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Chapter 1

Introduction

Learning control, among which are iterative learning control (ILC) [1] and repetitive control (RC) [2], has
received considerable attention in literature and practice. Among the successful applications are compact
disk players [3] [4], printers [5] [6] [7], and wafer-stages [8] [9]. Both RC and ILC are based on the internal
model principle [10], which states that in order to asymptotically reject a disturbance, a model of this
disturbance needs to be included in this controller. RC is suited for continuous processes carrying out a
repetitive task, while ILC is aimed at repetitive processes for which the initial conditions are reset after
each trial [11].

Traditional learning control methods often assume that sensor data is available at a fixed rate, and that
the input signal is set at a fixed rate. Under this assumption, a range of methods has been developed in
both fields, ranging from frequency domain analysis and design tools [1] [2] to methods that lift the system
over the trial length of the iterative learning/repetitive controller, and subsequently use optimization [12]
[13] or other synthesis methods in the lifted setting [14] [15] [16].

Although the fixed rate assumption is valid in some cases, it is violated in other common control settings,
resulting in intermittent actuation and sampling characteristics in which the input or output is non-
equidistant in time. Consider for example systems that employ optical encoders to measure the position
of the output. While the available sensor data is exact at the encoder timestamps, it is event-based,
non-equidistant in time, and thus not available at a fixed rate. As a second example, consider an actuator
with an internal driver that can update the input at a high rate, but the communication channel to this
driver has a finite bandwidth, limiting the amount of communicated input changes per time interval. In
these systems, such as systems actuated by stepper motors, the input data does not necessarily have to
be equidistant in time, and can be set at a variable rate.

If the fixed rate assumption is violated, adopting standard learning control methods hampers performance.
Indeed, zero-order-holding the encoder output at the timestamps to obtain equidistant data, as is
commonly done in industrial applications, results in quantization errors, and can be viewed as introducing
trial varying noise [17], which is amplified by both ILC [9] and RC [2], thereby decreasing performance.
Similarly, not addressing the high-frequency variable-rate input of the actuator and adopting a single-
rate framework at a lower rate removes the opportunity to precisely time actuation changes, thereby
under-parametrizing possible plant outputs and decreasing the performance for specific references.

In this thesis, two new learning frameworks are developed that address non-equidistant output data and
variable-rate inputs separately:

1. An intermittent sampling RC framework, in which repetitive control is applied to non-equidistant
error data, which is only available and exact at the available timestamps, and unavailable outside
these timestamps.

2. An intermittent actuation ILC framework, in which variable-rate input signals are learned that
adhere to the bandwidth constraints imposed by e.g. a communication channel.

These frameworks are validated using a case study from industry. Consider the VarioPrint i300 by Canon
Production Printing (CPP). CPP is a multinational company focused on the development of industrial
printers, including cut-sheet, continuous feed and wide-format printers, based in the Netherlands. The
VarioPrint i300 can print up to 300 A4 sheets of paper per minute, which is equivalent to over 12 million
per month. Within this machine, printing is done by multiple page wide arrays of monocolor inkjet
printheads, over a print belt that transports the paper sheet through the printing station. The paper
sheets are held in place on the belt by a vacuum underneath the belt, thereby causing a pressure difference
over the tiny holes within the belt.

Page 2 of 41



CHAPTER 1. INTRODUCTION

The printbelt, see Figure 1.1, consists of a voltage-driven motor, which is connected to a drive roller
through a drivetrain. The printbelt is guided along three other rollers, namely 1) a measurement roller,
complemented by an encoder, to measure the velocity of the belt, 2) a steering roller, which allows to
correct for lateral belt drift through adjustment of the roller orientation by a stepper motor, and 3) a
tension roller, which ensures the belt is in tension along its complete circumference. An optical encoder is
also attached to the motor axle. Additionally, the belt is perforated approximately every 10 mm such
that three optical sensors mounted above the belt, named quad-sensors, function as incremental encoders
in the longitudinal direction by providing the time interval between two subsequent hole observations.
The same optical sensors provide a measure of the belt drift in the lateral direction by identifying the
lateral location of the holes.

Quad sensor

Paper

Longitudinal x

Lateral z

Belt hole
Printbelt

Motor

Drivetrain

Measurement roller

Steer roller

Drive roller

Tension roller

1 3 2

Encoder

Inkjet page wide array

Figure 1.1: Schematic of printing station in the Varioprint i300.

The transport of sheets using a belt in combination with an inkjet printing process requires the paper to
be accurately positioned with respect to the nozzles to guarantee the quality of the printing process. As
the inkjet timings are variable, the absolute position is of lesser relevance, as long as the repeatability of
the printbelt position over subsequent revolutions is high, which is then addressed by a calibration of the
inkjet timings. This repeatability is deteriorated by different disturbance sources, which are periodic due
to the periodic nature of the printing task. For example, the four rollers are machined with finite precision,
resulting in surface imperfections that manifest at frequencies, dependent on each rollers distinct diameter
and belt speed, that do not coincide with the belt revolution. Additionally, the roller diameter is not
constant along the lateral direction, resulting in lateral belt drift due to unequal path lengths. Moreover,
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CHAPTER 1. INTRODUCTION

the optical encoders mounted on the rollers suffer from rubber layer induced drift with respect to the
true belt position. The quad sensors have a high quantization level and an event-based output, such that
the output can be considered exact when a new measurement is available, while accurate position data is
unavailable between samples, resulting in non-equidistant output data.

In the state of practice, the relative position information of the measurement encoder is fused with
absolute but delayed and time-varying information of the quad sensors in order to get a high-frequency
estimate of the belt position devoid of drift. This estimate is subsequently used by a standard LTI
feedback controller to control the input of the voltage-driven motor based on a constant velocity reference
for the belt position. An estimate of the belt lateral position is formed by the lateral positions of the
holes at the quad sensors, removing goniometric variations of the hole specific lateral position through a
calibration. The lateral belt position is corrected through actuation of the stepper motor attached to the
steering roller. The current state of practice is able to sufficiently suppress disturbances to achieve the
desired printing performance at the cost of an expensive high-resolution encoder on the measurement
roller.

The state of practice does not explicitly take into account the multirate characteristics of the sensors
and actuators in the setup: in the longitudinal direction, the quad sensors that execute in the range of 1
MHz, result in intermittent sampling due to time-varying, event-based measurements that do not directly
fit into the standard control framework. This is addressed through sensor fusion with the measurement
encoder. To carry out corrections in the lateral direction, the internal driver of the stepper motor of the
steering roller executes at the high rate of 1 MHz such that its desired position can be set at this rate
through a queue of commands sent at a lower rate to compensate e.g. intersample behaviour. However,
the amount of commands is limited by a communication channel, resulting in intermittent actuation
characteristics. The state of practice does not exploit this high-frequency input grid, and simply sets the
input at 500 Hz, which is the sampling rate of the digital control software.

Although the state of practice is able to meet the performance criteria to guarantee printing quality,
the question arises if it is possible to achieve the same performance with less or cheaper sensors, or to
achieve better performance with the same sensors and actuators, by properly addressing the time-varying
characteristics of the quad sensors, and by exploiting the high-frequency input of the stepper. In the
longitudinal direction, this would allow for replacing the encoders on the rollers by cheaper ones, or even
removing them completely, thereby reducing the costs of the full product. Additionally, this approach
potentially increases performance by control based on the most direct measurement of the belt motion.
The aim of this thesis is to apply the new learning control frameworks to this case study, using less
sensors and exploiting the multirate characteristics of the setup.

The main contributions of this thesis are two new learning frameworks that address the intermittent sam-
pling and intermittent actuation setting. This is achieved through the following sub-contributions:

C1 The development of a repetitive control stability and design framework that addresses non-equidistant
data suitable for the intermittent sampling setting (Chapter 2). This framework is able to deal
with sensor quantization and time-varying timestamped measurements, and is validated on the
longitudinal direction of the printbelt setup at CPP by learning using just the quad sensors. This
chapter is the main contribution of this thesis.

C2 The development of a computationally tractable ILC method that is capable of learning high-
frequency input signals with a fixed amount of input changes per time interval that adhere to
bandwidth constraints imposed by a communication channel based on sparse, convex regularization
techniques from statistics (Chapter 3). Due to a shift in focus within this thesis, this ILC method
is not validated, and as such only presents a minor contribution to this thesis in the form of the
developed solver and the stability condition for the proposed method.

C3 The documentation of the experimental work done to validate the intermittent sampling repetitive
control framework on the printbelt setup at CPP, including a calibration procedure of the quads to
arrive in the intermittent sampling framework, and a sensitivity analysis of the proposed intermittent
output repetitive control framework (Appendix A).

A conclusion is drawn in Chapter 4, and followed up by practical and theoretical recommendations.
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Intermittent Measurement Repetitive Control
Design: Exploiting Time-varying
and Timestamped Measurements

Johan Kon

Abstract—Repetitive control (RC) enables high performance
for systems subject to periodic disturbances. The standard
assumption in RC design that the system is linear and time-
invariant (LTI) is not always valid, e.g. when exploiting times-
tamped data from optical encoders to avoid quantization, and
in networked systems with data dropout or stealth attacks. The
main contribution of this paper is a design framework for general
repetitive controllers for intermittent sampling. Sufficient stabil-
ity conditions are established that guarantee stability based on
small-gain and passivity arguments. The superior performance of
the intermittent output RC framework is demonstrated through
a simulation study, and subsequently validated on an industrial
printbelt setup at Canon Production Printing.

Index Terms—Repetitive Control, Intermittent sampling,
Timestamps, Quantization, Optical Encoders.

I. INTRODUCTION

Repetitive control (RC) is a feedback control method to
achieve high performance for systems that perform repetitive
tasks, or are subject to periodic disturbances [1,2]. The main
idea of repetitive control is to include an internal model of
the disturbance in the feedback controller, which adjusts its
internal state based on previous errors observed during the
execution of the same task in order to asymptotically reject
the reproducible part of the error [3].

Due to the considerable attention RC has received in the last
decades, there exists a variety of methods, each incorporating
an internal model differently. Among many are the standard
repetitive control, consisting of a delay in positive feedback
interconnection to generate any signal periodic on the interval
of the delay, complemented by a learning and robustness filter
[1]. Other approaches include dynamic state [4] or output [5]
feedback in the lifted time domain, ILC like input updates
in the lifted time domain based on adjoint or gradient descent
updates [6], or output feedback RC synthesis using an observer
based structure and a time domain specification of the internal
model [7,8]. Considerable attention has been paid to uncertain
or varying period times [9,10] and multiple-input multiple-
output RC [11,12]. Lastly, the rejection of disturbances with
multiple unrelated frequencies by a set of periodic signal
generators is investigated in e.g. matched basis functions
repetitive control (MBFRC) [13] for single frequencies, or for
multiple base frequencies and all harmonics [14,15].

In feedback controller design, including most RC design
methods, the system is often assumed to be linear and time
invariant (LTI). This allows for employing standard linear
frameworks for designing and accessing stability, such as

controller design by loop-shaping and the associated frequency
domain tools, among which are Nyquist and Bode diagrams.
The LTI assumption is justified in feedback controller design,
provided that the converged error signal is substantial with re-
spect to the quantization level of the sensor used for feedback.
Consequently, this quantization effect and resulting nonlinear
system dynamics can be neglected for the operating range of
the feedback controller [16].

In sharp contrast to other feedback approaches, RC signif-
icantly increases the performance of the feedback system for
repetitive tasks, thus the LTI assumption used in repetitive
controller design may no longer be justified. Indeed, RC has
been employed to reduce the error signal by an order of
magnitude, commonly to sensor quantization level when ap-
plied on mechatronic systems [11,17]. Therefore, quantization
effects can generally no longer be neglected. Yet, quantization
effects are not considered in the stability analysis or design
of RC. More specifically, a formal nonlinear analysis of the
quantized RC setting is lacking. Moreover, the error caused by
quantization is not modelled by the internal model, and can
thus be expected to decrease performance. In the frequency
domain, this corresponds to the frequency content of the
quantized error leaking to unrelated frequencies that do not
coincide with the periodic signal generator of the internal
model, and consequently this content is amplified due to the
waterbed effect, deteriorating performance.

A fundamentally different viewpoint on measurement data
from an encoder is not that it is quantized, but non-equidistant
in time: if the encoder also stores the time instance of
each change in counter value, the measurement is exact at
this timestamp. This views the problem from a time-varying
setting, in which the discrete data points are not equidistant in
time, but determined by an encoder event, instead of from a
nonlinear setting, in which the output is quantized. This time-
varying setting, in which the output is intermittently sampled,
also encompasses RC applied to networked control systems
in which the output is subject to data dropouts [18,19], or
systems with stealth attacks [20].

In iterative learning control (ILC), above issues have re-
ceived considerable attention. For instance, the availability of
data at each time instant is modelled as a known probability
distribution in [18,19,21] in order to deal with intermittent
sampling. Alternatively, a worst-case analysis is adopted in
[16,22] in order to arrive at convergence guarantees indepen-
dent of the timestamp realization in the intermittent output ILC
setting. In ILC, the system is reset after each trial, such that
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the initial conditions are trial invariant. This is not satisfied in
RC, such that these results do not hold.

Although RC has been substantially developed, quantization
effects of sensors and non-equidistant measurement data have
not yet been analysed in RC literature, as opposed to ILC
literature. The aim of this paper is to develop an intermittent
output repetitive control framework, in which these quantiza-
tion effects are addressed by an intermittently sampled output
that is exact only for the timestamps, analogously to [16,22].
New sufficient tests are developed to guarantee stability of
existing RC approaches in the intermittent output setting,
and design guidelines complementing these stability tests are
established.

The main contribution of this paper is the extension of
single-input single-output (SISO) LTI RC algorithms to the
intermittent output setting in order to eliminate quantization ef-
fects. This is achieved through the following sub-contributions:
C1 The development of sufficient stability tests that guar-

antee the stability of SISO LTI RC algorithms in the
intermittent output setting (Section III).

C2 A frequency domain design procedure for intermittent
output repetitive control that guarantees stability based
on the developed stability conditions (Section IV).

C3 The effect of adopting an intermittent output framework
on quantization effects and performance is analysed
through a simulation study (Section V).

C4 The experimental validation of the developed stability
tests and design frameworks on a printbelt setup at Canon
Production Printing (Section VI).

Notation and Definitions

The sets N and Z indicate the set of all positive integers, and
the set of all integers, respectively. The sets Rn×m and Cn×m
denote the set of real and complex valued matrices with n rows
and m columns. If m = 1, this reduces to a set of vectors.
The p-norm of a vector x = [x1, x2, . . . , xn]

T ∈ Rn is given
by ‖x‖p

.
= (

∑n
i=1 |xi|

p
)

1
p . The `p-norm of an infinite se-

quence of vectors y = (. . . , y(−2), y(1), y(0), y(1), y(2), . . .),

y(t) ∈ Rn, t ∈ Z, is defined as ‖y‖`p
.
=
(∑∞

t=−∞ ‖y(t)‖pp
) 1

p

.
The space `p consists of all infinite sequences with finite
`p-norm. The extended space `p,e consists of all infinite
sequences with finite `p-norm and all truncated sequences
yT = (. . . , 0, 0, y(−T ), . . . , y(0), . . . , y(T ), 0, 0 . . .), y(t) ∈
Rn, t ∈ [−T, T ] with finite `p-norm for any finite-time trun-
cation T ∈ [1,∞). All signals are one-dimensional, single rate
and discrete time (DT) with sampling rate Ts. Consequently,
all systems are SISO and DT.

Definition 1 (Induced `p-norm of a linear system). The system
Σ has induced `p-norm smaller than or equal to γ if and only
if, for all inputs u ∈ `p and corresponding outputs y = Σu

‖y‖`p = ‖Σu‖`p ≤ γ ‖u‖`p . (1)

Consequently, the induced `p-norm of the system is given by

‖Σ‖`p = sup
u∈`p,u 6=0

‖Σu‖`p
‖u‖`p

. (2)

G1

G2

e1

y2 e2u2

y1u1

Fig. 1. Standard small gain configuration consisting of the positive feedback
interconnection of systems G1 and G2.

Definition 2 (`p-stability of a system). If the system Σ has
finite induced `p-norm, it maps all inputs u ∈ `p onto outputs
y ∈ `p, i.e., signals with finite `p-norm onto signals with finite
`p-norm, and is therefore `p-stable.

Definition 3 (Sector bound condition of memoryless function).
A scalar memoryless, time-varying function h(u, t) belongs to
the sector [α, β] if (h(u, t)− αu) (h(u, t)− βu) ≤ 0 [23].

Corollary 3.1 (Graphical interpretation of sector bound con-
dition [24]). The sector bound inequality of Definition 3 is
equivalent to the inequality

αu2 ≤ uh(u, t) ≤ βu2, (3)

i.e., the memoryless function falls between the lines y = αu
and y = βu.

Definition 4 (Discrete positive real transfer function [25]). A
discrete time SISO transfer function G(z) is discrete positive
real (DPR) if G(z) is stable, i.e., G(z) is analytic (has no
poles) in |z| ≥ 1, and

G(ejω) +G(e−jω) = 2<(G(ejω)) ≥ 0. (4)

Remark 1. Note that this definition is a simplification of
Lemma 2 in [25], in which it is required that G(z) is analytic
on |z| > 1 with additional conditions for the poles on |z| = 1.
Instead, G(z) is simply required to be analytic on |z| ≥ 1,
which is conservative but removes the need for the additional
conditions.

Definition 5 (Uniform stability). The equilibrium point x∗ = 0
of a linear and time-varying system is uniformly stable if for
all k0, it holds that for any ε > 0 there exists a δ(k0, ε) > 0
such that

‖x(k0)‖ < δ ⇒
∥∥x(k)

∥∥ < ε,∀k ≥ k0. (5)

Lemma’s

Lemma 1 (Induced `2-norm as frequency domain condition
[26]). Consider the worst-case energy amplification (i.e. p =
2) for stable (possibly non-causal) LTI systems. The frequency
domain condition of this induced `2-norm is given by

‖Σ‖`2 = sup
ω∈[0,2π)

σ̄
(
Σ(ejω)

) SISO
= sup

ω∈[0,2π)

∣∣Σ(ejω)
∣∣ , (6)

which, for causal LTI systems, corresponds to the H∞ norm.
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G1
e1

y2 e2u2

y1u1

ϕ

Fig. 2. Standard Tsypkin setup consisting of the negative feedback intercon-
nection of systems G1 and ϕ.

Lemma 2 (Small-gain theorem for positive feedback intercon-
nection [23,27]). Consider the positive feedback interconnec-
tion of systems G1 and G2 such that

y1 = G1u1 y2 = G2u2 (7)
u1 = e1 + y2 u2 = e2 + y1, (8)

as visualized in Figure 1. Suppose that the feedback inter-
connection is well-defined, such that for all inputs e1, e2,
there exists unique outputs u1, u2, y1, y2. Suppose further that
G1 and G2 have `p-norm of γ1 = ‖G1‖`p < ∞ and
γ2 = ‖G2‖`p < ∞ respectively, and are thus stable. Then
the closed-loop has finite `p-norm and is thus `p-stable if

γ1γ2 < 1. (9)

Furthermore, the `p-norm of the signals u1, u2, y1, y2 is
bounded as

‖u1‖`p ≤ (1− γ1γ2)
−1
(
‖e1‖`p + γ2 ‖e2‖`p

)
(10)

‖u2‖`p ≤ (1− γ1γ2)
−1
(
‖e2‖`p + γ1 ‖e1‖`p

)
(11)

‖y1‖`p ≤ (1− γ1γ2)
−1
γ1

(
‖e1‖`p + γ2 ‖e2‖`p

)
(12)

‖y2‖`p ≤ (1− γ1γ2)
−1
γ2

(
‖e2‖`p + γ1 ‖e1‖`p

)
. (13)

Note that the same results hold for the extended space `p,e for
the truncated signals.

Lemma 3 (SISO Tsypkin criterion [25], Section 4). Consider
the negative feedback interconnection visualized in Figure 2

y1 = G1(z)u1 y2 = ϕ(u2, t) (14)
u1 = e1 − y2 u2 = y1 + e2, (15)

consisting of a strictly proper SISO dynamic causal, LTI DT
system G1(z) = (A,B,C, 0) and the memoryless, linear time-
varying function ϕ. If the function ϕ is sector bound in [0,K],
then then the origin of the negative feedback interconnection
is uniformly stable if the matrix K+G1(z) is discrete positive
real as in Definition 4.

The proof is based on 1) the KYP lemma, linking dis-
crete positive real transfer functions to passivity of their
state space realization, 2) the fact that the negative feedback
interconnection of two passive systems is passive, and 3) loop
transformations transforming ϕ from the sector [0,K] into
[0,∞] (i.e. passivity boundary), and correspondingly G1(z)
into K+G1(z). For a detailed proof, the reader is referred to
[25]. All substeps are discussed in greater detail in [23], but
for the continuous time case.

eR
z−N Q L

R

uR

Fig. 3. Standard repetitive controller consisting of 1) a periodic signal
generator of periodicity N , 2) a learning filter L, and 3) a robustness filter
Q.

II. PROBLEM FORMULATION

In this section, the intermittent output repetitive control
framework is introduced. Firstly, traditional repetitive control
is briefly recapitulated. Secondly, the intermittent output repet-
itive control setup is introduced. Subsequently, it is shown
that several applications, including the transport direction of
the printbelt setup at Canon Production Printing, fit in this
framework. Finally, the intermittent output repetitive control
problem is formalized.

A. Traditional Repetitive Control Setup

Traditional RC is a feedback design method for asymptoti-
cally rejecting periodic disturbances, or equivalently, tracking
periodic references. It is based on the internal model principle
[3], which states that in order to asymptotically reject a
disturbance, a model of this disturbance has to be included
in the controller.

Standard Repetitive Control (Figure 3): Consider the case
that the discrete time disturbance is periodic with N samples.
An internal model for this disturbance is given by a periodic
signal generator of length N , which can be formed by a
delay of length N in positive feedback interconnection with
itself. This delay acts as a buffer that stores the error caused
by the periodic disturbance in previous trials. The periodic
signal generator is complemented with a learning filter L to
approximate the plant inverse, such that an error e in the buffer
results in an additional plant input that perfectly cancels this
error if the inverse is perfect. Additionally, a robustness filter
Q to stabilize learning is added to form the standard repetitive
controller. This repetitive controller has transfer function

R(z) =
LQz−N

1−Qz−N . (16)

When this repetitive controller is applied to plant P , stability
of the standard repetitive controller is guaranteed by

‖(1− PL)Q‖`2 < 1, (17)

which follows from application of the small-gain theorem on
the system (1− PL)Q interconnected with buffer z−N with∥∥z−N

∥∥
`2

= 1. This is equivalent to the frequency domain
specification [1]

sup
ω∈[0,2π)

(
1− P (ejω)L(ejω)

)
Q(ejω) < 1. (18)

Note that the latter condition can be verified using measured
FRF data.



