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Abstract

Sheetfed printers are large industrial printers for highly productive printing of cut sheets. Such printers
require an accurate high-performance sheet transport system. In this work, a hybrid control strategy
is developed for the transport of A4 sheets via pinches, actuated by stepper motors. Such transport
introduces multiple control problems, as the sheet transport switches between single-pinch and two-pinch
scenarios. In single-pinch transport, accurate position reference tracking of the sheets is desired, where in
two-pinch transport, additional goals are to prevent buckling and to maintain a prescribed traction force
in the sheet. In this work, an extensive stability analysis is performed for a closed-loop hybrid two-pinch
model, since stability of subsystems in a hybrid system does not guarantee stability of the complete
system. To this end, coordinate transformations are done to write the system in a generic form, for which
stability tools are available. Conditions for the existence of a quadratic Lyapunov function are formulated.
Next to the stability analysis, the control framework from [1], [2] is adapted and extended, taking into
account implementation of the framework on a real system. More advanced reference trajectories are
defined, multiple methods for initialisation of controller states on switching moments are incorporated,
and different aspects that involve implementation on a real printing system are considered. Lastly, a
Digital Twin of the system is developed, which is used to illustrate the performance of the system for
the proposed control framework, and can be used for future development purposes. Extensive use of the
Digital Twin shows a significant performance increase for the new control framework, and strengthens
the expectation that it performs as desired on the real system as well.

Keywords: Sheetfed printer, paper handling, hybrid control, Lyapunov, stability, performance, state
initialisation, state estimation
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girlfriend Äısha. The majority of my graduation period, we have been working at the kitchen table in our
tiny apartment, due to the Covid-19 pandemic. Thank you for the unconditional support throughout the
project, and for helping me to forget my studies and enjoy our leisure time together. Your contribution
to this thesis is much larger than you think.

Joris Weemaes
Eindhoven, November 2020



v

Contents

Nomenclature vi

1 Introduction 1
1.1 Project background . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1
1.2 State-of-practice . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3
1.3 State-of-the-art . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4
1.4 Problem formulation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5
1.5 Report outline . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6

2 Dynamic model for two-pinch sheet transport 7
2.1 Dynamic model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7
2.2 Hybrid modelling framework . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10

3 Hybrid stability analysis 13
3.1 Control problem and related stability problem . . . . . . . . . . . . . . . . . . . . . . . . . 13
3.2 Coordinate transformation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 14
3.3 State feedback controller design . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 18
3.4 Tracking dynamics . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19
3.5 Closed-loop hybrid model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 20
3.6 Hybrid stability analysis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 22

4 Control framework 27
4.1 Hybrid control strategy . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 28
4.2 Stepper driver actuation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 39
4.3 Data improvement using timestamps . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 40
4.4 State estimation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 41

5 Verification using Digital Twin 44
5.1 Digital Twin . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 44
5.2 Stepper driver actuation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 45
5.3 Control strategy . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 46
5.4 State estimation and data improvement . . . . . . . . . . . . . . . . . . . . . . . . . . . . 49

6 Conclusions and Recommendations 54
6.1 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 54
6.2 Recommendations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 55

Bibliography 57

A Feedback controllers i

B Digital Twin ii
B.1 Simulink Digital Twin model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ii
B.2 Observer performance without data extrapolation . . . . . . . . . . . . . . . . . . . . . . . iii



vi

Nomenclature

Accents
′ Approximated
¯̄ Upper bound
¯ Discrete
˘ Extended using temporal regularisation
ˇ Extended to represent affine dynamics linearly
ˆ Estimated
˜ Closed loop

Subscripts
b Drive belt
d Driven roller
dp Driven roller axle
e error
f Magnetic field
fb Feedback
ff Feedforward
i Pinch number
K Controller
m Situation (buckling or traction)
obs Observer
p Pressure roller
r Rotor
t tracking
v Viscous rubber element

Matrices/Columns
K Controller transfer matrix
P Plant transfer matrix
Θf System input
A State matrix
B Input matrix
C Output matrix
D Feedthrough matrix
Fl Column of viscoelastic forces
G Column with velocity dependent terms in tangential force differential equation
H Column of generalised forces
K Viscous rubber matrix
M Mass matrix
Q Decoupling matrix
S Column of generalised force directions
Wn Column of generalised constraint force direction

Sets/Maps
Rn Set of real numbers in dimension n
A Equilibrium set
C Hybrid flow-set



NOMENCLATURE vii

D Hybrid jump-set
F Hybrid flow-map
G Hybrid jump-map

Operators
∪ Union of sets
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Chapter 1

Introduction

This thesis focuses on hybrid control for sheetfed printer paper handling systems. In Section 1.1, the
project background is discussed. Section 1.2 goes into detail on the state-of-practice regarding paper
handling for sheetfed printers. In Section 1.3, state-of-the-art control strategies for paper handling and
previous research on this topic are elaborated upon and in Section 1.4, the research goal is formulated.
Lastly, Section 1.5 contains the outline of the report.

1.1 Project background

The sheetfed printers considered in this thesis are large industrial printers for highly productive printing
of cut sheets of different sizes, used in the graphics industry, marketing, etc. An example of such a printer
is the Varioprint i300 series, see Figure 1.1, which is an innovative high-volume color inkjet sheetfed
press, developed by Canon Production Printing [3]. This system is capable of printing 24/7, up to 8500
double-sided A4 sheets per hour, reaching quantities of over 10 million sheets per month. Achieving such
a high throughput, while maintaining a good printing quality, requires a high-performance transport
system for the sheets. Sheet transport in such systems is often done via roller sets, hereafter referred
to as pinches, between which the sheets are clamped and transported. Multiple pinches can form a
paper path through the system between different processing stations. In the Varioprint i300, sheets are
fed to the system at the paper input module, after which they are transported by pinches towards the
image-transfer station, where the image is printed. At the image-transfer station, the sheet transport
is done by a belt that uses vacuum to fixate the sheet. After printing, the sheets are transported on a
compliant belt towards a drying drum, which uses hot air to dry the print. Afterwards, the sheets are
cooled in the cooling area, before re-entering the image-transfer station for backside printing or leaving
the system at the finishing station. Figure 1.2 shows a schematic representation of the paper path in the
Varioprint i300 with its different stations [3].

4321
Figure 1.1: Varioprint i300 series industrial sheetfed printer (Canon Production Printing, [3]) (1) Paper

input module, (2) Image-transfer station, (3) Drying drum, (4) Finishing station.
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Drying drum

Direction of motion

Cooling area

Paper input module

Finishing station

Compliant belt

Backside printing

Printing belt

Figure 1.2: Schematic overview of the Varioprint i300 by Canon production printing [1].

In this thesis, the pinch design from Canon Production Printing is adopted, see Figure 1.3. A pinch
consists of two driven rollers on a shaft, which is actuated by a two-phase stepper motor via a drive
belt. The driven rollers are covered by a layer of viscoelastic rubber material. A second shaft, which is
connected to the fixed world, contains two pressure rollers that are pressed on the driven rollers using a
leaf spring, providing a normal contact force. The sheets run in between the pressure rollers and driven
rollers. The force applied by the pressure rollers provides sufficient friction between the pressure rollers
and sheets to prevent slip [4]. The entire paper path is covered by a base- and top-plate to protect the
sheets.

Transport of cut sheets using pinches introduces multiple control problems. Firstly, to be able to realise a
high throughput and high image quality, accurate position reference tracking is necessary for the sheets
to be at the right position at the right moment. Secondly, dependent on the size of the sheet and the
distance between two consecutive pinches, sheets can be actuated by either one pinch, or by multiple
pinches simultaneously. During multi-pinch transport, the sheets are over-actuated. This introduces a
second control problem, namely preventing buckling of a sheet, where buckling implies that a sheet is not
straight, or excessive traction forces in a sheet. Both situations may damage the print, since buckling
can lead to contact between the sheet and the cover plates, and excessive traction forces can lead to slip
between the sheet and the pinch rollers, or even to tear of the sheet. In this project, the situation is
considered in which a sheet is transported by either one or two pinches simultaneously, as is the case for
A4 sheets in the Varioprint i300. This situation captures both control goals discussed above. Extension
to transport by more than two pinches may be relatively straightforward, since the control goals do
not change in this situation. Figure 1.4 shows the four different transport states that are considered.
Hereafter, these four states together are referred to as one transport cycle, which implies that the sheet
has moved forward one complete pinch in the paper path. The high-level goal of this thesis to develop a
hybrid control framework for a complete sheet transport cycle, achieving accurate position tracking and
preventing buckling of the sheet or excessive traction forces in the sheet.

1

2

3

Figure 1.3: CAD image of a single paper path pinch in the Varioprint i300 [4].
(1) driven roller, (2) pressure roller, (3) stepper motor.
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1) Single-pinch 2) Two-pinch: buckling

3) Two-pinch: traction 4) Single-pinch

Figure 1.4: The four different states of paper transport in a transport cycle.

1.2 State-of-practice

The control strategy for the paper path in sheetfed printers often has a hierarchical structure, as is the case
for the Varioprint i300. In this system, a high-level sheet control loop measures the position of the sheet
using optical sensors. Based on the desired position of the sheet with respect to the measured position,
the references for the individual pinches are adapted. The individual pinches are position controlled
without a feedback mechanism (open-loop). This implies that the references are directly sent as an input
to the actuators, multiplied by a gain to compensate for the transmission ratio between the rotor and
the pressure roller. This is possible because the actuators in the system are stepper motors, where in
previous generations of industrial sheetfed printers, DC motors were used. A stepper motor realises a
step-by-step rotation, where a pulse is sent to the motor for each step. This implies that each pulse is
responsible for a fixed rotation, allowing for open-loop control, where the position accuracy depends on
the step size of the stepper motor. The stepper motors considered in this thesis have 2 phases and 50
pole pairs, resulting in 3200 steps per revolution by using a micro-stepping technique [5], [6].

A downside of open-loop control is that position drift can occur. This results in an accumulated sheet
position error throughout the paper path, which has to be compensated before entering the printing belt.
To do this, the reference of the last few pinches before the printing head are adapted by the high-level
controller, based on the position error. This method limits the achievable tracking performance. During
single-pinch transport, the leading edge of a sheet drops under gravity, due to its limited stiffness, see the
first figure in Figure 1.4. At the transfer from single-pinch to two-pinch transport, the sheet also has to
overcome a force to enter the next pinch, which is pre-tensioned by the leaf spring. This leads to the
sheet being buckled, which may damage the sheet due to contact with the cover plates, see the second
figure in Figure 1.4. Therefore, in the current implementation, the reference velocity of the upstream
pinch is lowered for a short period of time. However, since the system is only position controlled, this
method may result in a large impact, which is induced when the sheets transits from the buckling to the
traction phase as the two pinches have a different velocity at that point in time. Moreover, excessive
traction forces when the sheet is in traction may result. Therefore, traction is avoided at all times.

Summarising, the current state-of-practice falls short in achieving reference tracking, due to the open-
loop actuation, and buckling or traction of sheets is not actively controlled, complicating the goal to
prevent contact with the cover plates or excessive traction forces. This research focuses on solving these
shortcomings, by developing a hybrid low-level control strategy for the control of the individual pinches
in the paper path.
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1.3 State-of-the-art

In literature, various closed-loop control strategies are proposed for sheet transport, of which the majority
focuses on the high-level control loop in the hierarchical structure discussed earlier. In [7], the Absolute
Reference Tracking Control (ARTC) algorithm is proposed. In this algorithm, each sheet entering the
path is given a desired reference trajectory, depending on the operations that need to be performed.
A high-level feedback controller calculates the desired velocity for each sheet to track this reference
trajectory. A second control loop maps this velocity to the correct pinches, which are controlled locally.
In [8], this algorithm is used to design a robust high-level feedback controller (HLC) using H∞ synthesis,
which makes it possible for sheets to track the desired reference trajectory rejecting unknown disturbances
and parameter uncertainties. Here, the low-level dynamics of the sheets and pinches are modelled as a
piecewise linear system, only taking into account single-pinch control and assuming ideal behaviour in the
low-level pinch control loop. In [9], this control strategy is extended by taking into account low-level motor
control loops, using sequential loop closing. An alternative to the ARTC algorithm is intersheet spacing
control (ISSC) [10]. This algorithm focuses on maintaining a desired spacing between neighbouring sheets,
rather than controlling their absolute position.

Significantly less extensive research is done on low-level sheet control for multi-pinch transport, except
for the research conducted by Canon and TU/e. In [6], an extensive dynamic model for the single pinch
from Figure 1.3 is developed. It includes (linearised) stepper motor dynamics, inertias of the rotor and
rollers, all subject to viscous friction, and characteristics of the drive belt. A PII feedback controller is
designed for position control in single-pinch transport using well known SISO loop-shaping techniques [11].
Additionally, the open-loop control used in the state-of-practice is adopted as feedforward to compensate
for the transmission ratio between the rotor and the pressure roller. The performance of the designed
controller is validated in simulation and on an experimental setup.

In [1],[2], the single-pinch model from [6] is extended to a two-pinch model, including all situations during
transport in a straight paper path, as discussed in Section 1.1, i.e., buckling, traction and the transition in
between. This model is written as a measure differential equation, i.e., an equation of motion on the level
of momenta [12], as well as in the hybrid modelling framework [13], which is preferred for closed-loop
analysis, controller design and is proven faster in simulation [1]. The hybrid model is used to extend the
control strategy from [6] to two-pinch transport. Here, three separate feedback control strategies are used
for respectively single-pinch transport, two-pinch transport: buckling and two-pinch transport: traction.
During two-pinch transport, the control goals discussed in Section 1.1 are respected using manual control
allocation. This implies that using engineering intuition and understanding of the system, the control
objectives are assigned to specific pinches. This is essentially different than classical control allocation
[14], where the control effort determined by the motion controller is distributed over different actuators.
During two-pinch transport, the downstream pinch is made responsible for the reference tracking task,
and the upstream pinch is responsible for the control goal of achieving traction as soon as possible. This is
done by lowering the velocity reference of the upstream roller, similar to the open-loop approach discussed
in Section 1.2. When traction is detected, the hybrid model jumps and the control strategy changes.
Due to the unilateral constraint introduced by the sheet, which can buckle but can not be elongated,
a constrained interaction between the pinches exists in traction. To allow for diagonal control, input
decoupling is employed [15], which allows for individual controllers for reference tracking and traction
force control. The used decoupling keeps the downstream pinch responsible for the reference tracking
problem, and makes the upstream pinch responsible for controlling the traction force. The control strategy
is validated using continuous time simulations and on the same setup as in [6].

As discussed in Section 1.1, it is desired to control the traction force when the system is in traction. In [6],
creep effects of a viscoelastic rubber material around the driven rollers of a pinch are investigated to see if
it is able to measure the traction force. This showed that the occurrence of traction forces is measurable
quantitatively, but not accurately enough for use in a controller. Therefore, in [1],[2], a predictor is used
which is based on the two-pinch dynamic model.
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1.4 Problem formulation

Based on the project background, state-of-practice and state-of-the-art on the topic of paper handling in
sheetfed printers, several open challenges are identified, which are described below briefly.

� When developing a hybrid control strategy with switching controllers for a system with impact, an
extensive stability analysis is important. Although the developed two-pinch hybrid control strategy
in [1],[2] contains stabilizing SISO controllers for each subsystem, this does not guarantee stability
of the complete hybrid system [13];

� The control strategy proposed in [1],[2] can be improved for better performance in multiple ways.
For example, more advanced reference trajectories for the pinches may improve the performance
significantly, since these references play an important role in the system behaviour, especially during
buckling. A topic that is not addressed in [1],[2], is the initialisation of feedback controller states on
switching moments. These initial states have a large influence on the system behaviour immediately
after the switching moment, since they can introduce transients and/or discontinuities in the plant
input. Such effects can deteriorate the performance drastically or even lead to instability. By clever
initialisation of the controller states, the system performance may be improved significantly;

� The control strategy proposed in [1],[2] is designed in continuous time, and does not take into account
several implementation aspects that may influence the performance on an actual system. Examples
of such implementation aspects are the actuation of the stepper motors, the quantisation errors
introduced by sensors, the measurability of system states, and the different sampling frequencies on
which elements in the control framework operate. By investigating these aspects and incorporating
them in the framework, a more complete and implementable control framework may be obtained;

� A more advanced simulation environment has to be developed for development purposes and
illustration of the expected performance. In [1],[2], a continuous time simulation model is developed,
which does not take into account the implementation aspects discussed above. By developing a
Digital Twin of the system, which contains as many practical aspects as possible, simulation results
become significantly more meaningful towards implementation.

Based on the open challenges on this topic discussed above, the main research goal is defined as
follows.

“Develop a hybrid control framework for sheetfed printer paper handling.”

With this main research goal, multiple subgoals are defined, namely:

� analyse stability of the hybrid two-pinch sheet transport system;

� adapt and extend the control framework from [1] to improve the system performance, focusing on
implementation on a real system;

� develop a Digital Twin of the system for future development purposes and illustration of the
expected control performance;

The subgoals are elaborated upon below briefly.

Stability analysis
On the topic of analysing stability, the behaviour of the hybrid system in two-pinch transport has to be
investigated thoroughly. The goal is to derive stability conditions, and to prove stability of the hybrid
system for these conditions. To this end, the hybrid control problem has to be written into a generic
form, for which tools to assess stability are available, which can then be applied.

Control framework
For the control framework, the open challenges discussed earlier are to be investigated. This can be done
by adapting the reference trajectories for the pinches, by incorporating a method to initialise the internal
states of the controller in a clever way, and by taking to account multiple aspects that may influence the
performance towards implementation on a real system. These aspects concern the drivers for the stepper
motors, which can be used to realise smooth actuation of the stepper motors, the quantisation error of
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sensors and a method to minimise these, and the measurability of system states, requiring estimation
methods.

Digital Twin
The last subgoal is to develop a Digital Twin of the system that captures the real-time system behaviour
as accurately as possible. This implies that next to the hybrid behaviour of the system itself, the behaviour
of the sensors, actuators and controllers have to be incorporated in the model. This Digital Twin can
then be used to illustrate the expected performance of the system and for development purposes. The
aim is to develop the Digital Twin such that the control part can be implemented directly on the real
setup, speeding up development and minimizing errors during implementation.

