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Abstract: This thesis tackles the modeling and con-
trol problems of a ball balancing robot. In particu-
lar, it investigates the benefits of introducing static
friction models with respect to previous works. The
models incorporate driveline friction, ball wheel fric-
tion and rolling friction. Three validation methods,
including open loop and closed loop validations are
considered. It is concluded that adding the modeled
friction to the constructed 3D model does increase
the accuracy. Moreover, a control scheme is proposed
for compensating the modeled friction in the control
design. This leads to an increased performance of the
system both in simulation and in experiments. On the
other hand, unmodeled backlash, resonance and slip
still give rise to mismatches between the simulation
and experiments, and including these effects warrants
further work.

1 Introduction

Autonomous and semi-autonomous robots are being
deployed in industrial environments at an increasingly
fast pace. In factories, many tasks are automated
using robot arms and mobile robots. In most cases
these robots are fenced off or operating in a human
free area. Implementing robots in areas with humans
greatly impacts the design of these robots. How much
the design of a robot is influenced in this case, de-
pends on the environment. In factories people can be
trained to properly interact with the robots, however
if robots are used in hospitals or libraries then the ro-
bots should be designed such that people do not have
to be trained to interact with the robots. It is easier for
humans to interact with robots that are roughly the
same size, smaller robots are more easily tripped over
whereas big robots might be obstructing. Moreover,
many wheeled mobile robots are not agile and need
to manoeuvre in an unpredictable manner to navig-
ate the environment, which might be seen as a social
barrier. Humans are much more agile, and so should
robots be, to help break this barrier. This inspired the
idea of ball-balancing robots [1].

Ball-balancing robots are, as the name suggests, ro-
bots able to balance on a ball. Balancing something
on a ball is inherently unstable, thus such a robot has
to actively balance itself. This makes a ball-balancing
robot a type of dynamically stable robot. In order for
a ball-balancing robot to move, it has to lean in a cer-
tain direction; then to not fall over, the robot has to
roll the ball in the direction of lean, causing the robot
to move. While this might be seen as a disadvant-
age with respect to the more usual statically stable
robots, ball-balancing robots can be designed with a
small footprint and a high center of mass. Due to the
different design possibilities, ball-balancing robots can
be designed taller and slimmer to better match the
shape of a human and therefore be easily noticeable

yet not obstructing in a busy human environment [1].

1.1 Background information
In 2005 the single spherical wheeled robot was intro-
duced by the robotics institute of the Carnegie Mel-
lon University (CMU) [1]. They built the first work-
ing ball-balancing robot, currently even equipped with
arms as shown in Figure 1.1. As discussed in their pa-
per, statically-stable wheeled robots have limitations
when it comes to design and possible accelerations.
Two-wheeled balancing robots existed already, but the
disadvantage of these is that they have to turn in order
to drive in a different direction.

Figure 1.1: Ballbot CMU (source: https://www.

youtube.com/watch?v=qSNhRFNKWpQ)

After the first ball-balancing robot was developed at
the Carnegie Mellon University, many more of these
robots have been developed and used at universities
as projects for students to work on. Two other well
known ball-balancing robots are the ballbot from the
Eidgenössische Technische Hochschule Zürich [2] and
the ballbot from the Tohoku Gakuin University [3].
The idea of these robots is similar, but different mech-
anisms to balance the robot on a ball are used. The
most common one is by using 3 omni-wheels, each in-
dividually actuated. This type of robot will be con-
sidered in this project and can be see in Figure 1.2.
The control of such a robot is challenging because it is
an unstable and underactuated (5 degrees of freedom
and 3 actuators) system, which makes it interesting
to work on. It has many expansion opportunities e.g.
object detection can be implemented using a camera
in order to avoid obstacles or to follow people around.
Another method is called inverted mouse-drive, which
uses two rollers to control the roll and pitch angle of
the ball individually but the yaw angle of the robot is
not controllable in this manner and needs a separate
actuator.

Various approaches have been used to model the dy-
namical behaviour of a ball-balancing robot. Most
approaches include splitting the robot into two rigid
bodies, the ball and the robot-body. In some ap-
proaches the wheels are viewed as separate bodies as
well. When using a multi-body software tool to ac-
quire the equations of motion, a more detailed model
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can be constructed. However, this then generates a lar-
ger mathematical model which could be unfavorable in
the controller design, for example when running online
predictions if model predictive control is used.

Both, 2D and 3D models of ball-balancing robots have
been introduced in the literature. A 2D model only
considers a planar section of the robot, in general a
side view and top view models are used. A 3D model
describes the motion of the robot in full 3D space.
Often, Euler-Lagrange equations (based on general-
ized coordinates and defined kinetic and potential en-
ergies) are used to create these models. In some cases
Newtonian mechanics (based on forces and Cartesian
coordinates) is used.

Using 2D planar models and linear controllers one can
successfully control a ball-balancing robot as can be
seen in [4, 5]. However, these 2D planar models neg-
lect certain dynamics and therefore the speed and com-
plexity of possible trajectories is limited. To improve
this, 3D models have been considered using different
representations. The most common representation is
Euler angles [6, 7, 8, 9, 10, 11]. In order to avoid sin-
gularities, also 3D models using quaternions (a way
to represent a rotation in 3D space using 4 numbers)
[12, 13] and the SO(3) representation (the 3D rotation
group making use of 3D rotation matrices) [14] have
been constructed. On the other hand, the size of the
model grows when using quaternions and even more
when using SO(3) representation. Moreover, when us-
ing the Euler representation, singularities might never
be reached in a normal operation mode, because ball-
balancing robots will never lean 90◦. Thus to represent
the full dynamics but also limit the size of the model,
a 3D model using Euler angles is used in this research.

1.2 Research questions

Designing a control algorithm for the BBR (ball-
balancing robot of Alten used for this research) is
necessary to position the BBR at a desired location.
Having a model of the BBR helps designing and test-
ing the controller using simulations. Furthermore a
model can be used to test parameter variations more
easily such as a change in mass of the BBR. As men-
tioned above, models of the BBR have been made in
the past, but friction has never fully been taken into
account especially static friction. Moreover, it has
never been possible to stabilize the BBR using torque
control, only using velocity control. It is therefore be-
lieved that that the missing friction model can play
an important role in improving the motion control of
the BBR. Because the used ball has a relatively high
elasticity which increases its contact area and the used
omniwheels have irregularities, it is hypothesised that
there are relatively large static friction forces in the
system. Therefore it is suspected that estimating and
adding friction components to the model increases the
model accuracy. This leads to the following two re-

search questions pertaining to the model and control
of the BBR respectively:

1. How to model friction for the BBR in such a
way that by adding friction components into the
model, the model accuracy is increased?

2. Can the performance of the BBR be improved
by introducing a control law that compensates
for this friction?

1.3 Friction
Friction has been studied for many years. It is a com-
plex phenomena and depends on a large number of
parameters such as normal force, contact area, relat-
ive velocity and material properties [15]. Friction is a
force that opposes the relative movement of two bod-
ies that are in contact with each other. Friction can
be split in static and kinetic friction. Static friction
occurs when two bodies have no relative velocity, but
are forced to move relative to each other, in this case,
static friction opposes this force. Kinetic friction is a
force opposing the relative velocity of two contacting
bodies.

Many friction models have been proposed to describe
the behaviour caused by friction. Some commonly
used friction models are described in [16]. Friction
models can be split into static and dynamic friction
models. Static friction models have no internal dy-
namics but they estimate the friction based on sys-
tem states, generally based on velocity. Static friction
models include the classical friction model, Karnopp
model and Armstrong’s model. Dynamic models how-
ever have internal states and are therefore not only
dependant on the system state. Some examples of
dynamic models are the Dahl model, Bliman-Sorine
models and LuGre model.

1.4 Contribution
The aim of this graduation project is to improve the
current status of the BBR, developed at Alten and
shown in Figure 1.2. There have been several attempts
on modeling and controlling the BBR. In previous at-
tempts a working controller could not be made dir-
ectly from the model, which suggests that the model
did not represent the real system well enough for this
purpose. In this paper it is shown that including
the friction components into the basic model does in-
crease the validity of the model and results in a model
which is useful for controller design and can indeed re-
semble in simulation the expected motion of the ball-
balancing robot. For the position control of the BBR,
a linear-quadratic regulator (LQR) with added fiction
compensation is proposed. Adding the friction com-
pensation shows improvements in simulation and in
practice.
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1.5 Structure
The report is organized as follows. The basic model is
introduced in Chapter 2. The friction components in
the BBR are estimated and added to the basic model
in Chapter 3. Afterwards, the created model is val-
idated in Chapter 4. Then, the used control strategy
is explained in Chapter 5. Lastly, conclusions and re-
commendations are formulated in Chapter 6.

