method is almost guaranteed to be in the solution
space of the chance constrained problem. On average the method by Pagnoncelli et al.
(2009) works very well. We have seen that the solution given by this method is very
close to the exact solution. However, about half of the time this method gives a solution
that is not in the feasible region of the original problem. Hence one should be careful
using this method.
We have seen that the use of heavy-tailed distributions have a great impact on how well
the methods behave. The method of Blanchet et al. (2020) is implemented to deal with
heavy-tailed distributions, but needing less samples. We have seen that this method
gives us solutions comparable with the method of G. Calafiore & Campi (2005), hence
it is a conservative method. In this method we have done many approximations which
can be used if δ is very small. This should be kept in mind, especially when the method
is used for multiple return rates to invest in.

In the last part of this thesis we have been looking at epidemic models and how to
design strategies to make sure the IC capacity will not be exceeded. We have seen that
uncertainties can have great impact on mathematical models for virus-spread. We see
that there is a big difference in the number of people that should be in quarantine when
we are comparing the deterministic case to the case where we keep in mind uncertainty
on the reproduction number. Also, it seems to be that it is optimal to start with a more
extensive quarantine, and then ease the restrictions along time. This result is shown
by an analysis of a continuous epidemic model and underpinned by the computational
results we get from the discrete model.
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7 Discussion & Furhter Research

In this thesis, an overview of some methods used in chance constrained optimization
is given. We mainly focus on scenario approaches which can be used to solve prob-
lems with both lower- and heavily-distributed random variables. We have seen that the
method of G. Calafiore & Campi (2005) is suitable for both of these cases, but is seems
very conservative. As an improvement to this method, the method of Pagnoncelli et al.
(2009) is implemented. We have seen that this method on average gives us results that
are closet to the exact solution then the previous method. As we have stated, one should
be careful using the results of the method by Pagnoncelli et al. (2009), as its solutions
are not always in the feasible region. One could choose a γ, denoting the fraction of
constraints that do not have to be met, such that its solution is in the feasible region
with high probability. Pagnoncelli et al. (2009) discuss that a good fit for γ is problem
dependent, but if γ = δ the solution should converge to the exact solution. One could
investigate if there is a better fit for γ for our specific problem.
We have implemented the approach by Blanchet et al. (2020), and have seen that this
approach also seems conservative. As with the method of G. Calafiore & Campi (2005)
it could be beneficial to introduce integer variables to the problem in order to get a less
conservative method. This would be interesting for future research.

In the second half of this thesis, we focused on epidemic models and exit strategies
on epidemics. The two main results we found here are the following. First of all, it
seems to be optimal to start with a strict lock-down and loosen the restrictions along
time. This is an important result as it tells us, independent of the reproduction number,
which type of strategies could be optimal.
The second result we found is that we should really take uncertainties into mind when
working with epidemic models. Though the parameters we have used do not necessarily
represent an exact epidemic, we still see the effect of uncertainty. An interesting future
research could be to assume our knowledge of R0 changes over time. This would be more
practically, as along time, researchers know more and more about what the reproduction
number is and hence we will get a changing distribution of R0 over time.

55



References

Aandelenbeurzen crashen, aex en dow boeken grootste verlies sinds 1987. (2020, Mar).
NOS. Retrieved from https://nos.nl/l/2326826

Bagnoli, M., & Bergstrom, T. (2005). Log-concave probability and its applications. In
Economic theory. doi: 10.1007/s00199-004-0514-4

Blanchet, J., Zhang, F., & Zwart, B. (2020, feb). Optimal Scenario Generation for
Heavy-tailed Chance Constrained Optimization. Retrieved from http://arxiv.org/

abs/2002.02149

Boyd, S., Kim, S. J., Vandenberghe, L., & Hassibi, A. (2007). A tutorial on geometric
programming. Optimization and Engineering . doi: 10.1007/s11081-007-9001-7

Boyd, S., & Vandenberghe, L. (2004). Convex Optimization. doi: 10.1017/
cbo9780511804441

