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In this paper, we report on temperature effects associated with elastic electromagnetic forming by pulsed electromagnetic fields in
inhomogeneous, linear, and lossy media. In a previous paper, we discussed the electromagnetic forces associated with these pulsed elec-
tromagnetic fields. Here, we calculate the temperature rise from the equation of heat flow in an isolated object to be deformed. The
temperature rise is included in the elastodynamic problem to be solved for the presence of electromagnetic forces, and as a consequence
the thermoelastic field can be obtained. As an example, we calculate the thermoelastic field in a hollow cylindrical object.

Index Terms—Conducting magnetic materials, elastic field, electromagnetic forming, electromechanical forces, temperature rise, ther-
moelastic field.

I. INTRODUCTION

THE subject of a vast and sometimes controversial litera-
ture, [1]–[8], is how the forces in electromagnetic bodies

describe the so-called electromagnetic forming, a process of
shaping metal objects using pulsed electromagnetic fields.
Development of an accurate theoretical model of this process
is not trivial, since we have to use a complete physical system
to describe the motion of a continuum (the object to be shaped,
the so-called workpiece) under the influence of a strong electro-
magnetic field, that is generated by a forming coil. According
to Penfield and Haus [9], this complete physical system consists
of three mutually coupled subsystems: a mechanical subsystem
describing the mechanics of the moving material masses; an
electromagnetic subsystem describing the dynamics of the
electromagnetic fields; and a thermodynamic subsystem taking
into account the internal energy and the generation of heat and
its flow.

The mechanical subsystem and the electromagnetic
subsystem have been investigated in [10]. There, the
electromechanical force densities associated with pulsed
electromagnetic fields in piecewise homogeneous, isotropic,
linear, and lossy media have been discussed. It has been shown
that the conductivity and the gradients in permittivity and
in permeability lead to volume force densities, while jump
discontinuities in permittivity and permeability lead to surface
force densities. These electromagnetic force densities acted as
volume (body) source densities in the elastodynamic equations
and as surface source densities in the corresponding boundary
conditions that govern the elastic and anelastic motion of
deformable matter. The theory developed has been applied
to a practical configuration consisting of a hollow cylindrical
domain with a high electrical conductivity (representing the
workpiece) placed inside a cylindrical sheet antenna (repre-
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senting the forming coil) carrying a given electric current per
unit length. The configuration has been assumed to have infinite
length and to be axially symmetric. It has been shown that the
values of the electromagnetic volume force density are much
larger in a magnetic material than in a nonmagnetic one and that
the electromagnetic force density decays rapidly in time and
space. Moreover, it has been shown that the theory of equiva-
lent surface forces that was used by other authors [12]–[15], in
describing electromagnetic forming does not take correctly into
account the magnetic nature of the object (workpiece). As a
result, within the linear approximation, the theory of equivalent
surface sources leads to incorrect elastic deformations.

In the present paper, we continue the development of the the-
oretical model of an electromagnetic forming process and we
introduce the thermodynamic subsystem, as being the third cou-
pled subsystem described by Penfield and Haus in [9]. In the lit-
erature pertaining to electromagnetic forming, i.e., [11]–[15], it
is generally assumed that the electromagnetic forming process
is very short and hence there is no generation of heat or heat
flow in the electromagnetic forming system. However, we con-
sider that both the generation of heat and the heat flow have to be
taken into account if our aim is a complete theoretical model of
an electromagnetic forming process. If the effects of heat gen-
eration and heat flow show to be negligible, we may then ne-
glect them in a simplified model of an electromagnetic forming
process. In addition, in this simplified model, we only consider
the elastic deformations. If this is not the case, we have to in-
clude all these effects in an improved model of electromagnetic
forming.

In this paper, we describe the possible effects of heat gener-
ation and heat flow in the electromagnetic forming system that
has been used as an example in [10]. The temperature distri-
bution in the workpiece is then calculated in the assumption of
an insulated workpiece. This temperature rise is introduced as
an extra term in the elastodynamic solution presented in [10]
and the thermoelastic field for a workpiece with linear elasto-
dynamic properties is calculated. The components of the ther-
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moelastic field are compared with the components of the elastic
field and the effects of the temperature rise are discussed. We
will show that the temperature rise has negative consequences
for the electromagnetic compression, because in all cases a sig-
nificant undesired expansion of the workpiece is obtained. This
undesired expansion due to the temperature rise should disap-
pear when the workpiece cools down, but it may have negative
consequences in the forming system, i.e., deformation of the
forming coil.

