
 

Relaxation pathways for soft materials

Citation for published version (APA):
Ciarella, S. (2021). Relaxation pathways for soft materials. [Phd Thesis 1 (Research TU/e / Graduation TU/e),
Applied Physics and Science Education]. Technische Universiteit Eindhoven.

Document status and date:
Published: 22/01/2021

Document Version:
Publisher’s PDF, also known as Version of Record (includes final page, issue and volume numbers)

Please check the document version of this publication:

• A submitted manuscript is the version of the article upon submission and before peer-review. There can be
important differences between the submitted version and the official published version of record. People
interested in the research are advised to contact the author for the final version of the publication, or visit the
DOI to the publisher's website.
• The final author version and the galley proof are versions of the publication after peer review.
• The final published version features the final layout of the paper including the volume, issue and page
numbers.
Link to publication

General rights
Copyright and moral rights for the publications made accessible in the public portal are retained by the authors and/or other copyright owners
and it is a condition of accessing publications that users recognise and abide by the legal requirements associated with these rights.

            • Users may download and print one copy of any publication from the public portal for the purpose of private study or research.
            • You may not further distribute the material or use it for any profit-making activity or commercial gain
            • You may freely distribute the URL identifying the publication in the public portal.

If the publication is distributed under the terms of Article 25fa of the Dutch Copyright Act, indicated by the “Taverne” license above, please
follow below link for the End User Agreement:
www.tue.nl/taverne

Take down policy
If you believe that this document breaches copyright please contact us at:
openaccess@tue.nl
providing details and we will investigate your claim.

Download date: 24. May. 2023

https://research.tue.nl/en/publications/464278cc-067f-4206-809f-59c10f6ef7e7


RELAXATION PATHWAYS FOR

SOFT MATERIALS

SIMONE CIARELLA



A catalogue record is available from the Eindhoven University of Technology
Library.
ISBN: 978-90-386-5205-4

Cover design by Valerio Innamorati.

Printed by Ipskamp Printing.

Copyright © 2021 Simone Ciarella. All Rights Reserved.



RELAXATION PATHWAYS FOR

SOFT MATERIALS

PROEFSCHRIFT

ter verkrijging van de graad van doctor aan de Technische Universiteit
Eindhoven, op gezag van de rector magnificus prof.dr.ir. F.P.T. Baaijens,
voor een commissie aangewezen door het College voor Promoties, in het

openbaar te verdedigen op vrijdag 22 januari 2021, om 16:00 uur.

door

Simone Ciarella

geboren te Rome, Italië
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Chapter 1

Background

The environment around us is in a state of local equilibrium. To live,
but also to gather information and acquire knowledge, we have to perturb
our surroundings. For example, if we want to know whether an object
is hard or soft we could touch it. This act of touching constitutes a
perturbation. The response of the system as it goes back to its original,
or even a different, equilibrium state is called relaxation.

In this thesis we discuss what specific relaxation patterns (or pathways)
are associated to different mechanisms that a material can use to relax,
thus reaching different equilibrium states. Our focus will be mostly on
soft materials because they have more ways to relax. The reason is
that soft materials usually have a disordered structure that does not
preserve long range order, thus allowing more degrees of freedom while
relaxing. Considering that the relaxation pathway actively contributes
to the overall properties of the material, the final goal of this thesis will
be to tailor specific properties by controlling how the material can relax.

We start this thesis by drawing the relevant background, introducing
soft materials and stress relaxation. We put vitrimers, a particularly
interesting type of soft materials, in the spotlight because they are a
paradigmatic example of soft materials that can follow extraordinary
relaxation pathways. We end this chapter with an outline and reading
guide.
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CHAPTER 1. BACKGROUND

1.1 Soft materials

Soft materials deform upon touching. When observed under a microscope
they often appear disordered (Fig. 1.1). Since there are more ways to arrange
molecules in a disordered than in an ordered structure, it is not surprising that
many different classes of soft disordered materials exist.

Liquids are an important group of soft materials. They are characterized
by short range order (typical of crystalline solids) and long range disorder
(typical of gas). In practice, we identify them from the fact that they flow to
conform to the shape of their containers. Glasses have a structure which is
almost indistinguishable from that of liquids, but are solids that do not flow
like liquids. This is why it is possible to fill a glass with water, but not the
other way around.

Rubbers at room temperature cannot be classified as either glasses or liq-
uids. Unlike liquids and glasses, a rubbery material is made up of long polymer
chains all entangled or connected (cross-linked) together. As a consequence,
the properties of polymeric materials are attributed to those large units formed
by the macromolecular chains [1]. Not surprisingly, macromolecules appear in
several different shapes, as we sketch in Fig. 1.1 (e)-(m), and each of them
gives rise to peculiar properties.

To understand and describe many of the complex states in which soft mat-
ter can appear, we use the tools of statistical physics. Within the framework of
statistical physics, all information on the state of the system is collected in the
partition function [2, 3]. This function collects all the possible microstates that
the system can explore and aggregates them to describe the statistical proper-
ties of the system for some thermodynamic state variable. In our description
we select as state variables the number of particles N , the temperature T and
the volume V . Then the partition function Q(N,V,T ) becomes:

Q(N,V,T ) ≡
1

N !h3N
∫ drdpe−βH(r,p) , (1.1)

which sums over all the 6N degrees of freedom that define each microstate:
coordinates r and momenta p. Here h is the Plank constant and β = 1/kBT is
the Boltzmann factor where kB is the Boltzmann constant. The factor 1/N !
represents the fact that particles are indistinguishable so we cannot distinguish
between permutations. Finally H(r,p) is the Hamiltonian that defines the
energy of each microstate. If we could explicitly calculate the partition function
for a given Hamiltonian we would know all the equilibrium properties for that
particular system.

Usually, to represent real materials, the Hamiltonian is separated into a
kinetic part (that depends on momenta p) and a potential V(r) that depends

3



CHAPTER 1. BACKGROUND

Fig. 1.1 – Different materials have different internal structures. Soft materials are
usually disordered (a)-(b),(e)-(m), while solid crystals are not (c). The structure of a
(a) glass and a (b) liquid is very similar, despite their strikingly different macroscopic
behavior. Polymers can have molecules take various complex architectures, e.g. (d)
linear chains, (e) rings, (f) stars, (g) H-shapes, (h) combs, (i) ladders, (l) dendrimers
and (m) random branches.
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CHAPTER 1. BACKGROUND

on positions only. Integrating out the momenta leads to:

Q(N,V,T ) ≡
1

N !λ3N
∫ dr1 . . . drNe

−βV(r1,...,rN ) , (1.2)

where we introduced the thermal wavelength λ = h/
√

2πmkBT . Since this
length associated to each particle is much smaller than the molecular length-
scales that we aim to describe, we can ignore any quantum effect [2] 1. The
problem then reduces to identifying the correct potential V to model our ma-
terial and to solving Eq. 1.2.

The simplest system we can solve is the ideal gas. In the ideal gas particles
do not interact, so V = 0. From Eq. 1.2 we get then

QIG(N,V,T ) =
V N

N !λ3N
=

(QIG(N = 1, V, T ))
N

N !
, (1.3)

where V is the volume in which ri can move and QIG1 is the partition function of
a single particle. Since ideal gas particles are all the same and do not interact,
it is reasonable that the system can be described in terms of the properties of
a single particle only. We can further extract the Helmholtz free energy F [2]
which is directly related to the partition function through:

F = −kBT lnQ(N,V,T ) . (1.4)

The advantage of the free energy over the partition function relies in its im-
mediate thermodynamic relations with other quantities. In particular we can
derive the pressure P = −∂F /∂V [2]. So if we apply Eq. 1.4 to the ideal gas we
get:

βF IG = −N lnQIG(N = 1, V, T ) + lnN !

≈ −N ln
V

λ3
+N lnN −N ln e

= N
⎛

⎝
ln
N

V
¯
≡ρ

λ3 − 1
⎞

⎠
, (1.5)

where we used Stirling’s approximation for the factorial. We can then derive
the pressure

βP = −
∂βF

∂V
βP = ρ

PV = NkBT , (1.6)

1Notice that λ diverges for T Ð→ 0, so quantum corrections cannot be ignored at extremely
low temperatures.
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CHAPTER 1. BACKGROUND

which is called the Equation of State and gives us the relation between pressure,
volume and temperature that we need to understand and describe the ideal gas.

Summarizing, by solving the partition function of a single particle and
using Eq. 1.6 we fully know the thermodynamic state (P,V, T ) of the ideal
gas. Since the state is unambiguously determined by that equation, the ideal
gas thus describes only a single phase. Because particles do not interact, this
single phase corresponds to an inert gas. In fact this model cannot describe
liquids, nor solids of any type. In order to create liquids we need the solution
to the equations to be degenerate, such that multiple V are possible for a
given (P,T ). To do so we need to include in the Hamiltonian some kind of
interaction.

The simplest interaction we can add to the ideal gas is an excluded volume.
We can describe this interaction using the hard sphere potential:

Vhs (r) =

⎧⎪⎪
⎨
⎪⎪⎩

∞ r ≤ σ

0 r > σ ,
(1.7)

where σ represents the hard sphere diameter. Eq. 1.7 imposes that two parti-
cles cannot get closer than r = σ; otherwise the potential energy diverges and
the probability of finding such a state of overlap ∝ e−βV goes to zero. Further-
more, if we look at the non-normalized probability e−βV it can either be 0 (if
overlap) or 1 (if no overlap): the partition function therefore does not depend
on the temperature. We call such systems athermal because temperature is
an irrelevant variable. The state of athermal systems is fully defined by the
packing fraction:

φ ≡
Voccupied

V
=
π

6
σ3ρ , (1.8)

where Voccupied is the volume occupied by the spheres. Furthermore, to describe
the phase diagrams of hard spheres we rely on the thermodynamic definition
of the free energy [2] F = E − TS = −TS for athermal systems, where E and S
are respectively the energy and the entropy. Because E is purely athermal, the
favored phase is the one that minimizes F or maximizes the entropy S ≡ kB ln Ω,
where Ω is the number of available microstates. The entropy dictates which
state is the most probable to happen.

To get a deeper understanding of the entropy we distinguish two terms [4, 5]:
(i) the vibrational entropy Sv represents the freedom that a particle has to
vibrate around its equilibrium position, and (ii) the configurational entropy
Sc which accounts for particles changing their equilibrium positions. Since
crystals (subscript cr) have a very ordered packing compared to a disordered
fluid (subscript f), then Svcr > S

v
f . However Sccr = 0 < Scf because crystalline

lattices have well-defined equilibrium positions that particles have to occupy.

6



CHAPTER 1. BACKGROUND

Fig. 1.2 – Representation of the equation of state for sticky hard spheres [11–14], at
a temperature and thickness of the sticky shell (∆) that allow liquid formation. The
unstable branch (dotted line) is corrected via the Maxwell construction producing the
black line. At P0 we find two stable branches at different volumes: the liquid VL and
the gas at VG.

With the help of computer simulations [6, 7] is it possible to calculate that
at low φ the dominant contribution is the configurational entropy, thus the
equilibrium phase is the fluid. However, upon increasing φ the configurational
entropy of the fluid goes to 0. A crossover happens at φ > 0.49 [6] where the
vibrational entropy becomes dominant. This corresponds to a phase transition
from fluid to crystal 2. However, it is also possible to avoid the crystal formation
by doing a very rapidly compressing or by owrking with mixture including
particles with slightly different sizes [8]. If φ is large then the packing is so
tight that the hard spheres can form a solid structure where particles keep
the disordered positions they had in the fluid phase 3. This is what we call
an amorphous solid or a glass. Summarizing, excluded volume is enough to
generate crystals and glasses.

To turn the gas into a liquid we add to the excluded volume an attraction
of strength ε and thickness ∆, producing the following potential:

Vsw (r) =

⎧⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎩

∞ r ≤ σ

−ε σ < r < σ +∆

0 r ≥ σ +∆ ,

(1.9)

2In particular a FCC structure, which for hard spheres corresponds to the largest Sv

among all the ordered lattices.
3Ref. [9] reports that the glass could appear for φ > 0.51, while for φ > 0.58 crystal can not

be formed anymore, concluding that a glass transition happens at φ ∼ 0.58. However, more
recent studies [10] that crystallization occurs even at 0.58 ≤ φ < 0.64.
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which is called square well or sticky hard spheres in the limit of ∆Ð→ 0 and εÐ→
∞. Using simulations [11], experiments [14] or even analytic theories [12, 13] it
is possible to calculate the equation of state P (V ) at constant T for sticky hard
spheres. We sketch this result in Fig. 1.2. In the figure we see that at (P0, T )

two volumes are available for the system 4. Since in the limit of P ∼ 0 the
system converges toward the ideal gas, it is natural to define the gas phase as
the one with the largest volume VG that can be approached continuously from
P = 0, and the liquid as the other one at VL < VG. So in summary, combining
excluded volume with attraction enable the creation of a liquid phase.

Lastly we want to discuss how to make polymers and more complex struc-
tures from sticky hard spheres. The problem with sticky hard spheres is that
at low temperature they always separate into a mixture of a high density glass
and a low density gas [16, 17] 5. Those results show that sticky hard spheres
do not generate homogeneous phases where the spheres are equally distributed
in some type of structure, but they rather phase separate into domains with
very different properties. A solution to this problem is to imagine that the
hard spheres are sticky only on a finite number of spots on their surface, i.e.
they have a finite valence 6. When the valence of sticky hard spheres is re-
duced [18, 19] suddenly, between the liquid and the glass, a region in which
complex structures are stable opens up. This region is also called network or
equilibrium gel region [17]. In this network region, sticky hard spheres form
dynamic bonds only with a finite number of their neighbours, creating com-
plex structures. The specific shape of those structures strictly depends on the
details of the mixture, i.e. the valence of each sphere and their sizes.

In order to understand the properties of such a variety of complex struc-
tures, it is beneficial to change the description from single units (monomers)
to a large assembly of them: polymers. The idea that the colloidal properties
of polymers are attributed to the sizes of these large assemblies was already
proposed in 1920 [20] and it is well-accepted nowadays [1]. One of the sim-
plest assemblies that we can imagine are chains with no interactions between
monomers that are far apart along the chain, which we call ideal chains. When
those chains are a collection of N rigid rods of fixed length b, we call the model

4Some theories like the Van der Waals equation [15], predict an intermediate volume VI

corresponding to P0. However a value like that is unstable and in fact we use the Maxwell
construction to correct this effect. The reason for the instability is that the thermal compress-
ibility is k−1T ∼ −∂P /∂V ∼ ⟨N2⟩− ⟨N⟩2, so the derivative ∂P /∂V cannot be positive otherwise
it would correspond to a negative variance of the number of particles N for a grand canonical
approach where V is constant and N is not.

5Because the spinodal line for the gas-liquid meets the glass line [17].
6Standard sticky hard spheres, like those described by Eq. 1.9 have a valence f = ∞.

However, since 12 is the maximum number of nearest neighbours that a sphere can have in
3 dimensions, we can conclude that f < 12 corresponds to Eq. 1.9.

8



CHAPTER 1. BACKGROUND

freely-jointed chains (FJC). Since flexible polymers have many universal prop-
erties that are independent of the local chemical structure, it is possible to
derive an equivalent FJC model to describe each of them. In order to do so,
we need first to introduce the following concepts:

• if we define r⃗i the vector that connects two consecutive hinges on the
chain, where i = 1, . . . ,N runs all along the chain, the maximum end-to-
end distance (or contour length) of the chain is

Rmax = Nri , (1.10)

when all the vectors point in the same direction. For FJC each element
is a rigid rod of length b, so the maximum end-to-end distance is

Rmax = Nb . (1.11)

• The mean squared end-to-end distance for ideal chains is

⟨R2
⟩ =

N

∑
i,j=1

⟨r⃗ir⃗j⟩ , (1.12)

and in FJC, after some calculations [1], it becomes:

⟨R2
⟩ = Nb2 = bRmax . (1.13)

The contour length and the mean squared end-to-end distance are intrinsically
determined by the details of the polymers, like the maximum torsion angles that
the atoms allow while the chain is bending. However if we combine Eq. 1.11
and Eq. 1.13 we see that in the FJC model

b =
⟨R2⟩

Rmax
, (1.14)

which means that for any given polymer with its specific features, we can
calculate an equivalent length b (or Kuhn length) that corresponds to the length
of the hard rods of a FJC with the same contour and mean squared end-to-end
distance as the real polymer. We conclude that it is possible to study simple
models like FJC to describe at the same time a huge variety of real complex
polymeric structures.

In summary, in this section we introduced minimalistic models for crystals,
glasses, liquids and polymers. We have seen that excluded volume is enough
to produce crystals and glasses while liquids require attraction too. Lastly,
complex structures appear when the attraction happens only within a finite
number of neighbours. However those complex structures are well described
from the point of view of large molecules. Even though those are very simple
models that do not capture details of specific atoms and molecules, we will
show that they can reproduce many interesting phenomena nonetheless.

9



CHAPTER 1. BACKGROUND

1.2 Relaxation

Crystals, glasses, liquids and polymers show distinctive relaxation mechanisms.
We define relaxation as the dynamical response of materials to go back to
equilibrium after a perturbation. In general, we will see in the next sections
that liquids relax faster and do not keep memory of their equilibrium state
before the perturbation, while crystals, glasses and solid polymers tend to
preserve such memory. However, despite the simple models we introduced so
far, real materials are characterized by many more microscopic details that
influence their relaxation behavior. In this work, we will call the different
routes that a material could follow in order to relax pathways.

The final goal of this thesis is to understand how to control which pathways
are available for a material, developing simple controllable models that can be
later synthesized into real materials. This allows us to regulate if the material
ultimately behaves like a solid (in order to keep a permanent shape) or like
a liquid (in order to remold and recycle it) and more importantly to switch
between those regimes on-demand. Moreover, we can also achieve unique re-
laxation pathways characterized by a quick local relaxation to recover and heal
small damages, while maintaining a solid backbone structure. Or, alternatively,
we can force the material to assemble into specific structures while relaxing, in
order to change its shape using external stimuli. So, overall our main objective
is to understand how some of those pathways can be opened and closed by
changing external parameters, in order to create multiple knobs that allows us
to tune the properties of a material in real time, achieving smart, on-demand
responses.

We conclude this section with some examples of how switching from liquid
to solid can be used as technological advantage. In 2018 plastic debris have
been found on the bottom of the Mariana Trench [21, 22], this means that our
planet is officially covered in man-made waste from the highest to the lowest
point. As such, it is every day more clear that our economy based on waste
production has to change eventually. From a phenomenological perspective,
goods become waste when they can not be used anymore for their original
purpose. Waste production can be hindered by re-purposing objects that we
do not need anymore, in other words recycling. What stops us from recycling
our unneeded goods is the fact that they are broken or not functional anymore.
However, if we had a switch to turn them into liquids, we could remold them
into fresh new objects and then turn them back into solids, effectively trans-
forming waste into commodity. Apart from this impressive application, there
are also present applications of phase-changing materials. There are for exam-
ple memory devices [23] and batteries [24] based on phase-changing materials.
The mechanisms that control the phase change, ultimately determine the per-
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Fig. 1.3 – Deformation caused by opposite forces applied to the two plates that
contain the material sample.

formance of such devices, so their efficiency can be improved by using optimized
material e.g. materials that change phase more rapidly if the device needs to
be responsive. The last application we discuss is in the field of medicine. The
drugs that we use to fight diseases sometimes also damage healthy cells. For
this reason we would like to site-target the unhealthy parts of our body. This
is what drug delivery refers to. There are established mechanisms to deliver
drugs into specific locations by using bio-compatible polymers that respond
to stimuli [25–28]. As such, the improved control over the time-dependent
material response that our research aims to achieve, has great potential to
tailor drug delivery mechanisms because the delivery mechanisms needs to be
tailored for the specific demand: sometimes we want to rapidly deliver the
medication, sometimes we want to find the best spot to deliver within a larger
area, even if it takes time to find it. While some researches are actively search-
ing new materials that favour a specific delivery mechanism, we want to start
from established materials and optimize their structure and pathways in order
to adjust the delivery mechanism. In conclusion, controlling the relaxation
properties of materials has a wide range of potential applications.

1.2.1 Stress relaxation

Different material types can be easily distinguished in our everyday life. One
of the simplest tests is to deform the material and to look at its response. In
this section we introduce some formal concepts to quantify this straightforward
procedure [1].

Consider a simple shear like the one sketched in Fig. 1.3. Here two rigid
surfaces that enclose and adhere to the sample are pushed by a force f in the
x direction. We define the shear stress σ as the ratio of the applied force and
the cross-sectional area of the surfaces A:

σ ≡
f

A
. (1.15)

To quantify the deformation we introduce the shear strain γ, which is the
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displacement of the plates ∆x normalized by the thickness h:

γ ≡
∆x

h
. (1.16)

For a perfectly elastic solid, the shear stress and shear strain are propor-
tional and we call the constant of proportionality shear modulus G:

G ≡
σ

γ
, (1.17)

which is valid for all solids at small strains 7.
In contrast, if the deformed material is a liquid the stress is zero for any

constant strain. To extend the concept of stress to liquids we can use the
deformation rate (or shear rate γ̇), which is the rate of change of shear strain
over time:

γ̇ ≡
dγ

dt
. (1.18)

For simple liquids, the shear stress is linearly proportional to the shear rate:

η ≡
σ

γ̇
, (1.19)

where the constant of proportionality η is the shear viscosity. When a liquid is
cooled/compressed its shear viscosity increases continuously [8]. At some point
the liquid becomes so slow that the stress produced by a small shear rate is
many orders of magnitude larger than its value at room conditions: the liquid
is now becoming a glass.

Now consider the application of a step strain γ at time t = 0, for which
the stress is reported in Fig. 1.4. In the ideal case of a perfectly elastic solid,
the stress would jump to the equilibrium value stated by eq. 1.17. In the ideal
case of a perfectly Newtonian liquid, the stress response would be instantaneous
(τ = 0) and the stress would immediately decay to 0. Almost every real material
has instead a more complex response which is more similar to the one depicted
in Fig. 1.4. We call them viscoelastic solids or liquids.

For viscoelastic materials, the stress that results from a step strain is a time
dependent function σ(t) and it is used to define the stress relaxation modulus:

G(t) ≡
σ(t)

γ
. (1.20)

Its equilibrium value Geq = limt→∞G(t) strictly distinguishes between liquids
and solids. If Geq > 0 it means that the material is not relaxing all the stress

7In the context of small deformations it is called Hooke’s law of elasticity.
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Fig. 1.4 – Stress relaxation after a step strain at time t = 0. The viscous liquid (blue)
relaxes to 0, while the viscous solid relaxes only partially, retaining some stress equal
to γGeq.

and at least a part of it gets stored in the deformation. If we release the shear,
the material would partially revert to its original shape, proportionally to the
value of Geq. So (viscoelastic) solids are characterized by Geq > 0. On the
other hand, if Geq = 0 then the material has fully relaxed the imposed stress
and perfectly accommodates the new shape imposed by the deformation. So if
Geq = 0 we are dealing with a (viscoelastic) liquid.

Even though stress relaxation can be described from the universal frame-
work we proposed above, real materials are characterized by many more micro-
scopic details that ultimately influence their behavior. If we imagine the stress
relaxation as the process through which molecules rearrange to accommodate
the deformation, it is easy to conclude that the amount of stress that can be
relaxed and the speed at which the process happens, are ultimately determined
by the shape of the molecules and their interactions. In particular, by control-
ling the stress relaxation of a material we control if it behaves like a solid or
like a liquid, such that it can sustain some stress while solid-like or flow and
change its shape while liquid-like, thus achieving smart on-demand response.

1.2.2 Structural relaxation

The coarse measures like the stress and the strain we introduced in the previ-
ous section hide several microscopic processes involved in the relaxation. To
describe the microscopic dynamics, we keep track of the position of each of
the N particles ri(t). If all particles are equal, then all their positions can be
described at the same time introducing the density function:

ρ(r, t) =∑
i

δ (r − ri(t)) , (1.21)
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Fig. 1.5 – The structure factor S(q) is a fingerprint of the structure of any material.
Crystals (red), which are characterized by a well defined order, show a collection of
sharp peaks that corresponds to a specific crystalline lattice. The opposite case is
the ideal gas (green) where particles do not interact so they are equally distributed in
space, producing a uniform featureless S(q). Lastly liquids (blue) and glasses (grey)
have only short-range order, so S(q) shows some peaks at small q, but rapidly decays
to the uniform distribution for larger q.

which simply collects the position of all the particles in the system. In practice,
it is often better to use the Fourier transform of Eq. 1.21, the density modes
because they can be measured in scattering experiments:

ρq(t) =∑
i

e−iq⋅ri(t) . (1.22)

In particular, the most important measurable object is the correlation be-
tween two of those density modes, the structure factor :

S(q) ≡
1

N
⟨ρq(t0)ρq(t0)⟩ , (1.23)

which in equilibrium does not depend on the time t0 because the system is
invariant under time translation. If the system is isotropic we can also ignore
the angular dependence and consider S(q = ∣q∣) only. In Fig. 1.5 we show the
typical behavior of S(q). Its peaks correspond to the most probable (inverse)
distances at which we can find a pair of particles, and in particular the highest
one coincides with the largest ρqρq correlation (Eq. 1.23). As a result, highly
ordered materials show sharp peaks at the specific q that characterize each spe-
cific lattice [29]. The red curve in Fig. 1.5 sketches the fact that crystals have
a very peaked S(q) due to their well-ordered structure. On the opposite side
of the spectrum, ideal gas particles do not interact, so their uniform distribu-
tion produces a featureless structure factor (green curve). Finally liquids and
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Fig. 1.6 – Intermediate scattering function F (q, t) evaluated for q = q0. In a crystal,
all the particles stay in their well-defined site so F remains constant (red curve). In
the ideal gas all the particles move around freely, so F rapidly relaxes to 0 (green).
In liquids (blue) the relaxation process takes longer. In glasses (gray) this relaxation
process takes so long that glasses appear solid for an extremely long time.

glasses show some peaks at small q because they are ordered at short-range,
but S(q) goes to 1 for larger q because they are disordered at longer distances.
Notice that despite liquids and glasses having structures which are almost in-
distinguishable from each other, they have a strikingly different viscosity. This
is one of the reasons why understanding the glass transition from a microscopic
picture is still a ”dream” [30].

To describe the relaxation processes that take place inside a material, it is
possible to extend the concept of structure factor to the dynamics introducing
the intermediate scattering function:

F (q, t) ≡
1

N
⟨ρq(t)ρq(0)⟩ . (1.24)

This function correlates the position of all the particles at time t = 0 with the
positions at t > 0, capturing the time evolution of the system. It is evident that
F (q, t = 0) = S(q). In general, the time dependent behavior of F (q, t) is an
average representation of the relaxation process that the system experiences
in response to the constant thermal agitation of the particles. If F goes to
0, then particles can move around freely and decorrelate from their initial
position. This long time decorrelation is analogous to the stress relaxation we
discussed in the previous section, where the stress goes to 0 if the material is
fluid (it can change its shape), while it remains constant for solids. In Fig. 1.6
we show that F relaxes nearly instantaneously for the ideal gas, while it takes
a long time in liquids. Particles arranged in a crystalline lattice will never
leave their specific position, so the intermediate scattering function remains
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Fig. 1.7 – Stress relaxation of vitrimers. Up to t ∼ τs swaps are prevented, so vitrimers
behave as viscoelastic solid and a part of the stress is retained. After the activation
of the swap reaction stress can be relaxed through swaps, producing a liquid-like
behavior.

constant. Lastly, glassy particles can move a bit so initially F decays, but
each particle gets rapidly locked into a tight and long-lived cage formed by its
nearest neighbours 8. This is the mechanism that makes a glass behave like a
solid despite its liquid-like structure.

In summary, we have seen that relaxation processes can be discussed from
both points of view: stress or particles positions. The microscopic point of
view based on positions is particularly important in the context of the glass
transition. Using that framework we aim to reliably identify the main struc-
tural signature that distinguishes liquids from glasses. We speculate that if
we are able to pinpoint this feature we are also able to control it during the
synthesis of the material or with external stimuli, achieving a material that
phase-changes on demand.

1.2.3 Vitrimers

We conclude this section by introducing vitrimers, exciting and novel materials
whose macroscopic properties originate from their unique relaxation pathway.
Vitrimers are an intriguing new class of polymer networks. The unique prop-
erties of vitrimers stem from a reversible bond-swap mechanism [32–35], which
allows covalent crosslinks in the polymer network to change dynamically while
preserving the total number of bonds. In effect, at low swap rates they perform
like viscoelastic solids, while at high rates they are malleable like viscoelastic

8This effect is called caging [31].
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liquids.

Among all polymers, vitrimers are unique in their ability to interpolate
between the two conventional classes: thermoplastics and thermosets [1]. The
first can be reshaped at will, but are sensitive to being weakened by con-
tact with solvents, while the latter are insoluble but cannot be reshaped after
cross-linking. The connectivity-preserving bond exchange mechanism of vit-
rimers makes their cross-links dynamic. At low swap rates they perform like
thermosets, while at high rates, they are malleable like thermoplastics.

The swap rate can be controlled by tuning the temperature or the con-
centration of catalyst for the exchange reaction [33]. As a consequence, it
is possible to activate the swaps in order to remold and recycle an old vit-
rimer sample, and then stop the swap reactions in order to preserve the freshly
molded shape. In Fig. 1.7 we show a schematic stress relaxation process: up to
t ∼ τs swaps do not take place, so vitrimers have a solid-like behavior. When
swaps are allowed, vitrimers can relax all the stress and they behave as a liquid
on a long timescale. Comparing Fig. 1.7 with Fig. 1.6 we can see that τs re-
sembles the relaxation of glassy materials. However while the glassy relaxation
corresponds to particles uncaging from their local position, here τs corresponds
to chemical reactions that can be activated at will. Notice that in the liquid
phase vitrimers heal any damage and can be reshaped and recycled at will.

Their excellent mechanical performances and their recyclability granted
its main inventor, prof. Leibler, the European Inventor Award 2015. They
have also been used for many smartly designed materials, where bond swap-
ping provides a welding strategy [36], or responsiveness to light, pH, voltage,
metal ions, redox chemicals and mechanical stimuli [37–39]. However, their
widespread diffusion is hindered by their high production cost that is higher
compared to standard plastics and by their relaxation pathways not being op-
timized for high-throughput manufacturing.

In the context of this thesis, we use a theoretical approach to find strategies
to enhance desirable properties of vitrimers. In particular, we show how the
polymer architecture can be optimized to have a faster remolding and to make
vitrimers self-healing. We hope that our way of optimizing vitrimers could
make their added functional value sufficiently high to outweigh their higher
production cost, forcing the market towards a widespread use of recyclable
vitrimeric plastics.

1.3 Outline of the thesis

Part I- Introduction

In Ch. 2 we introduce the techniques and methods that we used through this
thesis. In particular we introduce the concept of Molecular Dynamics (MD)
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simulations to calculate the dynamics of the system from the equation of motion
and Mode-Coupling theory (MCT), a theory that allows us to estimate the
dynamics from static information only.

Part II- Vitrimers: relaxation through swaps

In Part II we focus on vitrimers. Since our approach is mostly driven by
computer simulations, we first develop in Ch 3 a MD model for vitrimers,
based on three-body potentials, that we implemented and publicly shared. In
Ch 4 we study the effects that specific architectures of vitrimers have over
their stress relaxation, highlighting the role of defects as a way to speed up
relaxation, enhancing the malleability of vitrimers. Lastly in Ch 5 we discuss
one of the distinctive features of vitrimers: their self-healing ability. We show
that they can rely on smartly designed structures in order to heal without any
external activation.

Part III- Soft particles at interfaces: stimuli-responsive relaxation

In Part III we focus on soft particles and in particular how their specific ar-
chitecture influences their arrangement. Their behavior and relaxation is also
very sensitive to external stimuli. Furthermore, their response to these stimuli
heavily depends on the details of the specific particle. In Ch 6 we introduce
thermoresposive microgels that contracts while heated. Their behavior in bulk
is well understood, but if we put them at an interface they change their response
to temperature. We want to control their response to temperature because we
can use that to create emulsions that can de stabilized and destabilized at will,
with important consequences for example for drug delivery. In Ch 7 we discuss
soft particles at an interface that gets compressed. We see that at least three
response types exist. We further show how the particle architecture affects
the response and we provide some guidelines to synthesize particles with the
desired behavior.

Part IV- Glasses: glassy relaxation

The intricate interplay between the molecular structure of a material and its
emergent macroscopic dynamics lies at the heart of modern materials sci-
ence. This interplay, however, remains notoriously poorly understood for glass-
forming systems. In fact if we look at a microscopic picture of a liquid and
a glass we can hardly find out which one behaves like a solid and which one
relaxes. In part IV we try to expand this understanding by developing theories
to describe glasses and understand their relaxation. First, in Ch 8 we go back
once again to vitrimers, whose name comes from the latin word vitrum (glass).
In addition to the standard glass transition that any material encounters while
compressed or cooled, vitrimers undergo an extra glass transition when the
swap reaction stops. This sets a unique stage where different mechanisms con-
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tribute to the emergence of the solid behavior that defines glasses and the
glass transition. We discuss in particular the peculiar fragility of vitrimers,
which characterizes how rapidly the dynamics slows down upon cooling. The
fragility has important consequences for practical applications, but it is still un-
clear what structural properties determine the fragility. Here we highlight some
signatures in the structure that influence the fragility of the material. Surpris-
ingly, MCT can capture them as well. Furthermore, in Ch 9 we discuss how
to go beyond MCT by considering higher order correlations, in the particular
case of multi-component systems. Here we develop the first multi-component
version of generalized-MCT (GMCT) and we use it to improve the theoretical
understanding of simulated binary mixtures. Lastly in Ch. 10 we fix the main
issue of (G)MCT that lies in some of the approximations involved. In doing so
we develop for the first time an off-diagonal generalized version of MCT. This
theory represents an unprecedented step forward towards a complete theory
for the dynamics of glass-forming materials.
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Methods

In this Chapter we discuss the methods used throughout this thesis. The first
section is dedicated to Molecular Dynamics (MD), a technique to do numerical
simulations of real systems, while the second section introduces Mode-Coupling
Theory (MCT), the only first-principles-based theory to describe the glass tran-
sition in finite dimension.

2.1 Molecular dynamics

The foundation of any physical theory is experimental observations. However,
it is not often possible to precisely quantify all the microscopic details of an
experiment. In a situation where the interest is on the specific effect of a
limited subset of quantities, computer simulations thrive.

The numerical approach of computer simulations is based on statistical me-
chanics [40] and classical physics 1. In particular, Molecular Dynamics (MD)
is a method based on the numerical solution of Newton’s equations of mo-
tion [40, 41]. This intrinsically deterministic method is structured such that
the state of the system at time t is computed by using as input the state of
the system at t = 0. Most of the times in a simulation the states consist in
the collection of positions and momenta of all the basic units that constitute
our material. In Ch. 7 we show that is also possible to include additional vari-
ables in the definition of the states and how one can take advantage of this
augmented ensemble. Nevertheless, the first step in a simulation is always to
define the basic components of the system.

Despite the rapid developments of computer hardware, the precise solution
of Newton’s equation of motions remains an impossible task for a system of
significant size because too many components would be required. To overcome
this limitation, the most common approach is to coarse-grain the system de-
scription. In the coarse-graining procedure, several molecules are grouped in
single indivisible entities that interact using fictitious potentials (like the fa-
mous Lennard-Jones potential [42]) that mimic the effect of the specific molec-
ular interactions from the point of view of the coarse-grained units. Using this
approach, polymers composed of thousands of molecules can be reduced as
collections of 10 − 100 simpler units, where each unit plays the role of a group

1We already discussed in the introduction that using Eq. 1.2 we can conclude that quantum
effects are negligible at the lengthscale of our particles [2].
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of molecules.
So, knowing the initial positions and momenta x(0) of all the units and their

interaction F[x] it is possible to solve Newton’s equation F[x(t)] = mẍ(t),
where m is the mass, using some time integrator [3, 40]. Nowadays it is possi-
ble to rely on public packages like HOOMD-Blue [43, 44] which provide efficient
implementations of many time integration algorithms and interaction poten-
tials. Furthermore, compared to other methods like Monte Carlo (MC), MD
has the advantage of being directly built upon Newton’s equation, such that if
you look at a movie of a MD simulation you could naturally follow the time evo-
lution of the system. It is therefore not surprising that computer simulations,
and in particular MD, are so widespread.

In this thesis we will use several different MD simulations to support our
findings. In particular, MD simulations are used to support the results in the
following Chapters:

• Ch. 3: introduction of the RevCross potential to model the bond-swap
feature of vitrimers in HOOMD.

• Ch. 4-5-8: MD simulations of star-shaped vitrimers, using HOOMD.

• Ch. 6: MD simulations of Microgel particles using HOOMD.

• Ch. 9: MD simulations of WCA and binary-LJ particles, using HOOMD.

• Ch. 7: simulations of Microgels and core-shell particles in the augmented
ensemble, based on a Leap-Frog time MD integrator developed for this
purpose.

A comprehensive discussion on the specific details of each of these simulations
can be found in the corresponding Chapter.

2.2 Mode-Coupling Theory

The leitmotiv of this thesis is to connect the properties of materials to their
microscopic relaxation. As discussed in Chap. 1, this relaxation is deeply
connected to the concept of glass: a liquid becomes a glass as soon as it is not
able to relax anymore and ergodicity gets broken [8]. However, the structures
of liquids and glasses are so similar that it is very hard to distinguish them
just by looking at a single static picture.

Despite both the fundamental and practical importance of distinguishing
a glass from a liquid, there is still no detailed understanding of the physical
mechanisms underlying this phenomenon [30, 45–51]. This constitutes not
only a major fundamental problem, but it also impedes any rational approach
toward the development of sustainable, high-performance amorphous materials
with an on-demand dynamic response.
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After decades of intense research, there now exist numerous theories of the
glass transition that aim to rationalize the observed glassy properties for a
given material composition and structure. Among these, Mode-Coupling The-
ory (MCT) [52, 53] is one of the few theories that is founded entirely on first
principles. As such, MCT seeks to predict the full microscopic relaxation dy-
namics of a glass-forming system (as a function of time, temperature, density,
and wavenumber k) in a semi-quantitative way [54, 55] based solely on knowl-
edge of simple structural material properties. Let us now discuss how MCT
works, where it succeeds and also where it fails, with the final goal of going
beyond MCT, in order to develop a theory that describes the glass transition
better.

2.2.1 Mori-Zwanzig approach

MCT starts from the Mori-Zwanzig approach [56, 57] that rewrites the dynam-
ical equation of a Newtonian system evolving through the Liouvillian operator
L. The idea behind this approach is to separate a set of time dependent ob-
servables A(t) from all the possible observables that we can measure, because
the observables in A(t) have a peculiar dynamics that needs different (and
usually stronger) approximations compared to all the others. We then intro-
duce a projection operator P that projects onto the subspace defined by A(t),
effectively dividing the space of states in two pieces: one proportional to A(t)
and one orthogonal.

Ideally, to study the glass transition, we would like to put into A(t) all
the slow observables that do not relax. We could then define a glass as a
system described by correlations that do not relax, as we have introduced in
Sec. 1.2.2. A system that will explore all of its configurations over time is
called ergodic, so liquids are ergodic and the glass transition corresponds to an
ergodicity-breaking transition. We put the slow observables in A because they
are the first ones to break ergodicity. As a consequence, the space orthogonal
to P will be composed by fast evolving variables that we can assume to be
ergodic, because everything slow is in A(t). Unfortunately, it is not so easy to
determine which variables are the slowest, so several alternative definitions of
A(t) can be explored.

In general, for any choice of A(t), the Mori-Zwanzig approach rewrites the
time evolution as:

dA(t)

dt
= iΩA(t) − ∫

t

0
dτ K(t − τ)A(τ) + f(t). (2.1)

Here we introduced several important quantities, based on thermal averages
⟨. . . ⟩ of functions of A(t): (i) the vibrational term defined as

Ω ≡ ⟨A(0)Ȧ(0)⟩⟨A(0)A(0)⟩−1 (2.2)
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that represents a time independent vibration around equilibrium, and (ii) the
memory term:

K(t) ≡ ⟨f(0) f(t)⟩⟨A(0)A(0)⟩−1 (2.3)

which behaves as a friction coefficient that depends on A(t) itself. It is formu-
lated in terms of the random or fluctuating force f :

f(t) ≡ ei(1−P)Lt
(1 −P) iLA (2.4)

whose name can be explained by looking at its constituents:

• 1−P is a projection operator that projects onto the space orthogonal to
A

• ei(1−P)Lt is an operator that represents the time evolution in the space
orthogonal to P

• the target operator is iLA that corresponds to a force

so we can see that f is the force that corresponds to all the fast observables
and thus behaves as a fast fluctuation. Then Eq. 2.1 is projected as follows

⟨Eq. 2.1 ⋅ ∣A(0)⟩ (2.5)

in order to obtain an equation for the ⟨A(t)∣A(0)⟩ correlation, and in order
to remove the fluctuating force since ⟨f(t)∣A(0)⟩ = 0. Once again we remind
that Eq. 2.1 and Eq. 2.5 are exact. However, those equations can not be solved
without explicitly calculating the random force and the memory. In the next
section we will discuss several approaches.

2.2.2 Standard MCT

The original MCT approach is to use the density modes ρq(t) (i.e. the Fourier
transform F of the density) and their currents jq(t) as the only slow variables.
Since all the wave vectors are independent we can consider a generic A(t)
where q is an external variable, defined as follows:

Aq(t)Ð→A(t) = [
ρq(t)
jq(t)

] ≡

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

N

∑
i=1
e−iqri = F {∑i δ(r − ri)}

N

∑
i=1

vie
−iqri = F {∑i viδ(r − ri)}

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

. (2.6)

This simple choice leads to the standard formulation of MCT [52, 53, 58].
After doing the projection of Eq. 2.1 onto A(0), we focus on a single time
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dependent unknown correlation, which is the intermediate scattering function
we introduced in Sec. 1.2.2:

F (q, t) ≡
1

N
⟨ρq(t)ρq(0)⟩ , (2.7)

a function that probes how much the position of the N particles at time t
is correlated to the positions at time t = 0. This function relaxes to 0 if the
system is liquid because particles can flow everywhere, while it plateaus to
a finite value if the system is a glass. Exactly predicting F (q, t) from static
quantities only, would mean solving the glass transition problem.

The input for MCT are the average density ρ0, the temperature T , the mass
of the particles m, and the structure factor S(q), which is the static analogue
of F (q, t)

S(q) ≡ F (q,0). (2.8)

This function is very important because it is directly connected to the particles
interactions, thus it is analytically derivable for simple potentials, and at the
same time it can be measured for real systems using scattering experiments.

After evaluating all the required correlations [58], one gets

d2F (q, t)

dt2
+
q2kBT

mS(q)
F (q, t) + ∫

t

0
dτK(q, t − τ)

∂F (q, τ)

∂τ
= 0. (2.9)

Unfortunately the memory function K cannot be derived without doing some
approximations. In particular standard-MCT assumes the following:

• approximation 1 – mode-coupling : we can prove that the slowest vari-
ables that are out of A(t) are products of density modes [53, 58, 59]
(Sec. 12.3.1). Since our focus is on the slow dynamics we consider only
the slowest part of the random force doing

f(t)Ð→ P2f(t) , (2.10)

where P2 projects onto the space of density pairs (this is why the theory
is called ”mode-coupling”)

• approximation 2 – convolution: static correlations of three density modes
can be factorized as

⟨ρk1ρk2ρk3⟩ ≈ NS(k1)S(k2)S(k3) (2.11)

• approximation 3 – projected dynamics: the time evolution is dominated
by the time evolution in the fast space defined by 1 −P ≡ Q

eiQLQt ≈ eiLt (2.12)
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• approximation 4 – factorization: we factorize the correlations of four
density modes that appear in K as

⟨ρk1ρk2 ∣ρk3(t)ρk4(t)⟩ ≈ N
2F (k1, t)F (k2, t) δ(k1 − k3)δ(k2 − k4) . (2.13)

While the first three approximations have a physical justification [54, 60, 61]
and can even be avoided if necessary [62], the factorization is a priori unjustified
and it is unarguably the most troublesome.

Overall, standard MCT is very effective in predicting semi-quantitative
aspects of the glass transitions [54, 55, 63, 64] like β−relaxation and attractive
glasses, while it fails by overestimating the critical point at which the system
becomes a glass Tmct

g > T exp
g and by not predicting the breakdown of the Stokes-

Einstein relation [58]. In the next section we will discuss two paths towards a
more realistic theory:

• In Sec. 2.2.3 we show how to improve MCT to model systems with a high
degree of polydispersity.

• In Sec. 2.2.4 we show how to improve MCT to model single component
systems more effectively, avoiding the main MCT approximations.

2.2.3 Multi-component MCT

If the system is composed of a mixture of particles with significantly differ-
ent shapes and sizes, Eq. 2.9 has to be extended. The problem is that the
density modes become badly defined, since they do not keep track of the par-
ticle species. However it is possible to develop an analogous multi-component
version of MCT [65–67]. The multi-component version is based on species-
dependent density modes:

ραq(t) =
Nα

∑
i=1

e−iqri(t) , (2.14)

where the index α represents one of the M species or components and Nα is
the number of particles that belong to the species α. As a consequence, all
the correlations are not single functions but rather matrices in the space of the
components. For example the intermediate scattering function is replaced by:

Fαβ(q, t) = (F(q, t))αβ ≡
1

N
⟨ραq(t)ρ

β
q(0)⟩ , (2.15)

which measures the time dependent correlations between the position of par-
ticles of type α and particles of type β.

Following what we did for the single component theory in Sec. 2.2.2, in the
first part of Ch. 9 we are going to extend MCT to multi-component systems,
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reproducing Ref. [65]. However, similarly to single-component MCT, the cru-
cial step remains the evaluation of the memory, whose approximation hinders
the predictive power of the theory [68–70].

As such, the final goal of Ch. 9 will be to develop and test a generalized
version of multi-component MCT that avoids the factorization approximation.
In the next section we will show how to avoid the factorization approximation
for single-component MCT in the so called generalized MCT (GMCT), for this
reason the theory in Ch. 9 will be called multi-component GMCT.