8

Matched Basis Functions Repetitive Control (Figure 4):
Alternatively, consider that the discrete time disturbance con-
sists of the sum of M independent periodic disturbances with
frequency fm. Note that this sum is not necessarily periodic
on a finite time interval [15], posing a challenge for standard
repetitive control with a single period length N (see e.g.
Chapter 15 of [1], and [15]). Instead, an internal model of this
disturbance consists of M parallel periodic signal generators
with frequencies fm. Each periodic signal generator consists
of a buffer of coefficients αm ∈ R2 in positive feedback with
itself driven by a learning signal βm scaled with learning gain
λm, i.e.

αm(k + 1) = αm(k) + λmβm(k), (19)

where k ∈ Z is the discrete time index. This is visualized
in the right feedback loop of Figure 4. The coefficients αm
parametrize a sine and cosine with frequency fm according to

uR(k) = Fm(k)αm(k)

Fm(k) =
1

rm

[
cos(φmk − τm) sin(φmk − τm)

]
,

(20)

in which φm = 2πfmTs is the normalized frequency of the
periodic signal generator, and rm and τm are the magnitude
and phase response of plant P at the considered frequency fm
such that unit magnitude of αm corresponds to unit magnitude
of the plant output. The learning signal βm ∈ R2 consists of
an estimate of the magnitude of the error at this frequency,
decomposed in a sine and cosine. This estimate is formed
by the projection algorithm [13], in which the error eR is
projected onto the basis function frequency fm according to

βm(k + 1) = Am(k)β(k) +Bm(k)eR(k + 1)

Am(k) =
(
I − aHT

m(k + 1)Hm(k + 1)
)

Bm(k) = amH
T
m(k + 1)

Hm(k) =
[
cos(φmk) sin(φmk)

]
,

(21)

in which am is the projection gain. Although the projection
and input generation are linear and time-varying, the transfer
Rm from eR to uR is LTI, and given by

Rm(z) =
λmam
rm

· (22)
[
cos(φm − τm)z2 − 2 cos(τm)z + cos(φm + τm)

]
z

[z2 + (am − 2) cos(φm)z + (1− am)] [z2 − 2 cos(φm)z + 1]
.

Note that the frequency response of Rm(z) consists of an
inverse notch at the frequency fm and a single pole associated
with the projection determined by am. The full matched basis
repetitive controller R is given by the sum of its individual
controllers Rm, i.e.

R(z) =

M∑

m=1

Rm(z) (23)

B. Intermittent Output Repetitive Control Setup

Consider now the repetitive control setup of Figure 5, where

y(k) = Pu(k) + v(k). (24)

Bm z−1 λ z−1

Am 1

Fm

uReR

Rm

βm αm

Fig. 4. Matched basis function repetitive controller corresponding to fre-
quency fm consisting of the series interconnection of a projection algorithm
and an internal model consisting formed by a buffer in coefficient space.

R P
u

v
TS

k̄

ȳy Tr̄r ē

Fig. 5. Intermittent output repetitive control setup, with discrete time plant
P , output disturbance v, desired output r, and timestamper TS. The error ē
is only defined at timestamps τ̄ = {k̄i}∞i=1, for which it is equal to the true
error e = r − y. Outside of the timestamps, it is defined as 0.

v(k) represents a periodic deterministic output additive distur-
bance, resulting from e.g. outside disturbances or unmodeled
dynamics. P represents a discrete time, causal LTI system
(possibly stabilized by feedback), which results from e.g. a
continuous time process with a zero-order-hold and ideal sam-
pler, both with sampling time Ts. The operator TS determines,
depending on the application, an infinite set of timestamps
τ̄
.
= {k̄i}∞i=1. The output y is only available to the repetitive

controller at a time step k for which it holds that k ∈ τ̄ , i.e.
if k is a timestamp as determined by the timestamper. At this
timestep, it holds that ȳ(k) = y(k). Outside the timestamps,
i.e. k /∈ τ̄ , the output ȳ is set to 0 by definition. The desired
plant output is denoted by r. Since the plant output is only
available at the timestamps τ̄ , the error is subsequently also
only defined at the timestamps. Therefore, the reference is
set to 0 outside the timestamps τ̄ as well, resulting in r̄.
Consequently, the error is defined for all times, but is only
nonzero and equal to the true error e = r−y at the timestamps
according to

ē(k) = r̄ − ȳ =

{
r(k)− y(k) if k ∈ τ̄
0 if k /∈ τ̄ . (25)

Note that when the reference is modified in this manner, the
intermittent output repetitive control setup is similar to a setup
in which a timestamper is applied to the error.

A LTI SISO repetitive controller R, consisting of an inter-
nal model of the disturbance v, e.g. the standard repetitive
controller or a MBFRC design, is included to asymptotically
reject the periodic disturbance v. The goal of the repetitive
controller is to determine the future input to minimize the
spectral content of the true future error e at specific frequencies
by only using the past available error ē. Note that the standard
RC setup [1] is recovered when τ̃ = {k|k /∈ τ̄} is the empty
set, i.e. a measurement of the plant output y is available at each
time index k. In the remainder of this paper, it is assumed
that the timestamper can select any timestamp realization
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independent of the system behaviour, resulting in what is
defined as a random timestamper.

Assumption 1. The timestamper TS selects timestamps ran-
domly, and these timestamps are not a function of the past
input u, reference r or output disturbance v.

The possible timestamp realizations of the random times-
tamper encapsulate all timestamp realizations of other times-
tampers (e.g. an optical encoder that timestamps based on
the plant output). This allows for a worst-case analysis in
which the timestamp realization can be any realization, thus
encompassing every possible realization. To this extent, the
random timestamper T is introduced to model the intermittent
output characteristics. Additionally, the complement to this
random timestamper is defined.

Definition 6 (Random timestamper). The random timestamper
is a linear time-varying system that either outputs its input,
or 0, depending on the randomly selected event times by the
timestamper TS, according to

T : b(k)→ b̄(k), b̄(k) =

{
b(k) if event
0 if no event

. (26)

Definition 7 (Random timestamper complement). The com-
plement to the random timestamper is a linear time-varying
system that either outputs its input, or 0, depending on
the randomly selected event times by the timestamper TS,
according to

T̃ : b(k)→ b̃(k), b̃(k) = (1−T )b(k) =

{
0 if event
b(k) if no event

,

(27)
such that, by definition

T b(k) + T̃ b(k) = b(k). (28)

C. Applications

The following applications directly fit into the intermittent
output repetitive control setup of Figure 5:

1) Systems that employ optical incremental encoders to
measure the position of the plant.

2) Networked control systems, in which y is communicated
over a wireless channel with package loss.

Networked control systems naturally fit in the intermittent
output repetitive control setup of Figure 5, as the timestamper
TS can be used to model package loss. Assumption 1 then
ensures stability for all possible realizations of data-dropout.

To understand why systems with optical encoders fit in the
intermittent output RC framework of Figure 5, consider the
mechanical working principle of such an encoder. A schematic
overview of a linear incremental optical encoder is shown in
Figure 6. The optical encoder consists of a slotted disk or
strip, a light source and two light detectors. Each detector
can either be illuminated by the light source, or be blocked
from receiving light by the disk, resulting in two signals
(A,B) indicating if light is perceived by respective sensor. The
signals (A,B) are evaluated at a high rate to determine if a
change occurred in one of these signals, i.e., if a line transition

A
B

Digital outputs

Light detection
A B

Light source

Fig. 6. Schematic representation of a linear, incremental, optical encoder.

occurred. By using both sensors to determine the direction of
rotation, a counter is incremented or decremented at each line
transition, effectively keeping track of the position/rotation of
the disk. At a line transition, i.e., at a timestamp, this position
measurement is assumed to be exact due to the high sampling
rate of the encoder.

The data from the optical encoder can be used by the RC
procedure in several ways:

1) The counter value of the encoder at the sampling in-
stances of the digital plant P is used by the RC algorithm.
As the sampling rate of the digital plant is finite, the
counter value of the encoder at these sampling instances
suffers from quantization, such that this value is only an
approximation to the true position of the system at that
time. The quantization effects is expected to deteriorate
performance, as the quantization is not included in the
internal model, and its frequency content does not corre-
spond to the frequency of the periodic signal generator.

2) Only the counter value of the encoder at the line transition
timestamp is used by the RC algorithm. As this value is an
exact measurement of the plant output at the timestamp,
it does not suffer from quantization and is expected to
increase performance.

The intermittent output RC setup of Figure 5 encompasses the
RC setup that exploits non-equidistant, timestamped measure-
ment data from an optical encoder (i.e. option 2) by setting the
output rate of the optical encoder to the input and output rate
of the digital plant P , and by defining the timestamp operator
TS to generate timestamps based on the line transition events
of the encoder. Note that the output rate of the encoder is
usually orders of magnitudes higher than the input rate of
the plant. However, the single-rate assumption is justified as
long as the encoder resolution is low enough such that the
output measurement can be considered to be exact even on the
sampling rate of the input. For other effects that are orders of
magnitude lower than the quantization level, e.g. clock jitter,
the same argument holds.

D. Problem Formulation

The aim of this paper is to extend existing RC algorithms
to the intermittent output setting, with arbitrary time-varying
measurement data, in order to address, among others, quanti-
zation effects. This includes
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P
u

v
ȳy Tr̄ ē

z−N Q L

R

p q

Fig. 7. Standard repetitive control in the intermittent output setting.

1) developing stability conditions that guarantee stability of
the intermittent output repetitive control loop for arbi-
trary timestamp realizations through a worst-case analysis
(Section III),

2) converting the developed stability tests into conditions
suitable for synthesis through loop-shaping (Section IV),

3) and validating and comparing the developed methods
in simulation (Section V) and experimentally on the
printbelt setup at Canon Production Printing (Section VI).

III. STABILITY ANALYSIS

In this section, two small-gain stability tests for the standard
repetitive controller in the intermittent output setting are devel-
oped. Additionally, a more general passivity based stability test
is developed that is applicable to any SISO LTI RC algorithm
in the intermittent output setting. The result is related to the
small-gain stability test for standard RC. The result of this
section is a set of stability tests that, given a design of this
type of repetitive controller, provides a FRF based criterion
for validating the stability of the design.

A. Small-gain Stability of Standard Repetitive Control in the
Intermittent Output Setting

In this section, two sets of sufficient conditions are derived
that guarantee the `2-stability of the standard repetitive con-
troller in the intermittent output setting. To this extent, consider
Figure 7, which shows the standard repetitive controller in
the intermittent output repetitive control setup. Motivated by
the internal model principle [3], a periodic signal generator
with periodicity N is included in the controller, although in
the intermittent setting, it is possible that specific components
of the disturbance v are not identifiable due to the specific
timestamp realization. Additionally, a possibly non-causal LTI
robustness filter Q(z), and possibly non-causal learning filter
L(z) are included, as in standard repetitive control.

1) Small-gain Stability of Switched System: Analogously to
the standard repetitive control small-gain stability test, Figure
7 is now transformed into the interconnection of a delay with
an effective system as shown in Figure 8. Consider the input
p and output q of the buffer z−N . The input to the buffer p
can be written as a function of the output of the buffer q, and
the exogenous signals v and r̄ as

p =Qq + ē = Qq + r̄ − T (v + PLQq) = r̄ − T v
+Qq − T PLQq = r̄ − T v + (I − T PL)Qq.

(29)

Additionally, the output o of the equivalent system Σ as a
result of input q is given by

o = (I − T PL)Qq = Qq − (T PLQq + T v) + T v
= Qq − ȳ + T v. (30)

z−Np

QLPT

I = T + T̃

qr̄ − T v

Σ

o

Fig. 8. Equivalent representation of the standard repetitive controller in the
intermittent output setting as interconnection of buffer z−N and resulting
system (I−T PL)Q. The bottom path represents the signal fed to the buffer
in case no measurement is available, while the middle path represents the
signal in case a plant measurement is available.

r̄ − T v

(I − PL)

I

Q
m1

Σ2

m2

Σ1

z−N
qp

o T

T̃

Fig. 9. Equivalent representation of the standard repetitive controller in
the intermittent output setting obtained by using the orthogonality of the
timestamper and its complement, i.e. I = T + T̃ .

Σ is further modified by using Equation (28), such that the
input to the buffer p can be written as

p =r̄ − T v +
(
T + T̃ − T PL

)
Qq = r̄ − T v

+
(
T̃ + T (I − PL)

)
Qq = r̄ − T v + Σq.

(31)

Remark 2. Note that Σ reduces to the standard RC system
(I − PL)Q when the timestamper is identity, i.e. a new
measurement is available each sample such that T = I ,
T̃ = 0.

Lastly, the orthogonality of T and T̃ is used to model Σ as a
serial interconnection of a switch and a single-input multiple-
output non-causal LTI system: depending on the timestamper,
either T or T̃ passes through its input, but never both at the
same time. Thus, Σ = Σ1Σ2 where

Σ1 : m =

[
m1

m2

]
→ o, o(k) =

{
m1(k) if event
m2(k) if no event

(32)

Σ2 : q → m =

[
m1

m2

]
,

[
m1(k)
m2(k)

]
=

[
(I − PL)Q

Q

]
q(k),

(33)

which is illustrated in Figure 9. Note that the path of (I −
PL)Q (upper) from the output of the buffer q to the input
of the buffer p represents the nominal situation, in which the
sum of a plant measurement and the buffer output are fed
back into the buffer. The path of Q (lower) represents the
situation in which no measurement is available, such that just
the buffer output is fed back into the buffer. Based on this
series interconnection of systems, a sufficient small-gain based
test is derived that guarantees stability of the standard RC in
the intermittent output setting.
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Theorem 1 (Small-gain `2-stability). The intermittent output
control setup with the standard repetitive controller of Figure
7 is `2-stable for all buffer lengths N if L and Q are `2-stable
and

γ =

∥∥∥∥
[
I − PL

I

]
Q

∥∥∥∥
`2

< 1, (34)

which is equivalent to the frequency domain characterization

sup
ω∈[0,2π)

√
|Q(z)|2 + |(I − P (z)L(z))Q(z)|2

∣∣∣∣
z=ejω

< 1.

(35)
Furthermore, the `2-norm of q and o = Qq− ȳ+T v is upper
bounded according to

‖q‖`2 ≤ (1− γ)
−1 (‖r̄ − T v‖`2

)
(36)

‖Qq − ȳ + T v‖`2 ≤ (1− γ)
−1
γ
(
‖r̄ − T v‖`2

)
, (37)

which implies boundedness of the plant output y for all
times, i.e. y ∈ `2. In case of periodic disturbances v for
which necessarily v /∈ `2, consider the truncated periodic
disturbance limT→∞ vT ∈ `2,e to arrive at an identical result.

Proof: For small-gain `2-stability of the interconnection,
it is sufficient that

∥∥z−N
∥∥
`2
‖Σ1Σ2‖`2 < 1. (38)

As
∥∥z−N

∥∥
`p

= 1 ∀p,N , this reduces to

‖Σ1Σ2‖`2 < 1, (39)

which is implied, through the sub-multiplicative property of
induced norms, by

‖Σ1‖`2 ‖Σ2‖`2 < 1. (40)

The output o of the switch Σ1 is upper bounded by its input
m =

[
mT

1 , m
T
2

]T
according to

|o|2 ≤ |m1|2 + |m2|2 . (41)

The induced `2-norm of the switch Σ1 is therefore upper
bounded by 1, as
∞∑

k=−∞
|o(k)|2 ≤

∞∑

k=−∞
|m1(k)|2 +

∞∑

k=−∞
|m2(k)|2 (42)

‖Σ1m‖`2 =

( ∞∑

k=−∞
|o|2
) 1

2

≤ 1

( ∞∑

k=−∞

∥∥∥∥
[
m1(k)
m2(k)

]∥∥∥∥
2

2

) 1
2

,

(43)

i.e. ‖Σ1‖`2 ≤ 1. To see that ‖Σ1‖`2 = 1, consider the situation
where m1(k) 6= 0, m2(k) = 0 ∀k combined with the trivial
timestamp realization (i.e. o(k) = m1(k) ∀k). Condition (39)
thus reduces to

‖Σ2‖`2 < 1, (44)

which requires that the mapping by Σ2 from q to m has an
induced `2-norm smaller than 1, i.e., it is required that

γ =

∥∥∥∥
[
I − PL

I

]
Q

∥∥∥∥
`2

< 1, (45)

which, for a single-input multi-output LTI system is equivalent
to the frequency domain characterization in terms of its
maximum singular value σ̄ (· ) according to

γ = sup
ω∈[0,2π)

σ̄

([
I − PL

I

]
Q

)
(ejω) < 1. (46)

Some simple algebra (dropping ejω for easy of notation)
reveals

γ = sup
ω∈[0,2π)

λ
1
2

(
QH

[
I (I − PL)H

] [ I
(I − PL)

]
Q

)

(47)

= sup
ω∈[0,2π)

λ
1
2 (Q∗Q+Q∗(I − PL)∗(I − PL)Q) (48)

= sup
ω∈[0,2π)

√
|Q|2 + |(I − PL)Q|2 < 1, (49)

which is equivalent to Condition (35). Consequently,

‖Σ1Σ2‖`2 ≤ γ. (50)

Substituting this in Equations (12) and (13), with γ2 = γ,
γ1 =

∥∥z−N
∥∥
`2

= 1, e1 = r̄ − T v, e2 = 0, y1 = q, and
y2 = o = Qq − ȳ + T v results in the bounds of Equations
(36) and (37). Applying the reverse triangle inequality on the
bound of Equation (37) results in
∣∣‖Qq + T v‖`2 − ‖ȳ‖`2

∣∣ ≤ ‖Qq − ȳ + T v‖`2
≤ (1− γ)

−1
γ
(
‖r̄ − T v‖`2

)
.

(51)

Since q has finite `2-norm by Equation (36), and since Q has
finite induced `2-norm by design, ‖Qq‖`2 is finite. Therefore
‖ȳ‖`2 is finite (if r̄, v /∈ `2, consider the space `2,e). Conse-
quently, the plant output y at the timestamps (= ȳ) is finite
for all event times. Additionally, the plant output y outside
the timestamps is bounded by definition, as the trajectory of
the non-causal linear system PLQ between two timestamps,
given a finite input q for all time, is finite if it is finite at the
timestamps.

Stability criterion (35) is a frequency domain condition
based on the worst-case gain of a non-causal, stable LTI
system, much alike to the standard repetitive control stability
condition in the regular, non-intermittent output setting. It
allows for directly using measured FRF data as a substitute
for P (ejω). The test is independent of the buffer length N
and therefore a repetitive controller that is stable for some
buffer length N (equivalent to base frequency (NTs)

−1), is
stable for all possible buffer lengths.

The stability test is conservative due to its small-gain nature:
it consists of a contribution

∣∣(I − P (ejω)L(ejω)
)
Q(ejω)

∣∣ that
can be recognized as the standard repetitive control small-gain
stability test, summed with a contribution

∣∣Q(ejω)
∣∣ resulting

from the intermittent output characteristics. Consider, for ex-
ample, the case that L is designed such that it is a perfect
right inverse of P , i.e. PL = I . Then condition (35) reduces
to

γ = sup
ω∈[0,2π)

∣∣Q(ejω)
∣∣ < 1. (52)

This implies
∣∣Q(ejω)

∣∣
ω=0

< 1, i.e. even when a perfect inverse
of P is available, a non-zero, but possibly arbitrary close to 0
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forgetting factor is required for frequencies below the cut-off
to ensure stability based on the above small-gain argument,
which is not the case for the regular setting. Additionally, any
imperfections in the plant inverse increase the forgetting factor
necessary for stability.

Consider now the special case in which a zero phase error
inverse [28] of P is designed, such that PL ∈ R. In this
case, the stability test of Equation (35) can be made less
conservative.

Theorem 2 (Small-gain `p-stability with zero phase error
inverse). Assume that L is designed such that it is a zero
phase error inverse of P , i.e. P (ejω)L(ejω) = α(ejω) ∈ R ∀ω
and that Q is designed such that it has zero phase, i.e.
Q(ejω) = β(ejω) ∈ R ∀ω. The intermittent output control
setup with the standard repetitive controller of Figure 7 is
`p-stable if

‖Q‖`2 < 1 and ‖(I − PL)Q‖`2 < 1. (53)

Proof: As Q and PL have zero phase, (I − PL)Q has
zero phase. Consequently, its `2-norm (which is smaller than
1 by Equation (53)) coincides with any other `p-norm: the
system is simply a (frequency dependent) gain without any
phase change. It thus only amplifies the magnitude of the
signal for all times, by a maximum of its induced `2-norm
for all frequencies. Consequently, based on Figure 9,

|o| =
{
|m1|
|m2|

=

{
|(I − PL)Qq|
|Qq|

≤
{
‖(I − PL)Q‖`∞ |q|
‖Q‖`∞ |q|

≤ |q| ,
(54)

which implies that the `p-norm of the transfer Σ1Σ2 is smaller
than 1 for any p. In other words, under the aforementioned
conditions,

∥∥(T̄ + T (I − PL)
)
Q
∥∥
`p
< 1, (55)

ensuring `p-stability of the interconnection by the small-gain
theorem.

Obviously, Theorem 2 requires P to be perfectly known in
order to perfectly invert the phase response, which cannot be
achieved for FRF based design.

2) Small-gain Stability Based on Sequential Loop Closing:
In this section, a different approach to analyse stability is
adopted: instead of considering the full equivalent system
(I−T PL)Q to form a single feedback connection, the return
path to the buffer is split into a LTI part, consisting of Q,L,
and P , and a LTV part, consisting of the contribution due
to the timestamper. The LTI feedback loop can be closed
and replaced by an equivalent causal LTI filter describing
the dynamic behaviour of the closed feedback loop due to
linearity. Additionally, stability of this LTI feedback loop is
not influenced by external signals. Thus, the LTI and LTV
loop can be sequentially closed to guarantee stability of the
full intermittent output repetitive control setup.

z−Np qr̄ − T v

(I − PL)Q

T̃ PLQ
s t

Fig. 10. Equivalent representation of standard repetitive control in the
intermittent output setting as a double feedback loop structure by splitting
the LTI and LTV feedback path through timestamper identity T̃ = I − T .

Consider again the interconnection of the buffer z−N and
the equivalent system Σ as in Figure 8. The identity (28) is
rewritten to

b̄(k) = T b(k) = (I − T̃ )b(k). (56)

Consequently, Equation (29) is equivalent to

p =r̄ − T v + (I − (I − T̃ )PL)Qq

=r̄ − T v + (I − PL)Qq + T̃ PLQq,
(57)

which is graphically represented as a double feedback inter-
connection in Figure 10. The bottom feedback path can be
recognized as the standard nominal repetitive control loop,
i.e. without an intermittent output. The top part describes the
intermittent output characteristics that ensures p = Qq when
no output data is available (i.e. T̃ = 1). If this sample is in the
set of timestamps, i.e. T̃ = 0, the upper feedback path does
not contribute to the resulting feedback term. The following
property of the timestamper complement will prove useful in
analysing the upper feedback path.