1.5 Report outline

The remainder of this thesis is organised as follows. In Chapter 2, the two-pinch sheet transport dynamic
model, which is developed in [1],[2], is derived, both as a measure differential equation and in the hybrid
modelling framework. Chapter 3 contains the stability analysis of the hybrid system. This includes
a formalisation of the hybrid control problem, coordinate transformations to rewrite the model into a
generic framework, and the use of Lyapunov theory to derive stability conditions and prove stability.
Chapter 4 discusses the control framework. This contains improved reference trajectories for the pinches,
the design of the feedback and feedforward controllers, multiple controller state initialisation methods
and solutions for the implementation aspects discussed earlier. Chapter 5 discusses the structure of the
developed Digital Twin, and illustrates the effects of the different aspects in the control framework and
the expected performance of the system. Lastly, Chapter 6 presents the conclusions for this thesis and
recommendations for future research.
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Chapter 2

Dynamic model for two-pinch sheet
transport

In this chapter, the dynamic model for two-pinch sheet transport, derived in [1],[2], is discussed. Both
buckling, traction and transitions between the two are incorporated in the model, which is written as
a measure differential equation and in the hybrid modelling framework from [13]. In Section 2.1, the
two-pinch dynamic model is presented as a measure differential equation and, in Section 2.2, this model
is rewritten to the hybrid modelling framework.

2.1 Dynamic model

Figure 2.1 shows a schematic model of two consecutive pinches in a typical paper path from a sheetfed
printer like the Varioprint i300. The pinch design in Figure 1.3 from Canon Production Printing is
adopted. One pinch consists of a pressure roller with radius rp, a driven roller with outer radius rd and
axle radius rdp, and a rotor with radius rr. The rollers have inertias Jp and Jd, and the rotor Jr. Both
rollers and the rotor are subject to viscous damping, with damping coefficients dp, dd and dr respectively.
The angular position of the rollers are denoted by θp, θd and θr. The rotor is connected to the axle of the
driven roller via a drive belt, which is modelled as a spring with stiffness kb and a damper with damping
cb in parallel. The driven rollers are equipped with a viscoelastic rubber layer, which is modelled as a
Maxwell spring-damper element [16], i.e., a spring with stiffness kv and a damper with damping cv in
series, and a transmission ratio j to include deformation of the rubber layer at the contact point with the
pressure roller [6]. This model leads to a differential equation for the viscoelastic force in the rubber layer
F , according to

Ḟi = kv

(
jrdθ̇d,i − rpθ̇p,i −

Fi
cv

)
, (2.1)

with i ∈ {1, . . . , n} an index to indicate the ith pinch in the paper path. The stepper motor is modelled
as a rotational spring with stiffness kr, leading to the following torque equation:

Ti = kr(θf,i − θr,i), (2.2)

where θf,i is the rotation of the magnetic field. Stepper motors have a nonlinear, position- and velocity-
dependent torque characteristic. However, due to the use of a micro-stepping technique, and the fact that
the motors will be operated at an approximately constant velocity, this linearisation is assumed to be
sufficiently accurate [5].

In Figure 2.1, a sheet is displayed in blue, and is clamped between the pressure rollers and the rubber
layer of the driven rollers. The leading edge of the sheet is denoted by xs. The following assumptions are
adopted regarding sheet transport.

Assumption 2.1 No slip occurs between sheets and pressure rollers.

Assumption 2.2 Each pinch in the paper path is identical.

Assumption 2.3 A sheet can not be elongated in longitudinal direction.
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rp rp
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Figure 2.1: Schematic overview of the two-pinch dynamic model [1].

2.1.1 Single-pinch model

Using the set of generalised coordinates qi =
[
θr,i θd,i θp,i

]T
, the equations of motion for a single pinch

are given by

Miq̈i +Hi(qi, q̇i, Fi) = Siθf,i, (2.3a)

Ḟi = Gi(q̇i)−
kv
cv
Fi. (2.3b)

In this equation, Mi is the positive definite mass-matrix, Hi(qi, q̇i, Fi) is a column of generalised forces,
Si are the generalised force directions associated to the input θf,i and Gi(q̇i) is the part of Equation (2.1)
that depends on the generalised coordinates. Mi, Si, Gi(q̇i) and Hi(qi, q̇i, Fi) are given by

Mi =

Jr,i 0 0
0 Jd,i 0
0 0 Jp,i

 , Si =

kr0
0

 , Gi(q̇i) = kvjrdθ̇d,i − kvrpθ̇p,i,

Hi(qi, q̇i, Fi) =

−kb(rdpθd,i − rrθr,i)− cb(rdpθ̇d,i − rr θ̇r,i) + krθr,i + dr θ̇r,i
kb(rdpθd,i − rrθr,i) + cb(rdpθ̇d,i − rr θ̇r,i) + ddθ̇d,i + jrdFi

−rpFi + dpθ̇p,i

 .
(2.4)

2.1.2 Two-pinch model

For the two-pinch model, two situations are distinguished, namely buckling and traction. In buckling,
motion of the individual pinches is unconstrained, where in traction, the sheet induces a unilateral
constraint between the pinches, following Assumption 2.3. Together with Assumption 2.1, this implies
that the pressure roller velocities of the pinches have to be equal in traction, i.e., θ̇p,i = θ̇p,i+1. At a
transition from buckling to traction, this unilateral constraint gives rise to impulsive dynamics, namely a
discontinuity in the pressure roller velocities. The two-pinch model in [1],[2] is derived in two steps, with
first the non-impulsive part and then the impulsive part of the dynamics.
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For the non-impulsive part of the model, Signorini’s set-valued force law is adopted to describe the
difference between buckling and traction [12], inducing a unilateral contact characteristic. A gap function
gN is introduced, which describes the ’distance’ to traction, given by

gN = rp(θp,i − θp,i+1) + cgN . (2.5)

In this equation, cgN ∈ R+ is a positive constant such that gN = 0 in traction and gN > 0 in buckling.
Furthermore, constraint force λN is introduced, which represents the force in the sheet when in traction.
Signorini’s force law is a complementarity condition between these two variables on position level, given
by

gN ≥ 0, λN ≥ 0, gNλN = 0. (2.6)

This law holds intuitively, since no constraint force can be present in buckling, and gN must be zero in
traction. This complementary condition can be written in normal cone formulation [12], according to

gN ∈ NCN (−λN ). (2.7)

In this equation, CN is the set of admissible values for −λN , which is CN = R≤0. Considering two
neighbouring pinches 1 and 2, with generalised coordinates q = [θr,1, θd,1, θp,1, θr,2, θd,2, θp,2]T , the non-
impulsive two-pinch model is defined as

Mq̈ +H(q, q̇, F ) = SΘf +WN (q)λN ,

Ḟl = G(q̇)−KvFl,

gN ∈ NR≤0
(−λN ),

(2.8)

with

M =

[
M1 0
0 M2

]
, H =

[
H1

H2

]
, S =

[
S1 0
0 S2

]
, Θf =

[
θf,1
θf,2

]
,

G =
[
G1 G2

]
, Kv =

[
−kv
cv

0

0 −kv
cv

]
, Fl =

[
F1

F2

]
.

(2.9)

In this set of equations, WN represents the generalised force direction, given by

WN =

(
∂gN
∂q

)T
=
[
0 0 rp 0 0 −rp

]T
. (2.10)

The complementarity condition in normal cone formulation assures that the constraint force λN is zero in
buckling, as gN > 0 then holds.

For the impulsive part of the dynamics, a Newton-type impact law is adopted, relating the post-impact
velocity to the pre-impact velocity, which is accompanied by an impulse ΛN [12]. The relative velocity
between the pressure rollers is given by ψN = WT

N q̇. The impact law is then defined as

ψ+
N = −eNψ

−
N , gN = 0, (2.11)

where eN represents the coefficient of restitution. Note that the impact law only holds when the system
gets into traction, so for gN = 0. In this model, a completely inelastic impact is considered for simplicity,
so eN = 0. An auxiliary variable ζN is defined, according to

ζN = ψ+
N + eNγ

−
N . (2.12)

When the impact occurs, ΛN ≥ 0 and ζN = 0. When the contact would be superfluous, i.e., not
participating in the impact process, ΛN = 0 and ζN ≥ 0 holds. Although a superfluous impact can not
occur in this system, it is used to write the impact law as a generic complementary condition similar to
Equation (2.6), given by

ΛN ≥ 0, ζN ≥ 0, ΛNζN = 0, gN = 0. (2.13)

This complementary condition is then also written in the normal cone formulation, according to

ζN ∈ NR≤0
(−ΛN ), gN = 0. (2.14)
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The non-impulsive dynamics and the impact law are then combined. To this end, the force law in Equation
(2.7) is written on velocity level, leading to

ψN ∈ NR≤0
(−λN ), gN = 0. (2.15)

Note that, as for the impact law, this only holds if gN = 0. Using the fact that q̇+ = q̇− holds for the
non-impulsive dynamics and the property for normal cones that if x ∈ NCN , then µx ∈ NCN for µ > 0,
this law can be written in same form as Equation (2.14), according to

ζN ∈ NR≤0
(−λN ), gN = 0 (2.16)

The force laws for both non-impulsive and impulsive contact forces are then merged into one force law,
by introducing a differential measure of the contact percussions

dPN = λNdt︸ ︷︷ ︸
non-impulsive

+ ΛNdη︸ ︷︷ ︸
impulsive

, (2.17)

where dt is the Lebesque measure and dη the atomic measure [12]. The force law then becomes

ζN ∈ NR≤0
(−dPN ), gN = 0. (2.18)

With the force law determined, the complete dynamic model for two-pinch transport containing buckling,
traction and the transitions in between is defined. To this end, the equations of motion are written as a
measure differential equation, which is an equation on the level of momenta. This is necessary to be able
to correctly incorporate the impulsive part into the model, since impulsive forces are infinitely large, but
their related momenta are finite. This gives

Mdv +H(q, v, Fl)dt = SΘfdt+WN (q)dPN ,

dFl = G(v)dt−KFldt,
ζN ∈ NR≤0

(−dPN ), gN = 0,

(2.19)

where for gN ≥ 0, it holds that dPN = 0 and, v = q̇ almost everywhere.

2.2 Hybrid modelling framework

In [1],[2], the two-pinch model is also written in the hybrid modelling framework [13], which is given by{
ẋ ∈ F(x) when x ∈ C,
x+ ∈ G(x) when x ∈ D.

(2.20)

This means that the states can flow according to ẋ = F(x) while x is in the set C and can jump according
to a difference equation x+ = G(x) if x is in the set D. To be able to write the measure differential
equation into this framework, explicit expressions are derived for the post-impact velocities and the
traction force λN , which are implicitly described by the measure differential equation.

An explicit expression for the jump from pre- to post-impact velocities is obtained from [17]. Under the
assumption of a completely inelastic impact, this leads to the following post-impact velocity map:

θ̇+
p,1 = θ̇+

p,2 =
1

2
(θ̇−p,1 + θ̇−p,2). (2.21)

An explicit expression for traction force λN is obtained by forward dynamic analysis of the constrained
non-impulsive dynamics, using the fact that gN = 0 in traction. This constraint can be written on
acceleration level, according to

WT
N q̈ = 0. (2.22)
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Substituting the non-impulsive dynamics from Equation (2.8) for q̈, using θ̇p,1 = θ̇p,2 and rewriting leads
to

WT
N (M−1WNλN +M−1SΘf −M−1H) = 0,

⇒ (WT
NM

−1WN )−1(WT
NM

−1(H − SΘf )) = λN ,

⇒ 1

2
(F2 − F1) = λN .

(2.23)

Note that this expression is only valid in traction. In buckling, λN = 0 is implicit, since gN > 0 there. A
discrete variable m is introduced to distinguish buckling from traction, with m = 0 in buckling and m = 1
in traction. Equation (2.23) is adapted, thereby adapting the model from [1],[2], to assure that λN = 0 in
buckling, according to

λN =
1

2
m(F2 − F1). (2.24)

The hybrid model can then be defined, using state vector ξ =
[
qT q̇T FTl m

]T
, according to

H =


ξ̇ = F(ξ) when ξ ∈ C,
ξ+ = G0 when ξ ∈ D0,

ξ+ = G1 when ξ ∈ D1.

(2.25)

with

F(ξ) =


q̇,

M−1(SΘf −H(q, q̇, Fl) +M−1WNλN ,
G(q̇) +KFl,

0

 (2.26a)

G0(ξ) =
[
qT θ̇r,1 θ̇d,1

1
2 (θ̇p,1 + θ̇p,2) θ̇r,2 θ̇d,2

1
2 (θ̇p,1 + θ̇p,2) FTl 1

]T
, (2.26b)

G1(ξ) =
[
qT q̇T FTl 0

]T
, (2.26c)

C = C0 ∪ C1, (2.26d)

C0 = {ξ ∈ R15 | gN ≥ 0, m = 0}, (2.26e)

C1 = {ξ ∈ R15 | gN = 0, λN ≥ 0, m = 1}, (2.26f)

D = D0 ∪ D1, (2.26g)

D0 = {ξ ∈ R15 | gN = 0, ġN ≤ 0, m = 0}, (2.26h)

D1 = {ξ ∈ R15 | gN = 0, λN = 0, λ̇N ≤ 0, m = 1}. (2.26i)

In buckling, the system flows in C0, so m = 0, gN ≥ 0 and λN = 0, see Equation (2.24). When gN = 0
and ġN ≤ 0, the system switches to traction, so the jump set D0 is active and the system jumps according
to G0. The system then flows in C1, so m = 1, gN = 0 and λN ≥ 0. When λN = 0 and λ̇N ≤ 0, the jump
set D1 is active and the system jumps according to G1. Flow set C1 and jump set D1 slightly deviate from
the definition in [1],[2]. Since λN = 0 by definition in buckling, this condition is left out. In D1, λ̇N ≤ 0 is
added for similar reasons as ġN ≤ 0 in D0, since the system does not jump if the traction force has a
positive derivative.

2.2.1 Temporal regularisation

Writing the measure differential equation with unilateral constraint in the hybrid framework introduces
undesired possible Zeno-solutions as an artefact [18]. Zeno-solutions may occur when gN = 0, λN = 0,
ġN = 0 and λ̇N = 0. At this point, the system is in both flow-sets and both jump-sets, and is therefore
non-deterministic. This introduces the possibility to jump infinitely in a finite time. A common method
to remove this artefact is by temporal regularisation [19]. This implies that an extra state τ is added to
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the model, which acts as a timer, and requires the system to flow for a certain period of time τd between

two jumps. This leads to the following extended hybrid model, with ξ̆ =
[
ξT τ

]T
:

H̆ =


˙̆
ξ = F̆(ξ̆) when ξ̆ ∈ C̆,
ξ̆+ = Ğ0 when ξ̆ ∈ D̆0,

ξ̆+ = Ğ1 when ξ̆ ∈ D̆1,

(2.27)

with

F̆(ξ̆) =
[
F(ξ)T 1

]T
, (2.28a)

Ğ0(ξ̆) =
[
G0(ξ)T 0

]T
, (2.28b)

Ğ1(ξ̆) =
[
G1(ξ)T 0

]T
, (2.28c)

C̆ = C̆0 ∪ C̆1, (2.28d)

C̆0 = {ξ̆ ∈ R16 | gN ≥ 0, m = 0}, (2.28e)

C̆1 = {ξ̆ ∈ R16 | gN = 0, λN ≥ 0, m = 1}, (2.28f)

D̆ = D̆0 ∪ D̆1, (2.28g)

D̆0 = {ξ̆ ∈ R16 | gN = 0, ġN ≤ 0, m = 0, τ ≥ τd}, (2.28h)

D̆1 = {ξ̆ ∈ R16 | gN = 0, λN = 0, λ̇N ≤ 0, m = 1, τ ≥ τd}. (2.28i)
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Chapter 3

Hybrid stability analysis

In this chapter, a hybrid stability analysis is done for two-pinch sheet transport, using the dynamic model
in the hybrid modelling framework from Chapter 2. As discussed in Chapter 1, such a stability analysis is
important when controlling hybrid systems, since stability for all subsystems does not guarantee that the
hybrid system is also stable. In Section 3.1, the stability problem is formulated by formalising the control
problem and by isolating the hybrid part of the dynamic model for which stability has to be analysed.
In Section 3.2, coordinate transformations are done for the subsystems to write the hybrid model in a
generic form, for which stability tools are available. Section 3.3 then goes into detail on the feedback
control that is used in the analysis. In Section 3.4, boundedness of the tracking dynamics is investigated
and in Section 3.5, the closed-loop hybrid model in new coordinates is defined. Lastly, in Section 3.6,
hybrid stability is investigated using Lyapunov theory.

3.1 Control problem and related stability problem

As discussed in Chapter 1, the main control goals for this system are position reference tracking of the
leading edge of a sheet, and preventing buckling or excessive traction forces in the sheet during two-pinch
transport. A transport cycle, already introduced in Section 1.1, is assumed to start at t = T0, when the
sheet leaves the pinch prior to the upstream pinch, and end at t = T4, when the sheet enters the pinch
after the downstream pinch. During the transport cycle, a high-level controller is assumed to provide the
position reference for the leading edge of a sheet, rxs(t), and the reference value for the traction force,
rλN (t). The following assumption is adopted regarding these references.

Assumption 3.1 For one sheet cycle, the high-level reference has the following form:[
rxs(t)
rλN (t)

]
=

[
a(t− T0)

b

]
, ∀t ∈ [T0, T4], with a, b ∈ R+ constants. (3.1)

Physically, this assumption means that the desired sheet velocity is a positive constant over one transport
cycle, and that the desired traction force in the sheet in the traction phase is a positive constant. Under
Assumption 2.1, rxs(t) can be converted to references for the pressure rollers rθp,1(t) and rθp,2(t). In each
stage of transport, the control goals are different. Under the assumption that the sheet is in single-pinch
transport for t ∈ {[T0, T1], [T3, T4]}, in buckling for t ∈ [T1, T2] and in traction for t ∈ [T2, T3], the control
goals are formalised below, with i = 1 for the upstream pinch and i = 2 for the downstream pinch.

1. Single-pinch transport:
eθp,i = rθp,i(t)− θp,i = 0 ∀t ∈ {[T0, T1], [T3, T4]} and i = 1, 2;

2. Two-pinch transport, buckling:
eθp,2 = rθp,2(t) − θp,2 = 0 ∀t ∈ [T1, T2], gN (T2) = 0, minimise(T2 − T1) and minimise(θ̇p,2(T2) −
θ̇p,1(T2));

3. Two-pinch transport, traction:
eθp,2 = rθp,2(t)− θp,2 = 0 and eλN = rλN (t)− λN ∀t ∈ [T2, T3].

In words, position reference tracking for both pinches is desired during single-pinch transport. In buckling,
the control goals are position reference tracking for the downstream pinch, and realising traction as fast
as possible with minimal impact, i.e., with a small velocity difference between the pressure rollers. In
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˙̆
ξ = F̆(ξ̆), ξ̆ ∈ C̆0

ṙθp,1(t) 6= ṙθp,2(t)

ξ̆ ∈ D̆0

ξ̆+ = Ğ0(ξ̆)

ξ̆ ∈ D̆0

ξ̆+ = Ğ0(ξ̆)

ξ̆ ∈ D̃1

ξ̆+ = Ğ1(ξ̆)B0 T

eθp,1 = rθp,1(t)− θp,1
eθp,2 = rθp,2(t)− θp,2

˙̆
ξ = F̆(ξ̆), ξ̆ ∈ C̆0

B1

eθp,1 = rθp,1(t)− θp,1
eθp,2 = rθp,2(t)− θp,2

˙̆
ξ = F̆(ξ̆), ξ̆ ∈ C̆1

eλN = rλN (t)− λN
eθp,2 = rθp,2(t)− θp,2

t = T1

ṙθp,1(t) = ṙθp,2(t)

t ∈ (T1, T2] t ∈ [T2, T3] t ∈ [T2, T3]

Figure 3.1: Schematic overview of hybrid stability problem.

traction, position reference tracking for the downstream pinch is desired and the traction force λN has to
be controlled to a constant traction force setpoint.