II. EFFECTS OF HEAT GENERATION AND OF HEAT FLOW

IN AN ELECTROMAGNETIC FORMING SYSTEM

All parts of an electromagnetic forming system play a role in
the forming process, but here only the parameters related to the
forming coil and the workpiece are investigated.

We consider an axially symmetric configuration consisting of
a hollow cylindrical domain with a high electrical conductivity
(representing the workpiece) placed inside a cylindrical sheet
antenna (representing the forming coil) carrying a given electric
current per unit length. The configuration has been assumed to
have infinite length. In such a configuration, the temperature
will have a certain distribution in the forming coil and in the
workpiece as a result of the heat conduction and also as a result
of the heat exchange between the components of the forming
system and the environment.

The temperature rise may lead to changes in the geometry
and in the material properties both in the forming coil and in
the workpiece. In a reasonable range of temperatures, we may
assume that the electromagnetic, elastic, and thermal properties
of the materials in the forming coil and in the workpiece show
a linear variation with temperature, hence we do not consider
inelastic behavior of the workpiece.

The geometry of both the forming coil and workpiece
changes within the forming process, not only due to the influ-
ence of electromagnetic forces, but also due to the temperature
rise in the configuration. These changes in geometry due to a
temperature rise concern linear dimensions, surface area, and
volume, but only one type of geometric change is predominant
in each configuration.

III. TEMPERATURE DISTRIBUTION

We present here the evolution of the temperature in the work-
piece due to dissipation of electromagnetic energy during the
forming process. The configuration in which the temperature dis-
tribution will be determined is presented in Fig. 1. The position
in the configuration is specified by the coordinates with
respect to the reference frame with the origin and the three mu-
tuallyperpendicular vectors ofunit length each. In the
indicated order, the base vectors form a right-handed system.

The temperature distribution in the workpiece during the elec-
tromagnetic forming process depends on the heat exchange be-
tween the forming coil and the workpiece, and the dissipation
of electromagnetic energy in the workpiece itself (Joule losses).
We expect that the major contribution to the temperature rise in
the workpiece is due to the internal heat dissipation. So, in order
to get an idea of the thermoelastic effects that correspond to such
a rise, we have chosen for a model in which only the internal

Fig. 1. Cross section of the cylindrical configuration for the calculation of the
temperature distribution that has as its source the known rate of heat dissipation.

heat dissipation will be taken into account. We will compute
the temperature distribution in the workpiece, assuming that the
boundaries of the workpiece are insulated. The latter assumption
might lead to a somewhat too high temperature distribution, but
that can partly compensate the neglected transfer of heat from
the forming coil.

The source that excites the temperature field is the rate of
energy generation in the workpiece represented by the Joule
losses inside the workpiece. The Joule losses may be inferred
from the known values of the electromagnetic field components
calculated in [10].

In the chosen cylindrical coordinate system, the equations
governing the thermal state of the workpiece, namely the equa-
tion of heat flow and the thermal conduction equation are written
as

(1)

and

(2)

where is the temperature, is the mass density, is the
specific heat, is the thermal conductivity, and is the heat
flow density (heat flux) in the radial direction. The source term

in the right-hand side of (1) represents the rate of volume
density of the Joule losses in the workpiece

(3)

where is the electrical conductivity. is the only
nonzero component of the electric field and it has been calcu-
lated in [10]. Combining (1) and (2) results into

(4)

This equation must be supplemented by the initial condition
and the boundary conditions. The initial temperature within the
whole configuration is . For convenience, we will from now
on consider the temperature in (4) to be .
That means that the initial condition for the temperature will be

(5)

We have chosen here an insulated surface of the object, thus the
heat flux is zero at the boundaries. As a result, we then have as
boundary conditions

(6)
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The simplest way to construct solutions to (4) that satisfy the
proper boundary and excitation conditions and ensure causality
is to use the Laplace transformation with respect to time. To
illustrate the notation, let

(7)

where it has been assumed that the rate of volume density of
the Joule losses in the workpiece starts to act at the
instant . The complex transform parameter is taken in
the right half of the complex -plane. The Laplace transformed
quantities are denoted with a hat symbol and we omit the explicit
-dependence in our notation. We take the limit , so that

we end up with the Fourier transformed quantities, where is
the imaginary unit and is the radial frequency, while

denotes the frequency of operation. After the application of
the Laplace transform, (4) becomes

(8)

where .
We may write the total solution of (8) as

(9)

where denotes the particular solution of (8) and
denotes the general solution of the homogeneous form

of (8).
The particular solution is calculated using the

Green’s function as follows:

(10)

where is the solution of equation

(11)

with the appropriate boundary and excitation conditions. We
obtain

for
for

(12)