2.2.4 Generalized MCT

We revert back to the single-component framework developed by standard
MCT. Building from that, generalized-MCT (GMCT) proposes an alternative
path that avoids the factorization approximation of Eq. 2.13 or at least use it
in a more controlled context [59, 71]. The idea behind GMCT is to evaluate
the analogue of Eq. 2.1 for an alternative set of variables A2 defined from

A2(q,k, t) = [
ρk(t)ρq−k(t)

−i ddt (ρk(t)ρq−k(t))
] , (2.16)

where we focus on the element 2 ∶ 1 of the matrix. This set A2 contains the
pairs of density modes, that we introduced in Appendix C as the second slowest
variables after the density modes themselves 2. Eq. 2.1 becomes for A2

dA2(q,k, t)

dt
= iΩ2A2(q,k, t)−∫

t

0
dτ K2(t− τ)A2(q,k, τ)+ f2(q,k, t). (2.17)

Similarly to MCT, we project the equation above onto another A2:

(Eq.(12) ⋅ ∣A2(q,k
′,0)⟩)

2∶1
, (2.18)

obtaining the following equation for the matrix F2 = ⟨A2A2⟩

dF2(t)

dt
−Ω2F2(t) + ∫

t

0
dτ K2(t − τ)F2(τ) (2.19)

The significant difference with Eq. 2.5 is that while ⟨ρkρq⟩ ∝ δ (k − q) are
functions of a single wave vector only (or diagonal in the k space), instead the
object A2 is not diagonal. This means that terms like F2 = ⟨A2(q,k,0)A2(q

′,k′, t)⟩
will not automatically produce any delta function over the wave vectors, thus
depending an all q,k,q′ and k′.

2For an explanation, look at Sec. 12.3.1.
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The diagonal approximation, on which Ref. [59] is based, consists in as-
suming for the 4-point correlation function that

⟨ρ∗k′ρ
∗
q−k′ρk(t)ρq−k(t)⟩ ≡ F̂

o
2 (k

′,q − k′,k,q − k, t)

≈ ⟨ρ∗kρ
∗
q−kρk(t)ρq−k(t)⟩ ≡ F2(k, ∣q − k∣, t)δ(k − k′).

(2.20)

such that in Eq. 2.18 we have only to consider terms where k = k′. Since those
terms correspond to the diagonal elements of the correlation matrices, we refer
to this theory as diagonal-GMCT (dGMCT).

Furthermore, since it is possible to calculate that Eq. 2.18 does depend
on a 6-point correlation in its memory function, in order to get a closed sys-
tem of equations to solve for F and F2, a factorization similar to Eq. 2.13
is still required. The subtle idea of GMCT is that we can iterate a similar
procedure defining A3 and then A4 and so on, and keep as many equations
as we want including eventually F3, F4, etc... This produces a hierarchy of
coupled integro-differential equations. Most of the times we cannot solve the
full hierarchy, so we have to do a closure similar to Eq. 2.13 that limits the
number of correlations we include in the theory. This means that keeping
more of those correlations pushes the factorization approximation to higher
order. Since higher-order correlations are usually less influential, pushing the
correlation this way improves the prediction of GMCT, as shown in Ref. [59].

To summarize, GMCT goes beyond MCT by passing the factorization ap-
proximation to higher-order correlations, and the easiest way to solve GMCT is
to do the diagonal approximation. However, while dGMCT solves some of the
problems caused by the factorization approximation, it also introduces another
source of error: the diagonal approximation itself. In Chap. 10 we will derive
off-diagonal GMCT, a theory that retains the hierarchical nature of GMCT
but avoids the diagonal approximation, and which we therefore propose as the
optimal microscopic theory to describe the glass transition.
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II.

Vitrimers: relaxation through
swaps
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Chapter 3

Bond Swaps in a computer simulation

The fundamental mechanism that distinguishes vitrimers from standard
plastics, and that grants them their unique properties is bond swapping.
Reproducing such a behavior in molecular dynamics simulations is not
an easy task. In this chapter, we implement a three-body potential to
model associative bond swaps, and release it as part of the HOOMD-blue
software for public use. The use of a three-body potential to model swaps
has been proven to be effective and has recently provided useful insights
into the mechanics and dynamics of adaptive network materials. It is
elegant because it can be used in plain molecular dynamics simulations
(no hybrid methods) and naturally represents typical physical aspects
such as slip-bond behavior. It is easily tunable with a single parameter
to control the average swap rate. In the context of material science, our
implementation is well suited for the study of smart materials such as
vitrimers, that rely on associative bond swapping for their unprecedented
properties. Here we show that any system modellable in HOOMD-blue,
can easily be embellished with our swappable moieties.

The contents of this chapter have been published as

Bond swaps in molecular dynamics on graphic processing units
Ciarella S. and Ellenbroek W. G.
arXiv, 1912.08569
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CHAPTER 3. BOND SWAPS IN MD

The concept of a smart material capable of changing its response accord-
ing to some external conditions is the foundation of many lines of modern
research. We have seen in Sec. 1.2 how this response can be used to achieve
materials with unprecedented properties. We now explore the role of differ-
ent mechanisms in the relaxation dynamics to gear the response toward the
desired one. Numerical studies and simulation have always been powerful in
predicting material properties from their elemental building blocks, so rely on
them to tune the features that make a material smart. In the context of smart
plastics, vitrimers have recently taken the spotlight [32–35, 72]. To recap what
we introduced in Sec. 1.2.3, they are a new class of polymer networks that are
as malleable and recyclable as thermoplastics while retaining the strength and
resilience of thermosets. This unique combination of properties is provided by
a chemical mechanism that makes covalent cross-links dynamic. The result-
ing bond exchange mechanism is connectivity-preserving, by virtue of being
associative: the new partner moiety binds before the old one unbinds, thus
preserving the total number of bonds. At low swap-rates, vitrimers behave like
thermosets, while at high rates, they become malleable like thermoplastics.
Going across this transition, bond-swaps make it possible to release internal
stresses without losing the overall shape in unprecedented ways [34]. Inter-
estingly, even DNA based systems [73] can be made smart using a similar
bond-swap mechanism [74].

This unusual connectivity-preserving swap mechanism requires the devel-
opment of additional modelling algorithms. Scientists have recently devel-
oped different numerical solution for bond swaps, usually embedding Monte
Carlo hops into hybrid molecular dynamics or Monte Carlo (MD,MC) sim-
ulations [75–78]. The method that we propose and share here is an imple-
mentation of a fully MD-based method introduced in Ref. [79]. This recipe
to model swaps has already been able to provide meaningful results in the
context of smart vitrimers [51, 80–82], or even as a mere trick too speed up
the equilibration of any network forming system [83, 84]. The method extends
any pairwise potential able to generate network structures, making its bonds
swappable by introducing a continuous three-body interaction term based on
that same pairwise potential. This three-body addition is not only elegant
and smooth, but also relatively cheap because it does not introduce any in-
dependent function that has to be computed every step: it only combines
forces already evaluated by standard pairwise MD. An additional parameter
(λ) that controls the swap rate through an energy barrier is introduced in the
definition of this three body potential, and it acts as the knob to tune the
mechanical properties of the material through swaps. In this paper, we ar-
gue that our solution is more natural in mimicking the real dynamics of swap
events because it does not break the flow of the equations of motion solved
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(a) (b) (c)

A1 A1

A1
A2A2

A2
B B B

Fig. 3.1 – Depiction of three particles interacting that can form and swap A-B bonds.
There are three different scenarios in which the three body potential is active. In (a)
both A particles are within rm from B, so it follows from Eq. 3.1 that the three body
term is constant. In (b) only one particle is within rm causing the other to feel a
repulsion from B due to Eq. 3.5. In (c) both A1 and A2 are beyond rm so they both
feel a three-body force.

in the MD scheme. After demonstrating the effectiveness of our implementa-
tion of the three-body potential for swappable crosslinkers into the software
HOOMD-blue [43, 44], we reveal its genuineness by showing that this fully
MD mechanism follows the free energy landscape in deciding which particle
have to swap. Our version of HOOMD embedding the three-body potential is
available via https://github.com/SCiarella/hoomd-blue, both for cpu and gpu
computations.

3.1 The three-body potential

The associative bond swap scenario requires that the only mechanism to re-
arrange the bonds are in fact the swaps. This means that each bond has to
be unbreakable by thermal fluctuations. Furthermore, the full potential needs
to guarantee that each reversible binding moiety only binds to a single part-
ner, to represent the fact that the bonding in the chemical system is 1-to-1
and does not clusterize. We call this the single-bond-per-site condition. The
three-body mechanism accounts for all of these requirements [79] if we build it
starting from a strong and short-range potential. Our choice, and the one we
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implemented in HOOMD-blue, is built upon a generalized Lennard-Jones

vij (r⃗ij) = 4ε

⎡
⎢
⎢
⎢
⎢
⎣

(
σ

rij
)

2n

− (
σ

rij
)

n⎤
⎥
⎥
⎥
⎥
⎦

r < rcut (3.1)

which has a minimum of depth ε at a bond equilibrium distance of rmin = σ 21/n.
The choice of ε = 100kBT and n = 10 that we do in Ref.s [51, 80, 82, 84]
guarantees short range bonds that cannot be broken, well suited to mimic
covalent-like bonding.

Then, the 3-body term is defined by how much the interaction between
particles i and j is affected by the presence of other particles k that are within
range of particle i,

v
(3b)
ijk = λε v̂

(2b)
ij (r⃗ij) ⋅ v̂

(2b)
ik (r⃗ik) . (3.2)

Thus, it consists of a product of two similar terms, each of which is derived
from the two body potential as

v̂
(2b)
ij (r⃗ij) =

⎧⎪⎪⎪
⎨
⎪⎪⎪⎩

1 r ≤ rmin

−
vij (r⃗ij)

ε
r > rmin .

(3.3)

We have also introduced the three body energy parameter λ ≥ 1 that has
the role of tuning the energy barrier for a swap event. In HOOMD the class
md.pair.revcross invokes Eq. 3.1-3.2, where the parameters can be specified
using pair coeff.set([types],[types],sigma,n,epsilon,lambda3) as explained in the
official HOOMD documentation.

Since MD is based on the solution of Newton’s equations of motion, we
need to derive the three-body force acting on the particles involved in a swap.
Supposing that the interaction of Eq.3.1 is only defined between particle of
type A and type B (respectively red and blue in Fig.3.1). A swap event can
happen if two particles A1 and A2 are within the cutoff distance rc from B,
such that they are interacting. We distinguish 3 possible scenarios depicted in
Fig. 3.1 related to the action of the three body potential of Eq. 3.2. If both A1

and A2 are within rmin then v
(3b)
BA1A2

= const. and thus the three body potential
does not provide any force (its derivative is zero). Due to thermal motion A2

might move farther than rmin. In this situation (b) we have that:

v
(3b)
BA1A2

= λε v̂
(2b)
BA2

(r⃗BA2) (3.4)

= −λvBA2 (r⃗BA2) (3.5)

thus only A2 would feel a force. In Eq. 3.5 the role of the parameter λ is
clearly visible: (i) if λ = 1 then the three body term in Eq. 3.5 exactly shields
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Fig. 3.2 – Time dependence of different components of the energy along a swap event
at t = 1. When the particle A1 gets closer to B, its two-body energy decreases (blue
dashed line), but this change is compensated by the three-body term (red). The triplet
state is short lived, in fact particle A2 leaves quickly after the formation of the triplet.
Noticeably the total energy (yellow) stays always constant.

the attraction between A2 and B without influencing the A1 −B bond, (ii) if
instead λ > 1 the contribute from Eq. 3.5 beats the A2−B attraction making it
harder for A2 to get closer to B and “steal” the bond from A1. This effectively
defines a swap energy barrier β∆Esw = βε(λ − 1) that grows linearly with λ.
Lastly (iii), if λ < 1 then Eq. 3.5 is not enough to compensate the attraction and
the system will form both A1 −B and A2 −B going toward full clusterization
around the swapping groups. Moreover, if more than three particles are in the
interaction range, terms like Eq. 3.5 would strongly suppress the attraction (if
λ ≥ 1), providing the single-bond-per-site condition. Finally in Fig. 3.1(c) both
A1 and A2 are above rmin so they both feel an effect due to Eq. 3.2 that will
allow only one of the two to get within rmin from B.

In Fig. 3.2 we summarize the energy changes while undergoing a swap
event. The energy from the formation of the second bond is compensated by
the three-body term producing an overall flat energy landscape that allows A1

to steal the bond from A2 without breaking it first.

3.1.1 Pressure

The three body term is non-zero only for transient states while a bond is
swapping. Still, those transient states have to be considered while evaluating
thermodynamic quantities, because they characterize the system and become
more and more common as the density increases. For this reason when we
estimate the stress through the interparticle forces [80, 82] we have to consider
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also triplet terms in the pressure tensor. In Appendix A (Sec. 12.1) we show
how to derive them from the standard virial approach [60]. Those calculations
are quite tractable because our three body potential is actually a combination
of two body terms, so it is possible to take its derivative and get the following
virial-like expression:

σαβ = −P
(2b)
αβ,virial −

λε

V

∗

∑
ijk

⎡
⎢
⎢
⎢
⎢
⎣

F⃗ij(rij)α (r⃗ij)β v̂
(2b)
ik (3.6)

+ v̂
(2b)
ij F⃗ik(rik)α (r⃗ik)β

⎤
⎥
⎥
⎥
⎥
⎦

(3.7)

where F is the force coming from the potential defined in Eq. 3.3. We can use
this tensor for any thermodynamic measurement, even the stress relaxation
modulus if we use the autocorrelation method [75, 85, 86]

G(t) ≈
V

kBT
⟨σαβ(t)σαβ(0)⟩ . (3.8)

This is important because stress relaxation is a crucial feature of dynamic
networks.

3.2 Effect of swaps

0 250 500 750 1000 1250

t [MD]

10
-4

10
-3

10
-2

10
-1

10
0

B
o

n
d

 a
u

to
c
o

rr
e

la
ti
o

n
 (

t)

k
B
T/ε = 0.01

k
B
T/ε = 0.02

k
B
T/ε = 0.03

k
B
T/ε = 0.03  fit from Ref.[12]

Fig. 3.3 – Bond autocorrelation function for a binary mixture of WCA particles
with the additional three body potential in Eq. 3.2. Its decay is exponential and the
characteristic time depends on the temperature. Here we show that our results are
compatible with Ref. [79].

To test our implementation, we compare the results with Ref. [79] by setting
n = 100 in Eq. 3.1. Furthermore we model the AA andBB interactions as repul-
sive Weeks-Chandler-Andersen (WCA) potentials [87] with σWCA = εWCA = 1.
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Fig. 3.4 – Computational time required by our HOOMD-blue implementation of the
three-body swap potential. We test mixtures of N = 2x dumbbells introduced in the
paper, ranging from x = 9 (N = 512) to x = 17 (N = 131072). We also test the effect of a
reduction of the cutoff radius rc that limits the number of interacting triplets. Only for
very small system size (N < 1000) the cpu (Intel Xeon E5-2660) is faster than the gpu
(Tesla v100). In this worst case scenario of a system where every particle interacts
with the three body potential, as soon as N > 1000 the gpu becomes almost two
times faster than the cpu. This speed up factor provided by the gpu grows for larger
systems, reaching and surpassing a factor of ∼ 30 at N ∼ 15000, confirming that the
gpu architecture is optimal for larger systems that capitalize on parallel architecture.

The number density is set to ρσ3 = 0.125 while the temperature is kBT /ε = 0.03.
In this condition a mixture of NA = 600 particles of type A and NB = 400 B-
type forms NB dumbbells because all the minoritary B particles are always
bonded. Nevertheless they can swap A partners through bond-swaps with the
reservoir of NA − NB unbounded particles. To quantify this mechanism we
measure the bond autocorrelation function in Fig. 3.3. This quantity corre-
sponds to the fraction of bonds present at time 0 that are still unswapped at
time t. Its decay is then a proof of the effectiveness of bond swaps, since bond
breaking is prevented by the low temperature. In Fig. 3.3 we show that our
results are compatible with Ref. [79], while also showing that the relaxation
time depends on the temperature because, for higher values of T , the particles
move faster so they are more likely to bump into each other and swap.

3.2.1 Performance

One of the strengths of this three-body potential is its cheapness. In fact the
definition in Eq. 3.2 is based on two body terms, already evaluated by the
standard MD routine. The largest computational price is then the accounting
of triplets in the iteration procedure but not the three-body function itself. For
this reason we try to reduce as much as possible the cutoff radius, going from
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1.3 to 1.15. Notice that for n = 100 the value at the cutoff vij(1.15) ≈ 3 ⋅ 10−4

is 4 orders of magnitude smaller than the standard Lennard-Jones potential at
the typical cutoff of 2.5σ. Additionaly, there is a conspicuous speedup using
the CUDA based gpu version of the RevCross potential. In Fig.3.4 we compare
the number of timesteps executed in a second on a single Intel Xeon E5-2550
cpu and on a Tesla v100, for two different values of the cutoff. We see that
already for N = 210 particles the gpu acceleration provides a speed up factor
of ≈ 2. More interestingly, this speedup factor drastically increases with the
system size, reaching up to a factor 30 after N = 214.

Lastly, when the RevCross potential is used to model only the active group
of a larger molecule as in Ref. [51, 80, 82, 84] the simulations are even faster
because only a finite number of components invoke three-particles neighbour
lists and they benefit even more of the GPU acceleration. In particular, the
simulations in Ref. [80] benefited from a speed up factor of 50 when evaluated
on a Tesla P100-PCIE-16GB gpu. It follows that a more complex model that
aims to include a sub-set of swapping moieties can then capitalize on the full
speed up factor provided by the gpu implementation, which is usually larger
than 15 [43] .

3.2.2 Swaps to speed up self-assembly and avoid pitfalls

In this section we prove how bond swaps are also beneficial for simulating
non-swapping materials. Here, in fact, we show that our bond-swap method
can be used to avoid self-assembly pitfalls. Self-assembly in computer simu-
lations is tricky because it requires the binding energy to be large enough to
create long lived structures, which in turn also stabilize undesired metastable
configurations, thus preventing the system from reaching equilibrium. Those
metastable configurations can be seen as traps or pitfalls of the self-assembly
process, because they increase the time required to reach equilibrium.

To prove that bond-swap helps to avoid pitfalls, we simulate in HOOMD a 2
dimensional mixture of Nt = 48 trimers and Nd = 72 dimers. The ratio Nt/Nd =

2/3 is chosen such that all the particles can be fully bonded. Each particle is a
WCA repulsive disk (σWCA = εWCA = 1) with two or three attractive patches
represented by either a three-body potential like Eq. 3.1-3.2 if swaps are used,
or by a gaussian attraction:

Vpatch = −εp exp

⎡
⎢
⎢
⎢
⎢
⎣

−
1

2
(
r

σp
)

2⎤
⎥
⎥
⎥
⎥
⎦

r < rcut , (3.9)

where we let the attraction strength εp vary. The attraction length σp = 0.1
geometrically imposes 1-to-1 bonds [88]. We do canonical Langevin dynamics
at kBT /ε = 1 in 2d boxes with periodic boundary conditions. The box shape
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Fig. 3.5 – Percentage of bonds formed by the system. The final stage of self-assembly
corresponds to 100% bond formation. The non-swapping systems are trapped in pit-
falls, so they are hardly forming new bonds. In the inset we show the characteristic
time of the bond autocorrelation function τrel. When bonds are weak (εp < 10) only
few bonds occur at the same time. On the other hand, if the bonds are strong (εp > 10)
the system can not escape pitfalls because defects are long lived. Bond swaps can be
used to have strong long-lived bonds, which at the same time can relax away defects.

is tilted with x̂ ⋅ ŷ = 0.5 such that hexagonal lattices are promoted. We use a
timestep of dt = 10−3 and we average M = 50 independent realizations.

The equilibrium states that minimize the energy for the system are the
fully bonded networks, because the binding energy is the driving term. We are
interested in understanding which simulation protocol is the optimal to reach
that. As a consequence in Fig. 3.5 we asses how close the system is to the
target equilibrium by counting the number of bonds at time t, normalized with
the maximum number of bonds allowed by the mixture Nmax = 2Nd. Further-
more, we report in Fig. 3.6 a snapshot for the different simulation protocols,
to visualize equilibrium states and relative pitfalls.

We compare different binding energy εp to bond swaps. In the inset of
Fig. 3.5 we report the relaxation time τrel of the bond autocorrelation function.
The steep growth of τrel proves that if εp > 10[kBT ] the bonds are very long
lived. As a consequence the simulations with strong bonds do fall into pitfalls
corresponding to configurations where a dimer is connected with another dimer.
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Fig. 3.6 – Self-assembly after 107 timesteps with different binding interactions. For
weak bonds (εp = 1) the mixture of trimers (blue) and dimers (red) hardly forms any
persistent bond. When the bonds are strong (εp = 500) they are also very long lived
and a network with long branches is assembled. Lastly, for swapping moieties (swap),
the self-assembly goes even further producing a network with shorter branches and
fewer open endings.

In fact, we see in Fig. 3.6 that for εp = 500 the network is composed by long
(red) branches, resulting from frequent dimer-dimer connection, that act as
pitfalls limiting the reservoir of free dimers available for the (blue) trimers.
Due to the significant energy of each bond, those pitfalls are very long lived.
As a result, strong bonds do not assemble beyond 70%. On the other hand, a
small εp prevents pitfalls but at the same time it only forms very few bonds
simultaneously and thus it can never reach the fully bonded network. We see
this in Fig. 3.6 for εp = 1, where hardly any bond is formed. The best solution
to form the maximum amount of bonds is then to use swaps. With strong
bonds that can also swap, the system can escape the pitfalls by swapping bad
configurations with good ones and go towards the fully bonded network. This
is confirmed in Fig. 3.5, where the swapping system (black) keeps forming
new bonds, surpassing any standard simulations where bonds do not swap.
The effect of swaps is also evident in Fig. 3.6, where the network that self-
assembled using swaps has fewer open branches, thus being the only one to
approach the fully-assembled state.

3.3 Discussion

In this section we show that our algorithm is genuine in the sense that it
captures some of the physical mechanisms of the system without requiring any
additional information, at least for the simple models we tested. First, we study
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Fig. 3.7 – Average number of swaps ns
measured by dividing the simulation into
sub-boxes, and its standard deviation σs.
We compare the numbers calculated in the
simulations to values expected from the bi-
nomial distributions. The similarity be-
tween those quantities proves that swaps
events are homogeneously distributed in
space.
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Fig. 3.8 – Comparison of the bond au-
tocorrelation function evaluated for the
lighter A particles bond (orange) and for
the heavier (green). Data refer to kBT /ε =
0.03. The characteristic time goes from 98
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the locations at which swap events happen in a simulation that is set up to be
homogeneous, and verify that they are homogeneously distributed throughout
the system. We start from the model system introduced in Sec. 3.2. Here,
the two moieties have the same shape, mass and interaction potentials, so this
system should be uniform. To test this, we pinpoint the locations where each
swap took place in the kBT /ε = 0.03 simulation. To check the homogeneity,
we divide the simulations into sub-boxes of the same size and we check the
average number of swaps ns and its standard deviation σs. In Fig. 3.7 we
compare those quantities with expected values from the binomial distribution.
Results in Fig. 3.7 show that swaps are homogeneusly distributed. It follows
that the algorithm is capable of capturing homogeneous systems.

In addition, our method captures some less trivial features. We get these for
free in the sense that they arise simply from the fact that the method is based
on potentials and forces. We now demonstrate the effect realized by setting the
mass of half of the A moieties to 1/10. In this situation, a legitimate algorithm
to model swaps would then bias the lighter A particles to swap more, because
they have a higher thermal velocity and therefore are more likely to be the
first to escape out of the three-body intermediate state. This is indeed what
we confirm for our implementation in Fig. 3.8, where we compare the bond
autocorrelation functions for the bonds with the lighter (green) and heavier
(orange) A particles. Our algorithm can capture this effect because Eq.s 3.1-
3.2 authentically explore the free energy landscape of the system, without
requiring any external forcing to favor the swap of the lighter moieties while
relying only on enthalpy and entropy.

The principle behind this feature should be expected to work more broadly:
Similarly to how the lighter particles swap more easily, bonds that are under
a significant tensile force will also swap more easily: The pulling force aids in
deciding which A-particle gets away, as one would expect in any simple slip-
bond. Thus, the physically expected effects on swap rates of parameters like
mass and tension are build-in in our model, in contrast to hybrid models in
which every dependence needs to be put in by hand.

3.3.1 Conclusion

In this chapter we show that our HOOMD implementation of the bond swap
algorithm using a three-body potential is elegant, efficient and genuine. Most
importantly, by being based on potentials only, it is suited for the fully MD-
based implementation we present here, allowing to study the proper dynamics
of network materials. Capturing the dynamics of adaptive network materials
correctly is key for simulations that aim to unravel their mechanical properties.
The elegance and tunability of the three-body potential provides an accessible
parameter to control the swap rate and thus the macroscopic properties of the
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modelled material. Its efficiency makes it such that any network forming system
might benefit from its use, providing a shortcut to both have strong bonds
and possible rearrangements. Lastly we show that the algorithm intrinsically
captures physical effects of parameters affecting the swap rates, like the mass
of the swapping moieties. We hope that our HOOMD implementation will be
of help for anyone interested in dynamical properties of smart and adaptive
materials.
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Chapter 4

Defects as a highway to stress relaxation

In the previous chapter we showed how it is possible to model bond swaps
using a three-body potential. Now we propose a coarse-grained model to
investigate stress relaxation in star-polymer networks induced by bond
exchange processes. We show how the swapping mechanism, once acti-
vated, allows the network to reconfigure, exploring distinct topological
configurations, all of them characterised by fully bonded networks. Our
results reveal the important role played by topological defects in mediat-
ing the exchange reaction and speeding up stress relaxation. The model
provides a representation of the dynamics of vitrimers, a new class of
polymers characterized by bond swap mechanisms which preserve the
total number of bonds, as well as in other bond-exchange materials.

The contents of this chapter have been published as

Dynamics of Vitrimers: Defects as a Highway to Stress Relaxation
Ciarella S., Sciortino F. and Ellenbroek W.G.
Phys. Rev. Lett., 121 (5), 058003 (2018)
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CHAPTER 4. DEFECTS AS A HIGHWAY

Vitrimers are an exciting new class of polymer networks with a unique
set of properties. We have seen in Sec. 1.2.3 that they remarkably interpo-
late between the two conventional classes of polymer, thermoplastics and ther-
mosets [1]. Let us recall that the first can be reshaped at will, but are sensitive
to being weakened by contact with solvents, while the latter are insoluble but
cannot be reshaped after the cross-linking process. Due to their connectivity-
preserving bond exchange mechanism [32–35] vitrimers can do both. At low
swap rates, they perform like thermosets, while at high rates, they are malleable
like thermoplastics. Furthermore, unlike permanently cross-linked elastomers
or gels, these bond swaps allow vitrimers to release internal stresses without
losing shape. Their versatility shines particularly in smartly designed materi-
als, where bond swapping provides a welding strategy [36], or responsiveness to
light, pH, voltage, metal ions, redox chemicals and mechanical stimuli [37–39].

The unusual molecular interaction in vitrimers renders current theories of
polymer performance of limited use. Neither a conventional static model nor
a fully dynamic one can coherently address the exchange dynamics. At the
atomistic level, exchange reactions can be effectively modeled using reactive
force fields [89]. This gives a detailed picture of a single exchange event, but
does not provide large enough time and length scales to assess macroscopic
properties. To get to macroscopic scales, a coarse-grained model that captures
the network-topology aspects of the exchange reactions is needed.

In recent years, scientists have developed different numerical models to
study exchange materials [75–77], embedding Monte Carlo hopping moves into
hybrid molecular dynamics or Monte Carlo (MD,MC) simulations to repro-
duce bond swaps. We have seen in Ch. 3 that it is possible to use a three-body
potential to reproduce bond exchange dynamics with a controllable rate [79],
avoiding the need for hybrid features. In this chapter, we employ that method
to study a vitrimer model consisting of associative star-polymers. Using molec-
ular dynamics simulations to obtain the stress relaxation modulus, we verify
the expected transition from solid-like to liquid-like long-time behavior upon in-
creasing the bond exchange rate [90]. More importantly, we uncover a dramatic
difference in stress relaxation that arises from the molecular topology. In close
connection to recent work that demonstrated how loops affect equilibrium elas-
tic properties [91], we show that networks made from building blocks that allow
loop formation via bond exchange relax stresses much faster than systems made
from loop-preventing building blocks, even when the bond exchange rates are
the same. Thus, the slow relaxations that characterize swapping vitrimers [81]
can be controlled not only through the swap rate, but also through defect for-
mation. In this sense, loop defects serve as highways to stress relaxation, giving
faster self-healing and better malleability and recyclability [34, 76]. Combining
this effect with an accurate choice of the network topology we can imagine to
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Fig. 4.1 – (a) Our star-shaped monomers forming a swappable covalent bond (red-
blue). (b)-(d) Sketch of a swap event: red-blue bonds can swap, while green beads are
permanent links (the centers of the stars). The swap reaction modifies the topology of
the network. Its rate is catalytically controlled in real systems, modeled here by tuning
the energy barrier. In states (b) and (d) there is only a two-body energy term (≈ −ε)
due to the highlighted bond. In state (c) there are two two-body energy terms (≈ −2ε)
and one three-body contribution ( ≈ +λε). If λ = 1, the three-body term compensates
exactly the formation energy of the second bond effectively flattening out the energy
barrier.

synthesize a material which is not only stable as thermosets and malleable as
thermoplastics, but also tougher than either, because it can relax stresses in a
controllable way, while having improved structural integrity compared to ma-
terials toughened via other mechanisms such as fully reversible crosslinking [92]
or sacrifical bonds [93].

4.1 Modeling vitrimers

We focus our simulations on networks built from binary mixtures of eight-
arm star polymers. Each arm terminates with a reactive site which can be
of two different types, labeled red and blue (see Fig. 4.1(a)). This effectively
captures what happens in vitrimers that rely on covalent association of two
different moieties, via e.g. ester bonds [34, 35], in which case the end types
represents carboxyl and hydroxyl groups, respectively. Star-shaped monomers
are widely used polymeric building blocks, for e.g. dendrimers and tetra-PEG
hydrogels [94, 95]. They are a versatile basis for covalent adaptive networks,
with controlled connectivity and architecture [32].

We coarse grain the star-polymer as a sequence of beads and harmonic
springs [96] with a rest length of 1 nm which is our unit of length. The beads,
shown in green in Fig. 4.1(a), thus represent Kuhn segments consisting of
roughly 8 carbon atoms. Masses, energies and times are expressed in units
[m] = 100 u, [E] = kB ⋅ 300 K, and [τ] = 6.33 ps, respectively. All pairs of beads
interact via a purely repulsive WCA potential (σ = 1 nm) [87].

Modelling swappable covalent bonds using potentials requires care. They
must enforce single red-blue bonds without clustering, contain a parameter
to tune the swap rate, and the bonds they provide must be thermally stable.
To this end, we use a combination of two-body and three-body interactions
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as proposed in Ref. [79] and implemented in Chap. 3. As a reminder, the
two-body term is a generalized Lennard-Jones potential acting only between
red-blue pairs,

vij (r⃗ij) = 4ε
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With σ = 0.5 nm and ε = 100kBT , the v
(2b)
ij provide a covalent-like bond that

is stable against thermal fluctuations. We fix rcut = 2.5σ. The 3-body term is
rewritten in terms of how the interaction between particles i and j is affected
by the presence of other particles k that are within range of particle i,
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Because it is formulated in terms of the attractive part of the two-body term,
this three-body potential compensates the pair energy that would be gained
by two simultaneous red-blue bonds so that all intermediate states encoun-
tered during a swap event are similar in potential energy. This flat energy
landscape is the defining feature of the method, as illustrated in Fig. 4.1(b-
d) and explained with more details in Chap. 3. The three-body term au-
tomatically enforces the single-bond per reactive site since it gives a strong
repulsion when more than 3 reactive sites are close. The parameter λ sets
the energy barrier for a swap rearrangement ∆Esw. To a first approximation
β∆Esw ≡ βε(λ − 1) = 100(λ − 1).

While three-body interactions are generally expensive in simulations, Eq. (4.2)
requires only small additional numerical effort compared to a standard two
body potential, because it is a combination of the existing two-body terms.

4.2 Numerical approach

We use the Hoomd-blue package [43, 44] to do molecular dynamics simulations
on GPUs. For the three-body potential, we developed the Hoomd-blue module
named “RevCross” introduced in Chap. 3. This implementation allows us
to gather sufficient statistics for evaluating the stress relaxation in systems
of N ≈ 50000 beads (≈ 1500 star polymers). To provide a reservoir of open
endings that can initiate a swap event we use a non-stoichiometric mixture of
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different star endings, following the chemistry behind vitrimers. We exploit two
different mixtures to assess the role of defects (loops) in the stress relaxation.

We focus on the type of defects known as primary loops, in which two
endings of the same star are bonded together. These are the most important
for the static elastic properties [91]. First, we employ a defect-free mixture
(DFM) composed of NA = 900 8-arm star polymers whose endings are only
type A and NB = 600 stars with only B-type ends. Since A–B bonds are
allowed, primary loops are prevented. Later, we present results on a defect-
allowing mixture (DAM) which contains NA = 950 stars with seven A-type
endings and a single B-type ending, and NB = 550 stars with the numbers
reversed. These values of NA and NB make the total number of red and
blue beads identical in both mixtures. Since the red-blue bonds are much
stronger than kBT , all 4800 B-type ends will form a bond, leaving 2400 free
A-type ends available to initiate swap events. The large number of arms is
used in order to have a network that behaves like a solid without applying any
(osmotic) stretching. Both networks are equilibrated in periodic cubic boxes of
size L = 40 nm, corresponding to a packing fraction φ ≈ 0.3. This corresponds
to 2.2 times the overlap concentration, so the stars can easily form a network,
but it is low enough to avoid any glassy dynamics. In the supplementary
information of Ref. [82], we demonstrate that indeed there is no caging or
segmental slowing down at this density, so that the polymer arms are mobile
enough to initiate bond swaps. For both DFM and DAM mixtures, we generate
m = 100 independent network topologies.

4.3 Stress relaxation

We perform stress relaxation calculations. Rather than doing out of equilib-
rium MD calculating the stress σ(t) after a step strain, we exploit the widely
used autocorrelation method

G(t) ≈ C(t) ≡
V

kBT
⟨σyz(t)σyz(0)⟩ (4.4)

in the nV T ensemble where we imposed the number of stars n, the volume
V , and the temperature T . The bar and brackets denote averaging over time
and ensemble, respectively. To calculate the instantaneous stress σ(t) we have
to add terms that arise from the three-body potential to the standard (pair-
based) virial expression. In Appendix A (Sec. 12.1), we derive these terms from
the thermodynamic definition of stress.

The stress autocorrelation function is often assumed to be equal to the
stress relaxation G(t), but it was recently pointed out that the equality holds
only in liquids [85, 86] and it is affected by the time (gliding) average [75].
Still, for self-assembled networks, C(t) on average converges to G(t) [75]. A
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more correct way to define the stress relaxation would be

G(t) =

⎧⎪⎪
⎨
⎪⎪⎩

C ′(t), liquids

C ′(t) +Geq −C∞, solids
(4.5)

where C ′(t) is the stress autocorrelation without the gliding average, Geq is
the shear modulus and C∞ is the long-time asymptote of C(t) (so C∞ ∝

⟨σ̄⟩2). Thus, the stress autocorrelation function C(t) and the stress relaxation
modulus G(t) show a similar trend in the liquid phase, but when the system
rigidifies, C(t) shifts from G(t) by a constant [85]. While they become identical
only in thermodynamic limit [75], we can distinguish a solid from a liquid using
the limiting behavior of C(t), even in a finite ensemble. The reason this works
is that the only way to have C∞ = 0 is when σ̄ = 0 for every configuration,
which happens only for liquids. In the following we will simply use C(t).

4.4 Swap-driven transition without loops

The stress relaxation for the DFM system is reported in Fig. 4.2a. We define
τnet as roughly the time that it takes for a solid network to reach its elastic
plateau, τnet ≈ 5 ns. At short times (t < τnet), the stress relaxation is dominated
by the Rouse modes of the chains [97]. We refrain from fitting a power law
to this regime because the arms of the star polymers are too short to make
this feasible. All curves coincide until this timescale because swapping is slow
and the network topology is essentially fixed. Then the gel starts sustaining
the stress and a plateau in G(t) appears. If the swap move has a large energy
barrier (β∆Esw > 50), the topology remains fixed and the plateau extends
beyond times reachable by simulation. If instead the gel rearranges through
bond swap moves, we observe a second relaxation, the hallmark of transient
networks [75–77, 98]. We conclude that when there is no activation barrier,
swaps make DFM liquid at τDFMliq ≈ 20µs, where we picked G(τliq)/G(0) ≡ 10−4.

4.5 Swap-driven transition with loops

The stress relaxation for the DAM system is reported in Fig. 4.2b. After chain
relaxation, the solid plateau is approached only by the fixed networks, while the
swapping ones keep relaxing all of their stress. In this mixture, bond swapping
contributes to stress relaxation on shorter time scales. In marked contrast
with the system without loop defects, the final stress relaxation is now ten
times faster, τDAMliq ≈ 0.1 ⋅ τDFMliq ≈ 2µs. The swapping gel with defects behaves
essentially like a viscous liquid.

To rule out that the faster stress relaxation is caused by structural quanti-
ties unrelated to loop defects, we verified that all 2400 possible bonds formed in
both mixtures, and that the number of swap events is similar in both. Finally,
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Fig. 4.2 – (a) Stress relaxation for the Defect Free Mixture (DFM), for a range of
swap barrier values (DAM data shown as dashed line for comparison). (b) Stress
relaxation for the Defect-Allowing Mixture (DAM), with DFM data shown as dashed
line for comparison. After the first regime of relaxation due to chain rearrangement,
a solid plateau is approached. For low enough energy barriers, swap rearrangements
trigger a second relaxation. This network relaxation is an order of magnitude faster
with defects than without. Inset: DAM-DFM comparison on a linear time axis.

48



CHAPTER 4. DEFECTS AS A HIGHWAY

Fig. 4.3 – Histogram of the number of connections between connected stars, for both
mixtures. In the DAM (blue), the presence of loops causes the average number of
connections between stars to be lower. This reduces redundancy and thereby increases
the chance that a single swap even will disconnect two stars, which speeds up stress
relaxation.

we checked that the DAM mixture indeed formed loop defects, and found that
typically between 1/5 and 1/3 of all bonds in this mixture are primary loops,
connecting two arms of the same star.

The conclusion is that the fast stress relaxation of the defect-allowing mix-
ture is caused by “defected” configurations. Whenever an intra-star bond that
was carrying stress is swapped with an arm on the same star to form a defect,
it ceases to support stress, giving rise to dissipation. This consistently leads
to fewer redundant connections between starts, as we show in Fig. 4.3, which
in turn makes the fraction of swap events that actually detach two stars even
larger, leading to more relaxation per event. Given that the swap rate is sim-
ilar for the two mixtures, this means the defects act as a highway to stress
relaxation.

4.6 Discussion and conclusion

We have shown the effectiveness of MD simulations in the study of bond swap-
ping systems. The employed three-body potential turns bond-swap events into
a continuous process: Free binding sites approach an existing bond via a tun-
able barrier, and after the exchange the unbound partner leaves via the same
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Fig. 4.4 – Normalized number of swaps (black) and stress relaxation (red) as a func-
tion of the swap energy barrier β∆Esw, for the DAM system. The fluid-solid transition
happens when the barrier is 10kBT .

Fig. 4.5 – We can control the number of loop defects by inflating the monomers
(black), increasing temperature (red), or volumetric compression (blue).
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pathway. The computational effort of evaluating a three-body interaction is
partly mitigated by defining it in terms of pair forces which had to be computed
anyway. Compared to Monte Carlo moves for bond exchanges, our approach
has the advantage that dependence of exchange probability on physical param-
eters such as the bond force arises naturally and does not have to be manually
added into an acceptance criterion.

Fig. 4.4 shows the swap rate decreases by two orders of magnitude when
β∆Esw is increased from zero to six, correlated with the rise of the elastic
plateau in the stress relaxation modulus G(t). Thus, β∆Esw controls the
solid-liquid transition or topological glass transition in the same way catalyst
concentration or temperature do this in experiments.

Applying this method to two different mixtures, we demonstrate the im-
portance of topological considerations for stress relaxation, extending recent
insights into the effect of loop-like defects on static elastic properties [91, 99].
With the same number of swapping events, our primary-loop-free mixture of
star polymers relaxes stress much more slowly than the loopy mixture of oth-
erwise similar star polymers.

We stress the peculiar role for doubly connected stars in these networks:
For the static modulus, there is little difference between a single or double
polymer bridge between two star centers, as each bridge in a second-order loop
is about half as effective as a single bridge [91]. When it comes to relaxing
stresses via swapping, however, the doubly connected stars contribute much
more slowly since the force between them will only be relaxed away after both
bonds have undergone a swap.

Interestingly, we found that we can exert some control over how many loops
are formed in the defect-allowing mixture by way of excluded volume interac-
tions, temperature and deformation as we show in Fig. 4.5. This observation
may open up ways to enhance control over the elastic properties of networks,
which is a topic that deserves further study in the context of vitrimers and
other bond-swapping materials.

While in standard cross-linked networks the density of loops can be con-
trolled through the reaction protocol [99], we speculate that the state at which
a vitrimer is allowed to equilibrate topologically, determines the number of
defects at equilibrium. If we then do a rapid temperature quench to a regime
where bond exchange is inhibited, the topology is frozen in a state with a
controlled average number of defects.

In summary, our results suggest that novel vitrimer systems can be designed
explicitly considering defects as a means to control mechanical properties. This
class of polymeric materials will then, on top of their recyclability and their re-
markable ability to recover their initial properties after remolding, also become
mechanically tunable.
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Chapter 5

Self-healing from swaps

As discussed in previous chapters, vitrimers are covalent network mate-
rials, comparable in structure to classical thermosets. But unlike normal
thermosets, they possess a chemical bond swap mechanism that makes
their structure dynamic. In Ch. 3 we have seen how to model them in
computer simulations. In Ch. 4 we have seen how to optimize their prop-
erties using defects. Finally, in this chapter we focus on the consequence
of this dynamic structure that makes vitrimers suitable for activated
welding and even autonomous self-healing. The central question in de-
signing materials with this feature is the trade-off between autonomy and
material stability: The swap mechanism facilitates healing but also creep,
which makes the perfectly stable self-healing solid a hard goal to reach.
Here, we address this question for the case of self-healing vitrimers made
from star polymers. Using coarse-grained molecular dynamics simula-
tions, we study the adhesion of two vitrimer samples and find that they
bond together on timescales that are much shorter than the stress relax-
ation time. We show that the swap mechanism allows the star polymers
to diffuse through the material through coordinated swap events, but the
healing process is much faster and does not depend on this mobility.

The contents of this chapter have been published as

Swap-Driven Self-Adhesion and Healing of Vitrimers
Ciarella S. and Ellenbroek W. G.
Coatings, 9 (2), 114 (2019)
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CHAPTER 5. SWAP-DRIVEN SELF-HEALING

5.1 Introduction

Equipping materials with a mechanism to repair themselves after damage is
a cornerstone of sustainable use of natural resources [100]. Over the years,
strategies have been developed towards this goal for material classes as diverse
as linear polymers [101], supramolecular networks [102, 103], dendrimer-clay
systems [104], metal ion-polymer systems [105, 106] and multicomponent sys-
tems [107–111]. Notably, the worldwide cost of corrosion has been estimated
to be $2.5 trillion [112] increasing the demand for coating materials capable of
preventing and repairing damages of the the underlying structure.

Reversibly crosslinked polymeric materials have been at the heart of many
developments [113] along those lines: Polymers form a huge part of the mate-
rials industry, and physical crosslinks that can reform after being broken are a
natural choice for self-healing. However, for strong and stable materials, poly-
mer networks that are covalently crosslinked yet adaptable are preferred [32].
Vitrimers, in particular, have emerged as a new paradigm for combining mal-
leability and recyclability with strength and solvent-resistance, based on chem-
ical swapping of bonds [34].

The ideal self-healing material would (1) have a fully controllable long-time
solid-like mechanical behavior, (2) heal without any form of external interven-
tion (3) to the point that the location of the damage can no longer be identified,
and (4) even do so repeatedly if the same location gets damaged multiple times.
We will use the terms stability, autonomy, quality and repeatability to denote
these four desired properties. In practice, these demands are typically in con-
flict with each other, and choices need to be made regarding which demands
to fulfill more strictly.

Vitrimers perform excellently regarding quality and repeatability, as they
are rich in chemically active moieties that can drive the healing process, and
the way the parts of the material are held together is chemically identical
before and after healing. In this manuscript, we will describe self-adhesion or
welding of two fully equilibrated surfaces of vitrimers made of star polymers.
The process relies on covalent bond-swapping across the cut. Because these
networks will, on the longest of time scales, flow like extremely viscous liquids
as long as the swap mechanism is active, the most obvious way to achieve
stability is to sacrifice some autonomy and introduce a way to turn the swap
mechanism on and off, e.g. using temperature [33]. Alternatively, one might
want to keep the process fully autonomous in order to use vitrimers as coatings.
In this case the bond swapping has to be kept active and the challenge is to
make the ratio of stress relaxation time to self-healing time as large as possible,
delaying the loss of stability that happens with the relaxation.

Specifically, we study star-polymer vitrimers using a recently developed
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Fig. 5.1 – Sketch of swap-driven self healing. (a) The two halves are put in contact
but there are no bonds to connect them so they cannot sustain stress. (b) Through
swap moves bridges start to form. After some time the cut will be indistinguishable
from bulk. Some of the stars loop back onto themselves, forming defects.

method to incorporate associative bond-swapping in molecular dynamics sim-
ulations [79, 80]. We consider the situation in which two surfaces of this ma-
terial are brought together after a long time, which for most healing strategies
based on reversible crosslinking should be considered a worst case scenario, and
show that two such surfaces develop a bulk-like mechanical connection on time
scales that are much shorter than the diffusion time of the star polymers or
the stress relaxation time of the material. Thus we demonstrate the feasibility
of autonomous self-healing in these materials for the case long-time stability is
not needed, such as in the case of self-healing coatings where the coated mate-
rial provides the long-time rigidity. At the same time, we keep the possibility
of attaining long-time stability at the cost of sacrificing autonomy.