Property 1 (`p-norm of timestamper complement). The times-
tamper complement has an induced `p-norm of 1 ∀p ∈ [1,∞].

Proof: The output of the timestamper T can be upper
bounded by Equation (27) as

∣∣∣b̃(k)
∣∣∣ =

{
|b(k))| ≤ |b(k)| if no event
0 ≤ |b(k)| if event

. (58)

Consequently,
( ∞∑

k=−∞

∣∣∣b̃(k)
∣∣∣
p
) 1

p

≤
( ∞∑

k=−∞
|b(k)|p

) 1
p

,

∥∥∥b̃
∥∥∥
`p

=
∥∥∥T̃ b

∥∥∥
`p
≤ 1 ‖b‖`p .

(59)

Thus,
∥∥∥T̃
∥∥∥
`p
≤ 1. To prove that the bound is tight, consider

the worst-case timestamp realization (i.e. no new information
at any time step), and realize that ‖b‖`p =

∥∥∥b̃
∥∥∥
`p

.

Consider again the upper feedback path of Figure 10. The
input to the timestamper complement t is related to its output
s and exogenous variable r̄ − T v according to

t = PLQz−N
(
I − (I − PL)Qz−N

)−1
(r̄ − T v + s) . (60)

A two-fold small-gain condition can now be derived, consist-
ing of 1) a small-gain criterion for stability of the nominal
RC feedback loop consisting of z−N and (I − PL)Q, and 2)



13

a small-gain criterion for stability of the intermittent output
feedback loop consisting of T̃ and the equivalent LTI filter
z−NPLQ

(
I − (I − PL)Qz−N

)−1
.

Theorem 3 (Small-gain `2-stability of standard repetitive
control in the intermittent output setting based on sequential
loop closing). The intermittent output control setup with the
standard repetitive controller of Figure 7 is `2-stable for a
specific trial length N if

‖(I − PL)Q‖`2 < 1, (61)∥∥∥PLQz−N
(
I − (I − PL)Qz−N

)−1∥∥∥
`2
< 1. (62)

Proof: Consider again the double feedback connection of
Figure 10. Consider first the bottom path, consisting of the
positive feedback interconnection of the buffer z−N and the
nominal RC filter (I − PL)Q. This interconnection is small-
gain `2-stable if

∥∥z−N (I − PL)Q
∥∥
`2
< 1. (63)

Using the sub-multiplicative property of the induced `p-norm,
and the fact that

∥∥z−N
∥∥
`2

= 1, this is reduced to

‖(I − PL)Q‖`2 < 1. (64)

The causal, LTI transfer function between the output of the
timestamper complement s, and the input to the timstamper
complement t is given by

t

s
= TR(z) = PLQz−N

(
I − (I − PL)Qz−N

)−1
. (65)

Note that this transfer function is `2-stable, and thus asymptot-
ically stable, by Equation (63). This positive interconnection
of the timestamper complement T̃ and the nominal repetitive
control complementary sensitivity TR(z) is small-gain `2-
stable if

∥∥∥T̃ PLQz−N
(
I − (I − PL)Qz−N

)−1∥∥∥
`2
< 1, (66)

which, by Property 1, is equivalent to
∥∥∥PLQz−N

(
I − (I − PL)Qz−N

)−1∥∥∥
`2
< 1. (67)

Note that above inequality can be verified in the frequency
domain.

Condition (61) represents the sufficient small-gain condi-
tion for standard repetitive control [1], while Condition (62)
represents an additional small-gain condition resulting from
the feedback path consisting of T̃ and the effective transfer
PLQz−N

(
I − (I − PL)Qz−N

)−1
it is interconnected with.

Note that, although Condition (61) is independent of the
buffer length N , Condition (62) is not. Consequently, a repet-
itive controller that is stable for a certain N might not be
stable for another N . Lastly note that Theorem 3 allows for
directly using FRF data in a graphical test.

R P
u

v
yr̄ ē

I

T̃

T

s t

Fig. 11. Equivalent representation of the intermittent output repetitive control
setup with repetitive controller R by replacing the timestamper by unity and
its complement T̃ .

−r̄

SRv

y − SRv−TR

T̃ȳ ts

Fig. 12. Equivalent representation of the intermittent output repetitive control
setup with repetitive controller R by collapsing the linear part of the
interconnection.

B. Stability of General LTI Repetitive Controllers in the
Intermittent Output Setting

In this section, a sufficient condition is derived to evaluate
stability for any SISO LTI RC design. This includes the
standard repetitive controller, but also MBFRC, which does
not have an explicit buffer z−N , such that Theorem 1 or
Theorem 3 cannot be applied. As opposed to the small-gain
`2-stability tests of the previous section, this test is based on
passivity and uniform stability of the origin of the negative
feedback interconnection of a LTI plant and time-varying
linearity that is sector bound per definition. Consequently, the
test is less conservative, as it demands boundedness as opposed
to convergence for small-gain `2-stability.

Consider again the intermittent output repetitive control
setup of Figure 5. The timestamper T is split up into identity
and its complement T̃ , as in Equation (56) and visualized in
Figure 11. As the timestamper complement is the only linear
time-varying element, the relation between the timestamper
complement output s, exogenous signals v and r̄, and times-
tamper complement input input t is causal and LTI, and is
given by

t = − (I + PR)
−1
PR(−r̄) + (I + PR)

−1
PRs+

(I + PR)
−1
v = −TR(−r̄)− TRs+ SRv,

(68)

which is graphically illustrated in Figure 12. Note that this
formulation fits the general formulation of Lemma 3 with
ϕ(u, t) = T̃ , and as such, the SISO Tsypkin Criterion is
applied. To this extent, two properties of the timestamper
complement are first introduced.

Property 2 (Sector bound of random timestamper comple-
ment). The linear, time-varying random timestamper comple-
ment T̃ is sector bound in [0, 1].

Proof: Consider the case that the input to the timestamper
complement b(k) > 0. Then T̃ b(k) ≥ 0 with equality in
the case of no event. Also T̃ b(k) − b(k) ≤ 0 with equality
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in the case of an event. Thus T̃ b(k)
(
T̃ b(k)− b(k)

)
≤ 0

when b(k) > 0. For the case that b((k) < 0, it holds
that T̃ b(k) ≤ 0 and T̃ b(k) − b(k) ≥ 0, and thus also
T̃ b(k)

(
T̃ b(k)− b(k)

)
≤ 0. Lastly, when b(k) = 0, T̃ b(k) =

0. In conclusion, T̃ b(k)
(
T̃ b(k)− b(k)

)
≤ 0 ∀b(k), and thus

the random timestamper is sector bound in [0, 1] by Definition
3.

Property 3 (Distributive property of the random timestam-
per complement). The random timestamper complement is
distributive, i.e. for two inputs w1 ∈ R and w2 ∈ R
T̃ (w1 + w2) = T̃ w1 + T̃ w2.

Proof: As the timestamper either passes through an input,
or passes through zero, independent of its input by Assumption
1, it holds that

T̃ (w1 + w2) =

{
w1 + w2 if event
0 if no event

=

{
w1 if event
0 if no event

+

{
w2 if event
0 if no event

= T̃ w1 + T̃ w2,

(69)
i.e. the random timestamper complement is distributive.

Theorem 4 (Passivity based stability of a general LTI repet-
itive controller in the intermittent output setting). Consider
the intermittent output repetitive control setup of Figure 5,
in which P is asymptotically stable and strictly proper, and
in which R consists of an arbitrary LTI repetitive controller,
e.g. a matched basis functions design (Equation (22)) or
the standard repetitive controller with a specific trial length
N (Equation (16)). The repetitive controller applied in the
intermittent output setting is uniformly stable if

1) the repetitive controller stabilizes the nominal plant P ,
i.e. the Nyquist plot of P (ejω)R(ejω) does not encircle
the point -1, and

2) the Nyquist plot of the nominal repetitive control neg-
ative complementary sensitivity −TR(ejω) = −(I +
P (ejω)R(ejω)−1P (ejω)R(ejω) is confined to the region
{z ∈ C | <(z) ≥ −1}, such that I − TR(z) is discrete
positive real (DPR).

Proof: Consider first the double feedback interconnection
of Figure 11. The loop gain from ē to y is given simply by PR.
Thus, closing this loop with negative feedback results in stable
internal dynamics if P (ejω)R(ejω) makes no encirclements of
the point −1, as P (z) is assumed to be asymptotically stable.

Setting ē = −y (i.e. closing the nominal feedback loop with
0 reference) results in an effective causal, LTI system −TR(z)
that is asymptotically stable by the stability criterion above.
Note that TR is strictly proper, as P is assumed strictly proper.
Straightforward application of Theorem 3 with the sector
bound K = I , as detailed in Property 2, allows to conclude
that the origin of the negative feedback interconnection in
Figure 12 is uniformly stable if I −TR(z) is discrete positive
real as in Definition 4, i.e. <(I − TR(ejω)) ≥ 0. This is
equivalent to requiring that <(−TR(ejω)) ≥ −1, and to

requiring that −TR(ejω) is confined to {z ∈ C | <(z) ≥ −1},
i.e. stays to the right of or on the line <(z) = −1.

Lastly, to illustrate that this does not only hold for the
origin of the feedback interconnection, but also for arbi-
trary references r̄ and disturbances v, consider two so-
lutions (−r̄, Srv1, y1 − SRv1, ȳ1, x1) and (−r̄, Srv2, y2 −
SRv2, ȳ2, x2), abbreviated by the tuples (ě1, ě2, y̌1, y̌2, x̌) and
(ê1, ê2, ŷ1, ŷ2, x̂), to the closed loop dynamics of Figure 12,
with different initial conditions and the same reference r̄, such
that

x̌(k + 1) = ARx̌(k) +BR (ě1(k)− y̌2(k))

x̂(k + 1) = ARx̂(k) +BR (ê1(k)− ŷ2(k))

y̌1(k) = CRx̌(k)

ŷ1(k) = CRx̂(k)

y̌2(k) = T̃ (y̌1(k) + ě2(k))

ŷ2(k) = T̃ (ŷ1(k) + ê2(k)) .

(70)

The dynamics of the difference between the two solutions is
thus given by

x̌(k + 1)− x̂(k + 1) = ∆x(k + 1)

= AR∆x(k) +BR (∆e1(k)−∆y2(k))

y̌1(k)− ŷ1(k) = ∆y1(k) = CR∆x(k)

y̌2(k)− ŷ2(k) = ∆y2(k) = T̃ (y̌1 + ě2)− T̃ (ŷ1(k) + ê2(k))

= T̃ (∆y1(k) + ∆e2(k))

,

(71)
in which the distributive property of the timestamper com-
plement is used. The dynamics of the difference between the
two solutions is thus equivalent to the original dynamics. Con-
sequently, these dynamics also have the origin as uniformly
stable equilibrium, such that

|x̌(k0)− x̂(k0)| ≤ δ → |x̌(k)− x̂(k)| ≤ ε ∀k, k0 ∈ Z, k ≥ k0
(72)

i.e. the difference between the states of two trajectories with
the same reference and periodic disturbance v /∈ `2 stays
bounded. This implies trajectories stay bounded, and thus
stability of the intermittent output repetitive controller.

Above theorem consists of the standard necessary and
sufficient Nyquist stability condition for LTI systems (i.e. for
the nominal design of TR), complemented with a sufficient
condition that guarantees stability of the loop after incorpo-
rating the sector bound time-varying linearity T̃ based on
a discrete positive real (passivity) constraint on I − TR. It
is a frequency domain test, such that it allows for assessing
stability based on a measured FRF as opposed to a parametric
model. Additionally, it does not impose any restrictions on the
gain of the repetitive controller for low frequencies, i.e., for the
standard repetitive controller, it does not impose

∣∣Q(ejω)
∣∣ < 1

for low frequencies. In fact, in Section V, it is shown that
Theorem 4 guarantees stability for the proposed design while
Theorem 1 and Theorem 3 remain inconclusive.

Link to Standard Repetitive Control: Consider again The-
orem 3, in which a small-gain condition is imposed on the
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effective system with which the timestamper complement is
interconnected. This condition is given by

∣∣∣∣
PLQz−N

1− (1− PL)Qz−N

∣∣∣∣
z=ejω

< 1 ∀ω. (73)

Consider now applying Theorem 4 to the standard frequency
domain repetitive controller. The transfer function of this type
of repetitive controller is given by Equation (16), such that the
transfer from the output s to the input t of the timestamper
complement (in a negative feedback interconnection) reads as

−TR = −
P LQz−N

1−Qz−N

1 + P LQz−N

1−Qz−N

= − PLQz−N

1− (1− PL)Qz−N
. (74)

Note that this transfer is completely analogous (up to a
minus sign, which doesn’t modify the magnitude) to the one
derived for the sequential loop closing small-gain argument in
Equation (73): in both analysis methods, the timestamper com-
plement T̃ is separated from the LTI transfer. Consequentially
requiring that I − TR is discrete positive real as in Definition
4 such that

<(−TR(ejω)) ≥ −1 ∀ω, (75)

i.e. requiring that −TR(ejω) stays right of or on the line
<(z) = −1 in the complex plane, can be seen as a gen-
eralization of requiring that TR(ejω) stays within the unit
circle. Thus Theorem 4 is a generalization of Theorem 3 in a
sense that it does not restrict −TR to be inside the unit circle
{z ∈ C | |z| < 1}, but extends the region for which stability
can be concluded to the half-plane {z ∈ C | <(z) ≥ −1},
which includes the closed unit circle. The difference between
the stability regions originates from the different definitions of
stability: while small-gain `2-stability requires that trajectories
converge, passivity based stability requires boundedness, such
that it is permitted that the buffer outputs q outside the
timestamps stay constant, as opposed to requiring that these
converge. A different definition of small-gain stability, in
which a contraction mapping is imposed only on the buffer
elements for which data is available in this iteration, and the
buffer elements for which no timestamps are available are
constrained to stay unchanged, could eliminate this difference.
Such a definition of stability has been formulated for the ILC
case in [22], but is beyond the scope of this work. The three
main stability conditions are summarized in Table I.

IV. REPETITIVE CONTROL DESIGN IN THE INTERMITTENT
OUTPUT SETTING

In this section, two of the stability conditions derived in
the previous section are employed to derive frequency domain
repetitive controller design methods. Guidelines for design are
briefly mentioned and linked to existing design methods.

The two selected stability conditions are Theorem 1 (Section
IV-A), and Theorem 4 (Section IV-B). Theorem 2 has little
practical value due to its zero-phase error that is never satisfied
in practice, while Theorem 3 is a conservative case of Theorem
4 which limits the designer, and have thus not been selected.

A. Design for Small-gain `2-stability

Consider again the sufficient small-gain condition of The-
orem 1 guaranteeing `2-stability of the intermittent output
repetitive controller in Equation (35). Analogous to standard
repetitive control design methods [1], L is first designed to
approximate the inverse of P such that PL ≈ 1. Methods to
achieve this are numerous in literature, among which are zero-
phase-error tracking controller (ZPETC) [28], nonminimum-
phase zeroes ignore (NPZ-Ignore), zero-magnitude-error track-
ing control [29] or weighted H∞-synthesis with finite preview
[30]. Subsequently, Q(z) is designed such that Equation (35)
is satisfied to guarantee stability, with sufficient margin for
robustness. Although Q(z) can be designed in any fashion for
small-gain `2-stability, the internal model principle dictates
that Q(ejω) = 1 (i.e. unit magnitude, zero phase) for perfect
asymptotic rejection. However,

∣∣Q(ejω)
∣∣ < 1 ∀ω ∈ [0, 2π) for

stability. Therefore, Q(ejω) is designed as a zero-phase, finite
impulse response low-pass filter, such that,

1) Q(ejω) ≈ 1 for frequencies where the plant inverse L is a
good approximation, i.e. for frequencies where PL ≈ 1,

2) Q(ejω) � 1 for frequencies where the plant inverse L
is a poor approximation, resulting from e.g. higher order
dynamics that is not modelled or uncertainty in the FRF
measurement, such that Equation (35) is not violated.

Note once again that this design is independent of the buffer
length N , and is thus stable for any base frequency (NTs)

−1.

B. Passivity Based Design for General LTI Repetitive Con-
trollers

Consider now the two-fold stability condition of Theorem
4. Methods for designing for nominal stability (i.e. with a
non-intermittent output) are numerous [1,13]. These design
methods are still valid in the intermittent output setting, and
are used for the nominal design. The additional DPR condition
on 1−TR(z) serves as a check after the nominal controller has
been designed, and as such is not explicitly used in the design
procedure, thus not allowing for general design guidelines.

In case the MBFRC design or plant P contains an integrator,
a straightforward and simple design heuristic is available. For
any MBFRC design that includes an integrator, −TR(ejω) =
−1 at low frequencies. Due to Bode’s sensitivity integral,
disturbance suppression for some frequencies results in extra
amplification for other frequencies. Thus, a sufficiently high
learning gain can cause the response of −TR(ejω) to pass
the line <(z) = −1 around the bandwidth of R(ejω)P (ejω).
Therefore, one method to satisfy the additional condition of
1 − TR(z) is to reduce the learning rate of the repetitive
controller in order to decrease the magnitude response of
TR(z) around the bandwidth. This design heuristic slows down
learning, but does not bias the converged input, and is therefore
preferable over other methods (e.g. decreasing the magnitude
of the robustness filter for standard RC).

V. SIMULATION STUDY

In this section, a simulation example is presented, com-
paring and contrasting multiple design methods. First, the
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TABLE I
SUMMARY OF INTERMITTENT OUTPUT REPETITIVE CONTROL STABILITY CONDITIONS.

Theorem Independent of N Learning bias Method Check

Theorem 1 Yes
∣∣Q(ejω)

∣∣ < 1 Direct FRF based design supω∈[0,2π)

√
|Q(z)|2 + |(I − P (z)L(z))Q(z)|2

∣∣∣∣
z=ejω

< 1

Theorem 3 No
∣∣Q(ejω)

∣∣ < 1 FRF based check given design −TR(ejω) ∈ {z ∈ C | |z| < 1}
Theorem 4 No

∣∣Q(ejω)
∣∣ ≤ 1 FRF based check given design −TR(ejω) ∈ {z ∈ C | <(z) ≥ −1}

Fig. 13. Bode diagram of identified FRF of P ( ) and approximate
parametric model P̂ ( ) used for L-filter design.

simulation setup is introduced in Section V-A. In Section V-B,
the developed RC techniques are applied to the simulation
system. Section V-C discusses the results.

A. Simulation Setup

The digital plant P used for simulation is a discrete time,
parametric model based on closed loop FRF experiments of
a printbelt setup, and shown in Figure 13 together with the
experimental data. The sampling time is Ts = 2· 10−3 s,
and the encoder resolution is ε = 10 mm. The periodic
output disturbance is chosen as a multisine with frequencies
fi = 1, 2, . . . , 10 Hz and amplitude Ai = 50 ∀i mm,
and applied as reference r as opposed to disturbance v (i.e.
asymptotic tracking as opposed to asymptotic rejection) to
ensure persistent line transitions.

B. Repetitive Controller Designs

Standard Repetitive Control: Three standard repetitive
controllers (Section II-A) are designed: one for the non-
intermittent output setting, and two for the intermittent output
setting based on small-gain stability (Theorem 1) and based
on passivity arguments (Theorem 4). Table II summarizes all
design parameters. The buffer length is chosen as N = 500
for all designs, i.e. a periodic signal generator with period
1 s. The robustness filter Q(z) is designed as a zero-phase
FIR low-pass filter. The learning filter L(z) is designed as a
ZPETC approximation to P̂−1 of Figure 13, combined with a

TABLE II
PARAMETERS OF STANDARD REPETITIVE CONTROLLER DESIGNS

L(z) Q(z)

Criterion α Design Scaling Bandwidth Order

|(1− PL)Q| < 1 1 ZPETC 1 60 Hz 60
Small-gain (Theorem 1) .8 ZPETC .966 11 Hz 480
Passivity (Theorem 4) .5 ZPETC 1 11 Hz 480

Fig. 14. Bode diagram of the stability condition associated to the nom-
inal design for the three standard repetitive controllers, with (full) and
without (dashed) robustness filter Q(z), based on FRF data P (ejω). As
supω

∣∣(I − P (ejω)L(ejω)
)
Q(ejω)

∣∣ < 1 ( ), the standard repetitive
controller for the traditional setting is stable. For the small-gain IO design,

supω

√
|Q(ejω)|2 + |(I − P (ejω)L(ejω))Q(ejω)|2 < 1 ( ), and thus

the design is `2-stable in the intermittent output setting by Theorem 3. For
the passivity design, supω

∣∣(I − P (ejω)L(ejω)
)
Q(ejω)

∣∣ < 1 ( ), and
thus the nominal repetitive control loop is `2-stable. An additional check on
TR(ejω) is necessary to guarantee stability in the intermittent output setting.
Lastly note that none of the designs can be guaranteed to be stable for Q = I
(dashed with same color), as each response exceeds unit magnitude for high
frequencies.

learning rate α. Note that for the passivity based design, the
learning rate was decreased to satisfy the DPR condition on
1 − TR(z). Similarly, the magnitude of Q(z) was scaled to
satisfy the small gain condition of Theorem 1.

Figure 14 shows the frequency domain validation of the
nominal design, while Figure 15 shows the associated DPR
condition for the passivity based intermittent output designs as
a bode magnitude plot bounded by magnitude 1. Note that due
to the non-unitary scaling of Q(z) for the small-gain design,
|TR(z)| < 1 for the frequencies associated with the internal
model, while this is not the case for the passivity based design.

Matched Basis Functions Repetitive Control: A single
matched basis functions repetitive controller with 10 basis
functions is designed, that is stable in the regular and intermit-
tent output setting. The frequencies are chosen exactly equal
to the frequencies of the disturbance, i.e. f = 1, 2, . . . , 10.
The projection algorithm gains are chosen as ai = 1, and the
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Fig. 15. Magnitude of −TR(ejω) for the three standard repetitive controllers.
The passivity based design ( ) is stable in the intermittent output setting
by Theorem 4, as it stabilizes the nominal plant, and

∣∣−TR(ejω)
∣∣ ≤ 1,

thus <(−TR(ejω)) ≥ −1. The small-gain design ( ) also satisfies∣∣−TR(ejω)
∣∣ ≤ 1 as the sufficient condition of Theorem 1 is more con-

servative than the sufficient two-fold condition of Theorem 4. The design for
the traditional setting ( ) cannot be guaranteed to be stable in the intermittent
output setting as it exceeds magnitude 1 for low frequencies. A model based
response (dashed with same color) is added to visualize the response at the
internal model frequencies. Due to magnitude scaling of Q(z) for the small-
gain design,

∣∣TR(ejω)
∣∣ < 1 for the internal model frequencies, thus biasing

the output of R.