Taking into account the control goals mentioned above, the extended hybrid system H̆ from Equation
(2.27) can be represented as in Figure 3.1 for two-pinch transport, i.e. for t ∈ [T1, T3]. Only two-pinch
transport is considered, since the single-pinch transport phases do not contain hybrid elements. Moreover,
it is assumed that from two-pinch transport, the system never gets back into single-pinch transport by
the upstream pinch, and that from single-pinch transport by the downstream pinch, the system never
gets back into two-pinch transport. From t = T1 onward, the system is in buckling. To be able to
arrive in traction, the gap gN (t) has to be closed, which is done by adapting the references, such that

ṙθp,1(t) 6= ṙθp,2(t). This situation is represented by subsystem B0. If ξ̆ ∈ D̆0, the system gets into traction,

which is represented as subsystem T , and the states are updated according to ξ̆+ = Ğ0(ξ̆). In traction,
the traction force λN and position of the downstream pinch θp,2 are controlled actively. In the ideal
situation, the system stays in T until t = T3, where the sheet leaves the upstream pinch and the system
gets back in single-pinch transport. However, due to tracking errors, the system can also switch back
to buckling for t ∈ [T2, T3], namely if ξ̆ ∈ D̆1. The states are then updated according to ξ̆+ = Ğ1(ξ̆) and
the system jumps to system B1. The essential difference between subsystems B0 and B1 is that in B1,
ṙθp,1(t) = ṙθp,2(t) is used, which is necessary in the analysis to end up with a time-independent hybrid
system. The reference trajectories rθp,1(t) and rθp,2(t) for the complete transport cycle are discussed in

detail in Chapter 4. If ξ̆ ∈ D̆0 when in B1, the system switches back to traction, i.e., subsystem T . The
complete hybrid system is stable if the closed-loop dynamics in B0 are stable, the jump from B0 to T is
bounded and if the hybrid system with subsystems T and B1 is stable.

3.2 Coordinate transformation

The hybrid stability problem discussed above is a tracking problem, since the outputs are required to
track a time-dependent reference. Furthermore, the outputs that are used for feedback change when the
system switches. Since stability is usually considered with respect to an equilibrium point (e.g. the origin),
a coordinate transformation to error coordinates for both subsystems is performed. The coordinate
transformation in this section is based on input-output linearisation for nonlinear systems in [20].

For the coordinate transformation, the relative degree of the outputs are determined. The non-impulsive
system dynamics from Equation (2.27) can for both subsystems be written as

˙̆
ξ = fm(ξ̆) + gm(ξ̆)u,

ym = hm(ξ̆)
(3.2)

with m the discrete state. The Lie-derivatives [20] of hm with respect to fm respectively gm are given by
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Lfhm(ξ̆) =
∂hm

∂ξ̆
fm(ξ̆),

Lghm(ξ̆) =
∂hm

∂ξ̆
gm(ξ̆).

(3.3)

For a system with relative degree k, the output derivatives can then be written as

y(k)
m =Lkfhm(ξ̆) + LgL

k−1
f hm(ξ̆)u,

with LgL
k−1
f h(ξ̆) 6= 0, Lghm(ξ̆) = LgLfhm(ξ̆) = · · · = LgL

k−2hm(ξ̆) = 0.
(3.4)

where y
(k)
m means that the k-th derivative of ym, and Lkf is defined such that for example L2

f = Lf (Lfhm(ξ̆)).

This implies that y
(k)
m is the first derivative that explicitly depends on the input u. Using this method, the

relative degrees of the outputs are determined to be five for θp,1 and θp,2 and three for λN with respect
to the inputs Θf . Below, coordinate transformations are performed the buckling case and traction case
respectively.

3.2.1 Buckling

Error coordinates z = [z0,1, ..., z0,16]T are introduced that represent the output errors up to the relative

degrees. For buckling, with outputs y0 =
[
θp,1 θp,2

]T
, with relative degrees of five, this gives

z0,1 = rθp,1(t)− θp,1, z0,6 = rθp,2(t)− θp,2,

z0,2 = r
(1)
θp,1

(t)− Lfθp,1, z0,7 = r
(1)
θp,2

(t)− Lfθp,2,

z0,3 = r
(2)
θp,1

(t)− L2
fθp,1, z0,8 = r

(2)
θp,2

(t)− L2
fθp,2,

z0,4 = r
(3)
θp,1

(t)− L3
fθp,1, z0,9 = r

(3)
θp,2

(t)− L3
fθp,2,

z0,5 = r
(4)
θp,1

(t)− L4
fθp,1, z0,10 = r

(4)
θp,2

(t)− L4
fθp,2.

(3.5)

These error coordinates are denoted by z0,e. Since the original state has dimension p = 16, six extra
coordinates have to be defined for the coordinate transformation to be a one-to-one mapping. A one-to-one
mapping is obtained if

Rank

(
∂z

∂ξ

)
= p for all ξ̆, (3.6)

The chosen additional coordinates, for which this condition is true, are given by

z0,11 = s′θr,1(m, t)− θr,1,
z0,12 = s′θd,1(m, t)− θd,1,
z0,13 = s′θr,2(m, t)− θr,2,
z0,14 = sθd,2(m, t)− θd,2,
z0,15 = m,

z0,16 = τ.

(3.7)

These six coordinates are called the tracking coordinates, and are denoted by z0,t. The coordinates are
chosen such that their dynamics do not depend explicitly on the plant input, implying that the tracking
dynamics are autonomous. The coordinates are defined as the difference between position coordinates and
their approximated steady-state solutions s′θr,1(m, t), s′θd,1(m, t), s′θr,2(m, t) and s′θd,2(m, t). The reason
for this is that the output tracking problem is solved if ż0,e, the dynamics of the z0,e coordinates, are
asymptotically stable and if the tracking coordinates, z0,t, stay bounded. Since the position coordinates
θr,1, θd,1, θr,2 and θd,2 will grow unbounded under Assumption 3.1 for the sheet position reference, the
approximated steady-state solutions are subtracted. Below, the approximated steady-state solutions are
derived.



16 CHAPTER 3. HYBRID STABILITY ANALYSIS

Under Assumption 4.1, the steady-state solutions for the driven rollers and rotors sθd,1(m, t) and sθd,2(m, t)
can be expressed as a function of rθp,1(t) and rθp,2(t) by derivation of the kinematics of the dynamic
two-pinch model discussed in Chapter 2, giving

sθd,i(m, t) =
rθp,i(t)rp +

sFi (m,t)

kv
+ 1

cv

(∫ t
T0
Fidt

)
jrd

, with i = 1, 2. (3.8)

In this equation, sFi(m, t) represents the mode-dependent steady-state tangential force in the rubber layer

of the driven rollers. The terms
sFi (m,t)

kv
and 1

cv

(∫ t
T0
Fidt

)
together represent the relative displacement

between the rollers due to the rubber layer. The steady-state solutions sθr,1(m, t) and sθr,2(m, t) can be
written as a function of sθd,1(m, t) and sθd,2(m, t), according to

sθr,i(m, t) =
sθd,i(m, t)rdp

rr
+
sFi(m, t)rd
rdpkb

, with i = 1, 2, (3.9)

where the term
sFi (m,t)rd
rdpkb

represents the relative displacement between the rollers due to the stiffness of

the drive belt. The tangential force Fi can be written as

Fi = sFi(m, t)− eFi . (3.10)

On the set for which the subsystem dynamics follow their reference, eFi = 0 holds, implying that
∫ t
T0
eFidt

becomes constant in case of perfect tracking. As only boundedness of the tracking coordinates is required
for stability, eFi can therefore be discarded in the coordinate transformation. The steady state tangential
force sFi(m, t) is given by

sF1
(m, t) =

dpr
(1)
θp,1

(t)

rp
+
Jpr

(2)
θp,1

(t)

rp
−mrλN (t),

sF2
(m, t) =

dpr
(1)
θp,2

(t)

rp
+
Jpr

(2)
θp,2

(t)

rp
+mrλN (t),

(3.11)

where the first term represents the necessary force to overcome damping dp at the pressure rollers, the
second term represents the force to accelerate the pressure rollers if desired by rθp,i(t) and the last term
represents the reference traction force rλN (t). Substituting Fi = sFi(m, t) into Equations (3.8) and (3.9)
leads to

s′θd,i(m, t) =
rθp,i(t)rp +

sFi (m,t)

kv
+ 1

cv

(∫ t
T0
sFi(m, t)dt

)
jrd

,

s′θr,i(m, t) =
s′θd,i(m, t)rdp

rr
+
sFi(m, t)rd
rdpkb

, with i = 1, 2,

(3.12)

which are the steady-state solutions for θd,i and θr,i up to an unknown constant caused by eFi . The
complete coordinate transformation can be written in the following form:

z0 = Z0ξ̆ +R0(m, t), (3.13)

with z0 =
[
z0,e z0,t

]T
, and R0(m, t) a column containing the references and steady-state solutions. The

inverse transformation can easily be obtained, according to

ξ̆ = Z−1
0 (z0 −R0(m, t)), (3.14)
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where Z0 is invertible due to the condition in Equation (3.6). The z0-dynamics are given by

ż0,1 = z0,2, ż0,11 = s
′(1)
θr,1

(t)− θ̇r,1,

ż0,2 = z0,3, ż0,12 = s
′(1)
θd,1

(t)− θ̇d,1,

ż0,3 = z0,4, ż0,13 = s
′(1)
θr,2

(t)− θ̇r,2,

ż0,4 = z0,5, ż0,14 = s
′(1)
θd,2

(t)− θ̇d,2,

ż0,5 = r
(5)
θp,1

(t)− L5
fθp,1 − LgL4

fθp,1θf,1, ż0,15 = 0,

ż0,6 = z0,7, ż0,16 = 1,

ż0,7 = z0,8,

ż0,8 = z0,9,

ż0,9 = z0,10,

ż0,10 = r
(5)
θp,2

(t)− L5
fθp,2 − LgL4

fθp,2θf,2,

(3.15)

with f and g defined as in Equation (3.2) for m = 0. These dynamics can be written purely as a function
of z0-coordinates using the coordinate transformation.

3.2.2 Traction

For the traction subsystem, a similar coordinate transformation is done. Recalling that the outputs in

traction are y1 =
[
λN θp,2

]T
, the following error coordinates, z1,e, are chosen, representing the output

errors up to their relative degree:

z1,1 = rλN (t)− λN , z1,4 = rθp,2(t)− θp,2,

z1,2 = r
(1)
λN

(t)− LfλN , z1,5 = r
(1)
θp,2

(t)− Lfθp,2,

z1,3 = r
(2)
λN

(t)− L2
fλN , z1,6 = r

(2)
θp,2

(t)− L2
fθp,2,

z1,7 = r
(3)
θp,2

(t)− L3
fθp,2,

z1,8 = r
(4)
θp,2

(t)− L4
fθp,2.

(3.16)

The tracking coordinates z1,t are chosen in a similar fashion as for buckling, and are given by

z1,9 = s′θr,1(m, t)− θr,1,
z1,10 = s′θd,1(m, t)− θd,1,
z1,11 = s′θr,2(m, t)− θr,2,
z1,12 = s′θd,2(m, t)− θd,2,
z1,13 = s′θp,1(t)− θp,1,

z1,14 = s′
θ̇p,1

(t)− θ̇p,1,

z1,15 = m,

z1,16 = τ,

(3.17)

with s′θr,1(m, t), s′θd,1(m, t), s′θr,2(m, t) and s′θd,2(m, t) given by Equations (3.12). s′θp,1(t) and s′
θ̇p,1

(t) can

be written as a function of rθp,2(t) according to

s′θp,1(t) = rθp,2(t)− cgN
rp

,

s′
θ̇p,1

(t) = r
(1)
θp,2

(t).
(3.18)
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This is due to the unilateral constraint in traction, together with Assumption 2.1. The complete coordinate
transformation can be written similarly to for the buckling case, according to

z1 = Z1ξ̆ +R1(m, t), (3.19)

or inversely,
ξ̆ = Z−1

1 (z1 −R1(m, t)). (3.20)

The z1-dynamics are given by

ż1,1 = z1,2, ż1,9 = s
′(1)
θr,1

(t)− θ(1)
r,1 ,

ż1,2 = z1,3, ż1,10 = s
′(1)
θd,1

(t)− θ(1)
d,1,

ż1,3 = r
(3)
λN

(t)− L3
fλN − Lg,1L2

fλNθf,1 − Lg,2L2
fλNθf,2, ż1,11 = s

′(1)
θr,2

(t)− θ(1)
r,2 ,

ż1,4 = z1,5, ż1,12 = s
′(1)
θd,2

(t)− θ(1)
d,2,

ż1,5 = z1,6, ż1,13 = s
′(1)
θp,1

(t)− θ(1)
p,1,

ż1,6 = z1,7, ż1,14 = s
′(1)

θ̇p,1
(t)− θ(2)

p,2,

ż1,7 = z1,8, ż1,15 = 0,

ż1,8 = r
(5)
θp,2

(t)− L5
fθp,2 − Lg,1L4

fθp,2θf,1 − Lg,2L4
fθp,2θf,2, ż1,16 = 1,

(3.21)

with f and g defined as in Equation (3.2) for m = 1. As for the buckling case, these dynamics can be
written purely as a function of z1-coordinates using the coordinate transformation.

The coordinate transformations discussed above are useful in the subsequent stability analysis, since the
output tracking problem for both subsystems is now represented as a system for which stability of the
origin for the error coordinates is required.

3.3 State feedback controller design

To be able to do a closed-loop stability analysis, feedback controllers have to be defined, see Figure 3.2.
For stability analysis of the transformed system, the error coordinates in both subsystems have to be
independent of the tracking coordinates. State feedback control is used to realise this. In buckling, the
chosen state-feedback controller is given by

Θf =

[
(LgL

4
fθp,1)−1(−L5

fθp,1 + r
(5)
θp,1
− v0,1)

(LgL
4
fθp,2)−1(−L5

fθp,2 + r
(5)
θp,2
− v0,2)

]
, (3.22)

where v0,1 and v0,2 are new inputs. This feedback yields the error dynamics of the highest derivative of
both outputs

ż0,5 = v0,1,

ż0,10 = v0,2.
(3.23)

With this state-feedback controller, the closed-loop error dynamics can be written as

ż0,e = A0,ez0,e +B0,ev0, (3.24)

with v0 =
[
v0,1 v0,2

]T
. The input v0 can then be used to stabilise the error dynamics, according to

v0 = K0z0,e, s.t. <{(eig(A0,e +B0,eK0)} < 0. (3.25)

The dynamics in Equation 3.21 show that in traction, the input-output behaviour is coupled, since ż1,3

and ż1,8 contain both inputs θf,1 and θf,2. Input-output decoupling is therefore used in the feedback
controller. Writing the error dynamics of the highest derivatives of both outputs as[

żt,3
żt,8

]
= N(ξ̆) +A(ξ̆)Θf , (3.26)
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Continous time

Controllers

System

Figure 3.2: Schematic overview of the continuous time closed-loop system.

input-output decoupling and decoupling between the error dynamics and tracking dynamics are achieved
by the state feedback law:

Θf = −A−1(ξ̆)N(ξ̆) +A−1(ξ̆)

[
v1,1

v1,2

]
, (3.27)

where v1 =
[
v1,1 v1,2

]T
and is the new input that can be used to place the poles of the error dynamics

arbitrarily similar to for the buckling subsystem, according to

v1 = K1z1,e, s.t. <{(eig(A1,e +B1,eK1)} < 0. (3.28)

The feedback controllers used in this stability analysis are fundamentally different than the proposed
controllers in [1],[2], which are discussed in Chapter 4. The reason for this is that output feedback
controllers, which are designed using loopshaping techniques in [1],[2], complicate the stability analysis
significantly. These controller have internal dynamics that have to be taken into account, both during flow
and on jumps. Moreover, achieving decoupling between the error dynamics and tracking dynamics is less
straightforward with this type of controller. Regarding implementation on the actual system, loop-shaped
output feedback controllers are preferred over the state feedback controllers proposed in this chapter,
since these take into account robustness against uncertainties and do not require access to the full system
state.

3.4 Tracking dynamics

As discussed in Section 3.1, hybrid stability is achieved if subsystem B0 is stable, the jump from B0 to T
is bounded, and if the hybrid system with subsystems T and B1 is stable. Stability of the flow-dynamics
of the individual subsystems is natural to be required for hybrid stability in this case, since the majority
of the time, the system will be flowing. As discussed in Section 3.2, stability of the tracking problem for
the subsystems in original coordinates is achieved when the error dynamics are stable and the tracking
coordinates stay bounded. Since the eigenvalues of the error dynamics are negative by construction of the
feedback in the previous section, asymptotic stability of the error dynamics is assumed. In this section,
boundedness of the tracking coordinates is investigated.

As discussed in the previous section, the tracking coordinates are chosen such that their dynamics do not
depend explicitly on the plant input. Using the coordinate transformations, the tracking dynamics for
both subsystems can be written in the form

żm,t = Am,tzm,t +Bm,tzm,e +Rm,t, m ∈ {0, 1}, (3.29)

where Rm,t represents the terms that depend on the references. Since the error dynamics żm,e do not
depend on the tracking coordinates zm,t by construction of the feedback, zm,e can be interpreted as mere
input to the tracking dynamics żm,t. Assuming asymptotic stability of the error dynamics żm,e, which
is enforced by the error feedback design, this input is bounded and converging to zero. To investigate



20 CHAPTER 3. HYBRID STABILITY ANALYSIS

boundedness of the remaining terms, zm,e = 0 is substituted for the subsequent analysis. For the buckling
subsystem, this leads to

ż0,11 =
kb
cbrr

(rdpz0,12 − rrz0,11) + c1r
(1)
θp,1

(t) + c2r
(2)
θp,1(t) + c3r

(3)
θp,1

(t) + c4r
(4)
θp,1

(t),

ż0,12 = 0,

ż0,13 =
kb
cbrr

(rdpz0,14 − rrz0,13) + c1r
(1)
θp,2

(t) + c2r
(2)
θp,2

(t) + c3r
(3)
θp,2

(t) + c4r
(4)
θp,1

(t),

ż0,14 = 0,

ż0,15 = 0,

ż0,16 = 1,

(3.30)

with c1, c2, c3 and c4 constants that depend on the system parameters. A feasible position reference

trajectory for the pressure rollers implies that r
(1)
θp,i

(t), r
(2)
θp,i

(t), r
(3)
θp,i

(t) and r
(4)
θp,i

(t) are bounded for all
t. Therefore, all inputs to the tracking dynamics are bounded. Since the coordinates z0,12, z0,14 and
z0,15 stay constant and z0,11 and z0,13 therefore have negative eigenvalues, taking into account that all
model parameters have to be positive in real-life, all tracking coordinates are bounded, except for z0,16.
Unboundedness of z0,16 does not affect stability of the subsystem, as this state represents the virtual
timer, which is allowed to grow unbounded.