The paper is organized as follows. First, we introduce the coarse-grained
model for the polymer network and the basics of the simulation method. We
then demonstrate the covalent vitrimer-based healing of two equilibrated sur-
faces. Longer simulations identify the mobility of the star polymers in the
bond-swapping network, and we discuss how one might choose the building
blocks such as to improve the autonomy-stability tradeoff.

5.2 Modelling self-healing vitrimers

In this chapter we use the same model introduced in Sec. 4.1. As a reminder,
the building blocks of our vitrimer networks are star polymers with eight arms
which have the binding moieties at their ends. Star polymers are a versatile
basis for adaptive networks [32] and are widely used for hydrogels [94]. In this
work, we employ a coarse-grained representation which allows to distinguish
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between bonds in which the two binding moieties are identical, and bonds in
which they are different. We focus on the latter type: our binding groups
represent e.g. carboxyl and hydroxyl groups so that the bonds are ester bonds
and the swap mechanism is a transesterification reaction [34, 35]. In Fig. 5.1,
we represent the two types of ends with black and red beads, respectively. Each
arm of the star is a sequence of 5 beads connected by harmonic springs with
rest length L0, which in our simulations will serve as the unit of length. The
beads interact with a repulsive Weeks-Chandler-Andersen potential [87]

VWCA(r) =

⎧⎪⎪
⎨
⎪⎪⎩

4ε [(σr )
12
− (σ

r
)
6
+ 1

4] for r < 21/6σ

0 for r > 21/6σ

with σ equal to the bond length L0. To model the bond forming attraction
between black and red arm endings and their swap, we employ a combina-
tion of a generalized short-ranged attractive Lennard-Jones potential (binding
energy εbond) with a three-body potential energy term [79]. The three-body
potential serves the combined purpose of guaranteeing that only a single red
and black bead bind to each other, and to facilitate the swapping of bonds. For
a detailed description of the implementation of this method in the HOOMD-
blue molecular dynamics package [44] and the stress relaxation behavior of this
type of star polymer networks, we refer to Chap. 3. The swapping method con-
tains a parameter λ that can be used to tune the energy barrier to swapping
∆Eswap = εbond(λ−1), where εbond is the binding energy of a red-black bond in
case no other binding beads are nearby. Thus, λ = 1 represents the barrier-free
energy landscape in which the swap rate is fully determined by the encounter
rates between ester bonds and free hydroxyls, and values λ > 1 can be used
to reduce the swap rate. We use a value of εbond that is of order 100kBT , so
the “covalent” bonds will not break spontaneously and the only way for the
network to rearrange is via the swap mechanism.

5.2.1 Simulation protocol

All simulations start from equilibrated mixtures of NA = 950 stars with 7 “red”-
functionalized ends and 1 “black”-functionalized end (7R1Bl), and NB = 550
stars with the opposite composition (1R7Bl). In case all minority ends form a
bond (a limit which we typically approach very closely since the binding energy
is very high), we end up with a network of 1500 star polymers with 4800 bonds
and 2400 unbound ends of the majority (red) type. These unbound functional
groups (hydroxyls in case of the transesterification swap) are the initiators of
the swap reaction. The total number of monomer beads in each network is
N = 49,500.

The size of the box provides a packing fraction of Φ ≈ 0.29. This is below
the glass transition, so the chains will be mobile. It is also high enough (2.2

55



CHAPTER 5. SWAP-DRIVEN SELF-HEALING

times the overlap concentration) that the ends of the stars will encounter each
other regularly and a percolating network can be formed.

We generateM = 25 networks with periodic boundaries in the x, y-directions
but with confining walls in the z-direction, which will allow to have equilibrated
top and bottom surfaces. We equilibrate each sample for 107 timesteps of size
4.2 ⋅ 10−5τsw, where the time unit τsw corresponds to the time it takes for the
average number of swap events per bond to reach unity, in absence of barriers.
We work at fixed volume fraction Φ and temperature T = 1, so that both sur-
faces are fully annealed and the swap rate is constant. To study the adhesion
or healing process, we combine every pair of these initial networks by stacking
them vertically, and continuing the simulation with fully periodic boundaries.
Each adhesion simulation (of which we now have 300) therefore gives two heal-
ing cuts, one where the top of the first sample attaches to the bottom of the
second sample, and one vice versa.

The combined system is then simulated without any swap barrier (λ = 1),
allowing swap events that create bonds between the two previously discon-
nected halves of the sample. We save a series of configurations at different
healing times tsh. We then freeze the topology of these configurations in order
to have a visualization of the adhesion and to do a numerical mechanical test.

5.3 Results

The visualization is made using a vertical stretch and a small monomer-monomer
attraction to enhance the view of the molecular bridges. The sample is then
quenched to the nearest energy minimum. The result, which can be seen as a
sequence of partially adhered pieces of stretched and dried elastomer, is shown
in Fig. 5.2.

The mechanical test consists of a measurement of the stress relaxation
modulus of the topologically frozen configuration, using the autocorrelation
method [86]. This tells us how much mechanical resistance the sample has
gained from the newly formed bonds. As expected for a solid-like material, the
stress relaxation modulus shows a plateau for long times, corresponding to the
static shear modulus. In Fig. 5.3, we report the xy component of the stress
relaxation modulus, which is not affected by the adhesion process because the
surface across which it is happening is parallel to the xy-plane, in gray. The
graph also shows the xz and yz components, which should start at a lower
value of G because before the healing process there are no bonds across the
gap. The figure clearly shows that the xy component is independent of healing
time while the other two components develop a value of the order of the xy
component within tsh ≈ 0.15τsw. This signals that the material has acquired a
roughly isotropic elasticity and mechanical testing can no longer reveal where
the disconnected surface used to be.
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Fig. 5.2 – Visualization of the formation of bridges between the two halves after
healing times tsh = {0; 0.017; 0.042; 0.42}τsw. The graphics are produced using energy
minimization after a 40% vertical strain, with a small monomer-monomer attraction to
clear up the view. At tsh = 0 the material is completely separated into two pieces, but
swaps are rapidly healing the fracture. Already at tsh = 0.042τsw traces of the fracture
are only visible after straining. From tsh = 0.42τsw the healed cut is indistinguishable
from the bulk.

Fig. 5.3 – Elastic plateau for different tsh along three orthogonal directions, reported
with their standard error. Because our simulations cover a finite amount of time, we
see some remaining elasticity even without any healing (tsh = 0). The xy component
is not affected by the cut or the healing process because it measures the resistance to
shears in planes parallel to the cut. The xz and yz components denote the build-up
of mechanical stiffness during healing/adhesion. In (b) we see the cumulative function
Gcij = ∫ dGij P (Gij) that clearly shows the difference between directions perpendicular
and orthogonal to the cut. Already around tsh = 0.1τsw the three components are
comparable and thus the network is capable of sustaining stress across the cut almost
as the bulk. They become indistinguishable before reaching 1τsw.
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Fig. 5.4 – Number of bonds that cut a z-plane for different healing times. At tsh = 0
a layering effect is visible and we can distinguish three high density layers propagating
from the cut. After a progressive healing process, the profile becomes flat.

A complementary view of the healing process can be seen from the point
of view of the bonds. In Fig. 5.4, we show, as a function of coordinate z, the
number of star-star bonds that cross a fictitious plane perpendicular to the
z-axis at that position. Without any healing there are no bonds that cross
the region of the cut, around z = 42σ. There is also an evident layering effect
at tsh = 0 that produces zones of high density of bonds just around the cut,
followed by a zone of low density and then an even higher concentration. This
effect disappears after the third high density layer at the edge of Fig. 5.4. The
curves for higher values of tsh demonstrate that the healing process eliminates
the gap and reduces the layering, reinforcing the picture that the material is
losing its memory of where the interface used to be.

Diffusive long-time behavior – The different tests above demonstrate
that our elastomer model is capable of swap-driven self-adhesion. For situations
in which fully autonomous self-healing is not required, this may be sufficient.
To assess the suitability of these materials for autonomous self-healing, we
need to determine whether it is possible to have a large separation between the
self-healing time and the stress relaxation time. After all, healing and stress
relaxation both originate from the swap dynamics of the networks, so it is not
possible to have one without the other, and a large separation of time scales
would imply that we can have a material that can self-heal on timescales on
which it is still a solid. Indeed, in our previous work, we demonstrated that
stress relaxation in star polymer vitrimers takes many swap events, and can
be controlled via the topology of the network [80].

Here, we study the mobility of the star polymers that originate from each
of the two halves of the self-adhering sample, and demonstrate that a simple
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Fig. 5.5 – Density profiles at tsh = [0; 5; 20] τsw. (a) At tsh = 0 layering is visible in
the density profiles, so the square wave cannot capture the full details yet. The layers
are stable if we equilibrate without healing (preventing swap). (b) At tsh = 5τsw the
density profile is well-reproduced by the three slowest modes of the Fourier expansion.
The system is diffusing with D ≈ 3.12σ2/τsw when ∆Esw = 0. (c) At tsh = 20τsw only
one mode is still present. Notice that the diffusion is far from reaching equilibrium.
(d) The diffusion is slower when swaps are hindered by an energy barrier ∆Esw > 0.

diffusion model captures the essentials of the long-time behavior.
The central quantity in the analysis is the density ρ1(r, t) of particles that

were originally in the lowest half of the box. Translation symmetry in the
xy-directions dictates that we can integrate over those and focus on the z-
dependence, which we describe using a diffusion equation

∂ρ1(z, t)

∂t
=D∇2ρ1(z, t) . (5.1)

Here, D denotes the diffusion constant, which describes the rate at which bond
swapping evens out spatial variations in ρ1.

For our adhesion simulations, the initial condition for this process is a
square wave profile. This signifies that we ignore the layering effect which
concerns fluctuations on short length scales which will be washed out rapidly
anyway. We note that any short-time behavior for which the layering is impor-
tant will therefore not be captured by this model. In the appendix we describe
two well known approaches to solving this equation: with a Fourier expansion
and with its Green function. Here, we describe the outcome.

In Fig. 5.5(a)-(c) we show the density profiles ρ1(z) that we measure in
our simulations for 3 different values of the healing time tsh (black curves).
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Fig. 5.6 – Actual number of bridges (black) compared to the estimation of Eq. (5.2)
evaluated from the numerical simulations (orange), Fourier series (gray) and Green
function (red). The Fourier and Green function curves use the previously fitted value
D = 3.12σ2/τsw which represents the case of bond-swap without energy barriers. The
plotted quantity should approach the limit of 0.5 upon full mixing, which happens
well beyond the limit of our simulations (see Fig. 5.5). A barrier of ∆Esw = 0.5ε is
already enough to undermine the bridge formation. The gray curve is a truncated
Fourier series that only takes into account the three slowest modes, and is therefore
not expected to match well at short times.

Fig. 5.5(a) additionally shows that the density profile after a long equilibration
with the swap mechanism turned off (red curve) is only marginally different
from the profile before any equilibration, proving that bond swapping is neces-
sary to have any mobility of the star polymers: D = 0 when the swap mechanism
is turned off. In panels (b) and (c), we compare the density profiles from the
simulation to the Fourier series solution of the diffusion equation Eq. (5.1), pro-
viding a fit of the diffusion constant D ≈ 3.12σ2/τsw. These simulations were
performed without any energy barrier to swapping. We could easily adjust
the system to have an energy barrier by setting λ > 1, in order to reduce the
diffusion constant D. Fig. 5.5(d) shows how this way of slowing down diffusion
alters the density profile after a healing time of tsh = 5τsw.

To assess the importance of the diffusion of star polymers through the
network for the healing process, and to understand the time scales involved, we
now extract a measurable quantifier for the adhesion process from the diffusion
model. Our approach is to estimate the number of bridges Nbr defined as the
number of bonds between monomers coming from different halves of the system.
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Fig. 5.7 – Location of the first 100 swaps after the two pieces are put in contact.
Near the cut swap happens with the same probability as in the bulk. Healing is then
determined by equilibrium swap rates.

We can directly measure this number in our simulation and we compare it to
the following integral

Nbr(t) =
2

Lz
∫

Lz

0
dz
ρ1(z, t)ρ2(z, t)

ρ20
(5.2)

This is a functional of the density profiles at time t and it assumes that the
density of bridges is proportional to the product ρ1ρ2. The factor 2 accounts
for the two interfaces that we get from the periodic boundary conditions. Re-
sults are reported in Fig. 5.6. The prediction derived from diffusion (red curve,
Green function solution) perfectly reproduces its numerical equivalent (orange
curve), while it slightly underestimates the actual number of bridges (black
curve). Overall the development of the number of bonds between stars that
originate from the different halves of the sample is well described by the diffu-
sion equation.

The crucial observation from the mobility study is that it takes about
tsh = 5τsw to achieve any appreciable interdiffusion of stars across the healing
surface. The mechanical healing, on the other hand, took only tsh ≈ 0.15τsw,
which is more than 30 times faster. More importantly, stress relaxation takes
even longer than interdiffusion. Indeed the same mixture showed a relaxation
time of τrel ≈ 13.2τsw in Ref.[80], which is roughly three orders of magnitude
slower than self-healing. So, without any further optimization of the polymer
architecture, we achieved a material which autonomously heals three orders of
magnitude faster than it flows.

5.4 Discussion

Vitrimers with an activated swap mechanism are continuously rearranging their
structure. Bond swap events happen throughout the material. There is no
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Fig. 5.8 – The asymptotic approach of the number of bonds in the region around the
cut (Nb,cut) to its bulk equilibrium value. Nb,cut is the number of bonds in the region
40.5σ ≤ z ≤ 43.5σ. It is normalized by the average number of bonds at equilibrium. The
same quantity is underestimated by the diffusion with the maximum D corresponding
to ∆Esw = 0. This causes a discrepancies between the actual healing and the one
predicted by a purely diffusive argument. Even when swaps are hindered by energy
barriers some bridges emerge quickly across the cut, initiating a slower healing process.

enhanced concentration of active moieties at the surface and a picture of where
swaps are happening shows no sign of the location of the healing surface (see
Fig. 5.7). The swap events drive both the healing and the stress relaxation,
and the naive conclusion would therefore be that the only way to have a solid
material with healing-like properties would be to resort to welding: switch
on the swap mechanism when it is needed to stick two surfaces together, and
switch it off in order to have a well-behaved solid object.

Our work demonstrates a possible way out of this conundrum: The adhesion
process only requires a very limited number of swap events, compared to full
star polymer mobility (as we demonstrate by fitting to a diffusion model) and
stress relaxation (as we showed in Ref. [80]). The reason is that healing does
not require any mobility of the star polymers as a whole: A single swap event
suffices to create a link between the two halves of the system, but mobility of
the star requires each of its arms to swap several times. Thus, we should expect
the number of arms per star polymer (i.e., their functionality), to be a major
determinant for the size of the time scale gap between healing and mobility.
Also their architecture will have a major role, because if the (7R1Bl)+ (1R7Bl)
mixture is replaced by (8R) + (8Bl) while keeping the total numbers of each
binding moiety the same, the stress relaxation would grow by an order of
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magnitude while the swap rate would be unaffected [80]. The rich design space
of vitrimers will enable future work to optimize this time scale gap.

The fact that adhesion and healing do not require actual mobility of the star
polymers can be further illustrated by considering the prediction for the self-
healing time that would result from considering the diffusion model, with the
diffusion constant D that we obtained by fitting the long-time density profiles.
The diffusion model makes no predictions for the mechanical properties but for
this illustrative purpose it suffices to consider the number of bonds in the region
around the healing interface (40.5σ < z < 43.5σ). If diffusion were dominant
for the healing, this model should work reasonably well. Instead, we note that
the diffusion model greatly overestimates the healing time, as demonstrated
in Fig. 5.8. The actual numbers depend strongly on the chosen definition of
healing time but the difference between the actual number of bridges and the
diffusion-based prediction is clear.

5.4.1 Conclusions

Some materials achieve self-healing trading off stability [102] while remaining
fully autonomous. Others instead do not give up their mechanical proper-
ties but sacrifice autonomy to earn their healing ability [103], often involv-
ing secondary interactions [114–117]. Alternatively, it is possible to achieve
autonomous self-healing embedding healing agents in the material [107–109],
trading off repeatability and perhaps quality. Furthermore, self-healing in
cross-linked networks is based on dangling chain motion, so it is favoured by
low density of crosslinks which also corresponds to limited mechanical proper-
ties [118]. Vitrimers, naturally suited to be nonautonomous healers [33, 34],
revert this paradigm: they in fact heal through crosslink swaps which are more
probable when the density of crosslinks is higher.

Several models have been introduced to simulate vitrimers [75–78]. We
employed a recently developed method [80] to reproduce vitrimers in MD sim-
ulations and demonstrate their viability as self-healing materials. Network
topology influences both mechanical properties [91] and healing speed [80].
More surprisingly, within the same type of material, both externally activated
healing/welding and fully autonomous self-healing are possible, suggesting the
feasibility of vitrimer coatings. Hence, depending on the demands on heal-
ing time and stability, the manufacturer can choose the most suited healing
strategy and optimize the architecture: favoring quick swaps to achieve ex-
tremely malleable vitrimers when activated, or hindering some of them through
topological constraints that extend the relaxation time more than they do the
self-healing time, thus retaining the autonomy required for coatings. The star
polymer architecture we employed is particularly promising in this regard, as
it will allow to directly tune the ratio between these time scales using the same
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structure: Healing is mostly driven by the fluctuations of single arms, while
stress relaxation requires many swap events involving all arms on each star.
For the same reason we may also speculate that slowing down the swap rate
would impact more the stress relaxation, because it requires the swap of all of
the arms of a star, expanding even more the separation between healing and
relaxation timescales.

In summary, vitrimers are naturally suited to be activated healers but they
can be designed to be fully autonomous, tuning separately diffusion and healing
properties. This provides a way to design tunable materials which are also
genuinely self-healing.
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Soft particles at interfaces:
stimuli responsive relaxation
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Chapter 6

Thermoresponsive microgels

One of the interests of soft disordered materials is that their structure
can be tailored on demand to produce the desired relaxation and overall
macroscopic properties. We have seen that vitrimers can be tailored
for that purpose. Now we shift the focus to soft particles, a different
building block that can be tailored to produce unique behaviors. Soft
particles in fact are often very sensitive to external stimuli because of
their small size. In the food and cosmetic industries such particles are
used to stabilize emulsions and control their viscoelastic response, but
also to increase shelf life. As a consequence there is also the desire to use
stimuli responsive behavior to achieve a long-lasting product that behaves
in the desired way while activated upon use. If we use microgels for this
purpose, we can trigger them to collapse from a highly swollen state into
a densely coiled one by heating. However their specific response and
relaxation pathways depend on their structure. So, if we want to use to
our advantage their stimuli-responsive behavior, we have to understand
this complex mechanism of the volume phase transition.

In this chapter, we focus on the temperature-induced volume phase tran-
sition of poly(N-isopropylacrylamide) microgels, the archetype of soft mi-
crogels. Although well characterized in bulk, it remains unclear how the
phase transition is affected by the presence of a confining interface. Here,
we demonstrate that the phase transition, conventionally considered an
intrinsic molecular property of the polymer, is in fact largely suppressed
when the microgel is adsorbed to an air/liquid interface. The results re-
veal that the dangling polymer chains of microgel particles, spread at the
interface under the influence of surface tension, do not undergo any vol-
ume phase transition. These results imply that important technological
properties of such systems, including the temperature-induced destabi-
lization of emulsions does not occur via a decrease in interfacial coverage
of the microgels.

The contents of this chapter have been published as

Stimuli-Responsive Behavior of PNiPAm Microgels under Interfacial Con-
finement. Harrer J., Rey M., Ciarella S., Löwen H., Janssen L.M.C and Vogel N.
Langmuir, 35 (32), 10512-10521 (2019)
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6.1 PNiPAm microgels: the archetype of soft microgels

Since the initial discovery that solid particles can stabilize emulsions by Rams-
den and Pickering in 1903 [119, 120], the behavior of particles at liquid inter-
faces continues to be an important multidisciplinary subject [121–123]. Nowa-
days, colloidal crystals at interfaces provide elegant model systems to study
fundamental physical phenomena such as crystallization, phase behavior and
defect structures [124–126]. Furthermore, control of particles at interfaces have
given rise to a range of important technological breakthroughs such as Pick-
ering emulsions with long term stability [120, 127], the development of liquid
marbles [128, 129], or particle-stabilized foams [130, 131].

In contrast to hard particles, soft microgels are significantly deformed at
liquid interfaces and form a distinct core-corona structure [132, 133]. Their
physicochemical properties are dominated more by compressibility and steric
interactions between extended polymer coronas compared to their incompress-
ible colloidal analogues and therefore show a more complex phase behavior,
both at the interface [134–138] and in bulk solutions [139–142].

Microgels are crosslinked swollen polymer networks with a diameter in the
nano- or micrometer range [143–145]. A prominent backbone-crosslinker com-
bination for microgels is poly(N-isopropylacrylamide) (PNiPAm), crosslinked
with N,N’-methylenbis(acrylamide) (BIS) [146]. The macromolecule thus com-
bines hydrophilic amide and hydrophobic isopropyl groups. The competition
between these groups leads to a temperature-dependent transition from an ex-
panded coil to a globular state in aqueous environments when the temperature
is raised above the lower critical solution temperature, in this case 32○C [147–
151]. At the critical temperature, the nonpolar groups aggregate and expel
water from the macromolecule to increase the entropy of the system. Conse-
quently, crosslinked microgels undergo a volume phase transition from a swollen
to a collapsed state at the volume phase transition temperature (VPTT) of
32○C [143, 146, 148, 152].

Typically, PNiPAm microgels are synthesized in a one-pot reaction, that
produces a crosslinking gradient from the center towards the periphery of the
particle and results in a relatively stiff core surrounded by loosely crosslinked
dangling chains [153–155]. At the interface the core deforms and the dangling
bonds spread out to form a corona, leading to a characteristic “fried-egg”
morphology [132, 133, 156]. Small angle neutron scattering has revealed that
this corona consists of a few-nanometer thin film of polymer with a low water
content, which separates the cores of neighboring particles and thus prevents
close packing [157]. The core elastically deforms under the effect of surface
tension but remains swollen [133, 156], while the remaining dangling chains
that are not adsorbed to the interface extend into the bulk liquid [157].
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The ability of microgels to conform and thus efficiently cover a liquid in-
terface can be used to create very stable emulsions [144, 158–160]. Exploit-
ing stimuli-responsive properties of the microgels enables the breaking of such
emulsions on demand by changing temperature or pH [159–173]. The rupture
of such emulsions can be correlated with the volume phase transition of the sta-
bilizing microgels [159–161, 163–165]. Rheological studies suggest that the mi-
crogels collapse to a smaller diameter at a liquid interface, leading to a reduced
interfacial coverage and thus to a reduced emulsion stability [164, 165]. While
this model correlates experimentally observed rheological properties with the
macroscopic emulsion stability, a microscopic picture of the microgel collapse
at liquid interfaces is still unfortunately missing.

Here, we correlate the interfacial behavior of PNiPAm microgels adsorbed
at the air/water interface with an ex-situ, microscopic structural analysis of the
microgel morphology at different temperatures to provide a detailed picture of
the collapse of individual microgels at interfaces. We use a Langmuir-Blodgett
technique to control the water subphase temperature, monitor the surface ten-
sion and deposit the microgel arrays from the interface to a solid substrate.
These deposited microgel arrays are then characterized ex situ by scanning
electron microscopy (SEM) and atomic force microscopy (AFM). We apply
temperature gradients including heating, cooling, and cycling, and correlate
the speed of the Langmuir-Blodgett transfer with the temperature change so
that the temperature-dependent phase behavior of the microgels at the inter-
face is directly encoded in the lateral position of the microgels on the solid sub-
strate [135, 137]. This procedure allows the observation of structural changes
in the assembly of the microgel arrays as well as changes in the morphology
of individual microgels. We find that the “fried-egg” or core-corona shape of
the microgels adsorbed at the air/water interface persists even at temperatures
much above the VPTT, independently of whether the subphase was heated or
cooled, indicating that the collapse of microgels is at least partially hindered
by the liquid interface. We propose a detailed model accounting for the strik-
ing difference in core and corona behavior, which we corroborate by Molecular
Dynamics simulations.

6.2 Volume phase transition: experimental overview

To stay within the scope of this thesis, we discuss here only the main exper-
imental results. For a detailed explanation of the experimental protocol, we
refer the reader to Ref. 84.

First, we recap the behavior of microgels in bulk which has been well char-
acterized in the past. To probe the temperature driven volume phase transition
of microgels in bulk, we measure the hydrodynamic diameter DH (Fig. 6.1(a) ).
This shows that above ∼ 35○C particles collapse and assume their temperature
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Fig. 6.1 – Comparison between the volume phase transition of PNiPAm microgels in
bulk and at the air/water interface. a) Hydrodynamic diameter (DH) – temperature
diagram measured by dynamic light scattering. DH remains constant above the VPTT
b) AFM cross-sections of PNiPAm microgels dried from bulk and deposited from the
air/water interface at a surface pressure of 5mN/m at different subphase temperatures.
Dried from an evaporating drop at 200○C (black) and at 24○C (grey). Microgels
deposited from the air/water interface at 17○C (light blue), 40○C (dark blue), 50○C
(yellow), 57○C (orange) and 80○C (red). The microgel morphology depends on the
subphase temperature.
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Fig. 6.2 – Temperature-dependent swelling behavior of PNiPAm microgels adsorbed
at the air/water interface for heating and cooling at a surface pressure of 0.5mN/m a)
Core diameter vs temperature diagram. A hysteresis between heating and cooling can
be observed. b) Average height measured with the AFM in dependence of the sub-
phase temperature. c) Temperature-dependent changes in interparticle distance. The
distance increases while cooling but is unaltered while heating the microgels d) Corona
area vs temperature, extracted from AFM phase images. In both cases, the corona
area remains unaffected by temperature changes. e,f) Corresponding AFM height and
phase images at 22○C and 57○C when the particles are heated. g,h) Corresponding
AFM height and phase images at 57○C and 22○C when the particles are cooled. Scale
bar: 1µm

independent smaller size. By contrast, when adsorbed at an air/water inter-
face (Fig. 6.1(b) ) their cross-section profiles become more peaked in response
to heating. This comparison clearly indicates a different collapse behavior at
the interace compared to the collapse of microgels in bulk, where additional
heating above the VPTT does not induce any further shrinking.

Next, we adsorb the particle at the air/water interface at room tempera-
ture and we measure the response to heating (Fig. 6.2 red). In Fig. 6.2(a), we
reveal that microgels show only a 7% change in core diameter with a decrease
of 50nm upon heating (Fig. 6.2(a) ). These values correspond to a change in
cross-sectional area by a factor 1.15, which is much less pronounced compared
to the bulk, where the cross-sectional area changes by a factor 5 [84]. AFM
measurements, showing only minor changes in particle height at different tem-
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peratures, confirm this behavior (Fig. 6.2(b) ). Additionally, the interparticle
distance does not change with increasing temperature (Fig. 6.2(c) ). The AFM
phase images (Fig. 6.2(e)-(f) ) reveal that neither core nor corona collapse and
both remain spread out at the interface even at 57○C, similar to their initial
state at 22○C. Overall, under these heating conditions, the microgels do not
collapse at the interface as expected from bulk measurements.

We compare the previous results to a reverse experiment in which hot mi-
crogels spread over an interface is subsequently cooled to room tempearture
(Fig. 6.2 blue). Remarkably, in this case, the initial diameter at 57○C is 541nm,
which is much smaller than the diameter of the particles that are spread cold
and heated to the same temperature (Fig. 6.2(a) ). The height of the microgels
is also 25nm higher compared to the reverse heating experiment (Fig. 6.2(b) ).
Both height and diameter, however, still do not reach the values of the col-
lapsed particles deposited from the bulk. During cooling, the core diameter
increases to the same value as for the microgels added onto the cold interface
when the temperature decreases below 32○C (Fig. 6.2(a) ). The microgel height
reflects this behavior and decreases to match the value of the microgels spread
to the cold interface. Additionally, an increase in the interparticle distance is
observed below 32○C (Fig. 6.2(c) ), clearly showing that under these condi-
tions, the microgels expand at the VPTT of 32○C. In the AFM phase images,
however, a clear core-corona structure persists throughout the experiment. Im-
portantly, while the collapsed core region expands upon cooling, the corona of
expanded chains is already present at high temperatures and does not change
upon temperature decrease (Fig 6.2(g)-(h) ). We extract the core diameter
and the diameter of the core plus corona from the AFM height and phase
images, with which we calculate the corona area throughout the experiment
(Fig. 6.2(d) ). The corona area remains constant and does not significantly
change through the temperature range. Hence, we conclude that the increase
in interparticle distance is solely caused by the expansion of the core.

6.3 Volume phase transition: molecular dynamics

To further investigate the volume phase transition at the interface, we employ
Molecular Dynamics simulations to synthesize and model the microgel par-
ticles in silico. The microgel architecture is represented by Finite-Extensible-
Nonlinear-Elastic (FENE) bonds combined with Weeks-Chandler-Andersen (WCA)
crosslinking interactions [83, 174]. We choose a crosslinker-to-monomer ratio
of 4%, close to the experimentally studied PNiPAm morphology.

The microgel particle was synthesized starting from Nm = 5750 monomers
(black beads in Fig. 6.3) and Nc = 250 crosslinkers (red beads), correspond-
ing to a ratio of 4%. Note that this is slightly higher than the experimen-
tal crosslinking concentration of 2.5mol%; however, our numerical simulation
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Fig. 6.3 – Molecular Dynamics simulations of microgels synthesized in silico in bulk
and adsorbed to the air/water interface before and after the volume phase transition,
modeled using a combination of FENE, WCA, thermoresponsive, and interfacial po-
tentials. Red beads correspond to crosslinkers. The phase transition in the model
occurs at an effective temperature of α = 0.6 , which corresponds to ∼ 35○C in the
scale of the figure. a(i) The microgel forms a spherical, swollen state in the bulk, mim-
icking the morphology at 20○C. The phase transition to a collapsed state is induced by
increasing the effective temperature to 1, thus mimicking an attractive behavior of the
monomers (b(i)). Introduction of an artificial interface, described by a one-dimensional
Lennard-Jones potential to which the microgel is attracted, causes a deformation of
the microgel and the formation of a core-corona morphology (a(ii)). Inducing the vol-
ume phase transition of the microgel at the interface (a(iii)) by changing the monomer
interaction similar to the bulk case leads to a collapse of the core and dangling chains
that were initially extended into the subphase, yet the corona persists. b(ii)) Intro-
ducing the artificial interface to adsorb the microgel in the collapsed state leads to a
similar morphology with a deformed core and an extended corona. b(iii)) Subsequent
transitioning into a swollen state at the interface shows an expansion of the core region
and dangling chains extending into the subphase.
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Fig. 6.4 – One-dimensional Lennard-Jones potential that models the interface. An
attraction of tunable strength is centered around the z = 0 plane to model the air-water
contact interface. In our simulations, the depth of the potential ε ranges from 1 to
2.5kBT . The air subphase (grey) is modelled as a net repulsion, effectively pushing the
microgel towards the water subphase (blue). This corresponds to a situation in which
the difference in the chemical potential ∆µ between air and water is much larger than
kBT .

model assumes a uniform crosslinking density, while the experimentally synthe-
sized microgels exhibit a crosslinking gradient (i.e., highest crosslinking con-
centration located at the center). We find that a value of Nc/Nm = 0.04 in our
model optimally reproduces the experimental core-to-corona ratio. Both the
monomer and crosslinking species were represented as repulsive WCA beads
enriched with either two patches on the opposite poles (monomers) or four
tetrahedrally oriented patches (crosslinks) [83, 174]; all patches can form 1-to-
1 bonds through a generalized Lennard-Jones (20-10) potential. We assembled
the microgel with canonical (constant-temperature) MD simulations using a
timestep of dt = 10−3 (reduced Lennard-Jones simulation units) constrained in
a spherical box, until most of the bonds were formed [83, 174]. The production
runs were also done with canonical MD using the same timestep, but without
the spherical constraint.

The initial assembly process was further facilitated by using the three-body
potential discussed in Ch. 3 that allows for bond-swapping while enforcing the
1-to-1 bond condition. Once bond formation reached a constant value (corre-
sponding to ∼ 97% of all the possible bonds) we transformed every patch-patch
bond into a FENE potential.

We then modeled the thermoresponsivity of PNiPAm with an additional
potential [175] that captures the quality of the solvent. Its strength is con-
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trolled by the parameter α which plays the role of an effective temperature:
if α = 0, monomers do not experience any additional mutual attraction, thus
corresponding to the swollen state of our microgel (Fig. 6.3a(i) ). Increasing α,
the monomers become more and more attractive, mimicking the expulsion of
the solvent from the particle. Above VPTT the system reaches the collapsed
state (Fig. 6.3b(i) ). We find that the volume phase transition in our simu-
lation model occurs around α = 0.6. Swollen states were modeled by setting
α = 0. Since their morphology matches that of experimental microgels at 20○C
we map α = 0 to 20○C. We collapse our particle using α = 1, matching the
50○C morphology. In this scale, the volume phase transition in simulation thus
corresponds to ∼ 35○C in experiment.

Next, we let the microgels in the swollen state adsorb to the air/water
interface by introducing an external Lennard-Jones wall potential along the
Cartesian z-direction, centered on the z = 0 plane and oriented such that nega-
tive corresponds to the repulsive air phase and positive to the bulk water phase
(Fig. 6.4). The attractive minimum of the external potential corresponds to
the air/water interface, thus mimicking the surface tension pulling on particles
(Fig. 6.3a(ii) ). We find that the microgel core at the interface remains swollen
and deforms laterally. The dangling chains near the air/water interface stretch
out to form the corona while the remaining dangling chains extend into the
bulk water phase, reproducing the typical “fried-egg” morphology observed in
experiments [132]. We then increase the effective temperature to above the
VPTT (Fig. 6.3a(iii) ). The adsorbed microgel core as well as the dangling
chains extending into the water subphase exhibit a collapse, but the microgel
remains notably deformed at the interface. Importantly, the dangling chains in
the corona region do not change their state and remained stretched at the inter-
face. This behavior reproduces our experimental finding that the corona per-
sists even above the VPTT. Finally, we also perform the reverse numerical ex-
periment by letting bulk-equilibrated collapsed microgels (Fig. 6.3b(i) ) adsorb
to the interface through the addition of the external potential (Fig. 6.3b(ii) ).
The chains in the microgel core region remain collapsed, but are nevertheless
significantly deformed under the effect of the potential mimicking the surface
tension. Additionally, a clear corona region of dangling chains stretched out
along the interface forms upon adsorption, even though these chains were ini-
tially collapsed into a globular structure in the bulk. Upon reducing the effec-
tive temperature of the microgel at the interface, the core swells and expands
and dangling chains extend into the water subphase (Fig. 6.3b(iii)). Together,
these Molecular Dynamics simulations of the microgel model reproduce the
essential experimental features.
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6.4 Discussion

The microscopic investigation of the morphology of PNiPAm microgels at the
interface at different temperatures, albeit assessed indirectly via a transfer to a
solid substrate, indicates that the volume phase transition is strongly affected
by the interface. In contrast to the bulk behavior, microgels at the air/water
interface show a hysteresis between heating and cooling, and an incomplete
core collapse – leading to different dimensions at different temperatures, and,
most importantly, a corona that remains extended at all experimentally as-
sessed temperatures. These observations contrast what existing models pre-
dicts and necessitate a detailed, molecular interpretation of the role of surface
tension on the different parts of the microgel. As we will see below, our inter-
pretation naturally explains the established macroscopic properties of stimuli-
responsive microgels such as the destabilization of emulsions upon heating. We
first briefly recapitulate that our synthesized PNiPAm microgels consist of a
relatively densely crosslinked core and a more loosely crosslinked shell with
dangling polymeric chains at the outside [153, 155] and that they deform into
a core-corona structure at the interface [132, 133, 176]. At low surface pres-
sures, such microgels assemble into a hexagonal non-close-packed lattice, where
they are in corona-corona contact [135]. As corroborated by a recent neutron
reflectivity study, PNiPAm microgels adsorbed at the air/water interface can
be divided into three structural regimes [157]: (i) The corona, consisting of a
nanometer thin film of highly stretched PNiPAm chains with a low water con-
tent; (ii) the more crosslinked, fully solvated microgel core; and (iii) dangling
polymer chains extending into the bulk solution (Fig. 6.5(a) ). A similar model
was also proposed recently for PNiPAm microgels adsorbed to a silicon wafer
investigated by grazing incidence small-angle neutron scattering [177, 178]. In
the following, we discuss the effect of temperature on these three regimes at
the interface individually.

The corona structure persists above the VPTT – In contrast to SEM
or AFM height images that cannot detect the corona of a microgel because of
its extremely small height [157], the phase contrast imaging in AFM is sensi-
tive enough to visualize the corona [179]. In all phase images, we detect an
extended corona surrounding the microgel core at the interface, regardless of
the temperature or preparation of the system (Fig. 6.2(e)-(h) ). Furthermore,
the area of the corona remains similarly unaffected by changes in temperature
and thus prevents a change in interparticle distance in the interfacial layer of
microgels upon heating or temperature cycling [84]. The persistence of the
corona at all temperatures regardless of the system preparation is entirely
reproduced by our computer simulations (Fig. 6.3), similar to previous simula-
tions on polymer-grafted nanoparticles [180]. We only observe a change in the
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Fig. 6.5 – Schematic illustration of PNiPAm microgels adsorbed to the air/water.
a) Below the VPTT, they exhibit a corona from expanded, dangling chains at the
air/water interface, a swollen crosslinked core, and dangling chains extending into the
water phase. b) Above the VPTT, we expect both core and dangling chains to be
collapsed while the corona remains unaffected.
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microgel lattice in the first cooling cycle of microgels spread at a hot interface.
We attribute this behavior to an expansion of the microgel core and discuss the
effect in the context of the hysteresis between heating and cooling below. We
rationalize the unexpected behavior of the corona in terms of the conformation
of dangling polymer chains at the interface. These chains have a much lower
water content compared to dangling chains in the bulk subphase, because the
hydrophobic groups of the PNiPAm polymer orient themselves towards the air
phase to reduce the surface tension. The hydrophobic groups are therefore not
surrounded by oriented water molecules even below the VPTT. Additionally,
the conformation of the polymer chains at the interface within the corona is
more stretched compared to its bulk conformation, as the decrease in surface
tension upon elongation of the polymer chains competes with the tendency to
form a Gaussian coil conformation to maximize entropy. This stretched nature
of the corona and its low water content have been confirmed by neutron reflec-
tivity experiments [157]. Together, these effects lower the gain in free energy
upon chain collapse, which is driven by an increase in entropy upon volume re-
duction caused by the release of oriented water around the hydrophobic groups.
In summary, we attribute the absence of any detectable temperature-induced
collapse of the corona region to the additional contribution of surface tension
to the free energy of the microgels (Fig. 6.5(b) ).

Temperature-induced change in microgel core size – We observe a
change in core diameter and height of the microgels at the interface as the
temperature changes. However, this change in dimensions throughout all ex-
periments is significantly lower than expected from the bulk behavior (Fig. 6.1-
6.2). We also attribute this decreased volume phase transition to the influence
of surface tension at the interface. The microgel chains in the core are in the
swollen state below the VPTT and can reduce their free energy by releasing
oriented water molecules around the hydrophobic moieties [148, 150]. How-
ever, surface tension adds an additional term to the free energy which drives
the microgel core to deform and increase its area at the interface, as has been
shown both in experiments and simulations [132, 133, 176, 181], and is repro-
duced in our simulations (Fig. 6.3). Thus, surface tension at the air/water
interface partially counteracts the tendency to collapse in the lateral direction;
indeed, our results strongly suggest that microgels adsorbed to the interface
predominantly shrink only in the z-direction, making the effective change in
microgel core diameter and height across the VPTT much smaller than in bulk
(Fig. 6.5(b) ).

Impact on stimuli-responsive emulsions – Finally, we discuss how
our findings can be interpreted in the context of the destabilization of stimuli-
responsive emulsion. PNiPAm microgels are known to stabilize oil/water emul-
sions, which are stable below the VPTT and can be destabilized by heat-
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ing above the VPTT [159–173]. Various possible explanations regarding the
stimuli-responsive behavior were proposed. One model attributes the desta-
bilization of the emulsion to the collapse of the interfacially adsorbed micro-
gels into smaller spheres which cover less area and thus are less efficient sta-
bilizers [162, 164, 165]. Further, some groups proposed that microgels may
desorb from the oil/water interface to the oil phase due to their increased hy-
drophobicity [162, 166], whereas others observed no evidence of a significant
desorption [167, 168]. It was also suggested that microgels form aggregates
and multilayers at the oil/water interface [168–170], which has been experi-
mentally visualized for the inverse case of water in oil emulsions [169]. Last,
the destabilization of the emulsion was attributed to a change in viscoelas-
tic properties of the PNiPAm microgels adsorbed at the interface above the
VPTT [166, 167, 170, 182, 183].

The different explanations for the destabilization mechanism upon temper-
ature increase demonstrate the complexity of the stimuli-responsive emulsion
destabilization, as the emulsification depends on various factors such as micro-
gel concentration [171], size [163] as well as emulsification process parameters
such as shearing rate [173]. Furthermore, the mentioned studies on stimuli-
responsive emulsion typically used around 1 wt-% microgels in the aqueous
phase, which depending on the swelling ratio, can correspond to up to 20 vol-%.
It is thus likely that for these concentrations, microgels may aggregate or form
multilayers at the oil/water interface [168–170]. Moreover, additional micro-
gel adsorption upon temperature change is possible [168, 169] and adsorbed
microgels may interact with the microgels present in the aqueous dispersion,
which in turn may affect the destabilization of the emulsion above the VPTT.

In our work, we investigated an “ideal” Pickering emulsion where only a
monolayer of microgels at the interface is present without the possibility of fur-
ther microgel adsorption or interaction with microgels dispersed in the aqueous
subphase. While from our experiments we are not able to draw any conclusions
on the effects such as adsorption, aggregation and possible interaction of the
adsorbed microgels with the dispersed microgels, we may, however, conclude
that there is no decrease in interfacial coverage by either shrinking or desorp-
tion of the microgels as suggested in previous publications [162, 164–166]. Our
results indicate that the collapse of the microgels is hindered at the interface
and the corona remains unaffected by the change in temperature, thus prevent-
ing a change in the arrangement or surface coverage. In addition, the absence
of any desorption from the liquid interface is further supported by the constant
interparticle distance throughout the temperature change [84]. In summary,
while the mechanism of the stimuli-responsive emulsion destabilization is com-
plex and still under debate, our data suggest that the destabilization is neither
the result of a decrease in interfacial coverage, nor of a change in interfacial
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arrangement, nor of a desorption from the liquid interface.

6.4.1 Conclusions

In summary, we have investigated the effect of temperature on the interfa-
cial behavior of PNiPAm microgels adsorbed at the air/water interface and
compared the volume phase transition behavior to bulk microgel suspensions.

We find that the typical “fried-egg” or core-corona shape of the microgels
adsorbed to the air/water interface persists even above the VPTT, indepen-
dently on the subphase temperature. The presence of a corona even above
the VPTT preserves the hexagonal arrangement of the microgels and pre-
vents structural rearrangements. Furthermore, the core-corona shape hinders
the collapse of the microgel core at least partially, leading to smaller changes
in microgel height and diameter compared to microgels deposited from the
bulk. We reproduce these experimental findings by coarse-grained Molecular
Dynamics simulations, revealing a core-corona morphology that is preserved
upon changes in temperature.

We further find a peculiar hysteresis in surface pressure between heating
and cooling. We attribute this hysteresis to kinetic trapping during the spread-
ing above the VPTT. Once equilibrated below the VPTT, the effect of heating
and cooling is reversible. While the mechanism on how stimuli-responsive emul-
sions destabilize remains an open question, the preservation of a core-corona
morphology and the absence of any crystal lattice melting or rearrangement
observed in this manuscript implies that temperature-induced destabilization
does not occur due to a decrease in microgel surface coverage.
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Chapter 7

Pressure-responsive microgels

Spherical colloidal particles typically self-assemble into triangular lat-
tices when confined in two dimensions. Soft particles, such as the micro-
gels we introduced in the previous chapter can undergo significant and
anisotropic deformations when adsorbed to a liquid interface. This, in
turn, leads to a complex phase behavior upon compression. Here we de-
velop a multiscale framework to rationally link the molecular particle ar-
chitecture to the resulting interfacial morphology and, ultimately, to the
collective interfacial phase behavior, enabling us to identify the key single-
particle properties underlying two-dimensional continuous, heterostruc-
tural, and isostructural solid-solid transitions. Our approach resolves ex-
isting discrepancies between experiments and simulations and thus pro-
vides a unifying framework to describe phase transitions in interfacial
soft-particle systems. We establish proof-of-principle for our rational ap-
proach by synthesizing three different poly(N-isopropylacrylamide) soft-
particle architectures, each of which corresponds to a different targeted
phase behavior. In parallel, we introduce a versatile and highly efficient
coarse-grained simulation method that adequately captures the qualita-
tive key features of each soft-particle system; the novel ingredient in our
simulation model is the use of auxiliary degrees of freedom to explic-
itly account for the swelling and collapse of particles as a function of
surface pressure. Notably, these combined efforts allow us to establish
the first experimental demonstration of a heterostructural transition to
a chain phase in a single-component system, as well as the first accurate
in silico account of the two-dimensional isostructural transition. Over-
all, our multiscale framework provides a bridge between physicochemical
soft-particle characteristics at the molecular- and nanoscale and the col-
lective self-assembly phenomenology at the macroscale, paving the way
towards novel materials with on-demand interfacial behavior.

The contents of this chapter have been published as

Soft particles at liquid interfaces: From molecular particle architecture to
collective phase behavior
Ciarella S., Rey M., Harrer J., Holstein N., Ickler M., Löwen H., Vogel N and Janssen
L.M.C.
arXiv, 2008.13695 (under review)
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7.1 Introduction

Adsorption of colloidal particles to liquid interfaces is ubiquitous and relevant in
both fundamental science and technological applications [122, 124, 184]. For ex-
ample, in functional soft matter applications, the presence of adsorbed particles
imparts the kinetic stability of emulsions [144, 162], liquid marbles [128, 130]
and foams [185, 186]. Additionally, colloidal particles can serve as masks to ob-
tain complex nanoscale surface patterns [187–190]. Furthermore, since liquid
interfaces confine the particles on two dimensions, they serve as ideal tem-
plates for fundamental studies of colloidal interactions, crystallization and self-
assembly [122, 124, 191].

