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Abstract 

In this thesis, we present simulations of the radiation and optical imaging of single 
emitting molecules near plasmonic nanoparticles. This is achieved by combining 
boundary element method calculations using the MNPBEM toolbox, and Matlab 
code for simulating diffraction in the optical system. The simulation is used to 
construct the optical image of a single dipole near a nanoparticle where we varied 
the dipole emission wavelength, dipole-particle spacing, and particle geometry.  

We find similarities between the localization using BEM simulations for small 
particles and a simplified model with two coupled dipoles. The mislocalization 
under these conditions is found to be the result of interference of the radiation 
contributions from the dipole and plasmon, and is highly dependent on the 
relative strengths and phase difference of the corresponding fields. In contrast, for 
larger particles with relatively small particle-dipole separation, the plasmon 
radiation can no longer be approximated by a coupled dipole but only follows from 
the full numerical solution of the Maxwell equations.  
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1 Introduction 

 

1.1 Particles in biomedical applications 

In recent decades the use of nanoparticles in bioscience has increased significantly 
with multiple promising biomedical applications. The main reason for this 
development is the intermediate size of nanoparticles that position them in 
between atoms and bulk materials, precisely at the length-scales relevant for 
biomolecules and cells. For example, nanoparticles can be used as drug delivery 
vehicles [1], probes to visualize cellular structures [2] or single-molecule sensitive 
biosensors [3]. The synthesis of these particles enables excellent customizability 
of their properties, including size and shape, biocompatibility and even their 
optical properties for plasmonic nanoparticles. Not only is the size and shape 
decisive, but also the chemical properties of the particle surface. In the following 
sections, we will describe how nanoparticles are used as drug delivery vehicles 
and as biosensors, and explain the role of the chemical properties of the particle’s 
interface. 

1.1.1 Nanoparticles as drug delivery vehicles 

Extensive research is directed towards nanoparticles that can be used as drug 
delivery systems. For these purposes, the drug of interest is typically dissolved, 
entrapped, adsorbed, attached or encapsulated into or unto a nano-matrix or 
nanoparticle [1]. Nanoparticles with dimensions smaller than 200 nm are 
especially attractive in this field. Due to their small size and mobility, they have an 
increased cell uptake and possess the ability to cross the blood-brain barrier, 
which helps treat specific diseases, e.g. brain tumors [4]. It has also been reported 
that drug release is affected by the particle size [5]. Small particles have a higher 
surface-to-volume ratio, and most of the drug is located near the surface and will 
release faster. In contrast, large particles contain more drug in large cores and 
have slower drug release.  

 

 
Figure 1.1: (a) Schematic of a nanoparticle drug delivery vehicle [1]. (b) Imaging of nanoparticle cell-
uptake [2]. 
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Nanoparticles can be constructed to possess the required properties and release 
characteristics for optimum drug delivery or encapsulation. Especially, the coating 
of the particle is extremely important. Intravenously administered nanoparticles 
can be recognized by the host immune system and thereafter cleared from 
circulation by phagocytes [6]. Modifying the hydrophobicity of the nanoparticle, 
e.g. by coating the surface with hydrophilic surfactants, determines the amount of 
blood components that can bind to this surface. Minimizing these detrimental 
components increases the longevity of the particle in vivo and the probability of 
successful drug targeting.  

By incorporating bioactive molecular groups that bind to specific surface 
receptors on cells, nanoparticles can also be used for targeted drug delivery [7]. A 
schematic of this can be seen in Figure 1.1a, where the targeting molecule provides 
this specificity to the receptor. The binding of the particle with the target cell 
membrane ensures a longer duration of proximity to the target and consequently 
results in a more targeted drug release. Because relatively more drug is released 
at the target, in total a smaller amount of drug is needed for successful treatment. 
The drug can also have toxic side effects that can harm healthy cells. Targeted drug 
delivery can therefore also reduce this harmful side effect by minimizing the 
release near healthy cells.  

The development of effective intracellular drug delivery, however, is still limited 
by the incomplete understanding of nanoparticle-cell interactions [8]. To further 
this knowledge, the interaction between nanoparticles and cells can be visualized 
using fluorescent labels, as seen in Figure 1.1b. By imaging the fluorescence of the 
nanoparticles, the interaction can be probed by colocalization, and information 
about the size, number and positioning of the internalized nanoparticles can be 
extracted [2]. 

1.1.2 Nanoparticles as biosensors 

Metallic nanoparticles can also be used as plasmonic biosensors to detect analytes 
in low concentrations without the use of labeling [3]. This method relies on the 
shift of the localized surface plasmon resonance (LSPR) of the nanoparticle in the 
presence of an analyte. The LSPR is the collective oscillation of conduction 
electrons that are excited by an electromagnetic wave e.g. of incident light. If an 
analyte binds to receptors on the surface of the nanoparticle, it will change the 
local refractive index of the environment. Increasing the refractive index causes 
the LSPR to shift to higher wavelengths, as seen in Figure 1.2. Probing the 
scattered light at an appropriate wavelength, i.e. where the change of the LSPR 
spectrum is high, an intensity change can be measured between the bound and 
unbound states.  

Plasmonic nanoparticles cannot inherently distinguish between the analyte and 
other molecules. To facilitate specificity towards the analyte, the particle is 
functionalized by adsorbing specific biomolecular binding sites to its surface. 
These binding sites have increased affinity with the analyte molecules, making it 
possible to tune the biosensor to detect only the analyte.  
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Figure 1.2: Principle of single-molecule detection using the LSPR shift of metallic nanoparticles. 
Figure from [3]. 

The LSPR depends strongly on the material, shape and dimensions of the 
nanoparticle [9], meaning any variation in the size or shape of the particle results 
in an altered performance as a biosensor. Additionally, the performance is 
strongly dependent on the surface chemistry. The number of receptors on the 
particle determines the rate of molecular binding, i.e. the number of binding 
events, whereas the location of the receptor determines the magnitude of the 
plasmon shift. For example, the plasmon shift for an analyte binding to the tip of a 
nanorod will be large compared to binding to its side. The result is that each 
plasmonic biosensor performs slightly differently. 

 

1.2 Surface chemistry 

1.2.1 Particle functionalization 

The response of the particle in the previously discussed applications is greatly 
governed by the functional groups on its surface. During functionalization the 
surface chemistry of the particles is altered, which changes the affinity for specific 
molecules. This way the binding kinetics and specificity towards certain analytes 
or cell membrane receptors can be tuned.  

However, the synthesis of the particles [4] and their functionalization [10] results 
in an inhomogeneous sample, which is visualized in Figure 1.3. The sample 
consists of particles with a distribution of sizes and shapes. Additionally, due to 
the typical coupling protocol for functionalization, where the particles are mixed 
with the functional groups at specific chemical conditions, the surface chemistry 
varies between particles [11]. Due to the stochastic nature of the functionalization 
process, we expect a Poisson distribution of e.g. the number of ligands on the 
surface. However, many studies found that this distribution is larger than the 
expected Poisson distribution. Not only is there a variation in the number of 
functional groups on each particle, but also on their individual location on the 
surface and their orientation. This heterogeneous population of particles and 
surface chemistry causes each particle to perform differently. To understand the 
sources of heterogeneity, we require a method for accurate surface 
characterization on a single-particle level and more control over the synthesis 
protocols. 
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Figure 1.3: Nanoparticles with different sizes and shapes, in combination with imperfect 
functionalization processes results in a heterogeneous sample of nanoparticles and receptors. The 
illustration is not drawn to scale to emphasize this effect.  

1.2.2 Surface characterization 

Thus, to assess the performance of a nanoparticle, it is essential to characterize its 
surface chemistry. This characterization has commonly relied on ensemble 
average results.  For instance, the zeta potential of a nanoparticle is used to 
characterize the surface charge property of nanoparticles [12], whereas x-ray 
photoelectric spectroscopy (XPS) provides compositional information of the 
surface. Other techniques that are frequently used include e.g. differential 
centrifugal sedimentation, mass spectrometry, dynamic light scattering and 
fluorescence assays.  

Ensemble-averaged techniques can provide important information on particle 
surfaces, but spatial information and particle-to-particle heterogeneities remain 
hidden. To discover these, the sample needs to be analyzed at the single-particle 
level. This is especially crucial for single-particle applications, where knowledge 
about the performance of individual particles is required. To study the particle-to-
particle variation in their performance, it is crucial to study on a single-particle 
level.   

Optical microscopy techniques, like confocal laser scanning microscopy (CLSM), 
can be used to determine the density of chemical groups on a particle by e.g. 
comparing the intensities of individual particles. Imaging with visible light, 
however, is limited by a theoretical spatial resolution due to the diffraction limit. 
This is given by the Abbe diffraction limit, which gives the minimum resolvable 
distance  

 𝑑 = 𝜆/2NA (1.1) 

for light with wavelength 𝜆, and a numerical aperture NA which describes how 
much of the light can be captured by the objective. High-NA objectives are used to 
increase the resolution and typically their values lie between 1.4 and 1.6 in 
modern optics. Considering a NA of 1.5, the limit is given by 𝑑 = 𝜆/3 and for visible 
light this lies around 200 nm. As the size of a nanoparticle typically lies between 
1-200 nm, this resolution is not sufficient to image the particles accurately, let 
alone localize the functional groups on its surface. The limit scales with the 
wavelength, thus using shorter wavelengths, e.g. UV and X-Ray, will increase the 
resolution. While these techniques offer an increased resolution, they are much 
more expensive, have decreased contrast, and may be harmful to the sample.  
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Due to the intrinsic dimensions of nanoparticles, i.e. one to hundreds of 
nanometers, their geometry and surface characterization in single-particle studies 
are generally performed using atomic force microscopy (AFM) or electron 
microscopy (EM). They both possess high spatial resolution needed to 
differentiate individual surface groups on the particles. The resolution of AFM is 
dependent on the dimension of the tip and can reach nanometer scale. EM uses 
accelerated electron beams to illuminate the object. The wavelength of an electron 
is given by the Broglie wavelength 𝜆 = ℎ/𝑝 where h is Planck’s constant and 𝑝 is 
the (relativistic) momentum of the electron. Highly accelerated electrons can have 
wavelengths up to 100,000 times shorter than the wavelength of visible light 
photons, resulting in a much higher resolution using EM (~ 2 pm). However, these 
methods pose strict requirements on high sample preparation, as the particle 
needs to be physically accessible to a tip for AFM, or dried and in an ultrahigh 
vacuum environment for EM [9]. This also prohibits in situ characterization. 
Because the characterization of nanoparticles for biomedical applications 
generally has to be performed in complex molecular environments, e.g. in blood, 
the ability to do this all-optically is extremely valuable. Additionally, optical 
sensing is fast, low-invasive, and multiplex detection can be implemented without 
sophisticated and expensive instrumentation [10]. 

 

1.3 Super-resolution microscopy 

Super-resolution techniques have been used in recent years to image structures 
below the diffraction limit using optical microscopy. These techniques involve 
labeling the structure with fluorescence-emitting molecules, also called dyes or 
fluorophores. The image of a single-emitting molecule behaves similarly to that of 
a point-like emitter. Because of the diffraction limit, even this point-like emitter 
has finite dimensions when imaged. The image of such a point source is known as 
a point spread function (PSF) and is shown in Figure 1.4. As given by equation 1.1, 
it is not possible to distinguish between multiple spots if the sources are separated 
less than the PSF. However, the precision with which we can determine the center 
of the PSF is not diffraction-limited as we will explain below.  

 

 

 
Figure 1.4: Typical PSF from a point-like emitter. (a) 3D PSF with the inset showing a zoom mapped 
on the image (xy) plane. (b) A 2D slice of the PSF along the x-axis (blue line in a).  



6 

 

The PSF of a single emitter can be used to estimate its position with certain 
precision and accuracy [13]. Let’s assume we repeatedly measure the PSF of a 
single emitter in an optical microscope with a camera. We then localize the center 
of the emitter in each frame by a 2D Gaussian fit, and analyze the statistics. The 
precision then describes the spread of the measured positions 𝒓 ,  around its 
mean value 𝒓  and is given by its standard deviation 

 

𝜎 =
1

𝑛 − 1
𝒓 , − 𝒓   (1.2) 

or by its full-width at half-maximum (FWHM) 

 FWHM = 2√2 ln 2 𝜎 (1.3) 

with 𝑛 the number of measured positions.  

The maximum achievable precision is ultimately determined by the photons that 
are measured by the detector. For a typical state-of-the-art microscope in the 
absence of aberrations, this precision is limited by shot noise, in which case the 
localization precision is given by  

 𝜎 ≥ 𝑠/√𝑁 (1.4) 

with 𝑠 the standard deviation of the PSF and 𝑁 the number of detected photons. 
Increasing the number of photons, this limit decreases and leads to higher 
precision. The localization in each frame will thus result in a slightly different 
fitted position due to the presence of shot noise, yielding a precision that is 
indicated by the red dotted circle in Figure 1.5. Typically it is possible to achieve a 
localization precision of 5-20 nm [14].  

The accuracy of the localization describes the deviation of the mean measured 
position 𝒓  from its true position 𝒓 . If the measured positions 𝒓 ,  are unbiased, 
the mean position will approach the true position with an increased number of 
photons. If there is, however, a bias in the measured positions, this mean position 
will be different from the true position of the emitter, and this accuracy is then 
given by Δ𝒙𝒚 = 𝒓 − 𝒓 , visualized by the black arrow in Figure 1.5.  

 
Figure 1.5: Example of a measured image from a single emitter. The real particle position (𝑥 , 𝑦 ) can 
be estimated from this image with lateral precision 𝜎  and accuracy 𝛥 . Figure from [13]. 
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Figure 1.6: Location-based super-resolution imaging of a nanostructure. (a) Simultaneous emission 
of all fluorophores on the structure, resulting in the diffraction-limited image. (b) Switching the 
fluorophores so only one fluoresces at a time. (c) Measuring the fluorescence for every fluorophore 
gives a reconstructed image of the shape of the original nanostructure. Figure from [13]. 

The problem of using fluorescent labels to localize the binding sites on a particle 
is visualized in Figure 1.6. The dyes are bound to multiple binding sites on the 
particle and are emitting simultaneously. The result is a diffraction-limited image, 
where the positions of individual binding sites cannot be resolved with high 
precision. As we have discussed previously, the localization of a single dye is not 
diffraction-limited. Therefore, super-resolution techniques require that the dyes 
can be switched on and off in a way that only a single dye can be detected 
subsequently. Ultimately, by measuring the fluorescence of all dyes individually, it 
is possible to reconstruct the shape of the particle.  

There are several methods that enable switching the fluorescent state of dyes. 
Stochastic optical reconstruction microscopy (STORM) and photo-activated 
localization microscopy (PALM) rely on the stochastic switching of individual dyes 
between a fluorescent and non-emissive dark state. Because the structure 
requires direct fluorescent labeling with these techniques, the total number of 
dyes that can be localized is limited. Points accumulation for imaging in nanoscale 
topography (PAINT) overcomes this limitation by using freely diffusing dyes 
instead of directly labeling the structure. The dyes can bind and unbind to the 
structure, and only the diffraction-limited emission from immobilized dyes is 
resolved, because their diffusion is faster than the acquisition rate of the detector. 
Additionally, possible photobleached dyes – dyes that are in a permanently non-
fluorescent state – are constantly renewed by new, non-photobleached ones. A 
disadvantage of PAINT is that the dyes can also bind non-specifically to the 
substrate, increasing the background signal. Recently, quantitative PAINT 
(qPAINT) has been used to accurately count the number of functional groups on 
single gold nanoparticles [10], but this method does not allow the localization of 
individual groups.  

 

1.4 Super-resolution microscopy near particles 

1.4.1 Experiments 

As discussed in the previous section, super-resolution imaging is a promising 
technique to characterize the surface of nanoparticles, because it can be used to 
determine the location of individual functional groups. Previously, super-
resolution microscopy has often been performed for imaging biological structures. 
In these measurements, the refractive index of the environment around the 
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fluorescent dyes is relatively homogeneous. This changes when super-resolution 
microscopy is used to characterize particles. The refractive indices of for example 
polystyrene, glass, or silicon particles are much higher than that of the 
environment, and as a result, the local refractive index around the dye can 
fluctuate significantly. This can influence the emission distribution of the dye, 
introducing a bias to the measured photons on the detector.  

Additionally, metallic particles have plasmonic properties. The dye can couple to 
the plasmon mode of the particle, which then acts as an optical antenna boosting 
the signal from the dye. For efficient coupling, the dye radiates through the 
antenna mode of the particle. As a result, the reconstructed position of a single-
emitting molecule determined with super-resolution microscopy can differ 
significantly from its true position. The distance between the apparent emission 
position and the actual dye position, i.e. the accuracy of the localization, is often 
referred to as mislocalization (Figure 1.7).  

The effect of mislocalization induced by plasmon resonances has been reported in 
several recent studies. Wertz et al. showed this effect by localizing single Cy5.5 
molecules diffusing to the surface of gold nanodisks of different sizes [15]. They 
found that in most cases the localization events were concentrated at the center 
of the disks. As no specific binding between the dyes and the surface of the disks 
was promoted, this result suggested that due to coupling the emission events 
collapsed towards the center of the nanodisks. Similarly, Su et al. found that the 
emission of cresyl violet near gold nanorods also localized towards the center of 
the nanorod [16]. The group of Biteen shows that the use of plasmonic 
nanoparticles increases the fluorescence intensity of adjacent dyes, but as a 
consequence mislocalization is introduced [17]. It was also shown that the 
magnitude of the mislocalization can be quantified with far-field single-molecule 
super-resolution imaging. In a more recent study, the same group found that the 
emission spectrum of a single dye is reshaped due to the coupling to single 
plasmonic nanoparticles, which could also affect the localization of the dye [18].  