For the traction subsystem, the remaining tracking dynamics, after substitution of z1,e = 0, are given by

ż1,9 =
kb
cbrr

(rdpz1,10 − rrz1,9) +
rp(Jpdd − Jddp + Jpcbrdp)

Jpcbjrdrr
z1,14

+ c1r
(1)
θp,2

(t) + c2r
(2)
θp,2

(t) + c3r
(3)
θp,2

(t) + c4r
(4)
θp,2

(t) + c5rλN (t),

ż1,10 =
rp
jrd

z1,14,

ż1,11 =
kb
cbrr

(rdpz1,12 − rrz1,11) + c1r
(1)
θp,2

(t) + c2r
(2)
θp,2

(t) + c3r
(3)
θp,2

(t) + c4r
(4)
θp,2

(t)− c5rλN (t),

ż1,12 = 0,

ż1,13 = z1,14,

ż1,14 = −dp
Jp
z1,14,

ż1,15 = 0,

ż1,16 = 1,

(3.31)

with c1, c2, c3, c4 and c5 constants that depend on the system parameters. Except for the timer state z1,16,
these tracking coordinates are also bounded for all t. Namely, coordinates z1,12 and z1,15 are constants,
z1,14 asymptotically converges to zero because of the negative eigenvalues of the associated dynamics,
implying that z1,10 and z1,13 also remain bounded. Lastly, the dynamics associated to z1,9 and z1,11 are
stable since they have negative eigenvalues, as all parameters are positive, and rλN (t) is bounded and
constant under Assumption 3.1.

Because the tracking dynamics are bounded if the error dynamics are stable, all subsystems in the hybrid
model are proven stable in the sense of guaranteeing asymptotic output tracking and bounded state
trajectories. Since the jump-map from system B0 to T is bounded, see Equation (2.28b), this part of the
hybrid model is stable. Stability of the remaining hybrid model, with subsystems T and B1, still needs to
be proven, since stability of the flow-maps of two subsystems does not imply hybrid stability [13].

3.5 Closed-loop hybrid model

Using the coordinate transformations, a closed-loop hybrid model with subsystems T and B1 is derived
in the new coordinates. Next to the definition of the flow-maps in the new coordinates, already discussed
in Section 3.2, the jump-maps and flow- and jump-sets are rewritten to the new coordinates.
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Where in the original hybrid model the jump-maps only represent the impact dynamics, a conversion from
the states z0 to z1 and vice versa is also necessary in the closed-loop hybrid model in the new coordinates.
In total, there are four different coordinate transformations, which are written as

z1 = fξ̆→z1(ξ̆, R1(m, t)), (from ξ̆ to z1),

ξ̆ = fz1→ξ̆(z1, R1(m, t)), (from z1 to ξ̆),

z0 = fξ̆→z0(ξ̆, R0(m, t)), (from ξ̆ to z0),

ξ̆ = fz0→ξ̆(z0, R0(m, t)), (from z0 to ξ̆).

(3.32)

With these transformations, the new jump-maps are given by

Gz,0(z0) = fξ̆→z1(Ğ0(fz0→ξ̆(z0, R0(m, t))), R1(m, t)),

Gz,1(z1) = fξ̆→z0(Ğ1(fz1→ξ̆(z1, R1(m, t))), R0(m, t)).
(3.33)

As discussed before, rθp,1(t) = rθp,2(t)− cgN holds in traction, due to the unilateral constraint together
with Assumption 2.1. In subsystem B1, this relation also holds, as discussed in Section 3.1. This implies

that r
(1)
θp,1(t) = r

(1)
θp,2

(t), r
(2)
θp,1

(t) = r
(2)
θp,2

(t), r
(3)
θp,1

(t) = r
(3)
θp,2

(t) and r
(4)
θp,1

(t) = r
(4)
θp,2

(t). Furthermore, rλN (t) is

a positive constant, as defined in Assumption 3.1. Using these conditions, the jump maps become affine
and time-independent, and are given by

Gz,0(z0, rλN ) =

rλN + 1
2rp

(Jp(z0,8 − z0,3) + dp(z0,7 − z0,2))
1

2rp

(
Jp(z0,9 − z0,4) + dp(z0,8 − z0,3) + kvr

2
p(z0,7 − z0,2)

)
1

2cvrp

(
k2
vr

2
p(z0,2 − z0,7) + Jpcv(z0,10 − z0,5) + cvdp(z0,9 − z0,4) + cvkvr

2
p(z0,8 − z0,3)

)
z0,6

1
2 (z0,2 + z0,7)
1
2 (z0,3 + z0,8)
1
2 (z0,4 + z0,9)
1
2 (z0,10 + z0,5)

− rλN
gkbkvrdrdprr

(
gkvr

2
drr + kbr

2
dp

)
+ z0,11

−rλN
gkvrd

+ z0,12

rλN
gkbkvrdrdprr

(
gkvrrr

2
d + kbr

2
dp

)
+ z0,13

rλN
gkvrd

+ z0,14

z0,1
1
2 (z0,2 + z0,7)

1
0



,
(3.34)
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Gz,1(z1, rλN ) =

z1,13

z1,14
1
Jp

(dp(z1,5 − z1,14) + rp(rλN − z1,1)) + z1,6
1
J2
p

(
−d2

p(z1,5 − z1,14)− dprp(rλN − z1,1)− Jprpz1,2

)
+ z1,7

1
J3
p

(
d3
p(z1,5 − z1,14) + (d2

prp − Jpkvr3
p)(rλN − z1,1) + Jpdprpz1,2 − J2

prpz3,t

)
+ z1,8

z1,4

z1,5
1
Jp

(−rp(rλN − z1,1)) + z1,6
1
J2
p

(dprp(rλN − z1,1) + Jprpz1,2) + z1,7

1
J3
p

(
−(d2

prp − Jpkvr3
p)(rλN − z1,1)− Jpdprpz1,2 + J2

prpz1,3

)
+ z1,8

rλN
gkbkvrdrdprr

(
gkvr

2
drr + kbr

2
dp

)
+ z1,9

rλN
gkvrd

+ z1,10

− rλN
gkbkvrdrdprr

(
gkvrrr

2
d + kbr

2
dp

)
+ z1,11

−rλN
gkvrd

+ z1,12

0
0



.
(3.35)

The flow- and jump-sets can easily be rewritten using the coordinate transformations, leading to

Cz,0 = {z0 ∈ R16 | rp(z0,6 − z0,1) ≥ 0, z0,15 = 0},
Cz,1 = {z1 ∈ R16 | rp(z1,4 − z1,13) = 0, rλN − z1,1 ≥ 0, z1,15 = 1},
Dz,0 = {z0 ∈ R16 | rp(z0,6 − z0,1) = 0, rp(z0,7 − z0,2) ≤ 0, z0,15 = 0, z0,16 ≥ τd},

Dz,1 = {z1 ∈ R16 | rp(z1,4 − z1,13) = 0, rλN − z1,1 = 0, r
(1)
λN
− z1,2 ≤ 0, z1,15 = 1, z1,16 ≥ τd}.

(3.36)

This shows that the flow- and jump-sets also become independent of time and affine in the state. The
complete hybrid model can now be defined, according to

Hz =

{
żm = Az,mzm + az,m for zm ∈ Cz,m,
z+
m = Gz,mzm + gz,m for zm ∈ Dz,m,

, for m ∈ {0, 1}. (3.37)

3.6 Hybrid stability analysis

In this section, stability of the hybrid model defined above is investigated. The sets for which the
subsystem dynamics follow the reference, i.e., the output errors up to their relative degree are zero, are
given by

A0 = {ξ̆ ∈ R16|z0,e = 010×1, m = 0},

A1 = {ξ̆ ∈ R16|z1,e = 08×1, m = 1}.
(3.38)

Consider Figure 3.3, a schematic overview of the flow-, jump- and equilibrium sets for the individual flow
dynamics and their interactions. The system flows in Cz,m according to the flow-maps. If the system
enters a jump set Dz,m, the system jumps via Gz,m to Cz,1−m. Note that Gz,m(z) /∈ Dz,1−m due to the
timer state in the model. The system can also not jump from Dz,0 to A1, since this would require a
discontinuity in the tangential forces Fi of the viscoelastic rubber, which does not occur in the jump-maps,
as can be seen in Equation (2.28).

Since A0 is a subset of the jump-set Dz,0, and jumps from this set always lead to non-equilibrium flow in
Cz,1, this set can not be part of an invariant equilibrium set for the hybrid system dynamics. The set A1

is invariant, since A1 /∈ Dz,1, as can be seen in Equation (3.36). This is intuitive, since the traction force
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Cz,0
Cz,1

Dz,0 Dz,1
A1

A0

Gz,0

Gz,1

Figure 3.3: Schematic view of jump- flow- and equilibrium sets of the hybrid model.

λN = 0 in the jump-set, and λN = rλN for z1 ∈ A1. Moreover, the situation for which z1 ∈ A1 is the
high-level control goal, with position reference tracking and a desired traction force in the sheet. The
invariant set for which to assess stability properties is therefore A1. A Lyapunov function has to be found
that proves stability of A1 for Hz. Consider the following definitions from [13] regarding stability using a
Lyapunov function.

Definition 3.6.1 (Lyapunov function candidate) [13, Def 3.16.]. A function V : domV → R is said
to be a Lyapunov function candidate for the hybrid system H if the following conditions hold:

(1) C ∪ D ∪G(D) ⊂ domV ;

(2) V is continuously differentiable on an open set containing C.

Definition 3.6.2 (Sufficient Lyapunov conditions) [13, Def 3.18.]. Let H be a hybrid system and
A ⊂ Rn be closed. If V is a Lyapunov function candidate for H and there exists α1, α2 ∈ K∞, and a
continuous ρ ∈ PD such that

α1(|x|A) ≤ V (x) ≤ α2(|x|A) ∀x ∈ C ∪ D ∪G(D) (3.39a)

〈∇V (x), f〉 ≤ −ρ(|x|A) ∀x ∈ C, f ∈ F (x) (3.39b)

V (g)− V (x) ≤ −ρ(|x|A) ∀x ∈ D, g ∈ G(x), (3.39c)

then A is uniformly globally pre-asymptotically stable for H.

Since the flow- and jump-sets and flow- and jump-maps are all affine, the state zm is extended in support
of the stability analysis [21], leading to the following hybrid model:

Ȟz =

{
˙̌zm = Ǎmžm for žm ∈ Čm,
ž+
m = Ǧmžm for žm ∈ Ďm,

, for m ∈ {0, 1} (3.40)

with

žm =

[
zm
1

]
, Ǎm =

[
Az,m az,m

0 0

]
, Ǧm =

[
Gz,m gz,m

0 1

]
. (3.41)

The flow- and jump-sets for this extended system are given by

Č0 = {ž0 ∈ R17 | rp(z0,6 − z0,1) ≥ 0, z0,15 = 0},
Č1 = {ž1 ∈ R17 | rp(z1,4 − z1,13) = 0, rλN − z1,1 ≥ 0, z1,15 = 1},
Ď0 = {ž0 ∈ R17 | rp(z0,6 − z0,1) = 0, rp(z0,7 − z0,2) ≤ 0, z0,15 = 0, z0,16 ≥ τd},

Ď1 = {ž1 ∈ R17 | rp(z1,4 − z1,13) = 0, rλN − z1,1 = 0, r
(1)
λN
− z1,2 ≤ 0, z1,15 = 1, z1,16 ≥ τd}.

(3.42)

The equilibrium sets for the individual subsystems in these extended states then become

Ǎm = {žm |
[
Hm 0

]︸ ︷︷ ︸
Ȟm

žm = 0}, (3.43)
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where Hm is defined such that Hmzm = zm,e. According to the conditions in Definition 3.6.2, a Lyapunov
function may only be zero in the invariant set Ǎ1. Therefore, for m = 0, the ”distance” to the set Ǎ1

has to be incorporated in the Lyapunov function. Since this set is defined in ž1, a new hybrid system is
defined, which is a stacked representation of both subsystems, according to

Ȟ′z =

{
ż′ = A′mž

′ for z′ ∈ C′m,
z′+ = G′mz

′ for z′ ∈ D′m,
, for m ∈ {0, 1} (3.44)

with

z′ =

[
z′0
z′1

]
, A′0 =

[
Ǎ0 0
0 0

]
, A′1 =

[
0 0
0 Ǎ1

]
, G′0 =

[
0 0
Ǧ0 0

]
, G′1 =

[
0 Ǧ1

0 I

]
. (3.45)

The flow- and jump-sets in this hybrid model are given by

C′0 = {z′ ∈ R34 | rp(z′0,6 − z′0,1) ≥ 0, z′0,15 = 0},
C′1 = {z′ ∈ R34 | rp(z′1,4 − z′1,13) = 0, rλN − z′1,1 ≥ 0, z′1,15 = 1},
D′0 = {z′ ∈ R34 | rp(z′0,6 − z′0,1) = 0, rp(z

′
0,7 − z′0,2) ≤ 0, z′0,15 = 0, z′0,16 ≥ τd},

D′1 = {z′ ∈ R34 | rp(z′1,4 − z′1,13) = 0, rλN − z′1,1 = 0, r
(1)
λN
− z′1,2 ≤ 0, z′1,15 = 1, z′1,16 ≥ τd}.

(3.46)

For m = 0, the solution for z′0 is identical to the solution to the original hybrid model, and for m = 1, the
solution for z′1 is identical to the original hybrid model. This implies that the equilibrium sets for both
subsystems, A′m, are identical to the equilibrium sets from Equation (3.43).

If the system jumps from m = 0 to m = 1, z′0 is reset to zero and z′1 is updated according to the jump map
z′+1 = Ǧ0z

′
0, see Equation (3.45). If the system jumps in the other direction, z′0 is updated according to

the jump map z′+0 = Ǧ0z
′
1 in a similar way, but z′1 is not reset to zero but held constant. This motivates

the construction of this stacked hybrid model, since z′1 can then be used when m = 0 to describe the
”distance” to the set A′1. The set for which to assess stability properties is also defined in the extended
state, according to

A′ = {z′ | z′m ∈ A′m for m ∈ {0, 1}} . (3.47)

Note that z′0 ∈ A′0 is enforced by the jump map G′0, as discussed above. This is necessary to avoid nonzero
z′0 terms in a Lyapunov function when m = 1, which is undesired. The set A′ is invariant, as z′ stays in
A′ after it reaches it.

For the stacked hybrid model, the following quadratic Lyapunov function candidate is proposed:

V (z′) = z′TH ′TPH ′z′, (3.48)

with

H ′ =

[
Ȟ0 0
0 Ȟ1

]
. (3.49)

This Lyapunov function satisfies the conditions in Definition 3.6.1, since it is quadratic on C′m and therefore
continuously differentiable, and it is defined for all z′ ∈ C′m ∪ D′m. For Condition 3.39a, H ′TPH ′ � 0 has
to hold, since this yields

V (z′) = 0 for z′ ∈ A′,
V (z′) > 0 for z′ /∈ A′.

(3.50)

These conditions hold due to the fact that when the system is in buckling, i.e., m = 0, z′1 /∈ A′1 by
definition, since the traction force is zero in buckling, where it is positive in A′1, following Assumption 3.1.
Condition 3.39b is satisfied if the Lyapunov function is decreasing in both flow sets, i.e.,

V̇ (z′) < 0 ∀z′ ∈ C′ \ A′ (3.51)

with C′ = C′0 ∪ C′1. For z′m ∈ C′m, V̇ (z′) is given by

V̇ (z′) = ż′TH ′TPH ′z′ + z′TH ′TPH ′ż′,

= z′T
(
A′TmH

′TPH ′ +H ′TPH ′A′m
)
z′.

(3.52)
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For the hybrid system to be stable, Condition 3.39c also has to hold, which concerns the behaviour at
switching. This condition holds if

V (z′+)− V (z′) ≤ 0 ∀z′ ∈ D′ (3.53)

with D′ = D′0 ∪ D′1. For z′ ∈ D′m, this condition can be written as

z′+
T

H ′TPH ′z′+ − z′TH ′TPH ′z′ ≤ 0,

z′TG′TmH
′TPH ′G′mz

′ − z′TH ′TPH ′z′ ≤ 0,

z′T
(
G′TmH

′TPH ′G′m −H ′TPH ′
)
z′ ≤ 0.

(3.54)

All conditions discussed above can be transformed into a set of Linear Matrix Inequalities (LMI’s) [21],
according to

H ′TPH ′ � 0,(
A′TmH

′TPH ′ +H ′TPH ′A′m
)
≺ 0,

G′TmH
′TPH ′G′m −H ′TPH ′ � 0.

(3.55)

The Lyapunov function V (z′) only contains quadratic terms zm,e, due to the structure of H ′. This implies

that positive definiteness of V (z′) only imposes conditions on z′e =
[
z′T0,e z′T1,e

]T
. Decrease for z′ ∈ C′m

and jumps for z′ ∈ D′m only impose requirements on z′m,e, since H ′ and A′m yield the other states zero.
The LMI’s from Equation (3.55) are defined in the complete state z′, which is necessary to incorporate
the jump maps in the LMI’s regarding decrease on switching moments. However, requiring strict positive
definiteness and decrease during flow in this complete state is impossible, due to the zero eigenvalues for
the states for which no conditions are imposed. Therefore, the LMI’s from Equation (3.55) are adapted,
according to

P � 0,

J ′m
(
A′TmH

′TPH ′ +H ′TPH ′A′m
)
J ′Tm ≺ 0,

G′TmH
′TPH ′G′m −H ′TPH ′ � 0.

(3.56)

with J ′0 =
[
H ′0 0

]
and J ′1 =

[
0 H ′1

]
. This adaptation implies that positive definiteness is only required

for z′e and decrease during flow only for z′m,e. Decrease during jumps can still be required for the entire
state z′, since semi-negative definiteness is sufficient here, which also holds for the additional coordinates.
It is important to take into account that these LMI’s are rather conservative, since it is not defined that
the extended state to incorporate the affine terms in the dynamics is equal to 1. Therefore, this extended
state is assumed to be a free state in the LMI’s.