1.6 Alten
This project was carried out at Alten. Alten Mechat-
ronics and Robotics is a consultancy bureau that works
for technical companies whereby it focuses on research
and development in the fields of mechanical, electrical
and control engineering [17]. Besides that, Alten has
in-house projects for learning purposes. These pro-
jects are interesting to work on and eventually can be
used on fairs to show the kind of work that Alten can
deliver. In 2014 the idea of a ball-balancing robot was
suggested, see Figure 1.2. Having a dynamic robot
such as the BBR driving around on a fair catches a
lot of attention especially because the challenge be-
hind balancing a robot on a ball is immediately clear
to people.

Figure 1.2: Ball balancing robot Alten

2 Basic model

Before creating a model, it is important to consider the
purpose of the model. In this case the model should
be usable for controller design. Furthermore the model
should help to investigate what phenomena have an ef-
fect on the control of the BBR and how much.

The model assumptions are relatively similar through-
out the literature. Most models include either no fric-
tion [8, 11] or viscose friction [5, 6, 12, 18]. While
designing a friction model for a ball-balancing-robot is
complex, the viscose friction is a linear term, therefore

easy to implement.

The basic model, described next, captures the dynam-
ics of the BBR. Friction components are not included
in the basic model, these will be added in Chapter
3. The basic model is constructed using the following
assumptions:

• Bodies can be represented by a point mass with
a moment of inertia.

• Single contact point between the ball and the
floor.

• Single contact point between the ball and each
wheel.

• No slip between the wheels and the ball.

• No slip between the ball and the floor.

• No friction in the system.

• No time delays.

• Horizontal and flat floor.

The basic model is created using the Euler-Lagrange
method. This method provides a relatively simple
framework to define a model with the use of gener-
alized coordinates [19]. Furthermore, it is chosen to
define rotations using Euler angles. In Section 1.1
the use of different representations for rotations is dis-
cussed. Some models have made use of quaternions or
a 3D rotation group which avoid singularities. How-
ever, in practise the design of the BBR is such that the
roll and pitch angle is limited to approximately 10◦.
Thus, provided that the order of rotations is chosen
appropriately, a singularity will never occur [20].

The generalized coordinates q = [ x y θ φ ψ ]
ᵀ

are used
to represent the static state of the basic model. The
generalized coordinates use x and y to represent the
position of the ball on the floor and θ, φ and ψ to
represent the orientation of the body with respect to a
frame whose origin coincides with the center of the ball
and whose z-axis is parallel to the gravity vector. The
generalized coordinates are visualized in Figure 2.1.
The full state representation of the basic model in-
cludes the time derivatives of the generalized coordin-
ates as well x =

[ q
q̇

]
.
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Figure 2.1: BBR frame

The motor drivers used on the BBR can be used in dif-
ferent modes, namely current control, open loop speed
control and closed loop speed control. The motor
constant gives a linear relation between current and
torque, therefore current control can also be viewed as
torque control. For choosing a motor driver setting,
note that a change in angular velocity of an inertia
can be directly accomplished by applying a torque on
that inertia based on τ = Iα, where τ denotes torque,
α denotes angular acceleration and I denotes moment
of inertia. This makes torque control more direct than
velocity control, because for a motor to move with a
certain velocity it also needs to apply a torque. In
fact, velocity control relies on providing reference ve-
locities for the motors which are tracked by a current
controller.

To resemble the real system, the input of the model is
defined as the torque applied on the wheels. In order
to have wheel torque as input of the model, the rela-
tion with the generalized coordinates is needed. Trans-
formation matrices to transform the wheel torque into
a torque on the body, torque on the ball and force
on the ground can be constructed and used for this.
A short explanation behind the torque and velocity
transformation matrices is given later in this section.
The construction of these matrices and the rest of the
basic model can be found in Appendix II. In short, the
construction of the basic model works according to the
following steps:

• Define position and rotation vectors of the dif-
ferent bodies.

• Define body rotations functions.

• Define torque and velocity transformation
matrices between the wheels, ball, body and
ground.

• Define the kinetic and potential energies of the
different bodies.

• Calculate the Lagrangian L = T − V .

• Define non-conservative generalized forces and
torques.

• Combine the Lagrangian and the non-
conservative generalized forces and torques into

Lagrange’s equation Q = d
dt

(
∂L
∂q̇

)
−
(
∂L
∂q

)
• Reduce the equations into equations of motion

using the extended state vector x =
[ q
q̇

]
.

The basic model is a set of nonlinear equations of mo-
tion with the following form:

ẋ(t) = F (x(t), u(t)) (2.1)

Where x(t) = [ x(t) y(t) θ(t) φ(t) ψ(t) ẋ(t) ẏ(t) θ̇(t) φ̇(t) ψ̇(t) ]
ᵀ

is the state vector of the model and u(t) =
[ u1(t) u2(t) u3(t) ]

ᵀ
the model input consisting of the

wheel torques.

An interesting part of this model is the conversion of
torque and angular velocity between the ball, body and
wheels. To calculate the resultant torque on the ball
or body from the torque on the wheels, the following
equation is used:

T =

n∑
i=1

(Ri −R)× Fi (2.2)

where T is the resultant torque, R is the resultant
torque point of application and Fi is a system of n
forces with their corresponding points of application
Ri. The forces produces by the wheels are simply cal-
culated using: F = τ

rw
uw where F is the produced

force, τ is the wheel torque, rw is the wheel radius
and uw is the direction vector. The direction vector is
expressed in the reference frame located in the center
of the ball and is different for each wheel. When cal-
culating the resultant force on the ball, the points of
application correspond to the contact points between
the ball and wheels. The points of application for the
resultant torque on the body are the center points of
the wheels.

The angular velocities of the wheels can not be com-
bined similarly to the torque vectors and hence the
transformation matrix is calculated in reverse. If the
angular velocity of the ball is known, the angular velo-
city of the wheels can be calculated using the following
equation:

ωw =
(Ω×Rw)ᵀuw

rw
(2.3)

where ωw is the wheel angular velocity, Ω is the angu-
lar velocity of the ball, Rw is the contact point between
the ball and wheel, uw is the direction vector indic-
ating the orientation of the wheel and rw is the ra-
dius of the wheel. The transformation matrix is con-
structed by stacking the calculated angular velocities
of each wheel in a vector and deriving the Jacobian
matrix with respect to the angular velocity of the ball
as shown in appendix II. The transformation matrix
between wheels and body angular velocity is calculated
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in a similar manner. The calculated transformation
matrix transforms ball or body angular velocity into
wheel angular velocity. To calculate the ball or body
angular velocity using the wheel angular velocity the
inverse of the transformation matrix is used. A vision
algorithm is used to validate the transformation mat-
rix by comparing the calculated and directly measured
ball angular velocity, as shown in Appendix V.

The constructed model describes the basic dynamics of
the BBR and can be used to simulate the behaviour of
the BBR. By linearizing these equations, a state space
model can be formed which in turn can be used for
controller design. The next chapter explains how the
model is made more accurate by introducing friction
components.

3 Modelling friction

The basic model captures most of the important dy-
namics of the system. This chapter explains how the
accuracy of the basic model is further improved by
adding modeled friction components. The friction in
the system is split in three different sources. Namely
friction in the drive line, friction between the wheels
and ball and friction between the ball and the ground.
Most forms of friction are captured by nonlinear mod-
els which typically results in challenging control prob-
lems.

3.1 Drive line friction
First of all, drive line friction can be added to the
model. In the BBR, the drive line can be seen as one
combination of motor, gearbox and wheel. Thus, the
BBR has a total of three drive lines. Both the motor
and gearbox have a certain amount of friction. Each
drive line can be measured and analyzed separately
and all the drive lines are similar. A torque-speed char-
acteristic for a given input torque of the drive lines is
depicted in Figure 3.1. In this figure the input torque
is plotted against the wheel speed. This curve is cre-
ated with the wheels being able to freely move without
the ball. The input torque is a sine wave with an amp-
litude of 1 N m and a period of 62.83 s. In this figure it
is visible that all three wheels have roughly the same
characteristics. Furthermore it is visible that there is
a speed limit at 27.7 rad s−1. This speed limit is re-
lated to the speed constant of the used motors and
the supplied voltage, as explained in Appendix I.