Cai, X., Wu, X., & professor) Zhou TA - TT -, X. A. (2014). Optimal
stochastic scheduling (NV - 1 o ed.). New York: Springer. Retrieved
from http://site.ebrary.com/id/10851569https://search.ebscohost.com/

login.aspx?direct=true{&}scope=site{&}db=nlebk{&}db=nlabk{&}AN=

733799http://www.myilibrary.com?id=600566http://books.scholarsportal

.info/viewdoc.html?id=/ebooks/ebooks3/springer/2014-07-09/1/978148 doi:
10.1007/978-1-4899-7405-1LK-https://tue.on.worldcat.org/oclc/874926526

Calafiore, G., & Campi, M. C. (2005). Uncertain convex programs: randomized solutions
and confidence levels. Mathematical Programming TA - TT -, 102 (1), 25–46. doi:
10.1007/s10107-003-0499-yLK-https://tue.on.worldcat.org/oclc/5621222518

Calafiore, G. C., & Campi, M. C. (2006). The scenario approach to robust control
design. IEEE Transactions on Automatic Control TA - TT -, 51 (5). doi: 10.1109/
TAC.2006.875041LK-https://tue.on.worldcat.org/oclc/4798661141

Ferretti, L., Wymant, C., Kendall, M., Zhao, L., Nurtay, A., Abeler-Dörner, L., . . .
Fraser, C. (2020). Quantifying SARS-CoV-2 transmission suggests epidemic control
with digital contact tracing. Science. doi: 10.1126/science.abb6936

Foss, S., Korshunov, D., & Zachary, S. (2013). An introduction to heavy-tailed and
subexponential distributions (2nd ed.). Springer.

Fraser, C., Riley, S., Anderson, R. M., & Ferguson, N. M. (2004). Factors that make
an infectious disease outbreak controllable. Proceedings of the National Academy of
Sciences of the United States of America. doi: 10.1073/pnas.0307506101

Gabaix, X. (2016, February). Power laws in economics: An introduction. Journal of
Economic Perspectives, 30 (1), 185-206. Retrieved from https://www.aeaweb.org/

articles?id=10.1257/jep.30.1.185 doi: 10.1257/jep.30.1.185

Gabaix, X., Gopikrishnan, P., Plerou, V., & Stanley, H. E. (2003, may). A theory of
power-law distributions in financial market fluctuations. Nature, 423 (6937), 267–270.
doi: 10.1038/nature01624

56

https://nos.nl/l/2326826
http://arxiv.org/abs/2002.02149
http://arxiv.org/abs/2002.02149
http://site.ebrary.com/id/10851569https://search.ebscohost.com/login.aspx?direct=true{&}scope=site{&}db=nlebk{&}db=nlabk{&}AN=733799http://www.myilibrary.com?id=600566http://books.scholarsportal.info/viewdoc.html?id=/ebooks/ebooks3/springer/2014-07-09/1/978148
http://site.ebrary.com/id/10851569https://search.ebscohost.com/login.aspx?direct=true{&}scope=site{&}db=nlebk{&}db=nlabk{&}AN=733799http://www.myilibrary.com?id=600566http://books.scholarsportal.info/viewdoc.html?id=/ebooks/ebooks3/springer/2014-07-09/1/978148
http://site.ebrary.com/id/10851569https://search.ebscohost.com/login.aspx?direct=true{&}scope=site{&}db=nlebk{&}db=nlabk{&}AN=733799http://www.myilibrary.com?id=600566http://books.scholarsportal.info/viewdoc.html?id=/ebooks/ebooks3/springer/2014-07-09/1/978148
http://site.ebrary.com/id/10851569https://search.ebscohost.com/login.aspx?direct=true{&}scope=site{&}db=nlebk{&}db=nlabk{&}AN=733799http://www.myilibrary.com?id=600566http://books.scholarsportal.info/viewdoc.html?id=/ebooks/ebooks3/springer/2014-07-09/1/978148
https://www.aeaweb.org/articles?id=10.1257/jep.30.1.185
https://www.aeaweb.org/articles?id=10.1257/jep.30.1.185
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A Data Analyses on Return Rates

‘ In this section we will take a look at the Amsterdam Exchange Index (AEX index)
which is the most important stock market index in the Netherlands. In particular we
will see that however a normal distribution is nice in calculating the portfolio optimiza-
tion problem, it does not fit the return rates of the AEX index. We will see that the
distribution of the return rates have far wider tails than the normal distribution. using
larger tailed distributions gives us the tools to be prepared on ‘anomalies’ in the stock
market, as we see in for example the Covid-19 crisis. Therefore we will also compare
the data with an Laplace distribution, as it has wider tails.

