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Abstract

A free fluid flow over a porous medium can be modeled by means of the Stokes-Biot system. Flow
behavior at the interface of this coupled model is of especial importance in many applications,
including the filtration of substances into body tissue, the evaporation of fluid from soil surfaces,
the extraction of oil and gas, and the flow of groundwater through fractured geothermal reservoirs.
In this thesis, specific focus lies on the influence of the microscale structure of the porous medium
interface on the flow behavior at the macroscale in geothermal applications. We introduce a
homogenization framework aimed at determining macroscopic, interfacial, parameters from pore
scale flow simulations. At the pore scale, we consider the flow behavior along and across the
porous medium interface. The microscale observations are translated to the macroscale through
the choice of suitable interfacial parameters, namely, (i) the Beavers-Joseph-Saffman slip constant,
and (ii) the fluid entry resistance parameter, which accounts for the reduced permeability of a skin
layer. The Beavers-Joseph-Saffman constant is shown to depend on the permeability and mean
vertical pore throat diameter. Furthermore, the permeability depends on the bulk porosity and,
on the mean vertical pore throat diameter. The fluid entry resistance is shown to be controlled by
the thickness and permeability of the skin layer. By applying the presented multiscale framework
to an application-oriented problem, it is shown that the developed multiscale framework provides
a micromechanical motivation of the choice of the macroscale interfacial parameters.
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Chapter 1

Introduction

A porous medium consists of a solid matrix with interconnected voids. The solid matrix can be
rigid or can experience deformations. The void space is saturated with either one fluid (i.e. a
single phase flow) or with multiple fluids (i.e. a multi-phase flow) (Ingham, Bejan, Mamut & Pop,
2004). Porous media can be divided into three different categories (Bear, 2018):

(i) Naturally occurring porous media, for example, soil and fractured aquifers or reservoirs
composed of, for example, sand, rock, sandstone and limestone;

(ii) Manufactured porous media, including paper, ceramics and industrial filters (Ambartsumyan,
Khattatov, Yotov & Zunino, 2018);

(iii) Organic porous media, such as bones, lungs or artery wall (Badia, Quaini & Quarteroni,
2009).

This thesis studies the interaction between a free fluid flow and a porous medium. This subject
has been of interest in a wide range of disciplines, including applied mathematics, chemical, civil,
environmental and mechanical engineering, geothermal physics, food science, and biomedical sci-
ence (Ingham et al., 2004). For instance, to understand how drugs filtrate into body tissue (Badia
et al., 2009) or to understand the evaporation process from soil surfaces, which is an important
aspect of the global water cycle, closely related to weather prediction, and flood forecasting and
agricultural crop growth (Gao, Davarzani, Helmig & Smits, 2018). Other examples are oil and
gas extraction and groundwater flows in fractured reservoirs, which are controlled and predicted
by the interaction between a free fluid and a fluid within the porous media (Ambartsumyan et al.,
2018). This thesis follows a generic approach that can be applied in above-mentioned disciplines.
However, assumptions regarding porous media properties are based on the last application.

Gaining more understanding of the interaction between a free flow and a porous medium enhances
our ability to model the above-mentioned processes more accurately. For the past several decades,
porous medium flow has been studied experimentally and theoretically. One challenging aspect of
modeling the interaction is coupling the two domains at the shared interface. The mass and mo-
mentum transfer over the interface, and thus the description of appropriate boundary conditions,
play a key role in describing the physical behavior at the interface (Goyeau, Lhuillier, Gobin &
Velarde, 2003). In general, two different approaches can be used to model the coupled flow:

(i) The one-domain approach employs one equation that is solved for the whole domain, consist-
ing of both the free flow and porous medium. When a sharp interface is specified, physical
properties are discontinuous and reflect the discontinuous one-domain approach, while if the
interface is specified as a transition zone in which its physical properties experience continu-
ous variations, the continuous one-domain approach is reflected (Tao, Yao & Huang, 2013).
If the porous medium is homogeneous the one-domain approach can employ the equation
proposed by (Goyeau et al., 2003). The equation is derived from the equation proposed by

A multiscale approach to the Stokes-Biot interface problem -1-



CHAPTER 1. INTRODUCTION

Brinkman (1949). However, Brinkman (1949) assumes Stokes equations, while Goyeau et
al. (2003) assumes the full Navier-Stokes equations. The equation of Goyeau et al. (2003) is
given by:

1

ε

∂

∂t
(ρu) +

1

ε2
∇ · (ρuu) = ρf −∇p+ µe∇2u− µK−1 · u, (1.1)

where ε denotes the local porosity of the domain, ρ is the fluid density, u is the fluid velocity
vector, f refers to the body forces, p is the pressure, K is the permeability tensor, µ is the
dynamic fluid viscosity and µe represents the effective viscosity. The physical nature of the
effective viscosity is unclear as well as its correct determination (Goyeau et al., 2003; Tao
et al., 2013). In the free fluid, equation (1.1) is reduced to the momentum balance of the
Navier-Stokes equations, since ε = 1, µ = µe and K → ∞. In the porous domain, Darcy’s
term becomes dominant for finite permeability values (Goyeau et al., 2003; Tao et al., 2013).
Finding suitable parameter values in the transition zone is difficult, and choosing these
parameters has a substantial impact on the results (Cornelissen, 2016; Goyeau et al., 2003).
Moreover, although this approach avoids explicit interface conditions, which is beneficial for
numerical computations, the capacity to impose inherent interfacial properties is lost.

(ii) The two-domain approach divides the domain into two subdomains: one for the free fluid
flow and one for the porous medium. The interface separates the two subdomains. In each
subdomain another equation to describe the flow applies. The (Navier-)Stokes equations are
solved in the free flow domain, while the Darcy, Brinkman, or Forchheimer model is employed
in the porous medium domain (Tao et al., 2013). The Forchheimer model is the Darcy model
but with a term added to account for the inertial effects (Cimolin & Discacciati, 2013). By
prescribing suitable interface conditions, the two subdomains can be coupled. In addition to
conservation of mass and momentum across the interface, other boundary conditions inherent
to the permeable interface apply. For example, the work of Beavers and Joseph (1967) focuses
on the boundary conditions at the interface. They studied the flow of a viscous fluid through
a channel with an impermeable upper wall and a permeable lower wall. The free flow is
assumed to satisfy the Navier-Stokes equations, while Darcy’s law holds in the interior of the
porous medium but not necessarily on the interface. The outcome of their investigation shows
that as a viscous fluid flows over a permeable material, a boundary layer is formed within the
material. This boundary layer indicates slip along the material; hence, Beavers and Joseph
(1967) proposed a semi-empirical slip boundary condition at the interface. Saffman (1971)
later studied this boundary condition based on a statistical approach. He concluded that
as pore sizes approach zero, the fluid velocity in the porous medium becomes so small that
it can be neglected. Jäger and Mikelić (2000) rigorously derived the boundary condition
derived by Saffman (1971), which is known as the Beavers-Joseph-Saffman condition. This
condition relates the free fluid velocity, v2, to the tangential fluid traction on the interface

− (σ2n2) · t2 = cBJS(v2 − u̇1) · t2, (1.2)

where σ2 denotes the stress tensor in the free flow, n2 is the unit vector pointing out of the
free flow domain and into the porous domain, t2 is the unit vector tangent to the interface,
i.e. orthogonal to n2, u̇1 is the deformation rate of the porous medium, which is zero in case
of a rigid skeleton, and cBJS is a dimensionless constant referred to as the Beavers-Joseph-
Saffman constant, which is typically experimentally determined. In addition to the Beavers-
Joseph-Saffman condition, Showalter (2010) included a boundary condition that describes
the dependence of the Darcy flux at the interface on the pressure behavior. Showalter (2010)
assumed that the Darcy flux, q, across the interface is driven by the difference between the
traction of the free fluid in normal direction and the pore pressure, pp, in the porous medium,

γq · n1 = (σ2n2) · n2 + p1, (1.3)

where n1 is the unit vector on the interface pointing out of porous domain and into the free
flow domain, and γ ≥ 0 denotes the fluid entry resistance. A positive value for γ imposes a
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CHAPTER 1. INTRODUCTION

jump in pressure across the interface (Bergkamp, Verhoosel, Remmers & Smeulders, 2019).
Frequently, γ is set to zero (e.g. Badia et al. (2009); Murad, Guerreiro and Loula (2000,
2001)).

Since the applications of interest in this study are heavily influenced by the interaction between a
free fluid flow and a porous medium, the interface is of particular interest. When the focus is on
the physical behavior of the fluid flow along and across the interface, the two-domain approach
is preferred, since the one-domain approach does not allow for the imposition of the intrinsic
interfacial properties. A downside of the two-domain approach is that two parameters arise -
the Beavers-Joseph-Saffman constant and the fluid entry resistance - and there is currently no
theoretical approach to determine what their values should be for a certain porous geometry. This
leads to the following thesis objective:

The goal of this thesis is to provide a computational framework for the determination of the
Beavers-Joseph-Saffman constant, cBJS , and the fluid entry resistance, γ.

To achieve our research objective, two approaches can be considered to find these two values:
experimental or numerical theoretical analysis. We opt to follow a multiscale modeling approach
in which two different scales used to model the flow can be distinguished: the microscopic scale,
or pore scale, and the macroscopic scale. Figure 1.1 provides a schematic representation of these
scales. At the microscopic scale, all details of the porous medium are visible (i.e. the distinction
between the voids filled with fluid and the solid skeleton can clearly be seen). The typical size of
the void space for sandstone is in the order of 10−2 − 10−1 mm (Nelson, 2009), while its grain
size is in the order of 10−2 − 100 mm (University of Auckland, 2005). At the macroscopic scale,
these details are disregarded, and the porous medium is considered to be a porous continuum.
The characteristic size of this domain is in general much larger. Bear (2018) proposed a domain
length of a thousand times the typical size of a grain or void.

Figure 1.1: Illustration of different scales used in modeling the interaction between a free fluid
and a porous medium at microscopic scale (left) and at macroscopic scale (right) reproduced from
Jamet and Chandesris (2009).

The main difficulty with describing flow behavior at the pore scale is the need to know the exact
description of the pore geometry, which is often a complicated task due to the complexity of void
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CHAPTER 1. INTRODUCTION

geometries (Kuttanikkad, 2009). Consequently, computational costs are very high and only the
consideration of small-scale problems is feasible (Weishaupt, Vahid & Rainer, 2019). As a result,
macroscopic models are often used. However, macroscale models do not describe relevant process
complexities on the pore scale; rather, in case of two domain approaches, they use interface
conditions that are specifically related to processes that occur on the interface. However, the
theoretical determination of the parameters involved in these interface conditions is challenging.
By examining processes that occur at the pore scale, we aim to improve our understanding of the
physical relevance and scaling of interface parameters that appear in the macroscale model. This
leads us to the following thesis subgoals:

(1) To model the porous medium and adjacent free flow at the microscopic scale over a rep-
resentative volume; and (2) to upscale the outcomes to derive parameters for the model at the
macroscopic scale, thereby achieving our main goal.

This thesis is outlined as follows: Chapter 2 introduces the multiscale framework and elaborates
on the microscale and macroscale definitions and models. Chapter 3 explains several geometrical
and mathematical models that can be used in numerical simulations. The physical processes
influencing cBJS and γ at the interface are analyzed in Chapters 4 and 5, respectively. From these
observations, conclusions can be drawn regarding the behavior of cBJS and γ at the macroscopic
scale. Chapter 6 uses a geometrical model that describes the porous medium more realistically
to investigate whether the results found in Chapters 4 and 5 using a simplified geometrical model
are valid in more complex porous medium geometries. This chapter also exemplifies the developed
computational multiscale framework. Chapter 7 presents recommendations and conclusions of this
thesis.

-4- A multiscale approach to the Stokes-Biot interface problem



Chapter 2

The multiscale framework

Characteristics of porous media at the macroscale include, among others, its permeability, Beavers-
Joseph-Saffman constant and the fluid entry resistance. For the two latter characteristics there
is no theoretical determination known on the macroscale. However, at the microscopic scale, it
is possible to determine these characteristics. This chapter elaborates on the multiscale approach
employed to determine macroscale (interface) properties from observations of microscale fluid be-
havior. In order to provide a theoretical basis for the multiscale approach the governing equations
for fluid flow at the microscale and the macroscale are introduced. In addition, geometrical models
used to describe porous media at the microscopic scale are proposed.

Figure 2.1: Fluid flow through a fractured reservoir (Ambartsumyan et al., 2018).

As mentioned in Chapter 1, the approach introduced in this work is applicable to a wide range of
problems. However, focus lies on the interaction between flow through subsurface fractures and
the surrounding porous formation, which is depicted, on the macroscale, in Figure 2.1.

Section 2.1 elaborates on the microscale of the reservoir, while Section 2.2 discusses the macroscopic
scale. Section 2.3 finally explains how the microscopic scale is homogenized in order to obtain
macroscopic characteristics.
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CHAPTER 2. THE MULTISCALE FRAMEWORK

2.1 Microscale

Figure 2.2 depicts a zoomed in view of the interface between the fracture and the formation, such
that the microscale becomes visible. At the microscale, it is possible to distinguish between a
connected fluid domain Ω, as depicted in blue, and the solid structure of the porous medium, as
depicted in grey. We assume that the solid structure is rigid. Since a single domain captures both
the fluid in the interconnected void space of the porous medium and the fluid in the fracture, there
is no need for interface coupling between the fracture flow and the porous medium.

Figure 2.2: A zoomed in view of the interface in a fractured reservoir.

Section 2.1.1 considers models that can be applied to the fluid flow in the domain Ω, after which
geometrical models for describing a porous medium at the microscale will be considered in Section
2.1.2.

2.1.1 Fluid models

Navier-Stokes model

The Navier-Stokes equations provide insight into how velocity, pressure, temperature and density
are related in a moving fluid (Hall, 2005). By solving the equations for an appropriate set of
boundary conditions, the pressure and velocity can be predicted. The Navier-Stokes equation for
a compressible Newtonian fluid read:

ρ

(
∂u

∂t
+ u · ∇u

)
︸ ︷︷ ︸

1

= −∇p︸ ︷︷ ︸
2

+∇ · (η(∇u+ (∇u)T )− 2

3
η(∇ · u)I)︸ ︷︷ ︸

3

+ f︸︷︷︸
4

, (2.1)

where u is the fluid velocity [m/s], p is the fluid pressure [Pa], ρ is the fluid density [kg/m3], and
η is the fluid dynamic viscosity [Pa s]. Term 1 in equation (2.1) corresponds to the inertial forces,
term 2 to the pressure forces, term 3 to the viscous forces and term 4 to external forces. Along
with the momentum equation (2.1), the mass continuity equation

∂ρ

∂t
+∇ · (ρu) = 0, (2.2)

needs to be solved. The non-dimensional Knudsen number indicates whether the Navier-Stokes
equations are valid. If so, the non-dimensional Reynolds number and Mach number are used to
distinguish flow regimes. Based on the flow regime, the Navier-Stokes equations can be simplified.
The non-dimensional numbers are explained below.
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Knudsen number The Knudsen number is given by:

Kn =
λ

L
, (2.3)

where L is a representative length scale and λ is the mean free path of the molecules in the flow,
which is the average distance that a particle has travelled between two collisions. When Kn < 0.01,
L is considerably larger than λ and the fluid is considered as a continuum. Then the Navier-Stokes
equations are valid. For Kn > 0.1, the Navier-Stokes equations are not valid anymore. For the
region in between, 0.01 < Kn < 0.1, the Navier-Stokes are still valid, but require a correction at
the boundaries (de Wild, 2015).

Reynolds number The Reynolds number is defined by:

Re =
ρUL

η
, (2.4)

with L a characteristic length [m] and U a characteristic velocity [m/s]. The Reynolds number
indicates whether the flow is laminar, turbulent or in between.

When the Reynolds number is very small, Re � 1, the flow is laminar. As a consequence, the
inertial forces, term 1 in equation (2.1), are small compared to the viscous forces, term 3 in equa-
tion (2.1), and can therefore be neglected (Y. Wang, 2015).

In case of turbulent flows, Re� 1, the inertial forces are much higher than the viscous forces. In
order to capture the whole behavior of these flows, a very fine spatial and temporal discretization
is needed, which in turn asks for massive computational power (Y. Wang, 2015). Therefore, a
Reynolds-Averaged Navier-Stokes (RANS) formulation of the Navier-Stokes equations is frequently
used. This formulation averages the velocity and pressure fields in time (Ang & Tu, 2004).