Figure 3.1: Torque and speed measurement of the
wheels with a sinusoidal torque input (without ball
contact)

To estimate the friction present in the drive line, the
following simple model is considered:[

ẋ1

ẋ2

]
=

[
x2
u
jw

]
(3.1)

where x1 is the wheel angle, x2 is the wheel velocity,
u is the applied torque and jw is the moment of in-
ertia. This model is simulated using the same torque
input as used in the measurements and the velocity
is constrained between −27.7 rad s−1 and 27.7 rad s−1

similar to the real system. The constraints are incor-
porated in the model as follows:[

ẋ1

ẋ2

]
=

[
max(min(x2, l),−l)

u
jw

]
(3.2)

where l is the velocity constrained, in this case
−27.7 rad s−1. In this constrained model, the accel-
eration ẋ2 only describes the model acceleration when
the velocity is not constrained. The simple drive line
model is extended using the classical friction model,
described in [16]:

τr = bẋ+ c sgn(ẋ) + se−|
ẋ
vs
|δs sgn(ẋ) (3.3)

where τr is the friction torque and b, c, s, vs and δs are
parameters that determine the friction curve. Combin-
ing the friction model with the dynamic model results
in:

[
ẋ1

ẋ2

]
=

 max(min(x2, l),−l)
u−
(
bẋ1+c sgn(ẋ1)+se

−| ẋ1
vs |

δs

sgn(ẋ1)

)
jw

 (3.4)

There are many friction models developed, all with
different advantages and disadvantages as discussed
in Section 1.3. The choice to implement the classical
model is due to its ability to estimate friction forces
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with a high enough accuracy without having to add
states to the model and with a minimal amount of
parameters.

Using a genetic algorithm [21], the parameters b, c,
s, vs and δs of the friction model are estimated res-
ulting in a model that resembles the measurements as
close as possible. The genetic algorithm uses meas-
ured input and output data from the BBR in order
to improve the model. The genetic algorithm starts
with multiple sets of model parameters, bounded by
user determined minimum and maximum values. The
models are simulated using the measured input data,
after which the output of the models is compared to
the measured output. Using an evolutionary process,
the sets of parameters are updated based on the model
cost. The genetic algorithm is set up to minimize the
following cost function:

J =

∥∥∥∥∥∥∥∥∥


ẋ1

ẋ2

...
ẋn

−

ẋm1
ẋm2
...
ẋmn


∥∥∥∥∥∥∥∥∥ (3.5)

where J is the cost, ẋi is the modeled speed, ẋmi is the
measured speed and i ∈ {1, · · · , n} indexes the experi-
mental total. A comparison between the measurement
of wheel 1, the model without friction and the model
with friction can be seen in Figure 3.2. The com-
parison shows that the model which includes friction
resembles the measured data better that the model
without friction, as expected. Most of the friction in
the drive Assembly is viscose and coulomb friction.

Figure 3.2: Single wheel torque and speed com-
parison between measurements, model with and
model without friction with a sinusoidal torque input
(without ball contact)

3.2 Ball wheel friction
Besides drive line friction, there is friction between the
omni wheels and the ball. The elasticity of the ball and

the non smoothness of the wheels play a large role in
the friction between the ball and the wheels. The used
omni wheels have 2 rows of rollers, the rollers of one
row have gaps between them as can be seen in Fig-
ure 3.3. The combination of the round surface and
elasticity of the ball cause the omni wheels to have
”preferred spots” on the ball. When one roller of the
outer row of a wheel (as seen from the middle of the
robot) contacts the ball then more torque is needed to
rotate that wheel, because to rotate the wheel in this
state, the roller on the inner row comes into contact
with the ball and has to slightly lift the robot body.
When the wheels gain momentum, this effect becomes
less important.

Figure 3.3: 3D computer drawing of the omniwheels
placed on the ball

The friction model used for the friction between the
ball and wheels is the same as used for the drive line
friction (3.3). It is easy to combine the two friction
models because they work in the same axis of rota-
tion. This makes it possible to use one set of paramet-
ers from one friction model for each wheel. Moreover,
it is nearly impossible to separate friction in their indi-
vidual components when they work in the same axis of
rotation. Again the parameters of the friction model
are estimated using a genetic algorithm, however now
for the combined drive line and ball wheel friction.

When analysing the effects of the friction per wheel,
the friction affects the angular acceleration and in turn
the angular velocity of a wheel. Because both work in
the same axis of rotation, only the magnitude of this
angular velocity is affected. However, when looking
at the combined effect of the friction forces of all the
wheels on the movement of the ball it can be seen that
not only the magnitude but also the direction of the
ball velocity vector is affected. To illustrate this effect,
two models of the ball and wheels are created with the
following form:

ẋ(t) = F (x(t), u(t)) (3.6)

where x(t) = [ θ φ ψ θ̇ φ̇ ψ̇ ]
ᵀ

is the model state describ-
ing the orientation and angular velocity of the ball
and u(t) = [ u1(t) u2(t) u3(t) ]

ᵀ
is the model input con-

sisting of the wheel torques. One model is created
with friction and the other model is created without
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friction. The creation of these models is done in a sim-
ilar fashion to the basic model, explained in Chapter
2. Ground friction and body movement are not con-
sidered in these models. The created model without
friction is a linear model in the form ẋ = Ax + Bu
where x is the state, A is the system matrix and B
is the input matrix. This from can be used to design
a LQR. Both models use the same LQR to follow a
reference. A more detailed explanation of LQR the-
ory and how position control is applied can be found
in Section 5.1. The comparison in Figure 3.4 shows
that the model without friction is able to follow the
reference without steady state error while the model
with friction is not able to so, as expected. However it
can also be seen that the model with friction moves in
multiple directions at once even though the reference
only changes for one axis at a time, illustrating the
coupling in different directions due to friction. This
happens because to rotate the ball around a specific
axis, the right input combination is required. When
the ratio between the different inputs is changed, the
output direction changes as well. Friction in the sys-
tem can cause these ratios to change from what the
controller outputs.

Figure 3.4: Ball movement comparison

3.3 Rolling friction
Finally, Rolling friction between the ball and the
ground is taken into account. The ball is an inflatable
rubber ball which does not have a very high stiffness.
The low stiffness causes the ball to dent at contact
points, therefore increasing its contact surface area
which in turn generates rolling friction.

The magnitude of rolling friction can be determined
using the standard formula Fr = NCrr, with N the
Normal force acting on the ball and Crr the rolling fric-
tion coefficient. The rolling force works in the opposite
direction to the velocity resulting in the equation be-

low:

Fr = − ṙ1

‖ṙ1‖
NCrr (3.7)

with ṙ1 =
[
ẋ
ẏ

]
, the translational velocity of the ball.

The rolling friction has a more direct relation to the
model state than the drive line and ball wheel friction,
because the friction is directly determined by a sub-
set of the model state multiplied with a scalar and is
therefore easier to add to the model.

3.4 Adding friction components
in the basic model

The friction forces can be seen as non-conservative
forces which can be added to the basic model similarly
to how the input is added to the model, as explained in
Appendix II. The following equation shows the friction
force for each wheel:

Fwi = biωi +
(
ci + sie

−|ωivs |
δs
)

sgn(ωi) (3.8)

where i ∈ {1, 2, 3} corresponding to the wheels and bi,
ci,si,vs and δs are parameters that determine the fric-
tion curve. vs and δs are chosen to be similar for all
the wheels but bi, ci and si can vary for each wheel.
This force can be directly subtracted from the model
input u to get the wheel torque. It is possible to use
the wheel velocities in the model, because the wheel

velocities Ωwheels =
[
ω1
ω2
ω3

]
are mathematically linked

to the model states based on the equation below:

Ωwheels =

ω1

ω2

ω3

 = T owrR−1
bodyΩbody + T owbR−1

bodyΩball

(3.9)
This equation uses the transformation matrix from
ball velocity to wheel velocity T owb, the transform-
ation matrix for robot body angular velocity to wheel
velocity T owr, the rotation matrix based on the body
orientation Rbody and the angular velocities of the ball
and body, respectively Ωball and Ωbody. Further ex-
planation of these matrices and their construction can
be found in Appendix II. The rolling friction, as de-
scribed in equation (3.7) can be subtracted from the
ground force Fg expressed in the equation below:

Fg = T fgbRbodyT
tbwu (3.10)

This equation uses the transformation from ball torque
to ground force T fgb, the transformation from wheel
torque to ball torque T tbw, the rotation matrix based
on body orientation Rbody and wheel torque input u.
Again, a more detailed explanation of these transform-
ation matrices and their construction can be found in
Appendix II.