At liquid interfaces, colloidal particles are able to self-assemble into or-
dered two-dimensional (2D) crystals [192]. Depending on the balance between
attractive capillary and van der Waals forces and repulsive dipole and electro-
static forces [124], monodisperse spherical particles typically form hexagonal
close-packed or non-close-packed structures [193]. In recent years, the interfa-
cial behavior of soft particle systems at liquid interfaces has been attracting
attention [194]. In contrast to their rigid analogues, soft particles can deform
significantly and anisotropically under the influence of surface tension [133],
and may assume a characteristic core-corona morphology [132, 136, 157, 174]
to cover more interfacial area than assumed from their bulk diameter. This
change in morphology leads to a more complex interfacial phase behavior. At
low surface pressure Π (corresponding to a large available area per particle),
soft particles typically assemble into a hexagonal non-close-packed configura-
tion in which particle coronae are in contact [135–138, 189, 194–198]. Upon
compression to decrease the available area at the interface, different phase be-
haviors may be observed: either the hexagonal phase remains intact, with a
lattice constant that decreases continuously (continuous transition) or discon-
tinuously (isostructural transition) upon compression, or a symmetry-breaking
transition occurs toward a new phase without hexagonal order. We refer to
the latter as a heterostructural transition.

Despite their broad relevance, the 2D phase behavior of soft particles is
still confounded by significant discrepancies between theory and experiment.
Indeed, the isostructural transition is experimentally among the most com-
monly observed behaviors [135–137, 179, 189, 195–198], yet in computer sim-
ulations it has proven notoriously difficult to model a discontinuous transition
between a non-close-packed and close-packed hexagonal phase in a monodis-
perse system. Moreover, heterostructural transitions in two dimensions toward
e.g. a chain phase [199–203], clusters [204], honeycomb [205], or quasicrys-
talline [205, 206] can be simulated via using relatively simple, Jagla pair poten-
tials [199, 207, 208]. However, no experimental monodisperse core-shell particle
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system to date has exhibited such heterostructural behavior, even though the
synthesized particles should, at first sight, behave according to Jagla. These
apparent incongruities betweenn experiment and simulation underline the need
for a more rigorous understanding of the relation between microscopic soft-
particle properties and macroscopic interfacial phase behavior.

In this work we resolve these discrepancies by establishing a unifying multi-
scale-based framework for the 2D phase behavior of monodisperse soft particles.
We combine experiments and a new simulation approach to rationally connect
the collective phase behavior on the macroscale to the single-particle morphol-
ogy on the sub-microscale. Our framework recognizes that the emergent phase
behavior ultimately stems from (anisotropic) two- and many-body interactions
among particles; these interactions, in turn, must follow from the molecular
architecture of each individual particle. Thus, by carefully constructing the
morphology that the microgels assume at the liquid interface via their molec-
ular architecture, we are able to controllably achieve continuous, isostructural,
and heterostructural 2D phase transitions.

We experimentally demonstrate this control by synthesizing three microgel-
based particle systems with different core-corona morphologies and crosslinking
gradient profiles. These molecular architectures lead to a predefined interfacial
morphology, which alters the effective particle interactions and therefore con-
trols the resulting phase behavior upon compression. Atomic force microscopy
(AFM) after transfer to a solid substrate [135] is used to visualize their distinc-
tive interfacial morphologies. Notably, from our rational design, we present the
first experimental demonstration of a 2D heterostructural transition to a chain
phase in a single-particle system; the crucial ingredient for such phase behavior
is a sufficiently loosely crosslinked particle corona. In parallel, we present a
new coarse-grained simulation approach based on the concept of augmented
variables [209, 210] to model all experimentally observed phase behaviors in a
unifying framework. The use of this augmented ensemble allows us to capture
the change in effective interactions due to a (partial) collapse of the parti-
cle coronae. A comparison between simulation and experiment reveals that
the isostructural solid-solid transition in monodisperse systems is inherently
governed by many-body interactions, thus explaining why previous simulation
efforts based solely on pair potentials failed to describe this transition. Our
augmented approach can naturally account for such multibody effects, enabling
the first description of the 2D isostructural transition in silico. Overall, our
work establishes a multiscale picture of soft-particle phase behavior at a 2D
liquid interface, providing microscale-based cues for on-demand structure for-
mation at the macroscale.
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7.2 Results and discussion

Here we demonstrate how to rationally create a variety of different 2D phase
behaviors of soft particle systems, including phase transitions that could pre-
viously not be observed in single-component systems. First, let us recall the
distinctive features of each phase regime considered: the continuous regime cor-
responds to a continuous decrease in lattice spacing upon compression, whilst
preserving the overall hexagonal lattice structure. The heterostructural regime
is characterized by a change in symmetry upon compression, for example from
hexagonal to chain phases. Lastly, the isostructural case is characterized by a
discontinuous transition that proceeds via hexagonal clusters of close-packed
particles that nucleate within a non-close-packed hexagonal phase. Our frame-
work captures the full details required to model and understand all of these
three regimes in a coherent manner.

The combination of experiment and simulation allows us to recognize com-
mon features among particles from the same regime and provide hypotheses
connecting the interfacial morphologies with the macroscopic phase behav-
ior. In silico, we see a continuous transition as soon as we go from hard
to soft particles. Experimentally, small [196] or loosely crosslinked micro-
gels [137, 138, 195] which become stiffer upon compression, behave according
to this continuous regime. Next we observe in our simulations that a second
additional length scale is enough to reproduce the heterostructural regime, as
was also predicted decades ago [199, 207, 208]. However, experimentally it
was only possible to attain this regime by directly mixing two different compo-
nents [211–213]. Here we show that this heterostructural regime can be real-
ized in single-component systems by creating core-shell particles with a loosely
crosslinked shell that can undergo anisotropic deformations at the liquid inter-
face upon compression. Lastly, despite being the most common experimental
regime [135–137, 189, 195–198], the isostructural regime has never been repro-
duced in silico for 2D systems. Our novel simulation method directly captures
the effect of the local environment on particle shape, from which we conclude
that the isostructural regime requires correlated many-body interactions that
can be achieved by densely crosslinked, homogeneous, and isotropically de-
formable particle shells.

7.2.1 From molecular architecture to interfacial morphology

With the support of our theoretical insights described in more detail below,
we can rationally design and synthesize three representative soft particle ar-
chitectures that represent the different self-assembly regimes. We use poly(N-
isopropylacrylamide) (PNIPAM) microgels with (N ,N ′-methylenebisacrylamide)
(BIS) as crosslinker, and tailor the molecular architecture towards the require-
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Fig. 7.1 – Difference in interfacial morphology for three types of soft particles with
different internal architectures. a) Schematic illustration of the hypothesized inter-
facial morphology. b-d) Corresponding AFM phase (b) and height (c) images. The
cross-section (d) is measured along the white lines of (c) , highlighting the difference
in their interfacial morphology. Images 2x2 µm2.

ments for each system. As first particle system we create a loosely crosslinked
microgel, similar to our previous work [137]; as we will discuss, its compression-
dependent softness makes it the perfect archetype of the continuous regime.
The second and third particle systems are silica-PNIPAM core-shell struc-
tures [189], providing the two length scales required for both the heterostruc-
tural and isostructural regimes. Noteworthy, the reactivity of the crosslinker
BIS is higher than the reactivity of the monomer NIPAM [214], which leads
to a crosslinking gradient from the center towards the periphery of the parti-
cle [154]. We capitalize on this effect through a batch synthesis process of the
PNIPAM shell in which we do not feed additional crosslinker or monomer, thus
yielding core-shell particles with a loosely crosslinked shell that can undergo a
heterostructural transition. Conversely, the isostructural regime requires more
homogeneously crosslinked coronae. We create such homogeneously crosslinked
shells through continuous feeding of monomer and crosslinker to ensure a more
uniform crosslinking density profile [177, 189, 215].

To connect the molecular architecture of the individual particle systems
with their interfacial morphology, we assemble the particles at the air/water
interface without compression (surface pressures Π = 0) and deposit them onto
a solid substrate [194]. We then characterize their morphology in the dry state
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using atomic force microscopy (AFM) (Fig. 7.1). Although drying will cause
changes to the overall microgel dimensions, we assume that the morphology
of the particle at the interface remains intact. We and others have previously
shown that both the core-corona morphology and the hexagonal symmetry of
the assembly phases are effectively preserved after transfer to a solid substrate
and that they resemble the shape of microgels imaged directly at the inter-
face [135, 136, 194, 196]. This observation indicates that capillary forces are
unlikely to change the microgel morphology, which is further supported by the
known affinity of microgels to silica surfaces [216].

We observe that all three particles expand at the interface under the ef-
fect of surface tension and assume a core-corona morphology visible in the
AFM height and phase images (Figure 7.1b,c). Although their composition
and bulk dimensions are comparable (Fig. S2), the three different particle sys-
tems exhibit substantial differences in their interfacial morphology. The loosely
crosslinked microgels without the silica core display a broad, flattened profile
with a continuous and regular thinning from the center to the large corona
(Fig. 7.1, (1)). We therefore hypothesize that the shape of the microgels at
the liquid interface will be similarly three-dimensional with a continuous de-
crease in height towards the periphery. For the core-shell particles with loosely
crosslinked shells (Fig. 7.1, (2)) we observe a well-defined core in the AFM
height image with a clear cut between the corona, which is only visible in the
AFM phase image due to its extremely thin nature. We assume that the same
morphology is present at the liquid interface, i.e. these particles exhibit a clear
core-corona morphology with a hard core and an extended two-dimensional
corona, reflecting the ability of the loosely connected polymer chains to ex-
tend at the interface to minimize surface tension. For the core-shell particles
with homogeneously crosslinked shells (Fig. 7.1, (3)) we observe a more con-
tinuous density profile from core to corona from the AFM height and phase
images. The polymeric shell extends to a diameter of 740 nm until transition-
ing into a thin corona. We therefore infer that the corona will gradually flatten
with increasing distance from the solid core at the liquid interface. This type
of morphology is expected for the third particle system, owing to the more
uniform crosslinking density.[177, 215] The uniformly distributed crosslinking
points counteract the tendency of the polymer chains to extend at the inter-
face and therefore prevent the formation of an extremely thin, extended corona.
To summarize, the AFM height and phase images clearly confirm the distinct
interfacial morphologies for the three different particle systems. Below, we dis-
cuss in detail how these differences in interfacial morphology lead to different
collective interfacial phase behaviors.
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Fig. 7.2 – Augmented potential-based simulation scheme used to capture the different
interfacial morphologies and simulate the resulting phase behavior. In (a)-(c) we sketch
the response of our particles to compression, where we highlight their average shape
with a dashed blue line. To model the effect of the surface pressure Π on the particle
shape and capture all the phase transition regimes, we use augmented potentials as a
function of the interaction distance σij . The shape of loosely crosslinked microgel par-
ticles (a) is represented by setting a barrierless (∆ = 0) augmented potential (Eq. 7.2)
to mimic the fact that such particles always push to expand to their equilibrium size,
and by excluding many-body effects (λm = 0). The shape of core-shell particles with
a loosely crosslinked shell (b) is represented using ∆ > 0 in the augmented poten-
tial defined in Eq. 7.2, thus creating a metastable state that corresponds to core-core
contacts, that can be reached for sufficiently high surface pressure. We model homo-
geneously crosslinked shells (c) by including multibody effects. In contrast to loosely
crosslinked shells, this particle system is only allowed to collapse isotropically; this
effectively reduces the repulsion among all neighboring particles in a strongly corre-
lated manner. We simulate this multibody effect by setting λm > 0. See the Methods
section for more details.
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7.2.2 Augmented-potential simulation model

We develop a novel simulation method based on augmented variables to investi-
gate the collective phase behavior of the soft particle ensembles. To understand
the principle behind the augmented approach, let us first recall the common
coarse-grained procedure in (soft matter) computer simulations. Conventional
coarse graining relies on reducing the problem to the lowest number of degrees
of freedom (DOFs) that still reproduce the physics of the observed phenomena.
This restrictive subset of DOFs interacts via fictitious potentials that mimic
their reciprocal influence [87, 217]. When this is not enough, it is possible to
improve the complexity of the model by including direct many-body interac-
tions [80, 218–221] or, alternatively, by refining the coarse graining up to the
atomistic level [222]. The drawback is that those approaches increase the re-
quired computational cost, which in turn severely limits the accessible system
size and time window that can be realistically simulated. For example, an
accurate simulation of a single microgel particle would require at least ∼ 1000
components [83, 84, 155, 174, 223–226]. Consequently, it becomes prohibitively
expensive to investigate the collective phase behavior of a large ensemble of such
microgel particles by standard simulation methods. Overcoming this computa-
tional bottleneck is thus crucial for elucidating experimentally observed phase
transitions of soft particles—including the isostructural regime—in silico.

Here we demonstrate that the use of augmented potentials is a simple yet
highly efficient means to overcome this issue. The general idea behind the
augmented ensemble is to couple additional variables (so-called augmented
variables) to the ordinary DOFs and evolve these together in the same Monte
Carlo (MC) or Molecular Dynamics (MD) simulation scheme. Inspired by
simulations of low-temperature glasses [210, 227], we introduce an approach
for soft particles in which their size and shape can be directly controlled by
such augmented variables at a minimal extra computational cost. In particular,
this allows us to explicitly account for a partial or full collapse of the coronae,
as well as for isotropic and anisotropic corona deformations, depending on the
specific particle morphology and surface pressure. Compared to conventional
interaction potentials that are determined a priori or depend only on global
state parameters (e.g. density or temperature) [228], our method can thus
adjust the effective interactions based on the local environment of each particle.
As such, it is also suited to efficiently capture multi-body effects at a local level,
which we argue is crucial to model the isostructural transition.

To accurately reflect the essential features of each particle system in our
augmented MD simulations, we recognize that (i) the effective particle size
at a given surface pressure follows from the particle softness, (ii) the softness
effectively follows from the crosslinking gradient in the corona, and (iii) the
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crosslinking gradient also sets the degree of isotropy; that is, whereas loose
polymer chains (low crosslinking density) at the interface may behave inde-
pendently from each other to yield an anisotropic (2D) corona deformation,
uniformly crosslinked chains (high crosslinking density) must behave in a more
concomitant, and therefore more isotropic, manner. We account for these ef-
fects by choosing the effective pair potentials and augmented potentials such
that they qualitatively mimic the experimental particle architecture. In par-
ticular, we let the typical equilibrium interaction ranges σij between particles
i and j evolve as augmented, dynamical variables that can vary between ex-
tended and collapsed states depending on the local particle environment. We
also note that within our approach, and similar to standard coarse-grained
simulations of binary mixtures [229], the size of an individual particle i is not
an explicit model parameter, but rather follows implicitly from the pair inter-
action parameter σij . Importantly, this also allows us to describe anisotropic
particle deformations in the case of loosely crosslinked coronae, namely by
letting σij and σij′ differ among two neighboring particles j and j′. For vi-
sual purposes, we will assume that the effective particle radius ri is given by
ri = ri,min = minj(σij/2), where the index j runs over all possible neighbors of
particle i.

As detailed in the Methods section, we can capture all three experimen-
tal particle systems within the same simulation framework by invoking only
two parameters: an energy barrier ∆ that sets the presence of internal length
scales, and a parameter λm that sets the degree of isotropy in particle com-
pression, and therefore the strength of multi-body interactions. For all bare
pair interactions, we use a generalized Lennard-Jones potential. All model pa-
rameters are chosen such that the internal particle length scales and relative
energies are qualitatively consistent with experiment. In Fig. 7.2 we sketch our
augmented potential and the corresponding physical scenarios; the augmented
potentials are also plotted in more detail in Fig. 7.3(a). For the continuous
regime, the microgel particles can be relatively simply described by a soft
pair potential with only a single equilibrium interaction distance correspond-
ing to two expanded soft particles in contact, thus setting ∆ = λm = 0. This
equilibrium distance is naturally captured by an augmented potential VA(σ)
with no additional internal length scales (∆ = 0), whereby the single minimum
represents the fully expanded nearest-neighbor distance. Note that soft mi-
crogels undergoing a continuous transition can also be described by standard
MD simulations using e.g. a convex Jagla potential (previously also referred
to as concave upwards [211] or g < 1 in Jagla’s definition [199, 207, 208]) or
more refined, experimentally motivated, effective two-body potentials [230] de-
veloped specifically for microgels. In principle one can, of course, also easily
incorporate such alternative bare potentials in our framework. To model the
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core-shell particles in the heterostructural and isostructural regimes, we require
two distinct length scales that characterize the typical core and corona range,
respectively. Hence, for these systems we set ∆ > 0 in the augmented potential
VA where an additional metastable state exists to represent the situation of two
collapsed particles in contact; the latter is favorable at high surface pressure
only. Although the importance of two internal length scales for heterostruc-
tural transitions was already theoretically recognized by Jagla [211], the lack
of any experimental evidence for such transitions in monodisperse core-shell
particles has hampered a clear understanding of this regime up to now. As
argued below, our combined theoretical-experimental approach allows us to
resolve this discrepancy, and identifies a low crosslinking density, with a re-
lated anisotropic deformability at the interface (manifested as a distinct σij
and σij′), as the key property governing the emergence of the heterostructural
chain phase. Finally, our augmented simulations also provide the first accurate
in silico account of the 2D isostructural regime, which previously could only be
predicted by simulation [231] and theory [232–234] for very short shells which
do not match the experiments, and which are limited to three-dimensional
bulk phases. In our simulation approach, we recognize that the homogeneity
of a densely crosslinked shell leads to an isotropic collapse of the corona upon
compression, giving rise to strong correlations between σij and σij′ . These
correlated many-body effects, are naturally incorporated in our augmented
framework by setting λm > 0. It will be shown how those effects critically un-
derlie the isostructural regime. Overall, the use of augmented potentials thus
constitutes a versatile and computationally efficient means to model disparate
soft particle systems in a unifying manner. In the following, we compare the
resulting equilibrium configurations obtained from our augmented MD sim-
ulations in all three regimes with the experimental observation of the three
representative particle systems; the results are shown in Figs. 7.5-7.7.

Simulation details

In our simulations, two particles separated by a distance rij interact through
the following potential [210]:

V (rij , σij) =

=

⎧⎪⎪⎪⎪
⎨
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0, if
rij
σij

≥ xc

(7.1)

which is a modified Lennard-Jones (LJ) potential with energy well depth ε.
The parameter σij is the sum of the radius σi of particle i and the radius σj
of particle j. The potential is plotted in Fig. 7.3(b) for different values of σij .
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Fig. 7.3 – (a) Augmented potentials as a function of the interaction distance σij .
The black line represents Eq. 7.2 when ∆ = 0, such that the potential is effectively
(σij − σ0)

4
. The blue line corresponds to ∆ > 0, provoking the appearance of a second

length scale. The minimum at σ+ = 2σL represents the favorable situation of expanded
particles while the metastable minimum at σ− = 2σS is the collapsed state. (b) Pairwise
potential defined in Eq. 7.1 as a function of the central distance r. Since the interaction
distance is treated as a variable, the potential can shift over time. See the Methods
section for more details.

The coefficients c2l are determined by requiring that the first three derivatives
of V vanish at the adimensional cutoff distance xc = 2. These corrections to LJ
are fundamental in the augmented ensemble, because the cutoff distance might
be coupled to augmented variables and can thus change over time, preventing
the use of constant tail corrections [40]. It is important to use an attractive
potential in order to model the capillarity effect at the interface [235].

Augmented potentials – Augmented potentials and variables are phe-
nomenologically built in order to closely reproduce experimental results. In
this section we explain the physics behind them. The first step is the choice
of what augmented variables represent. In the Supplementary Material we use
the σi as augmented variables, following Ref. [210, 227]. We show that this
approach is well suited to model particles that can expand and collapse, which
is the case for, e.g., polymer stars, coils and brushes [228, 236] and responsive
microgels [132, 146]. However, the soft particles that we want to model here
can collapse only when the reciprocal pressure of a pair of particles exceeds
the threshold, so it is not possible to have a single collapsed particle between
only expanded neighbors. We model this feature by using the interaction dis-
tances σij as our augmented variables. If σij is large then we have a pair of
widely spaced expanded particles, while if σij decreases the two particles can
get closer as if they are collapsing. Noticeably the dynamics of σij is coupled
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Fig. 7.4 – Effect of the augmented potential on the particle size. (a) The stable
state σij = σ+ corresponds to two expanded particles of size σL in contact, while
the metastable σij = σ− corresponds to the contact of two collapsed particles of size
σS . (b) In the heterostructural regime, chain-like structures are stable for intrachain
interaction ranges of σij = σ− and interchain interaction ranges of σij = σ+. (c) In the
isostructural regime, settting λm > 0, we impose that if a particle is collapsed in the
chain direction it is also more likely to collapse with its other neighbors, creating the
typical close-packing hexagonal domains.

to the positions by the pairwise potential since Eq. 7.1 does depend on σij .
This produces a force acting on σij equal to −∂V (rij , σij)/∂σij . To bound the
augmented variables in a physical regime, we add an external augmented po-
tential VA(σij) that acts only on the augmented variables. The potential has
to be phenomenologically built in order to reproduce the correct physics of the
system. In particular we propose:

VA(σij) =K {[(σij − σ0)
2
−∆]

2
−
√

2∆3
(σij − σ0)} , (7.2)

which is based on a standard double well potential with a barrier height of
∆ (represented by the first term of Eq. 7.2). The value of σ0 controls the
position of two (or one for ∆ = 0) minima σ± = σ0 ±

√
∆. Setting ∆ = 0 is

an easy way to model (in the augmented ensemble) particles whose stiffness
increases with compression, the fundamental requirement of the continuous
regime. Alternatively, ∆ > 0 introduces the two length scales required for
the heterostructural and isostructural regimes. Since this potential is used to
represent the effective force acting on σij , the value of ∆ corresponds to the
compression required to make a pair of particle collapse. We add to the double
well potential a linear term in order to favor configurations with σij ∼ σ+ to
model the fact that a pair of microgels prefers to stay at its expanded size,
where the polymer chains have more space to move. The particular coefficient√

2∆3 we use in Eq. 7.2 is calculated imposing VA(σ−) = VA(σ0) such that the
configurations with σij ∼ σ− are very short lived and thus only favorable at
high surface pressure. Lastly the prefactor K represents the overall magnitude
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of the potential that dictates the energy scale and thus particle stiffness. Then,
the augmented variables evolve following the augmented force FA:

− FA(σij) =
∂V (rij , σij)

∂σij
+
∂VA(σij)

∂σij
(7.3)

leading to the equation of motion

mσσ̈ij(t) = FA(σij) . (7.4)

where mσ is a fictitious mass for the σij dynamics. We plot the augmented
potentials in Fig. 7.3(a). It is clear that the energetically favored states corre-
spond to σij ∼ σ+. That value represents two particles in contact while being
at their maximum size in the expanded state of radius σL, so σ+ = 2σL. To
collapse to the small size of σ− = 2σS the pair has to spend some energy and
cross the barrier. Numerically, σ+ and σ− correspond to the average diameter
of particles in the collapsed and expanded AFM pictures, respectively. Fur-
thermore the VA collapsed state is made metastable by the linear term, such
that particles always expand if not compressed. Since σij can change, it means
that the pairwise interaction in Eq. 7.1 has to readjust according to the global
and local environment probed by σij . In this sense we show in Fig. 7.3(b) that
the equilibrium length becomes smaller for collapsed pairs.

Lastly, with the support of Fig. 7.4 we discuss the effect of many-body
interactions to distinguish between the heterostructural and the isostructural
simulations. Since every particle i is involved in N interactions with all the
others j, the simplest way to define the size of each particle is through

ri,min = min
j

σij

2
. (7.5)

We say that a particle is collapsed if ri,min ∼ σS , so i has to reduce the value
of σij with just one of its neighbors j in order to be considered collapsed.
As a consequence, even if ri,min ∼ rj,min ∼ σS it is possible that σij ≫ σ− =

2σS . This means that two particles that are collapsed, might still have a long
range repulsion that requires additional energy to eventually collapse. From
a microscopic point of view, this extra repulsion is attributed to the loosely
crosslinked shell, which being characterized by long dangling polymer chains, is
able to rearrange in order to occupy more space around the core-core contacts.
This effect (sketched in Fig. 7.4(b)) leads to chain formation because particles
want to assume a phase where the contacts are minimal, so all the energy
is invested in collapsing only the 2 contacts per particle within the chains,
producing the heterostructural regime. Finally, to describe the isostructural
regime we have to prevent this anisotropic effect. We do so by imposing that:
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if ri,min + rj,min < λmσ− Ð→ σij = σ−. We set λm = 0 (no multi-body effects) to
reproduce the results in Fig. 7.5 and Fig. 7.6, while we set λm = 1.05 to produce
Fig. 7.7. This additional λm-dependent rule mimics the effect of isotropic
compression, such that a partial collapse induced by one neighboring particle
will be felt by all neighbors; these in turn can then stimulate a full collapse.
This also suppresses the chain phase that requires σij = σ+ to stabilize the
interactions between neighboring chains, as we show in Fig. 7.4(c).

Computational details – We perform two-dimensional simulations with
periodic boundary conditions to model the interfacial layer. All of our sim-
ulations are MD runs in the isothermal-isobaric NΠT ensemble, at constant
particle number N = 500 and temperature T ; the surface pressure Π is used
as the control parameter. We use the leap-frog integration method coupled to
a Berendsen thermostat and barostat [237] to keep T and Π constant. After
equilibrating the interface for 106 time steps of size dt = 10−3 reduced units at
T = 2ε and low Π, we use the FIRE algorithm [238] to minimize the energy
and find the inherent structure at target pressure Π. To produce the results
in Fig. 7.5-7.7 we use K = 1 [ε] [L]−4, where [ε]and [L] are the units of energy
and length, respectively. Due to the complexity of state-dependent pair po-
tentials [228], we do not give a physical unit to Π but we only show its ratio
to the low pressure reference Π0 were particles assemble into the hexagonal
non-close-packed configuration. Then we use σL = 3.5 [L], and σS = 3 [L] that
match the experimental sizes of the expanded/collapsed core-shell particles if
we set as unit of length [L] = 100nm. Next, the value of ∆ =

√
0.1 [L]2 sets

the phase transitions in a reasonable range of Π for both the heterostructural
and the isostructural regime. For the many-body interactions we set λm = 0
to disable them in the continuous and heterostructural regime, while we set
λm = 1.05 to achieve the isostructural regime. The last unit that we set is the
augmented mass mσ =m = 1[M] that represents the inertia of the augmented
variable, dictating how rapidly a pair can change σij , and we sat that equal to
the ordinary mass m. The importance of the augmented potential compared
to the standard LJ interaction can be tweaked either through K or mσ, but we
suggest modifying K and letting mσ = m to avoid numerical instabilities. For
our choice of parameters the relevant range of Π goes from [Π0] to ∼ 102 [Π0].
We repeat the procedure for M > 50 randomly generated configurations in
order to verify the consistency of the results and get better statistics.

7.2.3 Collective interfacial phase behavior

We now analyze the collective phase behavior of the three distinct soft particle
systems confined at a 2D liquid interface. Experimentally, we characterize the
systems at the air/water interface using the simultaneous compression and de-
position method [135, 194], and employ ex situ scanning electron microscopy
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Fig. 7.5 – Loosely crosslinked microgel particles behave according to the continuous
regime. Comparison between experimentally observed phases (a) and simulations with
augmented potentials (∆ = λm = 0) (b) for microgel particles showing a continuous
transition from a hexagonal non-close-packed to a close-packed phase. The surface
pressure Π grows from left to right. Simulated particles are red in their expanded size
and they follow a gradient toward yellow during compression. The microgel particles
gradually shrink upon compression while preserving their hexagonal lattice. Scale
bar: 5 µm. A statistical analysis of the distributions of the nearest-neighbor distances
upon compression is shown for both experiment and simulation (c). Datasets are
progressively shifted vertically by 0.15 for clarity.

(SEM) combined with a custom-written image analysis software (details in
Ref. [239]) to establish the different structural phases. We compare the ob-
served interfacial phase behavior to the results of our augmented potential
model and discuss how the phase behavior can be ultimately rationalized from
the molecular architecture via the differences in interfacial morphology.

Loosely crosslinked particles: Continuous regime

Upon compressing our loosely crosslinked microgel particles, we clearly find
that their phase behavior is classified as the continuous regime. Indeed, Fig. 7.5
shows the distinctive continuous and uniform shrinkage of particles upon com-
pression, giving rise to a continuous transition from non-close packed to close-
packed hexagonal order. As argued below, both the (a) experiments and
(b) simulations support the idea that this regime stems from an inherent
compression-dependent particle softness.

In our experiments, the softness is associated with the characteristic semi-
spherical morphology of such particles, visible in Fig. 7.1 (1). This quasi-three-
dimensional structure causes a rapid increase of overlap volume between the
coronae of two neighboring microgel particles upon compression at the inter-
face, i.e. with increasing surface pressure [211]. Assuming that the net (repul-
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sive) interaction energy is proportional to the overlap volume of the coronae,
and that the overlap volume between quasi-three-dimensional spheres grows
non-linearly with particle-particle distance, it follows that compressed parti-
cles have a stronger repulsion, thus appearing stiffer. As a consequence, each
pair that overlaps more in response to a local fluctuation tends to transfer
internal stress to other less compressed neighbours, which appear softer, ulti-
mately leading to the manifested uniform compression that characterizes the
continuous regime.

The compression-dependent softness also naturally appears in our aug-
mented simulation approach. This continuous regime can be captured by
simpler [199, 207] or more refined [230] coarse-grained models. However, all
of them are characterized by a similar convex repulsion that mimics the fact
that particles become stiffer upon compression. In the augmented scheme, this
convexity appears in both the particle-particle interaction and the augmented
potential; in fact, the augmented potential VA which we use to describe this
microgel system is always convex if we set ∆ = 0 (see Methods). As shown
in Fig. 7.5, our simulations closely reproduce the assembly structures found
in experiment: an increase in surface pressure fully preserves the hexagonal
lattice but monotonically decreases the lattice constant.

The statistical distribution of nearest-neighbor distances further under-
scores that the continuous transition is correctly captured both in experiments
and simulation (Fig. 7.5,c). Indeed, it can be seen that the typical interparticle
distance, and thus the lattice spacing, decreases continuously upon compres-
sion. This behavior is consistent with the fact that such particles lack a defined
core and therefore do not possess an additional internal length scale, rendering
our augmented potential with a single length scale (∆ = 0) suitable for the
modeling.

Core-shell particles with loosely crosslinked shell: Heterostructural regime

Figure 7.6 shows the experimental and numerical results for the heterostruc-
tural transition regime, going from a hexagonal non-close-packed assembly to a
characteristic, anisotropic chain phase, and finally to a hexagonal close-packed
structure upon compression. The transition is further confirmed in the nearest-
neigbor distance distribution, which reveals the chains by a coexistence of col-
lapsed and more extended particle pairs. Our experimental data, obtained
by synthesizing core-shell particles with a loosely crosslinked shell, constitute
the first single-component system that exhibits such a heterostructural transi-
tion. Indeed, the chain phase could previously be observed only in soft binary
mixtures [211–213].

To achieve this phase transition experimentally with near-monodisperse
particles, we make use of the theoretical insights gained from our simulations
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Fig. 7.6 – Core-shell particles with loosely crosslinked shells behave according to the
heterostructural regime. Comparison between experimental phases (a) and simulations
with augmented potentials (∆ =

√
0.1[L]2,λm = 0) (b) showing a heterostructural

transition from a hexagonal non-close-packed to a chain to a hexagonal close-packed
phase. Π increases from left to right. Simulated particles are red in their expanded
size and they follow a gradient toward yellow while collapsing. Signatures of the
heterostructural transition are the chains of collapsed particles forming at intermediate
Π. Scale bar: 2.5 µm. In (c) we report the distribution of the nearest-neighbor distance
upon compression. Datasets are progressively shifted vertically by 0.15 for clarity.

(Fig. 7.2) that demand not only two distinct internal particle length scales,
but also an anisotropic type of interaction, such that σij and σij′ can be dis-
tinct for a given particle i with neighbors j and j′. We can realize both of
these requirements in core-shell particles with a loosely crosslinked shell. To
understand the rationale behind this, let us first recall from Fig. 7.1(2) that
these particles assume a typical core-corona morphology with a well-defined
hard core and a thin, two-dimensional corona when adsorbed to a liquid in-
terface. The clear distinction between core and corona naturally satisfies the
two-length-scales prerequisite. The second condition requires the corona to be
anisotropically compressible at the interface in any direction. Physically, this
enables the system to leverage a trade-off in repulsive corona overlaps upon
compression: rather than letting all pairs of particles undergo a partial, uni-
form overlap (or collapse) of their coronae, the system may minimize its total
free energy by avoiding any overlap among neighboring particles in one direc-
tion, at the cost of fully overlapping in another. This leads to a chain phase in
which the intrachain interactions correspond to core-core contacts, while the
interactions between adjacent chains are governed by extended corona-corona
contacts. On the molecular level, such anisotropic corona deformations can
be achieved by very loose polymer chains that can interact with neighboring
particles independently from one another. Thus, the ideal corona should con-
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sist of many individual long polymer chains with as little chemical or physical
crosslinking points as possible. The experimental results in Fig. 7.6 suggest
that our chosen particle morphology accomplishes both. This indicates that in
the batch synthesis method, the crosslinker is indeed mainly integrated around
the core region. Finally, with these findings, we can also infer why previous
experimental studies on near-monodisperse core-shell particles have failed to
observe a heterostructural transition. The high crosslinking density then pre-
vented strongly anisotropic corona interactions to emerge.

In contrast to experiments, it is less difficult to find the heterostructural
regime in silico. Indeed, since many-body correlation effects can be ignored
due to the flexibility of the coronae in all directions, it suffices to let par-
ticles interact through a relatively simple pairwise potential. This pairwise
interaction must, however, include two different length scales to account for
the distinct core-core and corona-corona contacts. In fact, it is possible to
obtain the heterostructural regime as soon as a second intrinsic length scale
is included [199, 207, 208]. However for Jagla-like potentials used in stan-
dard MD simulations, one has to be careful and additionally destabilize the
continuous regime by invoking a non-convex potential (or g > 1 in Jagla’s ter-
minology) [211]. We note that this Jagla-based perspective can also be united
with our experiments by realizing that the relatively flat extended coronae at
the liquid interface (Fig. 7.1(2)) behave as a non-convex Jagla potential. More
specifically, again assuming that the repulsive interaction energy scales with
the overlap volume, we expect a linear ramp potential for two-dimensional mor-
phologies, as opposed to the more semi-spherical conformations discussed in
the previous section [211]. In our simulation scheme, we rely on the augmented
potential VA by setting ∆ > 0 to incorporate the two required length scales,
without a stringent convexity requirement on the bare interaction potential.
An additional advantage of this augmented ensemble approach over the Jagla
approach is that particles can also be attractive (see Methods and Eq. 7.1),
also capturing also low-compression capillary effects [235].

Core-shell particles with homogeneously crosslinked shell: Isostructural regime

The third phase regime concerns the isostructural phase transition of soft par-
ticles, which has been commonly observed in experiments [135–137, 189, 195–
198], but whose origin has not yet been theoretically understood. In Fig. 7.7
we present the first in silico demonstration of the isostructural phase transition
obtained from our augmented simulations, combined with the corresponding
experimental results for core-shell particles with a homogeneous crosslinking
distribution. The distinctive growth of close-packed hexagonal clusters is evi-
dent at intermediate compression for both simulations and experiments. Fur-
thermore the histograms in Fig. 7.7c suggest a bimodal distribution of particle
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Fig. 7.7 – Core-shell particles with a homogeneously crosslinked shell behave accord-
ing to the isostructural regime. Comparison between experimental phases (a) and
simulations with augmented potentials (∆ =

√
0.1[L]2,λm = 1.05) (b) show a transi-

tion from hexagonal non-close-packed to hexagonal close-packed. Π increases from left
to right. Simulated particles are red in their expanded size and they follow a gradient
toward yellow while collapsing. A characteristic of the isostructural transition is the
coexistence of clusters of collapsed particles and expanded particles at intermediate
surface pressure. Scale bar: 5 µm. In (c) we report the distribution of the nearest-
neighbor distance upon compression. Datasets are progressively shifted vertically by
0.15 for clarity.

sizes that are either expanded or collapsed.

To understand the physical origins of the discontinuous isostructural tran-
sition, we first recognize that particles must exhibit a sharp and isotropic col-
lapse upon compression. Naturally, the sharp distinction between a collapsed
and extended state also requires two internal particle length scales. Core-
shell particles with a relatively densely and homogeneously crosslinked shell
are an excellent example of such particles. Figure 7.1 (3) shows their exper-
imental core-corona morphology, clearly satisfying the prerequisite of having
two distinct length scales. Additionally, with the continuous-feeding synthe-
sis method, the resulting polymer shells contain more uniformly distributed
crosslinking points, which is consistent with the continuous decrease in height
from the core to the corona, as seen in Fig. 7.1 (3). In this molecular archi-
tecture, the chains are much more constrained by the presence of crosslinkers
across the entire volume of the shell, which reduces both the length of free dan-
gling chains at the periphery, and the freedom of the chains to move indepen-
dently from each other. Upon compression, such homogeneously crosslinked
particles are therefore forced to distribute the stress across the entire shell.
This, in turn, prohibits the formation of a chain-like phase, since the corona is
no longer able to collapse in one direction whilst simultaneously remaining ex-
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tended in another. Instead, we assume that the collapse of any pair of particles
now imposes a shrinkage of the coronae in all directions, and thus facilitates
collapse events with other neighboring particles.

From the modeling side, the isostructural regime has been notoriously dif-
ficult to capture in standard MD simulations. For example, the Jagla poten-
tial only predicts a continuous transition between the two hexagonal phases
and not an isostructural phase transition, regardless of the chosen pair poten-
tial [208, 211, 213]. From our insights, we can attribute these earlier discrep-
ancies to the fact that pairwise potentials in conventional MD models impose
interactions that are fixed a priori, so that all particle pairs always interact
in the same way at a given interparticle distance. However, in reality, an
isotropic particle collapse induced by one neighbor will concomitantly affect
the interactions with all other neighboring particles. Indeed, it follows from
the interconnected polymer shell that the collapse will lead to a significant
change in particle conformation in all possible directions. To adequately model
the isostructural regime, it is therefore crucial to incorporate local multi-body
effects into the simulations, such that any isotropic particle deformation is im-
mediately translated to a change in the net pair potentials with neighboring
particles.

Keeping these considerations in mind, we can rationally adopted our aug-
mented simulation scheme to describe the isostructural regime. Specifically,
we account for distinct collapsed and extended states by setting ∆ > 0 in the
augmented potential VA; for the required local many-body effects we impose
one additional constraint by setting λm > 0. To understand the latter, let us
first recall that in the heterostructural regime every particle i is allowed to
interact independently (i.e. with a different σij) with each of its neighbors j.
A pair ij can then either be in an expanded state σij ∼ σ+ or, if compressed,
in a collapsed state σij ∼ σ−. In the isostructural regime, we assume that once
a particle i collapses with one of its neighbors such that the minimum particle
radius becomes ri,min < λmσ−/2, it will also immediately collapse with all the
other neighbors j that are already involved in a collapse elsewhere (i.e. with
rj,min < λmσ−/2). Subsequently, we then impose that σij = ri,min + rj,min = σ−.
This mimics the effect that each collapse after the first is facilitated by the
presence of other collapsed particles nearby, as we sketch in the bottom right
panel of Fig. 7.2. When λm = 0 this effect is suppressed and each pair collapses
individually. When λm 1 (as in our choice of λm = 1.05) this multi-body in-
teraction becomes relevant because the resulting λmσ−/2 is an available state.
Note that this also effectively suppresses the formation of chain-like structures,
since a stable chain phase would require that σij = σ+ for interactions between
particles in adjacent chains (also see Methods and Fig. 7.4). The fact that we
can indeed capture the isostructural transition with this approach is remark-

99



CHAPTER 7. PRESSURE-RESPONSIVE MICROGELS

able considering the difficulties encountered in previous standard-MD simu-
lation studies, and the relatively simple potentials invoked in our augmented
simulation scheme here.

7.3 Conclusion

In this work, we put forward a new multiscale-based perspective of soft par-
ticle behavior at liquid interfaces, allowing us to rationally control and design
collective interfacial phase behavior by tailoring the interfacial morphology via
the molecular architecture of the soft particle. To asses our design rules, we
tailor three archetypal soft particles that correctly exhibit the three character-
istic phase behaviors of continuous, heterostructural, and isostructural phase
transitions. Notably, our rational approach allows us to create the first single-
component (core-shell) particle system that shows a heterostructural regime,
including a chain phase. Our experimental observations are supported by a
newly developed augmented simulation model which is based on similar design
rules, and, for the first time, is able to also capture the elusive 2D isostructural
transition in silico.

The general design rules established in this work can be summarized as
follows:

(i) The continuous transition, where particles shrink without destabilizing
their hexagonal lattice, is characterized by a single length scale and a repulsion
energy that increases non-linearly (convexly) with particle-particle distance,
which means that particles have to become stiffer when compressed. Soft
particles without a hard core and a loosely crosslinked structure are the perfect
prototype for this continuous regime, since their quasi-semi-spherical interfacial
morphology naturally yields a net convex interaction potential.

(ii) For a heterostructural phase transition, where non-close-packed and
close-packed hexagonal phases are separated by other ordered phases such
as chains, a core-shell particle with two distinct internal length scales is re-
quired. Additionally, the corona needs to be anisotropically compressible to
allow particles to collapse in one direction, i.e. within a chain, while avoiding
overlap in another, i.e. between two adjacent chains. We demonstrate that this
phase behavior can be experimentally realized for core-shell particles with a
non-uniformly crosslinked shell, where the periphery consists of long dangling
chains with minimal crosslinking.

(iii) Lastly, the isostructural regime, which is characterized by a discon-
tinuous transition from a non-close-packed to close-packed hexagonal phase,
also requires two internal particle length scales. However, as opposed to the
heterostructural case, the particles must collapse isotropically to distribute
the pressure load in every direction. Experimentally, this is realized by a ho-
mogeneously crosslinked shell that forces the polymer chains to compress in a
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concomitant manner; in the synthesis we can achieve this through a continuous
feeding of crosslinker and monomer. Theoretically, the effect of such isotropic
shell deformations gives rise to local many-body correlations with neighboring
particles, which in turn facilitates nearby particle collapses to ultimately yield
a complete and discontinuous isostructural phase transition.

In summary, we present a coherent framework connecting the molecular
architecture of the soft particles with their interfacial particle morphology and
the resulting collective phase behavior. We provide design rules to tailor the
desired interfacial morphology, and we have developed a simulation approach
that can be extended to a wide variety of systems. It is our hope that these
results not only provide a fundamental understanding of soft materials at inter-
face, but also contribute to the discovery of new self-assembled structures and
composite materials by rationally targeting molecular architectures required
for more complex, theoretically predicted assembly phases.
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Glasses: glassy relaxation
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Chapter 8

Vitrimers fragility

The final part of this thesis is dedicated to the relaxation mechanisms of glasses.
Glassy relaxation occurs in virtually any material upon compression or cooling,
including colloids, polymers, microgels, etc. Despite its ubiquitous nature, the
glassy relaxation is probably the least understood.

In this Chapter, we come back to vitrimers, whose unique structure and
properties set a perfect stage to discuss the properties of glasses. Fragility
in particular stands out as one of the most surprising property of vitrimers.
Fragility is an empirical property that describes how abruptly a glass-forming
material solidifies upon supercooling. The degree of fragility carries impor-
tant implications for the functionality and processability of a material, as well
as for our fundamental understanding of the glass transition. However, the
microstructural properties underlying fragility still remain poorly understood.
Here, we explain the microstructure-fragility link in vitrimeric networks. Our
results are gained from coarse-grained computer simulations and first-principles
Mode-Coupling Theory (MCT). We first demonstrate that the vitrimer fragility
can be tuned over an unprecedentedly broad range, from fragile to strong and
even superstrong behavior, by decreasing the bulk density. Remarkably, this
entire phenomenology can be reproduced by microscopic MCT, thus challeng-
ing the conventional belief that existing first-principles theories cannot account
for non-fragile behaviors. Our MCT analysis allows us to identify the mi-
crostructural origin of the fragile-to-superstrong crossover, which is rooted in
the sensitivity of the static structure factor to temperature variations. On the
molecular scale, this behavior stems from a change in dominant length scales,
switching from repulsive excluded-volume interactions to intrachain attractions
as the vitrimer density decreases. Finally, we develop a simplified schematic
MCT model which corroborates our microscopically-founded conclusions and
which unites our findings with earlier MCT studies. Our work sheds new light
on the elusive structure-fragility link in glass-forming matter, and provides a
first-principles-based platform for designing novel amorphous materials with
an on-demand dynamic response.

The contents of this chapter have been published as

Understanding, predicting, and tuning the fragility of vitrimeric polymers
Ciarella S., Biezemans R.A., and Janssen L.M.C
PNAS, 116 (50), 25013-25022 (2019)
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CHAPTER 8. VITRIMERS FRAGILITY

8.1 Introduction

Vitrimers are a new class of polymer glasses with exceptional material prop-
erties, combining the malleability and recyclability of thermoplastics with the
high mechanical performance of thermosets [34, 35]. Their unique processabil-
ity stems from a reversible bond-exchange mechanism, which allows covalent
crosslinks in the polymer network to change dynamically whilst preserving the
total number of bonds. In effect, vitrimers can thus behave as viscoelastic liq-
uids at high temperatures, and as crosslinked thermosets at low temperatures.
Importantly, the relaxation dynamics of vitrimers is characterized by two dis-
tinct transition temperatures: a conventional glass transition temperature Tg
at which the material undergoes kinetic arrest, and a topology-freezing transi-
tion temperature Tv at which the bond-switching rate becomes immeasurably
slow. The latter transition temperature can be controlled independently from
Tg, e.g. by tuning the concentration of catalyst for the exchange reaction [33].