 
Figure 1.7: Mislocalization of a single-emitting molecule when coupled to a plasmonic nanoparticle. 
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In our group, Taylor et al. minimized the mislocalization to allow for accurate all-
optical reconstruction of the geometry of a gold nanorod by employing a dye with 
an emission spectrum that is strongly blue-shifted from the plasmon resonance 
[19].  

Minimizing the mislocalization is, however, not possible in all cases, and due to the 
high number of variables impacting the coupling strength between the single 
molecule and the plasmonic nanoparticle, a complete picture of the 
mislocalization effect is still missing. It has been reported that the coupling 
strength depends on e.g. the distance between molecule and particle, the position 
of the molecule relative to the particle, the orientation of the molecule relative to 
the particle surface and the spectral overlap between the molecule emission and 
plasmon resonance [20].  

1.4.2 Simulations 

Many of the parameters are proven to be difficult for experimental research. 
Therefore, numerical simulations and simple models have been used to further 
the understanding of the mislocalization on a fundamental level.  

In addition to experimental data, Su et al. also presented numerical calculations 
using a finite difference time domain (FDTD) method, calculating the 
mislocalization for different dipole locations near the nanorod, as seen in Figure 
1.8. Localization of the calculated diffraction-limited emission for this coupled 
system for three different dipole positions is performed, as indicated in panels (g-
i). The black cross indicates the calculated position of the localization event, 
whereas the red diamond and cyan circle represent the actual dipole position and 
center of the nanorod, respectively. Consistent with the experimental data, for 
each dipole position the coupled emission is localized near the center of the 
nanorod. Interestingly, it also shows the localized event and corresponding true 
dipole position that were on opposite sides relative to the center of the nanorod 
(panel g). The mislocalization effects were contributed to the asymmetric features 
in the angular emission distributions from the dipole-nanorod hybrid, highlighted 
by red arrows in the angular emission patterns (j-l).  

Many other studies include FDTD calculations for comparison to experimental 
results. For example, the group of Biteen correlates the localization of fluorescent 
molecules coupled to a gold nanosphere using super-resolution imaging with the 
electromagnetic calculations of radiating dipoles near the particle using FDTD 
[17]. Baiyasi et al. employ FDTD calculations to simulate the PSFs of a dipole 
emitter coupled to a silver nanowire for various relative positions and compares 
them with experimental PSFs [21]. Both the experimental and simulated PSFs 
show multiple classes, from single to multi-lobed PSFs, depending on dipole 
position and orientation relative to the nanowire.  
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Figure 1.8: FDTD numerical calculation of a coupled dipole and gold nanorod system for 3 different 
dipole positions relative to the nanorod, shown in the illustration at the top of each plot. (a-c) PSFs of 
the coupled system. (d-f) Near-field distributions of molecular emission around the nanorod. (g-i) 
Localization results using a 2D Gaussian PSF approximation on the PSFs in (a-c). Here, the red 
diamonds, black crosses and cyan dots are used to represent the actual dipole position, the localized 
event and the center of the nanorod, respectively. (j-l) Angular emission distributions in xz- and yz-
planes from the coupled system. The red arrow highlights the asymmetric distribution that leads to 
the off-center localization. Figure from [15]. 

To simulate the interaction between molecule and particle, Goldwyn et al. 
proposed a simplified two coupled dipole model, where one of the dipoles 
represents the fluorescent molecule and the other represents the polarization 
induced in a nearby nanoparticle [22]. It was found that the mislocalization not 
only depends on the microscopic dynamical interaction between molecular 
emitter and particle, but also on the macroscopic radiative interference between 
their individual fields. While this model is an intuitive way to understand why 
mislocalization occurs, the higher-order plasmon modes that are possible due to 
the finite size and structure of the particle are not taken into account.  

This thesis aims to further the understanding of the mislocalization effect in super-
resolution microscopy on plasmonic particles using numerical simulations. The 
simulation of the particles is performed using a boundary elements method (BEM) 
approach. In contrast to FDTD simulations, where the particle is discretized in 
volume elements, in BEM simulations the particle surface is discretized in area 
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element, i.e. boundary elements. Theoretically, this results in simulations with 
decreased computational costs, allowing easier and more efficient research of 
various parameters on the mislocalization effect. Full understanding allows the 
prediction of the degree of the localization error for an arbitrary molecule-particle 
hybrid, which can be used to correct for mislocalization and obtain the true 
position of the molecule. The improved localization would contribute to more 
accurate optical imaging in biomedical and life science research, and consequently 
it would allow better performance characterization of nanoparticles as drug 
delivery vehicles or biosensors. 

 

1.5 Thesis structure 

In this thesis, the effect of the interaction between a single-emitting molecule and 
a nanoparticle on its localization is investigated using numerical calculations. In 
particular interest are the underlying physics that causes mislocalization. In 
chapter 2 the interaction between emitters and particles that causes this 
mislocalization will be discussed in more detail.  

The mislocalization is investigated by simulation of optical fields. These 
simulations are performed using a BEM approach. The calculated optical fields are 
then focused to determine its image. This approach will be explained for the 
emission of a single dipole in chapter 3 and verified using analytical solutions. In 
chapter 4 the effect of detuning between a dipole and 10 nm silver nanosphere on 
the localization will be discussed.   

In chapter 5 the effect of particle-dipole spacing for a 10 nm silver sphere is 
investigated. The result is compared to a simplified model of two coupled dipoles 
where the relative field strength and the phase difference is varied. In chapter 6 
the effect of particle size, as well as the difference between gold and silver spheres, 
is explored. 

In chapter 7 the localization near a 40 nm by 120 nm gold nanorod is examined, 
where the dipole is positioned near the tip and side of the nanorod. Additionally, 
the localization of 100 dipole positions around the nanorod is compared to 
experimental data where the geometry of the particle is reconstructed.  

The results are summarized in chapter 8 and further research is proposed.   
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2 Plasmons and emitters 

2.1 Plasmons 

During excitation by an external electromagnetic field, e.g. light, the conduction 
electrons in plasmonic materials will oscillate collectively, resulting in the 
plasmon. For nanoparticles with dimensions smaller than the wavelength of the 
excitation light, these are localized surface plasmons, which can be represented by 
a harmonic oscillating electron cloud around the immobile ions [23]. These 
harmonic oscillations resonate at a specific excitation wavelength, also known as 
the plasmon resonance or LSPR. Depending on the shape of the nanoparticle, this 
can occur in different orientations. In nanorods, for example, the electron 
oscillation can occur in two orientations; longitudinal where the electrons move 
along the long axis of the particle, and transverse where they oscillate along the 
short axis as seen in Figure 2.1a.  

The response of the free electrons of the plasmonic particle is given by its 
polarizability. For small particles, with dimensions smaller than the wavelength of 
light, the plasmon can be represented by a dipole. The frequency-dependent 
polarizability 𝛼 is then given by the Clausius-Mossotti relation as 

 
𝛼(𝜔) = 3𝑉

𝜀(𝜔) − 𝜀

𝜀(𝜔) + 2𝜀
 (2.1) 

where 𝜀(𝜔) is the dielectric function of the particle, 𝜀  is the dielectric constant of 
the surrounding medium and 𝑉 is the volume of the particle. The polarizability is 
maximum at the frequency where 𝜀(𝜔) + 2𝜀 = 0 is satisfied, the resonance 
frequency 𝜔 . At the plasmon resonance, light is strongly scattered and absorbed 
and can be seen as a peak in the particle spectrum like in Figure 2.1b. By changing 
the dimensions, shape and material of the nanoparticle, the wavelength of the 
resonance peak can easily be tuned. An example of this phenomenon is shown in 
Figure 2.2b, where the solutions of gold nanorods with different aspect ratios are 
colored differently. 

 
Figure 2.1: (a) The two modes of LSPR for nanorods: the electrons oscillate along the long axis of the 
rod in the longitudinal plasmon band, and along the short axis in the transverse plasmon band. (b) 
The absorbance corresponding to the LSPR modes. Figure from [24]. 
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Figure 2.2: (a) TEM image of nanoComposix 40x15 nm2 gold nanorods.  (b) Gold nanorods with 
different aspect ratios show different colored solutions [24]. 

The polarizability of a material depends on the dielectric function of the particle, 
which is the complex permittivity as a function of frequency. Silver (Ag) and gold 
(Au) are frequently used plasmonic materials. The plasmons in silver and gold 
nanoparticles occur in the visible and near-infrared range (400-1000 nm), making 
them suitable to use with standard optical microscopes [25]. The real and 
imaginary parts of the dielectric function of silver and gold are shown in Figure 
2.3, using data from Johnson and Christy [26]. The imaginary part of the dielectric 
function is responsible for dissipation, and the increased dissipation of gold for 
wavelengths below 550 nm causes its distinct color [23]. This effect is related to 
the interband transitions that can occur for high energy excitation, where 
electron-hole pairs are created. This is also shown in Figure 2.3 as a comparison 
between the measured data and the Drude approximation, which only takes the 
free electrons into account. Due to the increased contribution of interband 
transitions in gold at lower wavelengths, the measurement diverges from the 
Drude approximation.  

 

 
Figure 2.3: Real and imaginary parts of the dielectric functions 𝜀 of silver and gold. The solid lines are 
from data from Johnson and Christy, and the dotted lines are the Drude approximation. 
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2.2 Harmonic oscillator 

As discussed in the previous section, plasmons can be represented by a collective 
oscillation of conduction electrons against the immobile ions. This causes a 
restoring electric field that aims to recover its equilibrium state. The interaction 
between the molecule and nanoparticle can be explored by describing the 
plasmon as a harmonic oscillator. In this simplified model, the electric field of the 
fluorescent emission from the molecule is the driving force that produces the 
oscillation of the conduction electrons in the particle, i.e. the plasmon. This model 
can be used to investigate the response of the plasmon due to the fluorescent 
emission that drives it. The motion for such a system can be written as 

 𝑚�̈� + 𝑚𝜐�̇� + 𝑘𝑥 = 𝐹(𝑡) (2.2) 

where 𝑚 is the mass, 𝜐 the damping coefficient, 𝑘 the spring constant, and 𝐹(𝑡) the 
driving force. A cartoon of this system is shown in Figure 2.4a. Without damping 
and a driving force, the resulting motion is a harmonic oscillation with angular 
frequency 𝜔 = 𝑘/𝑚 which describes the periodicity of the motion. The driving 
force is caused by the incident electric field 𝐸 . Let’s assume for now that it can 
be written as a simple oscillating force 𝐹(𝑡) = 𝐹 cos(𝜔𝑡) with frequency 𝜔.  

The driven oscillation is expected to match the oscillation of the driving force with 
the same frequency, which means that the motion can be written in the form 

 𝑥(𝑡) = 𝑥 cos (𝜔𝑡 + 𝜙) (2.3) 

with 𝑥  the amplitude of the oscillation and 𝜙 the phase lag relative to the driving 
oscillation. 

Combining this with equation (2.2) gives the expressions for the amplitude and 
phase lag with respect to the driving frequency 𝜔. 

 
𝑥 =

𝜔 𝐹

[(𝜔 − 𝜔 ) + 𝜐 𝜔 ] /
 (2.4) 

 
tan 𝜙 =

𝜐𝜔

𝜔 − 𝜔
 (2.5) 

The result can be seen in Figure 2.4b-c, where the dependence of the amplitude 
and phase lag of the oscillation on the driving frequency is shown graphically for 
a weakly damped oscillator. The amplitude is sharply peaked at the so-called 
resonant frequency 𝜔 = 𝜔  for weak dampening, i.e. 𝜐 ≪ 𝜔 . From equation (2.4) 
it follows that the maximum amplitude lies at the driving frequency 

 
𝜔 = 𝜔 − 𝜐 /2 (2.6) 

which is indeed approximately 𝜔  for weakly damped oscillators. The maximum 
lies at a frequency that is red-shifted from the resonant frequency of the oscillator 
by an amount dependent on the damping of the system.  
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Figure 2.4 (a) A driven damped harmonic oscillating system with driving force 𝐹(𝑡). In the graphs the 
dependence of (b) the amplitude and (c) phase lag of the oscillation on the driving frequency 𝜔 is 
shown in the case of weak dampening. 

In Figure 2.4c, it is also shown that the response of the oscillator has no phase lag 
(𝜙 ≈ 0)  relative to the driving force for frequency much smaller than the resonant 
frequency and it has a phase lag of 𝜙 ≈ 𝜋 for frequency much higher than the 
resonant frequency. This means that for 𝜔 ≪ 𝜔  the oscillation is in-phase with 
the driving force, while it is out-of-phase for 𝜔 ≫ 𝜔 . For intermediate 
frequencies, the phase lag lies somewhere between 0 and 𝜋.  

Returning to the dipole-dipole coupling between a fluorescent molecule and 
plasmonic particle with the results from the harmonic oscillator model, the 
fluorescent emission and the plasmon oscillate with a phase difference depending 
on the emission wavelength. For wavelengths much smaller than the plasmon 
resonance wavelength, the oscillation is out-of-phase with a phase difference 𝜋, 
while for much larger wavelengths the oscillation is in-phase with zero phase 
difference. 

 

2.3 Emitters 

Different types of emitters are used experimentally, e.g. quantum dots, fluorescent 
dyes, and vacancy centers. Each of these emitters is much smaller than the 
wavelength of light and therefore behaves like a dipole emitter. In this thesis, we 
will focus on the use of fluorescent dyes.  

Fluorescence is the emission of light when fluorescent material relaxes from an 
excited state to a lower energy state. To illustrate this, a simplified Jablonski 
diagram is shown in Figure 2.5a with the transitions between the electronic states 
of a molecule. For a molecule to reach an excited state 𝑆1 from its initial state 𝑆0, 
a photon with a high enough energy is absorbed. The rate at which this process 
occurs is given by the excitation rate 𝛾 = 𝜎𝐼, 𝑤here 𝜎 is the absorption cross-
section of the dye at the excitation wavelength and 𝐼 the excitation laser intensity. 
By emitting a photon, the molecule can relax back to its initial state. Typically this 
photon has a lower energy than the absorbed photon due to non-radiative 
transitions in the excited state. This can be seen in the absorption and emission 
spectra of the dye (Figure 2.5b). The emission occurs at longer wavelengths than 
the absorption, where the energy difference, also known as the Stokes shift, is 
indicated by the difference between the peak positions of the two spectra.  
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The molecule can also decay to its initial state with non-radiative relaxation, 
where no photon is emitted and the energy is dissipated in the form of heat to the 
environment. These relaxation processes each have their own rates, i.e. the 
radiative 𝛾  and non-radiative decay rates 𝛾 , respectively. The quantum yield Φ 
indicates the efficiency of the fluorescence process and is defined as the ratio 
between emitted and absorbed photons. A quantum yield of one indicates that 
every absorbed photon results in an emitted photon.  

 
Figure 2.5: (a) Simplified Jablonski diagram illustrating electronic state transitions with their 
corresponding transition rates 𝛾. (b) Absorption and emission spectra of a typical fluorescent 
molecule. The Stokes shift is the difference between the peaks of the two spectra.  

 

2.4 Plasmon-emitter coupling 

2.4.1 Modification of fluorescence intensity 

Combining fluorescent molecules with plasmonic nanostructures modifies the 
rate of the fluorescence due to the coupling between the fluorophore and the 
plasmon modes of the particle [27]. The modification has two separate origins. 

Firstly, the confined optical fields in volumes around the nanoparticle lead to an 
increased excitation rate of nearby fluorophores, which causes a corresponding 
excitation enhancement 𝐸  [28]. The increased excitation rate  
𝐸 ⋅ 𝛾  results in more transitions to an excited state, and in turn results in 
more emitted photons after relaxation. In Figure 2.6 the enhancement of the near 
field around nanoparticles is shown. 

Secondly, the coupling between the fluorophore and the plasmon modes of the 
particle modifies the radiative and non-radiative decay rates of the hybrid [29]. By 
coupling to the dipolar plasmon mode, the particle acts as an optical antenna, 
enhancing the radiative decay rate 𝐸 ⋅ 𝛾  of the system. Here, 𝐸 (𝜆) is the 
radiative enhancement at wavelength 𝜆. The enhancement of the emission rate 𝐸  
is the result from averaging over all wavelengths of the fluorescence as 

 𝐸 = ∫ 𝐸 (𝜆)𝐹(𝜆) 𝑑𝜆 (2.7) 

where 𝐹(𝜆) is the normalized fluorescence spectrum of the dye. When it is coupled 
to higher-order plasmon modes, the non-radiative decay rate 𝛾 + Γ  is also 
modified with an additional non-radiative decay Γ , because typically these 
higher-order modes are dark and the corresponding energy is dissipated as heat 
into the environment.  
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Figure 2.6: Calculated field enhancement |𝐸| / |𝐸 |  at the plasmon resonance for (a) a silver 
nanosphere with a diameter of 50 nm and (b) a silver nanorod with dimensions of 50x10 nm2. For 
both calculations the particle is excited by a plane wave propagating along the x-axis and its 
polarization is along the z-axis. 