As explained before, a genetic algorithm is used to de-
termine the value of the friction parameters δs, vs, b1,
c1, s1, b2, c2, s2, b3, c3, s3 and Crr. In this case,
the friction parameters for the complete model are
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estimated simultaneously. It is difficult to do separ-
ate friction parameter estimations. The earlier friction
parameter estimations only hold for those specific test,
namely when no ball is present for the drive line fric-
tion or with the BBR upside down for the ball wheel
friction. With the BBR in its normal operating posi-
tion, the normal forces on the ball are greater, in turn
increasing the friction forces.

3.5 Model behaviour
With the extended model complete, the differences
with respect to the basic model can be examined. The
models are compared via simulation in closed loop
where they both use the same LQR without friction
compensation. Further explanation on the control of
the BBR can be found in Chapter 5. Both models start
in the same state with identical parameters. The mod-
els are initialized with a small angle to ensure they do
not stay in their unstable fixed point. Figure 3.5 shows
a comparison of the path both models followed and a
visualisation of the BBR as size comparison for the
path. The basic model in blue immediately moves to
its zero reference and does not move afterwards, there-
fore no blue path is visible. The model with friction
in green is not able to move to its zero reference, but
instead moves around the origin as indicated by the
green path. This shows the change in behaviour of the
model with friction compared to the model without
friction. The reason behind the model with friction
moving more is because the used controller does not
account for this friction. Only when the difference
between the reference and state is large enough does
the controller output a signal to the motors to over-
come the friction. This behaviour is also seen in prac-
tice.

Figure 3.5: Comparison model movement between the
basic model (blue) which stands almost still and the
model with friction (green) which has followed the
green path

4 Model validation

To check how well the behaviour of the BBR is cap-
tured by the model, three different model validation
techniques are used. The used validation methods are
first explained in Section 4.1 and the validation results
are then discussed in Section 4.2.

4.1 Validation methods
To check whether the created model represents the
BBR with high enough accuracy, it is important to
recall the purpose of the model. First of all, the
model will be used for controller design. Perform-
ance of designed controllers can be tested using the
model and model based controller design can be used
to directly create a controller. Furthermore, a model
is useful to make comparisons between different con-
trollers or between different system parameters, such
as a change in body mass. Moreover a model can be
used to analyse system behaviour and when compared
to system measurements, unmodeled phenomena can
be analyzed.

As described shortly, a controller created using the de-
signed model is able to stabilize and position control
the BBR. This already allows to infer that the model
describes the BBR to some degree. To further quantify
the accuracy of the model three different validation
techniques are used. The first method is to compare
the model states to the measured states in closed loop.
The model starts in the same state as the measure-
ment using the same controller. The model simulation
output can be compared to the measurements. Using
this method, differences between the actual and sim-
ulated closed loop can be analyzed. When using the
same controller in simulation and on the BBR, differ-
ences between the closed loop outputs can be linked
to model mismatches.

A validation method whereby only the model is com-
pared without a controller in the loop is the open loop
validation method. The open loop validation method
uses the measured system inputs from an experiment
as model input to an open loop simulation and com-
pare the output of the model to the measured output
of the actual system. This method ensures that the
model receives the same inputs as the real system at
all times, unlike the closed loop comparison where the
input to the model is not the same as the input into the
BBR. However, because the system on its own is un-
stable and due to always existing differences between
the real system and model, the time frame in which a
meaningful comparison of the outputs can be made is
small.

Finally, a prediction method [22] can be used to val-
idate the model. This method treats the model as a
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predictor that should be able to predict the next state
of the system based on the previous state and input.
The predicted states can then be compared to the real
measured states by calculating the difference between
them, known as the residuals. The residuals describes
the part of the real system output which is not de-
scribed by the model.

The mentioned techniques use the state measurements
from the BBR as ground truth. These state measure-
ments are constructed from onboard sensors. The on-
board sensors include an inertial measurement unit in
the robot body and encoders mounted on the motors.
More details regarding these onboard sensors can be
found in Appendix I. To ensure that the state meas-
urements are correct, an OptiTrack system is used as
an external measurement device. This is further ex-
plained in Appendix IV.

The experiments on the BBR are carried out using
a controller. The system on its own is unstable and
therefore a LQR is designed to stabilize the system.
The LQR is designed using the linearized model of the
BBR. Section 5.1 explains more about LQR theory. If
the BBR is close to its reference point, the movement
becomes more unpredictable because small changes
make the BBR lean in different directions. Therefore
a nonzero position and orientation reference is applied
for the model validation experiments. As explained in
Section 5.1, a reference r should be chosen such that
Ar = 0. The columns of the system matrix A which
are multiplied with the position x, y and heading angle
ψ are all filled with zeros. Thus a non-zero position
and heading angle reference can safely be applied.

4.2 Validation results
The first method to verify the created model is a closed
loop comparison of the model and BBR. The model
and BBR both start from the same state and use the
same controller. Therefore a good model should pro-
duce similar outputs as measured on the BBR. Fig-
ure 4.1 shows the comparison between a subset of the
states from the measurement and two models in closed
loop. The BBR and models in this comparison are con-
trolled using the same LQR controller. It can be seen
that for the model with friction, the x position is closer
to the measured value. This holds for the y position
as well. The lean angle θ however does not match any
of the two models. The measurement as well as the
models move around zero, which is logical otherwise
the system would be unstable. The measured angle
oscillates more which partially could be explained by
measurement noise but it could also indicate an un-
modeled resonance in the system. The same is true
for the lean angle φ. The ψ orientation is also better
matched by the model with friction as can be seen, but
still shows a difference.

Figure 4.1: Closed loop state subset comparison
between experiments and values predicted by models

The normalized state errors for this experiment are
shown in Table 4.1. The error of one state is calcu-
lated using the following formula:

e =
1

n

∥∥∥∥∥∥∥∥∥


x1

x2

...
xn

−

x̂1

x̂2

...
x̂n


∥∥∥∥∥∥∥∥∥ (4.1)

where e is the state error, xi is the measured state, x̂i is
the modeled state, both indexed with i ∈ {1, 2, . . . , n}
and n is the experimental total. Comparing the state
errors of both models show that the model with fric-
tion has a smaller error for every state than the model
without friction indicating that the model with friction
better matches the BBR.

Table 4.1: Closed loop state error for model with and
without friction

State Error model Error model no friction
x 0.0037 0.0154
y 0.0027 0.0103
θ 0.0002 0.0003
φ 0.0002 0.0004
ψ 0.0051 0.0067
ẋ 0.0013 0.0035
ẏ 0.0012 0.0021

θ̇ 0.0022 0.0023

φ̇ 0.0016 0.0017

ψ̇ 0.0053 0.0060

A second method used to verify the model is an open
loop comparison. This method works by comparing
the output of the model and BBR based on the same
input. Input and output data from an experiment
where the BBR is controlled can be used as validation
data. To generate the model output, the model starts
in the same state as the BBR after which the model
can be simulated using the measured input. Figure 4.2
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shows a comparison between a subset of the states for
clarity. The figure shows that both models are able
to follow the BBR for a short amount of time. The
simulation stops when the lean angle is too large to
recover from. Simulating further would yield mean-
ingless results. Because the lean angle of the model
with friction deviates less quickly, the simulation for
this model continues for longer. Similar to the closed
loop comparison, the measured position is relatively
similar to the simulated position, however the meas-
ured lean angle has an additional oscillation compared
to the model.

Figure 4.2: open loop state subset comparison meas-
urement and models

Similar to the closed loop experiment, the errors for
this open loop experiment are shown in Table 4.2.
The normalized state errors are calculated according
to equation (4.1). The amount of samples for the
model with friction is higher, because it simulated for
a longer time. However, to correctly compare the state
errors, the simulated states of the model with friction
are truncated to have an equal amount of samples as
the simulated model without friction. When compar-
ing the state errors of both models from the open loop
experiment, again the model with friction shows smal-
ler error values for all states.

Table 4.2: Open loop state error for model with and
without friction

State Error model Error model no friction
x 0.0012 0.0062
y 0.0012 0.0030
θ 0.0005 0.0054
φ 0.0004 0.0106
ψ 0.0049 0.0207
ẋ 0.0044 0.0324
ẏ 0.0051 0.0195

θ̇ 0.0055 0.0320

φ̇ 0.0072 0.0573

ψ̇ 0.0182 0.0939

Thirdly a prediction method, described in [22], is used.
The model is used to predict the next state based on
the previous state and input according to the following
equation:

ŷ(k + 1) = g(y(k), u(k)) (4.2)

where ŷ(k+ 1) is the predicted next step, g is the dis-
crete model, y(k) is the measured state and u(k) is the
measured input. To analyze the differences between
the measurements and model, residuals ε(k) are calcu-
lated according to the following equation:

ε(k) = y(k)− ŷ(k) (4.3)

Unmodeled phenomena are captured in these resid-
uals, by calculating correlations between residuals and
inputs relations between these residuals can be found.
Figure 4.3 shows correlations between residuals and
inputs. The diagonal is one, because this indicates
an auto correlation. It can be seen that residual ε7
has high correlation with ε9 and residual ε6 has high
negative correlation with ε9. This is to be expected,
because these indicate the relation between the linear
velocity of the ball

[
ẋ
ẏ

]
with the rotational velocity

of the body
[
θ̇
φ̇

]
. When the wheels are still and the

body is moving, the ball rolls along. All other squares
indicate low correlation between residuals and or in-
puts meaning that there is no significant unmodeled
phenomena relating states and or inputs.