A widely employed classification scheme for glass-forming matter, proposed
by Angell [8], is based on the fragility—a measure for how rapidly the relaxation
dynamics of a material slows down upon approaching the glass transition. The
fragility index m can be defined as m = d log10 τ/d(Tg/T )∣T=Tg , where τ is the
structural relaxation time and T is the temperature. For so-called strong glass
formers, the relaxation-time growth near Tg follows an Arrhenius law, while for
fragile glass formers the relaxation time increases more abruptly upon cooling
(super-Arrhenius behavior), giving rise to larger values of m. These differences
in fragility index are important for two reasons. First, the concept of fragility
offers a unifying framework to classify seemingly disparate classes of glass-
forming matter, ranging from atomic liquids [8] to colloidal [240] and cellular
systems [241]. As such, it is paramount to an ultimately universal descrip-
tion of the glass transition. Second, the fragility index of a material directly
impacts its functionality and processability: a low m, for example, generally
implies a broader glass transition temperature range, increasing the ease with
which a material can be molded. Remarkably, while most polymers are frag-
ile [242], vitrimers exhibit an even lower fragility index than the prototypical
strong glass former silica [35], rendering them superstrong and highly suitable
for (re)processing. Despite both the fundamental and practical importance
of fragility, however, there is still no detailed understanding of the physical
mechanisms underlying this phenomenon, and a predictive theory that can
rationally link the observed fragility to a material’s microstructure is still lack-
ing [30, 45–50]. This constitutes not only a major fundamental problem, but
it also impedes any rational approach toward the development of sustainable,
high-performance amorphous materials with an on-demand response.

Empirical studies over the last few decades have nonetheless yielded valu-
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able insight into the molecular and microstructural origins of fragility. It is
now well established that network-forming materials such as silica, which are
characterized by anisotropic interactions, tend to behave as strong glass for-
mers [243, 244], while fragile materials are often governed by isotropic and
excluded-volume interactions [245, 246]. In dense colloidal suspensions, the
fragility is also intimately related to the particle softness [247], roughness [248]
and elasticity [240, 249–251], as well as confinement effects [252]. For poly-
meric systems, the glassy dynamics is generally more complex, owing to the
competition between intra- and interchain degrees of freedom [253, 254]. A
recent study [242] argues that in fragile polymers with high molecular weights,
the slow intrachain (segmental) relaxation dynamics can give rise to unusually
high values of m, even though the interchain relaxation may remain compa-
rable to that of moderately fragile liquids. Finally, the liquid fragility also
correlates well with material properties deep in the glass phase, in particular
the vibrational properties and nonergodicity factor at temperatures well below
Tg [255].

From the theoretical side, it is widely accepted that material-dependent
properties such as the fragility must ultimately be related to structural ones [256].
After decades of intense research, there now exist numerous theories of the glass
transition that aim to rationalize the observed fragility for a given material
composition and structure, notably including Random First Order Transition
Theory (RFOT) [257], geometric frustration [258, 259], and Mode-Coupling
Theory (MCT) [52, 53]. Among these, MCT stands out as one of the few theo-
ries that is founded entirely on first principles. As such, MCT seeks to predict
the full microscopic relaxation dynamics of a glass-forming system (as a func-
tion of time, temperature, density, and wavenumber k) in a semi-quantitative
way [54, 55] based solely on knowledge of simple structural material properties
such as the static structure factor S(k). However, even though experiments
suggest that subtle features in S(k), especially in the main peak at wavenum-
ber k = k0, may correlate well with the fragility index [260], MCT often fails
to give an accurate prediction of the observed fragility. In fact, due to the
inherent mathematical form of the MCT equations, the theory is only capa-
ble of predicting a fragile (power-law) divergence of τ near the MCT glass
transition. Indeed, a 2011 review contemplated that a quantitative account
of fragility from a purely first-principles microscopic theory remains, thus far,
only a dream [30].

Here we challenge this status quo by elucidating and predicting the fragility
of vitrimeric polymers using coarse-grained Molecular Dynamics (MD) sim-
ulations and MCT. We first demonstrate that, within our vitrimeric model
system, the fragility index can be tuned over an unprecedentedly broad range,
from fragile super-Arrhenius to superstrong sub-Arrhenius behavior, by tuning
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the bulk density. Furthermore, we find that the fragility does not change with
the swap rate, suggesting that the observed phenomenology is more related to
the intrinsic structure of the liquid rather than the swap-dependent dynamics.
Remarkably, we can reproduce and predict this entire range of fragilities from
microscopic MCT, using only the static structure factors at the corresponding
temperatures and densities as input. Our first-principles MCT analysis allows
us to rationalize the observed crossover from fragile to superstrong behavior
in terms of a change in dominant length scales, which switches from inter-
to intrachain interactions as the density decreases. Moreover, we can directly
attribute the fragility at a given density to the growth behavior of the static
structure factor: at low densities, anomalously strong vitrimers are governed
by an anomalously weak variation of S(k) upon cooling. This new insight fi-
nally allows us to develop a simple schematic (wavevector-independent) MCT
model which not only recovers our fully microscopic MCT predictions, but
which also reveals how our MCT-predicted fragility range can be united with
MCT’s well-established fragile power-law divergence. Overall, this work sheds
new light on the microstructural origins of fragility, and uncovers a previously
unknown application domain for a near-quantitative first-principles theory of
glassy dynamics. The here established rational link between molecular length
scales on the one hand, and the macroscopic material response on the other
hand, may also guide ongoing experimental efforts to design and optimize new
structural glasses with tunable dynamic functionalities.

8.2 Approach

Our results are gained from MD simulations, which serve as numerical ex-
periments, combined with theoretical predictions from both fully microscopic
and schematic MCT. The simulation model consists of a binary mixture of star
polymers, inspired by the system used in Ref. [80] (see Fig. 1 and Ref. [51]). The
star-shaped structure, which is comparable to soft colloids [261–263], offers a
complex scenario for fragility [240, 247–251], on top of tunable mechanics [264].
Briefly, the monomer segments are connected through harmonic springs with
equilibrium length L0; steric repulsion among non-nearest-neighbor segments
is implemented through a Weeks-Chandler-Andersen (WCA) potential with
cutoff radius σ = 0.9L0. Importantly, the monomers at the ends of the arms
are functionalized such that they can form attractive bonds which can swap
reversibly, thus endowing them with vitrimeric functionality [79, 80]. For these
short-range attractive end-segment interactions, we use a generalized 20-10
Lennard-Jones potential with minimum energy ε≫ kBT , where kB is the Boltz-
mann constant. We assume that every bond-swapping reaction requires an
activation energy ∆Eswap, which experimentally can be controlled by e.g. the
amount of catalyst. Physically, by varying ∆Eswap, we can thus tune the lo-
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cation of the topology-freezing transition temperature Tv independently from
Tg. In the remainder of this paper, we adopt reduced units for the length,
energy, and monomer mass such that L0 = 1, ε = 1, and m0 = 1, respectively;
the temperature T is defined in units of ε/kB.

To quantify the time-dependent glassy relaxation dynamics, we measure the
monomer-averaged self- and collective intermediate scattering functions [254]

Fs(k, t) = N
−1

⟨
N

∑
j=1

exp [−ik ⋅ (rj(0) − rj(t))]⟩ (8.1)

and

F (k, t) = N−1
⟨
N

∑
j,l=1

exp [−ik ⋅ (rj(0) − rl(t))]⟩, (8.2)

where N is the total number of monomers, k is a wavevector of magnitude k,
rj(t) denotes the position of monomer j at time t, and the brackets ⟨⋯⟩ rep-
resent an ensemble average. Note that this monomer-averaged approximation,
which has been successfully applied to coarse-grained glassy polymers [253, 254,
265–267], would correspond in experiment to the case where all segments have
identical scattering form factors. The vitrimer microstructure is quantified by
the average static structure factor S(k) = N−1⟨∑

N
j,l=1 exp [−ik ⋅ (rj(0) − rl(0))]⟩.

We define the structural relaxation time τ as Fs(k0, τ) = e
−1 and the operational

glass transition temperature Tg as the temperature below which Fs(k, t) fails
to decay within the maximum simulation time of 104.5τ0, i.e. τ(Tg) = 104.5τ0.
Here τ0 is the structural relaxation time of a reference fluid state at density
ρ = 1.58 and temperature T = 0.2, which corresponds to τ0 = 0.06[(m0L

2
0/ε)

1/2].
The fragility index m can subsequently be extracted from τ(Tg) for any given
density. To investigate the role of the topology-freezing transition temperature
Tv, we perform simulations both for ∆Eswap = 0, implying barrierless bond
swaps, and ∆Eswap =∞, implying Tv ≫ T ≥ Tg.

In order to elucidate the link between the vitrimer microstructure and its
time-dependent relaxation dynamics, we invoke fully microscopic (k-dependent)
Mode-Coupling Theory (discussed in sec. 2.2). Briefly, MCT amounts to a first-
principles-based non-linear equation for the dynamic intermediate scattering
function, which can be solved self-consistently once the static structure factor
S(k) for a given temperature and density is known [52, 268]. Though it is well
known that MCT is not exact [269], and is generally only quantitatively accu-
rate at temperatures well above Tg, the theory allows us to identify—at least
qualitatively—which microstructural features dominate the glassy dynamics
manifested in Fs(k, t) and F (k, t). As detailed below, our theoretical analysis
reveals a direct correlation between the broad fragility range of vitrimers and
the particular sensitivity of S(k) to temperature variations, effectively captured
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Fig. 8.1 – Illustration of the vitrimer simulation model. The system is composed of
a mixture of 8-arm star polymers, the monomer ends of which (shown as blue and
red beads) are capable of forming swappable vitrimeric bonds. The activation energy
barrier for a bond-swap event is ∆Eswap; in our simulations, we can tune the value of
∆Eswap between 0 and ∞.

by the anomalous growth of the structure factor peak S(k = k0). To unam-
biguously confirm this unique structure-fragility link, we also develop a minimal
MCT model that takes into account only the growth of S(k0); by showing that
the model can reproduce all qualitative features of the fully microscopic MCT
predictions, we can thus rationally establish how different apparent fragilities
emerge from different microstructures.

8.3 Results

8.3.1 Dynamics from numerical simulation

We first discuss the vitrimer relaxation dynamics obtained from simulation.
Figure 8.2(a) shows the Angell plot of the structural relaxation times τ as a
function of normalized inverse temperature, evaluated at the peak k0. It can
be seen that high-density vitrimers (ρ ≥ 2.0) exhibit a relatively steep growth
of τ upon supercooling, indicative of fragile glass formation, while intermediate
densities (1.5 < ρ < 2.0) yield an Arrhenius form that is characteristic of strong
network-forming materials. Notably, as the bulk density decreases even further
(ρ < 1.5), the vitrimer melt approaches the glass transition with remarkably
weak temperature dependence—a sub-Arrhenius behavior which we designate
as superstrong. The respective glass transition temperatures change from Tg ≈
10−1 at high densities to Tg ≈ 10−6 at the lowest densities studied. In Fig. S2
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of Ref. [51] we show the same plot for different values of k, confirming that the
fragility is k-independent.

To quantify the observed fragility, we also plot the fragility indices m as a
function of bulk density in Fig. 8.2(f); the m values are derived from polynomial
fitting of the data in Fig. 8.2(a). The superstrong functionality at low densities
is manifested in the anomalously low values of m, revealing an essentially
constant fragility of m ≈ 1 for ρc ≤ 1.5. As the density increases beyond ρc, the
fragility index increases monotonically and the material becomes increasingly
more fragile. Hence we may conclude that, for our vitrimer simulation model,
the bulk density provides a thermodynamic control parameter to tune the
fragility from superstrong to strong to fragile.

The influence of Tv can be seen in the (ρ, T ) phase diagram of Fig. 8.2(e).
Our simulations reveal two different amorphous phases: an ergodic phase in
which Fs(k, t) fully decays to zero within the time scale of simulation (marked
as fluid in Fig. 8.2(e)), and a solid glass phase in which Fs(k, t) remains fi-
nite such that τ ≥ 104.5τ0. For all the (ρ, T ) state points considered here, the
star polymers form a network kept together by the functionalized attractive
end segments. Our mixture composition ensures that the maximum number of
inter-star bonds (set by the minority end species, see Materials and Methods)
is below the rigidity transition [270–272], so that the system can relax without
undergoing bond swaps; this is confirmed by our ∆Eswap =∞ results. Further-
more, this mixture choice allows us to explicitly decouple the glass transition
Tg from the topology-freezing transition temperature Tv: we can reach Tg for
both Tg < Tv and Tg > Tv. Note that in the earlier work of Ref. [80], the relax-
ation time would diverge at Tv [33] such that Tg = Tv. Figure 8.2(e) shows the
ergodic-to-glass transition line (i.e., the density-dependent values of Tg) for the
two extreme cases of ∆Eswap = 0 and ∆Eswap =∞, implying topology-freezing
transition temperatures of Tv → 0 and Tv → ∞, respectively. It can be seen
that, while the shape of the two transition lines is similar, the introduction of
reversible bond swaps (∆Eswap = 0) shifts the glass transition to lower tem-
peratures and higher densities. Thus, for a given Tg, decreasing Tv leads to a
higher critical density at which vitrification occurs, and therefore to a melting
of the glass within the gray-shaded region of Fig. 8.2(e). This effect is not sur-
prising, as enhanced vitrimeric functionality is known to lead to more efficient
relaxation and more liquid-like behavior [80, 81]. Interestingly, we find that
the fragility index m along the glass transition line is virtually unaffected by
our choice of ∆Eswap (Fig. S4), implying that the fragility is determined by
intrinsic star polymer properties, rather than by bond-swapping events. Since
the quantitative difference between Tv → 0 and Tv →∞ in the phase diagram
is relatively minor, we focus in the remainder of the paper only on the data for
∆Eswap = 0, for which we have better statistics.
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Fig. 8.2 – (a,b) Angell plot of the structural relaxation time τ versus normalized
inverse temperature, evaluated at the peak k0. Data are obtained from (a) MD simu-
lations and (b) fit-parameter-free microscopic MCT. Different curves correspond to dif-
ferent bulk densities. The activation barrier for bond swapping was set to ∆Eswap = 0.
In both panels, the glass transition temperature Tg is set as the temperature at which
the simulated system falls out of equilibrium such that τ = 104.5τ0. (c) Same MD data
as in (a), with the temperature axis limited to 0.5Tg. (d) Same MCT data as in (b),
with the temperature axis limited to Tg. We estimate that Tg,MCT ≈ 0.5Tg for the
most fragile samples. (e) Simulated phase diagram as a function of temperature T
and bulk density ρ. The phase labeled as fluid corresponds to an underconstrained
network of stars in which the dynamics is still ergodic such that τ < 104.5τ0. The
phase labeled as glass corresponds to the non-ergodic phase with τ > 104.5τ0. The
black dashed line corresponds to ∆Eswap = ∞ and the red line to ∆Eswap = 0. The
region shaded in grey indicates the regime in which the glass can be melted by vit-
rimeric bond swaps. (f) Fragility indices m as a function of bulk density ρ, obtained
from polynomial fitting of the simulated and MCT-predicted Angell plots (panels a
and b) near the respective glass transition temperatures. The regions shaded in green,
orange, and red correspond to superstrong, strong, and fragile behavior, respectively.
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8.3.2 Dynamics from mode-coupling theory

Let us now investigate how certain properties of the microstructure may under-
lie and explain the unusually broad fragility range observed in simulation. To
this end, we perform a theoretical analysis based on MCT, in which we use the
simulated static structure factors S(k) at a given (ρ, T ) state point as input
to predict the full dynamics. While decades of research have firmly established
that MCT can only predict a fragile power-law divergence of τ near the MCT
critical point [52, 273], the microstructural information encoded in S(k) may
be sufficient to account at least qualitatively for the observed differences in
fragility indices [274, 275]. The results of our microscopic, fit-parameter-free
MCT calculations for the single-particle dynamics are shown in the Angell plot
of Fig. 8.2(b). Similar plots for the collective dynamics are presented in Fig.
S3 of Ref. [51]. We first point out that the respective Tg values used in the
Angell plot are obtained from MD simulations; these temperatures need not
coincide with the MCT-predicted glass transition Tg,MCT . In fact, we find
that MCT predicts liquid-like behavior at all the state points considered in
simulation, implying that the vitrimeric MCT transition temperature must lie
below the simulated Tg. This finding is also consistent with other site-averaged
MCT polymer studies [253, 276, 277]. Based on extrapolation into the glassy
regime (dashed lines in Fig. 8.2(b)), we estimate that Tg,MCT ≈ 0.5Tg for the
most fragile samples. In order to enable a fair comparison between the MCT
and simulation data in the well-equilibrated regime, we also present rescaled
Angell plots in Figs. 8.2(c) and (d), corresponding to temperatures up to 0.5Tg
in simulation and ∼ 0.5Tg,MCT in MCT, respectively.

The MCT results in Fig. 8.2 show that, despite the underestimation of the
glass transition temperature, the theory is remarkably successful at capturing
all qualitative features of the Angell plot. Indeed, in agreement with simulation,
MCT predicts fragile-like behavior at high vitrimer densities, and strong and
even anomalously superstrong behavior at low bulk densities. This trend is
already observed in the high-temperature regime (Figs. 8.2(c,d)), in which all
MCT-input structures are properly equilibrated. The MCT data in the glassy
regime, obtained from fit-parameter-free MCT calculations using the simulated
T < Tg static structure factors as input (dashed lines in Fig. 8.2(b)), indicate a
continuation of the same fragility trend. However, it must be noted that this
MCT extrapolation inherently suffers from quantitative inaccuracies, as the
corresponding microstructures at T < Tg are poorly equilibrated. Moreover,
our microscopic MCT analysis is based on monomer-averaged (structural and
dynamical) correlation functions; an explicit multi-component treatment that
distinguishes between different monomer species would possibly yield a higher
MCT glass transition temperature Tg,MCT [253, 276]. Nonetheless, the fact
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that MCT manifestly predicts different growth behaviors of τ(T ) for different
bulk densities, consistent with simulation, suggests that MCT can provide a
meaningful framework to elucidate the non-trivial structure-fragility link in
vitrimers. To complete our comparison, we also present the MCT fragility
indices m, extracted from the most glassy MCT data of Fig. 8.2(b). As can be
seen in Fig. 8.2(f), these MCT results are also in good qualitative agreement
with numerical experiment across the entire density range studied. Notably,
MCT accurately reproduces the crossover density ρc ≈ 1.5 at which the vitrimer
fragility changes from superstrong to strong.

At first glance, the fact that microscopic MCT can predict the full fragility
range of our vitrimer system may seem at odds with the fragile power-law
divergence expected from MCT on general mathematical grounds. However,
as we discuss below and confirm explicitly using a schematic MCT model,
such a divergence appears only sufficiently close to the MCT glass transition
temperature Tg,MCT . For the vitrimer system under study, the MCT critical
point falls outside the (ρ, T ) domain accessible in simulation, rendering the
theory capable of predicting manifestly different fragilities. We now use these
MCT results to establish—on a rational, first-principles basis—which specific
features of S(k) underlie the observed fragility range of vitrimers.

8.3.3 Linking structure to fragility

The key structural quantity in our analysis is the monomer-averaged static
structure factor S(k), which probes static correlations between two density
modes at wavenumber k. In simple dense glass-forming systems, the slowest
(i.e. most glassy) density modes correspond to the main peak of S(k), i.e.,
k0 ≈ 2π/σ, where σ denotes the typical monomer-particle diameter. MCT
provides a general interpretation of this phenomenon in terms of the cage
effect [278, 279]: as S(k0) grows upon vitrification, particles become more
confined within local cages formed by their nearest neighbors. This local dy-
namical slowdown, in turn, drives the slowdown at all other length scales via
non-linear mode-coupling, ultimately resulting in complete kinetic arrest. On
the other hand, network-forming systems may be governed by larger length
scales that are related to, e.g., the intrinsic network topology or crosslinker
distance [81]. Hence, to elucidate the dominant microstructural origin of the
observed fragility of vitrimers, we must consider the structure and dynamics
at both k0 and smaller values of k.

Figure 8.3 shows the explicit k-dependence of both the structural relax-
ation times and the vitrimeric static structure factors for several densities and
temperatures in the well-equilibrated regime. Let us first consider the single-
particle relaxation times τ(k) and the collective analogues τc(k) in Figs. 8.3(a)
and (b), respectively, which are defined as Fs(k, τ) = e−1 and F (k, τc) = e−1.
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Fig. 8.3 – (a) Averaged single-particle relaxation times τ as a function of wavenumber
k for different densities at temperatures close to Tg, obtained from simulation (dotted
lines) and full MCT (solid lines). (b) Collective relaxation times τc as a function of
wavenumber k for the same densities and temperatures as in panel (a), obtained from
simulation (dotted lines) and full MCT (solid lines). (c) Static structure factors for
high-density (ρ = 2.89) and low-density (ρ = 0.91) vitrimers, measured both close to
the glass transition temperature and well above Tg. The main peak shifts towards
smaller k upon decreasing the bulk density of the system. (d) Temperature-dependent
change in the value of S(k) along different isochores, measured at both the main peak
position k0 (solid lines) and k = 2 (dotted lines). By supercooling the vitrimer system
at constant density, the peak growth at k0 is most pronounced at high density (red
line, ρ = 2.89), and becomes weaker when the density decreases (orange line, ρ = 1.58).
At low density (green line, ρ = 0.91), the temperature-dependent growth of the peak
is remarkably weak.
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Interestingly, while the self-dynamics is the slowest at low k-values for all den-
sities considered, the collective dynamics in Fig. 8.3(b) reveals a more complex
k-dependent picture [280]. We find that fragile high-density systems are gov-
erned by the typical caging mode at k0, essentially conforming to simple glass-
forming behavior (red lines in Fig. 8.3(b)), whereas superstrong low-density
systems lack a notable dynamic signature at k0 and are dominated by low-k
modes instead (green lines in Fig. 8.3(b)). This trend, i.e. the relative decrease
of τc(k0) with decreasing fragility, is observed both in simulation and in full
MCT. Since the single-particle dynamics is enslaved to the collective relaxation
dynamics, these qualitative differences in collective k-dependent relaxation in-
dicate an important change in the underlying relaxation mechanism: as the
bulk density decreases and the material becomes stronger, the role of the con-
ventional cage effect associated with k0 diminishes. The fact that MCT also
qualitatively predicts this change on first-principles grounds clearly suggests
that the key explanation for this unusual phenomenology must lie in S(k).

Figure 8.3(c) shows the full S(k) curves for several representative vitrimer
samples. We first note that the location of the S(k0) peak shifts toward lower
wavenumbers and that the value of S(k → 0) increases as the density decreases.
The latter is also consistent with the fact that a low-density polymeric network
should have a relatively high compressibility. However, we find that the growth
behavior of the S(k0) peak height upon supercooling is qualitatively different
for low- and high-density vitrimers. As can be seen in Fig. 8.3(d), fragile
vitrimers at high densities exhibit a relatively dramatic S(k0) temperature
response and vitrify over a narrow temperature range. This abrupt growth
of S(k0) is similar to the fragile behavior of, e.g., compressed hard spheres;
indeed, we have verified that isothermal compression in our vitrimer model
also yields a fragile growth of τ upon approaching the glass transition den-
sity, both in simulation and in MCT (see Fig. S5 of Ref. [51]). Conversely, at
low densities, the S(k0) height becomes remarkably insensitive to changes in
the temperature, growing only very weakly across the entire range of super-
cooling accessible in simulation. In fact, the temperature-dependent change in
S(k0) for these superstrong samples is almost comparable in magnitude to the
S(k) change at much lower wavenumbers. Based on this analysis, we can thus
conclude that the diminishing of the cage effect in low-density vitrimers, and
the corresponding emergence of superstrong fragilities, is rooted in the anoma-
lously weak temperature-dependent variation of the static structure factor peak
S(k0).

To gain a deeper structural understanding of the broad tunability of the vit-
rimer fragility with bulk density, let us consider the real-space microstructure
as probed by the radial distribution function g(r). Its main peak represents
the dominant nearest-neighbor interparticle distance r0 that ultimately gov-
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erns the value of S(k0) and, consequently, the strength of the cage effect and
the sensitivity to temperature. Figure 8.4 shows the values of r0 as a function
of vitrimer bulk density at the respective glass transition temperatures Tg. At
high densities, in which case the vitrimers exhibit fragile behavior, r0 corre-
sponds to length scales smaller than 0.9, where 0.9 sets the range of our WCA
interaction potential. That is, the dominant nearest-neighbor interactions arise
from steric repulsions among monomer segments, akin to the (fragile) excluded-
volume-dominated vitrification scenario in dense hard spheres [281, 282]. At
low densities, however, r0 approaches the equilibrium distance of the harmonic-
spring potential that connects the monomers within each star-polymer arm. In
this limit, the intrinsic topology of the star-polymer system thus plays a dom-
inant role, and the structure resembles that of a strong network material such
as silica [283]. Since there are well defined ground states corresponding to fully
bonded networks, the topology-dominated microstructure changes more weakly
than in the steric-repulsion-dominated case, and consequently the static struc-
ture factor saturates more quickly upon supercooling. Hence, the low-density
material behaves as a superstrong glass former. Notice that the absence of a
sharp transition for low-density low-valence networks is consistent with the con-
cept of “equilibrium gels [17] where the glass transition approaches T = 0. The
intermediate-density regime falls in between these two extreme cases, combin-
ing both topology-dominated (superstrong) and excluded-volume-dominated
(fragile) interactions to yield intermediate fragility indices. Lastly, this analysis
also explains why the value of the topology-freezing transition temperature Tv
does not have a large influence on fragility: reversible bond swaps occur only
at the ends of the star-polymer arms, while the vast majority of monomer-
monomer interactions—which ultimately control the dominant length scale—
are unaffected by such bond-swapping events.

8.4 Schematic MCT analysis

To unambiguously confirm whether the growth behavior of the main peak of
the static structure factor is indeed sufficient to classify the fragility of the
material, and to unite our theoretical results with the well-established power-
law divergence of microscopic MCT, we develop a schematic MCT model that
relies solely on the functional form of S(k0) upon supercooling. Although
schematic MCT models inherently lack the full coupling of k-dependent density
modes, they are known to accurately reproduce many important features of
fully microscopic MCT, including the qualitative scaling behavior near the
critical point [273, 284]. Following the full derivation described in the Appendix

115



CHAPTER 8. VITRIMERS FRAGILITY

Fig. 8.4 – Distance r0 corresponding to the main peak of the radial distribution
function g(r) as a function of vitrimer bulk density. At low densities (green-shaded
region), in which the system behaves as a dilute network of star polymers, the dominant
length scale r0 is set by the equilibrium length L0 of the intra-star harmonic bonds.
As density increases (orange-shaded region), excluded-volume interactions grow more
dominant, resulting in a r0 that is close to the repulsive WCA interaction range σ =

0.9L0. At the highest densities studied (red-shaded region), segments are compressed
to beyond the σ interparticle distance, resulting in r0 ≈ 0.8L0.

(sec. 12.3.2), we arrive at the following equation:

φ̇(t) +Ω2
(T )φ(t) + λ(T )∫

t

0
φ2(t − s)φ̇(s)ds = 0. (8.3)

Here, φ(t) represents the normalized intermediate scattering function F (k0, t)/S(k0),
the dots denote derivatives with respect to time, and the temperature-dependent
functions Ω2(T ) and λ(T ) are given by

Ω2
(T ) =

kBT

m0

k20
S(k0;T )

≡ C1
T

S(k0;T )
(8.4)

and

λ(T ) =

√
2

16π2
kBT

ρm
k30 [S(k0;T ) − 1]2 ≡ C2 T [S(k0;T ) − 1]2 (8.5)

where m0 is the particle mass. Based on the numerical vitrimer simulation data
of Fig. 8.3(c), we consider temperature-dependent growth profiles of S(k0) of
the form

S(k0;T ) = 1 + (T−1)
1/ν

, (8.6)

where the exponent ν can be tuned to represent different growth behaviors
upon supercooling. Physically, this exponent thus captures the non-trivial
role of the vitrimer bulk density, effectively enabling a tuning from steric-
repulsion-dominated to topology-dominated interactions. For simplicity we
solve Eqs. 8.3-8.5 for C1 = C2 = 1.

116



CHAPTER 8. VITRIMERS FRAGILITY

Figure 8.5 shows the Angell plot of the calculated relaxation times τν [de-
fined via φ(τν) ≡ e−1] as a function of inverse temperature. Note that the
temperature scale in Fig. 8.5 is normalized with respect to the correspond-
ing schematic-MCT transition temperatures Tc, i.e. the temperatures at which
τν diverges. For comparison, we also plot the predictions of the widely em-
ployed F2 model [273, 284], a simple schematic MCT model which assumes
that Ω2 ∼ constant and λ(T ) ∼ T −1. We use the fastest relaxation time of the
F2 model as our unit of time to enable a fair comparison between the different
models.

Two important conclusions can be drawn from the results in Fig. 8.5. First,
an inflection point appears in τν(T ) when using our ν-dependent form of the
structure-factor peak. That is, there is an initial high-temperature regime in
which the relaxation time grows only weakly, but as the temperature further
decreases, a power-law divergence emerges sufficiently close to the critical point
Tc. Note that such an inflection point is absent in the conventional MCT F2

model. Although our microscopic MCT calculations for (super)strong vitrimers
in Fig. 8.2(b) do not exhibit any power-law behavior at the temperatures at
which we can adequately equilibrate our samples (T > Tg), our schematic MCT
analysis reveals that an MCT power-law divergence indeed exists, but only
at temperatures sufficiently close to the MCT critical point. We therefore
unambiguously conclude that, for our vitrimer simulation model, the MCT
critical point must lie below the simulated glass transition temperature Tg.

The second main observation is that, by increasing the value of ν—which
physically corresponds to a weaker temperature variation of S(k0)—, the plateau
value of τν at the inflection point is tuned to increasingly large values (see inset
of Fig. 8.5). We now recall that the operational glass transition temperature
Tg is defined as the temperature at which τ exceeds a certain threshold value
(taken as 104.5τ0 in simulation). The tunability of ν thus provides an effec-
tive means to shift the experimental window of observation, i.e. the temper-
ature regime in which the melt can still be equilibrated, such that only the
logarithmic-like growth of τ is manifestly visible. In practice, this implies that
an arbitrarily slow growth of S(k0) can result in an arbitrarily large suppres-
sion of the cage effect and manifestly low fragility indices m, as indeed we
have found in Fig. 8.2(d). Overall, this analysis confirms that the remarkably
broad, density-controlled fragility range of our vitrimer simulation model can
be rationalized—within the context of first-principles-based MCT—in terms of
the broad variation of the growth behavior of S(k0).

8.5 Discussion

We have presented a combined numerical and theoretical study of the anoma-
lous fragility of glass-forming vitrimeric networks, a new class of recyclable
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Fig. 8.5 – Angell plots of the relaxation time τν(T ) as predicted from our schematic
MCT model [Eqs. 8.3-8.5] , assuming a peak growth of the static structure factor S(k0)
as given by Eq. (8.6) and C1 = C2 = 1. Different curves correspond to different values
of the growth parameter ν. The dashed line indicates the results of the conventional
F2 reference model. The glass transition temperature Tc is defined as the point where
the predicted relaxation time strictly diverges. The inset shows the plateau values at
the inflection point, i.e. the τν values at the temperature T where the curvature of
τν(T ) changes sign. Note that it grows exponentially with the parameter ν.

polymer networks endowed with reversible bond-swap functionality. Our coarse-
grained numerical simulation model is composed of star polymers with intra-
chain attractive harmonic bonds and interchain repulsive interactions; the end
segments of the polymer arms are functionalized such that they can undergo
reversible bond swaps. Our MD simulations reveal that, by changing the bulk
density ρ by a factor of 2-3, the vitrimer fragility at Tg can be tuned from fragile
(super-Arrhenius) to strong (Arrhenius) and even superstrong (sub-Arrhenius)
behavior. The fragility and corresponding density-dependent tunability are
found to be independent of the topology-freezing transition temperature Tv at
which all bond-swapping events cease, although the value of Tv does affect the
absolute location of the glass-transition line in the (ρ, T ) phase diagram.

Surprisingly, we can qualitatively reproduce the entire fragility range us-
ing microscopic, fit-parameter-free MCT—a first-principles theory that is con-
ventionally assumed to be only applicable to fragile glass formers. A detailed
analysis allows us to trace the microstructural origin of the vitrimer fragility to
a single experimental observable: the main peak of the static structure factor.
We observe that the strongest vitrimers have the lowest variation of S(k) along
the cooling protocol, which is particularly evident for the peak at wavenumber
k0: the weaker the growth of S(k0), the stronger the material. We can subse-
quently rationalize this behavior in terms of a weakening of the cage effect and
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a change in the vitrimers’ dominant length scale, which switches from intra-
to interchain nearest-neighbor interactions as the density decreases. Finally,
based on these microscopic insights, we develop a simplified schematic MCT
model that takes into account only the growth behavior of S(k0). This model
not only recovers the qualitative features of our fully microscopic MCT predic-
tions, but it also reveals how our MCT-predicted fragility range can be united
with the theory’s well-known fragile power-law divergence near the MCT criti-
cal point. The latter lies below the operational glass transition temperature of
our simulation model, in the regime where the vitrimer melt has already fallen
out of equilibrium. Based on these results, we conclude that MCT is in fact
capable of predicting manifestly different fragilities, provided that the MCT
critical point lies sufficiently far below the experimental Tg.

Though not remedying the well-documented failures of standard MC T[52,
58, 268] our work uncovers a hitherto unknown regime in which MCT serves as
an accurate first-principles theory of glassy dynamics. This provides a promis-
ing basis for further first-principles-based studies of the glass transition, in-
cluding the development of a Generalized MCT that rigorously goes beyond
the mean-field limit [59, 71, 285, 286]. In future work, it will be interesting
to explore how our MCT analysis compares to other non-fragile glass formers
such as silica [62, 283, 287–289], and to other glassy materials with two or more
competing molecular length scales. Furthermore, the anomalous superstrong
fragility may also be rationalized using other theoretical paradigms such as,
e.g., the energy landscape [45, 241], which offers an intuitive picture for glassy
dynamics in terms of energy-barrier-crossing events. Finally, our findings, in
particular the role of the density as a tunable fragility parameter, and the
anomalous growth behavior of the main peak of the static structure factor, can
be validated in rheological and scattering experiments of vitrimer-like mate-
rials. Such a combined theoretical and experimental approach holds exciting
potential for the rational structural design of recyclable amorphous plastics
with unprecedented dynamical and mechanical performance.
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Chapter 9

Multi-component GMCT

Many of the materials we use are based on glassy structures. However,
there is still no single theory to fully describe the glass transition. Mode-
coupling theory (MCT) has shown to be effective in modeling some of the
features of glass formation, but it cannot fully explain glasses due to the
strong approximations on which it is based. Generalized mode-coupling
theory (GMCT) is a theory to predict the glass transition from static
information that goes beyond MCT, dropping the most crucial approxi-
mation. In general, GMCT is able to outclass MCT by carefully describ-
ing the dynamics of higher order correlations in its generalized frame-
work. Already at the level of single-component systems, GMCT yields
unprecedented accuracy for the dynamics of glass-forming liquids. In
this Chapter, we develop GMCT for more realistic multi-component sys-
tems. Furthermore, we show the remarkable strength of multi-component
GMCT by predicting the glassy dynamics of two well known systems. We
conclude that the improvement generated by each additional level of the
GMCT hierarchy is a crucial step towards a full understanding of the
glass transition.

Simone Ciarella and Chengjie Luo equally contributed to the development of the
theory discussed in this chapter. A manuscript based on the theory derived here is in
preparation.
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Understanding the slowdown of supercooled liquids approaching the so-
called glass transition represents one of the major challenges in condensed
matter physics [290]. The main signature of this phenomenon is the dramatic
increase in viscosity (or relaxation time) upon only a relatively slight change
in thermodynamic control parameters, e.g., temperature or density [45]. This
sudden and intense response is further accompanied by only subtle changes in
the microscopic structure, thus raising the question what physical mechanism
underlies the glass transition [8, 30, 49]. The understanding of this mechanism
has challenged scientists in the last few decades. While it is widely accepted
that the dynamics of each material is ultimately related to its structure [256],
among the numerous theories that aim to rationalize that [257–259, 291] MCT
stands out as one of the few based entirely on first principles [53, 58]. Build-
ing from them, it can accurately predict many features of the time-dependent
dynamics of supercooled liquids from simple static information alone, includ-
ing multistep relaxation patterns, stretched exponentials, growing dynamical
length scales and fragility [54]. As such, MCT seeks to predict the full micro-
scopic relaxation dynamics of a glass-forming system (as a function of time,
temperature, density, and wavenumber k) based solely on knowledge of sim-
ple structural material properties, such as the static structure factor S(k).
The limit of MCT lies in its assumption of Gaussian correlations that cause
noticeable discrepancy with experiments.

So far, systematic MCT-equation correction efforts have been proven to
work for single-component systems –or equivalently with a small degree of
polydispersity– using higher order field-theoretic loop expansions [59, 71]. Re-
sults show that such an expansion can in fact be formulated and successfully
carried out producing a novel first-principles theory to describe the microscopic
dynamics of glassy materials with near-quantitative accuracy in the low to mod-
erately supercooled regime known as generalized MCT (GMCT) [59]. Similar
to MCT, its generalized version (GMCT) requires only static structure as in-
put and has no free parameters. Furthermore, GMCT also provides predictive
insights into regimes of previously unaccessible dynamics for single-component
glassy systems [59].

Unfortunately single-component systems inefficiently represent reality. Poly-
dispersity is a fundamental ingredient in both experiments where it is in-
evitable, and computer simulations, where it is often exploited to hinder and
prevent crystal formation [229]. Noticeably, techniques such as Monte Carlo
(MC) swaps capitalize on polydispersity to achieve faster relaxation dynamics
and explore the free energy landscape in uncommon ways [292]. Binary poly-
disperse systems are the simplest generalization of single-component systems
in this direction. They add only a supplementary component to the mix and
are able to retain most of the advantages of a polydisperse system while adding
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the least possible complexity.

In this chapter, after generalizing the GMCT framework to systems with
any number of species, we apply it to describe the most famous and simple ex-
amples of binary systems: Kob-Andersen binary Lennard-Jones (KABLJ) [229]
and its purely repulsive version based on Weeks-Chandler-Andersen (WCA) [87]
potentials. In the past they have been investigated and described, confirming
the existence of a region where MCT is already in its non-ergodic phase and
thus predicting a glass, while simulations do not [69, 70]. After proving the
effectiveness of GMCT as an improved theory for the glass transition by com-
paring its results to simulations, we will also address a fundamental question:
are higher order correlations required to describe the dynamics of binary su-
percooled liquids? Due to the fact that standard MCT–which is based solely
on S(k)–fails in predicting the precise location of the glass transition, it can
be shown that higher correlations are required. However GMCT can circum-
vent this failure again using only S(k), but in a more refined set of equations,
where higher order correlations are built from S(k) at t = 0, but then evolve
independently. Applying our multi-component GMCT to both mixtures, we
will conclude that each level of the GMCT hierarchy provides a significant im-
provement in the prediction of the glass transition, finally suggesting that the
infinite hierarchy might be able to fully predict the glassy dynamics from S(k)
only.

9.1 Multi-component GMCT: derivation

To develop our multi-component theory we start from the usual Mori-Zwanzig
approach [56, 57] that we introduced in Sec. 2.2. As a reminder, the idea
of this approach is to identify a sub-set of time-dependent observables A(t)
that have a peculiar dynamics thus needing different (and usually stronger)
approximations to be evaluated. We then introduce a projection operator P
that projects onto the subspace defined by A(t), effectively dividing the space
of states in a piece that evolves like A(t) and the rest that follows standard
dynamics.

Ideally, to study the glass transition problem, we would like to put into
A(t) all the slow observables that hardly relax. As a consequence, the space
orthogonal to P will be composed by fast relaxing variables, because everything
slow is already in A(t).

In the end, for any choice of A(t), the Mori-Zwanzig approach rewrites the
time evolution as:

dA(t)

dt
= iΩA(t) − ∫

t

0
dτ K(t − τ)A(τ) + f(t). (9.1)

Here we introduced some important quantities, based on thermal averages ⟨. . . ⟩
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of functions of A(t): the vibrational matrix defined as

Ω ≡ ⟨A(0)Ȧ(0)⟩⟨A(0)A(0)⟩−1 (9.2)

that in Eq. 9.1 plays the role of a time independent harmonic vibration, and
the memory :

K(t) ≡ ⟨f(0) f(t)⟩⟨A(0)A(0)⟩−1 (9.3)

which numerically behaves like a friction coefficient that depends on A(t) itself
and which is also based on the fluctuating force f :

f(t) ≡ Ȧ(t) − iA(t)Ω . (9.4)

Then the following step is to project Eq. 9.1 onto ∣A(0)⟩ in order to obtain
an equation for the ⟨A(t)∣A(0)⟩ correlation, and remove the term ⟨f(t)∣A(0)⟩ =
0.

If the system is composed of a mixture of particles with significantly differ-
ent shapes and sizes, the slowest variables that we use to define A(t) are the
species-dependent density modes:

ραq(t) =
Nα

∑
i=1

e−iqri(t) , (9.5)

where the index α represents one of the M species or components and Nα is
the number of particles that belong to the species α, and their currents

jαq(t) =
Nα

∑
i=1

vie
−iqri(t) , (9.6)

where vi is the particle velocity. So we construct the following set of observables

A(t) = [
ραq(t)

jαq(t)
] , (9.7)

where α = 1, . . . ,M runs over the species. It follows that A(t) collects all the
slowest elements of the dynamics.

If we then follow the standard MCT procedure [52, 53, 58, 65] we go from
Eq. 9.1 to:

F̈(q, t) +F(q, t)S−1(q)J(q) + ∫
t

0
dτF(q, t − τ)K(q, τ)J(q) = 0 , (9.8)

where

J(q) ≡ δαβxαq
2v2α (9.9)
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is a diagonal matrix that contains the average thermal velocity vα = ∣vα∣ and
the relative density xα ≡ Nα/N . The final goal of any MCT-like theory is to
use an equation like Eq. 9.8 to determine the intermediate scattering function:

Fαβ
q (t) = (F(q, t))αβ ≡

1

N
⟨ραq(t)ρ

β
q(0)⟩ . (9.10)

This function is a clear indicator of the ergodicity breaking that defines the
glass transition because it goes to 0 in the long time limit only if the system
is liquid. Its static counterpart is the structure factor S(q) = F(q, t = 0)
which acts as an input of Eq. 9.10. So, the main advantage of MCT is that
it predicts the intermediate scattering function, and thus the glass transition,
using static quantities only. In simple words, MCT can recognize if a static
picture represents a glass or a liquid.

Unfortunately Eq. 9.8 cannot be solved exactly and the approximation
required weakens the predictive power of MCT [54, 58, 64]. In particular,
using the definition of Eq. 9.3, we get the following memory:

K(q, t) ≡
ρ

2q2xαxβ
∑
α′β′

α′′β′′

∫ d3kVαα′α′′(q,k,p)Vββ′β′′(q,k,p) ⋅ ⟨ρα
′

k (0)ρα
′′

p (0)ρβ
′

k′(t)ρ
β′′′

p′ (t)⟩ ,

(9.11)

where p = q − k. This memory is the most problematic element of MCT and
the approximation required to evaluate this term weakens the whole theory. A
first non-problematic part of the memory is constituted by static terms, that
includes the vertex function

Vαβγ(q,k,p) ≡
q ⋅ k

q
cαβk δαγ +

q ⋅ p

q
cαγp δαβ . (9.12)

Here the direct correlation nc = Iδαβx
−1
α −S−1 can be calculated from the static

structure factor through the Ornstein-Zernike relation [60]. The only approxi-
mation we make for the static part, is to ignore higher order correlations [62],
which are generally only important for liquids prone to forming local ordered
structures and/or networks.

On the other hand, the time dependence of Eq. 9.11 is much more prob-
lematic. The 4-point correlation function ⟨ρα

′

k (0)ρα
′′

p (0)ρβ
′

k′(t)ρ
β′′′

p′ (t)⟩ fully con-
tains the dynamics of the system described by Eq. 9.8, however it is not easy
to calculate [293], so it is possible to take a shortcut approximating the theory.
In the end MCT boils down to the following approximation:

⟨ρα
′

k (0)ρα
′′

p (0)ρβ
′

k′(t)ρ
β′′′

p′ (t)⟩ ≈

N2Fα′β′(k, t)Fα′′β′′(p, t) δ(k − k′)δ(p − p′) , (9.13)
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Fig. 9.1 – We sketch several approaches to predict the intermediate scattering function
F(q, t) from static information. The MZ equation (a) cannot be solved because it is not
self-consistent, not even if we include higher order correlations (b). With the factoriza-
tion approximation of Eq. 9.13 the resulting MCT (c) can be solved self-consistently
to find F. The prediction improves using GMCT (d) because the factorization is done
for the 6-point correlation (blue) rather than the 4-point (orange).

such that Eq. 9.8 is now a closed system that can be solved self-consistently
for F. The resulting theory has achieved remarkable success [65–67] extending
the semi-quantitavive predictions of single component MCT [54, 55, 63, 64]
to multi-component systems. Unfortunately, this theory fails e.g. by overesti-
mating the critical point at which the system becomes a glass Tmct

g > T exp
g and

not predicting the breakdown of the Stokes-Einstein relation [68–70]. So if we
want to fix those problems, we have to use a more controlled approximation to
solve the theory.

The idea to go beyond MCT, following the so called generalized-MCT
(GMCT) [59, 71], is sketched in Fig. 9.1. Since the exact MZ equation (Eq. 9.8)
contains the 4-point correlation function in K, the idea behind the generaliza-
tion procedure is to recursively write additional MZ equations for higher-order
correlations. In Fig. 9.1(b) we iterate this procedure for the 4-point correla-
tion function (orange), highlighting its dependence from the 6-point correlation
function (blue), however the procedure can be repeated indefinitely. Any of
the 2n-points correlations that we include, brings 2n wave vectors increasing
the time it takes to solve the equations. To reduce the complexity we then do

125



CHAPTER 9. MULTI-COMPONENT GMCT

the diagonal approximation [59], that at the lowest order boils down to:

⟨ρα
′

k (0)ρα
′′

p (0)ρβ
′

k′(t)ρ
β′′′

p′ (t)⟩ ≈

N2
⟨ρα

′

k (0)ρα
′′

p (0)ρβ
′

k (t)ρβ
′′′

p (t)⟩
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

≡(F2)
k,p

α′α′′β′β′′′
(t)

δ(k − k′)δ(p − p′) . (9.14)

The idea behind this approximation is to consider only n wave vectors rather
than 2n, which is true only if the 2n-point correlation coincides with the Fn,
which are diagonal objects by construction. Lastly, since in practice we cannot
generally solve an infinite number of equations, we must do a higher order
factorization: we factorize Fn when n > 2, similarly to Eq. 9.13. In doing
so we delegate the factorization approximation of Eq. 9.13 to higher order
correlations, where it is less drastic because higher order correlations are usually
less important than lower orders.