Fig. 16. True error e = r − y of the standard repetitive control designs
during trial 2000. The quantization level ε is indicated by ( ). The small-
gain design ( ) is biased due to the magnitude scaling of Q(z) necessary
to satisfy Theorem 1, thus resulting in the worst performance. The passivity
based design ( ) is unbiased, and outperforms the design for the traditional
setting ( ) in terms of peak error amplitude ‖e‖∞ and error power ‖e‖2.
In the inset, the time instances of the non-equidistant exact error are marked
by dots ( , , and ).

learning gains are set to λi = 3· 10−5, such that the regular
loop is stable based on a Nyquist test, and the intermittent
output loop based on Theorem 4. The visualization of the
stability criterion based on the resulting loops P (ejω)R(ejω)
and −TR(ejω) is omitted, and the MBFRC design procedure
will instead be discussed in greater detail in Section VI.

C. Simulation Results

The results are presented in Figure 16, 17 and 18. Figure 16
visualizes the true error e = r−y for the standard RC designs,
both for the traditional and intermittent output setting. Figure
17 shows the true error for the MBFRC design. Figure 18
shows the 2-norm of the true error as a function of repetitions
of r, i.e. the 2-norm of consecutive segments of length N =
500. The following observations are made:
• The magnitude of the input of the small-gain design is

of smaller magnitude due to the non-unitary DC-gain
of Q(z) such that |−TR(z)| 6= 1 at the internal model
frequencies (Figure 15). This results in a significant

Fig. 17. True error e = r − y of the matched basis functions repetitive
control design, applied in the regular ( ) and intermittent output ( ) setting
during trial 2000. The controller applied in the intermittent output framework
outperforms the controller in the traditional setup in terms of peak error
amplitude ‖e‖∞ and error power ‖e‖2. In the inset, the time instances of the
non-equidistant exact error are marked by dots ( and ).

tracking error for frequencies below the cut-off (Figure
16) due to a lack of input energy at these frequencies.
Consequently, the converged performance of this design
is worse than applying standard RC in the traditional
setting, i.e. on the quantized output (Figure 18).

• As a timestamp is not available for each time instance,
the effective information rate is lower for the intermittent
output designs. However, the information does not suffer
from quantization. This results in a slower learning pro-
cess for the same learning rate, but a better converged
performance (Figure 18).

• The converged true error for both the intermittent output
and traditional standard RC designs is iteration varying,
and converges to a unit ball [16] instead of a point in RN
(Figure 18). The size of this unit ball, i.e. the degree to
which the error is iteration varying, depends on the design
for Q(z) and the reference: a higher forgetting factor at
relevant reference frequencies results in a higher degree
of iteration varying timestamps. Quantization of the error
data amplifies the size of this unit ball: a single change in
timestamp realization due to Q(z) propagates the same
error to multiple time indices, which, for this example,
results in a significantly different input profile, and thus
different timestamps.

• The residual error (Figure 16) of the passivity based
intermittent output standard RC design is caused by the
response of Q(ejω) for low frequencies, as it is not
exactly 1 due to the effect of the poles around the cut-
off. Setting Q = 1 results in convergence to 0 error at the
timestamps. However, due to the over-parametrization of
the internal model for Q = 1, inter-timestamp effects
worsen the final performance. The intermittent output
MBFRC design is not over-parametrized, and has no
robustness filter, and thus converges to 0 error at and
outside of the timestamps.

• Both the intermittent output standard RC and MBFRC
designs outperform their traditional counterparts both in
peak magnitude of the error ‖e‖∞ (Figure 16 and Figure
17) as well as the total energy of the error ‖e‖2 (Figure
18), and the intermittent output MBFRC design is best
overall, demonstrating the advantage of the intermittent
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Fig. 18. Learning curves illustrating the energy of the error as a function of
the standard RC trial index with N = 500 of standard RC in the traditional
setting ( ), small-gain based intermittent output standard RC ( ), passivity
based intermittent output standard RC ( ), MBFRC in the traditional setting
( ), and passivity based intermittent output MBFRC ( ). The passivity
based intermittent output MBFRC design converges to 0 error on and outside
the timestamps, and outperforms all other designs.
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Fig. 19. Schematic top view of the printbelt setup at Canon Production
Printing.

output framework over the regular framework with quan-
tized measurements.

VI. EXPERIMENTAL VALIDATION

In this section, the results on intermittent output repetitive
control are validated on an industrial printbelt setup at Canon
Production Printing.

A. Hardware Setup
The considered system is a printbelt setup that transports

paper sheets underneath an inkjet printing station, see Figure

Fig. 20. Bode diagram of identified FRF ( ) of the transfer from the
repetitive controller output uR to the quad error e1 in the intermittent output
setting and approximate parametric model P̂ ( ) used for MBFRC design.
Note that no information is available above 50 Hz due to the bandwidth of
the noise. The deviation of the magnitude response around 3.5 Hz is caused
by an input disturbance at this frequency, resulting in extra output power at
this frequency.

19. The printbelt consists of a voltage-driven motor, which is
connected to a drive roller through a drivetrain. The printbelt
is guided along three other rollers, namely 1) a measurement
roller, complemented by an encoder, to measure the velocity
of the belt, 2) a steering roller, which allows to correct for
lateral belt drift, and 3) a tension roller, which ensures the
belt is in tension along its complete circumference. Each
roller has a distinct diameter, such that the rotation time
(and frequency) of each roller is distinct. An optical encoder
is also attached to the motor axle. Additionally, the belt is
perforated approximately every 10 mm such that three optical
sensors, named quad-sensors, mounted above the belt function
as incremental encoders by providing the time interval between
two subsequent hole observations.

The system is operated in discrete time with a sampling
frequency of 500 Hz. The belt is controlled using a stabilizing
feedback controller C on the motor encoder output y2 and
reference r2, yielding a closed-loop bandwidth of 15 Hz such
that the belt travels with an approximately constant velocity of
1.1 m/s. The repetitive controller is applied to the quad sensors
with calibrated error e1, as these provide a direct measurement
of the true performance variable, namely the belt speed.

The optical belt encoder is calibrated by averaging the time
intervals between holes over 300 belt revolutions, and con-
verting this to a position reference r1. The effective sampling
rate of events at the belt encoder y1 for the constant velocity
reference of the feedback controller is approximately 110 Hz.
Therefore, band limited white noise with a bandwidth of 50 Hz
and a standard deviation of 10−4 m is added to the feedback
controller error e2 to perform an identification. The resulting
intermittent RC error e1 is interpolated linearly between event
times in order to obtain samples on an equidistant time grid,
from which the FRF measurement of Figure 20 is obtained.
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TABLE III
PARAMETERS FOR MBFRC DESIGN

Disturbance Frequency [Hz] Projection gain Learning rate

Drivetrain 3.4585 1 2.5· 10−4

Steering roller 4.8823 1 2.5· 10−4

Measurement roller 5.1536 1 2.5· 10−4

Tension roller 5.5249 1 2.5· 10−4

Drive roller 5.9245 1 2.5· 10−4

DC 0 0.435 1· 10−2

B. Repetitive Controller Design

Due to the low resolution of the belt encoders, the printbelt
setup fits in the intermittent output framework. The repetitive
controller takes the intermittent quad error e1 and adds an
additional term to the feedback controller error. The resulting
intermittent output inferential control setup with motor en-
coder plant y2 = P2u and belt encoder plant y1 = P1u fits in
the intermittent output RC setup of Figure 5 with

P = P1C (I + P2C)
−1 (76)

and an appropriately scaled exogenous signals r2 and v,
provided that the feedback controller C does not contain an
integrator.

A matched basis functions repetitive controller is designed
for the printbelt setup. The motivation for this type of con-
troller is two-fold:

1) The eccentricity, unroundness, and distinct roller diam-
eters of each roller, combined with the drivetrain, re-
sult in unrelated disturbance frequencies for which the
least common multiple would result in impractical buffer
lengths for standard RC design.

2) It outperforms standard RC designs for the intermittent
output setting in the simulation study of Section V.

Five basis functions are added at the first harmonics of
each disturbance source. The magnitude and phase shift of
each basis function is based directly on the FRF measurement.
The design is summarized in Table III. Figure 21 shows the
nominal design criterion as a Nyquist test, while Figure 22
shows that 1−TR(ejω) is DPR, thus satisfying the intermittent
output stability criterion. Observe that the system dynamics
above 50 Hz, which was not identified due to the nature of the
FRF measurement, is magnitudes below the dynamics relevant
for stability due to the low learning gains. Note that increasing
the learning rate would push the low frequent response of
−TR(ejω) into {z ∈ C|<(z) < −1} for low frequencies
(around the point −1), thus resulting in an inconclusive test.

C. Experimental Results

The experimental results are presented in Figure 23, Figure
24, and Figure 25. The following observations are made:
• The intermittent output repetitive controller is able to

reduce the peak error from ±370 µm to ±60 µm. 90
percent of the error before RC falls within ±300 µm,
while 90 percent of the converged error falls within ±40
µm.

Fig. 21. Nominal design criterion of Theorem 4 for the proposed MBFRC
design, using FRF data ( ) and a parametric model ( ). The Nyquist
curve of R(ejω)P (ejω) has N = 0 encirclements of −1, and P is
asymptotically stable, such that the nominal negative feedback interconnection
is asymptotically stable.

Fig. 22. Intermittent output design criterion of Theorem 4 for the proposed
MBFRC design, using FRF data ( ) and a parametric model ( ). The
Nyquist curve of −TR(ejω) is confined to the set {z ∈ C | <(z) ≥ −1},
and as TR(z) is stable, the design is thus guaranteed to be stable in the
intermittent output setting by Theorem 4. The inset shows the response around
the critical point z = −1, corresponding to frequency ω = 0.

• The amplitude of the error associated with the rollers
is halved, while the error associated with the drivetrain
is suppressed by a factor 10. Preliminary experiments
have indicated that the error associated with the drivetrain
can be reduced by a factor 30 if the learning rate is
increased. The discrepancy between the reduction factor
is hypothesized to be due to the difference in magnitude
of the errors.

• The error associated with the measurement roller (Figure
24, 5.15 Hz) is not suppressed at all. This is hypothesized
to be a result of a poor internal model frequency: like all
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other repetitive control approaches, the MBFRC structure
is sensitive to mismatched internal model frequencies.

Fig. 23. Converged error of the intermittent output MBFRC design at
timestamps ( ), as compared to the error without RC at timestamps ( ),
for five basis functions suppressing the first harmonics of each roller and
the drivetrain. The linear interpolation of the error is shown in ( ) in the
respective color.

3.46

4.88
5.15

5.52
5.92

Fig. 24. Amplitude spectrum of the converged error of the intermittent output
MBFRC design ( ), as compared to the amplitude spectrum without RC
( ). This spectrum is constructed from the interpolated error. The amplitude
of the targeted disturbance frequency f = 3.4585, related to the drivetrain,
is reduced by a factor 10.

VII. CONCLUSION

In this paper, a timestamped repetitive control framework
is introduced, based on the IMP, that uses intermittent, exact
measurement data. Novel stability conditions for LTI repetitive
controller designs applied in this intermittent output setting
are derived, based on small-gain stability and passivity. These
results directly enable design and implementation of repetitive
control in relevant applications with an intermittent output,
such as systems that employ optical encoders with a low
resolution, and networked systems with data dropouts or
stealth attacks. The superior performance of intermittent output
RC is validated through a realistic simulation study, after
which the design is validated on an industrial print belt setup
at Canon Production Printing.
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Chapter 3

Intermittent Input Iterative Learning
Control

Iterative Learning Control (ILC) is a method of achieving high performance for systems that repeatedly
perform the same task [1]. The main principle of ILC is to iteratively estimate an input signal that
compensates for the reproducible part of the error by counteracting a (fictitious) input disturbance (and
as such, it has a disturbance observer structure [18] [15]). This is achieved through learning from the
observed error signal in previous executions of the same task.

ILC has found considerable success in literature and applications, among which are standard frequency
domain ILC, norm optimal ILC, and gradient descent ILC. Extensions to the multirate setting, in which
the in and output have a distinct rate with a common integer multiple, are numerous. A high-rate
output and intersample behaviour have been explored [8] [19], including the case in which the output is
intermittently sampled [17]. On the other side, cost regularization has been employed to learn sparse
input signals [9], in order to address bandwidth constraints of a network or actuator drivers running at a
high frequency, resulting in intermittent input characteristics.

Although driver communication constraints are addressed in [9], it does not explicitly consider the
bandwidth of the communication channel as a maximum number of messages per second. Consequently,
the learned input signal might be sparse (in terms of input changes) for some time interval while violating
the bandwidth in another interval. This is typically the case for trajectories that excite higher order
system dynamics at a specific point in time, such as third or fourth order trajectories (see, for example,
Figure 13 and 14 in [9]). Additionally, it proposes no computationally tractable approach to solving the
learning update for a fixed sparsity other than convex optimization for the regularization parameter,
which scales badly with increasing trial lengths. The aim of this chapter is to develop a sparse ILC
framework that allows for imposing strict communication constraints in terms of messages (i.e. input
changes) per time interval, while simultaneously employing a computationally tractable algorithm to
solve this sparse optimization problem.

The main contribution of this chapter is an ILC approach that guarantees a fixed sparsity in the input
changes per time interval based on a newly developed computationally tractable variable selection method,
and a stability criterion for convergence in the 2-norm of the input for this ILC approach. This is achieved
through the following sub-contributions:

C1 The sparse ILC problem is formulated as a finite time optimization over the ILC inputs and
corresponding communication times, and subsequently converted to its convex relaxation in Section
3.2.

C2 An efficient solver is developed for the solution path of the general class of problems with the
structure of the convex relaxation, and this solver is validated on a small-scale simulation example
in Section 3.3.

C3 A computationally tractable intermittent input ILC algorithm that generates non-equidistant input
data with a fixed amount of input changes per time interval is developed in Section 3.4.

C4 A sufficient criterion for convergence of the input of the proposed ILC algorithm with any variable
selection method is developed in Section 3.5.

Due to time limitations and a shift of priorities towards intermittent output repetitive control within the
thesis, it was not possible to validate the proposed ILC algorithm. This chapter mainly serves as extensive
documentation of the preliminary work done in this direction for potential follow-up work due to interest
from CPP, and as documentation for the developed solver. As such, it is only a minor contribution.

Page 22 of 41



CHAPTER 3. INTERMITTENT INPUT ITERATIVE LEARNING CONTROL

Notation

The sets N and Z indicate the set of all positive integers, and the set of all integers, respectively. The sets
Rn×m and Cn×m denote the set of real and complex valued matrices with n rows and m columns. The

p-norm of a vector x = [x1, x2, . . . , xn]
T ∈ Rn is given by ‖x‖p := (

∑n
i=1 |xi|

p
)

1
p . σ̄(A) and σ(A) denote

respectively the minimum and maximum singular value of a matrix A ∈ Rn×m, while ρ(A) denotes the
spectral radius (maximum absolute eigenvalue) of a square matrix A ∈ Rn×n.

In the remainder of this chapter, tc ∈ R and t ∈ Z≥0 denote continuous and discrete time respectively.
All systems are assumed to be single-input single-output (SISO), and linear and time invariant (LTI).
Superscripts indicate frequency rates, while subscripts indicate the trial index.

Definition 3.1 (Monotonic convergence towards a fixed point). A sequence {yj}j∈Z≥0
, yj ∈ X converges

monotonically, in a given p-norm with convergence rate κ, to a unique fixed point y∞ ∈ X if there exists
a κ ∈ [0, 1) such that

‖yj+1 − y∞‖p ≤ κ ‖yj − y∞‖p ∀j ∈ Z≥0. (3.1)

Definition 3.2 (Closed p-norm ball [20]). For a space X and corresponding p-norm, the closed p-norm
ball with centre c ∈ X and radius d ∈ R≥0 is defined by

Bp(c, d)
.
= {x ∈ X| ‖x− c‖p ≤ d} (3.2)

Definition 3.3 (Monotonic convergence towards a closed p-norm ball [20]). A sequence {yj}j∈Z≥0
,

yj ∈ X converges monotonically, in a given p-norm, to the p-norm ball Bp(c, d), c ∈ X, d ∈ R≥0, if there
exists a κ ∈ [0, 1) such that

‖yj+1 − c‖p ≤ κ ‖yj − c‖p if yj /∈ Bp(c, d), (3.3)

yj+1 ∈ Bp(c, d) if yj ∈ Bp(c, d), (3.4)

are satisfied for all j ∈ Z≥0.

Lemma 3.1. Consider the matrices A � 0, A ∈ RNA×NA , B � 0, B ∈ RNA×NA . The maximum singular
value of (A+B)

−1
B is strictly smaller than 1 [13], i.e.

σ̄
(

(A+B)
−1
B
)
< 1. (3.5)

3.1 Problem Formulation

In this section, the intermittent input ILC framework is introduced. Firstly, the ILC setup is introduced.
Subsequently, several applications that fit in this framework are discussed. Lastly, the intermittent input
ILC problem is formulated.

3.1.1 Intermittent Input Iterative Learning Control Setup

Consider the ILC setup in Figure 3.1, in which

yj(tc) = Juj(tc), (3.6)

where J represents a causal, stable, linear and time-invariant continuous-time system, either open loop
or prestabilized with feedback. The index j ∈ Z≥0 represents the trial index. Each trial j has a finite

and constant length of N2 ∈ N output samples yf2j . This output is obtained from the ideal sampler Sf2

Sf2 : yj(tc)→ yf2j (t), yf2j (n) = yj(
1

f2
n), n ∈ t, (3.7)
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H J Syjujuf1j yf2j

yf2d
ef2j

τ f1j

ua,f1j f2f1

Figure 3.1: Intermittent input ILC setup

in which f2 is the sampling frequency of the output. The ideal zero-order-hold Hf1 with sampling rate f1

converts the digital control output of the actuator ua,f1j to the analog input of J according to

Hf1 : ua,f1j (t)→ uj(tc), uj(n
1

f1
+ ε) = ua,f1j (n), ε ∈

[
0,

1

f1

)
, n ∈ t. (3.8)

The memory block represents the memory of the actuator, holding the previous command until a new
one arrives. The actuator memory is driven by a communication channel. The timestamp τf1j ∈ {0, 1}
determines whether the digital ILC input uf1j is passed over the communication channel to the actuator
memory, i.e.

ua,f1j (n) =

{
uf1j (n) if τf1j (n)

ua,f1j (n− 1) otherwise.
(3.9)

Due to bandwidth constraints, τf1j is only allowed to be non-zero a certain amount of times in a finite time

interval. More specifically, consider that for every k ∈ Z>0 subsequent input samples uf1j , at maximum
s ≤ k samples can be communicated, such that

k(i+1)−1∑

n=ki

τf1j (n) ≤ s ∀i. (3.10)

The goal of ILC is to minimize the error between the trial-invariant desired output yf2d and the sampled

output yf2j , i.e. to minimize

ef2j = yf2d − y
f2
j . (3.11)

To achieve this, the available error and ILC input in trial j are used to construct the ILC control input
and communication times for trial j + 1, i.e. uf1j+1, τ

f1
j+1 = f(uf1j , e

f2
j ).

Remark 3.1. Note that the standard single-rate ILC setup [1] is recovered when τf1j (t) = 1 ∀t and
f1 = f2, i.e. when the actuator memory is updated each sample, and the sampling times of the input and
output are equivalent.

3.1.2 Applications

The following applications directly fit into the intermittent input ILC setup of Figure 3.1:

� Systems that employ actuators through a communication channel with a limited bandwidth.
� Networked systems or systems with shared resources, in which a sparse input signal is beneficial for

a cheap implementation.

To illustrate that a communication with limited bandwidth fits into the setup of Figure 3.1, consider that
τf1j is determined by the same source as the digital control setup. In this setting, the ILC problem is

extended to finding a set of inputs and the corresponding times τf1j to apply these inputs, constrained in
sparsity by the bandwidth of the communication channel.

These applications are numerous in industry. Consider, for example, the situation for the transport
direction of the printbelt at Canon Production Printing. In this setup, a main software thread executing
at 500 Hz communicates with a stepper that has a driver executing at 1 MHz. The communication
channel allows for sending 13 timestamped actuation messages for every sample of the main software
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thread. This application fits into the setup of Figure 3.1 by setting f1 = 1 MHz, and constraining τf1j such
that every k = 2000 timesteps (1 sample at 500 Hz), s = 13 messages can be send over the communication
channel.

3.1.3 Problem Formulation

The aim of this chapter is to develop a computationally tractable ILC procedure that simultaneously
determines the ILC input uf1 and communication times τf1j to iteratively improve ef2j , and guarantees
convergence of the input. This includes

� a finite time formulation, describing the ILC setup over the finite trail length, and formulation of
the corresponding optimization problem (Section 3.2),

� an ILC approach with a computationally tractable variable selection method, based on sparsity
inducing 1-norm regularization in statistics (Section 3.4), and

� a worst-case convergence analysis, in which monotonic convergence of the first difference of the input
is guaranteed through contraction mapping arguments for arbitrarily selected and trial-varying
communication times (Section 3.5).

3.2 Finite Time Optimization

In this section, the ILC framework of Figure 3.1 is converted to a finite time formulation by lifting the
discrete time signal over the ILC trial length. Subsequently, the finite-time optimization problem is
posed.

3.2.1 Assumptions

The following assumptions are imposed

Assumption 3.1. The sampling frequencies f1 and f2 have a finite common multiple denoted by f3, i.e.
f3 = Mf1, f3 = Nf2, M ∈ N, N ∈ N. As such, there exists a shared frequency grid on which the samples
of both rates fall. Note that the case in which the input frequency is a multiple of the output frequency,
i.e. f1 = Mf2, M ∈ N, is a simplified version of the previous assumption. Additionally it is assumed,
for easy of notation, that the finite time interval fits an integer amount of input sample times 1

f1
, an

integer amount of output sample times 1
f2

, and K ∈ N input groups with length k on which the bandwidth
constraint is defined. Consequently, the output vector on the common frequency grid has length N3 = NN2,
while the input vector on the frequency grid corresponding to f1 has length N1 = N3M

−1 = M−1NN2.

Assumption 3.2. Without loss of generality, it is assumed that the state of J is reset to 0 after each
trial. If the state is reset to some trial-invariant non-zero initial state x0, the transient resulting from this
initial state can be treated as another trial invariant disturbance.