For , the limit of (10) is , and we have to find a way to
evaluate the integral in (10). We notice that we can also calculate
the integral

(13)

or

(14)

The quantity at the right-hand side of the above equation
is a known quantity in the frequency domain and re-
mains finite, so the integral may easily be evaluated. Its time-do-
main counterpart can be calculated using an inverse fast Fourier
transform (FFT). Further, taking into account that

(15)

we can calculate the time-domain counterpart of and
then the values obtained can be transformed back to frequency
domain. In our further analysis, we also need the radial deriva-
tive of the particular solution. This is obtained as

(16)

A special case in the calculation of the Green’s function is rep-
resented by . For this case, we have

for
for
for

(17)

The general solution of (8) is given by

(18)

where the coefficients and are obtained from the boundary
conditions

(19)

with from (16). Thus, the coefficients and may be
calculated as

(20)

With the particular solution in (10) and with the general
solution in (18), the solution for in (9) is obtained.
The results for the temperature field may then be transformed
back to time domain using an inverse FFT.

Isothermal Case for a Thin Workpiece: When the workpiece
is very thin and we assume that it has the same temperature at
every location, the calculation of the temperature distribution
may be simplified since the heat flux, , and we then have
from (1)

(21)

Further, a first estimate of the temperature of the workpiece may
be obtained using the approximation of Joule losses in the
workpiece with the network model

(22)

in which denotes the electric current in the forming coil per
unit length along the cylindrical direction. Since the Joule losses
are totally converted into heat, in this case the actual temperature
of the workpiece will be

(23)

Since this temperature holds in the entire workpiece, the mean
temperature of the workpiece equals

(24)



372 IEEE TRANSACTIONS ON MAGNETICS, VOL. 42, NO. 3, MARCH 2006

IV. THERMOELASTIC FIELD IN THE WORKPIECE

This section presents the calculation of the thermoelastic
field in the infinite, hollow, cylindrical, conducting object in
Fig. 1. The configuration is locally excited by the electromag-
netic volume and surface force densities calculated in [10],
together with the temperature rise in the object, calculated
in Section III. The equations of the thermoelastic field for a
workpiece with linear elastodynamic properties [21] are

(25)

where is the electromagnetic volume force density. The
boundary conditions to be applied at and are

(26)

where and are the electromagnetic surface
force densities at the boundaries and , respectively.

We consider the plane-strain case where the nonzero thermo-
elastic normal strains are defined as

(27)

and the constitutive relations (see [21]) are

(28)

where and is the coefficient of linear
thermal expansion of the workpiece (see [21]). We will focus
here on solving the equation of motion in the radial direction.
This equation is obtained from (25) when applying the constitu-
tive relations in (28). After the application of the Laplace trans-
form with to (25), the following equation of motion in
the radial direction results:

(29)

where is the wavenumber. This equation can be
solved in a similar manner as in [10], since is a known quan-
tity, calculated as in Section III. We write the total solution of
(29) as

(30)

where denotes the particular solution of (29) and
denotes the general solution of the homogeneous form

of (29).

Fig. 2. Current per unit length in the sheet antenna.

Hence, the solution for is obtained as

(31)

with

(32)
and

(33)

Now, all nonzero components of the strain and stress tensor may
be calculated in the frequency domain and then be transformed
back to time domain using an inverse FFT.

V. NUMERICAL RESULTS

In this section, we present some numerical results for typ-
ical electromagnetic forming systems designed for compres-
sion of hollow circular cylindrical workpieces. The workpiece
subjected to electromagnetic compression has an inner radius

mm and an outer radius mm. With this
geometry two types of materials have been chosen, one nonmag-
netic and one hypothetical linear magnetic material

. In both cases, the electrical conductivity of the
workpiece is S/m and the forming coil is a cylin-
drical current sheet located at mm. The current
per unit length flowing in the sheet antenna is the same
damped pulse used in [10]; see Fig. 2.

Further, in both cases, the workpiece has the same elastic
properties and it has a linear elastic behavior within the whole
range of stresses and strains. The workpiece has the Lamé coef-
ficients of elasticity N/m N/m , a
specific heat J/(kg K), a thermal conductivity
W/(m K), and a mass density kg/m . The coef-
ficient of linear thermal expansion is K .

We first compute the temperature distribution in the work-
piece in the space-time domain. Also, the evolution in the time
domain of the mean temperature is presented. The mean
temperature in the workpiece has been calculated in two
ways, as the average of the temperature distribution over the
thickness of the workpiece, and as the mean temperature in
the absence of thermal conduction inside the workpiece. The
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Fig. 3. Temperature rise T in space-time domain for a nonmagnetic (� = � )
workpiece.