In summary, using the above-mentioned approximations we can build a
system of n coupled integro-differential equations to solve for the Fi, where
i = 1, . . . n. To build the higher order equations, we evaluate the analogue of
Eq. 9.8 for an alternative set of variables. Focusing on the F2 level, which is
the first improvement beyond standard MCT, we introduce A2 defined from

Aαβ
2 (q,k, t) =

⎡
⎢
⎢
⎢
⎢
⎣

ραk(t)ρ
β
q−k(t)

−i ddt (ρ
α
k(t)ρ

β
q−k(t))

⎤
⎥
⎥
⎥
⎥
⎦

≡

⎡
⎢
⎢
⎢
⎢
⎣

ραβk,q−k(t)

jαβk,q−k(t)

⎤
⎥
⎥
⎥
⎥
⎦

≡ [
ρ
j
] . (9.15)

This set A2(t) is the extension of A(t) to pairs of density modes. We use
those pairs because they are the second slowest variables after the density
modes themselves [53, 58, 59]. In our equations, their correlation produces the
4-point correlation function F2:

(F2)
α′β′αβ
k,p (t) = ⟨ρα

′

p ρ
β′

k ∣ραp(t)ρ
β
k(t)⟩ . (9.16)

We start our calculation by evaluating the static high order correlations
coming from ⟨A2(0)A2(0)⟩ = G, which is a 22 ⋅M2 ⋅Nk4-dimensional object.
To reduce the number of indices that we have to write in each equation we
replace kÐ→ k1 and q−kÐ→ k2. Then, the elements of G in the 22-dimensional
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space of ρ (first element of A2) and j (last element of A2) are:

Gρρ = ⟨ραβk1k2
∣ρα

′β′

k1k2
⟩ = Sαα

′

k1
Sββ

′

k2
, (9.17)

Gjj = ⟨jαβk1k2
∣jα

′β′

k1k2
⟩ = ⟨ρ̇αβk1k2

∣ρ̇α
′β′

k1k2
⟩

= ⟨ρ̇k1
α ρβk2

+ ραk1
ρ̇βk2

∣ρ̇α
′

k1
ρβ

′

k2
+ ρα

′

k1
ρ̇β

′

k2
⟩

= ⟨ρ̇αk1
∣ρ̇α

′

k1
)(ρβk2

∣ρβ
′

k2
⟩ + (ραk1

∣ρα
′

k1
)(ρ̇βk2

∣ρ̇β
′

k2
)

= δαα′xα
kBTk

2
1

mα
Sββ

′

k2
+ δββ′xβ

kBTk
2
2

mβ
Sαα

′

k1 , (9.18)

Gρj = Gjρ = ⟨ραβk1k2
∣jα

′β′

k1k2
⟩ = 0 . (9.19)

Notice that we introduced

Sαβk =
1

N
⟨ραkρ

β
k⟩ . (9.20)

We also need the static correlation between ⟨A2(0)Ȧ2(0)⟩, however since for
any component or wave vector ⟨ρρ̇⟩ = ⟨jj̇⟩ = 0 the only non zero terms are

⟨j∣ρ̇⟩ = i⟨j∣j⟩

= i(δαα′xα
kBTk

2
1

mα
Sββ

′

k2
+ δββ′xβ

kBTk
2
2

mβ
Sαα

′

k1 ) = iGjj , (9.21)

⟨ρ∣j̇⟩ = −⟨ρ̇∣j⟩

= i(δαα′xα
kBTk

2
1

mα
Sββ

′

k2
+ δββ′xβ

kBTk
2
2

mβ
Sαα

′

k1 ) = iGjj . (9.22)

The terms derived in Eqs. 9.17-9.22 are used to calculate the vibrational
matrix corresponding to A2 using Eq. 9.2:

iΩ = G−1
⟨A2∣Ȧ2⟩ = [

G−1
ρρ 0

0 G−1
jj

] [
0 iGjj

iGjj 0
]

= [
0 iG−1

ρρGjj

i 0
] . (9.23)

At the same time, we calculate the fluctuating force from Eq. 9.4:

f2(t) = Ȧ2(t) − iA2(t)Ω = [
0

j̇αβ(t) − ραβ(t)iG−1
ρρGjj

]

≡ [
0

(R2)
αβ
k1k2

] , (9.24)
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that we use to calculate the memory from Eq. 9.11

K2(t) = [
0 0

0 G−1
jj ⟨(R2)

αβ
k1k1

∣(R2)
α′β′

k2k2
⟩
] . (9.25)

The GMCT approach to the calculation of the ⟨RnRn⟩ correlations is to
extend the standard projection procedure [53, 58] to n > 1 by introducing
additional projection operators Pn+1 that project onto the space generated by
(n+1)-tuple of density modes. The reason is that the slowest variable after the
n-tuples of density modes (that produce Fn and Rn) are the (n+1)-tuples [59] 1.
So, to solve Eq. 9.25 we introduce:

P3 = ∑
q′q

µ′ν′η′µνη

(∣ρµ
′

k1−q′
ρν

′

q′ρ
η′

k2
⟩ + ∣ρµ

′

k2−q′
ρν

′

q′ρ
η′

k1
⟩)Tµ

′ν′η′µνη
q′q

(⟨ρµk1−q
ρνqρ

η
k2

∣ + ⟨ρµk2−q
ρνqρ

η
k1

∣) , (9.26)

where T is the normalization matrix, for which we get the following relation
using the idempotence P3P3 = P3:

∑
µνη

Tαβγµνηkk′ Sµα
′

k1−q′
Sνβ

′

q′ S
ηγ′

k2
= δqq′δα,α′δβ,β′δγ,γ′ . (9.27)

Next we substitute R2 Ð→ P3R2 and we evaluate this projection term by
term. First, we start from:

⟨ρµk1−q
ρνqρ

η
k2

∣ j̇αβk1k2
⟩ = −i⟨ρµk1−q

ρνqρ
η
k2

∣ρ̈αβk1k2
⟩

= −i[
d

dt
⟨ρµk1−q

ρνqρ
η
k2

∣
d

dt
(ραk1

ρβk2
)⟩]

= −i[⟨ρ̇µk1−q
ρνqρ

η
k2

∣ρ̇αk1
ρβk2

⟩ + ⟨ρ̇µk1−q
ρνqρ

η
k2

∣ραk1
ρ̇βk2

⟩+

⟨ρµk1−q
ρ̇νqρ

η
k2

∣ρ̇αk1
ρβk2

⟩ + ⟨ρµk1−q
ρ̇νqρ

η
k2

∣ραk1
ρ̇βk2

⟩+

⟨ρµk1−q
ρνqρ̇

η
k2

∣ρ̇αk1
ρβk2

) + ⟨ρµk1−q
ρνqρ̇

η
k2

∣ραk1
ρ̇βk2

⟩

⎤
⎥
⎥
⎥
⎥
⎦

= −
i

√
N

⎡
⎢
⎢
⎢
⎢
⎣

δµα(k1 − q) ⋅ k1
kBT

mα
Sναq Sηβk2 + 0+

δναq ⋅ k1
kBT

mα
Sµαk1−qS

ηβ
k2
+ 0+

0 + δηβk2 ⋅ k2
kBTxβ

mβ
∑
ε

Sk1−qµε SqνεS
k1
αε

x2ε

⎤
⎥
⎥
⎥
⎥
⎦

, (9.28)

1This is an extension to higher order of what we discuss in the Appendix (Sec. 12.3.1).
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and similarly

⟨ρµk2−q
ρνqρ

η
k1

∣j̇αβk1k2
⟩ = −

i
√
N

[0 + δµβ(k2 − q) ⋅ k2
kBT

mβ
Sνβq Sηαk1 +

0 + δνβq ⋅ k2
kBT

mβ
Sµβk2−qS

ηα
k1
+

δηαk1 ⋅ k1
kBTxα
mα

∑
ε

Sµεk2−qS
νε
q S

βε
k2

x2ε
+ 0] . (9.29)

Then we see that the second term of P3R2 is composed of 5-point correla-
tions. Those correlations can be factorized using the convolution approxima-
tion to obtain

⟨ρµk1−q
ρνqρ

η
k2

∣ραk1
ρβk2

⟩ =
1

√
N
Sηβk2 ∑

ε

Sµεk1−qS
νε
q S

αε
k1

x2ε
, (9.30)

or

⟨ρµk2−q
ρνqρ

η
k1

∣ραk1
ρβk2

⟩ =
1

√
N
Sηαk1 ∑

ε

Sµεk2−qS
νε
q S

βε
k2

x2ε
, (9.31)

that we then use to calculate the second term of P3R2

⟨ρµk1−qρ
ν
qρ
η
k2

∣ραk1
ρβk2

i (G−1
ρρGjj)

αβ
⟩ =

=⟨ρµk1−qρ
ν
qρ
η
k2

∣ ∑
θλ,θ′λ′

−iρθλ((Gρρ)
−1

)θλ,θ′λ′(Gjj)θ′λ′,αβ⟩

= − i
1

√
N
Sηλk2 ∑

ε

Sµεk1−qS
νε
q S

θε
k1

x2ε
∑

θλ,θ′λ′
((Gρρ)

−1
)θλ,θ′λ′(Gjj)θ′λ′,αβ

= − i
1

√
N
∑
ε

Sµεk1−qS
νε
q

x2ε
∑

θλ,θ′λ′
Sθεk1S

ηλ
k2

((Gρρ)
−1

)θλ,θ′λ′(Gjj)θ′λ′,αβ

= − i
1

√
N
∑
ε

Sµεk1−qS
νε
q

x2ε
∑
θ′λ′

δεθ′δηλ′(Gjj)θ′λ′,αβ

= − i
1

√
N
∑
ε

Sµεk1−qS
νε
q

x2ε
(Gjj)εη,αβ

= − i
1

√
N
∑
ε

Sµεk1−qS
νε
q

x2ε
[δεαxε

kBTk
2
1

mε
Sηβk2 + δηβxη

kBTk
2
2

mη
Sεαk1 ]

= − i
1

√
N
∑
ε

Sµεk1−qS
νε
q

x2ε
δεαxε

kBTk
2
1

mε
Sηβk2 +

− i
1

√
N
∑
ε

Sµεk1−qS
νε
q

x2ε
δηβxη

kBTk
2
2

mη
Sεαk1 , (9.32)
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and

⟨ρµk2−qρ
ν
qρ
η
k1

∣ραk1
ρβk2

i (G−1
ρρGjj)

αβ
⟩ =

= −i
1

√
N
∑
ε

Sk2−qµε Sqνε

x2ε
[δεβxε

kBTk
2
2

mε
Sk1ηα + δηαxη

kBTk
2
1

mη
Sk2εβ ] . (9.33)

Notice that the last terms of Eq. 9.32 and Eq. 9.33 exactly cancel the last terms
of Eq. 9.28 and Eq. 9.29, respectively. So when we sum them we get

⟨ρµk1−qρ
ν
qρ
η
k2

∣ (R2)
αβ
k1k2

⟩ =

= −
i

√
N

[δµα(k1 − q) ⋅ k1
kBT

mα
Sναq Sηβk2 + δναq ⋅ k1

kBT

mα
Sµαk1−qS

ηβ
k2
+

+ δµβ(k2 − q) ⋅ k2
kBT

mβ
Sνβq Sηαk1 + δνβq ⋅ k2

kBT

mβ
Sµβk2−qS

ηα
k1
+

−∑
ε

Sµεk1−qS
νε
q

x2ε
δεαxε

kBTk
2
1

mε
Sηβk2 −∑

ε

Sµεk2−qS
νε
q

x2ε
δεβxε

kBTk
2
2

mε
Sηαk1 ]

= −
i

√
N

[∑
ε

(S−1)αεk1−qS
εµ
k1−q(k1 − q) ⋅ k1

kBT

mα
Sναq Sηβk2 +

+∑
ε

(S−1)αεq S
εν
q q ⋅ k1

kBT

mα
Sµαk1−qS

ηβ
k2
+

+∑
ε

(S−1)βεk2−qS
εµ
k2−q(k2 − q) ⋅ k2

kBT

mβ
Sνβq Sηαk1 +

+∑
ε

(S−1)βεq S
εν
q q ⋅ k2

kBT

mβ
Sµβk2−qS

ηα
k1
+

−∑
ε

Sµεk1−qS
νε
q

x2ε
δεαxε

kBTk1 ⋅ (k1 − q + q)

mε
Sηβk2 +

−∑
ε

Sµεk2−qS
νε
q

x2ε
δεβxε

kBTk2 ⋅ (k2 − q + q)

mε
Sηαk1 ]

=
i

√
N

[ ∑
ε

ncαεk1−qS
εµ
k1−q(k1 − q) ⋅ k1

kBT

mα
Sναq Sηβk2 +∑

ε

ncαεq S
εν
q q ⋅ k1

kBT

mα
Sµαk1−qS

ηβ
k2
+

∑
ε

ncβεk2−qS
εµ
k2−q(k2 − q) ⋅ k2

kBT

mβ
Sνβq Sηαk1 +∑

ε

ncβεq S
εν
q q ⋅ k2

kBT

mβ
Sµβk2−qS

ηα
k1

] ,

(9.34)

where we used the Ornstein-Zernike equation to introduce the direct correlation
function cσαp = n−1 (δσα/xα − (S−1)σαp ), where n is the number density.
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Now we use all the results derived above to calculate the full projection:

P3∣(R2)
αβ
k1k2

⟩ =

= ∑
q′q

µ′ν′η′µνη

(∣ρµ
′

k1−q′ρ
ν′
q′ρ

η′

k2
⟩ + ∣ρµ

′

k2−q′ρ
ν′
q′ρ

η′

k1
⟩)Tµ

′ν′η′µνη
q′q (⟨ρµk1−qρ

ν
qρ
η
k2

∣ + ⟨ρµk2−qρ
ν
qρ
η
k1

∣) ∣(R2)
αβ
k1k2

⟩

= ∑
q′q

µ′ν′η′µνη

(∣ρµ
′

k1−q′ρ
ν′
q′ρ

η′

k2
⟩ + ∣ρµ

′

k2−q′ρ
ν′
q′ρ

η′

k1
⟩)Tµ

′ν′η′µνη
q′q

i
√
N

⎡
⎢
⎢
⎢
⎢
⎣

∑
ε

ncαεk1−qS
εµ
k1−q(k1 − q) ⋅ k1

kBT

mα
Sναq Sηβk2 ∑

ε

ncαεq S
εν
q q ⋅ k1

kBT

mα
Sµαk1−qS

ηβ
k2
+

∑
ε

ncβεk2−qS
εµ
k2−q(k2 − q) ⋅ k2

kBT

mβ
Sνβq Sηαk1 ∑

ε

ncβεq S
εν
q q ⋅ k2

kBT

mβ
Sµβk2−qS

ηα
k1

⎤
⎥
⎥
⎥
⎥
⎦

=
i

2
√
N
∑
q′

µ′ν′η′

⎧⎪⎪
⎨
⎪⎪⎩

∣ρµ
′

k1−q′ρ
ν′
q′ρ

η′

k2
⟩

⎡
⎢
⎢
⎢
⎢
⎣

∑
ε

ncαεk1−q′δεµ′(k1 − q′) ⋅ k1
kBT

mα
δν′αδη′β+

+∑
ε

ncq
′
αεδεν′q

′
⋅ k1

kBT

mα
δµ′αδη′β

⎤
⎥
⎥
⎥
⎥
⎦

+

+ ∣ρµ
′

k2−q′ρ
ν′
q′ρ

η′

k1
⟩

⎡
⎢
⎢
⎢
⎢
⎣

∑
ε

ncβεk2−q′δεµ′(k2 − q′) ⋅ k2
kBT

mβ
δν′βδη′α+

+∑
ε

ncβεq′ δεν′q
′
⋅ k2

kBT

mβ
δµ′βδη′α]

⎫⎪⎪
⎬
⎪⎪⎭

=
i

2
√
N
∑
q′

µ′ν′η′

⎧⎪⎪
⎨
⎪⎪⎩

∣ρµ
′

k1−q′ρ
ν′
q′ρ

η′

k2
⟩[ncαµ

′

k1−q′(k1 − q′) ⋅ k1
kBT

mα
δν′αδη′β + nc

αν′
q′ q′ ⋅ k1

kBT

mα
δµ′αδη′β]+

+ ∣ρµ
′

k2−q′ρ
ν′
q′ρ

η′

k1
⟩[ncβµ

′

k2−q′(k2 − q′) ⋅ k2
kBT

mβ
δν′βδη′α + nc

βν′

q′ q′ ⋅ k2
kBT

mβ
δµ′βδη′α]

⎫⎪⎪
⎬
⎪⎪⎭

=
i

2
√
N
∑
q′

µ′ν′

⎧⎪⎪
⎨
⎪⎪⎩

∣ρµ
′

k1−q′ρ
ν′
q′ρ

β
k2

⟩[ncαµ
′

k1−q′(k1 − q′) ⋅ k1
kBT

mα
δν′α + nc

αν′
q′ q′ ⋅ k1

kBT

mα
δµ′α]+

+ ∣ρµ
′

k2−q′ρ
ν′
q′ρ

α
k1

⟩[ncβµ
′

k2−q′(k2 − q′) ⋅ k2
kBT

mβ
δν′β + nc

βν′

q′ q′ ⋅ k2
kBT

mβ
δµ′β]

⎫⎪⎪
⎬
⎪⎪⎭

.

(9.35)
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Finally we can calculate the ⟨R2∣R2(t)⟩ correlation:

⟨(R2)α
′β′

k1k2
∣(R2)αβk1k2

(t)⟩ =

= 1

4N
∑
q′
µ′ν′

∑
q
µν

⎧⎪⎪⎨⎪⎪⎩
[ncα

′µ′
k1−q′(k1 − q′) ⋅ k1

kBT

mα′
δν′α′ + ncα

′ν′
q′ q′ ⋅ k1

kBT

mα′
δµ′α′]⋅

⟨ρµ
′

k1−q′ρ
ν′
q′ρ

β′
k2

∣ρµk1−q
(t)ρνq(t)ρβk2

(t)⟩[ncαµk1−q(k1 − q) ⋅ k1
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kBT
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kBT
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⎫⎪⎪⎬⎪⎪⎭
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⎫⎪⎪⎬⎪⎪⎭
.

(9.36)

Notice that in Eq. 9.36 we factorized the time-dependent 6-points correlation
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function as ⟨ρρρρ(t)ρ(t)ρ(t)⟩ ≈ F (t)F (t)F (t). However, this factorization ap-
proximation is expected to be more controlled than the standard factorization
of MCT ⟨ρρρ(t)ρ(t)⟩ ≈ F (t)F (t) (Eq. 9.13), because GMCT does the fac-
torization one level above MCT, i.e. GMCT factorizes the 6-point correlation
function rather than the 4-point correlation. We will discuss in the next section
how to extend the theory to arbitrary order and improve its accuracy.

The last step to get a closed expression for Eq. 9.25 is to extend the vertex
function [53, 58] of Eq. 9.12 to multi-component systems [294]:

V
k,q−k,q
αβγ = δαγ(k ⋅ q)c

βγ
k + δβγ((q − k) ⋅ q)cαγq−k , (9.37)

that we then use in Eq. 9.36 to write the final expression for the ⟨R2∣R2(t)⟩
correlation:

⟨(R2)α
′β′

k1k2
∣(R2)αβk1k2
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= (kBTn)2

4N
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⎧⎪⎪⎨⎪⎪⎩
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+
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+
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(t)F ν
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+
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⎫⎪⎪⎬⎪⎪⎭
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+
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+
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+
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(9.38)
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9.2 Final multi-component generalized-MCT equations

To summarize, multi-component generalized-MCT closed at the 6-points cor-
relations function reduces to the following system of equations:

⎧⎪⎪⎪
⎨
⎪⎪⎪⎩

F̈(q, t) +F(q, t)S−1(q)J(q) + ∫
t
0 dτF(q, t − τ)K(q, τ)J(q) ,

F̈2(t) +F2(t)G
−1
ρρGjj + ∫

t

0
dτ Ḟ2(t − τ)G

−1
jj ⟨R2∣R2(τ)⟩ = 0 .

(9.39)

The system has to be solved for the matrix F(q, t) and for all the components
of F2(t). They are connected through K (Eq. 9.11) which after the diagonal
approximation becomes:

K(q, t) ≡
ρ

2q2xαxβ
∑
α′β′

α′′β′′

∫ d3kVαα′α′′(q,k,p)Vββ′β′′(q,k,p) (F2)
α′α′′β′β′′′

k,p .

(9.40)

Despite this theory being just the first step beyond MCT, already for single-
component systems it shows remarkable improvements [59, 286]. We show in
this chapter that it produces remarkable improvements also for multicompo-
nent systems. Furthermore, the hierarchical structure of GMCT is so flexible
that the same procedure can be extended to n > 2 by defining a corresponding
set An(t) and repeating all the steps explained for an extended set of higher
order correlations Ai, with i = 1, . . . n, which is just a generalization of Eq. 9.15.
To handle such higher order equations we introduce a different notation. In
this notation {xi} is a list x1, ..., xn and {xi}/xj is the same ordered list {xi}
where the specific element xj has been removed. Also, we rewrite some of the
fundamental observables in the following way:

F
(n)
{αi};{βi}

({ki}, t) = ⟨ρα1

k1
...ραnkn ∣ρ

β1
k1

(t)...ρβnkn(t)⟩ , (9.41)

S
(n)
{αi};{βi}

({ki}) = F
(n)
{αi};{βi}

({ki}, t = 0) ≈
n

∏
i=1

Sαiβiki
, (9.42)

J
(n)
{αi};{βi}

({ki}) = ⟨
d

dt
[ρα1

k1
...ραnkn ] ∣

d

dt
[ρβ1k1 ...ρ

βn
kn

]⟩

≈
n

∑
i=1

δαi,βi
kBTxαik

2
i

mαiS
αiβi
ki

n

∏
j=1

S
αjβj
kj

. (9.43)
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Then to include the additional level of order n to a hierarchy of order n−1,
we annex the following equation:

F̈
(n)
{αi};{βi}({ki}, t) + µḞ

(n)
{αi};{βi}({ki}, t) + F

(n)
{αi};{βi}({ki}, t)(S

(n)
)
−1
{αi};{βi}({ki})J

(n)
{αi};{βi}({ki})

+ ∫

t

0
dτḞ

(n)
{αi};{βi}({ki}, t − τ)(J

(n)
)
−1
{αi};{βi}({ki})K

(n)
{αi};{βi}({ki}, τ) = 0 ,

(9.44)

where the memory function is

K
(n)

{αi};{βi}
({ki}, τ) =

= ρ
2
∑
µ′ν′
∑
µν
∫

dq

(2π)3
⋅
n

∑
j=1

kBT

mαj

Vµ′ν′αj
(q,kj − q,kj)F (n+1)µ′,ν′,{αi}/αj ;µ,ν,{βi}/βj

(kj − q,q,{ki}/kj , τ)

⋅ Vµνβj (q,kj − q,kj)
kBT

mβj

, (9.45)

and the vertex is always the same, independently of the hierarchy level (Eq. 9.12).
The structure of Eq. 9.45 is such that the equation of order n (Eq. 9.44) is cou-
pled to Fn+1. Then, in order to get a closure system of n equations an additional
relation is required. For example one could do the following factorization:

F
(n)
{αi};{βi}

({ki}, t) ≈
n

∏
i=1

Fαiβiki
(t) . (9.46)

Even though this looks similar to the factorization of Eq. 9.13, which is the
critical flaw of standard MCT [53, 58], the significant difference is that Eq. 9.46
factorizes a higher order n-point correlation rather than the 4-point. Since
higher order correlations are usually less important, pushing the factorization
towards higher order can improve the predictive power of the theory [59, 286,
295].

9.3 Numerical simulations

We apply multi-component generalized-MCT to predict the glassy behavior
of two binary mixtures: the Kob-Andersen binary Lennard-Jones [229] (LJ)
and its Weeks-Chandler-Anderson truncation [87] (WCA). Both are 80 ∶ 20
mixtures of particles A ∶ B that interact with the following potential

Vαβ(r) =

⎧⎪⎪
⎨
⎪⎪⎩

4ε [(
σαβ
r

)
12
− (

σαβ
r

)
6
+Cαβ] , r ≤ rcαβ ,

0 , r > rcαβ .
(9.47)

Here the cutoff rcαβ is 2.5σαβ for LJ, while it corresponds to the minimum [87]
for WCA. The constant Cαβ instead imposes Vαβ(r

c
αβ) = 0. We use εAA =

1, εAB = 1.5, εBB = 0.5, σAA = 1, σAB = 0.8, σBB = 0.88 [229] to obtain good
glass-forming mixtures.
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In order to calculate the information we need for multi-component GMCT
we perform molecular dynamics simulations in the NVE ensemble using HOOMD-
blue [44]. We properly equilibrate both systems at different densities ρ and tem-
peratures T . We use N = 1000 particles and we change the size of the periodic
box L in order to tune the density. We use the WCA reduced units [87] to report
all our results. In particular we calculate the intermediate scattering function
matrix F(k, t) using Eq. 9.10 and the structure factor S(k) = F(k, t). We use
S as the input of Eq. 9.39 and we compare the output of multi-component
GMCT with the F we calculate from the simulations. In the next section we
show that multi-component GMCT gets progressively closer to the simulated
glass transition temperature upon increasing the level of the GMCT hierarchy.

9.4 Numerical details of GMCT

Since the system is isotropic and invariant under rotations, we use bipolar
coordinates to transform the three-dimensional integrals over q, that appear
in any memory function of the hierarchy (Eq. 9.45) as a double integral over
q = ∣q∣ and p = ∣k − q∣. Then, q is discretized over a uniformly spaced grid of
Nk = 70 points q = q0 + q̂∆q with q̂ = 0,1, . . . ,Nk − 1 and ∆q = 40/Nk. This
allows us to replace the double integral by Riemann sums

∫

∞

0
dk∫

q+k

∣q−k∣
dp → (∆q)2

Nk−1

∑

k̂=0

min[Nk−1,q̂+k̂]

∑

p̂=∣q̂−k̂∣

. (9.48)

Following Ref. [296] we set q0 = ∆q/2 in order to prevent any possible divergence
for q Ð→ 0.

To obtain the time dependent solution of Eq. 9.39 we use Fuchs’s algo-
rithm [297] where the first Nt = 64 time points are calculated with a step size
of ∆t = 10−6, and ∆t is subsequently doubled every Nt/2 points.

To solve the full hierarchy, we start from the highest level nmax where we
close the equation by setting

F
(nmax+1)
{αi};{βi}

({ki}, t) ≈
nmax+1

∏
i=1

Fαiβiki
(t) , (9.49)

such that the system of nmax equations is now self-consistent. Then for each
timestep ti in the Fuchs’s grid we solve the hierarchy from n = nmax to n = 1 in
order to obtain K1(q, ti), that we can then use to find the updated intermediate
scattering functions, as explained above.
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Fig. 9.2 – Multi-component GMCT predicts the dynamics (F (k, t)) of binary liquids
using only static input, where the main one is the structure factor. In (a) and (b)
we compare the structure factor of binary LJ (yellow) and binary WCA (gray), where
the curves (from top to bottom) correspond respectively to SAA(k), SAB(k), SBB(k).
In (c) and (d) we show the dynamics in the supercooled regime of the component
FAA, which is the term that dominates the dynamics since 80% of the system is type
A. We also set k = kpeak, which is the maximum of SAA(k). F is measured from
MD simulations (blue), binary MCT (red), multi-component GMCT with nmax = 2
(orange) and nmax = 3 (green). Increasing the level of the GMCT hierarchy nmax, the
F predicted by multi-component GMCT converges to the simulations.
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9.5 Results and discussion

9.5.1 From structure to dynamics

The strength of GMCT is its capability of predicting dynamics from statics.
The first result underlines the sensitivity of GMCT to small variations in the
static structure. In Fig. 9.2(a) we compare the structure factors of binary LJ
(yellow) and binary WCA (gray) at density ρ = 1.2 and temperature T = 0.55,
which corresponds to low density in the supercooled regime. Notice that all the
components of the structure factor are very similar between the two mixtures
and they are compatible with previous references [69, 70, 274, 275]. However in
(c) we show that their dynamics in the simulations (blue) is different by orders
of magnitude, and the difference becomes larger lowering T 2. Here we show
that while binary MCT (red) fails, predicting that both systems are glasses,
our multi-component GMCT becomes increasingly better if we increase the
level of the hierarchy nmax.

When the density is high (ρ = 1.6) the attraction that distinguishes LJ
from WCA is less significant because all the particles are in the short-range
repulsive regime. In fact we see in Fig. 9.2(b) that all the components of S are
virtually identical among the two mixtures. The dynamics in the supercooled
regime that we report in (d) is also almost the same for the simulated mixtures
and the different levels of the GMCT hierarchy. However it is once again
noticeable that a higher nmax makes multi-component GMCT converge towards
the simulations.

Overall, Fig. 9.2 clearly shows that small differences in the structure are
captured by multi-component GMCT and amplified to predict the dynamics
in the glassy regime. While on one hand this means that high precision is
required while measuring S(k), on the other hand this supports the idea that
important information about the dynamics is already enclosed in the 2−point
correlations [274, 275].

9.5.2 The role of polydispersity

Developing a multi-component version of GMCT we directly included polydis-
persity into the equations. Polydispersity is a measure of the heterogeneity of
sizes of molecules or particles in a mixture. It is ubiquitous in experiments at
the colloidal scale because two particles are hardly equal and in the context of
glasses it is also useful to avoid crystallization [8]. Furthermore, it has been

2Notice that while we report all the components of the structure factor SAA, SAB , SBB ,
for the dynamics we focus only on FAA. The reason is that for our choice of mixtures [87, 229]
80% of the system is composed by species A, so the AA component is the most significant.
Furthermore we focus on the single wave number k = kpeak that corresponds to the peak of
SAA, because it is the most sensitive to cooling [58, 69, 70]
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Fig. 9.3 – Relaxation time as a function of inverse temperature from simula-
tions (blue), single-component (dashed lines) and multi-component (continuous line)
(G)MCT, for binary LJ and WCA at ρ = 1.2. The data show that single-component
GMCT does capture only a very weak slowdown upon supercoooling and does not
show any trace of a critical point, nor any significant improvement for larger nmax.
The results of multi-component GMCT are discussed more in detail in the next figure;
here we only show that multi-component GMCT reproduces the binary simulations
better than single-component GMCT.

139



CHAPTER 9. MULTI-COMPONENT GMCT

shown that even in simulations, where monodispersity is possible, it is better
to use polydispersity in order to employ algorithms like Monte Carlo swaps
that significantly improve the performances of the computation [292].

If the degree of polydispersity is small it has been shown that single-
component GMCT is capable of very accurate predictions [59]. However, for
highly polydisperse systems or for complex architectures [51, 253, 276, 277]
single-component theories require a pre-averaging of the structure and as a
consequence the predictions are altered by that. In particular, since (G)MCT
is very sensitive to the value of the main peak of the structure factor [51], av-
eraging the AA correlation with the AB and BB inevitably leads to a decrease
of such peak that, in turn, alters the results of (G)MCT.

In Fig. 9.3 we report the consequence of approximating a highly polydis-
perse system, i.e. our binary LJ and WCA mixture where particles of type A
and B are not similar at all. We report the relaxation time τ as a function of
the inverse temperature, at ρ = 1.2, comparing simulations to single-component
and multi-component GMCT. The relaxation time corresponds to the average
time it takes for the system to relax. Numerically we define it from:

FAA(kpeak, t = τ) =
FAA(kpeak,0)

e
. (9.50)

This relaxation time is very small for liquids, but grows rapidly upon cool-
ing [8] up until the glass transition temperature Tg where the relaxation time
diverges. Consistently with applications that focused on polymeric systems [51,
253, 276, 277], single-component (G)MCT underestimates the critical tempera-
ture that corresponds to the glass transition. However for our binary mixtures
the critical point is so underestimated that both systems always appear as liq-
uids in the range of temperature available with simulations. Multi-component
GMCT instead overestimates the critical temperature, consistently with multi-
component [65] and standard MCT [58].

9.5.3 Relaxation time

Finally, we compare the numerical simulations with the predictions of multi-
component GMCT. The comparison is summarized in Fig. 9.4 where we report
the relaxation time τ as a function of the inverse temperature. As a reminder,
we choose to focus on α = β = A because particles of type A constitutes 80%
of the system, so they dominate the dynamics. Furthermore we set k = kpeak,
corresponding to the maximum of SAA(k), because it is usually the slowest
wave number and thus the most representative of the slowdown approaching
the glass transition [58].

The results in Fig. 9.4 show that MCT (red curves, corresponding to GMCT
with hierarchy level nmax = 1) overestimates the simulations (blue) Tg as ex-
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Fig. 9.4 – Relaxation time as a function of inverse temperature from simulations
(blue) and multi-component (G)MCT, for binary LJ and WCA at ρ = 1.2,1.4 and 1.6.
The relaxation time is evaluated from FAA(kpeak, t), corresponding to the majority
species A and the slowest wave vector kpeak, which corresponds to the maximum of
SAA(k). The data show that increasing the level n of the GMCT hierarchy, the
predictions of multi-component GMCT converge to the simulations.
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pected [69, 70]. However, if we increase the level of the hierarchy to nmax = 2
(orange) and then nmax = 3 (green), the accuracy increases and the critical
point of GMCT converges towards the simulations. This convergence of the
theory towards the simulations for larger n suggests that GMCT might be ex-
act in the limit of n Ð→ ∞ [298], consequently advocating the role of 2-point
correlations as a direct indicator of glassiness.

In summary, we have seen that multi-component GMCT is able to capture
small differences in the structure factor and amplify them to predict the dy-
namics. As such, the small differences between KABLJ and WCA structures
are enough to produce different predictions of dynamics. We have also seen
that highly polydisperse systems require a multi-component theory because the
single-component approximation hinders the predictive power of GMCT wash-
ing away specific species-dependent correlation by pre-averaging S(k). Lastly
we have seen that for higher levels of the GMCT hierarchy the predicted re-
laxation time converges toward the simulated one. In the future, we will try
to push the boundaries of the highest level n we can numerically solve, in or-
der to check if GMCT is exact in the n Ð→ ∞ limit. To conclude, we hope
that our multi-component GMCT could be a useful tool to evaluate how static
correlations influence the dynamics of supercooled liquids and make reliable
predictions about the dynamics from static information only, contributing to
the final understanding of the glass transition.
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Off-diagonal GMCT

In this part of the thesis we have seen that as a material solidifies into a
glass, it exhibits a significant slowdown of the dynamics, but at the same
time undergoes only minute structural changes. In this complex scenario,
Mode-Coupling Theory (MCT) stands out as the only framework that
provides a fully first-principles-based description of the glass phase. Its
current utility is unfortunately limited by the strong approximation re-
quired to solve the theory. Numerous efforts have been made in the past
to go beyond MCT, but a final theory is still out of reach. In this chapter
we develop off-diagonal generalized MCT. This approach permits a ma-
jor step forward, by avoiding one of the major approximations that limit
MCT. We present here only the derivation of the theory; the numerical
solution is left for future work. The set of equation we derive can be
used to describe many glassy systems like Lennard-Jones mixtures and
the Lorentz gas. We believe that the theory established here will pave
the way towards a full understanding of the glass transition.

The theory contained in this chapter has been developed in collaboration with
Prof. Dr. Reichman. In collaboration with Dr. Chitrak Bhadra, Prof. Szamel and
Prof. Charbonneau the theory has been extended to describe the random Lorentz gas.
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Understanding how a liquid transitions into a glass from a static micro-
scopic picture is still a “dream” [30] and remains one of the major unsolved
challenges of condensed matter physics. Mode-coupling theory (MCT) stands
out as one of the few theories based entirely on first principles, thus being truly
microscopic. Despite its successes [51, 54, 55, 63, 64], MCT still fails e.g. in
predicting the precise location of the glass transition and the breakdown of
the Stokes-Einstein relation [58]. We discussed in Sec. 2.2.2, that the crucial
approximation of MCT is the factorization (Eq. 9.13). As a consequence, most
of the problems of MCT are attributed to that uncontrolled simplification. Re-
cently, a generalized version of MCT (GMCT) has been developed [59] in order
to avoid this crucial approximation, as we explain in Sec. 2.2.4 and Ch. 9. To
summarize, GMCT uses the factorization approximation for higher order cor-
relations only. This choice makes the approximation less drastic because higher
order correlations are less important than lower order, but in turn it requires
the construction of a hierarchy of nested integro-differential equations that have
to be solved for all the correlations that do not get approximated. Even though
GMCT shows remarkable improvements over MCT [59], GMCT becomes exact
only for an infinite hierarchy that contains all the correlations [298].

To solve GMCT for a realistic system, we have to set a maximum level n at
which the highest n-point correlations get factorized, closing the hierarchy. A
key step is closing the hierarchy in a computationally effective way is to make
a diagonal approximation (Sec. 2.2.4, Eq. 2.20 and Sec. 9.1, Eq. 9.14), which
produces diagonal-GMCT (dGMCT). This approximation imposes a partial
momentum conservation on higher order correlations 1, which significantly re-
duces the computational cost, and makes dGMCT solvable up to 10-point cor-
relations [286]. The successes of the theory in predicting an increasingly more
precise glass transition for higher closure levels are remarkable [59, 286, 295],
however dGMCT is still lacking quantitative accuracy in the deeply supercooled
regime.

To go beyond dGMCT we now eliminate the crucial approximation that
limits the accuracy of the theory, namely the diagonal approximation. We
call this new theory off-diagonal GMCT (oGMCT). The equations derived
here constitute then a unique result that avoids the main pitfalls of any MCT
approach so far.

10.1 Derivation of oGMCT

To derive oGMCT, we start from the framework derived in Sec. 2.2.4, in partic-
ular in Eq. 2.17, 2.18 and 2.19. However, compared to dGMCT, we explicitly
solve the equation this time, without involving auxiliary approximations. To

1Notice that the dynamical 2-point correlation (F (k, t)) is inherently diagonal.
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do so we first introduce the set of pairs of slow variables A2:

A2(q,k, t) = [
ρk(t)ρq−k(t)

−i ddt (ρk(t)ρq−k(t))
] ≡ [

ρk,q−k(t)
jk,q−k(t)

] ≡ [
ρ
j
] (10.1)

and its correlation:

F2(q,k,k
′, t) ≡ ⟨A2(q,k,0)A2(q,k

′, t)⟩ , (10.2)

where we remind the reader that ρk are the density modes and jk their current,
that we introduced and discussed in sec 2.2.4 and Ch. 9. The correlation F2

appears multiple times in Eq. 2.19. The cornerstone of oGMCT is to preserve
the offdiagonal structure of F2. Nonetheless, we can still assume that any
static observable (t = 0) is diagonal, because at t = 0 we factorize higher order
correlations into pairs ⟨ρkρ

′
k⟩ = δ(k − k′) which are diagonal 2. So we get:

F2(q,k,k
′,0) = [

⟨ρ∗kρ
∗
q−kρk′ρq−k′⟩ 0

0 −⟨ρ̇kρq−k + ρkρ̇q−k∣ρ̇k′ρq−k′ + ρk′ ρ̇q−k′⟩
]

≡ [
C0
11 0
0 C0

22
] (10.3)

and using the basic relations:

⟨ρkρq(t)⟩ = N F (k, t)δ(q − k) , (10.4)

⟨ρkρ̇q(t)⟩ = 0 , (10.5)

⟨ρ̇kρ̇q(t)⟩ = −ik
NkBT

m
δ(q − k) , (10.6)

we get for F2

F2(q,k,k
′,0) = N2δ(k − k′) ⋅ [

S(k)S(∣q − k∣) 0

0 kBT
m

[k2 S(∣q − k∣) + ∣q − k∣2S(k)]
] .

We now focus on the vibrational matrix iΩ2 ≡ ⟨A2Ȧ2⟩⟨A2A2⟩
−1. Since it

is a static object, it becomes diagonal after factorization, thus we obtain:

iΩ2 = [
0 −i⟨ρkρq−k∣

d2

dt2
(ρkρq−k)⟩

−i⟨ ddt (ρkρq−kk2) ∣
d
dt

(ρkρq−k)⟩ 0
] ⋅

⎡
⎢
⎢
⎢
⎢
⎣

1
C0

11
0

0 1
C0

22

⎤
⎥
⎥
⎥
⎥
⎦

= [
0 iC0

22

iC0
22 0

] ⋅

⎡
⎢
⎢
⎢
⎢
⎣

1
C0

11
0

0 1
C0

22

⎤
⎥
⎥
⎥
⎥
⎦

=

⎡
⎢
⎢
⎢
⎢
⎣

0 i

i
C0

22

C0
11

0

⎤
⎥
⎥
⎥
⎥
⎦

. (10.7)

2Notice that since ⟨ρkρ′k(t)⟩ ≠ δ(k − k′), for t > 0 the factorization does not make the
equations diagonal.
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Notice that the vibrational matrix Ω2 is the same in dGMCT and oGMCT.

The next term to analyze is the memory matrix K2(t) ≡ ⟨f2f2(t)⟩F
−1
2 (t = 0),

which is much more complicated. We start its calculation from the random
force introduced in Eq. 9.4:

f2(q,k, t) = Ȧ2(q,k, t) − iΩ2A2(q,k, t) (10.8)

=

⎡
⎢
⎢
⎢
⎢
⎣

d
dt

(ρk(t)ρq−k(t)) − i [−i
d
dt

(ρk(t)ρq−k(t))]

−i d
2

dt2
(ρk(t)ρq−k(t)) − i

C0
22

C0
11
ρk(t)ρq−k(t)

⎤
⎥
⎥
⎥
⎥
⎦

= [
0

R(q,k, t)
] , (10.9)

so only its second term is non zero. After projecting Eq. 2.18 we get:

K2(q,k,k
′, t) = [

0 0
0 ⟨R(q,k, t)R(q,k′, t)⟩

] ⋅

⎡
⎢
⎢
⎢
⎢
⎣

1
C0

11
0

0 1
C0

22

⎤
⎥
⎥
⎥
⎥
⎦

=

⎡
⎢
⎢
⎢
⎢
⎣

0 0

0
⟨R(q,k,t)R(q,k′,t)⟩

C0
22

⎤
⎥
⎥
⎥
⎥
⎦

. (10.10)

We leave the calculation of the ⟨RR⟩ correlation for later.

Back to Eq. 2.18, we have

dF2(t)

dt
= iΩ2F2(t) − ∫

t

0
dτ K2(t − τ)F2(τ) , (10.11)

where the time dependent correlation F2 is

F2(q,k,k
′, t) = [

F̂ o2 (k
′,q − k′,k,q − k, t) −i d

dt
F̂ o2 (k

′,q − k′,k,q − k, t)

−i d
dt
F̂ o2 (k

′,q − k′,k,q − k, t) − d2

dt2
F̂ o2 (k

′,q − k′,k,q − k, t)
](10.12)

Similarly to MCT and dGMCT, we focus on the bottom left equation

−i
d2

dt2
F̂ o2 (k

′,q − k′,k,q − k, t) = i
C0

22

C0
11

F̂ o2 (k
′,q − k′,k,q − k, t)+

+ i∫
t

0
dτ

⟨R(q,k,0)R(q,k′, t − τ)⟩

C0
22

d

dt
F̂ o2 (k

′,q − k′,k,q − k, τ) (10.13)

where
C0
22

C0
11

=
kBT

m
[
k2

S(k)
+

∣q − k∣2

S(∣q − k∣)
] . (10.14)
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10.2 Random force correlation

Exactly as in all earlier mode-coupling-based theories, the crucial step is the
evaluation of the random force correlation ⟨RR⟩. To solve it, we look for the
slowest variables which have not been included in either A or A2 and we project
the random force on the subspace defined by them. Extending the calculations
of Appendix C (Sec. 12.3.1) to A2 it is possible to show that the dynamics
of density pairs directly depends on density triplets only, so we will keep just
the memory terms that are originated from those triplets [59]. In practice,
after defining the triplets ∣γ(k1,k2,k3)⟩ ≡ ∣ρk1ρk2ρk3⟩, we introduce the new
projection operator:

P3 = ∑
k1,k2,k3,k′1,k

′

2,k
′

3

∣γ(k1,k2,k3, t)⟩P
−1
k1,k2,k3,k′1,k

′

2,k
′

3
⟨γ(k′1,k

′
2,k

′
3, t)∣ . (10.15)

The only significant [59] triplets that conserve the external momentum are

∣αk
̃
(t)⟩ ≡ ∣ρk−k

̃
(t)ρk

̃
(t)ρq−k(t)⟩ (10.16)

and
∣βk
̃
(t)⟩ ≡ ∣ρq−k−k

̃
(t)ρk

̃
(t)ρk(t)⟩ , (10.17)

so we only consider them, which reduces the projection operator to:

P3 = ∑
k
̃
,k′

̃

∑
γ=α,β

∣γk
̃
(t)⟩P−1

k
̃
,k′

̃
⟨γk′

̃
(t)∣. (10.18)

The matrix that normalizes P3 is then

Pk
̃
,k′

̃
= [

⟨αk
̃
(0)αk′

̃
(0)⟩ ⟨αk

̃
(0)βk′

̃
(0)⟩

⟨βk
̃
(0)αk′

̃
(0)⟩ ⟨βk

̃
(0)βk′

̃
(0)⟩

]

(10.19)

Notice that the projection P3 acting on the left R contains k, while the one on
the right R contains k′, due to the offdiagonal nature of the theory. Further-
more notice that Pk

̃
,k′

̃
simplifies the double summation because it is diagonal

like all the other static quantities, so:

[
⟨αk

̃
(0)αk′

̃
(0)⟩ ⟨αk

̃
(0)βk′

̃
(0)⟩

⟨βk
̃
(0)αk′

̃
(0)⟩ ⟨βk

̃
(0)βk′

̃
(0)⟩

] =

= [
N3S(∣k − k

̃
∣)S(∣k

̃
∣)S(∣q − k∣) 0

0 N3S(∣q − k − k
̃
∣)S(∣k

̃
∣)S(∣k∣)

] ⋅

⋅ [
[δ(k

̃
,k′
̃
) + δ(k

̃
,k − k′

̃
)]

[δ(k
̃
,k′
̃
) + δ(k

̃
,q − k − k′

̃
)]
] . (10.20)
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Therefore, when calculating the memory, the delta functions will be used to
reduce one of the summations. In the following, after summing over those delta
function we will always keep k

̃
as the summation index of the P3 that acts on

the left, because the left side contains k. Vice versa, the P3 that acts on the
right side keeps the summation over k′

̃
, which are mixed with the k′. Overall

this means that we have prime index quantities on the right side only.
In detail, the projection of the random force produces the following corre-

lation

⟨R(q,k,0)∗R(q,k′, t)⟩→ ⟨R(q,k,0)∗P3e
iLt
P
′
3R(q,k′,0)⟩

= ⟨R(q,k,0)∗ ∑
k

̃

⎡
⎢
⎢
⎢
⎢
⎣

∣αk

̃

⟩⟨αk

̃

∣

Dα,k

̃

+

∣βk
̃

⟩⟨βk
̃

∣

Dβ,k

̃

⎤
⎥
⎥
⎥
⎥
⎦

eiLt ∑
k′

̃

⎡
⎢
⎢
⎢
⎢
⎢
⎣

∣αk′

̃

⟩⟨αk′

̃

∣

Dα,k′

̃

+

∣βk′

̃

⟩⟨βk′

̃

∣

Dβ,k′

̃

⎤
⎥
⎥
⎥
⎥
⎥
⎦

R(q,k′,0)⟩ ,

(10.21)

where the normalization constants have a prefactor of 2 because of the two
symmetric delta functions in Eq. 10.20 and

Dα,k
̃
= 2N3S(∣k − k

̃
∣)S(∣k

̃
∣)S(∣q − k∣) , (10.22)

Dβ,k
̃
= 2N3S(∣q − k − k

̃
∣)S(∣k

̃
∣)S(∣k∣). (10.23)

In summary we get four different groups of terms from Eq. 10.21:

⟨R(q,k,0)R(q,k′, t)⟩ ≈ ∑
k

̃
,k′

̃

⎡
⎢
⎢
⎢
⎢
⎣

⟨R(q,k,0)αk

̃

⟩⟨αk′

̃

R(q,k′,0)⟩

Dα,k

̃

Dα,k′

̃

⟨αk′

̃

αk

̃

(t)⟩

⟨R(q,k,0)αk

̃

⟩⟨βk′

̃

R(q,k′,0)⟩

Dα,k

̃

Dβ,k′

̃

⟨αk′

̃

βk
̃

(t)⟩

⟨R(q,k,0)βk
̃

⟩⟨αk′

̃

R(q,k′,0)⟩

Dβ,k

̃

Dα,k′

̃

⟨βk′

̃

αk

̃

(t)⟩

⟨R(q,k,0)βk
̃

⟩⟨βk′

̃

R(q,k′,0)⟩

Dβ,k

̃

Dβ,k′

̃

⟨βk′

̃

βk
̃

(t)⟩

⎤
⎥
⎥
⎥
⎥
⎦

.