When a hybrid model uses state-based switching, this information is often incorporated in the LMI’s
for relaxed conditions, increasing the possibility of obtaining a feasible solution [21],[22]. The flow- and
jump-sets in this model contain both state-dependent equalities and inequalities, see Equation (3.46).
The inequality conditions can be written as[

EC,m eC,m
]︸ ︷︷ ︸

E′C,m

z′ ≥ 0 when z′ ∈ C′m,

[
ED,m eD,m

]︸ ︷︷ ︸
E′D,m

z′ ≥ 0 when z′ ∈ D′m,
(3.57)

and the equality conditions can be written as[
QC,m qC,m

]︸ ︷︷ ︸
Q′C,m

z′ = 0 when z′ ∈ C ′m, Z ′C′m = ker(Q′C,m),

[
QD,m qD,m

]︸ ︷︷ ︸
Q′D,m

z′ = 0 when z′ ∈ D′m, Z ′Dm = ker(Q′D,m).
(3.58)
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In most cases, this state-based switching information could then be added to the LMI’s using the
S-procedure [22], according to

J ′mZ
′T
Cm(H ′TPH ′ − E′TC,mUmE′C,m)Z ′CmJ

′T
m � 0,

J ′mZ
′T
Cm(A′TmH

′TPH ′ +H ′TPH ′A′m + E′TC,mWmE
′
C,m)Z ′CmJ

′T
m ≺ 0,

Z ′TDm
(
G′mH

′TPH ′G′m −H ′TPH ′ + E′TD,mYmE
′
D,m

)
Z ′Dm � 0,

Ym(:),Wm(:), Um(:) � 0.

(3.59)

This procedure is based on the idea that E′TCmUmE
′
Cm

and E′TCmWmE
′
Cm

can become negative when
z′ /∈ C′m, allowing the Lyapunov function to become negative definite and/or increasing outside C′m.
Similarly, the jump condition is relaxed by allowing an increase when z′ /∈ D′m. Z ′Cm and Z ′Dm assure
that the conditions only have to hold on the subspace defined by the equality conditions.

However, for this hybrid model, these relaxations lead to incorrect conditions. Consider the first LMI,
where E′TCmUmE

′
Cm

is the relaxation using the inequality conditions from the flow-map. These conditions
require the full state z′, since they contain tracking coordinates. However, as described before, to be
able to achieve strict positive or negative definiteness, the zero eigenvalues, introduced by H ′, have to be
removed from the LMI using J ′m. This implies that all tracking coordinates are assumed to be zero for
the state-based conditions, which is obviously incorrect. Moreover, the product J ′Tm Z ′Cm is not possible,
since the subspace resulting from the projection Z ′Cm , does not contain the original error coordinates,

which have to be selected by J ′Tm to require strict positive definiteness. The same holds for the second
LMI. The relaxations with the state-based switching information can therefore not be added to the LMI’s
in this manner.

Using semi definite programming solvers in Matlab [23] for the LMI’s without relaxations, no feasible
solution is obtained. This implies that no Lyapunov function is found to prove stability of the hybrid
system using this approach. This might be due to the conservativeness of the LMI’s. A different possibility
is that the proposed conditions for the Lyapunov function are infeasible for this system, implying that an
increase of the Lyapunov function on a jump can not be avoided. This would require an average dwell
time relaxation, meaning that after a jump, for which the Lyapunov function increases, a minimum dwell
time of flow has to be guaranteed, leading to a globally decreasing Lyapunov function.
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Chapter 4

Control framework

In this chapter, the developed control framework for a complete transport cycle is presented. The
framework is designed with implementation on an actual printing system in mind. Consider Figure 4.1,
which shows a schematic overview of the overall control loop. The hardware, i.e., the physical system
and the sensors, is a continuous-time system. The software that controls the physical system runs in
discrete time. Typically, state estimation and control run on a relatively low sampling frequency, where
processing of the measurement data and control of the actuators is performed on a significantly higher
sampling frequency. In this thesis, state estimation and control is assumed to run on a 1 kHz frequency,
and data processing and actuator control on a 1 MHz frequency. This difference in sampling frequency
is utilised in the control framework to smoothen the steering of the actuators on the input side and to
improve the quality of the measurement data on the output side of the system.

In Section 4.1, the designed control strategy is described, consisting of an advanced reference trajectory,
feedback and feedforward controllers for the different subsystems and multiple controller state initialisation
strategies for switching moments. Section 4.2 discusses the functionality of stepper motor drivers and
presents a method to convert controller outputs to stepper driver inputs, such that smooth actuation
of the stepper motors is obtained. In Section 4.3, the concept of timestamps and how to use these to
improve the quality of measurement data is discussed. Lastly, Section 4.4 presents a method to estimate
unmeasurable system states that are required for the proposed control strategy.

Sensors

Continous time

Timestamps

Discrete time (1 MHz)

Control
Actuation

+ State estimation

Stepper
Drivers

System

Extrapolation

Discrete time (1 kHz)

Commands

Figure 4.1: Schematic overview of the overall control loop.
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4.1 Hybrid control strategy

As discussed in Chapter 3, the control goals are different in each phase of a transport cycle. In this
section, an advanced hybrid control strategy is developed, respecting these control goals. Firstly, the
reference trajectories for the pressure roller positions are discussed. Secondly, the design of the individual
feedback and feedforward controllers for the individual transport situations are described. Lastly, multiple
controller state initialisation strategies are presented.

4.1.1 Reference trajectory design

As discussed in Section 3.1, the references rθp,1(t) and rθp,2(t) play an important role when the system is
in buckling, as they define how the gap gN is closed. The reference trajectories are defined under the
following assumption regarding the initial conditions of the sheet and rollers.

Assumption 4.1 The positions of the sheet and rollers at the start of the cycle, i.e., at t = T0, are given
by

θp,i(T0) = θd,i(T0) = θr,i(T0) = xs(T0) = 0, with i = 1, 2.

This assumption is made to simplify notations in this thesis, but has no physical relevance, since the
state variables can simply be redefined in the control strategy at t = T0.

Consider Figure 4.2, which shows the chosen positions references for the four different phases in a complete
transport cycle, recall Figure 1.4. The transport situations and control goals in the different phases,
defined in Section 3.1, are summarised briefly below:

1. Single-pinch: upstream : The sheet is transported by the upstream pinch, with the control goal
being position tracking for the leading edge of the sheet;

2. Buckling : The sheet is transported by both pinches, and is buckled due to gravity. The control
goals are position tracking for the leading edge of the sheet and closing of the gap as soon as possible
and with minimal impact;

3. Traction : The sheet is transported by both pinches, and is in traction. The control goals are
position tracking for the leading edge of the sheet and maintaining a constant traction force;

4. Single-pinch: upstream : The sheet is transported by the downstream pinch, with the control
goal being position tracking for the leading edge of the sheet.

The designed reference trajectories in each of these phases are discussed below.

Single-pinch: upstream
For t ∈ [T0, T1], the sheet is transported by the upstream pinch. As mentioned earlier, a direct relation
between the sheet position and pressure roller position exists under Assumption 2.1. Together with
Assumption 4.1, the sheet position reference rxs(t) from Assumption 3.1 can be converted to a reference
for the upstream pressure roller, according to

rθp,1(t) =
rxs(t)

rp
. (4.1)

Although in this phase, the sheet is not in contact with the downstream pinch, this pinch follows the same
reference as the upstream pinch, as it takes over the task of position reference tracking of the leading
edge of the sheet from t = T1 onward. A typical response for the position of the leading edge of the sheet
xs(t), converted to radians using the pressure roller radius, is also displayed in the figure. For t ∈ [T0, T1],
the leading edge of the sheet will not follow its reference, despite perfect tracking of the upstream pinch.
This is due to the fact that the sheet will drop under gravity due to its limited stiffness, as discussed in
Chapter 1. At t = T1, when the sheet enters the downstream pinch, this has led to a gap gN (T1).

Buckling
for t = [T1, T2], the system is in buckling. In this phase, the gap gN has to be closed as soon as possible
and with minimal impact.
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Figure 4.2: Reference control strategy for rθp,1 and rθp,2 .

In the control strategy proposed in [1],[2], the upstream pinch is made responsible for this control goal,
by adapting the reference rθp,1(t), according to

ṙθp,1(t) = δṙθp,2(t), ∀t ∈ [T1, T2], with δ ∈ [0, 1). (4.2)

The reference of the downstream pinch, rθp,2(t), is not adapted, and therefore keeps following Equation
(4.1). If the feedback controllers perform as desired, these references will lead to traction. However, this
strategy leads to a steady-state sheet position error of exs(T2) = gN (T1) when the sheet gets in traction.
This is due to the fact that the sheet lags behind the reference when it runs into the downstream pinch,
which is not compensated for by the pinch in this strategy. Moreover, this strategy leads to a reference
velocity discontinuity at t = T1, which may lead to significant tracking errors, and introduces a trade-off
between the time to reach traction and the impact at t = T2. For increasing δ, T2 − T1 decreases, but
θ̇p,2(T2)− θ̇p,1(T2) increases.

To overcome the drawbacks discussed above, a new reference strategy is proposed, in which the downstream
pinch is made responsible for closing the gap, by adapting its reference according to

ṙθp,2(t) = ṙθp,1(t) + δ(gN , t), ∀t ∈ [T1, T2]. (4.3)

In this equation, δ(gN , t) is a time-dependent fourth-order piecewise polynomial function that depends on
the gap function gN . The idea to use the gap function to remove the trade-off between time to traction
and the impact was already proposed in an alternative strategy in [1]. The reference trajectory for the
upstream pinch keeps following Equation (4.1).

Consider Figure 4.3, which shows the design of the function δ(gN , t). At t = Tu,0 = T1, i.e., when the
system switches to buckling, a time-optimal fourth-order piecewise polynomial increases the reference
velocity difference between the rollers by δu [rad/s], which is reached at t = Tu,1. Between t = Tu,1
and t = Td,0, δ(gN , t) is kept constant. At t = Td,0, another polynomial decreases the reference velocity
difference to δd, which is reached at t = Td,1. A fourth-order polynomial is used since on position level,
this leads to a fifth-order trajectory. This implies that the reference is continuous up and until the relative
degree of the outputs, which are determined to be five in Section 3.2. At t = T2, when the system switches
to traction, δ(gN , t) instantly becomes zero, to match the effect of the unilateral constraint. If T2 < Td,1,
δ(gN , t) also jumps to zero. In the ideal situation, Td,0(gN ), which is made dependent of the gap function,
is chosen such that Td,1 = T2. However, due to an uncertain gap gN and possible tracking errors of the
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Figure 4.3: Design of time-dependent piecewise polynomial δ(gN , t).

position controllers, a safety factor may be implemented to assure that Td,1 ≤ T2. Furthermore, δd > 0 is
chosen to assure that the system will reach traction under all circumstances.

Traction and single-pinch: downstream
for t ∈ [T2, T3], the goal is that the system stays in traction, which is achieved by controlling the traction
force, as discussed earlier. If, due to tracking errors, the system switches back to buckling in this phase,
the references are not adapted as already discussed in Section 3.1. This implies that for t ∈ [T2, T3], the
reference trajectory of the upstream pinch still follows Equation (4.1), and that the reference for the
downstream pinch is given by

rθp,2(t) = rθp,1(t) +
gN (T1)

rp
∀t ∈ [T2, T3]. (4.4)

From t = T3 onwards, the system is in single-pinch transport by the downstream pinch. The reference
trajectories in this phase are not adapted with respect to the traction phase.

Summarising, the reference trajectories for the pinches over a complete transport cycle are given by

[
rθp,1(t)
rθp,2(t)

]
=



[
rxs (t)
rp

rxs (t)
rp

]
for t ∈ [T0, T1],[

rxs (t)
rp

rxs (t)
rp

+ δ(gN , t)t

]
for t ∈ [T1, T2],[

rxs (t)
rp

rxs (t)
rp

+ gN (T1)
rp

]
for t ∈ [T2, T4].

(4.5)

Time-optimal fourth-order trajectories

In this section, an algorithm is presented to determine time-optimal fourth-order piecewise polynomial
trajectories, which is adopted from [24]. Since the desired point-to-point motion in δ(gN , t) is on velocity
level, the fourth-order derivative of the velocity, which is crackle, will be a block signal. This leads to a
fifth-order reference trajectory on position level. Figure 4.4 shows a typical fourth-order point-to-point
trajectory on velocity level. Dependent on the desired velocity change δu and bounds on acceleration ¯̄ar,
jerk ¯̄jr, snap ¯̄sr and crackle ¯̄cr, the algorithm uses an iterative procedure to calculate the time parameters
tcr , tsr , tjr and tar that lead to a time-optimal trajectory that does not violate the bounds, see Figure
4.4. The procedure is described briefly below:

1. Determine the shortest possible time tcr for a symmetric velocity profile that only contains constant
crackle periods;

2. Calculate the maximal acceleration max(¯̄ar) obtained with this trajectory. If max(¯̄ar) > ¯̄ar,
recalculate tcr based on ¯̄ar;

3. Repeat this for the maximal jerk and snap;
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Figure 4.4: Typical fourth-order piecewise polynomial for point-to-point motion on velocity level.

4. With tcr fixed, extend the trajectory with constant snap periods and determine the shortest possible
time tsr for a symmetric velocity profile;

5. Calculate the maximal value of acceleration and jerk and recalculate tsr if the bounds are violated;

6. With tsr fixed, extend the trajectory with constant jerk periods and determine the shortest possible
time tjr for a symmetric velocity profile;

7. Calculate the maximal value of acceleration and recalculate tjr if the bounds are violated;

8. Calculate constant acceleration time taj to obtain a symmetric velocity point-to-point motion with
velocity difference δ.

Since the reference will be calculated in discrete time, every time parameter that is calculated for the
polynomial has to synchronise with the sampling time intervals Ts, i.e., tcr , tsr etc. must be multiples of
Ts, according to

t′cr =

⌈
tcr
Ts

⌉
Ts. (4.6)

This is necessary to avoid violation of the bounds due to the discrete time implementation, at the cost of
losing time-optimality. An extra step in the algorithm, which has to be done to obtain this, is that after
each calculation or re-calculation of a time interval, the bound has to be corrected.

4.1.2 Controller design

As discussed in Section 3.3, the state feedback used in the stability analysis does not take into account
robustness against uncertainties and requires full system state access. Therefore, output feedback
controllers using loopshaping techniques are preferred for real-life implementation. In [1], such controllers
are designed for the individual transport phases. These controllers are adopted and slightly adapted, and
are discussed below.
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Figure 4.5: Block scheme of the closed loop control two-pinch model in buckling.

Two separate controllers are designed, one of which is used during single-pinch transport and buckling,
and the other during traction. The same controller is used for single-pinch transport and buckling, since
the system dynamics are identical in these phases. The flow dynamics of the system are linear in both
subsystems, as can be seen in Equation (2.26a), and can therefore be written as

ξ̇ = Amξ +BmΘf ,

ym = Cmξ,
(4.7)

with m = 0 in buckling and m = 1 in traction. Note that the original hybrid model H is used instead of
the extended model H̆, since the timer state τ for the temporal regularisation yields affine dynamics, and
is not necessary for controller design. The transfer function matrices are then given by

Pm = Cm(sI −Am)−1Bm. (4.8)

Below, the controller design for both subsystems is discussed. The controllers are designed in continuous
time and discretised later.

Single-pinch transport and buckling

As discussed in Section 3.1, in single-pinch transport and in buckling, the pressure roller positions are
controlled actively, see Figure 4.5. The output matrix in buckling is therefore given by

C0 =

[
01×2 1 01×12

01×5 1 01×9

]
. (4.9)

The resulting transfer function matrix is diagonal with identical entries, as both pinches are identical
and completely decoupled. Using well-known loop-shaping techniques [11], a PII stabilizing feedback
controller Kθ0 is designed with sufficient robustness margins in [1]. Additionally, a feedforward controller
is applied, correcting for the transmission ratio between the pressure roller and the rotor

rprdp
jrdrr

. The
controllers are defined as

Kθ0 =

[
AK,θ0 BK,θ0
CK,θ0 DK,θ0

]
, Kff =

[
0 0
0 DK,ff

]
. (4.10)

Traction

In traction, the position of the downstream pressure roller and the traction force λN are controlled
actively, see Figure 4.6. The output matrix in traction is therefore given by

C1 =

[
01×12 − 1

2
1
2 0

01×5 1 0 01×8

]
. (4.11)

In contrast to the buckling case, there is a strong interaction between the two pinches in traction, as
already discussed in Section 3.3. This leads to off-diagonal terms in the transfer function matrix. To allow
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Figure 4.6: Block scheme of the closed loop control two-pinch model in traction.

for diagonal controllers, input decoupling is used [15] to obtain a decoupled plant, according to

P1,dec = P1Q, with Q =
1√
2

[
−1 1
1 1

]
, (4.12)

with P1 given by Equation (4.8) for m = 1. Such a static decoupling is possible due to the symmetric
nature of the system, as both pressure rollers have equal influence on the output θp,2 and opposite
influence on the output λN . This method is more intuitive than the decoupling in the state feedback from
Section 3.3, where inversion of the dynamics is used. The transfer function matrix of the decoupled plant

is diagonal and has a virtual input v =
[
v1 v2

]T
. As for the buckling case, loop-shaping techniques are

used to design PII controllers for both transfers in [1]. The transfer from v2 to θp,2 is identical to the
transfer functions in P0, up to a gain of 1√

2
due to the decoupling matrix Q. Therefore, the controller Kθ1

is identical to Kθ0 up to an additional gain of
√

2. The feedforward controller is adapted slightly with
respect to the design in [1]. Instead of using rθp,2(t) for the feedforward on both pinches, the reference
rθp,1(t) is also defined in traction and used for the feedforward, although it is not used for feedback. The
traction controllers are defined as

Kθ1 =
√

2Kθ0 =

[
AK,θ1 BK,θ1
CK,θ1 DK,θ1

]
, KλN =

[
AK,λN BK,λN
CK,λN DK,λN

]
. (4.13)

The control components for all feedback controllers are provided in Appendix A.

4.1.3 Controller state initialisation

The feedback controllers for both subsystems designed in the previous section contain internal states,
denoted xK,θ0 , xK,θ1 and xK,λN for respectively the position controller in buckling, the position controller
in traction and the traction force controller. On a switching moment, the initial internal states of the
controller to be switched to have a large impact on the system behaviour immediately after the switch,
since they may introduce undesired transients in the output and discontinuities in the plant input. Such
effects can deteriorate the performance drastically or even lead to instability for hybrid systems. For
example, when the paper path system switches from buckling to traction, the transients from the controller
switch can cause the system to immediately switch back to buckling, leading to fast chattering between
these two situations. To avoid such behaviour and to maximize the systems performance, dedicated
controller state initialisation strategies are investigated and added to the control framework. This section
discusses multiple methods with different goals and complexity. Since the controllers are implemented in
discrete time, see Figure 4.1, the state initialisation methods are derived in discrete time.