The overall fluorescence enhancement factor 𝜉 is defined by the ratio of emitted 
intensities with and without the particle. At a single wavelength, it is given by 

 
𝜉 = 𝐸 𝐸

𝜎𝐼 + 𝛾 + 𝛾

𝐸 𝜎𝐼 + 𝛾 + Γ + 𝐸 𝛾
  (2.8) 

This combined effect results in a modified quantum yield, which depends heavily 
on the spatial separation between the fluorophore and particle. The coupling to 
higher-order plasmon modes dominates at distances close to the particle surface, 
resulting in quenching of the fluorescence of the molecule. At intermediate 
distances, the radiative decay rates are enhanced leading to a strongly increased 
quantum yield. Far from the particle, the effect of the plasmon is negligible and the 
quantum yield returns to the non-plasmon-enhanced value.  

 

2.4.2 Modification of radiation pattern 

While the previous effects of plasmon-enhanced 
fluorescence modify the fluorescence intensity of the 
emitting molecule, they do not explain the 
occurrence of mislocalization. This is caused by the 
interaction between the molecule and the 
polarization induced in the nanoparticle due to the 
plasmon. Both the molecule and the particle are 
smaller than the wavelength of the light and behave 
like dipole emitters. Their doughnut-shaped 
radiation pattern is shown in Figure 2.7.  

 Figure 2.7: Dipole radiation 
pattern for an x-oriented dipole 
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Figure 2.8: (a) Illustration of imaging the radiation fields from the fluorescent molecule 𝐸  (red) and 
plasmonic nanoparticle 𝐸  (blue). The total image (green) is the convolution of the emission from 
both sources. (b) Illustration of the relative source strength effect, where the peak of the total image 
shifts depending on the ratio of the emission strength of the sources. (c) Illustration of the effect of 
phase difference. In the top panel, both sources emit in-phase resulting in constructive interference. 
In the bottom panel, a phase difference is added between the emission of the sources, causing a 
decrease in the total image due to destructive interference. As a result, the peak of the image shifts.  

The interaction between the emitting molecule and nanoparticle can therefore be 
described as two coupled and interfering dipoles. As a consequence, the indirect 
radiation from the particle interferes with the direct radiation from the molecule. 
The total emission, i.e. the coherent sum of the two contributing fields, is therefore 
modified in both intensity and shape. When the molecule and particle are within 
a diffraction-limited spot, the resulting image is the convolution of the emission of 
both sources and the peak of the image no longer gives the position of the emitter, 
resulting in mislocalization. This is illustrated in Figure 2.8a.  

In this two-dipole system that we consider here, two main contributions change 
the shape of the total image. 

 Relative radiation field strength of both sources: the ratio of the dipole 
amplitude for the molecule and particle determines the influence of their 
individual PSFs. This is illustrated in Figure 2.8b. In the top panel, the radiation 
field of the particle is larger, while in the bottom panel the radiation field of the 
molecule is dominant. As a result, the shape of the total image is most affected 
by the strongest source and the peak of the image is closer to this source.  
The coupling strength between molecule and plasmon directly affects the 
relative field strengths of the emitters and depends on many variables, e.g. the 
polarizability of the particle, the distance between the molecule and the 
particle surface, the position of the molecule relative to the particle, the 
orientation of the molecule relative to the particle surface and the spectral 
overlap between the emission of the molecule and the plasmon resonance.  
 

 Phase difference between emission from both sources. Until now, it is assumed 
that the plasmon of the particle is in-phase with the emission of the molecule. 
This is, however, not always true. As will be explained later, a phase difference 
between the plasmon and molecule emission can appear depending on the 
emission wavelength. This causes the emission of the molecule and particle to 
emit out-of-phase to a certain degree and this changes the nature of the 
interference between the emission from the two sources. A simplified 
illustration is provided in Figure 2.8c. In the top panel, the two sources emit 
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in-phase and result in constructive interference between the two radiation 
fields that result in the total image. In the bottom panel, the sources emit out-
of-phase and the total image is the result of destructive interference of the two 
emission contributions. The shape of the total image changes significantly due 
to the nature of the interference.  
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3 Simulation of optical fields 

In this chapter the simulation of the optical fields will be explained in detail. The 
approach of the simulation is described in Figure 3.1. First, the system is defined 
by parameters that best resemble the real system, including the dielectric 
environment, the particle and the excitation. The Matlab toolbox metallic 
nanoparticles boundary elements method (MNPBEM, shortened in the rest of the 
thesis as BEM), developed by U. Hohenester and A. Trügler, is used for the 
simulation of the system [30]–[32]. For a given set of parameters that describe the 
system, BEM calculates the surface charges located at the boundaries of the 
particle in a way that the boundary conditions of Maxwell’s equations are fulfilled. 
These surface charges are subsequently used to evaluate various measurement 
quantities, most notably the induced far field radiation of the particle. Combined 
with the dipole radiation, the total far field radiation can be calculated.  

The focusing of these optical radiation fields with an optical system will then be 
simulated, which ultimately results in the image that would be measured at the 
detector in a real microscopy setup. The focusing of the optical fields follows the 
theory from Principle of Nano-Optics [33] and this is shown schematically in 
Figure 3.2. The image is fitted with a 2D Gaussian function, where its peak position 
determines the localization position. By comparing the localization position to the 
actual dipole position, the mislocalization can be quantified.  

Using BEM calculation, the radiation of a single dipole is calculated and imaged on 
the detector. The result is compared to the analytical solution of the image for a 
dipole using the dyadic point-spread function. Additionally, the imaging is verified 
by comparing the size of the PSF with the diffraction limit.  

 

 
Figure 3.1: Approach of simulation.  
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Figure 3.2: (a) Illustration of the optical system, where the radiation of the emitter is captured by an 
objective lens and focused by a secondary tube lens onto the EMCCD. (b) A simplified model of this 
system is used to focus optical fields onto an image plane, simulating the imaging of an emitter on the 
detector.  

3.1 Dipole radiation 

3.1.1 Far field 

A single-emitting molecule can be represented by a point-like dipole emitter. 
Using the Green function it is possible to calculate fields due to such a point source. 
In electromagnetic theory, the dyadic Green function �⃗⃖� is defined by the electric 
field 𝑬 at the field point 𝒓 generated by a radiating electric dipole 𝒑 located at the 
source point 𝒓𝟎.  

 
𝑬(𝒓) =

𝜔

𝜀 𝑐
 �⃗⃖�(𝒓, 𝒓𝟎) 𝒑 (3.1) 

Using the general dyadic Green function for a dipole in the far zone �⃗⃖� , the 
electric field from an arbitrarily located and oriented dipole can be calculated.  

 
�⃗⃖�FF(𝒓, 𝒓 ) =

exp(i𝑘𝑅)

4𝜋𝑅
 I⃡ − RR /R   (3.2) 

Here,  I⃡ is the unit dyad, 𝑅 is the absolute value of the vector 𝑹 = 𝒓 − 𝒓𝟎 and  
RR = 𝑹 × 𝑹 is the outer product of 𝑹 with itself. In Appendix A the derivation of 
this equation is given. 

With equations (3.1) and (3.2) the far fields in BEM are calculated. This is 
performed with a reference sphere around the system. Each point on the surface 
of this reference sphere corresponds to a direction in which the far field is 
calculated. The direction is given by the polar angle 𝜃 and the azimuthal angle 𝜙 
as displayed in Figure 3.3a. The calculated far field in each of those points is 
described as 

 𝑬 (𝜃, 𝜙) = 𝐸 (𝜃, 𝜙) + 𝐸 (𝜃, 𝜙) + 𝐸 (𝜃, 𝜙) (3.3) 

a b 



22 

 

A radiation pattern gives the directional dependence of the net energy flux density 
and can be calculated with the time-averaged Poynting vector 〈𝑺〉 as  

 
〈𝑺〉 =

1

2
𝑅𝑒{𝑬 × 𝑯∗} =

1

2

𝜀 𝜀

𝜇 𝜇
 |𝑬| 𝒏  (3.4) 

The last part in this equation is only valid in the far-field, because in this range the 
electromagnetic field is purely transverse, and the electric and magnetic fields are 
in phase with a constant ratio of their amplitudes. The result is shown in Figure 
3.3b. Here the radiation pattern is plotted for a dipole located at 𝒓𝟎 = (0,0,0) and 
oriented along the x-axis. In Figure 3.3c the polar plots for the dipole radiation are 
given in the 𝑥𝑧- and 𝑦𝑧-planes. It is clear that emission is omnidirectional in the 
plane perpendicular to the dipole orientation, i.e. in the 𝑦𝑧-plane in Figure 3.3b-c, 
and that the emission along the dipole orientation is zero. The optical system is 
placed along the positive 𝑧-axis. Therefore, in future calculations the far field is 
only determined in the half-space where 𝑧 > 0.  

3.1.2 Angular spectrum representation 

Optical fields can be described in the angular spectrum representation (ASR) as a 
superposition of plane waves and evanescent waves, which has been found to be 
a powerful method for the focusing of light. Because the image plane is sufficiently 
separated from the object plane, the contribution of the decaying evanescent 
waves is zero. Additionally, the far-field approximation determines that a distant 
detector only measures the plane wave that propagates towards it and all other 
plane waves are canceled out by destructive interference. Describing the optical 
fields in ASR using the far-field approximation gives the important result that the 
focal field near the focus of the lens is entirely determined by the far-field on the 
reference sphere, as seen previously in equation (3.3).  

 

 
Figure 3.3: (a) Illustration explaining the coordinates for the calculation of the far fields on a 
reference sphere. The optical system is located along the optical axis in the +z-direction. (b) The 
calculated radiation pattern for a dipole oriented along the x-axis. (c) Corresponding polar plot of the 
radiation pattern in the xz- (blue) and yz-planes (red).   
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Figure 3.4: (a) Configuration that is used to simulate the imaging of a dipole onto the image plane. 
(b) Sine condition. (c) Intensity law. Figures (b-c) from [33]. 

 

3.2 Imaging 

3.2.1 Optical system 

To simulate imaging with an optical microscopy setup, the situation in Figure 3.4a 
is considered. In this case, only a single dipole emitter is considered. The dipole is 
located in object space near the focal point of the aplanatic objective lens with 
focal length 𝑓 . The second lens with focal length 𝑓  is used to focus the light on the 
image plane at 𝑧 = 0. Each of the lenses can be represented in geometrical optics 
as reference spheres with their respective focal length as the radius. A glass 
coverslip to immobilize particles or emitting molecules is not included in the 
simulation.  

Points on the surface of the reference sphere belonging to the objective lens have 
the same polar and azimuthal angles 𝜃 and 𝜙 as the far field in equation (3.3), 
meaning that the fields in the direction described by these angles fall on the 
objective lens with the same direction. However, due to the finiteness of the lens, 
not all fields will be collected and ultimately focused on the image plane. This is 
determined by the numerical aperture NA of the lens, which describes the 
maximum angle 𝜃max for which rays on the reference sphere can still be imaged.  

 NA = 𝑛 sin 𝜃max         (0 < 𝜃max < 𝜋/2) (3.5) 

In this system the second lens is assumed to be larger than the objective lens, thus 
all fields that are captured by the objective lens will be focused by the second lens. 
The relation between the angles of the reference spheres from the two lenses are 
given by 

 𝜙 = 𝜙  
𝑓 sin 𝜃 = 𝑓 sin 𝜃  

(3.6) 
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3.2.2 Geometrical optics 

The fields near optical lenses can be formulated by the rules of geometrical optics. 
In this approximation, the finiteness of the optical wavelength is neglected and 
energy is transported along light rays. In geometrical optics, the fields going 
through an aplanatic lens must follow two rules, i.e. the sine condition and the 
intensity law as seen in Figure 3.4b-c. The sine condition states that all rays that 
propagate parallel to the optical axis converge to the focal point of the lens, or 
conversely that all rays that originate from the focal point will be refracted into a 
collimated beam along the optical axis. The intensity law is simply the 
conservation of energy along a ray: the energy incident on the aplanatic lens must 
be equal to the energy that leaves the lens. Combining these result, the field after 
an aplanatic lens can be calculated with 

 From focused beam to collimated beam: 

𝑬 =  𝑡 𝑬 ⋅ 𝒏  𝒏 + 𝑡  [𝑬 ⋅ 𝒏 ] 𝒏   
𝑛

𝑛
 (cos 𝜃) /  

(3.7) 

 From collimated beam to focused beam: 

𝑬 =  𝑡 𝑬 ⋅ 𝒏  𝒏 + 𝑡  𝑬 ⋅ 𝒏  𝒏   
𝑛

𝑛
 (cos 𝜃) /  

(3.8) 

where 𝑡  and 𝑡  are transmission coefficients for s- and p-polarized field 
components; 𝒏 , 𝒏  and 𝒏  are the unit vectors in cylindrical (𝜌, 𝜙) and spherical 
(𝜃, 𝜙) coordinate systems; 𝑛 , 𝑛  are the refractive indices of the media before and 
after the lens, respectively; 𝜃 is the polar angle of the point on the reference sphere 
as seen in Figure 3.4a. Depending on the direction of refraction, i.e. from 
collimated to focused beam or vice versa, the reference sphere transforms a 
cylindrical coordinate system into a spherical coordinate system or the other way 
around. In Appendix B the field is given in Cartesian vector components. During 
the calculations the lenses are assumed to be non-reflective, so 𝑡 = 𝑡 = 1.  

3.2.3 Focal field 

Using equations (3.7) and (3.8) in combination with the far field from BEM, the 
field just to the right of the second lens in  Figure 3.4a is determined. The focusing 
of the field then is calculated with 

 
 𝑬(𝜌, 𝜑, 𝑧) =

𝑖𝑘𝑓 𝑒

2𝜋
 × 

𝑬 (𝜃 , 𝜙) 𝑒  𝑒 ( ) sin 𝜃 𝑑𝜙 𝑑𝜃

max

 

(3.9) 

In this equation (𝜃 , 𝜙) are the coordinates of the surface of the reference sphere 
from the focusing lens in a spherical coordinate system and 𝑬 (𝜃 , 𝜙) is the far 
field in these coordinates. The coordinates of the image plane are given by (𝜌, 𝜑, 𝑧) 
in a cylindrical coordinate system. In the simulations, the image plane is 
positioned in the focus of the lens, therefore 𝑧 = 0. The resulting  𝑬(𝜌, 𝜑, 0) is the 
focal field in the image plane.  
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Figure 3.5: (a) Calculated PSF for an x-oriented dipole in the focus of the objective lens with NA = 1.4 
(𝑛 = 1.5) and 𝑓 /𝑓 = 4 using BEM-calculated far fields. (b) The normalized intensity along the x- 
and y-axis. The circles and squares indicate the intensity of the calculated PSF along the x- and y-axis, 
respectively (i.e. along the blue and red lines in a). The solid lines are the result of the analytical 
solution using the dyadic PSF, evaluated along the same axes.  

The magnitude of the total electric field intensity |𝐸| (𝑥, 𝑦) on the image plane is 
plotted, as it is the quantity measured by optical detectors, and is also known as 
the point-spread function (PSF). The broadening of the image for focusing the 
emission from a source point is the consequence of the spatial filtering by the 
optical system. In the far field approximation, the evanescent waves are filtered 
out and not all plane waves are collected by the objective lens. The emission from 
the single dipole as seen in Figure 3.3b is focused on the image plane, and the 
resulting PSF is plotted in Figure 3.5a. 

The validity of the simulation is checked by comparison with an analytical 
solution. The dyadic point-spread function (see Appendix C for the equation) can 
be used to calculate the focal fields of an arbitrarily oriented dipole in the focus of 
the objective. This approximation is only valid if 𝑓 ≪ 𝑓 . In Figure 3.5b the PSF 
from the simulation is compared to the dyadic PSF. This comparison is done for a 
system that consists of a single dipole at the focus of the objective lens and is 
oriented along the x-axis with an emission wavelength of 500 nm. The refractive 
indices of the media are 𝑛 = 1.5 for the object space and 𝑛 = 1 for the image 
space. The objective lens has NA = 1.4 and 𝑓 /𝑓 = 4. Both PSFs are evaluated 
along the x- and y-axis, which is shown in the figure. It can be seen that the focused 
BEM field resembles the dyadic PSF very closely.  

The mapping of a dipole from its source to its image depends on multiple 
parameters. The size of the PSF scales with the magnification 𝑀 of the optical 
system, which is defined as 

 
𝑀 =

𝑛

𝑛

𝑓

𝑓
 (3.10) 

The width of the PSF is typically defined by the radial distance for which the value 
of the paraxial PSF becomes zero, which is given by the equation 

 
Δ𝑥 = 0.6098

𝑀𝜆

𝑁𝐴
 (3.11) 

For the given parameters, the PSF should have a width of 1.3 𝜇𝑚. This is in good 
agreement with the dimensions of the calculated PSF in Figure 3.5a, where the 
width along the x- and y-axis are 1.2 and 1.4 𝜇𝑚, respectively.  
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3.3 Localization 

The PSF can be used to reconstruct the position of the emitter. Depending on the 
signal-to-noise ratio the precision is much better than the spatial extent of the PSF. 
In the simulations, no background noise will be taken into account. The location 
of the emitter is determined by the least-squares fitting of a two-dimensional 
Gaussian function, which fits very well with the images of subwavelength emitters 
obtained in optical microscopy.  