(10.24)
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Each of the ⟨γk
̃
γ′k′
̃

(t)⟩ above is a different 6-point correlation function, that

we either factorize in terms of off-diagonal 4-point correlation functions F̂ o2
and 2-point F , or we keep as a variable while looking for the next equation
in hierarchy. Here we do the analogue of the mean field closure of dGMCT,
where we factorize the 6-point correlations as a product of F̂ o2

3 and F , but
still we have to consider all the permutations produced by this factorization.

If we look at each possible factorization of the 6-point correlation as a
product F̂ o2 ⋅ F , there are only 9 ways to divide the 6 density modes into a
group of 4 (producing F̂ o2 , the 4-point correlation) and a group of 2 (producing
F , the 2-point correlation), while respecting the conservation law. So, while
in dGMCT only two terms are of leading order [59, 299], here there are more.
Also notice that since the theory is off-diagonal we cannot set ⟨α∣β(t)⟩ = 0 if
t > 0.

Before factorizing all the 6-point correlations, it is possible to organize all
the factors into 3 groups:

• A-terms: from the factorization of ⟨αk′

̃
αk
̃
(t)⟩

• B-terms: from the factorization of ⟨βk′
̃
βk
̃
(t)⟩

• AB-terms: from the factorization of ⟨αk′

̃
βk
̃
(t)⟩ and ⟨βk′

̃
αk
̃
(t)⟩

where each of the terms has the following structure

⟨Rγ⟩

D
²

≡Ṽ : Vertex function

⋅F ⋅ F̂ o2 . (10.25)

In Appendix C (Sec. 12.3.3) we show that the vertex Ṽ of oGMCT is the same
as MCT and dGMCT. In the next sections we separately solve the 6-point
correlations keeping the three groups separated.

10.2.1 A-terms

The A-terms that come from Eq. 10.24 are:

∑
k

̃
k′

̃

⟨R(q,k′)αk′

̃

⟩⟨R(q,k)αk

̃

⟩

Dα,k′

̃

Dα,k

̃

⟨αk′

̃

αk

̃

⟩ =∑
k

̃
k′

̃

V ∗
k′

̃
,k′−k′

̃

Vk
̃
,k−k

̃

⟨αk′

̃

αk

̃

⟩

=∑
k

̃
k′

̃

V ∗
k′

̃
,k′−k′

̃

Vk
̃
,k−k

̃

⟨ρ−k′+k′

̃

ρ−k′

̃

ρ−q+k′ρk−k
̃

(t)ρk
̃

(t)ρq−k(t)⟩

3Notice that in d-GMCT we used the diagional 4-point correlation function F2 defined in
Eq. 2.20
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=∑
k

̃
k′

̃

V ∗
k′

̃
,k′−k′

̃

Vk
̃
,k−k

̃

N

⎧⎪⎪
⎨
⎪⎪⎩

δ(k′

̃
− k′ + k − k

̃
) F (∣k − k

̃
∣) F̂ o2 (k

′

̃
,q − k′,k

̃
,q − k)

+ δ(k′

̃
− k′ + k

̃
) F (∣k

̃
∣) F̂ o2 (k

′

̃
,q − k′,k − k

̃
,q − k)

+ δ(k′

̃
− k′ + q − k) F (∣q − k∣) F̂ o2 (k

′

̃
,q − k′,k − k

̃
,k
̃
)

+ δ(−k′

̃
+ k − k

̃
) F (∣k − k

̃
∣) F̂ o2 (k

′
− k′

̃
,q − k′,k

̃
,q − k)

+ δ(−k′

̃
+ k
̃
) F (∣k

̃
∣) F̂ o2 (k

′
− k′

̃
,q − k′,k − k

̃
,q − k)

+ δ(−k′

̃
+ q − k) F (∣q − k∣) F̂ o2 (k

′
− k′

̃
,q − k′,k − k

̃
,k
̃
)

+ δ(−q + k′ + k − k
̃
) F (∣k − k

̃
∣) F̂ o2 (k

′
− k′

̃
,k′

̃
,k
̃
,q − k)

+ δ(q − k′ − k
̃
) F (∣k

̃
∣) F̂ o2 (k

′
− k′

̃
,k′

̃
,k − k

̃
,q − k)

+ δ(k − k′) F (∣q − k∣) F̂ o2 (k
′
− k′

̃
,k′

̃
,k − k

̃
,k
̃
)

⎫⎪⎪
⎬
⎪⎪⎭

.

Then if we use the delta function to sum over k′
̃

we get:

= N∑
k

̃

⎧⎪⎪
⎨
⎪⎪⎩

V ∗
k

̃
+k′−k,−k

̃
+kVk

̃
,k−k

̃

F (∣k − k
̃
∣) F̂ o2 (k

̃
+ k′ − k,q − k′,k

̃
,q − k)

+V ∗
k′−k

̃
,k

̃

Vk
̃
,k−k

̃

F (∣k
̃
∣) F̂ o2 (k

′
− k
̃
,q − k′,k − k

̃
,q − k)

+V ∗
k′−q+k,q−kVk

̃
,k−k

̃

F (∣q − k∣) F̂ o2 (k
′
− q + k,q − k′,k − k

̃
,k
̃
)

+V ∗
k−k

̃
,k′−k+k

̃

Vk
̃
,k−k

̃

F (∣k − k
̃
∣) F̂ o2 (k

′
− k + k

̃
,q − k′,k

̃
,q − k)

+V ∗
k

̃
,k′−k

̃

Vk
̃
,k−k

̃

F (∣k
̃
∣) F̂ o2 (k

′
− k
̃
,q − k′,k − k

̃
,q − k)

+V ∗
q−k,k′−q+kVk

̃
,k−k

̃

F (∣q − k∣) F̂ o2 (k
′
− q + k,q − k′,k − k

̃
,k
̃
)

+V ∗
k

̃
,k′−k

̃

V−q+k′+k,q−k′F (∣ − q + k′∣) F̂ o2 (k
′
− k
̃
,k
̃
,k′ + k − q,q − k)

+V ∗
k

̃
,k′−k

̃

Vq−k′,k+k′−q F (∣ − q + k′∣) F̂ o2 (k
′
− k
̃
,k
̃
,k + k′ − q,q − k)

⎫⎪⎪
⎬
⎪⎪⎭

+N ∑
k

̃
,k′

̃

V ∗
k′

̃
,k′−k′

̃

Vk
̃
,k−k

̃

F (∣q − k∣) F̂ o2 (k
′
− k′

̃
,k′

̃
,k − k

̃
,k
̃
)δ(k − k′) .

(10.26)
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Notice that we are writing F̂ o2 as a function of four variables, but implicitly
the momentum conservation simplifies one of the four arguments of F̂ o2 because
their sum has to be = 0.

Next, we can group the terms which produce the same F̂ o2 to get

= N∑
k

̃

⎧⎪⎪
⎨
⎪⎪⎩

F̂ o2 (k
̃
+ k′ − k,q − k′,k

̃
,q − k)F (∣k − k

̃
∣) [V ∗

k

̃
+k′−k,k−k

̃

Vk
̃
,k−k

̃

+ V ∗
k−k

̃
,k

̃
+k′−kVk

̃
,k−k

̃

]

(10.27)

+F̂ o2 (k
′
− k
̃
,q − k′,k − k

̃
,q − k)F (∣k

̃
∣) [V ∗

k′−k
̃
,k

̃

Vk
̃
,k−k

̃

+ V ∗
k

̃
,k′−k

̃

Vk
̃
,k−k

̃

]

(10.28)

+F̂ o2 (k
′
− q + k,q − k′,k − k

̃
,k
̃
)F (∣q − k∣) [V ∗

k′−q+k,q−kVk
̃
,k−k

̃

+ V ∗
q−k,k′−q+kVk

̃
,k−k

̃

]

(10.29)

+F̂ o2 (k
′
− k
̃
,k
̃
,k′ + k − q,q − k)F (∣ − q + k′∣)[V ∗

k

̃
,k′−k

̃

V−q+k′+k,q−k′ + V
∗
k

̃
,k′−k

̃

Vq−k′,k+k′−q]

⎫⎪⎪
⎬
⎪⎪⎭

(10.30)

+N ∑
k

̃
,k′

̃

F̂ o2 (k
′
− k′

̃
,k′

̃
,k − k

̃
,k
̃
) F (∣q − k∣) V ∗

k′

̃
,k′−k′

̃

Vk
̃
,k−k

̃

δ(k − k′) ,

(10.31)

where we notice the symmetry in the square bracket 4:

V ∗
a,bVc,d + V

∗
b,aVc,d . (10.32)

Finally, note that term 10.31 does instead have a different structure. This will
be important for the N -ordering argument that we will do in the next section.

10.2.2 B-terms

Next, we look at the terms coming from ⟨ββ⟩ correlations, whose structure is:

∑
k

̃
k′

̃

⟨R(q,k′)βk′

̃

⟩⟨R(q,k)βk
̃

⟩

Dβ,k′

̃

Dβ,k

̃

⟨βk′

̃

βk
̃

(t)⟩ =∑
k

̃
k′

̃

V ∗
k′

̃
,q−k′−k′

̃

Vk
̃
,q−k−k

̃

⟨βk′

̃

βk
̃

(t)⟩

=∑
k

̃
k′

̃

V ∗
k′

̃
,q−k′−k′

̃

Vk
̃
,q−k−k

̃

⟨ρk′

̃
+k′−qρ−k′

̃

ρ−k′ρq−k−k
̃

(t)ρk
̃

(t)ρk(t)⟩ (10.33)

4To extend the same symmetry to term 10.30 we sum over k
̃

and then rename k′
̃
Ð→ k

̃
,

obtaining a similar structure V ∗

a,bVc,d + V ∗

a,bVd,c.
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=∑
k

̃
k′

̃

V ∗
k′

̃
,q−k′−k′

̃

Vk
̃
,q−k−k

̃

N

⎧⎪⎪
⎨
⎪⎪⎩

δ(k′

̃
+ k′ − k − k

̃
)F (∣q − k − k

̃
∣)F̂ o2 (k

′

̃
,k′,k

̃
,k)

+ δ(k′

̃
+ k′ − q + k

̃
)F (∣k

̃
∣)F̂ o2 (k

′

̃
,k′,q − k − k

̃
,k)

+ δ(k′

̃
+ k′ − q + k)F (∣k∣)F̂ o2 (k

′

̃
,k′,q − k − k

̃
,k
̃
)

+ δ(−k′

̃
+ q − k − k

̃
)F (∣q − k − k

̃
∣)F̂ o2 (q − k′

̃
− k′,k′,k

̃
,k)

+ δ(−k′

̃
+ k
̃
)F (∣k

̃
∣)F̂ o2 (q − k′

̃
− k′,k′,q − k − k

̃
,k)

+ δ(−k′

̃
+ k)F (∣k∣)F̂ o2 (q − k′

̃
− k′,k′,q − k − k

̃
,k
̃
)

+ δ(−k′ + q − k − k
̃
)F (∣k′∣)F̂ o2 (q − k′

̃
− k′,k′

̃
,k
̃
,k)

+ δ(−k′ + k
̃
)F (∣k′∣)F̂ o2 (q − k′

̃
− k′,k′

̃
,q − k − k

̃
,k)

+ δ(−k′ + k)F (∣k∣)F̂ o2 (q − k′

̃
− k′,k′

̃
,q − k − k

̃
,k
̃
)

⎫⎪⎪
⎬
⎪⎪⎭

. (10.34)

If we then sum the delta function over k′
̃

we get

= N∑
k

̃

⎧⎪⎪
⎨
⎪⎪⎩

V ∗
k

̃
+k−k′,q−k−k

̃

Vk
̃
,q−k−k

̃

F (∣q − k − k
̃
∣) F̂ o2 (k

̃
+ k − k′,k′,k

̃
,k)

V ∗
q−k

̃
−k′,k

̃

Vk
̃
,q−k−k

̃

F (∣k
̃
∣) F̂ o2 (q − k

̃
− k′,k′,q − k − k

̃
,k)

V ∗
q−k−k′,kVk

̃
,q−k−k

̃

F (∣k∣) F̂ o2 (q − k − k′,k′,q − k − k
̃
,k
̃
)

V ∗
q−k−k

̃
,k+k

̃
−k′Vk

̃
,q−k−k

̃

F (∣q − k − k
̃
∣) F̂ o2 (k + k

̃
− k′,k′,k

̃
,k)

V ∗
k

̃
,q−k′−k

̃

Vk
̃
,q−k−k

̃

F (∣k
̃
∣) F̂ o2 (q − k

̃
− k′,k′,q − k − k

̃
,k)

V ∗
k,q−k′−kVk

̃
,q−k−k

̃

F (∣k∣) F̂ o2 (q − k − k′,k′,q − k − k
̃
,k
̃
)

V ∗
k

̃
,q−k′−k

̃

Vq−k−k′,k′ F (∣k′∣) F̂ o2 (q − k
̃
− k′,k

̃
,q − k − k′,k)

V ∗
k

̃
,q−k′−k

̃

Vk′,q−k−k′ F (∣k′∣) F̂ o2 (q − k
̃
− k′,k

̃
,q − k − k′,k)

⎫⎪⎪
⎬
⎪⎪⎭

+N ∑
k

̃
,k′

̃

V ∗
k′

̃
,q−k′−k′

̃

Vk
̃
,q−k−k

̃

F (∣k∣) F̂ o2 (q − k′

̃
− k,k′

̃
,q − k − k

̃
,k
̃
)δ(k − k′) ,

(10.35)
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that we group like we did for the A-terms in the previous section:

= N∑
k

̃

⎧⎪⎪⎨⎪⎪⎩
F̂ o2 (k

̃
+ k − k′,k′,k

̃
,k) F (∣q − k − k

̃
∣)[V ∗

k

̃
+k−k′,q−k−k

̃
Vk

̃
,q−k−k

̃
+ V ∗

q−k−k

̃
,k+k

̃
−k′Vk

̃
,q−k−k

̃
]

(10.36)

F̂ o2 (q − k
̃
− k′,k′,q − k − k

̃
,k)F (∣k

̃
∣) [V ∗

q−k

̃
−k′,k

̃
Vk

̃
,q−k−k

̃
+ V ∗

k

̃
,q−k

̃
−k′Vk

̃
,q−k−k

̃
]

(10.37)

F̂ o2 (q − k − k′,k′,q − k − k
̃
,k
̃
)F (∣k∣) [V ∗

q−k′−k,kVk

̃
,q−k−k

̃
+ V ∗

k,q−k′−kVk

̃
,q−k−k

̃
]

(10.38)

F̂ o2 (q − k
̃
− k′,k

̃
,q − k − k′,k)F (∣k′∣) [V ∗

k

̃
,q−k′−k

̃
Vq−k−k′,k′ + V ∗

k

̃
,q−k′−k

̃
Vk′,q−k−k′]

⎫⎪⎪⎬⎪⎪⎭
(10.39)

+N ∑
k

̃
,k′

̃

F̂ o2 (q − k′

̃
− k,k′

̃
,q − k − k

̃
,k
̃
)F (∣k∣) V ∗

k′

̃
,q−k′−k′

̃
Vk

̃
,q−k−k

̃
δ(k − k′) ,

(10.40)

where we notice the same structure for the vertex functions that we encoun-
tered for the A-terms.

10.2.3 AB-terms

Lastly, we discuss the terms that originate from the mixing between α and β.
Since the 6-point correlations are invariant under time reversal, the AB and
the BA terms are the same 5, so we can group them together in:

∑
k

̃
k′

̃

⎛
⎜
⎝

⟨R (q,k,0)αk′

̃

⟩⟨βk
̃

R (q,k′,0)⟩

Dα,k′

̃

Dβ,k

̃

⟨βk′

̃

αk

̃

(t)⟩ +
⟨R (q,k′)βk′

̃

⟩⟨R (q,k)αk

̃

⟩

Dβ,k′

̃

Dα,k

̃

⟨βk
̃

αk′

̃

(t)⟩
⎞
⎟
⎠
=

= 2∑
k

̃
k′

̃

Vk′

̃
,k′−k′

̃

V ∗
k

̃
,q−k−k

̃

⟨βk′

̃

αk

̃

(t)⟩

= 2∑
k

̃
k′

̃

Vk′

̃
,k′−k′

̃

V ∗
k

̃
,q−k−k

̃

⟨ρk′

̃
+k′−qρ−k′

̃

ρ−k′ρk−k
̃

(t)ρk
̃

(t)ρq−k (t)⟩

5However notice that both vertexes have inverted k
̃
↔ k′

̃
compared to the 6-point corre-

lation
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= 2∑
k

̃
k′

̃

Vk′

̃
,k′−k′

̃

V ∗
k

̃
,q−k−k

̃

N

⎧⎪⎪
⎨
⎪⎪⎩

δ(k′

̃
+ k′ − q + k − k

̃
)F (∣k − k

̃
∣)F̂ o2 (k

′

̃
,k′,k

̃
,q − k)

+ δ(k′

̃
+ k′ − q + k

̃
)F (∣k

̃
∣)F̂ o2 (k

′

̃
,k′,k − k

̃
,q − k)

+ δ(k′

̃
+ k′ − k)F (∣q − k∣)F̂ o2 (k

′

̃
,k′,k − k

̃
,k
̃
)

+ δ(−k′

̃
+ k − k

̃
)F (∣k − k

̃
∣)F̂ o2 (q − k′

̃
− k′,k′,k

̃
,q − k)

+ δ(−k′

̃
+ k
̃
)F (∣k

̃
∣)F̂ o2 (q − k′

̃
− k′,k′,k − k

̃
,q − k)

+ δ(−k′

̃
+ q − k)F (∣q − k∣)F̂ o2 (q − k′

̃
− k′,k′,k − k

̃
,k
̃
)

+ δ(−k′ + k − k
̃
)F (∣k − k

̃
∣)F̂ o2 (q − k′

̃
− k′,k′

̃
,k
̃
,q − k)

+ δ(−k′ + k
̃
)F (∣k

̃
∣)F̂ o2 (q − k′

̃
− k′,k′

̃
,k − k

̃
,q − k)

+ δ(−k′ + q − k)F (∣q − k∣)F̂ o2 (q − k′

̃
− k′,k′

̃
,k − k

̃
,k
̃
)

⎫⎪⎪
⎬
⎪⎪⎭

,

that we now sum over k′
̃

:

= 2N∑
k

̃

⎧⎪⎪
⎨
⎪⎪⎩

Vk
̃
−k−k′+q,k−q−k

̃

V ∗
k

̃
,q−k−k

̃

F (∣k − k
̃
∣)F̂ o2 (q + k

̃
− k − k′,k′,k

̃
,q − k)

Vq−k
̃
−k′,2k′−q+k

̃

V ∗
k

̃
,q−k−k

̃

F (∣k
̃
∣) F̂ o2 (q − k

̃
− k′,k′,k − k

̃
,q − k)

Vk−k′,2k′−kV
∗
k

̃
,q−k−k

̃

F (∣q − k∣) F̂ o2 (k − k′,k′,k − k
̃
,k
̃
)

Vk−k
̃
,k′−k+k

̃

V ∗
k

̃
,q−k−k

̃

F (∣k − k
̃
∣)F̂ o2 (q + k

̃
− k − k′,k′,k

̃
,q − k)

Vk
̃
,k′−k

̃

V ∗
k

̃
,q−k−k

̃

F (∣k
̃
∣) F̂ o2 (q − k

̃
− k′,k′,k − k

̃
,q − k)

Vq−k,k′+q−kV
∗
k

̃
,q−k−k

̃

F (∣q − k∣) F̂ o2 (k − k′,k′,k − k
̃
,k
̃
)

Vk
̃
,k′−k

̃

V ∗
k−k′,q−2k+k′ F (∣k′∣) F̂ o2 (q − k

̃
− k′,k

̃
,k − k′,q − k)

Vk
̃
,k′−k

̃

V ∗
k′,q−k−k′ F (∣k′∣) F̂ o2 (q − k

̃
− k′,k

̃
,k − k′,q − k)

⎫⎪⎪
⎬
⎪⎪⎭

+

+2N ∑
k

̃
,k′

̃

Vk′

̃
,k′−k′

̃

V ∗
k

̃
,k−k

̃

F (∣k′∣)F̂ o2 (q − k′

̃
− k′,k′

̃
,k − k

̃
,k
̃
)δ(q − k − k′) .

(10.41)
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Similarly to the previous sections, we sum together the AB-terms with the
same 6-points correlation:

= 2N∑
k

̃

⎧⎪⎪⎨⎪⎪⎩
F̂ o2 (q + k

̃
− k − k′,k′,k

̃
,q − k)F (∣k − k

̃
∣)[Vk

̃
−k−k′+q,k−q−k

̃
V ∗

k

̃
,q−k−k

̃
+ Vk−k

̃
,k′−k+k

̃
V ∗

k

̃
,q−k−k

̃
]+

(10.42)

F̂ o2 (q − k
̃
− k′,k′,k − k

̃
,q − k)F (∣k

̃
∣) [Vq−k

̃
−k′,2k′−q+k

̃
V ∗

k

̃
,q−k−k

̃
+ Vk

̃
,k′−k

̃
V ∗

k

̃
,q−k−k

̃
]+

(10.43)

F̂ o2 (k − k′,k′,k − k
̃
,k
̃
) F (∣q − k∣) [Vk−k′,2k′−kV

∗

k

̃
,q−k−k

̃
+ Vq−k,k′+q−kV

∗

k

̃
,q−k−k

̃
]+

(10.44)

F̂ o2 (q − k
̃
− k′,k

̃
,k − k′,q − k)F (∣k′∣) [Vk

̃
,k′−k

̃
V ∗

k−k′,q−2k+k′ + Vk

̃
,k′−k

̃
V ∗

k′,q−k−k′]
⎫⎪⎪⎬⎪⎪⎭
+

+2N ∑
k

̃
,k′

̃

Vk′

̃
,k′−k′

̃
V ∗

k

̃
,k′−k

̃
F (∣k′∣)F̂ o2 (q − k′

̃
− k′,k′

̃
,k − k

̃
,k
̃
)δ(q − k − k′) . (10.45)

10.2.4 Memory in oGMCT

At this point we can sum together all the A-terms, the B-terms and the AB-
terms to solve Eq. 10.24:

⟨R(q,k,0)R(q,k′, t)⟩ ≈
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N∑
k

̃

⎧⎪⎪
⎨
⎪⎪⎩

F̂ o2 (k
̃
+ k′ − k,q − k′,k

̃
,q − k) F (∣k − k

̃
∣) [V ∗

k

̃
+k′−k,k−k

̃

Vk
̃
,k−k

̃

+ V ∗
k−k

̃
,k

̃
+k′−kVk

̃
,k−k

̃

]

(10.46)

+F̂ o2 (k
′
− k
̃
,q − k′,k − k

̃
,q − k) F (∣k

̃
∣) [V ∗

k′−k
̃
,k

̃

Vk
̃
,k−k

̃

+ V ∗
k

̃
,k′−k

̃

Vk
̃
,k−k

̃

]

(10.47)

+F̂ o2 (k
′
− q + k,q − k′,k − k

̃
,k
̃
) F (∣q − k∣) [V ∗

k′−q+k,q−kVk
̃
,k−k

̃

+ V ∗
q−k,k′−q+kVk

̃
,k−k

̃

]

(10.48)

+F̂ o2 (k
′
− k
̃
,k
̃
,k′ + k − q,q − k) F (∣ − q + k′∣) [V ∗

k

̃
,k′−k

̃

V−q+k′+k,q−k′ + V
∗
k

̃
,k′−k

̃

Vq−k′,k+k′−q]

(10.49)

+F̂ o2 (k
̃
+ k − k′,k′,k

̃
,k) F (∣q − k − k

̃
∣) [V ∗

k

̃
+k−k′,q−k−k

̃

Vk
̃
,q−k−k

̃

+ V ∗
q−k−k

̃
,k+k

̃
−k′Vk

̃
,q−k−k

̃

]

(10.50)

+F̂ o2 (q − k
̃
− k′,k′,q − k − k

̃
,k) F (∣k

̃
∣) [V ∗

q−k
̃
−k′,k

̃

Vk
̃
,q−k−k

̃

+ V ∗
k

̃
,q−k

̃
−k′Vk

̃
,q−k−k

̃

]

(10.51)

+F̂ o2 (q − k − k′,k′,q − k − k
̃
,k
̃
) F (∣k∣) [V ∗

q−k′−k,kVk
̃
,q−k−k

̃

+ V ∗
k,q−k′−kVk

̃
,q−k−k

̃

]

(10.52)

+F̂ o2 (q − k
̃
− k′,k

̃
,q − k − k′,k) F (∣k′∣) [V ∗

k

̃
,q−k′−k

̃

Vq−k−k′,k′ + V
∗
k

̃
,q−k′−k

̃

Vk′,q−k−k′]

(10.53)

+2F̂ o2 (q + k
̃
− k − k′,k′,k

̃
,q − k) F (∣k − k

̃
∣) [Vk

̃
−k−k′+q,k−q−k

̃

V ∗
k

̃
,q−k−k

̃

+ Vk−k
̃
,k′−k+k

̃

V ∗
k

̃
,q−k−k

̃

]

(10.54)

+2F̂ o2 (q − k
̃
− k′,k′,k − k

̃
,q − k) F (∣k

̃
∣) [Vq−k

̃
−k′,2k′−q+k

̃

V ∗
k

̃
,q−k−k

̃

+ Vk
̃
,k′−k

̃

V ∗
k

̃
,q−k−k

̃

]

(10.55)

+2F̂ o2 (k − k′,k′,k − k
̃
,k
̃
) F (∣q − k∣) [Vk

̃
−k′,2k′−k

̃

V ∗
k

̃
,q−k−k

̃

+ Vq−k
̃
,k′+q−k

̃

V ∗
k

̃
,q−k−k

̃

]

(10.56)

+2F̂ o2 (q − k
̃
− k′,k

̃
,k − k′,q − k) F (∣k′∣) [Vk

̃
,k′−k

̃

V ∗
k−k′,q−2k+k′ + Vk

̃
,k′−k

̃

V ∗
k′,q−k−k′]

⎫⎪⎪
⎬
⎪⎪⎭

+

(10.57)

+ 2N ∑
k
̃
,k′
̃

Vk′
̃
,k′−k′

̃
V ∗
k
̃
,k′−k

̃
F (∣k′∣)F̂ o2 (q − k′

̃
− k′,k′

̃
,k − k

̃
,k
̃
)δ(q − k − k′)+ (10.58)
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+N ∑
k

̃
,k′

̃

⎡
⎢
⎢
⎢
⎢
⎣

F̂ o2 (k
′
− k′

̃
,k′

̃
,k − k

̃
,k
̃
)F (∣q − k∣)V ∗

k′

̃
,k′−k′

̃

Vk
̃
,k−k

̃

+

F̂ o2 (q − k′

̃
− k,k′

̃
,q − k − k

̃
,k
̃
)F (∣k∣)V ∗

k′

̃
,q−k′−k′

̃

Vk
̃
,q−k−k

̃

⎤
⎥
⎥
⎥
⎥
⎦

δ(k − k′) .

(10.59)

To simplify the equation above we group some of the terms redefining the
summation index, exploiting the fact that the summation runs over all the
possible wave vectors, and thus ∑a = ∑a+a0

. So, for example it is possible to
do k−k

̃
Ð→ k

̃
in term 10.46 and sum it to term 10.47. We will do the same for

the pairs 10.50-10.51 and 10.54-10.55. This simplification allows us to rewrite:

⟨R(q,k,0)R(q,k′, t)⟩ ≈

N∑
k

̃

⎧⎪⎪
⎨
⎪⎪⎩

F̂ o2 (k
′
− k
̃
,q − k′,k − k

̃
,q − k) F (∣k

̃
∣) (V ∗

k′−k
̃
,k

̃

+ V ∗
k

̃
,k′−k

̃

)(Vk−k
̃
,k

̃

+ Vk
̃
,k−k

̃

)

+F̂ o2 (k
′
− q + k,q − k′,k − k

̃
,k
̃
) F (∣q − k∣) [V ∗

k′−q+k,q−kVk
̃
,k−k

̃

+ V ∗
q−k,k′−q+kVk

̃
,k−k

̃

]

+F̂ o2 (k
′
− k
̃
,k
̃
,k′ + k − q,q − k)F (∣q − k′∣) [V ∗

k

̃
,k′−k

̃

V−q+k′+k,q−k′ + V
∗
k

̃
,k′−k

̃

Vq−k′,k+k′−q]

+F̂ o2 (q − k
̃
− k′,k′,q − k − k

̃
,k) F (∣k

̃
∣) (V ∗

q−k
̃
−k′,k

̃

+ V ∗
k

̃
,q−k

̃
−k′)(Vq−k−k

̃
,k

̃

+ Vk
̃
,q−k−k

̃

)

+F̂ o2 (q − k − k′,k′,q − k − k
̃
,k
̃
) F (∣k∣) [V ∗

q−k′−k,kVk
̃
,q−k−k

̃

+ V ∗
k,q−k′−kVk

̃
,q−k−k

̃

]

+F̂ o2 (q − k
̃
− k′,k

̃
,q − k − k′,k) F (∣k′∣) [V ∗

k

̃
,q−k′−k

̃

Vq−k−k′,k′ + V
∗
k

̃
,q−k′−k

̃

Vk′,q−k−k′]

+2F̂ o2 (q − k
̃
− k′,k′,k − k

̃
,q − k) F (∣k

̃
∣)[V−k

̃
−k′+q,−q+k

̃

V ∗
k−k

̃
,q−2k+k

̃
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̃
,k′−k

̃

V ∗
k−k

̃
,q+k

̃

+

+ Vq−k
̃
−k′,2k′−q+k

̃

V ∗
k

̃
,q−k−k

̃
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̃
,k′−k

̃

V ∗
k

̃
,q−k−k

̃

]

+2F̂ o2 (k − k′,k′,k − k
̃
,k
̃
) F (∣q − k∣) [Vk

̃
−k′,2k′−k

̃

V ∗
k

̃
,q−k−k

̃

+ Vq−k
̃
,k′+q−k

̃

V ∗
k

̃
,q−k−k

̃

]

+2F̂ o2 (q − k
̃
− k′,k

̃
,k − k′,q − k) F (∣k′∣) [Vk

̃
,k′−k

̃

V ∗
k−k′,q−2k+k′ + Vk

̃
,k′−k

̃

V ∗
k′,q−k−k′]

⎫⎪⎪
⎬
⎪⎪⎭

+

+ 2N ∑
k

̃
,k′

̃

Vk′

̃
,k′−k′

̃

V ∗
k

̃
,k′−k

̃

F (∣k′∣)F̂ o2 (q − k′

̃
− k′,k′

̃
,k − k

̃
,k
̃
)δ(q − k − k′)+
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+N ∑
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̃
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⎢
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⎢
⎢
⎣
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′
− k′

̃
,k′

̃
,k − k

̃
,k
̃
)F (∣q − k∣)V ∗

k′

̃
,k′−k′

̃

Vk
̃
,k−k

̃

+

F̂ o2 (q − k′

̃
− k,k′

̃
,q − k − k

̃
,k
̃
)F (∣k∣)V ∗

k′

̃
,q−k′−k′

̃

Vk
̃
,q−k−k

̃

⎤
⎥
⎥
⎥
⎥
⎦

δ(k − k′) .

(10.60)

Finally the last step for this calculation is the N -ordering argument [59,
299]. Basically, we consider only the terms of Eq. 10.60 that retain the double
summation over both k

̃
and k′

̃
because they are an order N (where N is the

number of wave vectors considered) more frequent than the other terms and
N is supposedly large. This leads to the final expression for the off-diagonal
memory:

⟨R(q,k,0)R(q,k′, t)⟩ ≈

+ 2N ∑
k

̃
,k′

̃

Vk′

̃
,k′−k′

̃

V ∗
k

̃
,k′−k

̃

F (∣k′∣)F̂ o2 (q − k′

̃
− k′,k′

̃
,k − k

̃
,k
̃
)δ(q − k − k′)+

+N ∑
k

̃
,k′

̃

⎡
⎢
⎢
⎢
⎢
⎣

F̂ o2 (k
′
− k′

̃
,k′

̃
,k − k

̃
,k
̃
)F (∣q − k∣)V ∗

k′

̃
,k′−k′

̃

Vk
̃
,k−k

̃

+

+ F̂ o2 (q − k′

̃
− k,k′

̃
,q − k − k

̃
,k
̃
)F (∣k∣)V ∗

k′

̃
,q−k′−k′

̃

Vk
̃
,q−k−k

̃

⎤
⎥
⎥
⎥
⎥
⎦

δ(k − k′) .

(10.61)

To conclude and test the consistency of the off-diagonal memory derived
above, we confirm in Appendix C Sec. 12.3.4 that Eq. 10.61 does indeed con-
verge to dGMCT if we impose the diagonal approximation a posteriori 6.

10.3 oGMCT: Final recap and conclusions

After factorizing the 6-point correlations, off-diagonal GMCT reduces to the
system of equations below:

⎧⎪⎪⎪⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

d2

dt2
F (q, t) +Ω1(q)F (q, t) + ∫

t
0 dτ K1(q, t − τ)

dF (q,τ)
dτ = 0

d2

dt2
F̂ o2 (k

′,q − k′,k,q − k, t)+Ω2(k,q)F̂
o
2 (k

′,q − k′,k,q − k, t)+

+∫

t

0
dτ K2(q,k,k

′, t − τ)
d

dt
F̂ o2 (k

′,q − k′,k,q − k, τ)

(10.62)

6Also notice that the term 10.58 is similar to the term that has been set to 0 in Ref. [59]
while imposing k1 ≠ k2.
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We remind that for this hierarchy the vibrational terms are

Ω1(q) =
q2kBT

mS(q)
, (10.63)

and

Ω2(k,q) =
kBT

m
[
k2

S(k)
+

∣q − k∣2

S(∣q − k∣)
] , (10.64)

which depend on static quantities only, among which the structure factor S(q).
All the static quantities have been factorized as 2-point functions and as a
consequence the system is diagonal at the t = 0 initial condition. Then, given
this static input, Eq. 10.62 has to be solved for the intermediate scattering
function F (q, t) (or 2-point correlation) and the off-diagonal 4-point correlation
function F̂ o2 (k

′,k′ −q,k,q−k, t), which are connected through the memory of
F :

K1(q, t) ≈
2m

NkBTq2
∑
k,k′

V ∗
k′,q−k′Vk,q−kF̂

o
2 (k

′,q − k′,k,q − k, t) , (10.65)

which in turn depends on F̂ o2 . The bottleneck of the whole computation is the
memory of F̂ o2 :

K2(q,k,k
′, t − τ) =

⟨R(q,k,0)R(q,k′, t − τ)⟩

C0
22

∝ Eq. 10.61 , (10.66)

which consists in several integrals containing vectors. Unfortunately, the com-
putational effort required for the solution of Eq. 10.62 is so demanding that
the techniques used for standard MCT [54, 58, 296] or for diagonal GMCT [59,
286, 295] are not enough. As such, before being able to solve Eq. 10.62 there is
the need for better suited integration methods based on improved grids [300]
and polar coordinates.

At last, we have presented here the first derivation of off-diagonal gen-
eralized mode-coupling theory (oGMCT). Similarly to MCT, the theory is a
dynamical construction based on density modes, that predicts the dynamics
of liquids using static correlations as the only input. It improves over MCT
generalizing the crucial factorization to higher order correlations, similarly to
GMCT 7. Then it surpasses even GMCT by including off-diagonal correla-
tions. The serious effort required for a numerical solution, however, is still a
significant obstacle that we have to overcome before finally being able to show
its unprecedented predictive power. In conclusion, we hope that the oGMCT

7For historic reasons the original version of GMCT is diagonal [59].
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we develop here could be a significant step towards a final theory of super-
cooled liquids that turn into glasses and that the theory could capture at least
some structural hints to finally understand the mechanisms behind the glass
transition.
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Chapter 11

Conclusions and Outlook

11.1 Summary

Human progress and development spur a constant need for new materials with
on-demand properties. Such materials have to balance mechanical performance
and cost. Sometimes this balance is so lopsided that ecological costs are hardly
considered. A way out of this imbalance is to optimize materials to make them
multifunctional and smart, so that that their behavior adapts to different cir-
cumstances. This reduces the need for mass production. The first step in
this direction is to understand the effects that microscopic details have on the
overall functioning. In particular, in this thesis we have discussed how to con-
nect the macroscopic properties of a material to the way it can microscopically
relax, and how to ultimately design and control those relaxation pathways to
tailor material properties.

We discuss in this thesis three paradigmatic examples of materials whose
properties can be tuned by the microscopic details: vitrimers, soft microgel
particles and glasses. The first fascinating material we describe are vitrimers.
In short, they are the perfect example of recyclable plastics because they can be
reused at will while preserving their mechanical properties. After developing a
computational framework to study them in Molecular Dynamics simulations,
we show how defect-prone architectures are usually more malleable and easier
to recycle, while their performance is not hindered by the defects. Remarkably,
we also show how vitrimers can be optimized to be autonomous self-healers,
whose damages get repaired without any external intervention. Soft colloids,
and microgels in particular, are emerging as versatile model systems for the
study of e.g. self-assembly, crystallization and jamming phenomena, as well as
for application-oriented research geared toward ‘smart’ and responsive mate-
rials, dispersion technologies, and colloidal lithography. Despite their broad
relevance, however, the physical phase behavior of soft particles is still con-
founded by the complexity of their response to external stimuli. We show
how to unravel this complexity, by tailoring their structure to favor a spe-
cific response, ultimately designing and controlling the patterns they assemble
into. Lastly, we turn our attention to glasses. Understanding the formation of
glasses remains one of the major unsolved challenges in condensed matter sci-
ence. Among the numerous theories that try to rationalize the glass transition
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problem, Mode-Coupling Theory (MCT) is the only one fully based on the mi-
croscopical details of the material. Here we do an unprecedented step beyond
MCT by avoiding the approximations that limit its validity. After using vit-
rimers to show that standard MCT encloses also information about fragility, we
develop a new theoretical approach that generalizes MCT to carefully describe
higher order correlations. We then show how the static properties that are the
input of MCT, contain much more information than what we expected. The
reason is that our generalized MCT harvests the static information to predict
the properties of glasses with unprecedented accuracy. We believe that the
theory established here will pave the way towards a full understanding of the
glass transition.

In conclusion, we have considered three different situations where peculiar
microscopic details condition the overall macroscopic behavior of the material.
This is fundamental to understand for example how vitrimers with topological
defects are more malleable, how microgels with more crosslinkers do not assem-
ble into chains and how the differences in fragility in super-cooled liquids come
about. Let us now summarise the main conclusions of each of these chapters,
while sketching some further directions of research.

11.2 Conclusions and Outlook

Part II- Vitrimers: relaxation through swaps

Conclusions – In this Part we focus on vitrimers, a remarkable class of poly-
mers that are performant and recyclable. In Ch. 3 we discuss how to study
them in silico, by using molecular dynamics simulations. We propose an al-
gorithm to model their distinctive feature of swappable bonds, that grants
vitrimers their unique behavior. We further show that our implementation of
the bond swaps is elegant because it does not require hybrid methods, it is
efficient because it does not require too many additional calculations and gen-
uine because it capture some of the physical mechanism of the system without
requiring any additional information. In our versatile method we are granted
control over the swap rate and thus the relaxation pathway, that ultimately
controls the macroscopic properties of vitrimers. In Ch. 4 we use this method
to show that novel vitrimer systems can be designed explicitly considering
defects as a means to control mechanical properties and in particular how
defects make vitrimers more malleable. Following this idea vitrimers can be
optimized to quickly recover their properties after remolding, thus granting an
unprecedented combination of mechanical properties and recyclability. Lastly
in Ch. 5 we discuss the unique role of vitrimers as self-healers. While some
materials achieve self-healing in a trade-off between stability and remaining
fully autonomous, others instead do not give up their mechanical properties
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but sacrifice autonomy. Remarkably, vitrimers can be designed to be fully
autonomous self-healers, without reduction of their mechanical performance.
This can be done by tuning separately the diffusion and the healing proper-
ties. The strategy that we outline and test in simulations could be generalized
to many systems to provide a way to design tunable materials which are also
genuinely self-healing.

Outlook – We hope that the design rules developed here can be soon ap-
plied to enhance the properties of real vitrimers, increasing their efficiency
while decreasing their costs. For this reason the next step we aim for is an
experimental confirmation of our results. In our simulations, defects play a
significant role reducing the stress relaxation. We would like to quantify the
extent of this effect for more realistic systems. Unfortunately it is much harder
to realize specific architectures in experiments, for this reason a more detailed
model is probably a necessary intermediate step. Furthermore we also think
that the separation between healing and diffusion times is an excellent method
to synthesize materials that self-heal autonomously. As such we are currently
looking for more optimized architectures where this separation is reinforced.
Lastly, from a pure modelling perspective, the next goal would be to capture
even more microscopic details into a coarse-grained approach e.g to distinguish
vitrimers based on transesterification (swaps in every direction) from vitrimer
based on metal-ligands (swaps only in the ligand planes). This increased pre-
dicting power will be beneficial in order to look more in detail for the ideal
vitrimeric composition that optimizes the balance between creep resistance,
malleability and cost, tailoring vitrimers for each specific demand.

Part III- Soft particles at interfaces: stimuli responsive relaxation

Conclusions – In Part III we focus on soft particles. Soft colloids are a versatile
tool to study many phenomena, from self-assembly to ‘smart’ and responsive
materials. Many of this interesting behavior stems from their complex response
to external stimuli, which on turn heavily depends on the details of the specific
particle. In Ch. 6 we introduce thermoresposive microgels that compress while
heated. They are particularly efficient at creating stable emulsions that we can
break on demand. However, while their bulk behavior is well understood, at
an interface their response to temperature changes. In particular we show that
the surface tension pins their coronae to the interface, preventing them from
collapsing into small spheres as they do in bulk, thus ultimately preventing
temperature-induced destabilization of emulsions. Furthermore their behavior
while pinned at the interface shows a clear hysteresis. In Ch. 7 we discuss
how soft particles adsorbed at an interface respond to surface compression.
This particular question has revealed major discrepancies between theory and
experiment. In particular, while minimum energy structures with complex
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symmetries have been predicted by simulations, such phases have not been ex-
perimentally observed. In contrast, the typical experimentally observed phase
behavior, cannot be captured by current simulation tools. Taking inspiration
from experimental phenomenology, we develop a novel simulation approach
based on the concept of augmented ensembles, which effectively mimics many-
body effects through an additional potential. This unique combination of sim-
ulations and experiments allows us to rationally link the microgel morphology
at the nano-scale to the collective phase behavior at the macro-scale and in-
fer some design rules to tailor the response that soft particles have to surface
compression. Following those rules we synthesize three archetypal soft parti-
cle that perfectly characterize the different responses, confirming our findings.
Our work thus sheds fundamentally new light on the complex self-organization
of soft particles at interfaces, opening new pathways to predict and control
functional soft-matter interfacial behavior by rational molecular design.

Outlook – The destabilization of the thermoresponsive behavior caused
by surface tension, creates a strong hysteresis. Through temperature cycling,
this hysteresis may be used to dynamically steer the degree of microgel cov-
erage over the surface. This could in turn control the properties of microgel
emulsions. For this reason we plan to investigate in detail the extent of this
hysteresis. More generally, we believe that the augmented approach we devel-
oped to study the effect of surface pressure for large collections of microgels is
an efficient, versatile and simple tool to tackle many different problems. The
unique way in which it captures strongly correlated behavior makes it suited to
describe systems like star polymers, coils and brushes with minimal increases
in computational costs, effectively producing pairwise interactions that depend
on local density. Lastly, the fundamental understanding of the complex physics
involved in the interfacial self-assembly of microgel particles that we condense
into design rules provides a powerful framework to rationally devise particle
architectures to target specific self-assembly properties. Our hope is to draft
even more design rules from new self-assembled structures, to ultimately guide
the preparation of novel composite materials that either assemble into a specific
pattern (e.g. to drive colloidal lithography) or even change their arrangement
on-demand (e.g to design stimuli-responsive materials).