Fig. 4. Mean temperature T in the time domain, obtained from the exact
results (solid lines) and obtained from neglecting thermal conduction (dashed
lines) for a nonmagnetic (� = � ) workpiece.

latter approach is considered to be a good approximation for a
thin workpiece; see (24). Subsequently the thermoelastic field
is calculated.

In particular, we will present results for the radial displace-
ment , the radial strain , the tangential strain

, the radial stress , the tangential stress ,
and the longitudinal stress and a comparison of these
results with the elastodynamic field calculated in [10].

Temperature Results: In Figs. 3 and 4 we present the space-
time evolution of the temperature and the temporal evolution
of the mean temperature, respectively, in a nonmagnetic thick
workpiece subjected to compression, while in Figs. 5 and 6,
the same quantities in a magnetic thick workpiece subjected to
compression are presented.

We also present in Figs. 4 and 6 the results for the mean tem-
perature for a very thin workpiece, where we neglect the thermal
conduction (dashed lines), using (23)–(24).

We notice that in all cases under consideration, the temper-
ature has large values. For the nonmagnetic and the magnetic
thick workpieces, the temperature rise reaches values at which
the workpiece will melt. However, the calculated values do
not take into account the heat exchange with the surrounding
medium.

Fig. 5. Temperature riseT in space-time domain for a magnetic (� = 100� )
workpiece.

Fig. 6. Mean temperature T in the time domain, obtained from the exact
results (solid lines) and obtained from neglecting thermal conduction (dashed
lines) for a magnetic (� = 100� ) workpiece.

Thermoelastic Results: With the known evolution of the
temperature within the workpiece, calculated in Section V, the
evolution of the thermoelastic field has been calculated as well,
using the method described in Section VI.

In Fig. 7, the nonzero components of the elastic field and of
the thermoelastic field, and in the time
domain at are presented.

With the chosen elastic and thermal properties of the material,
we notice that the influence of temperature rise on the elastic
field components (except ) is rather small in the beginning of
the time interval of analysis (when ms). In this time
interval the temperature rise is small, thus the effect of the tem-
perature terms in the thermoelastic field is small.

The temperature rise affects the values of the radial displace-
ment in a significant way, since at the end of the considered
time interval we have an expansion of the inner boundary
while the intention of the process is to reach a compression of
it. The strains and are affected by the temperature rise in
the same way as the radial displacement .

The values of the tangential stress for the thermoelastic
case are smaller than the corresponding values for the elastic
case, but still this is the most significant stress component. Due
to the temperature rise in the workpiece, the values of radial
stress in the thermoelastic case are much larger than the cor-
responding negligible values for the elastic case. However, the
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Fig. 7. Elastic (solid lines) and thermoelastic (dashed lines) field components
at r = a in the time domain for the nonmagnetic (� = � ) workpiece.

absolute values of the radial stress in the thermoelastic case
are about ten times smaller than the absolute values of the tan-
gential stress in the same case, thus they can be neglected.
For the thermoelastic case, the longitudinal stress has neg-
ative values that are about three times smaller than the values
of the tangential stress and it cannot be neglected in further
calculations.

The most important component of the elastic and of the
thermoelastic field is the radial displacement , since in
electromagnetic forming we would like to achieve a certain
deformation of the workpiece. Therefore, the space-time evo-
lution of the radial displacement in a nonmagnetic
thick ( mm) workpiece subjected to compression
is presented in Fig. 8, both for the elastic case and for the
thermoelastic case.

Since the temperature effect is small, for ms in
the thermoelastic case, the radial displacement is still
negative (indicating a compression), but its absolute values are
smaller than the corresponding values in the elastic case. For

ms, in the thermoelastic case, the radial displacement
reaches positive values, indicating an expansion of the

workpiece. This expansion is in the same order of magnitude
with the compression obtained for ms. The intention of
the electromagnetic forming process under consideration is to
obtain only the compression of the workpiece, but due to the
temperature rise we will obtain also an undesired expansion of
the workpiece.

Therefore, in this case the temperature rise may be seen as a
negative consequence that affects the deformation process. This
negative effect should disappear at the end of the process when
the workpiece cools down as an effect of the heat exchange with
the environment.

In Fig. 9, the nonzero components of the elastic field and of
the thermoelastic field, and , at in

Fig. 8. Radial displacement u in space-time domain for the nonmagnetic
(� = � ) workpiece calculated from (a) the elastic field and (b) the
thermoelastic field.

a magnetic thick ( mm) workpiece
subjected to compression are presented.