The general form of the two-dimensional Gaussian function is given by 

 
𝐺(𝑥, 𝑦) = 𝐴 exp[−(𝑎(𝑥 − 𝑥 ) + 2𝑏(𝑥 − 𝑥 )(𝑦 − 𝑦 )

+ 𝑐(𝑦 − 𝑦 ) ] 
 

𝑎 =
cos 𝜃

2𝜎
+

sin 𝜃

2𝜎
 

𝑏 =  −
sin 2𝜃

4𝜎
+

sin 2𝜃

4𝜎
 

𝑐 =
sin 𝜃

2𝜎
+

cos 𝜃

2𝜎
 

(3.12) 

With coefficients 𝐴 the amplitude, (𝑥 , 𝑦 ) the coordinates of the center, (𝜎 , 𝜎 ) 
determine the spread of the distribution in 𝑥 and 𝑦 respectively, and 𝜃 is the 
rotation of the function with respect to the coordinate system. By fitting this 
equation to the calculated PSF, the coefficients can be determined with a certain 
precision.  

The fitting of the calculated PSF shown in Figure 3.5a is performed using this 
method. Figure 3.6 shows the comparison between the actual PSF and the 
Gaussian function that best fits the data. The peak of the Gaussian fit follows the 
data very closely and the size of the PSF and Gaussian fit agree as well. The 
determined coefficients that indicate the center of the peak are (𝑥 , 𝑦 ) = (6,9) ⋅
10 m, which in turn determines the localized position of the dipole at (𝑥, 𝑦) =
(−1, −1) ⋅ 10 m. Additionally, a confidence interval is determined for the 
localization. The true value of the parameter lies within this range with a 
probability of 95%. In this case, the range for dipole position lies between −3 ⋅
10 m and +3 ⋅ 10 m for both 𝑥 and 𝑦 coordinates, which is an absolute 
difference of 0.6 nm in both directions. This is in very good agreement with the 
actual position of (0,0).  
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Figure 3.6: Comparison between PSF and fitted 2D Gaussian function. 

Translation of the dipole position from the focal point of the objective lens to an 
arbitrary point on the object plane (0,0,0) → (𝑥 , 𝑦 , 0) causes a transformation of 
the field in the image plane (in focus 𝑧 = 0) as 

 𝑬(𝑥, 𝑦, 0) → 𝑬(𝑥 − 𝑥 𝑀, 𝑦 − 𝑦 𝑀, 0) (3.13) 

The scaling and translation of the PSF in the simulations are also checked by 
placing the dipole in different positions and varying the refractive indices of the 
media, the focal lengths and NA of the lenses and the wavelength of the dipole 
emission. For all these cases, the image is in agreement with the expected values.  

We have shown that the PSF that is the result of calculating far fields using the 
BEM toolbox and focusing these fields on the image plane is in good agreement 
with the analytical solution for a single emitting dipole. In the next chapters, we 
will investigate the effect that a particle has on the localization of the dipole by 
including a particle in the BEM simulation.  
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4 A dipole emitter near a nanosphere 

Now that the BEM calculation of the far fields and consequently imaging onto the 
image plane of a single dipole is verified using analytical solutions, more complex 
systems can be investigated. In this chapter, we will discuss the coupling effect 
between a single dipole and a silver spherical particle and the resulting shift in the 
localization of the dipole emitter caused by the detuning of its emission from the 
plasmon resonance.  

 

4.1 Simulation parameters 

4.1.1 Particle-dipole system 

BEM calculations are used to simulate the optical response of a 10 nm silver 
nanosphere excited by a dipole. The dipole is located 10 nm from the surface of 
the particle and is oriented along the normal vector of this surface. The 3D model 
of the particle from the BEM toolbox and a 2D representation of the system is 
shown in Figure 4.1a. The center of the particle is placed in the focal point of the 
objective lens at (0,0), while the dipole is located on the positive x-axis at (+15,0). 
The orientation of the dipole is in this case along the x-axis. In Figure 4.1b the 
corresponding absorption and scattering cross-sections are plotted between 350 
and 450 nm, with the plasmon peak at 405 nm. The dielectric function of silver is 
used by the interpolation of data from Johnson and Christy [26]. 

The dipole is assumed to be already excited and its emission is approximated as a 
single-wavelength emitter. No additional excitation (e.g. plane wave excitation) is 
included in the simulation. The result is that there are two contributions to the 
total far field emission, i.e. the dipole and the particle emission.  

 

 
Figure 4.1: (a) System geometry, consisting of a 10 nm silver nanosphere and the dipole positioned at 
10 nm from the particle surface with its orientation along the normal vector of the surface, in this 
case along the x-axis. (b) The absorption and scattering cross-sections of the particle. The vertical 
dashed line is located at the plasmon resonance wavelength at 405 nm.  
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4.1.2 Optical system 

The medium surrounding the particle and dipole, which generally consists of 
multiple interfaces including the (inhomogeneous) particle solution, glass 
coverslip and immersion oil is simplified to a single homogeneous medium, set to 
the refractive index of the immersion oil, 𝑛 = 1.52. The medium of the optical 
system is set to air, 𝑛 = 1. Furthermore, the focal lengths of the two lenses, i.e. the 
objective lens and tube lens, are 𝑓 = 1 mm and 𝑓 = 4 mm, respectively, while the 
numerical aperture of the objective NA = 1.49. The focal length of high NA 
objective lenses are typically in the mm range. The focal length of the tube lens is 
set to ensure a good ratio between PSF size and image plane dimensions. These 
variables will remain fixed for the subsequent simulations in this thesis unless 
otherwise specified.  

 

4.2 Results 

4.2.1 Effect of detuning on the radiation pattern 

By changing the wavelength of the dipole emission, the coupling strength between 
dipole and particle can be modified. This effect will be explained by simulating the 
particle using the BEM approach as explained in chapter 3 at different dipole 
emission wavelengths. The results for 5 wavelengths will be discussed; two blue-
shifted from the LSPR at 350 and 396 nm, one at the LSPR at 405 nm, and two red-
shifted at 415 and 450 nm.  

The left column in Figure 4.2 shows the surface charge distributions on the 
particle and the right column shows the angular emission pattern of the two 
sources, i.e. the particle and dipole, as well as the total radiation. Due to the 
symmetry of the system, the radiation is only plotted in the xz-plane, and only the 
part directed towards the optical system (along the z-axis) is considered.  

The radiation patterns at each wavelength show the relative strength of the 
radiation contributions. At 350 nm the coupling between dipole and plasmon is 
weak and the dipole radiation is much stronger than the particle radiation As we 
increase the wavelength towards the plasmon resonance, the coupling 
strengthens resulting in stronger particle radiation. At 396 nm the dipole and 
particle radiation is of a similar order of magnitude, while at the plasmon 
resonance the particle radiation has reached its maximum and is larger than the 
dipole radiation. Increasing the wavelength beyond the plasmon resonance the 
coupling strength weakens and the particle radiation becomes smaller. At 415 nm 
the dipole and particle radiation are again of similar magnitude, and at 450 nm the 
dipole radiation is once more much larger than the particle radiation. Note that in 
Figure 4.2 the particle radiation patterns at 350 and 450 nm are multiplied by 10 
and 2, respectively, to increase visibility. 

The total radiation is the sum of the particle and dipole radiation where their 
phase components are taken into account. When the dipole emission is blue-
shifted from the plasmon resonance, the total radiation is lower than the dipole or 
particle radiation. This indicates that the total radiation is caused by destructive 
interference between particle and dipole radiation. On the other side of the 
plasmon resonance, when the dipole emission is red-shifted, the total radiation is 
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caused by constructive interference, as the total radiation is now stronger than 
either contribution. More interestingly, the total radiation of the system has 
become asymmetric along the optical axis at 396 and 405 nm (and very slightly at 
415 nm). This is highlighted by plotting a dashed line in the direction of the 
maximum radiation. In contrast to the dipole and particle radiation patterns, the 
maximum radiation is not directed along the z-axis.  

 

 
Figure 4.2: Results from BEM calculations on a 10 nm silver nanosphere coupled to an x-oriented 
dipole with 10 nm spacing. Each row is simulated at a different dipole emission wavelength, i.e. from 
top to bottom 350, 396, 405, 415, and 450 nm. (Left column) Surface charge distributions where the 
color on the colorbar indicates the charge on the particle. (Right column) Angular emission pattern 
from the particle, dipole and the total radiation. The radiation from the particle at 350 and 450 nm 
is multiplied by 10 and 2, respectively, to increase visibility. 
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The change of interference between the dipole and particle radiation 
contributions can be explained by describing the plasmon as a driven damped 
harmonic oscillator as we have discussed in section 0.  Here the electric field of the 
dipole radiation drives the plasmon, resulting in the particle radiation. As seen in 
Figure 2.4c, there is a phase difference between the oscillator and the driving force 
that is frequency-dependent. When the dipole oscillation has a smaller wavelength 
(or higher frequency) than the plasmon resonance, the plasmon oscillates with a 
phase difference compared to the dipole. This phase difference is 𝜋 for 
wavelengths much smaller than the resonance wavelength, and decreases 
continuously to zero for large wavelengths. Therefore, the dipole and particle emit 
out-of-phase at wavelengths blue-shifted far from the plasmon resonance, 
resulting in destructive interference. In contrast, the dipole and particle radiation 
are in-phase when red-shifted far from the plasmon resonance, resulting in 
constructive interference.  

The phase difference is also noticeable in the surface charge distributions, where 
the distribution is reversed for blue-shifted and red-shifted dipole emission 
wavelengths. The charge distribution is the result of mirror charges on the particle 
that oscillate due to the dipole. The reversal of the charge is caused by the switch 
from in-phase to out-of-phase oscillation of the mirror charge with respect to the 
dipole.  

4.2.2 Effect of dipole orientation 

Three distinct dipole orientations are investigated to determine its influence on 
the PSF. The particle-dipole system as described in section 4.1.1 is unchanged 
except for the dipole orientation. In the previous simulations, the dipole 
orientation was parallel to the surface normal of the particle which coincides with 
the x-axis. This case is compared to the two orthogonal dipole orientations, i.e. 
along the y- and z-axis. The surface charge distributions, radiation patterns and 
the PSFs are calculated for each dipole orientation at the plasmon resonance and 
the results are shown in Figure 4.3. The three columns correspond to the three 
cases, namely an x-, y- and z-oriented dipole, respectively.  

In Figure 4.3a-c the surface charge distributions are plotted for the different dipole 
orientations, indicated by the black double arrow. As seen previously, for the x-
oriented dipole the charge is localized near the dipole and the counter charge is 
located on a ring in the middle of the particle, while the rest of the surface charge 
is (nearly) zero. For y- and z-oriented dipoles, however, there are two regions of 
opposite charge on the side of the particle closest to the dipole. These regions are 
located parallel to the dipole orientation, so the distributions for the y- and z-
oriented dipoles are rotated 90 degrees compared to each other.  

Due to the symmetry of the particle, there is no preferred orientation for coupling, 
and the radiation of the particle due to the plasmon mode resembles the radiation 
of the dipole. In Figure 4.3d-f the angular emission pattern of the total radiation in 
the xz- and yz-planes are plotted. As expected, the patterns are similar to the 
donut-like radiation pattern from the dipole as seen in Figure 3.3b-c, but rotated 
depending on the dipole orientation. The asymmetry in the total radiation is 
present for each dipole orientation. As previously discussed, this is caused by the 
interference of dipole and particle radiation contributions. Due to the symmetry 
of the system, this asymmetry is only visible in the xz-plane.  
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Figure 4.3: (a-c) Surface charge distributions on a 10 nm silver nanosphere and a dipole emitter 
located 10 nm from its surface on the x-axis at the plasmon resonance, for different dipole 
orientations, i.e. along (a) the x-axis, (b) the y-axis and (c) the z-axis. The black double arrows show 
the dipole orientation and the colorbar indicates the charge on the particle. (d-f) Angular emission 
patterns of the total radiation for the different dipole orientations. The blue and red lines show the 
emission in the xz- and yz-plane, respectively. (g-i) Normalized PSFs of the total radiation for the 
different dipole orientations. The numbers indicate the factors by which the images have been 
multiplied. 

In Figure 4.3g-i the total PSF of each dipole orientation is shown. Again the results 
are as expected and are similar to the images of the corresponding dipole. For 
dipoles aligned perpendicular to the optical axis, the PSF is shaped as an elliptical 
spot with its longitudinal axis parallel to the dipole orientation. The PSFs for the 
x- and y-oriented dipole are therefore rotated 90 degrees with respect to each 
other. The PSF is very different for a dipole oriented along the optical axis, i.e. z-
axis. The focal fields are rotationally symmetric and zero on the optical axis, 
resulting in a ring-shaped image. Because the emission along the optical axis is 
zero, the intensity of the image is much lower than for dipoles oriented 
perpendicular to the optical axis.  For the x-oriented dipole where its orientation 
is parallel to the surface normal, the charge is localized and much stronger 
compared to the y-oriented dipole. The enhanced polarizability causes an increase 
of particle emission and consequently a higher intensity on the image plane. This 
is indicated by the number in the bottom right corner of each PSF which are the 
factors by which the images have been multiplied.  
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In reality, it is very unlikely that a fluorophore has a fixed orientation. Depending 
on its molecular weight, the viscosity of the local environment, and whether it is 
bound to a macromolecule or particle, the fluorophore is expected to have some 
rotational motion during its excited state. Small molecules in solution have 
rotational correlation times in the order of picoseconds, which is significantly 
faster than its average excited state lifetime of nanoseconds. Therefore, we 
assume that during its emission the orientation of the fluorophore is continuously 
changing and each of these orientations is equally likely. For this reason, the 
fluorophore from this point forward will be modeled by an orientation-averaged 
dipole, where the average intensity of the three orthogonal dipole orientations is 
taken as 

 
|𝐸| =

1

3
|𝐸| + |𝐸| + |𝐸|  (4.1) 

where |𝐸|  is the intensity of the image from the dipole oriented along the x-, y- or 
z-axis. The result can be seen in Figure 4.4a, where the PSF of the orientation-
averaged dipole is plotted. Because the average PSF is dominated by the dipoles 
oriented perpendicular to the optical axis, the image is still shaped like an elliptical 
spot, and the peak position can be determined in the same manner by fitting a 2D 
Gaussian function. In Figure 4.4b the cross-section of the orientation-averaged 
PSF is plotted and compared to the PSFs of each dipole orientation. Again, it is 
clear that the impact of the x-oriented dipole is greatest.  

 

 
Figure 4.4: (a) PSF of the total radiation for a 10 nm silver nanosphere and an orientation-averaged 
dipole at plasmon resonance. (b) Cross-section of the PSF in (a) along the x-axis compared to the PSFs 
of the individual dipole orientations.  

 

4.2.3 Localization accuracy 

The mislocalization for a dipole with an average orientation near a 10 nm silver 
nanosphere is calculated for a wide range of dipole emission wavelengths. This 
dependency will be described by the amount of detuning, which is the difference 
between the dipole emission wavelength and the LSPR, i.e. Δ𝜆 = 𝜆 − 𝜆  with the 
LSPR for the particle 𝜆 = 405 nm. The dipole is positioned 10 nm from the 
surface and the total radiation is localized for varying detuning in the range 
between -50 and +50 nm.   
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The results from these calculations are shown in Figure 4.5. Each point in the 
graph in Figure 4.5d is a fit position of the total radiation focused on the image 
plane for a certain amount of detuning and corresponds to the apparent position 
of the emitter. Because of the symmetry of the system, the localization of the total 
radiation only shifts along the x-axis and it is sufficient to plot the x-component of 
the fit position. The two horizontal lines, the dotted line at 𝑥 = 15 nm and the 
dashed line at 𝑥 = 0 nm, correspond to the dipole position and particle center, 
respectively. Additionally, the particle dimensions have been highlighted by the 
grey area in the graph. The solid line is the modified Akima interpolation of the 
calculated fit positions. The mislocalization is then given by the distance between 
the dotted and solid lines, as this gives the distance between the actual and 
apparent position of the dipole. Figure 4.5a-c shows the calculated PSFs for the 
system at -50, 0, and +50 nm detuning with their fitted peak positions. Note that 
the coordinates indicate the position in object space, not on the image plane.  

 

Figure 4.5: (a-c) Calculated total PSFs at -50, 0 and +50 nm detuning, respectively. The red dot and 
the corresponding coordinates indicate the extracted fit position in object space. (d) Fit position for 
an orientation-averaged dipole coupled to a 10 nm silver nanosphere as a function of detuning. The 
dipole is located on the x-axis with a 10 nm spacing between the dipole and the particle surface. The 
fit positions are located on the x-axis, so only the x-component of the fit position is plotted. The two 
horizontal lines indicate the particle center (dashed line at 𝑥 = 0) and dipole (dotted line at 𝑥 =
15 nm) position, while the circles indicate the fit position at various detuning. The line connecting the 
calculated values is determined using a modified Akima interpolation.   
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As seen in Figure 4.5d, the mislocalization is maximum for zero detuning (at the 
plasmon resonance). The coupling between dipole and the plasmon mode of the 
particle is strongest in this case, and the influence of the particle radiation is 
therefore also the highest. Although the particle radiation is stronger, the emission 
of the dipole and particle still have the same order of magnitude. The total 
radiation is therefore not dominated by the particle radiation. Instead, it is given 
by the sum of the two contributions with an additional phase difference. At zero 
detuning, this phase difference is expected to be 𝜋/2 as seen previously in the 
harmonic oscillator model in section 0.  