3.2.2 Finite Time Description

Consider the system Jf3,f3 = Sf3JHf3 sampled at the common frequency f3 with impulse response
(Markov) parameters mf3

k over the interval k ∈ [0, N3 − 1]. As the state is reset to 0 after each trial by
Assumption 3.2, the input-output behaviour in this finite time window, both sampled at f3, is represented
by the convolution matrix Jf3,f3 , mapping the vector of inputs uf3j ∈ RN3 onto the vector of outputs

yf3
j
∈ RN3 according to

yf3
j

= Jf3,f3uf3j , Jf3,f3 =



mf3

0 0
...

. . .

mf3
N3−1 . . . mf3

0


 ∈ RN3×N3 , (3.12)
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in which mf3
k , k ∈ {0, . . . , N3 − 1} are the Markov parameters of Jf3,f3 . Subsequently define the finite

time description of the ideal zero-order hold upsampling from f1 to f3 as

Hf3,f1 =




1M 0
1M

. . .

0 1M


 = IN1

⊗ 1M ∈ RN3×N1 , 1M =
[
1 . . . 1

]T ∈ RM , (3.13)

where ⊗ represents the Kronecker product. Analogously, the finite time description of the ideal sampler,
downsampling output samples defined on f3 to f2 is given by

Sf2,f3 =




ε1 0
ε1

. . .

0 ε1


 = IN2

⊗ ε1 ∈ RN2×N3 , ε1 =
[
1 0 . . . 0

]
∈ R1×N . (3.14)

The finite time description from the digital actuator input ua,f1j to the output yf2
j

is then given by

Jf2,f1 = Sf2,f3Jf3,f3Hf3,f1 ∈ RN2×N1 . (3.15)

To model the communication channel bandwidth constraint, a sparsity constraint is imposed on the
number of input changes within an interval. Consider that the input can be split up into segments of
length k, thus resulting in K = N1k

−1 ∈ N input segments (which is integer due to Assumption 3.1),
and that for each of these segments, s messages (containing a command for changing the input) can be

communicated to the driver. Consequently, uf1j is constrained according to

∥∥∥SiDuf1j
∥∥∥

0
< s ∀i ∈ [1,K] , Si = εi ⊗ Ik, D =




1 0
−1 1

−1 1
. . .

. . .

0 −1 1



∈ RN1×N1 (3.16)

in which εi ∈ R1×K is the unit vector with non-zero entry 1 in position i, and D can be recognized
as the finite time convolution matrix of a differentiator with 0 initial condition. Note that Si simply

selects k subsequent input samples from Duf1j , i.e. selects the inputs in the ith input group. Under these

conditions, the intended input can be fully communicated to the actuator such that uf1j = ua,f1j such that
the full finite time description of the intermittent input ILC with communication constraints is given by

ef2j = yf2
d
− Jf2,f1uf1j , (3.17a)

uf1j+1 = f(uf1j , e
f2
j ), (3.17b)

∥∥∥SiDuf1j+1

∥∥∥
0
< s, i ∈ [1,K] . (3.17c)

3.2.3 Optimization Criterion

To generate sparse input signals that are guaranteed to adhere to the communication constraints imposed
by the communication channel, sparse optimization is employed. Therefore, the standard norm-optimal
ILC framework is used in which the next input follows from an optimization procedure. The objective for
the ILC update in the intermittent input setting is formulated an optimization over the inputs in the
next trial uf1j+1 with cost function

J
(
uf1j+1

)
=
∥∥∥W ee

f2
j

∥∥∥
2

2
+
∥∥∥Wuu

f1
j+1

∥∥∥
2

2
+
∥∥∥W∆u

(
uf1j − uf1j+1

)∥∥∥
2

2
, (3.18)
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in which W e, Wu and W∆u are weighting matrices to penalize respectively the predicted error, input
vector and trial domain change of the input vector with appropriate dimensions. The error in the next
trial can be predicted according to

ef2j = yf2
d
− Jf2,f1uf1j (3.19)

ef2j+1 = yf2
d
− Jf2,f1uf1j+1, (3.20)

in which the desired output yf2
d

is trial invariant, such that the error in the next trial is predicted according
to

ef2j+1 = ef2j + Jf2,f1
(
uf1j − uf1j+1

)
. (3.21)

Substituting this error prediction in the cost function of Equation (3.18), and subsequently rearranging
and complementing the objective function with the communication constraints, results in a constrained
optimization problem to determine the ILC input in the next trial according to

uf1j+1 = arg min
uf1

∥∥∥∥∥∥∥



W e

(
ef2j + Jf2,f1uf1j

)

0

W∆uu
f1
j


−



W eJ

f2,f1

−Wu

W∆u


uf1

∥∥∥∥∥∥∥

2

2

(3.22a)

subject to
∥∥SiDuf1

∥∥
0
≤ s, i ∈ [1,K] , (3.22b)

in which the constraint is used to enforce a sparsity in the derivative of the input signal, i.e. in the
number of times a new input has to be communicated to the actuator.

3.2.4 Convex Relaxation of the Optimization

The optimization problem of Equation (3.22) is a problem of best subset selection in the derivative of the
input: given N1 regression coefficients uf1 , determine the subset of these coefficients that minimize the
cost function, consisting of N2 + 2N1 entries that is regressed on, while simultaneously satisfying the
imposed sparsity 0-norm constraint. Although best subset selection is proven to generate optimal solutions
[21], it is known to be combinatorial [22]. More specifically, solving a problem of size N1 = O(102),
N2 + 2N1 = O(103) to optimality takes an order of minutes with the most advanced Mixed Integer
Optimization solvers. Typical ILC trial lengths consists of at least N1 = O(103), rendering best subset
selection infeasible due to rapidly increasing computation times.

Consider now the Lagrange dual optimization problem to the primal problem of Equation (3.22). Given
that each extra input contributes to lowering the cost, each inequality is satisfied with equality, i.e. the
maximum imposed sparsity is reached. Then there exists λi > 0 such that the solution to the dual
problem

uf1j+1 = arg min
uf1

∥∥∥∥∥∥∥



W e

(
ef2j + Jf2,f1uf1j

)

0

W∆uu
f1
j


−



W eJ

f2,f1

−Wu

W∆u


uf1

∥∥∥∥∥∥∥

2

2

+λ1

∥∥S1Du
f1
∥∥

0
+ . . .+ λK

∥∥SKDuf1
∥∥

0

(3.23)

is equivalent to the solution of the primal problem [9]. Subsequently, the non-convex problem is relaxed
to its sparsity inducing convex counterpart by replacing the 0-norm regularization penalty to a 1-norm,
resulting in a multidimensional generalized LASSO problem [23]. Intuitively, 1-norm regularization
can be understood to produce sparse solutions by seeing that the contour of the 1-norm constraints
are rhombuses (2D), such that the minimum contour of the costs can intersect this constraint contour
at one of its vertices, producing a sparse solution. As 2-norm constraints/penalties do not have any
corners, zero solutions will rarely occur: while 2-norm constraints generally shrink the complete vector,
the 1-norm constraint shrinks linearly and truncates individual components at 0. For a more detailed and
mathematical derivation, the reader is referred to [24] [22].
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Next, a change of variables is made, converting the decision variables from the regular input uf1 to
changes in this input δuf1 = Duf1 , and thus uf1 = D−1δuf1 = Cδuf1 , where

D−1 = C =




1 0
1 1
...

. . .

1 1 . . . 1


 , (3.24)

which can be recognized as the convolution matrix of an integrator. Consequently, the relaxation of the
optimization problem of Equation (3.23) is reformulated as

δuf1j+1 = arg min
δuf1

∥∥∥∥∥∥∥



W e

(
ef2j + Jf2,f1Cδuf1j

)

0

W∆uCδu
f1
j


−



W eJ

f2,f1

−Wu

W∆u


Cδuf1

∥∥∥∥∥∥∥

2

2

+λ1

∥∥∥S1δu
f1
∥∥∥

1
+ . . .+ λi

∥∥∥Siδuf1
∥∥∥

1
+ . . . λK

∥∥∥SKδuf1
∥∥∥

1
.

(3.25)

At this point, the optimization problem of Equation (3.22) has been reduced to a multidimensional
LASSO problem [24]. Note that these steps are equivalent to [23], in which the generalized LASSO
problem is reduced to a standard LASSO problem for a square and invertible weighting matrix D (D in
the notation of this chapter). More specifically, picking D = D results a pure fusion LASSO that only
seeks a sparse representation in the derivatives of the coefficients, as opposed to a full fused LASSO,
which seeks a sparse representation in both the derivatives and the original coefficients. A pure fusion
LASSO can easily be transformed into a regular LASSO by a change of basis [22], which is done by
reformulating the optimization in terms of input changes δuf1 .

Lastly note that due to the convex relaxation of the constraint contribution, the original sparsity constraint
s cannot trivially be related to λi. Therefore, it is impossible to determine λi a priori such that the
required sparsity s in the derivatives of the input is obtained. To this extent, solving Equation (3.25) for
a fixed sparsity s requires solving for a set of regularization penalties {λi|i ∈ [1,K]} to find the values
corresponding to the required sparsity. This is a drawback of introducing the convex relaxation of the
sparse constraint. Another drawback is that this relaxation is only an approximation, as is also illustrated
by best subset selection outperforming the LASSO and other sparse learning procedures [21]. More
specifically, the optimal solution to Equation (3.25) is a good approximation to the true minimum of
Equation (3.22), but does generally not coincide with the true minimum, and thus does not offer any
guarantees on optimality.

3.3 The Solution Path of the One-dimensional and Multidimen-
sional LASSO

In this section, an efficient solver for the solution path of the multidimensional LASSO problem of the
convex relaxation of the sparse ILC problem (3.25) is presented. First, least angle regression (LARS) [25]
is discussed, which is an efficient solver for the one-dimensional LASSO problem. Secondly, the differences
between the one-dimensional LASSO and multidimensional LASSO are discussed. Lastly, based on these
differences, an efficient solver for the multidimensional LASSO is presented and validated on a small-scale
simulation example.

3.3.1 The One-dimensional LASSO and Least Angle Regression

Consider first the one-dimensional LASSO problem in standard linear regression form given by

arg min
β
‖y −Xβ‖22 + λ ‖β‖1 , (3.26)

or equivalently
arg min

β
‖y −Xβ‖22

s.t. ‖β‖1 < sλ,
(3.27)
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in which β ∈ RNβ is a vector of regression coefficients, y ∈ RNy the response and X ∈ RNy×Nβ the matrix
of a set of covariate vectors. Note that, for a give regularizer weight λ, this is a quadratic program (QP):
given slack variables that bound the magnitude of |β(q)| , q ∈ [1, Nβ ], (i.e. a total of Nβ slack variables),
the optimization can be written as a quadratic costs with linear inequality constraints, in which the
constraints that bound the magnitude of β are linear in the slack variables.

Consider solving the constrained one-dimensional LASSO problem (3.27) for constraint bounds sλ ∈
[0, smax], in which smax corresponds to the constraint regularizer for which the ordinary least squares
(OLS) solution is recovered. Note that this is equivalent to solving for a range of regularizer weights λ.
Figure 3.2 shows the solution path of the one-dimensional LASSO, i.e. solution β as function of constraint
bound sλ, for a small-scale simulation example with Nβ = 6, Ny = 6. Observe that the solution path of
the one-dimensional LASSO is piecewise linear in sλ, and is thus fully characterized by the coefficients
β at the vertices of this solution path. This is proven based on KKT conditions of the unconstrained
formulation in [25] [26].

The solution path of the one-dimensional LASSO can be constructed iteratively by a set of rules on the
correlation c ∈ RNβ of the residual vector r = y −Xβ ∈ RNy corresponding to coefficients β, provided
that the initial solution is on the solution path of the one-dimensional LASSO [25]. The correlation c is
given by

c = XT (y −Xβ) , (3.28)

and the corresponding maximum absolute correlation of all coefficients

ĉ = max
q
|c(q)| . (3.29)

Property 3.1 (Correlation of one-dimensional LASSO). The correlation c and coefficients β of the
one-dimensional LASSO are characterized by the following properties:

P1 All non-zero (active) coefficients β(q) have the same absolute correlation, and this correlation is
equal to the maximum absolute correlation ĉ over all coefficients, i.e. c(q) = ĉ.

P2 All zero (inactive) coefficients have a correlation that is smaller or equal to (in absolute sense) than
the maximum absolute correlation ĉ.

P3 The correlation of each active coefficient q ∈ A has the same sign as the non-zero coefficient, i.e.
sign(c(q)) = sign(β(q)) for coefficients β(q) with non-zero magnitude.

LARS exploits these properties by incrementing the solution β with a vector such that the projection of
the residual r on all covariate vectors corresponding to the active coefficients is equal, i.e. with a vector
that is equiangular to all active covariate vectors of X, such that the correlations of the active coefficients
decrease by the same magnitude (towards 0) and thus stay equal when incrementing the solution with
this vector. Given this vector, it checks for violation of properties P2 and P3 to calculate a maximum
viable step size. More specifically, the full LARS algorithm is given by (adapted from [26]):

1. Set the solution at LARS iteration 0 β[0] = 0, residuals r[0] = y − Xβ = y, correlations c[0] =
XT r[0] = XT (y −Xβ) = XT y and LARS iteration number ` = 1. Set the active set A to the
empty set, i.e. A[0] = ∅, and the inactive set Ac to include the index of all coefficients, i.e.

A[0]
c = {1, 2, . . . , Nβ}. Note that this solution is on the solution path of the one-dimensional LASSO.

2. Compute the index of the coefficient with the maximum absolute correlation according to

q = arg max
o

∣∣∣c[0](o)
∣∣∣ (3.30)

and add this coefficient to the active set while simultaneously removing it from the inactive set, i.e.

A[1] = A[0] + {q}
A[1]
c = A[0]

c − {q}.
(3.31)

The solution vector, residual, correlations remain unchanged, i.e. β[1] = β[0], r[1] = r[0], and
c[1] = c[0].
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3. For the current active set A[`], compute the equiangular direction γ ∈ RNβ defined by γA[`]
c

= 0 and

γA[`] =
(
XT
A[`]XA[`]

)−1
XT
A[`]r

[`], (3.32)

in which i.e. XA[`] indicates the columns of X corresponding to the coefficients in the active set A[`].
Consequently, γ = 0 for the inactive coefficients, and equal to the OLS direction of the active subset
for the active coefficients. The result is that the increment solution β[`] + αγ for some α, decreases
the correlation of the active coefficients by the same magnitude, while the inactive coefficients βA[`]

c

remain 0.
4. For each coefficient β(q), q ∈ {1, 2, . . . Nβ}, compute the step size α(q) in direction γ before property

P2 or P3 of the correlation is violated.
� For each inactive coefficient q ∈ A[`]

c , compute the step size α(q) such that the correlation
c[`](q) of this inactive coefficient becomes equal to the correlation of the active set, such that
this inactive coefficient has to be active in order to not violate property P2. This step size
α(q) satisfies ∣∣∣XT

q

(
r[`] − α(q)Xγ

)∣∣∣ =
∣∣∣XT

q′

(
r[`] − α(q)Xγ

)∣∣∣ , (3.33)

in which q′ is the index of an arbitrary active coefficient (as active coefficients all have the
same correlation). Note that the left side reads as the absolute correlation of the current
inactive coefficient after incrementing β[`] by α(q)γ, while the right side reads as the absolute
correlation of the active coefficients β(q′) after this step. An α(q) that satisfies Equation (3.33)
is thus the maximum step size such that property P2 is not violated, i.e. the step size for
which the correlation c[`](q) of this inactive coefficient β(q) becomes equal to the correlation of
the active coefficients ĉ[`].

� For each active coefficient q ∈ A[`], compute the maximum step size α(q) for which the sign of
this coefficient sign(β[`](q)) is not opposite (i.e. can be 0) of the sign of the correlation c[`](i)
of this coefficient. This step size satisfies

α(q) =
−β[`](q)

γ(q)
, (3.34)

as γ(q) has the same sign as the correlation.
5. Compute the minimum step size α over all step sizes α(q) such that property P2 and P3 are not

violated for any coefficient, subject to 0 < α ≤ 1. That is, if α(q) ≤ 0 ∀q, or if minq:α(q)>0 α(q) > 1,
set α = 1 and q∗ as empty. Otherwise, set

α = min
q:α(i)>0

α(q). (3.35)

and q∗ as the index of the coefficient corresponding to α. The lower bound on alpha, i.e α > 0, is
included as a negative step size increases the correlations and residuals. Additionally, the upper
bound α ≤ 1 is included, as for α = 1, the full OLS solution is obtained.

6. Set the solution vector β[`+1] = β[`] +αγ, residual r[`+1] = y−Xβ[`+1], correlation c[`+1] = XT r[`+1].
Change the sets according to

A[`+1] = A[`] + {q∗}, A[`+1]
c = A[`]

c − {q∗} if q∗ ∈ A[`]
c

A[`+1] = A[`] − {q∗}, A[`+1]
c = A[`]

c + {q∗} if q∗ ∈ A[`]
(3.36)

7. Update the LARS iteration number ` = `+ 1 and go back to step 3 until α = 1, for which the least
squares solution is recovered.

The solution path of LARS and its linear interpolation is compared with the gridded solution path in
Figure 3.2. The gridded solutions coincide with the linear interpolation of the LARS solutions, and the
correlations of the solution path adhere to the three properties indicated above.

LARS is able to construct the solution path of the one-dimensional LASSO with infinite precision, avoiding
approximations introduced by the finite stepsize of a grid and allowing for the construction of the solution
corresponding to any sλ. Moreover, the solution path is constructed through a series of least squares fits
of order less than or equal to Nβ and simple algebraic operations as opposed to a quadratic program in
3Nβ variables.
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(a) Coefficients of solution β as a function of constraint
bound sλ = ‖β‖1. The solution path of the coefficients
is piecewise linear in sλ, and the LARS solutions are at
the vertices of this solution path. At each step of the

LARS solution path, a single coefficient is introduced to
or removed from the active set, e.g. ( ) at sλ = 0, or

( ) at sλ = 1.59.

(b) Correlations c of each coefficient in β as a function
of constraint bound sλ. A coefficient is only active, i.e.

has nonzero value, when its correlation equals the
maximum correlation ĉ ( ). When the sign of the

correlation does not match the sign of the coefficient,
the coefficient is removed from the active set until the
correlation equals ĉ again, e.g. ( ) between sλ = 2.92

and sλ = 4.9.

Figure 3.2: Solution path of the one-dimensional LASSO for a simulation example with Nβ = 6. Each
color corresponds to a coefficient. The coefficient vectors obtained by the LARS procedure are indicated
by ( ). The gridded solution path obtained by solving a series of quadratic programs ( ) coincides with
the linear interpolation ( ) between the vertices obtained by LARS. The LARS solution path starts at 0

and ends at the least square solution ( ), at which all coefficients are active.

3.3.2 The Multidimensional LASSO and Least Angle Regression

Consider now a modified LASSO problem in standard regression form analogous to Equation (3.26), as
given by

arg min
β
‖y −Xβ‖22 + λ1 ‖S1β‖1 + . . .+ λi ‖Sqβ‖1 + . . .+ λK ‖SKβ‖1 (3.37)

in which Si ∈ Rk×Nβ , i ∈ [1,K] selects k subsequent coefficients from β, furthermore referred to as group
β(i), and λi is a regularizer weight corresponds to each group β(i). This is a standard least squares
problem with K 1-norm regularizers, resulting in K coupled LASSO problems in the dimensions of the
regularizer weights λi, and is thus furthermore referred to as a multidimensional LASSO. Note that for
a given set of regularizer weights Λ = {λ1, . . . , λK}, this is a quadratic program. However, due to the
convex relaxation of Section 3.2.4, it is required to solve for multiple sets Λ (or corresponding constraint
bounds) such that the solution with appropriate sparsity can be selected.

Analogously to the one-dimensional LASSO, the solution path of the multidimensional LASSO is
observed to be piecewise linear in each regularizer weight λi, or corresponding constraint bound sλi :
as the regularizers are additive, the gradient with respect to each regularizer weight are independent.
Consequently, the solution path of the multidimensional LASSO consists of polyhedra in a K-dimensional
space as a generalization of a piecewise linear solution path for the one-dimensional LASSO. The polyhedra
are connected at each vertex. Consequently, the solutions at the vertices characterize the full solution
path of the multidimensional LASSO.

Figure 3.3 shows a small-scale simulation example with Nβ = 6, Ny = 6 with k = 3 coefficients per group,
and thus K = 2 groups. The gridded solution path of the coefficients β(1) and β(4) are shown as a
function of constraint bounds sλ1 and sλ2 . Observe that the gridded solution path is piecewise linear in
each constraint bound, and the edges sλ1

and sλ2
correspond to one-dimensional LASSO solutions for a
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reduced set of coefficients.

The vertices of the solution path of the multidimensional LASSO can be constructed by a set of rules
on the correlation c ∈ RNβ . Let ·(i) denote the subset of variables · in group i. Note that ·[`] is used to
denote the LARS iteration index. Define the indices q of coefficients in group i by Q(i), such that the
complete set of indices is given by

⋃
iQ(i). Define the maximum absolute correlation in group i as ĉ(i),

given by
ĉ(i) = max

q∈Q(i)
|c(q)| . (3.38)

Property 3.2 (Correlation of multidimensional LASSO). The correlation c and coefficients β of the
multidimensional LASSO are characterized by the following properties:

P1 All non-zero coefficients β(i) within group i have the same absolute correlation, and this correlation
is equal to the maximum absolute correlation ĉ(i). This must hold for each group i ∈ [1,K].

P2 All zero coefficients within group i have a correlation that is smaller or equal to (in absolute sense)
than the maximum absolute correlation ĉ(i) of this group. This must hold for each group i ∈ [1,K].

P3 The correlation of each non-zero coefficient has the same sign as the non-zero coefficient, i.e.
sign(c(k)) = sign(β(q)) for coefficients β(q) with non-zero magnitude.

Remark 3.2. Note that above properties do not make any statements about the relation of the correlation
of coefficients in different groups. As a consequence, it is possible that 1) the maximum absolute correlation
ĉ(i) is different between groups, and 2) the correlation of an inactive coefficient of one group can be greater
(in absolute sense) than the correlation of an active coefficient of another group. Consider the situation

K = 2, N = 6 and thus k = 3, Q(1) = {1, 2, 3}, Q(2) = {4, 5, 6}. The vectors β = [1, 0, 0,−2, 0, 0]
T

and
c = [5,−2, 3,−8,−4, 6] thus satisfy properties P1 to P3 of 3.2 for the multidimensional LASSO with
ĉ(1) = 5, ĉ(2) = 8, while they do not satisfy P1 to P3 of 3.1 for the one-dimensional LASSO.