We have taken AEX index data from 10 years in a row (24/06/2010 - 24/06/2020). If
the closing index at day n is cn, then we define the return rate at day n as (cn−cn−1)/cn−1

(only keeping track of trading days). The AEX indices of the years we have used is dis-
played in Figure 13.
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Figure 13: History of the AEX index

In this figure, we can clearly see some upward trend. Also some stable and in stable
periods are visible, for example we see some large drops in the AEX index in 2011 and
2015, but also some big upward jumps. The most remarkable jump in this figure is at
march 2020, due to the Covid-19 pandemic. Since the foundation of the AEX index,
this is the second largest drop (-10.75%) that has ever occurred, where the largest was
black monday (October 19th, 1987, with a loss of 12%) (Aandelenbeurzen crashen, AEX
en Dow boeken grootste verlies sinds 1987 , 2020). These events will not be captured if
we assume a low-tailed distribution for the return rates. To show this, we will compare
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the data of the return rates to a fitted normal distribution.
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Figure 14: Comparison of the AEX Index Return Rates and Normal distribution.

Comparison of the empirical data and the fitted normal distribution is given in Fig-
ure 14. We fit the normal distribution using mean µ = 2.8002 · 10−4 and standard
deviation σ = 1.1164 ·10−2. Here, we see the the histogram of the return rates in Figure
14a, where only the data in the interval [−0.035, 0.035] is shown. This shows that the
tails of the true return rate distribution are wider then the tails of the fitted normal
distribution. This is even clearer looking at Figure 14b, where a quantile-quantile plot
is shown. Here it is clear that the tails are far away from the normal distribution. We
see some real big jumps in both the negative and positive direction.

To give a clear view on the tails of the return rate distribution, we take all data that
is lower than the mean of the return rates and plot the empirical cumulative density
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function to get the lower-tail. The resulting figure is showed in Figure 15.
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Figure 15: Left tail of the return rates only looking at values lower than its mean

So in order to capture the nature of return rates, we should not use normal distri-
butions but wider-tailed distributions. We will now look at the case in which we have
Laplace distributed return rates, these are still not in the class of heavy-tailed distribu-
tions, but the tails are far wider then the normal distribution.

We will fit a Laplace distribution to the data of the AEX-index and see that the
data better fits the Laplace distribution as it fitted the normal distribution. We will use
the maximum likelihood estimators µ̂ is the median and b̂ is the mean distance between
the data and µ̂ (Norton, 1984). This gives us µ̂ = 5.73206 ·10−4 and b̂ = 7.733992 ·10−3.
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Figure 16: Comparing the AEX-index to Laplace Distribution.

In Figure 16 some visualisations are given, in which the Laplace distribution is com-
pared to the data of the AEX-index that we already saw before. In Figure 16a we see
the cumulative density function of the fitted Laplace distribution in black, the red line
gives the empirical cumulative density function of the AEX-index. As we can see the
shape of the two functions are very similar. To compare the two in quantiles we have
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displayed a QQ-plot in Figure 16b. Here we see that the quantiles are overlapping quite
well, but there are still some points in the tails that seem not to fit into the Laplace
distribution. But comparing with the QQ-plot in Figure 14b we see that we made an
improvement by taking a distribution with heavier tails.

B Explanation and Derivation Y ∗q (t, τ)

Detailed Explanation of Y (t, 0, τ)

We use

Y (t, 0, τ) = (1− q(t))β(τ)(1− εIs(τ))

∫ ∞
τ

(1− εT (1− 1− s(τ ′)
1− s(τ ′ − τ)

))Y (t, τ, τ ′)dτ ′.

Here we have:

• Y (t, 0, τ) is the number of people infected at time t by someone who is infected at
time t− τ .

• β(τ) is the infection rate of someone who is infected at time t− τ .

• εIs(τ) is the fraction of people that started showing symptoms by now, and there-
fore went into isolation. They are not able to infect anyone as they are isolated.

• 1−εIs(τ) is the fraction of people that is infected at time t−τ and is still infectious
(either with or without symptoms).