The controllers discussed in the previous section are discretised using the Tustin method [25], and are
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denoted by

K̄0 =

[
ĀK,0 B̄K,0
C̄K,0 D̄K,0

]
=


ĀK,θ0 0 B̄K,θ0 0

0 ĀK,θ0 0 B̄K,θ0
C̄K,θ0 0 D̄K,θ0 0

0 C̄K,θ0 0 D̄K,θ0

 ,

K̄1 =

[
ĀK,1 B̄K,1
C̄K,1 D̄K,1

]
=


ĀK,λN 0 B̄K,λN 0

0 ĀK,θ1 0 B̄K,θ1
C̄K,λN 0 D̄K,θ1 0

0 C̄K,θ1 0 D̄K,θ1

 .
(4.14)

The controller dynamics then become

xK,m(k + 1) = ĀK,mxK,m(k) + B̄K,muK,m(k),

yK,m(k) = C̄K,mxK,m(k) + D̄K,muK,m(k)
(4.15)

with k = 0, 1, 2, ... ∈ N samples with sampling time Ts = 1 · 10−3 s. In buckling and traction, xk,m, uk,m,
rm and yk,m are respectively given by

xK,0 =

[
xK,θ0
xK,θ0

]
, uK,0 =

[
eθp,1
eθp,2

]
= r0 − yK,0, r0 =

[
rθp,1
rθp,2

]
, yK,0 = Θf,fb,

xK,1 =

[
xK,λN
xK,θ1

]
, uK,1 =

[
eλN
eθp,2

]
= r1 − yK,1, r1 =

[
rλN
rθp,2

]
, yK,1 = v = Q−1Θf,fb.

(4.16)

The easiest method to initialise controller states is to reset the complete state to zero at the switching
moment, according to

xK,m(n) = 0p×1, (4.17)

with p the state dimension of the controller that is switched to and k = n the switching moment. This
method may give good results if the steady-state states of the controller are close to zero, or if the
contribution of the feedback controller to the total plant input is insignificant. From here, this method is
referred to as the reset method. A different straightforward method is to update the controllers that
are not active in an open-loop fashion with their corresponding input. This method may work well for
controllers that do not contain integrators, but may suffer drastically from integrator wind-up otherwise.
This method is referred to as the open loop method for the remainder of this thesis.

Both methods described above do not explicitly take into account the transients and/or plant input
discontinuities that may result from the switch. Therefore, three more sophisticated methods are described
below, which use the information that is available on the controllers and/or the system dynamics. The
plant input equality method, which is discussed first, assures that the output of the controller to be
switched to is equal to the output that the controller that is switched from. The input/output similarity
method aims to match the controller states of the controller that is switched on, as good as possible with
the signals in the closed-loop over a finite horizon prior to the switch. The model predictive method, which
is discussed lastly, uses the system dynamics and plant state on the switching moment to initialise the
controller such that the predicted system behaviour over a finite horizon after the switch is optimal.

Plant input equality approach

Since the controllers are known, this information can be used to initialise their states. As discussed
above, this method forces continuity of the plant input Θf on a switching moment, in the sense that
the controller that is switched to gives the same output as the controller that was active prior to the
switch. This is done by solving the following optimisation problem if the system switches from buckling
to traction:

min xK,1(n)TxK,1(n),

s.t. Q
(
C̄K,1xK,1(n) + D̄K,1uK,1(n)

)
= yK,0(n).

(4.18)
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K̄λn

K̄θ1
eθp,2
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v̂1

v̂2

û2

û1

Figure 4.7: Schematic representation of off-line traction feedback controllers with virtual signals v̂ and ê.

The solution to this optimisation problem is given by

xK,1(n) = (QC̄K,1)†r
(
yK,0(n)−QD̄K,1uK,1(n)

)
, (4.19)

with †r the right pseudo-inverse.

To show this, see [15], consider the general optimisation problem

min xTx,

s.t. Ax = y.
(4.20)

The Lagrangian is then given by

L(x, λ) = xTx+ λT (Ax− y) (4.21)

with λ the Lagrange multiplier. The partial derivative of the Lagrangian with respect to x becomes

∇xL(x, λ) = 2xT + λTA (4.22)

Taking this derivative equal to zero, x can then be expressed as a function of λ, according to

x = −1

2
ATλ. (4.23)

Substituting this result into the constraint equation in (4.20) yields

−1

2
AATλ = y,

λ = −2(AAT )−1y,

x = AT
(
AAT

)−1︸ ︷︷ ︸
A†r

y.

(4.24)

For a switch from traction to buckling, the derivation is similar. Although the resulting state from
this optimisation enforces equality of the controller outputs on a switching moment, possible controller
transients after the switch are not taken into account, as a least-squares controller state may not necessarily
match the system behaviour best.

Input/output similarity approach

This method determines the initial controller states which most closely correspond to the plant inputs
and outputs over a finite horizon prior to the switch, and is adopted from [26]. Figure 4.7 shows the
feedback controller structure for the traction case, similar to Figure 4.6, with added virtual signals û and
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ŵ. Considering the error signals and plant input from the closed loop, in which the buckling controllers
are active, this method aims to initialise the controller states such that the virtual signals ŵ and û
are minimised in a (weighted) least squares sense. This optimisation problem over a horizon γ for the
controller K̄θ1 can be formulated as

min J =

∣∣∣∣∣∣∣∣W [
V2 − V̂2

Eθp,2 − Êθp,2

]∣∣∣∣∣∣∣∣2 (4.25)

with

V2 =


v2(n− 1)
v2(n− 2)

. . .
v2(n− γ)

 , Eθp,2 =


eθp,2(n− 1)
eθp,2(n− 2)

. . .
eθp,2(n− γ)

 , V̂2 =


v̂2(n− 1)
v̂2(n− 2)

. . .
v̂2(n− γ)

 , Êθp,2 =


êθp,2(n− 1)
êθp,2(n− 2)

. . .
êθp,2(n− γ)

 . (4.26)

W is a weighting matrix to be able to normalize signals if necessary or for example put more weight on
signals closer to the switching moment if desired, and is given by

W =

[
W1 0
0 W2

]
(4.27)

with

W1 = diag(
√
αn−1,

√
αn−2, . . . ,

√
αn−1−γ), W2 = diag(

√
βn−1,

√
βn−2, . . . ,

√
βn−1−γ), (4.28)

where α, β ∈ R+ are tuning parameters. Using the controller dynamics in Equation (4.15), V̂2 can be
written as a function of xK,θ1(n) and Êθp,2 , according to

V̂2 = ΓγxK,θ1(n)− ΞγÊθp,2 , (4.29)

with Γγ the γth step truncation of the reverse time impulse reponse and Ξγ the Toeplitz matrix, according
to

Γγ =


C̄K,θ1Ā

−1
K,θ1

C̄K,θ1Ā
−2
K,θ1

. . .

C̄K,θ1Ā
−γ
K,θ1

 ,

Ξγ =


C̄K,θ1Ā

−1
K,θ1

B̄K,θ1 − D̄K,θ1 0 . . . 0

C̄K,θ1Ā
−2
K,θ1

B̄K,θ1 C̄K,θ1Ā
−1
K,θ1

B̄K,θ1 − D̄K,θ1 . . . 0
...

...
. . . . . .

C̄K,θ1Ā
−γ
K,θ1

B̄K,θ1 C̄K,θ1Ā
−γ+1
K,θ1

B̄K,θ1 . . . C̄K,θ1Ā
−1
K,θ1

B̄K,θ1 − D̄K,θ1

 .
(4.30)

Substituting Equation (4.29) into the cost function from Equation (4.25) yields

min J =

∣∣∣∣∣∣∣∣W [
V2

Eθp,2

]
−W

[
−Ξγ Γγ
I 0

] [
Êθp,2

xK,θ1(n)

]∣∣∣∣∣∣∣∣2 . (4.31)

The solution to this optimisation problem is given by[
Êθp,2

xK,θ1(n)

]
=

(
W

[
−Ξγ Γγ
I 0

])†l
W

[
V2

Eθp,2

]
(4.32)

with †l the left pseudo-inverse.

To show this, see [15], consider the general optimisation problem

min
x

J = ||z −Hx||2 . (4.33)
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This cost function can be written as

J = (z −Hx)T (z −Hx),

= zT z + xTHTHx+ xTHT z + zTHx,

=

[
z
x

]T [
I −H
−HT HTH

] [
z
x

]
.

(4.34)

This equation can be rearranged according to

J =
[
x−

(
HTH

)−1
HT z

]T
(HTH)

[
x−

(
HTH

)−1
HT z

]
− zT

(
I −H(HTH)−1HT

)
z. (4.35)

This cost function is minimised with respect to x if

x =
(
HTH

)−1
HT z = H†lz. (4.36)

The same procedure applies for the other controllers. In terms of implementation, solving the optimisation
problem in this lifted fashion has a few drawbacks. Firstly, the optimisation horizon has to be pre-defined
to allow for off-line computation of the pseudo-inverse, which is computationally too heavy to perform on-
line. This could cause issues when within the predefined horizon, an earlier switch occurred. Furthermore,
the horizon has to be kept relatively small, as the pseudo-inverse matrix becomes poorly conditioned for
large horizons.

To overcome the drawbacks discussed above, this initialisation method is implemented in the control
framework as a recursive filter. The optimisation problem from Equation (4.25) can be rewritten as

min J =

n−1∑
k=n−1−γ

(
ŵT2,kαkŵ2,k + ûT2,kβkû2,k

)
, (4.37)

which is a weighted least-squares minimisation of the virtual inputs ŵ and û. This cost function is
identical to the cost function in the deterministic interpretation of the Kalman filtering problem [27] with
P−1(n− 1− γ) = 0, which is presented in [28]. This optimisation problem can therefore be solved using
the discrete algebraic Ricatti equations, extended for nonzero D matrices in [29], leading to

x′K,θ1(k) = ĀK,θ1xK,θ1(k − 1) + B̄K,θ1eθp,2(k − 1),

P ′(k) = ĀK,θ1P (k − 1)ĀTK,θ1 + B̄K,θ1β(k)B̄TK,θ1 ,

L(k) = P ′(k)C̄TK,θ1
(
C̄K,θ1P

′(k)C̄TK,θ1 + D̄K,θ1β(k)D̄T
K,θ1 + α(k)

)−1
,

xK,θ1(k) = x′K,θ1(k) + L(k)(v2(k)− C̄K,θ1x′K,θ1(k)− D̄K,θ1eθp,2(k)),

P (k) = P ′(k)− L(k)C̄K,θ1P
′(k)

(4.38)

with L(k) the Kalman gain matrix and P (k) is the state uncertainty matrix. This filter can be initialised
directly after a controller is switched off, and is computationally more suitable than the lifted imple-
mentation discussed earlier, with no limits on the horizon length. Although this method is expected to
perform better in terms of induced transients after the switch than the initialisation methods discussed
above, since it aims to match the state with inputs and output over a large period instead of at a single
time-instant, it does not take into account the impact dynamics of the system.

Model predictive optimisation approach

If an accurate model of the plant is available, the controller states on a switching moment can also be
initialised based on the predicted behaviour after the switch. This initialisation method is presented
in [26] and adapted to incorporate plant state discontinuities, time-varying references and feedforward
controllers in this section.
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The optimisation problem is a (weighted) minimisation of the predicted plant input and output with
respect to the predicted steady-state solutions over a finite horizon γ after the switching moment. Given
the discretised plant dynamics

ξ(k + 1) = Āmξ(k) + B̄mΘf (k),

ym(k) = C̄mξ(k),
(4.39)

the closed-loop equations become

x̃m(k + 1) = Ãmx̃m(k) + B̃mrm(k) + G̃mrff (k)

ỹm(k) = C̃mx̃m(k) + D̃mrm(k),
(4.40)

with

Ãm =

[
Ām − B̄mQ′D̄K,mC̄m B̄mQ

′C̄K,m
−B̄K,mC̄m ĀK,m

]
, B̃m =

[
B̄mQ

′D̄K,m

B̄K,m

]
, G̃m =

[
B̄mD̄K,ff

0

]
C̃m =

[
C̄m 0

−D̄K,mC̄m Q′C̄K,m

]
, D̃m =

[
0

Q′D̄K,m

]
, x̃m =

[
ξ

xK,m

]
, ỹm =

[
ym

Q′yK,m

]
.

(4.41)

In these equations, Q′ = Q in traction and Q′ = I in buckling. By partitioning Ãm =
[
Ãm,1 Ãm,2

]
and

C̃m =
[
C̃m,1 C̃m,2

]
and by iterating, the predicted output can be derived over a horizon of γ samples,

leading to
Ỹm = Γm,1ξ

+(n) + Γm,2xK,m(n) + Ξm,1Rm + Ξm,2Rff , (4.42)

with

Ỹm =


ỹm(n)

ỹm(n+ 1)
...

ỹm(n+ γ)

 , Γm,1 =


C̃m,1

C̃mÃm,1
C̃mÃmÃm,1

...

C̃mÃ
γ−1
m Ãm,1

 , Γm,2 =


C̃m,2

C̃mÃm,2
C̃mÃmÃm,2

...

C̃mÃ
γ−1
m Ãm,2



Ξm,1 =


D̃m 0 . . . 0

C̃mB̃m D̃m

...
. . .

...

C̃mÃ
γ−1
m B̃m . . . C̃mB̃m D̃m

 , Ξm,2 =


0 0 . . . 0

C̃mG̃m 0
...

. . .
...

C̃mÃ
γ−1
m G̃m . . . C̃mG̃m 0

 .

Rm =


rm(n)

rm(n+ 1)
...

rm(n+ γ)

 , Rff =


rff (n)

rff (n+ 1)
...

rff (n+ γ)

 .

(4.43)

Note that the impact dynamics are taken into account, since ξ+(n) is used. As described earlier, this
method aims to minimise this predicted output with respect to the expected steady-state solution, possibly
weighted. This leads to the following optimisation problem:

min J =
∣∣∣∣∣∣Wm(Ỹm − Ỹss,m)

∣∣∣∣∣∣2 , (4.44)

where

Wm = diag(vn, vn+1, . . . , vn+γ), with vn =

[√
αnI 0
0

√
βnI

]
, αn, βn ∈ R+. (4.45)

The steady-state solution Ỹss,m is given by

Ỹss,m =



rm(n)
s′θf (m,n)

rm(n+ 1)
s′θf (m,n+ 1)

...
rm(n+ γ)

s′θf (m,n+ γ)


, (4.46)
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with s′θf (m, k) the approximated steady-state solution for the plant input, given by

s′θf (m, k) =

[
s′θr,1(m, k) + D̄K,ffdr ṙθp,1(k)

s′θr,2(m, k) + D̄K,ffdr ṙθp,2(k)

]
. (4.47)

In this equation, D̄K,ffdr ṙθp,1(k) is the expected torque to overcome the damping dr at the rotors, and
s′θr,i(m, k) is the approximated steady-state solution for the rotors, already discussed in Chapter 3. The
optimisation problem has the exact same form as for the previously discussed method, and the solution is
therefore given by

xk(n) = −(WΓm,2)†lW (Γm,1ξ
+(n) + Ξm,1R+ Ξm,2Rff − Yss). (4.48)

Although this method is expected to perform the best with respect to methods described earlier, its
performance heavily relies on the plant model and availability of the plant state at the switching
moment.

Summarising, the control block in the scheme in Figure 4.1 contains the reference trajectories, the feedback
and feedforward controllers for the individual subsystems and the different controller state initialisation
strategies discussed above. In Chapter 5, a developed Digital Twin of the two-pinch system and control
framework is used to illustrate the performance of the controllers. A comparison is done between the
newly proposed reference trajectory and the trajectory from [1],[2], and between the different controller
initialisation methods.

4.2 Stepper driver actuation

As discussed earlier, the output of the controllers, which run on a 1 kHz frequency, have to be converted to
inputs for the stepper drivers, which run on a 1 MHz frequency. The stepper drivers that are considered
in this thesis run a simple and efficient integration algorithm, which is given by

sr(h+ 1) = sr(h),

jr(h+ 1) = sr(h) + jr(h),

ar(h+ 1) = sr(h) + jr(h) + ar(h),

vr(h+ 1) = sr(h) + jr(h) + ar(h) + vr(h),

pr(h+ 1) = sr(h) + jr(h) + ar(h) + vr(h) + pr(h),

(4.49)

where h = 0, 1, 2, ... ∈ N are sampling instants with sampling time Ts,a = 1 · 10−6 s and pr, vr, ar, jr, sr
are respectively the position [steps], velocity [steps µs−1], acceleration [steps µs−2], jerk [steps µs−3] and
snap [steps µs−4] of the magnetic field of the stepper motor. The amount of iterations that the stepper
drivers take between two controller samples is given by σ = Ts

Ts,a
= 1000. On a controller sample, i.e.,

when h = σk, the stepper driver states are updated according to:

sr(h) = usr (k),

jr(h) = ujr (k),

ar(h) = uar (k),

vr(h) = uvr (k),

pr(h) = sr(h− 1) + jr(h− 1) + ar(h− 1) + vr(h− 1) + pr(h− 1),

(4.50)

with usd(k) =
[
usr (k) ujr (k) uar (k) uvr (k)

]T
the stepper driver inputs. The difference in sampling

frequency between the stepper drivers and control loop implies that σ different magnetic field positions
can be achieved by the stepper motor between two controller output updates. This is exploited by
interpolating between two controller outputs to smoothen the plant input.

The stepper driver inputs are calculated by defining a cubic spline on position level over one control loop
interval, leading to a jerk trajectory. This implies that usr = 0 for each controller output. The algorithm
described below is adopted from [4]. Consider a general cubic function and its first time-derivative

y(x) = C0p + C1px+ C2px
2 + C3px

3,

ẏ(x) = C1p + 2C2px+ 3C3px
2.