Figure 4.3: correlation matrix prediction residuals and
inputs

5 Control with compensation

Using the developed model of the BBR, a controller
can be designed. To control the BBR it is chosen to
use a LQR controller. The reason behind this is the
ease of use. Compared to other techniques, LQR is
easy to tune and implement. Furthermore, LQR is an
optimal controller for the linearized model and a set
of weighting filters. Using these weighting filters, the
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cost of each individual state and input as well as cross
terms can be defined. This makes it possible to easily
adjust the torque input into the system, which is useful
because the torque output of the motors on the BBR
is limited. Moreover, LQR is a model based controller
and can be directly calculated using a linear model and
weighting filters. The workings of LQR and how ref-
erence tracking can be applied is explained in Section
5.1. The nonlinear model can be linearized around its
upright equilibrium position. Because the LQR con-
troller is based on the linear model, the nonlinearities
should be compensated for. The differences between
the linear and nonlinear model without friction are re-
latively small around the fixed point as shown in Fig-
ure 5.1, where the states of the linear and nonlinear
model are almost completely overlapping. The differ-
ences between the two models becomes larger with a
larger lean angle θ or φ. On the other hand, the nonlin-
ear friction components changes the behaviour of the
model drastically, also visible in Figure 5.1. Therefore
the focus is to compensate the friction in the system
which should then result in a behaviour similar to the
linear model.

Figure 5.1: Comparison between a subset of the states
from the linear model, nonlinear model with and
without friction while following a reference

5.1 Linear-quadratic regulator
This section shortly describes the workings of the
linear-quadratic regulator (LQR) [23] and how refer-
ence tracking can be applied. The LQR is an op-
timal state feedback controller for a given linear sys-
tem ẋ = Ax + Bu and a set of weighting filters. In
the standard feedback law u = −Kx, the input u is
coupled to the system state x using the LQR gain mat-
rix K. To calculate the stabilizing LQR gain matrix
K, the following equation is used:

K = R−1BTP (5.1)

where B is the system input matrix, R is a user defined
input cost matrix and P is a matrix that needs to be
calculated by solving the following algebraic Riccati
equation:

ATP + PA− PBR−1BTP +Q = 0 (5.2)

where A and B are the state space system and input
matrices respectively, Q and R are matrices to specify
the state and input cost.

Implementing the standard feedback law u = −Kx
forms the closed loop ẋ = (A − BK)x which controls
the system to a zero reference. A reference signal can
be introduced to control the system to a non-zero ref-
erence as follows u = K(r − x). using e = r − x, the
following closed loop can be formed:

ė = ṙ −Ar + (A−BK)e (5.3)

The LQR gain matrix K ensures a stable closed loop
system matrix A−BK. Thus to ensure system (5.3) to
be stable, ṙ and Ar should be zero. Therefore the sys-
tem matrix A determines the possible reference which
can be applied to still ensure a stable closed loop,
meaning r should be chosen such that Ar = 0. And
ṙ is only non-zero when the reference changes and has
therefor no influence on the stability.

5.2 Friction compensation
Based on the estimated friction in the system, a fric-
tion compensation algorithm can be designed. Model
based friction compensation is a commonly used tech-
nique where the friction in the system is estimated
and compensated for [24]. Friction models are used to
estimate the friction forces in a system, this usually
requires a good velocity measurement or estimation.
These friction forces can be added to the control in-
put to compensate for the friction effects. Figure 5.2
shows a diagram of how the model based friction com-
pensation is applied. The friction is estimated based
on the system state information. To estimate the fric-
tion in the system, the same friction models as for the
modeling part, explained in Chapter 3, are used.

Figure 5.2: Model based friction compensation block
diagram

A simulation showing the effect of the friction com-
pensation on the x and y position of the BBR can
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be seen in Figure 5.3. The figure shows that adding
the friction compensation does have a positive effect
on the position of the nonlinear model, as it is cap-
able of better following the reference and more closely
matches the linear model as expected.

Figure 5.3: Comparison between the linear model,
nonlinear model with and without friction compens-
ation while following a reference

Friction does not always work against the intended mo-
tion. Generally speaking when motion corresponds to
deceleration the friction helps, only when a motion cor-
responds to acceleration does the friction work against
the desired motion. This makes it interesting to see if
performance improvements can be made by disabling
friction compensation when the velocity is opposite to
the input torque. When the friction is continuously
compensated for the behaviour of the system as viewed
from the controller more closely resembles the linear
model where the LQR controller is based on, which
has the advantage of more predictable behaviour. On
the other hand, if friction is only compensated when
it works against the intended motion, this could res-
ult in a larger set of stable states. Figure 5.4 shows a
comparison between the linear model, nonlinear model
with continuous friction compensation (compensation
1) and nonlinear model with partial friction compens-
ation (compensation 2). In the shown simulation all
models receive the same reference which switches from
[ x y ψ ]

ᵀ
= [ 0 0 0 ]

ᵀ
to [ x y ψ ]

ᵀ
= [ 1 −1 π ]

ᵀ
at t = 3s.

The figure shows better results for the partial friction
compensation which is only active when accelerating.
Specifically, the model with partial friction compensa-
tion has less steady state error than the model with full
friction compensation. Although the partial friction
compensation yields better position tracking results in
the shown simulation, the difference is small consider-
ing the application. Furthermore, when seeing the cor-
responding wheel angular velocities, shown in Figure
5.5, there are more high frequent oscillations present in
the partial friction compensation method. These high

frequent oscillations could result in undesirable beha-
viour on the real system, considering the unmodeled
resonance and backlash in the gearboxes.

Figure 5.4: Comparison between the linear model,
nonlinear model with full and with partial friction
compensation

Figure 5.5: input comparison between the linear
model, nonlinear model with full and with partial fric-
tion compensation

In simulation, the modeled friction can be cancelled
almost completely because the exact friction of the
model is known. This is shown in Figure 5.6, where
the blue model with friction compensation follows the
red reference with only small deviations but the green
model without friction compensation does not. Similar
to the previous simulation, the reference switches from
[ x y ψ ]

ᵀ
= [ 0 0 0 ]

ᵀ
to [ x y ψ ]

ᵀ
= [ 1 −1 π ]

ᵀ
at t = 3s.
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Figure 5.6: Comparison between controlled models
with (blue) and without (green) friction compensation
while following a reference

The same comparison using the same reference is done
using the BBR. The measured results from the experi-
ment are visualized in Figure 5.7, where the green path
represents the measurement from the controlled BBR
without friction compensation and the blue path the
measurement from the controlled BBR with friction
compensation. As can be seen, also in practice the ad-
ded friction compensation does have a positive effect
on the position control of the BBR. But it can also be
seen that the BBR in practice is not able to follow the
reference as closely as in simulation.

Figure 5.7: Comparison between a measurement of the
BBR with friction compensation (blue) and without
friction compensation (green) following a reference
(red)

To better see the performance improvement of the con-
trolled BBR with friction compensation compared to
the BBR without friction compensation, the position
error is shown in Figure 5.8. The bottom plot in this
figure shows the moment when the reference changes

which explains the error spike in the top plot of the
figure. With the friction compensation active, the po-
sition error has a peak value of about 0.2 m when the
reference is reached. Without friction control however
the peak position error after reaching the reference is
1 m. This proves that the added friction compensation
does have a positive effect on the position error when
following a reference.

Figure 5.8: Comparison between position error from
a measurement where the BBR is controlled with and
without friction compensation

The reason that the controlled BBR with friction com-
pensation is not able to follow the reference as closely
as the model can be linked to the following reasons.
The modeled friction is not an exact representation
of the friction in the system. Therefore the compens-
ation based on this model is not able to cancel the
present friction exactly. Secondly, there are still other
unmodeled phenomena which have an effect on the
control of the BBR such as the found resonance ex-
plained in Chapter 4, but also backlash and motor
dynamics.