Mach number The Mach number is defined by:

Ma =
|u|
c
, (2.5)

with c the speed of sound [m/s]. It is a measure of the compressibility of a fluid. A low Mach
number (Ma < 0.3) corresponds to an incompressible flow (Pardyjak, 2003), this means that the
density can be considered constant and equation (2.2) reduces to:

∇ · u = 0. (2.6)

Substituting this in equation (2.1), causes the second term of the viscous forces (term 3 in equation
(2.1)) to vanish.

For Ma > 0.3 the flow is considered to be compressible. In addition to the Navier-Stokes equa-
tions, the energy equation needs to be solved, since the coupling between the velocity, pressure,
and temperature field becomes very strong (Pardyjak, 2003).

Relation dimensionless numbers to application of interest The selection of our final
mathematical model is based on these dimensionless numbers. We shall return to this in a later
stadium of our study.
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Stokes model

A simplified version of the Navier-Stokes equations are the Stokes equations. Flows described by
the Stokes equations are referred to as Stokes flow or creeping flow. These are flows in which the
Reynolds number is low, leading to viscous forces dominating over inertial forces (Kirby, 2010).
The resulting equations equal equation (2.1) with absence of term 1, and equation (2.2). In the
case of an incompressible Newtonian fluid, the mass continuity equation can be rewritten as

∇ · u = 0. (2.7)

Substituting in equation (2.1) and disregarding term 1 gives the Stokes momentum equation:

−∇p+∇ · (η(∇u+ (∇u)T ) = −f . (2.8)

The left hand term can be rewritten by substituting the Cauchy stress tensor:

σ = 2η∇su− pI, (2.9)

where I is the identity tensor and ∇su is defined as:

∇su =
1

2
(∇u+∇uT ). (2.10)

This leads to the Stokes momentum equation:

∇ · σ = −f . (2.11)

Remark (Kinetic models and methods for porous media). For small Knudsen numbers a local
thermodynamic equilibrium is typically considered. This is the so called fluid regime. For higher
Knudsen numbers the thermodynamic equilibrium cannot be reached, because the gas is more
rarefied which causes the number of collisions per unit of time to be very small. This is called the
kinetic regime (Golse & Levermore, 2004). As mentioned in Section 2.1.1, the Navier-Stokes
equations are not valid in this regime, since their results do not converge and therefore do not
apply theoretically (Raabe, 2004). Alternatively, the Boltzmann equation may be employed to
describe the flow at the molecular scale (Kandlikar, Li, King, Garimella & Colin, 2013).
Particle based methods, including the lattice Boltzmann method (LBM), are frequently used in
the porous media domain (e.g. L. Chen, Kang, Mu, He and Tao (2014); Guo and Zhao (2002);
Kang, Zhang, Chen and He (2002); Pan, Luo and Miller (2006)). The concept is based on
constructing kinetic models that include essential physics of microscopic processes (S. Chen &
Doolen, 1998). It consists of a regular spatial grid of notes, the lattice. Each of these nodes
contain distribution functions, representing the density and velocity of particles in that node.
At each timestep, particles in one node move to another node and cause collisions resulting
in a new distribution. Continuum quantities, such as mass density and momentum density,
can be found using the distribution functions (Viggen, 2014). This method is efficient when
dealing with complex boundaries, making it a suitable method to simulate porous media flows.
Furthermore, parallelisation of LBM enables the study of larger scale problems. Several studies
of porous media have been done with the LBM (e.g. Guo & Zhao, 2002; Hao & Cheng, 2010;
Pan, Prins & Miller, 2004). A drawback is that when dealing with advection dominated problems
the method is unstable (Kuttanikkad, 2009).
Another example of a particle based method is Smoothed Particle Hydrodynamics (SPH). SPH is
a Lagrangian meshfree method, in which the computational domain is discretized by a finite set of
particles. These particles possess material properties and interact with each other (Tartakovsky
et al., 2016). The Navier-Stokes equations are discretized based on these particles, leading to
a set of ordinary differential equations which can be solved via time integration (Kuttanikkad,
2009). A few advantages of SPH are the meshfree feature which ensures an easy handling of
large deformations, generalizing or extending SPH to smaller scale is elementary and numerical
implementation of SPH is easier (Liu & Liu, 2010). Disadvantages of particle based methods
are the reduction of accuracy when particles become disordered and the difficulty of imposing
boundary conditions (Tartakovsky, Meakin, Scheibe & Wood, 2007).
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2.1.2 Geometrical models for the porous medium at the microscale

Actual pore geometry

The fundamental method to model a porous medium is by describing its actual pore geometry
(Mehmani & Tchelepi, 2016). The actual pore geometry can be observed from imaging techniques,
such as thin section, FE-SEM, and X-CT, see Figures 2.3 and 2.4 (F. Wang & Cai, 2019) or µCT
Hoang et al. (2019). However, the major disadvantage of this method, is that it is computationally
highly expensive (Mehmani & Tchelepi, 2016).

Figure 2.3: Images of microscopic pore structures of tight sandstone obtained from thin section
(A) and FE-SEM (B) reproduced from F. Wang and Cai (2019).

Figure 2.4: X-CT based 2D images (A) and 3D pore volume distributions (B) reproduced from
F. Wang and Cai (2019).

Pore-Network Model

In order to couple the macroscopic free flow and porous medium region a so called complex
interface can be assumed. This interface has a thickness much smaller than the two macroscopic
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subdomains but is capable of storing thermodynamic quantities, unlike a sharp interface with no
thickness (Cornelissen, 2016). The complex interface can be modeled using a pore-network model.
The concept of Cornelissen (2016) is shown in Figure 2.5.

Figure 2.5: A schematic representation of a free flow and porous medium coupled by a pore-network
model proposed by Cornelissen (2016).

Baber (2015) developed and tested a macroscopic scale coupling concept that accounts for drop
dynamics at the interface between a free flow and porous medium. She modeled the pore-network
by substituting a bundle of tubes with the length equal to the thickness of the interface layer, δ.
An illustration of the concept of Baber (2015) is shown in Figure 2.6. FF and PM in the figure
are abbreviations for free flow and porous medium, respectively.

Figure 2.6: A schematic representation of a free flow and porous medium coupled by a pore-network
model proposed by Baber (2015)

Cornelissen (2016) and Baber (2015) model the interface as a pore-network model and consider
the free fluid flow and porous medium at macroscopic scale, thus disregarding the actual pore
geometry of the porous medium. Contrary, Weishaupt et al. (2019) propose a coupled model
concept for free flow over a network of pores in which the whole porous medium is approximated
by a pore network model. The concept of Weishaupt et al. (2019) represents the solid skeleton of
a porous medium by square blocks, while the space between consecutive blocks represents the void
spaces in a porous medium. This concept is comparable to the concept considered by Cornelissen
(2016). Simplified geometries have a beneficial influence on the computational costs, compared to
actual pore geometries

Remark (The mathematical model of Weishaupt et al. (2019)). The mathematical model
Weishaupt et al. (2019) propose is a coupled model concept for a free flow over a network
of pores which solves the mass and momentum balance equations at once. They use the Navier-
Stokes equations for the free flow. The Hagen-Poiseuille law is used to define the volumetric
flow rate in the pore throats. The coupling conditions consist of a no slip boundary condition
between the free flow and solid skeleton of the porous medium and the tangential velocity at the
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interface is defined as:

[u · t]FF =

{
[u]PNM · [t]FF on pore throat,

0 else.

where the abbreviations FF and PNM indicate free flow and pore-network model, respectively.
Furthermore, at the pore throats at the interface, the continuity of normal forces is considered:

n[((ρuuT − µ(∇u+∇uT ) + pI)n)]FF = [p]PNM (2.12)

Weishaupt et al. (2019) show that this model is adequate for regular structured pore networks
as well as for irregular, random pore networks. Furthermore, agreement between the results of
this model and a reference model is shown. Finally, CPU time is reduced using the model of
Weishaupt et al. (2019).

2.2 Macroscale

At the macroscopic scale the coupled domain illustrated in Figure 2.1 is considered. The domain
consists of two closed subdomains, Ω1 ⊂ Rd and Ω2 ⊂ Rd with their corresponding boundaries,
∂Ω1 ⊂ Rd−1 and ∂Ω2 ⊂ Rd−1, respectively. Domain Ω1 represents the rock, i.e. the porous me-
dium, and domain Ω2 represents the free fluid flow in a fissure in the ground. The dimension of the
problem is indicated by d, i.e. d = 1, 2, 3. For the sake of simplicity, we start with analysing a 2D
problem, which can afterwards be elaborated to 3D. The location at which the subdomains meet
is the interface, Γ12 = ∂Ω1 ∩ ∂Ω2. The external boundaries of the two subdomains are denoted
by Γ1 = ∂Ω1 \ Γ12 and Γ2 = ∂Ω2 \ Γ12. The unit vectors, n1 and n2, point out of its domain, Ω1

and Ω2, respectively.

Bergkamp et al. (2019) also study the domain depicted in Figure 2.1. They assume that the be-
havior in the free fluid flow, Ω2, is described by Stokes flow. They consider an elastic medium in
which the solid skeleton is able to withstand small deformations. The behavior of such a porous
medium is described by Biot’s theory. The interface conditions proposed by Bergkamp et al. (2019)
include, besides mass and momentum continuity across the interface, the Beavers-Joseph-Saffman
condition, equation (1.2), and the boundary condition proposed by Showalter (2010) in which
the fluid entry resistance appears, equation (1.3). In this model, the displacement of the porous
medium is denoted by u1(x, t) for x ∈ Ω1 and its corresponding velocity is indicated with u̇1(x, t)
for x ∈ Ω1. The velocity of the fluid in the voids is denoted by v1(x, t) for x ∈ Ω1, while the pore
pressure inside the voids is indicated with p1(x, t) for x ∈ Ω1. The free fluid velocity is denoted
by v2(x, t) for x ∈ Ω2, while p2(x, t) for x ∈ Ω2 refers to the pressure in the free fluid flow. The
strong form of this problem is formulated as:

find u1 : Ω1 → Rd, p1 : Ω1 → R, v2 : Ω2 → Rd, and p2 : Ω2 → R such that:

Porous medium (domain Ω1):

αB∇ · u̇1 +
1

M

∂p1

∂t
+∇ · q = 0 in Ω1, (2.13a)

∇ · σ1 = 0 in Ω1, (2.13b)

q · n1 = q̄ on Γq1, (2.13c)

p1 = p̄1 on Γp1, (2.13d)

u1 = ū1 on Γu1 , (2.13e)

σ1n1 = τ̄1 on Γt1, (2.13f)
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Where αB is the Biot-Willis coefficient [-], M is the compressibility modulus [Pa], σ1 is the total
stress in the porous medium and with Γq1 ∪ Γp1 = Γ1 and Γq1 ∩ Γp1 = ∅ and with Γt1 ∪ Γu1 = Γ1 and
Γt1 ∩ Γu1 = ∅.

Free flow (domain Ω2):

∇ · v2 = 0 in Ω2, (2.14a)

∇ · σ2 = 0 in Ω2, (2.14b)

v2 = v̄2 on Γv2, (2.14c)

σ2n2 = τ̄2 on Γt2, (2.14d)

With Γv2 ∪ Γt2 = Γ2 and Γv2 ∩ Γt2 = ∅.

Interface coupling (interface Γ12):

v2 · n2 = −(u̇1 + q) · n1 on Γ12, (2.15a)

σ1n1 = −σ2n2 on Γ12, (2.15b)

(σ2n2) · t2 = cBJS(v2 − u̇1) · t2 on Γ12, (2.15c)

γq · n1 = (σ2n2) · n2 + p1 on Γ12, (2.15d)

In which q is a measure for the fluid flow through the voids of the porous medium, also referred
to as the Darcy flux, which is given by:

q = φ(v1 − u̇1), (2.16)

with φ the porosity of the porous medium. The porosity of porous medium is the ratio of the void
volume to the whole volume of the porous medium.
Recall that, contrary to Bergkamp et al. (2019), we assume that the solid skeleton is rigid. There-
fore u1 = 0 and subsequently u̇1 = 0. It follows that q = φv1. Furthermore, σ1 vanishes. The
problem is then reduced to:

find u1 : Ω1 → Rd, p1 : Ω1 → R, v2 : Ω2 → Rd, and p2 : Ω2 → R such that:

Porous medium (domain Ω1):

1

M

∂p1

∂t
+∇ · (φv1) = 0 in Ω1, (2.17a)

φv1 · n1 = φv̄1 on Γq1, (2.17b)

p1 = p̄1 on Γp1, (2.17c)

Free flow (domain Ω2):

∇ · v2 = 0 in Ω2, (2.18a)

∇ · σ2 = 0 in Ω2, (2.18b)

v2 = v̄2 on Γv2, (2.18c)

σ2n2 = τ̄2 on Γt2, (2.18d)

Interface coupling (interface Γ12):

v2 · n2 = −φv1 · n1 on Γ12, (2.19a)

(σ2n2) · t2 = cBJSv2 · t2 on Γ12, (2.19b)

γφv1 · n1 = (σ2n2) · n2 + p1 on Γ12, (2.19c)
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Biot (1941) assumes that the fluid in the porous medium behaves according to Darcy’s law, the
governing Biot’s theory in the porous medium should in case of rigidity then reduce to a model
that describes Darcy type flow. This is indeed the case, since the model of the porous medium in
equation (2.17a) is the so called Darcy equation (Cao, Gunzburger, Hua & Wang, 2008).
Note that u in equation (2.1) refers to the fluid velocity in both domains, hence the following
holds:

v2 = u,

q = φu.
(2.20)

In order to meet our research goal, the microscopic scale is homogenized. The obtained cBJS and
γ are substituted into the model of Bergkamp et al. (2019), taking into account that the solid
skeleton is rigid. The outcomes serve to verify our theoretical findings from the homogenization.
The following section explains how the homogenization process is realized.

2.3 Homogenization

The aim of homogenization is the upscaling of models governing complex microscopic domains to
the laboratory scale and beyond. The basic idea behind homogenization is as follows. Different
scales are identified and separated, in porous media one can specify (Pop, 2011):

ε =
l

L
(2.21)

where l represents a length scale for the voids in the porous medium and L represents a length
scale for the macroscopic domain. In the process of homogenization one assumes that ε is small.
Consider q to be the velocity inside the void spaces in a porous medium at the microscopic scale.
The flow is described by the incompressible Stokes equations, with the velocity and pressure
defined as qε(x) = q( 1

εx) and pε(x) = p( 1
εx), respectively. An expression for the averaged fluid

velocity at the macroscale is given by (Pop, 2011):

q̄ = lim
ε→0

qε (2.22)

A systematic approach to solve equation (2.22) is the asymptotic expansion method, which assumes
that the velocity and pressure can be expanded asymptotically as:

qε = q0(x) + εq1(x) + ε2q2(x) + ...,

pε = p0(x) + εp1(x) + ε2p2(x) + ...,
(2.23)

and rewrites the differential operators appearing in the Stokes equations as:

∇ → ∇x +
1

ε
∇y, ∆ → ∆x +

1

ε
∆x ·∆y +

1

ε
∆y ·∆x +

1

ε2
∆y. (2.24)

Equations (2.23) and (2.24) are substituted in the Stokes problem. If this method is worked out,
see Pop (2011) for a detailed explanation, Darcy’s law is obtained:

q = −k
η
∇p1. (2.25)

Hence, Darcy’s law is an example of an equation obtained by homogenization: Stokes describes
the fluid flow behavior in the voids of a porous medium, when averaged to the macroscale the fluid
velocity behaves according to Darcy’s law. However, the homogenization of cBJS and γ cannot
be performed using the asymptotic expansion method, since this method assumes a quantity that
describes a process in for example a porous medium. cBJS and γ are characteristics of the porous
medium depending on its structure. Therefore another homogenization method is used. Section
2.3.1 and 2.3.2 explain how this is being addressed for cBJS and γ, respectively.
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2.3.1 Homogenization method for the Beavers-Joseph-Saffman constant

Beavers and Joseph (1967) were among the first to perform a major experiment to study flow
processes at a porous medium interface. They studied a rectilinear viscous fluid flow between two
parallel plates of which the upper wall is impermeable and the lower wall is permeable. Beavers
and Joseph (1967) observed that the mass flow rate did not behave as predicted by the Poiseuille
flow. Beavers and Joseph (1967) state that this occurs due to the fact that as a viscous fluid flows
over a permeable wall a boundary layer within the porous medium is induced. This boundary
layer is referred to as slip. Slip at the interface is caused by the fluid flowing tangent to both the
solid skeleton of the porous medium and its pore throats. At the solid skeleton a no slip boundary
condition should hold, however at the pore throats a certain fluid flow exists, resulting in some net
velocity along the interface at the macroscale. To model this effect, Beavers and Joseph (1967)
proposed an empirical slip flow condition,

du

dy
=

α√
k

(uB − uD), (2.26)

where u denotes the free flow velocity [m s−1], y the coordinate normal to the interface [m],
uB the velocity at the interface [m s−1], uD the velocity inside the porous medium [m s−1], k the
permeability of the porous medium [m2] and α is a dimensionless quantity depending on properties
that define the structure of permeable material. Saffman (1971) stated that the velocity inside
the porous medium is negligibly small compared to the free flow velocity, resulting in the Beavers-
Joseph-Saffman condition (Bergkamp et al., 2019),

(σ2n2) · t2 = − ηα√
k

(v2 − u̇1) · t2, (2.27)

with (σ2n2) · t2 = τp the tangetial fluid traction on the interface, t2 the unit vector tangent to
the interface, v2 the velocity of the free fluid flow and u̇1 the velocity of the porous structure
corresponding to its displacement [m/s]. For the sake of simplicity, an undeformable porous
medium is assumed at first, i.e. u̇1 = 0 m/s. Then equation (2.28) reduces to,

τp = − ηα√
k
vt, (2.28)

with vt the tangential component of the velocity at the interface.
In this thesis, we denote the parameter in equation (2.28) as cBJS , i.e.,

cBJS = − ηα√
k
. (2.29)

It is not completely clear how this relation is established, except that Beavers and Joseph (1967)
concluded that there should be a dimension (length)−1 in equation (2.26) according to a dimension
analysis.