(4.51)
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Over the interval [0, 1], the positions and velocity at the start and end of the interval can be written as
y(0)
ẏ(0)
y(1)
ẏ(1)

 =


1 0 0 0
0 1 0 0
1 1 1 1
0 1 2 3



C0p

C1p

C2p

C3p

 . (4.52)

By inversion of this relation and change of the interval to [h, h+ σ], the spline constants can be written
as 

C0p

C1p

C2p

C3p

 =


1 0 0 0
0 σ−1 0 0
0 0 σ−2 0
0 0 0 σ−3




1 0 0 0
0 1 0 0
1 1 1 1
0 1 2 3


−1 

1 0 0 0
0 σ 0 0
0 0 0 0
0 0 0 σ




p(k)
v(k)

p(k + 1)
v(k + 1)

 . (4.53)

In this equation, p and v represent the controller output and its discrete derivative, scaled according to

p(k) =
ρ

2π
yK,i(k − 1)

264

σ3
,

v(k) = Ts,a
ρ

2π
ẏK,i(k − 1)

264

σ3
,

p(k + 1) =
ρ

2π
yK,i(k)

264

σ3
,

v(k + 1) = Ts,a
ρ

2π
ẏK,i(k)

264

σ3

(4.54)

with ρ the amount of steps per revolution of the stepper motors, as discussed in Section 1.2. The terms
ρ

2π and Ts,a
ρ

2π change the unit from [rad] and [rad s−1] to [steps] and [steps µs−1] respectively. The term
264

σ3 is a scaling factor to assure that the trajectories stay exact in int64 format. The derivative of the
controller output ẏK is determined using the discrete derivative, which is given by

ẏK(k) =
yK(k)− yK(k − 1)

Ts
. (4.55)

The position pr in the integration algorithm from Equation (4.49) at the end of one complete interval
[h, h+ σ] can be written as a function of the stepper driver inputs, according to

pr(h+ σ) = pr(h) +

(
uvr (k) +

1

2
uar (k) +

1

3
ujr (k)

)
σ +

(
1

2
uar (k) +

1

2
ujr (k)

)
σ2 +

1

6
ujr (k)σ3, (4.56)

which has the same structure as the standard cubic spline from Equation (4.51). The stepper driver
inputs can therefore be written as a function of the spline constants, according to

pr(k)
uvr (k)
uar (k)
ujr (k)

 =

1 0 0 0
0 1 1/2 1/3
0 0 0 1/6

−1

C0p

C1p

C2p

C3p

 . (4.57)

Together with Equation (4.53), the controller output can be converted to stepper driver inputs, and
the magnetic field position will follow a jerk profile towards the controller output, which is reached one
complete sample Ts later. This one sample delay is compensated for by shifting the feedforward reference
forward in time by one sample Ts. In Chapter 5, the Digital Twin is used to illustrate the effect of the
smoothening of the controller output using splines on the system behaviour.

4.3 Data improvement using timestamps

As discussed earlier, data timestamps can be obtained from sensors on a high sampling frequency of 1
MHz. The system is assumed to be equipped with absolute encoders for the positions of all rollers in the
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Figure 4.8: Example of a continuous output, being measured by an encoder with resolution ε, which is
read by the control loop on a fixed sampling rate.

two-pinch system, as is the case for the experimental setup used in [1],[2],[6]. Absolute encoders have a
finite resolution of ε counts per revolution, and measure the position in counts ce.

Consider Figure 4.8, which shows a continuous position measurement. An absolute encoder measures
this position and updates with the encoder resolution ε. On fixed control loop sampling times t(k), the
current encoder value is read. Next to the encoder values, the encoders can output timestamps tstamp(h)
given by

tstamp(h) = t(h)− t̃(h), (4.58)

with t̃(h) the time at which the last encoder update occurred, determined on a 1 MHz frequency. These
timestamps are utilised to improve the quality of the measurement data. Given the encoder output at the
current sample ce(t(k)) and the previous sample ce(t(k − 1)) and the timestamp tstamp(k), the encoder
output is modified according to

ce(t(k))′ = ce(t(k)) +
ce(t(k))− ce(t(k − 1))

Ts − tstamp(k)
. (4.59)

This is a linear extrapolation of the encoder output towards t = tk, using the average encoder derivative
over the previous sample. If the resolution of the encoder and velocity of the roller are sufficiently high,
a large amount of encoder increments occur within one control sampling time, leading to an accurate
estimate of the average velocity over one sample. The performance of this extrapolation method depends
on the linearity of the position measurement over one control sample, since linear extrapolation is
used.

Next to absolute encoders for all rollers, the system is also assumed to be equipped with optical XFS
sensors, which are positioned around the pinches and detect the sheet. This information is necessary to
detect in which transport phase a sheet is. For these sensors, timestamps are also available. These are
used to determine the time at which the output signal of the sensors changed more accurately, according
to

tXFS(k) = t(k)− tstamp(k), (4.60)

where tXFS is the time at which the output of the XFS sensor changed. The effect of using timestamps
to improve the measurement data of the encoders and XFS sensors is illustrated with the Digital Twin in
Chapter 5.

4.4 State estimation

As discussed in the previous section, the system is assumed to be equipped with encoders for all rollers and
XFS sensors around the pinches that detect the sheet. This implies that it is not possible to measure the



42 CHAPTER 4. CONTROL FRAMEWORK

state ξ completely. The states that can not be measured directly are the roller velocities, the tangential
forces in the rubber layers and the discrete state m. This also implies that the traction force λN can not
be determined, since its expression in Equation (2.24) contains unmeasurable plant states. An accurate
estimation of the traction force is required since it is used as input for the feedback controllers in traction
and it is contained in the jump- and flow-sets of the hybrid model. As mentioned in Chapter 1, a predictor
is therefore developed using the dynamic model in [1],[2]. However, this predictor suffers significantly
from model uncertainties and quantisation errors in the measurement data, since two times numerical
differentiation of measurement data is required in this predictor. In this section, a method is proposed
that estimates the full state ξ, which is then used for estimation of the traction force. The full state is
also necessary in the model predictive method for controller state initialisation.

Apart from the plant states and consequently the traction force, the gap function constant cgN can also
not be measured directly. The gap function plays a crucial role in the proposed reference trajectory, and
is also contained in the jump- and flow-sets of the hybrid model. In this section, a method is presented to
estimate the gap function constant, using the XFS optical sensors.

4.4.1 Plant state observer

The most common method for state estimation is the use of a Luenberger type observer, which uses a
model copy to estimate the state, together with output error injection [30]. The discretised two-pinch
model from Equation (4.39) is not suitable for use in an observer, since it contains a zero-order hold
assumption with sampling time Ts. Due to the actuation algorithm described in the previous section, this
assumption is invalid for the control framework. Therefore, the plant model is adapted. Incorporating the
complete spline algorithm from Section 4.3 is not desired, due to the discontinuous nature of the states in
the integration algorithm from Equation (4.49). However, a first-order hold approximation can be done
and is assumed to be sufficiently accurate, since the plant input is approximately linear on the Ts time
scale. For this first-order hold approximation, the plant input Θf is added to the state, and its derivative
becomes the new input, according to

ξ̇obs = Am,obsξobs +BobsΘ̇f ,

yobs = Cobsξobs,
(4.61)

with

ξobs =

[
ξ

Θf

]
, Am,obs =

[
Am Bm
0 0

]
, Bobs =

[
0
I

]
, Cobs =

[
I6×6 0

]
. (4.62)

yobs represents the plant states that are measurable on the system, i.e. θr,i, θd,i and θp,i, with i = 1, 2.
Exact discretisation of this model with sampling time Ts is equivalent to the continuous plant with a
first-order hold assumption on the input. The plant model used in the closed-loop plant model for the
model-predictive optimisation method in Section 4.1 is adapted in a similar fashion.

For a Luenberger observer to exist for this system, the system has to be observable, which is checked by

rank


Cobs

CobsAm,obs
CobsA

2
m,obs

. . .

CobsA
p−1
m,obs

 = p (4.63)

with p the dimension of the state. This test fails for both subsystems, as discrete state m is unobservable.
However, since this state is not influencing the dynamics in the individual subsystems, it is removed from
the state, yielding observable dynamics. The observer then becomes{

ξ̂obs(k + 1) = Ām,obsξ̂obs(k) + B̄obsΘ̇f (k) + Lm (yobs(k)− ŷobs(k)) , if ξ̂obs(k) ∈ Cm,
ξ̂obs(k + 1) = Gm,obsξ̂obs(k + 1), if ξ̂obs(k + 1) ∈ Dm,

(4.64)

with Lm the observer gains and Gm,obs =
[
Gm 0

]
the extended jump maps. In words, the observer

updates the dynamics according to the active subsystem, which is determined using the estimated state,
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and if the updated state is in a jump set, the jump map is executed. The observer gains Lm are determined
with the infinite horizon discrete algebraic Ricatti equations [31], such that

<{eig(Ām,obs − LmCobs)} < 1. (4.65)

Stability of this observer can not be guaranteed formally due to the hybrid character of the observer,
possible model mismatches and the first-order hold approximation of the plant dynamics.

4.4.2 Gap function constant estimator

Next to the full plant state estimate, which also gives an estimate on the traction force, the gap function
constant cgN is estimated. This is done using the optical XFS sensor information.

Consider Figure 4.9. The discrete output of the XFS sensors distinguish whether a sheet is detected or
not. The sensor XFS1 will detect the leading edge of the sheet at t = T−1, which is before the start of
the cycle. From this moment, the leading edge of the sheet position is estimated by

x̂s(t) = rpθp,1(t),∀t ∈ [T−1, T1], (4.66)

under Assumptions 2.1 and 4.1. At t = T1, sensor XFS2 detects the leading edge of the sheet. Due to
deflection of the sheet, x̂s(T1) > dXFS will hold. This difference is equal to the gap function gN at t = T1.
The gap function constant cgN is then estimated according to

cgN = x̂s(T1)− dXFS − rp (θp,1(T1)− θp,2(T1)) . (4.67)

The accuracy of time instants T−1 and T1 are improved using the timestamps of the XFS sensors, according
to Equation (4.60). In practice, the estimator will require calibration, since the distance dXFS and radii
of the pressure rollers are uncertain. Calibration is possible here, since the gap function constant cgN
is known from t = T2, since at this moment, gN = 0 by definition, and the pressure roller positions are
known. In Chapter 5, the Digital Twin is used to illustrate the performance of the state estimators.

dXFS

XFS1 XFS2

Figure 4.9: Schematic top view of a sheet (blue) in the paper path, with XFS sensors (red) at the pinches.
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Chapter 5

Verification using Digital Twin

In this chapter, a Digital Twin of the two-pinch system with control framework is presented. This Digital
Twin is developed for future development purposes and to illustrate the functionality and performance of
the control framework discussed in Chapter 4 in terms of the control goals. In Section 5.1, the Digital
Twin is briefly discussed. In Section 5.2, the functionality of the stepper driver actuation is illustrated
using the Digital Twin. Section 5.3 then illustrates the performance of the controllers, comparing the
developed reference trajectory with the solution from [1],[2], and comparing the different controller state
initialisation methods. In Section 5.4, the performance of the proposed state estimators is visualized,
together with the effect of using timestamps to improve the measurement data.

5.1 Digital Twin

For illustration of the expected performance of the control framework and for future development
purposes, a Digital Twin of the system is valuable. In [1], continuous-time simulations are performed
of the closed-loop model, according to Figure 3.2, using the Lite Hybrid Equations Toolbox [32]. This
toolbox uses Matlab functions to simulate a hybrid system without inputs. The flow- and jump-maps
and flow- and jump-sets can be defined separately, after which a variable step ODE solver is used to
compute the solution. Where continuous-time simulations may show good results, the performance of
the control framework on a real system may be significantly different. By developing a Digital Twin
which incorporates as many real-life aspects as possible, simulation results become significantly more
meaningful towards implementation on a real system.

The simulation model is developed in Matlab/Simulink, with a structure that is identical to Figure 4.1.
In continuous time, the system and sensors are simulated using a Simulink alternative of the Hybrid
Equations Toolbox [32], which is able to handle inputs, in contrast to the Lite Hybrid Equations Toolbox.
The two-pinch system is solved using the same variable-step solver as for the continuous-time simulations
in [1]. The Hybrid Equations Toolbox library contains a Simulink block in which the flow- and jump-sets
and flow- and jump-maps can be defined. The block contains a loop that checks the flow- and jump-sets
on each time step and applies the jump-maps if needed. In this way, the hybrid behaviour is simulated
correctly. Next to the dynamic model from Chapter 2, the behaviour of the XFS optical sensors is added
to the hybrid block. This is necessary to be able to detect the transport situation and to implement the
gap function constant estimator discussed in Section 4.4. The model parameters are adopted from [1],
which are obtained using system identification on an experimental setup. The sensors are simulated by
selecting the system states that are measurable and by quantizing the data using the resolution of the
absolute encoders.

In a discrete-time subsystem with a 1 MHz sampling frequency, the sensor outputs are processed to obtain
timestamps on the output side of the system, and the stepper driver integration algorithm is implemented
to compute the stepper motor input on the input side of the system.

In a second discrete-time subsystem, which runs on the control loop frequency of 1 kHz, the other elements
of the control framework are simulated, see Figure 5.1. Firstly, the sensor outputs and timestamps are
used to extrapolate the measurement data to improve its quality, after which the states are estimated with
the hybrid Luenberger observer and gap function constant estimator. In the control block, the reference
trajectories are generated, which depend on the estimated gap function constant and transport situation.
Furthermore, the feedback controllers are defined for the individual pinches, and are coupled dependent
on the transport situation. On switching moments, the controller states are initialised, making use of the
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Figure 5.1: Schematic overview of the 1 kHz subsystem in the Digital Twin.

previous controller outputs and/or the estimated states, dependent on the chosen initialisation method.
Lastly, the controller outputs are converted to stepper driver inputs using the actuation algorithm. When
implementing the developed control strategy on a real system, this 1 kHz subsystem can be copied directly
to the Simulink model that controls the system, as it is made compatible with the hardware blocks.

The Simulink Digital Twin is initialised in a Matlab script, where the system parameters, input parameters
and initial conditions can be defined. Furthermore, the controllers and observers are defined and discretised,
the reference trajectory algorithm is executed, and pre-computation of the matrices for the model predictive
initialisation method is done. Detailed documentation on the Digital Twin is provided in [33]. In Appendix
B, a visual overview is given of the Simulink Digital Twin model.

5.2 Stepper driver actuation

In this section, the functionality of the stepper driver actuation, discussed in Section 4.2, and its effect on
the system performance are illustrated using the Digital Twin. Assume that the controller output is a
pure discrete sine wave, with amplitude 1 rad, frequency 20 Hz and sampling time Ts = 1 · 10−3 s. Figure
5.2 shows this control output, together with the plant input, after applying the spline algorithm with a
sampling time of Ts = 1 · 10−6 s. The figure shows how the stepper driver interpolates between control
outputs using third-order splines on position level and thereby smoothens the plant input significantly.
The importance of this interpolation is visualized in Figure 5.3, where single-pinch transport of a sheet is
simulated according to the strategy in Section 4.1. The plant state is fed to the control block directly
to remove possible influences from the sensors, extrapolation and state estimation. The figure shows a
comparison between the pressure roller position error with and without using the interpolation. The
error is displayed both in discrete time, with the control sampling time Ts, and in continuous time. This

Figure 5.2: Comparison between plant input and controller output using third order spline upsampling.
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b) continous time.

Figure 5.3: Position error of the pressure rollers for single-pinch transport, with and without
smoothening of the controller output, displayed both in discrete time and continuous time.

shows that on the controller sampling times, a very similar error is obtained for both methods, while in
continuous time, a significant oscillation occurs, caused by the discontinuities in the plant input. This
illustrates the importance of the spline interpolation of the controller output when actuating stepper
motors.

5.3 Control strategy

In this section, the Digital Twin is used to illustrate the working principle and performance of the proposed
control strategy from Section 4.1. This concerns both the reference trajectory, which is compared with
the strategy from [1],[2], and the controller state initialisation methods, which are compared in terms of
the control goals.

5.3.1 Reference trajectory

To illustrate the effect of the proposed reference trajectory on the performance, it is compared to the
strategy where the reference velocity is increased instantly when arriving in two-pinch transport.

The reference parameters for the piecewise polynomial trajectory that are used in the simulation are
ṙs = 0.5 m/s, δu = 0.1 ṙsrp rad/s, δd = 0.07 ṙsrp rad/s and cgN = 3 · 10−3 m. The bounds for the piecewise

polynomials are set to ā = 50 rad/s, j̄ = 1 · 106 rad/s2, s̄ = 5 · 108 rad/s3 and c̄ = 5 · 1012 rad/s4. Time
Td,0 is chosen such that Td,1 < T2, by calculating the expected amount of the gap that is closed during
the execution of the polynomial and by adding a safety factor for tracking errors. Td,1 < T2 assures that
the relative velocity at impact between the pressure rollers is the same as for the method it is compared
to, which increases the velocity with δd instantly when the system gets into two-pinch transport. The
plant input equality method is used for initialisation of the states at switching moments. As for the
previous simulation results, the full plant state is assumed to be known. Regarding the actuation of the
stepper motors, the spline smoothing method is used, due to its superior performance, as discussed in the
previous section.

Figure 5.4 shows the performance in terms of the control goals for both trajectories for t ∈ [T1, T3], i.e.
two-pinch transport, where the dashed lines represent the (first) moment of impact t = T2. The figure
is displayed with sampling time Ts and zero-order hold. The figure shows that the performance of the
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piecewise polynomial trajectory is superior to the trajectory with instant velocity increase in multiple
ways.
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Figure 5.4: Comparison between piecewise polynomial trajectory and instant velocity increase with
respect to the control goals.

Table 5.1: System performance in terms of relevant control goals for the different reference strategies.

Method ‖eθp,2‖∞ [rad] T2 − T1 [s]
∀t ∈ [T1, T2]

Instant increase 2.89 · 10−3 0.201
Piecewise polynomial 8.95 · 10−4 0.117

Firstly, the maximal tracking error eθp,2 of the downstream pinch for t ∈ [T1, T2] is smaller for the
piecewise polynomial, due to the smoother increase of the reference velocity. The increasing error after
t = 0.6 s is caused by the second polynomial for decreasing the velocity difference between the rollers.
Secondly, traction is achieved sooner for the piecewise polynomial, which is desired, as one of the control
goals is to minimise T2 − T1. However, this shorter time to traction does not influence the magnitude of
the impact, as the velocity difference is decreased just before impact. Table 5.1 shows the performance
for the relevant control goals.
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5.3.2 Controller state initialisation

In this section, the different controller state initialisation strategies, discussed in Section 4.1 are compared.
Figure 5.5 shows the performance in terms of control goals for the different initialisation methods and
Figure 5.6 shows the feedback controller output for both pinches.

The open loop method is left out, since due to integrator wind-up, the error at t = T2 increases such
that the sheet leaves both pinches almost instantly in the wrong direction. This method is therefore not
suitable for this system. The parameters for each method are tuned iteratively for the best performance.
For the model-predictive optimisation method, a horizon of 500 samples is used. The position errors are
displayed for t ∈ [T2, T4] and the traction force error and gap function for t ∈ [T2, T3]. Again, the figure is
displayed with sampling time Ts and zero-order hold.