Due to these conditions, the total radiation can become asymmetric along the axis 
connecting the particle center and dipole, which in this case is the x-axis. As a 
consequence, the maximum radiation is not aligned along the optical axis but is 
rotated with a certain angle. The angle of this asymmetry is dependent on the 
detuning, causing the peak of the image to shift and the fit position to change.  

By increasing or decreasing the detuning from zero, the coupling between dipole 
and the plasmon becomes weaker. As a result, the radiation from the particle 
diminishes and the total radiation is more and more dominated by the dipole 
emission, resulting in a localization closer to the dipole position. There is, 
however, a difference between the rate at which the localization converges to the 
actual dipole position for positive or negative detuning. The mislocalization is 
close to zero for a negative detuning of approximately -20 nm, while for positive 
detuning of +50 nm there is still a mislocalization of more than 1 nm. There are 
two reasons for the different convergence rates.  

 The relative strengths of the dipole and particle emission are different for 
positive and negative detuning. The dipole emission is wavelength-dependent 
and weakens for larger wavelengths. The particle emission depends on the 
spectral overlap and thus the detuning. Compared to the driven damped 
harmonic oscillator in section 2.2, the amplitude of the oscillator is larger for 
low frequencies (positive detuning), which can be seen in Figure 2.4b. The 
combined effect causes the ratio of the emission contributions not to be 
symmetric around zero detuning.  

 The phase difference between dipole and plasmon depends on the detuning. 
As a result, the total radiation pattern is more likely to be localized between 
the dipole and particle for positive detuning, where the fields interfere 
constructively. On the other hand, for negative detuning the fields will 
interfere destructively, which can cause asymmetries in the total emission 
pattern. This will be investigated further in the next chapter.  
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5 Effect of particle-emitter spacing 

In this chapter, the localization of a dipole coupled to a 10 nm silver sphere is 
performed for multiple dipole positions, where the spacing between dipole and 
particle surface is varied. The behavior of the localization for this particle-dipole 
system is compared to the localization for a simplified system consisting of two 
coupled dipoles.  

 

5.1 Detuning for varying spacing 

The localization of an orientation-averaged dipole near a 10 nm silver nanosphere 
is calculated for varying amount of detuning, identically to the simulations in 
section 4.2.3. This will be repeated for different values of particle-dipole spacing, 
which is the distance between the dipole and the particle surface. In Figure 5.1a 
the scattering cross-section of the particle is given as a function of detuning. The 
localization of the dipole is simulated for three dipole positions on the x-axis with 
a spacing of 2, 10, and 25 nm. Similar to the previous simulations, this is done for 
varying extent of detuning in a range between -50 and +50 nm. The results can be 
seen in Figure 5.1b, where the x-component of the fit positions is plotted against 
detuning for the three dipole positions. The horizontal line at 𝑥 = 0 indicates the 
particle center, while the other three horizontal lines at 𝑥 = 7 nm, 𝑥 = 15 nm and 
𝑥 = 30 nm correspond to the three dipole positions.  

The detuning plot for 10 nm spacing is identical to the graph in Figure 4.5. For this 
dipole position, the dipole is localized towards the particle center closer to the 
plasmon resonance. At the plasmon resonance where the detuning is zero, the 
mislocalization is largest at almost 12 nm.  

 
Figure 5.1: (a) The scattering cross-section of a 10 nm silver nanosphere plotted as a function of 
detuning. The plasmon resonance 𝜆 = 405 nm at zero detuning is indicated with the vertical dashed 
line. (b) Fit positions of an orientation-averaged dipole coupled to a 10 nm silver nanosphere as a 
function of detuning. Three dipole positions are considered: 2 nm spacing (blue), 10 nm spacing 
(green) and 25 nm spacing (orange). The black horizontal dashed line indicates the particle center 
and the colored horizontal dotted lines indicate the different dipole positions corresponding to the 
spacing. 
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Increasing the spacing between dipole and particle, the localization position is 
close to the actual position of the dipole, regardless of the detuning. This can be 
seen in the data for 25 nm spacing, where the mislocalization does not become 
larger than 2 nm. This is as expected because the coupling strength depends 
sensitively on the separation of dipole and plasmon. Increasing this distance, the 
particle emission weakens and the total radiation is dominated by the dipole 
emission. The mislocalization is maximum near zero detuning, while the direction 
of the shift changes from away from the particle for negative detuning to a shift 
towards the particle for positive detuning.  

Close to the particle with a 2 nm spacing, however, the localization of the dipole 
displays an unexpected behavior. Even though the localization is on the particle 
center at zero detuning, this is not the maximum mislocalization that occurs. 
Increasing the detuning from -50 nm, the total radiation is surprisingly localized 
away from the dipole-particle hybrid. Then, at around −24 nm detuning, the 
localization position abruptly switches from one side of the hybrid to the other 
side, before getting closer to the particle center. Increasing the wavelength beyond 
the plasmon resonance, the radiation is localized between the dipole and particle 
center, gradually shifting to the dipole for higher wavelengths.  

In the previous chapter, we have contributed two reasons for the shape of the 
detuning plot. Depending on the extent of the detuning, the coupling strength 
between the dipole emission and plasmon of the particle is changed, which alters 
the strength of the particle radiation relative to the dipole radiation. Additionally, 
the phase difference between dipole and particle radiation increases for smaller 
wavelengths. However, it is not immediately clear how this can explain the strange 
behavior, where the localization first moves away from the dipole-particle hybrid 
before abruptly relocating to the other side of the hybrid.  

 

5.2 Two dipole system 

To understand the abrupt shift in the localization position observed in Figure 5.1b 
for small spacing, we investigate the problem using a simplified model where the 
particle-dipole system is approximated by two coupled dipoles. Because the 
contribution of the dipole oriented along the surface normal of the particle is 
greatest, a single dipole orientation is included. As seen in Figure 4.2, the surface 
charge is highest near the dipole position, while the rest of the particle generally 
is oppositely charged. This situation is thus best approximated by two end-to-end 
oriented dipoles separated by some distance. A schematic illustration is shown in 
Figure 5.2. 

Because the plasmon can be seen as a driven damped harmonic oscillator with the 
emission of the dipole as its driving force, there is an additional phase difference 
between the fields of both sources. This phase difference depends on the 
frequency of the driving force with respect to the resonance frequency of the 
oscillation. For low frequencies, the two dipoles oscillate in-phase with no phase 
difference, while for high frequencies the dipoles oscillate completely out-of-
phase with a phase difference Δ𝜙 = 𝜋. These two limits are shown schematically 
in Figure 5.2. 
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Figure 5.2: Particle-dipole system (a) is approximated by a two-dipole system (b) where the dipoles 
are oriented along the x-axis. The two limiting cases are shown where the dipoles oscillate in-phase 
(top row) or out-of-phase (bottom row).  

To investigate the behavior of the localization of the coupled two-dipole system, 
two dependencies are considered.  

 Phase difference: An phase component is added to the field of dipole 1 as 

 𝐸⃗ = 𝐸 ⃗ ⋅ exp(i Δ𝜙) to simulate the phase difference Δ𝜙 between the two 
dipoles. This phase difference can range between 0 and 𝜋.  

 Relative field strength: The fields 𝐸  and 𝐸  are multiplied by factors 𝑐  and 𝑐  
respectively, to simulate different relative source strengths. The ratio of field 
strength is given by these factors as 𝐸 /𝐸 = 𝑐 /𝑐 .  

Depending on the phase difference, the fields from the two dipoles can interfere 
constructively or destructively, which is shown in Figure 5.3a. Here, the angular 
emission patterns from the two dipoles are plotted, as well as the patterns from 
the total radiation in the case of constructive and destructive interference. For 
constructive interference, the maximum of the total radiation lies along the optical 
axis (z-axis) and is almost four times larger than the individual radiation intensity. 
In contrast, the total radiation caused by destructive interference is much lower 
and it is completely canceled out along the optical axis causing a pattern with two 
lobes.  

For two dipoles with equal field strength, the phase difference between the fields 
determines the asymmetric features of the total angular emission pattern as seen 
in Figure 5.3b. If the fields oscillate in-phase (Δ𝜙 = 0), the pattern is symmetric. 
Increasing the phase difference, the total radiation becomes asymmetric and its 
maximum has a certain angle with the optical axis. This angle increases for a larger 
phase difference as indicated in Figure 5.3b. If the phase difference is (close to) 𝜋, 
the radiation displays split lobes. The asymmetry of the radiation is also affected 
by the ratio of field strengths. Figure 5.3c shows the total angular emission 
patterns of fields with a phase difference Δ𝜙 = 5𝜋/6. The asymmetry is largest 
when the field strengths are equal and it diminishes if one of the fields becomes 
larger than the other. If the total radiation is dominated by one source, the total 
radiation is symmetric regardless of the phase difference.  
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Figure 5.3: (a-c) Angular emission patterns in the xz-plane for two dipoles oriented end-to-end along 
the x-axis with a 10 nm spacing. (a) The total radiation can result from constructive or destructive 
interference between the fields from both dipoles. The destructive radiation pattern is multiplied by 
50 to make it more visible. (b) The total radiation of two dipoles of equal strength at different phase 
differences between their fields. (c) The total radiation of two dipoles with fixed phase difference 
𝛥𝜙 = 5𝜋/6 at different field strength ratios. The patterns in (b-c) are each normalized by their 
maximum value. (d) The fit position of the total radiation as a function of the ratio of the field 
strengths of the two dipoles. The two horizontal dashed lines at 𝑥 = 0 and 𝑥 = 10 nm correspond to 
the positions of dipole 1 and 2, respectively. The phase difference between the fields is varied, from in-
phase (blue) to out-of-phase (orange). (e) In the left column are the calculated images for dipole fields 
that are completely out-of-phase and interfere destructively, at three different field strength ratios 
close to unity, corresponding to the three orange data points in the center of (d). In the right column 
are the Gaussian functions that are fit to these images. Note that the position of the peak is given as 
coordinates of the object plane, not the image plane.   

The fit position of the total radiation is plotted for various ratios of field strengths 
as well as for different phase differences between the two fields. Due to the 
symmetry of the system, the radiation is localized along the x-axis, and it is 
sufficient to include only the x-component of the fit position. Figure 5.3d displays 
the fit position for field strength ratios 𝐸 /𝐸  between 1/10 and 10. For Δ𝜙 = 0 
(blue) the total radiation is caused by constructive interference and the fit position 
is consistently found between the two dipole positions, while it gradually moves 
from one source to the other depending on the field strength ratio.  

As the phase difference between the fields increases, this shift occurs closer to the 
center of the graph where the fields have the same order of magnitude. For Δ𝜙 >
𝜋/2 the fit position can exist outside the two-dipole system, due to the destructive 
interference between the fields. This is most evident for Δ𝜙 = 𝜋 where the fields 
are completely out-of-phase. When the field strengths are equal, the two fields are 
exactly canceled between the two dipoles, and the image is split into two separate 
peaks as seen in the middle row of Figure 5.3e. Because the implementation of the 
Gaussian fitting of the PSF only allows for a single peak, the fitted function is a 
large elliptical spot encompassing both peaks of the image and its peak position is 
found at the center of the two dipole positions. If one of the fields becomes 
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stronger than the other, the PSF transforms back into a single spot, with its 
position shifted in the direction of the stronger source. This shift is larger than the 
distance between the two dipoles, and the localization position is found outside 
the two-dipole system. This is illustrated in the top and bottom row in Figure 5.3e, 
where the field strength ratio is 3/4 and 4/3, respectively. The calculated fit 
positions for these conditions are (37, 0) and (−27, 0) nm, way outside the region 
of the two-dipole system between 0 and 10 nm.  

 

5.3 Detuning for different dipole orientations 

For comparison with BEM results, the data from Figure 5.1b with a 10 nm spacing 
is split into its contributions for each dipole orientation. This is shown in Figure 
5.4a, where the fit position of the total radiation for each dipole orientation is 
plotted as a function of detuning. The fit position for the x-oriented dipole displays 
the previously seen abrupt shift at a wavelength range blue-shifted from the 
plasmon resonance, while y- and z-oriented dipoles exhibit this when red-shifted 
from the plasmon resonance, albeit to a lower extent.  

Because of the results from the coupled two-dipole system, we expect this 
behavior to be attributed to the combination of the relative field strengths and 
phase difference. In Figure 5.4(b-d) the average field strengths of the particle, the 
dipole, and the total radiation are plotted. The region where the particle radiation 
is equal or stronger than the dipole radiation is much larger for the x-oriented 
dipole. This is caused by the higher polarization as the surface charge on the 
particle is localized near the dipole. Additionally, for the x-oriented dipole, the 
total radiation is caused by destructive interference for negative detuning and 
constructive interference for positive detuning. For y- and z-oriented dipoles, 
however, this process is mirrored.  

A similar result can be seen in the phase difference between the particle and dipole 
fields. The calculated fields in BEM are complex numbers where the phase 
component is indicated by the imaginary part. The complex field can be written as 
𝐸 = |𝐸|𝑒i , where 𝜙 is the phase of the field. To determine the phase difference 
between the two fields, we calculate the phase of each field at the objective lens 
along the optical axis and subtract them as Δ𝜙 = 𝜙 − 𝜙 . The result is 
plotted in Figure 5.4(e-g). While the fields for the x-oriented dipole oscillate in-
phase (𝛥𝜙 = 0) for positive detuning and out-of-phase (𝛥𝜙 = 𝜋) for negative 
detuning, the inverse is true for the y- and z-oriented dipoles. The vertical shift of 
the graphs is most likely due to the small difference in path length between the 
particle and dipole to the field point on the optical axis, where we calculate this 
phase difference. 
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Figure 5.4: BEM calculations for a 10 nm silver nanosphere and a dipole with a 10 nm spacing. (a) 
The fit position as a function of detuning for each dipole orientation separately, i.e. x- (blue), y- (red), 
and z-oriented (green) dipole, as well as for an orientation-averaged dipole (orange). (b-d) The 
average field strength of the particle, dipole, and total radiation as a function of detuning for the 
different dipole orientations. (e-g) The phase difference between the particle and dipole field, 
calculated at the objective lens along the optical axis, as a function of detuning.  

The difference in the interference for the individual dipole orientations can be 
explained using the schematic illustration in Figure 5.5. In the coupled two-dipole 
system, the dipole representing the plasmon will have the same orientation as the 
dipole with which it interacts. Therefore, there are two distinct ways the two 
dipoles can orient relative to each other, i.e. end-to-end and parallel. The  
x-oriented dipole in the previous calculations is described by the end-to-end 
orientation, while the y- and z-oriented dipoles are described by the parallel 
orientation. In both cases, the two dipoles oscillate in-phase or out-of-phase 
depending on the detuning, as shown in Figure 5.5a. In Figure 5.5b a simplified 
schematic of the corresponding fields is drawn to highlight the different nature of 
the interference between the fields along the optical axis for the two cases. In the 
case of end-to-end orientation, the interference is constructive if the dipoles 
oscillate in-phase and destructive if they oscillate out-of-phase. The opposite is 
true for parallel orientations.   
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Figure 5.5: (a) Phase difference between the oscillation of two coupled dipoles described by the driven 
damped harmonic oscillator model. For positive detuning (i.e. low driving frequency) the dipoles 
oscillate in-phase, while they oscillate out-of-phase for negative detuning. (b) The fields can interfere 
constructively or destructively depending on the phase difference between dipoles and their 
orientation. For two dipoles that are oriented end-to-end, their fields interfere constructively if  
in-phase and destructively if out-of-phase. For dipoles that are oriented parallel, however, their fields 
interfere destructively if in-phase and constructively if out-of-phase.  

Unfortunately, there are limitations to the coupled two-dipole system. For one, it 
doesn’t take into account higher-order plasmon modes that can occur in the 
nanoparticle. Figure 5.6 is an example where a higher-order plasmon mode is 
present. It shows the surface charge distribution (a) and the angular emission 
patterns (b) for a 10 nm silver nanosphere with an x-oriented dipole positioned 2 
nm from the surface at an emission wavelength of 380 nm. The particle displays 
two regions of positive charge separated by negative charge. As a result of this 
charge distribution, not only the total radiation exhibits asymmetric features, but 
the emission from only the particle as well. As a result, in these specific cases, the 
system can no longer be accurately described by the coupled two-dipole system.  

 

 

Figure 5.6: Results for a 10 nm silver nanosphere and an x-oriented dipole with a 2 nm spacing and 
an emission wavelength of 380 nm. (a) The surface charge distribution of the particle. Positive charge 
is located near the dipole (red), but a secondary area around the particle also contains positive 
charge, albeit lower in magnitude (light blue). These two positive areas are surrounded by negative 
charge. (b) Angular emission patterns of the particle, dipole, and total radiation, where the particle 
contribution and the total radiation show asymmetric features.  
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5.4 Separation 

At 5 dipole emission wavelengths, the localization position is calculated for 
different dipole positions near a 10 nm silver nanosphere. The dipole is 
orientation-averaged and the spacing between the dipole and the particle surface 
is varied between 1 and 25 nm. The results are shown in Figure 5.7, where the fit 
position is plotted as a function of the dipole position for the 5 wavelengths. The 
black and red dashed lines are added to highlight the particle center and dipole 
position, respectively. Comparing the fit position with these lines depicts the 
position relative to the particle and dipole.  