Although the properties of the multidimensional LASSO are similar to the properties of the one-dimensional
LASSO, the interaction between the groups introduces differences for a multidimensional LARS procedure
with respect to its one-dimensional counterpart. The main difference is that the equiangular vector
is replaced by a subspace Γ ⊆ RNβ of equiangular directions γ ∈ Γ for which the magnitude of the
correlation of active coefficients decreases equally. Additionally, depending on the chosen vector γ ∈ Γ,
the solution path either arrives at an edge of the polyhedron, or at a vertex of the polyhedron (i.e. the
intersection of multiple edges).

To address these differences, the proposed multidimensional LARS (MLARS) procedure builds a graph of
nodes describing the vertices of the polyhedra and their connections. It successively constructs polyhedra
from a basis of equiangular vectors Γ, for which the vertices are defined by inequality constraints based
on P2 and P3. More specifically, the full MLARS algorithm is given by:

1. Set the frontier F and explored set E as the empty set.
2. Find a coefficient vector β[0] that is on the solution path of the multidimensional LASSO. This

coefficient vector can be found by solving the multidimensional LASSO for a given set of constraint
bounds {sλi}, or simply set to β[0] = 0. Calculate the corresponding residuals r[0] = XTβ[0] and
correlations c[0] = XT r[0]. Set the node ID as ` = 0 and append this node (i.e. solution vector,
residuals, correlations and ID) to the frontier.

3. Select any node from the frontier.
4. For the current node ID ` (dropped for easy of notation), define the active set of coefficients A(i) in

group i as the set of coefficients with absolute correlation equal to ĉ(i), i.e. according to

A(i) =
{
q
∣∣∣q ∈ Q(i) ∧ |(q)| = ĉ(i)

}
, i ∈ [1,K] . (3.39)

Similarly, define the inactive set of coefficients A(i)
c in group i as the set of coefficients with absolute

correlation smaller than ĉ(i), i.e. according to

A(i)
c =

{
q
∣∣∣q ∈ Q(i) ∧ |c(q)| < ĉ(i)

}
, i ∈ [1,K] . (3.40)
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Define the full active set as A =
⋃
iA(i) and full inactive set as Ac =

⋃
iA

(i)
c .

5. Find the subspace Γ ⊆ RNβ of vectors γ ∈ Γ such that β + γ reduces the correlation of the active
coefficients by the same magnitude (towards 0). The correlation c+ of β + γ, i.e. the correlation of
the current solution β incremented by γ, is given by

c+ = XT (y −X (β + γ)) = XT (y −Xβ −Xγ) = XT (r −Xγ). (3.41)

Consequently, it is required that, for every group i, the absolute correlation c
(i)
+ of the current active

set A(i) stays equal, i.e.

|c+(q1)| =
∣∣X(q1)T (r −Xγ)

∣∣ =
∣∣X(q2)T (r −Xγ)

∣∣ = |c+(q2)| , ∀q1, q2 ∈ A(i), ∀i (3.42)

in which X(q1) indicates the covariate vector corresponding to the coefficient with index q1. As
the correlation of a coefficient does not change along a LARS step (otherwise P2 or P3 would be
violated, requiring the active set to change), this is equivalent to requiring that

±X(q1)T (r −Xγ) = ±X(q2)T (r −Xγ), ∀q1, q2 ∈ A(i), ∀i, (3.43)

in which the signs of X(q1) and X(q2) are equal to the sign of the current correlation for q1 and q2.
This is rewritten to a linear constraint in γ according to

(±X(q1)±X(q2))TXγ = ±X(q1)T r ±X(q2)T r = |c(q1)| − |c(q2)| = 0, ∀q1, q2 ∈ A(i), ∀i, (3.44)

in which the last equality holds as the current correlations are equal in absolute value.
Additionally, it is required that γ is zero for all inactive coefficients, as a non-zero γ would result in
a non-zero coefficient with smaller absolute correlation, thus violating P1. Thus, it is required that
γ(q) = 0, q ∈ Ac.
The subspace of equiangular vectors is thus given by

Γ =
{
γ
∣∣∣(±X(q1)±X(q2))TXγ = 0,∀q1, q2 ∈ A(i), ∀i ∧ γ(q) = 0,∀q ∈ Ac

}
. (3.45)

Note that these constraints are linear in γ. A vector basis Γb = [γ1, γ2, . . .] ∈ RNβ×dim(Γ) for this
space equals the nullspace of the matrix representation of these constraints, and can be found
through a singular value decomposition of this matrix.

6. Parametrize all equiangular vectors in terms of the linear combination of the vectors in the basis,
i.e. θ1γ1 + θ2γ2 + . . . = ΓbΘ, Θ = [θ1, θ2, . . .]

T ∈ Rdim(Γ). A linear combination ΓbΘ is a point on
the solution path of the multidimensional LASSO if β + ΓbΘ adheres to P2 and P3:
P2 The absolute correlation |c+| of the inactive coefficients in group i for the new coefficients

β + ΓbΘ is less than or equal to the correlation of the active coefficients in group i, i.e.

|c+(q1)| =
∣∣X(q1)T (r −XΓbΘ)

∣∣ ≤
∣∣X(q2)T (r −XΓbΘ)

∣∣ = |c+(q2)| = ĉ
(i)
+

∀q1 ∈ A(i)
c , q2 ∈ A(i), ∀i,

(3.46)

which is reduced to the linear inequality by using that the sign of the correlation of an active
coefficient does not change during a step, resulting in





[
(−X(q1) +X(q2))TXΓb

(X(q1) +X(q2))TXΓb

]
Θ ≤

[
(−X(q1) +X(q2))T r

(X(q1) +X(q2))T r

]
if c(q2) ≥ 0

[
(−X(q1)−X(q2))TXΓb

(X(q1)−X(q2))TXΓb

]
Θ ≤

[
(−X(q1)−X(q2))T r

(X(q1)−X(q2))T r

]
if c(q2) < 0

∀q1 ∈ A(i)
c , q2 ∈ A(i) ∀i.

(3.47)

P3 The correlation c+ for the new coefficients β+ = β + ΓbΘ should have a non-opposing sign
with respect to the new coefficients β+, i.e.

β+ ◦ c+ = (β + ΓbΘ) ◦ (XT (r −XΓbΘ)) ≥ 0, (3.48)
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in which ◦ represents the Hadamard product. Note that this a quadratic constraint in Θ.
However, due to properties of the equiangular subspace, this constraint can be reduced to a
linear constraint in most cases. Consider first the inactive coefficients. Due to the equiangular
property, ΓbΘ = 0 for the inactive set, and thus β+(q) = 0, ∀q ∈ Ac. Thus, for the inactive
set, this constraint is trivially satisfied, and the inactive coefficients can be excluded. Consider
now the active coefficients. As a coefficient/correlation cannot cross 0 without the active
set changing, both the sign as well as the correlation of the active coefficients should be
non-opposing over a LARS step, i.e.

(β ◦ β+)(q) = (β ◦ (β + ΓbΘ))(q) ≥ 0 ∀q ∈ A
(c ◦ c+)(q) = (c ◦XT (r −XΓbΘ))(q) ≥ 0 ∀q ∈ A,

(3.49)

stating that if the current coefficient/correlation is non-negative, it should stay non-negative,
such that it is a necessary condition for Equation (3.48). If β(q) = 0, it cannot be used to
determine the sign of β+(q), thus the sign of β+(q) is based on the current correlation c(q)
instead, according to

{
β+(q) = (β + ΓbΘ)(q) ≥ 0 if c(q) > 0

β+(q) = (β + ΓbΘ)(q) ≥ 0 if c(q) < 0
∀q ∈ A. (3.50)

Similarly, if c(q) = 0, the sign of c+(q) is based on the current coefficient β(q) instead, according
to {

c+(q) = (XT (r −XΓbΘ))(q) ≥ 0 if β(q) > 0

c+(q) = (XT (r −XΓbΘ))(q) ≥ 0 if β(q) < 0
∀q ∈ A. (3.51)

If both the c(q) = 0 and β(q) = 0, there is no way to constrain the sign of the correlation and
coefficients after a step without a quadratic constraint. If this happens, the algorithm takes a
one-dimensional LARS step for the OLS direction of the active set instead.

Note that conditions (3.47), (3.49), (3.50), and (3.51) are linear in Θ. Consequently, the set
of Θ for which β + ΓbΘ is on the solution path of the multidimensional LASSO is given by a
polyhedron, i.e. the intersection of half-spaces defined by these conditions. The Nv vertices
Θv = [Θv,1,Θv,2, . . .] ∈ Rdim(Γ)×Nv of this polyhedron coincide with the vertices of the solution
path of the multidimensional LASSO. MPT3 is used to solve for the vertices of this polyhedron,
given the matrix representation of above conditions.

7. Set the local node ID ρ = `+ 1. Loop over the vertices Θv of the polyhedron, create a new node
with solution vector β[ρ] = β[`] + ΓbΘv,i, corresponding residuals r[ρ] = XTβ[ρ], and correlations
c[ρ] = XT r[ρ]. Update connectivity of the nodes with ID ` and ρ. Append the node with ID ρ to
the frontier F if it is not yet in the frontier or explored set, and increment local node ID ρ = ρ+ 1.

8. Remove the current node with ID ` from the frontier F , add it to the explored set E , and return to
step 2 until the frontier is empty.

Figure 3.3 shows the solution path obtained by MLARS for the same simulation study as the gridded
solution path. The solution path obtained by MLARS is given by the set of polyhedra defined by the
obtained vertices and their connectivity, and is thus linear in each sλi by definition. The gridded solution
path coincides with the polyhedra of MLARS, thereby validating the approach in simulation.

3.4 Intermittent Input ILC with the Multidimensional LASSO

In this section, the full ILC algorithm with variable selection is detailed. It combines all developments of
previous sections to arrive at a computationally tractable ILC algorithm with variable selection by the
multidimensional LASSO. The proposed algorithm produces input signals that have a predefined sparsity
in the input difference δuf1 per time interval such that it satisfies the communication constraint imposed
by the actuator. The full algorithm is given by:

1. Initialization: Set ILC trial index j = 0. Set δuf10 = 0 and reconstructed plant input uf10 =

Cδuf10 = 0. Apply this input to plant J , measure output yf2
0

and reconstruct ef20 = yf2
d
− yf2

0
.
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(a) Solution path of coefficient β(1). (b) Solution path of coefficient β(4).

Figure 3.3: Solution path of selected coefficients β(q) of the multidimensional LASSO as a function of
constraint bounds sλ1

and sλ2
for a simulation example with Nβ = 6, Ny = 6 with k = 3 coefficients per

group, and thus K = 2 groups. The gridded solution path ( ), obtained by solving a series of quadratic
programs, is piecewise linear in each constraint bound. Consequently, the solution path consists of

polyhedra (polygons for K = 2) connected at the edges. The vertices of the solution path obtained by
the MLARS procedure are indicated by ( ). The polyhedra ( ) defined by each set of vertices obtained

by MLARS coincide with the gridded solution path, and as such, each gridded solution is a linear
combination of the vertices of one of the polyhedra.

2. Variable selection: Solve the multidimensional LASSO problem

∥∥∥∥∥∥∥



W e

(
ef2j + Jf2,f1Cδuf1j

)

0

W∆uCδu
f1
j


−



W eJ

f2,f1

−Wu

W∆u


Cδuf1

∥∥∥∥∥∥∥

2

2

+ λ1

∥∥∥S1δu
f1
∥∥∥

1
+ . . .+ λK

∥∥∥SKδuf1
∥∥∥

1
,

(3.52)
using MLARS to obtain the vertices {δuf1} of the solution path. It is not required to solve for
the complete solution path, as only solutions of the required sparsity are relevant, and thus the
search procedure is prematurely terminated. The search is started from an initial guess in the
neighbourhood of the required sparsity.

3. Select MLARS solutions: From the vertices of the solution path, select the solutions

Ubiased =
{
δuf1

∣∣∣
∥∥∥Siδuf1

∥∥∥
0

= s, i ∈ [1,K]
}
, (3.53)

i.e. the solutions that adhere to the sparsity constraint imposed by the communication channel.

4. Construct timestamp realization: For each solution in Ubiased, construct the timestamp
realization in the next trial τf1j+1 ∈ RN1 as selected by the multidimensional LASSO according to

τf1j+1(i) =

{
1 if δuf1(i) 6= 0

0 if δuf1(i) = 0
. (3.54)

Additionally, construct the selection matrix T τj+1
and its complement T τ̄j+1

according to

T τj+1
= diag

(
τf1j+1

)
∈ RN1×N1 T τ̄j+1

= IN1 − T τj+1
∈ RN1×N1 , (3.55)

in which the superscript ·f1 in T τ has been dropped for ease of notation.
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5. Debiasing: For each timestamp realization, solve the unbiased (i.e. without 1-norm regularization)
learning update

arg min
δuf1

∥∥∥∥∥∥∥



W e

(
ef2j + Jf2,f1Cδuf1j

)

0

W∆uCδu
f1
j


−



W eJ

f2,f1

−Wu

W∆u


CT τj+1

δuf1

∥∥∥∥∥∥∥

2

2

+
∥∥∥T τ̄j+1

δuf1
∥∥∥

2

2
, (3.56)

to obtain the set of unbaised inputs Uunbiased, in which each solution has the same input moments
as Uunbiased, but different input values.

6. Select input: Set the input differences in the next trial δuf1j+1 and timestamp realization τf1j+1 to
the unbiased solution and timestamps corresponding to the minimum cost over Uunbiased.

7. Apply: Reconstruct uf1j+1 = Cδuf1j+1, measure output yf2
j+1

, construct error ef2j+1 = yf2
d
− yf2

j+1
.

Increment the trial index j = j + 1 and go back to step 2 until convergence.

3.5 Monotonic Convergence of Iterative Learning Control with
Variable Selection

In this section, a sufficient stability test is developed that guarantees monotonic convergence of δuf1 for
arbitrary but known, trial-varying communication times τ j , i.e. for arbitrary variable selection methods.
This includes the multidimensional LASSO proposed in Section 3.3, thereby developing a sufficient test
for concluding stability of the proposed intermittent input ILC scheme of Section 3.4. Firstly, sufficient
conditions guaranteeing monotonic convergence of δuf1 of the trial invariant (i.e. invariant input moments)
intermittent input ILC scheme are developed. Secondly convergence of the trial varying intermittent
input ILC scheme in δuf1 to a unit ball in RN1 , and the size of this unit ball, are trivially obtained from
[20].

Consider again the debiasing step of the proposed ILC scheme, in which the new input changes δuf1j+1 is

determined as a function of the error ef2j and input changes of the past trial δuf1j , and selection matrix
T τj+1

based on communication times selected by an arbitrary variable selection procedure, according to

δuf1j+1 = arg min
δuf1

∥∥∥∥∥∥∥



W e

(
ef2j + Jf2,f1Cδuf1j

)

0

W∆uCδu
f1
j


−



W eJ

f2,f1

−Wu

W∆u


CT τj+1

δuf1

∥∥∥∥∥∥∥

2

2

+
∥∥∥T τ̄j+1

δuf1
∥∥∥

2

2
(3.57)

in which δuf1j also adheres to the sparsity requirements by recursion and proper initialization (e.g.

δuf10 = 0). Note again that the contribution
∥∥∥T τ̄j+1

δuf1
∥∥∥

2

2
serves not as a regularizer, but as a means

to uniquely define the optimum in terms of the input outside the selected timestamps, which is now
forced to 0. The explicit solution to the optimization of Equation (3.57) is found by the Moore-Penrose
pseudo-inverse of the overdetermined system of equations, and can be written as a recursive, trial-varying
update law according to

δuf1j+1 =Q
τj+1

δuf1j + Lτj+1
ef2j (3.58a)

Q
τj+1

=
(
TTτj+1

CT
(
Jf2,f1

T

WT
eW eJ

f2,f1 +WT
uWu +WT

∆uW∆u

)
CT τj+1

+ TTτ̄j+1
T τ̄j+1

)−1

(
TTτj+1

CTJf2,f1
T

WT
eW eJ

f2,f1C + TTτj+1
CTWT

∆uW∆uC
)

(3.58b)

Lτj+1
=
(
TTτj+1

CT
(
Jf2,f1

T

WT
eW eJ

f2,f1 +WT
uWu +WT

∆uW∆u

)
CT τj+1

+ TTτ̄j+1
T τ̄j+1

)−1

(
TTτj+1

CTJf2,f1
T

WT
eW e

)
. (3.58c)
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Consider now the trial invariant case, in which the selected communication times are invariant, i.e.
τ j+1 = τ j = τ . Equation (3.58) then becomes trial invariant, i.e. a constant Q

τ
and Lτ . Contraction

map arguments are now employed to guarantee monotonic convergene of this explicit trial invariant ILC
update.

Theorem 3.1 (Monotonic convergence to a fixed point of trial-invariant intermittent input ILC). The
input changes δuf1 of a trial-invariant intermittent input ILC scheme of Equation (3.57) converges
monotonically in its 2-norm to a fixed point δuf1∞ as in Definition 3.1 if

σ̄
(
Q
τ
− LτJf2,f1C

)
< 1. (3.59)

This is satisfied for weighting matrices W e � 0, Wu � 0, and W∆u � 0 if Jf2,f1 is regular (i.e. discretized
plant has relative degree 0). If Jf2,f1 is singular, pick Wu to penalise inputs that are otherwise undefined.

Proof. Consider again the trial invariant case of the intermittent input ILC update of Equation (3.58).

Substituting the error as function of input changes δuf1j

ef2j = yf2
d
− Jf2,f1Cδuf1j , (3.60)

in the trial invariant input dynamics, results in

δuf1j+1 =
(
Q
τ
− LτJf2,f1C

)
δuf1j+1 + Lτy

f2
d
. (3.61)

These trial invariant input dynamics are monotonically convergent towards a fixed point in 2-norm of the
input changes δuf1 as in Definition 3.1 if the operator Q

τ
− LτJf2,f1C form is a contraction mapping in

this norm, i.e. if its induced 2-norm
∥∥∥Q

τ
− LτJf2,f1C

∥∥∥
2,2

= σ̄
(
Q
τ
− LτJf2,f1C

)
< 1. (3.62)

Substituting the expressions for Q
τ

and Lτ results in

σ̄

([
TTτ C

T
(
Jf2,f1

T

WT
eW eJ

f2,f1 +WT
uWu +WT

∆uW∆u

)
CT τ + TTτ̄ T τ̄

]−1 [
TTτ C

TWT
∆uW∆uC

])
< 1

(3.63)

σ̄



([

T τ
T τ̄

]T [
CT
(
Jf2,f1

T

WT
eW eJ

f2,f1 +WT
uWu +WT

∆uW∆u

)
C 0

0 I

] [
T τ
T τ̄

])−1

[
T τ
T τ̄

]T [
CTWT

∆uW∆uC
0

])
< 1.

(3.64)

Consider now that the generalized inverse of the stack of the selection matrix T τ and its complement T τ̄
is its transpose, i.e. [

T τ
T τ̄

]T [
T τ
T τ̄

]
= TTτ T τ + TTτ̄ T τ̄ = IN1

, (3.65)

such that the complete inverse is given by

[
T τ
T τ̄

]T [(
CT
(
Jf2,f1

T

WT
eW eJ

f2,f1 +WT
uWu +WT

∆uW∆u

)
C
)−1

0

0 I

] [
T τ
T τ̄

]
. (3.66)

The spectral norm constraint of Equation (3.64) can thus be simplified as

σ̄

([
T τ
T τ̄

]T [(
CT
(
Jf2,f1

T

WT
eW eJ

f2,f1 +WT
uWu +WT

∆uW∆u

)
C
)−1

CTWT
∆uW∆uC

0

])
< 1 (3.67)

σ̄

(
T τ

(
CT
(
Jf2,f1

T

WT
eW eJ

f2,f1 +WT
uWu +WT

∆uW∆u

)
C
)−1

CTWT
∆uW∆uC

)
< 1. (3.68)
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Consequently, using the submultiplicative property of the induced matrix norm, this is reduced to

σ̄
(
T τ

)
σ̄

((
CT
(
Jf2,f1

T

WT
eW eJ

f2,f1 +WT
uWu +WT

∆uW∆u

)
C
)−1

CTWT
∆uW∆uC

)
< 1 (3.69)

σ̄

((
CT
(
Jf2,f1

T

WT
eW eJ

f2,f1 +WT
uWu +WT

∆uW∆u

)
C
)−1

CTWT
∆uW∆uC

)
< 1, (3.70)

as T τ is a matrix whose columns are orthonormal unit vectors in RN1 , and thus σ̄
(
T τ

)
= 1. Under the

condition that W e � 0 and additional penalties in Wu for undefined inputs in case of a singular plant,

CT
(
Jf2,f1

T

WT
eW eJ

f2,f1 +WT
uWu

)
C � 0. (3.71)

Additionally, for W∆u � 0, CTWT
∆uW∆uC � 0. Using Lemma 3.1 with A = CT

(
Jf2,f1

T

WT
eW eJ

f2,f1+

WT
uWu

)
C, B = CTWT

∆uW∆uC, Equation (3.70) is satisfied, implying a contraction mapping to a fixed

point in the 2-norm of δuf1 , completing the proof.

Consider now the trial invariant case, in which the selected communication times τ j vary trial by trial.
In this case, Q

τj+1

and Lτj+1
in Equation (3.58) are determined by the variable selection procedure, and

thus possibly different at each iteration. However, in each trial, the 2-norm of δuf1 with respect to its
trial-varying converged point δuf1τj+1,∞, decreases, as each update is a contraction by Theorem 3.1. A

formalisation of this argument is presented as Theorem III.8 and Theorem III.9 in [20]. Direct application
of these Theorems to the intermittent input ILC setting allows for the following theorem.

Theorem 3.2 (Monotonic convergence to a closed 2-norm ball of the trial-varying intermittent input ILC).
The input changes δuf1 of the trial-variant intermittent input ILC scheme of Equation (3.58) converges
monotonically to a closed 2-norm ball. Denote the convergent rate of each trial-invariant intermittent
input ILC scheme as κτ , and the point to which this scheme converges as δuf1τ,∞ ∈ RN1 . The smallest

closed 2-norm ball to which the trial-variant scheme converges is given B2(c, d), in which c ∈ RN1 and
d ∈ R≥0 are the solution to

min
c∈RN1 ,d∈R≥0

d (3.72a)

subject to
1 + κτ
1− κτ

∥∥∥δuf1τ,∞ − c
∥∥∥

2
≥ d, τ ∈ T , (3.72b)

in which T is the set containing all possible realizations of communication times following from the
variable selection procedure, i.e. 2N1 realizations.

Proof. As each trial-invariant scheme is monotonically convergent towards, the proof follows from direct
application of Theorem III.8 and Theorem III.9 of [20].