Part IV- Glasses: glassy relaxation

Conclusions – Glass-forming materials relax many orders of magnitude slower
than liquids, while showing a very similar structure. Despite this striking dif-
ference, a theory to understand and explain this phenomenon is still lacking.
Among the glassy quantities that we do not fully understand, the fragility,
which quantifies how abruptly a material solidifies, is one of the most fascinat-
ing. In fact, the degree of fragility carries important implications for the func-
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tionality and processability of a material. For this reason we put the fragility
at the heart of Ch. 8. As model systems we use once again vitrimers, because
they experimentally show a surprisingly wide range of fragility from fragile
to super-strong. Remarkably, this entire phenomenology can be reproduced
by Mode-Coupling Theory (MCT), thus challenging the conventional belief
that existing first-principles theories cannot account for nonfragile behaviors.
According to our MCT analysis, the origin of the fragility is rooted in the sen-
sitivity of the static structure factor to cooling, which from a microscopic point
of view, stems from a change in the dominant length scales. Our work not only
sheds additional light on the structure–fragility link in glass-forming matter,
but also suggests that the predictive power of MCT goes beyond expectations.
This promising potential of MCT is, however, hindered by its main weakness:
the overestimation of the experimental glassiness, mostly caused by its un-
controlled factorization approximation. Recently, a revised version of MCT
called generalized MCT (GMCT) has been developed avoiding this factoriza-
tion. GMCT is in practice an infinite hierarchy of coupled integro-differential
equations, that we truncate and close at some level n to numerically solve the
theory, where n indicates that we factorize the 2n-point correlation. If we
truncate at n = 2 then GMCT exactly coincides with standard MCT. Instead,
for n > 2 GMCT shows significant improvements and is able to shrink the
gap between theory and experiments. In Ch. 9 we develop GMCT for mul-
ticomponent systems. Our tests over simulated binary mixtures, show that
multicomponent GMCT is not only much better than MCT, but also that the
theoretical predictions converge towards the experimental results for increas-
ing n. However, GMCT still relies on another approximation which assumes
higher order correlations to be diagonal. As such, GMCT may be unable to
quantitatively describe off-diagonal systems, even in the n =∞ limit. In Ch. 10
we do the ultimate step of developing off-diagonal GMCT. We believe that this
unprecedented effort will pave the way towards a full understanding of the glass
transition.

Outlook – Now that we uncovered the effect that different lengthscales
have on the fragility of our simulated vitrimers, we aim to extend this idea
to other systems. For example one could imagine to have a soft particles
mixture, where softness plays the role of an additional lengthscale. Instead, for
a theoretical perspective, we have seen the significant improvement of GMCT
at larger n. At the state of the art, the largest level we can numerically solve
is unfortunately only n = 5. As such, we are still making a constant effort
to push this limit higher, using more refined algorithms and hardware. In
this direction we speculate that machine learning could provide great help in
guiding our brute force approach. In fact it is likely that many of the variables
that we include in higher order calculations are actually redundant and they
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could in principle be ignored. Lastly, we developed off-diagonal GMCT that
aims to be the most precise between all the theories that stem from MCT.
However its numerical solution is much more computationally demanding than
diagonal GMCT, and for this reason it requires the development of improved
integration algorithms. We decided that the first application of this impressive
theory could be aimed to solve the random Lorentz gas problem, that still poses
some questions to the many theories whose ambition is to fully understand the
glass transition. In conclusion, we think that our advanced GMCT framework
pushes the boundary of the glassy region we can access closer to the transition
than ever. As such, we strongly believe that the approach we developed can
be used to access some of the loose ends that could finally untie the knots of
the glass transition, understanding how structure determines dynamics and,
finally, how to use it to design and control glassy materials.
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Garcia, “Identifying the Role of Primary and Secondary Interactions on
the Mechanical Properties and Healing of Densely Branched Polyimides,”
Macromolecules, vol. 0, no. 0, pp. 1–28, 2018.

[115] A. Susa, J. Bijleveld, M. Hernandez Santana, and S. J. Garcia, “Under-
standing the Effect of the Dianhydride Structure on the Properties of
Semiaromatic Polyimides Containing a Biobased Fatty Diamine,” ACS
Sustain. Chem. Eng., vol. 6, no. 1, pp. 668–678, 2018.

[116] A. Susa, R. K. Bose, A. M. Grande, S. Van Der Zwaag, and S. J. Gar-
cia, “Effect of the Dianhydride/Branched Diamine Ratio on the Archi-
tecture and Room Temperature Healing Behavior of Polyetherimides,”
ACS Appl. Mater. Interfaces, vol. 8, no. 49, pp. 34068–34079, 2016.

[117] A. Phadke, C. Zhang, B. Arman, C.-C. Hsu, R. A. Mashelkar, A. K. Lele,
M. J. Tauber, G. Arya, and S. Varghese, “Rapid self-healing hydrogels,”
Proc. Natl. Acad. Sci., vol. 109, no. 12, pp. 4383–4388, 2012.

[118] L. Imbernon, S. Norvez, and L. Leibler, “Stress Relaxation and Self-
Adhesion of Rubbers with Exchangeable Links,” Macromolecules, vol. 49,
no. 6, pp. 2172–2178, 2016.

177



BIBLIOGRAPHY

[119] W. Ramsden, “Separation of Solids in the Surface-Layers of Solutions and
“Suspensions” (Observations on Surface-Membranes, Bubbles, Emul-
sions, and Mechanical Coagulation)—Preliminary Account,” Proc. R.
Soc. London, vol. 72, no. 477-486, p. 156, 1903.

[120] S. U. Pickering, “Emulsions,” J. Chem. Soc. Trans., vol. 91, p. 2001,
1907.

[121] B. P. Binks and T. S. Horozov, Colloidal Particles at Liquid Interfaces.
Cambridge University Press, 2006.

[122] R. McGorty, J. Fung, D. Kaz, and V. N. Manoharan, “Colloidal self-
assembly at an interface,” Mater. Today, vol. 13, no. 6, pp. 34–42, 2010.

[123] S. Shi and T. P. Russell, “Nanoparticle Assembly at Liquid–Liquid
Interfaces: From the Nanoscale to Mesoscale,” Adv. Mater., vol. 30,
p. 1800714, 2018.

[124] P. Pieranski, “Two-dimensional interfacial colloidal crystals,” Phys. Rev.
Lett., vol. 45, no. 7, pp. 569–572, 1980.

[125] A. R. Bausch, M. J. Bowick, A. Cacciuto, A. D. Dinsmore, M. F. Hsu,
D. R. Nelson, M. G. Nikolaides, A. Travesset, and D. A. Weitz, “Grain
Boundary Scars and Spherical Crystallography,” Science, vol. 299,
p. 1716, 2003.

[126] F. Meng, M. O. Saed, and E. M. Terentjev, “Elasticity and Relaxation in
Full and Partial Vitrimer Networks,” Macromolecules, vol. 52, pp. 7423–
7429, oct 2019.

[127] Y. Chevalier and M.-A. Bolzinger, “Emulsions Stabilized with Solid
Nanoparticles: Pickering Emulsions,” Colloids Surf., A, vol. 439, p. 23,
2013.
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Antonopoulou, N. Gnan, A. Ninarello, L. Isa, and E. Zaccarelli, “Mi-
crogels Adsorbed at Liquid–Liquid Interfaces: A Joint Numerical and
Experimental Study,” ACS Nano, vol. 13, pp. 4548–4559, apr 2019.

[175] T. Soddemann, B. Dünweg, and K. Kremer, “A generic computer model
for amphiphilic systems,” Eur. Phys. J. E, vol. 6, no. 5, pp. 409–419,
2001.

[176] H. Mehrabian, J. Harting, and J. H. Snoeijer, “Soft Particles at a Fluid
Interface,” Soft Matter, vol. 12, p. 1062, 2015.

[177] T. Kyrey, J. Witte, A. Feoktystov, V. Pipich, M. Kruteva, and R. V. Kl-
itzing, “Inner structure and dynamics of microgels with low and medium
crosslinker content prepared via surfactant-free precipitation polymeriza-
tion and,” Soft Matter, vol. 15, pp. 6536–6546, 2019.

[178] T. Kyrey, J. Witte, V. Pipich, A. Feoktystov, A. Koutsioubas, E. Vezh-
lev, H. Frielinghaus, R. von Klitzing, S. Wellert, and O. Holderer, “Influ-
ence of the Cross-Linker Content on Adsorbed Functionalised Microgel
Coatings,” Polymer (Guildf)., vol. 169, p. 29, 2019.
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Appendix

12.1 Appendix A: Pressure and stress in the presence of three
body interactions

The potential that we want to model between two active sites (i.e. a blue
and a red bead in Fig.12.1) has to be steep and strong in order to capture
the strength of ester [35], amide [301], alkene [302, 303] or any bond that can
produce vitrimers. We base our model on an attraction between active sites in
the form of a generalized Lennard-Jones (gLJ)

v
(2b)
ij (r⃗ij) = v

(gLJ)
ij (r⃗ij) =

⎧⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎩

4ε

⎡
⎢
⎢
⎢
⎢
⎣

(
σ

rij
)

20

− (
σ

rij
)

10⎤
⎥
⎥
⎥
⎥
⎦

rij < rcut

0 rij ≥ rcut

(12.1)

where we set ε = 1, σ = 1 and at rcut = 2.5σ. With just this attraction the system
would inevitably cluster, driven by multiple bond formation. We both prevent
cluster formation and provide a way to model bond swaps simply combining
that gLJ with a three body potential based on the same gLJ:

V (3b)
= λε∑

ijk

v̂
(2b)
ij (r⃗ij) ⋅ v̂

(2b)
ik (r⃗ij) (12.2)

where v̂
(2b)
ij is an auxiliary potential defined as:

v̂
(2b)
ij (r⃗ij) =

⎧⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎩

1 rij ≤ rmin

−
v
(2b)
ij (r⃗ij)

ε
rij > rmin

(12.3)

This solution is not only an elegant and smooth way to model a swap event,
but also relatively cheap [79]. In fact we only have to combine the standard two
body potentials to get the additional three body one, thus no extra computation
is required.

It is also more natural to reproduce bond swap this way than using a Monte
Carlo move, because the three body potential is structured such that a bond
which is pulled is more likely to swap. To achieve the same result in MC we
should force it using external tuning.

The three body term itself is noticeable only while a bond is swapping
(i.e. when three ending beads are within the gLJ cutoff) otherwise it is zero
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Fig. 12.1 – The typical bond of a vitrimer has to resist thermal fluctuations, but
allow swap if a triplet is established.

and hence the system is characterized by two body terms only. So the only
states that feel the presence of this additional potential are transient triplet
states. Our assumption is that during a swap event no more than three sites
are involved.

It is of fundamental importance to take those triplet states into account
when evaluating thermodynamic quantities, because they deeply characterize
the system (in fact without V (3b) we would expect clustering). Then, in order
to estimate the stress relaxation, we have to add those triplet terms in the
pressure tensor. To do so we cannot rely on the standard virial approach [60]
on which MD software are based, because one of its assumption is the pairwise
additive interactions.

In the following, we derive a general expression for the isotropic pressure
at equilibrium that includes triplet contributions. Lastly we generalize that
expression to its tensorial shape introducing the stress tensor as σαβ = −Pαβ.
In this way we are able to measure the stress relaxation as discussed in the
main text.

Isotropic pressure - It is possible to evaluate the average pressure in the
canonical ensemble at fixed number of molecules N , volume V and temperature
T using its definition

P ≡ −(
∂F

∂V
)
T,N

(12.4)

and expressing the free energy F from the partition function Q

F = −kbT log (Q) (12.5)

then (12.4) becomes

βP = (
∂Q

∂V
)
T,N

(12.6)
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The partition function itself is defined as

Q(N,V,T ) ≡
1

N !h3N
∫ d{ri}d{pi} exp (−βH) (12.7)

where H is the Hamiltonian that describes our system. It is possible to inte-
grate momenta analytically because their only dependence in the Hamiltonian
is through the kinetic energy, which produces a gaussian integral. So we get

Q(N,V,T ) =
1

N !λ3NT
∫ d{ri} exp (−βU({ri})) (12.8)

where the thermal wavelength corresponds to λT = h/
√

2πmkBT .
To get the pressure we have to take a derivative with respect to V but the

volume dependence is not only in the potential U , but also in the integration
boundaries for the positions {ri}. A solution is to use this new set of scaled
variables

ξi ≡
ri
L

(12.9)

defined in this way to isolate the V dependence from the integration domain.
In fact (12.8) becomes now

Q(N,V,T ) =
V N

N !λ3NT
∫

1

0
d{ξi} exp (−βU({ξi}, V )) (12.10)

and we can finally derive the right side of (12.6)

βP =
1

Q

∂Q

∂V
(12.11)

=
N

V
− β ⟨

∂U

∂V
⟩ (12.12)

were the bracket ⟨.⟩ denotes the ensemble average. If at this point we separate
the two and three body potentials we get that

βP =
N

V
− β ⟨

∂v(2b)

∂V
⟩ − β ⟨

∂v(3b)

∂V
⟩ (12.13)

= βP (2b)
+ βP (3b) (12.14)

P (2b) is the standard pressure tensor in virial-2-body approximation, which is
widely discussed in any soft matter textbook [40, 41, 60, 304]. However P (3b),
which is usually assumed to be zero, requires a more detailed evaluation.

Factorizable 3 body potential - The three body potential in (12.2) is
not a general function of three variables. Its three body dependence is only
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through the sum of products of two variables at the time. Hence, there such as
xixjxk do not appear. This means that its derivatives can be simplified further
by dividing each terms of the sum into two:

∂v(3b)

∂V
=

1

3L2

∂v(3b)

∂L
(12.15)

=
1
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ik

∂L

⎤
⎥
⎥
⎥
⎥
⎦

(12.17)

With∑∗ijk we mean that the summation has to be limited to the distinct triplets
to avoid over counting. The derivatives of v̂ are

∂v̂(2b)(rab)

∂L
=
∂v̂(2b)(rab)

∂xab

∂xab
∂L

+
∂v̂(2b)(rab)

∂yab

∂yab
∂L

+
∂v̂(2b)(rab)

∂zab

∂zab
∂L

(12.18)

Due to the fact that r⃗ab ≡ Lξ⃗ab we have for each of the component of (18)

∂rα
∂L

= ξα =
rα
L

(12.19)

and then
∂v̂(2b)(rab)

∂L
= −F⃗ab ⋅

r⃗ab
L

(12.20)

Substituting (20) in (17) gives

∂v(3b)

∂V
= −

λε

3L3

∗

∑
ijk

[F⃗ij ⋅ r⃗ij v̂
(2b)
ik + v̂

(2b)
ij F⃗ik ⋅ r⃗ik] (12.21)

and then the total pressure

βP = βP
(2b)
virial + β

λε

3L3

∗

∑
ijk

[F⃗ij ⋅ r⃗ij v̂
(2b)
ik + v̂

(2b)
ij F⃗ik ⋅ r⃗ik] (12.22)

From the expression above we see that the evaluation of the pressure is com-
putationally cheap because it is based on a combination of the pairwise forces
F⃗ij .

Pressure and Stress tensor - A formal expression for the stress tensor
in the presence of our 3-body factorizable interaction can be derived in the
framework of elasticity theory [305]. A general deformation of a solid body
can be defined as a transformation for its points r′α ≡ Λ β

α rβ, where Λαβ is the
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deformation tensor and α and β represent the components x, y, z in Einstein
notation. It follows that any point is displaced by u ≡ r′ − r, where this defines
the displacement field u . When an object is deformed the vector joining the
same two points, called dl, is deformed as well. Following Landau, in small
deformations we get that

(dl′)2 = dl2 + 2uikdxidxk , (12.23)

where uik is the linearized strain tensor:

uik ≡
1

2
(
∂ui
∂xk

+
∂uk
∂xi

) (12.24)

From its definition it is clear that it is symmetrical. It then means that it can
be diagonalized at any point, i.e. we can choose co-ordinates axes in such a
way that only uii components of the tensors are non-zero (this will come in
handy later on).

When a deformation occurs, the arrangement of the molecules changes,
hence thermal and mechanical equilibria are broken. As a response, some por-
tions of the body have a resultant force different from zero that would like to
rearrange the body in a new equilibrium. These internal forces produce the
so called internal stress σij . It is possible to evaluate those forces [305] and
determine them from the work done by the deformation δW = −σikδuik. Its
contribution to the internal energy is dE = TdS + σikduik. Assuming instan-
taneous equilibrium we can introduce a free energy F = E − TS that for the
deformed solid becomes

dF = −SdT + σikduik , (12.25)

which allows us to get an expression for the stress tensor

σik = (
∂F

∂uik
)
T

(12.26)

Diagonal terms - For the diagonal terms k = i, the strain tensor and the
stress are

uii =
∂ui
∂xi

= Λii (12.27)
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⇒ σii =
∂F

∂uii
(12.28)

=
∂F

∂Λii
(12.29)

=
∂F

∂x′i

∂x′i
∂Λii

+
∂F

∂V ′

∂V ′

∂Λii
(12.30)

=
∂F

∂x′i
xi +

∂F

∂V ′
V (12.31)

≈
∂F

∂x′i
x′i +

∂F

∂V
V (12.32)

to handle the derivative of the volume V we used the fact that V ′ = V +ΛiiV +

o (Λ2), then assumed small deformation, hence Λ << 1 and x ≈ x′. So we get
for the i = x component

σxx =
1

V
(
∂F

∂x
x +

∂F

∂V
V ) (12.33)

where we normalized the stress by dividing it by the entire volume V of the
system. The stress tensor can be rewritten in this form

σij = −Pδij + σ
d
ij (12.34)

≡ −pij (12.35)

where pij is the pressure tensor, P = 1
3tr (pij) is the isotropic pressure and σdij is

the out of equilibrium dynamical stress. At equilibrium in isotropic condition,
the relation states that σii = P = pjj for any choice of i and j, as it can be
easily verified by comparing Eq. 12.33 with Eq. 12.22 1.

Off-diagonal components - It is also possible to get the off diagonal compo-
nents of the stress tensor. To do so, we start by assuming symmetrical strain
Λij = Λji ≡ Λ, then the off diagonal strains are:

uij =
1

2
(
∂ui
∂xj

+
∂uj

∂xi
) = Λ (12.36)

and the stress is

σij =
∂F

∂uij
(12.37)

=
∂F

∂r′
∂r′

∂Λ
+
∂F

∂V ′

∂V ′

∂Λ
. (12.38)

1Keep in mind the assumption of isotropy that produces a factor 3, making the two
expressions identical.
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Fig. 12.2 – A solid (black) after a deformation (red) defined by x′ = x+Λz and z′ = z+
Λx. The same transformation can be rotated such that it becomes a single component
deformation, changing the prospective from left to right. With this approach x′ =
x + 2Λz but then in Eq. (12.38) we have to take the derivative only for a single
direction.

At this point we could evaluate the derivative of the free energy with respect to
the strain parameter Λ, but it is easier to follow the argument sketched in Fig.
12.2. We can see that every off-diagonal strain (i.e. one where we mix two
components), can be simplified by using the rotation depicted in the figure.
In this way the Λ dependence is on a single coordinate, hence it is easier to
evaluate the derivative. After the rotation Eq. (12.38) becomes

σij =
∂F

∂xi

∂xi
∂Λ

+
∂F

∂V ′

∂V ′

∂Λ
(12.39)

=
∂F

∂xi
xj +

∂F

∂V ′

∂V ′

∂Λ
. (12.40)

Using the same tricks that we used for the pressure, we can decompose the
stress tensor in an ideal gas term, a two body virial like term and a three body
term that we evaluate again using factorization. The final expression is then:

σαβ = −P
(2b)
αβ,virial −

λε

V

∗

∑
ijk

[(F⃗ij(rij))α (r⃗ij)β v̂
(2b)
ik + v̂

(2b)
ij (F⃗ik(rik))α (r⃗ik)β]

(12.41)

12.2 Appendix B: Diffusion equation

In this appendix we will briefly explain how we solved the diffusion equation
that we use to model self healing. We start by assuming a flat periodic density
profile, ignoring the layering effect, defined as the repetition of the block profile
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with period 2Lz:

ρ1(z,0) =

⎧⎪⎪
⎨
⎪⎪⎩

ρ0 if 0 < z < Lz

0 if Lz < z < 2Lz
(12.42)

ρ2(z,0) =ρ0 − ρ1(z,0) (12.43)

where ρ0 is the average density. We rewrite the diffusion equation (Eq. (5.1))
in Fourier space

∂ρ̂1
∂t

= −Dq2ρ̂1 . (12.44)

A Fourier expansion of the initial density then gives

ρ1(z, t) =
ρ0
2
+ ρ0

2

π

∞

∑
n=1,3,5,...

1

n
sin (qnz)e

−Dq2nt , (12.45)

which is a superposition of waves of lengths qn = 2π n
Lz

that has to contain
only even numbers for the symmetry. It shows that over time we will lose
modes starting from the fastest (largest qn). In the long time limit our solution
will be dominated by the diffusion constant D and the longest mode available
q = 2πL−1z ≈ 0.075. This is the relation that gives us the estimation of D ≈

3.12σ2/τsw. We can see from Fig. 5.5 that it captures the dynamics very well.
The predicted number of bridges from Eq. (5.2) (gray curve in Fig. 5.6) is

noticeably bad for the initial times, so we have to improve the theory. Rather
than using the Fourier series of the density, we can exactly solve the diffusion
equation using its Green function to build the solution from

ρ1(z, t) = ∫
∞

−∞
dz′G(z, z′, t,0)ρ1(z

′,0) (12.46)

where (12.47)

G(z, z′, t, t′) =
1

√
4πD(t − t′)

exp [−
(z − z′)2

4D(t − t′)
] (12.48)

The solution is a simple combination of gaussian error functions. From this
we get the red curve in Fig. 5.6 which is a reasonable approximation of our
dynamics.

12.3 Appendix C: MCT details

12.3.1 Why ”Mode-Couplings”?

In this appendix we want to show the idea behind the mode-coupling approach,
which is based on the observation that the slowest variables, i.e. the den-
sity modes, depend mainly in their dynamics on products (couples) of density
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modes. The same concept can be further generalized to prove that the dynam-
ics of density pairs depends on triplets of modes, motivating our choice of P3
in Eq. 10.18.

Let’s write the equation of motion for ρk1 calculating its acceleration from
the second derivative:

ρ̇k1 = i∑
j

(k1 ⋅ ṙj) e
ik1rj (12.49)

then

ρ̈k1 = i∑
j

(k1 ⋅ r̈j) e
ik1rj −∑

j

(k1 ⋅ ṙj)
2 eik1rj (12.50)

meaning that the dynamics of ρk1 depends also on the dynamics of the particle
position rj . The particles move in isotropic pariwise potentials H(∣rl−rm∣) that
we sum over all the particles and express in Fourier space as

Htot =
1

2V
∑
k2

hk2∑
l,m

e−ik2(rl(t)−rm(t))

=
1

2V
∑
k2

hk2ρ
∗
k2
ρk2 (12.51)

where hk2 are the Fourier modes, functions of the inverse distance k2.
Particle j feels the following force

r̈j =
1

m
Fj

=
1

m

∂Htot

∂rj

=
1

2mV
∑
k2

hk2
[ρ̇∗k2

ρk2 + ρ
∗
k2
ρ̇k2

]

=
1

2mV
∑
k2

hk2∑
m

[−ik2e
−ik2(rj−rm)

+ c.c.] (12.52)

We plug this back into Eq. 12.50 to obtain

ρ̈k1 = −∑
j

(k1 ⋅ ṙj)
2 eik1rj

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
term that depends on ρk1

+C∑
k2

∑
j
∑
m

hk2 (k1 ⋅ k2) e
−ik2(rj−rm)eik1rj (12.53)

= (⋯ρk1⋯) +C∑
k2

hk2 (k1 ⋅ k2) ρk1−k2ρk2

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
source of the ”mode-coupling”

(12.54)
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From the expression above it is clear that the dynamics of the slowest
variable ρk depends on pairs of density that are coupled in ρk1−k2ρk2 . This
candidates then the ρρ pairs as the second slowest variables, justifying the
definition of A2 that GMCT does in Eq. 2.16.

12.3.2 Schematic mode-coupling theory

Here we derive the schematic (wavevector-independent) MCT model used in
Ch. 8. In general, schematic models allow one to reduce the wavevector-
dependent complexity of MCT while retaining the basic physics, qualitative
predictions, and scaling laws of fully microscopic MCT. Several schematic
MCT models have been developed in the past to predict a glass transition;
the simplest of these is the so-called F2 model [273]. This model decouples all
wavevectors k and assumes that the memory function M(k, t) behaves as

M(k, t)∝ F (k0, t)
2, (12.55)

thus neglecting all k ≠ k0 correlations [284]. Bengtzelius et al. [284] showed that
the F2 model can also be obtained by considering the following schematization
of the static structure factor:

S(k) = 1 +Aδ(k − k0) (12.56)

where δ(k−k0) is the Dirac delta function and A represents the area below the
main peak of the static structure factor. That is, the static structure factor
is assumed to be that of an ideal gas (i.e., no structural correlations) plus a
single peak at k = k0.

In our new model, we make a similar single-peak approximation but we
preserve the connection between the memory and the structure of the system
through a temperature-dependent schematic structure factor. More explicitly,
we introduce a static structure factor S(k0;T ) which effectively replaces the
Aδ(k − k0) term in Eq. 12.56, and which captures the explicit effect of su-
percooling upon the growth behavior of the main peak of the static structure
factor. To derive this schematic model (Eq. 8.3), we start from the exact equa-
tion of motion for the collective density correlation function at wavenumber
q [53, 54, 58]

d2F (q, t)

dt2
+
k2kBT

mS(q)
F (q, t) + ∫

t

0
dτK(q, t − τ)

∂F (q, τ)

∂τ
= 0. (12.57)

Following convention, we assume that the exact memory kernel K(q, t) can be
split into a short-time and long-time part, K(q, t) ≈ δ(t) +M(q, t), and take
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the overdamped limit by setting the second derivative to 0. Within standard
MCT, the memory kernel M(q, t) is given by

M(q, t) =
ρkBT

16π3m
∫ dk⃗ [(q̂ ⋅ k⃗) c(k) + q̂ ⋅ (q⃗ − k⃗) c(∣q⃗ − k⃗∣)]

2

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
Vq⃗−k⃗,k⃗

φ(k, t)φ(∣q⃗−k⃗∣, t)S(k)S(∣q⃗−k⃗∣)

(12.58)

where we have introduced the normalized intermediate scattering function

φ(k, t) =
F (k,t)
S(k) .

To make the schematic approximation, we first note that the static structure
factor is related to the direct correlation function c(k) via the Ornstein-Zernike
relation, and that an analogous way to express Eq. 12.56 is

c(k) = c(k0)δ(k − k0). (12.59)

Using this assumption we can calculate the vertex function in Eq. 12.58 by
separating it into three terms,

M(q, t) =
ρkBT

16π3m
∫ dk⃗[ (q̂ ⋅ k⃗)

2
c(k0)

2δ(k − k0)
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

F1

+ (q̂ ⋅ (q⃗ − k⃗))
2
c(k0)

2δ(∣q⃗ − k⃗∣ − k0)
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

F2

+2 (q̂ ⋅ k⃗) (q̂ ⋅ (q⃗ − k⃗)) c(k0)
2δ(∣q⃗ − k⃗∣ − k0)δ(k − k0)

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
F3

]⋅

⋅ φ(k, t)φ(∣q⃗ − k⃗∣, t)S(k)S(∣q⃗ − k⃗∣).

(12.60)

Since schematic MCT assumes that the only physically relevant wavenum-
ber is k0, we set ∣k⃗∣ = ∣q⃗∣ = ∣q⃗ − k⃗∣ = k0. The geometrical condition shown in
Fig. 12.3(a) then fixates the angle between any two wavevectors at θ = θ0 =

60○. We can exploit this geometrical constraint by realizing that the three-
dimensional integration domain over k⃗ is now restricted to the circumference
V0, indicated in blue in Fig. 12.3(b). To calculate the three terms in Eq. 12.60,
we can thus write

∫

∞

0
dkx ∫

∞

0
dky ∫

∞

0
dkzδ(∣k⃗∣ − k0)δ(∣k⃗ − q⃗∣ − k0)Fi(k⃗)

= ∫
V0

dr dψ rδ(r − k0 sin θ0)Fi(r,ψ)

= ∫

2π

0
k0 sin θ0Fi(ψ),

(12.61)

where r = k0 sin θ0 and ψ are the radial and angular polar coordinates spanning
V0, respectively.
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The integrals now become

F1 = ∫ dk⃗ (q̂ ⋅ k⃗)
2
c(k0)

2δ(k − k0)F (k, t)F (∣q⃗ − k⃗∣, t)

≈ k20 c(k0)
2 2π cos θ20 k0 sin θ0 F (k0, t)

2

=

√
3π

4
k30 c(k0)

2 F (k0, t)
2,

(12.62)

F2 = ∫ dk⃗ (q̂ ⋅ (q⃗ − k⃗))
2
c(k0)

2δ(∣q⃗ − k⃗∣ − k0)F (k0, t)F (∣q⃗ − k⃗∣, t)

≈ ∫

2π

0
dψ k20(1 − cos θ0)

2 c(k0)
2 F (k0, t)

2 k0 sin θ0

=

√
3π

4
k30 c(k0)

2 F (k0, t)
2

= F1,

(12.63)

F3 = ∫ dk⃗ 2 (q̂k⃗) q̂ (q⃗ − k⃗) δ(∣q⃗ − k⃗∣ − k0) c(k0)
2 δ(k − k0)F (k, t)F (∣q⃗ − k⃗∣, t)

≈ 2∫
2π

0
dψ k20 cos θ0 (1 − cos θ0) F (k0, t)

2 k0 sin θ0

= 2

√
3π

4
k30 c(k0)

2 F (k0, t)
2

= 2F1.
(12.64)

The memory kernel is then:

K(k0, t) =
ρkBT

16π3m
[F1 +F2 +F3]

≈

√
3ρkBT

16π2m
c(k0)

2 k30F (k0, t)
2.

(12.65)

Our derivation thus leads us to a generalized F2 model in which the memory
kernel is proportional to F (k0, t)

2, but the parameters explicitly depend on the
main peak of the static structure factor S(k0) or the direct correlation function
c(k0). Lastly, we rewrite the MCT equation 12.57 in the overdamped limit for

the normalized dynamic scattering function φ(k0, t) =
F (k0,t)
S(k0)

. This leads to
Eq. 8.3,

φ̇(t) +Ω2
(Λ)φ(t) + λ(Λ)∫

t

0
φ2(t − τ)φ̇(τ)dτ = 0, (12.66)

with

Ω2
(Λ) =

kBT

m

k20
S(k0; Λ)

(12.67)
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(a) (b)

Fig. 12.3 – (a) The condition ∣k⃗∣ = ∣q⃗ − k⃗∣ = ∣q⃗∣ = k0 forces the triangle in the figure
to be equilateral, thus θ = θ0 = 60○. (b) For the same condition, our general three-
dimensional MCT integrals will be non-zero only in the two-dimensional integration
domain V0, which is colored in blue in the figure.

and

λ(Λ) =

√
3

16π2
ρkBT

m
[c(k0; Λ)S(k0; Λ)]

2 k30, (12.68)

where Λ is the control parameter that we vary to approach the glass transition
(in this case the temperature T ). In the latter equations we have explicitly
incorporated the Λ-dependence in c(k0; Λ) and S(k0; Λ) for clarity. Note that
at this point we have not yet specified the temperature dependence of S(k0;T ),
rendering the schematic equation 12.66 general.

12.3.3 The Vertex function

We want to show that the Vertex function Ṽ that we get from oGMCT in
Eq. 10.24 coincides with the Vertex V of standard MCT which is:

⟨Rγk
̃
⟩

Dγ,k
̃

≡ Ṽk
̃
,k−k

̃
= Vk

̃
,k−k

̃
. (12.69)
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Since there are 9 ∗ 4 ∗ 2 terms like this in Eq. 10.24, we explicitly derive only
the first one that originates from α:

⟨R(q,k,0)αk

̃

⟩

Dα,k

̃

=

⟨−i [ d
2

dt2
(ρkρq−k) +

C0
22

C0
11
ρkρq−k] ∣ρk−k

̃

ρk
̃

ρq−k⟩

2N3S(∣k − k
̃
∣)S(∣k

̃
∣)S(∣q − k∣)

. (12.70)

First we look at the term of Eq. 12.70 containing the second derivative

−⟨
d2

dt2
(ρkρq−k)∣ρk−k

̃

ρk
̃

ρq−k⟩ = ⟨
d

dt
(ρkρq−k) ∣

d

dt
[ρk−k

̃

ρk
̃

ρq−k]⟩ =

= ⟨ρ̇kρq−k∣ρ̇k−k
̃

ρk
̃

ρq−k⟩ + ⟨ρ̇kρq−k∣ρk−k
̃

ρ̇k
̃

ρq−k⟩ + ⟨ρ̇kρq−k∣ρk−k
̃

ρk
̃

ρ̇q−k⟩+

+ ⟨ρkρ̇q−k∣ρ̇k−k
̃

ρk
̃

ρq−k⟩ + ⟨ρkρ̇q−k∣ρk−k
̃

ρ̇k
̃

ρq−k⟩ + ⟨ρkρ̇q−k∣ρk−k
̃

ρk
̃

ρ̇q−k⟩

(12.71)

since ⟨ρ̇ρ⟩ = 0 each term can be factorized only as ⟨ρ̇ρ̇⟩⟨ρρρ⟩ and ⟨ρρ⟩⟨ρ̇∣ρ̇ρ⟩.
We remind that:

⟨ρ̇aρ̇b⟩ ≡ ⟨∑
i

(−i)a ⋅ vie
−iari∑

j

(+i)b ⋅ vje
ibrj ⟩

=∑
ij

a ⋅ b⟨vai ⋅ v
b
j⟩⟨e

−iari+ibrj ⟩

= a ⋅ b∑
ij

kBT

m
δijδâb̂⟨e

−iari+ibrj ⟩

=
kBT

m
a ⋅ b∑

i

⟨e−i(a−b)ri⟩

=
kBT

m
a ⋅ b∑

i

⟨e−i(a−b)ri⟩

=
kBT

m
a2δ(a − b), (12.72)

and that

⟨ρ̇a∣ρ̇bρc⟩ = ⟨−ia∑
i

vai e
−iari∑

j

(i)bvbje
ibrj∑

k

eicrk⟩

=∑
ijk

ab
kBT

m
δijδâb̂⟨e

−iari+ibrj+icrk⟩

=
kBT

m
ab∑

ik

⟨e−i(a−b)rieicrk⟩

=
kBT

m
abNS(∣c∣)δ(a + b − c). (12.73)
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We use the relations above and the convolution approximation to calculate
the following:

−⟨
d2

dt2
(ρkρq−k)∣ρk−k

̃

ρk
̃

ρq−k⟩ ⋅
m

kBT
=

= terms with structure:⟨ρ̇ρ̇⟩⟨ρρρ⟩

+ δ(k′

̃
)⋯

+ δ(k − k
̃
)k2N2S(∣q − k∣)2S(0)

+ δ(2k − q)k2N2S(∣q − k∣)S(∣k − k
̃
∣)S(∣k

̃
∣)

+ δ(q − 2k + k
̃
)(q − k)2N2S(∣k∣)S(∣k

̃
∣)S(∣q − k∣)

+ δ(q − k − k
̃
)(q − k)2N2S(∣k∣)S(∣k − k

̃
∣)S(∣q − k∣)

+ (q − k)2N2S(∣k∣)S(∣k − k
̃
∣)S(∣k

̃
∣)

+ terms with structure: ⟨ρρ⟩⟨ρ̇∣ρ̇ρ⟩

+⋯

+N2k ⋅ (k − k
̃
)S(∣k

̃
∣)S(∣q − k∣)

+N2kk
̃
S(∣k − k

̃
∣)S(∣q − k∣). (12.74)

From above, we keep only the terms with no delta function, because the addi-
tional constraint produced by the delta function makes the term sub-dominant
in the sum∑k

̃
,k′

̃
. This is another way to express theN -ordering argument [299].

Then we go back to the second term of Eq. 12.70 which is based on static
5-points correlations that we factorize as S ⋅ convolution. Considering all the
permutations we get that:

⟨ρkρq−k∣ρk−k
̃
ρk
̃
ρq−k⟩ = NS(∣q−k∣)NS(∣k∣)S(∣k−k

̃
∣)S(∣k

̃
∣)+

((((((((((
other permutations.

Once again, in the end we only keep the terms where the pair that produces
the single S (outside of the convolution) does NOT bring a delta function,
because the delta function produces an additional constraint that makes the
terms sub-leading in the ∑k

̃
,k′

̃
(N-ordering [299]).

So we get:

⟨−i [ d
2

dt2
(ρkρq−k) + C0

22

C0
11
ρkρq−k] ∣ρk−k

̃
ρk
̃
ρq−k⟩

2N3S(∣k − k
̃
∣)S(∣k

̃
∣)S(∣q − k∣)

=
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= − i [2N3S(∣k − k
̃
∣)S(∣k

̃
∣)S(∣q − k∣)]

−1 kBT

m

⎧⎪⎪⎨⎪⎪⎩
− (q − k)2N2S(∣k∣)S(∣k − k

̃
∣)S(∣k

̃
∣)+

−N2k ⋅ (k − k
̃
)S(∣k

̃
∣)S(∣q − k∣)

−N2kk
̃
S(∣k − k

̃
∣)S(∣q − k∣)

+ [ ∣k∣2

S(∣k∣)
+ ∣q − k∣2

S(∣q − k∣)
]S(∣k∣)

⎫⎪⎪⎬⎪⎪⎭

= −i kBT
2mN

⎧⎪⎪⎨⎪⎪⎩
− (q − k)2 S(∣k∣)

S(∣q − k∣)
− k ⋅ (k − k

̃
) 1

S(∣k − k
̃
∣)
− kk

̃

1

S(∣k
̃
∣)

+ [ ∣k∣2

S(∣k∣)
+ ∣q − k∣2

S(∣q − k∣)
]S(∣k∣)

⎫⎪⎪⎬⎪⎪⎭

= −i kBT
2mN

⎧⎪⎪⎨⎪⎪⎩
− k ⋅ (k − k

̃
) 1

S(∣k − k
̃
∣)
− kk

̃

1

S(∣k
̃
∣)
+ ∣k∣2

⎫⎪⎪⎬⎪⎪⎭

= −i kBT
2mN

⎧⎪⎪⎨⎪⎪⎩
kk
̃

⎛
⎝

1

S(∣k − k
̃
∣)
− 1

S(∣k
̃
∣)
⎞
⎠
+ k2 ⎛

⎝
1 − 1

S(∣k − k
̃
∣)
⎞
⎠

⎫⎪⎪⎬⎪⎪⎭
. (12.75)

On the other hand, standard-MCT produces the following vertex:

Vk,q−k = −i kBT
2mN

[qk(1 − 1

S(∣q∣)
) + q(q − k)(1 − 1

S(∣q − k∣
)]

= −i kBT
2mN

[qk(1 − 1

S(∣q∣)
) + q2 (1 − 1

S(∣q − k∣
) − qk(1 − 1

S(∣q − k∣
)]

= −i kBT
2mN

[qk( 1

S(∣q − k∣)
− 1

S(∣q∣)
) + q2 (1 − 1

S(∣q − k∣
)] (12.76)

and if we compare it with Eq. 12.75, we conclude that

⟨−i [ d
2

dt2
(ρkρq−k) +

C0
22

C0
11
ρkρq−k] ∣ρk−k

̃

ρk
̃

ρq−k⟩

2N3S(∣k − k
̃
∣)S(∣k

̃
∣)S(∣q − k∣)

= Vk
̃
,k−k

̃

(12.77)

so the Vertex function of oGMCT coincides with the Vertex of standard-MCT.
Analogously it is possible to derive the vertex function created by the β

triplets

⟨−i [ d
2

dt2
(ρkρq−k) +

C0
22

C0
11
ρkρq−k] ∣ρq−k−k

̃

ρk
̃

ρk⟩

2N3S(∣k − k
̃
∣)S(∣k

̃
∣)S(∣q − k∣)

= Vk
̃
,q−k−k

̃

(12.78)

12.3.4 From off-diagonal to diagonal GMCT

In this section we prove that off-diagonal GMCT (Eq. 10.61) produces the well
known [59] diagonal GMCT after imposing the diagonal approximation. If we
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use the N-ordering argument before imposing k = k′, we only get the following
terms:

⟨R(q,k,0)R(q,k, t)⟩ ≈

2N ∑
k

̃
,k′

̃

Vk′

̃
,k−k′

̃

V ∗
k

̃
,k−k

̃

F (∣k∣)φ(q − k′

̃
− k,k′

̃
,k − k

̃
,k
̃
)δ(q)+

+N ∑
k

̃
,k′

̃

⎡
⎢
⎢
⎢
⎢
⎣

φ(k − k′

̃
,k′

̃
,k − k

̃
,k
̃
)F (∣q − k∣)V ∗
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̃
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̃

Vk
̃
,k−k

̃

+

φ(q − k′

̃
− k,k′

̃
,q − k − k

̃
,k
̃
)F (∣k∣)V ∗

k′

̃
,q−k−k′

̃

Vk
̃
,q−k−k

̃

⎤
⎥
⎥
⎥
⎥
⎦

(12.79)

Moreover, the closure used in Ref. [59] is of the type ⟨ρρρρρρ⟩ ≈ ⟨ρρ⟩⟨ρρ⟩⟨ρρ⟩
and does not include a 4-points correlation function. So we factorize φ like this:

φ(k − k′
̃
,k′
̃
,k − k

̃
,k
̃
) ≈ N2F (∣k

̃
∣)F (∣k − k

̃
∣) (δ(k

̃
− k′

̃
) + δ(k − k

̃
− k′

̃
)) (12.80)

and we get

⟨R(q,k,0)R(q,k, t)⟩ ≈

2N3
∑
k

̃

⎧⎪⎪
⎨
⎪⎪⎩

F (∣k − k
̃
∣)F (∣k

̃
∣) F (∣q − k∣)∣Vk

̃
,k−k

̃

∣
2

F (∣q − k
̃
− k∣)F (∣k

̃
∣)F (∣k∣) ∣Vk

̃
,q−k−k

̃

∣
2
⎫⎪⎪
⎬
⎪⎪⎭

, (12.81)

which being exactly the same as Ref. [59], proves that oGMCT converges to
dGMCT after doing the diagonal approximation.
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Harrer J., Rey M., Ciarella S., Löwen H., Janssen L.M.C. and Vogel N. Stimuli-
responsive behavior of PniPAm microgels under interfacial confinement ,
Langmuir, 35 (32), 10512-10521 (2019).

Ciarella S., Biezemans R.A., and Janssen, L.M.C. Understanding, predicting
and tuning the fragility of vitrimeric polymers,
Proc. Natl. Acad. Sci. USA, 116 (50) 25013-25022 (2019),
Featured in the following press release: link.
Featured in the Eindhovens Dagblad journal .

Ciarella S. and Ellenbroek W.G. Swap driven self healing and adhesion of vit-
rimers,
Coatings, 9 (2), 114 (2019).

Ciarella S., Sciortino F., and Ellenbroek W.G. Dynamics of Vitrimers: Defects
as a Highway to Stress Relaxation,
Phys. Rev. Lett., 121 (5), 058003 (2018)
Selected as Editors’ suggestion.

215

https://arxiv.org/abs/2008.04036
https://arxiv.org/abs/2008.04036
https://arxiv.org/abs/2006.04476
https://arxiv.org/abs/2006.04476
https://arxiv.org/abs/2006.04476
https://link.springer.com/chapter/10.1007/12_2020_61
https://link.springer.com/chapter/10.1007/12_2020_61
https://link.springer.com/chapter/10.1007/12_2020_61
https://link.springer.com/chapter/10.1007/12_2020_61
https://pubs.acs.org/doi/abs/10.1021/acs.langmuir.9b01208
https://pubs.acs.org/doi/abs/10.1021/acs.langmuir.9b01208
https://www.pnas.org/content/116/50/25013.short
https://www.pnas.org/content/116/50/25013.short
https://www.tue.nl/en/news/news-overview/production-of-recyclable-plastic-a-step-closer/
https://www.mdpi.com/2079-6412/9/2/114
https://www.mdpi.com/2079-6412/9/2/114
https://journals.aps.org/prl/abstract/10.1103/PhysRevLett.121.058003
https://journals.aps.org/prl/abstract/10.1103/PhysRevLett.121.058003


Ciarella S., Gang O. and Sciortino F. Toward the observation of a liquid-liquid
phase transition in patchy origami tetrahedra: a numerical study ,
Eur. Phys. J. E, 39 (12), 131 (2016).
Featured in the following press release: link.

ArXiv (under review)

Ciarella S., Rey M., Harrer J., Holstein N., Ickler M., Löwen H., Vogel N. and
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Grazie a mamma Luciana e papà Alessandro, letteralmente i primi ad avermi
sostenuto e ai nonni Mario e Pina (e Fiore!) che hanno fatto altrettanto du-
rante questo percorso. Grazie a tutto il resto della famiglia, in particolare zia
Sonia e gli zii Sandra ed Aziz per essere delle guide, turistiche e non. Grazie
a mio fratello Luca per condividere le password di Sky e Amazon, come se
guardassimo le partite ancora nella stessa stanza. Grazie, alla mia famiglia
italo-olandese Stefano, Draga e Hans (dankjewel Hans) per tutto il supporto
e la compagnia di questi anni. Grazie ai miei amici romani Peroni, Pigne e
Tauer, per le serate insieme, che oramai purtroppo sono sempre meno, e in
particolare a Valerio per la copertina. Grazie a Francesco e Lorenzo per condi-
videre sempre un po’ di ottimismo. E per finire ringrazio chi giornalmente mi
sopportava e supportava durante tutto ciò: Cicci, Dora e soprattuto Monica,
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