√
k satisfies the requirements that it should be a length scale as well as that it should be

a property of the porous structure. Hence, the dependence on the permeability is not physically
substantiated, which also holds for the the dynamic viscosity. In addition, α is based on experi-
ments and thus not theoretically substantiated. The homogenization proposed herein is aimed at
linking microscopic system properties of a porous medium to cBJS , a macroscopic characteristic
of the porous medium, in order to gain more physical insight in the relation given in equation
(2.29).

Microscopic system properties of porous media

The aim is to identify the system properties with which cBJS can be calculated theoretically.
Therefore, the properties need to be measurable. To link this to practice, consider a rock in which a
well bore is drilled. What are the properties of the rock that can be measured in order to determine
a value for cBJS in the mathematical model? These properties include the permeability, k [m2],
the bulk porosity and surface porosity, φb and φs [-], respectively, and the average pore throat
diameter in vertical and horizontal direction, dp,hor and dp,ver [m] respectively. The following
clarifies these properties and reasons why it is likely that they influence cBJS .
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Permeability Permeability of a porous material is defined as its ability to allow liquids to pass
through. Darcy’s law is an empirical relation that describes the flow through a porous medium.
It can be written as:

q = −k
η
∇p, (2.30)

with q the Darcy flux [m/s], and ∇p the pressure gradient [Pa m] (Verruijt, 2016). Darcy’s law
applies for laminar flows. Generally, the validity of Darcy is expressed by the Reynolds number
defined by:

Re =
ρqd

η
, (2.31)

with ρ the density of the fluid [kg/m3] and d the average grain diameter.
The range of Reynolds numbers in which Darcy’s law is valid is a source of ambiguity. Chapman
(2012) suggests that the upper limit of Darcy’s law is greater than 10, while Alabi (2011) defines

the upper limit at Re = 1 and Hassanizadeh and Gray (1987)
indicate upper limits of Re = 2, Re = 3 or Re = 5. Sobieski
and Trykozko (2014) addressed this issue and concluded that
an upper limit of slightly above Re = 10 did not result in ex-
cessive error. However, because there is so much uncertainty on
this topic, we hold on to a general statement that Darcy holds
whenever the Stokes equations are valid, because Darcy is de-
rived from Stokes, see Section 2.3. Stokes is valid when Re < 1,
see Section 2.1.1, hence, we assume this to hold for Darcy.
A schematic representation of the set up which was used by
Darcy to determine the permeability is illustrated in Figure
2.7. The fluid flows through a porous medium perpendicular
to the surface area of the porous medium (the interface). This
is the measured Darcy flux, q. The difference in height between
the in- and outlet, h1 − h2, indicates the pressure difference.
Subsequently, the permeability can be calculated with equation
(2.30).

Figure 2.7: Schematic representa-
tion of the set up of Darcy. Repro-
duced from InTeGrate (2017).

Porosity The bulk and surface porosity are ratios described as:

φb =
Apore

Atotal
(2.32) φs =

lpore

ltotal
(2.33)

with Apore the area all pores occupy, Atotal the total area of the porous medium, lpore the length
which the pores occupy at the interface, and ltotal the total length of the interface. The exact
dimensions are geometry dependent. Therefore, an illustration of a domain with these parameters
indicated, is given in Section 4.2.1 and 4.2.2, in which the geometry considered is known.
At the edges of the solid skeleton the shear stress will be largest, since no slip is prescribed. At
the pore throats the shear stress is absent, since theoretically full slip occurs. However, because
the pore throats are relatively small, this area will be influenced by the solid grains and therefore
shear stress is present, although to a lesser extent. If the size of the pore throats shrinks, the
porosities will reduce. This means that the overall shear stress will increase. Therefore it is likely
that porosities have a strong correlation to the shear stress.

Mean pore throat diameter The same reasoning holds for the pore size as for the porosity.
The bigger the pore size, the less overall influence it will experience from its neighbouring solid
grains, so the lower the overall shear stress will be. However, due to the tangential flow direction
along a permeable wall, it seems logical that varying the pore throat diameter in horizontal
direction has little to no influence, while varying it in vertical direction has. To study the effect
of only the pore throat diameter, the porosity, dependent on the pore throat diameter, needs to
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be kept constant. This can be achieved by increasing the grain size with a factor 2 and removing
a pore throat, i.e. ‘pasting’ two pore throats against each other, of which an illustration is given
in Section 4.2.3.

Method

To study the effect of each of the properties introduced previously in this section, one property
is varied while the others are kept constant. However, this causes the geometry to alter and con-
sequently the permeability will also change. Therefore, first the relation between the permeability
and the other properties is studied. The steps that need to be followed are listed below. The
phased plan uses φb as property which is varied, but the same plan holds for the other properties
as well.

(i) The permeability is calculated for geometries with different bulk
porosities. In order to determine the permeability of a porous
medium, a model similar to the set up which Darcy used is
needed. A schematic representation of Darcy’s set up is given
in Figure 2.7. In the literature, two main sorts of models are
used to simulate this set up. Sobieski and Trykozko (2014) for
example, use one where the inflow cross section has the same
dimension as the cross section of the porous medium. The other
model which is used, for example by Brown (2005a), has a small
inflow and outflow channel. In addition, the distance between
the in- and outlet and the porous medium can be varied. The
model variations are shown in Figure 2.8, in which the grey area
represents the porous medium. The fluid flows from the top of
the geometry to the bottom due to a prescribed pressure dif-
ference. Hence, we can calculate the permeability in vertical
direction. Regarding the cBJS the free fluid flows over the per-
meable wall (porous medium), consequently, the fluid will enter
the porous medium by means of the vertical pore throats. Thus
we are interested in the permeability in vertical direction.
In the first geometry, the fluid flows directly into the porous
medium at the inlet, while in the second geometry the fluid first
passes through a channel before it enters the porous medium.
Geometry III and IV follow the same principle, however, they
have a constriction at the inlet and outlet. A disadvantage of
geometry III and IV is that the pressure in the porous me-

Figure 2.8: Models that can
be used to simulate the set up
of Darcy.

dium is influenced by the narrowing of the channel at the inlet. It results in a waving pattern,
while linear behavior is expected. By increasing the distance between the porous medium and
the narrow channel, this influence is diminished. However, geometry I and II do not display
to this behavior, therefore it is more convenient to choose for geometry I or II. Geometry I
is rejected as well, because a certain distance between the in- and outlet and porous medium
is needed, otherwise the in- and outflow conditions are not satisfied: the expected Poiseuille
flow is not developed yet. An elaborated analysis that leads to the above-mentioned conclu-
sions is given in Appendix A.
The calculated permeability can then be plotted as a function of the bulk porosity. From
the data points, a regression line, if present, can be found. An example is given in the upper
figure of Figure 2.9. To calculate the permeability, equation (2.30) is rewritten to:

k = − qη
∇p

. (2.34)

(ii) Now that the permeability is known for every geometry, the shear stress on the interface can
be calculated. In order to calculate the shear stress on the interface, a force balance in the
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x-direction, because the shear force acts in opposite direction of the tangential fluid flow, is
formulated. The force is calculated with the general equation,

F =
p

A
or F =

τ

A
. (2.35)

Since we study a 2D problem at this stage, the surface area, A, corresponds to the length
scale on which the force is working. The force balance is established with the help of a body
diagram. A body diagram is a schematic representation of the domain, and thus dependent
on the geometry. In Section 4.1, the considered geometry is shown with the forces and length
scales indicated in it. Hence, an illustration how to establish a force balance is explained
there.
The tangential velocity on the interface is obtained from post-processing of the simulations,
and by varying the pressure difference between the in- and outlet, the tangential velocity and
shear stress change. This results in a line as shown in the middle figure in Figure 2.9. Every
line corresponds to one permeability, so one geometry, obtained with varying the pressure
difference. The slope of these lines equals cBJS , see equation (2.28).

(iii) cBJS is now known for a variation of permeabilities and bulk porosities. Therefore cBJS can
be plotted as a function of φb or k. If there exists a relation, this can be found through a
regression analysis. An example is given in the lower figure of Figure 2.9.

Appendix B elaborates on the evaluation of the regression lines found in step (i), (ii) and (iii).

This process allows to study which property influences cBJS and subsequently the found regression
lines allow for linking the microscopic system properties to the macroscopic scale in the form of
cBJS .
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Figure 2.9: Representation of the phased plan to determine the influence of microscopic system
properties, in this case φb, on cBJS .

-18- A multiscale approach to the Stokes-Biot interface problem



CHAPTER 2. THE MULTISCALE FRAMEWORK

2.3.2 Homogenization method for the fluid entry resistance

Processes during drilling, completion, production and workover operations can lead to a zone of
reduced permeability in the proximity of a well bore or fracture. This event is referred to as
formation damage (Oluwagbenga, Oseh, Oguamah, Ogungbemi & Adeyi, 2015). Aforementioned
processes involve (Alhetari, 2017):

i. Formation damage during drilling: small pieces of rock are produced, which can move through
the porous media. These small solids mixed with drilling mud can get stuck in the pores,
resulting in permeability reduction.

ii. Formation damage during completion/workover: caused by completion fluids flowing through
the formation. Although these fluids should increase efficiency and productivity by means of
reducing formation damage and through regulating the formation pressure (Chemcon Speci-
ality Chemicals, 2017), they damage the formation, because of the chemicals they contain.
These chemicals can interact with the solid skeleton of the porous medium and consequently
clog the pores.

iii. Formation damage during production: the fluid in porous medium carries small solids through
the pores. This can cause pores to get clogged.

The skin zone is the area around a well bore or fracture which is affected by formation damage. In
this area, the permeability is reduced by above-mentioned processes, which results in a pressure
drop in the skin zone. To account for the pressure drop in the macroscale model, the boundary
condition specified by Showalter (2010), which relates the pressure jump across the interface to
the Darcy flux, q, is used. The Darcy flux is defined by equation (2.30). Showalter (2010) states
that the pressure jump and the Darcy flux are related through the fluid entry resistance, γ. This
parameter allows for modeling the steep pressure gradient caused by the reduced permeability in
the skin zone as a jump in pressure, preventing the need to solve the length scale associated with
the skin zone and thus with the pressure drop. Summarizing, the Darcy flux, q, and the pressure
jump, ∆p, can be linked through the fluid entry resistance, γ.
At the microscale, the pressure jump becomes apparent when rewriting the pressure gradient to
∇p = ∆p

∆L , with ∆L the length scale over which the pressure drop takes place, i.e. the skin zone.
Substituting this relation in equation (2.30) yields,

q = −k
η

∆p

∆L
. (2.36)

This can be rewritten in terms of the Darcy flux and the pressure jump:

q = ζ∆p. (2.37)

Where ζ acts as a conductance and is defined as ζ = − k
η∆L . The conductance is expected to be

inversely proportional to the fluid entry resistance, γ.
To gain more physical insight in the pressure drop caused by formation damage, the homogeniza-
tion process observes the pressure behavior through a porous medium consisting of two consecutive
layers with a different permeability, one representing the skin area which is affected by formation
damage and one representing the bulk layer, the unaffected zone near the well bore or fracture.

Method

The two layers of different permeability are modeled at the pore scale. To obtain a good indic-
ation of the pressure behavior through the porous medium for various surface permeabilities, a
representative volume element (RVE) should be determined. The thickness of the layer in the RVE
should be thick enough to ensure the flow to become stable. In other words, the fluid properties
should no longer change as a function of the layer thickness. The determination of a suitable RVE
follows basically the same theory as mesh size convergence in a simulation. Mesh convergence
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analyses how small the elements need to be to ensure that the results of the simulation are not
affected by changing the size of the mesh (Harish, 2019). As the mesh size reduces, the fluid
properties will converge to a certain value. At a particular mesh size the fluid properties will
not change significantly, hence it can be concluded that the outcomes of the simulation is mesh
independent. This manner is also applied to the layer thickness in the RVE: the fluid properties
need to be independent of the layer thickness. These fluid properties include velocity and pres-
sure, hence the permeability will also converge, see equation (2.30). Therefore, the required layer
thickness can be detected by making a plot of the permeability as a function of the thickness of
the layer. The permeability will approach an asymptotic value for larger thicknesses. As long as
the thickness of the layer is not thick enough to ensure stability, the permeability will increase for
sequential thicknesses. When the increase in consecutive permeabilities is beneath 1% (Gnoffo,
2002), stability is guaranteed.
When the appropriate RVE for both layers is specified, the pressure behavior through the porous
medium can be observed and evaluated. The pressure is plotted as a function of y on a vertical
line in the middle of the geometry. We separate three situations, the pressure behavior through
the total geometry consisting of both the skin and bulk layer and the pressure behavior through
the skin and bulk layer individually. The first situation shows the pressure behavior including the
transition zone from the skin layer to the bulk layer and by adding the two latter situations, the
first situation is reproduced, but without the transition zone. These resulting plots are put over
each other to inspect the influence of the transition of layers of different permeabilities on the
pressure course. The difference between the results is due to the transition zone.
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Chapter 3

Microscale simulations

In order to provide a solid basis and background for the numerical simulations presented through-
out the remainder of this thesis, this chapter elaborates on the employed geometrical and math-
ematical models in Section 3.1 and 3.2, respectively. Section 3.3 considers the discretization of the
mathematical model in order to perform numerical experiments. In Section 3.4, outcomes of our
numerical simulations are compared to a reference solution. This serves as a verification of our
(discretized) mathematical model.

3.1 Geometrical Model

Weishaupt et al. (2019) state that the pore-network model can be used to transfer physical insight
and information from the pore scale to the macroscopic scale and thus to obtain macroscopic
parameters from pore scale model results. An additional advantage of the pore-network model
is the ratio between degree of accuracy and computational costs, which is beneficial when using
this model. The first statement describes the field of our study in this thesis. Hence, we based
our geometrical model on that of Weishaupt et al. (2019). In their geometrical model, the free
fluid flow is characterized by a channel-like flow. The porous medium, approximated by a pore-
network model, consists of square blocks which represent the solid skeleton. The void between two
consecutive blocks is referred to as a pore throat. The intersection of pore throats is denoted by a
pore body. Figure 3.1 depicts an illustration of the model. A zoomed in view of the porous medium
serves to indicate the meaning of the solid block width and length, wsolid and lsolid, respectively,
and pore throat width, wthroat.

Figure 3.1: The geometrical model used by Weishaupt et al. (2019).

Lin, Lee and Trifunac (2005) describe a range of grain sizes and corresponding pore sizes in which
Darcy is valid. As the macroscale model is used to verify the homogenization process of cBJS

A multiscale approach to the Stokes-Biot interface problem -21-



CHAPTER 3. MICROSCALE SIMULATIONS

and γ in a later stadium of this thesis and since the macroscale model describes the flow in the
porous domain by Darcy (equations (2.17a) - (2.17c)), we apply the range of Lin et al. (2005) to
our porous medium. The range indicates that the grain size must lay between 0.1 and 1 mm and
the corresponding pore size between 0.01 and 0.2 mm.