 

 
Figure 5.7: Position of the fit event as a function of the dipole position, both in x-coordinates. Each 
line is the trend of the mislocalization at 5 different dipole emission wavelengths, as shown in the inset 
figure containing the scattering cross-section of the particle. The horizontal black dashed line (at 𝑥 =
0) corresponds with the particle center, while the red dashed line 𝑥 = 𝑥  corresponds to the dipole 
position. The fit position is calculated for an orientation-averaged dipole. 

As we have seen in the previous sections, the amount of mislocalization depends 
sensitively on the relative field strengths of particle and dipole radiation and their 
phase difference. By decreasing the spacing, the coupling between the dipole and 
the plasmon of the particle becomes stronger. As a result, the spectral region, i.e. 
the range of wavelengths, where the particle emission is equal or greater than the 
dipole emission becomes wider. This effect can be seen in Figure 5.7.  

Close to the particle, the dipole is localized towards the particle center for all 
considered wavelengths, except for 350 nm. By increasing the separation between 
dipole and particle, the contribution of the particle radiation becomes weaker. As 
a result, the apparent position of the dipole shifts towards its true position. When 
the dipole emission is blue-shifted from the plasmon resonance, this shift is mainly 
caused by destructive interference between the particle and dipole radiation, 
while for red-shifted dipole emission this is primarily caused by destructive 
interference. This is the reason that the localization for the smaller wavelengths 
can be found outside the hybrid for specific dipole positions, where the amplitude 
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of the fields are equal. At longer wavelengths, by contrast, the dipole is localized 
between the dipole and particle, and more separation is required for the apparent 
position to return to the true dipole position. As a result, blue-shifting the dipole 
emission far from the plasmon resonance is a more effective way to minimize the 
mislocalization found in the system for a large range of dipole positions than by 
red-shifting.   

Unfortunately, it is difficult to account for the abrupt shift in localization, where 
the apparent position quickly moves from one side of the system to the other, like 
in Figure 5.1c at 2 nm spacing. This behavior takes place when the field strengths 
of the particle and dipole are equal, which depend highly on the considered 
system. To avoid this altogether, the system can be designed in such a way that the 
particle emission is relatively weak. A drawback is that the intensity of the total 
radiation is then much lower which might make it more difficult to measure. 
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6 Effect of particle size and material 

In this chapter, the effect of the particle size will be examined by the localization 
of a dipole near different sized silver nanospheres. Additionally, the difference 
between silver and gold nanospheres will be explored.  

 

6.1 Size effect 

To enable a direct comparison to the coupled two-dipole system, the previous 
simulations have included small nanospheres for which their plasmon can be 
approximated by a single dipole. To investigate the effect of particle size, the 
localization of a dipole coupled to a nanosphere is simulated for various particle 
sizes. Larger particles impose fewer constrictions on the movement of the free 
electrons, enabling – in theory – higher order plasmon modes.  

In Figure 6.1 the normalized scattering cross-sections of a 10, 25, and 50 nm silver 
nanosphere are shown. Increasing the particle size allows the free electrons to 
oscillate over a longer distance and as a result, the plasmon resonance is red-
shifted to higher wavelengths. Another consequence is the broadening of the 
particle spectrum for larger sizes. This effect is attributed to the damping of the 
plasmon, e.g. by bulk damping, radiation damping, and interface damping. The 
first two sources of damping relate to the non-radiative and radiative decay of the 
plasmon, respectively, while the latter is caused by the scattering of electrons off 
the particle surface.  

The broadening due to particle size is mainly caused by radiation damping, where 
plasmons lose energy by photon emission. The rate by which this takes place is 
proportional to the number of oscillating electrons and is therefore increasingly 
more important for larger particles [34]. The spectrum of the 50 nm silver 
nanosphere in Figure 5.8 displays a very small secondary peak at 388 nm, which 
is related to the quadrupole mode. This peak is more visible in the absorption 
cross-section, which is shown in Appendix D.  

 

 
Figure 6.1: Normalized scattering cross-sections for a 10, 25, and 50 nm silver nanosphere. The 
vertical dashed lines indicate the plasmon resonance for each particle. The quadrupole mode of the 
50 nm sphere at 388 nm is marked with a vertical dash-dotted line but is hardly visible in the 
scattering spectrum.  
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For the three particle sizes, the localization of an orientation-averaged dipole with 
a 2 nm spacing is simulated. The result for a 10 nm silver sphere was already 
shown in Figure 5.1 and exhibited a shift in the apparent position of the dipole 
from one side of the particle-dipole system to the other. The results of all particle 
sizes can be seen in Figure 6.2. The scattering cross-sections are again plotted in 
Figure 6.2a, now plotted as a function of detuning. The broadening of the spectra 
due to the particle size is even more evident. The small peak due to the quadrupole 
plasmon mode of the 50 nm sphere is located at -50 nm detuning. The calculated 
fit positions are plotted in Figure 6.2b for each particle. The fit position is 
expressed as the ratio of its x-coordinate and the separation between dipole and 
particle center as shown schematically in the inset figure. This enables an easier 
comparison between the different particles. In this representation, the localization 
is at the particle center when the ratio is 0 and it is at the dipole when the ratio is 
1.  

At the plasmon resonance, the total radiation is dominated by the emission from 
the plasmon for each particle. Therefore, localization is at the particle center for 
zero detuning, regardless of particle size. Additionally, the fit position converges 
to the dipole position for large detuning. The amount of detuning needed for the 
fit position to return to the true dipole position, however, changes significantly 
due to the particle size. The particle spectrum of larger particles is much broader 
due to plasmon damping and therefore spectral overlap between dipole and 
plasmon starts further from the plasmon resonance. As a result, an increased 
detuning is needed before the effect of the plasmon emission is negligible. 

 
Figure 6.2: (a) Normalized scattering cross-section for a 10, 25, and 50 nm silver nanosphere as a 
function of detuning. (b) The fit position as a function of detuning for an orientation-averaged dipole 
near a 10, 25, and 50 nm silver nanosphere. The spacing between dipole and particle surface is fixed 
at 2 nm, regardless of particle size. To compare the results for the different particle sizes more easily, 
the fit position is expressed as the ratio of its x-coordinate and the separation between dipole and 
particle center (see inset figure). If this ratio is 1, the fit position is equal to the dipole position. Note 
that the separation is different for each particle and is equal to 𝐷/2 + 2 nm. 
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Figure 6.3: (a) Averaged field strength of the particle radiation for an x-oriented dipole coupled to 
different sized silver nanospheres with a 2 nm spacing. The field strengths for each particle size are 
individually normalized to their maximum value, which occurs at the plasmon resonance. The data 
for the 50 nm sphere shows a secondary peak at -50 nm detuning, corresponding to the quadrupole 
mode of the plasmon. (b-c) Results for an x-oriented dipole coupled to a 50 nm silver nanosphere with 
2 nm spacing at -48 nm detuning, with (b) the angular emission patterns in the xz-plane for the 
particle, dipole (multiplied by 200) and the total radiation and (c) the surface charge distribution. 
The colorbar in (c) indicates the surface charge and is plotted on a logarithmic scale.  

The shift of the localization between the different sides of the system is present 
for each particle, but it occurs at different wavelength regions. Additionally, the 
observed shift is increased for larger particles. Note that the separation scales with 
the particle size as 𝐷/2 + 2 nm, which means that the shift is around 19 nm for the 
10 nm sphere, 58 nm for the 25 nm sphere, and 106 nm for the 50 nm sphere. The 
increased separation might be the cause of the larger shift, as the interference 
pattern that causes this behavior depends directly on the path difference divided 
by the wavelength. For larger particles, this path difference is increased due to the 
larger separation and this shift takes place at a lower wavelength because the field 
strength of the plasmon is increased. This combination changes the distance 
between the peaks in the interference pattern, which in turn can affect the 
observed shift in the image.  

The data of the 50 nm sphere shows a small additional peak around -63 nm 
detuning. While this is not at the expected -50 nm detuning, it could still be caused 
by the quadrupole mode. In Figure 6.3a the average field strength of the plasmon 
emission is plotted against the detuning for each particle size when coupled to an 
x-oriented dipole. While the 10 and 25 nm spheres do not show any effect of a 
higher-order plasmon mode, the field strength for the 50 nm sphere shows a 
secondary peak at the expected wavelength, i.e. at -50 nm detuning. This peak has 
a width of approximately 20 nm, so the peak of the quadrupole plasmon mode may 
overlap with the peak caused by the interference.  

It is interesting that while the quadrupole plasmon mode is hardly visible in the 
scattering cross-section of the 50 nm sphere, its effect is much more prominent in 
the calculated field strength. The cross-section is calculated using plane wave 
excitation, whereas in the simulations the plasmon is excited by a nearby dipole. 
In the former situation, the higher-order plasmon mode is symmetrically excited 
by the plane wave resulting in a vanishing net dipole that favors non-radiative 
decay. As a consequence, this so-called dark mode is not observed in the scattered 



48 

 

light but is visible in the absorbance. In the case of dipole excitation, however, the 
symmetry of the system is broken. Especially for large particles, the phase 
difference of the incident radiation on the particle surface prevents the net dipole 
of the plasmon to vanish. Therefore, the emission of the quadrupole plasmon 
mode using dipole excitation can still be observed. 

The field strength from the particle is significant for each particle size with a 2 nm 
spacing. Especially for the 50 nm sphere, the radiation is dominated by the 
contribution of the plasmon over the full range of detuning. Despite this, the 
localization still provides the actual dipole position for small wavelengths, with 
similar behavior as seen with the coupled two-dipole system in the previous 
chapter. If we look at the emission pattern and surface charge distribution for 
example for a 50 nm silver sphere at -48 nm detuning (Figure 6.3b-c), it is clear 
that the plasmon radiation behaves very differently than dipole radiation and the 
particle cannot be accurately described by a coupled dipole.  

 

6.2 Difference between silver and gold 

Like silver, gold is also often used as plasmonic material. In this section, we will 
investigate the difference of localization near gold or silver nanospheres. The main 
difference between the two materials is the importance of interband transitions 
at small wavelengths for gold particles. Due to the interband transitions, non-
radiative decay is increased via the excitation of electron-hole pairs, which takes 
place between the 𝑑-band and the conduction band [31]. As a consequence, the 
damping of the plasmon in gold particles is higher than in silver particles. This is 
evident in Figure 6.4a, which shows the scattering cross-sections of a 25 nm silver 
(Ag) and gold (Au) nanosphere. Due to the interband transitions at low 
wavelengths, the scattering cross-section of the gold sphere is still significant in 
this range. Additionally, the spectrum of the gold sphere has a broader linewidth 
due to the increased plasmon damping. 

The localization near these gold and silver nanospheres is simulated for various 
dipole positions. Figure 6.4b shows the data for two dipole positions 
corresponding to a 2 and 25 nm spacing between dipole and particle surface, 
where the fit position as a function of detuning is plotted for both particles. 
Because the linewidth of the spectrum for the gold particle is much broader, the 
fit position is calculated for an increased detuning range, i.e. between -225 and 
225 nm.  
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Figure 6.4: (a) Normalized scattering cross-section of a 25 nm silver (Ag) and gold (Au) nanosphere. 
The vertical dashed line at zero detuning indicates their respective plasmon resonance wavelength at 
412 and 543 nm. (b) Comparison of the fit positions between the gold and silver nanospheres coupled 
to an orientation-averaged dipole at two different positions, i.e. for a 2 nm and 25 nm spacing. Due to 
the much smaller linewidth of the silver particle, the fit positions are calculation between -50 and 50 
nm detuning, while for the gold particle this is performed between -225 and 225 nm. The horizontal 
dashed line corresponds to the particle center, while the two dotted lines indicate the position of the 
dipole for a 2 and 25 nm spacing.  

The localization near the gold particle shows substantial differences compared to 
the silver particle. Most notably, for the silver particle, the fit position varies 
significantly more, moving between the dipole position for large detuning and the 
particle close to the plasmon resonance. In contrast, the fit position for the gold 
particle remains relatively constant, which is located near the dipole for large 
spacing and between dipole and particle for small spacing. Additionally, the shift 
of the fit position from one side to the other due to the interference between 
radiation contributions is observed for the silver but not for the gold particle.  

To investigate the different localization behavior, the average field strength of the 
particle, dipole, and total radiation is calculated for the two particles. In Figure 6.5 
these field strengths are shown for the silver and gold particle when coupled to an 
x-oriented dipole with a 2 nm spacing. It shows that the strength of the particle 
radiation relative to the dipole radiation for a silver sphere is much higher than 
for a gold sphere. Due to the additional interband transitions, the gold particle 
primarily absorbs light and its scattering cross-section is much lower (factor ~10) 
compared to the silver sphere. As a result, the particle radiation is also lower so 
that the total radiation is never fully dominated by the plasmon. The figure also 
shows that the particle field strength increases for gold at low wavelengths, 
because the interband transitions become more significant for smaller 
wavelengths. 
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Figure 6.5: Average field strength of the particle, dipole, and the total radiation for (a) a 25 nm silver 
and (b) a gold sphere coupled to an x-oriented dipole with 2 nm spacing.  

Additionally, the total radiation for gold is always larger than its separate 
components, indicating that it is caused by constructive interference in the full 
range of detuning. As seen previously, the fields for the silver sphere interfere 
destructively for negative detuning and constructively for positive detuning. This 
difference might be caused by the increased plasmon damping for the gold 
particle. Again, if we consider the plasmon as a harmonic oscillator as discussed in 
section 0, by increasing its damping constant the phase difference between the 
dipole and plasmon decreases. Constructive and destructive interference does 
occur in this range when the gold particle is coupled to a y- or z-oriented dipole. 
The exact reason is still unclear. It is, however, clear that blue-shifting the dipole 
emission from the plasmon resonance is not as effective to minimize the 
mislocalization for gold particles compared to silver particles.  
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7 Comparison to experimental data 

In this chapter, we will look at the localization near gold nanorods. Gold nanorods 
are widely used in plasmonic applications due to their increased enhancements 
and higher sensing sensitivity. As a result, gold nanorods have been identified as 
promising geometries for biosensing. Additionally, due to their shape, they don’t 
possess the same symmetry as spherical particles, and have longitudinal and 
transverse plasmon modes. This allows the emitters to couple to the particle in 
many more interesting ways. We will compare the experimental data of geometry 
reconstruction of a gold nanorod with the simulation of localizing arbitrarily 
placed dipoles around a nanorod.  

 

7.1 Experimental results 

In a recent study, Taylor et al. demonstrated a method to reconstruct the geometry 
of gold nanorods using super-resolution microscopy [19]. The used setup consists 
of gold nanorods that are spin-coated onto a glass coverslip and subsequently 
functionalized with thiolated dsDNA with a single-stranded toe-hold, so-called 
docking strands (Figure 7.1a-c). The toe-hold provides binding sites for the 
complementary dye-labeled imager strand. The docking strand consists of a rigid 
double-stranded and a flexible single-stranded DNA sequence so that the dye is 
placed away from the surface to reduce quenching but is still able to rotate freely. 
The time-averaged particle-dye spacing was found to be ~7.5 nm.  

The gold nanorods are depicted in the TEM image in Figure 7.1d with measured 
average dimensions of 120 nm by 38 nm. The gold nanorods are excited in an 
objective-TIR configuration and a dark-field scattering image is shown in Figure 
7.1e. Scattering spectroscopy is performed on two particles and their scattering 
spectra are shown in Figure 7.1f with an LSPR of 790 ± 40 nm. The imager strands 
are functionalized with ATTO 532, with its emission spectrum plotted in dark 
green Figure 7.1f. The emission is blue-shifted more than 150 nm from the 
longitudinal plasmon peak to reduce plasmon-dye coupling. ATTO 532 is excited 
at 532 nm and its fluorescence is collected between 545 and 605 nm to minimize 
spectral overlap between the detected emission and the transverse or longitudinal 
plasmon resonance.   
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Figure 7.1: (a) immobilized gold nanorods are coated with DNA docking sites, and excited in an 
objective-TIR configuration in the presence of a continuous flow of imager strands. (b) Zoom 
illustrates docking site coating across the nanorod surface. (c) Docking-strand surface chemistry. 
Docking strands consist of two prehybridized and thiol-terminated strands, 20 and 30 nt in length. 
This leaves a 10 nt toehold for imager strands to bind. A mixed monolayer of docking strands and 
thiol-PEG4 is employed to control the docking strand density. (d) TEM image of gold nanorods, with 
mean dimensions of 120 nm x 38 nm. (e) Dark-field scattering image of immobilized gold nanorods, 
recorded at 800 nm. (f, top) Red and blue points show measured scattering spectra of the 
nanoparticles indicated in part e, together with Lorentzian fits. The dark green curve shows the 
emission spectrum of ATTO 532, the light green vertical line indicates the excitation wavelength of 
532 nm. Fluorescence is collected in the spectral range of 545-605 nm. (f, bottom) Photon energy-
dependent radiative rate enhancement experienced by an emitter 7.5 nm away from the tip (orange 
curve) or side (blue curve) of a 120 nm x 38 nm nanorod (inset). The enhancement is calculated for a 
single-wavelength emitter and averaged over all dipole orientations. Figure from [19]. 