6 Conclusion and further devel-
opment

This thesis explains how a 3D model of the BBR is con-
structed which includes friction components between
the ball and ground and between the ball and the
wheels. The validation of this model in Chapter 4
shows that the addition of the friction components
does indeed increase the accuracy of the model such
that it better describes the behaviour of the BBR.
The model validation also shows that there are still
unmodeled phenomena present of which the most no-
ticeable is a resonance in the system.

To control the BBR, a linear–quadratic regulator is
used, as explained in Chapter 5. Section 1.2 describes
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that a reason for the previously designed torque based
controllers not to work was the missing friction. How-
ever, this is not the case, because it is shown that
torque based control using LQR without friction com-
pensation does work on the BBR. The real reasons
why previously designed controllers did not work are
unclear. Two possible causes were found during this
research, namely errors during implementation or the
usage of incorrect model parameters. Nevertheless,
adding friction compensation on top of the LQR does
increase the performance of the BBR in the sense that
the position error is smaller while following a reference.
Although the friction compensation does increase the
performance, the results are not the same as in simu-
lation where the friction is almost perfectly cancelled.
The reason for this is in part the unmodeled phenom-
ena but also the imperfect friction model and para-
meters.

It certainly is possible to improve the control of the
BBR by better tuning the LQR or improving the fric-
tion compensation. Also other control techniques may
give better results such as an adaptive controller or
for more high speed movement, a nonlinear controller
could be applied as the nonlinearities of the system
play a larger role at higher speeds. It is also believed
that by properly modeling the resonance in the system,
this resonance could be cancelled, which in turn makes
it possible to increase the controller gain to make the
system faster. Besides controller improvements, hard-
ware improvements could also be made which may sim-
plify the modeling and possibly improve the control
of the BBR. Currently the used omniwheels have two
rings with rollers, as can be seen in Appendix I. These
double rollers make the wheels non smooth, especially
on the surface of the ball, as explained in Chapter 3.
Instead a single ring omni wheel could be used which is
also done by most other ball balancing robots such as
[2]. Furthermore, the used ball is an inflatable rubber
ball which can deform relatively easy and therefore
increasing the friction in the system. A better solu-
tion would be a ball with a higher stiffness but still a
non slippery surface. Some other ball balancing robots
use a hollow aluminium sphere with a rubber coating,
however this is an expensive solution. But alternat-
ives could be explored. Lastly, the used gearboxes
described in Appendix I give rise to a large backlash
of about 1◦ which causes impulses into the system,
shortly decouples the motors and encoders from the
ball and introduces state errors. Therefore replacing
the gearboxes with ones that have less backlash would
simplify the modeling and control of the BBR.
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[12] Ali Nail Inal, Ömer Morgül, and Uluc Saranlı.
A 3d dynamic model of a spherical wheeled self-
balancing robot. In 2012 IEEE/RSJ Interna-
tional Conference on Intelligent Robots and Sys-

tems, pages 5381–5386. IEEE, 2012. 3, 4

[13] Aalborg University. Modelling and Control of
a Ball-balancing Robot. https://github.com/

mindthomas/kugle-matlab. 3

[14] Aykut C Satici, Alejandro Donaire, and Bruno
Siciliano. Intrinsic dynamics and total energy-
shaping control of the ballbot system. Inter-
national Journal of Control, 90(12):2734–2747,
2017. 3

[15] Valentin L Popov. Contact mechanics and fric-
tion. Springer, 2010. 3
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I Hardware

The BBR of Alten is designed as a challenging sys-
tem which combines mechanical, electrical and control
engineering. The BBR uses three omni-wheels to bal-
ance itself on top of a ball. The three omni-wheels
are driven using 3 separate motors with each their
own motor driver which in turn are controlled via an
on-board controller. The on-board controller uses an
IMU sensor to measure the orientation of the BBR
and encoders to measure the position and velocity of
the wheels. An overview of this system architecture is
depicted in Figure I.1.

Figure I.1: Architecture BBR

In 2019 the hardware of the BBR was upgraded and
the BBR got a new design, from a rectangular shape
to a hexagonal shape. The old IMU is upgraded to
an XSens MTI-3 AHRS. Furthermore, the software is
restructured from using a super-loop to a RTOS frame-
work which allows for better control over the timing
of time critical parts of the code. Finally, part of the
wiring is replaced by a PCB giving the BBR a cleaner
and more professional look and decreasing the chance
of loose connections. The following table shows the in-
formation of the important parts regarding the control
of the BBR:

Part description Type
Motors Maxon brushless DC mo-

tor EC-i 40 449470
Gearboxes Planetary Gearhead GP

32 HP 326662
Motor drivers ESCON 36/3 EC
Encoders Encoder HEDL 5540
IMU sensor Xsens MTi-3 AHRS
Microcontroller STM32F303VCTX
Ball Nyamba Medicine ball 3kg

with a diameter of 22cm
Omni wheel 127mm Double Alu-

minium Omni Wheel
w/Bearing Rollers 14073

The ball used to balance the BBR on is a Nyamba
Medicine ball 3kg with a diameter of 22cm. According
to specifications, the ball is made of 100% butadiene
rubber, this has a density of 1 g cm−3. Assuming
that the ball is a shell sphere, the wall thickness can

be calculated. Rearranging the formula to calculate
the volume of a sphere shell V = 4π

3 (R3 − r3) into

r = (R3 − 3
4πV )

1
3 . Filling in the numbers results in a

wall thickness of 2.5 cm.

The used omni-directional wheels are shown in Fig-
ure I.2. As the description in the table already par-
tially describes, the used omni wheel has a diameter
of 127mm and uses two rings of rubber rollers with
ball bearings. The body of the wheels are made from
aluminium.

Figure I.2: Omni wheel

The used Maxon brushless DC motors have a torque
constant of 31.5 mN m A−1 and a speed constant of
31.7 rad s−1 V−1 according to their datasheet. The
motors are designed for 36 V, but the voltage de-
livered by the batteries on the BBR is around 24 V.
When the batteries deliver 24 V, the motor speed is
31.7 · 24 =761.5 rad s−1. The gear ratio of the used
gearboxes is 27.6. Dividing the maximum motor speed
by the gear ratio results in the maximum wheel speed
of 761.5

27.6 = 27.59 rad s−1.
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II Basic Model

This appendix describes how the basic model is con-
structed. To start, the used parameters are listed be-
low:

Parameter Symbol
Radius ball rb
Mass ball mb

Inertia ball x jbx
Inertia ball y jby
Inertia ball z jbz
COM body l
mass body mr

Inertia body x jrx
Inertia body y jry
Inertia body z jrz
Radius wheel rw
Inertia wheel jw
Inertia gearbox jg
Inertia motor jm
Gear ratio n
Wheel 1 offset β1

Wheel 2 offset β2

Wheel 3 offset β3

Wheels tilt angle α

The first step in constructing a model using Euler-
Lagrange mechanics is to choose generalized coordin-
ates. To represent the ”Static” state of the BBR, a lo-
gical choice is to use x and y to represent the position
of the ball and 3 angles to represent the 3D rotation of
the body around the center of the ball as seen below.

q =
[
x y θ φ ψ

]ᵀ
(II.1)

Secondly the generalized coordinates can be used to
define the position and rotation of the bodies in the
model. Which are position of the ball with respect to
the origin r1, position of the center of mass of the body
with respect to the origin r2 and rotation of the body
with respect to the origin φ12.

r1 =

q1

q2

0

 (II.2)

r2 = r1 +Rbody

0
0
l

 (II.3)

Φ12 =

q3

q4

q5

 (II.4)

Before using the defined body positions and rotations
in the euler-lagrange mechanics framework other defin-
itions are specified. Firstly the body rotation function

Rbody is defined which makes use of standard rota-
tion matrices II.5, II.6 and II.7. These are multiplied
together to construct a new rotation matrix function
based on three angles. The generalized coordinates q3,
q4 and q5 are substituted to produce the body rotation
function Rbody.