3.2 Mathematical Model

The typical mean free path of water, under standard conditions, is λ = 0.1 nm (Iaccarino, 2009).
The typical pore size of sandstone is much bigger, ∼ 10−2-10−1 mm (Nelson, 2009) and the size
of free fluid channel is even bigger, ∼ 100 mm. From equation (2.3) it can be concluded that the
Knudsen number is low enough for the fluid regime to apply in both domains. This is reasonable,
since the kinetic regime holds for applications in a (near) vacuum environment, e.g. manufacturing
of chips by silicon processing systems in near vacuum conditions, or in an environment in which
densities are very low, e.g. the point at which a space shuttle returns to the atmosphere (Iaccarino,
2009). Therefore, the Navier-Stokes equations are chosen for modeling. Furthermore, a creeping
flow is considered, which is a reasonable assumption for flow through porous media according to
Zohuri (2015). Hence, inertial forces can be neglected. Since the fluid velocity in the pores is
generally much lower than the speed of sound, it is assumed that Mach number will stay below
0.3. Consequently, an incompressible flow in the pores is assumed and thus the density can be
considered constant. Like the fluid in the porous medium, the fluid in the free flow is considered
to be incompressible and its inertial forces are assumed to be negligible compared to its viscous
forces. In addition, steady state is assumed. This results in the steady state incompressible Stokes
equation defined by in equations (2.7) and (2.11):

∇ · σ = −f ,
∇ · u = 0,

}
in Ω, (3.1)

in which Ω encompasses both the free fluid flow and the flow through interconnected pores of the
porous medium.
The body forces, f , are neglected and a no slip boundary condition is imposed on the walls
surrounding the free flow as well as on the solid skeleton of the porous medium. Furthermore
an inlet pressure, pin, and outlet pressure, pout, are prescribed. The strong form of the Stokes
problem then becomes: 

Find u : Ω→ R2 and p : Ω→ R,
∇ · σ = 0 on Ω,

∇ · u = 0 on Ω,

u = 0 on Γwall ∪ Γsolid,

σn = τ̄in on Γin,

σn = τ̄out on Γout,

(3.2)

with τ̄in and τ̄out the prescribed traction on the in- and outlet [Pa], respectively.

3.3 Discretization

In order to numerically solve the system defined by (3.2), we have to discretize (3.2). We commence
with deriving the weak form of the Stokes problem. This first involves defining a trial space, the
space in which the solution to the problem, u or p, is to be found. A suitable velocity space is
provided by the Sobolev space H1 that includes the boundary condition specified for the velocity
in (3.2):

U = {u|u ∈H1(Ω),u = 0 on Γwall ∪ Γsolid}. (3.3)
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Subsequently a test space needs to be defined:

W = {w|w ∈H1(Ω),w = 0 on Γwall ∪ Γsolid}. (3.4)

Note that the no slip boundary condition is known as a homogeneous Dirichlet boundary condition
and test functions are required to vanish at the Dirichlet boundary as specified by the test space
W.
A suitable trial space for the pressure is defined as:

P = {p|p ∈ L2(Ω)}. (3.5)

The following pressure test space is introduced:

R = {r|r ∈ L2(Ω)}. (3.6)

To find the weak form of the Stokes problem, the first equation in (3.2) is multiplied by the
vectorial test function, w, and integrated over its domain. This yields:∫

Ω

w · (∇ · σ)dΩ = 0 ∀w ∈ W. (3.7)

By means of the product rule equation (3.7) can be rewritten to:∫
Ω

∇ · (σw)dΩ−
∫

Ω

∇wT : σdΩ = 0 ∀w ∈ W. (3.8)

Using σ = σT and the divergence theorem yields:∫
∂Ω

(σw) · ndΓ−
∫

Ω

∇sw : σdΩ = 0 ∀w ∈ W. (3.9)

By definition of the test space, W, the test function, w, equals zero at Γwall and Γsolid, therefore
the corresponding integral contributions in equation (3.9) vanish. Contrarily, the pressure values
at the in- and outlet are weakly prescribed via Neumann boundary conditions, such that their
integral contributions have to be taken into account. This leads to:∫

Ω

∇sw : σdΩ =

∫
∂Ωin/out

(σw) · ndΓ, (3.10)∫
Ω

∇sw : σdΩ =

∫
Γin

(σw) · ndΓ +

∫
Γout

(σw) · ndΓ, (3.11)

using that (σw) · n = (σTn) ·w and recalling that σT = σ, this yields:∫
Ω

∇sw : σdΩ =

∫
Γin

τ̄in ·wdΓ +

∫
Γout

τ̄out ·wdΓ. (3.12)

Where τ̄in and τ̄out are given in (3.2) in which their corresponding σ can be found by substituting
the inlet and outlet pressure values in equation (2.9), respectively. Substituting equation (2.9)
into equation (3.12) gives:∫

Ω

∇sw : (2η∇su− pI)dΩ =

∫
Γin

τ̄in ·wdΓ +

∫
Γout

τ̄out ·wdΓ,

2η

∫
Ω

∇su : ∇swdΩ−
∫

Ω

p∇ ·wdΩ =

∫
Γin

τ̄in ·wdΓ +

∫
Γout

τ̄out ·wdΓ ∀w ∈ W.

(3.13)

The second equation of (3.2) is multiplied by a scalar test function r and then integrated over the
domain, resulting in: ∫

Ω

r(∇ · u)dΩ = 0 ∀r ∈ R. (3.14)
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The weak form of the Stokes problem can now be written as:
Find (u, p) ∈ W ×R :

A (u,w) + B(w, p) = F (w) ∀w ∈ W,

−B(u, r) = G (r) ∀r ∈ R.
(3.15)

With the bilinear operators A (·, ·), B(·, ·), F (·) and G (·) given by:

A (u,w) = 2η

∫
Ω

∇su : ∇swdΩ, (3.16)

B(w, p) = −
∫

Ω

p∇ ·wdΩ, (3.17)

F (w) =

∫
Γin

τ̄in ·wdΓ +

∫
Γout

τ̄out ·wdΓ, (3.18)

G (r) = 0. (3.19)

Now, Galerkin’s method is applied to the weak form. The fundamental idea of Galerkin’s method
is to approximate the infinite dimensional trial and test spaces by their discrete counterparts,
Uh ⊂ U , Ph ⊂ P, Wh ⊂ W and Rh ⊂ R. The subscript h is used to denote finite dimensional
spaces. This yields the following abstract mixed Galerkin discretization:

Find (uh, ph) ∈ Wh ×Rh :

A (uh,wh) + B(wh, ph) = F (wh) ∀wh ∈ Wh,

B(uh, rh) = G (rh) ∀rh ∈ Rh.
(3.20)

Ultimately, Galerkin’s method yields a system of algebraic equations. In order to obtain such a
system, a set of suitable basis functions is defined, Nu

j ∈ Wh and Np
j ∈ Rh. The approximate

velocity, uh, and pressure, ph, are then given by:

uh(x) =
∑
j

Nu
j (x)ûj ,

ph(x) =
∑
j

Np
j (x)p̂j .

(3.21)

with û = (û1, û2, ...) and p̂ = (p̂1, p̂2, ...) the vectors of degrees-of-freedom. The Galerkin discret-
ization then corresponds to the indefinite algebraic system (Verhoosel, 2017):[

A BT

B 0

](
û
p̂

)
=

(
f
g

)
(3.22)

where,
A|ij := A (Nu

j ,N
u
i ),

B|ij := B(Nu
j , N

p
i ),

f |i := F (Nu
i ),

g|i := G (Np
i ).

(3.23)

3.4 Verification of the numerical model

Weishaupt et al. (2019) performed numerical experiments with their defined geometrical model
and mathematical model. They used a reference solution to verify their outcomes. We also perform
numerical experiments using the exact same geometry, but using the numerical model explained
in Section 3.3. The boundary conditions, i.e. the inlet pressure and outlet pressure, are set to
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the same prescribed values as Weishaupt et al. (2019) adopted. In order to verify our model, the
results are compared to the results of Weishaupt et al. (2019).

Weishaupt et al. (2019) vary the pore throat width, wthroat, and the length of the solid blocks,
lsolid, resulting in setup A, B and C, as listed in Table 3.1. The no slip boundary conditions hold
for all setups and the prescribed pressures of the in- and outlet are fixed at pin = 1× 10−3 Pa and
pout = 0 Pa, respectively. In order for the Stokes equations to hold, the Reynolds number should
be smaller than 1. With the maximal velocities Weishaupt et al. (2019) found, listed in the fourth
column of Table 3.1, the Reynolds number can be calculated, and it can be concluded that this
requirement is satisfied.

Before we perform numerical experiments focusing on the verification of our model, a closer look
is taken at the geometry: first we determine whether the distance between the in- and outlet of
the free flow channel and the start of the porous medium is long enough in order for the expected
flow profile to fully develop. The method used to check whether the length suffices, is to look
for a Poiseuille flow at the in- and outlet. This is basically the same method as was used to
determine the length of the free flow channel of the geometry to calculate the permeability, see
Appendix A.1 for a full explanation. Secondly, the mesh size is studied. The choice of mesh
size is a trade-off between accuracy and computing time. In both the free flow region and in
the pore throats a Poiseuille flow is expected. If the mesh is chosen too large, the profile will be
influenced and errors occur, however if it is chosen too small, the profile will be very accurate
but the computing time will be very large. This mesh size analysis is already performed during
the numerical analysis for the geometry to calculate the permeability; see Appendix A.2 for details.

The maximal velocity obtained from our simulations is listed in the last column of Table 3.1. The
only difference between the numerical experiments performed is the model we use in the pore-
network model. We attribute the deviation between the results of our numerical simulations and
those of Weishaupt et al. (2019) to the manner on which the pressure boundary conditions are
imposed. Weishaupt et al. (2019) impose these in the strong form (Dirichlet boundary condition),
while we include them in the weak form, see equation (3.15).

Table 3.1: The dimensions of each set-up with their maximal horizontal velocities computed for
the numerical simulations of Weishaupt et al. (2019) and ours.

Setup wthroat [µm] lsolid [µm] Maximal horizontal velocity [m s−1]
Weishaupt Our model

A 250 250 9.0× 10−6 8.7× 10−6

B 100 400 8.4× 10−6 8.3× 10−6

C 50 450 8.3× 10−6 8.2× 10−6

Figure 3.2 gives the fields of the pressure and of the vertical component of the velocity for both our
model on the right and the model of Weishaupt et al. (2019) on the left. Both fields are visually
identical. From these results it is relatively safe to conclude that our model accurately describes
the behavior of free fluid flow and pore fluid at the microscale.
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Figure 3.2: Field of the pressure and the vertical component of the velocity computed by Weishaupt
et al. (2019) (left) and computed by us (right).

The results of the mesh analysis are illustrated in Figures 3.3 and 3.4. Figure 3.3 depicts the flow
profile in x-direction at the in- and outlet of the free flow channel. A Poiseuille flow is clearly
recognizable, indicating that the length between the in- or outlet and the porous medium is big
enough, such that the presence of the porous medium does not influence the prescribed boundary
conditions. Furthermore, for an increasing mesh size in the free flow area, lcff, the profile converges
and mesh artifacts vanish. Figure 3.4 shows the flow profile in y-direction and pressure behavior
along a horizontal line in the porous medium. Each peak in the flow profile corresponds to a
pore throat. Figure 3.5 displays a zoomed in view on an arbitrarily selected pore throat, which is
encircled in Figure 3.4. Mesh artifacts are not visible for any of the meshes, however, convergence
can clearly be seen for smaller mesh sizes in the pore throats, lcp. The pressure is not completely
constant, however, the difference for the two smallest mesh sizes (green and blue line) is negligibly
small, hence it can be considered constant.

Figure 3.3: The flow profile in x-direction at the inlet (left) and outlet (right) of the free flow
channel.
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Figure 3.4: Left: the flow profile in y-direction along a horizontal line in the porous medium each
peak corresponds to a pore throat. Right: the pressure behavior along the same horizontal line.

Figure 3.5: A zoomed in view on the flow profile in y-direction in the encircled pore throat in
Figure 3.4 (left) and on the pressure behavior inside the same pore throat, encircled in the pressure
plot of Figure 3.4 (right).
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Homogenization of the
Beavers-Joseph-Saffman condition:
simulation set-up & execution

This chapter is concerned with the homogenization of the Beavers-Joseph-Saffman constant, cBJS .
Whereas Chapter 2.3.1 introduced the homogenization strategy, this chapter discusses its results
with respect to cBJS . To this end, we first introduce the set-up which is used to perform the
numerical experiments, and secondly, the numerical outcomes will be discussed. Finally, based on
these results, Section 4.3 will list conclusions and highlight the most important findings.

4.1 Set-up

To inspect which system properties influence cBJS , numerical experiments are performed. cBJS is
concerned with a tangential fluid flow along the interface. Hence, the model should represent a free
fluid flow flowing parallel to a porous medium. The model introduced in Section 3.1 conforms to
this requirement. Figure 4.1 illustrates the parallel flow model with its dimensions. The resulting
forces acting on the fluid are also shown. An inlet pressure and outlet pressure, pin and pout,
respectively, are prescribed. This pressure difference will cause the fluid to flow. The viscosity
of the fluid induces a no slip boundary condition resulting in a shear stress, or traction, τ , that
appears at the walls of the channel and at the edges of the solid blocks. The height of the free
fluid flow channel, h, is 1 mm. The length of the upper wall and the two lower walls, l, l1 and l2,
respectively, depend on the length of the porous medium, lp. The length of each of the two lower
walls is chosen to be 1/3 of the length of the porous medium. The length and height of the porous
medium are not fixed as they need to be varied for the analysis considered here.

Figure 4.1: Parallel flow model with dimensions and forces acting on the fluid.
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Following the force diagram, a force balance in the x-direction can be established:

pinAin − poutAout − τwall,uAwall,u − τwall,l1Awall,l1 − τwall,l2Awall,l2 − τpAp = 0. (4.1)

The surfaces, A, correspond to the area on which the force is acting. Since a 2D problem is
considered, it follows that:

pinh− pouth− τwall,ul − τwall,l1 l1 − τwall,l2 l2 − τplp = 0. (4.2)

This can be rewritten in order to calculate the shear stress along the interface:

τp =
∆ph− τwall,ul − τwall,l1 l1 − τwall,l2 l2

lp
. (4.3)

The pressure difference, ∆p, is known since the in- and outlet pressure are (weakly) prescribed. The
shear forces along the upper and lower walls can be determined by post-processing the simulations.
Furthermore, the dimensions are known, and hence, τp can be calculated.

4.2 Results

This section presents the results obtained from the homogenization method introduced in Section
2.3.1. Each subsection deals with one of the microscopic system properties of the porous medium
and starts with explaining which geometry variations are needed to vary the property. Thereafter,
the relationship, if observed, between the property and cBJS is studied.

4.2.1 Bulk porosity

To vary the bulk porosity, the pore area compared to the total porous medium area needs to be
altered, or vice versa, see equation (2.32). However, to keep the mean pore throat diameter in
horizontal direction and vertical direction constant, the pore throat width cannot be changed.
Furthermore, the width of the solid blocks shall also not be altered, since this affects the surface
porosity, see equation (2.33). The length of the solid blocks does not affect the other system
properties except for the bulk porosity. Therefore this value is varied as shown in Figure 4.2. The
length of the solid blocks is varied while taking the range of Lin et al. (2005) specified in Section
3.1 into account. Recall that the range indicates that the grain size must vary between 0.1 and
1 mm and the corresponding pore size between 0.01 and 0.2 mm. For the considered simulations
the width of the solid is chosen to be 1 mm and the pore size is chosen to be 0.2 mm. The length of
the solid ranges from 1 mm to 0.1 mm with steps of 0.05 mm. This leads to 19 different geometries.

Figure 4.2: Method to vary φb. The mean pore throat diameter in vertical and horizontal direction
are kept constant as well as the width of the solid blocks.