The figure shows that the reset method does not achieve the control goals in traction, as fast chattering
between buckling and traction occurs. This also implies that the position error of the downstream pinch
does not become zero for t ∈ [T2, T3]. Since the traction force reference is not reached, the resultant forces
on the pinches when switching to single-pinch transport are small, resulting in a small transient. The
plant input equality method does achieve the control goals in traction, although it switches back from
traction to buckling two times, before converging to the traction force reference. In terms of position
error, a small transient is observed after the first switch to traction, i.e. at t = T2. However, a large
transient occurs after t = T3, due to the resultant forces on the pinches when the sheet leaves the upstream
pinch. The input/output similarity method performs better than the plant input equality method, in the
sense that the system does not switch back to buckling after t = T2, and converges to the traction force
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Figure 5.5: Comparison between different controller state initialisation methods with respect to the
control goals.
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Figure 5.6: Comparison between different controller state initialisation methods with respect to the
feedback controller output of both pinches.

reference faster. The model-predictive optimisation method results in the best overall performance. The
traction force converges to the reference significantly faster than for the other methods, the transient
after t = T2 is smaller and no large transient is observed after t = T3. This is caused by the fact that
this method is able to take into account the plant discontinuity at t = T2 and the resultant forces on the
pinches at t = T3 due to the removal of the unilateral constraint. However, it is important to mention
that this method requires an accurate plant model and plant state estimation to perform as desired.
Table 5.2 shows the performance of the different initialization methods.

Table 5.2: System performance in terms of relevant control goals for the different controller state
initialization strategies.

Method
∑n

1

|eθp,2 |
n [rad]

∑n
1

|eλN |
n [N] ‖eθp,1‖∞ [rad] ‖eθp,2‖∞ [rad] Nswitch [-]

∀t ∈ [T2, T3] ∀t ∈ [T2, T3] ∀t ∈ [T3, T4] ∀t ∈ [T3, T4]

Reset 1.20 · 10−3 9.04 · 10−1 9.65 · 10−4 1.08 · 10−3 55
Input equality 1.82 · 10−4 1.78 · 10−1 1.19 · 10−2 1.33 · 10−2 6
I/O similarity 1.72 · 10−4 9.91 · 10−2 1.25 · 10−2 1.33 · 10−2 2
Predictive 6.20 · 10−5 4.61 · 10−2 4.22 · 10−4 1.28 · 10−3 2

5.4 State estimation and data improvement

In this section, the effect of the extrapolation of the measurement data using timestamps and the
performance of the state estimators, discussed in Sections 4.3 and 4.4 respectively, are visualised using
the Digital Twin.

5.4.1 Data improvement using timestamps

To investigate the effect of the extrapolation of the measurement data using timestamps, the difference
between the continuous-time output and the sensor output on sampling times Ts is compared for the
situations with and without data extrapolation, see Figure 5.7. The figure shows that without the data
extrapolation, the measurement error is significant, and that clear periodic behaviour can be observed
in the measurement error. This behaviour is due to the timing difference between encoder updates and
the control loop sampling time on this velocity. For other velocities, encoder resolutions or sampling
times, this periodic is different. Lastly, it can be observed that the measurement error for the rotor is
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b) with extrapolation.

Figure 5.7: Measurement error on sampling times Ts for the roller of the upstream pinch during
single-pinch transport, without and with extrapolation of the data using timestamps.

Table 5.3: Measurement error for the rollers from the upstream roller, with and without extrapolation of
the data using timestamps.

Method
∑n

1

|eθr,1 |
n [rad]

∑n
1

|eθd,1 |
n [rad]

∑n
1

|eθp,1 |
n [rad]

Without extrapolation 8.27 · 10−4 2.20 · 10−4 2.19 · 10−4

With extrapolation 1.03 · 10−5 9.11 · 10−6 1.36 · 10−5

significantly larger than for the driven roller and pressure roller. This is caused by the fact that the
roller encoders are assigned a lower resolution. When data extrapolation is used, the measurement errors
decrease drastically. Furthermore, the periodic effect has disappeared, since the timing difference is
compensated by the extrapolation. This emphasizes the importance of using timestamps to improve the
measurement data when using position encoders. Table 5.3 shows the mean absolute errors for the roller
positions.

5.4.2 State estimation

In this section, the performance of the state estimators is visualized. Regarding the plant state estimation,
Figure 5.8 shows the observer errors for the downstream pinch coordinates for one complete cycle, i.e.,
for t ∈ [T0, T4]. The piecewise polynomial reference, the model-predictive optimisation method and
extrapolation of the measurement data are used for this simulation. The controller still uses the exact
plant state, instead of the estimated plant state, to avoid influences of the observer error on the system
behaviour.

The figure shows that the observer is stable and can accurately estimate the full plant state in both
subsystems, but that the errors increase at switching moments. This is caused by the fact that the
observer does not switch on the exact same moment as the system. The actual switching moment may
be in between two control samples. When the estimated controller state for the next sample ξ̂obs lies
is in a jump-set, the previous dynamics are simulated until this sampling time, and the jump map is
performed on the sampling time. If the actual switch is in between two control samples, this implies
that the observer may, in the worst case, simulate the wrong flow dynamics for almost one complete
control sample, introducing significant errors. Moreover, the jump set for the observer contains the
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gap function, which uses the gap function constant estimate. Table 5.4 shows the performance of the
observer for the upstream pinch, in terms of mean absolute error and maximum error. In Appendix B, a
figure with the observer errors is provided when the system is simulated without the use of measurement
data extrapolation. In this case, the observer is not able to accurately estimate the plant state, which
emphasizes the importance of using the timestamps for data improvement. The performance for this
simulation is also provided in Table 5.4. Figure 5.9 shows a comparison of the performance in terms of
the control goals for a complete cycle, with use of the exact plant state and the estimated plant state.
This shows that, despite the observer errors at switching instants, the performance is very similar to the
case where the plant state is used directly.
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Figure 5.8: Observer errors for the states involving the downstream pinch over a complete cycle.

Table 5.4: Observer performance for downstream pinch and gap function estimator, with and without the
use of data extrapolation.

Method
∑n

1
|e|
n ‖e‖∞

∑n
1
|e|
n ‖e‖∞

With extrapolation
θr,2 1.38 · 10−5 [rad] 1.22 · 10−3 [rad] 4.97 · 10−3

[
rad
s

]
1.75 · 10−1

[
rad
s

]
θd,2 1.12 · 10−5 [rad] 2.92 · 10−4 [rad] 5.06 · 10−3

[
rad
s

]
2.79 · 10−1

[
rad
s

]
θp,2 1.65 · 10−5 [rad] 3.07 · 10−4 [rad] 1.01 · 10−2

[
rad
s

]
3.75 · 10−1

[
rad
s

]
F2 8.96 · 10−3 [N] 4.43 · 10−1 [N]
cgn 0.00 · 100 [m]
Without extrapolation
θr,2 6.61 · 10−4 [rad] 1.29 · 10−3 [rad] 2.49 · 10−1

[
rad
s

]
8.66 · 10−1

[
rad
s

]
θd,2 4.99 · 10−4 [rad] 1.50 · 10−3 [rad] 1.91 · 10−1

[
rad
s

]
1.01 · 100

[
rad
s

]
θp,2 6.29 · 10−6 [rad] 1.18 · 10−3 [rad] 3.03 · 10−1

[
rad
s

]
1.21 · 100

[
rad
s

]
F2 5.81 · 10−2 [N] 8.22 · 10−1 [N]
cgn 4.92 · 10−4 [m]
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Figure 5.9: Comparison of performance in terms of the control goals for a complete cycle between using
the plant state directly and using the estimated plant state.

Summarising, the control framework discussed in Chapter 4 performs as desired. Firstly, the smoothening
of the stepper motor inputs using third order spline interpolation between controller outputs remove
the undesired oscillations of the pinches between two control samples that occur otherwise. Secondly,
the proposed reference trajectories significantly improve the performance of the system compared to the
trajectories proposed in [1], [2], as the trade-off between the time to traction and the impact at traction
is removed, the tracking errors are smaller due to the higher order of the reference trajectories, and the
steady-state position error of the leading edge of the sheet of gN (T1) is removed. Thirdly, of the different
controller state initialisation methods that are investigated, the model predictive method results in the
best performance. However, it is important to note that this method requires an accurate model of the
plant. On the topic of data improvement using timestamps, simulations show that the measurement errors
are decreased drastically. Lastly, the developed state estimators are proven to be sufficiently accurate to
have a minor impact on the overall system performance for one complete transport cycle.

Consider Figure 5.10, which shows a comparison between the control framework developed in this thesis,
simulated using the Digital Twin, and the control framework from [1], [2], simulated using the continuous-
time simulation model developed in [1]. The same initial conditions are used for both simulations. The
figure shows a significant difference in the pressure roller position errors, which is primarily caused by the
fact that in the new framework, the downstream pinch is accelerated, where in the previous framework,
the upstream pinch is decelerated to close the gap. Furthermore, it can be seen that, due to the advanced
reference trajectories in the new framework, traction is reached earlier, while the impact is similar. It
can also be observed that the simulation model from [1] stops at t = T3, where the system switches from
two-pinch transport back to single-pinch transport. Therefore, the performance at this transition can not
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Figure 5.10: Comparison between the control framework developed in this thesis and the framework from
[1], [2] over one transport cycle.

be compared for the two control frameworks.

Overall, the new framework shows significant performance improvements, despite the fact that it considers
implementation aspects that normally would influence the performance negatively, such as the discrete-
time implementation of the controllers, the resolution of the encoders and the unavailability of plant
states. Due to the integration of these aspects in the framework, the simulation results can also be
interpreted with more confidence, regarding the performance on a real system.
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Chapter 6

Conclusions and Recommendations

6.1 Conclusions

In this thesis, hybrid control for A4 sheet transport in sheetfed printer systems using pinches is investigated.
Sheet transport is assumed to switch between single-pinch transport and two-pinch transport, in which a
sheet can be either buckled or in traction. These different situations demand a hybrid control strategy, as
the control goals are dependent on the transport situation. In single-pinch transport, the control goal
is accurate position tracking, where in two-pinch transport, an additional goal is to reach a prescribed
traction force in the sheet as soon as possible and with minimum impact. The main research goal was to
develop a hybrid control framework for sheetfed printer paper handling. The sub-goals were to perform
a stability analysis of the closed-loop hybrid system, to adapt and extend the control framework with
implementation on a real system in mind, and to develop a Digital Twin of the system that can be used
for future development purposes. The main contributions of this thesis are discussed below.

Firstly, a closed-loop analysis is performed for the hybrid model. The hybrid stability problem is clearly
formulated, after which a coordinate transformation is done using input-output linearisation techniques,
to write the hybrid tracking problem into a generic form, for which stability tools are available. To achieve
this, linear state feedback is applied, which is fundamentally different than the feedback controllers that
are designed using SISO loopshaping techniques. For the resulting hybrid model, Lyapunov theory is
used to assess stability. Stability conditions have been formulated, but no Lyapunov function has been
found that can guarantee stability for the complete hybrid model. However, great insight is obtained
about the stability problem, which may be applied in future research.

Secondly, a hybrid control framework is developed, achieving the different control goals during the
transport phases of a sheet. This framework is based on the work from [1],[2], and is adapted and
extended in multiple ways. Advanced high-order reference trajectories are defined that manages to
close the gap function in buckling as fast as possible, but with minimal impact. Furthermore, multiple
methods are investigated to cleverly initialise internal states of the feedback controllers on switching
moments, since these have a large influence on the system behaviour shortly after the switch and can
therefore be exploited to significantly improve the system performance. Lastly, multiple aspects regarding
implementation of the control strategy on a real system are incorporated. The drivers that actuate the
stepper motors are used to realise smooth behaviour of the stepper motors, by implementing an algorithm
that interpolates between controller outputs using third-order splines. Additionally, measurement data
timestamps, which can be obtained from the sensors on a high frequency, are used for extrapolation of
the measurement data from the time that the last encoder update occurred towards the control loop
sampling time. This results in a significant decrease of the measurement errors due to quantisation. Also,
state estimators are developed for the unmeasurable system states. For the plant states of the dynamics
model, a Luenberger type observer is developed and for the gap function constant, the information from
the XFS optical sensors is exploited.

Lastly, a Digital Twin of the system is developed, which contains the complete control framework, with
the different controller state initialisation strategies, the stepper motor drivers, the sensors and the state
estimators. This Digital Twin is then used to illustrate the functionality and performance of the developed
hybrid control strategy. This shows that the improved control framework has a superior performance
with respect to the control framework in [1],[2] in terms of the control goals. The Digital Twin can be
used for future development purposes, and is designed such that the control block can be implemented on
the real system in an efficient way.
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6.2 Recommendations

Based on the work in this thesis, the following recommendations are done for future research.

Stability of the closed-loop hybrid model: In this thesis, a stability analysis is performed for the
hybrid model from [1], [2]. A coordinate transformation is done to write the system in a generic form.
Firstly, for this generic form, no quadratic Lyapunov function is found that proves stability of the
hybrid system. Further relaxations for the Linear Matrix Inequalities, such as an alternative method
to incorporate the flow- and jump-sets, or the introduction of a minimum dwell time [22], are therefore
necessary. Alternatively, a different type of Lyapunov function candidate could be investigated. Secondly,
to be able to decouple the error dynamics from the tracking dynamics in the new coordinates, a linear
state feedback controller is used in the analysis. Since this controller is not desirable in implementation,
the loop-shaped output feedback controllers should be implemented in the coordinate transformation for
practical relevance of the stability analysis. This also implies incorporating a controller state initialisation
method in the jump maps. To reduce the complexity of the stability analysis, a simpler system could be
analysed first, by discarding the elements in the dynamic model that have a small influence on the major
system behaviour, such as the drive belt and the rubber model.

Implementation of the control strategy on an experimental test setup: The hybrid control
framework developed in this thesis is tested thoroughly using an accurate simulation model. However, due
to Covid-19 regulations and software issues on the experimental setup used in [1], [6], no experimental
results have been obtained. Future research should therefore investigate the performance of the control
framework on the experimental setup. Since the control framework is an extension of the framework
developed in [1], the focus should lie on the performance of the extensions, such as the state estimators
and initialisation strategies. In particular, an accurate estimation of the gap function constant cgN is
crucial for the functionality of the strategy.

Frequency response measurements in traction: In [1], frequency response measurements for the
buckling situation are obtained, which are used to design the feedback controllers. However, for the
traction situation, no frequency response measurements are obtained due to the extremely short periods
of traction in sheet transport. The feedback controllers for the traction situation are therefore partially
based on the dynamic model, and adapted iteratively on the experimental setup. To get a better insight
in the dynamic behaviour of the setup in traction, a methodology should be developed to obtain frequency
responses. One method may be to propagate the measured frequency responses for the buckling case
to the traction case, using the dynamic model. A different method could be to use a very long sheet to
increase the time in traction, or to merge response data from many individual measurements.

Extension of the control framework for transfer from pinch transport to belt transport: In
this thesis, only pinch transport is considered, in the sense that overactuated transport is executed by
two consecutive pinches. However, a crucial situation in the transport of sheets through the Varioprint
i300, is the transfer from pinch transport to belt transport at the image transfer station, since no position
error may result from this transfer, as this can not be compensated for when the sheet is on the belt.
Just before the sheet is printed, it is transported by both the last pinch before the belt and the belt itself.
In the state-of-practice, this situation is dealt with by opening the last pinch if the pinch has sufficient
contact with the belt to be transported by the belt only. However, this opening, and closing afterwards,
limit the total throughput of the system. Therefore, a hybrid control strategy may be developed for this
particular transport situation as well. This involves adapting the dynamic model and developing new
feedback controllers.

Extension of the control framework for transport of larger sheets: Where in this work, transport
of A4 sheets is considered, the Varioprint i300 is also capable of printing longer sheets. This introduces
a new control problem, since sheets may then be transported by three or more pinches simultaneously.
Using manual control allocation, similarly as for two-pinch transport, the different pinches may be given
individual control tasks. As two pinches are generally sufficient to realize traction and position control, a
third control goal, such as energy consumption may be added for these transport situations.
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Appendix A

Feedback controllers

In this Appendix, the feedback controllers that are designed in [1] are briefly discussed.

Single-pinch transport and buckling
Table A.1 shows the different components that are present in the position tracking controllers used in
single-pinch transport and buckling. The controller contains a proportional gain, two integrators that are
cut off at 40 Hz and a Notch filter at 60 Hz. The two integrators are added to prevent steady-state errors,
and the notch suppresses a resonance in the system to allow for a higher bandwidth.

Traction
Table A.2 shows the different components that are present in the traction force controller that is used in
the traction phase. The controller consists of a proportional gain, two integrators at 10 and 40 Hz, a
Notch filter at 286 Hz and a second order low-pass filter. The double integrator is added to create a -1
slope at low frequencies, such that the steady-state error remains bounded. The notch filter and low-pass
filter are added to attenuate a double resonance in the system around 300 Hz.

Table A.1: Position controller Kθ0 .

Control element Transfer function Parameters

Gain Kp(s) = p p = 0.3

Integrator Ki(s) = s+2πf
s f = 40 [Hz]

Integrator Ki(s) = s+2πf
s f = 40 [Hz]

Notch filter Kn(s) = s2+2β12πf1s+(2πf1)2

s2+2β22πf2s+(2πf2)2 f1 = f2 = 60 [Hz]

β1 = 0.1 [-]
β2 = 0.6 [-]

Table A.2: Traction force controller KλN .

Control element Transfer function Parameters

Gain Kp(s) = p p = 0.003

Integrator Ki(s) = s+2πf
s f = 10 [Hz]

Integrator Ki(s) = s+2πf
s f = 40 [Hz]

Notch filter Kn(s) = s2+2β12πf1s+(2πf1)2

s2+2β22πf2s+(2πf2)2 f1 = f2 = 286 [Hz]

β1 = 0.03 [-]
β2 = 0.8 [-]

Low pass Klp(s) = 1
1

2πf s
2+2β 1

2πf s+1
f = 50 [Hz]

β = 0.7 [-]
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Appendix B

Digital Twin

In this appendix, a visual overview is presented of the Digital Twin Simulink model, which has a structure
that is identical to Figure 4.1. Furthermore, the observer performance of the Digital Twin without the
use of data extrapolation is illustrated.

B.1 Simulink Digital Twin model

Figure B.1 shows a snapshot of the Digital Twin Simulink model on the top-level. In Figure B.2, the
content of the control block from Figure B.1 is displayed.

Figure B.1: Overview of the control framework in the Digital Twin Simulink model.
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Figure B.2: Overview of the control block in the Digital Twin Simulink model.

B.2 Observer performance without data extrapolation

Figure B.3 shows the performance of the hybrid Luenberger observer for the plant states related to the
downstream pinch, when no extrapolation of the data using timestamps is used. This illustrates the
importance of performing this extrapolation.
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Figure B.3: Observer errors for the states involving the upstream pinch over a complete cycle without
measurement data extrapolation.
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