Rx(θ) =

1 0 0
0 cos(θ) − sin(θ)
0 sin(θ) cos(θ)

 (II.5)

Ry(θ) =

 cos(θ) 0 − sin(θ)
0 1 0

− sin(θ) 0 cos(θ)

 (II.6)

Rz(θ) =

cos(θ) − sin(θ) 0
sin(θ) cos(θ) 0

0 0 1

 (II.7)

Rzyx(θ1, θ2, θ3) = Rx(θ1)Ry(θ2)Rz(θ3) (II.8)

Rbody = Rzyx(q3, q4, q5) (II.9)

The next set of equations are used to relate torques
and forces in the model. The thought behind the be-
low mentioned torque and force relations is similar.
Torques acting on the same point in space can be ad-
ded together to create a resultant torque. In this case,
the center of the ball is chosen as a reference point
in which the resultant torque is calculated. A force
F with unit direction vector u working at a relative
position r can be converted into a torque T at the
reference point, by using the cross product as follows
T = r × uF . The force produced by a wheel can be
calculated from the Torque produced by that wheel
Tw1...Tw3 divided by the radius of the wheel rw. In
order to derive the transformation matrix, the partial
derivative of the function with respect to the input
force or torque can be calculated. The following equa-
tions are used to construct the model, equation II.10
relating the torque on the ball and the torque on the
wheels. Equation II.12 relating the torque on the ball
and the force on the ground. Equation II.11 relating
the torque on the body and the torque on the wheels.

T tbw=
∂(rpw1×(upw1

Tw1
rw )+rpw2×(upw2

Tw2
rw )+rpw3×(upw3

Tw3
rw ))

∂T

(II.10)
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Relation Meaning

rpw1

[
cos(β1) sin(α)rb
sin(β1) sin(α)rb

cos(α)rb

]
Wheel 1 contact
point relative to
ball center

rpw2

[
cos(β2) sin(α)rb
sin(β2) sin(α)rb

cos(α)rb

]
Wheel 2 contact
point relative to
ball center

rpw3

[
cos(β3) sin(α)rb
sin(β3) sin(α)rb

cos(α)rb

]
Wheel 3 contact
point relative to
ball center

upw1

[
cos(β1+π

2 )

sin(β1+π
2 )

0

]
Wheel 1 force dir-
ection on ball

upw2

[
cos(β2+π

2 )

sin(β2+π
2 )

0

]
Wheel 2 force dir-
ection on ball

upw3

[
cos(β3+π

2 )

sin(β3+π
2 )

0

]
Wheel 3 force dir-
ection on ball

T trw=
∂(rcw4×(ucw4

T1
rw )+rcw5×(ucw5

T2
rw )+rcw6×(ucw6

T3
rw ))

∂T

(II.11)

Relation Meaning

rcw1

[
cos(β1) sin(α)(rb+rw)
sin(β1) sin(α)(rb+rw)

cos(α)(rb+rw)

]
Wheel 1 center re-
lative to ball cen-
ter

rcw2

[
cos(β2) sin(α)(rb+rw)
sin(β2) sin(α)(rb+rw)

cos(α)(rb+rw)

]
Wheel 2 center re-
lative to ball cen-
ter

rcw3

[
cos(β3) sin(α)(rb+rw)
sin(β3) sin(α)(rb+rw)

cos(α)(rb+rw)

]
Wheel 3 center re-
lative to ball cen-
ter

ucw1

[
cos(β1−π

2 )

sin(β1−π
2 )

0

]
Wheel 1 force dir-
ection on body

ucw2

[
cos(β2−π

2 )

sin(β2−π
2 )

0

]
Wheel 2 force dir-
ection on body

ucw3

[
cos(β3−π

2 )

sin(β3−π
2 )

0

]
Wheel 3 force dir-
ection on body

T tbg=
∂(rpg1×(upg1F1)+rpg1×(upg2F2))

∂F (II.12)

Relation Meaning

rpg1

[
0
0

−rb

]
Ground contact
point relative to
ball center

upg1

[−1
0
0

]
Ball force direc-
tion on ground x

upg2

[
0
−1
0

]
Ball force direc-
tion on ground y

Besides the force relation in the model, a velocity rela-
tion is also needed. Because of the no slip assumption,
the movement of the wheels can be mathematically
linked to the movement of the ball, body and ground.
To calculate the velocity relation matrices, the method

used for the force relation cannot be used due to the
fact that velocities cannot be added in the same way.
This problem is solved by applying the method back-
wards. Now, the input of the function is the rotational
velocity in the reference point and based on this, a
vector can be constructed indicating the speed at a
given point with a given direction. The velocity V at
a point r, given the velocity at the reference point Ω,
can be calculated using the cross product as follows
V = Ω× r. The speed at this point in direction u can
then be calculated using the dot product to project the
velocity on the direction vector as follows v = V ᵀu.
This speed can be devided by a radius to get an an-
gular speed. Finally to get a transformation matrix,
the partial derivative with respect to the input has to
be calculated. The equations below are used in the
model construction. Equation II.13 relating the speed
of the wheels and velocity of the ball. Equation II.14
relating the speed of the wheels and the velocity of
the body. Equation II.15 relating the velocity on the
ground with the velocity of the ball.

T owb=
∂

[
(Ωs×rpw1)ᵀupw1

rw

(Ωs×rpw2)ᵀupw2
rw

(Ωs×rpw3)ᵀupw3
rw

]ᵀ
∂Ωs

(II.13)

T owr=
∂

[
(Ωb×rcw1)ᵀucw1

rw

(Ωb×rcw2)ᵀucw2
rw

(Ωb×rcw3)ᵀucw3
rw

]ᵀ
∂Ωb

(II.14)

Tvgb=
∂

[
(Ωs×rpg1)ᵀupg1

rw

(Ωs×rpg1)ᵀupg2
rw

0
]ᵀ

∂Ωs
(II.15)

By combining the wheel speed based on the ball velo-
city and wheel speed based on the body velocity while
taking body rotation into account, the total wheel
speed can be calculated using equation II.16.

Ωwheels =

ω1

ω2

ω3

 = T owrR−1
bodyΩbody + T owbR−1

bodyΩball

(II.16)

The next step of the Euler-Lagrange method is cal-
culating the Energies of the different bodies in the
model. Starting with the Kinetic energy of the ball
II.20, based on the ball inertia II.17, ball translation
speed II.18 and rotational speed II.19.

Jball =

jbx 0 0
0 jby 0
0 0 jbz

 (II.17)

vg =
dr1

dt
(II.18)

Ωball = T obgvg (II.19)

Tball=
1
2mbv

ᵀ
g vg+

∑3
i=1( 1

2Jball(Ωball◦Ωball))i (II.20)
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The potential energy of the ball II.21 is added for com-
pleteness but wont effect the model, because the model
cannot move vertically and therefore the potential en-
ergy of the ball does not change.

Vball = mbgr1z (II.21)

Using the inertia of the body II.22, the translational
velocity of the body II.23 and rotational velocity of
the body II.24 the kinetic energy of the body II.25 is
calculated.

Jbody =

jrx 0 0
0 jry 0
0 0 jrz

 (II.22)

vbody =
dr2

dt
(II.23)

Ωbody =
Φ12

dt
(II.24)

Tbody= 1
2mrv

ᵀ
bodyvbody+

∑3
i=1( 1

2Jbody(Ωbody◦Ωbody))i (II.25)

Other than the potential energy of the ball, the poten-
tial energy of the body II.26 does change and therefore
does have an effect on the model.

Vbody = mrgr2z (II.26)

The wheels are part of the body mass and inertia thus
only the additional wheel speed has to be added as
kinetic energy. This rotational kinetic energy of the
wheels II.27 is calculated using equation II.16.

Twheels =
1

2
jw(Ωwheels

ᵀΩwheels) (II.27)

Using the energies, the Lagrangian L = T − V can be
calculated. For this model the Lagrangian is defined
in the following equation.

L = Tball + Tbody + Twheels − Vball − Vbody (II.28)

The Lagrangian defines the energy of the system which
will stay the same without external influences. In or-
der to input energy into the model or remove energy
from the model, non-conservative generalized forces
must be added. To add these forces first a relation
from body position or rotation to generalized coordin-
ates has to be made as is visible in equation II.29 and
II.30.

r1q =
∂r1

∂q

ᵀ

(II.29)

Φ12q =
∂r1

∂q

ᵀ

(II.30)

For this basic model, only the torque input into the
wheels is added as a non-conservative force. To add the
wheel input torque to the model, it should be conver-
ted into forces and torques which directly change the
generalized coordinates. Thus the wheel input torque
changes the x and y position based on equation II.31.
The body rotation θ, φ and ψ is changed by the wheel
input torque according to equation II.32.

Fg = T fgbRbodyT
tbwu (II.31)

Tb = RbodyT
trwu (II.32)

With the non-conservative forces calculated they can
be multiplied with their relation to the generalized co-
ordinates, as is done in equation II.33, such that they
can be used in Lagrange’s equation II.34.