For all 19 different geometries described above the permeability is calculated. Note that the
permeability of the porous medium is calculated through the use of the geometry introduced in
Section 2.3.1, but with the porous medium of Figure 4.1 in it. The permeability of each geometry is
plotted in Figure 4.3, indicated with the blue dots. The correlation coefficient, defined in equation
(B.1) in Appendix B, is 0.98, which indicates a strong linear relationship between the permeability
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and bulk porosity. Therefore, a first order polynomial is used to fit through the data points. The
light blue trend in Figure 4.3 is the resulting first order polynomial. This fit is evaluated as
explained in Appendix B. Its corresponding residual values are indicated with the light blue dots
in Figure 4.4. This fit gives a R2 value of 0.97. The residual plot is assessed based on the aspects
given in Appendix B. From this it follows that the residual plot indicates an adequate model. Out
of curiosity, a third order polynomial is also fitted through the data, see the dark blue trend in
Figure 4.3. Its residual values are also plotted in Figure 4.4 indicated with the dark blue dots. This
fit gives a R2 value of 0.98 and also a good residual plot. However, the increase in the R2 value,
and therefore the gain in accuracy, is minimal when increasing the polynomial degree. Therefore,
we consider the first order polynomial to be sufficient to describe the relationship between the
permeability and bulk porosity.
This relation is consistent with the theory of (Ma & Morrow, 1996), which is as follows:
Recall that a Poiseuille flow is expected in the pore throats. The flow profile can then be described
by the Hagen-Poseuille flow:

Q = n
∆pπ

(
wthroat

2

)4
8ηlsolid

, (4.4)

with Q the flow rate through the porous medium, and n the number of pore throats. This law is
valid under the assumption that the fluid is Newtonian, the flow is laminar and incompressible,
the pore throat diameter, wthroat, is constant, and the length of the pores is much larger than the
pore throat diameter, lsolid >> wthroat. In addition, the permeability is given by Darcy’s law:

k =
QηL

A∆p
, (4.5)

with A the cross sectional area, which can be written as:

A = n
π
(
wthroat

2

)2
φb

. (4.6)

Combining equations (4.4), (4.5) and (4.6) yields:

k =

(
wthroat

2

)2
φb

8
=
w2

throatφb
32

. (4.7)

Berg (2014) found, by means of the classical homogenization method:

k = ksφb, (4.8)

with ks an effective permeability. For an idealized porous medium ks =
w2

throat

32 . This is in line
with our theory. However, he applied the same method to geometries of Fontainebleau sandstone
obtained by imaging. He showed that ks correlates with the porosity via measurable system
properties. His study demonstrates how the permeability can be related to porosity, in the sense
of the Kozeny-Carman equation. This is a well known semi-empirical relation that relates the
permeability to the porosity through well-defined system properties (Berg, 2014):

k = τkoz
φ3
b

(1− φb)2
d2
w, (4.9)

with τkoz the tortuosity of the porous medium, and dw an effective grain size. For a monodisperse
pack of grains, dw = 6(1−φb)/S0, where S0 is the specific surface area. Equation (4.9) is rewritten
to:

k = c0τ
2
koz

φ3
b

S2
0

. (4.10)

with c0 the Kozeny’s constant. This explains the good third order polynomial fit in Figure 4.3.
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Figure 4.3: Values for the permeability for dif-
ferent bulk porosities obtained from the simula-
tions indicated with the blue dots. A first and
third order polynomial is plotted through the
data points.

Figure 4.4: The residual plot of the two fits.

For each geometry with its corresponding permeability, the pressure difference between the in-
and outlet is varied between 0.01 Pa and 0.15 Pa with steps of 0.01 Pa. The maximal pressure is
chosen such that the Reynolds number remains below 1. This results in a straight line for each
geometry as shown in Figure 4.5. However, the lines lie almost on top of each other. Therefore the
slopes, and hence cBJS , are nearly the same. Thus we can conclude that cBJS is hardly influenced
by the bulk porosity. In Appendix C.1 the permeability, bulk porosity and cBJS corresponding to
each geometry are listed.
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Figure 4.5: The shear stress as a function of the tangential velocity along the interface. Each line
represents a certain geometry.

4.2.2 Surface porosity

By varying the width of the solid blocks, different values for the surface porosity are obtained. An
illustration is given in Figure 4.6. It can be seen that the total length of the interface increases
while the pore throat length stays the same, leading to a reduced surface porosity, see equation
(2.33). The pore sizes are maintained, thereby excluding the influence of the mean pore throat
diameter on cBJS . However, by changing the width of the solid blocks, the bulk porosity will
also change. In fact, varying the surface porosity without altering the bulk porosity cannot be
achieved. Nonetheless, in Section 4.2.1 it is concluded that cBJS is not dependent of the bulk
porosity. Hence, it is assumed that it does not matter that the bulk porosity changes in this
study. Again conforming to the range of Lin et al. (2005), the width of the solid blocks ranges
from 1 mm to 0.1 mm with steps of 0.05 mm. The pore size is fixed at 0.2 mm and the length of
the solid is fixed at 1 mm. This results in 19 geometry variations.

Figure 4.6: Method to vary φs. The mean pore throat diameter in vertical and horizontal direction
are kept constant as well as the length of the solid blocks.
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The pressure gradient in equation (2.34) is defined as the pressure drop over the length over which
the pressure drop takes place. Since only the width of the solid blocks changes, the total width
of the porous medium changes, but the total length, and thus the length over which the pressure
drop takes place, stays the same for every geometry. Furthermore, the pore sizes are kept constant.
Therefore no large differences in the flux are expected. As a result, the permeability will also be
roughly the same for the different geometries. The invariance of the permeability is illustrated
in Figure 4.7. The permeability has a small fluctuation between approximately 3.40× 10−5 cm2

and 3.55× 10−5 cm2 for the considered range of surface porosities. This indicates that there is
no essential relation between the surface porosity and the permeability. This is confirmed by the
low correlation coefficient of -0.34, see Appendix B for a detailed explanation of the correlation
coefficient. To visualize that the two do not relate, a first order polynomial is plotted through
the data, see Figure 4.7. The correlation is evaluated based on Appendix B. The low R2 value of
0.11 also indicates that the fit is anything but accurate compared to the data. The corresponding
residual plot is given in Figure D.1. The residuals also indicate a poor fit. This can also be seen
in Figure 4.7, since the data points do not follow a systematic trend.

Figure 4.7: Values for the permeability for different surface porosities obtained from the simulations
indicated with the green dots. A first order polynomial is plotted through the data points.

Subsequently, the relation between the surface porosity and cBJS is studied. Figure 4.8 gives
the shear stress at the interface as a function of tangential velocity along the interface for all
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19 geometries. All geometries correspond to a specific φs and the slope of each trend equals
the cBJS . Hence, the relation between cBJS and φs, can be seen from the slope of each line
and its corresponding φs. What is striking in the figure, is that the smaller the width of the
solid blocks, the larger the domain of the tangential velocity on the interface becomes. For small
pressure differences, the variation is minimal. However, for large pressure differences the variation
is significant. This means that at a given, especially higher, pressure difference, the flux will be
larger for smaller widths of the solid blocks. This can be explained by means of the Darcy-Weisbach
equation (Brown, 2005b):

∆p = λ
l

D

1

2
ρv2, (4.11)

with λ the friction factor and l and D the length and inner diameter of the channel, respectively
[m]. The different geometries are obtained by varying the width of the solid, while maintaining the
pore size, meaning that the total length of the interface, and hence the channel, changes. Besides
this, all other parameters in equation (4.11) are the same for all geometries. So, if the width of
the solid will decrease, the total length of the channel will also decrease, and to obtain the same
pressure loss (which is prescribed) the velocity will have to increase. A higher velocity will result
in a higher velocity gradient near the walls and therefore a higher shear stress along the walls.
This increase is consistent for all geometries, i.e., the slope of each line is almost the same. So,
changing the surface porosity will not lead to a substantial change in cBJS (or k). Hence, we can
conclude that similar to the bulk porosity, the surface porosity is not related to cBJS . Values for
the permeability and cBJS for each geometry can be found in Appendix C.2.

Figure 4.8: The shear stress as a function of the tangential velocity along the interface. Each line
represents a certain geometry.
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4.2.3 Mean pore throat diameter in horizontal and vertical direction

While studying the influence of the horizontal pore throat diameter, the vertical pore throat
diameter is kept the same, and vice versa. The ratio between the pore area and total area is
maintained to ensure a constant bulk porosity. Furthermore, the surface porosity is also kept
constant, by maintaining the same ratio between the pore width and solid block width at the
interface. Maintaining the same ratios is achieved by ‘pasting’ the solid blocks as illustrated in
Figure 4.9. The width of the pore throats increases in order to maintain the total pore width at
the interface as well as the same pore area. The extent to which the pore throat width increases
is determined by dividing the total wthroat by the number of pore throats. A drawback of this
method is that by halving the number of solid blocks the grain size grows rapidly, and therefore
the pore throat diameter too. As a consequence, the pore size and grain size become too big
according to Lin et al. (2005). However, to study this property while keeping the other properties
fixed, this is the only option.

Figure 4.9: Method to vary the mean pore throat diameter. This figure illustrates the varying of
the mean pore throat diameter in vertical direction while keeping the mean pore throat diameter
in horizontal direction constant. Varying the horizontal pore throat diameter is achieved with the
same method, but in vertical direction.

We commence with analyzing the mean pore throat diameter in horizontal direction. The first
geometry consists of only ten by ten solid blocks representing the porous medium. Hence, not
much variation is possible. We can paste two solid blocks, five solid blocks, and one solid block in
vertical direction. Resulting in only four data points. However, this is enough to study whether
the pore throat diameter in horizontal direction affects cBJS . If this proves to be the case, a more
elaborate data analysis is needed, with more data points. This can be achieved by starting with
more solid blocks in vertical direction. However, this is not expected to be the case, because of
the following reasoning. The fluid flows from the free channel into the porous domain by means of
the pore throats in vertical direction. However, the vertical pore throat diameter, the width of the
solid blocks and the length of the porous medium do not change, therefore we do not expect large
differences in the permeability for the different geometries. Figure 4.10 shows the permeabilities
as a function of horizontal pore throat diameter. The variation between the highest and lowest
permeability is approximately 9.8%. This seems high, but the variation in the permeability as a
function of bulk porosity yields 24% and the variation between the permeability and vertical pore
throat diameter is even larger, but we shall return to this in a later stadium. A correlation is
plotted through the data points to be consistent. However, no theoretical basis is available yet to
explain this linear behavior.
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Figure 4.10: Values for the permeability for different horizontal pore throat diameters obtained
from the simulations indicated with the purple dots. A first order polynomial is plotted through
the data points.

The horizontal pore throats do not play a major role in the flow behavior at the interface. There-
fore, we do not expect a strong influence of the horizontal pore throat diameter on cBJS . In
Figure 4.11 it can be seen that all lines, corresponding to a certain geometry and permeability,
are indeed almost identical, indicating the same cBJS . Values for the permeability and cBJS for
each geometry can be found in Appendix C.3.
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Figure 4.11: The shear stress as a function of the tangential velocity along the interface. Each
line represents a certain permeability.

For the final analysis, the pore throat diameter in vertical direction is varied. The larger the
pore throats, the higher the velocity inside these throats will be, since the pressure difference
is prescribed. Hence, the Darcy flux will increase for larger pore throats. This will cause the
permeability to increase as well. Therefore, a relation between the permeability and pore throat
diameter in vertical direction is expected. As a consequence, an analysis with multiple data points
is required. In order to obtain a large set of data points, the geometry starts with 400 by 10 solid
blocks. This reduces as the solid blocks are pasted in subsequent simulations. Equation (4.7) shows
that the permeability scales quadratically with the pore throat diameter in case of an idealized
porous medium. Therefore, a second order polynomial is fitted through the numerical results in
Figure 4.12. This results in a very good fit. Its R2 value is equal to 0.99, which indicates that
the fit represents the data highly accurate. Figure D.2 shows the residual values of the regression
line. The regression satisfies all aspects listed in Appendix B, but the requirement of an even
distribution of the data points along the x-axis is less satisfied. This is due to fact that geometry
variations are limited.
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Figure 4.12: Values for the permeability for different vertical pore throat diameters obtained from
the simulations indicated with the red dots. A second order polynomial is plotted through the
data points.

As a free fluid flows over a porous medium, a slip flow along the interface arises. Along the solid
blocks a no slip condition holds and theoretically along the pore throats full slip occurs. However,
physically, at the transition zone between a solid block and pore throat, the slip cannot go from
zero to full instantaneously. The no slip condition on the edge of the solid block will affect the
slip in the pore throats. The amount of slip causes a shear stress, the less slip the larger the shear
stress will be. The total amount of shear stress along the interface, is the shear stress which takes
the no slip (highest shear stress) at the solid blocks and the full slip (no shear stress) at the pore
throats into account, including the shear stress originating from the transition from no slip to full
slip. The larger the pore throat, the less influence the transition zone will have on the total slip
along the pore throat. Hence, when the pores get larger, the overall slip will be larger and so
the shear stress will decrease and therefore, cBJS should also decrease. This corresponds with the
results given in Figure 4.13, in which k15 corresponds to the largest pore throat and k1 to the
smallest.
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Figure 4.13: The shear stress as a function of the tangential velocity along the interface. Each
line represents a certain permeability.

Each of the trend lines in Figure 4.13 corresponds to a geometry with a certain permeability
and vertical pore throat diameter. In addition, according to equation (2.28), the slope of each
line equals cBJS , see Appendix C.4 for the exact values of the permeability and cBJS for each
geometry. cBJS can thus be plotted as a function of the permeability or vertical pore throat
diameter. Each data point in Figures 4.14 and 4.15 corresponds to a geometry with associated
permeability and vertical pore throat diameter, respectively. The fit through the data points in
Figure 4.14 is observed to be accurate with a R2 value of 0.99. This analysis demonstrates that
cBJS is inversely proportional to the permeability. The theory states that cBJS should be inversely
proportional to the square root of the permeability, see equation (2.29). From equation (4.7) and
Figure 4.12 it is observed that k ∝ d2

p,ver. From Figure 4.14 it is observed that cBJS ∝ k−1.
Combining these two observations lead to cBJS ∝ d−2

p,ver. This scaling is applied to the data points
in Figure 4.15 and it is observed to be accurate. The R2 value is 0.99, also indicating an accurate
plot.
Furthermore, the residual plots of both fits also indicate an adequate model, with the exception
of the distribution along the x-axis which is not evenly distributed along the x-axis due to the
limitations of the geometry variations, see Figures D.3 and D.4.
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Figure 4.14: Calculated cBJS as a function of the per-
meability with a correlation plotted through it.

Figure 4.15: Calculated cBJS as a function of the ver-
tical pore throat diameter with a correlation plotted
through it.

4.3 Discussion

In this chapter we have analyzed the influence of the bulk and surface porosity, and the mean
pore diameter in vertical and horizontal direction on the Beavers-Joseph-Saffman constant, cBJS .
It is observed that only the variation of the mean pore diameter in vertical direction significantly
affects cBJS (1). We anticipated that the bulk and surface porosities would also influence cBJS ,
because the no slip condition on the grains influences the slip along the pore throats, leading to
smaller overall slip. Consequently, the shear stress should increase. For larger pore throats this
effect should diminish. To solely analyze the influence of the bulk and surface porosities, the length
or width of the solid is varied while the mean pore throat diameters are maintained. The results
showed that both porosities do not significantly affect cBJS (2) contradictory to our expectations.
From the observations (1) and (2) it can be concluded that the grain size of a porous medium
does not signifcantly influence cBJS , but only the mean vertical pore throat diameter. Note that,
if the porosities are altered through variation in mean pore throat diameter, the change in cBJS
is not resulting from the porosity, but from the mean pore throat diameter.

The permeability was another parameter of interest to affect cBJS . However, the permeability will
change when the geometry is altered. Therefore, it could not be analyzed independently. For the
bulk and surface porosity and horizontal and vertical mean pore throat diameter, the dependence
of the permeability is studied. The analysis in which the length of the grains (altering the bulk
porosity) or vertical mean pore throat diameter is changed, indicates a relation with the permeab-
ility, which is consistent with the homogenization result of Berg (2014). In case of a non-idealized
porous medium, the permeability is also dependent on the grain size of the porous medium as
is formulated in the Kozeny-Carman equation (Berg, 2014). However, in case of a monodisperse
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pack of grains this dependence is cancelled and the permeability scales with the third power of
the bulk porosity. This behavior is reflected in our analysis.

Based on the presented analysis, it can be concluded that cBJS is not directly influenced by the
permeability of the porous medium. The permeability is shown to depend on the bulk porosity,
whereas cBJS does not. However, both the permeability and cBJS are influenced by the vertical
mean pore throat diameter. These observations lead to the conclusion that in the set-up studied
here, cBJS is only indirectly related to the permeability, namely through the vertical mean pore
throat diameter.