Corollary 3.1. Monotonic convergence of the intermittent input δuf1 towards the unit ball B2(c, d) ⊂ RN1

implies convergence of the regular input uf1 towards the unit ball B2(Cc, σ̄(C)d), in which the centre of the
ball is converted into a different frame, and the radius of the ball is scaled by the worst-case amplification
of the integrator matrix. Note that this convergence is not guaranteed to be monotonic, as C is not unitary,
and different directions δuf1 correspond to different amplifications by C.

Note that this Theorem is conservative, as B2(c, d) needs to account for all variations of τ , and thus
necessarily includes the origin for each input moment, as it will not be selected in each realization of τ .
Also note that Theorem 3.1 only claims monotonic convergence of the trial-variant intermittent input
ILC scheme, i.e. it is a stability claim, and does not make any claims about final performance. On
the contrary, the intermittent input ILC scheme can perform worse than the multirate ILC of [8] [19].
The final performance depends significantly on the variable selection method. The proposed variable
selection method of Section 3.2.4 is a convex relaxation of best subset selection, and thus has no optimality
guarantees regarding the original problem.
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3.6 Outlook

As mentioned in the introduction, the research into intermittent input ILC was stopped due to a shift in
focus to intermittent output RC. Subsequent steps for this research are a simulation study, validating
the proposed ILC approach, and comparing its performance to standard multirate ILC approaches.
Additionally, it is recommended to investigate the effect of the weighting matrices on the converged
performance, and investigate the trade-off between sparsity and converged performance.
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Chapter 4

Conclusions and Recommendations

4.1 Conclusions

In this thesis, learning control methods that address variable rate input and outputs, such that this
data is not equidistant in time, are investigated. Traditional learning control methods often assume
that both the input data can be set at a fixed rate, and that the output data is available at a fixed
rate. This assumption is violated for common control settings such as systems with optical encoders.
Applying traditional learning control when this assumption is violated hampers performance through e.g.
quantization, thus motivating the need for control methods that address these intermittent actuation and
sampling characteristics. The main contribution of this thesis is two learning frameworks that address
non-equidistant inputs and outputs separately.

An industrial printbelt system of Canon Production Printing is adopted as a case study for the new
learning frameworks. In this printbelt system, a stepper motor with an internal driver that executes at 1
MHz, and optical sensors that monitor the perforated belt at approximately 1 Mhz, result in intermittent
actuation and sampling characteristics. The aim of this thesis is to apply the new learning frameworks to
this case study, either in simulation or by direct validation on experimental hardware. The contributions
within this aim are summarized below.

The most significant contribution of this thesis is a new repetitive control framework that addresses
non-equidistant data, encompassing the intermittent sampling setting, through the definition of the
memoryless time-varying timestamper. Three sufficient stability tests for the intermittent output repetitive
control framework are derived. The first test is based on the induced `2-norm of a switched system
using the orthogonality of the timestamper and its complement. The second test is based on sequential
loop closing and the induced `2-norm of the timestamper. The third test generalises the former, and
uses passivity arguments to guarantee uniform stability of the incremental dynamics based on a discrete
positive real condition of the negative nominal repetitive control complementary sensitivity that can be
verified as a frequency domain condition using FRF data. The first and third stability test are converted
into an intuitive design framework. Using these design guidelines, a simulation study is carried out to
illustrate the superior performance of the intermittent output repetitive control framework.

A secondary contribution is a new ILC framework is that addresses communication constraints imposed by
a driver (or designer), resulting in intermittent actuation characteristics. Sparse regularization techniques
from statistics are employed to learn signals with a predefined amount of input changes per time interval.
More specifically, the LASSO regularizer is extended to a multidimensional formulation, in which the
optimization parameters are split into groups of equal size, each with a corresponding LASSO penalty,
while sharing a single cost function. Least Angle Regression is extended to this multidimensional setting
and complemented by a search strategy such that a part of the solution path of the multidimensional
LASSO can be efficiently calculated until the solution has the required sparsity. Within this framework,
convergence of the input to a unit ball (i.e. stability) is guaranteed based on contraction mapping
arguments.

Thirdly, the intermittent output repetitive control framework is validated on the printbelt setup at CPP
by using the quad sensors to learn the input signal of the voltage-driven motor to increase the repeatability
of dynamic behaviour of the printbelt over its revolutions. To this extent, a novel calibration method for a
single quad sensor is proposed based on the desired constant velocity behaviour at this quad sensor. The
transfer from the repetitive control output to the calibrated, intermittent quad error, and the disturbance
spectrum at the quad sensor are identified using standard frequency domain tools, and validated against
the transfers and disturbance spectra found in LTI identification based on the encoders on the rollers.
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With this calibration method, multiple matched basis function repetitive control designs are compared in
terms of converged learning performance. A sensitivity analysis reveals the design is very sensitive to the
frequency of the periodic signal generator and the learning gain. An a-posteriori analysis reveals that
the calibrated error is a good performance indicator for the true control goal, i.e. repeatability of the
dynamic behaviour of the printbelt over its revolutions.

4.2 Recommendations

Based on the work presented in this thesis, the following recommendations are made for future re-
search:

Extension of the intermittent output RC framework to the multi-input multi-output setting:
In this thesis, the intermittent output RC framework is developed for the SISO setting. However, many
systems have MIMO characteristics. Consider for example the system described by the compliant belt
and the regular printbelt: in this system, two motors can be used to simultaneously control two belt
positions based on quad sensors to transfer sheets while minimizing impact, thus requiring a MIMO
stability and design framework. Possible directions include specifying DPR in terms of the determinant
of a MIMO transfer function, or a Lyapanov function and S-procedure relaxations to arrive at model
based LMI conditions for the circle criterion.

Extension of the intermittent output RC framework to the multirate setting: In this thesis, the
intermittent output RC framework is developed for the single rate setting, i.e. the timestamper necessarily
has the same frequency as the plant input. This assumption is only valid when the quantization level is
high. A multirate setting does not require this assumption as the error can be defined with a different
sampling rate than the control input. Possible directions include defining the internal model, i.e. the
periodic signal generator, at the frequency of the timestamper, either in a lifted approach [16], in which
the RC buffer is defined on a grid with a sampling rate that is equivalent to the true sampling rate
of the timestamper (i.e. 1 MHz for the printbelt) as in [17], or a time domain approach [15] in which
the controller consists of a buffer that is defined on this high frequent grid. In the former case, similar
passivity arguments can be employed to guarantee stability of the lifted RC, as the lifted timestamper
has the same sector bound properties. In the latter case, LMI conditions similar to event-based control,
complemented by the behaviour of a downsampler, could be used to guarantee stability based on a model.

Extension of the intermittent output RC framework to the setting in which the performance
variable is a weighted sum of multiple intermittent outputs: In this thesis, an intermittent
output repetitive control framework is defined in which the performance variable is intermittently sampled.
When considering the printbelt, the performance variable is the time derivative of the length of the
printbelt between the drive and measurement roller, such that the belt strain is constant when this
length is constant. That is, instead of forcing a constant velocity at a single quad, it is desired to control
the difference of the velocities between the quads to 0. In this setting, the performance variable is the
difference between two intermittently sampled outputs. The current framework does not address this
setting.

Practical recommendations: Based on the experimental results obtained within this thesis, it is
recommended to complement the intermittent output repetitive controller with an optimization procedure
that iteratively estimates the optimal frequency for the periodic signal generator in order to obtain higher
performance. Additionally, such an optimization procedure is also able to deal with a varying printbelt
speed (which shifts the disturbance spectrum), and other time varying disturbances such as the transport
of paper.
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Appendix A

Experimental Results

In this chapter, the experiments on the industrial printbelt at Canon Production Printing are elaborated
in more detail. More specifically, Section A.1 first presents an overview of the hardware and software
specifications. Next, Section A.2 presents an identification of the printbelt system using the roller encoders,
both in terms of the (LTI) transfer from the motor to this encoder, and disturbance spectrum of the error
at this encoder. Section A.3 introduces the proposed calibration method for the quad sensors. Using
this calibration, the relevant transfer for the RC controller, i.e. the transfer from the feedback controller
error to the calibrated RC error, is identified in Section A.4. Based on the identified transfer, multiple IO
MBFRC designs are compared with respect to final performance, and the sensitivity to the internal model
frequency and learning gain is analysed in Section A.5. Lastly, the calibrated RC error is compared to
the true performance indicators.

A.1 Hardware and Software Setup

Before introducing the experimental results, the hardware and software of the printbelt setup are first
elaborated upon in more detail. Consider Figure 1, in which both the hardware and software architecture
are sketched. The hardware of the printbelt is similar to the design of the VarioPrint i300: paper
is transported by a printbelt underneath an inkjet printing station. The printbelt is actuated by a
voltage-driven motor, connected to the drive roller through a drivetrain. Next to the drive roller, the
printbelt is guided along three other rollers, each with a distinct purpose:

� The measurement roller, which is complemented by an encoder to measure the belt velocity. Out of
all encoders locations, this location provides the best indication of the true performance variable,
i.e. the belt velocity at the location of the nozzles.

� The tension roller, which ensures the belt is in tension along its complete circumference to ensure
that vibrations in the belt are minimized in continuous operation.

� The steer roller, which is able to rotate around the transport direction in order to correct for lateral
belt movements.

Optical quadrature encoders with a resolution of 3600 slits are attached to the motor, drive roller and
measurement roller. Additionally, the printbelt is perforated approximately every 10 mm along one of its
edges. At one position on the belt, a perforation is skipped such that one hole has a bigger distance to
the next hole, which serves as the index hole. Three quad sensors located along the same edge of the
printbelt function as optical encoders and register time intervals between observations of two subsequent
holes. The outermost quad sensors are temperature stabilized by a carbon mounting.
Within the setup, there are multiple physical phenomena that deteriorate print quality. For example,
the drivetrain incurs slip between the motor and printbelt. Additionally, each roller is eccentric and
imperfectly manufactured, resulting in a varying roller radius along a roller revolution. Each roller has a
distinct diameter, resulting in a set of periodic disturbances with a distinct frequency during continuous
operation of the printbelt.
The hole detection algorithm of the quad sensors runs at approximately 1 MHz in order to accurately
timestamp the hole events. The software implementing the digital controllers and references generation
of the print belt runs at 500 Hz. The control architecture is visualized in Figure 1. A standard feedback
control architecture is applied to the output of the motor encoder y2. The reference for this motor encoder
r2 consists of a ramp with constant velocity of 1.1 m/s, with additional smoothing when this velocity
changes (e.g. start-up or termination). The controller C is a LTI DT feedback controller with transfer
function

C = 4.229· 105 +
−3.979· 105

z
, (1)

which can be recognized as a discrete time lead filter with a pole at z = 0, providing phase lead around
12 Hz. The output of this feedback controller is used to control the velocity of the motor encoder to the
desired value. Note that the velocity of the printbelt is influenced by drift in the drivetrain.
The newly developed repetitive controller R is applied to the output of the quad sensors y1, as these



provide a direct measurement of the velocity of the printbelt at the nozzles. A calibration procedure
converts the interval between two subsequent holes into an intermittently sampled position error e1 at
this quad sensor. The repetitive controller, designed within this framework, modifies the error to the
feedback controller e2 for better conditioning of the resulting transfers.
Additionally, the output of the measurement encoder y3 is used for validation and identification. The
following transfers are defined

� P1: the transfer from the motor input u to the output of the quad y1.
� P2: the transfer from the motor input u to the output of the motor encoder y2. The feedback

controller C realizes a bandwidth of 11 Hz when combined with the motor encoder.
� P3: the transfer from the motor input u to the output of the measurement encoder y3. Due to the

similarity of P2 and P3 for low frequencies, the feedback controller C results in similar bandwidth
and performance when combined with the measurement encoder.

� P : the transfer from the repetitive control input uR to the calibrated quad error e1. Note that this
transfer is not only determined by the printbelt dynamics, but also by the design of C.
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Figure 1: Schematic top view of the printbelt setup at Canon Production Printing, combined with the
calibration and inferential control architecture.

In the following sections, different elements of the setup will be elaborated. Section A.2 identifies
the plants P2 and P3 and quantifies the disturbances in the LTI framework. Section A.3 details the
calibration procedure and analyses the disturbance spectrum and calibration results. In Section A.4, the
transfer P is identified and compared to the inferential prediction based on the assumption that P1 ≈ P3.
Section A.5 uses the identified plant to design multiple repetitive controllers R in the intermittent output
framework.

A.2 Identification in the Non Intermittent Framework

In this section, the LTI identification of the transfer from the voltage-driven motor to the motor encoder
and measurement roller encoder is discussed. Subsequently, the error spectrum at these encoders is
analysed.



(a) Process sensitivity P2S2 and P3S3. (b) Sensitivity S2 and S3.

Figure 2: Resulting transfers and parametric fits from 3-point FRF measurement.

A.2.1 Transfers of Motor and Measurement Encoder

A 3-point FRF measurement is carried out. The feedback loop is closed on the respective sensor using the
standard feedback controller C. White noise was applied as an additive input disturbance to the plant
with a standard deviation σ = 1.5 percent of the total actuation range for both measurements. Figure 2a
and 2b show the identified process sensitivity PS and sensitivity S and their coherence. Figure 3a shows
the reconstructed plants P2 and P3.
The following observations are made:

� Both models P2 and P3 approximately share their modes, although a slight deviation in frequency is
noted. Based on an LTI assumption and a single underlying system, it is expected that the location
of the poles coincide while the zeros are altered due to the location of the sensor.

� The decoupling of the drivetrain around 30 Hz is visible as an antiresonance-resonance pair for the
motor encoder plant P2, while it is visible as just a resonance for the measurement encoder plant
P3 due to collocated respectively non-collocated sensor.

� At low frequencies, both plants have a response characterized by a roll-off of −20 dB
dec and a phase

of −90 deg, as opposed to the standard rigid body behaviour. This is caused by the voltage driven
motor, which introduces damping in the form of back EMF.

A.2.2 Disturbance Spectrum

In addition to the LTI transfers at the motor and measurement encoder, the spectrum of the error at the
encoder is analysed. To this extent, the belt is run in continuous operation for 10 minutes (corresponds to
approximately 200 belt revolutions) with the provided feedback controller, applied to the motor encoder.
To obtain a spectrum of the error at the measurement encoder, the motor encoder reference is compared
with the linearly detrended output of the measurement encoder in order to remove effects of drift. Figure
3b indicates the amplitude spectra of the two encoders.
The following observations are made:

� The amplitude of the error at the motor and measurement encoder is concentrated in a small amount
of frequencies, and these frequencies are shared between the drive and measurement encoder.

� Each frequency and associated higher harmonics originate from a distinct source within the printbelt
setup. For example, the error component at 3.46 Hz originates from the drivetrain between the
motor and drive roller. All major contributions to the error spectrum can be traced back to 6
disturbance sources within the printbelt setup. Table 1 details each disturbance source, and each
component and its higher harmonics has been indicated in Figure 3b by distinct markers. The
roller frequencies are distinct as each roller has a distinct diameter. Note that the drivetrain is the
biggest contribution to the resulting error by an order of magnitude.

� The amplitude spectrum of the measurement encoder does not coincide with the spectrum of the



(a) Reconstructed motor and measurement encoder
transfers P2 and P3 and parametric fits.

(b) Error spectrum at motor and measurement
encoder during continuous operation of the printbelt

setup with the provided feedback controller C.

Figure 3: Identified plant transfers P2 and P3 at motor and measurement encoder, and amplitude
spectrum of the residual error.

Table 1: Disturbance sources in the printbelt setup. The roller frequencies are distinct as each roller has
a distinct diameter.

Disturbance source Base frequency [Hz] Physical interpretation
Drivetrain 3.46 Finite stiffness
Steer roller 4.88 -
Measurement roller 5.15 Eccentric mount, manufacturing imperfections
Tension roller 5.52 -
Drive roller 5.92 -
Printbelt 0.37 Goniometric variations in hole distance

motor encoder outside this set of frequencies. A linear trend is not able to sufficiently capture the
drift. However, these effects are negligible with respect to the amplitude of the main disturbance
sources.

A.3 Calibration Method for Quad Sensors

The quad sensors all output the time interval between the current and the previous observation of a hole
at the respective sensor. A straightforward approach to use the quad sensors for control, is to calibrate
the average time interval per hole and subsequently define the error as the difference between the realized
time interval and the calibrated time interval. This method compensates for the goniometric variations of
the hole positions, i.e. differences in the distance between holes (and thus also the increased distance of
the index hole). However, this approach is impractical for two reasons:

� Suppose that the controller has achieved 0 error for all samples in the past, and subsequently,
two holes pass the quad sensor. The first hole arrives earlier than the averaged time interval
corresponding to this hole, while the second hole arrives the same amount of time later than the
averaged time interval of this hole, such that the sum of the two holes arrives at the correct time.
The proposed approach attributes non-zero error to both samples with the same magnitude and
opposing sign. However, the absolute time at which the second hole arrives at the quad sensor
matches the calibrated absolute time, i.e. the belt has the correct position at the timestamp of the
second hole.

� The mapping from motor input to the time interval between holes at a specific quad sensor is not
linear. In addition to the non-linear dynamics of the plant (which are typically ignored), the realized



time interval between two subsequent holes is the difference between the roots of the equations
specifying the position residual (as a function of time) of each of the holes to the respective quad
sensor. In other words, by defining an error in time domain as opposed to position domain, it is
required to solve for the intersection (in time) of the position of a hole with the position of the quad
sensor.

Based on the two previous points, a new calibration approach is proposed that turns the relative time
intervals into absolute position, therefore not suffering from either of these issues. Note that the relative
position of the droplets is the main performance measure in inkjet printing. In the proposed calibration
method, an absolute position error of 0 over all holes is equivalent to a relative position error of 0 between
the holes (and thus between droplets if jetting happens at this quad). However, in case the absolute error
is non-zero, this calibration strategy does not necessarily reflect the true control goal, but it is a necessary
step to convert the quad sensors into the standard intermittent output framework.
Consider Figure 4a, in which the position pn(t) of a single hole with number n on the printbelt is sketched.
The hole has a constant velocity v, and its position perturbed by a single disturbance d = Ad sin(2πfd+φd).
The printbelt has a circumference of c, and quad 1 is positioned q1 units along the belt circumference
from an arbitrary 0 position. As a result, the nominal times t̂in for which the hole n passes quad 1 for the
kth time are given by

t̂kn =
q1 + kc

v
, (2)

such that the nominal time interval between two observations of the same hole is given by

∆t̂kn = t̂kn − t̂k−1
n =

q1 + kc

v
− q1 + (k − 1)c

v
=
c

v
= Tb, (3)

in which Tb is the time period for a single revolution of the belt. The actual times at which the hole
passes quad 1 are given by tkn. The actual times deviate from the nominal times due to the influence of
the disturbance. The approach is based on the following assumptions:
Assumption A.1. The belt velocity v is corrupted by a finite set of sinusoidal disturbances, see Figure
4a for the situation of a single disturbance. The resulting position profile is such that no holes are not
observed (i.e. skipped) on the sampling rate of the main software thread (500 Hz), and such that each hole
only passes each quad once for each belt revolution.
Assumption A.2. The distance between the holes in the belt ∆sn is unknown, as well as the belt
circumference c =

∑
n ∆sn. However, these are assumed to be constant.

Each quad sensor is calibrated based on Assumption A.2: as the belt length is constant, the time interval
between two subsequent observations of the same hole at the same quad sensor should also be constant for
a constant belt velocity. Therefore, the time intervals between these two subsequent observations can be
averaged out to obtain the time interval corresponding to the current constant velocity of the setup. The
effect of the sinusoidal disturbances is not present in an infinite time average, and of decaying influence
for an average of an increasing amount of observations, as detailed by the following theorem.
Theorem A.1 (Convergence of timestamps). Consider the situation of Figure 4a in which the printbelt has
a constant translational velocity v, which is corrupted by a single sinusoidal disturbance d = Ad sin(2πfd +
φd). The average time interval between two subsequent observations of the same hole at the constant quad
position along the belt circumference converges to the time interval for a constant velocity as time goes to
infinity, i.e.

lim
K→∞

1

K

K∑

k=1

∆tkn = ∆t̂kn = Tb ∀n ∈ {1, . . . , N}. (4)

Furthermore, if the belt period Tb and disturbance period f−1
d do not share a common multiple, i.e. the

ratio is irrational, then the difference between the event time for a constant velocity t̂kn and the observed
time tkn converges to 0 as time goes to infinity, i.e.

lim
K→∞

1

K

K∑

k=1

tkn − t̂kn ∀n ∈ {1, . . . , N}. (5)



Position pn of hole n

Time t

1c

2c

3c

q1

0

q1 + c

q1 + 2c

q1 + 3c pn = vt+Ad sin(2πfd + φd)

t0n t1n t2n t3n
∆t2n = t2n − t1n

∆t̂1n = t̂1n − t̂0n = Tb = c/v

t̂0n = q1
v

t̂1n = q1+c
v

∆t1n = t1n − t0n ∆t3n = t3n − t2n

(a) Schematic of position pn of single hole n on printbelt setup: the
printbelt has a constant velocity v, and its position is perturbed by

a single disturbance d = Ad sin(2πfd + φd). The printbelt has a
circumference of c, and quad 1 is positioned q1 units into a

revolution. The time interval between two subsequent observations
of the same hole at the same quad sensor are given by ∆tkn, while

the time interval corresponding to the constant velocity case is
given by ∆t̂kn.

Time t

Position pn of multiple holes

p2(t) = at+ b2

p1(t) = at+ b1b2
δt01

1 + bN

pN (t) + 1 = at+ bN + 1

(b) Schematic of multiple hole positions
p1,p2, and pN . pN is shifted by one belt
revolution, i.e. by c = 1 for illustrative

purposes. The time interval between two
observations during the kth revolution

between holes n and n+ 1 is given by δtkn s.

Figure 4: Schematic diagrams illustrating the definitions and variables used in the proposed calibration
procedure.

Proof. Consider again Figure 4a. Consider now the first time t01 at which hole n = 1 passes quad 1 at
position q1, which is given by the solution to

q1 = vt01 +Ad sin
(
2πfdt

0
1 + φd

)
. (6)

Subsequently, the hole subscript will be dropped, i.e. tk1 = tk. Substituting t0 = t̂0 + ∂t0 = q1
v + ∂t0, i.e.

the the nominal time t̂0 = q1
v plus a deviation from this nominal time ∂t0 results in

q1 = v
(q1

v
+ ∂t0

)
+Ad sin

(
2πfd

q1

v
+ φd + 2πfd∂t

0
)

(7)

−v∂t0 = Ad sin
(

2πfd
q1

v
+ φd + 2πfd∂t

0
)
. (8)

Similarly, the time deviation from the nominal case for subsequent revolutions k ≥ 1 satisfies

−v∂tk = Ad sin
(

2πfd
q1

v
+ φd + 2πfd

c

v
k + 2πfd∂t

k
)
. (9)

By Assumption A.1, the solution to this equation is unique, i.e. there exists one time at which the hole
passes the quad sensor. Furthermore note that the contribution 2πfd

q1
v + φd is constant. Consequently, if

there exists revolutions k1, k2 ∈ Z≥1, k2 > k1, and constant n ∈ Z≥0 such that it holds that

2πfd
c

v
k2 = 2πfd

c

v
k1 + 2πn, (10)



then the time deviation ∂tk is equal for these revolutions, i.e. ∂tk1 = ∂tk2 , as

−v∂tk2 = sin
(

2πfd
q1

v
+ φd + 2πfd

c

v
k2 + 2πfd∂t

k2
)

−v∂tk2 = sin
(

2πfd
q1

v
+ φd + 2πfd

c

v
k1 + 2πn+ 2πfd∂t

k2
)

−v∂tk2 = sin
(

2πfd
q1

v
+ φd + 2πfd

c

v
k1 + 2πfd∂t

k2
)
.