The stochastic binding and unbinding of the fluorescent imager strands to a single 
gold nanorod have been measured using this setup and a time trace of this is 
shown in Figure 7.2a. Each spike is a single binding event and the photon counts 
are integrated over a region of 3 x 3 pixels centered on the particle. For each 
binding event, the total emission of only the bound imager strand is determined 
by removing the contribution from the photoluminescence. Then, the binding 
location is extracted by fitting the intensity distribution with a Gaussian function. 
Fitting all binding events on a single nanorod results in a set of spatially 
distributed localization events. The localization events and the reconstructed 
geometries are correlated with AFM measurements of the same particles. An 
example of a single nanorod is shown in Figure 7.2b, where the blue solid line is 
the numerically determined geometry. Taylor observed good agreement between 
the AFM measured height and reconstructed width of 6 different nanorods as 
shown in Figure 7.2c. The deviation that is observed is less than 5 nm for all 
particles.  
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Figure 7.2: (a) Fluorescence time trace showing single imager strands binding to a single gold 
nanorod. The integrated intensity distribution of the event marked by the green star is shown in the 
inset, along with a red dot indicating the fitted emitter position. Scale bar is 200 nm. (b) AFM image 
of a single gold nanorod, overlaid with localized events (red dots) and with fitted nanorod outline as 
a blue solid line. (c) Correlation between measured nanorod height from AFM and reconstructed 
width (blue dots). Figure from [19]. 

 

7.2 Simulation of a tip-coupled emitter 

To compare the experimental data with BEM simulations, we implement a 
comparable system. In the simulation, we use a gold nanorod of 120 nm by 40 nm 
(Figure 7.3a), and the surrounding medium is set to water (𝑛 = 1.33). Under these 
conditions the scattering cross-section of the nanorod is calculated along its 
longitudinal and transverse axes which can be seen in Figure 7.3b. The spectra 
show two peaks at 528 nm and 779 nm which correspond to the transverse and 
longitudinal plasmon resonance, respectively.  

The dipole is placed at the tip of the gold nanorod with a 7.5 nm spacing, thus 
located along the longitudinal axis of the particle. The dipole emission wavelength 
is varied between 400 and 1000 nm, and in this range, the localization of the total 
radiation is calculated by averaging over all dipole orientations. Figure 7.4 shows 
the result of these simulations.  

 



54 

 

 
Figure 7.3: (a) System geometry, consisting of a nanorod of 120 x 40 nm2 and a dipole which is placed 
along the longitudinal or transverse axis of the particle, indicated by the blue and red dashed lines, 
respectively. (b) The scattering cross-sections of the nanorod along its longitudinal and transverse 
axes. The transverse spectrum is multiplied by 5 to increase visibility. The vertical dashed lines mark 
the peak positions of the spectra, corresponding to the longitudinal LSPR at 779 nm and the 
transverse LSPR at 528 nm.  

The fit position is mainly located along the longitudinal axis of the particle. Figure 
7.4a-b shows this, where the line gives the fit positions at different dipole 
wavelengths indicated by its color. This is as expected, because of the symmetry 
of the system, which is only broken along the longitudinal axis. Despite the 
symmetry along the transverse axis, there is still some variation in the y-
component of the fit position. A possible explanation might be that the 
discretization of the particle surface in the simulation results in a non-vanishing 
dipole moment along the transverse direction. The peak of the mislocalization in 
the y-direction lies around 540 nm and it is likely the result of coupling to the 
transverse plasmon mode of the particle. This effect, however, is very small as 
seen by the maximum mislocalization of around 1 nm, which is just slightly larger 
than the fitting precision of ~0.5 nm.  

 
Figure 7.4: Fit positions of an orientation-averaged dipole coupled to a 120x40 nm2 gold nanorod 
placed at the tip with a 7.5 nm spacing as a function of dipole emission wavelength. The wavelength 
is varied between 400 and 1000 nm and is indicated by the colorbar. (a-b) The fit position compared 
to the dipole (magenta star) and particle, with zoomed panel (b). (c-d) The fit position split into its 
(c) x- and (d) y-coordinate as a function of wavelength. The black and magenta dashed lines indicate 
the particle center and dipole position, respectively.  
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The main contribution of mislocalization is along the (longitudinal) x-axis, which 
is plotted in Figure 7.4c, where the x-coordinate of the fit position is plotted as a 
function of the dipole emission wavelength. We see a comparable behavior as for 
the silver spheres in Chapters 4 and 5 where the mislocalization is minimized by 
blue-shifting the dipole emission far from the plasmon resonances (minimum 
mislocalization of 8 nm), while the fit position is located between the dipole and 
particle for red-shifted wavelengths.  

Additionally, the localization shifts from one side of the system to the other 
between 550 and 650 nm, similar as we have seen with the silver spheres. For the 
spheres, this effect was attributed to the interference between the fields of the 
particle and dipole with similar field strength. It is unsurprising to see similarities 
between localization at the tip of a nanorod and near a spherical particle. Figure 
7.5a-c shows the charge on the surface of the nanorod for different dipole 
orientations at their respective plasmon resonance. The surface charge 
distributions of the nanorod for the three distinct dipole orientations resemble the 
distributions for the silver sphere as seen in Figure 4.3a-c.  

The field strength of the particle, averaged over all directions, can also be used to 
explain the localization behavior. The averaged field strength is plotted in Figure 
7.5d-f relative to the field strength of the dipole and total radiation for an x-, y- and 
z-oriented dipole. The x-oriented dipole couples effectively to the longitudinal 
plasmon mode of the particle and the resulting radiation is much stronger than 
the dipole emission. The y- and z-oriented dipoles instead couple to the transverse 
plasmon mode, but the effect is much lower as expected.  

 

 
Figure 7.5: (a-c) Surface charge distribution of a 120x40  nm2 gold nanorod coupled to a (a) x-
oriented, (b) y-oriented, and (c) z-oriented dipole placed at the tip of the particle. The dipole emission 
is at plasmon resonance. (d-f) Averaged field strength of the particle, dipole, and the total radiation 
for each dipole orientation.  
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Figure 7.6: Fit positions of an orientation-averaged dipole coupled to a 120x40 nm2 gold nanorod 
placed at the side with a 7.5 nm spacing as a function of dipole emission wavelength. The wavelength 
is varied between 400 and 1000 nm and is indicated by the colorbar. (a-b) The fit position compared 
to the dipole (magenta star) and particle, with zoomed panel (b). (c-d) The fit position split into its 
(c) x- and (d) y-coordinate as a function of wavelength. The black and magenta dashed lines indicate 
the particle center and dipole position, respectively. 

7.3 Simulations of a side-coupled emitter 

The dipole is now placed along the transverse axis of the particle, i.e. at its side in 
line with the particle center, again with a 7.5 nm spacing. The rest of the simulation 
is identical and the results can be seen in Figure 7.6. In this case, the symmetry of 
the system is only broken along the (transverse) y-axis and as a result, the main 
contribution of the mislocalization is in the y-direction. The x-component of the fit 
position is less than 0.25 nm away from its actual position in the whole 
wavelength range, inside the fitting error of ~0.5 nm. The y-component of the fit 
position is plotted in Figure 7.6d, where it shows two distinct peaks at around 536 
and 815 nm. These peaks correspond reasonably well with the transverse and 
longitudinal plasmon wavelengths but are red-shifted from their expected values 
of 528 and 780 nm. This is most probably caused by the averaging over the dipole 
orientations, where each dipole orientation couples slightly differently to the 
particle (Figure 7.7a-c).  

Figure 7.7d-f displays the averaged field strength from the particle, dipole, and 
total radiation for each dipole orientation when the dipole is located at the side of 
the particle. In contrast to the dipole at the tip of the rod, the total field is not 
dominated by the x-oriented dipole but is the result of averaging over all 
orientations.  

It is also interesting to note that for both dipole positions the total radiation for 
dipoles oriented along the surface normal, i.e. an x-oriented dipole at the tip or a 
y-oriented dipole at the side of the rod, mostly appears to be the result of 
constructive interference between dipole and particle radiation. This is visualized 
in Figure 7.5d and Figure 7.7e, where the averaged field strength of the total 
radiation is larger than the dipole and particle radiation. The only exception is for 
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the x-oriented dipole at the tip between the transverse and longitudinal plasmon 
resonance. This is consistent with the result found for the gold nanosphere in 
section 6.2. Because the particle-dipole hybrid is too complex to be described with 
the simplified coupled two-dipole system, a good explanation is still lacking and 
more research is needed. 

The localization of a dipole placed 7.5 nm from the particle surface is performed 
at 7 other positions around the nanorod. The results of these simulations can be 
seen in Appendix E. 

 

 
Figure 7.7: (a-c) Surface charge distribution of a 120x40 nm2 gold nanorod coupled to a (a) x-
oriented, (b) y-oriented, and (c) z-oriented dipole placed at the side of the particle. The dipole emission 
is at plasmon resonance. (d-f) Averaged field strength of the particle, dipole, and the total radiation 
for each dipole orientation. 

 

7.4 Simulation of arbitrary emitter locations 

To simulate the reconstruction of the geometry of the nanorod, we consider 100 
random dipole positions with an average spacing of 7.5 nm in the first quadrant 
(𝑥, 𝑦 ≥ 0) around the rod (Figure 7.8a). Due to the symmetry of the system, the 
localization in other quadrants can be mirrored along their respective symmetry 
axes. The random positions are normally distributed around the mean, with a 
minimum spacing of 2 nm between the random position and particle surface. The 
localization of these 100 positions is performed at 5 different wavelengths, i.e. at 
400, 530, 650, 780, and 1000 nm. The calculated fit positions can be seen in Figure 
7.8c where each of the wavelengths has its distinct color indicated by the colorbar.  

Obviously, at 780 nm – around the longitudinal plasmon resonance – the fit 
positions are closely concentrated around the particle center. Red-shifting the 
dipole emission to 1000 nm, the fit positions are located between the particle 
center and the dipole positions, causing the reconstructed geometry to appear 
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considerably smaller than the actual geometry. The effect is different along the 
longitudinal and transverse axes, making it also impossible to extract the correct 
shape or aspect ratio of the rod. Between the longitudinal and transverse plasmon 
resonances at 650 nm, the interference effect is substantial. This results in fit 
positions that vary wildly and can even be found in other quadrants, making the 
reconstruction highly unreliable.  

Blue-shifting the dipole emission far from the plasmon resonance appears to be 
an effective method to more accurately reconstruct the geometry of the particle 
and determine its dimensions. The light and dark blue dots, corresponding to 
dipole emission wavelengths of 530 and 400 nm respectively, are located closest 
to the actual dipole positions. The fit positions are overestimating the length and 
underestimating the diameter of the nanorod. This effect becomes smaller for 
smaller wavelengths.  

The experimental data from Taylor et al. and the calculated fit positions deviate 
from each other. Of course, the simulation only takes into account the dipole 
position in the xy-plane around the nanorod, while in reality, the dyes can bind to 
the particle all over its surface. The experimental data, however, show no localized 
events outside the fitted nanorod outline near the tip, whereas the simulation 
gives considerable overshoot of the length of the nanorod. It might be that the 
binding probability of dyes on the tip of nanorods is much lower than elsewhere 
on the particle, and localized events from dyes near the tip are very unlikely. The 
result is that fewer localized events outside the particle are observed and the 
geometry is more accurately reconstructed.  

 

 
Figure 7.8: (a) 100 dipole positions randomly placed in the first quadrant around the nanorod with a 
mean spacing of 7.5 nm from the particle surface. (b) Probability density of the spacing of the random 
dipole positions. (c) Localization of the dipole positions for certain dipole emission wavelengths 
indicated by the colorbar. The actual dipole positions are given by the magenta stars.  
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8 Summary and outlook 

8.1 Main conclusions 

In this thesis numerical simulations of the localization of single emitters near 
plasmonic nanoparticles is proposed by combining boundary elements method 
calculations using the MNPBEM toolbox and Matlab code for simulating diffraction 
in the optical system. It provides an easy way to investigate parameters 
influencing the localization of single emitters in super-resolution microscopy 
measurements that might prove difficult to study experimentally. It can also be 
used to design the experimental setup with the goal to minimize the effect of 
mislocalization.  

The simulation is used to localize a single dipole near a 10 nm silver nanosphere 
for various dipole emission wavelengths and the results are compared to a 
simplified system of two coupled dipoles, where one is representing the original 
dipole and the other is representing a dipole moment caused by the plasmon on 
the particle. A good agreement is found between the localization using the BEM 
simulations and the simplified model for small particles. The mislocalization 
under these conditions is found to be the result of interference of the radiation 
contributions from the dipole and plasmon, and is highly dependent on the 
relative strengths and phase difference of the corresponding fields.  

Several variables that influence the coupling between dipole and plasmon are 
investigated.  

 Separation: localization near a 10 nm silver sphere is performed for varying 
amounts of spacing between the particle surface and the dipole position. It was 
found that mislocalization becomes larger with less separation and that very 
close to the surface the mislocalization can shift from one side of the particle-
dipole hybrid to the other.  

 Particle size: localization near a 10, 25, and 50 nm silver nanosphere is 
performed. The 50 nm sphere shows an additional effect from a higher-order 
quadrupole plasmon mode. When excited with a plane wave the quadrupole 
mode is a dark mode, but when excited in the near-field an asymmetric charge 
distribution results in a net dipole moment and far-field radiation. As a result, 
the plasmon radiation can no longer be approximated by a coupled dipole but 
only follows from the full numerical solution of the Maxwell equations.  

 Material: localization near a 25 nm silver and gold nanosphere is performed 
and the results show considerable differences between them. The localization 
for gold appears much less mercurial and over a wider spectral range. This is 
attributed to the greater effect of the interband transitions in gold that cause 
less efficient radiation from the particle.  

Gold nanorods have been identified as promising geometries for sensing, down to 
the single-molecule level. Therefore, localization near a 120x40 nm2 gold nanorod 
is analyzed for a dipole positioned near the tip or side of the particle. Near the tip, 
the localization is dominated by the dipole oriented along the longitudinal axis of 
the rod, while at the side the contributions of multiple dipole orientations affect 
the localization with distinct features corresponding to the longitudinal and 
transverse plasmon modes.  
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The localization of 100 random dipole positions around the nanorod is performed 
for different dipole emission wavelengths and compared to experimental data. It 
was found that blue-shifting the dipole emission far from the plasmon resonance 
is an effective method to minimize mislocalization during measurements. The 
simulated localized events cause an overshoot along the longitudinal axis of the 
particle, which is not found in experimental data. This difference was attributed 
to the decreased binding probability of dyes to the tip of the nanorod.  

 

8.2 Suggestions for further research 

8.2.1 Improvements on simulation 

The main advantage of the BEM method is the faster simulation time compared to 
more generally used methods like the finite difference time domain (FDTD) 
approach, which discretizes the whole volume instead of only the interface 
between different dielectric domains. Unfortunately, any comparison between 
these two approaches could not be performed, so it is impossible to quantify this. 
It would be informative to compare the localization results for identical systems 
using both methods.   

Also, effort can be made for the optimization of the code and implementation of 
parallel computing to decrease simulation time.  Complexity can also be added to 
the simulation to determine the effect of new parameters on the localization 
accuracy and precision. In the simulations, we have limited the dipole positions to 
the same plane as the particle. It would be interesting to investigate the coupling 
effect in 3D.  

Several other things that are omitted to simplify the system can be added. Below 
are some examples: 

 Interface between dielectric domains: The surrounding medium in the 
simulations is now approximated by a single dielectric medium. In typical 
measurements, however, the sample is immobilized on a glass coverslip. It will 
be interesting to investigate the effect of this interface on localization.  
 

 Background signal: A non-ideal signal-to-noise ratio can be used by including 
additional signal or noise, e.g. photoluminescence from the particle, non-
specific fluorescence, and shot noise. This allows a more realistic 
determination of the localization precision, where it is now dictated only by 
the fitting of the PSF. 
 

8.2.2 Comparison to experimental data 

It would also be informative to compare the results from simulations directly to 
experimental data from single-molecule measurements. To correlate the results 
from simulations and experiments, the true position of the emitter needs to be 
extracted from the measurements. To enable this, we can use quantum dots as 
emitters and measure their emission when bound to a particle. Quantum dots are 
typically larger than dyes and this makes it possible to localize their position using 
e.g. AFM measurements.  
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The emission of the quantum dot can be detuned from the LSPR of the particle, 
and its position can be localized using super-resolution microscopy 
measurements. Using this setup, it will be possible to check if split PSFs are also 
observed in experimental measurements for certain blue-shifting of the emission 
wavelength, in a similar way as we have found in the simulations. 

8.2.3 Simulations with non-metallic particles 

Non-metallic particles, e.g. dielectric and silicon particles, are also used as 
biosensors. The simulation can therefore be extended to include particles with 
different materials. It is interesting to see if mislocalization occurs with these 
particles due to variations in the refractive index of the local environment or 
change of diffraction due to the particles, in contrast to the plasmon radiation for 
metallic particles.  