This conclusion provides a more detailed insight into the scaling relation proposed by Beavers and
Joseph (1967), who state that cBJS is inversely proportional to the square root of the permeability
of the porous medium. It should be noted, however, that we assume an idealized porous medium
consisting of a monodisperse pack of grains with orthotropic system properties, whereas Beavers
and Joseph performed experiments on a ‘real’ porous medium. The Kozeny-Carman equation
(Berg, 2014) shows that the permeability of a non-idealized porous medium also depends on
system properties such as the tortuosity, which do not play a role in our idealized porous medium,
indicating the limitations of our idealized porous medium.
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Homogenization of the fluid entry
resistance: simulation set-up &
execution

This chapter studies the homogenization procedure for the fluid entry resistance. The homogeniz-
ation method described in Chapter 2.3.2 leads to the numerical results given in Section 5.2. The
numerical outcomes are obtained by using the set-up defined in Section 5.1. Section 5.3 discusses
the most important findings based on the results.

5.1 Set-up

We commence with the method to represent a porous medium consisting of two layers of different
permeability. In Figure 5.1 an example of the geometry used to represent the porous medium with
skin layer is given. The geometry is divided into two parts: the upper geometry representing the
skin zone layer and the lower geometry representing the geometry which is unaffected by formation
damage. Again, we assume that a porous medium is represented by solid square blocks with pore
throats in between. The intersections of the pore throats are described as pore bodies. From
Section 4.2.3, it can be concluded that the largest deviation in permeability is achieved by varying
the vertical pore throat diameter. This is used to obtain a skin permeability that is different from
the bulk permeability. The skin layer is typically much thinner than the bulk geometry (Alhetari,
2017). This is represented by using fewer rows for the upper geometry than for the lower geometry.

5.2 Results

This section discusses the results of the analysis on the pressure profile through the porous me-
dium. As mentioned at the start of Section 5.1, the permeability is mostly influenced by changing
the vertical pore throat diameter. Since various surface permeabilities are to be inspected, we
commence with explaining what geometry dimensions are used. We continue with determining
the minimal amount of rows of blocks required for both the lower and upper geometry to repres-
ent a satisfactory RVE. From this study, the permeability of the geometry follows. Then, results
will be presented that will improve the physical insight on the pressure behavior at the transition
between the layers as well as in the layers itself for different permeabilities.

5.2.1 Geometry variations

Since the pressure gradient is mostly influenced by the surface permeability being lower than
the bulk permeability, we chose to vary the surface permeability and keep the bulk permeability
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constant. Hence, the lower geometry stays the same for every simulation. Its grains are chosen
to be square blocks with the length of its faces 1 mm and the pore throats in between are chosen
to be 0.2 mm. Additionally, the horizontal pore throat diameter and length of the solid blocks of
the upper geometry, i.e., the skin layer, is kept constant and at the same value as for the lower
geometry, i.e., 1 mm for the length of the solid block and 0.2 mm for the horizontal pore throat
diameter. Only the pore throat diameter in vertical direction is varied from 0.01 mm to 0.2 mm, so
the dimension stays within the range specified by Lin et al. (2005). The total width of the porous
medium is limited by the width of the lower geometry. The total number of solid blocks per row
in the surface layer is kept constant and hence the width of the solid blocks has to change with
the changing vertical pore throat diameters. This results in the dimensions depicted in Appendix
E. The widths of the solid blocks also fall within the range initiated by Lin et al. (2005).

Figure 5.1: Schematic representation of a porous medium with a surface layer that has a permeab-
ility that differs from the bulk permeability.

5.2.2 Representative volume element

By determining at which number of rows, i.e., the layer thickness, the permeability approaches an
asymptotic value, a suitable RVE to obtain a stable flow is found. The permeability is determined
for both the upper and lower geometry by running a simulation with both geometries individually.
The computation of the permeability is the same as explained in Section 2.3.1.
Figure 5.2 displays the permeability as a function of the number of rows for the lower geometry.
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Figure 5.2: The permeability for the lower geometry with identical dimensions, but with a varying
number of rows.

The relative difference between the permeability of consecutive simulations starting with the rate
between 2 and 5 rows is 3.3%, 1.1%, 0.3% or 0.2%, respectively. So the difference is minimal. As
of 10 rows the difference is less then 1%. Therefore, we decide that the lower geometry should
contain at least 10 rows to be considered a RVE.

In Figures 5.3 and 5.4 the permeability as a function of number of rows is given for the upper
geometry with a wpore of 0.01 mm (geometry 1 in Table E.1) and 0.02 mm (geometry 2 in Table
E.1) and corresponding wsolid of 0.5995 mm and 0.5890 mm, respectively. The relative difference
between the permeability of consecutive simulations starting with the rate between 2 and 5 rows
is 5.2%, 1.6%, 0.6% and 0.3%, respectively for geometry 1. For geometry 2 this is 5.1%, 1.5%,
0.5% and 0.4%, respectively. As of 10 rows the difference becomes small enough to consider the
flow to be steady state in the porous medium. However, the rate turns out to be significantly
higher than chosen at the lower geometry, 0.3% for the lower geometry and 0.6% or 0.5% for
the upper geometry. Therefore, the minimal number of rows in the RVE is chosen to be 15 for
the upper geometry since these rates are closer to the rate of the lower geometry, 0.3% for the
lower geometry and 0.3% and 0.4% for the upper geometry. Furthermore, one can see that the
differences for both geometries are almost identical. This also holds for the permeabilities of the
other geometries listed in Table E.1 following a similar trend.

Figure 5.3: Computed permeabilities for differ-
ent numbers of rows for geometry 1 from Table
E.1.

Figure 5.4: Computed permeabilities for differ-
ent numbers of rows for geometry 2 from Table
E.1.
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In conclusion, the RVE should contain at least 10 rows for the lower geometry and 15 for the upper
geometry. However, the upper geometry should represent the skin layer, which is considerably
smaller than the lower geometry. Therefore, it does not seem logical to use these values for the
number of rows for the lower geometry. Hence, we decided to use 15 rows for the upper geometry
and 20 rows for the lower geometry.

5.2.3 Pressure behavior

Now that the geometries are established, numerical simulations can be performed. The goal of
these simulations is to observe the pressure behavior through a porous medium with two layers of
different permeabilities. A point of interest is the pressure gradient in the surface layer. As the
permeability of this layer is decreased, the pressure gradient in the layer should become steeper,
see equation (2.30). Therefore, the permeabilities are determined first. Recall that the lower
geometry is kept the same for every geometry, hence this yields only one permeability. The geo-
metry variations explained in Section 5.2.1 result in 20 different geometries numbered from 1 till
20. Geometry 1 starts with a permeability which is significantly lower than the bulk permeability
and it then gradually increases. Hence the pressure gradient is expected to be the steepest for
geometry 1. The permeability of each geometry is listed in Table E.1 in Appendix E

The point where the transition from one layer to the other occurs is another subject of interest.
The influence of this transition on the pressure behavior is analyzed. To this end, we perform three
simulations for each geometry: one for the total geometry consisting of both layers (simulation A),
one for only the upper geometry (simulation B) and one for only the lower geometry (simulation
C). Simulation A shows the pressure behavior including the transition zone. By adding simula-
tions B and C the total simulation is reproduced but without the transition zone. The difference
between the results is due to the transition zone.
Simulation A is performed assuming a Stokes flow and a prescribed pressure difference between
the inflow and outflow of 30 Pa. Figure 5.5 shows the result of geometry 10. A clear distinction
can be made between the upper and lower geometry. Therefore the pressure difference over both
the upper and lower geometries can be determined. For geometry 10 the pressure difference over
the upper geometry is approximately 22.5 Pa and over the lower geometry 7.5 Pa. Simulations B
and C also assume a Stokes flow with a prescribed pressure difference that is found in simulation
A for a certain geometry, in this case 22.5 Pa and 7.5 Pa, respectively. These results are shown
in Figures 5.6 and 5.7. The part in the figures where the pressure stays constant, is the free flow
region at the in- and outlet. The length of the free flow region is determined in the same manner
as explained in Appendix A.
When the results of simulations B and C are put over the results of simulation A, potential devi-
ations caused by the transition zone can be detected. Figure 5.8 shows the results when Figure 5.6
and 5.7 are plotted in Figure 5.5. The variation of the pressure through the two layers is identical.
Furthermore, at the transition zone, indicated through the zoom in Figure 5.8, no substantial
deviations are observed that can be caused by the transition. For all other geometries listed in
Table E.1 the results are identical, and no apparent influence of the transition zone can be detected.
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Figure 5.5: Pressure behavior through the total geometry (simulation A).

Figure 5.6: Pressure behavior through the upper
geometry (simulation B).

Figure 5.7: Pressure behavior through the lower geo-
metry (simulation C).

Figure 5.8: Results of simulation B and C put over the results of simulation A.
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Based on these results it can be concluded that the transition zone between layers of different per-
meability has no influence on the pressure behavior of the porous medium as a whole. However,
one has to keep in mind that the geometry used in this study to represent the porous medium
is fully periodic, while in reality a porous medium is a complex random network of pore bodies
and pore throats, which are certainly not as structured as assumed in this analysis. Furthermore,
we assumed a Stokes flow, which is typically very slow. This means that the flow reaches final
equilibrium state quickly, resulting in the absence of visible influence of the transition layer.

We continue with the pressure gradient for different surface permeabilities. Instead of giving the
results of all 20 geometries, we present the results of geometry 1, 5, 15 and 20 (and 10 is given
above). This is done because the pattern of the pressure behavior is similar for all geometries,
only the slope changes. Figure 5.9 shows the results of these geometries.

It can be seen that, in accordance with our expectations, the pressure gradient is steepest for the
largest permeability difference. Most of the prescribed pressure difference is lost in the surface
layer for geometry 1. The slope reduces until geometry 15, where the pressure gradient in the
surface layer is approximately equal to the pressure gradient in the lower geometry. The pressure
gradient in geometry 20 is even larger, which is in agreement with the observations that the
porosity of the upper layer is higher than that of the lower layer.

(a) Geometry 1 (b) Geometry 5
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(c) Geometry 15 (d) Geometry 20

Figure 5.9: Results of simulations A, B and C for geometry 1, 5, 15, 20.

5.3 Discussion

The analysis in this chapter focused on the pressure profile through the porous medium under the
influence of the skin effect. The skin effect causes a reduced permeability in the proximity of a well
bore or a subsurface fracture. To represent a porous medium with a skin layer, two layers were
modeled with each a different permeability. In Chapter 4 it is concluded that the permeability is
mostly influenced by the mean pore throat diameter in the direction in which the fluid flow enters
the porous medium. Therefore, only this system property is varied for the geometries used in this
analysis.
According to our expectations, the analysis revealed that due to the different permeabilities the
pressure gradient in both layers is different. Evidently, for smaller permeabilities, the pressure
gradient is steeper. The two different pressure gradients result in a sharp angle at the transition
zone between the two layers. This sharp angle indicates that the transition zone between two layers
with different permeability has no influence on the pressure profile through the porous medium.
In addition, the comparison of a simulation with and without the transition zone yields the same
conclusion.
Smaller vertical pore throat diameters, and thus a lower permeability, imply a higher resistance,
and consequently a lower flux and larger pressure drop. This is clearly illustrated in our analysis.
The relation between the flux and the pressure drop is given by the conductance, ζ.
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Chapter 6

Application of the multiscale
framework

In order to systematically identify the fundamental relations and/or certain parameter behavior,
the previous chapters focused on simplified geometries. The geometries are highly periodic, and
the pore throats are straight channels. These assumptions are useful to do a first analysis with.
However, in reality, a porous medium consists of a random network of pore bodies of different
shapes and sizes that are most of the time connected through pore throats of various lengths,
shapes and diameters. In addition, it is not uncommon that a pore body is not connected to a
pore throat, e.g. a so-called isolated pore, or only to one pore throat, making it a ‘dead end’.

In this chapter we put the developed multiscale approach in a more realistic setting. Section 6.1
aims to obtain a random pore network to represent the porous medium. The bulk and surface
porosity are calculated and numerical simulations are performed to determine the permeability,
k, and the Beavers-Joseph-Saffman constant, cBJS , of each geometry. These are found using
the method explained in Section 2.3.1. With the permeability, the fluid entry resistance, γ, is
computed. In Section 6.2, numerical simulations are performed using the macroscopic model
given in equations (2.17) - (2.19) with the values for cBJS and γ substituted from Section 6.1.
The numerical outcomes are analyzed in order to study the homogenization procedure.

6.1 Random geometry generation

To generate a random geometry, the software OpenPNM (OpenPNM, 2019) is used. This software
creates a pore network geometry based on prescribed model parameters. In addition, it can
perform a wide range of pore network simulations using this geometry. We only use the geometry
creating part of this software. OpenPNM can generate both 2D and 3D geometries. For the sake of
simplicity, we consider a 2D porous structure.
Weishaupt et al. (2019) also consider a highly irregular 2D structure in their investigation. An
illustration of their set-up for a random pore geometry is given in Figure 6.1.

A multiscale approach to the Stokes-Biot interface problem -49-



CHAPTER 6. APPLICATION OF THE MULTISCALE FRAMEWORK

Figure 6.1: The geometry considered by Weishaupt et al. (2019) to represent a free flow over a
highly irregular porous medium (reproduced from Weishaupt et al. (2019)).

To design the shape of the pore body and pore throat network, Weishaupt et al. (2019) use a
Voronoi tessellation. The Voronoi diagram is a plane which is divided into several subplanes. An
example of a Voronoi tesselation is given in Figure 6.2. A collection of points is arbitrarily placed
on the plane. The black dots in Figure 6.2 depict the points. The region closer to one point than
to any other point of the collection of points forms a subplane (Keeler, 2019). OpenPNM provides
several network generators, based on periodic lattices or tessellations of random points. Among
others, it also includes a network formed by Voronoi tessellations of random base points. We
based our simplified geometrical model on Weishaupt et al. (2019) and we will do the same for the
randomly generated geometry. The edges of the subplanes formed by Voronoi tesselation represent
the pore throats and the intersections between multiple edges represent the pore bodies.

Figure 6.2: An example of a Voronoi tesselation reproduced from Ertl (2015).

We assume that there are no isolated pore bodies or dead ends present in the porous medium.
Moreover, the pore throats are assumed to be straight with a constant pore throat diameter.
The diameters differ from throat to throat. The pore bodies are considered to be circular with
each pore body another diameter. The coordinates of the arbitrary base points are created using
random samples from an uniform distribution. A submodule in OpenPNM allows to assign the pore
body diameter based on a prescribed distribution. Weishaupt et al. (2019) calculate the pore radii
using a spatially-uncorrelated truncated log-normal distribution, with a mean of 100 µm, minimum
of 50 µm, maximum of 300 µm and standard deviation of 100 µm. We will maintain the range of
Lin et al. (2005): a maximum pore diameter of 200 µm and a minimum of 10 µm. Depending on
the chosen mean of the pore body radii, a skew symmetric distribution is needed. The log-normal
and Weibull distributions are well-known skew symmetric distributions. However, the log-normal
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distribution is not available in OpenPNM. Weibull is comparable with the log-normal distribution,
but has heavier tails. Before the pore radii can be generated with the Weibull distribution, the
parameters of the Weibull distribution need to be prescribed. OpenPNM allows to specify the shape,
which governs the skewness and is used to place the top of the distribution at the chosen mean
of the distribution, the parameter loc, which is the minimum value the distribution can generate,
and the parameter scale, which scales the x-axis of the distribution and thus the maximum value.
To find suitable values for the Weibull distribution parameters, a histogram is calibrated until the
histogram contains 10000 numbers between 10 µm and 200 µm and a mean of 100 µm. 10000 is
chosen to have a good representation of the Weibull distribution. The calibration procedure is
illustrated in Figure 6.3.

(a) Weibull distribution in which all parameters are
set to 1.

(b) The minimal value should be 10 µm, so loc =
0.01 × 10−3. The mean should be 200 µm, so scale =
0.1 × 10−3.

(c) shape value is doubled to see how large the influ-
ence is on the distribution.

(d) shape is modified until the distribution satisfies
the maximal value and mean value.

Figure 6.3: The calibration procedure of the Weibull distribution.

Weishaupt et al. (2019) determine the pore throat radii based on the radii of the two neighbouring
pore bodies as explained by Joekar-Niasar, Hassanizadeh and Leijnse (2008). However, for simpli-
fication, we assume that a throat diameter is half the diameter of the smallest neighboring pore
body. Figure 6.4 gives an example of the random pore network which is generated with the model
explained above. The red dots represent the pore bodies and the blue links the pore throats.
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Figure 6.4: Example of a random pore network representing a porous medium. The pore bodies
are indicated with the red dots and the blue links represent the pore throats.