• 1−s(τ ′)
1−s(τ ′−τ) = P(Inc > τ ′|Inc > τ ′ − τ) is the probability that someone infected at

time t−τ −τ ′ did not have any symptoms when he infected someone at time t−τ ,
and still did not show any symptoms.

• 1− 1−s(τ ′)
1−s(τ ′−τ) is the fraction of people that is infected at time t− τ − τ ′, who did

not have any symptoms when they infected someone at time t − τ and but has
symptoms at moment t.

• εT (1− 1−s(τ ′)
1−s(τ ′−τ)) is the fraction of people that was infected at time t−τ by someone

who was infected at time t− τ − τ ′, but by app tracing is now in isolation.

• 1− εT (1− 1−s(τ ′)
1−s(τ ′−τ)) fraction of people that is not in isolation by app tracing.

• Y (t, τ, τ ′) is the number of people infected at time t − τ by someone who was
infected at time t− τ − τ ′.
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Derivation Y ∗q (t, τ)

Y ∗(t, τ) =

∫ τ+1

τ

∫ t+1

t
Y (t̂, 0, τ̂)dt̂dτ̂

=

∫ τ+1

τ

∫ t+1

t

∫ ∞
τ̂

R0f(τ ′, τ̂)Y (t̂, τ̂ , τ ′)dτ ′dt̂dτ̂

= R0

∫ τ+1

τ

∫ t+1

t

∫ ∞
τ̂

f(τ ′, τ̂)Y (t̂− τ̂ , 0, τ ′ − τ̂)dτ ′dt̂dτ̂

= R0

∫ ∞
τ

∫ t+1

t

∫ min(τ ′,τ+1)

τ
f(τ ′, τ̂)Y (t̂− τ̂ , 0, τ ′ − τ̂)dτ ′dt̂dτ̂

≈ R0

∫ ∞
τ

∫ t+1

t

∫ min(τ ′,τ+1)

τ
f(τ ′, τ̂)Y (dt̂− τ̂e, 0, dτ ′ − τ̂e)dτ ′dt̂dτ̂

= R0

∞∑
τ ′=τ

Y ∗(t− τ, τ ′ − τ)

∫ τ ′+1

τ ′

∫ min(τ̂ ′,τ+1)

τ
f(τ̂ ′, τ̂)dτ̂dτ̂ ′.

Now we add the term S(t)/N(1− q(t)). We see that the values of f do not depend
on t, so we have to calculate the integrals only once (per set of parameters) to run the
model. We define

g(τ, τ ′) =

∫ τ ′+1

τ ′

∫ min(τ̂ ′,τ+1)

τ
f(τ̂ ′, τ̂)dτ̂dτ̂ ′.

This gives us the following recursion.

Y ∗q (t, τ) =
S(t)

N
(1− q(t))R0

t0∑
τ ′=τ

Y ∗q (t− τ, τ ′ − τ)g(τ, τ ′).
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C Algorithm Extended Model

Algorithm 1 Find optimal value

Require: Black-box simulation of the model with q1, q2 as input parameters, which
returns the maximum number of patients on the IC, say MaxICSimulation(q1, q2)

Ensure: Returns values q1 and q2 that will minimize C(q1, q2) and the optimal value.
1: bestOptimal← C(1, 1)
2: for q1 = 1, 0.99, 0.98, ..., 0.01, 0 do
3: upper ← 1 . Set upper and lower bounds for q2.
4: lower ← 0
5: stillSearching ← True . True as long as we did not find an optimal soltuion

given q1.
6: while stillSearching do
7: q2 ← (upper + lower)/2
8: Hmax = MaxICSimulation(q1, q2)
9: if Hmax ≤ H∗ then

10: upper ← (upper+ lower)/2 . If we found a feasible solution, we can look
for a lower value of q2.

11: if bestOptimal ≥ C(q1, q2) then
12: bestOptimal← C(q1, q2)
13: bestq ← [q1, q2]
14: end if
15: else
16: lower ← (upper + lower)/2 . If solution is not feasible, we look for

higher values of q2.
17: end if
18: if upper − lower < 0.005 then . We stop searching if we have a small

searching space left.
19: stillSearching ← False
20: end if
21: end while
22: Hmax← MaxICSimulation(q1, 1)
23: if Hmax ≥ H∗ then . This is in order to break if q1 gets too low.
24: Break
25: end if
26: end for
27: return [bestq, bestOptimal]
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