62 

 

9 References  

[1] R. Singh and J. W. Lillard, “Nanoparticle-based targeted drug delivery,” Exp. 
Mol. Pathol., vol. 86, no. 3, pp. 215–223, Jun. 2009, doi: 
10.1016/j.yexmp.2008.12.004. 

[2] D. Van Der Zwaag, N. Vanparijs, S. Wijnands, R. De Rycke, B. G. De Geest, and 
L. Albertazzi, “Super Resolution Imaging of Nanoparticles Cellular Uptake 
and Trafficking,” ACS Appl. Mater. Interfaces, vol. 8, no. 10, pp. 6391–6399, 
Mar. 2016, doi: 10.1021/acsami.6b00811. 

[3] P. Zijlstra, P. M. R. Paulo, and M. Orrit, “Optical detection of single non-
absorbing molecules using the surface plasmon resonance of a gold 
nanorod,” Nat. Nanotechnol., vol. 7, no. 6, pp. 379–382, Apr. 2012, doi: 
10.1038/nnano.2012.51. 

[4] R. A. Kroll, M. A. Pagel, L. L. Muldoon, S. Roman-Goldstein, S. A. Fiamengo, 
and E. A. Neuwelt, “Improving drug delivery to intracerebral tumor and 
surrounding brain in a rodent model: A comparison of osmotic versus 
bradykinin modification of the blood-brain and/or blood-tumor barriers,” 
Neurosurgery, vol. 43, no. 4, pp. 879–885, Oct. 1998, doi: 
10.1097/00006123-199810000-00090. 

[5] H. M. Redhead, S. S. Davis, and L. Illum, “Drug delivery in poly(lactide-co-
glycolide) nanoparticles surface modified with poloxamer 407 and 
poloxamine 908: In vitro characterisation and in vivo evaluation,” J. Control. 
Release, vol. 70, no. 3, pp. 353–363, Feb. 2001, doi: 10.1016/S0168-
3659(00)00367-9. 

[6] R. H. Müller, S. Maaßen, H. Weyhers, and W. Mehnert, “Phagocytic uptake 
and cytotoxicity of solid lipid nanoparticles (SLN) sterically stabilized with 
poloxamine 908 and poloxamer 407,” J. Drug Target., vol. 4, no. 3, pp. 161–
170, 1996, doi: 10.3109/10611869609015973. 

[7] Y. Meissner, Y. Pellequer, and A. Lamprecht, “Nanoparticles in inflammatory 
bowel disease: Particle targeting versus pH-sensitive delivery,” Int. J. 
Pharm., vol. 316, no. 1–2, pp. 138–143, Jun. 2006, doi: 
10.1016/j.ijpharm.2006.01.032. 

[8] S. Nie, “Editorial: Understanding and overcoming major barriers in cancer 
nanomedicine,” Nanomedicine, vol. 5, no. 4. Nanomedicine (Lond), pp. 523–
528, Jun. 2010, doi: 10.2217/nnm.10.23. 

[9] S. W. Prescott and P. Mulvaney, “Gold nanorod extinction spectra,” J. Appl. 
Phys., vol. 99, no. 12, p. 123504, Jun. 2006, doi: 10.1063/1.2203212. 

[10] M. Horáček, D. J. Engels, and P. Zijlstra, “Dynamic single-molecule counting 
for the quantification and optimization of nanoparticle functionalization 
protocols,” Nanoscale, vol. 12, no. 6, pp. 4128–4136, 2020, doi: 
10.1039/c9nr10218c. 

[11] K. E. Sapsford et al., “Functionalizing nanoparticles with biological 
molecules: Developing chemistries that facilitate nanotechnology,” 
Chemical Reviews, vol. 113, no. 3. Chem Rev, pp. 1904–2074, Mar. 13, 2013, 
doi: 10.1021/cr300143v. 



63 

 

[12] P. Couvreur, G. Barratt, E. Fattal, P. Legrand, and C. Vauthier, “Nanocapsule 
technology: A review,” Critical Reviews in Therapeutic Drug Carrier Systems, 
vol. 19, no. 2. Begell House Inc., pp. 99–134, 2002, doi: 
10.1615/CritRevTherDrugCarrierSyst.v19.i2.10. 

[13] H. Deschout et al., “Precisely and accurately localizing single emitters in 
fluorescence microscopy,” Nature Methods, vol. 11, no. 3. Nature Publishing 
Group, pp. 253–266, Feb. 27, 2014, doi: 10.1038/nmeth.2843. 

[14] K. A. Willets, A. J. Wilson, V. Sundaresan, and P. B. Joshi, “Super-Resolution 
Imaging and Plasmonics,” Chemical Reviews, vol. 117, no. 11. pp. 7538–7582, 
2017, doi: 10.1021/acs.chemrev.6b00547. 

[15] E. Wertz, B. P. Isaacoff, J. D. Flynn, and J. S. Biteen, “Single-Molecule Super-
Resolution Microscopy Reveals How Light Couples to a Plasmonic 
Nanoantenna on the Nanometer Scale,” Nano Letters, vol. 15, no. 4. UTC, pp. 
2662–2670, 2015, doi: 10.1021/acs.nanolett.5b00319. 

[16] L. Su et al., “Super-resolution Localization and Defocused Fluorescence 
Microscopy on Resonantly Coupled Single-Molecule, Single-Nanorod 
Hybrids,” ACS Nano, vol. 10, no. 2, pp. 2455–2466, 2016, doi: 
10.1021/acsnano.5b07294. 

[17] B. Fu, B. P. Isaacoff, and J. S. Biteen, “Super-Resolving the Actual Position of 
Single Fluorescent Molecules Coupled to a Plasmonic Nanoantenna,” ACS 
Nano, vol. 11, no. 9, pp. 8978–8987, 2017, doi: 10.1021/acsnano.7b03420. 

[18] S. A. Lee and J. S. Biteen, “Spectral Reshaping of Single Dye Molecules 
Coupled to Single Plasmonic Nanoparticles,” J. Phys. Chem. Lett., vol. 10, no. 
19, pp. 5764–5769, Oct. 2019, doi: 10.1021/acs.jpclett.9b02480. 

[19] A. Taylor, R. Verhoef, M. Beuwer, Y. Wang, and P. Zijlstra, “All-Optical 
Imaging of Gold Nanoparticle Geometry Using Super-Resolution 
Microscopy,” J. Phys. Chem. C, vol. 122, no. 4, pp. 2336–2342, 2018, doi: 
10.1021/acs.jpcc.7b12473. 

[20] A. S. De Silva Indrasekara et al., “Optimization of Spectral and Spatial 
Conditions to Improve Super-Resolution Imaging of Plasmonic 
Nanoparticles,” J. Phys. Chem. Lett., vol. 8, no. 1, pp. 299–306, 2017, doi: 
10.1021/acs.jpclett.6b02569. 

[21] R. Baiyasi et al., “PSF Distortion in Dye – Plasmonic Nanomaterial 
Interactions: Friend or Foe?,” ACS Photonics, p. acsphotonics.8b01576, 
2019, doi: 10.1021/acsphotonics.8b01576. 

[22] H. J. Goldwyn, K. C. Smith, J. A. Busche, and D. J. Masiello, “Mislocalization in 
Plasmon-Enhanced Single-Molecule Fluorescence Microscopy as a 
Dynamical Young’s Interferometer,” ACS Photonics, vol. 5, no. 8, pp. 3141–
3151, 2018, doi: 10.1021/acsphotonics.8b00372. 

[23] P. Zijlstra and M. Orrit, “Single metal nanoparticles: optical detection, 
spectroscopy and applications,” Reports Prog. Phys., vol. 74, no. 10, p. 
106401, Oct. 2011, doi: 10.1088/0034-4885/74/10/106401. 

[24] J. Cao, T. Sun, and K. T. V. Grattan, “Gold nanorod-based localized surface 
plasmon resonance biosensors: A review,” Sensors Actuators, B Chem., vol. 



64 

 

195, pp. 332–351, 2014, doi: 10.1016/j.snb.2014.01.056. 

[25] A. B. Taylor and P. Zijlstra, “Single-Molecule Plasmon Sensing: Current 
Status and Future Prospects,” ACS Sensors, vol. 2, no. 8. American Chemical 
Society, pp. 1103–1122, Aug. 25, 2017, doi: 10.1021/acssensors.7b00382. 

[26] P. B. Johnson and R. W. Christy, “Optical constants of the noble metals,” Phys. 
Rev. B, vol. 6, no. 12, pp. 4370–4379, Dec. 1972, doi: 
10.1103/PhysRevB.6.4370. 

[27] S. Khatua, P. M. R. Paulo, H. Yuan, A. Gupta, P. Zijlstra, and M. Orrit, “Resonant 
plasmonic enhancement of single-molecule fluorescence by individual gold 
nanorods,” ACS Nano, vol. 8, no. 5, pp. 4440–4449, 2014, doi: 
10.1021/nn406434y. 

[28] S. A. Maier, Plasmonics: Fundamentals and applications. 2007. 

[29] P. Anger, P. Bharadwaj, and L. Novotny, “Enhancement and quenching of 
single-molecule fluorescence,” Phys. Rev. Lett., vol. 96, no. 11, 2006, doi: 
10.1103/PhysRevLett.96.113002. 

[30] U. Hohenester and A. Trügler, “MNPBEM - A Matlab toolbox for the 
simulation of plasmonic nanoparticles,” Comput. Phys. Commun., vol. 183, 
no. 2, pp. 370–381, Feb. 2012, doi: 10.1016/j.cpc.2011.09.009. 

[31] U. Hohenester, “Simulating electron energy loss spectroscopy with the 
MNPBEM toolbox,” Comput. Phys. Commun., vol. 185, no. 3, pp. 1177–1187, 
Mar. 2014, doi: 10.1016/j.cpc.2013.12.010. 

[32] J. Waxenegger, A. Trügler, and U. Hohenester, “Plasmonics simulations with 
the MNPBEM toolbox: Consideration of substrates and layer structures,” 
Comput. Phys. Commun., vol. 193, pp. 138–150, Aug. 2015, doi: 
10.1016/j.cpc.2015.03.023. 

[33] L. Novotny and B. Hecht, Principles of nano-optics. 2009. 

[34] A. Melikyan and H. Minassian, “On surface plasmon damping in metallic 
nanoparticles,” Appl. Phys. B Lasers Opt., vol. 78, no. 3–4, pp. 453–455, 2004, 
doi: 10.1007/s00340-004-1403-z. 



I 

 

10 Appendices 

A – Derivation of far-field Green function 

The Green function for a dipole at 𝒓  is given by 

�⃗⃖�(𝒓, 𝒓 ) = I⃡ +
1

𝑘
∇∇ 𝐺(𝒓, 𝒓 ) , 

𝐺(𝒓, 𝒓 ) =
exp(i𝑘|𝒓 − 𝒓 |)

4𝜋|𝒓 − 𝒓 |
 

Where I⃡ is the unit dyad and 𝐺(𝒓, 𝒓 ) is the scalar Green function. In a Cartesian 
coordinate system, this can be written as 

�⃗⃖�(𝒓, 𝒓 ) =
exp(𝑖𝑘𝑅)

4𝜋𝑅
1 +

i𝑘𝑅 − 1

𝑘 𝑅
I⃡ +

3 − 3i𝑘𝑅 − 𝑘 𝑅

𝑘 𝑅

RR

𝑅
 

where 𝑅 is the absolute value of the vector 𝑹 = 𝒓 − 𝒓𝟎 and RR = 𝑹 × 𝑹 is the outer 
product of 𝑹 with itself.  

The Green function has terms in (𝑘𝑅) , (𝑘𝑅)  and (𝑘𝑅) . There are three 
distinct ranges in which one of these terms is dominant. In the far-field, for 
distances much larger than the wavelength,  (𝑘𝑅)  is the dominant term. In the 
near-field, for distances much smaller than the wavelength, (𝑘𝑅)  is dominant. 
For the intermediate range, where the distance is roughly equal to the wavelength, 
(𝑘𝑅)  is dominant. Therefore, the Green function can be written as the sum of 
these components as 

�⃗⃖� = �⃗⃖�NF + �⃗⃖�IF + �⃗⃖�FF , 

�⃗⃖�NF =
exp(i𝑘𝑅)

4𝜋𝑅

1

𝑘 𝑅
− I⃡ + 3RR /R   

�⃗⃖�IF =
exp(i𝑘𝑅)

4𝜋𝑅

i

𝑘𝑅
 I⃡ − 3RR /R   

�⃗⃖�FF =
exp(i𝑘𝑅)

4𝜋𝑅
 I⃡ − RR /R   

Where �⃗⃖�NF, �⃗⃖�IF and �⃗⃖�FF are the Green functions in the near-field (NF), 
intermediate-field (IF), and far-field (FF), respectively.  

  



II 

 

B – Refracted fields in Cartesian vector components 

The unit vectors 𝒏 , 𝒏  and 𝒏  can be expressed in terms of Cartesian unit vectors 
𝒏 , 𝒏 , 𝒏  with the following equations. 

𝒏 = cos 𝜙 𝒏 + sin 𝜙 𝒏  

𝒏 = − sin 𝜙 𝒏 + cos 𝜙 𝒏  

𝒏 = cos 𝜃 cos 𝜙 𝒏 + sin 𝜙 𝒏 − sin 𝜃 𝒏   

The refracted field is given by 

𝑬 =  𝑡 𝑬 ⋅ 𝒏  𝒏 + 𝑡  𝑬 ⋅ 𝒏  𝒏   
𝑛

𝑛
 (cos 𝜃) /  

If we combine this with the unit vectors in the Cartesian coordinate system, we get 

𝑬 (𝜃, 𝜙) =   𝑡 (𝜃) 𝑬 (𝜃, 𝜙) ⋅
− sin 𝜙
cos 𝜙

0

− sin 𝜙
cos 𝜙

0

+ 𝑡 (𝜃) 𝑬 (𝜃, 𝜙) ⋅
cos 𝜙
sin 𝜙

0

 
cos 𝜃 cos 𝜙
cos 𝜃 sin 𝜙

− sin 𝜃

 
𝑛

𝑛
 (cos 𝜃) /  
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C – Dyadic point spread function 

The field near the focus of the second lens is given by 

𝑬(𝜌, 𝜑, 𝑧) =
𝜔

𝜀 𝑐
 �⃗⃖� (𝜌, 𝜑, 𝑧) 𝒑 

Where the dyadic point-spread function is 

�⃗⃖� (𝜌, 𝜑, 𝑧) =
i𝑘

8𝜋

𝑓

𝑓
𝑒i  × 

(𝐼 + 𝐼 cos 2𝜑) 𝐼 sin 2𝜑 −2i 𝐼 cos 𝜑

𝐼 sin 2𝜑 (𝐼 − 𝐼 cos 2𝜑) −2i 𝐼 sin 𝜑
0 0 0

 
𝑛

𝑛
 

and the included integrals are defined as 

𝐼 (𝜌, 𝑧) = (cos 𝜃) / sin 𝜃 (1 + cos 𝜃) 𝐽 (𝑘 𝜌 sin 𝜃 𝑓/𝑓 )

max

× exp 𝑖𝑘 𝑧 1 −
1

2

𝑓

𝑓
sin 𝜃  𝑑𝜃 

𝐼 (𝜌, 𝑧) = (cos 𝜃) / sin 𝜃  𝐽 (𝑘 𝜌 sin 𝜃 𝑓/𝑓 )

max

× exp 𝑖𝑘 𝑧 1 −
1

2

𝑓

𝑓
sin 𝜃  𝑑𝜃 

𝐼 (𝜌, 𝑧) = (cos 𝜃) / sin 𝜃 (1 − cos 𝜃) 𝐽 (𝑘 𝜌 sin 𝜃 𝑓/𝑓 )

max

× exp 𝑖𝑘 𝑧 1 −
1

2

𝑓

𝑓
sin 𝜃  𝑑𝜃 

With 𝐽  the nth-order Bessel function. 
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D – Absorption cross-section of silver nanospheres 

 

 
Figure 10.1: Absorption cross-sections of a 10, 25, and 50 nm silver nanosphere. 
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E – Localization around the 120x40 nm2 gold nanorod  

The localization 9 positions around the gold nanorod is simulated. The spacing of 
each dipole position is 7.5 nm and the image is the result of averaging over all 
dipole orientations.  

 

 
Figure 10.2: Nine different dipole positions in the first quadrant (xy-plane) around a 40x120 nm2 gold 
nanorod. Each dipole position is spaced 7.5 nm from the particle surface.  

Table 10.1: Dipole positions related to Figure 10.2. 

Dipole  #1 #2 #3 #4 #5 #6 #7 #8 #9 

x (nm) 67.5 65.4 59.4 50.5 40.0 30.0 20.0 10.0 0.0 

y (nm) 0.0 10.5 19.4 25.4 27.5 27.5 27.5 27.5 27.5 

 

The localization of dipole positions 1 and 9 are given in sections 7.2 and 7.3. Below 
are the fit positions calculated for the dipole positions 2 to 8.  

 

 
Figure 10.3: Localization of dipole position 2.  
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Figure 10.4: Localization of dipole position 3.  

 
Figure 10.5: Localization of dipole position 4. 

 
Figure 10.6: Localization of dipole position 5. 
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Figure 10.7: Localization of dipole position 6. 

 
Figure 10.8: Localization of dipole position 7. 

 
Figure 10.9: Localization of dipole position 8.  