Four different random pore-network geometries are created. Each of the geometries contain dif-
ferent material properties, achieved by modifying the mean pore body diameter, see Section 4.2.3.
A distinction is made between the skin layer and the bulk layer. By increasing the domain length,
we create a bulk layer, geometry 1. Table 6.1 lists the pore body diameters and domain length for
each geometry. Figure 6.5 shows the different geometries with actual dimensions.

Table 6.1: Pore body diameters corresponding to the four random pore-network geometries.

Geometry Minimal dp [mm] Mean dp [mm] Maximal dp [mm] Domain length [mm]

1 0.10 0.175 0.20 10
2 0.01 0.025 0.10 7.5
3 0.05 0.100 0.15 7.5
4 0.10 0.175 0.20 7.5

(a) Bulk layer with mean dp = 0.175 mm (geometry
1).

(b) Skin layer with mean dp = 0.025 mm (geometry
2).

-52- A multiscale approach to the Stokes-Biot interface problem



CHAPTER 6. APPLICATION OF THE MULTISCALE FRAMEWORK

(c) Skin layer with mean dp = 0.100 mm (geometry
3).

(d) Skin layer with mean dp = 0.175 mm (geometry
4).

Figure 6.5: The random pore-network geometries corresponding to Table 6.1.

The material properties for each of the four geometries are listed in Table 6.2.

Table 6.2: Material properties corresponding to the four random pore-network geometries.

Geometry φb [-] φs [-] k [cm2] ζ [m2 s kg−1] cBJS [kg m−2 s−1]

1 0.265 0.047 2.885× 10−6 −2.326× 10−5 1516
2 0.057 0.006 3.371× 10−8 −4.518× 10−7 19370
3 0.166 0.028 3.985× 10−7 −5.385× 10−6 2789
4 0.279 0.040 1.625× 10−6 −2.216× 10−5 1230

6.2 Case study

Reconsider the macroscale model of a fluid flow in an irregular shaped fractured reservoir as was
introduced in Chapter 2. The microscopic scale geometry can be obtained on two locations in
the domain: (1) in the rock itself and; (2) at the interface between the rock and fracture. The
locations are marked in Figure 6.6. Suppose that the geometries found in Section 6.1 represent the
microscale geometry. Geometry 1 represents the bulk layer, and thus the rock in this macroscale
model. Geometry 2, 3, or 4 represents the skin layer at the interface. Different skin layer geometries
are used, since this enables us to perform an analysis of the influence of the microstructure later
on in this section.
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Figure 6.6: Fluid flow through a fractured reservoir (Ambartsumyan et al., 2018). The locations
at which the microscopic scale geometry is measured are marked.

The macroscopic mathematical model given in equations (2.17) - (2.19) is solved on the macro-
scopic model with cBJS as listed in Table 6.2. φ in the macroscopic mathematical model represents
the bulk porosity, φb, obtained from the microscopic analysis, as given in Table 6.2. The com-
pressibility modulus, M , in equation (2.17a) is determined using:

1

M
=

φb
Kf

+
1− φb
Ks

, (6.1)

where Kf is the bulk modulus of the pore fluid, 2.2× 10−9 Pa, and Ks is the bulk modulus of the
solid skeleton, which is very large in case of no deformation. Hence, the second term on the right
hand side vanishes.
p1 in equation (2.17c) represents the pressure in the rock, pref in Figure 6.6. The pore pressure is
set to 0 Pa. The inflow pressure, pin in Figure 6.6, is initially set to 1 Pa. In the macroscopic model,
the inflow pressure is weakly prescribed as in equation (2.18d). Recall that we anticipated that the
conductance, ζ, is inversely proportional to the fluid entry reisistance, γ. The macroscopic model
is formulated in terms of the fluid entry resistance, whereas from the microscopic simulations we
obtain the fluid entry conductance:

Macroscopic model: Microscopic model:

γq · n1 = (σ2n2) · n2 + p1 q = −k
η
∇p

With the help of the schematic representation of the interface with skin layer in Figure 6.7, this
can be rewritten as:

Macroscopic model:

−γq = −p2 + p1

q = − 1

γ
(p1 − p2) (6.2)

Microscopic model:

q = ζ∆p

q = ζ(p1 − p2) (6.3)
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This leads to γ = −1/ζ. Substituting the values for ζ from Table 6.2, gives the values for γ to be
used in the macroscopic model. The values for γ are listed in the third column of Table 6.3.

Figure 6.7: Schematic representation of the interface. The pressure profile and unit vectors normal
to the interface are shown.

Figure 6.8 presents the simulation results at steady state. Figures 6.8a-6.8b show the results for
geometry 1 as bulk geometry and geometry 2 as the skin layer, 6.8c-6.8d show the results for
geometry 1 as bulk geometry and geometry 3 as the skin layer, and 6.8e-6.8f show the results for
geometry 1 as bulk geometry and geometry 4 as the skin layer.
The pressure prescribed on the inflow boundary is directly transferred to the interface. On account
of the length and aperture of the considered fracture, friction along the surface walls is negligible,
as a result of which the pressure in the fracture is virtually constant, regardless of the mean pore
throat diameters. As of the interface, the pressure gradually decreases in the rock. Chapter 5.2.3
concluded that for smaller surface permeabilities, the pressure gradient in the skin layer becomes
steeper, leading to a larger pressure jump over the interface at the macroscale. A smaller surface
permeability corresponds to a smaller mean pore throat diameter. As expected, comparison of
Figures 6.8a, 6.8c and 6.8e yields the same conclusion: the length over which the total pressure
drop from 1 Pa to 0 Pa takes place, increases as the mean pore throat diameter increases. The effect
of the mean pore throat diameter is also to be seen in the maximal velocity in the fracture. The
smaller the mean pore throat diameters become, the more the interface approaches an impermeable
wall. In this case, the fluid velocity will be zero. This behavior is apparent when comparing
Figures 6.8b, 6.8d, and 6.8f: the maximal fluid velocity in the fracture is reduced for shrinking
mean pore throat diameters. The reduced porous medium flux for decreasing mean pore throat
diameters is caused by two effects: (1) the declining maximal velocity in the fracture and; (2)
an increasing resistance as a consequence of the decreasing diameters. Note that the porous
medium flux is observed to be highest at the end of the fracture. Since no distinction is made
between the permeability in horizontal or vertical direction, this is caused by the flow direction.
In the following, the response of varying the Beavers-Joseph-Saffman constant and the fluid entry
resistance on the different simulations is analyzed in detail.
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(a) Fluid pressure throughout the domain. Mean dp = 0.175 mm
and mean dp = 0.025 mm for the bulk geometry and skin layer,
respectively.

(b) Free flow velocity and porous medium flux. Mean dp =
0.175 mm and mean dp = 0.025 mm for the bulk geometry and
skin layer, respectively.

(c) Fluid pressure throughout the domain. Mean dp = 0.175 mm
and mean dp = 0.100 mm for the bulk geometry and skin layer,
respectively.

(d) Free flow velocity and porous medium flux. Mean dp =
0.175 mm and mean dp = 0.100 mm for the bulk geometry and
skin layer, respectively.

(e) Fluid pressure throughout the domain. Mean dp = 0.175 mm
and mean dp = 0.175 mm for the bulk geometry and skin layer,
respectively.

(f) Free flow velocity and porous medium flux. Mean dp =
0.175 mm and mean dp = 0.175 mm for the bulk geometry and
skin layer, respectively.

Figure 6.8: Simulation results for geometry 1 as bulk geometry and geometry 2, 3, and 4 as a skin
layer.
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Beavers-Joseph-Saffman constant To study the flow profile in the fracture, we consider a
cross section at xstart = (0.21,−0.012) and xend = (0.22, 0.026). The flow profile on this cross
section is given in Figure 6.9 for all three simulations. As mentioned above, the maximal fluid
velocity in the fracture reduces for smaller mean pore throat diameters. Recall from Section 4.2.3
that cBJS is dependent on the mean pore throat diameter: for a decreasing mean pore throat
diameter, cBJS increases. This means that the shear stress along the interface increases. As a
consequence, the velocity tangential to the interface reduces. This behavior can be seen in the
zoomed in view in Figure 6.9. Based on these results, we can conclude that the macroscopic model
under the influence of varying cBJS behaves as is predicted by the microscopic analysis in previous
chapters.

Figure 6.9: Flow profile of the fluid flow in the fracture under influence of varying cBJS .

Fluid entry resistance A cross section perpendicular to the interface on xstart = (0.12, 0.03)
and xend = (0.16, 0.19) in the fracture is considered. The pressure behavior as a result of varying
the fluid entry resistance is analyzed on this cross section. This is shown in Figure 6.10 for all
three simulations. As discussed above, the inflow pressure is maintained until the interface. The
fluid entry resistance is used to model the pressure drop due to skin effects as a jump, leading to
a discontinuous pressure over the interface. Hereafter the pressure gradually decreases towards
its far field reference value. The pressure jump increases for a decreasing conductance, ζ. Based
on the results, this is correct: ζ is proportional to the permeability and the permeability declines
with decreasing mean pore throat diameter. In addition, the pressure gradient becomes steeper for
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decreasing mean pore throat diameters. Thus, ζ should decline for increasingly steeper pressure
gradients. The porous medium flux at the interface on the cross section is indicated in Figure
6.10. From the observed pressure distribution, we can substitute the values in equation (6.3) and
determine ζ. These values are listed in the last column of Table 6.3. The deviation between ζ
from our microscopic model of Section 6.1 and obtained from the macroscopic model simulations
are due to rounding errors and systematic errors. Based on these results, γ is indeed inversely
proportional to ζ and the numerical results are in line with the expectations.

Figure 6.10: Pressure behavior in the free fluid and porous medium under influence of varying ζ.

Table 6.3: ζ obtained from the microscopic model in Section 6.1, the converted macroscopic γ and
ζ calculated with the numerical results of the macroscopic model.

Geometry ζ (model) [m2 s kg−1] γ [kg m−2 s−1] ζ (simulation) [m2 s kg−1]

2 −4.518× 10−7 2.246× 106 −4.483× 10−7

3 −5.385× 10−6 1.857× 105 −5.332× 10−6

4 −2.216× 10−5 5.513× 104 −2.184× 10−5

6.3 Discussion

The Beavers-Joseph-Saffman constant and fluid entry resistance were varied in the microscale
model through the multiscale framework. This led to a changing global velocity and pressure
behavior in the macroscale domains (Figure 6.8). These changes are well understood by means
of findings from our microscale analysis in Chapters 4 and 5. Hereafter the flow profile and
pressure behavior are locally analyzed through a cross section at the interface. The behavior
of the flow velocity in the fracture at the interface becomes clear herein. This behavior is well
in agreement with the findings of the dependence of the Beavers-Joseph-Saffman constant on
the mean pore throat diameter found in Chapter 4. As for the local analysis of the fluid entry
resistance, agreement is illustrated between the pressure gradient obtained from the macroscale
model and pressure gradient seen in Chapter 5. Furthermore, the relationship between the fluid
entry resistance, γ, defined in the macroscale model and the fluid entry conductance, ζ, defined
in the microscale model is confirmed. Hence, for the considered test case it is observed that
the multiscale approach to the Stokes-Darcy interface problem enables us to select meaningful
macroscopic interface properties based on a given microstructure.
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Chapter 7

Conclusions and recommendations

7.1 Conclusions

The interaction between a free fluid flow and a porous medium is of relevance in geothermal
applications, such as groundwater flows in fractured reservoirs. On the macroscopic scale, the
Stokes-Biot model is used to describe the coupled system. In the coupling between the two
domains, two macroscopic, interfacial parameters arise. The first, the Beavers-Joseph-Saffman
constant, is employed to enforce fluid slip over the porous interface, by relating the tangential
free flow velocity along the interface to the tangential component of the free fluid traction at the
interface. The second, the fluid entry resistance, relates the (Darcy) flux over the interface to the
difference between the normal component of fluid traction in the free flow and the pressure in the
porous medium. The fluid entry resistance allows for modeling a large pressure gradient over a rel-
atively thin layer of low permeability, as caused by the skin effect, as a jump in the (pore) pressure.

Typically, both the Beavers-Joseph-Saffman constant and the fluid entry resistance parameter are
determined through experiments on soil samples. Here, we provide a computational framework to
systematically determine the macroscopic, interfacial parameters from microscale properties of the
porous medium. We adopt a multiscale modeling strategy, where, at the microscale, the porous
medium is represented by a simplified pore network. Considering the Beavers-Joseph-Saffman
constant, cBJS , we modeled a free flow tangent to a porous medium. We consider that the flow
in both the free flow and in the porous medium behaves as a Stokes flow. Numerical simulations
are performed that vary microstructural parameters, such as, the bulk porosity, surface porosity,
mean horizontal pore throat diameter and mean vertical pore throat diameter independently of
one another. The numerical outcomes are analyzed on dependency between the varied parameters
and both the permeability and the Beavers-Joseph-Saffman constant. From this analysis:

• It is observed that the permeability is related to the bulk porosity and to the square of the
vertical mean pore throat diameter. This is consistent with the homogenization procedure
executed by Berg (2014) for idealized porous media.

• It is shown that, for idealized porous media structures, a significant correlation exists between
the permeability and the Beavers-Joseph-Saffman constant and between the mean vertical
pore throat diameter and the Beavers-Joseph-Saffman constant.

Considering the fluid entry resistance, γ, the free flow is modeled parallel to the porous medium.
Here as well, the fluid is assumed to behave as a Stokes flow. Numerical experiments are performed
in which the vertical mean pore throat of the skin layer is varied, resulting in differing permeabilities
compared to the bulk geometry. As a consequence, the pressure gradient, modeled as a pressure
jump in the macroscopic model, throughout the porous medium is altered. In order to capture the
pressure profile as a function of permeability, we focused on two aspects: (1) the pressure profile
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at the transition zone between the two layers and; (2) the comparison of the slopes for different
permeabilities. From this analysis:

• It follows that if the length scale of the skin layer is known, the fluid entry resistance can
relatively easy be retrieved.

• It is observed that the transition of one layer of a reduced permeability to a layer of a larger
permeability does not substantially affect the pressure profile.

• It is demonstrated that, if a skin effect occurs because, for example, pores are getting clogged,
the permeability is reduced. Consequently, the pressure gradient in the skin zone increases.

Finally, we put the microscale model in a more realistic setting by using a randomly generated pore
network to represent the porous medium. We supposed that these pore networks represented the
microscale geometry in a fractured reservoir. The Beavers-Joseph-Saffman constant and the fluid
entry resistance were calculated for these microscale geometries using the developed multiscale
framework. These were upscaled to the macroscale Stokes-Darcy model to study whether the
required results were obtained. From this analysis:

• It is shown that the fluid entry resistance, γ, is inversely proportional to the reductance, ζ.

• It is discussed that the flow and pressure behavior for varying the Beavers-Joseph-Saffman
constant and the fluid entry resistance that was observerd in the microscale analysis, is
visible in the numerical outcomes of the macroscopic model.

• It can be concluded that the developed multiscale framework provides a computational
framework to make a micromechanically substantiated choice for the Beavers-Joseph-Saffman
constant and for the fluid entry resistance.

7.2 Recommendations

Recommendations for future work on this topic are the following:

• From the first two observations from the conclusions, the question rises whether the de-
pendency between the permeability and the Beavers-Joseph-Saffman constant is directly
correlated or that, because the Beavers-Joseph-Saffman constant correlates with the mean
vertical pore throat diameter, it originates from the relation between the mean vertical
pore throat diameter and the permeability. We recommend to further analyse the relation
between the permeability and the Beavers-Joseph-Saffman constant.

• Use an imaging technique, briefly explained in Section 2.1.2, to obtain the actual pore
geometry. This enables to examine the multiscale approach in a realistic setting. This is
anticipated to result in a different scaling of the permeability as stated by equation (4.9),
leading to a different relation between cBJS and the permeability. This can explain why
Beavers and Joseph (1967) scale cBJS with one over the square root of the permeability
while our result indicates a scale factor of one over permeability.

• The material surrounding the well bore will be slightly deformable, hence deformation should
be taken into account in the mathematical model explained in Section 3.2. To this end, one
should consider the full Stokes-Biot model of Bergkamp et al. (2019).

• The Stokes equations were used to describe the flow behavior. This is restrictive, however,
as realistically one would like to consider moderate Reynolds number flows. Therefore,
extension to the Navier-Stokes equations is recommended.

• In order to perform detailed parameter studies, in this thesis we considered two-dimensional
simulations. Although the obtained conclusions do not essentially depend on this assump-
tion, it is recommended to consider the conducted numerical experiments in a three-dimensional
setting.
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Appendix A

Set-up for permeability calculation

Multiple geometries exist with which we can calculate the permeability of a porous medium.
In Figure 2.8 four geometries are shown which we can use. However on closer analysis, some
geometries have significant advantages over others. This chapter explains which geometry we
chose.