Q = r1qFg + Φ12qTb (II.33)

Q =
d

dt

(
∂L

∂q̇

)
−
(
∂L

∂q

)
(II.34)

After solving equation II.34 to get the equations of
motion for the model, it is useful to reduce it to a first
order differential equation by creating a larger state
vector x =

[ q
q̇

]
with its time derivatives. Which leads

to the form ẋ(t) = F (u(t), x(t)).
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III Parameters

This appendix describes the used parameters with
their values and how those parameters are acquired.
The different parameters of the basic model have been
measured (m), taken from datasheets (d), taken from
previous work (p) or calculated (c).

Parameter Symbol Value
Radius ball rb 0.11 m (m)
Mass ball mb 3.0 kg (m)
Inertia ball x jbx 0.0242 kg m2 (c)
Inertia ball y jby 0.0242 kg m2 (c)
Inertia ball z jbz 0.0242 kg m2 (c)
COM body l 0.393 m (m)
mass body mr 17.076 kg (m)
Inertia body x jrx 4.37 kg m2 (m)
Inertia body y jry 4.37 kg m2 (m)
Inertia body z jrz 0.193 kg m2 (p)
Radius wheel rw 0.063 m (m)
Inertia wheel jw 0.001 kg m2 (c)
Inertia gearbox jg 1.6× 10−7 kg m2 (d)
Inertia motor jm 2.42× 10−6 kg m2 (d)
Gear ratio n 27.6 (d)
Wheel 1 offset β1 0◦ (p)
Wheel 2 offset β2 120◦ (p)
Wheel 3 offset β3 240◦ (p)
Wheels tilt angle α 45◦ (p)

This section further describes how the measured val-
ues are acquired. The radius of the ball and wheels
are measured using a tape measure. The mass of the
ball, wheels and body are measured using a scale. The
center of mass of the body is determined by balancing
the body horizontally on a tube and measuring the
distance to where the center of the ball would be if
the BBR is in its operating condition. Finally, the
body inertia is determined using the following pendu-
lum equation I = mgr

ω2
n

. This equation relates the mass,

distance to center of mass and swing frequency to the
body inertia around the point of rotation. The body of
the BBR was hung upside down from a frame with the
point of rotation at where the center of the ball would
be if the BBR is in its operating condition. To determ-
ine the swing frequency of the body, a video is made
and analyzed using tracking software [25]. Figure III.1
shows a screenshot of the analysis.

Figure III.1: Body inertia measurement
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IV Sensor validation

This appendix describes how the measured states in
the BBR are validated using an OptiTrack system [26].
OptiTrack is a motion capturing system developed
for a range of applications, including robotics. The
systems uses infrared cameras with infrared led-rings
around them together with infrared reflecting mark-
ers. The cameras are placed around a space in which
the system must track the object. the markers are
placed on the object that needs to be tracked. Mul-
tiple markers in an unsymmetrical pattern are needed
to keep track of the orientation. It is possible to use a
symmetrical placement of markers, but the chances of
90 or 180 degree jumps in the orientation are higher. In
order to calculate the coordinates of a marker it must
be visible by at least two cameras simultaneously.

In order to validate the on-board sensors of the BBR
using the OptiTrack system, a simultaneous measure-
ment is performed. The BBR is programmed with four
position reference points which form a square. The
position reference ensures that potential errors in the
position calculation can be detected more easily as op-
posed to a BBR that only balances at one spot. Before
comparing the measurements, post-processing has to
be done. The reason behind this is because of the dif-
ferent world frames, start times and frequency of the
BBR and OptiTrack system measurements.

Figure IV.1 shows a comparison of the orientation as
measured on the BBR and OptiTrack system. As can
be seen, the angles match relatively well. Furthermore
it can be seen that θ and φ measured on the BBR
stay close to the OptiTrack calculated θ and φ. On
the other hand, ψ as measured by both systems slowly
drifts apart. The error between the measured angles
can be seen in figure IV.2. Here it is visible that θ and
φ error stays close to zero with some peaks reaching
just over 1◦ in the worst case. Besides the peaks, it
looks like the angles, especially φ has an offset but this
could be explained with the difference in world frame
between the BBR and OptiTrack system. Further-
more, it can be confirmed the heading angle ψ slowly
drifts at about 16◦ in 3 minutes.

Figure IV.1: Orientation validation comparison

Figure IV.2: Orientation validation error

The position as calculated on the BBR is also validated
using the OptiTrack system. Different than the orient-
ation calculation, the position calculation depends on
physical parameters of the BBR, namely the radius of
the Ball, radius of the wheels and contact positions
of the wheels on the ball. Therefore the position cal-
culation is more prone to errors. Furthermore, if the
wheels slip on the ball errors in the calculated position
also occur. Figure IV.3 shows the calculated position
of the BBR and the measured position using the Opti-
Track system. For both x and y the same observation
can be done. The positions match relatively good in
the beginning but slowly drift appart. This can also
be seen in figure IV.4. In this figure it is also visible
that the error not only slowly drifts but oscillates. The
drifting can be explained with the drifting ψ angle, be-
cause the x and y in robot frame are converted to x
and y in world frame using ψ. The oscillations visible
in x position error correspond with the actual move-
ment in y and similarly, the oscillations visible in the
y position error correspond to the actual movement in
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x. This again indicates that it is caused by the drift
in ψ.

Figure IV.3: Position validation comparison

Figure IV.4: Position validation error

To conclude, the states as calculated on the BBR
match the OptiTrack system measurements relatively
good. The angles θ and φ which are important for bal-
ancing both match good and can therefore be used in
the control algorithm. The heading angle ψ is not dir-
ectly important for the balancing of the BBR, only for
rotating the BBR around its z axis. Thus the fact that
it slowly drifts does not affect the ability of the BBR
to balance. It does however affect the world frame
of the BBR which slowly drifts, meaning that abso-
lute position control of the BBR becomes less accurate
over time as shown in the x and y position comparis-
ons. This however could be fixed by combining other
sensors such as a laser scanner or camera system to
compensate for this drifting by fusing the measure-
ments.
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V Ball velocity validation

This appendix describes how the velocity transforma-
tion is validated. In order to calculate the velocity of
the BBR, the measured angular velocity of the wheels
has to be transformed into a angular velocity of the
ball. The following transformation matrix describes
the transformation from ball velocity to wheel velo-
city:

T owb=
∂

[
(Ωs×rpw1)ᵀupw1

rw

(Ωs×rpw2)ᵀupw2
rw

(Ωs×rpw3)ᵀupw3
rw

]ᵀ
∂Ωs

(V.1)

where rpw1, rpw2, rpw3, upw1, upw2 and upw3 are posi-
tion and direction vectors. These vectors and how the
transformation matrix is constructed can be found in
Appendix 2. With the parameters listed in Appendix
III filled in, the transformation matrix looks as follows:

T owb =

−1.2346 0.0000 1.2346
0.6173 −1.0692 1.2346
0.6173 1.0692 1.2346

 (V.2)

In this case the ball velocity has to be determined from
the wheel velocities, thus the inverse transformation is
needed, resulting in the transformation below:

T owb
−1

= T obw =

−0.5400 0.2700 0.2700
−0.0000 −0.4676 0.4676
0.2700 0.2700 0.2700


(V.3)

Using this transformation matrix, the measured angu-
lar velocities of the wheels can be converted into the
angular velocity of the ball.

To validate if the calculated ball velocity is correct,
the ball angular velocity is determined using a vision
algorithm. The BBR is placed upside down for this
validation test. With the BBR upside down, a top
down video from the actuated ball is made. The used
ball has a yellow seam line, which can be tracked using
a color threshold filter. With this seam line filtered
it can be projected on a sphere object. Alongside
the projected seam line, a 3D curve can be placed on
the sphere. This curve is described with the following
parametric equation [27]:xy

z

 =

a cos(t) + b cos(3t)
a sin(t)− b cos(3t)

c sin(2t)

 (V.4)

with t ranging from 0 to 2π and the parameters a, b
and c having the values: a = 0.65rb, b = rb − a and
c =
√
ab. Figure V.1 shows the sphere, sub- sampled

detected seam line (yellow) and seam line curve func-
tion (red).

Figure V.1: seam detection and seam curve function
to determine ball movement

The seam curve function can be rotated around the
center of the sphere in three directions, θ, φ and ψ. To
estimate the motion, a best fit between the detected
seam line and seam curve function is made for every
frame. This way the ball orientation is updated every
frame. Dividing the estimated change in orientation
from frame to frame by the time between two frames,
the angular velocity is calculated.

Figure V.2 shows the comparison between the calcu-
lated and vision determined ball angular velocity. This
figure shows that the calculated and vision determined
ball angular velocity match, meaning that the trans-
formation from wheel velocity to ball velocity is cor-
rect.

Figure V.2: Ball movement comparison
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