The temperature effect on the radial displacement is
small at the beginning of the time interval, but then it becomes
significant. In the same manner as for the nonmagnetic work-
piece, at the end of the considered time interval the radial dis-
placement becomes positive, indicating expansion at the inner
boundary of the workpiece.

The temperature rise also affects the values of the strains
and . When temperature effects are taken into account, very
quickly reaches negative values, while in simple elastic field cal-
culation it had only positive values during the whole time in-
terval of observation. The same remark is valid for the radial
stress . When temperature effects are taken into account,
very quickly reaches positive values, while in simple elastic field
calculation it has only negative values during the whole time in-
terval of observation. The same remark is valid for the tangential
stress and for the longitudinal stress .

The space-time evolution of the radial displacement in
a magnetic thick ( mm) workpiece
subjected to compression is presented in Fig. 10, both for
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Fig. 9. Elastic (solid lines) and thermoelastic (dashed lines) field components
at r = a in the time domain for the magnetic (� = 100� ) workpiece.

the elastic case and for the thermoelastic case. The radial
displacement in the thermoelastic case reaches positive
values in a short interval of time ms. This positive radial
displacement (indicating expansion of the workpiece) is
in the same order of magnitude with the absolute value of the
negative displacement at the beginning of the time interval.
Also for the magnetic workpiece, the temperature rise may be
seen as a negative consequence that affects the deformation
process and the unwanted expansion should disappear at the
end of the process when the workpiece cools down as an effect
of the heat exchange with the environment. For the magnetic
workpiece under consideration, the unwanted expansion at
the end of the considered time interval is considerably larger
than for a nonmagnetic workpiece.

VI. CONCLUSION

A theoretical model of an electromagnetic forming process
requires a description of three mutually coupled subsystems: a
mechanical subsystem describing the mechanics of the moving
material masses, an electromagnetic subsystem describing the
dynamics of the electromagnetic fields, and a thermodynamic
subsystem taking into account the internal energy and the gen-
eration of heat and its flow. In addition to the previous work
wherein the coupled mechanical subsystem and the electromag-
netic subsystem have been discussed [10] we have included in
the model the thermodynamic subsystem, as the third coupled
subsystem describing the motion of a continuum (the object to
be shaped, the so-called workpiece) under the influence of a
strong electromagnetic field.

In general, the possible effects of heat generation and heat
flow in an electromagnetic forming system have been presented.
The changes in the geometry and in the physical properties of all

Fig. 10. Radial displacement u in space-time domain for the magnetic (� =
100� ) workpiece calculated from (a) the elastic field and (b) the thermoelastic
field.

the forming devices have been restricted to the most important
devices, the forming coil and the workpiece.

The axially symmetric configuration consisted of a hollow
cylindrical domain with a high electrical conductivity (repre-
senting the workpiece) placed inside a cylindrical sheet antenna
(representing the forming coil) carrying a given electric current
per unit length. The configuration has been assumed to have infi-
nite length and it is a good model for electromagnetic compres-
sion. The temperature distribution in the workpiece has been
calculated in the assumption of an insulated workpiece. The
temperature rise is due to the dissipation of electromagnetic en-
ergy, dissipation that is in fact the volume density of the Joule
losses.

The temperature distribution was then introduced as an extra
term in the elastodynamic solution presented in [10] and the
thermoelastic field was calculated. A comparison of the nonzero
components of the elastic and thermoelastic field components
has shown that in the present case of electromagnetic compres-
sion, the temperature rise may lead to an unwanted expansion. It
has been shown that for a magnetic workpiece this unwanted ex-
pansion is much larger than for the case of a nonmagnetic work-
piece. This unwanted expansion should disappear at the end of
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the deformation process when the heat exchange with the envi-
ronment has been completed.

However, on a similar model for electromagnetic expansion
the temperature rise will produce an supplementary expansion
of the workpiece, thus the temperature rise is favorable for elec-
tromagnetic expansion.

We mention that here only the elastic deformations with
a linear stress-strain dependence have been investigated. The
inelastic deformations with a nonlinear stress-strain dependence
influenced by temperature changes have not been considered
due to the lack of a consistent model of stress-strain-temperature
dependence that can be applied for all types of materials.

Further modeling is required for the inelastic deformations
taking into account temperature effects and all the changes
in geometry and in material properties of the components of
a forming system due to deformation and to the temperature
rise. Because the model of inelastic deformation does not
lend itself to generalization and is dependent on material and
temperature, the further modeling will be more oriented on
a specific material and will require more use of numerical
methods than of analytical methods. However, the present
semi-analytical model may serve as a benchmark to verify
more complicated numerical codes. In addition, our model
may address some physical issues in further electromagnetic
forming experiments [22].
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