A.1 Geometry

When applying a pressure at the in- and outlet, one would expect a linear pressure behavior
through the geometry. Figure A.1 depicts the pressure behavior along a vertical line through each
geometry. Geometries I and II indeed show a linear pressure behavior, however geometry III and
IV show a waving pattern. Thus, the broadening of the channel has a significant influence on
the pressure behavior in the porous medium. This effect will cancel out when the broadening is
further removed from the porous medium. This effect can also be seen between geometry III and
IV: geometry III shows a more waving pattern than geometry IV, but its distance from the small
channel to the porous medium is also smaller. However, since geometry I and II do not display
this behavior it is more intuitive to choose one of these for further analysis and to reject geometry
III and IV.

Figure A.1: Pressure behavior along a vertical line through the center of the geometry for geometry
I, II, III and IV.
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The decision whether to choose geometry I or II is dependent on the flow profile at the in- and
outlet of the geometry, for which a Poiseuille flow is expected. However, if the distance between the
in- and outlet and porous medium is too small, this will influence the flow profile. This distance
will be indicated with lff . In Figure A.2 the flow profiles at the inlet (Figure A.2a) and at the
outlet (Figure A.2b) are shown for different values of lff .

(a) Inlet flow profiles for different distances between the in- and
outlet and porous medium.

(b) Outflow flow profiles for different distances between the in-
and outlet and porous medium.

Figure A.2: Flow profiles at the inlet and outlet for different lengths for the free flow.

For small values of lff the flow profile is significantly influenced by the porous medium, for larger
values this effect vanishes and the profile converges to a Poiseuille profile. As of lff = 10× 10−3 m
the profile does not change significantly, therefore this length is chosen.

A.2 Mesh size

In order to perform the above-mentioned numerical simulations, the model explained in Chapter
3.3 is used. When performing a numerical simulation, the mesh size needs to be analysed. If
the mesh is chosen too large, the simulation results will contain errors, however if it is chosen
too small, the results will be very accurate but the computing time will be very long. Since the
free flow area is much wider than the pore throats, the mesh can also be larger in this area.
In Figure A.3 the flow profiles at the in- and outlet are shown for different mesh sizes in the
free flow area, lcff , while the mesh size in the pore throats, lcp is kept constant. As of lcff =
1.5× 10−4 m a considerable error arises and the flow profile begins to fluctuate significantly. This
means these mesh sizes are too large. For the remaining mesh sizes a trade-off between computing
time and accuracy needs to be taken into account. The computing time of lcff = 1× 10−4 m is
approximately a factor 2 larger than that of lcff = 1.5× 10−4 m, while the profile deviates with a
maximum value of approximately 3× 10−7 m/s. For lcff = 0.9× 10−4 and lcff = 0.8× 10−4 the
computing time increases with a factor of approximately 2.2 and 2.7 compared to the computing
time of lcff = 1.5× 10−4, respectively. Their maximum value deviates from the maximum value
of lcff = 1.5× 10−4 with approximately 3.3× 10−7 m/s and 4.5× 10−7 m/s, respectively. So the
computing time for lcff < 1.5× 10−4 increases considerably, while the increase in maximum value
is negligibly small. For this reason a mesh size of lcff = 1.5× 10−4 is chosen in the free flow area.
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(a) Inlet flow profiles for different mesh sizes, lcff , in the free
flow area.

(b) Outflow flow profiles for different mesh sizes, lcff , in the free
flow area.

Figure A.3: Flow profiles at the inlet and outlet for different mesh sizes in the free flow.

For the mesh size in the pore throats, the same method is used. Flow profiles through the pores
for different mesh sizes, lcp, are analyzed as shown in Figure A.4. The mesh size does not seem
to have a big influence on the flow profile. The profiles are almost on top of each other and
the difference between computing times is also minimal. However, the pressure is expected to
be constant in horizontal direction. In Figure A.5 the pressure behavior is shown at the same
horizontal line as was used for the flow profiles. Contrary to what would be expected, the pressure
behavior is not constant for meshes as of lcp > 1× 10−4, although the variation of the pressures is
very small. This means these mesh sizes are too large resulting in an inaccuracy. The pressure for
lcp < 1× 10−4 results in a straight line. For lcp = 1× 10−4, a very small deviation of the straight
line can be seen, however it is negligibly small. Besides that, the computing time corresponding to
this mesh is 3.5 times as small as lcp = 0.9× 10−4. So the computing time is considerably larger,
while it does not significantly contribute to a better result. Therefore lcp = 1× 10−4 is chosen.

(a) Flow profile over a horizontal line through the porous me-
dium for all pore throats for different mesh sizes, lcp, in the pore
throats.

(b) A zoomed version of the flow profile of one pore throat
circled in Figure A.4a.

Figure A.4: Flow profiles at the inlet and outlet for different mesh sizes in the free flow.
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(a) Pressure behavior over a horizontal line through the porous
medium for all pore throats for different mesh sizes, lcp, in the
pore throats.

(b) A zoomed version of the pressure behavior of one pore throat
circled in Figure A.5a.

Figure A.5: Flow profiles at the inlet and outlet for different mesh sizes in the free flow.
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Evaluation of results

Assume a correlation is to be found between the dependent variable, y, and the independent
variable, x. For this purpose, N numerical experiments are performed, each with another value
for the independent variable, which results in a value for the dependent variable. To know if there
is a correlation at all, the correlation coefficient is calculated. This is a measure to indicate how
strong a relation is. It is defined as:

r =

∑N
i (xi − x̄)(yi − ȳ)√(∑N

i (xi − x̄)2
∑N
i (yi − ȳ)2

) , (B.1)

with xi the ith data point of x, yi the ith data point of y and x̄ and ȳ are the average values of x
and y, respectively. The correlation coefficient can take values ranging from −1 to 1, in which −1
indicates that when one variable increases the other variable decreases, 0 indicates no relationship
between the two and +1 indicates that both variables are increasing (Costa, 2010). When it turns
out that a correlation exists we can find it numerically and the ‘goodness-of-fit’ is evaluated with
the R2-value and a residual plot.
The R2 value, or coefficient of determination, is a measure of how accurate the model is compared
to the data. It is the percentage of the variation around the mean of the data that is explained
by the linear regression model,

R2 =
variance explained by model

total variance
. (B.2)

A disadvantage of the R2-value is that it does not tell if the model is biased. For this a residual
plot is needed (Frost, 2017).
The residual value is the difference between a data point and the corresponding model estimate
(Costa, 2010),

res = yi − ŷi, (B.3)

with ŷi the ith point of the model. So the smaller the residual values, the better the model. An
adequate model should yield a residual plot that is assessed based on three aspects (Spiegel, 2019):

1. Clustered around a small value relatively to the y data. The smaller the value, the smaller
the error between the data and the model;

2. Tending to cluster towards the middle of the plot by means of a symmetrically distribution;

3. No clear systematic trends.

The following observations indicate that the model could be improved (Spiegel, 2019):

1. ‘Uneven spread of residuals across fitted values - the model does not fit consistently at all
values of x;
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2. Curvilinear pattern - the model may be missing a higher order term;

3. Outlier, which means an extreme value for y - there may be an underlying special cause,
such as data recording error;

4. Influential value, which means an extreme value of x - an observation has greater influence
compared to other observations.’

With the help of the residual values, the R2 value can be calculated with the the general definition,

R2 = 1− SSres

SStotal
= 1−

∑N
i (yi − ŷi)2∑N
i (yi − ȳ)2

. (B.4)
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Geometries for simulations for the
analysis of the
Beavers-Joseph-Saffman constant

This chapter gives an overview of the geometries used for the simulations for the analysis of
cBJS . In the tables it is indicated what properties are varied, e.g., width of the solid or pore, etc.
Furthermore, the results of the simulations are listed, that is the permeability and cBJS .

C.1 Bulk porosity

Varying the bulk porosity is achieved by varying the length of the solid. In Table C.1, the
geometrical variations are listed. The width of the solid, 1 mm, has to be constant in order to
keep the surface porosity fixed. Furthermore, the average pore throat widths have to be constant,
therefore the width of the pore throats is fixed at 0.2 mm. This leads to a constant surface porosity
of 0.1803. For each geometry variation the numerical outcomes are listed in Table C.1.

Table C.1: Geometries of different bulk porosities with its corresponding permeabilities and cBJS .

Geometry lsolid [mm] φb [-] k [cm2] cBJS [kg m−2 s−1]

1 1.00 0.305 3.528× 10−5 292.4
2 0.95 0.311 3.532× 10−5 290.0
3 0.90 0.317 3.520× 10−5 289.3
4 0.85 0.324 3.583× 10−5 293.1
5 0.80 0.331 3.530× 10−5 289.7
6 0.75 0.339 3.596× 10−5 291.0
7 0.70 0.348 3.575× 10−5 291.0
8 0.65 0.358 3.569× 10−5 293.0
9 0.60 0.370 3.603× 10−5 291.5
10 0.55 0.382 3.588× 10−5 293.2
11 0.50 0.397 3.680× 10−5 291.6
12 0.45 0.415 3.690× 10−5 290.3
13 0.40 0.435 3.691× 10−5 295.4
14 0.35 0.459 3.783× 10−5 291.0
15 0.30 0.488 3.794× 10−5 292.5
16 0.25 0.523 3.897× 10−5 291.1
17 0.20 0.569 4.083× 10−5 289.4
18 0.15 0.627 4.081× 10−5 293.8
19 0.10 0.707 4.369× 10−5 292.8
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C.2 Surface porosity

The surface porosity is defined as the ratio between the total width of the pores along the interface
and the total width of the interface. Hence, in order to alter the surface porosity, one of those two
total widths needs to be changed. By changing the total pore width, the vertical pore throat dia-
meter is varied. However, as seen in Section 4.2.3, changing the vertical pore size has a significant
influence. Therefore if the pore width is changed, it is not known whether the influence originates
from the varying surface porosity or from changing the pore throat diameter. In addition, the
total area of the pores will change, which results in different bulk porosities. While if the width
of the solid is changed and the vertical pore throat diameter is maintained, the total width of the
interface will change, causing only the bulk porosity to change along with the surface porosity.
But in Section 4.2.1 our analysis concluded that the bulk porosity does not influence cBJS . Hence
a varying bulk porosity while analyzing the varying surface porosity does not matter. Thus the
width of the solid is varied, see Table C.2, and the pore throat diameter, in horizontal and vertical
direction, is kept constant at 0.2 mm.

Table C.2: Geometries of different surface porosities with its corresponding bulk porosities, per-
meabilities and cBJS .

Geometry wsolid [mm] φs [-] φb [-] k [cm2] cBJS [kg m−2 s−1]

1 1.00 0.180 0.3169 3.528× 10−5 292.4
2 0.95 0.188 0.3234 3.480× 10−5 291.0
3 0.90 0.196 0.3304 3.531× 10−5 285.1
4 0.85 0.206 0.3380 3.502× 10−5 288.4
5 0.80 0.216 0.3464 3.537× 10−5 280.4
6 0.75 0.227 0.3557 3.531× 10−5 284.7
7 0.70 0.239 0.3659 3.545× 10−5 286.6
8 0.65 0.253 0.3774 3.489× 10−5 287.2
9 0.60 0.268 0.3902 3.406× 10−5 288.4
10 0.55 0.286 0.4048 3.414× 10−5 295.4
11 0.50 0.306 0.4213 3.491× 10−5 285.7
12 0.45 0.328 0.4403 3.550× 10−5 290.8
13 0.40 0.355 0.4624 3.449× 10−5 290.4
14 0.35 0.386 0.4883 3.485× 10−5 287.5
15 0.30 0.423 0.5192 3.459× 10−5 294.6
16 0.25 0.468 0.5567 3.494× 10−5 282.5
17 0.20 0.524 0.6032 4.493× 10−5 294.5
18 0.15 0.595 0.6622 4.442× 10−5 280.6
19 0.10 0.688 0.7396 4.478× 10−5 291.6

C.3 Pore size in horizontal direction

The bulk and surface porosity need to be maintained during this analysis. This implies that the
ratio between the area of the pores and the total area of the porous medium and the ratio between
the total width of the pores and the width of interface need to be fixed. By removing a pore throat
between two solid blocks and sliding them against each other and divide the total pore width by
the total number of pore throats, the ratios are unchanged. Under these conditions φb and φs are
0.3169 and 0.1803, respectively.
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Table C.3: Geometries with different horizontal pore sizes with its corresponding permeabilities
and cBJS .

Geometry lsolid [mm] wpore [mm] (hor.) k [cm2] cBJS [kg m−2 s−1]

1 1.00 0.20 3.528× 10−5 292.4
2 2.00 0.40 3.577× 10−5 290.7
3 5.00 1.00 3.508× 10−5 289.2
4 10.00 2.00 3.259× 10−5 289.0

C.4 Pore size in vertical direction

The method to obtain different pore sizes while maintaining the bulk and surface porosity is
analogous to the one explained in Section C.3, only now in vertical direction. φb and φs are fixed
on 0.2290 and 0.0748, respectively.

Table C.4: Geometries with different vertical pore sizes with its corresponding permeabilities and
cBJS .

Geometry wsolid [mm] wpore [mm] (ver.) k [cm2] cBJS [kg m−2 s−1]

1 0.125 0.01007 3.923× 10−8 9.361× 104

2 0.250 0.02010 1.655× 10−7 2.165× 104

3 0.500 0.04000 7.460× 10−7 4750
4 0.78125 0.062125 2.074× 10−6 2729
5 1.00 0.07922 3.590× 10−6 2027
6 1.25 0.09854 8.208× 10−6 1595
7 1.5625 0.12242 1.300× 10−5 466.6
8 2.00 0.15538 2.116× 10−5 379.4
9 2.50 0.19238 3.305× 10−5 303.8
10 3.125 0.23765 4.942× 10−5 252.3
11 5.00 0.36727 1.162× 10−4 162.3
12 6.25 0.44889 1.723× 10−4 136.2
13 10.00 0.67333 3.787× 10−4 93.38
14 12.50 0.80800 5.504× 10−4 78.33
15 25.00 1.34667 1.508× 10−3 54.64
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Residual plots

This appendix gives the residual plots. The residual plots were used to evaluate the regression
lines found in the analysis of Chapter 4.

Figure D.1 gives the residual plot from the correlation found between the surface porosity and
permeability. Figure D.2 gives the residual plot that is found for the correlation between the
permeability and vertical mean pore throat diameter.

Figure D.1: The residual plot of the fit shown in
Figure 4.7.

Figure D.2: The residual plot of the fit shown in
Figure 4.12.
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Figures D.3 and D.4 give the residual plots that are found for the correlation between cBJS and
the permeability and mean vertical pore throat diameter, respectively.

Figure D.3: The residual plot of the fit shown in
Figure 4.14.

Figure D.4: The residual plot of the fit shown in
Figure 4.15.
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Geometries for simulations for the
analysis of the fluid entry
resistance

This appendix lists the dimensions used for the solid blocks and pores in the geometries in or-
der to generate geometries with altering permeabilities. The length of the solid and horizontal
pore throat diameter are kept constant throughout the numerical simulations, that is 1 mm and
0.2 mm, respectively. The width of the solid and vertical pore throat diameter are varied, with
the dimensions specified in Table E.1. The computed permeabilities are also shown. The lower
geometry is maintained for all simulations.

Table E.1: Dimensions used to generate upper geometries with various permeabilites.

Geometry wsolid [mm] wpore [mm] (ver.) k [cm2]

1 0.5995 0.01 3.68× 10−8

2 0.5890 0.02 1.45× 10−7

3 0.5785 0.03 3.24× 10−7

4 0.5680 0.04 5.82× 10−7

5 0.5575 0.05 8.82× 10−7

6 0.5470 0.06 1.31× 10−6

7 0.5365 0.07 1.83× 10−6

8 0.5260 0.08 2.41× 10−6

9 0.5155 0.09 3.12× 10−6

10 0.5050 0.10 8.12× 10−6

11 0.4945 0.11 9.99× 10−6

12 0.4840 0.12 1.22× 10−5

13 0.4735 0.13 1.45× 10−5

14 0.4630 0.14 1.70× 10−5

15 0.4525 0.15 1.96× 10−5

16 0.4420 0.16 2.23× 10−5

17 0.4315 0.17 2.52× 10−5

18 0.4210 0.18 2.84× 10−5

19 0.4105 0.19 3.12× 10−5

20 0.4000 0.20 3.48× 10−5
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