(11)

As the solution to Equation (9) is unique, it must hold that ∂tk2 = ∂tk1 . Such a k1, k2 exist if fd
c
v = T−1

d Tb
is rational, i.e. if the least common multiple lcm(Td, Tb) is finite. This least common multiple then
determines the periodicity of ∂tk as Tb(k2 − k1) s, and thus the time deviation ∂tk is periodic with a
period of k2 − k1 belt revolutions. This is graphically represented for k2 − k1 = 3 in Figure 5, in which
each sine wave is shifted by 2πfd

c
v for each revolution.

0

0

∂tk
∂t1 = ∂t4

∂t3 = ∂t6∂t2 = ∂t5

−v∂tk k = 1, 4, 7, . . .
k = 2, 5, 8, . . . k = 3, 6, 9, . . .

2πfd
c
v

Ad

−Ad

Figure 5: Graphical illustration of roots of Equation (9) for increasing k and k2 − k1 = 3.

Thus, it holds that

lim
K→∞

1

K

K∑

k=1

∆tk = lim
K→∞

1

K

K∑

k=1

tk − tk−1 = lim
K→∞

1

K

K∑

k=1

q1 + kc

v
+ ∂tk − q1 + (k − 1)c

v
− ∂tk−1 =

lim
K→∞

1

K

K∑

k=1

c

v
+ ∂tk − ∂tk−1 = Tb + lim

K→∞
1

K

K∑

k=1

∂tk − ∂tk−1.

(12)
Consider the sum of the difference in time deviation over revolutions k1 ≥ 0 to k2 − 1 ≥ k1, i.e. over a
period of ∂tk, which is given by

k2−1∑

k=k1

(
∂tk − ∂tk−1

)
= ∂tk1 − ∂tk1−1+∂tk1+1−∂tk1 + ∂tk1+2−∂tk1+1 + . . .+ ∂tk2−1 − ∂tk2−2, (13)

in which ∂tk2−2 and ∂tk1+2 cancel with omitted terms. Due to the periodic property, ∂tk1−1 = ∂tk2−1,
such that the complete sum results in 0. Note that this also holds for an arbitrary window of length
k2 − k1, thus

lim
K→∞

1

K

K∑

k=1

∂tk − ∂tk−1 = lim
K→∞

1

K



k=k2−k1∑

k=1

∂tk − ∂tk−1 +

k=2(k2−k1)∑

k=k2−k1+1

∂tk − ∂tk−1 + . . .




= lim
K→∞

1

K
(0 + 0 + . . .) = 0,

(14)

which allows for further reducing Equation (12) such that

lim
K→∞

1

K

K∑

k=1

∆tk =
c

v
= Tb, (15)



thereby proving the first part of the theorem. Note that the case in which fb = fd, i.e. a disturbance
frequency at the belt frequency, such that fd

c
v = 1, is captured by k2 = k1, i.e. a constant time deviation

∂tk for all revolutions k. In this case, the time interval still converges to the true interval according to
Equation (4), but the true time is biased. That is, depending on the phase of the disturbance, the straight
line solutions are either shifted up or down due to constantly observing the holes on the same part of the
sine.
If T−1

d Tb is irrational, i.e. if the least common multiple lcm(Td, Tb) does not exist, then it does not hold
that the time deviation ∂tk is periodic. Consequently, Figure 5 would contain an infinite amount of
non-coinciding sine waves. In this case, the line −v∂tk has infinite intersections throughout the domain
δtk ∈

[−Ad
v , Adv

]
. Note that this domain is centred around 0, with an infinite amount of samples left and,

with the same magnitude but the same sign, right of 0, such that

lim
K→∞

1

K

K∑

k=1

∂tk = 0, (16)

which implies that the difference between the event time for a constant velocity and the observed time
converges to 0 as time goes to infinity, proving the second claim of this theorem.

As a result of Theorem A.1, it suffices to keep track of the times {t0n, t1n, . . .} at which each hole
n ∈ {1, . . . , N} is observed at the quad sensor (for which pn(t) is known, and equal to q1 + kc), and fit
the best straight line approximation

pn(t) = at+ bn, (17)

through these times to obtain a measure for the belt frequency T−1
b (slope a) and absolute timing of the

hole with respect to an arbitrary 0 definition for the time (intercept bn). The slope is shared between all
holes: the path traversed, i.e. the belt circumference, is the same for each hole and should, in a constant
velocity setting, thus result in the same Tb. The intercept is different for each hole, and the difference in
intercept provides a measure for the distance between each hole. Without loss of generality q1 = 0, as
the start of the belt is arbitrary, and c = 1, setting the unit length to the belt circumference. For this
setting, pn(t) actually reduces to the belt normalized position of hole n, as measured from the quad sensor.
Additionally, the position pn(t) at the quad sensor simply corresponds to a counter that keeps track of
the amount of times each hole has passed. More concretely, given a dataset T with observations times for
all N holes for K revolutions T = {t01, t11, . . . , tK1 , t02, . . . , tK2 , . . . , t0N , . . . , tKN}, the calibration coefficients
η = (a, b1, . . . , bN ) are given by the minimization problem

η = arg min
x=(a,b1,...,bN )
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2

2

. (18)

The reference at a single quad is set to the calibrated constant velocity solution, i.e. each quad has a
reference for each hole. The current value for the reference simply results from selecting the appropriate
fit depending on which hole is currently observed, i.e.

r(t) = atkn + bn, (19)



in which tkn is the time for which hole n passes the quad sensor in the kth revolution, i.e. the current
timestamp. Note that this reference is still normalized for the belt length, thus the current position is
simply given by the counter corresponding to this hole. The error is defined as the difference between the
selected reference and the counter, which is subsequently scaled by an estimate of the belt circumference
to get an indication of the magnitude of the error in terms of physical distances.
If the belt frequency Tb is not constant during calibration due to e.g. temperature variations that change
the circumference of the belt, the proposed calibration method fits the best affine approximation to the
timestamps, resulting in a measure for the average belt frequency. Consequently deviations from this
belt frequency due to temperature effects are introduced as absolute position errors in the low-frequency
region: the holes will gradually lag behind due to the increased circumference. This is subsequently
addressed by the integrator of the repetitive controller.

A.3.1 Relation to Calibrating Time Intervals Between Holes

The proposed calibration method, involving the estimation of N intercepts and a single shared slope,
encompasses a calibration method in which only the N time intervals δtkn between subsequent holes n and
n+ 1 at the same quad are averaged. To illustrate this, consider Figure 4b. In case of constant velocity,
each hole n crosses position m at time

tpn=m =
m− bn
a

, (20)

such that the average time interval δtn between hole n and hole n+ 1 passing this position is given by

δtn = tpn+1=m − tpn=m =
m− bn+1

a
− m− bn

a
=
−bn+1 + bn

a
∀n ∈ {1, . . . , N − 1}. (21)

The average time interval δtN between hole N and hole 1 is calculated differently due to the wrapping of
the hole numbers, and is found by comparing hole N at position m− c,i.e. one revolution earlier, with
hole 1 at position m, and is given by

δtN = tp1=m − tpN=m−c =
m− b1
a

− m− c− bN
a

=
−bn+1 + bN + 1

a
. (22)

Thus, the calibrated coefficients η can be uniquely converted to the averaged time interval between two
holes at a single quad. However, it is not possible to uniquely convert the calibrated average time intervals
δtn to the coefficients η: this mapping is underdetermined, as eta contains one more coefficient. This
additional coefficient expresses the calibration of absolute time. By solely calibrating the time intervals
δtkn, it remains undecided at what absolute time each hole should pass, as only the relative time between
two holes is known. In practice, it is required to know this absolute time, as a time-shifted reference
introduces artificial error frequencies not associated to any of the systems disturbances, which should not
be targeted by the repetitive controller.

A.3.2 Error Generator as Timestamper

The complete calibration procedure and subsequent steps for error generation is summarized in Algorithm
1. Note that an optional step has been included, in which ηq of quad q is converted to average time
intervals δtn,q and averaged over the three quad sensors. These time intervals averaged over the quad
sensors are then mapped to a single η that contains information of all three quad sensors. This mapping
is uniquely defined, as it uses information about the absolute time present in each ηq.

A.3.3 Validation

The proposed calibration algorithm was validated during continuous operation of the printbelt for 400
s, of which 168 s (60 revolutions) were used for calibration. Figure 6a shows the reconstructed average
time intervals between holes δtn,q for the three quads, and the 3σ bounds based on the sample variance.
Figure 6b shows the amplitude spectrum of the calibrated error, both with and without the additional
averaging step that combines information of multiple quads. The following observations are made:



Algorithm 1: Error Generator as Timestamper Based on Quad Calibration

input : Boolean eventq indicating if an observation occurred at quad q, timestamp tq of this event
at quad q.

output : Error e at timestamp t.
Data: Number of holes N , estimated true belt circumference cb, amount of revolutions to calibrate

K.
Set hole counter for all quads: nq ← 1, q ∈ {1, 3}
Set boolean indicating if calibration has converged: convergedq ← false
for Quad q ∈ {1, 3} do

if not convergedq and eventq then
Collect timestamps for the desired amount of revolutions K
Solve optimization (18) to obtain ηq
Optional: Average the resulting δtq over the quads
Increment hole number: nq ← nq + 1

else if convergedq and eventq then
Increment hole number: nq ← nq + 1
Get modulated hole number: l = mod(n− 1, N) + 1

Get current belt revolution: pq = floor
(
nq−1
N

)
+ 1

Reference: rq = aqtq + bl,q
Error: eq = cb (rq − pq)

else
Error is zero if no event: eq = 0

end
Select error e out of eq.

� The average time between two holes of 9.3 ms coincides with the approximate hole distance of 10
mm and the prescribed belt speed (at the motor encoder) of 1.1 m/s, i.e. 9.3 ≈ 10· 1.1−1.

� The index pulse is clearly visible at double the time interval (i.e. distance). Note that the index
pulses are not (yet) aligned among the quad sensors, i.e. each sensor uses another zero definition
for the hole number.

� All trends in the average time interval that does match between multiple quad sensors (i.e. trends
that overlap after aligning index pulses), e.g. the increased time interval for the index pulse, are
due to goniometric variations in the distance between the holes.

� All trends in the average time interval that do not match between the multiple quad sensors (i.e.
trends that overlap before aligning index pulses), e.g. the slight increase for all three quads around
uncorrected hole ID 220, are due to the effect of averaging the disturbances over a finite number of
revolutions.

� The data based 3σ bound on the timestamp variation, i.e. an indication of the achievable reduction
in error, creates a double-sided error band of .45 ms, which, at the given belt speed, corresponds to
approximately 300 µm, which approximately matches the integral of the amplitude spectrum of
Figure 6b.

� The calibrated quad error of Figure 6b contains the same frequencies as the error at the measurement
or motor encoder in Figure 3b.

� The optional step in the calibration algorithm, in which the averaged time intervals are averaged
over the quads, introduces frequency components associated with the printbelt period into the error
spectrum. Without averaging, these frequencies are absent, as the influence of a disturbance with
this frequency cannot be observed at a single quad sensor, as it is invariant under the revolutions.

A.4 Identification in the Intermittent Output Framework

In the previous section, the calibration of the quad sensors was detailed and validated. In this section,
the LTI transfer P from the repetitive control input uR to the calibrated error e1 is identified. The



(a) Reconstructed average time intervals δn,q between
observations of two subsequent holes at a single quad

sensor, and sample based 3σ uncertainty bounds.

(b) Error spectrum at a single quad sensor during
continuous operation of the printbelt with feedback

controller C.

Figure 6: Averaged time intervals δtn,q and error spectrum after quad calibration according to Algorithm
1.

identification is based on a FRF measurement in the open loop setting, i.e. applying noise as uR and
measuring e1 (see Figure 1). In order to prevent aliasing, and without requiring a formal analysis or
advanced optimization routines, it is decided to simply truncate the input noise at 45 Hz to circumvent
the issues introduced by the intermittent sampling. As the dominant disturbances are in the range of
0 − 10 Hz, this will not limit the repetitive controller design. The cut-off at 45 Hz is just below the
effective Nyquist frequency of the quad measurements in continuous operation: at the constant speed
of 1.1 m/s with an average nominal hole distance of 10 mm, events occur at approximately every 9 ms.
That is, holes are observed with an effective sampling rate of 110 Hz. The applied noise has a standard
deviation of 10−4 m. The resulting timestamped error is interpolated linearly to an equidistant grid
based on the timestamps, after which standard frequency domain analysis tools are employed. Figure
7 visualizes the identified transfer P and a low order parametric fit P̂ . Additionally, the model based
prediction for P based on the inferential setup is plotted: if it is assumed that the transfer at the quad
sensor approximately matches the transfer at the encoder of the measurement roller, the inferential
prediction is given by

P = P3C (1 + P2C)
−1
. (23)

The following observations are made:
� Similarly to the identified plants in the LTI framework, the estimated plant P is biased around 3.5

Hz due to the dominant drivetrain disturbance introducing power at this frequency.
� The input contains no power above 45 Hz, resulting in a transfer that is just amplified noise above

this frequency.
� The inferential prediction is able to somewhat predict the first mode around 50 Hz, but is unable to

predict an extra pole around 25 Hz, i.e. P3 does not closely match the transfer from motor input to
quad output. Further research is required to explain this discrepancy.

A.5 Intermittent Output Matched Basis Functions Repetitive
Control: Design, Sensitivity and Performance

In this Section, the validation of the MBFRC designs is discussed chronologically. Based on the
experimental results, a sensitivity analysis of the MBFRC design is carried out with respect to its
learning gain (time-varying frequencies) and internal model frequency. Lastly, the obtained performance is
discussed, and an outlook is presented that makes recommendations to further improve performance.



Figure 7: Identified transfer P from repetitive control input uR to calibrated repetitive control error e1 in
the intermittent output framework.

Table 2: Design parameters of matched basis functions repetitive controllers.

Design ID Basis function frequencies [Hz] Learning gains λi Projection gains ai

1 {3.4585, 0} {8· 10−4, 0.01} {1, 0.435}
2 {3.458, 4.882, 5.154, 5.525, 5.9245, 0} {2.5, 2.5, 2.5, 2.5, 2.5, 100}· 10−4 {1, 1, 1, 1, 1, 0.435}

Addressing a Single Basis Function

Firstly, a repetitive controller is designed that addresses just a single frequency and the DC component
to compensate for reference mismatches between r1 and r2. It is designed according to Theorem 4 of
Section 2.3, and its parameters are summarized in the first row of Table 2. Figure 8a and 8b show the
converged error in time and frequency domain. The following observations are made

� The 3.46 Hz component of the error is suppressed from 300 µm to 8 µm, i.e. by a factor of 30, as is
common for repetitive control performance.

� The maximum amplitude of the error is bounded by ±75 µm after learning, as opposed to ±370
µm before.

Addressing the First Harmonics of Each Disturbance

As the design for a single basis function is validated, a repetitive controller that addresses multiple unrelated
frequencies is subsequently designed. The design addresses the first harmonics of each disturbance source,
and its parameters are summarized in the second row of Table 2. Figure 9a and 9b show the converged
error in time and frequency domain. The following observations are made:

� Adding additional basis functions increases the performance, i.e. decreases the maximum amplitude
of the converged error from ±75 µm to ±62 µm.

� The addressed measurement roller frequency of 5.15 Hz is not attenuated at all. It is hypothesized
that the internal model frequency does not match the frequency of the real disturbance to such an
extent that the suppression is nullified.

� Although the total performance has increased with respect to the design for a single basis function,
the amplitude of the error at the drivebelt frequency also increased. It is hypothesized that this



(a) Time segment of the converged learning error.
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(b) Amplitude spectral density of the converged
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Figure 8: Converged learning performance of the MBFRC design addressing the single drivetrain
frequency.

(a) Time segment of the converged learning error.
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(b) Amplitude spectral density of the converged
learning error.

Figure 9: Converged learning performance of the MBFRC design addressing the first harmonics of each
disturbance.

is caused by time-varying characteristics of the disturbance: a higher learning gain provides more
attenuation for frequencies close to the internal model frequency than a low learning gain.

The two hypothesis are tested in subsequent sections.

A.5.1 Sensitivity to Frequency of Internal Model

In order to investigate the sensitivity of the performance on the internal model frequency, an experiment
is carried out that evaluates the learning performance for a grid of internal model frequencies around the
true disturbance frequency of the drivetrain. Figure 10a shows the maximum amplitude of the converged
learning error around (±0.1 Hz) the basis function frequency, as a function of the internal model frequency.
The following observations are made:

� The converged performance mirrors the notch profile of the MBFRC design. If the internal model
frequency is not exact, the disturbance frequency is not exactly on but near the poles of the notch,
thus resulting in non perfect rejection.

� To achieve non-trivial disturbance suppression, the internal model frequency should match the true
frequency within ±0.001 Hz. If the internal model frequency is outside this frequency band, the
converged learning performance is hardly improved with respect to the base case without learning.
Possible solutions for this high sensitivity are proposed in Section A.5.4.

A.5.2 Sensitivity to Learning Gain

In order to investigate the sensitivity of the performance on the learning gain, an exerpiment is carried out
that evaluates the learning performance for a grid of learning gains for the drivetrain frequency. Figure



(a) Sensitivity of learning performance with respect to
internal model frequency.

(b) Sensitivity of learning performance with respect to
learning gain.

Figure 10: Sensitivity of converged learning performance of the MBFRC design addressing the first
harmonic of the drivetrain frequency.

10b shows the maximum amplitude of the converged learning error around (±0.1 Hz) the basis function
frequency, as a function of the learning gain λ. The following observations are made:

� An increase in learning gain λ exponentially increases the converged performance (logarithmic
scale), and saturating at approximately λ = 7· 10−4 for this basis function.

� This experiment supports the hypothesis that the loss in performance at the drivebelt frequency for
the second design (targeting the first harmonics) is due to a decreased learning gain.

A.5.3 Other Performance Measures

Note that the adopted calibration approach of Section A.3 implicitly specifies a control objective: to
control the printbelt such that the time interval between two subsequent observations of the same hole
at a single quad sensor is constant, i.e. ∆tkn,q is constant for all holes n over the iterations k at quad q.
This also ensures that the time interval between two holes at a single quad sensor is constant. However,
the true control goal is to control the printbelt such that the behaviour of the printbelt at the nozzles
is invariant over printbelt revolutions, i.e. perfect repeatability. Previously, the performance was only
measured in terms of the calibrated error signal. In this section, the performance of the MBFRC design
that addresses the first harmonics (i.e. the second row of Table 2) is expressed in terms of variation of
quad timestamps , which provide a more direct quantification of the performance with respect to the true
control goal. Two performance measures are inspected in this section:

� The time interval between observations of two subsequent holes at the same quad sensor δtkn,q for
all holes n and iterations k for quad sensors q = 1. This time interval is a measure for the extent to
which the belt velocity is constant at this quad sensor.

� The time interval between observations of the same hole at quad sensor 1 and 2. This variation of
this time interval is a measure for the repeatability of the behaviour of the printbelt at the nozzles
over the iterations.

The two performance indicators have been visualized in Figure 11. The following observations are
made:

� The variation of the time intervals between observations of two subsequent holes at a single quad
is reduced by a factor 2 for the directly controlled output of quad 1 (Figure 11a). Additionally,
the same trend is observed for the output of quad 2 that is not controlled directly (not shown).
As the calibration method is designed to reduce the variance of time intervals between two hole
observations, this result is expected.

� The variation of the time interval between observations of the same hole at quad 1 and quad 2, i.e.
the time it takes for a hole to travel from quad 1 to quad 2, is decreased by a factor 2 as well (Figure
11b). That is, although the output of only a single quad is controlled, the repeatability of the
printbelt behaviour at the printbelt is improved by the same factor. Note that this is to be expected,
as at this scale, the repeatability is determined by the dominant disturbance associated with the
drivetrain. For other disturbances, e.g. the measurement roller, it is expected that in order to



(a) Variation in timestamps δtkn,1 between two
subsequent holes at quad 1.

(b) Variation in time intervals between observations of
the same hole at quad 1 and quad 2.

Figure 11: Indirect performance measures of MBFRC design that addresses first harmonics of all
disturbance sources.

increase the repeatability of the printing process, it is required to actively mimic these disturbances
at the motor, such that the length of the printbelt between two quad sensors is controlled to a
constant value. Further research into a modal analysis and subsequent model-based decoupling is
required to formalize this argument.

In conclusion, the designed intermittent output matched basis function repetitive controller is not only
able to suppress the frequency content of the calibrated error signal, but suppressing these frequency
components directly correlates with repeatability of the printing process in terms of time intervals between
holes at the same sensor, and in this case, also in terms of time intervals of the same hole between quad 1
and quad 2.

A.5.4 Practical Outlook

In the previous section, it was shown that decreasing the calibrated RC error corresponds to increasing the
repeatability of the dynamic printbelt behaviour at the nozzles. The most promising direction forward to
obtain higher performance is thus to iterate on the repetitive control design while adhering to the current
calibration method. From the sensitivity experiments, it becomes evident that current performance is
limited by two factors: the accuracy of the internal model frequency, and the magnitude of the learning
gains limited by the DPR constraint on I − TR(z). In order to move forward, the two following practical
recommendations are made:

� To address the accuracy of the internal model, it is recommended to either carry out a frequency
sweep around each basis function as in the sensitivity analysis to find the optimal frequency.
Alternatively, the RC design could be converted into an adaptive design, in which an optimization
procedure, e.g. line search or golden section search, estimates the optimal internal model frequencies
iteratively based on data. It is recommended that this is combined with the dynamic case, in which
the disturbance frequencies shift due to e.g. temperature changes, see also [27].

� To address the limited learning gain, it is recommended to switch from a parallel repetitive control
design (MBFRC consists of a set of parallel periodic signal generators) to a serial/sequential design,
in which the interaction is explicitly taken into account [5]. This could potentially result in higher
learning gains without violating the DPR condition on 1− TR(z).
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